GLOBAL REGULARITY FOR 2D WATER WAVES
WITH SURFACE TENSION

ALEXANDRU D. IONESCU AND FABIO PUSATERI

ABSTRACT. We consider the full irrotational water waves system with surface tension and no
gravity in dimension two (the capillary waves system), and prove global regularity and modified
scattering for suitably small and localized perturbations of a flat interface. An important point
of our analysis is to develop a sufficiently robust method (the “quasilinear I-method”) which
allows us to deal with strong singularities arising from time resonances in the applications of
the normal form method (the so-called “division problem”). As a result, we are able to consider
a suitable class of perturbations with finite energy, but no other momentum conditions.

Part of our analysis relies on a new treatment of the Dirichlet-Neumann operator in di-
mension two which is of independent interest. As a consequence, the results in this paper are
self-contained.
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1.1. Free boundary Euler equations and water waves. The evolution of an inviscid
perfect fluid that occupies a domain €2; C R, for n > 2, at time ¢ € R, is described by the free
boundary incompressible Euler equations. If v and p denote respectively the velocity and the
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2 ALEXANDRU D. IONESCU AND FABIO PUSATERI

pressure of the fluid (with constant density equal to 1) at time ¢ and position z € €, these
equations are:
vw+v-Vo=—-Vp—ge, x¢€

Vv=0 x €y (1.1)
v(z,0) = vo(x) z€Qo,
where g is the gravitational constant. The free surface Sy := 9€); moves with the normal
component of the velocity according to the kinematic boundary condition:
Oy + v - V is tangent to U S, c R*HL. (1.2a)

t

In the presence of surface tension the pressure on the interface is given by
p(z,t) = ok(z,t) , €S, (1.2b)

where x is the mean-curvature of Sy and ¢ > 0. At liquid-air interfaces, the surface tension
force results from the greater attraction of water molecules to each other than to the molecules
in the air. In the case of irrotational flows, i.e.

curlv =0, (1.3)

one can reduce — to a system on the boundary. Such a reduction can be performed
identically regardless of the number of spatial dimensions, but here we only focus on the two
dimensional case — which is the one we are interested in — and moreover assume that €; C R? is
the region below the graph of a function h : R, xR; — R, that is Q; = {(x,y) € R? : y < h(z,1)}
and S; = {(z,y) : y = h(z,1)}.

Let us denote by ® the velocity potential: V&(x,y,t) = v(z,y,t), for (z,y) € Q. If
¢(z,t) == ®(z, h(z,t),t) is the restriction of ® to the boundary S;, the equations of motion
reduce to the following system for the unknowns h, ¢ : R, x Ry — R:

dh = G(h)o
_ Ozh Lo (G(h)o + hata)’ (1.4)
8t¢—_gh+O'W_§‘¢x| + 2(1—|—|hx|2)
with
G(h) == /1 + |ha|°’N(h) (1.5)

where N (h) is the Dirichlet—Neumanrﬂ map associated to the domain ;. We refer to [46),
chap. 11] or [19] for the derivation of the water waves equations . This system describes
the evolution of an incompressible perfect fluid of infinite depth and infinite extent, with a
free moving (one-dimensional) surface, and a pressure boundary condition given by the Young-
Laplace equation. One generally refers to as the gravity water waves system when g > 0
and o = 0, and as the capillary water waves system when g = 0 and o > 0.

The system — has been under very active investigation in recent years. Without
trying to be exhaustive, we mention the early work on the wellposedness of the Cauchy problem
in the irrotational case and with gravity by Nalimov [40], Yosihara [49], and Craig [17]; the
first works on the wellposedness for general data in Sobolev spaces (for irrotational gravity
waves) by Wu [50, [51]; and subsequent work on the gravity problem by Christodoulou-Lindblad

1By slightly abusing notation we will refer to G(h) as the Dirichlet-Neumann map, as this causes no confusion.
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[12], Lannes [37], Lindblad [39], Coutand-Shkoller [15], Shatah-Zeng [44, [45], and Alazard-
Burq-Zuily [2), 3]. Surface tension effects have been considered in the work of Beyer-Gunther
[8], Ambrose-Masmoudi [7], Coutand-Shkoller [I5], Shatah-Zeng [44, [45], Christianson-Hur-
Staffilani [I1], and Alazard-Burg-Zuily [I]. Recently, some blow-up scenarios have also been
investigated [10} 9, [16] [30].

The question of long time regularity of solutions with irrotational, small and localized initial
data was also addressed in a few papers, starting with [52], where Wu showed almost global
existence for the gravity problem (¢ > 0, 0 = 0) in two dimensions (1d interfaces). Subse-
quently, Germain-Masmoudi-Shatah [23] and Wu [53] proved global existence of gravity waves
in three dimensions (2d interfaces). Global regularity in 3d was also proved in the case of
surface tension and no gravity (g =0, o > 0) by Germain-Masmoudi-Shatah [24].

Global regularity for the gravity water waves system in dimension 2 (the harder case) has
been proved by the authors in [32] E| and, independently by Alazard-Delort [4,[5]. More recently,
a new proof of Wu’s 2d almost global existence result was given by Hunter-Ifrim-Tataru [27],
and then complemented to a proof of global regularity in [28].

After the results of this paper were completed and presented in lecturesﬂ Ifrim-Tataru [29)]
announced an independent proof of a global existence result for the same system, in the case
of data that satisfies one momentum condition on the Hamiltonian variable.

1.2. The main results. Our results in this paper concern the capillary water waves system

Oh = G(h)o,
3% 1o (G hady)’ (1.6)
O = (1 + h2)3/2 gl0al” 2(1+ |he|?)

This is the system (1.4) when gravity effects are neglected (¢ = 0) and the surface tension
coefficient o is, without loss of generality, taken to be 1. The system admits the conserved
Hamiltonian

(8:h)°

1

To describe our results we first introduce some basic notation. Let

Co:={f:R— C, f continuous and |:Cl|i£>1r1OO |f(z)| = 0}, 1 flle, = £l oo (1.8)

do ~ |[|0.]20| s + [10aB] 2. (17)

For any N > 0 let HY denote the standard Sobolev space of index N. More generally, if N > 0,
be [-1,N], and f € Cp then we define

1/2
1 lla = { D2 IPAIZ2 (2N 4+ 229 L & [[(10:N + 102 ] 1.
keZ (19)

1l = 3 Pl oo (2NF + 2%),
keZ

2See also our earlier paper [31] for the analysis of a simplified model (a fractional cubic Schrédinger equation),
and [33] for an alternative description of the asymptotic behavior of the solutions constructed in [32].

3For example at the Banff workshop “Dynamics in Geometric Dispersive Equations and the Effects of Trap-
ping, Scattering and Weak Turbulence” on May 6 and 7, 2014.
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where Py, denote standard Littlewood-Paley projection operators (see subsection for precise
definitions). Notice that the norms H™* define natural spaces of distributions for b < 1/2 in
dimension 1, but not for b > 1/2. This is the reason for the assumption f € Cy in the definition.
Our main result is the following:

Theorem 1.1 (Global Regularity). Let
No=N;:=9, Ny =Ng:=3, Ny= Ny :=D5, 0 < 10*p; < po < 10719, (1.10)
Assume that (ho, ¢o) € (Co N HNoHLPIH1/2) 5 FINo+1L/201 gqtisfies
1Boll grvo 14172 + G0l gaorr/2mn + 10 holl gy t1en 4172 + 1(20)Poll gy 417201 = €0 < E0,

(1.11)
where € is a sufficiently small constant. Then, there is a unique global solution

(h,¢) € C([0,00) : (Co N EHNoTLPHL/2) o prNot1/2pry
of the system (L.6)), with (h(0), $(0)) = (ho, do). In addition, with S := (3/2)td; +x0,, we have
&N O o172 + O PUSF @) gy 172 + &2 O lyirmg 10 S0, (112)
for any t € [0,00), where (t) :== 1+t and f € {|04|h, |0:|"/?¢}.

Remark 1.2 (Modified scattering). The solution exhibits modified scattering behavior as
t — o0o. A precise statement can be found in Theorem [10.1]in section in which we provide
two different descriptions of the asymptotic behavior of the solution.

Remark 1.3 (Low frequencies and momentum conditions). The proof of the main theorem
becomes easier if one makes the stronger low-frequency assumption

[1holl gravo+va2- + (@0 ) holl gy +rar2— + [ oll grao+1/2.0- + [[(20e)doll gy +1/20- <1, (1.13)

which is the same condition as , but taking p; < 0. Such low frequency norms are
propagated by the flow, due to a suitable null structure at low frequencies of the nonlinearity.
However, the finiteness of the norm @ requires an unwanted momentum condition on the
natural Hamiltonian variables (|9, |h, |0,|'/2¢), compare with (L.7).

The choice of norm in accomplishes our main goals. On one hand it is strong enough
to allow us to control the singular terms arising from the resonances of the normal form trans-
formation and deal with the “division problem”, see below. On the other hand, it is weak
enough to avoid momentum assumptions on the natural energy variable 0|k and |9,|"/%¢.

As a byproduct of our energy estimates in sections [4] and [5], we also obtain the following:
Theorem 1.4 (Long-time existence in Sobolev spaces). Assume that
(ho, ¢0) € (CoN HN0+17P1+1/2) « FrNo+1/2,p1

satisfies
HhOHHNo-*-LmH/? + H¢0”HNo+1/27p1 =g < L (1'14)
Then there is a unique solution

(h,¢) € C([0,Tsy] : (Co N HNoTHPIH1/2) o FNot1/2ip1)

4Similar assumptions at low frequencies, designed to avoid momentum conditions on the energy variables,
were used by Germain-Masmoudi-Shatah [24] in their work on the capillary system in three dimensions.
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of the system (L.6), with (h(0), $(0)) = (ho, ¢o) and T, = 2. Moreover,

IR gvo+1prt172 + 10 gvo+1/2.00 S €0 (1.15)
for any t € [0,T,].

A similar result also holds in the case of periodic solutions. The result in Theorem is
the first of this type for the capillary water waves system with general initial conditions in the
Schwartz class (in the sense explained in remark above). For gravity water waves such a
result was obtained irﬂ [47] in 2d, and in [48] in 3d, as a key step to proving the modulation
approximation in infinite depth. By analogy, Theorem should be considered an important
step towards the rigorous justification of approximate models and scaling limits for the water
waves system in the presence of surface tension. We refer the reader to [I8] 42], the book [38],
and references therein, for works dealing with the long-time existence of non-localized solutions
of the water waves system and their modulation and scaling regimes.

1.3. Main ideas of the proof. The system (1.6)) is a time reversible quasilinear system. In
order to prove global regularity for solutions of the Cauchy problem for this type of equations,
one needs to accomplish two main tasks:

1) Propagate control of high frequencies (high order Sobolev norms);
2) Prove pointwise decay of the solution over time.

In this paper we use a combination of improved energy estimates and asymptotic analysis to
achieve these two goals. This is a natural continuation of our work on the gravity water waves
system [32]. However, here we adopt a more robust framework for most of the arguments.
Unlike our previous work [32] where we used both Lagrangian and Eulerian coordinates, here
we perform our proof entirely in Eulerian coordinatesﬂ We carry out both main parts of our
analysis in Fourier space. More precisely, we use a “quasilinear I-method”, originally introduced
in our recent work [34] on a simplified model (see also [21] for a different application of the
method in a 2d problem), to construct high order energy functionals which can be controlled
for long times. In order to set up the equations for the energy estimates, we perform a careful
paralinearization in the spirit of [I, [5], but better adapted for our purposes. An important
part of the argument here relies on new bounds on the Dirichlet-Neumann operator in two
dimensions, consistent with the limited low-frequency structure we assume on the interface h,
see . To complete our proof we then use the Fourier transform method to obtain sharp
time decay rates for our solutions, and prove modified scattering. We elaborate on all these
main aspects of our proof below.

1.4. Paralinearization and the Dirichlet-Neumann operator. One of the main difficul-
ties in the analysis of the water waves system comes from the quasilinear nature of the
equations, and their non-locality, due to the presence of the Dirichlet-Neumann operator G(h),
see . In a series of papers [I} 2, B3] Alazard-Burq-Zuily proposed a systematic approach
to these issues in the context of the local-in-time Cauchy problem, based on para-differential
calculus. See also the earlier works of Alazard-Métivier [6] and Lannes [37]. This approach
was then extended and adapted to study the problem of global regularity for gravity waves by
Alazard-Delort in [5].

51t is also a corollary of the results in [52] 32 [5l 27].
6Besides being the natural coordinates associated to the Hamiltonian formulation of the water waves problem,
Fulerian coordinates are in general more flexible because the analysis can be generalized to higher dimensions.
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Our first step towards the proof of Theorem is a paralinearization of the system (1.6
inspired by the works cited above. For our problem, however, we need bounds that depend
only on |||0z|"/?*P1h]| 12, not on ||| 2. More precisely, let

(h, $) € C(Co N HNoTLPIFTI/2(RY 5 frNo+1/2:p1(RY) (1.16)
be a real-valued solution of (1.6 on some time interval. Define
G(h)¢ + hat
B = ,
(1+h2)
Here, for any a,b € L?(R), we have denoted by T,b the paradifferential operator

FLOE) = 5= [ ale = ol = ) dn

Xo(z,y) =Y o<h10(@)r(y),
kEZ
which restricts the product of a and b to the frequencies of b much larger than those of a. The
functions (V, B) represent the restriction of the velocity field v to the boundary of €, and the
function w is a variant of the so-called “good-unknown” of Alinhac.
In Appendix [B], we prove the following formula for the Dirichlet-Neumann operator:

G(h)¢ = [0zlw — 0Ty h + Ga + G>3, (1.19)

where G2 is an explicit semilinear quadratic term, and G'>3 denotes cubic and higher order
terms. This formula was already derived and used by Alazard-Delort [5]; the new aspect here
is that the remainder G>3 satisfies better trilinear bounds of L?, weighted L?, and L*-type,
under the sole assumptions . In particular we only need to assume that |9,|'/2*P1h and
|02|Pr¢ are in L2, for some p; > 0.

In section |3 using , we diagonalize and symmetrize the system reducing it to a
single scalar equation for one complex unknown u of the form

V = ¢, — Bhy, Wi:éf)—TBleh. (1.17)

(1.18)

u ~ |z h — |0, |"/?w + higher order corrections, (1.20)

see the formulas —. The capillary system then takes the form
Ou — iA(0)u — 1% (u) = —TyOpu + Ny + Ry, (1.21)
where: A(€) := |£]*/? is the dispersion relation for linear waves of frequency &; ¥ can be

thought of as a self-adjoint differential operator of order 3/2 which is cubic in u; N, are
semilinear quadratic terms; and R, contains (semilinear) cubic and higher order terms in w.
See Proposition for details. Equation is our starting point in establishing energy
estimates for u, hence for (|0;|h, |0.]"/2¢).

1.5. The “division problem” and energy estimates via a “quasilinear I-method”.
In order to construct high order energy functionals controlling Sobolev norms of our solution,
we first apply the natural differentiation operator associated to the equation . More
precisely, we look at W}, := D*u, with D := |9,|>/? + £, and show that

oWy, — lA(ax)Wk — ZZ(Wk) = -Tyvo, Wy +NWk + RWk~ (1.22)

Here W, =~ \8$|3k/ 2u, NWk denotes semilinear quadratic terms, and Ry, are semilinear cubic
and higher order terms in W}, If one looks at the basic functional E(t) = ||[Wy, (t)||32 associated
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to , it is easy to verify that, as long as solutions are of size €, such energy functional is
controlled for O(e™1!) times.

In order to go past this local existence time, one needs to rely on the dispersive properties of
solutions. One of the main difficulties in dealing with a one dimensional problem such as
is the slow time decay, which is ¢~/ for linear solutions. A classical idea used to overcome the
difficulties associated to weak dispersion is the use of normal forms [43], which can sometimes
be used to eliminate the slow decaying quadratic terms from the nonlinearity.

In the context of water waves in 2D (1D interfaces), the starting point is an estimate on the
energy increment of the form

0i€(t) = quartic semilinear terms,

where £ is a suitable energy functional. An energy inequality of this form was first proved by
Wu [52] for the gravity water wave model, and led to an almost-global existence result. All
the later work on long term 2D water wave models, such as [32, B4, 4] [5 27, 28] 29] and this
paper, relies on proving an inequality of this type as a first step. Such an inequality (which is
related to normal form transformations) is at least formally possible when there are no time
resonances.

For a normal form transformation is formally available since the only time resonances,
i.e. solutions of

A(§) £ A(E —n) £ A(n) =0, (1.23)

occur when one of the three interacting frequencies (£, £ —n,n) is zero. However, the superlinear
dispersion relation |£|?/2 makes these resonances very strong. For example, in the case || ~
In| = 1> | —n|, we see that

IA(E) £ A —n) — A(n)| = € —nl. (1.24)

Because of , a standard normal transformation which eliminates the quadratic terms in
(1.22)) will introduce a low frequency singularity. This is the “division problem” mentioned
earlier. For comparison, in the gravity water waves case the dispersion relation is A(€) = |£]1/?
and one has the less singular behavior [A(€) £ A€ — ) — A(n)] ~ |€ — n|*/? in the case
e~ Il ~ 1> [¢ — 1.

The implementation of the method of normal forms is delicate in quasilinear problems, due
to the potential loss of derivatives. Nevertheless this has been done in some cases, for example
by using carefully constructed nonlinear changes of variables as in Wu [52], or via the “iterated
energy method” of Germain-Masmoudi [22], or the “paradifferential normal form method” of
Alazard-Delort [5], or the “modified energy method” of Hunter-Ifrim-Tataru [27].

In order to deal with the issues of slow decay and simultaneous strong time resonances, we
propose a Fourier based approach to normal forms performed at the level of energy functionals,
which we implement in a similar spirit to the I-method of Colliander-Keel-Staffilani-Takaoka-
Tao [13] 14].

A related construction in the physical space and in holomorphic coordinates was performed
in [27] in the case of gravity water waves. In the gravity case, however, the problem is simpler
because there are no singularities in the resulting quartic integrals. In our case, however, there
are strong singularities (of the form (low frequency)~'/2) in the quartic integrals resulting from
the application of the normal form. To deal with these singularities it is important to construct
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energy functionals in the Fourier space (the so-called I-method) and make careful assumptions
on the low frequency structure of solutions.
We begin our analysis by looking the basic energy, expressed in time-frequency space,

B0 = 5- [ W&l de+ 5 [ 150 (60l de (1.25)

for Np and Ny as in (T.10). Assuming that E®)(0) is of size 2, our maim aim is to control E®)(¢)
for all times, possibly allowing a small polynomial growth, under the a priori assumption that
solutions are gt~ 1/2 small in a suitable L2 type space. As we will see below, this is not possible
without stronger information on the low-frequencies behavior of the solution. Calculating the
evolution of by using the equations , and performing appropriate symmetrizations
to avoid losses of derivatives, we obtain

9, E®(t) = semilinear cubic terms. (1.26)

We then define a cubic energy functional E®) which is a sum of cubic terms of the form

| F€0Gm0mE n.om(en) dedy (1.27)

where F, G, H can be any of the functions Wy, SWpy,, u, Su or their complex conjugates, and
the symbols m are obtained by diving the symbols of the cubic expressions in by the
appropriate resonant phase function . These cubic energy functionals are a perturbation
of on each fixed time slice. Moreover, by construction

O (E(Q) + E(S))(t) = singular quartic semilinear terms. (1.28)

The “division problem” mentioned above, see —, manifests itself in the fact that some
of the symbols of the above quartic expressions have singularities of the form (low frequency)_l/ 2,
This is ultimately due to the lack of symmetries in the equation for Su (or SWhyy,).

A typical example of a singular quartic term can be schematically written (in real space, for
simplicity of exposition) as

/ Su-u- |0, %u - 0,72 Su da. (1.29)
R

The difficulty in estimating such a term is the following: in order to control the growth of the
energy, one would need to bound by et 1E®) (t). A sharp a priori decay assumption
gives us that |[u - [0z %ul| . < €3t™!, and the energy controls ||Sul ;2 < VE®), but we have
no control over the L? norm of \875\*1/ 2Su. This difficulty is not present in the gravity water
wave system, due to the less singular denominators.

To deal with these singularities we need to need to make our suitable low frequency assump-
tions on the solutions. Using these low frequency assumptions, and anticipating a sharp
decay rate of t=1/2 for our solution, we then control the energy functional E?)(t) for all times,
allowing a slow growth of 2P0 (in fact, due to weaker symmetries, we need a faster growth rate
on the weighted energies). This is done in sections |4 and @ for the Sobolev and the weighted
Sobolev norm.

The additional assumptions made in order to close the energy estimates above are then re-
covered by low frequency energy estimates in sections [5land[7] By following a similar argument
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to the one above, we control for long times a quadratic energy of the form
B2 = [ (e 0P + 156, 0P) I Pe) de (130

where P; : £ € R — [0, 1] is a smooth function that vanishes if [¢] > 20, equals 1 if (1 +1)72 <

€] < 1, and is equal to [(1 + t)2[£]]%1, if 2|¢] < (1 +¢)72. Notice that El(fv)v has the following
properties:

(1) it is consistent with our initial assumptions (L.11));

(2) for frequencies that are not too small with respect to time, it controls |9,|~'/2Su, which is
exactly what would be needed to bound the quartic singular term above;

(3) for very small frequencies it controls the L? norm of |9,|~%/?*P1 Sy with a bound that
improves as t — oo.

To control the growth of El(iz,(t) we follow a similar strategy to the one above and construct

a suitable cubic correction Elf’v)v such that, schematically, we obtain

O (E1(02V)v + El((iz,) (t) = special cubic semilinear terms + singular quartic semilinear terms.

The cubic terms in the above right-hand side are special because they are supported on small
time-dependent sets. The key to control these low frequency energy functionals is the null
structure for low frequency outputs in the water waves system . In essence, here we
exploit the fact that the nonlinear part of the system has a better low frequency behavior than
the linear evolution, so that, without imposing moment conditions on the initial data, we can
still recover strong enough low frequency information for the nonlinear evolution.

1.6. Compatible vector-field structures. As in other quasilinear problems, to prove global
regularity we propagate control not only of high Sobolev norms but also of other L? norms
defined by vector-fields [36]. These norms are helpful both in proving decay and in controlling
remainders from the stationary phase and integration by parts arguments in section [§] and [0
In our case, a natural vector-field to propagate is the scaling vector-field S = (3/2)t0; + 20,
which (essentially) commutes with the linear part of the equation.

In the context of the quasilinear I-method, propagating L? control of vector-fields carrying
weights is challenging. The reason for this is simple: as in the semilinear case, the success of
the I-method ultimately depends on exploiting certain symmetries of the equation, which are
related to its Hamiltonian structure. Once weighted vector-fields, such as S, are applied to the
equation, these symmetries are weakened. Moreover, every weighted vector-field requires its
own energy functional, and its own set of cubic corrections. At the very least, this increases
considerably the amount of work needed to prove weighted energy estimates.

In this paper we are able to use energy estimates to propagate control of a specific compatible
vector-field structure, namely the vector-fields

amo, So™M, mgef0,...,No},  mye{0,..., N} (1.31)

We also propagate control of a suitable low-frequency structure described by an energy func-
tional as in (|1.30)).

The compatible vector-field structure , using at most one weighted vector-field S and
many vector-fields d,, was introduced, in the setting of water waves, by the authors in [32].
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It was then used, and played a critical role, in all the later papers on the subject such as
[27, 28] [34], 29]. The point of this choice is that:

(i) The compatible vector-field structure ([1.31]) can be propagated in time, with small ¢° loss
and reasonably manageable computations;
(i) It is still strong enough to provide almost optimal ¢~

dimension one (see Lemmas and [2.3).

1.7. Decay and modified scattering. Having established the L? bounds described above,
we eventually prove a pointwise sharp decay rate of t=1/2 for our solutions. This is done in
sections |8 and |§| where we follow a similar strategy as in our previous works [31], [32] B34], and
study the nonlinear oscillations in the spirit of the "method of space-time resonances”, as in
[23, 24, 25| [31].

Our starting point is again the main paralinearized equation . As a first step we perform
a standard normal form transformation, i.e. a bilinear change of variables v = u + B(u,u), to
remove the slowly decaying quadratic terms from the equation, see —. In this part
of the argument we do not need to pay attention to losses of derivatives, but only keep track
of the singularities introduced by the normal forms. It then suffices to prove decay for the new
unknown v using the equation containing only cubic (and higher order) terms. To do this we
write Duhamel’s formula in terms of the linear profile f = e~"**v and study the oscillations in
time and space of the resulting integral. In particular we need to deal with trilinear expressions

of the form
/tz / eit(_|5‘3/2i|§—77|3/2iIn—a\3/2i|a|3/2)
t1 JRxR (1.32)

x (&, 0) fE(E =1, 8) fE(n — 0,5) [F(0, 5) dipdo ds,

where ft = f, f~ = f, cfr. . We remark once again that the symbols in the above
expressions have singularities of the form (low frequency)_l/ 2 see .

We proceed by splitting the integrals into several types of interactions, depending on
the size of the frequencies of the inputs relative to each other and to time, and estimate all
the different contributions in several Lemmas in sections [9.1l and 0.2l The main contribution
to the integrals comes from space-time resonances, which occur when the size of the
frequencies of the three functions is comparable to the size of the output frequency |£|, and the
three inputs are f, f and f.

In this case, a stationary phase analysis argument reveals that a correction to the asymptotic
behavior is needed, similarly to the case of gravity waves [32]. We refer the reader to [26, 20,
35, 32], [41] and references therein, for more works related to modified scattering in dispersive
equations. We take this into account by defining a proper norm, the Z-norm in , which
essentially measures ]?in L. Using also the carefully chosen L?-norms , we are able to
control uniformly, over time and frequencies, the Z-norm. This gives us the desired pointwise
decay at the sharp t~1/2 rate, as well as modified scattering.

Some of the proofs in section |§| are similar to parts of the arguments in our previous works
[31, 32] [34]. However, the decay analysis here is more complicated, once again, because of the
low frequency singularities introduced by the strong quadratic time resonances. This is espe-
cially evident in this part of the argument where non L2-based norms need to be estimated,
and meaningful symmetrizations cannot be performed. In particular, we need to deal with

1/2 dispersive decay, since we work in
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singularities in several places: to prove bounds on the normal form that recasts the quadratic
nonlinearity into a cubic one (subsection ; to control all cubic terms once the main asymp-
totic contribution is factored out (subsection ; to estimate the quartic terms arising from
the renormalization of the cubic equation needed to correct the asymptotic behavior (sub-
section . Moreover, the superlinear dispersion relation creates additional cubic resonant
interactions (subsection which are not present in the case of gravity water waves.

1.8. Organization. The rest of the paper is organized as follows: in section [2| we summarize
the main definitions and notation in the paper and state the main bootstrap proposition, which
is Proposition [2.4]

In sections we prove the main improved energy estimate. The key components of the
proof are Proposition (derivation of the main quasilinear scalar equation), Proposition
(improved energy estimate on the high Sobolev norm), Proposition (improved energy esti-
mate on the low frequencies), Proposition (improved weighted energy estimate on the high
frequencies), and Proposition (improved weighted energy estimate on the low frequencies).
The proofs in these sections use also the material presented in the appendices, in particular
the paralinearization of the Dirichlet—-Neumann operator in Proposition

In sections we prove the main improved decay estimate. In these sections we work with
the Eulerian variables. The key components of the proof are the normal form transformation
in , the construction of the profile in (8.22)) and its renormalization in , and the
improved control of Z norm in Lemma

In section we discuss the asymptotic behavior of nonlinear solutions, and provide two
descriptions of the modified scattering, one in the Fourier space and one in the physical space.

2. PRELIMINARIES

2.1. Notation and basic lemmas. In this subsection we summarize some of our main no-
tation and recall several basic formulas and estimates. We fix an even smooth function
¢ : R — [0,1] supported in [—8/5,8/5] and equal to 1 in [—-5/4,5/4], and define, for any
ke,

or() = p(x/2%) — p(x/2"71), pap(z) = p(@/2Y),  esp(@) =1 - p(x/2"1).

For k € Z we denote by Py, P<j, and P>}, the operators defined by the Fourier multipliers ¢y,
p<k, and > respectively. Moreover, let

PL:=P, 14+ P,+Pey1  and ¢ = 0p—1 + Pk + Prt1. (2.1)

Given s > 0 let H® denote the usual space of Sobolev functions on R. Recall the space Cy
defined in (1.8]). We use 3 other main norms: assume N > 0, b € [-1, N], and f € Cy then

1/2
1l = {3 1 Pef 22 (22NF 4 22K0) 112,

keZ

._ Nk | obk
1 Ny .o -—%HPUHLW(Q +27), (2.2)

1l = Il + Y 2M* | Pef .

k>0
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Notice that ||f|lznvo ~ [|fllgy and |[fllzpn < [Ifllyiyno- The spaces WY are often used in
connection with Lemma to prove iterative bounds on products of functions.

2.1.1. Multipliers and associated operators. We will often work with multipliers m : R> — C
or m : R® = C, and operators defined by such multipliers. We define the class of symbols

S :={m:R? = C: m continuous and |[m/| ge := || F*(m)| . < o0} (2.3)
Given a suitable symbol m we define the associated bilinear operator M by
1 -~ —~
FIMU9)(€) = 5= [ mi&n7F(e —njatn) dn (2.4

We often use the identity
SM(f,g) = M(Sf,g) + M(f,Sg) + M(f,9) (25)

where S = (3/2)t@gv+ 20, f, g are suitable functions defined on I x R, and the symbol of the
bilinear operator M is given by

m(&,n) = —(§0 + ndy)m(&, n). (2.6)
This follows by direct calculations and integration by parts.

Lemma below summarizes some properties of symbols and associated operators (see [32]
Lemma 5.2] for the proof).

Lemma 2.1. (i) We have S® < L*(R x R). If m,m’ € S* then m -m’ € S and
[l - m/[[gee S [Iml] see ||| 5o (2.7)

Moreover, if m € S®°, A:R? — R? is a linear transformation, v € R?, and ma ,(£,n) :=
m(A(&,n) +v) then

[mapllsee = [Iml|se. (2.8)
(ii) Assume p,q,r € [1,00] satisfy 1/p+1/q=1/r, and m € S®. Then, for any f,g € L*(R),
IM(f, )l < lmllsel[ e llgllza- (2.9)
In particular, if 1/p+1/q+1/r =1,
| [ memFOamh(-¢ - ) dan] S Imlls=I s lolalilr. (210

(iii) If p1,p2,p3,pa € [1,00] are exponents that satisfy 1/p1 + 1/p2+ 1/p3s + 1/ps =1 then
| [, F©R) o~ O Fal—p — mym(&.m. ) dedpdn

(2.11)

S A llzon 1 fallzee | fall zos || fall zoa | F =P ml| 1.

Given any multiplier m : R? — C, d € {2,3}, and any k, k1, k2, k3, k4 € Z, we define

m* P2 (€ ) = m(€,m) - or(€)er (€ — 1)k, (1), 21

mfkR2Rs R (¢ n o) = m(&,m, p) - ok, (€)Pky (M) ks (p — ) ks (—p — 7).

Let
X = {(k, k1, ko) € Z3 : max(k, k1, ko) — med(k, k1, ko) < 4}, (213
V= {(k1, ko, ks, ka) € Z* : 281 4 2k2 4 9ks 4 9ks > (1 4 9~ 10)gmax(hukakska)y '
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and notice that m**-*2 = 0 unless (k, k1, ko) € X, and mF1-*2k3:ka = 0 unless (k, k1, k2) € V.
Moreover, we will often use the notation
m(&n) = O(fUEL 1€ = nl[n])) <= [Im*F*2 (& n)|l g S £(25,2,252) L (b1, ko) (2.14)
So, for example,
m(&n) = 01§ —nl*?)  means [|m"*F1R2 (¢ )50 S 221 p (K, ki, ko).
We use a similar notation for symbols of three variables,

2.15
| Ft (mbvkakskay|| < p(2k 2% 9Fs 9F)1y(ky, ko, ks, k). (21

—

2.1.2. Paraproducts. For any a,b € L?(R) we define the paraproduct T,b by the formula
1 . ~
FLB)E) = 5= [ ale = bl = ) dn

2n (2.16)
X(@,y) = > er(¥)p<i-10(z).
kEZ
We also use the general formulas
ab = Tab -+ Tba =+ R(a, b), F(a) = TF’(a)a + RF(CL), (217)

where R(a,b) and Rr(a) are (substantially) more smooth remainders. The precise bounds on
the remainders R(a,b) and Rp(a) depend on the context.

2.1.3. A dispersive estimate and an interpolation lemma. The following is our main linear
dispersive estimate, which we use to control pointwise decay of solutions.

Lemma 2.2. For anyt € R\ {0}, k € Z, and f € L*(R) we have
e Profllzoe S 672254 Fllzoe + 6725272/ [2¥)10 ]| 2 + |1 ]| 2] (2.18)

and .
e P fllpee < 171224 £l 1. (2.19)

A more precise version is proved in Lemma in section See also [34, Lemma A.1].
We also use the following simple interpolation lemma (see also Lemma A.2 in [34]).

Lemma 2.3. For any k € Z, and f € L*(R) we have

1Pef e SIPLIG S 2751 2 (2510 N e + 111l 2] - (2.20)
Proof. By scale invariance we may assume that & = 0. It suffices to prove that
9 —~ —~ ~
[Pof[[ e S NNz [0 f 12 + 11l 2] (2.21)
For R > 1 we estimate
1
IPoflpn s [ IRf@lde s [ R do
le|<R o> R |z

SR Pofllre + RV (|aPof ()| e
< BY2)|fll gz + B2[107 2 + 11F]122].
The desired estimate (2.21)) follows by choosing R suitably. -
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2.2. The main proposition. Given p; € [0,1073] we fix P = P, : [0,00) — [0, 1] an increas-
ing function, smooth on (0, c0), such that

Pz) =% if £<1/2, P)=1if >1,  aP'(z) < 10p,P(x). (2.22)

Our main theorem follows using the local existence theory and a continuity argument from
the following main proposition:

Proposition 2.4 (Main bootstrap). Assume that

No=N;:=9, Ny =Ng:=3, Ny= Ny :=D5, 0 < 10*p; < py < 10719,
2/3 (2.23)
0<€0§€1§50 < 1.

Assume T > 1 and (h,$) € C([0,00) : (Co N FNotLpit1/2y 5 HNO"‘l/Q’pl) is a real-valued
solution of the system (|1.6)),

— _ agh 1 2 (G(h)¢ + hx¢x)2
oth = G(h)¢, O = W - 5% + 20 1 12) . (2.24)
Let U := |0, |h — i|02|"/?¢ and assume that, for any t € [0,T],
()KL (1) + (1)K g(t) + ()2 ) (2K 42710 | BU ()] . < e, (2.25)
kEZ
where (t) =1+t and, for O € {I, S},
[Ko(0]*i= [ 10T D - (&l + 6P )P((1 + 1)?l¢)) de. (226)
Assume also that the initial data U(0) satisfy the stronger bounds
> [l00: 7 + o Ne) OU)(0)]] 1 < <o (2:27)
Oe{I,S}
Then we have the improved bound, for anyt € [0,T],
()TPKr(E) + (6K (t) + (12D (2NF 4 271 | PU ()| . S <0 (2.28)

kEZ

The rest of the paper is concerned with the proof of Proposition We will always work
under the assumptions (2.25)-(2.26|). The proof depends on the equations derived in section
and on the improved estimates in Propositions and The argument is

provided after the statement of Proposition (8.1

3. DERIVATION OF THE MAIN SCALAR EQUATION

As in Proposition assume T > 1 and (h,¢) € C([0,T] : HNo+l x frpiNotl/2) g 5
real-valued solution of the system ([2.24)) satisfying (2.25)). Let

_ G+ hatn o
B-— W7 V.— ¢I7th’
W= ¢ - TBPZIh = Qb - TBh + TBPSOh, (31)

o= 1+ hi)_?)/2 -1,
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where T is defined in (2.16)). Using (3.1]) we calculate

L, (G064 hetn)® 1
Tt e T3l

B*(1+h2) — (V + Bhy)?] = %[32 —2VBh, —V?. (3.2)

Moreover, using the formula in the second line of (2.17)) and standard paradifferential calculus,

o2h
(11 h2)72

Ozh

— 92 —
= 0h+0u (s

hx) = 0%h + 8, Tyhy + OuEssp, (3.3)

where E>3 5, is a more smooth cubic error (compare with ), satisfying, for any ¢ € [0, 77,
(O P Bsg n ()|l rvo+2 + (6PN SEss n ()l gvi+2 + OO Ess n(t)lingse S5 (3.4)
We will also use the formula (see Proposition

G(h)¢ = |0ylw — |0:|Tp P<oh — 0;Tvh + G + G>3, (3.5)
where
Gy := |0:|Tjg, ph — |02[(h|0z|9) + 02 To,0h — Ox(h0z), (3.6)

and G>3 is a cubic error, satisfying, for any ¢t € [0, 77,

O NGl grvoss + O PUSC3(@) gmaes + 0 Cs()llw, e Sl (37

The function G(h)¢ satisfies linear estimates with derivative loss (see (C.18|) for a stronger
bound)

) NGRS o + OTNSCRI| 1 + (2GRS [y 2 S (38)

For simplicity of notation, for o € [—2,2] let O3, denote generic functions F' on [0, 7] that
satisfy the “cubic” bounds (see also Definition |C.1])

O PIF@ | vore + O PISFOl gniee + OO @ lgnga S8 (39

In this section we proceed with the formal calculations, without proving that the various cubic
errors terms that will appear satisfy indeed the desired bounds. All the claimed cubic bounds
will follow from the assumptions and the definitions, by elliptic estimates. Detailed
proofs are provided in Appendix [C]

The first equation in becomes

h = 0z|w — |a/p|T‘3m‘wP§0h — 0;Tvh + G2 + G>3,

with G>3 € Os 1, while the second equation in ([2.24) gives

92h 92h
8tw = W + (3,5(]5 - (1+h2)3/2> - Tathzlh - TBatpzlh
21 v (3.10)
+I1+1T+111,

RN
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where
I=(B*-V?/2—-VBh,
=TpB + R(B,B)/2 — TyV — R(V,V)/2 — TyyBhy — Tpp,V + O3/
=TpB —Tpn,V — Tv oz + R(|0z|w, [0z|w) /2 — R(Ozw, 0:w) /2 + O3.1 2,
II = T|31|3hP21h + 0371/2,
IIT = —Tp(G(h)¢) + TpP<o(G(h)¢) = —Tp(G(h)9) + Tjo,|wP<0l0x|w + O3 1 /2.
Notice that
B —G(h)¢ — Vhy = B —G(h)¢ — ¢pphy + BhZ = 0.
Therefore
I+1I1= TB(th) —Tpn,V —Tydy

+ Tig, |wP<0] 0z |w + R(|0z|w, [0xw) /2 — R(Opw, Oxw) /2 + O3 1 /9
=T(Vhy) —Tpn,V — Ty (0:TpP>1h) — Tyws,
+ Tig, |wP<0] 0w + R(|0z|w, |0:|w) /2 — R(Oxw, 0:w)/2 + Os 1 /2.
We show in Proposition that
Tp(Vhe) = Ten,V — Ty (0:TgP>1h) € Og 1 /.
Therefore, using also , the system becomes
Oth = |0z |w — |0z |T}p, 1w P<oh — 0:Tvh + G2 + G>3,

(3.11)
Ow = 8%h + 0pTyhy — Tywy + Hy + T‘amphpzﬂl + ng,
where
Go = |ax|T\3z\¢h - ‘ar|(h’ax|¢) + 3xT8w¢h - 8x(hax¢)a
(3.12)
Hj :=Tjp, |, P<0|0z|w + R(|0x|w, |0:]|w) /2 — R(Oxw, 0zw) /2,
and, as proved in Proposition [C.3]
G>3 € O3, Q>3 € O3 12
Let %(va y) =1- X(x7y) - X(yaw)a
ma(&,n) = X(§ —n,n) & —n) — [EI1€ = nl] = x(&—n,n)[E]|€ — nle<o(n), (3.13)

@2(&:m) = X(& =, (€ —n) + ll€ = nll/2+ x(& = n,m)nll§ — nle<o(n),
and recall the notation (2.4]). To summarize, we proved the following;:

Proposition 3.1. Let (h, @) be a solution of ([2.24) satisfying the bootstrap assumption ([2.25),
and let w,o,V be as in (3.1). Then

Oth = |0z|lw — 0Ty h + Ma(w, h) + G>3,
(3.14)
Ow = O2h + 0, Tyhy — Tyw, + T, 3 P>1h + Qa(w,w) + 02>3,
where My and Qo are the operators associated to the multipliers mo and qo in , and
G>3 €031, Q>3 € 0312 (3.15)
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3.1. Symmetrization of the equations. Recall the water waves system ([3.14)) for the surface
elevation h and Alinhac’s good unknown w, and the definitions (3.1)). In this section we aim to
diagonalize and symmetrize this system, and write it as a single scalar equation for a complex

valued unknown w. The main result can be summarized as follows:

Proposition 3.2. We define the real-valued functions v, p1, and py by

3
yi=Vito-1  pi=v poi=—0,

where o is as in , and the main complex-valued unknown
wi= |9y |h = i[0u]"*w + Ty, Por|Dulh + Ty Po1|00| ™ Db,
Then u satisfies the evolution equation
Bru — 10> ?u — 1% (u) = =0, Tyu + Na(h,w) + Uss,
where
Usz € |3x’1/203,1/2,
the operator ¥ is given by
S (1) = Ty Ps1|0,[**u — ZTaszzlasz\_l/Q%
and the quadratic terms (expressed in h and w) are

No(h,w) = —[|0x|, 0:T,0]h — iT6§w|ax|1/2w + i[‘ax|1/2’ 19,00z |w

+ |02 | Ma(w, h) — i[04 Qa(w, w) — i[0s|*Tjg, 131 Po1h.

We will express these quadratic terms as functions of u and w via (3.17)) later on.

Proof. We start by calculating;:
Ay = 0y (|0u|h — 1|05 %w + Tp, P>1|0z|h + Tpy P>1]0s| 1 0uh)

= [05|0¢h — 1|0 Y20y + Ty, P>1|05|0h + Ty Po1105| " 0204 + |05]/2 03,1 9

= 00|20 — 10202 Ty + 9| Ma(w, h)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

+ 110220 + 1] 0 |2 T |95 | b + 1] 0 |V 2Ty Opw — 10| 2 Qa(w, w) — i[0u|/*Tig, sp Po1h

+ Ty, P>1(10:*w — |02]05Tv h) + Ty Po1 (0pw + |05 Ty ) + |amyl/203,1/2.

Gathering appropriately the above terms we can write

Aru — 1023 ?u = — 02|90 Ty h — Ty, P1|02 |0 Ty h 4 Ty P1|82| Ty b + |02 Mo (w, h)

+ 1] 00| Ty Opw — 10, ? Q2 (w, w) — i[85 *Tig, ;s Po1h
+ Ty Po1|0:]*w + Ty Po10gw + 1[0 |* T, |0 1

- i|8x‘3/2Tp1P21|8x|h - i|8x’3/2Tp0P21|8x|718xh + ’ax|1/203,1/2-

(3.22)
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We observe that the expression in the first two lines in the right-hand side of is equal to
= 0uTyu = [|0u], 0Ty 1h — 1T, v |0u|"*w + i[|0x] /2, Ty 0w — [Ty, |02| Po1, 0: Ty |1
— [Ty |02| ™ 0 Po1, 0Ty |1 + 02| Ma(w, b) — 1[92 ?Qa(w, w) — i|0:|"*Tig, 13, Po1h
= =0, Ty u — [|0z], 0Ty ]h — Ty, |0 Pw + i[| 0|2, Ty O )w
+ |0z | M2 (w, h) — ilam\l/zQz(wvw) —i|0a |2 Tg, pp Po1h + 102|203 1 2.

Using the definition of V and w in , we see that the above quadratic terms coincide up to
102"/205 4 /2 with the quadratic terms appearing in with (3.21]).

We then look at the cubic and higher order terms in the last two lines in the right-hand side

of (3.22)). Our aim is to show that they are of the form Z'ny(u), see (3.20)), up to acceptable
errors. For this purpose we first use the definition of u in and write

0% (1) = iTy P>1|0,%/%h + Ty P>1]0, ]2w+zT P>1]0, [>T, P>1|0, \h

(3.23)

+ T P>1|8 ]3/2Tp0P>1|8 | 18 h — Tax7P>1a |8 |1/2h *T@x7P>18xw (324)
30 3i
4
The last term on the last line is |0,| 120 O3 1/2 so we can disregard it.
We then compare the expression in (3.24)) above and the last two lines of (3.22)). Our
proposition will be proven if the identities
00|32 Ty |0y | — || >/ 2Ty P10 b — |04 > 2 Ty P1]0| 1020
=11 P>1’8 ‘5/2h + T P>1\6 |3/2T P>1]8 ‘h + iT7P21’855‘3/2TPOP21|8$’718$h (3'25)
3
4

Ty, Po10:|0:| 7Y Ty, Po1]0:|h — 3 Lo Po10x (0| V2, Ps1|0,|t0.h.

oy Po10,10:|'2h — *TamP>13 00|~/ 2 Ty, Po1 |02 + [02] /203,12
and

3
Tplel\az\zw + TpOleazw = T7P21]8x\2w — —TaﬂPZl&Bw. (326)

4
hold true. We immediately notice that the second equation is satisfied by imposing
p1 = and pg = —30,7/4, as in . We then need to verify that can be satisfied for
an appropriate choice of the function ~.

We notice that all the multipliers P> in can be dropped, at the expense of acceptable
errors. Therefore holds provided one has the following two identities for the symbols:

o —p1=7+7p1, (3.27)
3 3 3 3 3
20,0 — =0;p1 +po = 70zp1 — YPo + ~ Oy + —02YD1. (328)
2 2 2 4 4
Since p; = v, (3.27) becomes 2y 4 72 = o, which is satisfied by imposing the first identity
in (3.16)). One can then verify that the last equation (3.28) is automatically satisfied. O

Remark 3.3. We notice that the symmetrization obtained in Proposition and the formulas
for p1,po and 7, are simpler than the ones of [I]. This is not only because we are
considering the 1 dimensional case, but also because of our choice of the main variables in
which we express the system, that is the energy variables [9,|h and |9,|"/%w.
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3.1.1. The quadratic terms. We analyze now the quadratic terms in (3.21]),

6
No(h,w) = ZNQIC
k=1

(3.29)
N3 = —[|0u], 0. To,u ], N3 = =T, |00 P, NG = i[]0:]?, To,e0e]uw,
NG = —il0 T o Porhy NG = [0, Malw h), NS = —i]0,]/2Qa(w,w).
Since ¥ = /14 0 — 1, using (3.17) we have
1 1
h= 5|a,ﬁ|—1(u +7) + P> 4031, w= —27|ax|—1/2(u — ). (3.30)

Using these relations we can express the quadratic terms (3.29)) in terms of u and w, i.e.

1 _ _

N = 47 [|az|7azTaz‘azl_l/Q(ufﬁ)} 10| H(u+ 1) + |51\1/2O3,1/2a
1

- _

N2 = Zij—]ar|3/2(u7ﬂ)(u — U)a
1 _ _

NG = @Haxll/z’Tauazrl/?(u—max”ax' Vi u—),
1

Ny = E|3x\1/2T|az|2(u+a)le|8x\71(u +u) + |8a:\1/203,1/27
NF = L1000 (10172 — ), 0217 (w4 1) + 10212051
NF = 1102 @u(10. 72w — ), 02 (u — ).
We divide these terms into 8 groups, by distinguishing the different types of interactions with
respect to the specific pairing of v and @, and the type of frequency interactions (Low x High —

High interactions associated to the symbol x(§ — n,7) and High x High — Low interactions
associated to the symbol X(§ —n,7)). Recall the formulas (3.13]). We define

_ _ 1/2
) é(f n|?/>2 (i) e rz(f nl?/)Z (1- E’W)
1/2 2 _ e11/21,(3/2

£ — 77’2 |§’ F;rl(n) + |€| ’é|.7|]| |77’ ‘g - 77!1/2@30(77)]7

1
(I++(§,T]) = ZZX(g -, 77)

+ |
(3.31)

e PR () 1€[1/2
B yg—ml/?(w —1) e - € =72 (- |77|1/2)
€112 051 () . €7 + [€]M2|n[*2 = 17|1/2<p<0(77)]
. o S

ar—(&mn) = %x(i —n,1)

+ ¢ —nf?
(3.32)
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a_(&§m) = %X(f -n,n) [M(m — 1) e —nP? - n&—mn) (1 _ \5’1/2>

€ — n2/2 \n]| & — |12 || /2 (3.33)
1/2 g2 1/2,,13/2 '
+ |§ _ 77‘2 ’€| |§:;|>1(77) |§| + {3 |77| ‘f o 77’1/2()0S0(77)]7
1o §€—m (gl s m&=m) o (g
1/2 112 1£11/21,13/2 )
+ |§ - 77|2 |£| |(1;|>1("7) + |£| ||§|| |77| ‘f o 77|1/290§0(77)]7
and
i fEma(&n) i €25 n)
b++(£ﬂ”475ﬂ€-—nP/ﬂn\%_ilﬁ—-nP/ﬂnP“’ (3:55)
b. _ 1 |§‘m2(£777) - E ‘§|1 %(5777) ’ 3.36
+= (&) 416 =t 2n| 416 —n|t/2n[/? .
. ~ . /2~
b _ i fgme&n) gl 2(&n) 337
L (P R YT VT O (337
i |€lma&m) i €M R(En)
bo_(E,n) = —- - , 3.38
©m = =1ig —apialy] * 2T = g2l (339
where
n(& = n) + Inllé —nl (3:39)

@2(&;m) = X(§ = n,m) 5
Using the operator-symbol notation (2.4)) and (2.16]), we notice that

6
NN = > Xyp(uow)+ X (u,1) + Xy (@u) + X__(,7) + |0:]?031/2.  (3.40)
k=1 Xe{A,B}
Let us also denote
= > : (3.41)
o (ase)€{(+,H),(+ ) (==}

For any complex-valued function f, we use the notation fy := f, f_ := f. We summarize the
above computations in the following proposition:

Proposition 3.4. Let (h,®) be a solution of (2.24)) satisfying the bootstrap assumption (2.25)),
and let u be defined as in (3.17) with w,o,V given by (3.1). Then we have

Au — 0|0, — 1%, (u) = =0, Tyu + Ny + Uss (3.42)
’U)Zth UZ?, S \6x|1/20371/2,
3

Sy = Ty P2 -

Ty, Po10:|0:7"%,  v=VIit+o-1, (3.43)



WATER WAVES WITH SURFACE TENSION 21

and
Nu= Z [A61€2 (uq ) uez) + Beje (u61 ) uﬁz)]' (3'44)
*
The symbols of the quadratic operators are given in (3.31)—(3.38). Moreover, for any t € [0,T],
(t) PR (E) + ()R (1) + (1)1 (2R 4+ 2710 | Put) || S €1, (3.45)
keZ

where, for O € {I,S},

2 o _
[Ko(t)] ¢=/R\OU(§J)\2’ (1171 + 1€PO) P((1 + )% [e]) de. (3.46)
The initial data u(0) satisfy the stronger bounds (recall that 0 < g9 < g1 < 83/3 <1)
S (102172 + 18, 1N0) Ou(0)]] 2 S eo- (3.47)
Oe{I,S}

The bounds f follow from the apriori assumptions f and the definition
(3.17) (notice that u = |9, |h — i|0,|"/%¢ at very low frequencies).

We notice that the only quasilinear quadratic contributions to the nonlinearity in
come from the term —0,Tyu on the right-hand side of . All of the other quadratic
contributions do not lose derivatives. The term —i¥,(u) arises from the presence of surface
tension. This term loses 3/2 derivative but it is essentially a self-adjoint operator. We will
exploit this structure below to perform energy estimates.

We have thus reduced the water waves system to the equation above for a single
complex valued unknown u. From now on we will work with « as our main variable. We will
also keep V' as a variable and keep in mind that, in view of and ,

1
V= —?axyamrm(u —u)+ Ve,  Va:=08,T5P>1h — Bh,. (3.48)
: >

3.2. Higher order derivatives and weights. To implement the energy method we need to
control the increment of higher order Sobolev norms of the main variable u. Because of the
presence of the operator X, which is of order 3/2, one cannot construct higher order energies
by applying regular derivatives to the equation. We apply instead suitably modified versions
of derivatives to the equation. The differential operator we will use, dictated by the structure
of the equation, is given by D := [0,[32 + £, see the definition (3.43). Let k € [1,2Ny/3] be
an even integer and define

W =W =D,  D:=|9,?+%, (3.49)
Below we derive the equation satisfied by W.

Proposition 3.5. Let u be the solution of (3.42)—(3.44), and let W = Wy, be defined by (3.49)).
Let N := 3k/2. Then we have

W — |0, P1PW — S (W) = Qw + 0./ Nw + Ow (3.50)
where ¥, is as in (3.43), and the nonlinearities are

€1

Qw (€) = 217T/quv(§,77)‘7(€ — W (n) dn, an(§,m) == —%Wx(ﬁ -n,mn),  (3.51)
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and
NW = Z [Ae1€2 (Ue17 ‘ax|_NWE2) + B€1€2 (u€17u€2)] ' (352)
*
The cubic nonlinearity Ow satisfies the bounds
(&P Ow ()| gvo w12 + (PO SOW ()l vy —v1/2 S €3, dN <M, (3.53)
O IO D)l o v S8 N €N N

Proof. The starting point is the equation . Applying DF to this equation we see that
8 D*u — iDD*u = [9y, D*|u — D*9,Tyu + DEN,, + D¥|0, |2 03 1 /o
Since W = DFu, we can rewrite this equation as
W —iDW = —|0,|N 0, Ty |0, N W + (0. /N N
+ [00, DM u+ [0:Tv, 10: V| (u — |0a| VW) + [0:.Ty, DF — 10,V ]u  (3.54)
+ (D% — |02/ N + (85N (N — Niw) + DF|0:1203.1 /o
To prove the proposition it suffices to show that all the terms in the last two lines of

satisfy the cubic bounds (3.53)). This is proved in Proposition O
Define the weighted variable
Zy = 8Dk, D=|0,"*+%,, kel0,2N1/3], (3.55)

where S = (3/2)t0; + 0. The next lemma gives the evolution equation for the variables Zj.
Proposition 3.6. Assume k € [0,2N1/3]NZ, N = 3k/2, and let Z = Zj,. Then we have

WZ — 0?7 —i2,Z = Qz + Nz1 +Nza +Nzz+ O, (3.56)
where the quasilinear quadratic nonlinearity Oz is given by
71 = 5
0z = Qu(V.2) = 7 5= [ ante.mV (€ =) Z(n) ). (357)

and qn s as in (3.51). The quadratic semilinear terms are given by
NZJ = |896’N Z A6152 (u€17 ‘al‘rNZQ)v
*

Nz = (i/2)QnN (04]0:| 7 /*(Su — Su), |8,V u)
+ ‘8ﬂc|N Z [Aqez (Stey s Uey) + Beyey (Stiey s Uey) + Beyes (Uey s Su@)]a
* (3.58)
Nz = (i/2)Qn (901007 (u = ), 10|V u)
+ (i/2)Qn (0210072 (u — ), 0. V) + 0. (3/2 = NN,
+ ‘8I|N Z [NAqez (Uey, Uey) + E€1€2 (Uey Uey) + §6162 (Usuuez)]-

*

Here we are using the definition (2.5)-(2.6) for a bilinear operator M with symbol m. The

remainder term Oz is cubic and satisfies
102l o172 S €1 ()~ 0. (3.59)
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Proof. Using (13.50) we have

Wi — 1|0, P Wy — S, Wi = Qn(V, Wi) + 0:|V N, + Ows,, (3.60)
with Qn, and gy, is in (3.57), and with a remainder Ow,, satisfying (3.53). Notice that
[S,0; — iA] = —(3/2)(0; — iA), where A = |9,|?/2. Therefore, applying S to ([3.60), and

commuting it with the left-hand side, we obtain

07 —i|0.**Z — i%,Z = SQN(V, DFu) + 8|8,V N, (3.61)
+(3/2)(8; — iN)DFu +i[S, 5, ) DFu + SO, . '

Recall also the formulas and
SQN(V, D) = Qn(V, Z) + Qn(SV, D*u) + Qn (V, D u).
Using also the commutation identities
(S, 001022 = —(1/2)04(0:) 72, [S,10:V] = =N 0.V,
it follows that

S]8x|NN = —N|8x‘NNu + |8x|N Z [Aq@(uq, Stey) + Aeyer (Stey s Uey)
" (3.62)

+ gewz (Ueys Uey) + Beyey (StUey, Uey) + Beyey (Uey, Stey) + Beyey (Ueuuez)] .

Notice that some of these terms can all found in Nz and Nz 3.
The desired formula (3.56|) follows from (3.61]) provided that

Oz : =[S, %,]D"u + SOw, + [@N(V, D) — %@N (0210: 72 (u — @), |5x|NU)}

+ [;QN(V7 Dku) - %QN (axlam‘_l/z(u - U)v ’az‘Nu)}
+ @SV DRw) — LN (021027 /2(Su — S, 0,V w) (3.6

( - _ 31 3
+ ZQN(aa:‘az‘ 1/2(u - u): ‘az‘Nu)} + EZV,DICU + 5 [OWk + ‘833’N(NW1¢ _Nu)}

+ ‘az|N Z [Aqez (Uey, Stey) — Aeyes (Uey \833\7]\[262) — NAce, (uq,uQ)}.

*

The elliptic cubic bound (3.59)) is verified in Proposition O

4. ENERGY ESTIMATES I: HIGH SOBOLEV ESTIMATES

In this section we prove the following main proposition:

Proposition 4.1. Assume that u satisfies (3.45)—(3.47)). Then

sup (1 +£) 77| P>_aou(t)] v < €0- (4.1)
t€[0,T]
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4.1. The higher order energy functional. Let W = D*ou, Ny = 3ko/2, D = |0,|*/? + 2,
and recall the equations (3.42) and (3.50)) for « and W,

8tu - z]@m\gﬂu - 22771, = —8J;TVU +Nu + ‘8x|1/203’1/2,
1
V= —gam‘axrlﬁ(u —u) + O3, 12,
1
(4.2)
W — |8 32W — i W = Quw + |0:|NNw + Ow
3
Sy = TP |0, = T, Porl0o| V20, y=VIto-1,

where N, is defined in (3.44), Qw is in (3.51)), Ny is defined in (3.52) together with (3.31])—
(3.34), (3.35)—(3.38)), and Oy satisfies the cubic bounds (3.53)). Notice that

u = [0, "NOW + O30, (4.3)
so that, using (3.45)), for any ¢ € [0, 77,

1P —20u(t)| o S W ()| z2 + 37,

W@l g2 + lull o S e1(1+ 1)

We define the quadratic energy functional associated to the second equation in (4.2)) by

EQ(t) /|W:1:t| do = — /Wgt W(E, 1) de. (4.5)

Based on the equation (4.2)) we define the followmg cubic energy functional:

(4.4)

B (1) = 7o i W(EOW (1, )m, (€, m)(€ — . ) dedn,
xR
4.6
(e o €= I — ) ol ot -] O
o 21& — n/2(|€132 — € — nl3/2 — n|3/2)
Given the symbols a, ¢, and be,c, in (3.31))-(3.38), we also define the cubic functionals
B,y (1) = W - W (&, )Wy (0,015, (€ =, 1) ad, (&) décn,
. _ 4.7
s e o I 0 (E0) o
s (€372 — eln[*/? — e1]€ —n[3/2
and
B) gy e W D (n i No
Eb,EIEQ(t) T H% R RW(fat)uQ (nvt)uel (f - )beleg(faﬁ) dfd%
X
4.8
O | < (3 e
P &)1 e e 2 — eafe — T
where, for any function f, we use the notation f, := f, f_ := f.

Then the cubic correction to the energy is given by

EQ (1) = ES), (1 Z(Eé?’zlez +ED (1), (4.9)
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and the total energy is
Eny(t) = B (1) + EQ)(1). (4.10)
Proposition will follow from the two lemmas below:
Lemma 4.2. Assuming the bounds (3.45)—([3.47), for any t € [0,T] we have
IEY ()] S €31+ ). (4.11)

The above lemma essentially establishes the equivalence of Ey, and Eﬁg at every fixed time
slice. The next lemma provides improved control on the increment of Ey,.

Lemma 4.3. Assuming the bounds (3.45)—(3.47)), for any t € [0,T] we have

d _
Eno(t) S et(1 4 ) 10, (4.12)

Proof of Proposition[4.1 Using (4.10) and (4.12), we see that

t
|ES) () + EQ) ()] < |ES)(0) + BN (0 \+/ 31+ 5) 710 gs
0

for any ¢t € [0, T]. In view of (4.11) we then have
EQ(t) S EQ0) + (1 + )2 < (1 + 1),

for any ¢t € [0, 7], and the desired conclusion follows using also (4.4]). O

4.2. Analysis of the symbols and proof of Lemma In order to prove Lemmas [4.2]
and we need to establish bounds on the symbols of the cubic energy functionals in (4.6

{7 and ([4.8). With the definition (2.3), inspecting the symbol my, in (4.6)), using (A.13

and standard integration by parts, one can see that

| S 22272 (B, Ko, K)oy (R — K. (4.13)

Soo v

[

Looking at the definition of the symbols in (4.7]), and using the bounds (A.7)) in Lemma
we see that
[(al%) P12 | oo S 272270200 (e et K2 ) L o) (K2 — K1),
[(alo yrkukal < (2312078021, (k) + 281227 R 21 (k) (4.14)
X Lx(k, k1, k2) 16 o0) (k2 — k1),

while (A.18) and (4.8) give
| (B2, )2 | S oot l/Dkg=ha/21 (e, oy ko) 11515 (k2 — k). (4.15)

We now apply Lemma [2.1f(ii), together with the bounds established above, to prove (4.11)).
Using Lemma [2.1fii), and the notation (2.1)), we can estimate the term in (4.6] as follows:

k,k1,k
[ESL OIS D0 lmng "™ o IPEW I 2| P, W o | Pl o
k,k1,ko€Z
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Using the bound (4.13) on mp,, the assumptions in (3.45)—(3.47), and (4.3]), we obtain
_ k- _
|ER, (0] S > Q29T PO | 1o || P, W | o1 290/1027 40 (1) 712 S ) 12,
(kk1,k2)€X, |k—ka|<5

where 1 = max(z,0). The cubic energies (4.7)) can be dealt with in an identical fashion, since
the bounds (4.14]) on their symbols are analogous to the one for my, in (4.13). The cubic
corrections in (4.8)) can also be treated similarly. We use Lemma (ii), 4.15)), the a priori
assumptions in (3.45)—(3.47) and (4.3)), to obtain, for all €;, e € {+, -1},

3
ED ]S S 6Bk B 2| BL WL 1Pl -

b€1€2 ~ €1€2
k,k1,k2€Z

< Z 2(N°+1/2)k2_k1/2||P12WHL2 |’P’22uHL2612k1/102—kf <t)‘1/2
(k,k‘l,kg)EX, |k’17k2|§10
OGS

This concludes the proof of (4.11]).

4.3. Proof of Lemma |4.3 E Using the equation for W in we can calculate

GERO = 53 [ W00 (€.0)d€ = Ai(0) + A2(6) + Aa(t) + Aa(0)
where

Avi= g [ W) de (4.16)

Avim R [ W= i€le | Ve~ (e —non) Wl dsdn, (447
T RxR

Ayi= 5% [ W(E) IRy (6) de, (115)
T Jr

Avi= o [ WOOw(e) de. (419)

All cubic contributions coming from the above integrals are matched, up to acceptable

quartic remainder terms, with the contributions from the time evolution of E](V), see and
. . This fact is estabhshed through the following series of lemmas, which Wlll also
prove the desired estimate

Lemma 4.4. Under the a priori assumptions (3.45)—(3.47)), we have

d _
[Aa(t) + —EQ, (D] S 11+, (4.20)
Lemma 4.5. Under the a priori assumptions ([3.45) fm, we have
d 3 —1+42
‘AS dt Z (Et(w)lez( b 6162 } o, (4.21)

Lemma 4.6. Under the a priori assumptions (3.45)—(3.47)), we have
|A1 () + Ag(t)] S 11+ 1)1, (4.22)
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The rest of this section is concerned with the proofs of these lemmas.

4.3.1. Proof of Lemmal{.j We start by symmetrizing the term A, in (4.17) using the fact that

V' is real-valued,

1 = 55
= % RXRW(&)W(n)V(ﬁ—n) (4.23)

x (= i&l€]N0 |~ Nox (€ — m,m) +inn 01|~ Nox(n — & €)) dédn.

Recall, see ([3.48)) and Deﬁnition that

Ao

1
V= —Zaxyax\—m(u — ) + Va, Vo =0y /9. (4.24)

Thus, we can write Ay = Ag 1 + Az 2 where

Agyi= R [ WOW@(E — nan, (6. dedn
. _ NO
ano (&) = 2|Z£(§_ nﬁ)/z ﬁlﬁtvo X(&—=mn,m)

(4.25)
™

€[N

X(77 - ga 5) 9
and

A272 = 8

L[ WEOWmTaE - nasale,n) ded,
™ RxR

. No
CLQ,Q(&, 77) = _Z|€T|i]|\]o X(é -1, 77) +

, (4.26)
in|n|No

€[N

x(n—¢&,6).

According to (4.25]), the symbol of Eﬁr?])\,o in (4.6) is

B any (€M)
mn, (§,m) = i(‘g‘g/z —je— 77’3/2 _ ’77’3/2)'

(4.27)
Using the equation (4.2)) we can calculate

d
BN, =ht Bt I+ 1

where

L= L% W(OW (m)a(e — n) [ — il€*'2 +il€ — nf* + iln|*2]muy (€, m) dedn,  (4.28)

4n? " Jrxr
bim R [ [EWOW ) + WO 0] a(€ - mima € n) dédn (4:29)
4m RxR

)

—

b= R [ [QweW ) + WO Qwm)]a(€ - nm, (&) dedn, (4.30)
Ame - Jrxr
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and

Lii= R [N QW () + W)l N ()] € = mmuvy (€, m) ddn

3
4 RxR

bR [ W OW () F (G = il0au)(E — mmag (6,1) dédn (431)

3 [ [Ow @) + W (0w (n]ate - mm, (€.) ded

Using (4.25)), (4.27) and (4.28) we see that Az 1 + I = 0, and, therefore,

Ag + th( )

dt "o

=Aso+ L+ 13+ 14
It then suffices to show that
[ Az ()] + [L2(8)] + | Is(8)] + [1a(t)] S 1 (1 +1) "2, (4.32)

Estimate of Ag2. Using integration by parts one can see that the symbol in (4.26) satisfies

az2(&,m) = O(I€ = nl1p-s 951(1nl/[€])),
see the notation ([2.14)) for bilinear symbols. Then, using Lemma [2.1(ii) and (4.24)),
(A2l S ) Ia22)" 2| o | AW | 2P, Vel oo 1PE, W
kK1 k2 €7

_kt _
N > 25| oW || aef27 " () | P, W (4.33)
(k,k1,k2)€X, |k—ka|<10
S 5411<t>—1+2p0'

FEstimate of Io. The term I5 in (4.29) presents a potential loss of 3/2 derivatives. However,
exploiting the structure of ¥, and of the symbol my,, one can recover this loss. Recall the
definition of 3, from (4.2)). We can then estimate

Bl s|- [ ﬁ(p—i)x(f—p,p)\p\?’/Q(lJr 2O BT (o) () — ), €. ) deidp

+ [ @At o= pplo2(1+ W)levv(p)a(s — g (€ m) dédnd)|.
After changes of variables, it follows that
LIS | [ WQW e - pite - (€. po) dednd,
my(&, p,m) == —x(n— p, O Pos1(Emuy (€ + 1 — pin) (1 + 3(774g p)) (4.34)

3(/)—77))‘

o= mm) ez (maa (6,0) (14+ =71
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We then want to establish a bound for the symbol in the above expression, showing that it
does not cause any derivatives loss. Let us write

/
m2:n1+n2+n3+n4,

ni(&m,p) = [x(p—10,1) = x(n = p, )] P 2021 (E)mny (€ + 1 — p,n),

na(€,7, p) X(p = m.0)[[n*20=1(n) — 1€/ 21(©)]mn, (&, p),

n3(&,m,p) = x(p — 1. IEP2021(8) [mavg (€, p) — Mg (€ + 1 — p,)] (4.35)
e p) = 2 ) X1 = 9. I =1 (may (€ +1 — p.1),

ns(€,n, p) == Wx(p —n,m)|n**es1(n)ma, (€, p).

We will often use the observation
if (&, p) = f1(&p)fa(n,p) then [[F'fllpgesy SIF " fillwey IF " fallorme)- (4.36)
Moreover, since v € Oz, see ((C.19) and Definition we have, for any [ € Z,

1Pl Sl ™12, [Plle S efie) /2o (4.37)
Using (4.36)) and the bound (4.13)) for my,, we see that
n(§,m,p) = 0((|§—pl3/2+ Ip—77|3/2)1[22 y(nl/lp = n) L2 o0 (E1/1€ = pl)). (4.38)

Here we are using the notation (2.15), with (2.12)-(2.13). Then, using Lemma [2.1](iii) with the
bound (| - the a priori decay assumptlon in (3.45) and (4.37)), it is easy to show that

[ W — Ao~ nym (& m, ) dedndp] < [WIiEat 40770 (4.39)

Moreover, the symbols no, ng, ns satisfy the same bound -, so their contributions can also
be estimated in the same way.

Finally, we look at n3 and we would like to prove the same symbol bound . Recall the
definition of my, and g, from (4.27) and (4.25)), and write

mn, (&, p) — mny (§+n—p,n) = —ir1(&,n, p) —ir2(§,m, p), (4.40)

ano (& p) — ano (E+ 11— p,n)
r&mp) = €+ n—pPP/2 =16 = pP/2 = n|3/?’
1 1
ra(&m ) = avel6 ) g e = e~ g )

Inspecting the formula ([4.25)) we see that, when |n — p| < 2789|,
ano (€, 9) = ano (€ + 1= pym) = O(1€ — P2 16| 110 ) (1€1/1€ — p])), (4.41)

and, therefore,

r1(&m,p) = O(1€ = o€ 112 ) ([€1/16 = o).
Moreover, one can directly verify that for || > 26 max(|¢ — p|, |n — p|),

2 2
312 e 132 113/2 _ (161372 _ (e — 1372 _ 1 13/2) — € —pl* + |p—n
€+ = pI*/% — 1€ = 2 — 2 = (162 = le = oI = o) = O (BT ).
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It follows that

E—pl*? +|p—n*?
(e o) = O(E= L1 (€ = o)),

whenever |n| > 2%|n — p|. The desired bound (4.38) follows for the symbol n3. This shows that

|Iz| < ef(t)~1, and concludes the proof of the desired bound (4.32)) for Io.
For later use, namely to estimate g ¢, + in (4.64)) and K ; in (6.21]), we record below a slighly

more general result that was proved in our analysis.

Lemma 4.7. Consider the expression

=~

10) = [ [EF©OFm) + FOE )@ - nmEndsr,  (142)
RxR
with a symbol of the form

q(§,m)
&) = R TE — P [P (4.43)

which is supported on a region where 28|¢ —n| < |n|. Here uy = u, u_ =7, and vy is in (4.2),
(3.1). Assume that the following two properties hold:

q(&,m) = O(I€ = 11150 oy (Inl/1€ = 1)), (4.44)
and, whenever |n| > 25|n — p| and |¢| > 25|¢ — p|,

o (le=pP 4 I — o
Then
18] S N 72651 +1)77/S. (4.46)

Estimate of Is. Directly from the definition of I3 in we have
5 5 | / f (&) 0w ()] le ~ ymu, (€ dedn|  (4.47)
where Qyy is defined in . Using (3 we have
mis| | [515|N°|prN0x<s . p)ﬁf ~ W ()W ()

o~

W (©ninl™ o] x(1 = p, )V (1= p)W (p) (¢ = m)muvy (€,1m) d€dndp|

Applying some changes of variables we get

RIS | [ WQW @ = )P (o= nymb (€ n.p) dedndp],
my(&,m, p) = (€+n—p)\£+n—p|N°|£\*N°X(n—p,f)mNo(£+n—p7n)
= plo™nl=Nx(p = n,m)mn, (&, p).

Since V' € Oy _y 9, see (C.18)), using Lemma (iii) and (4.13) we can estimate
I(6)] S I5(t) + el (L +6) " [ WIIZe (4.48)
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where

5 =| [ WOW s - 07 (o - (e n.p)

ﬂ&mp%—p[w—p£MMM€+n—mn%—ﬂp—mnWwM&MI

(4.49)

The main observation is that the symbol m/ above has a similar structure to the symbol n3 in
-. In particular, starting from and using the property (4.41] -, it is easy to see that

(K—MW”+M—MW2
(Il + [n1)+/2

Using this bound in combination with Lemma (iii), recalling the V' € Oy _; /5, and using the
a priori bounds, we get

m3(&,m, p) =

12 00) (€171 = oD 12 (Inl/lp = D)) (4.50)

1] < > (2% + 28| P, W o 1P, W 2 | P, Voo 1Py ] o
|k1—k2|<5, k1 >k3,ka>ky
5 ||W”%2 Z (2k3 +2k4)€12k3/10272k3+<t>71/2€12k4/10272k4+<t>71/2
k3,ka€Z
2 _
S eHIWlz
This gives |I3| < f(t) 71+ which is the desired bound in (4.32).

We conclude this subsection with a more general lemma that follows from the same estimates.
This lemma will be used later on to estimate terms like I3, which have a potential loss of one

derivative, namely, I7 ¢, + in (4.59) and K 2 in (6.22).
Lemma 4.8. Let Qp be defined according to (3.51)), and let

0= | [Or©Fwm + F©@rm]ai(s — n.tymis. ) dedn (1.51)
where the symbol has the form
q(&;m)
: 452
R R e T 2
and is supported on a region where 28|¢ — | < |n|. Assume that
q(&,m) = O(1€ = n*/*1 g5 o) (In/1€ = 1)) (4.53)
and
€ = P2 + In — pI*?
p) — +n—p,n) =0 , 4.54
(&, p) —a(§+n—p,m) ( GERE ) (4.54)

whenever |n| > 2% — p| and |¢] > 2|€ — p|. Then

[T S I F el (1 +) 7 (4.55)



32 ALEXANDRU D. IONESCU AND FABIO PUSATERI

Estimate of I5. All of the terms in (4.31]) do not lose derivatives and are not hard to estimate,
given the symbol bound (4.13]) on my;,, the estimates on the nonlinear terms in Lemma
and (3.53). We just show how to estimate the term

Iy = /R €PN O ()€ — n)ma (€.7) sl

the other terms being similar or easier. Applying Lemma (ii), the symbol bound (4.13)), and
using the a priori estimates, and the estimate on the nonlinearity (C.36)), we see that

Kk, k Nok
Tl S 52 I 28 PN | P, W | P ]
k7k17k2€Z
< Z ok1/29—k/2 2gmin(k,0) (1) ~1/2+po <t>p()5121c1/102—2kjr ()12
(k:,k:l,k’z)EZ, |k—k2|§5
< €%<t>_1+2p0.
This completes the proof of the bound (4.32)) and therefore the proof of Lemma

4.3.2. Proof of Lemma . Recall the definition of Ag in and the definition of Ny in

(13.52]). Recall our deﬁmtlons of the energies in E(S 6)162 and Ea e (1) in . ., and the
notation . Our aim is to show

d —
‘Ag dt Z (Et(li)mz (t) + Elg,ge)lez (t))’ S 511(1 +1) t2po, (4.56)

Calculating as in the previous section, using the evolution equations for W in (4.2)), we see
that for each (617 62) € {(+7 +)7 (+7 _>7 (_7 +)7 (_7 _)}

d
dt ‘(1?5162 = 1576162 =+ 1676162 + I7,e162 + 18,6162
where
Iscrer = % W(f)Wez (n)te, (€ — 1)
Am? 7 Jrr (4.57)

[ —i[€]>% +iean|*/? + ier|€ — n*/?]alo, (¢,m) dedn,

—

Toces = B [ [FRW Qe )+ W(€iess ey (n) | (€ — m)als (€,m) decln, (4.58)

RxR [

1 — =
Frao =7 [ [QnOWa ) + WO ] @ (€~ madly (€ mydean, (459

T = pg® [ (6N ()W n) + W) N ) 2 (€ — )l (€, m)

RxR

+4—§R W (&) Wey () F (Dptte, — exil @l e, ) (€ — m)ale, (€, m) dédn (4.60)
72 RxR

7% {
* 472" Jryr

—

Ow (OWe (n) + W(EOF ()] 2, (€ ~ m)adl, (&, m) dén.
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Here Q% = Qw, 9Oy = 9w, Ny = Nw, Ny =N, O‘J,“V = Ow, Oy, = Ow. Similarly

d 3
$Eé7€)162 = 1975162 + 110,5152
where
1 = L
Iy eie, = R?R - W (&) te, (n)te, (€ —m) o
>< .

[ —ile? +iealn|®/? +der|€ — n[*2] 0N, (€,7) dedn,

1 , o~
Loae = 73R [ FOW = il0u[PW) ()t (mi (€ = mbee, (€ ) dédn
m RxR

1 = . _—
+ =R W (&) F (Orue, — €20]05 > ue, ) (n)tic; (& — )b, (€, 1) dédn (4.62)
4m RxR
1 o P .
R [ W(E) g (n)F (Fue, — €1i|0x > 2uc, ) (€ — )b, (€, 1) dédn.
4 RxR

We then see that

d
A3 + % Z (Ez(z?e)leg + Elgi)lgz) = Z (16,6162 + I7,6152 + [8,6162 + 110,6152)-

* *

We show below how to estimate all the terms on the right-hand side above by Ce}(t) =120,

Estimate of Ig ¢ c,. We start by looking at the case when e = —1. We see from (4.14) that

0

the symbols aé\lf have a strong ellipticity. Then we use the bound

1P Fll e S e3(t) /422 P || 121 g o) (R), (4.63)

for any k € Z, which is a consequence of and Lemma (ii). The potential loss of 3/2
derivatives coming from X, W is compensated by the smoothing property of the symbols aé\jo_
in ([£.14). As a consequence |Ig ¢, —| < €} (t)~7/6 as desired.

In the cases (e1,€2) € {(+,+),(—,+)} we have

s 5| [ [-SWOW0) + FOEW0]| @ € - nal€mded|. (460

This is of the form ([£42)-(£.43), with F = W, m = a°, q(&,n) = €]V |n| a4 (€,m). We
can then apply Lemma E provided we verify its assumptions for ai\fﬂr. Observe that the
symbols ac, 4+ (&,n) are supported on a region where 28|¢ — 5| < |n|. The bound (A.5) for the

symbol a¢, +(&,n) gives the property in (4.44). Moreover, the properties (A.9) show that the
second assumption (4.45)) is satisfied. Applying Lemmato Ig.c, + gives us the desired bound

[To.c+(1)] S €1 ()20

Estimate of I7¢,c,. This is similar to the estimates on Ig ¢ ,: in the case e = — we use the
simple bound ||P,Qw |2 < e1(t)~Y/22%|| PLW||;2, which is similar to (4.63)), and the gain of
3/2 derivatives in the symbols aé\lfo_. In the case e = + we use Lemmanstead of Lemma
4.7 Tn both cases we conclude that |7, (t)| < eb(1 +1) 772 as desired.
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Estimate of Ig ¢,e,. Observe that all the terms in (4.60) do not lose derivatives, and moreover
they are similar to the terms in (4.31). By performing the same estimates above one sees that
s e (B)] S ed (1 +6)7 120,

Estimate of 1 10 c1eo- We notice that the symbols b€1 ¢, are smoothing and non-singular, see the
definition and the bound (| - Therefore, there are no losses of derivatives in (4.62))
and all these terms are straightforward to estimate.

4.3.3. Proof of Lemma . The term A; in (4.16) can bounded as desired because ¥, has been
constructed as a symmetric operator up to order —1/2. To see that this is indeed the case,

recall the definition of ¥, in (4.2)), and write

wa = [ W(é)é@vmm—n) (rnr3/2+(5| ,173 (€ —n.n) dnd
=R [ WOW 0~ i[5 (0201 00x(€ = nom) = 162021 Oxn — £.6))
+(§‘ ‘172) e>1(n )x(f—n,n)] dndg.

Notice that the symbol in the above expression is O((& — n)2(|¢] + |n|)_1/21[23700 (Inl/1& —n)).
We can then proceed, as done several times before, using Lemma [2.1f(ii) and (4.37)), and obtain

A1 S > 2219 k2| LW || Lo | P, W | o | Py Yl oo S €1 (8) 7120, (4.65)
(k‘,k‘l,kg)EX, |k‘—k2|§5

Using the cubic estimates on the term Oy in (3.53)), it is easy to see that also the term Ay
in (4.19) satisfies the desired bound. We have then completed the proof of Lemma and
hence of Lemma [4.3] Proposition [ is proved.

5. ENERGY ESTIMATES II: LOW FREQUENCIES

5.1. The basic low frequency energy. In this section we exploit the null structure of the
equation to control the low frequency component of the solution u which we denote by

Ulow - — nglgu. (51)
With P : [0,00) — [0,1] is as in (2.22]), we define the energy
2 _ 2 (-
B0 = 1= [ |am O P+ 0%l de. (52)
The main proposition in this section is the following:
Proposition 5.1. Assume that u satisfies (3.45)—(3.47)). Then

sup (1412 E2 (1) < &2, (5.3)
t€[0,T7]
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5.2. The cubic low frequency energy. Recall from Proposition the equation ([3.42))-
(3.43|), from which it follows that

Atiow — 1[0s > Ptiow = P<_10(—0Tyu + Ny) +10:|"203 1 /o (5.4)

According to (5.4), we naturally define the cubic correction to the basic energy El(ozv?/ as follows:
3 —1/2 —~ —~ ow

Bon (®) f% / a(t, €))7 2ug (1. € — myag, (t,mymis, (€, m) dédn,  (5.5)

where the symbol is

€1M2(€ — ) [€1€] 0 (©)x (€ — mm) — ninl " e (m)x(n — €, €)]
81& —n|V2(|€3/2 — |& — n|3/2 — n|3/2)
i 2©faae(En) +bae (€ n)
€12 (€372 = exlg — nf3/2 — ealmf3/2)’

mEG(En) = (1+e)(1 +e)

and we have denoted

ot(§) = p>a((1 + t)2§)902§—10(f)-

The first part of m!°% is non-zero only for ¢; = e2 = 1, and takes into account the nonlinear

term —0, Ty u. The symbol in the second line of ([5.6)) is needed to correct the nonlinear terms
in \V,,. Notice that no correction is needed if (1 + t)~2|¢| < 4.
The total energy for the low frequency part of the solution is given by

Biow = E& + E®) (1), (5.7)
Observe that under the a priori assumptions ([3.45) -7- we have
lo=a((1+ 8Ot )l 2 S ea (1 + )™,
lp<a((1+ )OI /> Pt )| 2 S ex (1 + )PP,

As in section 4] Proposition [5.1] follows from two main lemmas.

(5.8)

Lemma 5.2. Under the assumptions of Proposition for any t € [0,T], we have
3 2
B 0] S S0+ (5.9)
Lemma 5.3. Under the assumptions of Pmposition for any t € [0,T], we have

‘thIOW )‘ < CE3(1+ 1) 20 4 40p ED (#)(1 + )7L (5.10)

5.3. Analysis of the symbols and proof of Lemma We first show that the symbol
in (5.6) satisfies the bounds

(M, )Pk o < 2” max(kik2) /29 3 (k, ko, k2)1_210g, (241)10,0) (k) (5.11)

€1€2

and

low

1m0 (€ = 1) pny (1) goo S 27 MR/

, (5.12)
for all k, k1, ko € Z.
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low
€1€27

E1Y2(€ — ) [€1€17 0 (€)X (€ — mym) — nlnl~See(n)x(n — &, €)]
21¢ — n|Y2(|€[3/2 — |€ — nf3/2 — [n|3/2) ‘

Since x (& —n,n) forces 23|¢ —n| < |n|, through Taylor expansions and standard integration by
parts, we see that

el e (E)x (€ = m,m) — nnl T ee(n)x(n — €,€) _
t EP2 — | — P2 — |nt,3/2 = O(In| =112 o (Inl/1€ = 1) Li(110)-2.01(1€])).

and deduce

We start with the first component of m which we denote by

n (57 77) =

n1(&m) = O(I€ — 02| 12 sy (Inl/1€ = 1) L1020 (1€]))-
Let

Pr(§)ac e (€M)
(e - ale — o — ealn)
Using the bound (A.7)) in Lemmal[A.1] one can see that

n2(&m) = O(I€ = nl*21€] ™ L2 ooy (IN1/1€ = 1) L1 40)-2,01(1€]))
which is a better bound than what we need. Finally, let

901:(5) €1€2 (f 77)
|5|1/2<|5|3/2 — 1€ — nf3/2 — e|nf3/2)’

where the symbols be,¢, are defined in @*m Using the bound (A.17)) in Lemma

we know that on the support of be,., the sizes of || and |§ — 7| are comparable, so

n3(&,n) = O(|§ - 77’71/21[2715,215](‘77|/‘§ - 77’)1[(1+t)*2,0}(’£|))' (5.13)

This suffices to obtain ([5.11]). Similar arguments, reexamining the formulas (3.35)-(3.38]), and
integration by parts, also give (5.12)) (only the bound for ns requires an additional argument).
We now use (5.11)) to prove (5.9). Let us denote

k_ :=min(ki, k2), k4 :=max(ki, k). (5.14)

na(§,m) =

n3(§,n) =

Using the formula (5.5]), the bound (5.11) together with Lemma ({2.1)), we estimate

3 1 k.k1,k —k
EDOISSS S0 i)k 272 Plul o[ PL ull Pl

*(14£)—2<2k+10<210

Using the a priori assumptions (3.45)—(3.47) (see also (|5.8])) we obtain

3 _ _
(0] > 27R2)| Plu o275 2| Pl
(kyk1 ko) €X, (1) —2<2k+10 (5.15)
« 812k,/102—N2 max(k—,0) <t>_1/2 S 6?(75)_1/3.

This completes the proof of Lemma
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5.4. Proof of Lemma Using the definitions (5.2)),(2.22)), (5.5)), the equation (5.4]), and

a symmetrization argument similar to the one performed for the term (4.17) and leading to

(4.25), we calculate

d

a(El(OV)V+E1(§)v)V) Jl“‘é)%[ J2 + Ar ) Z J3 ,€1€2 +J4€162 +J5 €1€2 +J6 6162)] +R7

= / [ (€)2 P/ (1 + £)2J€]) 21 + 1) de,
Jr = /Rwof(atmow 110, u10) (€) pa((1 + 2|l 1P((1 + £)2€]) d,

Trerey = / €17 23(€) Beml©, (€. m)m (€ — myamy () dédn,
o (5.16)

Jicrer = /R R|f|*1/2f(8tufz‘|8x|3/2u)(> mioY (&,m)ie (€ —n)te, (1) dédn,
X
Tserer = /R R|£|‘1/25< )Ml (&,m)F (Opue, — ier]0x* Pue, ) (€ — n)tie, (n) dédn,

J67€162 :/]R R‘é’_l/Qi( ) le?vsvg(é 77)“61(5 77) (atuﬁz _i62‘61"|3/2u62)(77) dgdn.
X

Here R denotes a quartic term which includes the contribution from |6m\1/ 20371 /2 in ,
and from the quadratic part of V, that is V5 in , and can be easily seen to satisfy
|R(t)] < (1 +1t)" 1, The term .J; comes from differentiating the cutoff P in the quadratic
energy, whereas Jy is obtained when we differentiate |ujoy|? in the region |[¢] < (1+1¢)”
The term J3 e, comes from differentiating the symbol in the cubic energy functional. The
remaining three terms in are the net result of differentiating the quadratic energy when
€] 2 (1+ )2, and its cubic correction, after symmetrizations and cancellations.

5.4.1. Estimate of J1. Using ([2.22)), the definition of E( ) in , and the a priori assumption

7, we immediately see that

2 20py 2 20p1 (2)
1 < —F
‘ 1’ > 4 / ‘ulow t § 1+t)‘€| (( +t) |€Dd§ =14t low(t)v

as desired.

5.4.2. Estimate of Jo. Notice that the term Jo in (5.16|) is supported on a region where [£] <
(14 t)"2. Then we use the bounds in Lemma C.4L and the second bound in (5.8]), to see that

[l S Do 20PN Pt | ol | P (O — 0[P Pu) (£)]] )"

2k=6< (1) =2

Syt Y 20T ERIR Pl 7252 ()R
2k <(t) =2

< ()Tl N omk (g 2gmk/ 2k ply ()

2 (1) 2
S ety T,
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5.4.3. Estimate of J3.,c,. Recall the notation (5.14). Using the definition of m°¥ in (5.6),
and the same arguments in the proof of Lemma |5.2| that gave us (5.11)), one can see that

1(Oemeye) ™ 1752 | goo < Ve (K, Ky, ko) (1 4 ¢)Tr2mmax(brka) 2y oy ooy 10,0 (K).

This is better by a factor of (1 +¢)~! than the corresponding bound on me,. The same
argument as in the proof of Lemma [5.2| (see (5.15))) shows that |J3,c,| < €3 ()43, as desired.

5.4.4. Estimate of Ji e e, We use Lemma [2.1] to estimate, for every €1, ex = =+,

1 k,k1,k —k .
aaal S Y 1mge) 82| o 272 PO, — 8100 ull 1P ull | P _ull -

€1€2

k7k17k2€Z
Using the bound (5.11)), Lemma [C.4] and (3.45)), we have
il SO S 2B 28 0N < iy,

(kk1,k2)eX, (t)=2<2k <1

5.4.5. Estimates of Jse e, and Jge,e,. Since the terms Js ¢ ., and Jg ¢, are similar, we only
estimate the first one. We begin again by using Lemma and estimate, for every €y, €a,

[ Tsereal S o0 (14 6)2)E17 20 1o > ImlSe, ry (€ = m)phy (1) | oo
k1,k2

x| Py, (O = iMull oo || Pryull 2
We then use the bound , Lemma and the a priori bounds 7, to obtain
[ Ts.crea] < () =1+2p0 Z o— max(k1,k2)/29k1 /29— max(k1,0) o (1/2—po)k2 9 — max(k2,0) < ehip) =1+,
k1,k2
The proof of Lemma [5.3|is completed, and Proposition follows. O

6. ENERGY ESTIMATES III: WEIGHTED ESTIMATES FOR HIGH FREQUENCIES

In this section we want to control the high frequency component of the weighted Sobolev
norm of our solution u. The main result of this section is the following weighted energy estimate:

Proposition 6.1. Assume that u satisfies (3.45)-(3.47). Then

sup (1+1) (| P>_20Su(t)] < €o- (6.1)
t€[0,T]

6.1. The weighted energy functionals. Let Z = SDF1u, N; = 3k, /2, D = |9,>/% + 2.

The quadratic energy we associate to the equation (3.56) is
2 1 = ~
BP0 = 4 [ 20206 ¢ () de (62)

The natural cubic energy is constructed as the sum of three energy functionals,

EY(t) = Ez1(t) + Eza(t) + Ezs(t). (6.3)
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The first energy functional is is the natural correction associated to the nonlinearities Q7 and

Nz in E5D-B59).
Ez:(t) : 4225}3/

t)ml,qez (§,m)Ue, (€ —m,t) ddn,

RxR
Ni |, —N1
M1, (§57M) = — ‘E‘S/Q”?_’ 61|20> ;rg(/é)iez‘;ﬁ?’g) + (14+e)(1+e€) (6.4)

) [E1EIN =MoL oo (€)X (€ = m,m) — nln™ €N oo (m)x(n — &, €)]
81¢ — n|V2(|€*/2 — [€ = nf*/2 — [n]3/2)
where the second part of the symbol, which is only present for € = eo = 1, is associated to
Q. while the first one corresponds to N. z,1- The second functional takes into account N7z9 in

(3.58) and is defined as
Ezs(t) : =1 Zﬁ% /

RxR

)i, (1 1) e0 (6 1) Sty (€ — . ) deln,
e+ @)~ el R (Ex(E —nn)
e (&0 3 e (e — ale -2 — ) o

_ilg‘Nl ()022—20(5) (aqez (57 77) + bqeg (57 77) + be1e2 (éaf - 77))
|£]3/2 — €e1]€ — n|3/2 — ea|n|3/? .

The last functional is

Ezs(t) - 422%/

Ueg m, )m3,6162 (67 77)@ (§ -1 t) d§d777
RxR

g (E1) 1= ier(1+ €2)(€ =S _o0(E) (@n (&) nl™ + an, (& m)|n™)
Ae = PP — eale = "2 = P P) 66
_i’§|N19022720(§)(3/2 - Nl)(a€152 (§,m) + beyey (€5 77)) '
€13/ — e1]§ — n|3/2 — ea|n|*/2
—i€N1p2 _50(€) (N1aere5 (€,1) + Teres (€,1) + beres (€,1))
€372 —e1]€ =P/ — ea|n|3/2 7
and is associated to the nonlinear term N7z 3 in . The total weighted energy is

Ey(t):=EX@®) + EP ().
Using (3.45)), the definitions, and Propositions and we have

|Ps—20Su(®)llm S 1Px-aZ(8)]12 + €)1+ 0 65)
|Sullam + 1202 S en(1+ ).

Therefore, Proposition follows from the following two main lemmas:
Lemma 6.2. Under the assumptions of Pmposition for any t € [0,T] we have

IED (1) < (1 + )% (6.9)
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Lemma 6.3. Under the assumptions of Proposition for any t € [0,T] we have

d _
T Bz(t) < et(1 ) 18P0, (6.10)

6.2. Analysis of the symbols and proof of Lemma To prove Lemmas and
we need bounds for the symbols of the cubic energy functionals in —. The first term
in the symbol mq ¢, in can be estimated by using directly (A.7)), while the second part
is similar to the symbol my, in (4.6). It follows that

Imy 2 o S 287227820 (I, oy ) g oy (k2 — K1),
Iy S (23227302 ok 297K L ()) LK, Ky, ) L o0 (k2 — K )
Using the bounds (A.7) and (A.18]) it is easy to see that

H kk:1,k2|| < 1X(k Ky, k2)2le2k/2 k1/21[ )(kz—k). (6.12)

26162 Soo ~

(6.11)

Moreover, for any k, ko € Z,
1€ = 1" mae1e5 (€M) r(E)ora (M goo S 2PFVEEL g 00 (Ko = k). (6.13)

Finally, for the symbols ms3 ,¢,, we have the similar bounds

k.k1,k2
H 36162 H

< ok, ko, ko)2NRQR/ 2R /2y o0 (ks — k), (6.14)

Soo Y

and
1€ = n"*m3 ¢, 00 (&) P (1 )Ilsoo S 2(N1+1/2)k1[ 00) (k2 — k). (6.15)

The proof of (6.9) is similar to the proof of ( in Lemma and (5.9) in Lemma
using the bounds (6.11))-(6.14]) on the symbols, and Lemma [2.1f(ii).

6.3. Proof of Lemma |6.3 n We start by computing the time evolution of Ey in . Using

the definitions of the energies E in 1.} and E in . ., and the evolution equation
for Z derived in Lemma [3.6] see (3.56)-(3.59)), we can calculate:

d 1
%(E(ZQ) + Eg)) = Ko + R% § : (K17€162 + K2,61€2 + K37€1€2) + R, (6'16)
*

where

SR / €)iSIZ(E) ¢ oo€) de, (6.17)

Kicer /R F(OZ —iMZ)(€) maeren(€m) T (€ — 1) Zon () ddy

+
%
N)\

_|_
—
N>\

X
=

€)M 165 (€,m) F(yuie, — i1 Aue, ) (€ — 1) Zey () ddny (6.18)

&) M6, (&) Ue, (§ — ) F (8¢ Zey — ieaNZe,) (n) dédn,
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with M1 ¢e, as in (6.4)),
_ 1 2 3
K2761€2 - KQ,eleg + K2,6162 + K2,6152’

K., = / F(0rZ — iAZ)(€) maeres (1) Sty (€ — )i (n) dcl,
RxR

) = ) . (6.19)
KQ,eleQ = /]R R Z(&) M2eier (57 77) ]:(atsuel - ZélASUQ) (g - 77)“62 (77) dﬁdn,
X
K§,6162 = /]R R 2(5) M2e1e0 (§> 77) S/u; (5 - 77)-7:(815“62 - ie?Auez) (77) dgdn,
X
where mg ¢, is defined in (6.5)), and
K37€152 = K§,6162 + K§,€162 + K§,€1627
Koo = [ FOZ=DZ) (O maare &) T (€~ m)s (o) déy
X
(6.20)

N

2 -
K3,€162 T /
RxR
2 o
K3,€162 T /
RxR

where m3 (¢, is defined in . The remainder R comes from quartic terms involving the
remainder Oz in , and quartic terms involving the quadratic part of the function V as it
appears in , that is V5 in (4.24)). Using the estimate for the first, and arguments
similar to the one used for A9, see (4.26]) and (4.33)), for the second, we see that

(f) M3e1e0 (fa 77) f(atuq - Z.elAuq) (§ - 77)66\2 (?7) d&dn

N

(€) 3169 (&m) Z76\1 (& - U)f(atuez - ieZAuQ) () d&dn,

[R(1)| S ef(1+ )7

We now show that all of the terms in (6.18)-(6.20) are bounded by (1 4 ¢) '™ as well.

6.3.1. Estimate of Ky. The term in (6.17) is like to Ay in (4.16|), with Z instead of W. We can
then estimate it in the same way we estimated A; in subsection 1Ko(t)] < |1 Z(1))13263 ()1

6.3.2. Estimate of Ki¢e,. We rearrange the integrals in (6.18]), using the equation (3.56) for
7, and identify the terms that could potentially lose derivatives and need additional arguments.

Let Nz :=Nz1+Nza+ Nzgs, see (3.58), and write

Y Kiqe=Kii+Ka+Kis
*

where
Kl,l = Z / [ZZ/V\Z(f)Z(U) +§(f)liy\z(77)]m1,a+(§ﬂ7)@ (5 - 7)) dédna (621)
==+ RxR
Kia= Y [ [02OZn) + Z(OQzm]my.ys (€m)T (€ = n) dsn, (6.22)

€=t
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and
Klg_ / (0) + 2Nz (n)]myer4 (€ n)im (€ — ) dédn
(6.23)
/ Z(n) + Z(€)0(n)]mi.evs (€, ) (€ — ) déd,
Kyg = / ) m1even (641) F (s — i1 ey ) (€ — 1) Zoy () dény
S [ FOZ=R2)() m- () € — )2 ) ded (6.24)

eli

n Zi /R 2 m - (61) T (€ = )F (17 + iAZ-) () ded

Estimates of K11 and K1 2. These terms are estimated using Lemmas .7 and [f.§ with F' = Z,

2l Sl )T

The symbol conditions on the multipliers m; ¢ 4 are satisfied because the two components

of mq ¢, 4+ are similar to the multipliers agﬁr and my, defined in (4.6))-(4.7), and the desired
properties have been verified in section [4]

Estimates of K13 and K1 4. In all the terms appearing in and there are no losses
of derivatives since Nz is a semilinear term, and the symbols mg , _ are strongly elliptic, as we
can see from the second bound in . The desired estimate follows by the same arguments
as before, using Lemma (ii). We always estimate Z, Nz, Oz, and 0;Z — iAZ in L? (using

(6-8), (C.40), (3-59), and (C.39)) and w and dyu — iAu in L™ (using (3.45) and (C.35)).

6.3.3. Estimate of K3 ¢ e,. The main difficulty in estimating the terms in comes from the
singularity in the symbol mg ¢ c,, see (6.12)). We can overcome this using the low frequencies
information in . We begin with the first term in , and split it into two pieces
depending on the size of the frequency & — 7,

K3 ey =1+11,
I:= /R Rf(atZ — IAZ) () maeres (§:m) p0((1 +1)*(€ = 1)) Sue, (€ — n)iic (m) dédn,
I := /R Rf(atZ —iAZ) () maeres (§:m) 921((1+1)*(€ = 1)) Sue, (€ — m)ic (n) dédn.

We observe that, in view of (3.45)), we have

| PSul| e < 2M07 P (14 0)"07 221 for 20 < (141)72
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Then, to estimate the first term it suffices to use Lemma (ii) together with the bound on

M2, e, i (6.12)), followed by (C.39), and the a priori assumptions ((3.45]):

k,k1,k .
Hps > 1mg7ere,” | oo 1P (01 = iA) Z]| 2 | Py Sl oo || P w2
k,k1,ko €7, 2F1 <(t)—2
,S 2k/22—k1/22N1k6%<t>—1/2+4p02k/22ma.x(k,0)

N

(k,k1,k2)€X, 2F1

x 812k1(1—p1)<t>4po—2p1512—Nok§' {tyro < 6il<t>_1.

N

()=2, ka>k—20

To estimate I we use Lemma [2.1fii) together with the symbol bound in (6.13)), (C.39), the a
priori assumption (3.45)), and the inequality No > Ny + 2:

11 S (P> _g10g,(10)—5102 72 Sull D> 1€ = 0l *ma,ese (€, 1)k (E)ory (1) ] goc
k,ko€Z

x| P01 — i8) Z]| 2| Py o

Sa(y™ Y dMHUIR( TR P
k,ko€Z, ko >k—20

S 5411(1 + t)71+8p0'

The terms K3, ., and K3 . in (6.19) are similar (in fact easier). We provide the details

only for K3 We first write

2,e1€2°

Kgm =IIT+1V,

11T = /R Rg(é) ma,es(61) P<o((1+)2(€ = 0))Sue, (€ = ) F (e, — ieaAue, ) (1) déd,

1V = o Z(&) maerer (€m) 921 (14 1)*(€ = m)Sue, (€ = )F (Brue, — iexAue, ) (n) deln.

Then we use Lemma [2.1f(ii), the symbol bound ([6.12)), the estimates (C.35]), and the a priori
assumptions ([3.45)) to obtain

k.k1,k .
FRRIDS 1m0 erés” | goo I PE 21 12| Pry Stll oo || Py (O — A )|
S
k,k1, ko €7, 2F1 <(14¢) 72
5 5411<t>—1/2+9170 Z 2N1k2k/22—k1/2 X 2k1(1—p1)2k2/22—(]\fo—2)k;

(k,k1,k2) EX, 281 <(t) =2, ko >k—20
4,0 —1
Sent)
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To estimate IV we use again Lemma (ii), this time together with the bound (6.13]), the low
frequency assumption in (3.45)), and the estimates , and see that

[TV] S 1P —a10g,(140)-510:) 72l o Y (1€ = > maeer (6 m) @k )k, (1) goo
k,ko€Z

<[ PeZ| 2 11(0 — iA) Pyull o

Sei(t) > NI/ (1) 0 (0 — iA) Ppyul|
k,ko €7, ko>k—20

S €411<t>—1+8p0'

This concludes the desired estimate for the integrals in (6.19)).

6.3.4. Estimate of K3 ,. We observe that the symbols m3 ., in satisfy the same
bounds as the symbols ma ¢,,, see (6.12)-(6.13)) and (6.14)-(6.15). Moreover, the terms K§’6162,
j =123 in are trilinear expressions of (Z,u,u), while the terms Kg’qez, 7 =123,
are trilinear expressions of (Z,u, Su). Thus, it is clear that estimating the terms in

(6.20) is easier than estimating those in (6.19)), because the bounds we assume on u are stronger
than those we have on Swu. This concludes the proof of Proposition

7. ENERGY ESTIMATES IV: WEIGHTED ESTIMATES FOR LOW FREQUENCIES

In this section we improve our control on the low frequency component of Su. The basic
quadratic energy is

Esubw — 1= [ 15u. O 167 P+ 0PlEDgE ole) e (7.)
where P is defined in . We will prove the following:
Proposition 7.1. Assume that u satisfies -7- Then

sup (1+1)™E§) (1) < €2, (7.2)
t€[0,T]

7.1. The cubic low frequency weighted energy. We start from Proposition 3.6 with k = 0
and apply the projection operator P<_jg. It follows that

P<_10(0¢ — iA)(Su) = P<_10Qo(V, Su) + P<_10Nsu,1 + P<—10Nsu2 + P<—100su.  (7.3)
Here the symbol of Qq is qo(&,n) = —i&x(§ — n,n), the nonlinear terms are
Nsui = (1/2)Qo(0:|05|~*(Su — Su),u)
+ Z erea (SUey s Uey) + Aeyen (Uey; Stiey) + Beyey (Stiey s Uey) + Beyey (Uey s SUEQ)]

7.4
N5u 2 = (i/2)Qo(0u|0u| ™ (u — W, w)) + (i/2)Qo (0:10:] "/ (u — 1), u) i

+ Z erea (Uey, Uey) + (3/2) Aeyey (Uey s Uey) + qug (Uey s Uey) + (3/2)Beyey (uel,u52)],

and the remainder satisfies
110212 05u () 12 S €3(1 + )70, (7.5)
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The natural cubic energy associated to (7.3))-(7.4)) is given by
3
Egu)low = E‘Sulow:1 + ESUIOW)27 (76)

where, with 1(€) = pa((1+ 1)) _10(£).
Bt (0) =15 3R /R 12806, 1) S 1) (€ = 1, esca (6 m) el

- E1M2(& — m) [€1€] e (€)x (& — m,m) — ninl " oe(m)x(n — €,€)]
q€162(§7n) = (1 + 61)(1 + 62) 8‘5 _ n’1/2(|§’3/2 _ 61|§ — 77‘3/2 _ 62’?7‘3/2)

n i(1+ e)eapr(§) (€, € —n)
Aln[2(E[2(1E]3/2 — e1]€ — 32 — ea|n3/?)
_ i@t(f) (ae162(£>£ —n)+ ae162(£¢77) + b€162(£’£ —n) + bqﬁz(fa 77))
[E1M2(1€13/2 — el — nl3/2 — ea|n|3/2) ’

and

1 _1/95~ — —
Bsu o) = i SOR [ 1672 5UE 0T (0 e (€0)T (6 = 1.) sl
* X

eI 4 )i (§) (€ —n)[do(E, 1) + qo(&, )]
racl&n) = e (e~ erle — P — ealnPTR) (78)
—ipi(§) (56162 (§;m) +(3/2)@ere5(§,M) + beyey (§,1) + (3/2)beyen (€, 77))
E[V/2(I€37% — e1|€ — nl*/? — ea|n]3/2) ’

where we are using the notation . The first part of the symbol ¢, in is needed to
correct the quadratic interaction Qo(V, Su) in , after the proper symmetrization. This is
similar to the symbols in , , and . The rest of the symbol ¢, ., takes into account
the nonlinear term Ng,,_ 1 in . The symbol r¢, ., is naturally associated to the nonlinear
term Ngy, 2 in (7.4).

The estimate follows from the two lemmas below.

_l’_

Lemma 7.2. Under the assumptions of Pmposition for any t € [0,T] we have

3
ES) ()] <301+ (7.9)
Lemma 7.3. Under the assumptions of Proposition for any t € [0,T] we have
d _ 2 _
7 B, (1) < CH(1+ 675 4 40p1ESG) ()1 +1) 7 (7.10)

7.2. Analysis of the symbols and proof of Lemma To prove Lemma [7.2 and [7.3] we

need appropriate bounds for the symbols in ([7.7) and (|7.8]). These can be obtained as in the
previous three sections. In particular, using the bounds (A.7) and (A.18)), it is not hard to
verify that

gk [ 277221 o (k, k1, k2)1|_210g,(2+t)—10,0] (K)- (7.11)
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This is a somewhat rougher bound than what actually holds true, but it will be sufficient for
our estimates. Furthermore, using also

€1V 2 nx(n, € =)

gt ap = e @ente =] <2

one can verify that

1717 ey e (6, 1) 0k (€)1 (6 = Ml goe S L—210g(2+1)—10,0) (k). (7.12)
We also have
1712 Geres (6. 1) 0k, (€ = )Py (M) oo S 1 (7.13)
Similarly, using again (A.7]) and (A.18) one can see that
||T§17{€€12’k2 goo S 2721 5 (e, ey, k2)1|_210g,(2+1)—10,0] (k) (7.14)
and
1€ = 11" 7e 000 (€ = M)k (M) g S 1. (7.15)

The proof of (7.9) can then be done in a similar fashion to what was done before in section

in the proof of Lemma by using the bounds ([7.11))-(7.15|) above.

7.3. Proof of Lemma As in section [5.4], we use the definition of the quadratic energy

(7.1)), the equation (7.3))-(7.4]), the formulas for the cubic energies —@ , and a symmetriza-
tion argument like the one performed for the term (4.17)) and leading to (4.25)), to calculate

d (2 (3) 1 1 1
—(Eg) +Eg )=—Li+--RLy+-—R> (Lsce + Lice + Lscres + Locrer)
Stujow Stulow 2 ,€1€2 ,E1€2 ,€1€2 ,€1€2
dt “ “ 27 27 47 -
1
+ 477-(-2%2 (L77€1€2 + L87€152 + L9,€1€2 + Llo,eleg) + R,
*
where

(14 0P (1 + )21 02 1(8) dt,

Ly = /R@(é)}"(atSu —iASu) (€) p<a (1 + 12)IE[ T P((L + 1)*[€]) 010 (€) d,

Licres = / €17 Y250(€) Drteren (€, 1) 0 (€ — 1) Sy (m) i,
RxR

L = [ J61 27 (@150~ 105} e €1) T (€ — 1)t () dcln,
R _ - (7.16)
Lseie, = /R . \§|_1/2Su(£) Geres (€, n)f(@tuel - ielAuq)(f — 1)Sue, (n) dédn,

Loere, = /R . €17 250(€) geyes (€, )y (€ — 1) F(8Sue, — ieahSug,) () dédn,
X
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Lrcres = / €7 Y250() Bureren (€, m)Tz (€ — m)izza () déd,
RxR

Lgcie, = /IR R|£|‘1/2f(6t5u—m5u)(£> Teye (€,0) e (€ — )iy () dEdn,

__ (7.17)
Loeie, = ’5‘_1/2SU(€) Terea (57 n)f(atuﬂ - ielAuEl)(§ - 17)@ (n) d&dn,
RxR
X
Ligae = /R NSO rerea (€T (€ = ) F (Ortes — €2y () .
X
The remainder R satisfies |R(t)| < (1 + )% in view of (7.5).
Recall that under the assumption ([3.45) we have
lp=a((1+£))1E17 20t &) 12 S er(1+ )P, (7.18)
lp<a((1+£)2O)E| 72710 2 S er(1+ 6P 72, '
and
loza((L+ 0)€) €]~ Sult, &)l 2 S e1(1+ )", 7.19)
lo<a((L+ )€™/ Sut, &) 2 S er(1+ 1), '
7.3.1. Estimate of Ly. Using the definition of Egu)low in , we see that
2 20p1 2 _
31l < 1= [ |5 O ot P+ 0PIt a0l de < 20m L), ()1 +0)"

as desired.

7.3.2. Estimate of Lo. Notice that the integrand in Lo is supported on a region where |£| <
(14t)"2, so that we can use the bound in (C.37)), and (7.19), to obtain

s > 2 BSu()]| e | PO — M) Su()ll (1 4+ D)
k€Z,2k—10< (141)—2
S Y OB Su()| aedet (L 4 gy T
kEZ, 2k—10< (14-)—2
561(1 _|_t)71+8p0+2p18% Z 2p1k

kEZ,2k—10<(14¢)—2
S+t

7.3.3. Estimate of L3 ¢,c,. Looking at the definition of g¢,¢, in (7.7)), and using ([7.11)), one can
see that

1(Beeres )72 | goo < (14 8) 712772/ 20 3 (K, By, k2) 12108, (2+1)~10,—2 log, (24+4)+10] ()
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We can then use Lemma to estimate, for every e, e € {+, —},
L3¢5 S L3+ L3,

Lyy = (t)~ > 27 R2297 R 2| PLSul| 1 || Pl oo 1PE, Sl 2
(kk1,k2)€X, k1 <ka+10, 2k~ (t)—2
Lyg:=(t)~" > 272297 F 2| PLSul| | Pyl o || Py St o

(k,k1,k2)EX, k1>ko+10, 2kz<t>—2

Using ([7.19) and the L bound in (3.45)) we see that

Ly1 S ef(t)~ i > g /109~ Namax(hr 0)(4) =1/29 =k 2| P, S|, S €7 (1)
k1,ko €7, 202120 > ()2

For the second term we can use ([7.19) and the inequality
IPSull e S 20770y (1 70720 g2l S (144)72, (7.20)
to obtain

L372 5 €?<t>—1+10p0 Z 2—k2/2 min (2(1/2—])1)](:172—]\70 max(k:l,O))2(1—p1)k2 S 6:13<t>—4/3.
k1,k2€Z, 272 S(t)—2

The desired bound |L3 ¢, | < €3(1 4 ) 71870 follows.
7.3.4. Estimate of Ly, e,. To deal with the term Ly ¢, we first use Lemma ii) to estimate
|Laeres| S Lajg + Lap + Lag,

Ly = > gt 832 | goo 2772 PL(B: — i8) Sull 2 || P ull o || Py Sl o

€1€2
(k7klzk2)€X7 2k2+10§(1+t)_2

L = [[o>—20((1 +)2n)[n|~/2Su(n)|| .2 > 1712 geres (€, 1) k() hr (€ — 1) | goo
k,k1€Z, |k—k1|<10
x 27K/2|| PL(8y — iA)Sull 2| P ull )

Ly = > k2| o 2R 2| PL(Oy — iA)Sul 12| P ull oo | Phy Sl -

(k,k‘l,k‘z)GX, ko+10>kq

Using the bounds ([7.11)), (C.37)), (3.45)), and ([7.20]), we see that

L4 1 < Z 27162/28%<t>71/2+4p0812(1/27p1)k127N0 max(kl,O) <t>p0
(k,ko1,k2)EX, 2F2 < (1) =2, |k—k1|<10

e 207PUR2 () AP0 < 4y L

Using (7.19)), the symbol bound ([7.12]), and (C.37)), we obtain

L472 g £ <t>4p0 Z E%<t>71/2+4p0€12k1/1027 max(k1,0) <t>71/2 g 5411<t>71+8p0'
k,k1€Z, |k—k1|<10
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To estimate the last term we use (7.19)), (7.11)), and (C.37)), and see that

L4’3 S Z €%<t>71/2+4p0 (Qk/Q + <t>71/2)
(k,k1,k2)€X, (t)—2<2k <210 ko+10>k;
X512k1/102_ max(k1,0) <t>_1/2€1 <t>4p0 S 8411 <t>—1+8p0‘

The desired bound |Lyg ¢,c,| < €3(1 4 ) 71870 follows.

7.3.5. Estimate of Ls ¢ c,. We first use Lemma (ii) to bound
|Ls,erex| S Lsi+ Ls2 + Ly s,

Lsq:= > lgEkke|| o 27R/2)| PLSull 12| P, (0 — iA)ul| o] Phy Sull oo
(k,k1,k2)€X, 2k2 110 (144)—2
Ls = |ps—20((1 4 t)2n)|n|"2Su(n)|| 1 > 71" 2 geyes (€, )01 () ry (€ — 1)l g0

kki1€Z, |k—k1|<10
x 2782| PuSul| || P, (8 — iM)ul] e
Ls 3 = llp=0((1 +6)O)IE[™ 2 Su(©)l 2 > 1171 geres (€ m)r (€ = 1) Py (0) ] g
k1,k2€Z, ka+10>k:
X || P, (9 — ifJul| oo 2772 || P, Sl .
Using the symbol bound (7.11)), (C.37), (3.45)), and , we get:

L571 S Z 2—]{,‘2/261 <t>4p06%2k1/22_ max(k1,0) <t>_1/2+p0
k,k1,ko€Z, 2k2 710 (1) =2, |k—k1|<10

x 1217 POR2 (1) APo=2p1 < () =1,

Using ([7.19)), the symbol bound ([7.12)), and ((C.35]), we obtain

Lsa S er(t)* > eyt /RammaE0 gyl < i) T8,
k,k1€Z, |k—k1|<10

Similarly, using ([7.19)), (7.13)), and (C.35]), we see that

Lsz S en(t)™ > efok/2g max(hi0)(y) ~lg g pik (ydp0 < gl () 1 H8R0,
k1,k2€Z, ko+10>k,

The desired bound |Ls ¢, | < €3(1 4 ) 71870 follows.

7.3.6. Estimate of Lec,c,. Using Lemma [2.1](ii) we can bound
[ Lé.cre| S Lo1 + Lo 2,

Le = > g5 42| oo 272 PLSull 2| Py ull 2 | Py (9 — i) Sl o
k.k1,k2€7Z, 2k2§<t>*2
Lo,z = [lozo((1+ )%6)[¢]725u(@)| . > 1712 Geres (€ 1m) Pk, (€ = 1)k (M) ] 9o

ki1,ko€Z, 252> (t) 2

X || Pl oo 272 2| P (9 — iA) Sl .
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Using (7.11)), (7.18)—(7.19), and (C.37), we have
L6 1 5 Z 2_k2/251 <t>4p0612(1/2—p1)k1 2— max(kl,o) <t>p0
k,k1,k2 €7, 252 <(t)=2 ko —10<k<10

x 2h2/2gdoka/2 () ~1/2 AP0 < ()T,

Using (7.19)), (7.13)), (3.45)), and 7 we have
Lo Ser{t)™ > £29k1/109— max(k1.0) (1) ~1/2
k1,ka€Z,2F2 > (t) =2
s €2(£) 1/ 2H4p0 (9k2/2 (1) =1/2)9— max(ha0) < Ay —1+8p0,

The desired bound |Lg e,¢,| S €5(1 +¢) 18P0 follows.

7.3.7. Estimate of Ljeie,, J = 7,...,10. Observe that the terms L, ,, for j = 7,...,10 in
are easier to estimate than the terms L;,,, for j = 3,...,6 in . This is because
the bounds for the symbols are essentially the same, see —, but we have stronger
information on « than on Su. Therefore, the integrals L;,, for j = 7,...,10 can be treated
similarly to the ones that we have just estimated. We can then conclude the desired bound of
e3(1+ t)fHSP ¢ for the evolution of Fg,, . This gives Lemma and hence Proposition

8. DECAY ESTIMATES
To prove decay we return to the Eulerian variables (h, ¢) and prove the following:
Proposition 8.1. With U = |0,|h — i|0,|"/?¢ as in Proposz’tz’on we have

sup (1+1)2 " (2710 4+ 2M8) | BU(8)]| oo S <0- (8.1)
t€[0,77] keZ

Assuming this proposition, we can complete the proof of the main Proposition

Proof of Proposition[2.] It follows from Propositions and [7.1] that
() 7POKC () + (1)K () + S o

for any ¢ € [0,7]. It follows from (3.17) that w — U € Ogy is a quadratic expression that
does not lose derivatives and vanishes at frequencies < 2710, The desired conclusion ([2.28))
follows. O

The proof of Proposition [8.1] will be given through a series of steps below. The strategy
follows the general approach of [32, [34].

8.1. Set up. Recall that for any suitable multiplier m : R — C we define the associated
bilinear and trilinear operators M by the formulas

FIMU9)(€) = 3= [ m&n7F(e = njatn) dn,
1

~

FIM(Fg.W)€) = 15 [ mi€.n.0)F(€ ~n)3n - 0Vh(e) dudo:
4T JrxR
In view of Lemma the variable U satisfies the equation
(3 —iMNU = Qu +Cy + Rsa, A =10.2, (8.2)
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where:
e The quadratic nonlinear terms are
QU = Z Q6162(U61a U€2)7 (83)
(er€2)€{(++),(+-),(——)}
where U, = U, U_ = U, and the operators Q4 ,Q,_,Q__ are defined by the symbols

. il&l(&n—l&llnl)+i|£|(£(£—77)—|£\|£—77\)+ilf\m(n(ﬁ—n)ﬂn\l&—n\)

6 = g e~y S[llé — ni/2 Sl — 2

G (En) = &l — [€lImD) n el —n) = e =nD) il PmE —n) + Ian—n!)7
4ln|1/21€ — 1| Alnll€ —n|t/2 Aln|1/21g — n|1/2

o () = il (En — [Ellnl)  ilg1EE —m) — I€lIE —nl) n ilEM2 (€ —n) + [ll€ —nl)
8In|L/2|¢ — | 8|nl[¢ — n|*/? 8ln|'/2|¢ — n[1/2

e The cubic terms have the form
Cu = Mys—(U,UU) + M4y (U, UU) + M__(U,U,U) + M___(U,U, D), (8.5)
with purely imaginary symbols m,,,,,, such that

H—F_l [mL1L2L3 (6» m, U) ’ ka’(f)‘plﬂ (6 - 77)901432 (77 - U)ka’:s (J)] HLl S 2k/22max(k1,k2,k3) (86)

for all (¢1e9t3) € {(++ =), (— —+),(++ +),(— — —)}. Moreover, with d; = 1/8,
My (€,0,—8) = idy|¢[*/. (8.7)
® R>4 is a quartic remainder satisfying
IR>4ll 2 + 1SR4l 2 S €1(t) /% (8.8)
Moreover
Cu + R4 € |8,]205 1. (8.9)

8.2. The “semilinear” normal form transformation. We follow the classical normal form
approach of Shatah [43] to define a modified variable which is a quadratic perturbation of u
and satisfies a cubic equation. Let

vi=U+ M (U,U)+ M, (UU)+M__(U,U), (8.10)

where, for any (e, €2) € {(++), (+—), (——)}, the bilinear operators M., are defined by the
multipliers

. eres (€5 1m)
€162\S> = . 8.11
A direct computation shows that v solves the equation
/
(815 - iA)?) = Z [M€1€2(<£U>617 U€2) + M€162(U€17 (EU)Q)] +Cu + R24 (8'12)

*

where Z*/ = Z(El,eg)G{(—&-—l—),(—l——),(——)} and E = (8t - ZA)
We now prove several bounds on the new variable v.
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Lemma 8.2. Let v be defined by (8.10)-(8.11). Then for any t € [0,T] and k € Z we have

1PL(U(t) = 0(0) o S &F min (272, 27 (V22 1/2R) () =374+ 200, (8.13)
1PL(U (1) = o(t))ll 2 S ef min(2¥/?, 27 N1/ ) =1/4+3p0, (8.14)
1PLS (U () = v(t))ll 2 S &F min (2/2, 27 =1/20K) () =1/4+6m0, (8.15)
Furthermore, we have
1PL(U (1) = o(O)l 2 S e3(t) /25 min (282,27 (27 1/28), (8.16)

The bounds — show that v and u have the same relevant norms, and that all the
a priori assumptions on u transfer without significant losses to v. The bound is a variant
of the L? bound which provides more decay in time, but less decay at high frequencies.
This will be used later on to bound quartic remainder terms.

Remark 8.3. Observe that (8.13)), (8.14) and Sobolev embedding, imply
1Pe(U (1) = v(t)]| oo S €5 (6) /% min (27 (N2 DR 9k/5), (8.17)
This shows that in order to obtain (8.1)) is suffices to show

sup (6)/2 (27810 4 2% | B (t) | oo S <0. (8.18)
te[0,7 LeZ

Proof of Lemma[8.2 In view of (8.10), we see that we have to estimate the bilinear terms
M., .,. Notice that the formulas (8.4) and (8.11)) show easily that

lglkke | o S 2hmintokika)/2 o (k. ky ko),

Hmk,kl,kg st < 2k/22—min(k17k2)/21x(k’ k1, k2).

€1€2 ~

(8.19)

The a priori bounds ([2.25]) show that, for any [ € Z and t € [0, 7],

IPU®)||;2 < e1(t)P° min (21(1/2—1)1)’ 2—Nol),
IPU ()]l oo S €1(t) ™2 min(21/10,27821), (8.20)

| PSU )2 S 61(t>4p0 min (2(1/2—171)57 2—N1l)'
Therefore, using Lemma [2.1[(ii), (8.19), and (8.20)), we estimate, for any k € Z and ¢ € [0, T,
||P]{,‘M€162(U€1 ) Uéz) ”Loo 5 Z ||m]:1’lz;7k2 ||S°° HP]glUHLOO HPIQQUHLOO
k1<ko
< e%<t>—1 Z 1x(k, oy, k2)2(kz_k1)/2 min(2—N2k’1 : 2k1/10) min(2—N2k27 2k2/10)
k1<kg, 21 >(t)—1/2

+ E% <t>71/2+p0 Z lx(k’, k1, k2)2(k7k1)/22k1/22(1/271’1)’“1 min(Q*Nﬂ@, 2k2/10)

k1<ko,2k1<(t)—1/2
< 2 min (282, 27 (N2~ 1/2k) (1) =3/4+2p0,
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which suffices. We proceed similarly to obtain (8.14]):

1PuMerey (Uers Uellze S Y Imiees™ | goe I PE Ul o 1PLU N o

k1<ks
< 5% <t>—1/2+p0 Z 1y (k, ki, k2)2(k—k1)/2 min(Q—Nokz, 2(1/2—P1)/€2)
k‘lﬁk‘g,?kl 2<t>*1/2
+ E%(t>2p0 Z 1 (k, ki, k2)2(k*k1)/22(1*m)k1 min(27N0k2, 2(1/2*1’1)’?2)

k1<ko,2k1<(ty—1/2
5 6% min (2k/2’ 2—(N0—1/2)k) <t>—1/4+3p0.

Using ([2.5)-(2.6) we have
SMe,e,(f,9) = Meye,(Sf,9) + Meye, (f, Sg) + Mleg (f,9)

where ]\Zm is the operator associated to me, ¢,(§,1) = —(£0¢ +n0y)Me,e,(§,m). It is not hard
to verify that the symbols m,, ., satisfy the same bounds (8.19)) as the symbols m,, ., and,
therefore, estimating as above

1Meye (Uey, Uep) 2 S €F min (28/2, 27 (Nom1/2R) (1) =1/ 44500,

~

Thus, to prove (8.15) it suffices to estimate M, (,(SU,,U,,) and Me,¢,(Ue,, SUe,). As in the
proof of (8.14)), we use Lemma [2.1fii), followed by (8.19)), and (8.20)), to obtain

HPkM€162 (SU€17 UEQ)HLQ
< D Imli® ) g min (|18 SUN o I1PLU o 1P SUN | PL U 2)- (821

k1,k2€Z
We use the bound [Py SU| ,[|P;,U|, .. when ky < ki or when ki < ks and 2k1 > (1)1/2,

We use the bound [P SU||, ||P},Ull,, when ki < ko and 2k1 < (1)1/2. Tt follows that the
left-hand side of (8.21)) is bounded by

C€%<t>—1/2+4p0 Z 1y (k, ki, kQ)Q(k_kz)mQ—Ngk; min(2—N1k17 2(1/2—p1)k1)
k2§k1,2k22<t>*1/2
+ CE%<t>5po Z 1X<k, k1, k2)2(k7k2)/22(17201)k2 min(27N1k1 ’ 2(1/27p1)k1)
ko<ky,2k2<(ty—1/2
+ Ce%<t>fl/2+4po Z 1X(k7 k1, k2)2(k7k1)/227N2k3— min(2*N1k1 ’ 2(1/27p1)k1)
k1<ko,2F1>(t)—1/2
+ Cei(t) > Lo (K, koy, beg) 20K R0/ 29— Noky o(1=p1)ka

k1<ks,2F1<(t)—1/2
5 E% mln (2]&‘/23 2—(N1—1/2)k‘) <t>—1/4+6P0

This completes the proof for ||PyMe ¢, (SUe,,Ue,)|| ;2. The proof for || PyMc, e, (Ue,, SUe,)| 2 is
similar, due to the symmetric bounds on the symbols m,e,.
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To prove (8.16)), which gives better time decay than (8.14]), we use again Lemma (ii), the
3.20)

symbol bounds (8.19), and the a priori bounds on u in (8.20
‘PkM51€2<U€17 U€2 ”L2 ~ Z ”mlgllz-;’ka”soo min (HP]::1U|’L2”P];2U”LOO7 HP]::1UHLOOHP]:!2U”L2)
k1 <ks

< g2ty "1/ po > 1 (k, ki, k)2 =F1/2 pin (2(1/2=p1)ke 9=Nokyy iy (9= Naka gh2/10y

ki <kz, 21> (t) 4
+ 8% <t>2po Z 1y (k, ki, k2)2(k*k1)/22(1*p1)k1 min(27N0k2, 2(1/2*1’1)162)

k1 <kz, 261 < (1)~

S 8% min (2’6/27 2—(N2—1/2)k) <t>—1/2+3po‘

)

This completes the proof of the lemma. O
8.3. The profile f. For t € [0, 7] we define the profile of the solution of (8.12)) as
f(t) == e ™u(t). (8.22)

In the next proposition we summarize the main properties of the function f.
Proposition 8.4 (Bounds for the profile). With v and f are defined as above, we have
e, f = (0 — i) =N’

8.23
Z 6162 ‘CU 617 UEQ) + M€1€2(UE17 ('CU)Q) + CU + RZ4’ ( )

where the bilinear operators M, ., are defined via (8.11)), and Cyy and R>4 satisfy (8.5]) —(8.8]).
Moreover, for any t € [0,T] and k € Z, we have the estimates

HP ZtAf HLOO <e min(Qk/m,?_NQk)@)_l/Q, (824)
1P f(8)]] 12 S £0(t)®0 min (20/27P0k o= (No=1/2)k) (8.25)
| Pe(20, £ ()| 12 S €0(t)%P0 min (2(1/27P0k 9= (N1=1/2)k) (8.26)

Proof. The equation follows from the definition and the equation . The L™
bound follows from (8.17) and . The L? bound follows from the energy
estimates in Propositions [4.1| and and the bounds .

To prove we start from the identity

Sv = eitA(:I:axf) + (3/2)t6itA(8tf)7

which is a consequence of the commutation identity [S, €] = 0. Therefore, for any ¢ € [0, T]
and k € Z,

1Pe (20, f ()]l 2 S [ Pe(Sv(@)ll L2 + (1 + )| P9 — iMu(t)]] o (8:27)
Using Proposition and Proposition 7.1} we know, in particular, that
IPSU ()| 2 S g0 min(21/27P0k, 27Nk p)dro, (8:28)

for all k € Z. Together with (8.15)) and (8.27)), this gives
1P(@ f (D) 12 S (VI Pe(Dr — iM)o(8)]| 2 + €7 (22, 27 (A= 1/2H) () =1/ 6o

+eo min(2(1/27P0k 9= Nikypydpo
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It then suffices to show
[P0 — iM)u(t)|| 2 S (8) 1 HOP0ed (20/27 POk o= (Ni=1/2)R), (8.29)

Since Cy + R>4 € |8x]1/203,_1, see , its contribution is already bounded by the right-
hand side above, according to the definition of O3 4, see . To complete the proof of
it suffices to estimate M, ¢, (Ue,, (LU)e,) and M, e, (LU )¢y, Ue,).

It follows from and the symbol bounds on g, in that

IPLU ()| 2 S €f min(2!/2, 27 (No=2) () =1/24p0,
IPLU ()] e S €F min(2"/2, 27220 (1) 7L,
Then, using Lemma [2.1](ii) with the symbol bounds (8.19), (8-20) and (8.30)), we can estimate
”PkMﬂEQ (Ua, (t)a (['U)Q (t)) HL2

S D ImEE g min (IPLU O | PLLU O s IPLT Ol | PLLU O] 2) . (83D
k1,k2€Z
We use the bound || P U(t)|| .|| P, LU ()|, . when (k1 < ko and 2F1 > (1)) or when (kg < k1
and 2% < (t)~*). We use the bound || Py U(t)| .. [|1PL, LU (#)]| ,, when (k:1 < k‘g and 2F1 < (t)~%)
or when (kg < ky and 22 > (£)~%). Tt follows that the left-hand side of (8.31)) s bounded by

Cef (1)~ 1o > x(k, ky, kg) 28R 2 min(2(1/27P0k 9= Nok ) min(2k2/27 9~ (N2=2)ks)
k1 <kg,2F1>(t)—4

+ Ced(t)~ 2+ > Ly (k, ky, ko)20F—R1)/290 POkt iy (9k2/2 9= (No—2)kz)

1<k, 2F1<(t)~4
+ Ce2(t) P Z 1y (k, ki, k2)2(k7k2)/227N2kf min(2k2/27 9=kz2)

ko<ki,2k2>(t)—4

+ C€%<t>71/2+2p0 Z 1y (k, ki, k2)2(k7k2)/227N2k1+ ok2

ko<ki,2F2<(t)—4
< (t>*1+6POE% (2(1/2*1’1)’?7 2*(N1*1/2)k).

~

The bound on ||PyMe e, ((LU)e, (t),Uey(t))]| 2 is similar. This completes the proof of (8.29)
and the proposition. O

(8.30)

8.4. The Z-norm and proof of Proposition For any function h € L?(R) let
IRll, = || (1€ + \£|N2“/2) ©ll - (8.32)

Proposition 8.5. Let f be defined as in (8.22) and assume that for T' € [0,T)

sup [[f(t)][z < e (8.33)
te[0,77]
Then
sup [[f(t)]lz < <o (8.34)
te[0,77]

We now show how to prove Proposition using Proposition [8.5] above.
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Proof of Proposition[8.1l Define z(t) := || f(¢)|| , and notice that z : [0, 7] — Ry is a continuous
function. We show first that

z(0) < eo. (8.35)
Indeed, using the definitions and Lemma we get

2(0) < sup (2810 4 2N F1/2k) | By 0)]
keZ

< sup (2810 4 20N H1/208)9=k/2) pray(0) |y (28100 (0) | 2 + | BLo(0)]] ) 2.
keZ

Thanks to (8.14)-(8.16]) with ¢ = 0, and the initial data assumptions (3.47)), we have
| BLo0)]]2 < 2o min(20/2-PVk = (No-1/2k).
QkHa%)HLQ < &g min(2(1/2—p1)k72—(N1—1/2)k)7

so that (8.35)) follows, using also (No + N1)/2 > Ny + 1, see ([2.23]).
We apply now Proposition By continuity, z(t) < g for any ¢ € [0, T], provided that &g is

sufficiently small and ¢y < g1 < 6(2)/ P<1lasin (2.23]). Therefore, for any k € Z and t € [0, T,

(210 4 2NN | Bf (1) e S 0. (8.36)
Recall that we aim to prove, for all ¢ € [1,T], the decay bound
sup (£)1/2> (2710 4 2N F) | B (8)| oo S 20, (8.37)
(0,77 kel

which, as already observed, implies (8.1)) via (8.17) (the bound for ¢ € [0,1] is a consequence
of Propositions and . Also, observe that Lemma applied to v = e f gives

1Peo(t)l o S 22 PLf O] oo + 30272 [2M OB F ()] 12 + IPLF (O] 2] (8:38)

and
1Pro()ll e S 72254 PLF ()] 10 (8.39)
Recall that from (8.25)) and (8.26]) we have
OB (O 2 + I1PLF ()] S oty P2/ 2P0k (8.40)

We can then use (8.36]) and (8.40) in (8.38), to obtain

—1/25k/4 €0 —3/56—2k/5 6p0o(1/2—p1)k
| Pro(t)| e St /29k/ S0 T (VIR + t—3/59—2k/ eo(t) p09(1/2-p1) 7

which is enough to show that

> (27510 4 2%) | Po(t) | e S 20(8)12 (8.41)

kez, <t> —100pq S2k < <t>100p0

Combining (8.39), with Lemma and (8.25)-(8.26)) we see that
| Pov(t)|| oo S 17228 460 (1 + )57 min(27FP1 9= (NotNK/Z) (8.42)
Using also ([2.23)) it follows that

> 2P+ D 2YK Pt e S0l +8)7VE (8.43)
k€7, 2k < (t)—100p0 keZ, 2k >(t)100p0
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The estimates and (| give us , and conclude the proof of Proposition O

8.5. The equation for v and proof of Proposition We now derive an equation for v
with cubic terms that only involve v itself. Recall that u solves ([8.2))-(8.8)), v solves (8.23)), and

they are related via (8.10))-(8.11)).
According to (8.3]) and (8.4)) we define

!/

v o= Z Qelez (Uq ) Ueg) = Z Qelez (Uel ) 1)62)7 (844)
* (cre2)e{(++),(+-),(=)}

where the operators @, ., are defined by the symbols ¢, ,. We use the notation

- >

ok (ereze3) €{(++—),(+++),(=—+),(——)}

and rewrite (8.23]) in the form
Ouf = e MW+ RL,) (8.45)

where

’ :_Z Me, e, ((Qu)ers Vey) + Meyey (Vey, (Qu)ey) + Z Meyezes (Vers Vey s ey ) (8.46)

**k

and

R;Zl :_Z 6162 QU 617 Ueg) - M€162 ((Q’U)El)UEQ)]

+Z 6162 517 QU>€2) - Meleg (v617 (Qv)eg)]
(8.47)
+ Z €1€2€3 U517 U€2) Ueg) 616263 (Uel y Veg s 1)53)] + RZ4

+Z Melez (CU + RZ4)617 Uez) + M61€2 (Uela (CU + R24)62)-
*

The point of the above decomposition is to identify N as the main “cubic” part of the non-
linearity, which can be expressed only in terms of v(t) = ¢*A f(t). R%, can be thought of as a
quartic remainder, due to the quadratic nature of u — v, see Lemma [8:2}

To analyze the equation , and identify the asymptotic logarithmic phase correction,
we need to distinguish among different types of interactions in the nonlinearity . We write

N =ctt- ettt et 4o, (8.48)
where, recalling that the operators Q4+, M4 ,Q__, M__ are symmetric,

CH ™ =C"(0,0,0) = 2M 14 (v, Q4 (v, 7)) + My (Q4+(v,v),7)

- _ (8.49)
+M+ ( Q-i— ( ))—|-2M__(Q__(U,U),U)—i—M_H__(U,U,v),
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Crt = C+++(U,Uav) = 2M 4 (v,Q4 1 (v,0)) + My (v,Q——(0,9)) + My 11 (v,0,0),
=€ BT,0) = 2M 4 (0,@(5,)) + My (@4 (0,7),7) + My (0,015 (0,0))
+ 2M——(Q+—(vﬁ)ﬂ) + M- (v,0,v),
C T =C"(1,5,0) = My_(Q__(7,9),7) + 2M__(v,Q++(v,v)) + M___(7,7,7).
Notice that
Qe (91, 92) = —Qe1e5 (1, 92)- (8.50)
Letting v* = v,v~ = 7, we expand
Q) = 15 [ )T~ )P - (o) dnds  (851)
for (¢1,09,03) € {(++—), (+++), (= —+),(— — —)}, where

o) =2my (€ m)g—(n,0) +my(§,0)q1 4 (E = 0, =)
—my—(§n)qr—(n,n—0) —2m__(§,0)q-—(§ — 0, —n) + myy— (&, 0),
i, 0) s =2my i (§m)a+ (0,0) = my—(E,m)q——(n,0) + my 41 (§,1,0),
(& mo0) i =2my (&0)q(E— 0,6 —n) +my (§,E—n)gr—(n,n —0)
—m4—(§,§ = 0)q4+(§ —0,§ =) = 2m——_(§,n)q+—(n,0) + m——1(&,n,0),

__(67 n, U) R (fa € - 77)@——(777 J) - 2m——(‘£7 77)CI++(777 U) + m———(g? n, J)'
(8.52)

Using the definitions of the quadratic symbols (8.11)) and (8.4)), we see that the cubic symbols
123 are real-valued. Recalling the formulas
o) = Fle e, oT (et = g e,

we can rewrite
f(e_itAN/l(t))(f, t) = 4L7T2 [I++_(£, t) + I+++(£, t) + I__+(§7 )+ 17 (&, t)] ) (8.53)
where

Ihe2t (g ;:/ (=P 2+ |e=n > +iz|n—0 32 +13]0]%/2)
RxR (8.54)

X (6,0, 0) [ (€~ 0)J2 (0 — 0) f3(0) dido
for (11,19,13) € {(+ + =), (++4),(— —+), (= = —)}. The formulas (8.45)-(8.47) become

B f)(Et) = [I++ (€ )+ T (&) +THE ) +T (€, 0)] +e M RY, (¢,1). (8.55)

In analyzmg the formula (8.55)), the main contribution comes from the stationary points of
the phase functions (¢,n,0) — t¥*2!3(¢ n, o), where

W2 (g, 0) = =67 £ ulé =P+ wln — o2 + o, (8.56)

More precisely, one needs to understand the contribution of the spacetime resonances, i.e., the
points where

VI, ) = (0,0M20)(€m,0) = (V) (€, ,0) = 0.
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In our case, it can be easily verified that the only spacetime resonances (except for (§,7n,0) =
(0,0,0)) correspond to (¢1t9t3) = (++—) and (§,n,0) = (£,0,—&). Moreover, the contribution
from these points is not absolutely integrable in time, and we have to identify and eliminate
its leading order term using a suitable logarithmic phase correction. More precisely, see also

(C.59), we define, with do = —1/16, see (C.59)),

o(e) = 87T!§\1/2  8mdplé?  mlel?

(§70 f) 3 = 6

(8.57)
-2 / P - ds,

g(&,1) == "N (g 1),
The formula (8.55)) then becomes

i i 2 _
Gu)(6.1) = ™0 [ () 10 L e )

- 4L7;_26iL(E’t) [I+++(§ )+ I (&) + T (&1)] (8.58)

4 e itEP P gLEN R (5 t).

Notice that the phase L is real-valued. Therefore, to complete the proof of Proposition it
suffices to prove the following main lemma:

Lemma 8.6. Recall the bounds ([8.25)-(8.26|) and the apriori assumption (8.33)). Then, for

any m € {1,2,...} and any t; <ty € [2™ — 2,2 N [0,T"], we have
1110 + 1™ g €, £2) = g6 0] o S 2027 (8.59)

9. PROOF OF LEMMA [R.6]

In this section we provide the proof of Lemma[8.6] We first notice that the desired conclusion
can be easily proved for large and small enough frequencies. Indeed, for any t € [2™ —2, 2™+
[0,T"], and any |¢| ~ 2¥ with k € Z and

k € (—o0, —80pgm| U [20pgm, 00),
we can use the interpolation inequality and the bounds — to obtain
(€110 + g ¥172) g(¢, )] S (2810 + 20 1/28) [97K Bf | o (28| 0Pk F N 2 + | Pl 2)]
< co(1)%% min (20/10-P0)k 9—k/2)
S o),

having also used (No + N1)/2 > Na + 1, see (2.23).
It remains to prove (8.59) in the intermediate range || € [(14t) 750, (1+1¢)*°P°]. For k € Z
let f]j' = P f and f, := P f and, for any ki, ks, k3 € Z, let
Ja2s (€ 1) = / it (—IE3 2 Hu1|e=n¥/2 +i2ln—o |3/ 2 +13]0]3/2)
RxR

kl,kz,ks (9.1)

w ct2ts (5’ n, O—)f]ﬁ(é — n)fg(n — o‘)fé\;(()‘) dT]dO'
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Using (8-25)-(8-26), (8-33) and Lemma [2.2] we know that for any ¢ € [0,7"] and [ < 0
TR0 ) 2 + 295 (1) M2 S ex2t/2Poll g0,
le=" 2 75 (¢ )||Loo S e/, (9-2)

-l
IOl S 12701,
whereas, for [ > 0, using also Lemma and ( -,

f O < 512—(1\70—1/2)5 t Gpo’
l L

IFE @l 2+ 2NOFE Do < €2 V12 ggyom,

+itA No—1/2)1 1/2 (9-3)
[Ca ()HLOO S a2 N2 =12,
||fl ()| oo S 2127 N2FL/2L,
Using (8.52)) and the symbol bounds and (8.19)), it is not hard to see that
|22 (&, 0) - @y (€ = M)y (1 — 0) Py (0)] 04)

5 23 max(ki1,k2 ,k:3)/22[mcd(k1 Jka,k3)—min(ki,k2,k3)]/2 )

Using this one can decompose the integrals I*1*2*3 into sums of the integrals I ,Z“i“”k , and then
estimate the terms corresponding to large frequencies, and the terms Correspondlng to small
frequencies (relative to m), using only the bounds (9.3)-(9.4)). As in [32, Section 6], we can

then reduce matters to proving the following:

Lemma 9.1. Assume that k € [~80pom,20pem], |£| € [2F,25*NZ, m > 1, t; < ty €
[2m — 2,2t " [0, T'], and k1, ke, k3 are integers satisfying

ki, ko, ks € [—Sm, 3m/N0 — 1000],

9.5
min(kl, ko, k3)/2 + 3med(kz1, ko, k3)/2 > —m(l + 10])0). ( )
Then
t2 iL(E.s _ fk (& s )fk (& s )fk (—¢,5) _ m
[ e [ e + ot P IO TR ¢ ppmizomn, (9
t1
(md, fOT (Lla L2, L3) € {(+ + +) (7 - +)7 (7 - 7)}7
[ ey e as| < oo (9.7
1
Moreover
‘/ L(&,s) 715|€‘3/2R24(§’8) dS’ g 6?27120;00771. (98)

The rest of this section is concerned with the proof of this lemma. We will often use the
alternative formulas

g6 = [ menn g, .0 f e R0 f (-6 —n—0) dido, (9.9)
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where
Q1 (¢ w,y) = —A) + uA(§+ ) + A +y) + A+ +y),
et () = (6 —a, =€ —x = y) - O, (E 4 )00, (§+ 1)@, (E+ 2 + ).

These formulas follow from via simple changes of variables.

We now recall that the symbols ¢*1*2*3 are given by the explicit formulas , together
with the formulas for me,e,, and for ge,,. Using the symbol bounds and the
explicit formulas one can verify that the symbols czzlﬁf’ k, Satisfy the 5% estimates

(9.10)

17 e dira [ oy S 2o/ 22 a2, (9.11)

and, with e, 1,15 (2, y) = @1, ()01, (Y) 015 (26 + 2 + ),

— * kmax kme —Mmin — min(k ’
17 (Ol k) (02 9) + Vs tata (9] ]y gy S 27/ 22 o™ )2 mintEn ), 012
* 3kmax 2 kme kmm 29— min(k 7k )
H]: [ y glilliizikg)(x’y) Vel oy (T, Y ]HLl ®2) S <2 /29 (kmed—kmin)/29 (k2 3)

for any £ € Rand ky, ko, k3, l1,l2,l3 € Z, where kpax 1= max(kl, ks, kg), kmed = med(k‘l, ko, kg),
Emin := min(ky, k2, k3). In fact the contributions of the cubic symbols m,,,,,, satisfy stronger
bounds, with a factor of |£|'/22Fmax instead of 23%max/29(Fmea—kmin)/2  goe (C.58).

The cutoff factors ¢, 1,15 (¢,y) are needed in order for the bounds to hold, due to
the presence of factors such as |z| in the symbols. These cutoffs do not play an important role
in the proof of Lemma Inserting these cutoffs only leads to an additional logarithmic loss
in (t) in some of the estimates, which we can easily tolerate.

9.1. Proof of . We divide the proof of the bound into several lemmas. Since in this
subsection we will only deal with interactions of the type + + —, for simplicity of notation we
denote ® := T+~ and ¢f := cZkJrfk;kB
Lemma 9.2. The bound holds provided that holds, and

max (’k - k‘l‘, |]€ - kQ’, ’k - k‘gD S 20.

Proof. This is the case which gives the precise form of the correction. However, the proof
is similar to the proof of Lemma 6.4 in [32]. The only difference is that in the present case
A(€) = |€]%/? instead of |€|'/2. Therefore one has the expansion

M) ~ A€ +m) — A€ +0) + AE+n+0) = 0| S92yl + |of).

4|€ !1/ 2
One can then follow the same argument in [32, Lemma 6.4] to obtain the desired bound. [

Lemma 9.3. The bound holds provided that (9.5 holds and, in addition,

max(\k - k1|, |k - kg‘, ‘k - k3|) > 21,
49 (9.13)

max(|k1 — ks|, |k2 — k3|) > 5 and min(ki, k2, k3) > ~To0™

Proof. In this case we will show the stronger bound

Lt ks (8)| S ef27m2m 2000, (9.14)
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Without loss of generality, by symmetry we can assume that |k1—ks| > 5 and ko < max(k1, k3)+
5. Under the assumptions (9.13)) we have

1(0,2)(&:m,0) = [N (€ + 1) = N (§+ 71+ 0)| Z 2802, (9.15)
Therefore we can integrate by parts in 7 in the integral expression (9.9)) for I ,:rl +k:2 s This gives

| ]jlj?gglgg( 7S)| 5 |K1(£) S)| + |K2(£7 S)| + |K3(£7 8)| + |K4(§7 8)|a

where

/ e ENN) m 1 (n, o) (n, )(3};}1)@ + 77)]%(5 + U)J?;,(_f —1n—o)dndo,

xR

=

&= [ e )i, 0V (€ + I €+ 0O )(~6 — 11— o) ddo,

X

]
%

/ PN (@,m) (1, 0)ci (0, 0) fi (€ + M) F (€ + 0) i, (<€~ — o) dido

xR

=

& = [ N (0,0)(0,60)(1.0) (€ + L€ + )y (€ = o) dndo,

(9.16)
having denoted
M0) = e P (€ M € o) (9.17)
Observe that, under the restrictions , we have
Ima (1, 0)[|goe S 272 P/, (9.18)

We can then estimate K using Lemma [2.1{(ii), the estimate on ¢, in (9.11]), the bounds (9.2)-
(9.3), and the last constraint in (9.13)). More precisely, if k1 < k3 (so that 25 ~ 2Fmax) then
we estimate
—~ A —~
[K1(E, 5)| < llma(n, o)l s ll6ic(n, )l 5o 10135 ()1 o lle™ £ (] o [ fiy ()] 2

< 2—m2—k‘3/2 . 23k;2_kmin/2 . 612—161(1/2"!‘100)26771])0 . 612—771/2 X 8126mp02—(N0—1)k;_

S E:%273m/2212p0m27km1n/227k1(1/2+p0)

5 6?215p0m2—3m/22—k:m1n'

This suffices to prove (9.14) because of the last inequality in (9.13). On the other hand, if
k1 > k3 (so that 251 s 2Fmax > 9k) then

— A —~
1K1 (&, 9)] S lma(n,0) || o e (0, 0) o 1055 () Lol i () o | iy ()1
< 2—m2—k1/2 . 22k12—kmin/2 . 612—k1—kf26mp0 . 612—m/2 . 6126p0m

< 5i>273m/2214}70m27kmin/2'

~
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This suffices to prove (9.14). The estimate for | K5 (€, s)| is identical. The estimates for |K3(¢, s)|
and |K4(&,)| are also similar, because differentiation with respect to 7 is equivalentﬂ to multi-
plication by a factor of (27%1 +27%3) and one can use similar estimates as before O

Lemma 9.4. The bound holds provided that (9.5 holds and, in addition,

max(|k — k1|, |k — ko, |k — ks|) > 21,
48m (9.19)

max(|k1 — ka|, |ka —k3|) > 5 and min(k;,k2) < 100"

Proof. By symmetry we may assume that ko = min(kj, k2). The main observation is that we
still have the strong lower bound

|(Oy®)(&,m,0) = [N(§ + 1) = N (€ + 1+ 0)] 2 27 P/ 228

This is easy to verify since |£| > 2780P0m |£ | < 2k2+1l < 9=48m/100+1 W can then integrate

by parts in 7, and estimate the resulting integrals as in Lemma by placing ﬁ; in L?, and
using the restriction kmin + 3kmed > —2m(1 + 10pp) in (9.5)). O

Lemma 9.5. The desired bound holds provided that (9.5) holds and, in addition,

max(]k — k‘l‘, |]€ — kg’, ’k — k‘gD > 21,

4 4 9.20
max(|k1 — ks|, |ks — ks) > 5 and min(kl,kg)Z—% and kgg—%. (6-20)

Proof. In this case we need to integrate by parts in time. Without loss of generality, we may
again assume ko = min(kq, ko). Therefore, also in view of (9.5]), we have

ks < —49m /100 < —48m /100 < ko < kq, ki1 >k —10 > —80pym — 10. (9.21)
Recall that
O(&,m,0) = —AE) +AE+n) +AE+0) = A +n+0).

For |€ + 1|~ 2", |€ + 0| = |n| = 2k2, |€ + 1+ 0| = 2k, with ki, ko, k3 satisfying (9.21]), one can
use (A.11)) to show that

(&, m,0)] 2 | = A(E) + A€ +n) + A()| — 2016 + 1+ o|282/2 2 2F228/2, (9.22)

Thanks to this lower bound we can integrate by parts in s to obtain

ta
| [ (€ s) ds] S IV )]+ N6 )
b (9.23)

+/2\N2(§,8)|+\N3(§,8)|+|N4(§78)|+I(asL)(&S)HNl(f,S)!ds,

t1

"Some care is needed when the derivative hits ¢k, because of the slightly weaker bounds in (9.12)). In this
case we insert cutoff functions localizing the variables 71,0, 2¢ + 1 + o to dyadic intervals and estimate in the
same way. The final bound is multiplied by Cm?, which is acceptable.
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where
- isd(eno) Gk,0) % pr T
Ni(e) o= [ e tene) T e ) (€ o) iy (<€ — 0= o) e
No(€) = isd(€n0) _k19) o TF o e
2(§) = € - (8sfk1)(§+77)fk2(§+0)fk3( §—n—o)dndo,
RxR /L¢(€’ 777 O‘) (9 24)
= is(p(&»nﬁ’)m/\'i_ A“l‘ /: _ ¢ _
Na(e) o= [ e tene) ST e ) D)€ + o)y (—€ =0 = ) ddon
Ni(€) == / ere0(6ne)_GLIOL g e ) £ (e 4 0)(01 ) (—€ — 11— ) ddo.
RxR Z(I)(Ea 7, U) ! ? s
To estimate the first term in (9.23]) we first notice that we have the pointwise bound
(n, o) < 92k o—k/20—ka/20—k3/2
= 2751 2 AU A A 9.25
Q(E,n,o)’ ~ (9.25)

see (9.22)) and (9.11)). Using also (9.2))-(9.3) we can obtain, for any s € [t1, t2],
+ o0 _ _ — i i
INV(E, 8)| S 22K 27k amke 2o ke 2| b ()| 2922 £F ()1, 28721 £ ()

< 55{2163(1/2—?0) 9100pom

Lo© HLQ ”L2

< 551)’27’”/ 10,
Moreover, the definition of L in , and the a priori assumptions —, show that
(O L)(, 5)| S ef2™™
Therefore

t2
[N1(&:t1)| + [N1(S, t2) +/t (D5 L)(€, 9)[[N1 (€, 5)| ds S ef27/10, (9.26)

Using the equation for d;f in (8.23)), and the estimate (8.29)), we have
1O ) (5)]| 12 S &3 min(20/2-P0)t 921y g=m-tpom. (9.27)

Using this L? bound, and the pointwise bound (9.25) on the symbol, the term Ny can be
estimated as follows:

+ _ _ - - -
INo(&, )| S 220 27k 2= R207 ks 2| (0, £, (5) || LI ()] Ml £y (5)

5 8?22 max(kl ,0) 2fm+100p0m274k; 2]63(1/27]90)

||L2 2k3/2
S efammamm/10,

The integral |N3(&, s)| can be estimated in the same way. To deal with the last term in (9.24))
we use again (9.25)), (9.27)), and the a priori bounds (9.2)-(9.3) to obtain:

INW(&, )| S 22maxtbrOig=hi2g=ke/2o=ks/2|| g (s)|| LI £f ()] Lol (Dsfi ) ()], 2%
< 6i{>2—m—|—100pom2163(1/2—190)

2

2

< g3gmmom/10,

~
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We deduce that

to
/ [N (€, 8)| + [N5(€, 8)| + [Na(€, 9)] ds < {27/,

t1

and the lemma follows from ({9.23|) and (9.26)). O
Lemma 9.6. The bound holds provided that (9.5 holds and, in addition,

max(|k — k|, |k — kol, [k — ks|) > 21 and  max(|ky — ks|, ko — ks|) <4.  (9.28)

Proof. In this case we have min(ky, k2, k3) > k -+ 10, so that, in particular, |o| ~ 2*2. Since all
input frequencies are comparable in view of the second assumption in (9.28)), we can see that

(8,@)(&m0)] = |N'(€+1) = A(E+n +0)] Z 20/,

which is the same lower bound as in ((9.15)). We can then integrate by parts in 7 similarly to
what was done before in Lemma |9.3] This gives

|1 ey (65 8)| S TEL(E, 9)] + [Ka(€, 8)| + [ K5(E, 5)| + [Ka(€, 9)|

where the term Kj, j = 1,...4 are defined in (9.16)-(9.17)), and the bound (9.17) is satisfied.
Then, the same estimates that followed (9.18)) show that |1 1:—1 'E ks (&5 8)| S €327 m27200p0m which

suffices to prove the lemma. O
9.2. Proof of . We divide the proof of the bound into several lemmas. We only
consider in detail the case (t1t2t3) = (— — +), since the cases (t12t3) = (++ +) or (— — —)

*,——+

are very similar. In the rest of this subsection we let ® := ®~ 1 and ¢}, := Celky koo sks

Lemma 9.7. The bound (9.7) holds provided that (9.5) holds and, in addition,

49
max(|k; — ks|, ke — k3|) > 5 and min(ky, ke, k3) > oo™ (9.29)
Proof. This case is similar to the proof of Lemma Without loss of generality, by symmetry
we can assume that |k; — k3| > 5 and ke < max(kq, ks3) + 5. Under the assumptions (9.29)) we

still have the strong lower bound
|(On®)(€m, 0)] = |N( + ) = N (€ + 1+ )] 2 2m/2,

The proof can then proceed exactly as in Lemma [9.3] using integration by parts in 7. g
Lemma 9.8. The bound (9.7) holds provided that (9.5) holds and, in addition,
max(\kl — kg‘, |k2 - ]C3|) > 5 and med(kl, kg, kg) < —48m/100. (930)

Proof. This is similar to the situation in Lemma By symmetry we may assume that
ko = min(kq, k2). The main observation is that in this case we must have |k; — k3| > 5, because

of the second assumption in (9.30) and & > —80pym. We then have the lower bound

(0®)(&,m,0)] = [N (€ +m) = N(E+n+0)| Z 2k,
Thus, we integrate by parts in 1 and estimate the resulting integrals as in Lemma by
placing f,j; in L?, and using the restriction kmin + 3kmea > —2m(1 + 10py), see ([9.5)). O

Lemma 9.9. The bound (9.7) holds provided that (9.5) holds and, in addition,
49m

48m
max(|k1 — k3|, |k2 — k3|) > 5 and kmpeq > 300 and  kmin < 100"
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Proof. This situation is similar to the one in Lemma[9.5] The main observation is that we have
the lower bound

|q)(§7 n, U)| Z 2min(kmed7k)2k/2’

so that we can integrate by parts in time and estimate the resulting integrals as in the proof
of Lemma [0.5 O

Lemma 9.10. The bound holds provided that (9.5 holds and, in addition,
max(|k — k1|, |k — kal, |k — k3|) > 21 and max(|k1 — k3|, |k2 — k3]) < 4.

Proof. This case is similar to that of Lemma Observing that k 4+ 10 < min(ky, k2, k3), we
see that

1(8,®)(&,m,0)| = [N (€ + 1) — N(E+7 + a)| = 2kmax/2,

We can then use again integration by parts in 7 to obtain the desired bound. O
Lemma 9.11. The bound holds provided that (9.5 holds and, in addition,
max(|k — k1|, |k — ka|, |k — k3|) < 20. (9.31)

Proof. This is the main case where there is a substantial difference between the integrals I kt Jg ks

and [ ko _k‘; ks The main point is that the phase function ®~~* does not have any spacetime
resonances, i.e. there are no (1, 0) solutions of the equations

‘1)__+(£7 777 G) = (877(1)__+)(£7 777 J) = (aUq)__+)(§7 777 U) = O
For any [, j € Z satisfying [ < j define
O EZ] ifj>1+1,
YT Yo ifj=L
Let [ := k — 20 and decompose

—+  _ }:
Ikl,kz,ks - Ttz

l1,lg€[i,k+40]
T (1) = /R Rem’(g’"’”)cl’i(mU)sol(f)(n)wg)(a)f;; (€ + ) fi, (€ +0)fiE(—€ —n — o) diydo.
X

The contributions of the integrals Jj, 5, for (I1,l2) # (I,1) can be estimated by integration by
parts either in 7 or in o (depending on the relative sizes of [; and [3), since the (n,0) gradient
of the phase function ® is bounded from below by ¢2%/2 in the support of these integrals.

On the other hand, to estimate the contribution of the integral Jm we notice that

(&, n,0)] 2 2°/7

in the support of the integral, so that we can integrate by parts in s. This gives

ta
’/ ezL@,s)Jw(@S)dS‘ S |La(€,t)| + | La(€, 1)
5 (9.32)

+/2!L1(£,8)!+|L2(§,8)|+|L3(§,8)\+\(33L)(€»8)HL4(£,8)ds,

t1
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where
L1(6) = / gistteno) WL OVEGEO) () 2y e ) (- o) dndo
P Jaw i®(&,n,0) ok ks ks ! e
, cx(m, o) g(m)eg(o) ~ -~ -~
Ly(€) = /R e e I € MO+ ) (<6 =0 — o) dndo,
ssa(en o Cel: 0)og(mpg(o) — —~ -
Ls(€) := /R e e I € M€+ )OS~ 0 = o) dndo,
Gl ) (n)e(o)

La(€) = /R LT ) fia &+ M€+ o) (=€ = — o) dndor

To estimate the integrals Ly, Lo, L3, Ly we notice that using (9.11]) and (9.31]) we have

i (n, 0)p1(n)p (o) H
i®(&n,0) goo

Therefore, using Lemma (ii) and the a priori bounds (9.2)-(9.3) we see that

S 23k:Jr )

0)eg(me(o)
i®(&,n,0)

Using also (9.27)) we obtain

& (n —~ isA o o _
L, 9)| 5 | [ @l N @ b2

o) i(n)e(o) H
l@(f, 7, U) Rl
The bounds on |Ly(&,s)| and |L3(&, s)| are similar. Recalling also the bound [(0sL)(&, s)| <

£227™  see the definition (8.57), it follows that the right-hand side of (9.32) is dominated by
Csi”Z‘m/ 10 which completes the proof of the lemma. O

el s | 1O o™ () I ()] S sl

9.3. Proof of . We consider now the quartic remainder term R; 4 defined in (8.47). Our
main aim is to show the following L? estimates:

Lemma 9.12. For any t € [0,7"] and |l € Z we have
IPRZ4 ()]l o S e1(t)~ /5100 IPSR, (1) 12 S 1)~ 2. (9.33)

The desired conclusion can then obtained using also the interpolation inequality in
Lemma the precise argument is given after the proof of Lemma [9.12

To prove we first recall that from the a priori assumptions on v and Lemma we
have the linear bounds

|PU @2 + | Pro(t) 2 S e min (20727701 2= (No=1/21) gymo,
IPU @) e + [ Po(t) | o S €1 min (210, 27 (Ma=1/20) =172, (0.34)
IPSU@) L2 + | PiSu(t)]l o S e min (20727700, 2=(M=1/2)1) yapo,
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and the quadratic bounds
1P (U () = v(t))ll 2 S & min (272,27 (V271720 (1) =124 6o,
1P (U () = v(t))ll e S €F min (272,27 (N7 1/20) (1) =3/ 44200, (9.35)
IPS(U(t) = o(t)) ]| 2 S &F min (212,27 =120 (1) =1/A+6p0,
Using these we now prove a few more nonlinear estimates.
Lemma 9.13. For any t € [0,7’] and | € Z we have the quadratic-type bounds
1P Qu (1)l 2 + 1P Qu (1) 2 S &F min (212,27 (Nom3/20) (1) =1/2ro,
1P Qu (1)l o + 1P Qu(t)ll e S € min (272,27 () 7", (9.36)
1215 Qu (t)l 2 + 1 PS Qu(#)ll 2 S €F min (2172, 271) ()~ 1/ 244,
and the cubic-type bounds
1P(Qu(t) = Qu(t)ll 2 S et
1P (Qu (t) = Qu(t))ll e S €3(t) >+ min(2"/2,27%), (9-37)
IPS(Qu(t) = Qu(t))ll» < i

Proof. To obtain ((9.36)) is suffices to recall the definition of Qp and Q,, in (8.3)) and (8.44)),
and use the symbol bounds (8.19)),

G557 | oo S L (R, K, k)2 2mim(WhLk2)/2 (9.38)

€1€2

the commutation identity ([2.5)-(2.6]), and the linear bounds (9.34) (see the proof of Lemma
for a similar argument).
We now prove the inequalities (9.37). In view of the definitions (8.3) and (8.44) we have

Qu — Qv = Z' [Qerez(Uey, Uey — vey) + Qeyey (Uey — vy, Vey) - (9.39)

*

Using Lemma (ii) with (9.38)), the L™ estimate in ([9.34) and the first L? estimate in
(9-35), we get
1PQerer (Uers Uey = vea) Dz S D 0™ || goo 1P, U (D) o |1 PE, (U = 0) ()] 2
ki,k2€Z
6:{,<t>—1+6po Z 1y (k, khkz)2k2min(k1,k2)/22—(1v2—1/2)k1+2—(N2—1/2)k2+
ki,ko€Z
el (t) 71 TOP0 min (282, 2~ (N2=3/2)k),

A

N

The first bound in (9.37) follows, after estimating similarly the L? norm of the second term
in (9.39). The L* bound in (9.37)) can also be obtained similarly using the identity :9.39 and
the L bounds in ({9.34))-(9.35)). For the last bound in (9.37) we first use ((9.39) and (2.5)-(2.6))

(notice that the symbols ¢¢,¢, are homogeneous). Then we estimate the L® norm in the same
way, placing SU and S(U —v) in L? and U — v and U in L. O

We are now ready to prove ((9.33)).
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Proof of Lemma[9.19 We examine the formula (8.47) for R;4, and begin by looking at the
terms in the second line:

M€162( €1 (QU)€2) - M€162 (U617 (QU)GQ)

(9.40)
= Mee;(Uey = 0615 (Qu)es) + Meyey (Vers (Qu)er — (Qu)er)-
We recall the bound (8.19)),
bRk S ok 2omminthnk) /21 5 (ke ky), (9.41)

and remark that the difficulty in estimating the terms in (9.40) comes from the low frequency
singularity in this estimate. Using Lemma (ii), (9.35), and ((9.36)) we have

HPlMelez(Uel — Vey» (QU)EQ)(t)HLQ S I+II

I:= > Imbfke|  2mintk) 2 P — ) (6)]],o | P, Qu )]s
ky,ko€2Z, 2min(k1,k2) < (£) =2
ININ
II:= 3 ImbEsE2 | NP (T = 0) ()] 1P, Qu )] -

k1,kp€Z, 2min(k1 ka) > (1) =2
Then we estimate
I's > €2 (1)~ 1/2+600,22 (1) ~1/2+pogmin(ky k) 20 -3 max(kr.k2.0) < o4 1p)~3/2
gmin(k1k2) < (1) =2
and
IS ), ey Ao ()t Rme ka0 ¢ g (h) o1,

2min(k1,k2)2(t>72

Similarly, using (9.34)) (only the L? estimate in the first line) and (9.37) instead of (9.35)
and (9.36)), we estimate

H-PZM€1€2 (/U617 (QU) Q’U 52 HL2 ~ 5/4+10p0
We have obtained, for any | € Z and ¢ € [0,7"],
[P [Meey(Uer s (Qu)es) = Meyey (Ver s (Qu)en) | (8)]] 12 S €1 (8) 5. (9.42)

Using and the commutation identity — we compute
S(meq, (Qu)er) = Meres (ver (Qu)es))
Meyer(S(Uey = v61), (Qu)es) + Merey (Uey = vy (SQu)ea) + Merea(Uey = vy (Qu)ey) (9.43)
+ My ey (Sver, ( = Qu)er) + Merey (veys S(Qu = Qo)ea) + Meyea (ver, (Qu = Qu)es)-

By homogeneity, the symbols m., ¢, satisfy the same bounds as the symbols me,¢,. Therefore

[ Merez (Uers (Qu)ea) (1) = Meyea (ver (Qu)ea) ()] 12 S €1 (1) %,

The terms Containing the vector field S can also be estimated in the same way, using the
bounds ((9.34 - 9.37) and (9.41). We always place the factor containing S in L?. For example,
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for the most difficult term, we can estimate

H-PlMsleg(Uel’S(QU - Q’U)Ez)(t)HLQ S IS +IIS)

= Y 2Pk k)P o) P S(Qu — Q)0
2min(k1,k2)§<t>fl/2
Hgm Y 2 2k o) [P oft)] e P S(Qu — Q)

2min(k1,k2)2<t>—l/2

Then we estimate

Is < Z 51<t>pogff<t>—3/4+8poQmin(kl,kz)(lﬂ—po)2— max(k1,k2,0)/2 < 5411<t>—1+20po
Qmin(kl,kQ)S<t>—l/2
and
IIs < Z 1 <t>—1/2€i13<t>—3/4+8p02— min(kl,kz)/QQ— max(k1,k2,0)/2 < 8411<t>—1+20p0.

2min(k1 ,k2) Z<t>_1/2

The bound for the terms in the second line of follows, using also ((9.42)) and (9.43]).

The terms in the first line of are similar to the terms in the second line, since the
bounds satisfied by the symbols of the operators M., are symmetric in k; and ka. Next, we
look at the terms in the third line of :

Me,eres(Ueys Ues Ueg) — Meyeges (Ve s Vegs Ves) = Meyenes ((U - U)q? Ue,, Ueg)
+ M€16263 (UEU (U - U)€27 U€3) + M€16263 (U617U627 (U - U)eg)'

Recall that the symbols me,c,e, satisfy the strong (non-singular) bounds (8.6)). Using (9.34)
and ((9.35)), one can estimate

[P [Meyerey (Uey, Ueys Ueg) = Meyenes (Ve s Vs, V)] ()| 2 S €3(8) 7%,

The analogue of (2.5 for symbols of three variables is
SM(f,g.h) = M(Sf,g,h) + M(f,Sg,h) + M(f,g,Sh) + M(f,g,h)

m(&;n,0) = — (9 +ndy + 00;)m(&,n, o).

By homogeneity, the symbols me, e,e, satisfy the same bounds . Then, applying S to the
identity (9.44]) above, and using (9.34)) and (9.35)), we can obtain

H-PIS [M€16263(U€17 U€27 U€3) - M€1€2€3 (Uq ) U627U63)] (t) ||L2 S €Zll<t>_9/8'

Since the term R>4 in (8.47) already satisfies the desired bounds, see (8.8)), in view of
it remains to estimate operators of the form

M51€2 (FED Uﬁz) and Me1e2 (Ue1 ’ F€2)7 Fe ‘81‘1/203,—1- (9.46)
The O3, notation in ((C.3|) implies that we have the following estimate
IPE(t) 2 < & min (21/2, 27 (No=2)) () =1 4po,
|PSF ()2 S 6?1’ min (21/2, 2*(N1*2)l)<t>*1+4po.

(9.44)

(9.45)
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Using these estimates, Lemma (ii), the symbol bound (9.41)), and (9.34)), we can bound

HPZM€162(F€1)U€2)(1:)HL2 5 Z Qmax(kl,kz)/QHPjglF(t)HL2HPIQZU(t)||L2
k1,k2€Z, 2min(k17k2)g<t>_1/2
+ Z Qmax(k1,k2)/22_ min(khkz)/QHPlélF(t)HL2 ”PIQ2U(t)HLoo

k1, ko €7, 2min(k1 k) > (4)—1/2
4/,\—9/8
Sei(t) /8,

The same estimate also holds for P,M¢, ., (F¢,,Ue,). Similarly, we have

[PiMeea (SFer, U) (1) 12 S D 2 M2 PLSFE@)I| Ll PLU )] S €l )71,
k1,ko€Z

HPlMeleg (Fela SUEQ)(t)HL2 S Z 2max(k1,k2)/2HP]g1F(t)
k1,ko€Z

The estimates for the terms M, (U, , Fe,) are similar. This completes the proof of (9.33). O
We can now complete the proof of the estimate .

Proof of (0.8). Assume that k € [—80pom, 20pom], |&o| € [28,2F1), m > 1, ¢; <ty € 2™ —
2,2m+1) N[0, T']. We would like to prove that

12 1P, ST o S e3(t) 1.

to ) ) o
‘gok(fo) / i) eSOl R (g9, 5) ds| S efa=2000m, (9.47)
t1
Let .
2
i s) —1is 1250
F(©) = @) [ Mo R (6 ) ds. (9.48)
t1

In view of Lemma [2.3] it suffices to prove that
27| F | g2 [2810F || 2 + || F 2] S ef27 100
Since ||F||p2 S ej27™/8+10P0m gee the first inequality in (9.33), it suffices to prove that
2| OF || 12 < ef2ka(1/8=500p0)m (9.49)
To prove we write
0 F(§)] < [FL(E)] + [Fa(§)] + [F3(E)],

where

b2 C1£13/2
Fi(€) = E(0eon) (€) / L&) [P R (¢, 5)] ds,

t1

ta gy ——
Fy(€) = pn(€) / eE0) [€0, — (3/2)50,] [e R (€, 5)] ds,

t1

[\CR V]

t2 /g ——
() = Son() / e609) 5, [ S R (€, 9)] ds.

t1
Using (9.33) and the commutation identity [[£0e — (3/2)s0s], e_i5|5|3/2] = 0, we have

1FL ] 2 + (1P e S €42,
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Moreover, using integration by parts in s and the bound ‘88[ iL (80> ] } < 2 ™ see the definition
(8.57)), we can also estimate ||F3|[z2 < €123%P0™, The desired bound ( follows O

10. MODIFIED SCATTERING

In this section we provide a precise description of the asymptotic behavior of solutions. Our
main result is the following:

Theorem 10.1 (Modified Scattering). Assume that Ny, N1, Na, po,p1 are as in Theorem
and (h, @) is the global solution of the system ((1.6)). Let

= 0|6 — 1]0.|"? € C([0,00) : HNo:p1=1/2)
(i) (Scattering in the Fourier space) Let

2
L'( |5| / (&, s |—d (10.1)

compare with ([8.57). Then there is woo with ||(1 + |€]V2)weo (€ )HLg < eo such that

il (&) g—itle 2 7 U(&,t) converges to weo(§) as t— oo,
more precisely
_ e o 3/2
(1+ t)po/ZH(m 1/4 4 |§’N2)[61L (&:t) g—it¢] U, t) — woo(g)]HLg S <o (10.2)
(ii) (Scattering in the physical space) There exists a unique asymptotic profile foo, with ||(|€]~/ 104
’€|4)fooHLg° < €0, such that for allt > 1
e—it(4/27) [/t

VvV1i+1
where dy = 1/54.

< go(t)~V/2Po/2 (10.3)

~

HU(CC, t) — Foo (/) e~ oI/t oo (/1) log(1+0) H
Ly

We remark that the first statement of modified scattering, in the Fourier space, is stronger
because of the stronger norm of convergence. One can, in fact, make this convergence even
stronger, by changing the norm in to an L‘E><> based norm.

Modified scattering in the physical space follows by an argument similar to the one used by
Hayashi-Naumkin [26] (see also [33]).

To prove Theorem [10.1| we need a more precise scale invariant linear dispersive estimate:

Lemma 10.2. (i) For anyt € R\ {0}, k € Z, and f € L?>(R) we have

| Py fllzoe S 1172254 Fllpe + 187352722 [[1 £l 2 + 2107 2] (10.4)
and
AP f e S 12284 £ . (10.5)
(ii) Moreover, if & = —4x2/(9t%) sgn(z/t) and f is continuous then
i 2 z/t? n - —2/5 7 7
S f (1) =\ e I | Flo)| S 1T (N6 Rl e + NIEFPOR ). (10.6)
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Proof. (i) This is similar to the proof of Lemma 2.3 in [3I]. The bound (10.5)) is a standard
dispersive estimate. Also, (10.4]) is a consequence of (10.6)), so we focus on this last bound.
We start from the identity

~

() = g [ T fe) e

We would like to use the standard stationary phase approximate formula

2

W =+ error, (107)

/ @Y (z) da ~ @)W (1)
R

in a neighborhood of a stationary point zg. To justify this we make the change of variables

42? , 4|z|3
£ =bn, b:=——5sgn(z/t), t=t- e

and notice that
HEP? + a6 =t/ (20n|>2/3 — ).
Therefore, letting f,(n) := A(bn), we have

, 1 42 i+ (2\n|3/2 >
TR it (2[n|3/2 /3—n) 1

Notice that
1l Fo)llzs + Nn @R )l za = 612Ul F€) 2 + IIEF @ z2)- (10.9)
For it suffices to prove that

| [ e oy - e B R S 1 Ml Rl + W0l
o (10.10)
Let g := fp and g := g - vk, k € Z. Let
ar, = 275 gl 12 + 2%/5)|Ogy. | 2
Let
W) =223 —n, V() =nh -1, () =22 (10.11)

Clearly, for any k € Z,

| [ v gy dn] < lguls S 21%s.
R
Moreover, if |k| > 3 then we can integrate by parts in 7 to estimate

—3k/5
it U(n) ‘ < llgxll L1 109kl L1 < a2

These last two inequalities show that

S| [ e g n 5 11 supan.
k>3 R kEZ
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One can also estimate, in the same way, the contribution of the negative frequencies of the
functions gy, |k| < 2. For (10.10) it remains to show that

o it 471
(/Re” YWDg(n)dn — e Pg(1)y [ = i

for any continuous function g supported in [1/10, 10].

In proving (10.12)) we may assume that [¢| is large, say [t/| > 2!0. Let x(n) = p<_10(n — 1)
denote a cutoff function supported around 1. For ((10.12) it suffices to prove that

‘/Re"t'q’(”)[g(n) —g(D)x1(n)] dn’ S35 (gl e + 109l 2) (10.13)

and, using also Lemma
L e 47
‘ /Re” Y01 (n) dn — e 13y | | S

< |83, (10.14)
The bound ([10.14)) follows easily by stationary phase and (10.11]) (compare with ((10.7))). To
prove ((10.13]) we define

Jy = / &Yy — 1){g(n) — g(1)xa ()] dn,

for [ < 10. By linearity we may assume that ||g||;2 + ||0gl| ;2 = 1. Notice that

S5 (lgll 2 + 11091 12). (10.12)

it p—1$2 then |g(n) —g(xa(ml S In— 12 S22 (10.15)
Therefore |J;| < 23/2. Moreover, if 2! > |t’ |=2/5 then we integrate by parts in 1 and estimate
< d wi(n = Dlg(n) —g(l)xl(n)] p
/ 27" g(n) — g( aml+1g'(m)]+1 i
PSR 2'¢/|

Using (T0.15)) it follows that |.J;| < [¢/|7'27%/2. The desired bound (10.13) follows, which
completes the proof. O

We can complete now the proof of Theorem [10.1

Proof of Theorem [10.1]. (i) Recall the formulas (8.57),
€2 itlel3/2~
e =B e tyds et = M aie

Assume 1 <1 < tg, let H(t) 1= el (€D —itleP? 7 U(¢,t), and estimate

[H (€. t2) — H(E,11)] — [9(E,t2) — g(&, t1)]e'F E=LED)]
= [/ E=E € IP T (¢ 1) — =M T (g, 1)

— [ t) L 0) o—it2lel* 25 ¢ 1) — emitalEl? (e, 1) (10.16)

ST t2) — T, ta)| + U (€, t1) — B(E, 1))
+[0(&, t2)[[(L (€, t2) — L'(&, 1)) — (L(&, t2) — L(&, t1))]-
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It follows from Lemma [8.6] that (|¢[*/10 + |¢|N2+1/2)[5(¢, )] < g0 uniformly in ¢. Therefore

[0, t2)I[(L'(€:t2) = L'(&, 1)) — (L(&, 12) — L(§,10))| S !@(57 s) - U(& 8)\ﬁ ds.

t1

Using (8.14)) and (10.16)) it follows that
(€172 + 161 {[H (€, t2) — H(E 1)) — [9(€, t2) — g(€, t1)]e™ Lgt)-Lien )}H < eoft) V.
Using now Lemma and the bound it follows that
1117+ €1N2) [H (€, t2) = H(E t)]|| o S eota) 77,
and the desired conclusion follows.

(ii) In view of (9.35)),

IU(#) = o) S eo(1+18) 7. (10.17)

Moreover, since v(&,t) = j’\(f,t)eitmg/2 = itlel*/? e —iL(&D) g(&,t), and using also (8.25))—(8.26)
and (10.6)), it follows that, for any x € R and t > 1,

P~ 21 —1 T —1 —1/2—
‘U(a},t)— %6 t(4/27)] /t|36 L(ﬁo,t)|§0‘1/4g(§0’t) §<t> 1/2 10270’ (10.18)

where &y := —42?/(9t?) sgn(z/t).
Let

go(&) := lim [ g (€, ), (10.19)

where the limit exists due to Lemma [8.6} more precisely for any ¢ > 1
Jo(©) = 16" gt 0], S 2o+ gl Oz < 2o (10.20)

Then, for any £ € R,

26~ @+ 1 = S [ 16 late 0 ~ oo
’ 24w 24w 0 ’
Using ((10.4)) it follows that there is a real-valued function A such that

\€I3 &

1
s+1

ds

|een -5
Using ((10.18)), (10.20)), and (10.21)), it follows that

5
‘6(3:,75)— % it/ /13 i1l 900 (€0)* In(t1) +Aos(€0)l (0| < ()~ 1/2~200/3,

—195(OP It +1) ~ A=), Seo(t+n7MA (1021)
3

Then we define

Foo0) =\ oo (EWNE= ), €(y) = —SiPseny).

The desired conclusion ({10.3)) follows using also (10.17]). O
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APPENDIX A. ANALYSIS OF SYMBOLS

A.1. Notation. Recall the definition of the class of symbols
5% :={m:R? = C: m continuous and ||m|| ge := [|F*(m)||;1 < 00}, (A.1)

and the notation

m™R (€ ) = mU€m)er(€) e (§ — M)k, (1)- (A.2)

Recall that X = {(k, k1, k) € Z3 : max(k, k1, ko) —med(k, k1, k2) < 6}. Recall also the notation

m(&,m) = O(f(E, 1€ = nl, n])) <= [Im"FF2(&,m) | g S F(2F, 28, 27) 10 (K, Ky, ko). (A.3)

A.2. Quadratic symbols. In the following lemma we collect several estimates on the symbols
a++ that are used throughout the paper.

Lemma A.1. Let €1,€e3 € {+,—}, and ac,e, be the symbols in (3.31)(3.34)), then

lakkrb2) 0 < 2321 (K, oy, ) 1 o) (K2 — Fo1)

(A4)
+ 2k1/22k1(—oo,1](k)1?((ka k1, k2) L6 00) (k2 — k1)
Moreover, for e, € {+,—}, the following bounds holds
a2 g S 272 Lk Rty ko) L ) (2 — ), (A.5)

la&M %2 g S (231215 00 (k) + 2872250 g 1 (B)) L (B, i, o) L o) (2 — B1). (AL6)
As a consequence, we have

kk1,k
Qejes 2(577])

K /20—k/2 B
ety el S22 b b k)L (ke ),

ae ™€) (A7)
Ge, — N 3k1/20—3k/2 k1/20—k/2
H €372 — er]€ — 32 + 321l H (2 2 12,00 (F) + 25722721 Lo 1y (K))
X 1;((]{, kl, k2)1[6,oo)(k2 — kl).
Furthermore, for ey € {+,—} let us define the symbol
e 48,1, ) = ae 4 (&5 p) = a4 (E+ 1 — p,m). (A.8)

Then we have the following: if ks < ki1 —4, kg < ko —4, and k1 > 8, then

ey 4 (€1, ) - @hs (ks )Py (0 — ©)pha (0 — M g S (255372 4 25K1/2) (281 9k2) ™! (A.9)
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Proof. We begin by recalling that the cutoff y, see (1.18)), is supported on a region where
23|¢ — n| < |n|. Using integration by parts, one can verify that

£~ >(mr 1)X(€ = mm) = O(1€ = n*"*1yas oy ([l /1€ = D).

€ = nl'/2\n|
_ 1/2
,5(5 77|;7/)2 (1 - :itl/g)x(f —m,m) = O(I& = nl**1 s o) (Inl/1€ = nl)),
121e]1/2
=TI e = o) = Ol = P10yl — 1),

[€[% — €]/ 2 |3/
i

€12 + €12 |n 3/
Gl

1€ = n*2x(& = n,m) = O(I€ — 0¥ *Lps ooy (Inl/1€ — 1))

1€ — 0| 2p<o(m)x (€ —n,m) = O(IE1I€ — nI"*Lpas o0y (In]/1€ — 1)L (0.2 (1€])).
(A.10)

where we are using the notation (A.I)-(A.3). Since the bound for |¢ — n]3/? is obvious, using

A.10)), and inspecting the formulas (3.31)-(3.34]), one immediately obtains (A.4)). The bound
A.5|) follows from the first four identities in (A.10)). (A.6) follows directly from (A.4)).
To prove (A.7)) we notice first that

(a+0)*2 b2 — a2 € [ab!/?/4,4a0'?)if 0<a<b. (A11)
Therefore, using standard integration by parts we see that
ek, (€ —n)pr (n H 1
H ‘§|3/2 |€ 77’3/2 |3/2 ~ 9min(k1,k2)9max(k,k2)/2’ (A12)
for all k, k1, ke € Z. In partlcular whenever k> k:1 + 3, we have
), (€ = n)pr, (n H S
H ‘5’3/2 — el —nl3/2 - ]17’3/2 2k12max(k ka)/2° (A.13)
)k, (€ = M)pr, (0 H
"‘5’3/2 — el —n3/2 + ]17]3/2 23maxkk2)/ (A.14)

Thus, (A.F) and (A.13) give the first inequality in (A.7). The second inequality in (A.7) is a

consequence of (A.6) and (A.14]).
To prove 4A.9: we write down the four components of the symbols,

a(m = E (B0 g = g -

€ = nl"/2\n|
A.15
=) (o K _leagee )
CL3(£777) = |£ _ ,,7’1/2< |n|1/2)7 (14(5,77) = ’n’ .

Notice that the last component in the formulas (3.31) and (3.33|) has been disregarded, since
we are only interested in the case k1 > 5 in (A.9)). It suffices to prove that

1056 1:0) s (Ot (Mt 0~ k(= g S (2972 427220 1287,
for O‘](g’nvp) '_a](é’ )_a](§+n_pan)a j:]-a-‘-747
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whenever ks < k1 —4 and k4 < ky—4. By Taylor expansion, one easily sees that for 4| —n| < |n|
ai(&,n) = € —nl? + O(I€ =02l "), az(&m) = [€ =
a3(€,m) = —%If =2+ 0(€ = nlPll™"),  as(€n) = &= nlPln7V2 + O(I€ = nl’lnl~*?).
The desired conclusions in follow. g
We consider now the symbols b14. Recall that x(x,y) =1 — x(z,y) — x(y, z).
Lemma A.2. With b, as (3.35)—(3.38) and (3.39), we have
ku’kl’kQHSm < 2%y (k, Ky, k2)1_15,15/ (k1 — k2), (A.17)

€1€2

and
1€2
e —are= e
Proof. Inspecting the formula (3.39) it is easy to see that

ma(€,1) = O(|E]1€ — nlLp-13 2131(I€ — nl/[nl)),

< 2k227R 21 5 (K, Ky, k2)1_15,15 (k1 — k2), (A.18)

and therefore

€lia(.n) _
T —nt/2y] = O Lz 29y (1€ = nl/nD).

which is consistent with the bound in (A.17]). Similarly

1/25
m = O(’§‘3/21[27137213](’§ - 77|/‘77‘))

The desired conclusion (A.17)) follows from these bounds and the formulas (3.35)-(3.38). The
bounds in (A.18)) follow from (A.17) and (A.12]). O

APPENDIX B. THE DIRICHLET-NEUMANN OPERATOR

Recall the spaces Cp, HN?, WML and W defined in and . Assume in this section
that i € C([0,T] : Co N HNo+L:1/24P1) gatisfies the bounds
Hh(t)HHN0+1,1/2+p1, S e,
1R )i na 010 S €1(8) 2, (B.1)
HSh(t)HHN1+1,1/2+p1 = 51<t>4p0a

for any t € [0, T, which follow from the bootstrap assumption (2.25)). For o € [—1,1] let

o= {f € CU0,T): Y m) | fllgg = sup [[£(D)lleg (B:2)
’ t€[0,T]

where

1F®lleg = = & NF Ol rvosan + OV FOlljrnnsazss + OTPUSF @) gmirom - (B3)

Let G(h) denote the Dirichlet-Neumann operator defined in ([1.5). Our main result in this
section is the following paralinearization of the operator G(h):
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Proposition B.1. Assume ¢ € 55/% and h satisfies (B.1]), and define

G(W)¢ +hote |, _ ¢o— haG(h)$
1+h2 T iR

Then, for any f € {¢z,G(h)p} and t € [0,T],
(07 ot-s72-10 + OV flhipvaszaaiio + (07 USFljgmevaeao S I0lgrra - (B.5)

Moreover, we have the decomposition

B =

G(h)6 = 10416 — 04| Tsh — 0Ty + Ga(h,6) + Giza (B.6)
where
Gall (O = 5 [ s — 1= xt¢—mn] [l =) Il —alldn. (BD

and, for any t € [0,T],
(N Gs ()] grvors + (8O Gsllipngen + ()T PSGos(t)| gy S 6%||¢||51/;- (B.8)

The rest of this section is concerned with the proof of this proposition. We will need several
intermediate results. To estimate products we often use the following simple general lemma:

Lemma B.2. Assume ag,as € [1/100,100], Ag, Az € (0,00), and f,g € L*(R) satisfy

Ag  (1f oo + llgll o) + A3 (1F ee + l9llgre) < 1. (B.9)
Then
A N falleo + A3 M| Fglla, S A (B.10)
Proof. Clearly,
I fgllze < A3, 1fgllr2 < AoAs.

Moreover, for any k > 0 and p € {2,00}

1P(f )l S A2 > [I1Pwfllee + |Pwgllie].
K >k—4

The desired estimate follows. O

B.1. The perturbed Hilbert transform and proof of Proposition With h as in
(B1) let

v(x) =z +ih(z) and Q:={zx+iyeC:y < h(x)}. (B.11)
Let D :=||h||gee. The finiteness of the (large) constant D is used to justify the convergence of

integrals and some identities, but D itself does not appear in the main quantitative bounds.
For any f € L?(R) we define the perturbed Hilbert transform

o)) = ~pv. [ LY s i (),
™ r V(@) —v(B) e—=0 (B.12)
i 1(5)7'(8) |

() 0) = as.

E |B—a|>e 7(04) - 7(6)
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For any z € Q and f € L*(R) we define

L[ B (B)
Fi(z) = — | ——=dg. B.13
18 = i fo 2 —v) (B42)
Clearly, F is an analytic function in 2. For € > 0 let
1 f(B)Y'(B)
T MNHa) = F i€ / . dp. B.14
(Tef)@) = Fya(e) —ie) = g | 0 (B.14)
By comparing with the unperturbed case h = 0, it is easy to verify that, for any p € (1, ),
| sup [(HSH(@|| e+ sup [(Ty A @) 2 Spp I1flle, (B.15)
e€(0,00) €€(0,00)
and .
B HSf = Hf, TS = S(I+H,)f (B.16)

in LP for any f € LP(R), p € (1,00).
The perturbed Hilbert transform can be used to derive explicit formulas for G(h)¢ (see
Lemma . For this we will need a technical lemma:

Lemma B.3. Given h as in (B.1) and n € Z, we define the real operators
1 [ h(a) = h(B) = W (B)(er = B) (h(er) — h(B)\™ f(B)
n = — dg. B.17
(Rupe) =1 [ o (=N T g man)
Assume that f € 5;1T and g € WN2=Lb. There is a constant C' > 1 such that
{&)/2770 | Rof | nvoss + )1 Bof lyirnarzss + (OIS Rof || g < Ceallfllg-r

<t>||RogHWN2+1,b < C/51<t>1/2||g||WN2—l,b, b € [1/100,2/5],
for any t € [0,T]. Moreover

(B.18)

[ P e UL Fi P
11 f |y w1110 < (CTe)* @) g1 (B.19)
ISR f|] g < (C2)* (BT I, -
and, for anyn > 2,
1B | yass + 1SRt || jpnya < (Cen)™ 0= £ g1 - (B.20)

This is proved in subsection below. In rest of this subsection we show how to use it to
prove Proposition We consider first a suitable decomposition of the operators H.,.

Lemma B.4. Let

(Hof)(ex / AC dﬁ, (B.21)

denote the unperturbed Hilbert transform, and consider the operators 11 and Ty defined by

(Tuf)a) = L. [ MOZHA RO 545
(Taf)(@) = zp. [ MK

(B.22)

) —
) —

B) = W(B) (e = B) h(e) — h(B)
) -

&) = (B2 P f(B)ds.
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Then
/H»y = Hy —T) +iT5, (B23)
and
Ty => (-1)"Ryn,  To=) (~1)"Rony1. (B.24)
n>0 n>0

Moreover, if f € €, 1 and t € [0,T] then
(T2 = Ro) | yvgss + 1 T2f[|ppnoe S 1PN Fllg
1T = Bo) |l was.1/10 + [T [limassajmo S 56Ol g (B.25)
1S(T1 = Ro) || s + [STaf | gy S 201 1l -

— N — N

In particular
[Hyfllgzr S Hng;lTv (B.26)

IRoflley, + I Taflley, + 1 T2flley, S €1<t>*1/2Hng;}T- (B.27)

Proof. The identities (B.23) and (B.24) follow directly from definitions. The bounds (B.25))
follow from (B.19)—(B.20). Notice that

Hog(€) = —sgn(§)g(&)- (B.28)
The bounds (B.26])—(B.27) follow using (B.23|) and the bounds (B.25) and (B.18)). O

We are now ready to define the conjugate pair (¢,).
Lemma B.5. (i) We have
’Hi =1 on 5;71T. (B.29)
Moreover, if ¢ € SJIT is a real-valued function then there is a unique real-valued function
(NS 5;’1T with the pr(;perty that
(I = Hy) (¢ +i) =0. (B.30)
(i) The function F : Q — C,
e L [ @),
2mi Jg - 2 —7(B)
in a bounded analytic function in Q, which extends to a C' function in Q with the property

that F(z +ih(x)) = (¢ + i) (x) for any x € R.

Proof. The identity (B.29)) is a standard consequence of the Cauchy integral formula applied
to the analytic function F; defined in (B.13]), and the second limit in (B.16).

3 (B.31)

The uniqueness of 1 satisfying (B.30) follows from Lemma if 11,19 are real-valued

solutions of then
(I = Hy) (b1 = tp2) = 0.
Using the formula (B.30]) and taking the real part, it follows that (I +71)(¢)1 —2) = 0. Since
IT1][g-1 g1 S €1 (see (B.27)), this shows that ¢ — 42 = 0.
To prove existence we use that 77 is a contraction on 51;17“ and define ¢ such that

(I + Tl)l/) = (—iHo + T2)¢. (B.32)
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Let P := (I — Hy)(—i¢ + 1) and notice that (I + #H,)P = 0 (as a consequence of (B.29)).
Moreover, RP = 0, as a consequence of (B.32]). Therefore P = 0. This completes the proof of
part (i). The claims in (ii) follow from the second identity in (B.16]. O

Assume ¢, and F = G + iH are as in Lemma Let
v = axG = 8yH, Vg = GyG = —8IH.
Notice that
G(z +ih(z)) = ¢(x),  H(z +ih(z)) = ¢(2).
Therefore
—y = 9,G(z + ih(x)) — ik (2)0,G(z + ih(x)) = G(h)e.
Let
V(z) :==vi(z + ih(x)), B(z) := va(x + ih(x)), z € R.
Taking derivatives, we have ¢, = 1% + hxé and —, = B— hz‘7. Therefore

1+ h2

1+ h2
where V, B are defined in (B.4]). Notice that
3307'[7]“ = Vva(fx/'Yx)~
Therefore the identity (B.30) gives

(I—1,) (W) — 0.

Notice also that ¢, + ith, = (1 +ih,)(V — iB), as a consequence of (B.33). Therefore
(I —H,)(V—iB) =0.

To summarize, we have the following lemma:

Lemma B.6. Assume ¢ € Ei)/% and define 1 as in Lemma|B.5. Then ¢ € Ei)/% and

||1/f||g;{§ S ”¢\\511ﬂ{§- (B.34)
Moreover,
Gh)p ==y, V= e B= R (B.35)
and
¢z =V + h: B, —ty = B — h,V, (I-H,)(V—-iB)=0. (B.36)

In addition, for any t € [0,T] and any g € {¢z, ¥z},
Nl grvo-172.-110 + 02l lirwa1/2-110 + NSl 12110 S Il g1z, (B37)
and, for any f € {¢z, ., V, B},
NS o2 + (021 gy a2 + O NSllpmamae S NIl grre (B-38)
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Proof. The inequalit 4)) follows from (B.27)) and (B.32)). The formulas (B were derived
f(B.3

earlier. The bounds (B. D follow as a consequence o) 4) and the deﬁmtlon The function
hy satisfies similar bounds, for any ¢ € [0, 71,

(&) POl gvor-1/21 + (8 a0 + ()70 Shall gay 172400 S €1, (B.39)
see (B.1)). The desired bounds (B.38]) for V, B follow from (B.35) and Lemma O

We can now complete the proof of Proposition [B.1}
Proof of Proposition [B.1. We may assume HqﬁH 12 = = 1. The bound (| was already proved

see . So we define G'>3 according to ( , and we need to prove the bounds
The last identity in (B.36|) gives

(I —Hy)(V —iB)+ (T1 —iT5)(V —iB) =0
Taking real and imaginary parts we have
V+iHoB =-T1V + T»B, —B+iH)V =T,V + T1B. (B.40)
Using also the formulas —v, = B — h,V, see , and |0;|¢ = iHy(¢,), we have
0216 — G(h)¢ = iHo(¢z) — B + haV

=TV +T1B+ h,V +iHy(h,:B). (B.41)
Let
D=1V +T1B=1iHyV — B. (B.42)
Therefore
—G>3 = |0z — G(h)p — |0x|Tph — 0, Tvh+ Gy = I + 11,
I:=h,V —Hy(ha HyV) — |0z|Tir,vh — 0:Tvh + G2 + Ro(iHopV'), (B.43)

II:=D — Ro(iHoV) — ZHo(hxD) + ‘8$‘TDh.
Using the definitions and (B.56)), we write

19 = 5 [ A€ = mae.n) d+ Gale)

where
p(&m) « = in —insgn(§) sgn(§ — n) + il¢] sgn(€ — n)x(§ —n,n) — i&x(§ —n,m)
+ (& —m)[1 — sgn(§) sgn(§ —n)]
= i&[1 = x(& —n, )][1 — sgn(&) sgn(§ —n)].
Using also the formulas and , we have
19 = 5 [ AFV = 00¢ = mpemdn = 5 [ B F(haB)E = mie.n) d
In view of 7, and Lemma

<t>1/27p0‘|th”HNofl/2 + <t>Hth||WN2—1/2 + (t>1/274p0HS(th)HHNr1/2 S et

In other words, e1h; B € Oy _; /5, see Definition and h, € O1, see (B.39)). In view of
Lemma [C.2] (applied to m2(€,1) = p(&,m)/n), €11 € Os,1, which gives, for any ¢ € [0, 77,

<t>1_p0”1||HNo+1 + <t>11/10||1||WN2+1 + <t>1_4p0||51||HN1+1 S 5%' (B.44)
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We consider now the contribution of I1. It follows from and ( - that
A A e
1T = Bo)Blyiwaer 100 + | TV firmasr 00 S 26711,
|S(Ty — Ro)B|| gy +1 + || STV || yyar S ity
Therefore, using the formula ,
()70 D= RoB| o + ()" I D= Ro B[y 0 + () | S(D=RoB)|| v+ S . (B.45)
Therefore, using also ,
(Y27 D]l rnges + (OID oo + V20D s S (B.AG)
Using (B.42)), in the form RyD = Ry(iHoV — B), and the bounds (B.18) and (B.46),
Y177 Ry B — Ro(iHoV) || gvoss + (83| RoB — Ro(iHoV') | yiywa-t1.1/100

- » ) (B.47)
+ <t> pOHS[RoB — RO(ZHOV)]||HN1+1 5 £1.
Moreover,
F[ = iHo(hsD) + 0:/Toh)(€) = 5= [ Dl& = mihtm) sgnl©)xts = n.n) — ol dn
Using (B.1)) and (B.46)), it follows from Lemma
| = iHo(heD) + |0a| Tph|| yxgsr S €3(t) 1P,
| = iHo(haD) + 02| Tph||5ny 41 S €3 ()10, (B.48)
| S[—iHo(haD) + |0 Tph]|| vy 41 S €1 () 0.
The desired bound (B.8) follows from (B.43) and the bounds (B.44)—(B.48). O

B.2. Proof of Lemma We rewrite first the operators R,,. We take the Fourier transform
in a and make the change of variables o — 8 4 p to write

PR = L [ 10D (MO NG+ 0) A = VD) st

Notice that

h(B + p) — h(B) _ 1 /ﬁ(n)emﬂ eine _ i,

p 21 Jr p
Therefore
1 FB) _icn —sen s
R, f](¢ / e P o =P (Mt A1n41)B
IR (©) = 7(2m)" L Jpaymn  p
~ - eiMn+1P — 1 — jm, elmp _
X h(m)-...- h(nn+1) lIn+1P H dBdpdny . .. dn,.
This can be rewritten in the form
1 — ~
" —_— M 1T T —
FRaf](€) = (2T / » nr1(Em1, - g f(E—m Mnt1) (B.49)

X /f;<771> L /}'\L(T]n+1) d7]1 e d77n+1;
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where
e8P elin+1p _ 1 —

p

noetmp _ 1
1
Tln+1pP H _ (B.50)

Mn—&-l(f;??l; e 777’Vl+1) = /}\Q

Using the formula

de ™M —1 1—e M —inpe="P

o p p? ’

and integration by parts in p in (B.50)), we have

— e~ Unt1p _ 1 ( noetmp _ 1
M, 1T - | — - |:_Z§77n+lp ]
n+1(&6 715 1) /]R ’ dp H

ntl imp 1

—i(§ = 41 / e H (B.51)

n . ) . n+1 i
+ Z/ e_ifp anpemfp —2 6“7]p + 1 H €Zmp -1 dp
p =1 P

For j € {1,...,n} let 7; : R™+1 — R™*! denote the map that permutes the variables n; and
Mn+1,

7Tj(7717"' a77ja--->77m77n+1) = (T’lv" <5 n4-1, - - 777n777_7)

The formulas and (| show that

— LI ntl imp 1
W& + Y- M€, 0) = ~i(¢ = musa) [ ¢ pr[[
j=1
n X Z'lepeinjp —_ einjp + 1 n+l einlp —1
+y [ 2 I <t
P =t P
n —i€p NP _ 1 _im.y L imp
e e''l 1 —p e 1
Y| SR
~ Je p p ity P
ntl inp
; e —1
—i€—m—...—n +1)/e"5” ———dp,
" R H p

where 1 := (1,...,7,41). Letting

n _1|_ 1 [Mn+1(§;ﬂ) + Z Mn—f—l(f; Fj(ﬂ))]
7j=1

. +1
_ _7’(5 - . 77n+1 / 715,0711_[ emne — 1
n+ 1

Mny1(&5n) - =

(B.52)
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it follows by symmetrization from (B.49)) that
1 ~
FIR, - M1 (&; = —
[Ruf)() = s [ Man(&F€=m = .= o)
X h(m) ... h(Nuy1) dn.

B.2.1. The operator Ry. We prove now the bounds (B.18]). Recall the formulas

, 1 e 8T ]
[esar—aman©. [ do—mimsgnte), [ S de= e, (B0
R R T R

T2

(B.53)

for any & € R. Using these formulas, the symbol M;(&;7;1) can be calculated easily,

My(&m) = 7(& —m)[sgn(€) — sgn(& —m)]. (B.55)
Therefore
FlRof](&) = % /R(ff — 1) [sgn(€) — sgn(€ —m)] F(€ —m)h(m) dm. (B.56)

The bounds (B.18) can be proved easily. We may assume that ||f[|o-1 < 1. It follows from
w, T

(B.56) that
[1PeRoflz2 < > 2| Py fllose | Pyl e S (072 Y 28w 05| Bl s,
ko+10>max(k,k1) ko+10>k
for any k € Z. Moreover,
IRofllie S D 250 FL flle | Phyhll e S ()P~ 2,
ka+10>k1

The L? bound on Ryf in follows using the assumptions . The L* bound on Ryg
in the second line of (B.18]) follows in a similar way, and this implies the L* bound on Ry f(t)
in the first line of (B.18) (by setting b = 2/5). The weighted bound in also follows in
the same way, using (2.5) and the homogeneity of the symbol defining R).

B.2.2. The operator R;. We prove now the bounds (B.19)). Using (B.54) again

My (&1, m2) == %(5 —m =) [|€ —m —nal + 1€l — 1€ —m| — 1€ —na]. (B.57)

The main observation is that Ma(&;m1,m2) = 0 if [m1] + |n2| < [€]. It is easy to see that

< 2k‘3 2min(k‘1 k2)

~

H-F_l [M2(£?7717772)‘Pk1 (11) ks (02) ks (€ — M1 — 772)}’

LY (R3)
Therefore, using Lemma, the assumption || f|| £l < 1, and the bounds (B.1))

k1+k
[1PeBrfllr S > 2P TS| P Bl o | Py Bl o || P f N e
k2+102max(k,k1,k3)
< 51<t>71 Z 23min(k2’0)/5HP}:;2hHLP,
ko+10>k

(B.58)

for p € {2,00} and any k € Z. In particular,
IPsoRfllgrvos SeF®)™  and  [|PsoRyfllyne1 110 S 1) 2. (B.59)

~
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Moreover

[Rifllr2 S > 2R P oo | Pyl 2| Py fl e S €3()P0 (B.60)
ko+10>max(k1,k3)
Finally, as a consequence of (B.1J), , and Sobolev embedding,
271 PyRy f | poe S 22| PeR f | 2 S 27 PeR ()P0, (B.61)
2_k/10||PIcR1fHL°° 5 2_k/1061<t>_1 . 2_2k/561<t>_1/2 5 6%<t>_3/22_k/2,

for any integer £ < 0. The bounds in the first two lines of (B.19)) follow from (B.59)—(B.61
The weighted bound in the last line follows in a similar way, using an identity similar to (2.5))
and the homogeneity of the symbol.

B.2.3. The operator R,, n > 2. To prove (B.20) we would like to use induction over n. For
this we need to prove slightly stronger bounds. We start with a lemma:

Lemma B.7. For any k= (k1,...,kn+1) € Z" and n > 1 let Fi(fi) be defined by

F(Fuasf)© = [ Miaa(€mou m) 01 (1)

X fel€ = — o= gr) - h(m) - B d,

(B.62)

where n = (M1,...,Mnt1) and

ntl imp iy

M4 (&) / e H (B.63)

Assume that the functions fi, satisfy the uniform bounds

1 fellyiriso < ()12 (B.64)
Then there is a constant Cy > 1 such that if n > 2 then
H Z Fnk fk H Not1 = C()Sl)n+1< >75/4_ (B.65)
keznt1
Proof. Notice that
M1 (& Mng1) = 0 i ome e =0 (B.66)
Taking partial derivatives in 7 it follows that
My (&mse o mpe) =0 if |l 4.+ | < €L (B.67)

Let xo := F (o) and let x{ denote the derivative of xo. Let %1 <...< En-‘,—l denote the
increasing rearrangement of the integers ki, ..., kyy1. In view of (B.67)),

Fop(fe) = Fuk (P, 50 Tk)- (B.68)
Using the formula

inp k k _ k
o [ enten L gy - TR Z 0By, ey
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and the definition (B.62)), we rewrite

n+1 n+1
Fog(fi)(x) = (2m)" /R L, ful@=p) 11 Bt = o =) - T] En (i p) dpdy. — (B.70)

=1 =1

We notice that
[ 1ty )] dy 5 min (1, 2). (B.71)
The inequalities (B.71]) show that
n+1 . . . "
/ 1 K, p)‘ dpdy < C™HI2ME AR (1 g kg — ), (B.72)
Rn+2 =1 -

for some constant C' > 1 (which is allowed to change from now on from line to line). Therefore,

using (B.70)),

[Frs(f)]l 2 < C™H (A + [Bnia = Fnl) - fillzoe |1 P Ble ZHI2’” 1P Al o - (B.73)

Therefore

Z HFME(JC&)HHNOH < (061)"+1<t>*(”+1)/2+p0’
(K1yeeiskng1)€J1

Rt —(n1)/2+ (B.74)
Z HF"%E(PZEnJrl—lOn-Fle)HHNO+1 < (Ce)™ ) "
(k1,....knt1)€Jd2
where
Jyi= (k1. ki) € 2702 Topyy < max(0, %) + 10}, (B.75)

Jo = {(kl, coiskng1) € Y/ 75”“ > maX(O,%n) + 10n}.
It remains to prove that if n > 1 then
H > Fn,E(nglfIOnfE)HHNOH < (Cren)"™H ()~ (B.76)
(k1,....knt1)€J2

for some constant C; > 1, where e; =1 —pg and e, = 5/4 if n > 2.
We prove the inequalities in (B.76|) using induction over n (the case n = 1 follows from
our discussion of the operator R; before, noticing that only L* norms on 0, f were used in

B59) (B60). We decompose
Kkn+1 (yn+1> p) = Kkn+1 (yn+17 P) + 22kn+1X6(2k"+1yn+1)

where
2" [xo(2"(y + 9)) — x0(2"y) — 2°px0(2*y)]

Ki(y,p) = p

Then we decompose

Fro(P<iy—10nf1) = Fpr 4 (P<iy—10nfi) + Fr 1 (P<t;—10n.fk):
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where
n+1 n

Foi(9)(z) == C"“/R L, 9@=p) 11 B iz —p—w0) K, (ngrs 0) [ [ K (i, p) dpdy, (B.77)
) =1 =1

and
n+1

F2,(g)(x) = O™ / oo —p) [[ PLhtz— o —m)
=1

Rn+2

(B.78)

n
% 22kn+l X6(2k’ﬂ+lyn+1) H Kk‘l (yl7 p) dpdy
=1

‘We notice that
/R | Ki(y, p)| dy < 2Fpmin (]p| ", 2%).

Using also (B.71)) it follows that if (k1,...,kn+1) € Jo then

which is slightly stronger than the inequality (B.72|). Therefore

|

Therefore, for any [ > 0,

|A[ X FraPenmiont)] |, < a2 Y 1P Al
keJo |k1—1]<10

n ~ o~
Kios (Yns1,p) H Ky, (y1, ,0)‘ dpdy < Cn+1(1 + |kn — kn_1|)2k;1+--.+kn,
=1

n ~
FLaPat o), < €Ut = Facal) - el 1P, Al e TT 2502 Al
=1

Therefore

| Y FaParmsonti)| . < (Cory™ 1) 7>/, (B.79)
ke

We estimate now the contributions of the terms FT% o (P<ki—10nfr). We integrate the variable
Yn+1 in the defining formula (B.78)). Let

I(kr o kn) (2) 1= Z f(kl,...,kn,knJrl)(z)/ B, h(z = yns1) 20 (25 ) dyngr.
kn1<k1—10n R

Using the assumptions (B.64) and (B.1)), it is easy to see that
D@ D) Pigipy, ol S ()77 e1(t) 725,
leZ
The induction hypothesis shows that
| 32 B alPag, s aub)] s < (@000 1)
ke
The desired conclusion follows, using also (B.79)) provided that Cy is sufficiently large. O
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The inequality on the first term in (B.20) follows from this lemma with f; = 0, f. To prove
the bound on the second term we start from the formula (B.53)) and write, as in (2.5)),

.F[SRnf]( 271' 7’L+1 /R ” n+1 "S Q)S/a:f(g—nl — ... —7’]n+1)ﬁ(7’]1)ﬁ(nn+1)dﬁ
1)cy, , N -
+ ngjr_ n+cl /]R o Mn+1 & 77) f(§ — M = e = Opg1)h(m) ... Sh(Nn+1) dﬁ
+ (2:)77171—1—1 /]R"H Mé—kl(f?ﬂ)aﬂnf(f -nm—...— 77n+1)/ﬁ(7]1) .. ./ﬁ(nn_,_l) d@
(B.80)

where ¢, := —1/(m(n + 1)), M} ,(&n) is as in (B.63), and
n+1

M (&m) = = (806 + Dm0, ) (M) (€ ).
j=1

We notice that M, (A§; An) = X"M], (&), if A > 0. Taking the X derivative it follows that

M1 (§m) = —nM (&) (B.81)

The estimate on SR, f in (B.20]) follows by the same argument as in the proof of Lemma
using dyadic decompositions and the bounds (B.1]). As a general rule, we always estimate
the factor that has the vector-field S in L? and the remaining factors in L. This completes

the proof of Lemma

APPENDIX C. ELLIPTIC BOUNDS

In this appendix we prove elliptic-type bounds on several multilinear expressions that appear
in the course of the proofs, mainly in the derivation of the equations done in section [3| and in
the energy estimates in sections

C.1. The spaces O, . We start with a definition (recall (2.2)).

Definition C.1. Assume a € [—2,2] and let b := —1/10. Let Oy, denote the set of functions
fi € C([0,T] : L?) that satisfy the “linear” bounds, for any t € [0,T),

) F1 @) s + O TN O vy s + OO i masan S €1 (C.1)
Let Oa, denote the set of functions fo € C([0,T) : L?) that satisfy the “quadratic” bounds

O fa )] prvore + OV S fa )| i + OS2 ()l sa S €7 (C.2)
Let O3 denote the set of functions f3 € C([0,T] : L?) that satisfy the “cubic” bounds

O 50| g + O PUS L3O e + O NS5O iwgra S €1 (C.3)

In other words, the generic notation O,, , measures (1) the degree of the function (linear,
quadratic, or cubic) represented by the exponent m, and (2) the number of derivatives under
control, relative to the Hamiltonian variables |0, |k, |8,|'/%¢ which correspond to a = 0. Notice
that O3, C O24; in the linear case O1, we make slightly stronger assumptions on the low
frequency part of the L? norms.

We will often use the following lemma to estimate products and paraproducts of functions.
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Lemma C.2. Assume that mi,mo : R x R — C are continuous functions with

sSupp m; C {(5777) € R2 : |§ - 77’ < |77’/24}7

’ (C.4)
suppmy C {(&,m) € R?: [¢ —nl/In| € [27%°,2%]}.
Assume that
[F i€ men@llln S1, 0 | F mal&n)er (€ = e, S 1, (C.5)
for any k,ki,ko € Z. Let my := —(£0¢ + 1n0y)my, see (2.6), and assume that the multipliers

my, my satisfy the bounds (C.5)) as well. Let My and Ms denote the bilinear operators associated
to m1 and ma, see (2.4). Assume that m,n € {1,2,3}. Then, for any a € [-2,2],

Zf f € Om7,2, (/S On,a then Ml(f7 g) € Omin(m+n,3),a N Ol,on (CG)
and, for any a € [—2,0],
Zf f € Om,aa g &< On,a then MZ(fv g) € Omin(m+n,3),a+2 N Ol,a+2- (07)

Proof. We only show in detail how to prove the bounds (C.6|) and (C.7|) when m = n = 1, since
the other cases are similar. We assume that ¢ € [0, 7] is fixed and sometimes drop it from the

notation. Using Lemma the definition (C.1)), and the assumption (C.5)),
1PMi(f,9)|| 1o S I PRglle | Pk fllzee S €1 ()~ 2|1 Pgll o
for p € {2,000} and for any k € Z. Therefore

HMl(f? Q)HHNOJFQ’I) S_; €%<t>*1/2+p07

3 (C.8)
HMl(f7g)HWN2+a,b rs E2<t> 1'
Similarly, using Lemma [2.1] the definition (C.1]), and the assumption (C.5)),
|PMi(f,S9)|| 2 S ISl 2| P o S ea(t) ™2 PSgll L2,
and
|PLML(S S, 9)]| 12 S IPLgllee || P<iS fllr2 S ex(t)*0er(t)~"/% min(27 2%, 27 F(Nata)),
Therefore
HMl(f7 Sg)||HN1+a,b + HMI (Sf7 g)HHNl-Fa,b S E%<t>71/2+4p0' <Cg)
Moreover, since m; satisfies the same bounds as mj, we have as in the proof of (C.8§)),
Hﬁl(fa g)HHNrFa,b f, €%<t>71/2+4p0' (ClO)

The desired identities (C.6) follow from the bounds (C.8)—(C.10) and the identity (2.5).
We consider now the operator My and prove ((C.7)) when m = n = 1. We estimate first,

using as before Lemma the definition (C.1)), and the assumption (C.5)),

IMa(Fo )l S D NPk Flliell Praglize S e3it)1/20 (C.11)
|k1—k2|<30
and, similarly,
M (f,9)|| 1o S €37, (C.12)
[Ma(f, )|, S &3 8)%, (C.13)

IM2(SF. )| o + [|M2(f.S9)|| 1> + | Ma(f, 9)|| o S 3¢ty =/ 34, (C.14)
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1128, 9) | 1 + [, S| o + [Ma(F 9)]| 2 S 30) (C.15)

These estimates and Sobolev embedding (in the form ||Pyhl|2 < 25/2||Pyhl[;1) provide the
desired estimates on low frequencies,

0 Pabo (. 9) st 0] PaS ML ) o IPMS, ) s S
and
£) | P<ado (£, 9)| jrvgvan + (07| [P<aSMa(f, 9)| jyvi-vo
+ (¢ >1/2HP§4M2(f,g)HWN2+2,b Sel
To estimate the high frequencies we notice that, for £ > 0 and p € {2, 00}

[P 9)ll e S D (1P S| -er(e) 22 R,

k1>k—30
Therefore
HP>OM2(f7 HHNO+0¢+2 S, 5% <t> 1/2+p0

Z 92 N2+a+2)szPkM2 f, HLOO 5 €%<t> _ (C.16)

k>0
Similarly
HPZOM2<Sf7 g)HHN1+a+2 + HPZOMQ(f7 SQ)HHNl-Fa-F? + HPZOMQ(fa g)HHN1+a+2 Sj €%<t>71/2+4p0'
The desired conclusions in follow. OJ

C.2. Linear, quadratic, and cubic bounds. In this subsection we prove the elliptic bounds
on the quadratic and the cubic terms used implicitly to justify the calculations in section
Recall the formulas derived in section

0= (]' + hi)_3/2 - ]-7 Y= (1 + hi)_3/4 - 1’ p1L=7, bo = _(3/4)’7.%7

G(h)¢ + hoty (C.17)
- M V =¢,—Bhy, w=¢—-TpP>1h.

Recall the bounds . With the notation in Definition and using also Proposition
and Lemma [C.2] we have
hg € O1, ¢z € O1,_1/2, G(h)¢ € Oy 12, B € Oy _y), V€0 _1/. (C.18)
Using and Lemma it follows that
o€ 020, 7€020, p1€020, po=02_1,
wr — ¢z € 020, [Oz|lw —10:]¢ € Oz, V —s € Oy_1/9, B—G(h)p € Oy _1)s.
Using Proposition it follows that
G(h)p — |0z|¢ € O2p, B — |0:|w € Oy _y 2, Ga(h,¢) € Oa7, G>3 € 03,1. (C.20)
The main evolution system shows that
Oth € Oy _y 2, O € O1,—1.
The formula (B.32), that is (I + T1)¢ = (—iHp + T2)¢, now shows that
O(G(h)p) — iHoOrhy € O2,—2.

(C.19)
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Using again the main system (2.24)) and previous identities,
Oth — |0z|¢ € Oap, 0t — hgy € O2 1, O (G(h)®) + 02>k € O s,

X ; (C.21)
OB + |8x| h € 02772, oV — Omh € 02,,2.
Finally, the formulas (3.17) and (3.21]) show that
u € O1, Na(h,w) € Oz, V- %5z\ax|_1/2(u =) € Oy 1. (C.22)

The following proposition provides suitable bounds on the cubic remainders.

Proposition C.3. Let (G>3,0>3), Us3, Ow,, and Oz, denote the cubic remainders in Propo-
sition Pmposition Proposz'tz'on and Lemma respectively. Then, with N = 3k/2,

G>3 €031,  D>3€ 0312,  Uss €0:]203,p0, (0.23)
(O 7PN Ow ()| grvg o172 + (BN SOW ()| vy —v.-12 S €1, FN <N, (C.24)
O NOw Ol o v1e S8 N €[N N,
and
<t>174p°HOZ(t)HH0A/2 <l (C.25)

Proof. The desired conclusion G>3 = O3 1 was already proved in Proposition We examine
now the term >3 in Proposition Inspecting the calculations that lead from (3.10) to

(3.11)), we see that

5 .
Q>3 = (9
>3 >3
J=1

Ly = _Oeh (haw + 02 T50,h)
= (1 + h2)3/2 ’
Q%5 := [R(B, B) — R(|0;|w, |0, |w)] /2 — [R(V,V) — R(0,w, Oyw)]| /2 — R(V, Bhy),
023 := —Ty,pPorh — Tjp, 31, P>1h,
0Ly = TP<oG(h)¢ — T, P<olOz|w,

Q% :=Tp(Vhy) — Tpn,V — Ty 0y (TpP>1h).
We examine the terms and use f and Lemma to see
Qly =051, Q%3=031, Q23=031, Ql3=0;..
Moreover, an argument similar to the proof of in Lemma shows that
Tt 4,9 —Tr,Thg = O34 if fi=01_-1, fo=01_-1,9=01_1. (C.27)
Therefore, we can rewrite

Q% = [TTh,V — T, V] + T(R(V, hy)) + [TsTvhe — TvTpPs1hy| — Ty Ty, pPs1h,

(C.26)

and conclude that (2523 = O3,1. Therefore Q>3 = O3 1 as desired.
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We now move on to examine the cubic terms appearing in (3.42]) in Proposition For this
we inspect the computations in the proof of Proposition to retrieve all cubic terms that
have been incorporated in Us3. We find

5

Usy e Z Uég: (C.28)
j=1
where
Uls = [02|Gz3 — 10| 2Qx3 + T,p, Po110a b + Toypy Po1|02] 105k (C.29)
+ T, Po1|03] (9th — |0u|w + 0Ty h) + Ty Po110:] 7 00 (9 — 0w + 05Ty h),
U§3 = —[Tp1P21‘8x|7axTV]h - [TpopzllawrlaxvaﬂﬁTV]h + [|8x],8fov+azw]h (C.30)

T g, v o2l Oa 2w + (|00 12, 00Ty — 0] w

. . 3
U2y = i|0,[**T, P<o|0y|h + i (|05 [* > Ty P>1|05 | h — Ty P>1|0: "2 + 5Tawpzlya:,;|1/2axh)

. 3
— (|02 ** Ty, P>1]0s |h — Tpy P10, 2R + §Tazp1P21]8m\1/28xh)
— (102 * Ty 102|102l — Ty P10 ?0, 1),

(C.31)
.
UéB = _ZlTax')/le‘ax|71/2apro|ax|ilaxh
. 3
— (T P>1|05* 2Ty, Po1|85 | h — Ty, Po1]0: /2 + §Twazp1P21|3x|1/23xh) (C.32)

— i(Ty P>1|05|¥ Ty P>1]02| " 0uh — Ty P1]0:|/?0:h)
3
4 2 Doy Por 04720, Ty, Por 0411 — T, P01 20,1).

U4 = |02, 0:Tp,u)(h — h) + il *[T,,, 5 Porh — Tig, s Porh] + 10u| Ma(w, h — B), (C.33)

|02 [3h
where h = (1/2)[0,] (v +1), see (3-30). The first term comes from the remainders in the first
chain of identities in the proof of Proposition[3.2] This is the same remainder that appears also
at the end of . The second term above comes from . The term U2 contains cubic
terms that are discarded in . Quartic terms that have been discarded in , and the
last term on the right-hand side of , are in U4;. The term U2, comes from the formulas

after (3.30)).

We examine the formulas (C.28)—(C.32)) and use Lemma and (C.27) to conclude that
Uss = ]@;\1/20371/2, as desired. This completes the proof of (C.23).

We turn now to the proof of (C.24]). We examine the formula (3.54) and observe that

[0, D ZDJ [0y, D|D*—I 1 ZDJ [0y, 2, | DF 71, (C.34)
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In view of (C.21) and Lemma [0,%,] is an operator of order 3/2 that transforms linear
terms into cubic terms. Moreover
/

_’8$’N: Z P ... P,
Pr,..,Pef]02]3/2,54}

where the sum above is taken over all possible choices of operators P, ..., P, € {|0,|*/2, .}
not all of them equal to |9,[*/2. Therefore D¥ — |9,|N is an operator of order 3k/2 that
transforms linear terms into cubic terms. Finally, using Lemma Lemma and Lemma
N, is a quadratic term that does not lose derivatives, N, € Oz . The desired conclusion

follows by applying elliptic estimates, as in the proof of Lemma to the terms in the last
two lines of ((3.54)).

The proof of (C.25) is similar, using the formula (3.63)), Lemma [C.2] and (C.34)). g
The next lemma gives bounds on the nonlinear terms in Propositions [3.4] [3-5] and [3.6]

Lemma C.4. With the notation in definition [C.1] we have

dyu — ihu € |9,Y204 1, (C.35)
N €10:7204.35. (C.36)
Moreover
P01 = inJullz S F2/3(1 1) 2@ 4 (14 1)1, o
|P(8r — iN)Sul| 2 S e32F/2(1 4 1)1/ (282 4 (1 4 1)71/2),
Furthermore, with notation of Pmposition let Z = SD*M/3y, and

Nz :=Nz1+Nza+Nzs. (C.38)

Then, we have
1P (0r — i0) 2| 2 S eF2R/2omax(h0) (1 4 )~ 1/2H4p0, (C.39)
1PNz 2 S e32mink0) (1 4 )= 1/2Hpo, (C.40)

Proof. The bounds ((C.35))—(C.36| follow from the formulas (3.42)—(3.44]), the bounds on the
symbols in Lemmas nd A.2| and Lemma The bOllthh provide a more
refined version of the bounds (C.35)) when k& < 0, follow by decomposing the nonlinearity into
quadratic and cubic components.

The estimates ((C.39)—(C.40]) follow from the formulas in Proposition using the same
symbols bounds as before and Lemma O

C.3. Semilinear expansions. Recall the notation for trilinear operators

FIM o f)(© = 1z [ mien i = mhtn—)fa(e) dndo. (Ca1)

The starting point for the semilinear analysis in sections [§] and [9] leading to pointwise decay,
is the equation stated at the beginning of section |8, In this subsection we show how to
derive starting from the main equation in Proposition In particular, to derive
(8.2) we will need to expand the nonlinearity as a sum of quadratic, cubic, and higher order
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terms. We point out that at this point we are not interested in the potential loss of derivatives.
The following is the main result in this subsection.

Lemma C.5. Let U = |0,|h — i|0,|'/?¢, where (h,$) are as in Proposition . Then we can
write

U —i|8,*?U = Qu + Cu + Rsa, (C.42)
where the following claims hold true:
e The quadratic nonlinear terms are
Q= > Qere2(Uey, Usy),s (C.43)
(ere2)e{(++),(+-),(—)}
where Uy = U, U_ = U, and the operators Q. ,Q+_,Q__ are defined by the symbols

_ el — el AElEE —m) = €l —nl) i€ (n(€ —n) + [nll€ — nl)

6 = gl Sllé — al1 2 Sl 2lE

gi () = CilglEn = [Ellnl) | ilgIEE —n) = [ElE=nl) ¢ (€ —n) + Inll§ - 77|)’
4n[1/2|€ — | 4ln||g = n|t/? Aln[1/2]€ — n|t/?

o (€)= Cil&lEn = [€lm)  dl€1EE —m) — [€]1E —nl) n i€ (€ =) + Inll€ — )
8|n|1/2]¢ — | 8[nllg —nl1/2 8ln|'/2|¢ — n[1/2

(C.44)

e The cubic terms have the form
CU = MJrJr*(Ua Ua U) + M+++(U7 Uv U) + M**Jr(U) ﬁv U) + M***(U’ U) U)? (045)

with purely tmaginary symbols m,,,,., such that

H]:_l [lebzbg (‘Ea 7, U) : Sok(g)(pkn (§ - "7)8%2 ("7 - O—)(Pkg (U)] HLl 5 2k/22max(k1,k2,k3) (C46)

for all (tie9t3) € {(++ =), (— —+),(+++),(— — —)}. Moreover, with d; = 1/16,
myq (€0, =€) = ida|¢]*>. (C.47)
® R>4 is a quartic remainder satisfying
IR24ll 2 + 1SR2all 2 S €1(t) 75/ (C.48)
Moreover
Cu + R4 € |8,]%05 1. (C.49)

Let O, denote the set of functions g € C([0,T] : L?) that satisfy the ”quartic” bounds
lg(®)ll2 + 1S9l 2 S e1(t) >, (C.50)

for any t € [0,T], compare with (C.48). It is easy to see, using the same argument as in the
proof of Lemma that

M(0O1,-2,05,2) € Oy, M(O2,-2,022) € Oy (C.51)
for any bilinear operator M associated to a multiplier m satisfying
[mPkrk2 || goo 4 ||REFIR2|| g0 < 1, for any k, ki, ks € Z, (C.52)
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where m(¢, 1) = —(£0 + 1dy)m(&, n).
To identify the cubic terms we need the following more precise expansion of the Dirichlet—

Neumann map. This follows from the formula (B.32]) (recall that G(h)¢ = —),) and the proof
of Lemma (see, in particular, (B.20]), (B.53)), (B.55)), and (B.57)).

Lemma C.6. With (h,$) as in Proposition[2.4, we have
G(h)¢ = [0x]¢ + DNs[h, ¢] + DN3[h, h, ¢] + DN>4, (C.53)

where

fUmHM@}Z;néﬁ@—ﬁ@WWﬂﬂmW% na(§m) =€-n—[¢llnl,  (C.54)

F{DNalhhol} = 113 | A€ = n)hln - )(emse.n.c) dn

(C.55)
_ lElo| el
n3(&,m,0) = =5 (Inl +1& +o —nl =& = lal),
and, for any t € [0,T],
IDN>4(t)l|rvo + |S(DN54) (1) | vy S e1(1+ )74, (C.56)
We can now prove Lemma [C.5
Proof of Lemma[C.5. We start from the equations (2.24]),
8§h 1 2 (G(h)¢ + hx¢x)2
Oth = G(h)¢, P = W - §¢x + (11 72)
Letting U = |0,|h — i|02]'/2¢, it follows that
OU — il0:[**U = Qu + Cur + Rsa,
where with DNy = DNs[h, ¢|, DN3 = DN3lh, h, ¢],
1
Qu = [0z| DN3 + 5\3m|1/2 (07 — (10:19)%],
3 (C.57)
CU = ’ax|DN3 + §|ax|1/2(hmh3:) - i|ax|1/2 [|8x|¢ (DNZ + hx¢x)]»
and
RM:48WNy%WPQV (——L—f—1+§ﬁﬂ
>4 - €T T T (1+h§.)3/2 2 x

o Z|8 ‘1/2 [[G(h)¢ + hz‘bx]Q o (’ax‘(b)Q + 2’8$‘¢ ) (DNQ + h$¢$>:|
* 2(1+ h2) 2 ‘
Notice also that
1 — ] —
h=310: U +D), 6= 351072 U -D).
The conclusions (C.43) and (C.44)) follow from the formula for the quadratic term Qg (for
the symbols ¢4+ and ¢__ it is convenient to symmetrize such that Q. (f,g9) = Q++(g, f)

and Q__(f,g9) = Q__(g,f)). The conclusions (C.45)—(C.46) for the cubic components also
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follow from the explicit formulas in (C.57)). The symbols m4_,my 4+, m__, m___ are linear
combinations, with purely imaginary coefficients, of the symbols

2 —n| — €] — 120 _ o\2(m _
p1(§,n,0):’€‘ lo|(In] + 1€ + o —n| — |¢] ]a|)’ P2(€,77,0)=|§| (& —n)%(n—o)o

& = nlln — ol|a|!/? & =nlln—ollo] 7
_[€1M21E = 2ol (lo| = |n])
p3(§7n? J) - ‘77_0—“0—‘1/2 .
(C.58)

More precisely, we have
i[_pl(‘ga 7770) +P1(fa77777 — U) +p1(§7§ — 0,1 — J)]

myy (&n,0) =

16
+ 3i[P2(f,7]a U) +p2(§a nn— J) +p2(§7§ — 0,1 — J)]
16
N i[=p3(&,m,0) +p3(&§,m,m — o) —p3(§,§ —o,n — )]
3 )
Therefore g g g L
(60, ) 2R BIEP e il

16 16 8 16
as claimed in (C.47)).
The bounds on the quartic term R>4 follow easily from the defining formula, Lemma

(C.51) and Lemma O

C.3.1. The resonant value. We now compute the resonant value ¢~ (&,0,—£), see :8.57 ,
;2

from the formulas (8.11) and (8.4)). Since ¢ (0,2) = 0 and m, . _(£,0,—¢) = id1 |32 we
have, using (8.52)),

i (E,0,-8) = 2my g (§,0)q4— (0, =€) + my (&, —E)qu4(2£,€) — my—(&,0)q4-(0,¢)
—2m__(§,—€)q-—(2£,&) + my4(£,0,=¢)
=my (& =g+ (26,€) — 2m_ (&, —&)q——(2£,€) + ida|¢]*>.
Since q14(26,€) = ¢-—(2¢,€) = i|¢[*?v2/4 and g4 (§,—€) = 2q- (&, —€) = il¢/?/4, we

obtain

— _ q+- (55 *5)q4r+(2§7 5) 2(]77(5, 76)(]**(257 5) /
OO = g g ep e pep e T (o
= dol€[*/?,

where dy = —1/16.
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