Maximum principles, Harnack inequality for
classical solutions

Introduction to PDE

This is mostly following Evans, Chapter 6.

1 Main Idea

We consider an elliptic operator in non-divergence form

p(z,D)u = — Z a;j0;ju + Z b;0ju + cu
ij J

where the matrix (a;;) is symmetric, and uniformly elliptic (a;;) > I, for
some v > 0. In terms of regularity of the coefficients, let us assume the are
continuous functions.

As opposed to the interior and boundary regularity estimates, where
we worked with integral quantities, here we work with pointwise estimates
on the solution. The point is the following: assume u € C?(f2) attains a
maximum at zg € ). Then we can immediately conclude that the gradient
of u vanishes at xg, and the Hessian of u is non-positive definite at xg, i.e.

Vu(zg) = 0 and VZu(z) < 0.

In particular, if say ¢ = 0, this implies in view of the ellipticity of the a;;
that
p(x, D)u(xg) >0

at a point where the maximum is attained (in the interior of ). So, if the
(strict) reverse inequality holds on all of 2, we shouldn’t have maxima in
the interior. Also, if the (not necessarily strict) reverse inequality holds, we
may still have an interior maximum, as long as u is locally constant. We
make these ideas precise below.

Note: For the elliptic operator p(z, D)u = —Au, all the following results
follow for free from the mean value theorem, as we saw earlier in the class.



2 Weak maximum principle

The weak maximum principle tells us that extrema of solutions to elliptic
equations are dominated by their extrema on the boundary.

Theorem 1 (Weak maximum principle). Assume u € C%(Q) N CH(Q), and
c=01n Q.

(i) If p(z, D)u < 0 in Q (subsolution), then maxgu = maxaq u.

(i) If p(xz, D)u > 0 in Q (supersolution), then ming v = mingg u.
In particular, for a smooth solution u of p(x,D)u = 0 in Q, we have
maxg |u| = maxggq |ul.

Proof. We only need to prove item (i), since if u is a supersolution, then —u
is a subsolution, and minu = — max(—u).

First, we show that an interior maximum cannot exist for a strict sub-
solution. Assume by contradiction that p(z, D)u < 0 in 2, and there exits
xo € § such that u(xg) = maxpu. Since ¢ = 0 (by assumption), and
Vu(zg) = 0 (since we evaluate at a maximum), we have

0 > p(z, D)u(xo) = — Zaijaiju(xo). (1)

On the other hand, the Hessian (symmetric matrix) is non-positive definite
when evaluated at a maximum, while the matrix (a;;) (which is also sym-
metric) is by assumption elliptic, and hence positive definite, which implies

- Z aijaiju(:z:g) > 0
ij
a contradiction with (1). Thus, for a strict subsolution the maximum must

occur on Of).
Second, we let A\ > ||b|| /7, and define for any = € Q

uc(z) = u(x) + e
where € > 0 is arbitrary. The above defined function satisfies
p(z, D)uc(z) = p(z, D)u(z) — eX2ay1e™ + eAby e ™
<~ Ay — bl ) < 0

for any € > 0 in view of our choice of A. In the above inequality we’ve used
that due to uniform ellipticity ai;1 > . By the first step, u. attains its
global maximum on the boundary. Passing € — 0 concludes the proof. [



Theorem 1 can be augmented to include a zero order term ¢ which is posi-
tive. Let us introduce the notation u™ = max{u,0} and v~ = — min{u, 0} =
max{—u,0}.

Theorem 2 (Weak maximum principle with zero order term). Assume u €
C?2(Q)NCYHQ), and ¢ > 0 in Q.

(i) If p(z, D)u < 0 in Q, then maxgpu < maxggu™.
(i) If p(x, D)u > 0 in Q, then mingu > — maxpou_ .
In particular, if p(x, D)u = 0 in Q, we have maxg |u| = maxpq |ul.
Proof. Upon changing u to —u, we only need to prove (i). Let
U={zeQ:u(x) >0}
Then, for all z € U we have

p(z, D)u(x) := p(x, D)u(z) — c(z)u(x) < —c(z)u(x) < 0.
Applying Theorem 1 to the elliptic operator p(z, D), which has no zero order
term, we obtain that

maxu = maxu < maxu™.
] oN

U oUu

In the above inequality we used that on OU \ 92 we have u = 0, by the
definition of U and the continuity of u. Lastly, we trivially have

maxu < 0 < maxu™

O\U o0

which concludes the proof. ]

3 Strong maximum principle

The strong maximum principle tells us that for a solution of an elliptic
equation, extrema can be attained in the interior if and only if the function
is a constant. The key ingredient for the proof of the strong maximum
principle is the following lemma, due to E. Hopf.



Lemma 1 (Hopf’s Lemma). Assume u € C%(Q) N CY(), and ¢ =0 in Q.

If
p(z, D)u <0 in

and there exits xg € 0N such that
u(zo) > u(x) for all x € Q (2)

and § has the interior ball property at xo (i.e., there exits a ball B C € such
that xg € OB, smooth domains have this property), then we have

@
ov

where v is the outer normal vector to B at xy. If ¢ > 0, (3) holds under the
extra assumption that u(xg) > 0.

(z0) >0 (3)

Proof. Recall that %(azo) = Vu(zp) - v, so that if g is such that (2) holds,
we directly get %(mo) > 0. The point is here that we have a strict inequality
in (3).

Assume ¢ > 0, and denote the ball contained in 2 such that o € 0BNOSY,
by By(x1). We introduce the function

“Az—z1]2 _ _—Ar?

v(z) =e e

where A > 0 is to be chosen later. Note that v(xg) = 0, by the definition of
x1 and r, and in fact v = 0 on 9B, (z1).
Applying the elliptic operator, we see that

p(z, D)v(z) = — Z a;j0iv(x) + Z bj0jv(z) + cv(x)
¥ J

v}
= e Mol > aij (—4N (2 — z1)i(x — 21); + 2)645)
]

e Mmoo Z bi2X\(x —x1); | — ce N
J

< e Ne=ml (L4222 — 12 4 20| Tra| + 2A]b]|z — 21| + |¢])

< e (22X292 |z — @ [? + 2\ Tral + b/ + |e])

by using that (a;;) > vI. Therefore, in view of the above estimate, on the
open annulus A = B,(z1) \ B, 2(71) we have

p(z, D)v(z) < e Me—af? (=A292r?/2 + 2\|Tra| + [b]* /v +|c|) <0



if we ensure that A is sufficiently large (depending on r,7,a, b, c).
‘We now use that w« is a subsolution, so that for € > 0 the function

ue(z) = u(x) + ev(r) — u(xo)
satisfies
p(z, D)ue(z) = p(x, D)u(z) + ep(z, D)v(z) — c(x)u(rg) <0 (4)

for all x € A, either if ¢ = 0, or if ¢ > 0 and u(zg) > 0. Note in addition
that by assumption (2) we can choose € so small that

ue(r) < u(x) —u(zo) + ev(x) (5)

for all z € 0B, /5(x1) (which is compact, u,v are continuous). But since
v =0 on 0B,(z1), by (2) we have that (5) holds for all x € 0A.

Combining with (4), we can apply the weak maximum principle to u, on
A and conclude that uc(x) < 0 for x € A. Since uc(zo) = 0, it follows that

Ou, ou v ou a2
< = — = — _ _ .
0< 5 (x0) ey (zo) + 681/ (z0) ey (xo) — 2X\e(zp — 1) - Ve
ou “ar
=5 (o) — I\erZe M’

since v = xg — x1. The proof is hence completed by taking any e < 1. [

Theorem 3 (Strong maximum pri_nciple). Let Q be connected, open, and
bounded. Assume u € C*(Q)NCHQ) and c =0 in Q (resp. ¢ >0 in Q).

(i) If p(x, D)u < 0 in Q, and there exits xo € Q such that maxg u = u(zg)
(add condition u(xg) > 0 for ¢ > 0), then u is constant.

(i) If p(z, D)u > 0 in Q, and there exits xo € ) such that ming u = u(xo)
(add condition u(xzg) < 0 for ¢ >0), then u is constant.

Proof. Assume u # u(zg), since else we're done. Consider the set C' = {z €
Q: u(z) = u(xg)}. This set is closed (hence compact since 2 bounded), and
non-empty. We now define

U={xe€Q: ulx) <u(zxg)}.

By assumption this set is not empty. Pick a point y € U such that dist (y, C)
< dist (y, 0€2), and let B be the largest ball centered at y, that fits inside U.



Then, there exits 1 € 9B N C. By definition, u(z1) > u(z) for any = € U.
We apply the Hopf Lemma in U, and obtain that

0< %(xl) = Vu(zr1) - v

ov
where v is the outward unit normal to B at x;, i.e. v = a7 —y. This
contradicts that v has a maximum at z;, and so Vu(z;) = 0. O

The strong maximum principle is typically used to prove uniqueness of
solutions to elliptic Dirichlet boundary value problems. The difference u
of two such solutions obeys p(z,D)u = 0,ulgg = 0, and so if u is not
identically 0, by the strong maximum principle u is a non-zero constant.
This contradicts the homogenous boundary condition.

4 Harnack inequality and applications

The Harnack inequality is classically used to prove solutions to elliptic equa-
tions are Holder continuous. Let us first recall what happens for harmonic
functions.

Theorem 4 (Harnack inequality for harmonic functions). Assume u is a
non-negative solution of Au =0 in 2. Then for any open, connected subset
U cc ), we have

supu < Cinfu
U U

for some positive constant C' that depends only on U (and $2).

Proof. Let dist (02, U) = 4r. Let © # y € U be such that |x —y| < r. Then,
by the mean value theorem we have

1
u(x) = u(z)dz = / u(z)dz
( ) é?r(‘r) ( ) wn2n7«n B27‘(z) ( )
1
/ u(z)dz
wn2”7“” Br(y)

in u(z)dz = u(g)
2" JB.(w) 2

>

>

Now, for any x,y € U, there exists a chain of segments of length < r, of
length N (that depends only on diam U and r), which connects z to y. The
above estimate then implies u(z) > 27N u(y), and the proof is complete. [



For more general elliptic equations, where we may not have a mean value
theorem, the statement is:

Theorem 5 (Harnack inequality). Assume u > 0 is a C? solution of

p(z, D)u = —Zaijaiju—i—b-Vu—Fcu:O in Q
ij
where (a;j) > vI, and a,b,c € L>(Q). Consider a connected U CC §.
Then

supu < C'infu (6)
U U

for some positive constant C that depends on U, ~v,a,b,c.

We will give the classical proof of the above general statement when
looking at the DeGiorgi-Nash-Moser iteration. For now give a tricky, but
elementary, proof of the Harnack inequality, in the absence of lower order
terms (so b =0 = ¢), and for a;; which are smooth. This is from Evans.

Proof. Without loss of generality u > 0 (else consider u+¢, and send ¢ — 0).
If we let

v = logu
then the Harnack inequality follows once we show that [|[Vvl|pecr) < C.
Indeed, in this case for x1,x2 € U we have

w@2) _ v(aa)—v(ar) < glar—eall Vol oo o

u(z1)

and so (6) follows from diam U < oo.
From the equation we have

— Z aijaiju =0=— Z (Lijaijv = Z aijaijaivajv =l w. (7)

ij ij ij
We have introduced w here since by (a;;) > vI, |Vo|* < |w|y™!, and so
a sufficient condition for (6) to holds is that w € L*°(U). We shall prove
the latter by looking at the elliptic equation obeyed by w, and some sign

considerations which hold at the maximum of w.
To get an elliptic equation for w, compute (using that (a;;) is symmetric)

Opw = 2 Z aijakivc?jv + Z aijé)ivc‘)jv

i i
Opw = 2 Z aijaklivajv + 2 Z aijakivaﬂv + Ry



where
|R1| < E \6kla,~j8iv8jv] + |8kaijal(aivajv)’ < G‘VQU‘Q + C(G)’VUP
ij

for any € > 0. Therefore,

- Z aklﬁklw =2 Z aijajv <Z aklaklﬂ)> -2 Z aklaij(‘)ikvajlv + R2 (8)
kl iJ kl

klij
where |Ry| < €| V20|? 4+ C(e)|Vv|%
On the other hand, from (7), we have that

Oiw = — Z ar10k1iv + R3 9)
il

where

|R3| < C|Vv]?
Combining (8) and (9) yields

— Z akl(‘)klw + Z i)lalw = -2 Z aklaijaikvﬁﬂv + R4 (10)
kl % klij

bi: E aijvj
]

and the bound |Ry| < ¢|V?v|2 + C(¢€)|Vv|? holds. The point here is to use
ellipticity one more time and obtain

where we have denoted

2102, |2
Zaklaijaikvajlv > 77| Voul%,
klij

which inserted into (10) proves
~ 72
—ZaklakleLZbiaiw < —?|V2U|2+C‘V1}|2 (11)
kl i

upon letting € be small compared to 72, for some C > 0.
Let x be a smooth cutoff function adapted to (U, 2), and define

z = xtw.



The function z is continuous (recall u is C2?) and has compact support,
so it attains its maximum at some point zo € 2. At this point we have
Vz(xo) = 0, and therefore

X(w0)Okw(wo) = =40k x(w0)w(z0). (12)

But due to the ellipticity of (a;;) we also have at xy that

0< — Z apOk z + Z Ez&z = X4 (— Z a1 0w + Z Bﬂ?ﬂu) + Rs (13)
kl % kl A

where
|Rs| < C (x%|w] + x*|Vw]) + bl [w] < Cx*|w| + x*|Vo|w].

In the bound for Rs we have used (12) and the definition of b.
We combine (7), (11), and (13) with ellipticity (through |Vv|* < Clw|)
and obtain
4,2 _C 402 12 4 2 2 3
Xw” < XV < OV + OxFlw] + X7 Vol |w]
< OXP[w| + CxPlw[*? (14)
for some constant C that depends on U, Q,~,a. But (14) shows that y?w is

bounded on €, and since y = 1 on U, it also gives a bound on |[w|| e (07,
thereby concluding the proof.



