REMARKS ON OLDROYD-B AND RELATED COMPLEX FLUID MODELS

PETER CONSTANTIN AND WEIRAN SUN

ABSTRACT. We prove global existence and uniqueness of solutions of Oldroyd-B systems with
relatively small data in R?, in a large functional setting (C* N L'). This is a stability result,
solutions select an equilibrium and converge exponentially to it. Large spatial derivatives of the
initial density and stress are allowed, provided the L°° norm of the density and stress are small
enough. We prove global regularity for large data for a model in which the potential responds
to high rates of strain in the fluid. We also prove global existence for a class of large data for a
didactic scalar model which attempts to capture in the simplest way the essence of the dissipative
nature of the coupling to fluid. This latter model has an unexpected cone invariance in function
space that is crucial for the global existence.

1. INTRODUCTION

The complex fluids models we consider treat the interaction of a normal fluid (incompressible in
our case) with insoluble matter suspended in it. Models have been devised to deal with microscopic
elastic thread-like objects such as polymers ([12], [26]). The complicated hydrodynamic interactions
are simplified using the separation of scales, replacing the many degrees of freedom due to them
by few representative ones. In the models we consider here, an end-to-end vector in R? (m in this
paper) represents the orientation of the polymer and it is the sole variable retained to describe the
microscopic object. The models that are most studied with this degree of simplification include
the kinetic description of the Oldroyd B model, the FENE model and variants. The probability
distribution of the vectors m depends on time and physical space, and it is assumed to be absolutely
continuous with respect to the usual Lebesgue measure dm, so the chance of finding m at time
t and location x € R3 in the volume element dm is f(x,m,t)dm. The aim is to describe the
evolution of f in space and time. When the polymer concentration is so dilute that the polymers
do not interact, and when the fluid is smooth, then the equation of f is a linear Fokker-Planck
equation. The effect of the fluid can be understood perturbatively: because the objects suspended
are assumed to have faster time scales and shorter length scales than the scales on which solvent
varies, it is then justified to treat the fluid as varying little as far as the microscopic suspended
objects are concerned. This macro-micro interaction can be rationally discussed, and leads to a
kinetic description of the particles, given a fluid flow. On the other hand, the collective effect
that the particles have on the flow itself is a macroscopic effect of microscopic insertions: a micro-
macro interaction. These interactions are much more mysterious. There have been attempts to
produce systematic upscalings based on non-equilibrium thermodynamics formalisms ([2], [13]).
When the microscopic insertions have a larger number of degrees of freedom, m € M, where M is
a Riemannian manifold representing a finite number of degrees of freedom with constrains, then the
kinetic equation is a Smoluchowski equation on the manifold. The upscaling principle advocated
by one of us ([5], [6]) is easiest formulated as the requirement that the sum of the energy of the fluid
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and the free energy of the microscopic quantities be a Lyapunov functional for the coupled system.
In the known examples, this requirement leads to familiar rules of determining the added polymeric
stress from the micro-micro and the macro-micro interactions ([I6]). The mathematical treatment
of the coupled systems is far from being complete but has received recently more attention. Early
work ([I4], [28]) established local existence results for Oldroyd-B and FENE type equations. The
problem of existence of weak solutions is rather open. Global existence of weak solutions in the
presence of spatial diffusion of the polymers was proved in a sequence of papers, the most recent of
which is ([1]). Global existence of weak solutions via propagation of compactness was proved under
the corotational assumption ([22], [23]) and, very recently, for the full FENE model ([25]). There
is no such result for the Oldroyd B model. The global existence of smooth solutions for small data
for Oldroyd B-type models was established in ([I7], [2I]). Global existence of smooth solutions
for large data in 2D was established for Smoluchowski equations on compact manifolds ([6], [7],
[9), [10], [I1], [27]). Global regularity for large data in the FENE case, under the corotational
assumption was proved in ([19], [24]). An approach based on Lagrangian particle dynamics was
described in ([20]). Sufficient conditions for regularity in terms of bounds on the added stress tensor
were established in ([4], [15]) and further refined in ([I8]). Numerical evidence for singularities was
provided in ([30]).

In this paper we address issues related to global existence of smooth solutions in simplest kinetic
models. In the presence of a quiescent solvent, the polymer distribution is the unique stable time
independent solution of the linear Fokker-Planck equation

O f = edivy, (fVi(log f+U))
i.e. f=2Z"1e Y with Z a normalizing constant. The simplest form of U is harmonic, U(m) = g’g;
and then the solution is Gaussian. The constant R? represents the expected value < |m|? > of the
square of the length of the end-to-end vector. In the presence of smooth fluids the kinetic equation
changes and acquires a dependence on the macroscopic independent variable x.

In the second section of the paper we provide a priori bounds for linear Fokker-Planck equations
with Oldroyd B type potentials. We do this by essentially giving a formula for the solution of the
Fokker-Planck equation in terms of the particle trajectories of the underlying flow.

In the third section we derive a classical estimate for the velocity gradient in terms of the added
polymeric stress, when the coupling to fluid is done via time-independent Stokes equations.

In the fourth section we prove global existence results for small data in C'*, at arbitrary Deborah
numbers. The previously known global existence results for small data are done using energy
estimates and require derivatives of the stress. The main difficulty in obtaining bounds for small
data is the fact that quantities are not monotonically decreasing, and, in particular, the spatial
gradient of the density of particles can grow in time, but it nevertheless saturates. The system
formed by the kinetic equation for the particle distribution and the velocity of the fluid can be
reduced to a closed system for a reduced added stress 7 and the particle density. This system
looks like a damped and driven Euler equation where 7 (a matrix) plays the role of vorticity and
p, the transported density is part of the driver. The global existence of solutions is proved under
the assumption that the L° norm of the initial data is small enough . The class of initial
data that lead to global existence includes densities and stresses with arbitrarily large gradients,
provided the L norms are suitably small. While the limit added stress 7 and limit velocity vanish,
the limit particle density is a re-arranged initial particle density, a deformation of the initial density
along the limit back-to-labels map. The class of solutions we discuss is in fact rather wide, and
in particular the gradients need to be understood in distribution sense. The proof of uniqueness
of solutions is done using Lagrangian transformations. An Eulerian proof is not readily available
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at this moment. In order to explain this we pursue the analogy with Euler equations. Both the
damped Euler vorticity equation and the equation for 7 have the form

Dyt = —cer + N(1)

where ¢ > 0 is the damping and the nonlinearity N is quadratic and non-local, obtained from
products of 7 and principal value singular integrals Hr. Here D, is material derivative along the
divergence-free velocity u. The local (and global for small data) existence results are in Banach
algebras in which N is a continuously differentiable nonlinear function. One of the largest and most
natural such Banach algebras is C%, 0 < a < 1. If we consider the difference § of two solutions 71,
To, it obeys the equation

Did=—c6+N'(T)6 —v-V,T

where D; is transport along the average velocity 7 = %(ul + ug), T is the average of the solutions,
7 = (71 + 72), N'(7) is the linearization of N obtained using polarization, and v is the velocity
difference v = u; — us. The last term in the equation is present because the velocities depend
on 7: wy is obtained from 71 and ws from 75. In both the (damped-driven) Euler case and in the
Stokes-Fokker-Planck system we study, the dependence of u on 7 is linear. The term v depends
therefore linearly on §. Uniqueness proofs based on energy estimates proceed by estimating the
growth of § in some norm. As the initial data vanishes, any closed, super-linear estimate of the
norm is sufficient to prove uniqueness. (We could allow logarithmically sublinear estimates, but
that is as far as that can go, in general). There are two sources of difficulty in obtaining these
estimates. The transport term % - V.6 can be dealt by using integration by parts, if the norm of
0 we consider is an LP norm. The other source of difficulty is V7. If we are in the framework of
C*N L' adopted in this paper, then v is very nice but in order to deal with V,7 we need to work in
H~'. In general, the presence of both v-V,7 and % - V6 together is lethal for an Eulerian, energy
method approach, unless we work in a space in which V7 is tame, like for instance W1 (R%), with
p > d. The reason there is a successful Eulerian proof of uniqueness for Euler equations for the
vorticity in C'® is that, for Euler equations, the vorticity equation comes from a velocity equation
with a good cancellation property. Thus we can “retreat” to one less derivative in the equation for
0. In terms of the vorticity equation this means integrating against a vectorial stream function,
i.e. working in H~!. In the Euler equtions the transport term together with the term N’(7)§
can be integrated by parts one more time, revealing only H~! terms in 6. In the absence of such
algebraic reasons, the retreat to one less derivative does not appear to work, and the fix for one
difficult term does not work for the other, and vice-versa. The Lagrangian approach introduces
commutators that are well behaved, and is successful.

In the fifth section we show that the system is regularized for large data if the potential is
allowed to respond to excessively high rates of strain S in the fluid. The Oldroyd-B potential is
harmonic, U = g’gz , as it were generated by a spring force that is related to a material property
of the polymers. But, in fact, the representation of the polymer by m is over-simplified, and R
has something to do with an average restoring force in the ensemble, and not with the maximum
extension allowed for an individual molecule. In the case there is feedback coupling to a fluid, the
interaction might have properties that depend of the local properties of the fluid. We show that,
if we allow R to depend on the local rate of strain in the fluid, when this exceeds a threshold,
and to grow with it, 2 ;%R = 4(95), then the equation has global smooth solutions for all large data.
Here §(S) can vanish if the rate of strain S is not too high, and becomes asymptotically linear in
S for high values of (norms of) S. Allowing R to grow in response to high rate of strain is like
allowing more entropic “slack” in the molecules at high rates of strain, and this turns out to be a
mathematical regularizing mechanism.
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In the sixth section we return to the Oldroyd B large data problem, and give an example of blow
up in one dimension for a crude model that does not respect the principle of free energy decay.
We motivate and give then a simple scalar example of an equation that has some of the features of
the type of equations arising in the large data Oldroyd B equation, and which has an unbounded
set of initial data that lead to global smooth behavior. The reason for the global existence is an
invariance of a cone in function space under the nonlinear evolution. The consequnece of this
invariance is an a priori bound that is sufficient for the persistence of smoothness of solutions.

2. LINEAR FOKKER-PLANCK EQUATION: KINEMATIC OBSERVATIONS

We take a vector field u(x,t) and a scalar f(x,m,t) representing a two or three-dimensional
incompressible velocity and a particle distribution. We start by describing the simplest particle
distribution equation

(1) Dif + (Vou)ym) - Vi f = edivy, (f Vi (log f + U(m)))
Here Dy = 0; + u - V, is material derivative. The potential is given by

_ mP?

(2) U(m) =

In this section R is a positive constant. We consider here the case m € R?. We associate to the
particle distribution f an added stress tensor:

(3) o(at) = / (MO V0) fa.m. )im

In this normalization R has units of length, ¢/R? is an inverse time. The potential U and the
stress o are nondimensional. We study first , without regard to the coupling to the fluid. In
what follows, the velocity field could be quite arbitrary, but it is assumed to be smooth enough
for the calculations below: the variable € R%, and the velocity field u(x,t) is in C1*(R%), is
divergence-free
divyu =0

and decays at infinity. Before we start our computations, let us make a few general comments
regarding the matrix o. First, because the potential U is radially symmetric and from its
definition , it follows that ¢ is symmetric and non-negative. Moreover its off-diagonal entries
are bounded by the trace

(4) |aij(a:,t)| < %TT(U(%t)).
We take now the Fourier transform in m
(5) Flat.€) = [ e (o.m,t)dm
]Rd
In view of , fobeys
~ 6 o~ o~
(6) Def(@,6,t) + [ 151 = (Vou)" | € Vef = —el¢2fla. &, )

We used the fact that u is divergence-free and denoted (V,u)? the transposed matrix. We solve @
on characteristics. The connection between the Lagrangian paths of u and the Oldroyd B equation
was exploited in [20] in the less complicated case e = 0, p = 1. Let X(a,t) be the particle paths,

(7) WX (a,t) =u(X(a,t),t)
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with X (a,0) = a and let

(8) g9(a,t) = (Vou)(X(a,t),t)
Let now £ = &(a,n,t) solve the ODE

d
(9) 6= 69t

with initial data £(a,n,0) = n. We take the fundamental matrix ®(a,t), solution of the linear ODE
system

(10) %@(a,t) = —g(a,t)" ®(a,t)
with initial data ®(a,0) = I and we have then

(11) &la,m,t) = eﬁ@(a,t)n

We write now

(12) F(a,n,t) = F(X(a,),6(a,n, ), 1)

Then @ implies
d
7F(au , t) = —€|§(CL, m, t)|2F(aa m, t)

and integrating we obtain «

(13) Fa,n,1) = e~ J 16120 (., 0)
Now we invert the linear map n +— £(a,7,t), and write from (1)),
(14) n(a, &,t) = e~ 7 U(a, )¢
where W(a,t) = ®(a,t)~! obeys

(15) %\I/(a,t) = U(a,t)g(a,t)T.

with initial data ¥(a,0) = [. Reading at n = n(a,§,t) for a fixed £ and substituting in
we obtain

(16) F(X(a,t),€,1) = e~ Jo lelan(@&n.9) s (4 o5 W (a, t)¢)

where fo(:z:,f) is the Fourier transform in m of the initial data fo(z,m) = f(z,m,0). Let us
consider now the “back-to-labels” map A(z,t), inverse of X(a,t). Let

(17) M(z,t) = U(A(z,1),1)

and note that it obeys the transport equation

(18) DM = M(V u)”

with initial data M (x,0) = I. Reading at a = A(xz,t) and we deduce

(19) fla.&,1) = e Ja EAEDAA@DED I iy (A(a, ), €75 M (2, 1)6).
We compute directly from and

(20) E(A (@, 1), n(A(w,0),€,1),5) = ¢ 7 Qo t,5)¢

with

(21) Q(z,t,s) = q(A(x,t),t,s), for t>s,
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(22) q(a,t,s) = ®(a,s)¥(a,t) for t>s,
and deduce thus from

(23) Flagot) = el W IR (A0, 1), e M (2. 0))
Let us note now that the matrix 0%/ (z,t) is computed from the Hessian of fat&=0,
2
(24) o (2,1) = }%2826@(1:,5,15)5_0
Using and noting that the cross-terms vanish, we deduce
- 7w, 1) = Fao(e1) [y e S QT (a1, 9)Q(a 1, )], ds
— & Mii(=, t)Mzg(fE t) a? ’5‘; (A(z,1), §)je=0
We denoted by p(z,t) = x 0,t) fRd x,m,t)dm. In view of this obeys the transport
equation
(26) Dip=0
and therefore it is given by
(27) ple.1) = Jo(A(z, 1) = po(A(z, 1))

in terms of the initial particle density at x. We used this in (25) as well as the summation
convention. In terms of the initial stress, the expression is

ij _ 2 5 AT
(28) oJ(;L;Ltt) = =5p(x,t) fo QT (,t, S)Q(x,t,s)]ij ds
+e” 12 My (@, t) My, (z,t)o® (A(a:,t),()).
The solution in solves the equation

2¢ 2¢
(29) Do = — 530+ (Vou)o 4 o(Veu)T + P

which can be easily derived from the equation by multiplying with ﬁmimj and integrating
dm. Let 6(z,t) be a passive scalar, i.e., a solution of

(z,t)I

(30) D6 = 0.
Then, if M solves then MV 0 is again a passive scalar, i.e.,
(31) D, (MV,.0) =0.

This can be easily checked because
Dt(aje) = —(Bjul)ale
and so
Dt(Mljaﬂ) = Mlk(aku])aﬂ - Mij(ale)ale =0
This means that if 6(z,t) = 6g(A(z,t)) with arbitrary smooth 0y(a) then M(z,t)V,0(z,t) =

(Vabo)(A(z,t)) holds. In fact, because the initial datum of W is the identity matrix, and because
of uniqueness of ODEs, it follows from that

(32) U(a,t) = (VoX)"(a,t)
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and consequently

%

Oak

(33) Myi(x,t) = (A(z,t),t).

From and it follows that that

(34) O’(:L', 5)1 Rz/’ €, t fo (x,t,s)Q(m,t,s)ds
+e ®* ( ( (mat)vt))O-O(A( T, ))(VGX(A(.I,t),t))T

Let us introduce the notations

(35) el(z,t) := (VX" (A(x,t),t)

(36) e (x,t) := oo(A(z,t))e' (z,t) - & (2, 1)

Note that

(37) o(2,t) = %p(x,t) /0 T QT (a1, 8)Q(a 1, 8)ds + e 7 (9 (a,1))
Moreover,

(38) Dy’ = (V,u)e'

with initial data that are constant in space and equal the canonical basis of R?, e'(z,0) = (8;5);
and that ¢ given in is given in terms of the gradient V,X by

(39) g(at,s) = [(VaX(a,) " (VaX (a, )"
solving

(40) dsq(at,s) = —g" (a,5)q(a,t,s)

and

(41) qla,t,t) =T, qla,t,0) = (V. X(a,t))".

Passing to Lagrangian variables in we obtain

e(t s)

(42) ( g t),t) = R200 fo B T(aatvs)Q(avta s)ds
e (Vo X (a,1))00(a)(VaX (a, 1)
and integrating by parts we deduce
o(X(a,t),t) 2:tp_(z)(a)]l = B
2po(a) fot e 7 ¢T(a,t,8)S(X(a,s),s)q(a,t,s)ds + e~ 72 (9, X (a,t))70(a) (0. X (a, t))T

where we introduced the reduced stress

(43)

(44) T(z,t) = o(x,t) — p(a,t)I
and where
(45) S 1) = 3 [(Veu(, 1) + (Vou(r, 1))
is the rate of strain. Returning to Eulerian variables, we have
T(z,t) = .
(46) 2p 1t ) Joe QT (z,t,5)S(X(A(z,1), 5),5)Q(x, t, 5)ds
e (VaX (A ( t),t))70(A(2, 1)) (VaX (A, 1), 1))"
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It is clear that in general, once the velocity u(z,t) is given, we can compute everything we need
to know about 7 (and hence o) from . We will be interested in particular in the relationship
between various norms of u and norms of 7, as these relationships will serve in establishing bounds
for solutions of nonlinear equations. It is clear that we should start with the fields e;, and in order
to understand their norms we perform some standard Lagrangian estimates. We take the finite
difference

(47) 6 (0aX'(a,t)) = 0uX"(a+ hyt) — 0u X' (a,t)

Its equation follows from by differentiation,

(48) 0y (VaX") = g(a,t)(VoX")

and then taking the finite difference:

(49) ' _
%5}1 (0uX(a,1)) = gla,t) + g(a + h,t) 51 (8aX"(a, 1)) + Sng(a, ) 0. X"(a+ h, t2) + 0,X"(a,t)

where g(a,t) is the velocity gradient in Lagrangian coordinates and

(50) dng(a,t) = gla+ h,t) — g(a,t).

For matrices L we use the notation |L| for the Euclidean norm of the matrix |L| = vTrL*L. We
denote

(51) V(t) = suplg(a, s)| = [[Veul, t)l| Lo (an)

a quantity of some importance in the sequel. From and the fact that the initial data for 9,X*
is (8;5)j=1,..a we have that

(52) sup |0, X (a,t)| < eJo V(s)ds
Because the initial data for 8, (0,X") vanishes, we have, from Gronwall’s inequality and :
t
(53) |61 (0 X" (a,t))| < elo V(S)ds/ [0rg(a, s)|ds
0

We are interested in quantities in their Eulerian form. We consider the Holder seminorm

ey lz—yle

with 0 < a@ < 1. We note that the back-to-labels maps are Lipschitz and

(55) sup |A(l‘, t) — A(y7 t)' < efot v(s)ds
z#y |z -y

because

(56) D;A=0

with initial data A(z,0) = z, and consequently
(57) DV, A=—(V,A)(Vu).

In view of and the fact that Holder seminorms behave nicely with respect to compositions
with Lipschitz functions,

[¢ o A]a < [¢]a)‘a
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if A is a bound on the Lipschitz seminorm of A, it follows that
(58) [€(-)]a < [VX(, )]ae® [ v(s)ds
and, similarly

(59) [g(v t)]a < [Vzu(, t)]aea fot v(s)ds
From these considerations and from it follows that

t
(60) [ )] < e(1F20) Jg 7()ds / (Voul-, 8)]ads.
0

The reason for the 2« “loss” in comparison to the Lagrangian estimate (53] is that we “loose” twice
by composing with Lipschitz functions, once because the objective of the estimate is composed,
and another, because what what we estimate it with is also composed. We also obtain, in the same
manner

t
(61) [Vae' () Lrray < e Jo V(S)ds/ Ve Veu(s, s)l Lerayds
0

We perform similar calculations for the matrix Q(z,t, s) taking into account . We
deduce

(62) ||Q('7t73)HLoc(Rd) < Cefs/"f(z)dz

t
(63) |Gnala, t, )| < Celd 1) / 1Gng(a, 2)|d=
and consequently
t
(64 QU ), < O 10 [0, 2t

with C' = v/d depending only on the dimension of space d. We are ready to state the estimates on
7 in terms of u:

Proposition 1. Let u be a divergence-free function belonging to L*(0,T; C1*(R?). Let og(a) be a
Hélder continuous, L'(R®), positive symmetric matriz and let py be a positive, Holder continous,
LY(RY) function. Then 7 = o — pl, given in the expression (@, obeys

17 )l oo ey < Cllpoll Lo me) fot exp {—% + 2f; V(Z)dZ}V(S)dS

(69) +C|| 70l oo (e €XP {*% + QfOt V(S)ds},
and
[7(Dla < Cloolac® f8 % [Texp {240zl 42 [1 Z)dZ}v()
oy TClolmo foexp —Mﬂzwa ) Jo (= dz} () [ [Vau(-, 2)]adzds

+Cllpoll o aey fo exp { =252 +2 [ 4(2)dz + 2a [y (2)dz }[Vou(-,5)]ads
+C {[ 0la + 170/l oo (re) fo [Vu( )}adt} exp{ 24+ (24 2a) fofy }

with y(t) = sup,, |Vzu(x,t)| and the constant C > 0 depending only on the dimension of space d.
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Proof. The L*> estimate follows from and
(67) €' (o D)l os ary < o7
which follows immediately from and the fact that the initial data are of unit norm. The Holder
seminorm estimate follows from the algebra inequality
[PY]a < [Blall¥llL= + |9]lL=[V]a,

and @ above, , , and the behavior of the Holder continuous function under compo-
sition with A and . This concludes the proof of the proposition.

Before we conclude this section, we comment on the case of d = 2. In this case the velocity
gradient matrix is

p(x,t) + =5 —A(z,t)
where
(69) M, t) = % (Oru (2,1) — B (x, 1)),
(70) w(x,t) = % (1w (z,t) + Oou' (2, 1))
and
(71) w(z,t) = 01u’(x,t) — doul (x, ).

The symmetric part of the gradient (rate of strain matrix) is

_( AMazt) plx,t)
(72) S(x,t) = ( w(z,t) =N, t)
Differentiating we can write
(73) Die' = ((Vyu)? + Dy(Vyu)) €

This equation holds in any number of dimensions, but because of the Hamilton-Cayley theorem,
in two dimensions we have

(74) (Vou(z, t))? = 8(z, t)I

with

(75) Sz, t) = N2(z,t) + p(w,t) — iw2(ac,t) = —det(Vyu)(x,t).
Therefore the equations become

(76) D?e' = (61 + Dy(V,u)) €’

Similarly, we have

) g == (0140, (0(0.)")

We can easily integrate the equations when the velocity gradient is constant in space and
time (so that Dy(V,u) = 0). In this case § is a constant and its sign dictates the size of solutions
e‘and Q. Consequently, when § < 0 or when § > 0 but V4§ < %z, then 7 is bounded, and when
6 > (4z)?, then 7 may grow exponentially in time. Integrating when Dy (V,u) = 0 we see
that, if § < 0 the functions e’ and Q are bounded in time and when § > 0, they grow like exp v/t
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in time. If the initial distribution fj is radially symmetric in m then the matrix og(a) is a multiple
of the identity matrix (a scalar matrix, or an isotropic stress),

0o (A(J?, t)) = CPo (A(x7 t))]I
If § is a positive constant, integrating we have
1 cosh(tV/6) 2 sinh(t/9)
t) = t) =
e (@) ( sinh(tv/3) e (@) cosh(tV/4)
In this case
eM(x,t) = e (x,t) = cpo(A(z,t)) cosh(2tV/3)
e(x,t) = cpo(A(x,t)) sinh(2t\/3)
The case of a uniform gradient is used in rheology, but if the velocity gradient is square-integrable
in space, then ¢ has to have average zero in space because

(78) (Vmu)?j = ak(ui(f?juk).
Therefore, for moderately varying V,u we can expect 7 to be bounded.
3. COUPLING TO THE STOKES SYSTEM

The Stokes system is

(79) —Azu+ Vep = kdiv,o
coupled with
(80) div,u =0

The coefficient &k has units of inverse time, and represents the ratio between an energy (kT) per
unit mass and kinematic viscosity. The fluid density is taken to be one. We discuss the situation
in which the fluid occupies all R¢ and is at rest at infinity. The velocity and pressure decay in
space and are obtained then from ¢ by classical singular integrals. We can equally consider the
case in which the velocity and pressure are periodic in space. Let us denote by

(81) R;=A"10;

for j =1,...d, in R? the Riesz operators where

(82) A=(-4)*

is the Zygmund operator. By modifying the pressure, we may write
(83) —Apu+ V,p = kdiv,(7)

and using to solve for p

(84) p=—kR,R,(7"")

we deduce

(85) u' = kAT (R(7") + RiRp R (7))
and

(86) dju' = kR; (Ri(t") + Ri Ry R (7))
which we abbreviate as

(87) Vou=kRr

The system formed by together with is closed.
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3.1. Energetics. The system formed by coupled to has a Liapunov functional. We take
(1), multiply by k(log f + U), integrate, take multiply by u, integrate, and add the two: we
deduce

k[ faa Jou flog fdmdz + & [o. Trlo(x,t)]dx]
- fRd \Vmu(x,tﬂzdx — ke fRd' fRd, f ‘vm(logf + U)|2 dmdz

This is a general property of the class of Fokker-Planck equations we are interested in, but in the
case of the Oldroyd B system we are considering here, we can obtain the energetics directly from
the equation by taking the trace, adding to the Stokes equation multiplied by %u and
integrating:

(83)

2 2e
(89) Oy /Rd Tr odx + Z /Rd |V ul?de = /. Tr odr + — 7 / podx

Using the fact that Tro together with p bound the entries in 7, we derive
(90) I7( Dl ey < Clli7ollpr ey + ool 1 rey)]
with a constant C' depending only on d.

3.2. Gradient bounds. We are going to investigate bounds on the time integral of the maximum
gradient of velocity,

T
/0 [Vau(:s )| Lo (4o dt

In order to do so we recall a classical fact ([29], Chapter 3, section 5), namely that operators given
at Fourier level by multiplication by functions that are homogeneous of degree zero and are smooth
on the unit sphere can be represented as sums of multiples of the identity and singular integral
operators of a classical type.

Proposition 2. There exists a constant C' depending only on d and « such that, for any o,

_ _ ||~||ZT“Rd Gl
(91) ||RO—||Loo(dx) S C||J||L°°(dw) 1 +10g 1+
151l Lo (d)

where
(92) [0]e = maxsup o™ (@) = Ua W)

MmN gty ‘:z: - y‘
and 0 < a < 1. There exists a constant C depending only on d and « such that
(93) [R]a < Clo]a

Proof. In view of the fact that R is made from operators of the form R;R) and R;RyR; we have
the representation

~ ~ ki -
(Ro)ij(z) = Cijmno™" (x) + P.V. / erllz(y)gmn(x B
Rd )
where Cjjn, are constants and each k;jpn, is a smooth function (actually a harmonic polynomial
of degree less or equal to three) of § = y/|y|, with mean zero on the unit sphere S¢~. We need
to prove the inequality for each entry, and we reduce the proof to the scalar case. The proof then
follows along very classical lines. We break the integral

Ko (z) = P.V. / k—a(m —y)dy
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into three pieces. We choose two numbers m < M and write

Ii(z) =PV. k(9) o(x —y)dy

ly|<m ly[*

B - | B0)5 0~ )y

<lyl<m 1yl

and
x) = L(Q)g x—
I(x) /|y>M (e — )y

We have, with the cancellation property of k(g),
(1 ()] < Cm®[o]a,

then clearly
M -
()] < Clog () 132
m

and
Is(x)] < CM 5|11 (ax)

Now we choose the two length scales,

Y {@Ll(w) ]5
111z (az)

and
1

_— {Hﬂf@c(dz)]
(0]
If M > m we use both in the inequalities above and we obtain
~ ~ M

K50)| < Cllmqan | 2-+105 ()]
If M < m then we forgo the division above and split the integrals into only two pieces, up to M
and from M. We obtain then

|Ko(z)] < 2C7| o (da)

This ends the proof of . The inequality is a classical inequality for singular integrals of
the type above. This ends the proof of the proposition.

4. SMALL DATA

The approach we choose to control [7], is via the explicit formula . The equation obeyed
by 7 can be derived directly from :
2¢
(94) Dyt = " + (Vo) + 7(Vou)t 4 2pS
Because 28 = kR7 + k(R7)T, depends linearly on 7, it is clear that strong enough damping will
prevail, sending the solution to zero. It is clear however that
€

(95) TRe > Clipoll Lo e
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will have to be part of the requirement for this stability result. The system of with and
coupled with is equivalent to the system formed by , the Stokes system and . We
use Proposition . We first prove a good local existence result. Let us denote

(96) My = lpoll 1 ey + 170l £ (me)
(97) Moo = ||poll oo mey + 70l oo (e
and
(98) Mq = [pola + [T0]a
Let us introduce the Deborah number

k kER?
(99) D = — = -,

Ko €

the nondimensional ratio of the particle time scale R; to the viscous fluid’s response time to the
stress added by the particles, k~!. We denoted half the damping rate by

€
(100) Ko = 2
Theorem 1. Let (19, p0) € L*(R%)2 N C¥(R%)2. There exist constants € > 0, I' > 2 and there
exists a time Ty > 0 and a weak solution of (@ (p,7) € C([0,Tp], W=1P(R%)?) N
L>([0,Tp); (C*(RY) N LY (R9))?), 1 < p < oo, satisfying the equations in weak sense, and such
that

_d_ _a
(101) DkoTyMase {1 + log <1 4 M M1d+aMool>} e
and
(102) oG E)ll 2 oy + 17 (o )l o1 ety < DM,
(103) [pCs Ol oo ey + I17( )| oo (may < TMog
and
(104) ()] + [7( 8)]a < TM,,
hold on [0, Tp)

Proof. We consider the system with initial data that have been regularized by
convolution with a standard mollifier ¢5. We obtain uniform bounds for quantities of interest and
pass to the limit § — 0, removing the mollifier. In order to simplify the exposition, we will denote
the solutions 7(%), p(®) by 7, p as if they did not depend on §. The bounds and constants below will
indeed be §-independent. We use the following notations

(105) 3(t) := (Do)~ S [Vaul-, 8)|| oo (s
(106) b(t) := (Dko) ! Os;;gt[v$u(~, $)]as
(107) n(t) :== sup [[[7(-,8)[ oo @ey + lp(; 8) | oo ()],

0<s<t
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and

(108) m(t) = OSSgI;t{[T(w $))a + o+ 8)]a}

We prove first uniform bounds, then discuss their use. We use
(109) Oi‘iEtmT("s)”Ll(Rd) + o 8)llprray < CMy

which is based on the fundamental dissipative property of the system. We note that the function
(z,a,b) — xlog (1 + %b) is increasing in each of its arguments « > 0, a > 0, b > 0. Therefore, we
may use upper bounds in the right-hand side of . Using we deduce

4 e
(110) 3(t) < Cn(t) {1 +log <1 + ”W) }
and using

(111) b(t) < Cmit).

We proceed to estimate in ([65):

(112) n(t) < CMa[1+ Drot(t)]eCProtT®

and in

(113) m(t) < CMy[1 + Drot7(t)]eCPm 7 1 C(My Drot)[1 + Drot(t)]eCProtTm(t)
The term Drkot7(t) can be bound from (110)

(114) Drkot7(t) < (CDkot)n(t) {1 + log (1 + W) }

The structure of the inequalities is the following: if we denote the group
(115) z(t) := Drot7(t),

we have from

(116) n(t) < CMuo(1 + z(t))ec®

and therefore, from we deduce

w(t) < (CDrot) Moo (1 + 2(t))e“* ™ (1 +log(1 + crmmyeesm)

(117) X {1 +log (1 +m(t) T M M;ol)}
(118) F(x(t)) < C(My Drot) {1 +log (1 + m(t)rﬁMﬁM;)}
where

—Cx -1 1 -
(119) F(z) = 2e” 9" (1 + ) (1+log(1+W)> :
Let
(120) a(t) := Moo Dot

Now can be written as
(121) m(t) < C(1+ (2(t))e“™ MMy + a(t)m(t)]
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and
(122) F(z) < Ca(t) {1 +log (1 + m(t)d%MfﬁM;l)}

We fix Cy a large enough absolute constant, larger than the C' we encountered so far. Without
loss of generality we may assume 14 z < e“°® and

I+log(l+ =) <1+log(l+C™ 1) <O
+ Og( + C(1+$)€CI) <1+ Og( + )7 0
so that )
F(z) > ﬂz:e_zco‘"”?0
and therefore, as long as x(t) <1 we have from ((122))
(123) a(t) < C2e2Coq(t) {1 +log (1 +om(t) T M Mgol) }
and, from (121))
t t
(124) ”XI(Q) < Coe?@r {1 + dt)”ﬁﬂ .
Using z(t) < 1 and requiring
1
(125) a(t) < 50516*200
we deduce from (124)) that, as long as z(t) < 1, it follows that
t
(126) M) _ 9cpe2cn,

«

Returning to x(t) we have that, as long as x(t) < 1, it follows from (123 and (126) that
(127) z(t) < C2e2%a(t) {1 + log (1 + (QCerCOMa)d%led%M;ﬁ}
We require therefore also
1 _a —1
(128) alt) < 3 {036200 {1 +log (1 + (2C0e2C0 M) T M M;ol) }}

and thus, as long as z(t) < 1, it follows that actually z is bounded by z(t) < 1. The initial datum
for x(t) is zero, and a(t) is explicitly proportional to ¢ and starts from zero. Therefore, because of
continuity, if the time ¢ is taken small enough so that a(t) satisfies the requirements , it
follows that z(t) < % on that interval, because we can reason by contradiction, and the first time
it would reach % it would have to be not larger that %, which is absurd. Consequently, it follows
from that m(t) < 2Cpe2¢° M, and from that n(t) < 2Cpe?“° M, on the time interval,
providing the required short time uniform bound. The rest of the proof of the theorem is based on
the uniform bound. It is well-known that regular solutions exist as long as the L>° bounds persist
(see [], [18], also next section). Therefeore classical solutions with regularized initial data exist
for this interval of time. Indeed, by regularizing the initial data we do not hamper the bounds
My, My, M,. The most straightforward proof of local existence for smooth data yields a very
short time of existence, but the a priori bounds permit the solution to be extended as long as
and hold. Then we remove the regularization of the initial data, and pass to limit in
the equation in distribution sense. We conclude that the limit obeys the equation, because the
quadratic nonlinearity is strongly continuous in L? (for the right-hand side) and in W =12 for the
advective derivative. Further details are left for the interested reader.
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We will pursue now the stability issue. Let us start by assuming that

1 —K
(129) K—OHqu(-,t)HLoo(Rd) < Ge rot
on the time interval ¢ € [0, T]. We require that
1
(130) G<g

Similarly, we assume
1

(131)
Ko

[Vou(s,t)]o < He "ot

on the same time interval. We will show that we can choose G, H so that these assumptions are
invariant in time: once initiated they cannot break down. Before we embark on the calculation,
we should point out the simple strategy: we obtain from (129), a priori bounds on 7. We
then deduce a posteriori bounds for V u that are strictly better than the assumptions .
Because we work in a class in which the equation has unique solutions, and if the initial data for
7 are small, we deduce that, if initiated, the bounds continue indefinitely.

We start by estimating the terms in using (129) and (131). We will use

t
(132) / v(z)dz < G
0
which follows from (129). We have four terms, and in all of them, as well as in we bound,

fJ exp {—2ko(t — s) + 2f;’y(z)}'y(s)ds
(133) < €%C exp {~2kot} [ exp {2kos}roG exp {—rops}ds < Ge "ote?C
S \/EGC—Hot

using (132)) and the fact that 4G < 1 which is (130). From this calculation and it follows that

(134) ||T(',t>||Loo(Rd) < Cle—rot [llpOHLOO(]Rd) + HT()”LOO(Rd)] = Ce_notMoo

with C' depending on d alone. Using and @ in and integrating we obtain in the same
way

(135) [7( ) ray < Ce™ [llpoll L2 ray + 170l L1 (ray | = Ce™ 0" My
We write the inequality as
(136) [T( )] <T+IT+IIT+1V

and we start with

(137) I < Clpolae™® (1

2> e = C[pO}a67NOt-

in which we used (132)) and (133]) above. This illustrates our use of the generic constant C: we
used aG < % For I we obtain

IT < C|poll g (raye®* et [[[Vau(-, s)|ads

(138) _
< Cllpoll = maye ™" [5[Voul,)lads
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We used 2aG < 1 and (133]). For I1T we need to use the assumption (131)) and instead of (133) we
use a similar bound with the explicit koG exp (—kot) replacing v(t) and koH exp (—kot) replacing
[Voula(t). We obtain:

(139) IIT < C|lpo| oo (raye @29 He™ 0! = C||po| poe (ray He ™"
Finally,
¢
(140) 1V <€ [ima + Il [ (Tat lads| 2o
where we use again (132)) and (2+ 2a)G < 1. Collecting terms we have proved that (129} [130]) and
(131)) imply that
(141)

t
)l sCe-w{[po]mm]awnm|Lx<Rd>+ Mool sy + lroll ] [ [vxuc,snads}
0

Now from (87), and a Gronwall-like inequality we derive

Ko

(142) [7( Dl < C [[o0]a + [l + Hllpoll 1o ] exp{—tno—i— (|0l Loe (ray + [I70ll (Rd)]}

Indeed, (141) together with imply an inequality of the type
t
y(t) < Ce™o {a + b/ y(S)dS} = F(t)
0
for the positive quantity y(t) = [7(,t)]q, with
a = [pola + [Tola + Hlpoll o (ra)
and
b= k[l poll oo ey + 170/l oo (ra))]-

Differentiating the right hand side F(t) and using the fact that y(¢) < F(t) we deduce

dF
r < —koF + Cbe o

dividing by F' and integrating we obtain
(F (t)) Cb
log| — | < —kot+ —
Ca Ko

and substituting back, we deduce (142)). Let us consider now the right-hand side of with
o = 7. We recall that (134]) is

(143) (17 )| poo (may < Ce™ ™" M,

is

(144) I7( )l ey < Ce™™" My,

and becomes

(145) (Dl < OLMa + Hllpol| = oy )e ™ exp {C DM}

Assembling the right hand side of we deduce

MT (M, + HM.] 7=
M

146 RT|| oo (ray < CMoge "t {1 +1log |1+
(R4)

+our. |
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Note that the term e™*°! cancelled in the expression for the argument of the logarithm. Now we
use to obtain a posteriori estimates. From ([146) we obtain

S 1 (Vaul, ) os ey
2= _d_
S CDMOOe—KOt {1 + lOg [1 + M1d+ [Ma+HMoo]d+a:| n DMOO}

Moo
Also, from (|145) and we have

(147)

1
(148) K—[(Vmu)(7 t)]o < CD[M, + HM]exp{—rot + CDM}
0
Let us choose G = 1/4 and
M,
14 H=—"2
( 9) Moo’
and so ((148]) becomes
1
(150) &—[(qu)(, t)]o < CDM, exp{—kot + CDM}
0
The bound (145)) becomes
(151) [7(,t)]a < CMye "' exp {C DM}

The upper bound (|147)) implies the bound

1
(152) ;O||(vxu)(-,t)||Loo(Rd) < ByGe "ot
where

(153) By = By + CD*MZ%

and By = Bo(M1, My, M, D) is given by
_d_ _a
(154) Bo(My, My, My, D) = CDM,, {1 + log [1 + M M Mf“‘*} }

with appropriate constants C' depending on d only. The functions Bo(Mi, My, My, D) and
By (M, M, My, D) are continuous in their arguments M; > 0, M, > 0, M, > 0, D > 0,
and hence locally bounded, and vanish when M., — 0 while the rest are held fixed, or when
D — 0 and the rest are fixed.
The bound (150 implies the bound
1
(155) ?[(Vzu)(-,t)]a < ByHe ™!
0
where the function By = Bo(D M) is given by
(156) By = CDMy, exp {CDMy}
with an appropriate constant C'. We have proved therefore

Proposition 3. Let 7(x,t) be the solution of given in (46) where p(x,t) solves (26) and
assume that u obeys (129), (131))) on the time interval [0,T]. Then T and u obey the bounds
one the same time interval, where the constants My, Mo, My, are given in (96|
197, 198), the constants By, By, Ba are given in @ and the constants C' are independent
of solutions, fixed, and depend only on d.
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We combine now this proposition with the good local existence result, Theorem [[, We start
with initial data that are small. To fix the notation, we denote by C; an upper bound for the
constants C' appearing in Proposition [3| above. We can arrange the constants so that, from

(157) [T(,0)]a < T'Ma,
(158) 75 )l L1 ray < TMy,
and
(159) I7(, )| e rey < TMi
it follows that
1 G

(160) — Vot < g5
and

1 H
161 - x 'at [e% S S~
(161) — [V 0la < 5

because of the constitutive relations between v and 7. Note that the size of 7 alone determines
that of u. Indeed, in view of ,

1
;0 ||qu(7 t)”Loo(Rd) S C’B()(Fj\417 FMa, FMOO, D)

and in view of

1

—[Veu(,t)]o <CDIT'M, = CDT M. H

Ro
So, the condition

1
162 Bo(’'M{,TM,,T'My,,D) < ——~
(162 oL, )= 5c0,
implies (160) and the condition
1

1 DI'M,, < ———
( 63) — 8CCh

implies (161)). Then, we have automatically that (129) and (131)) hold on the interval of time
[0, Tp]. In fact, if exT0 < 2C, we deduce that

1 1, .
(164) ;0\|v$u(.,t)||Lm(Rd) < ;Ge o
and
1 1
(165) —[Vau(-t)]a < =He "o
Ko 2

hold on [0, Tp]. On the other hand, as long as (129} [131]) hold, the decay estimates (143] 1151)

imply that

\V]

(166) [17(s D)l oo (ra) < 5 Moo,

w

2
(167) [7C, o ey < §M1
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and

(168) (e ) < 2 Mo

provided et > %Clech Mo The lower bound |) on the life-span of the solution is
(169) KOTOBO(MlaMa;Moo;D) Z 3

and it shows that if
3Ch1
(170) By(My, My, M, D) |log 5 + Ci1DM | <e

then the solution exists for a period of time that is long enough so that 7 is reduced from its
original size (166| 1168]) at the end Ty of the interval. Requiring that

4
(171) C1 DMy, < log (3)

allows to arrange for Tj so that %C’leClDMc>o < eTo < 2. Therefore, if the initial data satisfy
then the assumptions of Proposition [3| are satisfied with T" = T;. We can
repeat now argument taking the same time step. Therefore we find that the solution, if unique,
exists for all time and obeys the bounds for all time. In order to prove decay it is
useful to consider first the case of smooth initial data. The previous considerations of course apply
and so the solutions are global and obey the bounds 1” -, - ) for all time, and therefore
obey - - ) for all time, and consequently . 1165)) for ¢ < Ty with Ty fixed above. Now we
consider the function

1 1
172 T) :=max{ sup e™'——||Vu(-,t)| . sup et ——[Vul(-,t }
72 or) = max{ s oIl s [,

This is a continuous nondecreasing function of T € R (it is here that we use the fact that we
mollified the initial data). Also, (164} [165) imply that ¢(T) < 3, for T < Ty. Now we claim that

>

(173) sup ¢(T') <
T>0
Indeed, assume not. Then, there would exist a first time T1 so that ¢(Ty) = % In particular,
because ¢(7T7) < 1, Propositionlapplies on [0,71], and hence - 1155]) hold on [0,77]. But these
inequalities imply ¢(77) Wthh is absurd. Thus, hOldb for all time. Then, using again
Proposition [3| l - - hold for all ¢, and these are umform decay bounds. the constants
depend only on the norms mdlcated, so removing the mollifiers, the upper bounds are inherited
by the weak solutions in C“ N L!.
We note that the smallness conditions all follow from a single condition

(174) BO(MlaMOé;MOOaD) Ssl

Theorem 2. Let the initial data 1o, po satisfy (7o, po0) € (L*(RY))2 N (CY(R9))2, 0 < a < 1. Let
My, My, and M, defined in @ @, @) denote the size of the initial data. There exists a constant
€1 such that, if

_d_ _o
(175) DMy, {1 + log (1 + MM M > } <e
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then there exists a unique global weak solution of (T,p) € L°([0,00), (L*(RY) N C*(R9))?) N
C([0,00), W=LP(R?))?), p < oo of @, , with u given by . The meaning of weak solu-
tions is in the sense of distributions, and the time derivatives of T and p belong to W= P(RY) for
any p < oco. The gradient of velocity decays exponentially in time

1 —K
(176) ;OHVwU(Ht)HLOO(Rd) < Kemrot
1
(177) ;[qu(yt)]a < Kefot
0

The norms [7]o and ||7||L»ray decay exponentially:

(178) [7(,t)]a < Ke™ "0t

(179) 17 ()| o ray < Kpe™ ™o

for 1 < p < oo with explicit constants K that depend on d, D, My, My, M, p and o > 0 alone.
The norms of p remain bounded.

(180) IoC )l e ey = llpoll Lo (ma)
and
(181) [p(-, )] < K.

Remark 1. The condition is satisfied if the Deborah number is arbitrary, the initial 1o is
sufficiently small in C*(R®) and the initial py is small in C*. Nontrivial initial data with small
L*> norm and large spatial derivatives are allowed as well, because of the logarithmic dependence
on M. The conditions are also satisfied if the initial data are of order one but the Deborah number
is small. If the initial data are smoother, the smoothness propagates.

Remark 2. The proof of uniqueness, given below, uses Lagrangian transformations. Unlike the
case of Euler equations, a proof in Fulerian coordinates seems difficult to obtain.

Proof. The previous argument is complete, modulo the uniqueness of the solution. We present
here the proof of uniqueness. We consider the equation

d

182 —X=F[X

(152) SX = F[X]
with X (a,0) = a, where X = X(a,t) is viewed as an element of X := C([0,T], CH*(R%)%). We
fix T. The function F' depends on the whole path X not only on the value of X at some point
and is obtained as follows. First we construct, using the initial data pg € L'(RY) N C*(R?),
oo(a) = po(a)l + 10(a) € (L*(RY) N C“(Rd))dg, and using , the map X +— o[X] given by
o[X](a,t)

- 2”0/)0 f ~2rolt=e) (a7t75)Q(a7t75)TdS + eizl{Ot(vaX(aat))ao(a)(vaX(a’t))T
where q(a,t, s) = q[X](a,t,s) = (VaX(a,t))(VaX(a,s))! is given in (39). We take

(184) 7[X](a,t) = o[X](a,t) — po(a)L,
consider A(z,t) = X ~!(x,t), compose 7[X] with it,

(185) mx (2,t) = 7[X](X Nz, 1), ),

(183)
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and solve the Stokes system, resulting in (85))

(186) U (z,t) = kAT (RiTE + R Ry R (TR™)).

We write symbolically

(187) ux = kATTH(T[X] 0 X 1) = kA" 'H(7x)

where H stands for the combinations of Riesz transforms that appear in

(188) Hipn = 6imBn + RiRn Ry,

and thus kA~'H is the inverse of the Stokes system . Finally, we compose with X (a,t)
(189) F'X](a,t) = u (X (a,t),t).

Thus, F[X] is obtained via the succession of compositions
(190) X7 X1y =7[X]o X ' ux = kA 'H(rx) = F=uxoX
The norm in X is
(191) [ Xl = sup [|X(D)[[orema

0<t<T
We consider a fixed constant M and the set

1 3

(192) D:={XeX | X(0,a) =a, 3 < detV,X(a,t) < 2 I Xx <M}

The initial data for the PDE serve as parameters in the definition of F'. We wish to show that two
solutions X; € D and X5 € D of the equation (182)) correspondingto the same pg, 79, are identical.
In order to do so we establish

(193) [(DFIXDY [lx < ClIY|lx

with a uniform constant C' that depends on M. We have to be careful to avoid taking derivatives
of o¢ and 9. We start by noting that the map

X — o[X]

is Fréchet differentiable at X € D as a map from the Banach space X to the Banach space
Y = C0,T;[C*(RY) N Ll(Rd)]dg) of time-continuous maps with values in the space of matrices
with spatially Holder continuous and integrable coeflicients. The derivative is a bounded linear
map in £(X,X),

Y — (Do[X])Y.
The derivative has a complicated expression that depends on history but it can be easily obtained.
The derivative of ¢[X] is
(194)  ((Dg[X]))Y)(a,t,s) = (8.Y (a,t)) (VX (a,8) "' —q(a,t,8) (V.Y (a,8))(VaX(a,s)) "t
Then the derivative of o[X] is

(Da[X))(Y))(a, 1) = 2kopo(a a) [y e 20=)(Dg[X]Y)(a,t, s)q(a, 1, 5)" ds
(195) +2r0po(a) fy €0 =)q(a,t, 5)(Dg[X ] )" (a,t,5)ds
e 2ot [(V Y (a,)00(a) (VX (a, )T + (VX (a,1))0 0(a)(VaY (a,t))7] .

It is clear that
(196) [Do[X]Y s < C|Y]lx
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where
(197) Ills = sup {lI7(, )L (rey + I7C )l ey + (705 E)]a} -

0<t<T
The map

X — 7[X]

is just a translation of o[X] by an X-independent amount, so it has the same derivative
(198) (DT[X))Y = (Do[X])Y.
Now, the map

X(a,t) — mx(z,t)

is obtained from the map 7[X] by composition with X . We cannot afford to take the derivative
of 7x. However, ux is obtained from 7x using a linear smoothing operator of degree minus one,
so we can differentiate it. We take a path X_.(a,t) = X(a,t) + €Y (a,t), differentiate with respect
to € and then set € = 0:
(199) (Dux)Y)(x,t) = kEAT'H((D7[X]Y) 0o X 1) — EATTH((V,7rx)(Y 0o X 1))
The first term appears when we differentiate 7[X] o X ~! with respect to X, keeping X ~! fixed.
The second term arises when we differentiate X ~! using the fact that

d _ _

X Yemo(a,t) = =(Va X THY (X H(a, 1), 8).

This fact is obtained by differentiating d—dg
X' (X(a,t) +eY(a,t) = a,

€
setting € = 0, and reading at a = X ~!(z,t). Then the derivative of 7[X] o X! with respect to e
is obtained using the chain rule

= (TXDXT)e=0 = (Var[X]) 0 X (LX) =0
= —((Var[X]) 0 X 1)(VoX 1Y 0 X71) = —(Vorx)(Y 0 X 1)

The second term in (199) is strictly speaking a distribution, as it involves derivatives of 7x which
is only Holder continuous. At this stage, we can view this as a formal calculation that will be
justified in the end. Finally, we need to compose back with X (a,t).

(200) (DF(X)Y)(a,t) = (Dux)Y)(X(a,1), 1) + (Voux)(X(a, 1), 1)Y (a,1)
The second term in the expression above is unbounded as a linear operator from C1® to itself,

simply because the coefficient V,ux is not differentiable. But this term combined with the second
problematic term in (199)) produces a commutator that is better behaved, K[X]Y. Thus, we have

(201) (DF(X)Y)(a,t) =k {A_lH((DT[X}Y) o A)} (X(a,t),t) + (K[X]Y)(a,t)
where
(202)  (K[X]Y)(a,t) = (Voux)(X(a, ), )Y (a,t) = k(AT TH((Vorx ) (Y 0 X 7)) (X (0, 8), 1)

We would like to show that the map Y + K[X]Y is a bounded linear operator in C(0, T; (C1)%)
with norm uniformly bounded for X € D. Becuse composition with X! and composition with X
are both bounded linear operators C1* — C1*, with norms controlled by M, the boundedness of
K[X]Y is equivalent to the boundedness of the map

¢— L[X]¢



REMARKS ON OLDROYD-B AND RELATED COMPLEX FLUID MODELS 25

where

(203) (z,t) =Y (X 1z, 1),1)

and

(204) (L[X]¢)(x,1) = k(Vo A~ Hrx) (x, 1) (2, t) — k(AT H((Va7x)9)) (2, 1)

It is important to specify the tensorial nature of this commutator, as not all such expressions are
better behaved than their individual terms. In our case, Tx is a fixed symmetric matrix in X, k is
a number, and the commutator is

(205) (LIX]9)" = k [P OpA™ Himnn 7" — A Hisnn (650, 75")]

We can write the commutator as

(206) L[X](b =k [¢p(8pA_1Himn)(T;(nn) - (8pA_1Himn)(¢pT§m)] - kA_lHimn((ap(bp)T;(nn)
For incompressible X we could only consider divergence-free ¢

(207) Opp? =0

but that would force us to work tangent to volume-preserving maps which would make the proof
a little more complicated; we do not need to use that because the map
¢ = A Hipnn ((8,07)7")

is bounded as a linear map from C(0,T; [C1*]?) to itself. Clearly, because 7x is Holder continuous,
and because classical Calderon-Zygmund operators are bounded in Hdélder spaces, there is no
difficulty in bounding Holder norms of derivatives of the expression A~ H;y,p, ((0,¢7)7%™). Proving
that the undifferentiated quantity is bounded is done using the fact that 7x € L' N L, and
therefore (9,¢7)x € L' N L*. The operator A~'H maps continuously L' N L> to L*. The
operators Rpimn = apA_lHimn are sums of classical Calderon-Zygmund operators and multiples
of the identity. The commutators

(208) ¢ = ¢pRpimn(T§(ln) - szmn(d)pT;?n)

are bounded as operators from C(0,T; [C**]9) to itself. This is quite obvious for smooth 7x but
a little less obvious for 7x € X. Let us write the kernel of Ryimn as Kpimn, 50 the commutator is

(209) K(z —y)(o(z) — ¢(y))mx (y)dy

Rd
where we did not write all the indices and the time dependence for ease of notation. The kernel K
is smooth away from the origin and is homogeneous of order —d. Differentiating in some direction
and writing K’ for the singular (of order d + 1) kernel obtained by differentiating K, we have

(210) T[X)6 = PV. / K'(z — y)(é(x) — 6(u))x (W)dy

plus a nice operator (V;¢P)Rpimn (T%"). This last operator is clearly bounded in C, with bound
controlled by M, so we concentrate our attention on T[X]. Now we write

e 1= [ [P [ oK -0Vt 2 - )]

The kernel (z — y)K'(x — y) is homogeneous of order —d. It might have nonzero average on the
unit sphere. Nevertheless, we subtract the value V,¢(x):

1
@2 Tixlo= [ D {PV. [ @)K -9 Folo + 20 - 0) - Vo) o )iy
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The contributions left from the average on the unit sphere, if nonzero, are a constant multiple of
(VIQS(IL'))T)(((E) and Vz¢(x)T27—X (l’),

(213) Ty(rx)(x) = /d(w —y) K (x = y)(rx (z) — 7x(y))dy

R
both bounded with values in C*. The fact that T1[X]¢ is bounded in C¢, and similarly, that
T>(7x) is a Holder continuous function are classical. A proof can be found in ([3]). We have one
more term in DF[X], namely

(214) Y — k(ATTH((DT[X]Y) o X 1)) 0 X
Its boundedness is equivalent to the boundedness of the maps of the type
(215) ¢ — A'H(gx Vo)

in C1* where gx is in 3. These are easily bounded because when we take spatial derivatives we
arrive at

(216) ¢ — R(gx Vo)

which are bounded in C%, and if we do not take derivatives, the L°>° boundedness follows as above
from the fact that gxV¢ € L' N L. We have therefore verified the fact that DF[X] is bounded
in X uniformly for X € D. The function F is locally Lipschitz and because solutions of start
from the identity, they coincide for short time. The same argument does not need the initial data
to be the identity, but rather the same invertible C*® transformation so uniqueness propagates
because F' is locally Lipschitz. This concludes the proof of the theorem.

5. A REGULARIZATION

We consider here the system formed by the coupled with , via . In this section,
we consider the same potential but we allow R to be a function of z and ¢ (but of course,
not of m). The properties that ¢ is symmetric, non-negative and the bound remain valid. In
order to see what dependences on R would be allowed by the energy considerations, we repeat the
calculation leading to : we take (1)), multiply by k(log f + U), integrate, take multiply by
u, integrate, and add the two: we deduce

k[ foa Jga flog fdmdz + & [, Trlo(z,t)]dz] + k ng 2DR ([, fUdm) dzx
= — [pa |Veu(z, t))>de — ke Jza Jga fIVm(log f 4+ U)|” dmdzx
It is thus clear that D;R > 0 is energetically favorable. The solution on characteristics might be

less explicit, however the equation obeyed by ¢ is easily obtained by multiplying (1)) by (m®m)/R?
and integrating. The result is very similar to :

(217)

2 2 2D
(218) Dyo = (Vyu)o + o(Veu)! — R—Zcr + R—Zp]l - RtR

We again see that D;R > 0 has the effect of an additional damping. In fact, if DIQR is a constant,
then the effect is precisely one of enhanced damping, and that is similar to the situation covered
previously in Theorem [2] but in a better regime. More interesting, perhaps, is a damping that
responds locally to very high rate of strain in the fluid. Let consider a coupled system in which,

in addition to (|1 coupled to , via , R evolves according to
(219) DR =46 (|Vyu(z,t))) R

g
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and d(g) is a smooth nonnegative function of one nonnegative variable g, that vanishes for g <

(220) 5(g) = { 0 ifg <3

CovV/k2+g2, ifg>k

|x

and satisfies
(221) 10"(9)] < 2Cy
for all ¢ > 0. In particular §(|Vu|) satisfies

(222) § = Co/K2 + [Vaul?

if [Vzu| > k > 0. The constant k > 0 is fixed, and represents the order of magnitude of the largest

permissible temporal growth rate. The constant Cy > 0 is chosen in function of the dimension of

space (this is needed because of the tensorial nature of the calculation) so that

(223) 3c|Vaul —20 <0

holds, if |V,u| > k, where c is the norm equivalence constant that bounds max;; |Gut| < ¢|V ul.

Thus, ¢ is a norm equivalence constant in Rd2, and we can choose Cy = %c.
Because the problem evolves in time, the initial data fy and Ry need to be specified. We assume

that fy is non-negative and smooth enough in x, decaying fast enough in m, (fo € WHP(R%; LY ((1+

|m|2)dm)) and Ry(a) > Ryin > 0 is in WHP(RY) with p > d. Then, from (218)) and from the fact

that ¢% are nonnegative for each fixed 4, it follows that

2de
(224) D, Tr(o) <2ckTr(o) + ol
which, after integration on characteristics, results in
de
(225) sup Tr(o(x, 1)) < €** |sup Tr(oo(x)) + (W"p()"Loo(Rd)] = No(?).

In view of , we thus have control of the L norm of ¢ in time. Once this is achieved, based
on previous results for similar models, we may expect to prove regularity. The method of proof of
regularity given boundedness of ¢ we employ here is the simplest and most explicit. The idea is to
differentiate the equation, pay the price of differentiating the advective term, and do an Eulerian
calculation in LP spaces, with p > d . Working in Lebesgue spaces makes it easy to take advantage
of incompressibility. The approach used in the proof of global existence for Smoluchowski equations
on compact manifolds coupled with time-dependent Stokes equations in ([6]), and in the proof of
global existence ([I1]) for Smoluchowski equations coupled to Navier-Stokes equations in d = 2, can
be adapted to the present situation as well. In other words, we can consider the time depending
R evolving according to (219), a Fokker-Planck equation with potential given in coupled
via to a fluid velocity evolving according to the time-dependent Stokes equation in d = 3 or
Navier-Stokes equation in d = 2. The method of ([4]), used in ([9]) to prove the global regularity
for d = 2 Smoluchowski equations on compact manifolds coupled with Navier-Stokes equations
requires a little less smoothness on the Navier-Stokes initial data. That method is also Eulerian,
but uses commutation and a penalty, that results in a controlled loss of regularity. The proof is a
bit more technical as it employs Besov spaces and paradifferential calculus, but in principle it can
be adapted to the noncompact particle phase space case with spatially depending R. We will not
pursue these matters here, but rather content ourselves with the simplest proof, in the simplest
nontrivial case. Differentiating we obtain

Dy(9k0) = —(Opul) (007 + (Ou?) (Bko™) + (Oyu? ) (ko ™) — 20(0ko™) — 35 (k™)

29 ) AN /) »
( 6) —&-(8,%[112)0” + (8,31#)0” _ (ak%)au _ 281@(5)(0“) + ak(%p@j)
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We mutiply by 9 (%) and sum. The terms involving explicitly first derivatives of u are bounded

using (223):

(227) [—(Oku!) (010 + (Ou) (Bko™) + (B! ) (Oko™) — 26(0ra™) — 25 (0Ko™)] (Oro™)

< 3ck|V, o2

The terms involving explicitly second derivatives of v are bounded using (225)):

(228) [(5‘,%lui)alj + (Gfluj)a“} (o) < ONo(t)| Vo Vau|| Vol
The term containing a derivative of ¢ is bounded using which implies
(229) V(| Vaul)| < 2CH| Vi Vaul

and therefore
(230) —28k(5)(0”)(8k0ij) < CNo(1)|VVau|| Vol

Summarizing, we have so far, pointwise:
(231)
1 1
S DHVa0f? < 3er|Voal? + CNo(8)| V. V]| V0] + CNo(t)e [ Vo5 | [Vaor| + Ce ‘vw%‘ V0.

We have to bound the terms involving Vp and V, 45. In view of the fact that p(z, t) = po(A(z, 1)),
we have

Vzp VA T
(232) 77 = ( 7 ) (Vapo)(A).
Now, because of and (219) we have
VA VA
(233) D, ( = ) _ (( = )> ((V.u) + 20T)

and, in view of (223)) we deduce that
|V A(z,t) - echt

234
( ) R({IJ7 t)2 N R?min
and consequently
|VIP(1', t)‘ ecnt 6cnt

(235) O < O Vapo(A( )] < C g [ Vapoll ey
The term involving V, (#) is treated using 1)

VR VR Vo
(236) Dtﬁ = (=(Vou)" — 201 ( R3 ) R2
and therefore, in view of (223) and (229]) we deduce

|V.R| |V.R| |V V. ul

(237) D, ( i <ckK 73 +C 2

and, integrating on characteristics, we obtain

|VaR(z, t)| ext [ [VaRo(A(z,1))| 1 /t
— = T
(238) ) = Ce R + R, |V Vou(X(A(z, t), s), s)|ds
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Now we collect the terms in (231]), divide by |V 0| and use ) and ([238):

DV o(z,t)] < 3ck|Vzo(z,t)| + CNo(t)|Vy qu(x t)| + Cs em €|Vapo(A(z,t))]

(239) ) min
+Ce(No(t) + lpoll ey et (Bl 4 119, V,u(X (A(w, 1), 5), )| ds)

min 1n in

The inequality (239) has the form

(240) Dy(y(x,t)) < 3cky(x,t) + C(t)z(x,t) + D(t) /0 2(X(A(z,t),s),s)ds + E(x,t)
where

y(x,t) = |Veo(x,t)],

z(x,t) = |V, Vau(z,t)]
(241) C(t) = CNo(t) = Ce2*=* [sup, Tr(00(2)) + mfi— ool e e

D(t) = CR{M (No(t) + llpoll oo (rey) e,

E(x,t) = Cgr—e™ {\Vapo( (=, )] + (No(t) + llpoll L me)) W}

The interested reader can check that (239) is dimensionally balanced. Now it is time to start
looking at LP norms. We start by noting that

s
Hfo ,8);8)ds LP(dz)

242 < Jy (X (AGz, ),s>,s>||ww)ds = i 12X (a,),) o anyds
=P it

because of incompresssibility. We integrate on characteristics and take the LP norm. In
order simplify the answer we use the fact that C(¢), D(t) are non-decreasing functions of time. We
obtain

(243)

t
(s Ol o (ray < € {”yOHLP(Rd) + 1EC, Ol Lo ey +/ (C(s) + D()(t = s))|2(-, 3)|LP(Rd)d5}
0
We recall (87)), which implies
(244) VoVau = kR(V,5).
In view of the well-known boundedness of Riesz transforms in LP spaces, we deduce that

(245) 2 )| Lo ray < Cklly(, )l Lo re)

We note also that [|E(-,t)||1»re) is explicitly a sum of norms of initial data multiplied by expo-
nentials of time. Now a simple Gronwall argument provides an apriori bound for y in L?

(246) ly( )l Lo ray < Fp(t)

with F),(t) an explicit function of time, with exponential growth, and depending only on norms of
intitial data ||O'0||Loo(Rd), HpOHLoo(]Rd)7 ||V3;O'0||Lp(Rd), and Rminy ||VxR0||Lp(]Rd)-

Theorem 3. Let f solve with U given by @ and R evolving according to with smooth
0 satisfying and . Let u be obtained by solving (@, , with o given by (@ Assume
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that the initial distribution fy and Ry satisfy

SUP, crd fRd fo(z,m)(1 + |m|?)dm <
RO(x) 2 Rmzn > Oa

Jga |VaRo(2)|Pda < oo,

fRd (fRd(l + \m\2)|foo(x,m)|dm)pdx < 00

with p > d. Then the solution exists for all time, is unique and obeys the a priori bounds
and (@

Proof. The space WP (R?) is a space of local existence and uniqueness of solutions. The condition
inf, R(x,t) > Ry is invariant in time, because R(x,t) > Ro(A(x,t)) > Rpin. Then the apriori
bounds are enough to finish the proof.

(247)

Remark 3. The a priori bounds hold in any LP, 1 < p < oo.

Remark 4. Similar theorems hold if we replace steady-state Stokes equation with time-dependent
Stokes equation in d = 2,3 and with Navier-Stokes equation in d = 2.

Remark 5. Higher regularity of solutions can be obtained without difficulty from higher regularity
of the initial data.

6. LARGE DATA

The problem of global regularity for arbitrary smooth initial data is open. The system formed
by and has potentially finite-time blowup. Indeed, consider the system in d = 1

th(x7m7t) + Uzam(mf(xvm’t)) = 6am(fam(log f(:mm,t) + U(m))>

U(m) = 32

248 2R2

(248) o(x,t) = ffoo %f(x, m,t)dm
u, = kHo

where H is the Hilbert transform. This system is a 1-d analogue of (1) with (2), and (87).
This blows up in finite time. Indeed, we multiply the linear Fokker Planck equation by %j and
integrate dm to obtain the analogue of :

2e 2¢
(249) Do =2uyo — 72 + o
which then, in view of (248) is
2e 2e
(250) Dio =2kocHo — yeeid + i

and resembles the baby vorticity equation ([8]). The blow up argument of ([8]) works here also,
notwithstanding the fact that the present equation is computed on characteristics. We form z =
Ho + io and use the fact that

1
H(cHo) = 5 ((Ho)?* —o?)
to deduce 5 5
Dz = k2% — R—Zz —l—iR—Z

which blows up in finite time.

This simple example does not capture incompressibility and the tensorial nature of the problem,
just like the baby vorticity equation of ([8]) does not capture them. The main quadratic nonlocal
nonlinearity of is modeled by 0 Ho and this is the only available model in one dimension. Unlike
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the incompressible Euler equation however, the system we study has an additional dissipative
structure, and we believe that this is of some significance and represents the main fallacy of the
one-dimensional model. We describe below a simple scalar model that addresses this issue. We
take henceforth d = 2. We consider the variables

a(z,t) =% (o' (=, t) — 022(x,t))

(251) b(z,t) = 0%(2,t) = 0% (1)
c(x,t) = 011(33 t) +022(m, t)=Tr(o(x,t))

)

The gradient of Velomty is represented by A(z,t), pu(x,t) and w(z,t) given in (69), (70) and (7I).
The equations (29)) can be written as the system

)

Dia = —wb—i—)\c— Rza
Dtb—wa—i—,uc— =50,

Dyc =4 a+ 4ub — %0—1—4%/)
Dtp:O

(252)

As we saw before, if we couple this with an equation for the velocity (steady or unsteady Stokes, or
Navier-Stokes), then the regularity issue is decided by whether or not we can bound ¢ in L>(dzx).
We note in passing that the co-rotational system corresponds to A = g = 0 in the system above,
and the bound for ¢ follows immediately. Let us multiply the ¢ equation by 3, the a equation by
2a, the b equation by 2b and subtract the last two from the first. We obtain

2 4 2
(253) Dt(i—a2—b2):—R62<c4—a2 b)+R2pc

This cancellation of nonlinearity is not surprising because

2

(254) T a®> —b? = Det (0)

and the determinant is conserved along particle trajectories if € = 0. The matrix ¢ is symmetric
and positive by construction, and is given in terms of a, b, ¢ by

(255) U:(Sza §a>

3
The positivity of the matrix is equivalent (in this case) to the positivity of the determinant, i.e. to

2

(256) T a® —b* > 0.

The two eigenvalues of o
(257) 2o = g + Va2 + b2

are both positive. We have of course ¢ = z; + 22 > 0 and z; — 20 = 2v/a? + b2. Because of 1] c
controls va? + b2. But, on the other hand, growth without bound of ¢ on any trajectory, cannot
happen without growth without bound of va? + b% on the same trajectory. Indeed, if a particle
path would be such that va2 + b2 is bounded on it, but ¢ grows without bound or blows up in
finite time, then, for large enough time we would have

2
e [c 9 9 2e
Rz<4“ b)*m“ﬁ“
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on the particle path (because p is bounded) and then, from (253)) we would arrive at the contra-
diction that ¢ remains bounded. From (252)) we can write

_ 2e t _2e (4 €
(258) c(x,t) = e wleo(A(x, 1)) —|—/0 e w9 ()\a + pb — ﬁpo) (X (A(z,t),5),s)ds
Thus, exponential growth or blowup of ¢ is possible only if (Aa 4 ub) has time integrals on particle
paths that are positive and grow exponentially or stronger, without bound.

In two dimensions we can express the velocity in terms of a stream function v (z,t) and write
ul = =01, u2 = 019. Then w = Ae), and therefore

(259) A= 805(—~A)"'w = Bw

and

(260) = —% (02— 82) (—A)lw = —Aw
where

(261) A= (3 3B) (-A) = (RS - R
and

(262) B =010,(-A)"' = RiR,

are bounded operators in LP(R?) spaces. They are also bounded, selfadjoint in L?(R?), they
commute AB = BA, and each is given by a multiplier at Fourier level,

a1 52 51
(263) Ah(§) = T h(§)
and
(264) Bi(e) = ifjﬁ(s)
Note that
(265) 4(A2+ B =1

Let us consider now the time independent Stokes system . Taking the curl of and inverting
the Laplacian we obtain

(266) w = 2k (Ab — Ba)
Consequently, from

(267) A =2k (—~B%a+ ABb)
and from

(268) 1= 2k (ABa — A®b)

It is convenient to measure time in units of i and then the system li coupled with 1) 1'
and (1260) is

Dia = —(A(b) —
Db = (A () B
Dic = 4{[-B?*(a) +
Dtp—O

B(a))b + [-B2(a) + AB(b)]c — e'a
a))a+ [AB(a) — A2(b)]c — ="

(269) B B(b)]a + [AB(a) — A2(B)]b} — e+ 2671
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where ¢ is given by . The all-important term Aa + pb is given by
1
(270) ﬁ(/\a + ub) = aB(w) — bA(w) = —aB(B(a) — A(b)) + bA(B(a) — A(b))

This expression is quadratic, nonlocal, and has negative spatial integral. While blow up requires
the pointwise positivity of this expression (258)), its spatial average is negative. Integrating the
third equation in (269) we obtain, using the selfadjointness of A and B:

t—s

Sz e, )z 44 [§ e~ [ |B(a) (@, 5) — A()(x, 5) *de
=e % [poco(@)dr +2(1 —e =) [po po(x)dx

This is just the energetic bound on [ Trodz. We saw earlier that, if the size of initial data is of
order one, then small enough € leads to global existence of solutions. The case of large initial data,
moderate ¢ is wide open. In order to clarify the issues, we will take € = co. In this case the system
is simplified somewhat, because, in view of we have

(271)

(272) c=2va%+ b2 + do(z,t)
where
(273) do(x,t) = Det (o0(A(z, t)))

and so, the first two equations of (252]) become just

(274) Dia = —b(Ab — Ba) + 2+/(a? + b?> + doy) B(Ab — Ba)
Db = a(Ab — Ba) — 2+/(a® + b2 + dy) A(Ab — Ba).

and consequently
(275) Div/(a? + b2+ dy) = 2aB(Ab — Ba) — 2bA(Ab — Ba)

Integrating in space we again get the bound on the trace. Blowup for the system (274 is still too
difficult to analyse. The simplest possible didactic model of a scalar equation exhibiting this kind
quadratic nonlocal structure with an L! dissipation is a scalar equation of the form

(276) Oy = —7(A%7)

where A is a bounded selfadjoint operator given in Fourier representation by multiplication by a
function that is homogeneous of degree zero, like above,

(277) Ah(€) = a(€)h(€)

with a(X) = a(£), a(é) € R, [o a(§)dé = 0, a smooth on the unit sphere. The unknown 7(z, )
(representing the trace of 0) is a positive scalar. We note the salient features of this model. If 7y is
smooth and positive, (let us consider for instance 7(-,0) € L' N C%* with s > 0) then the solution
exists and is unique for some time, and remains positive as long as it exists. If a bound on |||
is given, then the higher regularity of the solution follows. Integrating the equation, we have the
dissipative bound

t
(278) /T(a:,t)dx + / | Ar|2adt < /T(x,o)dx
0
and multiplying by A%7 and integrating we have

(279) /|A7(x,t)|2dx < /|A7(x,0)|2dx
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We are going to give an example of global regularity for some large data for such an equation, in
the spatially periodic case. For simplicity we take the period to be 27 in each direction. We write

(280) ) =M+ S m(b)et
kez2\ {0}

The requirement that 7 be real is implemented by 7 = 7_;. We will consider the symbol a(k),
and assume that it is real valued, even, a(—k) = a(k), and bounded |a(k)| < T. We also assume
a(0) = 0. The equation (276]) is the infinite system of ODEs

d’Tl .
(281) G= 2 ),
k+j=l1

Proposition 4. Let 7(x,0) = Y, 7:(0)e™*® satisfy

(282) 7k(0) = 7%(0),

(283) > (1 [k])*[7k(0)] < C4(0) < o0
k

for some s > 0 and

25 70(0) > > [7(0).
k0
Then the solution of exists for all time, and obeys
) k() = Tk(t)
(286) ST+ k) |7(8)] < Cs(0)e T O < g
k
and
(287) To(t) > Z ‘Tk(t)l
k0

which of course implies that 7(x,t) remains smooth and positive.

Proof. We start with the dissipation, the equation at [ = 0, which reads

dTO

(288) Fri Z a(k)?|m.(t)]?
k0
Now for [ # 0 we have
dr, .
ditl =— Z Tka2(])7'j — 19a®(l)7
k+j=l, k%0, j#0
and therefore
d‘Tll 2 2/ -
(289) - <O+ > e’ ()l

k+j=l, k#0, j#0
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Summing in [ # 0 we obtain

& Xz Il §2—7'0 Do (D)l + 221750 D htiml, k£, j#0 |27'k|a2(j)|7'j|
= =70 2120 @ (DIl + 22520 2o @ DITslITkl = 22520 @7 ()75 175
= (Zis0@®DIl) (=70 + Cigo Iml) + 70

This results in the inequality

(200) LSl —m | < [ Sty | [ Sl -

10 §#0 1£0

If the initial data is non-positive, the quantity remains non positive. Thus we have the invariance
of this cone in function space. Once this is achieved, we know

(291) Y m@®)] < 7o(t) < 70(0)
10
which implies an L* bound on 7. We know this should be sufficient for regularity. In the present

situation, the proof of regularity is quite straightforward: we multiply (289) by (1 +!|)® and sum.
Using |I| < 2max(|k],|j|) and |a(j)| < T we obtain

d S S S
S+ <27 [ Sl | [ 0+

1£0 j 10
Using (291) we deduce

d

(292) T S A+ i) |nl < 200 | Y (1 + [1)°|7|
10 15£0

which finishes the proof.
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