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ABSTRACT. OpenAl [43] has recently announced a proof of finite time singularity formation for
the 3D Navier-Stokes equations, in the presence of a C°-smooth body force. The construction
in [43] has a few key features, among which we single out: (i) the angular mean of the solution
satisfies specific Type II bounds which are anisotropic; (ii) the solution is exactly axisymmetric in
a collapsing core region. In this paper we consider solutions of the 3D Navier-Stokes equations in
the presence of a real-analytic body force, and assume that these solutions satisfy properties (i) and
(ii) above. We prove that such solutions are in fact regular at the putative singular point. As a
consequence, in the construction of [43], and in any construction with properties (i) and (ii) whose
force remains bounded in C? up to the singular time, the force can neither vanish identically near
the singular point, nor be real analytic in the space variables, locally uniformly in time. The main
idea of the proof is inspired by our earlier work [13] and the companion paper [14]: zooming-in
at the putative singularity using the anisotropic length scales provided by the a priori bounds, we
arrive at ancient limits whose PDE evolution imposes additional rigidity.

1. Introduction

In a recent manuscript [43], OpenAl has announced a proof of finite time singularity formation
for the 3D Navier-Stokes equations in the presence of a C°°-smooth forcing. The main theorem
of the manuscript [43, Theorem 1.1] asserts that for every viscosity v > 0 there exists a force
f € CX(R? x (0,00)) and a smooth solution (u, ) of the 3D Navier-Stokes equations on R3 x [0, 1)

ou+ (u-V)u—vAu+Vr = f,
divu =0,
u(-,0) =0,

which has a fixed compact spatial support, finite kinetic energy supg<;; [[u(-,t)||2 < oo, and the
solution blows up as ¢ 1 1:
limsup |[u(-, )|l o0 = 00.

We refer to the solution built in [43] as the OpenAI construction. The singular point is (z,¢) = (0, 1),
and it is isolated: the velocity diverges along points converging to the origin [43, equations (10.20)—
(10.21)], while every space-time derivative of the velocity has a one-sided limit at the blowup time,
on compact sets avoiding the origin; see [43, Theorem 3.1(ii), equation (3.5), and the proof of
Lemma 10.2]. The force f, in turn, is defined as the residual of the momentum equation, left over
after the construction’s ansatz, and it is C°° smooth but not real analytic: neither on R3, because it
is compactly supported, nor in the vicinity of the singular point (see Section A.6). In Appendix A
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we record those properties of the OpenAl construction which are relevant to this paper; they are
deduced from statements of [43], which we cite with their locations.

Of the many features of the solution constructed in [43], we single out the two which enter the
hypotheses of our main theorem:

(i) Near the singular point the angular mean v = Pu of the velocity, defined in (1.4) below, satisfies
Type II bounds which are anisotropic: its radial component v, is bounded by (1 — ¢)~/2,
while its axial and azimuthal components v, and vg are bounded by (1 — ¢)~'/2=" for some
0 < h < 1/100. Moreover, each r-derivative costs a factor of (1—1)~'/2, while each z-derivative
costs only a factor of (1 —t)~1/2+h,

(ii) The full velocity field u is exactly axisymmetric on a collapsing core region B(cy/1 —t), for
some ¢ > 0 fixed.

We do not claim to have verified the correctness of the construction in [43]: Appendix A records
the statements of that manuscript on which we rely, with their locations, and deduces from them
the properties used in this paper.

1.1. Problem setup. The solution constructed in [43] is defined for ¢ € [0,1) and becomes
singular as t T 1. Since the equations are invariant under translations in time, we place the singular
time at ¢ = 0, which is more convenient: we replace the triple (u,, f) of the manuscript [43] by
the shifted functions

(u,m, f)(x,t) — (u,m, f)(z,t+1), -1<t<0. (1.1)

We denote the shifted triple again by (u, 7, f). The singular point is then (z,¢) = (0,0), and the
time to the singularity is —t, replacing the 1 — ¢ in the time variable of [43]. In particular, the
factor (1 —t) of item (i) becomes (—t), and the core of item (ii) becomes B(cy/—t). From here on,
every statement of this paper is in the shifted time coordinate of (1.1).

The goal of this paper is to analyze solutions of the 3D Navier-Stokes equations which are a
priori assumed to obey properties (i) and (ii) above. We prove that if such solutions were to arise
from the forced problem with a body force which is real analytic in the space variables, in the sense
made precise in Theorem 1.1 below, then (x,t) = (0,0) is a regular point.

Throughout the paper we consider suitable weak solutions, in the sense of Caffarelli, Kohn, and
Nirenberg [6], of the forced 3D Navier-Stokes equations

Ou+ (u-Vyu—Au+Vr=f, (1.2a)
divu =0, (1.2b)

where u: Q@ — R3 is the velocity, m: @ — R is the pressure, and f: O — R3 is the force.? Here
Q := B(1) x (—1,0) is the unit parabolic cylinder,® whose upper time endpoint ¢ = 0 is the blowup
time of the construction.

1Recall that a point (zo, to) with zo € B(1) and —1 < to < 0 is called regular if ess SUP B (2.p) x (to—p2,t0) U] < 00
for some p > 0 with B(zo, p) X (to — p?,t0) C B(0,1) x (—1,0), and singular otherwise. Here and throughout this
paper, we use the notation B(x,p) = {y € R®: |y — x| < p} and B(p) = B(0, p).

2The partial regularity results of [6] are stated for a divergence-free force. We apply them to (u, 7 — 77) with
the force f — Vry, where Any = div f on B(1) with zero Dirichlet data. The function V7; is bounded on B(1)
uniformly in time, so that f— Vs is bounded and divergence free, and the local energy inequality is unchanged, since
Ju-V(msp)dz =0 for ¢ € C5°(B(1)). Since curl(f — V) = curl f, and since 7y is axisymmetric whenever f is, so
that (f — Vry)e = fo, the derivative estimates, the circulation equation, and the vorticity equations of Sections 3-5,
which are where the C? bound (1.5) on the force enters, are written with f itself.

3The properties of the construction in [43] are supplied on a cylinder B(R) x (—4,0) for some R, > 0; see
Appendix A. Upon decreasing R or § we may take § = R < 1, and the scaling v — Ru(R-, R*‘), 7 — R*w(R-,R*"),
f — R3*f(R-,R*") carries the hypotheses of Theorem 1.1 from B(R) x (—R? 0) to the unit parabolic cylinder Q,
with constants changed by fixed powers of R.
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Unless stated otherwise, we take (u, ) to be a suitable weak solution of (1.2) which is smooth
on compact subsets of Q, and hence f is smooth there as well. Note that the definition of a suitable
weak solution on Q in the sense of [6], as written in [40, 37], includes the integrability requirement

we LPILA(Q)NL2HLY(Q), wel¥} Q). (1.3)

z,t
We assume no regularity of the solution (u,7) at time ¢ = 0.
1.2. Notation. The solutions of (1.2) need not be axisymmetric, but it is convenient to in-

troduce the notation attached to the cylindrical coordinate system on R3. For ¢ € [0, 27), denote
by Q. the rotation through angle ¢ about the z-axis. For a solution u: Q@ — R3 of (1.2) we define

the rotation and the projection operators*
1 2
(Zpu)(x,t) = Qwu(lex, t), Pu = o Foudp, (1.4a)
0
and denote
v = Pu, w=u-—uv, Pw=0. (1.4Db)
We call v the angular mean, or the azisymmetric part, of u, and we refer to w as the non-
azisymmetric part. The field u is azisymmetric if w = 0. With z = (2/,2), r = |2/|, and the

usual cylindrical frame (e,, ey, e,), an axisymmetric field has the form v = wu,e, + ugey + use,,
where u,., ug, u, depend only on (r, z,t). For a general field u, the cylindrical coefficients u,, ug, u.
depend on # as well, and the cylindrical coefficients of its angular mean v = Pu are their averages
in 0, that is, v, = i 027r uo df for o € {r, 6, z}.

1.3. Main result. Our main result is the following.

THEOREM 1.1 (Regularity under anisotropic Type II bounds and analytic forcing).
Let (u,m) be a suitable weak solution of (1.2) on Q, smooth on compact subsets of Q, and let
0 < h < 1/2. Assume that the force is bounded in C? up to the blowup time,

My = sup [[f(-)llc2pay < oo- (1.5)
1<t<0

Assume that the force is real analytic in the space variables, locally uniformly on cylinders compactly
contained in Q: for every R < 1 and every compact interval J C (—1,0) there are Mp j < oo and
ar,j > 0 such that

sup 102 () oo (B(RY) < MRJ%E!?'\@“ for all o € Nj. (1.6)

Assume that the velocity has the following two properties.
(i) Its angular mean v := Pu satisfies, on the fired FEuclidean ball B(1), for —1 <t < 0, and all
nonnegative integers a,b with a +b < 2,
108020, (-, ) || oo (B(1)) < Caxi(— , (1.7a)
102050, (-, )| oo (1)) + 1080000 (-, t) | oo (1)) < Caxi(—t) /2 hma/2=(/2=0b, (1.7b)
for a constant Cyxq > 0 which is independent of t.
(ii) For each t € (—1,0) there is a radius p(t) € (0,1) such that the solution u(-,t) is exactly
azisymmetric on the ball of radius p(t); equivalently,
w(-,t) =0 on B(p(t)). (1.8)

No regularity or quantitative lower bound is assumed on p; we only need that p(t) > 0 at all
te (—1,0).

( 75)71/27a/27(1/27h)b

4Since rotations about the z-axis preserve B(1), the angular mean projection operator P is well defined on Q.
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Then u =v on Q, and (0,0) is a regular point: there exist ry,6, > 0 such that
sup lu] < oc0. (1.9)
B(r+)%(—84,0)
REMARK 1.2. A few comments on the hypotheses of Theorem 1.1 are in order:

(a) The force assumptions (1.5) and (1.6) have distinct roles. Spatial analyticity (1.6) is used at
each fixed time before the blowup time, so the analyticity radius ag s is allowed to tend to zero
as J approaches time 0. The regularity argument of Sections 3-5, which proves Theorem 1.3,
uses instead the uniform spatial C? bound (1.5). A force which is real analytic in (x,t) on
a neighborhood of B(1) x [—1,0] satisfies both conditions, and so does f = 0. No symmetry
of f is assumed, although, together with (1.8), the hypothesis (1.6) does make curl f rotation
invariant on all of Q; see Remark 2.5.

(b) The bounds (1.7) concern only the angular mean of the solution. Apart from the L{°L2 N
L?H}(Q) regularity implicit in the definition of a suitable weak solution, no bound on w or
its derivatives is assumed outside the core. The OpenAl construction does satisfy the bounds
in (1.7); see Section A.3.

(c) The OpenAl construction satisfies (1.8) with p(t) = ¢v/—t, for ¢ > 0 a constant such that
c < v/2Xg; see Section A.2.

(d) The force used in [43] does not satisfy (1.6). This is consistent with the construction, whose
force is built from compactly supported cutoffs.

(e) Exact axisymmetry on the core (1.8) and analyticity of the force (1.6) may be traded for
an upper bound on the non-axisymmetric part of the velocity field. If [[w(-,?)|cspq)) is
bounded uniformly in ¢ € (—1,0), then (0,0) is regular. This statement requires no analyticity
assumption at all; see Remark 2.4. The OpenAl construction does not satisfy such a bound
on w; see Section A.6.

1.4. From analytic forcing and axisymmetric core to an axisymmetric problem.
Our first observation is that the analyticity assumption (1.6) on the force makes u(-,t) real analytic
on B(1), for every fixed ¢ € (—1,0). This follows from the classical interior analyticity theorem
for the Navier-Stokes system, due to Kahane [32, Theorem 1.2 and p. 387]; we recall this result as
Theorem 2.1, and Corollary 2.2 is the form in which we apply it. Combined with the axisymmetric
core assumption (1.8), this makes u axisymmetric on all of Q: for every rotation @, about the
z-axis, the analytic field u — Z,u vanishes on the core, hence on all of B(1) by the identity theorem;
these details are given in Section 2.2. Thus u = v, and the bounds on the angular mean in (1.7)
become bounds on the full velocity field. Once u is known to be axisymmetric, we average (1.2)
over the rotations #,, which leaves the velocity terms unchanged and replaces only the pressure
and the force by their angular means. By (1.5), the angle-averaged force P f remains bounded in
C?.

This reduces Theorem 1.1 to the regularity of axisymmetric solutions of the 3D Navier-Stokes
equations with C? forcing, under the anisotropic bounds inherited from (1.7). That result is Theo-
rem 1.3 below, which is of independent interest. In order to state it, we fix the standing assumptions
of Sections 3-5: (u, ) is an axisymmetric suitable weak solution of the forced equations (1.2) on
Q, which is smooth on compact subsets of Q,% in the class described in Section 1.1, and whose force
satisfies (1.5). For 0 < h < 1/2 we define the radial and axial lengths as in [43]:

L) = (=02, () = (-, (1.10)

The range 0 < h < 1/2 ensures that both lengths tend to zero as ¢ T 0. The bounds in (1.11) below
are imposed on the scalar cylindrical coefficients of u and on their derivatives through total order

5Condition (1.6) holds if and only if, for every R < 1 and every compact J C (—1,0), each f(-,t) with ¢t € J is

the restriction of a holomorphic function on a fixed complex neighborhood of B(R), bounded uniformly in ¢ € J.
63moothness in Cartesian coordinates gives u, = ug = Opu, =0 at r =0, for all t < 0.
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two, with each radial derivative costing a factor of £ !, and each axial derivative costing a factor
of £71. The following theorem is the anisotropic counterpart of the main result of [14]:

THEOREM 1.3 (Regularity of axisymmetric solutions under anisotropic bounds). Let
(u, ) be an axisymmetric suitable weak solution of (1.2) in Q, which is smooth on compact subsets
of Q, with a force satisfying (1.5). Let 0 < h < 1/2. Suppose that there exists a constant Cayi > 0
such that

10005, (1, 2,)| < Cag (—t)1/27 /271220 (1.11a)
10205, (r, 2,1)| 4 |020%ug(r, 2,)| < Caxi (—t)~V/2h=a/2=(1/2=1)b (1.11b)
on Q, for all nonnegative integers a,b with a +b < 2. Then, (0,0) is a reqular point.

REMARK 1.4. We make a few comments on the hypotheses of Theorem 1.3.

(a) The bounds in (1.11) say that the rescaled fields (—t)'/2u,, (—t)Y/?**hu,, and (—t)Y/2hyy,
regarded as functions of (r//,(t), z/¢,(t)), are bounded in C? uniformly in ¢; see (4.6) below.

(b) Neither (1.11) nor the Type I bound |u| < C(—t)~'/? implies the other: at @ = b = 0 the
bounds on u, and ug in (1.11) are weaker by the factor (—t)~", while at every b > 1 the bound
imposed on wu, is smaller by the factor (—t)" than the bound (—t)~1/2=(@+t)/2 which the
parabolic scaling attaches to a Type I velocity bound. Theorem 1.3 is therefore not contained
in the Type I results of Chen, Strain, Yau, and Tsai [7], Chen, Strain, Tsai, and Yau [8],
Koch, Nadirashvili, Seregin, and Sverdk [33], or Seregin and Sverak [54], nor are those results
contained in it.

(¢) The proof of Theorem 1.3 may be completed using only the bounds on u, and u, from (1.11),
with the assumptions on ug dropped altogether; see Remark 5.2. For cosmetic reasons, we
nevertheless state (1.11) for the three components alike, and do not pursue the minimal hy-
pothesis.

Next, we outline the proof of Theorem 1.3; the estimates and the full proof are postponed to
Sections 3-5. The strategy is that of the companion paper [14], whose steps are as follows. In [14]
we consider unforced axisymmetric solutions which are bounded in C? after rescaling isotropically
at a single vanishing length scale £(t), for which (—t)/£(t)? tends to zero. Using this length scale
we zoom in, along times and points at which the gradient of the meridional velocity is not small
compared with (—t)~!. Since the pressure is not controlled after such a zoom, the limit is taken in
the vorticity equations rather than in the momentum equation. Partial regularity and the maximum
principle bound the circulation rug on a ball of fixed radius, and the rescaling multiplies it by a
factor which vanishes, so that the swirl source of the potential vorticity equation disappears in
the limit. The scalar carried into the limit is then either the potential vorticity or the azimuthal
vorticity, depending on whether the rescaled axis stays at finite distance or recedes to infinity, and
in both cases we prove that the limiting scalar vanishes at the upper endpoint of the rescaled time
interval. The limiting rescaled meridional field is therefore bounded, with vanishing azimuthal
vorticity and vanishing divergence; hence its gradient vanishes, which contradicts the selection of
the points at which we zoomed in. The elimination of the circulation first, and of the potential
vorticity second, is also the mechanism of the Euler rigidity theorem in [13, Theorem 4.5]; what [14]
adds is that this argument survives the passage to an ancient limit, in which the transporting field
is only a weak-* limit.

The anisotropy inherent in the lengths (1.10) forces the proof in this paper to depart from [14].
To see this, note that after the zoom-in, the radial diffusion coefficient is (—t)/¢,.(t)* = 1, the axial
one is (—t)/€,(t)?> = (—t)*", and the rescaling multiplies the circulation by (—t)/(£.(t)¢.(t)) =
(—t)". In the isotropic case all three of these quantities are of size (—t)/£(t)2 — 0 as t 1 0, and
thus all three terms vanish in the zoom-in limit. Here the last two vanish, but the first one does
not. The first difficulty is therefore that radial diffusion survives in the limit, which is no longer
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governed by a transport equation: the step which eliminates the potential vorticity in [13, 14],
its conservation along backward meridional trajectories, is unavailable. In place of an argument
based on backward characteristics, we use Lemma 3.3, which is a comparison principle for bounded
distributional solutions of a drift-diffusion equation whose diffusion acts in a (strict) subset of the
variables.

As in [14], the zoom-in limit need not be a solution of (1.2), so we take the curl of (1.2) first,
which removes the pressure, and carry only the vorticity equations (3.3) and (3.4) into the limit.
Whether the rescaled axis stays at finite distance or recedes, the limiting scalar is bounded, solves
a homogeneous equation on the whole space, and tends uniformly to zero in the remote past; the
comparison principle then implies that it vanishes. Incompressibility and the boundedness of the
limiting velocity then give smallness of (—t)0,u, and (—t)0,u., and, when the rescaled axis stays
at finite distance, of (—t)u,/r; when it recedes, that quotient is small by (1.11) alone. Lastly, the
bound (—t)|0,u,| < C(—t)" is immediate from (1.11), and it gives the relative smallness of this
term as well.

The second difficulty is that d,u. may be as large as C(—t)~'~", so that an o((—t)~') bound
on the full gradient of the meridional velocity b = u,e, + u,e, is unavailable at any stage of the
argument. We therefore track only the four quantities in

Gp(t) = [[10rar (o 0)] + g (- 2) /7] 4 [Dstas (- )]+ 0=t (D | e 1 (112)

where u,. /7 is extended continuously across the axis. The second quantity is dominated by the first
in the supremum over B(p), since u, vanishes on the axis and the radial segment to the axis stays
in B(p); we keep it because Section 5 uses u,/r as the coefficient of uy in (3.1¢) and of w3 in (5.7).
The relative smallness result, which replaces [14, Proposition 3.1], is as follows:

PROPOSITION 1.5 (Smallness of the meridional quantities). Under the hypotheses of The-
orem 1.3, for every fixed 0 < p < 1 we have
12%1( t)G,(t) =0. (1.13)
To deduce regularity at (0,0) from (1.13), we first show that for every n > 0 the bound
lua(-,t)|| e < Cy(—t)~" holds on an interior ball, at all sufficiently late times; we obtain this
bound by applying the maximum principle in the swirl equation to the function (—t)"uy. We
then consider the local enstrophy balance, which contains the nonlinear term (9,u,)w,w,, whose
coefficient 0,u, may be of size (—t)"'~", too large to be placed in L™ and fed to Grénwall’s
inequality. Appealing instead to the identity w, = —0,uy, we integrate by parts in z, which moves
the derivative from the swirl onto the product (9,u,)w,. As a consequence, the swirl enters only
through its supremum, and the two factors of the product are controlled by the enstrophy and
the enstrophy dissipation through local div-curl estimates. The resulting enstrophy estimate then
closes and gives a Ladyzhenskaya-Prodi-Serrin bound up to time zero, as we show in Section 5.

1.5. Prior results on axisymmetric Navier-Stokes. Without swirl, axisymmetric solu-
tions of 3D Navier-Stokes are globally regular; see Ladyzhenskaya [36] and also Ukhovskii and
Yudovich [62]. With swirl, the global regularity question is open and only conditional results are
available. Singularities which obey a scale-invariant (so-called Type I) pointwise bound are ex-
cluded: |u| < C(r2 —t)~'/2 by Chen, Strain, Yau, and Tsai [7]; r|u| < C' by Koch, Nadirashvili,
Seregin, and Sverak [33], and |u| < C(—t)~1/2 by Chen, Strain, Tsai, and Yau [8]. Seregin and
Sverék [54] proved a local Type I regularity criterion which imposes the bound < C(—t)~/2 only
on the meridional part of the velocity. For a detailed account of the many other conditional results
available for axisymmetric Navier-Stokes, we refer to the book of Tsai [61, Chapter 10].

Past the Type I threshold, singularities are constrained by the growth of critical norms: the
LL? theorem of Escauriaza, Seregin, and Sverdk [24] was made quantitative by Tao [59], and
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was adapted to the axisymmetric class, with quantitative improvements, by Palasek [46] and by
Ozanski and Palasek [45].

Closer to the hypotheses of this paper, Seregin [49] showed that an axisymmetric singularity
must be of Type II, in the sense of local scale-invariant integral quantities. Moreover, in [50, 51,
52, 53] he reduced the Type II blowup scenario to a Liouville problem for ancient Euler solutions,
which may be ruled out in special cases.

1.6. Research context for the OpenAl construction. The problem of spontaneous gen-
eration of singularities in incompressible fluids has a long history and a strong scientific motivation.
Research in this area has produced a vast literature which forms the fertile environment surround-
ing the OpenAl construction. We do not have space here to do justice to the numerous ideas and
results in this area, but it would not be amiss to mention some of the important developments
which are relevant to [43].

For the incompressible 3D Euler equations, Elgindi [22] proved finite time singularity forma-
tion for axisymmetric solutions without swirl, with a velocity of class C® for o > 0 sufficiently
small; see also the finite energy version in Elgindi, Ghoul, and Masmoudi [23]. Earlier this year,
blowup constructions in the swirl-free axisymmetric setting were obtained for the entire permissi-
ble range « € (0,1/3), independently, by Shkoller [57], Chen [10, 11], and Shao, Wei, Zhang, and
Zhang [56]. For smooth initial data in the presence of a solid boundary, Chen and Hou [9] proved
finite time blowup for 3D Euler using modulated self-similar analysis and a computer-assisted argu-
ment. Closer to the Navier-Stokes equations, Tao [58] constructed finite time blowup for an “aver-
aged” Navier-Stokes equation, whose modified nonlinearity retains the scaling and energy structure
of the original PDE. Numerical and machine-guided searches for a self-similar blowup profile for
3D Euler and other incompressible fluid models were performed in [29, 30, 63, 64, 26, 21]. These
computations have shaped the expectations for a rigorous construction: which scenarios are worth
pursuing, and at which regularity a singularity should be looked for. All results mentioned in this
paragraph consider the classical, unforced, problem.”

A different route to blowup for the 3D Euler equations (and related models), in the presence
of a body force, was opened by Cérdoba and Martinez-Zoroa. The force injects, at a sequence
of times accumulating at the blowup time, small perturbations at ever higher frequencies, which
the nonlinearity amplifies. The question is then how smooth and how small the force can be
made. We refer to [15] for the 3D Euler result, with a force which lies in C1/27¢ N L2 uniformly
in time, and to [16] for the 2D incompressible porous media result, with a source which is C'*
smooth in space, uniformly in time. In this direction, Alpoge and Buckmaster have reached a force
which is C'° in both space and time. Very recently they announced finite time blowup for the
3D Euler equations [2], for the inviscid 2D Boussinesq system [1], and, with Coiculescu, for the
2D incompressible porous media equation [3]. Each of these three papers considers a C2% smooth
force.

At the technical level, the OpenAl manuscript names two additional research programs whose
ideas have influenced its construction. For the evolution of the wavevectors and of the velocity
polarizations of the oscillatory pulses along the background flow, [43] records the methods of
Lifschitz and Hameiri [39] and of Friedlander and Vishik [25], which detect the instability of an
inviscid flow under short wavelength perturbations. For the realization of a prescribed stress by
the addition of high frequency oscillations, [43] records the use of ideas from the convex integration
program for incompressible fluid equations, introduced by De Lellis and Székelyhidi [18, 19], and
then further developed in [17, 31, 5] and many others.

We emphasize that several decades of conditional regularity results restrict the form that a
putative 3D Navier-Stokes singularity may take; this helps tremendously if one tries to narrow

"We note that recently OpenAl has also claimed to prove finite time blowup for the 3D Euler equations, from
smooth compactly supported initial data [44].
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the search space for a blowing up solution. For a suitable weak solution whose force is bounded,
the partial regularity theory of Caffarelli, Kohn, and Nirenberg [6] forces the singular set to have
vanishing one-dimensional parabolic Hausdorff measure. The singularity, moreover, cannot be of
the backward self-similar form proposed by Leray, cf. Necas, Ruzicka, and Sverdk [42] for L3
profiles, Tsai [60] for LP profiles with 3 < p < oo under local energy assumptions, and Pineau and
Vicol [48] for rotated self-similar profiles which obey a Type I bound, at small or large rotation
speeds. Nor can the direction of the vorticity stay coherent, by the alignment criterion of Constantin
and Fefferman [12]. In the axisymmetric class, the Type I bounds recalled in Section 1.5 likewise
exclude singularities. Self-similar Euler profiles with similarity exponent below 1/2, which is the
range that a Navier-Stokes zoom at an Euler length would require, are also excluded when the
profile is smooth and satisfies an outgoing property [13]. Note that apart from the partial regularity
theory, these results consider the unforced Navier-Stokes problem. The above list is far from being
complete; we refer to the book of Lemarié-Rieusset [38] for an excellent recent survey.

REMARK 1.6 (Forced singularity constructions for shell models). Returning to the forced
constructions, we draw an analogy with the finite time singularities constructed for model equations
motivated by Navier-Stokes. Palasek [47, Theorem 1.3 and Remark 1.5] recently proved finite time
blowup in the energy supercritical range for a viscous shell model of Obukhov type, with super-
exponentially separated frequencies. His initial data is smooth, and the smooth force he considers
is such that its norms all tend to zero at the blowup time [47, Remark 1.4]. The force is nonzero at
every time before the blowup, so it vanishes identically on no time interval ending at the singularity.
The force is a residual, as in [43]: here it is the dissipation of each mode, switched off until that
mode is activated [47, Section 3.3]. Interestingly, Palasek notes that the force cannot be dropped
in the parameter range he associates to three dimensions [47, Remark 1.4 and Section 1.3.2]; this
statement is offered without proof, and is attributed to forthcoming work of Looi.

1.7. Organization of the paper. Section 2 proves the analytic symmetry reduction, deduces
Theorem 1.1 from Theorem 1.3, and records the consequences for the force. Sections 3-5 prove
Theorem 1.3. Appendix A records the properties claimed for the OpenAl construction which enter
the hypotheses of our results, and what those results give for it.

2. Reduction to the axisymmetric problem

In this section we deduce Theorem 1.1 from Theorem 1.3. Throughout this section v = Pu
and w =u — v are as in (1.4), @ = B(1) x (—1,0), and (u, ) is smooth on compact subsets of the
cylinder on which it is given, so that f is smooth there as well.

2.1. Spatial analyticity at a fixed time before blowup. That u(-,t) is real analytic in
space at each fixed t < 0 is classical. We recall the statement in the form in which it is used here
and in Remark 2.6. No analyticity in time is assumed.

THEOREM 2.1 (Interior spatial analyticity [32, Theorem 1.2]). Let R > 0, t; < t2, and
let (u,m) be a solution of (1.2) on the cylinder B(R) x (t1,t2), smooth on compact subsets of that
cylinder. Assume that the force is real analytic in the space variables, locally uniformly on cylinders
compactly contained in B(R) X (t1,t2): for every R' < R and every compact interval J C (t1,t2)
there are M < oo and a > 0 such that®

?5161‘[]) 102 ¢l oo (B(RY) < Ma™l1ol|a! for all « € N} (2.1)

8Since k! < k* < e*k! for k > 1, the hypothesis (2.1) is unchanged if |a]! is replaced by |oz\‘a|, which is the form
in which Kahane states it on p. 387 of [32].
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Then, the velocity obeys a bound of the same form: for every R’ < R and every compact interval
J C (t1,t2) there are M' < oo and a’ > 0 such that

ig? 107 (s )l oo (p(RrY) < M’ (o)1t for all a € Nj . (2.2)

In particular, u(-,t) is real analytic on B(R) for every t € (t1,t2). The constants M' and o' depend
on R' and J, and they need not be uniform up to the parabolic boundary: a' may tend to zero as J
approaches an endpoint of (t1,t2).

For a conservative force this is Kahane’s theorem [32, Theorem 1.2], proved there for weak
solutions, under the hypotheses of Serrin’s interior regularity theorem [55, Section 3]. For a non-
conservative force, Kahane states on p. 387 of [32] that the conclusion of [32, Theorem 1.2] persists
once f obeys (2.1) in its |a|l* form, with analyticity understood as the bound [32, equation (1.5)],
which is (2.2) above. The point is not taken up again in that paper, so we indicate why the proof
goes through. First, the spatial derivatives are estimated in [32] through the representation for-
mulas of Serrin [55, equations (18) and (20)]. With a force, the heat potential for the vorticity
carries f at order zero, in the slot of the bilinear term [55, Section 4, equation (23) and the display
which follows it]. Second, adjoining f to the unknown (u,w) of the abstract integral system of [32,
Theorem 1.3] makes the force one more component of the inhomogeneity, in rows whose two ker-
nel blocks vanish. Third, the two hypotheses of that theorem hold: the unknown, now the triple
(u,w, f), is bounded on every compact cylinder, by smoothness here and by [32, Theorem 1.1]
in [32]; and the inhomogeneity obeys [32, equation (1.5)], which for f is the bound (2.1). The
inductive estimates of [32, Section 4] then apply without change.

The hypothesis (1.6) of Theorem 1.1 is (2.1) on the unit parabolic cylinder. In this paper we
apply Theorem 2.1 in the following form.

COROLLARY 2.2 (Spatial analyticity at a fixed time before blowup). Let R,§ > 0, and
let (u,m) be a solution of (1.2) on B(R) x (—6,0), smooth on compact subsets of that cylinder.
Suppose that for some 0 < R’ < R, some —§ < t; <ty <0, and some M < oo and a > 0,

sup |07 f ()l oo (B(RY)) Ma~1%l|a)! for all a € N3 . (2.3)
te€(t,ta]

Then, for every t € (t1,t2), the velocity u(-,t) is real analytic on B(R').

This is Theorem 2.1 on the cylinder B(R') x (t1,t2), on which (2.3) gives (2.1) with the same
M and a. Since the zero force satisfies (2.3) on every cylinder, for the unforced equations u(-,t) is
real analytic on B(R) at every t € (—4,0).

We note that analyticity in space and time for the Navier-Stokes equations was proved by
Masuda [41]; this result was extended to uniform analyticity up to an analytic boundary by Ko-
matsu [34]. Quantitative lower bounds on the radius of spatial analyticity are due to Gruji¢ and
Kukavica [27], in terms of LP norms of the initial datum. At interior points, and for a divergence-
free force analytic on a ball, this result is due to Bradshaw, Gruji¢, and Kukavica [4].

2.2. Axisymmetry on a fixed ball, and the proof of Theorem 1.1.

PrOOF OF THEOREM 1.1. By Corollary 2.2 on Q, applied to each cylinder B(R) x J in (1.6),
the velocity u(-,t) is real analytic on B(1) for every ¢ € (—1,0). We fix such a ¢ and an angle
¢ € [0,27). With the notation in (1.4), we define

Fo(x) = u(x, t) — (Zpou)(z,t) = u(x,t) — Qwu(lex,t) ) (2.4)
Since @, preserves B(1), the field F,, is real analytic on B(1). Since @, also preserves the core ball

B(p(t)), on which u = v by (1.8), and since v = Pu is invariant under Z,,, we have F, = v—Z,v =0
on B(p(t)). The identity theorem on the connected set B(1) then gives F,, = 0 on B(1). This holds
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for every ¢ € [0,27) and every ¢t € (—1,0). Averaging the identity u = Z,u over ¢, and recalling
the definition (1.4) of P, we obtain u = Pu, that is,

u="v, w=0 onQ. (2.5)

Note that this argument is made at each fixed time, so that the core radius p(t) and the analyticity
radii may tend to zero as t 1 0, at unrelated rates.

Next, we average the Navier-Stokes momentum equation (1.2) with respect to the azimuthal
angle. Since, by (2.5), u is fixed by every Z,, and since %, commutes with 0;, with A, and with
u > (u-V)u, applying P to (1.2) leaves the three velocity terms unchanged and replaces only the
pressure and the force by their angular means

2m
7r(x,t)=217r/0 W(lex,t)dgo, f=Pf.

The averaged pressure remains in Li{tz (see (1.3)), and (1.5) gives ”JE”L;”C% < CMjy. The pair (u,7)
is suitable with the force f: it is smooth on compact subsets of Q and solves the averaged equation
classically, so the local energy inequality is an identity, with 7 € Li{f(@) and f bounded.

Thus (u, 7, f) is an axisymmetric suitable weak solution of (1.2) on Q, in the class of Section 1.4,
whose force obeys (1.5) with C My in place of My. Moreover, by (2.5) the bounds (1.7) on the
angular mean are the bounds (1.11) on wu itself, with the same exponent h and the same constant

Caxi- Theorem 1.3 makes (0,0) a regular point, which is (1.9). O

2.3. Consequences for the force. The analyticity of the force enters the proof of The-
orem 1.1 at exactly one point, the passage from symmetry on the shrinking core (1.8), to the
symmetry (2.5) on the fixed ball; for a merely smooth force we do not know how to make that
passage. At a singular point, we may restate Theorem 1.1 as a statement about the force alone.

COROLLARY 2.3 (The force under an axisymmetric core). Let (u,m) be a suitable weak
solution of (1.2) on Q, smooth on compact subsets of Q, with a force f satisfying (1.5), assume (1.7)
for some 0 < h < 1/2 and Coy < 00, and assume (1.8). If (0,0) is a singular point, then f
violates (1.6), and in particular f # 0 there. Moreover, f then does not vanish identically on any
cylinder B(R') x (—¢',0) with 0 < R’ <1 and 0 < § < 1.

PROOF OF COROLLARY 2.3. The first assertion is the contrapositive of Theorem 1.1, and f =0
satisfies (1.6). For the second, were f to vanish identically on such a cylinder, the hypotheses of
Theorem 1.1 would hold there with p(¢) replaced by min{p(¢), R'/2}, and the Navier-Stokes scaling
would make (0,0) regular. O

REMARK 2.4 (Upper bounds in place of exact vanishing). We note that exact axisym-
metry on the core may be replaced by a bound on the non-axisymmetric part w of the velocity, on
a fixed ball. That is, if in Theorem 1.1 we drop (1.8) and (1.6) and assume instead that

My = sup |Jw(,t)|cspay < oo, (2.6)
1<t<0

then (0,0) is still regular. No smallness of M, is required, and analyticity plays no role. Indeed,
averaging (1.2) over rotations kills the mixed terms (v- V)w and (w - V)v, since v is invariant and
Pw = 0, and gives

v+ (v-Viv—Av+Vr=F+f, (2.7a)

dive =0, (2.7b)

F=—-P((w-V)w), (2.7¢)

sup |F(0) ey < CM2, (2.74)
—1<t<0
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where C' is a universal constant, and f = Pf. Averaging does not increase the norms in (1.3),
and (v,7) is smooth on compact subsets of Q, so it is a suitable weak solution of (2.7) with the
force F' + f, whose C? norm is at most CM2 + CM;. Theorem 1.3 makes v bounded near (0,0),
and (2.6) makes u = v + w bounded there as well. We emphasize that the identity theorem uses
the exact vanishing in (1.8), and that we do not know how to replace it by an algebraic rate of
smallness. Section A.6 shows that (2.6) fails for the OpenAl construction.

REMARK 2.5 (The symmetry of the curl of the force). No symmetry of f is assumed in
Theorem 1.1, but the hypotheses (1.8) and (1.6) together imply one: for every ¢ € [0, 27),

Rp(curl f) = curl f, on Q. (2.8)

Indeed, once Z,u = u is known from the proof of Theorem 1.1, applying Z, to the momentum
equation gives f — Z,f = V(r —mo Q;l), and (2.8) follows upon taking the curl. It would be
interesting to decide whether in Theorem 1.1 assumption (1.6) may be replaced by the rotation
invariance (2.8) of curl f.

REMARK 2.6 (Exterior vanishing and analyticity). A second obstruction to the analyticity
of the force uses neither (1.7) nor (1.8), only an open set off the axis on which the meridional velocity
vanishes. Let (u,m) be a solution of (1.2) on B(R) x (—¢,0), smooth on compact subsets of that
cylinder, and let E C B(R) N {r > 0} be a nonempty open set such that

up =u, =0 on E x (—0,0). (2.9)

Suppose that u,(0,ty) # 0 for some ty € (—6,0).” Then, on every ball B(R') with 0 < R’ < R
which meets F, and for every t; € (=4, tp), there are no constants M < oo and a > 0 such that
sup (|07 f(, )|l oo (B(Rr)) < Ma™ 1! for all o € N3 (2.10)
t€lt1,to]
In particular, f does not vanish identically on B(R') x (t1,tp), since the zero force satisfies (2.10).
The proof is short. Suppose that (2.10) holds for some M and a. By Corollary 2.2, u(-,t) is then
real analytic on B(R') for every t € (t1,%9). At each such ¢, the scalar u,(-,t) vanishes on the
nonempty open set £ N B(R') by (2.9), hence on all of B(R') by the identity theorem, and in
particular wu,(0,t) = 0. Letting ¢t 1 to and using the continuity of (0, -), we obtain u,(0,ty) = 0,
a contradiction.

3. Axisymmetric identities and auxiliary results

We now turn to the proof of Theorem 1.3. Throughout Sections 3-5, (u,7) is an axisymmetric
suitable weak solution of (1.2) on Q, in the class of Section 1.4, with a force satisfying (1.5);
averaging over rotations as in Section 2.2, we may (and do) take m and f axisymmetric as well.
This section records a few of the auxiliary results that the proof needs: the equations in cylindrical
variables, a maximum principle for functions vanishing on the axis (Lemma 3.1), a regular annulus
with a bounded circulation (Lemma 3.2), and a comparison principle for the bounded scalars
produced by the ancient limits of Section 4 (Lemma 3.3). Apart from the force, the identities and
Lemma 3.2 are the same as those of the companion paper [14]; the force enters as (curl f)p in (3.3),
as g = (curl f)p/r in (3.4), and as rfp in (3.5), and (1.5) bounds all three. We denote by C' a
constant which may depend on h, My, the constant Cay of (1.11), and fixed interior radii, but
never on a sequence of rescaling times.

9For the OpenAl construction this holds at every time sufficiently close to the blowup time, where u.(0,t) =
jo(—t)*l/th # 0 by (A.12). The remark thus says that a flow which is pure swirl on an open set off the axis, and
has nonzero axial velocity at a point of the axis, cannot arise from a spatially analytic force: analyticity would carry
the exterior vanishing of u, to the axis.
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3.1. Axisymmetric identities. In the cylindrical frame (e,,ep,e,), and with 7 and f ax-
isymmetric, the system (1.2) reads as

u? 1 1
Oty + Uy Optty + U, 01, — 79 = (63 + ;8T + 83 — 7'2) Uy — O + fr, (3.1a)
1
Oty + UpOptly + Uy O, = (83 + ;ar + 82) Uy, — O, + f», (3.1b)
ur 2 1 2 1
Orug + U Optg + u,05ug + 7u@ =10+ ;87« +0; — 2 ug + fo, (3.1¢)
Uy
Oty + — + 0u, =0. (3.1d)
r

We call b = u,e, + ue, the meridional velocity and ugey the swirl, and we write the vorticity
components, the circulation, and the potential vorticity as
u w,
wr = —0,uy , wy = Oty — Oplly , w, = Opug + -0 , I'=ruy, Q=22 (3.2)
r r
Applying 9, to (3.1a) and 0, to (3.1b) and subtracting, we eliminate the pressure and obtain

T 1 1 1
Orwg + Uy Orwg + Uy 0rwy = %wg + ;82(115) + <8,2, + ;& + 9% — r2> wp + (curl f)g, (3.3)

where (curl f)g = 9,f, — Orf.. Dividing (3.3) by 7, and using the identity r—1(8? + r—10, —
r=2)(rQ2) = (02 + 3r=19,)Q, we also obtain

2
0 + 1, 0,Q + 10,0 = (83+ 3& +8§) Q+0, (u9> +g, g:= M. (3.4)

r r2 r

Lastly, upon multiplying the swirl equation (3.1c) by r, we obtain
1
@r+w@r+%@r:<£—@+a®r+p@. (3.5)
r

Near the axis, a smooth axisymmetric field has components u, = r a(r?, z,t), ug = rc(r2, 2, t),
and u, = d(r?, z,t), with a, ¢, and d smooth; thus €2, ug/r, and g are smooth functions of (r?, z,t),
and (3.4) holds across the axis once its radial operator 92 +3r~19, is read as the radial Laplacian of
R%, as in [33]. Since uy, Oyur, Oruz, Osfr, and O, f, vanish on the axis, the quotients w,/r, d,u,/r,
Oru,/r, and g are bounded, along the radial segment to the axis, by the suprema of 0,u,, 0,0,u,,
02y, 0,0, fr, and 02 f, on B(1); in particular

lg| < CM;y on Q. (3.6)

3.2. A maximum principle for functions vanishing on the axis. The swirl equa-
tion (3.1c) and the circulation equation (3.5) have coefficients which are singular on the axis, and,
unlike (3.4), they are not lifted to a higher dimension. The proofs of Lemmas 3.2 and 5.1, and
Remark 5.2, apply the maximum principle to them in the following form.

LEMMA 3.1 (Maximum principle for functions vanishing on the axis). Let R > 0,
t1 <s, keR, and M >0, and define the set D = {(z,t): x € B(R), r = |2/| > 0, t; <t < s}.
Let ¢ = ¢(r, z,t) be continuous on B(R) X [t1,s], with $(0,z,t) =0 for |z2| < R and t; <t < s.
Assume that ¢ is of class C? in x and C' int on D, and satisfies

k
0w+ br0,6 + 00,9+ 70 = (9 + =0, +02) ¢ + F (3.7)

there. Here by, b,, v, and F' are real-valued functions on D, with v > 0 and |F| < M; no bound is
assumed on b, b,, or vy, which may be unbounded as r — 0. Then

|p(z,t)] < max |p| + M (t —t1) on B(R) X [t1,s], (3.8)
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where ¥ = (B(R) x {t1}) U (0B(R) x [t1,s]) is the parabolic boundary of B(R) x (t1,s].
The proof of this lemma is elementary; we present it for the convenience of the reader.

PrROOF OF LEMMA 3.1. Since —¢ satisfies the same assumptions, with —F' in place of F', it
suffices to bound ¢ from above. Let m = maxy. |¢| > 0 and € > 0. Define ¢. = ¢—(M+¢)(t—t1), and
let (Z,t) be a maximum point of the continuous function ¢. on the compact set K = B(R) x [t1, s].
Suppose that ¢.(Z,t) > m. On X we have ¢. < ¢ < m, and on the axis we have ¢. < ¢ =0 < m.
The maximum point (Z,¢) therefore lies neither on ¥ nor on the axis, that is, (Z,t) € D. At
time ¢ the functions ¢ and ¢, differ by a constant, so that (r, z) — ¢(r, z,t) achieves its maximum
on the open half-disc {r > 0, 72 + 22 < R?} at z. Therefore, 9,¢ = 9,¢ = 0, 92¢ < 0, and
0?¢ < 0 there. Moreover, y¢ > 0 at (Z,%) because ¢(z,f) > ¢-(Z,%) > m > 0, and Jyp. > 0
there because ¢.(Z,t) < ¢.(Z,t) for t1 <t < ¢ bounds the left derivative from below. At (Z,t) the
coefficients by, b, and k/r are finite, and they multiply first derivatives which vanish. Thus (3.7)
gives Oype = Opp— M —e < F— M —e < —e¢ there, a contradiction. Therefore ¢ < m+(M+e)(t—t1)
on K, and (3.8) follows by letting ¢ — 0. O

3.3. The regular annulus. Lemma 3.2 below is used twice in the proof of Theorem 1.3:
its circulation bound (3.9) removes the swirl source in the zoom of Section 4, and its derivative
bounds on the annulus, which hold up to the blowup time, control the cutoff errors of the enstrophy
estimate of Section 5, which are supported in that annulus.

LEMMA 3.2 (A regular annulus and bounded circulation). Let 0 < Ry < Ry < 1. There
are radit Ry < R_ < Ry < Ry and a time to € (—1,0) with the following property. The velocity u,
together with Vu and V*u, is bounded on the cylindrical annulus {R_ < |x| < Ry} x (t0,0), and,
for each R, € (R_, R), there is a finite constant Cr such that

1T Lo (B(R ) x (t0,0)) < CT - (3.9)

PRrROOF OF LEMMA 3.2. Let Sy C B(Rp) be the set of x for which (z,0) is a singular point.
Applied to the pair with the divergence-free force of footnote 2, partial regularity gives H!(Sp) = 0.
Indeed, the e-regularity criterion of Gustafson, Kang, and Tsai [28, Theorem 1.1(ii)], with (p,q) =
(2,2) and the force in the parabolic Morrey space M*? of [28, Equation (6)], applies at the points
(,0) of the top boundary of Q.1° The covering argument of [6] (see also [40, 37, 35]) is unchanged,
since fB(l)x(—é,O) |Vul|?> = 0 as § — 0 by (1.3). We may therefore choose R € (R1, Rg) such that

O0B(R) carries no point of Sp, and by compactness there are § > 0, with Ry < R—d < R+ J < Ry,
and to € (—1,0) such that u is bounded on {R — ¢ < |z| < R+ d} X (t0,0). We fix any R_ and R
such that R—d < R_ < Ry < R+ .

Since u is bounded on this cylindrical annulus and f is bounded in C2, the interior estimates
of Serrin [55, Section 4, with m = 1] bound Vu and V?u on compact subsets of {R —§ < |z| <
R+6} x(to,0), by constants which depend only on the subset, on My, on sup |u| over the cylindrical
annulus, and on [[Vul|z2(g). These bounds are uniform up to ¢ = 0, because Serrin’s representation
formulas [55, Equation (18), Equation (20), and the display after Equation (23)] are one-sided in
time: the vorticity at a point (x, s) is the sum of a heat potential of w A u and of the force, and of
a solution of the heat equation, each bounded at (z,s) in terms of the solution on the backward
cylinder B(x, ) x (s — 0%,s), so that the estimate at (z,s) depends on s only through the norms
above. Fixing a small g, with 0?> < —tg, and replacing tq by to + 0® gives the first assertion.

101, [28] the criterion is stated for points in the interior of the space-time domain, whereas here it is applied at
points of the top boundary, at the blowup time. This is legitimate for two reasons. First, the proof in [28] uses the
solution only on the backward cylinders B(z, o) x (—0?,0), which lie inside Q, and only through the equations and
the local energy inequality on them. Second, the local energy inequality at a time s < 0 involves the test function
only on (—1, s], so it holds for test functions which do not vanish at ¢ = 0; for a pair smooth on compact subsets of
Q it is in fact an identity at every s < 0.
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We fix R, € (R_,R;). For s € (t0,0), the set B(R.) X [to, s] is a compact subset of Q, so that
u is smooth there; the circulation I' = ruy is therefore continuous on this set, smooth off the axis,
and, since |I'| < r|ul, it vanishes on the axis. The circulation equation (3.5) is of the form (3.7),
with £ = —1, with no zeroth order term, and with a source which obeys |rfs| < My. Lemma 3.1
therefore bounds |I'| on B(R,) X [to, s] by its values at time to and on OB(R.) X [to, s, plus M¢|to|.
The former are bounded since u is smooth at time tg, the latter by R, times the bound on u on
the cylindrical annulus; neither depends on s and letting s 1 0 gives (3.9). g

3.4. A comparison principle with diffusion in fewer variables. In the ancient limits
of Section 4 the radial diffusion survives the zoom-in procedure, so that the potential vorticity is
no longer conserved along backward meridional trajectories, as it is in [13] and [14]. A compar-
ison principle is instead used to make the limiting scalar vanish. That scalar, however, is merely
bounded, it solves its equation only in the sense of distributions, and it comes with no bound on
its derivatives and no initial trace. Moreover, the diffusion acts in a subset of the variables only (it
does not act in the axial variable), so Lemma 3.3 is stated in the generality in which it is used.

LEMMA 3.3 (Comparison for a bounded distributional solution). Let 1 < d < m, let
I C R be an open interval, and denote x = (X, Z) € R? x R™~4. Suppose that B: R™ x I — R™
is measurable, that B(-,7) € WL°(R™;R™) for almost every T € I, and that

Ay = ess Sup (IBC ) oo @my + IVBC )| e @my ) < 00, (3.10)
for every compact interval J C I. Let q € LS (1; L>(R™)) satisfy
0rq+ B -Vq=Axq on R™ x I, (3.11)
in the sense of distributions.'' Then, for almost every to € I and almost every T € I with T > Ty,
‘|Q('>T)||L°°(Rm) = ||C.7('a7-0)HL°°(Rm) . (3.12)
If in addition I = (—o0,T') and, for some C < 0o and k > 0,
gt )l ey < Clrl ™", (3.13)

for almost every T < min{—1,T}, then ¢ = 0 almost everywhere on R™ x I. A continuous rep-
resentative of ¢ on an open subset vanishes there, and so does any continuous trace at the upper
endpoint obtained from that representative.

PRrROOF OF LEMMA 3.3. The argument is standard: we mollify in space, control the commu-
tator as in [20], and compare with a barrier which grows linearly at infinity. We fix a compact
interval J = [7_, 7] C I, set Moo = ||q|| oo (mm x.1), and mollify in space, g- = 7. * ¢ with a standard
mollifier n. = e7™n(-/e) with n supported in B(1). Convolving (3.11) with 7., we obtain

87Q5+B‘VQE:AX(]5+R57 REZB'V(UE*Q)_UE*(B'VQ)' (314)

Here R, is the commutator of DiPerna and Lions, bounded in the usual way: |R.| < C(m,n)AyM
by (3.10). Moreover, R.(-,7) — 0 in L (R™) for almost every 7 € J by [20, Lemma II.1], hence
R. — 0 in L?(B(R) x J) for every R > 0 by dominated convergence. For a fixed ¢ > 0, every
term of (3.14) other than 0,¢. is bounded, so ¢. has a representative which is Lipschitz in time
with values in L*°(R™); from now on ¢. denotes this representative. If 7y is a Lebesgue point of
7+ q(-,7) € Ll (R™), which is the case for almost every 7, then g.(-, 70) = 7. * q(-, 79) for every

e. We fix such a 79 € (7—,74) and set M = ||q(+,70)| oo (rm), SO that g.(-,70) < M.
With (z) = (14 |z[>)'/? we have |V(z)| <1 and Ax(z) < d. Upon defining K = Ay + d, the
function

Uo(z,7) =M+ o((z) + K(T — 70)), o>0, (3.15)

HHere B - Vg really means div(Bg) — (div B)q.
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satisfies 0;V, + B - V¥, — Ax¥, > o(K — Ay — d) = 0 almost everywhere on R™ x J, and
U, > M + o|z| for 7 > 79. Hence v. = (¢- — ¥,)4+ vanishes at 7 = 719; for 7 € [79, 7] it
also vanishes on the complement of B(R,) for R, = 1+ My, /o. Subtracting the supersolution
inequality from (3.14), multiplying by v., and integrating over R, we obtain

1d 1
2dT/v§+/|VXUE|2 < 2/(divB)v§+/R€vE. (3.16)

Appealing to Grénwall’s inequality we obtain sup,¢i; -] Hvs(-,T)H%Q < CJ"R5||%2(B(RO)XJ) — 0
as ¢ J 0. Since g- — ¢ in L120c’ letting € | 0 and then o | 0 gives ¢ < M almost everywhere on
R™ x (19, 7+). The same argument for —¢g, and an exhaustion of I by compact intervals, give (3.12).

For the last assertion, we apply (3.12) at times 7; — —oo at which (3.13) holds, and obtain
lg(, 7) | oo rmy < Cl75| ™" for almost every 7 > 7;; thus ¢ = 0 almost everywhere, and a continuous

representative, together with its trace at the upper endpoint, vanishes identically. O

4. Ancient limits and smallness of the meridional quantities

The goal of this section is to prove Proposition 1.5. We argue by contradiction, zooming in
where (1.13) fails, at the radial length ¢, and the axial length ¢,. Two cases then arise, according
to whether the rescaled axis stays at finite distance, or recedes to infinity. Since the pressure is
not controlled after the zoom, we pass to the limit in the vorticity equations (3.3) and (3.4), not
in the momentum equation. In both cases the rescaling makes the bounded circulation subcritical,
and this removes the swirl source. The radial diffusion, however, survives the rescaling, so that
the limiting vorticity vanishes by the comparison principle of Lemma 3.3, not by transport along
characteristics. Incompressibility and the boundedness of the limiting meridional velocity then
make the selected quantities vanish in the limit, and this contradicts the choice of the points at
which we zoom in.

PROOF OF PROPOSITION 1.5. Fix an arbitrary 0 < p < 1. By (1.11) the fourth term in (1.12)
is bounded as (—t)|0,u,| < Caxi(—t)", and thus tends to zero in the limit.

Suppose by contradiction that (1.13) fails. Then there exist ¢y > 0, times ¢, T 0, and points
xn, € B(p) at which the other three terms satisfy

(—tn) (17| + || +10:0s] ) (s ta) = co. (4.1)

By rotation invariance we may without loss of generality take x,, = (7,0, 2,), where r, = |2],| > 0.
By Lemma 3.2, applied with R; = p and some Ry € (p, 1), there are p < R, < 1, t, € (—1,0), and
Cr < oo such that

|rug(z,t)| < Cr on B(R.) x (t,0). (4.2)

Throughout the proof, C' denotes a constant which may depend on h, My, Cuyi, p, R, Cr, and on
the compact time interval under consideration, but never on n.
Step 1: the rescaling. We define

>

)\n = (_tn)l/Q ) 5n = (_tn)h = )‘121h7 Hn = 57 = (—tn)l/zih = /\};Qh . (43)

That is, A\, = ¢;(tn) and p, = £,(t,) are the lengths (1.10), and both vanish as n — oo since
0 < h < 1/2. Their ratio is 6, = A,/un — 0. Upon passing to a subsequence, we have that
Tn/An either stays bounded or tends to infinity. Every subsequence extracted in this proof refines
the previous ones, and we do not relabel it; since (4.1) holds for every n, it holds along every

subsequence. We first zoom in about the point (0, z,,) on the axis, in the variables
r Z—Z t
R =3 > Z = “ ’ T = I
)\n HUn (_tn)

(4.4)
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so that 7 = —1 is the selected time ¢, and 7 < —1 is its past. We then define

Vo(R, Z,T) = Ap uy ()\nR, Zn + pnZ, (—tn)T) , (4.5a)
Wi(R, Z,7) = Atz (AR, 20 + pinZ, (—tn)7) (4.5b)
Sn(R, Z,T) = Andp ug ()\nR, Zn + pn 2, (—tn)T) , (4.5¢)
Qu(R, Z,7) = N30, QAR 20 + pinZ, (—tn)T) (4.5d)

where the cylindrical components on the right are written as functions of (r, z,t). In these variables
the bounds (1.11) read as

108,04 V| < Cax|r|~(OF0)/2=(/2=m)b (4.62)
|0%0% Wil + |050% S| < Ca|r|71/27Rm0/2- (/2210 (4.6D)

for all a +b < 2.

These bounds hold at every (R, Z,7) for which the point (A, R, z, + pnZ, (—t,)7) lies in Q,
and we call the set of such (R, Z,7) the preimage of Q under the zoom-in (4.4). The circulation
bound (4.2) holds on the preimage of the smaller set B(R.) X (t4,0). Since the lengths (4.3) vanish
and |z,| < p < Ry, both preimages contain any given compact subset of [0,00) x R x (—o0,0) for
all n large depending on that subset.

Changing variables in the divergence equation (3.1d), in the definitions (3.2), and in the poten-
tial vorticity equation (3.4), we obtain the identities

' 520,V,, — OpW,
OnVe + 0 £ 0, W =0, Q= Y2 RZn (4.7a)
R R
3 52
0, + V,0rQ),, + W07, = <8RR + EaR + 5%822) Qn, +0zF, + Gy, F, = R—g , (4.7b)

at every point of the preimage of Q, with R > 0. Note that the radial diffusion has coefficient one,
while the axial diffusion carries the factor 62 — 0.

We record both force terms at once: the force enters (4.7b) through G,, and the azimuthal
vorticity equation (4.19b) of Step 3 through H,,, where

Gn(R,Z,T) = Ag&n g()\nR, Zn + pnZ, (—tn)T) , (4.8a)
H,(R,Z,T) = A%&n (curl f)g(Tn + MR, zn + pnZ, (—tn)T) . (4.8b)

The prefactors are the normalizations 38, of  in (4.5) and A\26,, of wy in (4.18), multiplied by
the time factor (—t,) = AZ. Since |g| < CM; on Q by (3.6) and |(curl f)s| < CM; by (1.5), both
terms tend to zero uniformly: G,, on the preimage of Q under (4.4), up to the axis, and H,, on the
preimage of Q under (4.17).

Since 07V,, and OgrW,, vanish at R = 0, as J,u, and O,u, do on the axis (Section 3.1), the
quotients 97V, /R and OrW,,/R are bounded by the suprema of drzV,, and drrW,, on the radial
segment which joins (0, Z,7) to (R, Z, 7); this segment again lies in the preimage of Q, since B(1)
is convex. Thus (4.7a) and (4.6) give, on the preimage of Q with R > 0,

[920] < Ca (B[220 4 |7 72271 (4.9)

The bound holds at R = 0 as well, since (2,, is continuous across the axis. Note that the constant
Caxi in (4.9) is the one of (4.6), which depends neither on n nor on a time interval; this is what the
decay hypothesis (3.13) of Lemma 3.3 requires in Step 2.

Next, we turn to the swirl, which enters (4.7b) through the source F,, = S2/R2. Since RS,, =
dp, rug, the circulation bound (4.2) gives

IRS,| < Cré, (4.10a)
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wherever the point (4.4) lies in B(R.) X (t4,0). Since S,, vanishes at R = 0, as ug does, |S,|/R is
bounded by the supremum of |0rS,| along the radial segment to the axis, and in turn (4.6) bounds
|0RSy| by Caxi|T| 71" < Caxi for 7 < —1. We thus arrive at

[Sn/R| < C, (4.10b)

at every point of the preimage of Q with 7 < —1. Since the passage to the limit in Step 2 is carried
out in the sense of distributions, what is needed of the swirl source 9z F,, in (4.7b) is that F,, — 0
in LL_on {7 < —1}, up to the axis. Away from the axis we write F,, = (RS,)?/R*, and (4.10a)
gives F, < 0125,%5_4 — 0 as n — oo, uniformly on compact subsets of {R > ¢}, for every ¢ > 0.
Near the axis we write F}, = (S,/R)?, and (4.10b) gives F,, < C? for 7 < —1, up to R = 0. Since
{R < ¢} has small measure within any compact set, and ¢ is arbitrary, the two bounds together
give this convergence, and the swirl source dzF), disappears in the distributional limit.

r=20 r=20

B(p)

(a) rn/An bounded (b) rn/An — o0

[] the zoom box: radial half-width \, = (—t,)"/?, axial half-width g, = (—t,)"/>™" > X,

FIGURE 1. The anisotropic zoom of Step 1, drawn in the plane through the axis. The box is long
along the axis and short across it, since A > 0. In (a) the box is centered at the axis point (0, z»),
the selected point z,, lies at bounded rescaled distance from the axis, and the limit is an equation
for the potential vorticity, with the Laplacian of R* acting on radial functions; in (b) the box is
centered at x,, as in the variables (4.17) of Step 3, the axis recedes, and the limit is an equation
for the azimuthal vorticity on R?, with diffusion in the radial variable alone.

Step 2: the finite-axis case. Suppose that r, /A, < A for some fixed A, as in Figure 1(a). In
this step we prove that OgrV,,, 9zW,,, and V,,/R tend to zero at 7 = —1, uniformly on compact sets,
and we derive from this a contradiction with (4.1).

The radial operator dgr + 3R~'0g in (4.7b) is the Laplacian of R* acting on radial functions.
As in [33], we therefore regard ©,, as a function of X € R* with |X| = R, so that (4.7b) holds across
the axis. These lifted variables are used only where the axis must be crossed, in the distributional
form of the equation and in the weak-* limits; the compactness argument for €2,, takes place in the
(R, Z) half-plane. We define the drift

Bo(X,Z,7) = (; Va(R. Z,7), Wa(R, Z, T)) | (4.11)

By the radial expansions recorded in Section 3.1, Q,, F,, V,,/R, and W,, are smooth functions of
(R?,Z,7), so that B, is smooth in (X, Z) across X = 0. We record the identity
X)—V"<Id X®X X®X

vx(%R) =% ) TR
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and note that its trace is equal to OV, + 3V, /R. Since V,, vanishes at R = 0, we have |V,,/R| <
sup |0rV,|; combined with (4.6), this estimate shows that the drifts B,, are uniformly bounded and
uniformly Lipschitz in space on compact time intervals,'? as Lemma 3.3 requires of the limiting
drift. Together with the divergence identity in (4.7a), the trace gives

) 2
leX,Z Bn = EVN .
Since {X = 0} is a null set, and since every term of (4.7b) which carries a derivative is smooth
across it, the equation

0y + divyx z(Ba) = AxQ + 62077, + Q%Qn +07F, + G, (4.12)

holds almost everywhere in the lifted variables, on the preimage of Q under (4.4), hence also in
the sense of distributions there. Note that the force term G,, = G, (|X|, Z,7) in (4.12) enters only
through its supremum, and satisfies |G,| < CMA3d, — 0 on that set, as recorded after (4.8).
Let K C {R > 0} be a closed rectangle in the half-plane. The second identity in (4.7a) and the
bounds in (4.6) may be used to estimate the first spatial derivatives of €, in L>°(K), uniformly in
n on compact time intervals within (—oo, —1]. Using (4.7b), we may bound 9,9, in W~2P(int K),
uniformly on compact time intervals, for any p € [1, 00), since every term in (4.7b) other than 9.Q,
is at most two derivatives of a function bounded on K uniformly in n.'> A standard compactness
argument then gives, for every n > 0, a constant C,, (which depends also on K and p) such that

||F||CO(K) =7 ”FHCOJ(K) +Cy HF”W*ZP(intK) )

for all F € C%'(K). Applying this inequality to Q,(7)—Q,(7'), we deduce that the maps 7 — ,(7)
are equicontinuous with values in C°(K). By Arzela-Ascoli and a diagonal extraction, we arrive at

0, = Qs locally uniformly on {R >0, 7 < —1}. (4.13)

The endpoint 7 = —1 is included because every estimate above holds on each closed interval
[T, —1].

Next, we extend Qq by zero to the null set {X = 0}, and claim that the convergence also holds
across the axis, in the sense that

.
Qp = Qo in L,

(R4 x R x (=00, —1]) for every 1 <p < oo. (4.14)
Indeed, for 7 < —1 the bound (4.9) gives |Q,| < C uniformly in n, up to the axis, and hence
Q00| < C as well by (4.13), so that the tube {|X| < e}, whose measure is of order ¢* (at fixed Z
and 7), contributes little to the LP norm of €, — Q on any compact set, uniformly in n; off the
tube, the convergence (4.13) is uniform on compact sets. We used the same reasoning in Step 1,
for the convergence F,, — 0 in L] .

We next pass to the limit in (4.12), and show that Q. solves (4.15) below in the weak sense.
For this purpose, the bounds (4.6) allow us to extract weak-x limits V' and W of V,, and W,,, on
compact subsets of the lifted space-time domain. Since X/R is a bounded function independent of
n, the drifts B,, defined in (4.11) converge weakly-* to B = (VX/R,W). These drifts are uniformly
Lipschitz in space on compact time intervals, so that we simultaneously extract the weak-x limit
of the gradients VB, which is the distributional gradient of B. The constants in (4.6) do not
depend on the compact spatial set, so that |B| + |VB| < C; almost everywhere on R* x R x .J,
for every compact J C (—oc,—1). By Fubini, B(-,7) € WH*(R* x R) for almost every 7, with
the same bound, so that (3.10) holds with A; < C;. Moreover, since |X|~! is locally integrable
in four dimensions, ¢/R is integrable for every ¢ € C®(R* x R x (—o00,—1)), so that the weak-*

12The bound we obtain is |B,| + |VB,| < Cl7|~Y/2 for 7 < —1.
I3Here we use the bounds (4.6), (4.9), the first derivative bounds on €, just established, the estimate (4.10a),
and the uniform vanishing of G,,.
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convergence of V,, gives V,,/R — V/R in distributions. Passing to the limit in divx z B, = 2V,,/R
yields divy z B = 2V/R. The weak-* convergence of B, against the strong convergence (4.14) of
0y, together with the uniform bound |V;,/R| < sup|0rV4|, allows us to pass to the limit in the
products in (4.12), while §,, — 0, G;, — 0 uniformly, and F,, — 0 in Llloc remove the remaining
terms. In view of divy z B = 2V/R, the limit is the equation of Lemma 3.3, in the divergence form
of its footnote, namely

0: Qo0+ B-VQs = AxQy on R* X R x (=00, —1). (4.15)
Since §2|7|~3/2th < §2 for 7 < —1, the bound (4.9) implies
Q0(X, Z,7)| < Canalr| /27"

Thus Q4 is bounded on R* x R x .J for every compact .JJ C (—oo, —1), solves (4.15) in distributions
with a drift satisfying (3.10), and obeys (3.13) with k = 3/2 4+ h. The last assertion of Lemma 3.3,
with (m,d) = (5,4), gives

Qe =0.
By (4.13), Q is continuous on {R > 0, 7 < —1}, so that it vanishes at every point of this set, the
endpoint 7 = —1 being included.

At 7 = —1, the bounds (4.6) make V,(-,—1) and W, (-, —1) bounded in C? on every compact
subset of the closed half-plane, with a constant which does not depend on the compact set. Passing
to a further subsequence, we obtain V,(-,—1) — V% and W,(-,—1) — W9 in C' on compact
subsets, with V? and W° bounded on the entire half-plane. Passing to the limit in the first identity
in (4.7a), we obtain

VO
OrVO + " + 9w =0,

on {R > 0}. Since Q,(-,—1) — 0 off the axis, by (4.13) and Q. = 0, and since ¢, — 0 while
0zVn(-, —1) is bounded, the second identity in (4.7a) gives

IpWY =0,

on {R > 0}. In contrast to [14], the vorticity identity yields only 9xW° = 0, not a curl free limit;
instead, the boundedness of V¥ replaces Liouville’s theorem. Since W° does not depend on R, we
may rewrite the divergence identity for (V°, W9) as dg(RV") = —R3I,W°(Z). Integrating this
from the axis, where RV vanishes because V' is bounded, we obtain

VYR, Z) = —gazWO(Z) .

The boundedness of V' for all R > 0 forces dzW° = 0, and then also V° = 0, on {R > 0}, hence on
the closed half-plane by continuity. Since the convergence to V9 and W9 holds in C' on compact
subsets of the closed half-plane, we conclude that, uniformly on every such compact subset,

OrVp(-,—1) — 0, OzWh(,—1) =0, Vo(,—1)/R — 0. (4.16)

The convergences hold up to the axis; for the last one this is because V,,(R,Z,—1)/R =
fol OrVn(oR,Z,—1)do for R > 0, with the right side continuous at R = 0.

With (4.16) in hand, we return to the points z,, selected in (4.1). In the variables (4.4), the
point (zp,t,) has coordinates (R, Z,7) = (rn/An,0,—1), and (r,/An,0) lies in the compact set
[0, A] x {0} for every n. Since g = MOy, Oz = 0z, R = 7/\n, and A2 = \6npin = (—tn), the
definitions (4.5) and the chain rule show that the left side of (4.1) equals

() (190 [ 2] 10201 ) s ) = (Ve + |22 + 102wl (52,0, -1)

n

Uy

r
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with both quotients extended continuously to the axis. Since the convergence (4.16) is uniform on
[0, A] x {0}, the right side of the last display tends to zero along the subsequence, while its left side
is bounded from below by ¢o > 0. The contradiction ansatz (4.1) thus fails in the finite-axis case.

Step 3: the receding-axis case. We now turn to the other alternative of Step 1: suppose that
A, = rp/An — o0, as in Figure 1(b). In this step we prove that drV,, and dzW,,, now taken in
the recentered variables (4.17), tend to zero at the selected point, and that the remaining term
(=tn)u, /7 is small there by (1.11) alone; we derive from this a contradiction with (4.1).

The argument follows Step 2, with the azimuthal vorticity in place of the potential vorticity
and no axis to cross. We now zoom in about the selected point x,, itself, in the variables (R, Z, T)
defined by

r=r,+\MR=M(4,+R), 2= 2zn+ pnZ, t=(—tp)T. (4.17)

We define V;,, W,,, S, as in (4.5), with the same prefactors and with the point in (4.17) as argument.
The rescaled azimuthal vorticity is

On(R, Z,7) = Nobnwo(r, 2,t) = 0650z Va(R, Z,7) — OgWn(R, Z,7), (4.18)
where (r,z,t) is the point (4.17). Since Ap,p, — 0 by (4.3), A, — oo by assumption, and
|zn| < p < R, the preimage of Q under (4.17), whose axis sits at R = —A,,, contains any given

compact subset of R? x (—oo, —1] for all n large depending on that subset; so does the preimage
of B(R,) X (t«,0), on which (4.2) holds. The bounds (4.6) are unchanged, since Or = A, 0, and
0z = un0, as in (4.4), and since (1.11) holds at every point of Q. The divergence equation (3.1d)
and the azimuthal vorticity equation (3.3) become

Vi

ORVi+ 4y +02Wa =0, (4.19a)
and
Va
a7—@n + VnaR@n + WnaZ('—)n - An n R@n
1 ) 1 1 )
= <8RR + mE)R + 6,077 — (An+R)2) O, + maz(sn) + H,, (4.19b)

at every point of the preimage of Q under (4.17) with 4,, + R > 0, and with H,, given by (4.8b).
By (4.18) and (4.6), on the preimage of Q under (4.17),

Ol < Caxi (277" 4 77171 . (4.20)

This plays the role of (4.9) in Step 2.
Since (A, + R)S,, = 0, rug (see (4.5¢) and (4.17)), the circulation bound (4.2) gives

On
wherever the point defined in (4.17) lies in B(R,) X (t,0), and A, + R > 0.4
Let K C R? be a closed rectangle. The identity (4.18) and the bounds in (4.6) may be used
to estimate the first spatial derivatives of ©,, in L°°(K), uniformly in n on compact time intervals
within (—oo, —1]. Using (4.19b), we may bound 9,0,, in W ~2P(int K), uniformly on compact time
intervals, for any p € [1,00), since every term in (4.19b) other than 0,0, is at most two derivatives
of a function bounded on K uniformly in n.'> The compactness argument of Step 2, with no axis

Hyye appeal here to the circulation bound rather than to the S, estimate in (4.6), so that the bounds on wug
enter this section in one place only; see Remark 5.2.

I5Here we use the bounds (4.6) and (4.20), the first derivative bounds on ©,, just established, the uniform
vanishing of H,,, and the bound on S,, just obtained, applied to the swirl source written as dz(S2/(A, + R)), which
is possible since A,, + R does not depend on Z.
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to cross, then gives
0, — 06 locally uniformly on R? x (—oo, —1].

Our next goal is to pass to the limit n — oo in (4.19) and (4.20), and to show that © solves
the limiting equation (4.21a) below. For this purpose, since by (4.6) the fields V,, and W,, are
uniformly bounded and uniformly Lipschitz in space on compact time intervals, we extract weak-*
limits V, W of V,,, W,, on compact subsets of R? x (—oo, —1], together with the weak-* limits of
their spatial gradients, which are the distributional gradients of V' and W. Three terms of (4.19b)
disappear in the limit because the axis recedes. On a compact spatial set the factors (4, +R)~! and
(A, + R)~2 tend uniformly to zero as A, — oo, while ©,, and 9r©,, are bounded there, uniformly
in n on compact time intervals; hence the viscous terms (A4, + R)"10r©O,, and (A, + R)~20,, tend
uniformly to zero. The swirl source, written as 9z(S2/(A, + R)), tends to zero in distributions,
since S2/(An, + R) < C%52/(A, + R)® by the bound on S,, above, and the right side vanishes
uniformly as n — oo. The term 5,2182 70,, likewise tends to zero in distributions because §,, — 0.
Recall from the discussion after (4.8) that the force term H,, — 0 uniformly. The stretching term
—(A,, + R)™'V,0,, on the left side of (4.19b) is not discarded in the limit. By (4.19a) it equals
O, divg z(Vi,, W,,), so that on the left side of (4.19b) we have a perfect divergence

Vi
A+ R
Passing to the limit, using the weak-* convergence of (V,,, W,,) together with the strong con-
vergence of ©,,, and with V,, bounded and A,, — oo in (4.19a), we obtain

V0RO, + W00, — 0, = diVRz((Vn, Wn)@n) .

0:0 +VOr® + Wd;0 = 0rgo®, (4.213)
ORrV 4+ 0zW =0, (4.21b)

on R? x (—oco, —1). For 7 < —1, the bound
|®(Ru Z, T)| < Caxi’7—|717h (421C)

is inherited from (4.20), since 62|7|~'*" < 62 in that range. The terms other than 9,0,, on the left
side of (4.19b) converge in distributions to divg, 7z ((V,W)©), and the limiting drift is divergence
free, so that the transport term in (4.21a) is the one of the footnote of Lemma 3.3.

We are now in a position to apply Lemma 3.3. The limiting field © is continuous on R? x
(—00, —1], being a locally uniform limit, and is bounded on R? x .J for every compact J C (—oc, —1).
Since the bounds in (4.6) do not depend on the compact spatial set, the limiting drift (V, W) lies,
as in Step 2, in W1°(R?) for almost every 7, and satisfies (3.10) on every compact time interval.
The last assertion of Lemma 3.3, applied to (4.21) with (m,d) = (2,1) and kK = 1 + h, therefore
gives

©=0
on R? x (—oo, —1], by continuity. In particular, ©(-, —1) = 0.

At 7 = —1, the bounds (4.6) make V;,(-,—1) and W, (-, —1) bounded in C? on every compact
subset of R2. Passing to a further subsequence, we obtain V,,(-, —1) — V? and W,,(-, 1) — W% in
C' on compact subsets. The limits V° and W° are bounded on R? by the constant C.y of (4.6),
which does not depend on the compact set. Passing to the limit in the divergence identity (4.19a),
in which V,,/(A,, + R) — 0 uniformly on compact sets since V,, is bounded and A,, — oo, we obtain

aRVO + 82W0 =0.

Since O, (-,—1) — O(-,—1) = 0 locally uniformly, and since d,, — 0 while dzV,, is bounded, the
identity (4.18) gives

WY =0,



22 PETER CONSTANTIN, MIHAELA IGNATOVA, AND VLAD VICOL

so that WY = W9(Z). Integrating the divergence identity dgV° 4+ 9zW? = 0 in R, we obtain
VYR, Z)=—-Ro;,W°(2)+V°0,2).
As in Step 2, the boundedness of V? for all R € R forces 9;,W° = 9zrV" = 0. Since the convergence
at 7 = —1 holds in C' on compact subsets, we obtain
OrVn(0,0,—1) =0,  9zWn(0,0,—1) — 0. (4.22)

To conclude, we compare (4.22) with the selection (4.1). In the variables of (4.17) the point

(Zp,tyn) is (0,0,—1), and the chain rule gives
(_tn) arur(xm tn) = aRVn(Oa 0, _1) ) (_tn) 6zuz(xm tn) = 8ZVVn(O? 0, _1) .

Thus, the first and the third term on the left side of (4.1) tend to zero by (4.22). For the second
term no limiting argument is needed: since A, — oo, we have r, > 0 for all n large, and (1.11)
gives

An
gcf:AQ—m. (4.23)

Tn n

Uy (xna tn)
Tn

(_tn)

The left side of (4.1) thus tends to zero along the subsequence, which contradicts the lower bound
¢p > 0 in the receding-axis case as well, thereby concluding the proof of (1.13). O

5. The local regularity criterion

In this section we show that the relative smallness provided by Proposition 1.5, together with
the regular annulus of Lemma 3.2, makes (0,0) a regular point, which proves Theorem 1.3.

LEMMA 5.1 (Smallness of the meridional quantities implies regularity). Let (u,7) be
an azisymmetric suitable weak solution of (1.2) on Q, smooth on compact subsets of Q, with an
azisymmetric force satisfying (1.5); the bounds (1.11) are not assumed. Suppose that

lim(—1)G (1) = 0 (5.1)

holds for some pg € (0,1), with G,, defined as in (1.12). Then (0,0) is a regular point.

PROOF OF LEMMA 5.1. We fix a regular annulus for u inside B(py), as in Lemma 3.2 applied
with Ry = 0 and Ry = po: on the cylindrical annulus {R_ < |z| < R4} X (to,0) the velocity wu,
together with Vu and V2u, is bounded. We then fix radii R_ < p < R, < R, and a smooth
radial cutoff x supported in B(R,), equal to one on B(p), whose derivatives are supported in the
cylindrical annulus. Throughout the proof, C' denotes a constant which depends only on x, on My,
on the u bounds on the cylindrical annulus, but never on the parameter 17 chosen at the end of the
proof. In particular, every term in which a derivative falls on x is bounded by such a constant,
since it is supported in the cylindrical annulus. Lastly, norms without a specified domain are taken
on R3, the localized fields being extended by zero.

We write G(t) = G,,(t), and for each n > 0 we fix t,, € (t9,0) so close to zero that

G(t) < % on (ty,0). (5.2)
Since B(R.) C B(po), the four quantities in (1.12) are bounded by G on B(R.); in particular
|uy/r| < G there. The azimuthal velocity ug, moreover, vanishes on the axis, and is bounded on
0B(R.) x (to,0) and also on the initial time slice B(R,) x {t,}. By the swirl equation (3.1c), the
function ¢ = (—t)"uy satisfies

O bV = A (2 4+ )y = (<0,

where b = u,e, + u e, is the meridional velocity. By (5.2), the zeroth order coefficient is therefore
at least =2 > 0 on B(Ry) X (t,,0), and the source is bounded by M;. Since A = 82 +r~19,+ 82 on
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axisymmetric scalars, this equation is of the form (3.7) with k = 1. The coefficient =2 is singular
on the axis, but ¢ vanishes there, and for every s € (¢,,0) it is continuous on B(R,) X [ty, s] and
smooth off the axis. As in the proof of Lemma 3.2, appealing to Lemma 3.1 we obtain a bound for
|¥], uniformly in s, by its values at time ¢,, and on OB(R,) x [t,,0), plus M¢|t,|. That is, there is
a constant Cy > 0 such that || < C; on B(R.) x (t,,0), and

W) = oD gy < Col—) 7, by <t <0, (53)
We let
Y(t) = IxwC 672 . M) =[x Vol )l ,
where w = curlu. Taking the curl of (1.2), we obtain
Ow+u-Vw—Aw=w-Vu+curl f,

and we test this equation against y?w. The transport and diffusion terms then produce %%Y
and M, up to cutoff errors which are bounded by C. The force term, in turn, is bounded by

Cleurl f| ;0 Y2 < C(Y + 1), and we arrive at
1
thY—f—MS/X2(w~Vu)-wdx+C(Y+1). (5.4)

Bounding the stretching term requires two elliptic bounds, which we record next. Since divb = 0
and curlb = wyey, the identities Vo3, = | curlv||3, + || divol|3, and [|[VZ0|3, = ||V curlv|3, +
IV div v||%2, valid for smooth compactly supported v, applied to yu and to xb, give
IVl + X VBl 2 < CY +1)Y2, (5.5a)
[XV2b|| ., < C(M +1)"2. (5.5b)
The second inequality also uses |V (wpep)| < |Vw|, which follows from the Cartesian gradient identity
for an axisymmetric vector field,

w? +w§

2 _ 2 2
Vol = Y (18rwol” + [0:0 ) + =3 (5.6)
oe{r,0,z}
In particular, we note that the axis terms w?/r? and wj/r? are part of the dissipation.
In the cylindrical frame, with w, = —0,up and w, = O,up + ug/r, the stretching term reads
u u
(w-Vu) - w = (Opu)w? + 7’@3 + (O )w? + (Doup + Opus )wpw, — 279wrw9 . (5.7)

After multiplication by x? and integration, the first three terms on the right side of (5.7), and the
term containing 0,u,, are all bounded by C GY, their coefficients being the four quantities in the

definition in (1.12). For the term containing d,u, we integrate by parts in z using that w, = —0,ug,
and arrive at
I:= /XQ(&uz)wrwz dxr = —/XQ(OTUZ)(&ZU@)WZ dx = /ue 0, (XQ(&«UZ)UJZ) dx . (5.8)

The bound (5.3) allows us to estimate the swirl in L>°. The term containing 9, is bounded by C,
as noted at the start of the proof, while for the other two terms, (5.5) together with |9,0,u,| < |V2b|
and |Oyu,| < |Vb| gives

I <C+W ||X828TUZ||L2 ||XWZ||L2 +W ||X67"UZ||L2 HXOZWZHL2
< C+CW(M+1)Y2YY2 L oW (y 4+ 1)Y/2M1/2
<IMA+CW2+1)(Y +1). (5.9)
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Returning to (5.7), it thus remains to bound the last term, which contains w,/r. Using (5.6) we
get

2 '/quewrwg dz| < 2W ||xw, /7|l 12 Ixwoll 2 < 2W M2y 12 < 1M +4W?Y . (5.10)
r

Inserting (5.9) and (5.10) in (5.4), absorbing $M into the left side, we have thus shown that there

exists Cy > 1, which depends only on x, on M}, and on the bounds for u on the cylindrical annulus,

such that

d
%Y+M§C*(G+W2—I-l)(Y+1). (5.11)
At this point we fix n = 1/(16C,) < 1/16; this choice is permissible because C was fixed before

1 was chosen. Combining (5.11) with the bounds (5.2) and (5.3), Gronwall’s inequality gives

Y(t)+1< (Y(ty) +1)exp (/j(i; + (C:*Sc)’i + C*>ds> < C) ()7

for all t € (t,,0), for a suitable constant C; > 0. Note that Y'(Z,) is finite since u is smooth at time
ty. The first inequality in (5.5) and the Sobolev inequality then give
)l si < GO poqgsy < C IV ) Dl 2 < Cl(—t) -2

for all t € (¢,,0). Since 2C,n = 1/8 < 1, this bound implies the local Ladyzhenskaya-Prodi-Serrin
condition

u € LA(ty, 0: L°(B(p))) ,
at the borderline exponent pair 3/6 +2/4 = 1. Consequently [ul|pa(_,20.76(p(-)) tends to zero

as r | 0, for r < min{p, (—tn)l/z}. The interior criterion of Gustafson, Kang, and Tsai [28,
Theorem 1.1(i), with p, = 6 and ¢ = 4], applied, as in the proof of Lemma 3.2, at the top center
point (0,0) to the pair of footnote 2, whose bounded force lies in the parabolic Morrey space M??
of [28, Equation (6)], therefore bounds u on a backward cylinder at the origin: (0,0) is a regular
point. [l

PROOF OF THEOREM 1.3. Proposition 1.5 with p = 1/2 gives (5.1) with py = 1/2, and
Lemma 5.1 makes (0,0) a regular point. O

Lastly, we make precise a comment that we alluded to in Remark 1.4(c).

REMARK 5.2 (The meridional bounds suffice). Theorem 1.3 remains valid if (1.11) is
imposed on u, and u, only, with no bound on uy or on its derivatives. Indeed, Lemma 5.1 does
not use (1.11), and Section 4 uses the bounds on ug in one place only, the estimate (4.10b), whose
role is to bound the swirl source F,, = S2/R? near the axis; the S, summand of (4.6) is used
nowhere else. We replace it as follows. Since u, vanishes on the axis, the bound on 9,u, in (1.11)
gives |u,/r| < Caxi(—t)~! on B(1), so that for a fixed N > C,y the function (—t)Nug solves the
equation displayed in the proof of Lemma 5.1, with N in place of n, in which the zeroth order
coefficient r=2 + u,/r + N(—t)~! is at least r~2, and the source is bounded by M;. Moreover,
u is bounded on dB(R,) X (t4,0), since the radius R, and the time ¢, of Section 4 are those of
Lemma 3.2. Then, Lemma 3.1, applied as in the proof of Lemma 5.1 with ¢, in place of ¢,, gives
lug| < Cn(=t)~N on B(R,) x (t,0), with R, and ¢, as in Section 4. In the variables of Step 1 this
reads |S,| < K, := On(—t,)"/?*"=N on compact subsets of the slab —T < 7 < —1, for n large,
and together with (4.10a), |RS,| < D,, := Crd,, it gives, for every L > 0,

LK,
")
< Crn(—tn)* (1 + |log(—tn)]) — 0, (5.12)

L L
/ FoR3dR < / min{K2R, D?/R} dR < Di(% +log,
0 0
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where log, a = max{0,loga} and Cr y depends also on Cp. Thus F;,, — 0 in L11OC of the lifted
variables of (4.12), which is all that the passage to the limit in 0z F}, requires, while the compactness
argument for ,, in Step 2 is carried out off the axis, where F, < D2 /R* is bounded. The rest of
the proof is unchanged.

Appendix A. Properties of the OpenAl construction

The OpenAl manuscript [43] constructs a solution of the forced Navier-Stokes equations which
it asserts to be singular at (x,t) = (0, 1) in its own time variable; that is, at (0, 0) after the time shift
in this paper (1.1). We do not verify the construction in [43]. Instead, this appendix deduces, from
statements printed in the OpenAl manuscript, three properties of the velocity field of the OpenAl
construction. Claim A.1 is the exact axisymmetry of the velocity on a shrinking core, which is
hypothesis (1.8) of Theorem 1.1. Claim A.2 is the set of anisotropic bounds on the angular mean,
which is hypothesis (1.7). Claim A.3 is the exact vanishing of the meridional velocity on a fixed
open set together with the values on the axis, the two properties Remark 2.6 asks of a solution.
None of these claims is printed in the OpenAl manuscript in the form in which we state it: each is
deduced from definitions and statements printed there, and the justification following each claim
gives that deduction, citing every ingredient used. We write that the manuscript states a fact only
when it is printed at the place cited, and that a fact follows when we deduce it.

A.1. Coordinates, notation, and the decomposition of the velocity. Time, the expo-
nents, and the similarity coordinates. The OpenAl manuscript writes 7 = 1 — ¢ for the time to the
singularity in its own time variable. After the shift (1.1) the time to the singularity is —¢, and with
x written in the cylindrical coordinates of Section 1.2 we set

T = —t, x = (rcosf,rsinb, z),
A=Yryn p=l_n A4D=1, 0<h<-- (A.1a)
T2 ’ T2 ’ - 100 '

Every formula written in 7 below therefore reads the same in the time variable of the paper and
in that of the manuscript, whereas statements quoted from the manuscript are in its own time
variable. The exponent A is fixed by the construction, and A, D, and the bound on h are the
notation of [43, p. 7, Theorem 3.1, p. 15, and Theorem 4.6, p. 32]. The manuscript works in the
similarity coordinates

2

z r
g— 2" =7, n= -5, = —, q>0, —-l<n<1, (A.1Db)
q 2q
which satisfy, with a constant Cy depending only on the parameters of the construction,
T<q< Co(r+1[2MYP),  gx=T+2YP. (A.lc)

The manuscript states 7 = q(1 — 1?), z = ¢”n, and X = r2/(2q) at [43, equation (4.1), p. 24],
with the ranges ¢ > 0 and —1 < n < 1 at [43, equation (3.2), p. 7]; it states at [43, p. 7] that
q — 2%¢*" = 7, that this equation determines ¢ = ¢(z,7) uniquely, and that ¢ =< 7 + |z|"/?; and
it states the upper bound of (A.lc) with the constant Cy at [43, equation (10.3), p. 118]. Since
In| < 1, the relation 7 = ¢(1 — n?) gives ¢ > 7; this inequality is printed at [43, p. 114, Step 1].
Note that g and 1 do not depend on r. We write C; for the region which the manuscript calls its
core, that is, the set of points whose similarity coordinates at the time —7 satisfy 0 < X < X, and

In| < ne, with the constants X, > 0 and 0 < . < 1 fixed at [43, p. §].
The local field and the final field. The OpenAl manuscript first constructs a local velocity ujo. and
a local pressure 7. on the domain {2, in the form

Q* = {($,t): T > 07 q< Q*}a Uloc = curl A +B69 on Q*’ (A2)
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where ¢, > 0 is a constant of the construction, A is a vector potential, and B is a scalar independent
of 6 [43, Theorem 3.1 and its part (i) with equation (3.3), p. 15, and equation (9.21), p. 115]. The
manuscript writes these two fields as A and B, and the second of those letters is the drift of Section 4
in the paper. The final velocity and pressure are

u = curl(xzxtA) + Xz XtBes = XaXttioc + V(XzXt) X A, T = XaXtTloc » (A.3)

where y, is an axisymmetric cutoff in space and x; is a cutoff in time, both equal to one near
(0,1) [43, equation (10.4) and the display below it, p. 118, and Section 3.5, p. 16]. Accordingly, we
fix once and for all Ry > 0 and 7y > 0 such that

Xz =1 on B(Ry), xt=1 for0<7 <19, CO(TO+R(1)/D)<Q—2*. (A.4)

Since x.Xx: is then identically one on B(Ry) X (—79,0), its gradient vanishes there, so that the final
fields agree with the local ones by (A.3): (u,7) = (Uioc, Toc) o0 B(Rp) x (—70,0). By (A.1lc) that
cylinder lies in {g < ¢./2}, hence in €,. Such a choice is possible: the manuscript states at [43,
p. 118] that x, = 1 for r < r¢/2 and |z| < z9/2, that x = 1 for 0 < 1 —¢ < 7,/2, and that
Co(r + 2’(1)/ D) < q«/2, where rg, 29, and T, are the positive constants chosen on that page, the
manuscript writing 7 for the one we call 7,; any Ry < min{rg, 20}/2 and any 79 < 7,./2 will then
do, since 1/D > 0. All the norms below are spatial L> norms over B(Ry) of the final fields at time

—7, with 0 < 7 < 79, and constants may depend on Ry and 7.
The three radial regions. The radial thresholds of the OpenAl construction are

0< X, <Xy, 0 < Xy < Xext < 00, (A.5)

the first pair produced in [43, Theorem 4.6, pp. 32-33], whose part (ii) states that the stress profile
Ty vanishes for X < X, and for X > X} and is nonzero at every X, < X < X3, and the second
pair in [43, Theorem 3.1, p. 15], with Xyt fixed beyond the supports of all the corrections in [43,
p. 116, Step 4]. We write exterior region for {X > Xc}. The manuscript states that in the
exterior region the momentum residual of the local pair (ujoe, moc) vanishes identically and that

A=0, B=K(rrT), K(r,7) = ril*QhHext(T/ﬂ) , (A.6)

where K solves the radial swirl heat equation and Hey is smooth on [0,00) with every fixed
derivative bounded [43, equation (3.5), p. 15]; the same two identities are stated at [43, p. 116,
Step 4]. Since A vanishes on the open set {X > Xext}, it follows from (A.2) that . = K(r,7)eg
there; the manuscript states as much in words at [43, p. 119].

The decomposition of the velocity. We write P for the angular mean of (1.4), which averages the
cylindrical coefficients in 6; it is the operator (-)p of the OpenAl manuscript [43, equation (3.7),
p. 17], which commutes with the evaluation of the auxiliary variable because that evaluation depends
on (r,t) alone [43, equation (6.3), p. 63, and p. 117]. Let up denote the background velocity of the
OpenAl construction, which the manuscript states to be part of a pair of “smooth axisymmetric
fields” (up,pp) with divup = 0 [43, Proposition 5.5, p. 60], and let

v = Pu, wi=uU—0, m:=v—upg, so that u=up+m-+uw, Pw=0.

(A7)

Thus v and w are the angular mean and the non-axisymmetric part of Section 1.2, and m is the
correction which separates the angular mean from the background. Since up is axisymmetric,
Pup = up and Pm = m. The manuscript builds uj,. from up and corrections of two kinds, and
we use its names for them: the mean corrections, whose cylindrical coefficients are independent
of 0 [43, Definition 6.4, p. 69], and the wave corrections, which carry the oscillatory phases [43,
equation (6.27) and Definition 6.5, p. 70] and whose angular mean vanishes [43, equation (9.7),
p. 106]. Both are supported in the closed annulus X, < X < X, of (A.5), and the manuscript calls
them annular [43, pp. 115 and 117].
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A.2. Exact axisymmetry on a shrinking core. The first claim is hypothesis (1.8) of The-
orem 1.1, with p(t) = cy/—t; see item (c) of Remark 1.2.

CramM A.1 (Exact axisymmetry on a shrinking core). Let Ry, 19 be as in (A.4), let X,
be as in (A.5), and let

0<ec<2X,, 70(c) := min{ry, R3/c*}. (A.8)
Then the velocity u of the OpenAl construction, its angular mean v, and the background velocity
up of (A.7) satisfy

u=v=upg on B(cy/T) x {-71}, 0<71<m(c). (A.9)
Moreover w(-,t) = 0 on B(cy/—t) for every t € (—1,0), which is (1.8) with p(t) = cy/—t.

JUSTIFICATION OF CLAIM A.1. The ingredients are the following statements of the OpenAl
manuscript: the mean coefficients are independent of 6 and are supported in X, < X < X [43,
Definition 6.4 and equation (6.24), p. 69]; the wave amplitudes are independent of # and are
supported in the same shell [43, equations (6.28)—(6.29) and Definition 6.5, p. 70]; the wave velocity
increments are curls of potentials supported in that shell, and the mean velocity correction is the
sum of a curl of an azimuthal potential, built through the compactly supported radial primitive I,
of [43, equation (8.4) with Lemma 8.2, p. 90|, which vanishes for X < X, and for X > X, and
of a direct azimuthal field whose coefficient is supported in the same shell [43, Definition 9.4 and
equation (9.9), p. 106], so that “all annular representatives vanish in a neighborhood of the axis at
each t < 17 [43, p. 115]; and the background (up,pp) is a pair of smooth axisymmetric fields [43,
Proposition 5.5, p. 60].

Let 0 < 7 < 79(c) and |z| < ¢y/7. Since 7 < R%/c? we have c/T < Ry, so that € B(Ry) and
U = Ujoc at (z,—7) by (A.4). Moreover r < |z| < ¢y/7, and ¢ > 7 by (A.lc), so that

r? c?

X_2q< 5 < 5 < X,
the last inequality by (A.8). At such points every mean correction and every wave correction
vanishes, hence m = w = 0 in (A.7) and the velocity is the background up, which is axisymmetric.
This proves (A.9).

The restriction 7 < 7p(c) enters only through the equality u = o, and the vanishing of w does
not need it. Let ¢t € (—=1,0) and 7 = —t. The computation above gives X < X, on B(cy/7) for
every such 7, so that at the points of that ball which lie in €2, the potentials A and B are those
of the background and are independent of 6. By (A.3) the final velocity on that ball is the curl of
Xz XtA plus X x:Beg, where y, is axisymmetric, being a smooth function of 72 and z [43, p. 118],
Xt is a function of ¢, and the support of x,x; lies in Q, [43, p. 118]; a curl of an axisymmetric
field is axisymmetric, and the final velocity vanishes off the support of x,x;. Hence w(-,t) =0 on
B(cy/—t) at every t € (—1,0).

The OpenAl manuscript states “all the annular corrections vanish near the axis for each fixed
t <17 [43, p. 117], “the annular corrections vanish in the fixed inner similarity region” [43, p. 124],
and, at one fixed radius Xj, € (0, X,), “All annular corrections vanish there” [43, p. 116, Step 5].
The vanishing on the whole set {X < X,}, and with it the axisymmetry of the final velocity on
the core, is what we deduce above. ]

A.3. The anisotropic bounds on the angular mean. The second claim is hypothesis (1.7)
of Theorem 1.1, with the exponent h of the OpenAl construction; see item (b) of Remark 1.2.
Theorem 1.1 allows 0 < h < 1/2, so the range 0 < h < 1/100 of (A.la) is admissible in Theorem 1.1.

CLAM A.2 (Anisotropic bounds on the angular mean). Let A, D, h be as in (A.la), let
Ry, 70 be as in (A.4), and let B, = % and By = B, = A. There is a constant C > 0, depending
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on Ry, on 19, and on the parameters of the OpenAl construction (but not on 7), such that the
cylindrical components vj of the angular mean v = Pu of the velocity constructed in [43] satisfy

‘ oy 0v; (-, _T)HLoo(B(RoD

Since D = % — h, these are the bounds (1.7) on the cylinder B(Ry) x (—70,0) (and hence on Q
after the scaling of Section A.6), with the lengths £, = 7'/ and ¢, = 7'/>=" of (1.10).

SCT_ﬁ.f_a/Q_bD, jE{T,H,Z}, a+b§2’ 0<T<7-0' (Alo)

JUSTIFICATION OF CLAIM A.2. The OpenAl manuscript states its bounds separately for the
background and for the corrections of each stage, and we assemble from them a bound on the
angular mean of the final velocity. By (A.4) we have u = ujo. on B(Rp) X (—79,0), and by (A.7)
we have v = up + m there; we bound up and m in turn. Two reductions serve both steps.

First, where the Cartesian derivatives of a field are bounded uniformly in 7, so are the cylindrical
derivatives in (A.10). The frame (e,, eg, €,) depends on € alone, hence is constant along radial rays,
so that (e, - V)e; = 0 and

020bg; = ((er - V)*dlg) - €; at every point with r > 0

for every smooth vector field g and every j € {r,0,z}. The right side is a combination, with
coefficients the components of the unit vector e,, of the Cartesian derivatives of g of order a + b;
since the axis is a null set, this gives [|920%g;| 100 (5) < lgllcate(s), the axis included, on every set
S C B(Rp) which is invariant under rotations about the axis. The same bound holds for 920%(Pg);,
since (Pg); is the average of g; in € (see Section 1.2), and this average commutes with d, and 0..
Since ¢ is a function of (z,7) alone, the sets B(Ry) N{¢g < ¢} and B(Ry) N{qg > ¢}, ¢ > 0, to which
we apply this below, are of that kind. Since the norm of C*t® does not distinguish 0, from 9.,
and since a Cartesian component mixes g, with gy, whose exponents 5, and Sy differ, the rates
of (A.10) do not pass through this reduction: we use it only for fields whose Cartesian derivatives
of order at most two are bounded uniformly in 7, and we obtain the bounds with rates in Steps 1
and 2 directly for the cylindrical components of ug and of m.

Second, the bounds quoted below are stated in the OpenAl manuscript as ¢ | 0, and we must
cover the whole cylinder. By (A.4) we have g < ¢./2 on B(Rp) x (—10,0), and for every ¢; € (0, g«/2)
the manuscript states that every Cartesian space-time derivative of A, Bey, and mj. is bounded
up to the blowup time on compact spatial subsets with ¢; < ¢ < ¢./2 [43, Theorem 3.1(ii), p. 15],
hence so is every such derivative of u by (A.2) and (A.4), and therefore, by the first reduction, so is
every 9¢9%v;. Since 7~Fi=a/2=bD > T(;Bra/%w for 0 < 7 < 79, a bounded quantity obeys (A.10),
so that (A.10) holds where ¢ > ¢;. Only the region ¢ < ¢ remains, and Step 2 fixes the value of
q1-

Step 1: the background. The OpenAl manuscript states the rates of its leading field u(®) on the
region C;, ||uéo)|| = ||u£°)|| = 74 and Hu7(«0)|| = O(r7'/?) [43, p. 8], and, on a fixed radial en-
largement of the closed annulus X, < X < X, and as ¢ | 0, that the cylindrical components
Ur,B, Up,B, Uz, B Of up are such that un(;,B, QAU;B, and q1/2ur73 differ from their leading profiles by
O(¢*") in every fixed composition of the derivatives qd,, dx, 0, [43, equation (5.42), p. 60], those
profiles being bounded on that enlargement together with every fixed derivative in (X, n) [43, The-
orem 4.6(i), p. 33]. For the radial component we use only the last line of [43, equation (5.42), p. 60],
¢, p = O(q") in the same sense, which gives 3, = % since A — h = % By (A.1b), on functions
of (¢, X,n) we have 9, = (2X/q)"/?0x and 0, = ¢~ PL~! (277q8q —2nXox + (1 — 772)877), where
L =1 —2hn? > 1 — 2h, so that the conversion to physical derivatives of a cylindrical component
costs q_l/2 for each 0, and ¢~ for each 9, [43, equation (5.26), p. 55]. Between the axis and the
enlarged annulus the same bounds follow, upon using 7> = 2Xg¢q, from the expansion [43, equa-
tion (5.1), p. 46], in whose term of order n each of qA_%huz,n, qA+1/2_2"hu9’n/r, and ¢! =2l /r
is a profile smooth in (X, 7)) up to X = 0 [43, Theorem 4.6(i), p. 33, and equation (5.17), p. 52], and
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from the tail [43, equations (5.34)—(5.35), pp. 57-58], which past a large enough order is bounded
in every Cartesian derivative of order at most two and is covered by the first reduction. In the
exterior region X > Xy the corrections vanish, since Xgy lies beyond their supports, so that
up = ujpe = K(r,7)eg by (A.6), and the bounds follow from [43, equation (3.5), p. 15] with [43,
equations (10.7)—(10.8), p. 119], the radial derivatives of K coming from (10.7), 0.K being zero,
and 72 > 2Xeq there. In [43, Proposition 5.5, p. 60] the outer endpoint of the enlargement is
arbitrary, the constants there depending on it, and we fix it beyond Xey; the three regions then
cover every point of B(Ry). Every power of ¢ so produced has exponent at least —3; —a/2—bD < 0.

—Bj—a/2—bD , and these statements

Since 7 < ¢ < ¢1 < 1 by (A.1c), each such power is at most 7
together give (A.10) for up on {q < q1}.
Step 2: the correction. The OpenAl manuscript builds its local field by an induction whose steps
it calls stages, and it states that at each finite stage the normalized velocity is the sum of the
background of [43, Proposition 5.5, p. 60], held fixed throughout the construction [43, p. 62], of
a mean correction whose coefficients are independent of #, and of a wave whose angular mean
vanishes [43, equation (9.7) and Definition 9.4, p. 106, with Definition 6.4, p. 69]. The stages are
summed in [43, Lemma 5.4 and equations (5.34)—(5.35), pp. 57-58], as applied in [43, Proposi-
tion 9.9, p. 114]. The summation cutoffs are of the form x(a;q), functions of ¢(z,7) alone, with x
equal to one on [0,1/2] and aj4+1 > 2a; [43, equation (9.21), p. 115, and Lemma 5.4, p. 57], so that
for each stage J there is ¢y > 0 with x(a;q) = 1 for every j < J and every 0 < ¢ < g;; the single
cutoff applied to the fields with which the summation starts likewise equals one near ¢ = 0 [43,
p. 114, Step 1, and p. 115]. The tail estimate [43, equation (5.35), p. 58] then gives, in every fixed
order of Cartesian derivatives, that on {¢ < ¢} the summed field differs from the stage-J field by
O(¢"7), with Nj — oo as J — 0o. We now fix J so large that N; > 0 for every derivative order at
most two, and we set q; = ¢, decreased if necessary so that ¢; < min{1,¢./2}, so that the single
cutoff above equals one on {¢ < ¢q1}, and so that the statements quoted in Step 1, which hold for
small ¢, hold on {q¢ < q1}. Applying P to the stage-J field, and using Pup = up from (A.7), we
obtain that on {¢ < ¢1} the correction m is the mean correction of that stage, up to the angular
mean of an error whose Cartesian derivatives of order at most two are O(¢"V7), hence bounded; by
the first reduction, this term obeys (A.10).

It remains to bound the mean correction of a fixed stage. The OpenAl manuscript works on
dyadic regions indexed by an integer ¢, with

Q=27", e=Q", S, =02, ks = 1072,

on each of which a physical velocity is Q4 times its representative in the rescaled coordinates
of [43, equation (6.1), p. 62, and the text following it and equation (6.2), p. 63], and ¢ < @ on the
supports of the corrections [43, pp. 62 and 113]. The manuscript states that the radial component
of the mean correction carries a factor e'? and its azimuthal and axial components a factor €29,
in every coefficient derivative, times a power of S, and a weight which is bounded on the annulus
X, < X < X [43, equation (9.9), p. 106, with Definition 6.4 and equations (6.23)—(6.24), p. 69],
and that a radial physical derivative loses a factor Q~1/2~"#s and an axial one a factor QP [43,
equation (9.19), p. 113]. With the bounded error of the previous paragraph, it follows that on
{g¢ < @1}, on the annulus and trivially off it since the mean coefficients vanish there,

8ﬁ82mj( < Cq AP mamh (1 L logg)”, @, =19, ag=a.=09, a+b<2,
(A.11)

where P depends on a + b and on the stage J fixed above. The radial row of (A.11) carries 3, = %
because —A + (1.9 — aks)h = —3 + (0.9 — aks)h. In every row the exponent of ¢ in (A.11) is
negative, and it exceeds —f; — a/2 — bD by (0.9 — ars)h > 0; since 7 < ¢ < ¢4/2, the powers of ¢
become powers of 7 and the logarithm is absorbed. Thus m satisfies (A.10) on {¢ < ¢q1}, and with
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Step 1 so does v = up + m. Together with the second reduction above, which covers {q > ¢1}, this
proves (A.10) on B(Rp) x (—70,0). O

A.4. Exact vanishing of the meridional velocity, and the values on the axis. Re-
mark 2.6 asks two things of a solution: the exact vanishing (2.9) of the meridional components u,
and u, on one open set off the axis which does not depend on time, and a time at which u, does
not vanish at the origin. The third claim supplies both.

CrLAM A.3 (Vanishing of the meridional velocity on a fixed open set, and the values
on the axis). Let Ry, 7y be as in (A.4), and let u be the velocity of the OpenAlI construction.

(a) Let 0 <r_ <ry < Ry. There exist z. >0 and 0 < 6, < 19 such that the open set
E={zcR: r_<r<ry, |z| <z}
is contained in B(Ro) N {r > 0}, and such that
u=K(r,7)ep, and in particular Ur =u, =0, on E x (=4,0),

where K is the function in (A.6). This is (2.9) with R = Ry and § = 0.
(b) There is a constant jo with 0 < jo < 55 such that

4
uy (0, —7) = jor ™4, 0.u,(0,—7) = —, 0<7T<19. (A.12)
T

In particular u;(0,t) # 0 for every t € (—1,0).

JUSTIFICATION OF CLAIM A.3. Part (a). By (A.6) and (A.2) we have uj,. = K(r,7)ep, and in
particular ujpe, = Uloe,, = 0, on the open set {X > Xey}. Given 0 < r— < ry < Ry, we choose
z¢ >0 and 0 < §, < 79 so small that

2

ECB(Ry),  Co(b+2/") <

2AXVext ’

which is possible since r; < Rp and 1/D > 0. By the upper bound in (A.lc), every point of
E x (—64,0) has ¢ < 72 /(2Xext), and hence X = r2/(2q) > 12 /(2q) > Xexs. Since 6, < 19 and
E C B(Ryp), we have u = ujo. there by (A.4), and part (a) follows.

Part (b). The OpenAl manuscript states uéo) = 0 on the axis and Hugo) |l < 7= on C,, the lower
bound being attributed in the manuscript to the nonzero axis datum [43, pp. 7-8|; the manuscript
does not state the pointwise axial value or its axial derivative on the axis. It chooses the axis datum
U, = 4n+ jo, with 0 < jo < .05, as the value at the axis of the axial profile U [43, Section B.1 and
equation (B.1), p. 144], this being one of the axis parameters of [43, Proposition 4.10, pp. 36-37],
and it states that the analytic profile realizing that datum has U — U, vanishing at the axis [43,
Proposition B.2 and equation (B.12), pp. 146-147]; that the axial coefficients of the expansion are
Urn = q AT, [43, equation (5.1), p. 46], that these enter the background with the cutoffs
of [43, equation (5.45), p. 61] as ¢~ 4> x(c,q)U,, the axial coefficient carrying no derivative of
its cutoff because ¢ does not depend on r [43, equation (10.1), p. 117], and that U,(0,n) = 0 for
every n > 1 [43, Lemma 5.1, p. 47]; and that ¢ = 7 and n = 0 at z = 0 [43, p. 116, Step 5]. Every
term with n > 1 in the sum of the axial coefficients therefore vanishes at X = 0, so that

Uy B = inU(O, n) = q*A(4n + jo) on the axis.

Since X = 0 < X, on the axis, m = w = 0 there as in the justification of Claim A.l, and
U = ue by (A.4); hence u, = ¢~4(4n + jo) on the segment {r = 0, |z| < Ro} of the axis, for
0 < 7 < 19. Evaluating at z = 0, where ¢ = 7 and n = 0, gives the first identity in (A.12). For the
second, differentiating in z and using n = zg~" together with the identity 0.q = 2nq'~" /L, where
L = 1— 2hn? [43, equation (4.1), p. 24, and the proof of Lemma 4.1, p. 25, so that d,q = 0 at
n = 0, we obtain d,u,(0, —7) = 47~47~P which is 4/7 by (A.la). O
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A.5. The blowup and the non-axisymmetric part. The blowup. The OpenAl manuscript
asserts that, along the points

zr = (/2XinT,0,0), ug(xr, —71) =74 (eo + O(T2h)) — 400, (A.13)

where z = 0, ¢ = 7, and both cutoffs equal one for all sufficiently small 7 > 0 [43, equations (10.20)—
(10.21), p. 124], with Xj, € (0, X,) and ey > 0 produced at [43, Theorem 3.1(iv) and equation (3.6),
p. 16]. Since |z,| — 0, the point (0,0) is then singular for the construction.

The non-azxisymmetric part. In chart variables the amplitudes of the wave corrections carry a factor
/2 relative to the background [43, equation (9.9), p. 106, with Definition 6.5 and equation (6.29),
p. 70]. We do not convert this into a bound for w in physical variables: Theorem 1.1 uses only the
exact axisymmetry on the core of Claim A.1 and the bounds on the angular mean of Claim A.2.
It is in this sense, exact axisymmetry on a core which collapses at the parabolic rate as ¢ 1 0, that
we call such solutions asymptotically axisymmetric.

A.6. What the results of the paper give for the OpenAl construction. The OpenAl
manuscript states that its velocity and pressure are smooth on R? x [0, 1), divergence free, both
of fixed compact spatial support [43, Proposition 10.1, p. 117], that its force, the momentum
residual [43, equation (10.5), p. 118], lies in C°(R? x (0, 00); R?) [43, Lemma 10.3, p. 120], which
gives (1.5), and that its kinetic energy is bounded on [0,1) and its total dissipation on [0,1) is
finite [43, Lemma 10.4 and equation (10.13), p. 121], the velocity part of (1.3). Since u and 7 are
compactly supported, 7 is the decaying solution of the pressure equation —Anm = 0;0;(u;u;) —div f
of [43, p. 118], so that ||7(-,t)|1s2(5a)) < u(-,t)||3s + 1 by the Calderon-Zygmund inequality
and the boundedness of f; interpolation places u in Lit,
Smoothness on R? x [—1,0) makes the local energy inequality an equality, upon testing (1.2)
against 2u¢p, every term being finite by (1.3); the construction is thus a suitable weak solution on
the cylinder B(Rp) x (—7p(c),0) of Claim A.1, carried onto Q by the scaling in the footnote of
Section 1.1. Claims A.2 and A.1 supply (1.7) and (1.8), so Corollary 2.3 applies: conditionally on
the blowup (A.13), the force violates (1.6) and vanishes identically on no cylinder around (0, 0).
Claim A.3 gives the same failure through Remark 2.6, on every ball B(R') with 0 < R’ < Ry which
meets its set £, using neither (1.7) nor (1.8) nor the blowup. Were (2.6) to hold on a cylinder
B(R')x(—¢',0) with 0 < R’ < Ry and 0 < ¢’ < 79(c), Remark 2.4 would make (0, 0) a regular point,
which would contradict (A.13); hence the non-axisymmetric part of the velocity is not bounded in
C3 uniformly in time on any such cylinder.

and the pressure part of (1.3) follows.
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