
Electric inertia and ideal magnetic reconnection in 2D

Peter Constantin and Zhongtian Hu

ABSTRACT. We consider inertial magneto-hydrodynamic systems in 2D. We show global existence and unique-
ness of smooth solutions and global existence and uniqueness of weak solutions in Yudovich class. We prove
magnetic reconnection without magnetic resistivity, for smooth solutions and for patch solutions. This is ob-
tained by proving merger in corresponding systems of coupled active scalars.

1. Introduction

Ideal magnetic fields do not change topology of magnetic lines, as a consequence of the magnetic in-
duction equation. But change of topology of magnetic lines does occur in nature. There is a well established
correlation between fast magnetic reconnection and solar flares. A natural suggestion is that resistive MHD
evolution might be responsible for topology change, leading to magnetic reconnection events [2, 17]. The
reconnection of vortex lines is followed by massive energy release. There is an analogous problem in in-
compressible Navier-Stokes equations. In [10, 11] it was argued on the basis of physical and analytical
arguments that vortex reconnection is a regularizing mechanism in Navier-Stokes equations.

A different type of magnetic reconnection mechanism was proposed, based on a modification of ideal
MHD due to magnetohydrodynamic inertia. This was discussed in [5] and [14] in 2D. and more recently in
[3] for 3D. The main idea is that the electronic inertia modifies the transport.

In this paper we prove that magnetic reconnection does occur without magnetic resistivity. We take with
[5] a model of electronic inertia in 2D plasma dynamics. The magnetic field is B = ∇⊥ϕ where ϕ is a
scalar time dependent function of two variables and ∇⊥ = (−∂2, ∂1). The current density is J = −∆ϕ and
a variable F = ϕ+ J plays the role of a canonical momentum. The electron flow velocity is given by ∇⊥ψ
where ψ is a stream function. We denote by ω the vorticity, ω = ∆ψ. The system [5] is{

∂tF + {ψ, F}+ {ϕ, ω} = 0,
∂tω + {ψ, ω}+ {ϕ, F} = 0.

(1)

Here {f, g} = ∂1f∂2g − ∂2f∂1g is Poisson bracket.
As noted in [5], the quantities F + ω and F − ω are each advected by incompressible velocities

∂t(F + ω) + {ψ + ϕ, F + ω} = 0 (2)

and
∂t(F − ω) + {ψ − ϕ, F − ω} = 0. (3)

If initial data for F ± ω are integrable and bounded in space, that is, if both initial data are in the Yudovich
class Y = L1 ∩ L∞, then the solutions remain in Y. Formally, from (2) and (3) it follows that

∥(F ± ω)(t)∥Lp = ∥(F ± ω)(0)∥Lp .
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for every 1 ≤ p ≤ ∞. This is powerful information. The equations are a coupled system of active scalars
[10, 11], σ± = F ± ω advected by incompressible velocities v±,

∂tσ± + v± · ∇σ± = 0. (4)

The velocities v± are obtained from σ± by a linear, time independent equation of state{
v+ = ∇⊥ (Kσ+ + Lσ−)
v− = ∇⊥ (−Lσ+ −Kσ−)

(5)

where

K =
1

2

(
(−∆+ I)−1 − (−∆)−1

)
(6)

and

L =
1

2

(
(−∆+ I)−1 + (−∆)−1

)
(7)

are functions of −∆. In this paper we call this system the “right-handed” system. We discuss also an
analogous system we call “left-handed”, where (−∆+ I)−1 above is replaced by (∆− I)−1, corresponding
to having F = ∆ϕ − ϕ instead of F = −∆ϕ + ϕ. (We choose to keep ω = ∆ψ throughout, because of
the analogy to fluid equations, but switching to ω = −∆ψ and keeping F = −∆ϕ + ϕ results in the same
left-handed system, mutatis mutandis. ) The left-handed system is thus (4) together with{

v+ = −∇⊥ (Lσ+ +Kσ−)
v− = ∇⊥ (Kσ+ + Lσ−)

(8)

which means that K and L have been switched to −L and −K compared to (5).
Both systems have unique global smooth solutions in C1,α and unique global weak solutions in Y. Both

systems can be derived as critical points of a Lagrangian action [14] (see also Section 8), both have infinitely
many conserved quantities (Casimirs) and both systems are capable of producing topology change of the
magnetic field F in both smooth regimes and in vortex patch regimes. The two systems are similar, but
not at all the same. In the original right-handed system described above, the diagonal terms K and −K
would vanish if I would be replaced by zero. In fact, the operator K is smoothing of degree four (while
L is smoothing of degree two) and is small at small distances. Removing the screening term I, we have at
leading order (at high frequencies, or small scales){

∂tσ+ − (∇⊥∆−1σ−) · ∇σ+ = 0,
∂tσ− + (∇⊥∆−1σ+) · ∇σ− = 0,

(9)

a system in which one scalar drives the other. For the left-handed system, removing the screening term I
results in the system {

∂tσ+ + (∇⊥∆−1σ+) · ∇σ+ = 0,
∂tσ− − (∇⊥∆−1σ−) · ∇σ− = 0,

(10)

a system in which the scalars obey incompressible Euler equations and do not interact. Here the origin of
the topology change is much simpler and clearer, the merger of the scalars is due to their lack of interaction.

Both the left-handed and the right-handed unscreened systems have the full Euler two-parameter scaling
properties, meaning that if σ±(x, t) is a solution, then so is 1

T σ±
(
x
L ,

t
T

)
for any positive T and any positive

L. By contrast, the screened systems have a distinguished natural length scale (related to the electronic skin
depth, and taken to be the unit in this paper). In order to prove our change of topology results, we first
understand them in unscreened leading order systems, and then prove they hold in the screened systems as
well, by taking advantage of the smallness of the difference between unscreened and screened kernels at
small distances, and by perturbing the merger of small scale solutions of the unscreened systems.

For the left-handed system where the unscreened solutions are non-interacting 2D Euler solutions we
prepare two patches, a rotating Kirkhhoff ellipse and a disk, which are initially disjoint and which overlap
later during the evolution. We then show that suitably scaled down, these two patches provide initial data
for finite time merger of solutions of the screened equations.
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For the right-handed system we need to establish first the unscreened merger. This is done by choosing
a specific configuration with symmetry. Both σ+ and σ− are taken odd in x1 and we also assume that σ−
is obtained from σ+ by reflection across the x1 axis. These symmetries are preserved by the right-handed
equations (both screened and unscreened). Then we consider initial data for σ+ that are compactly supported
in the upper half plane and have a single sign in the upper right quadrant. Thus, the supports of σ+ and σ−
are initially disjoint. We obtain the finite time merger by analyzing the evolution of local barycenters. We
show that the support of σ+ rapidly descends and crosses the x1 axis, while by symmetry, σ− ascends
across it, and merger occurs. We show then that this behavior is produced also in the screened right-handed
equations by analyzing the same objects. We also provide a more general merger stability analysis (see
Section 6) where we show that merger in unscreened equations from smooth disjoint compactly supported
initial data implies merger of small scale solutions in the screened equations. We consider further the
stability of merger under resistive approximations, and show that, in the smooth case, solutions of resistive
equations converge strongly to solutions of the ideal equations, and thus the ideal merger is stable to small
resistive perturbations. This result is expected to hold also in Yudovich class, on a basis of an inviscid limit
in the spirit of [13], a topic which will be pursued in later work.

The organization of the paper is as follows. In Section 2 we prove global existence and uniqueness of
smooth solutions. Global existence and uniqueness of Yudovich class solutions is presented in Section 3.
Merger of solutions of the screened left-handed equations for vortex patch initial data is presented in Section
4. The construction of merger of smooth solutions of unscreened and of screened right-handed equations is
in Section 5. Stability of merger is discussed in Section 6. The limit of zero resistivity for smooth solutions
is proved in Section 7. A unified formal derivation of both right and left handed equations is presented in
Section 8.

2. Global existence and uniqueness

The results in this section are valid for both the right-handed and left-handed models, and their proofs
are identical. We present the right-handed case. We consider the operators

U(ω) = ∇⊥(∆−1)ω (11)

and
B(F ) = ∇⊥(I−∆)−1F. (12)

In Eulerian frame, setting
σ± = F ± ω (13)

and
σ = (σ+, σ−), (14)

we have
∂tσ± + V±(σ) · ∇σ± = 0, (15)

where
V±(σ) =

1

2
(U(σ+ − σ−)± B(σ+ + σ−)) (16)

which holds in view of the fact that

ω =
1

2
(σ+ − σ−), F =

1

2
(σ+ + σ−), (17)

and so
V±(σ) = U(ω)± B(F ), (18)

and (15) is just the system (2), (3).
We consider a pair

X = (X+, X−) (19)
of Lagrangian maps

X±(·, t) : R2 → R2 (20)
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and fields τ = (τ+, τ−) : R2 → R2 which are time independent and correspond to the initial data,

τ(a) = (F0(a) + ω0(a), F0(a)− ω0(a)) = σ0(a) (21)

We solve
∂tX± = U±(X) (22)

where
U±(X±) = V±(τ+ ◦X−1

+ , τ− ◦X−1
− ) ◦X± (23)

with initial data
X±(a, 0) = a. (24)

Using the method of [12] we have

THEOREM 1. Let 1 < p < ∞ and 0 < α < 1, and let τ± ∈ (C1+α ∩ Lp)(R2). There exists T > 0
depending only on the norms ∥τ±∥Lp∩C1+α and λ± ∈ Lip(0, T ;C1+α(R2)), with λ±(a, 0) = 0, such that
X±(a, t) = a+ λ±(a, t) solve (22).

The solution X(a, t) = (X+(a, t), X−(a, t)) depends in Lipschitz manner on initial data in the norm of
|||X||| = supt∈[0,T ] ∥λ±(t)∥C1+α , i.e. if X̃ solves the Lagrangian system with initial data τ̃ then

|||X − X̃||| ≤ C∥τ − τ̃∥C1+α∩Lp . (25)

This theorem implies that the solution of (15) is given by

σ±(x, t) = τ±(X
−1
± (x, t)) (26)

for t ∈ [0, T ]. We note that
∥σ±(t)∥Lp = ∥τ±∥Lp (27)

holds for 0 ≤ t ≤ T and for 1 ≤ p ≤ ∞ because X± are volume preserving.

REMARK 1. In contrast with the single fluid Lagrangian evolution, where the Lipschitz dependence is
only on ∥τ − τ̃∥Cα∩Lp , for two-fluid equations there is a loss of a derivative.

The global existence of solutions now follows from a priori estimates and uniqueness, in Eulerian coor-
dinates. We use the inequality

∥∇V±(σ)∥L∞ ≤ C∥σ∥L∞ log

2 +
∥∇σ∥L∞∥σ∥

1
2

L1

∥σ∥
3
2
L∞

 . (28)

We obtain

THEOREM 2. Let τ± ∈ (L1 ∩ C1+α)(R2). There exists C > 0 and a unique solution σ(x, t) =
(σ+(x, t), σ−(x, t)) of (15) with initial data σ±(x, 0) = τ±(x), satisfying

∥σ(t)∥C1+α∩L1 ≤ ∥τ∥C1+α∩L1 exp

C (eCt∥τ∥L∞ − 1
)
log

2 +
∥∇τ∥L∞∥τ∥

1
2

L1

∥τ∥
3
2
L∞

 (29)

for all t ≥ 0.

PROOF. We indicate only the salient elements of the proof and provide useful a priori bounds. On the
basis of (15) we have the a priori information that

∥σ±(t)∥Lp = ∥τ±∥Lp (30)

holds for all 1 ≤ p ≤ ∞. Then using the stretching equation

(∂t + V±(σ) · ∇)(∇⊥σ±) = (∇V±(σ))(∇⊥σ±) (31)
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and the bound (28), we deduce using the logarithmically superlinear ODE that

2 + ∥τ∥
1
2

L1∥τ∥
− 3

2
L∞∥∇σ±(t)∥L∞ ≤ exp

eCt∥τ∥L∞ log

2 +
∥∇τ∥L∞∥τ∥

1
2

L1

∥τ∥
3
2
L∞

 (32)

holds a priori. Returning to (28) we have

∥∇V±(σ)∥ ≤ C∥τ∥L∞

eCt∥τ∥L∞ log

2 +
∥∇τ∥L∞∥τ∥

1
2

L1

∥τ∥
3
2
L∞

 (33)

Because of the equation
d

dt
(∇X±) = (∇V±(σ) ◦X±)∇X± (34)

we know that the Lagrangian maps X± are globally defined, invertible and they and their inverses are
Lipschitz, with a priori bounds of their Lipschitz constants that are uniform in space and doubly exponential
in time.

max{∥∇X±(t)∥L∞ , ∥∇X−1(t)∥L∞} ≤ A(t) (35)
where the doubly exponential amplification factor A(t) is

A(t) = exp

C (eCt∥τ∥L∞ − 1
)
log

2 +
∥∇τ∥L∞∥τ∥

1
2

L1

∥τ∥
3
2
L∞

 (36)

as it follows from (33) and (34) integrating in time. Note that A(t) is a priori controlled in time (by a double
exponential) and depends only on ∥τ∥W 1,∞ . Note also that the expression is nondimensional.

Returning to (31) and using (33) we have also the bounds

∥∇σ±(t)∥Lp ≤ A(t)∥∇τ±∥Lp (37)

for all 1 ≤ p ≤ ∞.
At this point we have the information needed to pass to C1+α norms. We use the fact composing with

X±(t) orX±(t)
−1 does not change L∞ norms and amplifies Holder seminorms byA(t). (We replaceA(t)α

by A(t) here using that A(t) ≥ 1.) Repeated compositions do not change the amplification significantly
because of the doubly exponential nature of A(t), so that A(t)2 or A(t)3 are still doubly exponential factors
which are a priori controlled in time by ∥τ∥W 1,∞ .

The fact that σ±(t) = τ±(X
−1
± (t)) is used now together with the chain rule,

∇σ± = (∇τ±(X−1
± ))(∇X−1

± ). (38)

Now Cα is a Banach algebra with ∥fg∥Cα ≤ ∥f∥L∞∥g∥Cα + ∥g∥L∞∥f∥Cα . We estimate

∥∇τ± ◦X−1
± ∥Cα ≤ A(t)∥τ∥C1+α (39)

In order to estimate ∥∇X−1
± ∥Cα we use the fact that the inverse map solves the ODE in Lagrangian coordi-

nates
d

dt
(∇X−1

± ◦X±) + (∇X−1
± ◦X±)(∇V±(σ) ◦X±) = 0. (40)

We use the bound (33) and also the Eulerian fact that ∥∇V±(σ)∥Cα ≤ C∥σ∥Cα . This is due to the bound-
edness of Riesz and Bessel transforms in Cα. Then

∥∇V±(σ) ◦X±∥Cα ≤ A(t)∥τ∥Cα (41)

and consequently after judicious use of (33) and (41) we have

∥∇X−1
± ∥Cα ≤ CA(t)3 (42)

We omit further details. □
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3. Global existence and uniqueness of weak solutions in Yudovich class

The global existence and uniqueness of weak solutions with σ± ∈ Y = (L1 ∩ L∞)(R2) is established
here. The result holds for both the right-handed and the left-handed models with similar proofs. We show
here the original right-handed case. We introduce the notion of weak solution in Yudovich class.

DEFINITION 1. Given initial condition τ = (τ+, τ−) ∈ Y2 and T > 0, we say that σ = (σ+, σ−) is
a Yudovich class solution of (15) on [0, T ] with initial data τ , if σ± ∈ L∞([0, T ]; (L1 ∩ L∞)(R2)), the
equation

∂tσ± +∇ · (V±(σ)σ±) = 0 (43)

holds in C([0, T );W−1,p(R2)) for 1 < p <∞, with V±(σ) defined in (16), and if

τ(x) = lim
t→0

σ(x, t) in (W−1,p(R2))2.

Here, we recall (16):

V±(σ) = KU ∗
(
1

2
(σ+ − σ−)

)
±KB ∗

(
1

2
(σ+ + σ−)

)
,

where KU,KB are kernels of the operators U,B (cf. (11), (12))
With the above definition, we prove the following theorem:

THEOREM 3. Fix any initial data τ ∈ (L1 ∩ L∞)(R2). There exists a unique Yudovich class solution
σ = (σ+, σ−) with initial data τ on [0, T ] for any T ∈ (0,∞). Moreover, the velocity vector fields V± are
log-Lipschitz in space. Define the Lagrangian trajectory X(a, t) = (X+(a, t), X−(a, t)) to be the (unique)
solution to ODEs:

dX±(a, t)

dt
= V±(X±(a, t), t), X±(a, 0) = a. (44)

Then X(a, t) is Hölder continuous with respect to a. More precisely, we have

|Xϵ
±(α1, t)−Xϵ

±(α2, t)| ≤ C|α1 − α2|β(t), (45a)

|(Xϵ
±)

−1(x1, t)− (Xϵ
±)

−1(x2, t)| ≤ C|x1 − x2|β(t), (45b)

where β(t) = exp(−C∥τ±∥L1∩L∞t) for some universal constant C > 0.

PROOF. We remark that the existence part of Theorem 3 can be adapted from the single-fluid Yudovich
theory for 2D Euler equation, so we provide only the outlines of the proof. The uniqueness part is more
subtle and we provide a full proof in the spirit of the original proof of [18]. A proof using exponential
integrability and Legendre transform, as in [13] is also possible, but we do not pursue this here.

The proof for existence is presented in the following steps:
(1) Introduction of ϵ–mollified solution. Given ϵ ∈ (0, 1), we let ϕϵ be the standard mollifier at

spatial scale ϵ and define the mollified initial data as τ ϵ± := ϕϵ ∗ τ±. In view of Theorem 1 and
2, we let σϵ = (σϵ+, σ

ϵ
−) be the unique, global, regular solution initiated by τ ϵ := (τ ϵ+, τ

ϵ
−), with

corresponding velocity Vϵ = (Vϵ
+,Vϵ

−).
(2) Bounds on mollified variables. Similar to the case of 2D Euler equation, the following bounds

are proved: given ϵ ∈ (0, 1), T > 0, and t ∈ (0, T ), we have
(a) (Uniform bound on mollified vorticity)

∥σϵ∥Lp ≤ ∥τ ϵ∥Lp ≤ ∥τ∥Lp , p ∈ [1,∞]. (46)

(b) (Uniform bound on mollified velocity)

∥Vϵ
±∥L∞ ≤ C∥σϵ+ ± σϵ−∥L1∩L∞ ≤ C∥τ∥L1∩L∞ , (47)

∥∇Vϵ
±∥Lp ≤ C(p)∥σϵ+ ± σϵ−∥L1∩L∞ ≤ C(p)∥τ∥L1∩L∞ . (48)
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We briefly explain how to obtain the aforementioned bounds: the bound (46) follows directly from
(27) together with properties of the standard mollifier. The proof of (47)–(48) follows from a
similar argument to that treating 2D Euler equation, except for bounds concerning the kernel KB.
However, from (12) we see that KB = ∇⊥G, where G is the Bessel potential of order 2 on R2.
Then KB(x, y) ∼ |x − y|−1 near the diagonal set and decays exponentially at spatial infinity.
Therefore, we obtain similar potential-theoretical bounds for contributions by KB to those arising
from KU.

(3) Passing to the Limit. From (48) and Rellich’s compact embedding theorem, we have Vϵ
± → V±

in L∞([0, T ];Lq
loc) for arbitrary q ∈ (1,∞) and some V±. Next, the uniform bound (46) implies

that σϵ ∗
⇀ σ in L∞([0, T ];L1 ∩ L∞). The above convergence properties are sufficient to verify

that the Biot-Savart law (16) holds after passing to the limit: the operator σ 7→ V±(σ) is a bounded
operator from Lq to W 1,q

loc for all q ∈ (1,∞). Then Vϵ
±

∗
⇀ V±(σ) in L∞([0, T ];W 1,q

loc ). Since we
also have strong convergence Vϵ

± → V± in L∞([0, T ];Lq
loc) for arbitrary q ∈ (1,∞). Then we

must have V± = V±(σ) ∈ L∞([0, T ];W 1,q
loc ). The above facts suffice to guarantee that σ± verifies

(43) in L∞([0, T ];W−1,p) sense. Since σϵ± verifies (43) strongly (thus weakly), we observe that
for any η ∈W 1,p∗ with compact support, there is:

∣∣∣∣∫
R2

∂tσ
ϵ
±ηdx

∣∣∣∣ = ∣∣∣∣∫
R2

σϵ±Vϵ
± · ∇ηdx

∣∣∣∣ ≤ C∥τ∥2L∞∩L1∥η∥W 1,p∗ , (49)

which implies that ∂tσϵ± is uniformly bounded in L∞([0, T ];W−1,p), with 1/p + 1/p∗ = 1. Af-
ter passing to the limit, the continuity with respect to time follows immediately from ∂tσ± ∈
L∞([0, T ];W−1,p).

(4) Additional Regularity of V and corresponding Lagrangian. The Log-Lipschitz property of V
follows from the potential-theoretical bound below:

|V±(x, t)− V±(y, t)| ≤ C∥τ±∥L1∩L∞ |x− y|(1−min{0, log |x− y|}), x, y ∈ R2. (50)

Again, the above bound indeed holds since the Bessel potential only differs from the Green’s func-
tion far from the diagonal set. The bound (45) follows from (50) and a standard ODE argument.

We then proceed to prove uniqueness by using the pseudo-energy method à la Yudovich [18]. Take two
solutions ω(i) and F (i), i = 1, 2 and denote

Ω =
1

2
(ω(1) + ω(2)), F =

1

2
(F (1) + F (2)),

and

ω =
1

2
(ω(1) − ω(2)), f =

1

2
(F (1) − F (2)).

Taking differences, the system (1) with ϵ = 1 becomes

{
∂tf + {Ψ, f}+ {ψ,F}+ {ϕ,Ω}+ {Φ, ω} = 0,
∂tω + {Ψ, ω}+ {ψ,Ω}+ {ϕ, F}+ {Φ, f} = 0.

(51)
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We multiply the first equation by ϕ, the second by −ψ and integrate in space by parts:

1

2

d

dt

(
∥∇ϕ∥2L2 + ∥ϕ∥2L2

)
=

∫
R2

∇⊥Ψ · ∇ϕ(−∆ϕ+ ϕ)dx+

∫
R2

∇⊥ψ · ∇ϕFdx+

∫
R2

∇⊥Φ · ∇ϕωdx

= −
∫

∇⊥Ψ · ∇ϕ(∆ϕ)dx+

∫
R2

∇⊥ψ · ∇ϕFdx+

∫
R2

∇⊥Φ · ∇ϕωdx

=

∫
R2

∂k(∇⊥Ψ)j∂jϕ∂kϕdx+

∫
R2

∇⊥ψ · ∇ϕFdx+

∫
R2

∇⊥Φ · ∇ϕωdx,

1

2

d

dt
∥∇ψ∥2L2 = −

∫
R2

∇⊥Ψ · ∇ψ(∆ψ)dx−
∫
R2

∇⊥Φ · ∇ψfdx−
∫
R2

∇⊥ϕ · ∇ψFdx

=

∫
R2

∂k(∇⊥Ψ)j∂jψ∂kψdx−
∫
R2

∇⊥Φ · ∇ψfdx+

∫
R2

∇⊥ψ · ∇ϕFdx.

Summing the above two identities, we obtain

1

2

d

dt

(
∥∇ψ∥2L2 + ∥∇ϕ∥2L2 + ∥ϕ∥2L2

)
=

∫
R2

∂k(∇⊥Ψ)j(∂jψ∂kψ + ∂jϕ∂kϕ)dx

+ 2

∫
R2

(∇⊥ψ)j∂jϕFdx+

∫
R2

(∇⊥Φ)j(∂jϕω − ∂jψf).

(52)

We focus on the third term on the right-hand-side of (52). The term multiplying (∇⊥Φ)j is

∆ψ∂jϕ+ (∆ϕ− ϕ)∂jψ = ∂k(∂kψ∂jϕ+ ∂kϕ∂jψ)− ∂j(∂kϕ∂kψ)− ϕ∂jψ

We plug the above identity into (52) and integrate by parts to obtain

1

2

d

dt

(
∥∇ψ∥2L2 + ∥∇ϕ∥2L2 + ∥ϕ∥2L2

)
=

∫
R2

∂k(∇⊥Ψ)j(∂jψ∂kψ + ∂jϕ∂kϕ)dx

−
∫
R2

∂k(∇⊥Φ)j(∂kψ∂jϕ+ ∂kϕ∂jψ)dx

+ 2

∫
R2

∇⊥ψ · ∇ϕFdx−
∫
R2

∇⊥Φ · ∇ψϕdx.

(53)

Now we recall that −∆Φ + Φ = F,∆Ψ = Ω. Then the Calderón-Zygmund estimate informs us that for
p ∈ (1,∞) sufficiently large,

∥∇2Φ∥Lp ≲ p∥F∥Lp ≲ p∥F0∥Lp , ∥∇2Ψ∥Lp ≲ p∥Ω∥Lp ≲ p∥Ω0∥Lp , (54)

where we also used the fact that Lp norms of ω(i), F (i), i = 1, 2, are a priori bounded. Moreover, we have
the following gradient estimates:

∥∇ψ∥L∞ + ∥∇ϕ∥L∞ ≤ m, ∥∇Φ∥L∞ ≤M, (55)

where m,M depend only on the L1 ∩ L∞ norm of the initial data.
Define E(t) = (∥∇ψ∥2L2 + ∥∇ϕ∥2L2 + ∥ϕ∥2L2)

1
2 and fix ϵ > 0 sufficiently small. Using (53), (55), and

Hölder inequality, we have

E
dE

dt
≤ mϵ(∥∇2Ψ∥L2/ϵ + ∥∇2Φ∥L2/ϵ)E2−ϵ + 2(∥F∥L∞ + ∥∇Φ∥L∞)E2

≤ C

(
mϵ

(
2

ϵ
M0

)
E2−ϵ +ME2

)
,

(56)

where m,M,M0 are constants which only depend on the initial data. Here, we also used the a priori bound
∥F∥L∞ ≲ ∥τ∥L∞ .

We now claim that given ϵ sufficiently small and t ≤ 1
8CM0

=: t0, the following bound holds:

E(t)ϵ ≤ 4CmϵM0t. (57)
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We prove this claim by a bootstrap argument. It is clear that (57) holds on [0, δ] for some δ sufficiently small
thanks to E(0) = 0. Assuming (57), we have E(t)ϵ ≤ mϵ

2 on [0, t0] and therefore

ϵEϵm−ϵ ≤ ϵ

2
≤ M0

M
,

after choosing ϵ sufficiently small. Rearranging the above inequality, we arrive at

mϵ

(
1

ϵ
M0

)
E−ϵ > M,

which gives the following after combining with (56):

dE

dt
≤ C

(
mϵ

(
2

ϵ
M0

)
E1−ϵ +ME

)
≤ Cmϵ 3

ϵ
M0E

1−ϵ, t ∈ [0, t0].

Integrating the above inequality with respect to t yields

E(t)ϵ ≤ 3CmϵM0t, t ∈ [0, t0],

which proves the claim. Now for t ∈ [0, t0], we take ϵ → 0 in (57) and conclude E(t) = 0 on t ∈ [0, t0].
The uniqueness for all t > 0 follows from iterating the same procedure on [kt0, (k + 1)t0] for all k ∈ N.

□

4. Merger of patches for the left-handed system

Patches are solutions which have F ± ω constant on domains. The assumptions are that the initial data
obey (F±ω)(x, 0) = 1Ω±

0
(x), the characteristic functions of bounded sets Ω±

0 in R2 with smooth boundaries

Γ±
0 = ∂Ω±

0 . Then it follows from the results of the previous section that (F ± ω)(x, t) = 1Ω±
t
(x) where

Ω±
t is the image of Ω±

0 under the flow with stream function ψ ± ϕ. If the patch boundaries Γ±
t are initially

smooth, then they remain smooth, by analogy with the well known situation for fluids ([4],[8]), as long as
the patches do not intersect. However, because the two regular flows are different, nothing prevents the
merger of the two patches. The change of topology of the streamlines of ϕ which are magnetic lines is due
to the fact that they are not carried by the flow of electrons.

In this section, we consider the system (4) with the left-handed equation of state (8). We start with the
following identities in view of the left-handed equation of state (8) and the definitions of operators K,L,U,
and B:

v+ = U(ω) + B(F ) = U(σ+) + B(F )− U(F ) = U(σ+)− 2∇⊥K(F ),

v− = U(ω)− B(F ) = −U(σ−)− (B(F )− U(F )) = −U(σ−) + 2∇⊥K(F ).

With the above identities, we rewrite (15) as{
∂tσ+ + U(σ+) · ∇σ+ − 2∇⊥K(F ) · ∇σ+ = 0,

∂tσ− − U(σ−) · ∇σ− + 2∇⊥K(F ) · ∇σ− = 0.
(58)

4.1. The unscreened equations. As mentioned in the introduction, the left-handed system (58) is dom-
inated by the following leading-order system at large frequencies:

∂tσ± ± U(σ±) · ∇σ± = 0, (59)

In this subsection, we consider a merger of the above leading-order system.
The leading-order system (59) consists of two independent incompressible Euler equations in two di-

mensions, with the second one having a different convention of rotation. In particular, both equations in
(59) admit circular and elliptical uniformly rotating patches. We consider the initial data τ±(x) = 1Ω±

0
(x),

where

Ω+
0 = {(x, y) ∈ R2 | (x− d− 2R)2

R2
+

y2

(2R)2
< 1}, Ω−

0 = {(x, y) ∈ R2 | x
2 + y2

R2
< 1}, (60)
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where R > 0, d ∈ (0, R) are parameters to be determined. Identifying R2 with C and writing boundaries
Γ±
0 = ∂Ω±

0 to be parametrized by z0±(α) with z0±(0) = z0±(2π), we have

z0+(α) = R

[
ei

π
2

(
3

2
eiα +

1

2
e−iα

)
+

(
2 +

d

R

)]
, z0−(α) = Reiα.

Denoting the parametrization at time t as z±(α, t), from Euler dynamics we obtain the following explicit
formulas (see e.g. [9]):

z+(α, t) = ei
π
2

(
3R

2
exp

(
i(α− t

2π

A
9
4R

2
)

)
+
R

2
e−iα

)
+ (d+ 2R)

=
R

2
ei

π
2

(
3e−i 4

9
teiα + e−iα

)
+ (d+ 2R),

z−(α, t) = Re−
i
2
teiα,

(61)

where in the computation above, A is the area of the ellipse, and we have

A
9
4R

2
=
π
(
9
4R

2 − 1
4R

2
)

9
4R

2
=

8

9
π.

In particular, the above formulas inform us that the patch Ω+
t rigidly rotates counterclockwisely with angular

velocity 4
9 , and it takes T0 = 9π

4 to rotate by π. Let us denote T∗ = T∗(d,R) be the first time such that
Ω+
t ∩ Ω−

t ̸= ∅. It is clear that T∗ is well defined whenever d ∈ (0, R). Moreover,

lim
d→0

T∗(d,R) = 0, lim
d→R

T∗(d,R) =
9π

8
.

By elementary planar geometry, we observe that Ω+
t ∩Ω−

t ̸= ∅ for all t ∈ (T∗,
9π
4 − T∗), and Ω+

t ∩Ω−
t = ∅

otherwise. Thus, for the patch solution to the leading order model (59) with initial data τ± = 1Ω±
0
(x) given

in (60), we already obtain a merger of patches. Moreover, in view of the following identity:

F (x, t) =

{
1
2 , x ∈ Ω+

t ∆Ω−
t ,

1, x ∈ Ω+
t ∩ Ω−

t ,
(62)

we observe the topology change for the F -patches in the following sense: {F (·, t) = 1} ̸= ∅ for all
t ∈ (T∗,

9π
4 − T∗), and {F (·, t) = 1} = ∅ otherwise.

4.2. Merger for the screened equations. In the screened left-handed equations (58), in view of the
operator K defined in (6), we regard the term ∇⊥K(F ) as a small perturbation at sufficiently small scales.
We recall that the kernel for the operator (∆− I)−1 is the Bessel potential GB(r) = − 1

2πK0(r), where K0

is the modified Bessel function of the second kind. Writing

Ḡ(r) = −K0(r)− log r,

by definition of F , linearity of operators B,U, and an application of divergence theorem, we have

−2∇⊥K(F ) = B(F )− U(F ) =
1

2
(B(σ+)− U(σ+)) +

1

2
(B(σ−)− U(σ−))

=
1

4π
∇⊥
(∫

Ω+
t

Ḡ(|x− y|)dy +
∫
Ω−

t

Ḡ(|x− y|)dy
)

=
1

4π

∫ 2π

0
Ḡ(|x− z+(β)|)

∂z+
∂β

(β)dβ +
1

4π

∫ 2π

0
Ḡ(|x− z−(β)|)

∂z−
∂β

(β)dβ.
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Therefore, the contour dynamics for the full problem (58) is written as follows:
∂tz+ = 1

2π

∫ 2π
0 log |z+(α)− z+(β)|∂z+∂β (β)dβ

+ 1
4π

∫ 2π
0 Ḡ(|z+(α)− z+(β)|)∂z+∂β (β)dβ + 1

4π

∫ 2π
0 Ḡ(|z+(α)− z−(β)|)∂z−∂β (β)dβ,

∂tz− = − 1
2π

∫ 2π
0 log |z−(α)− z−(β)|∂z−∂β (β)dβ

− 1
4π

∫ 2π
0 Ḡ(|z−(α)− z+(β)|)∂z+∂β (β)dβ − 1

4π

∫ 2π
0 Ḡ(|z−(α)− z−(β)|)∂z−∂β (β)dβ.

(63)

An observation is the following expansion for the modified Bessel function (see e.g. [15, 1]): there exists
r0 > 0 such that for r ∈ (0, r0):

K0(r) = − (log r − log 2 + γ0) + G̃(r), (64)

where γ0 is the Euler’s constant and |G̃(s)| ≲ r2| log r|. Moreover, G̃(r) can be extended to r = 0 by
G̃(0) = 0 as an C1([0,∞)) function, and G̃′(r) is Log-Lipschitz near the origin. With the aforementioned
properties, Ḡ(r) is rewritten as follows:

Ḡ(r) = (log 2− γ0)− G̃(r), r ∈ (0, r0)

Hence, if we assume that the scale for the patches, namely R, is sufficiently small, we have∫ 2π

0
Ḡ(|z±(α)− z±(β)|)

∂z±
∂β

(β)dβ =

∫ 2π

0

(
(log 2− γ0)− G̃(|z±(α)− z±(β)|)

) ∂z±
∂β

(β)dβ

= −
∫ 2π

0
G̃(|z±(α)− z±(β)|)

∂z±
∂β

(β)dβ,

where we used periodicity of z± in the second equality above. Thus, we reduce (63) to:
∂tz+ = 1

2π

∫ 2π
0 log |z+(α)− z+(β)|∂z+∂β (β)dβ

− 1
4π

∫ 2π
0 G̃(|z+(α)− z+(β)|)∂z+∂β (β)dβ − 1

4π

∫ 2π
0 G̃(|z+(α)− z−(β)|)∂z−∂β (β)dβ,

∂tz− = − 1
2π

∫ 2π
0 log |z−(α)− z−(β)|∂z−∂β (β)dβ

+ 1
4π

∫ 2π
0 G̃(|z−(α)− z+(β)|)∂z+∂β (β)dβ + 1

4π

∫ 2π
0 G̃(|z−(α)− z−(β)|)∂z−∂β (β)dβ.

(65)

The terms involving G̃ are perturbative because G̃ is not a singular kernel and has small size at a sufficiently
small scale R.

Then, the route to prove magnetic reconnection is to study (65) with initial data σ±(x, 0) = 1Ω±
0
(x),

where Ω±
0 is given in (60). Denoting the perturbation by ζ± = z±−Z±

R , where Z± is the background given
by (61), we consider the equations satisfied by ζ± equipped with zero initial data. We then prove a long-time
stability statement where ∥ζ±∥C1,γ ≪ 1 over a sufficiently long time interval.

Let us fix the background Z±(α, t) by the following formulas:

Z+(α, t) =
R

2
ei

π
2

(
3e−i 4

9
teiα + e−iα

)
+ (d+ 2R),

Z−(α, t) = Re−
i
2
teiα.

(66)

where d ∈ (R4 ,
3R
4 ). In particular, they solve the contour dynamics equation for 2D Euler:

∂tZ± = ± 1

2π

∫ 2π

0
log |Z±(α)− Z±(β)|

∂Z±
∂β

(β)dβ.
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Using the above equation, (66), (65), and properties of logarithm, a computation yields the following system
satisfied by perturbation ζ±:

∂tζ+ =
1

2
Hζ+ +

1

2π

∫ 2π

0
log
∣∣∣3e−i 4

9
t − e−i(α+β)

∣∣∣ ∂βζ+(β)dβ
+

1

2πR

∫ 2π

0
log

∣∣∣∣∣1 + 2e−iπ
2

3e−i 4
9
t − e−i(α+β)

ζ+(α)− ζ+(β)

eiα − eiβ

∣∣∣∣∣ ∂βZ+(β)dβ

+
1

2π

∫ 2π

0
log

∣∣∣∣∣1 + 2e−iπ
2

3e−i 4
9
t − e−i(α+β)

ζ+(α)− ζ+(β)

eiα − eiβ

∣∣∣∣∣ ∂βζ+(β)dβ
−
∑
±

1

4πR

∫ 2π

0
G̃(|Z+(α)− Z±(β) +R(ζ+(α)− ζ±(β))|)∂βZ±(β)dβ

−
∑
±

1

4π

∫ 2π

0
G̃(|Z+(α)− Z±(β) +R(ζ+(α)− ζ±(β))|)∂βζ±(β)dβ,

∂tζ− = −1

2
Hζ− − 1

2πR

∫ 2π

0
log

∣∣∣∣1 + e
i
2
t ζ−(α)− ζ−(β)

eiα − eiβ

∣∣∣∣ ∂βZ−(β)dβ

− 1

2π

∫ 2π

0
log

∣∣∣∣1 + e
i
2
t ζ−(α)− ζ−(β)

eiα − eiβ

∣∣∣∣ ∂βζ−(β)dβ
+
∑
±

1

4πR

∫ 2π

0
G̃(|Z−(α)− Z±(β) +R(ζ−(α)− ζ±(β))|)∂βZ±(β)dβ

+
∑
±

1

4π

∫ 2π

0
G̃(|Z−(α)− Z±(β) +R(ζ−(α)− ζ±(β))|)∂βζ±(β)dβ,

(67)

Here, we also used the following classical identity (see e.g. [9]):

1

2π

∫ 2π

0
log |eiα − eiβ|∂βf(β)dβ =

1

2
Hf(α),

where H denotes the Hilbert transform on torus. We recall that we also have the initial data

ζ±(α, 0) = 0.

The well-posedness for (67) in C1,γ , γ ∈ (0, 1), follows after establishing a priori Hölder estimates. We
start by proving a few useful technical lemmas, the first and second of which concern integral operators with
logarithmic kernels.

LEMMA 1. Given γ ∈ (0, 1), assume f, g ∈ C1,γ . Then there exists ϵ0 > 0 sufficiently small that for
∥f∥C1,γ < ϵ0, the function

I(α) :=
1

2π

∫ 2π

0
log

∣∣∣∣1 + e
i
2
t f(α)− f(β)

eiα − eiβ

∣∣∣∣ ∂βg(β)dβ (68)

is C1,γ . Moreover, the following estimate holds:

∥I∥C1,γ ≤ C(γ)∥f∥C1,γ∥g∥C1,γ . (69)

PROOF. For the rest of the proof, we use the notation f ′ or g′ to denote derivative with respect to the
parametrization parameter α or β. Define w(α, β) := f(α)−f(β)

eiα−eiβ
. Then we observe that for any α, β ∈

[0, 2π):
|w(α, β)| ≤ C∥f∥C1 ≤ Cϵ0.
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By choosing ϵ0 small, we have that

|1 + e
i
2
tw(α, β)| ≥ 1− sup

α,β
|w(α, β)| > 1

2
. (70)

This implies log |1 + e
i
2
tw(α, β)| is uniformly bounded. Moreover by concavity of logarithm, we have the

refined bound
log |1 + e

i
2
tw(α, β)| ≤ |w(α, β)| ≤ C∥f∥C1 ,

from which we can bound:
∥I∥L∞ ≤ C∥f∥C1∥g∥C1 . (71)

Differentiating (68), we observe that

I ′(α) =
1

2π

∫ 2π

0
Re

(
e

i
2
t∂αw(α, β)

1 + e
i
2
tw(α, β)

)
g′(β)dβ. (72)

We first investigate the boundedness of ∂αI: via a computation, it holds that

∂αw(α, β) =
1

eiα − eiβ

(
f ′(α)− f(α)− f(β)

eiα − eiβ
(ieiα)

)
. (73)

Denoting h := α− β, an application of Mean Value Theorem yields:

f(α)− f(β) = f ′(α)h+R1(α, β), eiα − eiβ = ieiαh+R2(α, β),

where the remainders Rj verify the bounds

|R1(α, β)| ≤ C∥f∥C1,γ |h|1+γ , |R2(α, β)| ≤ C|h|2.
With the above bounds, we observe that

f(α)− f(β)

eiα − eiβ
=
f ′(α)

ieiα
+
ieiαR1 − f ′(α)R2

ieiα(ieiαh+R2)
=:

f ′(α)

ieiα
+R3(α, β),

with R3 ∈ Cγ such that |R3| ≤ C∥f∥C1,γ |h|γ . Plugging in (73),

∂αw =
1

eiα − eiβ
(
ieiαR3(α, β)

)
=
R3(α, β)

h
+R4(α, β), (74)

where |R4(α, β)| ≤ C∥f∥C1,γ |h|γ . Thus, we conclude that

|∂αw(α, β)| ≤ C∥f∥C1,γ min(|α− β|γ−1, 1). (75)

Now recalling that |1 + e
i
2
tw| ≥ 1

2 , we then have

|I ′(α)| ≤ C∥f∥C1,γ

∫ 2π

0
min(|α− β|γ−1, 1)|g′(β)|dβ

≤ C∥f∥C1,γ∥g∥C1

∫
|α−β|≤1

|α− β|γ−1dβ + C∥f∥C1,γ∥g∥C1

≤ C∥f∥C1,γ∥g∥C1 .

(76)

for any α ∈ [0, 2π). Finally, we show I ′(α) ∈ Cγ . Fixing α, α′ ∈ [0, 2π) with α ̸= α′,

I ′(α)− I ′(α′) =
1

2π

∫ 2π

0
Re

(
e

i
2
t∂αw(α, β)

1 + e
i
2
tw(α, β)

− e
i
2
t∂αw(α

′, β)

1 + e
i
2
tw(α′, β)

)
g′(β)dβ

=
1

2π

(∫
|α−β|≤2δ

+

∫
|α−β|>2δ

)
Re
(
e

i
2
t(K(α, β)−K(α′, β))

)
g′(β)dβ

=: In + If

(77)
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where δ := |α− α′| and

K(α, β) :=
∂αw(α, β)

1 + e
i
2
tw(α, β)

.

We show appropriate Cγ bounds for In and If respectively. We only focus on the regime where |α − α′|
and |α− β| are sufficiently small, which corresponds to the most singular regime.

To estimate In, we recall the non-degeneracy bound |1 + e
i
2
tw| ≥ 1

2 , and estimate that:

|In| ≤ C

∫
|α−β|≤2δ

|∂αw(α, β)||g′(β)|dβ + C

∫
|α−β|≤2δ

|∂αw(α′, β)||g′(β)|dβ.

The first integral above can be bounded in a similar fashion to (76) after invoking (75):∫
|α−β|≤2δ

|∂αw(α, β)||g′(β)|dβ ≤ C∥f∥C1,γ∥g∥C1

∫
|α−β|≤2δ

|α− β|γ−1dβ

≤ C(γ)∥f∥C1,γ∥g∥C1δγ .

To bound the second integral, we note that |α− β| ≤ 2δ implies that |α′ − β| ≤ 3δ. Hence, we have∫
|α−β|≤2δ

|∂αw(α′, β)||g′(β)|dβ ≤
∫
|α′−β|≤3δ

|∂αw(α′, β)||g′(β)|dβ

≤ C(γ)∥f∥C1,γ∥g∥C1δγ .

We have therefore deduced the following bound:

|In| ≤ C(γ)∥f∥C1,γ∥g∥C1δγ . (78)

Now we turn to the estimate for If . We first observe the following decomposition concerning the difference
K(α, β)−K(α′, β):

K(α, β)−K(α′, β) =
∂αw(α, β)− ∂αw(α

′, β)

1 + e
i
2
tw(α, β)

+ ∂αw(α
′, β)

(
1

1 + e
i
2
tw(α, β)

− 1

1 + e
i
2
tw(α′, β)

)

=
∂αw(α, β)− ∂αw(α

′, β)

1 + e
i
2
tw(α, β)

+ e
i
2
t∂αw(α

′, β)
w(α′, β)− w(α, β)

(1 + e
i
2
tw(α, β))(1 + e

i
2
tw(α′, β))

=: T1 + T2.

Using (73), the first term T1 will be further decomposed as follows:

T1 =
1

1 + e
i
2
tw(α, β)

(
f ′(α)− f ′(α′)

eiα − eiβ

)
+

1

1 + e
i
2
tw(α, β)

3∑
k=1

T1k,

where

T11 =
eiα

′ − eiα

(eiα − eiβ)(eiα′ − eiβ)

(
f ′(α′)− w(α′, β)(ieiα

′
)
)
,

T12 =
ieiα(w(α′, β)− w(α, β))

eiα − eiβ
, T13 =

iw(α′, β)(eiα
′ − eiα)

eiα − eiβ

We first show that T1k, k = 1, 2, 3, and T2 are harmless. To do this we use the following elementary
bound: for any β ∈ [0, 2π),

|w(α, β)− w(α′, β)| ≤ C∥f∥C1δ|α− β|γ−1. (79)

This bound follows from the Fundamental Theorem of Calculus and (75):

|w(α, β)− w(α′, β)| ≤
∫ α

α′
|∂αw(ξ, β)|dξ ≤ C∥f∥C1δ|α− β|γ−1.
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To bound T11, we recall that an almost identical argument to that proving (75) gives

|f ′(α)− w(α, β)(ieiα)| ≤ C∥f∥C1,γ |α− β|γ . (80)

Also using that |eiα − eiβ| ∼ |α − β| when |α − β| sufficiently small, and that |α − β| ∼ |α′ − β| given
|α− β| > 2δ, we have

|T11| ≤ C∥f∥C1δ|α− β|γ−2. (81)

A similar reasoning also yields the following bounds:

|T12| ≤ C∥f∥C1δ|α− β|γ−2, |T13| ≤ C∥f∥C1δ|α− β|−1. (82)

For T2, we use (70), (75), and (79) to conclude that

|T2| ≤ C∥f∥C1,γδ|α− β|2γ−2. (83)

With the above estimates, we write

If =
1

2π

∫
|α−β|>2δ

Re

(
e

i
2
t

1 + e
i
2
tw(α, β)

(
f ′(α)− f ′(α′)

eiα − eiβ

))
g′(β)dβ,

+

∫
|α−β|>2δ

K̄(α, α′, β)g′(β)dβ =: J1
f + J2

f ,

where from (81), (82), and (83) we can estimate J2
f by:

|J2
f | ≤ C∥f∥C1,γ∥g∥C1

∫
|α−β|>2δ

(
δ|α− β|γ−2 + δ|α− β|2γ−2 + δ|α− β|−1

)
dβ

≤ C(γ)∥f∥C1,γ∥g∥C1(δγ +max{δ2γ , δ| log δ|, δ}+ δ| log δ|)
≤ C(γ)∥f∥C1,γ∥g∥C1δγ .

(84)

Here, we also used that γ ∈ (0, 1). To study the main term J1
f , we rewrite it as

J1
f =

1

2π

∫
|α−β|>2δ

Re

(
e

i
2
t

1 + e
i
2
tw̄(α)

(
f ′(α)− f ′(α′)

eiα − eiβ

))
g′(β)dβ

+
1

2π

∫
|α−β|>2δ

Re

(
e

i
2
t

(
1

1 + e
i
2
tw(α, β)

− 1

1 + e
i
2
tw̄(α)

)(
f ′(α)− f ′(α′)

eiα − eiβ

))
g′(β)dβ

=: J1,1
f + J1,2

f ,

where w̄(α) = f ′(α)
ieiα

. The term J1,2
f can be bounded using the following estimate:∣∣∣∣∣ 1

1 + e
i
2
tw(α, β)

− 1

1 + e
i
2
tw̄(α)

∣∣∣∣∣ =
∣∣∣∣∣ w̄(α)− w(α, β)

(1 + e
i
2
tw(α, β))(1 + e

i
2
tw̄(α))

∣∣∣∣∣
≤ C∥f∥C1,γ |α− β|γ ,

where we used the non-degeneracy bound (70) and (80). With the above inequality, we have

|J1,2
f | ≤ C∥f∥2C1,γ∥g∥C1

∫
|α−β|>2δ

δγ |α− β|γ−1dβ ≤ Cϵ0∥f∥C1,γ∥g∥C1δγ .

To treat J1,1
f , we note the following identity: letting F (α, α′, t) = e

i
2 t

1+e
i
2 tw̄(α)

(f ′(α)− f ′(α′)),

Re

(
e

i
2
t

1 + e
i
2
tw̄(α)

(
f ′(α)− f ′(α′)

eiα − eiβ

))
=

1

2
Re
(
Fe−iα

)
+

1

2
Im
(
Fe−iα

)
cot

(
α− β

2

)
,
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where F obeys the bound |F (α, α′, t)| ≤ C∥f∥C1,γδγ . Writing

J1,1
f =

1

4π

∫
|α−β|>2δ

Re
(
Fe−iα

)
g′(β)dβ +

Im
(
Fe−iα

)
4π

∫
|α−β|>2δ

cot

(
α− β

2

)
g′(β)dβ,

The first integral can be absolutely bounded by C∥f∥C1,γ∥g∥C1δγ . Using the oddness of kernel cot(z/2),
the absolute value of the second integral equals to∣∣∣∣ Im(Fe−iα)

4π

∫
|α−β|>2δ cot

(
α−β
2

)
(g′(β)− g′(α))dβ

∣∣∣∣
≤ C∥f∥C1,γ∥g∥C1,γδγ

∫
|α−β|>2δ |α− β|γ−1dβ

≤ C∥f∥C1,γ∥g∥C1,γδγ ,

(85)

where we used that |α− β| is sufficiently small. Hence, we have proved

|If | ≤ C(γ)∥f∥C1,γ∥g∥C1,γδγ , (86)

which combining with (78) yields ∥I ′(α)∥Cγ ≤ C(γ)∥f∥C1,γ∥g∥C1,γ . This completes the proof. □

LEMMA 2. Given γ ∈ (0, 1), assume f, g ∈ C1,γ . Then there exists ϵ0 > 0 sufficiently small that for
∥f∥C1,γ < ϵ2, the function

I(α) :=
1

2π

∫ 2π

0
log

∣∣∣∣∣1 + 2e−iπ
2

3e−i 4
9
t − e−i(α+β)

f(α)− f(β)

eiα − eiβ

∣∣∣∣∣ ∂βg(β)dβ (87)

is C1,γ . Moreover, the following estimate holds:

∥I∥C1,γ ≤ C(γ)∥f∥C1,γ∥g∥C1,γ . (88)

PROOF. The proof of this Lemma is essentially the same as that of Lemma 1. We observe that the
function

2e−iπ
2

3e−i 4
9
t − e−i(α+β)

is smooth in both α and β. Moreover, we have the bound∣∣∣∣∣ 2e−iπ
2

3e−i 4
9
t − e−i(α+β)

∣∣∣∣∣ ≤ 1.

The two facts above guarantee that the same argument for Lemma 1 goes through with minor changes. □

The last technical lemma concerns an integral operator involving kernel G̃:

LEMMA 3. Given γ ∈ (0, 1), assume f1, f2, g1, g2 ∈ C1,γ and h ∈ C1. Then there exists ϵ1 > 0
sufficiently small that for ∥fj∥C1,γ , ∥gj∥C1,γ < ϵ1, j = 1, 2, the function

Ĩ(α) :=

∫ 2π

0
G̃ (|f1(α)− f2(β) + g1(α)− g2(β)|) ∂βh(β)dβ (89)

is C1,γ . Moreover, the following estimate holds:

∥Ĩ∥C1,γ ≤ Cϵ21| log ϵ1|∥h∥C1 . (90)

PROOF. For convenience, denote

F (α, β) := f1(α)− f2(β) + g1(α)− g2(β).

Then by assumption, F (α, β) ≤ 4ϵ1 for any α, β ∈ [0, 2π). Recall that for G̃ defined in (64), we have

|G̃(r)| ≤ Cr2| log r|.
for r > 0 sufficiently small. Then by selecting ϵ1 sufficiently small, we have

∥Ĩ∥L∞ ≤ Cϵ21| log ϵ1|∥h∥C1 . (91)
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Differentiating (89), we have

Ĩ ′(α) =

∫ 2π

0
Re

[
G̃′(|F (α, β)|) F (α, β)

|F (α, β)|
(f̄ ′1(α) + ḡ′1(α))

]
h′(β)dβ. (92)

Recall that G̃′(r) ≤ Cr| log r| when r > 0 is sufficiently small. Then it is clear from (92) that

∥Ĩ ′∥L∞ ≤ Cϵ1| log ϵ1| · ϵ1∥h∥C1 ≤ Cϵ21| log ϵ1|∥h∥C1 . (93)

Finally, we fix α ̸= α′, and δ =: |α− α′|. For notational convenience, let us write

H(α, β) := G̃′(|F (α, β)|) F (α, β)
|F (α, β)|

. (94)

We further without loss of generality assume that δ is sufficiently small. Then

Ĩ ′(α)− Ĩ ′(α′) =

∫ 2π

0
Re
[
(H(α, β)−H(α′, β))(f̄ ′1(α) + ḡ′1(α))

]
h′(β)dβ

+

∫ 2π

0
Re
[
H(α′, β)(f̄ ′1(α)− f̄ ′1(α

′) + ḡ′1(α)− ḡ′1(α
′))
]
h′(β)dβ

=: J1 + J2.

(95)

By the assumptions on norms of f1, g1, and the bound G̃′(r) ≤ Cr| log r| when r > 0 is sufficiently small,
it is straightforward to obtain that

|J2| ≤ Cϵ21| log ϵ1|∥h∥C1δγ . (96)

To estimate J1, we observe that the bound

|J1| ≤ Cϵ21| log ϵ1|∥h∥C1δγ , (97)

holds as long as the following bound holds:

|H(α, β)−H(α′, β)| ≤ Cϵ1| log ϵ1|δγ . (98)

Combining (97) and (96), we have thus proved

∥Ĩ ′∥Cγ ≤ Cϵ21| log ϵ1|∥h∥C1 . (99)

The desired estimate (90) holds after combining (91), (93), and (99).
Hence, we are left to show the estimate (98). We note that we can write H(α, β) = H̃(F (α, β)), where

H̃(z) = G̃′(|z|) z
|z| . We first show that

|H̃(z)− H̃(w)| ≤ Cω(|z − w|), (100)

for all z, w ∈ C such that |z|, |w| < 1. Here, ω denotes the Log-Lipschitz modulus of continuity. Without
loss of generality we assume that |w| ≤ |z|. Note that

H̃(z)− H̃(w) =
(
G̃′(|z|)− G̃′(|w|)

) z

|z|
+ G̃′(|w|)

(
z

|z|
− w

|w|

)
. (101)

Since G̃′ is Log-Lipschitz, it is clear that the first term in (101) is bounded by Cω(|z − w|). To bound the
second term in (101), we split into two cases. If |w| ≤ 2|z − w|, we have∣∣∣∣G̃′(|w|)

(
z

|z|
− w

|w|

)∣∣∣∣ ≤ 2|G̃′(|w|)| ≤ 2ω(|w|) ≤ 2ω(2|z − w|) ≤ Cω(|z − w|),

where we used that G̃′(0) = 0. If |w| > 2|z − w|, we note that

|z − w|2 = (|z| − |w|)2 + |z||w|
∣∣∣∣ z|z| − w

|w|

∣∣∣∣2 ≥ |w|2
∣∣∣∣ z|z| − w

|w|

∣∣∣∣2 ,
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where we used |w| ≤ |z|. Using the above bound, we see that∣∣∣∣G̃′(|w|)
(
z

|z|
− w

|w|

)∣∣∣∣ ≤ C|w|| logw| |z − w|
|w|

≤ C| log(2|z − w|)||z − w| ≤ Cω(|z − w|),

which concludes the proof of (100). Finally to prove (98), we note that

|H(α, β)−H(α′, β)| ≤ Cω(|F (α, β)− F (α′, β)|)
≤ Cω(|f1(α)− f1(α

′) + g1(α)− g1(α
′)|)

≤ Cω((∥f1∥C1 + ∥g1∥C1)δ)

≤ Cϵ1δ| log(ϵ1δ)| ≤ Cϵ1| log ϵ1|δγ ,

where we used γ ∈ (0, 1) in the final inequality above. □

With the above three technical lemmas established, we demonstrate that the dynamics described by Z±
is indeed dominant in the small-scale regime, namely R ≪ 1. More precisely, we show the following
stability result concerning the perturbation ζ±:

PROPOSITION 1. Let γ ∈ (0, 1) and ζ± be the unique C1,γ solution to (67) equipped with zero initial
data. For any δ0 ∈ (0, 1) sufficiently small, there exists R0(δ0) > 0 such that for any R ∈ (0, R0], the time
instance

τ(δ0) = sup{t ≥ 0 | max
±

sup
0≤s≤t

(∥ζ±(·, s)∥C1,γ ) ≤ δ0}

verifies the bound

τ(δ0) > T0 =
9π

4
.

PROOF. We prove by an energy argument. To start with, we choose δ0 > 0 such that δ0 < ϵ0, where ϵ0
is given in Lemma 1. We first note that τ > 0 due to local well-posedness and ζ±(α, 0) = 0. Recall that Z±
verifies the following bounds:

∥Z±∥C1,γ ≤ C±R,

where C± > 0 are universal constants. Then we choose R0 > 0 so that C±R0 ≤ min{ϵ0, ϵ1, ϵ2}, where
ϵi, i = 0, 1, 2, are defined in Lemma 1, 2, and 3. Hence, invoking Lemma 1, Lemma 3, and that the Hilbert
transform H is a bounded operator onCγ , we obtain the following inequality for any t ∈ [0, τ),R ∈ (0, R0]:

d

dt
∥ζ−(·, t)∥C1,γ ≤ C(γ)

(
∥ζ−∥C1,γ + ∥ζ−∥2C1,γ + (1 + δ0)R

2| logR|
)

≤ C(γ)(1 + δ0)(∥ζ−∥C1,γ +R2| logR|).
(102)

To show an a priori estimate for ∥ζ+∥C1,γ , we have all the ingredients except for an C1,γ estimate for the
integral ∫ 2π

0
log
∣∣∣3e−i 4

9
t − e−i(α+β)

∣∣∣ ∂βζ+(β)dβ.
However, note that 3e−i 4

9
t − e−i(α+β) is smooth in both α and β, and that the following lower bound holds:

|3e−i 4
9
t − e−i(α+β)| ≥ |3e−i 4

9
t| − |e−i(α+β)| = 2.

The above two facts imply that the C1,γ norm of the above integral is bounded by ∥ζ+∥C1,γ . This fact
combined with Lemma 2 and 3 yields:

d

dt
∥ζ+(·, t)∥C1,γ ≤ C(γ)

(
∥ζ+∥C1,γ + ∥ζ+∥2C1,γ + (1 + δ0)R

2| logR|
)

≤ C(γ)(1 + δ0)(∥ζ+∥C1,γ +R2| logR|).
(103)
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Using ζ±(α, 0) = 0 and applying Grönwall inequality to (102), (103), we obtain

∥ζ±(·, t)∥C1,γ ≤ 1

C(γ)(1 + δ0)
eC(γ)(1+δ0)tR2| logR| < δ0

for all t > 0 such that

t <
1

C(γ)(1 + δ0)
log

(
C(γ)

δ0(1 + δ0)

R2| logR|

)
.

Now, we further chooseR even smaller depending on δ0, such that the RHS of the above inequality is strictly
larger than 9π

4 . We have thus completed the proof upon invoking the definition of τ . □

With Proposition 1, we have the following theorem concerning the merger of patches and the topology
change for the canonical momentum F in the screened system.

THEOREM 4. For any γ ∈ (0, 1), there exist δ0 > 0 sufficiently small and R0(δ0) > 0 such that,
for any R ∈ (0, R0], and d ∈

(
R
4 ,

3R
4

)
, for the C1,γ patch solutions σ±(x, t) = 1Ω±

t
(x) with initial data

τ±(x) = 1Ω±
0
(x), where

Ω+
0 = {(x, y) ∈ R2 | (x− d− 2R)2

R2
+

y2

(2R)2
< 1}, Ω−

0 = {(x, y) ∈ R2 | x
2 + y2

R2
< 1},

there exist time instances T1, T2, T3, T4 > 0 with

0 < T1 < T2 < T3 < T4 <
9π

4
,

such that Ω+
t ∩Ω

−
t ̸= ∅ for t ∈ (T2, T3), and Ω+

t ∩Ω
−
t = ∅ for t ∈ [0, T1)∪(T4, 9π4 ]. Moreover, the canonical

momentum F sees the topology change in the following sense: {F (·, t) = 1} ̸= ∅ for t ∈ (T2, T3), and
{F (·, t) = 1} = ∅ for t ∈ [0, T1) ∪ (T4,

9π
4 ].

PROOF. The statement concerning the merger of Ω±
t and existence of time instances Ti, i = 1, . . . , 4

follows from a synthesis of the discussion in Subsection 4.1 and Proposition 1. The statement concerning F
is straightforward in view of the identity (62). □

REMARK 2. While the above merger is realized for patch solutions, a similar result holds for smooth,
compactly supported solutions. We sketch the procedure here: as in the patch case, we first find merger
in the unscreened equations (59) with solution σ̄±. Let σ̄+ be any non-radial, uniformly rotating smooth
solution to the 2D Euler equation supported in disk BR(d, 0), d ∈ R. The existence of such solutions has
been shown in [6, 16]. Let us also fix max{σ̄+} = 1. Then let σ̄− to be a nonnegative, radial function
supported in disk BR(0) with max{σ̄−} = 1. Since σ̄+ is nonradial, by adjusting d accordingly, we obtain
a time-periodic solution of (59), such that Int(supp(σ̄±)) are disjoint initially, then overlap, and become
disjoint again. Then merger for the smooth solutions of the screened equations (58) is obtained via energy
estimates by choosing scale R sufficiently small, in a similar spirit to the above analysis for patches. A first
time merger follows also from Theorem 7 for smooth solutions of the left-handed system.

5. Reconnection for the right-handed equations

5.1. The unscreened equations. We consider here the right-handed equations with the equation of
state (5). In this case, a direct algebraic manipulation gives:

v+ = −U(σ−) + (B(F ) + U(F )) = −U(σ−) + 2∇⊥K(F ),

v− = U(σ+)− (B(F ) + U(F )) = U(σ+)− 2∇⊥K(F )

The screened right-handed equations are thus equivalently written as{
∂tσ+ − U(σ−) · ∇σ+ + 2∇⊥K(F ) · ∇σ+ = 0,

∂tσ− + U(σ+) · ∇σ− − 2∇⊥K(F ) · ∇σ− = 0,
(104)
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and the unscreened equations are: {
∂tσ+ − U(σ−) · ∇σ+ = 0,

∂tσ− + U(σ+) · ∇σ− = 0.
(105)

5.2. A motivating example for the unscreened equations. We start with a simple example in the case
of point vortex dynamics to demonstrate a merger for the unscreeened equations (105). Consider the data
for point vortices given by the following: for (x0, y0) with x0 < 0, y0 > 0, let

σ+(0, x, y) = δ(x− x0, y − y0)− δ(x+ x0, y − y0),

σ−(0, x, y) = δ(x− x0, y + y0)− δ(x+ x0, y + y0).

After plugging in (105), the solution for t > 0 satisfies the following form:

σ±(t, x, y) = δ(x− x(t), y ∓ y(t))− δ(x+ x(t), y ∓ y(t)),

while (x(t), y(t)) obeys the following ODE:

dx

dt
= − 1

2π

−2y

(2y)2
− −1

2π

−2y

(2x)2 + (2y)2
, (106)

dy

dt
= −−1

2π

2x

(2x)2 + (2y)2
. (107)

Simplifying, we have

dx

dt
=

1

4π

(
1

y
− y

x2 + y2

)
=

1

4π

x2

y(x2 + y2)
, (108)

dy

dt
=

1

4π

x

x2 + y2
. (109)

Note that x/y is a constant of motion:

d

dt

(
x

y

)
=
x′

y
− xy′

y2

=
1

4π

(
x2

y2(x2 + y2)
− x2

y2(x2 + y2)

)
= 0,

which implies x(t) = x0
y0
y(t). Plugging this equality into the equation for x(t), we have

dx

dt
=

1

4π

1

y0
x0
(1 +

y20
x2
0
)

1

x
⇒ 1

2

d

dt
(x2) =

1

4π

1

y0
x0
(1 +

y20
x2
0
)
< 0,

where the inequality follows from x0 < 0, y0 > 0. Denote

C0 :=
1

2π

1

y0
x0
(1 +

y20
x2
0
)
,

we see that x(t), and hence y(t) converges to 0 in finite time, with the following explicit time for the merger
of point vortices:

T∗ = − x20
C0
.
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5.3. Merger for smooth solutions of the unscreened equations. The point vortex solution that lead
to a finite-time merger above obeys the following symmetry:

σ±(t, x1, x2) = −σ±(t,−x1, x2),
σ+(t, x1, x2) = σ−(t, x1,−x2).

(110)

In this section, we demonstrate the merger for a large class of smooth solutions equipped with the above
symmetry, inspired by the point vortex configuration discussed in the previous section. We remark that the
symmetry property (110) is reminiscent of the well-known odd-odd symmetry in the context of incompress-
ible Euler equations in two dimensions. The dynamics in our case is completely different. This is because
σ± does not see the mirror images of themselves across the x2 axis.

As a preliminary, we show that the two symmetries (110) are conserved by smooth solutions to both the
unscreened (105) and the screened system (104).

PROPOSITION 2. Let σ± be the smooth solution to (105) (or (104)) with initial datum τ±. If τ± verifies
the following properties:

τ±(x1, x2) = −τ±(−x1, x2),
τ+(x1, x2) = τ−(x1,−x2),

then (110) holds for all t > 0.

PROOF. We only prove the case for the screened system (104), as the corresponding statement concern-
ing (105) is similar and follows easily. We first show the preservation of σ+(t, x1, x2) = σ−(t, x1,−x2).
Define the reflection map R(x1, x2) = (x1,−x2), and denote

A := ∇R =

[
1 0
0 −1

]
.

Also define η∓(t, x) = σ±(t, Rx). We first observe that for any smooth function h,

(∆−1h)(Rx) = ∆−1(h ◦R)(x), ((I −∆)−1h)(Rx) = (I −∆)−1(h ◦R)(x).

Writing ∇⊥ = J∇, where

J =

[
0 −1
1 0

]
,

and using that JA = −AJ , we have

U(h ◦R)(x) = J∇(∆−1(h ◦R)(x)) = JA(∇∆−1h(Rx)) = −A∇⊥∆−1h(Rx) = −AU(h)(Rx).

Similarly, we also have
B(h ◦R)(x) = −AB(h)(Rx).

Using the equation for σ− and the above computations, we have

∂tη+(x) = −U(σ+)(Rx) · ∇σ−(Rx) +
1

2
(B(σ+ + σ−)(Rx) + U(σ+ + σ−)(Rx)) · ∇σ−(Rx)

= −
(
−A−1U(η−)(x) ·A∇η+(x)

)
+

1

2

(
−A−1 (B(η+ + η−)(x) + U(η+ + η−)(x))

)
·A∇η+(x)

= U(η−)(x) · ∇η+(x)−
1

2
(B(η+ + η−)(x) + U(η+ + η−)(x)) · ∇η+(x),

where we used that A is symmetric in the final equality above. A similar derivation using the σ+ equation
yields:

∂tη−(x) = −U(η+)(x) · ∇η−(x) +
1

2
(B(η+ + η−)(x) + U(η+ + η−)(x)) · ∇η−(x).
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Finally, observe that by the assumption on initial datum τ±,

η±(x) = τ∓(Rx) = τ±(x).

By uniqueness, we conclude that for any t > 0, σ±(t, x) = η±(t, x) = σ∓(t, Rx) = σ∓(t, x1,−x2), which
is the desired result. The conservation of odd-in-x1 symmetry for σ± follows from a very similar argument.
We omit further details. □

Another ingredient in the construction of a merger is the following key computation that concerns a
restricted version of the center of mass. For convenience, let us denote Q := (0,∞)2. The following
proposition holds:

PROPOSITION 3. Let σ±(·, t) be a smooth solution to (105) on [0, T ] for some T > 0. In addition,
assume that σ± has the following properties:

(1) The symmetry condition (110) holds for σ±(x, 0);
(2) {|σ+| > 0} ⊂ R2

+ for all t ∈ [0, T ];
(3) σ+ is either nonpositive or nonnegative in Q.

Define

Ej(t) =

∫
Q
xjσ+(x, t)dx, j = 1, 2.

Then the following identities hold:

E′
1(t) =

2

π

∫
Q×Q

x1y1(x2 + y2)

|x− ȳ|2|x+ y|2
σ+(y)σ+(x)dydx > 0, (111a)

E′
2(t) =

1

2π

∫
Q×Q

x1 + y1
|x+ y|2

σ+(y)σ+(x)dydx > 0, (111b)

where ȳ = (y1,−y2).

Note that if we additionally choose σ+ to be nonpositive in Q, we have Ej(t) < 0 for all t and they
monotonically increase. This mirrors the point vortex scenario considered in the previous subsection.

PROOF. Using the first equation of (105), it holds that

E′
j(t) =

∫
Q
xjU(σ−) · ∇σ+dx = −

∫
Q
Uj(σ−)σ+dx+

∫
∂Q
xjσ+(U(σ−) · n)dS, (112)

where n denotes the outward-pointing normal vector along ∂Q. Observe that this boundary term vanishes:
if j = 1, only the boundary term along the positive x1 axis survives. But by Property 2, σ+ ≡ 0 along
x1 axis. If j = 2, then only the boundary term along the positive x2 axis survives. But in this case,
U(σ−) · n = −U1(σ−) vanishes due to odd-in-x1 symmetry. Hence, we have

E′
j(t) = −

∫
Q
Uj(σ−)σ+dx. (113)

We first consider the case j = 1. Note that

U1(σ−)(x1, x2) = − 1

2π

∫
R2

x2 − y2
|x− y|2

σ−(y)dy2dy1

= − 1

2π

∫ ∞

0

∫
R

(
x2 − y2
|x− y|2

− x2 − y2
|x− ỹ|2

)
σ−(y)dy2dy1

= − 2

π

∫ ∞

0

∫
R

x1y1(x2 − y2)

|x− y|2|x− ỹ|2
σ−(y)dy2dy1,



23

where ỹ = (−y1, y2). Here we used the symmetry σ−(y1, y2) = −σ−(−y1, y2) in the second equality
above. Now, using the other symmetry σ−(y1, y2) = σ+(y1,−y2) and Property 2:

U1(σ−)(x1, x2) = − 2

π

∫ ∞

0

∫
R

x1y1(x2 − y2)

|x− y|2|x− ỹ|2
σ+(y1,−y2)dy2dy1

= − 2

π

∫ ∞

0

∫ 0

−∞

x1y1(x2 − y2)

|x− y|2|x− ỹ|2
σ+(y1,−y2)dy2dy1

= − 2

π

∫
Q

x1y1(x2 + y2)

|x− ȳ|2|x+ y|2
σ+(y1, y2)dy2dy1

Combining the above identity with (113) yields (111a).
For the case j = 2, we again use symmetry (110) and Property 2 to obtain:

U2(σ−)(x1, x2) =
1

2π

∫
R2

x1 − y1
|x− y|2

σ−(y1, y2)dy2dy1

=
1

2π

∫
R

∫ 0

−∞

x1 − y1
|x− y|2

σ+(y1,−y2)dy2dy1

=
1

2π

∫
R

∫ ∞

0

x1 − y1
|x− ȳ|2

σ+(y1, y2)dy2dy1

=
1

2π

[ ∫ ∞

0

∫ ∞

0

x1 − y1
|x− ȳ|2

σ+(y1, y2)dy2dy1 +

∫ 0

−∞

∫ ∞

0

x1 − y1
|x− ȳ|2

σ+(y1, y2)dy2dy1

]
=

1

2π

∫
Q

(
x1 − y1
|x− ȳ|2

− x1 + y1
|x+ y|2

)
σ+(y1, y2)dy2dy1

=
1

2π

∫
Q

2y1(x
2
1 − y21 − (x2 + y2)

2)

|x− ȳ|2|x+ y|2
σ+(y1, y2)dy2dy1.

Plugging into (113), we have

E′
2(t) = − 1

2π

∫
Q×Q

2y1(x
2
1 − y21 − (x2 + y2)

2)

|x− ȳ|2|x+ y|2
σ+(y)σ+(x)dydx. (114)

Note that
2y1(x

2
1 − y21 − (x2 + y2)

2)

|x− ȳ|2|x+ y|2
+

2x1(y
2
1 − x21 − (x2 + y2)

2)

|x− ȳ|2|x+ y|2
= −2

x1 + y1
|x+ y|2

.

Then after a symmetrization, from (114) we immediately have

E′
2(t) =

1

2π

∫
Q×Q

x1 + y1
|x+ y|2

σ+(y)σ+(x)dydx,

which is (111b). □

With the above Proposition, we show that a family of initially disjoint σ± data can merge in finite time:

THEOREM 5. There exists smooth, compactly supported solutions σ± to (105) such that
supp(σ+(·, 0))∩supp(σ−(·, 0)) = ∅, and Int(supp(σ+(·, T )))∩Int(supp(σ−(·, T ))) ̸= ∅ for some T > 0.

PROOF. Choose initial data τ±(x) = σ±(x, 0) such that the following properties are satisfied:
(1) τ± ≤ 0 in Q, {σ+ < 0} ⊂ Q is simply connected, and the symmetry condition (110) holds;
(2) ∥τ+∥L∞ = 1, | supp(τ+) ∩Q| = 2, |Ej(0)| > 1

2 for j = 1, 2;
(3) Let Dt = {x ∈ supp(σ+(x, t)) ∩Q | σ+(x, t) ≤ −1

2}. Choose initial data such that

|(supp(τ+) ∩Q)\D0| = ϵ > 0, (115)

where ϵ < 1 is a sufficiently small number to be chosen later;



24 PETER CONSTANTIN AND ZHONGTIAN HU

(4) For all α ∈ (−1, 0), α is a regular value of τ+|Q. Moreover, {τ+|Q = −1} contains only one
point, which is a nondegenerate critical point.

We remark that all properties listed above are only chosen out of convenience. We expect that more flexible
initial data would work.

Define
T0 := sup{τ > 0 | {|σ+(·, t)| > 0} ⊂ R2

+ for all t ∈ [0, τ)}.
Note that T0 is well-defined since, by local well-posedness, there exists τ0 > 0 such that {|σ+(·, t)| > 0} ⊂
R2
+ for all t ∈ [0, τ0). Moreover, |Dt| = |D0|, |(supp(σ+(x, t)) ∩ Q)\Dt| = ϵ for all t ∈ [0, T0). By the

choice of initial data and Proposition 3, we note that for j = 1, 2, t ∈ [0, T0):

|Ej(t)| = −Ej(t) ≤ −Ej(0) = |Ej(0)| (116)

Due to the monotone quantities (116), we first show that E is confined: by Chebyshev’s inequality,

|Dt ∩ {x1 ≥ 4|E1(0)|}| = |Dt ∩ {x1(−σ+(x, t)) ≥ 4|E1(0)|}|

≤ 1

4|E1(0)|

∫
Q
x1(−σ+(x, t))dx ≤ 1

4
.

(117)

Similarly, we also have |Dt ∩ {x2 ≥ 4|E2(0)|}| ≤ 1
4 . Define Q′ = [0, 4|E1(0)|] × [0, 4|E2(0)|] ⊃ [0, 2]2.

Then using |Dt| = |D0| = 2− ϵ,

|Dt ∩Q′| ≥ 2− ϵ− 1

2
≥ 1

for all ϵ < 1
2 . Moreover, consider the strip S = [0,min( 1

8|E2(0)| , 2|E1(0)|)] × [0, 4|E2(0)|] and define
D′

t = (Dt ∩Q′)\S. It is clear that |D′
t| ≥ 1− 1

2 = 1
2 . Moreover, for all x, y ∈ D′

t, it holds that

x1 + y1 ∈
[
min(

1

4|E2(0)|
, 4|E1(0)|), 8|E1(0)|

]
,

x2 + y2 ∈ [0, 8|E2(0)|].
From which we get

x1 + y1
|x+ y|2

≥ 1

64

min( 1
4|E2(0)| , 4|E1(0)|)

|E1(0)|2 + |E2(0)|2
, x, y ∈ D′

t.

Since the kernel x1+y1
|x+y|2 is nonnegative in Q×Q, we conclude from (111b) and the definition of Dt that

E′
2(t) ≥

1

8π

∫
D′

t×D′
t

1

64

min( 1
4|E2(0)| , 4|E1(0)|)

|E1(0)|2 + |E2(0)|2
dx ≥ C

min( 1
4|E2(0)| , 4|E1(0)|)

|E1(0)|2 + |E2(0)|2
=: c2 > 0, (118)

But this immediately implies that T0 <∞: otherwise there exists T1 =
|E2(0)|

c2
<∞ such that E2(T1) > 0,

which is absurd.
To prove the main result, we need several topological arguments. By the symmetry assumption (110), it

suffices to consider the dynamics in the right-half plane. Define open sets

D±
t := {x ∈ {x1 > 0} | |σ±(x, t)| > 0}.

Since D±
0 is simply connected by construction, so is D±

t because these sets are transported by smooth vector
fields. We start with showing the following two claims:

Claim 1. There exists δ1 > 0 such that D+
T ∩ R2

+ ̸= ∅ for all T ∈ [T0, T0 + δ1);
Claim 2. For any δ > 0, there exists T ∈ (T0, T0 + δ) such that D+

T ∩ {x2 ≤ 0} ̸= ∅.
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To prove Claim 1, we first make the following observation: for any t ∈ [0, T0), there exists x(t) ∈ D+
t

such that x2(t) ≥ 3
16|E1(0)| > 0: suppose not, then there exists t < T0 such that Dt ⊂ D+

t ⊂ {0 < x2 <
3

16|E1(0)|}. Hence

|Dt ∩ {x1 < 4|E1(0)|}| <
3

16|E1(0)|
· 4|E1(0)| =

3

4
.

However this above inequality contradicts (117). Then this observation together with a continuity argument
immediately implies Claim 1.

To prove Claim 2, we see that if the claim were false, then there exists δ > 0 such that for all T ∈
(T0, T0 + δ), it holds that D+

T ⊂ {x2 > 0}. This contradicts the definition of T0 as a supremum.
Now choose δ1 > 0 as in Claim 1. The above two claims inform us that there exists T ∈ (T0, T0 + δ1)

such that D+
T ∩ {x2 > 0} and D+

T ∩ {x2 ≤ 0} are both nonempty. Since D+
T is open, we further have

D+
T ∩ {x2 > 0} ̸= ∅, D+

T ∩ {x2 < 0} ̸= ∅.

Since D+
T ⊂ R2 is connected and thus path-connected, there exists a continuous path γ : [0, 1] → D+

T such
that γ(0) ∈ {x2 > 0} and γ(1) ∈ {x2 < 0}. By Intermediate Value Theorem, there exists α ∈ (0, 1)
such that γ(α) ∈ {x2 = 0}. However by the symmetry σ+(x1, x2) = σ−(x1,−x2), we must also have
γ(α) ∈ D−

T . This shows that D+
T ∩ D−

T ̸= ∅ and the Theorem is proved. □

As a corollary of Theorem 5, the support of the canonical momentum variable F = σ++σ−
2 sees topo-

logical change in the following sense:

COROLLARY 1. There exists smooth, compactly supported solutions σ± to (105) such that F = σ++σ−
2

has the following properties: there exists T > 0 such that
(1) Int(supp(F (·, 0))) has 4 connected components, but Int(supp(F (·, T ))) has 2 connected compo-

nents;
(2) the following trichotomy holds:

(a) {|F (x, 0)| > 1
2} = ∅, but {|F (x, T )| > 1

2} ̸= ∅, or;
(b) Card({|F (x, 0)| = 1

2}) = 4, but Card({|F (x, T )| = 1
2}) > 4, or;

(c) There exists |α| ∈ (0, 12) such that α is a regular value of F (x, 0), but a critical value of
F (x, T ).

PROOF. Let the initial data τ± and the time instance T > 0 be specified as in Theorem 5. We first
remark that one can restrict the attention to the dynamics in the right-half plane {x1 > 0}. Recalling the
sets D±

t , we note that
Int(supp(σ±(·, t))) = D±

t ∪ D̃±
t ,

where we denote Ã := {(−x1, x2) ∈ A} for any set A. By choice of initial data, we have D±
0 ∩ D̃±

0 = ∅.
Then by odd-in-x1 symmetry recorded in (110), we must have D±

t ∩ D̃±
t = ∅ for all t ≥ 0. Therefore, in

view of Int(supp(F (·, t))) ⊂ Int(supp(σ+(·, t))) ∪ Int(supp(σ−(·, t))), it suffices to understand S>
t :=

{x ∈ {x1 > 0} | F (x, t) ̸= 0}.
(1) To prove the first statement, we first show that S>

t = D+
t ∪ D−

t . S>
t ⊂ D+

t ∪ D−
t is clear by

definition of F . To show the other direction, observe that for x1 > 0,

F (x, t) =


σ+(x,t)

2 , x ∈ D+
t \D

−
t ,

σ−(x,t)
2 , x ∈ D−

t \D
+
t ,

σ+(x,t)+σ−(x,t)
2 , x ∈ D+

t ∩ D−
t ,

0, elsewhere

It is clear that F ̸= 0 whenever x ∈ D+
t ∆D−

t . By (110), we see that σ+(x,t)+σ−(x,t)
2 ̸= 0 for all

x ∈ D+
t ∩ D−

t . Hence, we arrive at D+
t ∩ D−

t ⊂ S>
t .
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By choice of initial data, it is immediate that S>
0 has 2 connected components since D±

0 are
disjoint, connected open sets. By Theorem 5, we have D+

T ∩ D−
T ̸= ∅. This already implies that

S>
t = D+

t ∪ D−
t is a connected open set.

(2) From the construction of initial data, it is straightforward to see that {|F (x, 0)| > 1
2} = ∅ and α is a

regular value of F (x, 0) for any α ∈ (−1
2 ,

1
2)\{0}. Moreover, the set {F (x, 0) = 1

2} = {|τ±| = 1}
contains exactly 4 distinct points.

At time instance T , we show the following claim:

Claim: There exists x∗ = (x∗1, 0) ∈ D+
T ∩ D−

T such that F (x∗, T ) < 0 and ∇F (x∗, T ) = 0.

Before we prove this claim, we explain how one arrives at the trichotomy from this result:
if there exists some x ∈ D+

T ∩ D−
T such that F (x, T ) < −1

2 , this trivially falls into the first
scenario. If F (x, T ) ≥ −1

2 for all x ∈ D+
T ∩ D−

T , we further split into two cases. Let x∗

be specified by the claim. If F (x∗, T ) > −1
2 , then this falls into the third scenario. Then it

suffices to consider F (x∗, T ) = −1
2 . Since F (x, T ) ≥ −1

2 and σ±(x, T ) < 0 for all x ∈
D+

T ∩D
−
T , then σ±(x, T ) > −1. Therefore, {σ±(x, T ) = −1} ⊂ S>

T \(D
+
T ∩D

−
T ). Moreover, since

diffeomorphisms conserve critical points,Card({|σ±(x, T )| = 1}) = 4. From the above two facts
and the symmetry assumption (110), we conclude that Card({|F (x, T )| = 1

2}) ≥ 4. However,
because F (x∗, T ) = −1

2 and x∗ ∈ D+
T ∩ D−

T , we actually have Card({|F (x, T )| = 1
2}) > 4,

which falls into the second scenario.
Now it remains to prove the claim. Consider the set E = D+

T ∩ D−
T ∩ {x2 = 0}, which is

clearly nonempty and open in the induced topology of {x2 = 0}. Let us fix a connected component
C of E ⊂ {x2 = 0}. Then there exist 0 < a < b < ∞ such that C = (a, b) × {0}. Note that
σ+((a, 0), T ) = σ+((b, 0), T ) = 0 and σ+((x1, 0), T ) < 0 for any x1 ∈ (a, b). By Mean Value
Theorem, there exists x∗1 ∈ (a, b) such that ∂1σ+((x∗1, 0), T ) = 0. On the other hand, we note that
for any (z, 0) ∈ R2, t ≥ 0,

∂1F (z, 0) =
1

2
(∂1σ+(z, 0) + ∂1σ−(z, 0)) =

1

2
(∂1σ+(z, 0) + ∂1σ+(z, 0)) = ∂1σ+(z, 0),

∂2F (z, 0) =
1

2
(∂2σ+(z, 0) + ∂2σ−(z, 0)) =

1

2
(∂2σ+(z, 0)− ∂2σ+(z, 0)) = 0,

where we used the symmetry property (110) above. Therefore, we conclude that there exists
x∗1 ∈ (a, b) such that ∇F ((x∗1, 0), T ) = 0. Moreover as σ+((x∗1, 0), T ) < 0, we also have
σ−((x

∗
1, 0), T ) = σ+((x

∗
1, 0), T ) < 0 by symmetry, and hence F ((x∗1, 0), T ) < 0. This concludes

the proof of the claim.

□

5.4. Merger for smooth solutions of the screened equations. In view of the above analysis for the
unscreened equations (105), we prove an analogous result to Theorem 5 and Corollary 1 for the screened
system (104) when the dynamics are at sufficiently small scales. Toward this end, given a scale R > 0, we
introduce the following change of variables:

σ±(x, t) = σ̃±(z, t), z =
x

R
. (119)

From (104), we obtain the following equivalent system satisfied by profiles σ̃± in (z, t) coordinates:{
∂tσ̃+ − U(σ̃−) · ∇σ̃+ + R

2

[∫
R2 K(R(z − w))(σ̃+(w) + σ̃−(w))dw

]
· ∇σ̃+ = 0,

∂tσ̃− + U(σ̃+) · ∇σ̃− − R
2

[∫
R2 K(R(z − w))(σ̃+(w) + σ̃−(w))dw

]
· ∇σ̃− = 0,

(120)

where K is the kernel corresponding to operator 2∇⊥K.
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As a preliminary, we remark on the symmetry property concerning σ̃± and several a priori bounds. First,
we recall from Proposition 2 that the solution σ± to the full system (104) conserves the symmetry (110).
Then so does σ̃±. Moreover, the following a priori bounds hold: for any t ≥ 0

∥σ̃±(·, t)∥L∞ = ∥σ̃±(·, t)∥L∞ = ∥τ±∥L∞ ,

∥σ̃±(·, t)∥L1 = R−2∥σ̃±(·, t)∥L1 = R−2∥τ±∥L1 .
(121)

We now set the initial data τ± to the original system (104) by

τ±(x) = τ̃±(z), (122)

where τ̃± satisfies Properties 1–4 listed in the proof of Theorem 5. Let σ̄±(z, t) be the solution to the leading
order problem (105) initiated by data τ̃±(z). Let us also denote

Ēj(t) =

∫
Q
zj σ̄+(z)dz.

By Theorem 5, there exists T̄ := |Ē2(0)|
c2

<∞ such that there is T ∈ (0, T̄ ) such that the support interior
of σ̄± intersects at time T . Here, we recall that c2 defined in (118) only depends on Ēj(0), j = 1, 2. In
particular, c2 is independent of the scale R.

With above important notations introduced, we state and prove the following main theorem concerning
the merger for the original screened equations (104):

THEOREM 6. Let σ± be the solution to (104) initiated by data given in (122). Then supp(σ+(·, 0)) ∩
supp(σ−(·, 0)) = ∅, and Int(supp(σ+(·, T ))) ∩ Int(supp(σ−(·, T ))) ̸= ∅ for some T > 0.

PROOF. The proof is arranged into various steps:
Step 1. Control of the supports for σ±. In this step, we establish an estimate for the size of the supports
for σ± (and therefore σ̃±) on a sufficiently long time interval, namely on [0, 2T̄ ]. Let d0 > 0 be such that
supp(τ̃±) ⊂ Bd0(0) i.e. supp(τ±) ⊂ Bd0R(0). Invoking a standard integral operator estimate, there exists
a universal constant C0 > 0 such that

∥U(σ±)∥L∞ + ∥(B+ U)(F )∥L∞ ≤ C0∥σ±∥
1
2

L1∥σ±∥
1
2
L∞ ≤ C0R∥τ̃±∥

1
2

L1 .

Here, we used (121) and ∥τ̃±∥L∞ = 1. The above estimate together with (119) immediately gives

supp(σ̃±(·, t)) ⊂ BdT̄
(0), t ∈ [0, 2T̄ ], (123)

where dT̄ = d0 + 2C0T̄∥τ̃±∥
1
2

L1 . In particular, dT̄ is independent of R.

Step 2. Moment analysis. In this step, similar to the study of the leading order model (105), we analyze
the restricted moments corresponding to the profiles σ̃+, namely:

Ej(t) =

∫
Q
zj σ̃+(z)dz. (124)

Note that we have Ej(0) = Ēj(0), and Ej(t) ≤ 0 for all t ≥ 0 due to our choice of initial data.
The main ingredient is the following lemma, analogous to Proposition 3:

LEMMA 4. Let σ±(·, t) be a smooth solution to (104) on [0, T ], T > 0. In addition, assume that σ± has
the following properties:

(1) The symmetry condition (110) holds for σ±(·, 0);
(2) {|σ+| > 0} ⊂ R2

+ for all t ∈ [0, T ];
(3) σ+ is either nonpositive or nonnegative in Q.
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Then the following identities hold:
E′

1(t) = I1[σ̃+] +RJ1[σ̃], (125a)

E′
2(t) = I2[σ̃+]−RJ2[σ̃], (125b)

where

I1[σ̃+] :=
2

π

∫
Q×Q

z1w1(z2 + w2)

|z − w̄|2|z + w|2
σ̃+(w)σ̃+(z)dwdz,

I2[σ̃+] :=
1

2π

∫
Q×Q

z1 + w1

|z + w|2
σ̃+(w)σ̃+(z)dwdz,

Ji[σ̃] :=
1

2

∫
Q

∫
R2

Ki(R(z − w)) (σ̃+(w) + σ̃−(w)) σ̃+(z)dwdz, i = 1, 2.

The proof for this lemma is almost identical to that of Proposition 3, where one uses (120) instead of
(105). We therefore omit the tedious computations here.

To proceed, we define

T 0 := sup{τ > 0 | {|σ̃+(·, t)| > 0} ⊂ R2
+ for all t ∈ [0, τ)}.

For the sake of contradiction, let us assume that T 0 ≥ 11
6 T̄ . To start with, we first show the following

weaker bound

E′
i(t) > 0, t ∈ [0,

11

6
T̄ ), i = 1, 2, (126)

given the scale R chosen suitably small. To prove (126), we let τ ≥ 0 be the first time instance such that
eitherE′

1 = 0 orE′
2 = 0. We may further assume that τ ≤ 11

6 T̄ , as otherwise we are done. For all t ∈ [0, τ),
we have the moment bounds:

|Ej(t)| = −Ej(t) ≤ −Ej(0) = |Ej(0)| = |Ēj(0)|. (127)

With the above estimate and following a similar argument to that in Theorem 5, one obtains:

I2[σ̃+] ≥ c2, t ∈ [0, τ). (128)

By a very similar argument to that deriving (118), one also obtains the following coercive bound for E′
1:

I1[σ̃+] ≥ c1, t ∈ [0, τ), (129)

where c1 > 0 is a constant only depending on Ē1(0) and Ē2(0). To estimate Ji[σ̃], we use the following
bound for the kernel K: there exists a universal constant R0 > 0 such that

|K(r)| ≤ 1, r ∈ [0, R0]. (130)

In fact, K has the asymptotics |K(r)| ∼ r| log r| + O(r) near r = 0 (see e.g. [1, 15]), but the crude bound
(130) suffices. For t ∈ [0, τ) ⊂ [0, 2T̄ ], z, w ∈ supp(σ̃±(·, t)), from (123) we have |z − w| ≤ 2dT̄ .
Choosing R > 0 sufficiently small that R|z − w| ≤ 2dT̄R < R0, we have |K(R(z − w))| ≤ 1. Hence for
i = 1, 2, t ∈ [0, τ):

|Ji[σ̃]| ≤
1

2

∫
supp(σ̃±)×supp(σ̃±)

|σ̃+(w) + σ̃−(w)||σ̃+(z)|dwdz

≤ ∥σ̃±∥L1∥σ̃±∥L1 ≤ ∥τ̃∥2L1 .

The estimate above together with (129) and (128) yields that

E′
j(t) ≥ cj −R∥τ̃∥2L1 >

3

4
cj , t ∈ [0, τ)

once we choose R sufficiently small. Thus, we must have τ > 11
6 T̄ and (126) is proved.
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Now with the weaker bound (126) established, the bound (127) actually holds for all t ∈ [0, 116 T̄ ). Then
the same argument to that proving (126) actually yields the following stronger bound:

E′
j(t) >

3

4
cj , t ∈ [0,

11

6
T̄ ), j = 1, 2. (131)

Step 3. Proof of merger. Since 4
3 T̄ < 11

6 T̄ , we recall T̄ = |Ē2(0)|
c2

and use (131) to deduce that

E2(
4

3
T̄ ) = Ē2(0) +

∫ 4
3
T̄

0
E′

2(s)ds > Ē2(0) + c2T̄

= Ē2(0) + |Ē2(0)| ≥ 0,

where we used Ē2(0) < 0 in the final inequality. However, this is absurd since E2(t) ≤ 0 for all t ≥ 0.
Hence, we must have T̄0 < 11

6 T̄ <∞. Now, an identical topological argument to that described in the proof
of Theorem 5 yields the desired result. □

We remark that the proof of Corollary 1 only utilizes Theorem 5, the symmetry property (110), and that
the topological properties of the level sets of σ± are preserved along the evolution. In the case of the full
system 104, this system also preserves the symmetry (110) as well as the topological properties of level sets,
the latter of which holds because the additional term is a transport term driven by a smooth vector field.
Hence, an identical argument to that in Corollary 1 yields the following statement:

COROLLARY 2. There exists smooth, compactly supported solutions σ± to (104) such that F = σ++σ−
2

has the following properties: there exists T > 0 such that
(1) Int(supp(F (·, 0))) has 4 connected components, but Int(supp(F (·, T ))) has 2 connected compo-

nents;
(2) the following trichotomy holds:

(a) {|F (x, 0)| > 1
2} = ∅, but {|F (x, T )| > 1

2} ̸= ∅, or;
(b) Card({|F (x, 0)| = 1

2}) = 4, but Card({|F (x, T )| = 1
2}) > 4, or;

(c) There exists |α| ∈ (0, 12) such that α is a regular value of F (x, 0), but a critical value of
F (x, T ).

6. Merger stability

In this section we compare the dynamics of (15) to the dynamics when B is replaced by −U. That is,
we compare the original screened right-handed model to the unscreened one. In this latter case, in view of
(16), we have the system

∂tσ+ − U(σ−) · ∇σ+ = 0 (132)
and

∂tσ− + U(σ+) · ∇σ− = 0. (133)
We consider the same fixed smooth and compactly supported initial data σ±(0) = τ± and we consider a
situation in which at time zero the initial data have disjoint supports, and in particular,

τ+(x)τ−(x) = 0, (134)

and at time T we have ∫
R2

σ+(x, T )σ−(x, T )dx ≥ γ > 0. (135)

We take now solutions σ̃± of the screened system (15) with the same initial data and note that∣∣∫
R2(σ̃+(x, t)σ̃−(x, t)− σ+(x, t)σ−(x, t))dx

∣∣
=
∣∣∫

R2(δ+(x, t)σ̃−(x, t) + δ−(x, t)σ+(x, t))dx
∣∣

≤ ∥δ+(t)∥Lp∥τ−∥Lp′ + ∥δ−(t)∥Lp∥τ+∥Lp′

(136)

where
δ± = σ̃± − σ± (137)



30 PETER CONSTANTIN AND ZHONGTIAN HU

and where p′ is the conjugate exponent of p. We used the fact that both the screened and the unscreened
systems conserve Lp′ norms. We take p < 2 and we estimate the norms ∥δ±(t)∥Lp .

Let us denote
S = B+ U = ∇⊥(I−∆)−1∆−1, (138)

and observe that the equations (16) can be written as V+(σ) = −U(σ−) + S
(
σ++σ−

2

)
V−(σ) = U(σ+)− S

(
σ++σ−

2

)
,

(139)

The equations obeyed by σ̃± are thus

∂tσ̃+ + [−U(σ̃−) + S(σ)] · ∇σ̃+ = 0, (140)

and
∂tσ̃− + [U(σ̃+)− S(σ)] · ∇σ̃− = 0, (141)

where
σ =

1

2
(σ̃+ + σ̃−) (142)

The equations obeyed by δ±, in view of (132), (133), (140) and (141),

∂tδ+ + [−U(σ̃−) + S(σ)] · ∇δ+ − U(δ−) · ∇σ+ + S(σ) · ∇σ+ = 0, (143)

and
∂tδ− + [U(σ̃+)− S(σ)] · ∇δ− + U(δ+) · ∇σ− − S(σ) · ∇σ− = 0, (144)

Because the second terms in both equations are transport terms with incompressible velocities, we obtain
d

dt
∥δ+∥Lp ≤ ∥U(δ−) · ∇σ+∥Lp + ∥S(σ) · ∇σ+∥Lp (145)

and
d

dt
∥δ−∥Lp ≤ ∥U(δ+) · ∇σ−∥Lp + ∥S(σ) · ∇σ−∥Lp (146)

We estimate the terms U(δ)∇σ using the Hardy-Littlewood-Sobolev inequality

∥U(δ)∥Lr ≤ C∥δ∥Lp (147)

where 1
r = 1

p − 1
2 (that is why we took p < 2). Then, using duality, we have that U(δ)∇σ is estimated in

Lp by
∥U(δ)∇σ∥Lp ≤ C∥δ∥Lp∥∇σ∥L2 . (148)

We also estimate the terms ∥S(σ)∇σ∥Lp

∥S(σ)∇σ∥Lp ≤ ∥∇σ∥L2∥χS(σ)∥Lr (149)

where χ is the characteristic (indicator function) of the support of σ. We estimate the kernel of S. Because
its Fourier transform is integrable, it follows that the kernel of S is bounded. Using the fact that the kernel
is bounded, we have

∥S(σ)∥L∞ ≤ C∥σ∥L1 = C∥τ∥L1 (150)
and thus

∥S(σ)∇σ∥Lp ≤ C∥∇σ∥L2∥σ∥L1∥χ∥Lr (151)
Now we have that

∥χ(t)∥Lr ≤ A
1
r (152)

where A is the area of the support of τ . We have thus
d

dt
∥δ(t)∥Lp ≤ ∥∇σ(t)∥L2∥δ(t)∥Lp + C∥∇σ(t)∥L2A

1
p
− 1

2 ∥τ∥L1 (153)

where we use ∥∇σ∥L2 = max{∥∇σ+∥L2 ; ∥∇σ−∥L2} and ∥δ∥Lp = ∥δ+∥Lp + ∥δ−∥Lp . We have proved
thus
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PROPOSITION 4. Let σ±(t) be solutions of the unscreened right-handed system equations (132), (133)
with smooth compactly supported initial data τ±. Let σ̃±(t) be the solutions of the screened right-handed
system (140), (141) with the same initial data. Let 1 < p < 2 and let A denote the maximum of the areas of
the supports of τ±. Then

∥σ̃±(t)− σ±(t)∥Lp ≤ CA
1
p
− 1

2 ∥τ∥L1

∫ t

0
∥∇σ(s)∥L2e

∫ t
s ∥∇σ(z)∥L2dzds (154)

Now we take advantage of the fact that unscreened equations have scaling invariance. Thus, if τ± are
functions with length scale ϵ, meaning that they are rescaling τ±(x) = f±

(
x
ϵ

)
, with f smooth bounded

functions with bounded derivatives and compactly supported in a domain unit size, then

A
1
p
− 1

2 ∥τ∥L1 ∼ ϵ
2
p
+1 (155)

and, in view of (32) and the volume conservation, we have

∥∇σ(t)∥L2 ≤ ϵ−1+1eCeCt
= eCeCt

(156)

is bounded independently of epsilon. From (153), in view of the fact that the initial data for δ vanish, and
the uniform in ϵ bound (156), we have that, for any T , there exists a constant C(T ) independent of ϵ, such
that,

∥σ̃±(t)− σ±(t)∥Lp ≤ ϵ
2
p
+1
C(T ) (157)

holds for all 0 ≤ t ≤ T . In particular, because the lower bound γ of (135) is of the order ϵ2, γ ≥ cϵ2, then
we see from (136) and (157) that∫

R2

σ̃+(x, T )σ̃−(x, T )dx ≥ cϵ2 − C(T )ϵ
2
p′+

2
p
+1

= cϵ2 − C(T )ϵ3 (158)

In view of the fact that we are free to choose ϵ and observe the unscreened merger at time T we see that the
screened evolution must also lead to merger.

THEOREM 7. Assume that there exist smooth compactly supported initial data τ± of the unscreened
right-handed system (132), (133) that have disjoint supports, and such that there exists T > 0 such that
(135) holds. Then there exist smooth compactly supported initial data τ̃± of the original screened right-
handed system (140), (141) whose supports are disjoint and whose solutions σ̃±(t) obey at time T∫

R2

σ̃+(x, T )σ̃−(x, T )dx > 0. (159)

PROOF. We take τ̃± = τ±
(
x
ϵ

)
and choose ϵ small enough. □

REMARK 3. The exact same result holds for the left-handed equations, with the same proof.

We compare also the Lagrangian trajectories X± to the Lagrangian trajectories Y± of the system (132)-
(133). We note that

σ+ = τ+ ◦ Y −1
+ (160)

and
σ− = τ− ◦ Y −1

− (161)
where

∂tY+ = −U
(
τ− ◦ Y −1

−
)
◦ Y+ (162)

and
∂tY− = U

(
τ+ ◦ Y −1

+

)
◦ Y− (163)

Now (22) can be written as

∂tX+ = −U
(
τ− ◦X−1

−
)
◦X+ +

1

2
S
(
τ+ ◦X−1

+ + τ− ◦X−1
−
)
◦X+ (164)
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and

∂tX− = U
(
τ+ ◦X−1

+

)
◦X− − 1

2
S
(
τ+ ◦X−1

+ + τ− ◦X−1
−
)
◦X− (165)

The functions τ± are smooth, time independent and compactly supported. We note that X = (X+, X−)
and Y = (Y+, Y−) starting from the identity maps, are defined and smooth for all time. We aim to give
bounds in situations in which and X± remain close respectively to Y± although Y+ and Y− are not close.
We consider the differences

Z±(a, t) = X±(a, t)− Y±(a, t) (166)
and their evolution

∂tZ+ = U
(
τ− ◦ Y −1

−
)
◦ Y+ − U

(
τ− ◦X−1

−
)
◦X+ +

1

2
S
(
τ+ ◦X−1

+ + τ− ◦X−1
−
)
◦X+ (167)

and

∂tZ− = U
(
τ+ ◦X−1

+

)
◦X− − U

(
τ+ ◦ Y −1

+

)
◦ Y− − 1

2
S
(
τ+ ◦X−1

+ + τ− ◦X−1
−
)
◦X− (168)

We define for s ∈ [0, 1]

Xs
±(a, t) = sX±(a, t) + (1− s)Y±(a, t). (169)

We have

Z±(a, t) =
d

ds
Xs

±(a, t) (170)

and

∂tZ+ = −
∫ 1

0

d

ds

(
U
(
τ− ◦ (Xs

−)
−1
)
◦Xs

+

)
ds+

1

2
S
(
τ+ ◦X−1

+ + τ− ◦X−1
−
)
◦X+, (171)

∂tZ− =

∫ 1

0

d

ds

(
U
(
τ+ ◦ (Xs

+)
−1
)
◦Xs

−
)
ds− 1

2
S
(
τ+ ◦X−1

+ + τ− ◦X−1
−
)
◦X− (172)

We consider the terms with S as forcing terms and show that the U terms lead to a controlled Lipschitz
evolution. Let us denote

η± = Z± ◦ (Xs
±)

−1 (173)
We have

− d

ds

(
U
(
τ− ◦ (Xs

−)
−1
)
◦Xs

+

)
= U(η− · ∇(τ− ◦ (Xs

−)
−1) ◦Xs

+ − (∇U(τ− ◦ (Xs
−)

−1) ◦Xs
+)Z+ (174)

and
d

ds

(
U
(
τ+ ◦ (Xs

+)
−1
)
◦Xs

−
)
= (∇U(τ+ ◦ (Xs

+)
−1) ◦Xs

−)Z− − U(η+ · ∇(τ+ ◦ (Xs
+)

−1) ◦Xs
−. (175)

Composing from the right in (174) with (Xs
+)

−1 and in (175) with (Xs
−)

−1 we have

−
[
d

ds

(
U
(
τ− ◦ (Xs

−)
−1
)
◦Xs

+

)]
◦ (Xs

+)
−1 = U(η− · ∇σs−)− η+ · ∇U(σs−) (176)

and [
d

ds

(
U
(
τ+ ◦ (Xs

+)
−1
)
◦Xs

−
)]

◦ (Xs
−)

−1 = η− · ∇U(σs+)− U(η+ · ∇σs+) (177)

where
σs± = τ± ◦ (Xs

±)
−1. (178)

Note the fact that if η− and η+ would be the same, then we would obtain a commutator structure. This
is related to the important commutator structure in single fluid equations [12], when there is no distinction
between Y+ and Y−. That commutator structure is the reason why for single fluid equations the Lagrangian
path evolution is Lipschitz in path space without loss of derivatives. Here however we do loose derivatives
because Y+ and Y− are not the same.
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We consider an arbitrary time interval [0, T ] and take full advantage of the fact that we have uniform a
priori information on σ±, and on both Y± and X± and their inverses. In particular, we have the following a
priori information. From (33) and with A(t) defined in (36),

A(t) = exp

C (eCt∥τ∥L∞ − 1
)
log

2 +
∥∇τ∥L∞∥τ∥

1
2

L1

∥τ∥
3
2
L∞

 (179)

we have
∥∇U(σs±(t))∥L∞ ≤ C∥τ∥L∞A(t) (180)

and with (37)
∥∇σs±(t)∥Lp ≤ A(t)∥∇τ±∥Lp (181)

In order to track the L∞ norm of Z we estimate separately using the kernels of U, and S. We have directly
form (180)

∥η+ · ∇U(σs−)∥L∞ ≤ C∥η+∥L∞∥τ∥L∞A(t) (182)

and
∥η− · ∇U(σs+)∥L∞ ≤ C∥η−∥L∞∥τ∥L∞A(t) (183)

The terms U(η±∇σs±) are estimated using an upper bound on the kernel of U. We use a useful extrapolation
inequality for the Hardy-Littlewood-Sobolev end point estimate,∣∣∣∣∫

R2

g(y)

|x− y|
dy

∣∣∣∣ ≤ C∥g∥L2

[
1 + log

(
∥g∥L1∥g∥L∞

∥g∥2
L2

)]
. (184)

The proof of this estimate follows directly by splitting the integral in regions |x − y| ≤ l, l ≤ |x − y| ≤ L

and |x − y| ≥ L with l = ∥g∥L2

∥g∥L∞ and L =
∥g∥L1

∥g∥L2
and noticing that always l ≤ L. We apply this with

g = |∇σs±(t)| and obtain

∥U(η±∇σs±(t)∥L∞ ≤ CA(t)∥η±(t)∥L∞∥∇τ∥L2

[
1 + log

(
∥∇τ∥L1∥∇τ∥L∞

∥∇τ∥2
L2

)]
. (185)

We did this in order to obtain a scale invariant bound. This means that the bound depends on the initial
norms with a loss of derivative, but the factors are scale invariant, and uniform in time on [0, T ]. Fixing T
for simplicity of exposition and putting

Γ(T ) = CA(T )∥τ∥L∞

[
1 +

∥∇τ∥L2

∥τ∥L∞
log

(
∥∇τ∥L1∥∇τ∥L∞

∥∇τ∥2
L2

)]
, (186)

we have

∥Z(t)∥L∞ ≤ Γ(T )

∫ t

0
∥Z(ν)∥L∞dν +

∫ 1

0
ds

∫ t

0
∥S(σs±(ν))∥L∞dν (187)

Now the kernel of S is bounded and continuous. Using it we have that

∥S(σs+ + σs−)∥L∞ ≤ C∥τ∥L1 . (188)

This is not scale invariant, because of the screening. Returning to (187) we proved

PROPOSITION 5. Let τ± be smooth and compactly supported initial data. Let T > 0 be a fixed time.
There exists a scale invariant constant Γ(T ) depending on norms ∥τ∥W 1,p , 1 ≤ p ≤ ∞, such that difference
of Lagrangian paths obeys

sup ∥X±(t)− Y±(t)∥L∞ ≤ C∥τ∥L1eTΓ(T ) (189)

for 0 ≤ t ≤ T .
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The main point here is that if we consider a family τ± = f±(
x
ϵ ) like before, then Γ(T ) is independent

of ϵ while ∥τ∥L1 scales like ϵ2.
∥Z(t)∥L∞ ≤ CeTΓ(T )ϵ2. (190)

This bound implies that the distance between Lagrangian trajectories is significantly less than ϵ. The un-
screened merger occurs at scale ϵ at times of order one.

7. The limit of zero resistivity

We investigate here resistive regularization and the zero resistivity limit in a subcritical regime. The
viscous version to the system (15)–(16) is written as follows:

∂tσ± + V±(σ) · ∇σ± − ν±∆σ± = 0, ν± ≥ 0, (191)

where we recall the relation

V±(σ) =
1

2
(U(σ+ − σ−)± B(σ+ + σ−)) .

The goal of this section is to establish an inviscid limit result concerning sufficiently regular solutions of
(191) in Sobolev spaces. As a preliminary, we first establish the following global well-posedness result for
(191) in subcritical Sobolev spaces:

THEOREM 8. Let s > 1 and τ± ∈ (Hs ∩ L1)(R2). For any ν± ≥ 0, there exists a unique solution
σ± ∈ C([0,∞); (Hs ∩ L1)(R2)) to (191) with initial data σ±(x, 0) = τ±(x) such that for any t ≥ 0,

∥σ(t)∥Hs ≤ ∥τ∥HseCeCt
, (192)

where C > 0 is a constant that is independent of ν±.

PROOF. We provide suitable a priori estimates. Concerning a priori L1 bounds, we have ∥σ(t)∥L1 ≤
∥τ∥L1 : when ν± > 0, since V± is divergence-free, the claimed bound follows from the standard fact that the
solution map to the advection-diffusion equation with divergence-free velocity is a L1 contraction. When
ν± = 0, we actually have conservation of ∥σ∥L1 due to transport by a volume-preserving diffeomorphism.

Let us consider s > 1 to be an integer for simplicity. Also, we denote ∇i to be a generic i–th order
spatial derivative. Fix 0 ≤ i ≤ s. Differentiating (191) by ∇i, testing the differentiated equation by ∇iσ±,
and using incompressibility, we have

1

2

d

dt
∥∇iσ±∥2L2 + ν±∥∇i∇σ±∥2L2 = −

∫
R2

[∇i,V(σ) · ∇]σ±∇iσ±dx.

Familiar calculus and commutator estimates yield:
1

2

d

dt
∥∇iσ±∥2L2 + ν±∥∇i∇σ±∥2L2 ≤ C(∥∇V(σ)∥L∞ + ∥σ∥L∞)∥∇iσ±∥2L2 .

Summing over i = 0, . . . , s and an application of Grönwall inequality yield that, for any ν± ≥ 0, t ≥ 0:

∥σ±∥2Hs ≤ ∥τ±∥2Hs exp

(
C

∫ t

0
∥∇V(σ)(s)∥L∞ + ∥σ(s)∥L∞ds

)
. (193)

Note that by Sobolev embedding, there exists α(s) > 0 such that σ± ∈ (Cα∩L1)(R2). Then an application
of the inequality (28) and conservation of ∥σ±∥L∞ to (193) immediately yields the desired estimate (192).

□

THEOREM 9. Let s > 2 and τ± ∈ Hs(R2) be compactly supported. Let σ̄± ∈ C([0,∞);Hs ∩ L1)
(σ± ∈ C([0,∞);Hs∩L1)) be the global solution to the inviscid problem (15) (viscous problem (191)) with
initial datum τ±. Then the following statements hold: for any T ≥ 0, t ∈ [0, T ], ν± < 1, we have

(1) ∥σ• − σ̄•∥Hs−1∩L1 ≤ C(T )((ν+ + ν−)t)
1
2 , • = +,−;

(2) For any s′ ∈ (s− 1, s), ∥σ• − σ̄•∥Hs′∩L1 ≤ C(T )((ν+ + ν−)t)
s−s′
2 , • = +,−.



35

PROOF. Let T ≥ 0 be fixed. First we observe that, by (192), there exists C(T ) > 0 such that

∥σ∥Hs + ∥σ̄∥Hs ≤ C(T ). (194)

Denote d± = σ± − σ̄±. Then the difference d± satisfies the following equation:

∂td± + V±(σ) · ∇d± + V±(d) · ∇σ̄± − ν±∆σ± = 0. (195)

equipped with initial datum d±(x, 0) = 0.
For simplicity, let us consider s > 2 be an integer. For any 0 ≤ i ≤ s− 1, we differentiate (195) by ∇i

and test by ∇id±. It holds that

1

2

d

dt
∥∇id±∥2L2 + ν±∥∇i∇d±∥2L2 = −

∫
R2

[∇i,V±(σ) · ∇]d±∇id±dx

−
∫
R2

∇i(V±(d) · ∇σ̄±)∇id±dx

+ ν±

∫
R2

∇(∇iσ̄±) · ∇(∇id±)dx

=: I1 + I2 + I3.

Using calculus estimate and Sobolev embedding, we have

|I1| ≤ C∥∇V±(σ)∥L∞∥∇id±∥2L2 ≤ C∥σ∥Hs∥∇id±∥2L2 .

To estimate I2, we see that

|I2| ≤
∫
R2

|V±(d) · ∇i+1σ̄±∇id±|dx+

i∑
j=1

|∇jV±(d) · ∇i−j+1σ̄±∇id±|dx =: I21 + I22.

Since s− 1 > 1, we note that

∥V±(d)∥L∞ ≤ C∥d∥
1
2

L1∥d∥
1
2
L∞ ≤ C∥d∥

1
2

L1∥d∥
1
2

Hs−1 . (196)

Then we may bound I21 by:

I21 ≤ C∥σ̄∥Hs∥d±∥
1
2

L1∥d±∥
3
2

Hs−1 ≤ C∥σ̄∥Hs

(
∥d±∥2L1 + ∥d±∥2Hs−1

)
.

I22 can be estimated similarly to I1 by using calculus and commutator estimate, Sobolev embedding, and a
Calderón-Zygmund type estimate:

I22 ≤ C∥∇V±(d)∥L∞∥σ̄∥Hs−1∥∇id±∥L2

≤ C∥∇V±(d)∥Hs−1∥σ̄∥Hs−1∥∇id±∥L2

≤ C∥σ̄∥Hs−1∥d±∥2Hs−1 .

Finally, to estimate I3, we have

|I3| ≤ ν±∥σ̄±∥Hs∥∇i∇d±∥L2 ≤ 1

2
ν±∥∇i∇d±∥2L2 + Cν±∥σ̄±∥2Hs ,

Combining the above estimates, summing over all i = 0, . . . , s − 1, and invoking (194), we obtain the
following inequality concerning ∥d±∥Hs−1 :

d

dt
∥d±∥2Hs−1 + ν±∥d±∥2Hs ≤ C

[
(∥σ∥Hs + ∥σ̄∥Hs) (∥d±∥2Hs−1 + ∥d±∥2L1) + ν±∥σ̄±∥2Hs

]
≤ C(T )(∥d±∥2Hs−1 + ∥d±∥2L1 + ν±).

(197)

Another important ingredient is an estimate for ∥d±∥L1 . Rewriting (195) as

∂td± + V±(σ) · ∇d± − ν±∆d± = −V±(d) · ∇σ̄± − ν±∆σ̄±,
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we deduce the following estimate:

d

dt
∥d±∥L1 ≤ ∥V±(d)∥L∞∥∇σ̄±∥L1 + ν±∥∆σ̄±∥L1

≤ C|Ω0|
1
2 ∥∇σ̄±∥L2∥d∥

1
2

L1∥d∥
1
2

Hs−1 + ν±|Ω0|
1
2 ∥∆σ̄±∥L2 .

Here, Ω0 = supp(τ±), and we used that the evolution of the inviscid solution σ̄ is volume-preserving. A
further use of Young’s inequality and (194) yields:

1

2

d

dt
∥d±∥2L1 ≤ C|Ω0|

1
2 ∥∇σ̄±∥L2∥d±∥

3
2

L1∥d∥
1
2

Hs−1 + ν±|Ω0|
1
2 ∥∆σ̄±∥L2∥d±∥L1

≤ C|Ω0|
1
2 (∥σ̄±∥Hs + ν±)∥d±∥2L1 + C|Ω0|

1
2 ∥σ̄±∥Hs∥d±∥2Hs−1 +

1

2
ν±|Ω0|

1
2 ∥σ̄±∥2Hs

≤ C(T )|Ω0|
1
2 (∥d±∥2Hs−1 + ∥d±∥2L1 + ν±).

(198)

Here, we also used s > 2. Adding (197) and (198), using d±(x, 0) = 0, and then Grönwall inequality, we
have

∥d±∥2Hs−1 + ∥d±∥2L1 ≤ C(T )((ν+ + ν−)t), t ∈ [0, T ], (199)
which finishes the first statement of the Theorem. The second statement follows from (199), the following
interpolation inequality:

∥d±∥Hs′ ≤ ∥d±∥s−s′

Hs−1∥d±∥s
′−s+1
Hs , s′ ∈ (s− 1, s),

and the uniform bound ∥d±∥Hs ≤ C(T ) in view of (194). □

8. A formal derivation

We offer here a unified derivation of both the right-handed and the left-handed equations. They are
derived from a two-fluids action

A =

∫ t2

t1

∫
Rd

[
1

2
(Au1(x, t)) · u1(x, t) +

1

2
(Bu2(x, t)) · u2(x, t) + (Cu1(x, t)) · u2(x, t)

]
dxdt (200)

whereA,B,C are commuting self-adjoint scalar operators and u1, u2 are Rd valued vector fields. Scalar op-
erators act on components, (Au(x, t))i = Aui(x, t). The operators act in x. In this section the operators will
be based on the Laplacian via functional calculus. We view u1 and u2 as varying vector fields correspond-
ing to underlying varying Lagrangian path transformations,X1(a, t) andX2(a, t) which are time-depending
fluctuating diffeomorphisms of Rd (or Td). The Eulerian velocities u1 and u2 are related to the Lagrangian
transformations via

u1 = ∂tX1 ◦X−1
1 , u2 = ∂tX2 ◦X−1

2 . (201)
We consider Eulerian variation vector fields η1(x, t) and η2(x, t), whch are obtained from the Lagrangian
variations via η1 = X ′

1 ◦X
−1
1 and η2 = X ′

2 ◦X
−1
2 . Here X ′

1(a, t) is the variation of X1, that is, a derivative
ofX1(a, t) with respect to a hidden parameter, at a fixed position label a and fixed time t. SimilarlyX ′

2(a, t)
is the variation of X2(a, t). These are the basic Lagrangian path fluctuation vector fields and ηi are their
Eulerian counterparts. Differentiating with respect to a parameter in (201) (as in [12]) we have by calculus

u′1 = D1η1 − η1 · ∇u1 (202)

and
u′2 = D2η2 − η2 · ∇u2. (203)

where D1 = ∂t + u1 · ∇ and D2 = ∂t + u2 · ∇. We thus obtain the variation of the Eulerian velocities due
to Lagrangian fluctuations.

The action is a functional of two Lagrangian diffeomorphisms,

A = A[X1, X2]. (204)
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We compute its variation and equate it to zero. This yields evolution equations for the velocities u1 and
u2. We assume that during their variation the diffeomorphisms X1 and X2 remain volume-preserving. This
happens if (and only if) η1 and η2 are divergence-free ([12]). Because A,B,C are selfadjoint, we have

A′ =

∫ t2

t1

∫
Rd

[(Au1 + Cu2) · (D1η1 + η1 · ∇u1) + (Cu1 +Bu2) · (D2η2 + η2 · ∇u2)] dxdt. (205)

Because η1 and η2 are divergence-free we have D∗
1 = −D1 and D∗

2 = −D2. Integrating by parts and
equating to zero separately the contributions due to η1 and η2 we obtain that

∂tw1 + u1 · ∇w1 + (∇u1)Tw1 +∇p1 = 0 (206)

and
∂tw2 + u2 · ∇w2 + (∇u2)Tw2 +∇p2 = 0, (207)

where
w1 = Au1 + Cu2 (208)

and
w2 = −Cu1 −Bu2. (209)

The pressures p1, p2 are due to the fact that the vanishing is only modulo gradients, perpendicular to the
space of divergence-free vector fields.

We take now d = 2 and denote

σ1 = ∇⊥ · w1, σ2 = ∇⊥ · w2 (210)

the curls of w1 and w2. It follows from (208) and (209) that{
σ1 = AΩ1 + CΩ2

σ2 = −CΩ1 −BΩ2
(211)

holds, where
Ω1 = ∇⊥ · u1, Ω2 = ∇⊥ · u2 (212)

are the curls of the velocities u1and u2. Taking the curl of equations (206) and (207) we obtain that σ1 is
carried by the flow of u1 and σ2 is carried by the flow of u2{

∂tσ1 + u1 · ∇σ1 = 0,
∂tσ2 + u2 · ∇σ2 = 0.

(213)

Now, if AB − C2 is invertible, then we can invert (211), and have{
Ω1 = (AB − C2)−1(Bσ1 + Cσ2)
Ω2 = (AB − C2)−1(−Cσ1 −Aσ2).

(214)

Thus the active scalars σ1 and σ2 determine the flow vorticities and hence the velocities. As a sanity check,
if C = 0 and A = B = I, we obtain two independent Euler equations. Now in the right-handed equations
(4) we have, by taking the curl in (5) {

Ω+ = ∆(Kσ+ + Lσ−)
Ω− = ∆(−Lσ+ −Kσ−)

(215)

Identifying Ω+ with Ω1, σ+ with σ1 and Ω− with Ω2, σ− with σ2 we see that (215) follows from (214) if
we choose A,B,C such that  (AB − C2)−1B = ∆K

(AB − C2)−1C = ∆L
A = B

(216)

In order to solve for A,B,C let us note that we have, by calculus and definitions (6) and (7) that

L2 −K2 = (−∆)−1(I−∆)−1. (217)
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From (216) we have first

C2 −A2 = (I−∆)(−∆)−1, (218)

and then we obtain the coefficients A,B,C{
A = B = −∆K(C2 −A2) = K(I−∆) = −1

2(−∆)−1

C = −∆L(C2 −A2) = L(I−∆) = I+ 1
2(−∆)−1 (219)

Thus, the action for the right-handed system is

Aright =

∫ t2

t1

[
(u1(t), u2(t))L2 −

1

4
∥Λ−1(u1 − u2)∥2L2

]
dt (220)

where Λ = (−∆)
1
2 . For the left-handed equations we proceed in the same manner, taking the curl in (8),

and we obtain the coefficients {
A = B = L(I−∆) = I+ 1

2(−∆)−1

C = −K(I−∆) = 1
2(−∆)−1 (221)

and the action

Aleft = −
∫ t2

t1

[
1

2
∥u1(t)∥2L2 +

1

2
∥u2(t)∥2L2 +

1

4
∥Λ−1(u1 − u2)(t)∥2L2

]
dt. (222)
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