
Littlewood-Paley decomposition and
applications.

Intoduction to PDE

1 Littlewood-Paley decomposition

We start with a smooth, nonincreasing, radial nonnegative function φ(r)
satisfying 

φ(r) = 1, for 0 ≤ r ≤ a,
φ(r) = 0, for b ≤ r,
0 < a < b.

We define
ψ0(r) = φ

(r
2

)
− φ(r),

(∆−1u)(x) = (φ(D)u)(x) = (2π)−n
�

Rn

eix·ξφ(|ξ|)û(ξ)dξ, (1)

(∆0u)(x) = (ψ0(D)u)(x) = (2π)−n
�

Rn

eix·ξψ0(|ξ|)û(ξ)dξ, (2)

ψj(r) = ψ0(2
−jr)

and

(∆ju)(x) = (ψj(D)u)(x) = (2π)−n
�

Rn

eix·ξψj(|ξ|)û(ξ)dξ, (3)

where

û(ξ) = Fu(ξ) =

�
Rn

e−ix·ξu(x)dx.

We choose a = 1
2
, b = 5

8
. We set also

Sk(u) =
k∑

j=−1

∆j(u) (4)
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Proposition 1. If u ∈ S ′(Rn), then

u =
∞∑

j=−1

∆ju,

suppF(∆ju) ⊂ 2j
[

1

2
,
5

4

]
,

for j ≥ 0, and in particular

∆j∆k 6= 0⇒ |j − k| ≤ 1, for j, k ≥ 0.

Moreover,
(∆j + ∆j+1 + ∆j+2)∆j+1 = ∆j+1,

for j ≥ 0,
∆j (Sk−2(u)∆k(v)) 6= 0⇒ k ∈ [j − 2, j + 2]

for j ≥ 2, k ≥ 2.

Proposition 2. (Bernstein inequalities)

‖∆ju‖Lq(Rn) ≤ C2j(
n
p
−n

q
)‖∆ju‖Lp(Rn), q ≥ p ≥ 1,

‖Sju‖Lq(Rn) ≤ C2j(
n
p
−n

q
)‖Sju‖Lp(Rn), q ≥ p ≥ 1,

and

2jm‖∆ju‖Lp(Rn) ≤ C
∑
|α|=m

‖∂α∆ju‖Lp(Rn) ≤ C2jm‖∆ju‖Lp(Rn)

We introduce the inhomogeneous Besov space with norm

‖u‖Bs
p,q(Rn) =

∥∥∥{2sj‖∆ju‖Lp(Rn)

}
j

∥∥∥
`q(N)

Proposition 3. (Littlewood-Paley) Let 1 < p < ∞. Then (I − ∆)
s
2u ∈

Lp(Rn) if and only if ∆ju ∈ Lp(Rn) for all j ≥ −1 and

‖u‖W s,p(Rn) ∼

∥∥∥∥∥∥
√∑

j≥−1

22js|∆j(u)|2

∥∥∥∥∥∥
Lp(Rn)
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Proposition 4. Embeddings:

Bs
p,r(Rn) ⊂ B

s−
(

n
p
−n

q

)
q,r (Rn), q ≥ p ≥ 1,

B0
p,2(Rn) ⊂ Lp(Rn) ⊂ B0

p,p(Rn) p ≥ 2,

B0
p,p(Rn) ⊂ Lp(Rn) ⊂ B0

p,2(Rn) p ≤ 2.

Products: Consider two functions, u =
∑

k≥−1 ∆ku and v =
∑

l≥−1 ∆l(v).
Then we have the Bony decomposition

∆j(uv) = Ij(u, v) + Ij(v, u) +Rj(u, v) (5)

with
Ij(u, v) =

∑
k∈[j−2,j+2]

∆j(Sk−2(u)∆k(v)) (6)

and
Rj(u, v) =

∑
|k−l|≤1

∆j(∆ku∆lv) (7)

2 Applications

Proposition 5. Let u, v ∈ Hs(Rn) = W s,2(Rn). Then

‖uv‖Hs(Rn) ≤ C[‖u‖L∞(Rn)‖v‖Hs(Rn) + ‖v‖L∞(Rn)‖u‖Hs(Rn)]

Here the trick is to write

∆j(uv) = ∆j(u(I− Sj−2)v) + ∆j(uSj−2v)

The first term is handled thus∑
j ‖Λs∆j(u(I− Sj−2)v)‖2L2

≤
∑

j 22js‖u((I− Sj−2)v)‖2L2

≤ C‖u‖2L∞
∑

j 22js‖(I− Sj−2)v‖2L2

≤ C‖u‖2L∞
∑

j 22js
∑

k≥j−2 ‖∆kv‖2L2

≤ C‖u‖2L∞
∑

k ‖Λs∆kv‖2L2

∑
j≤k+2 22s(j−k)

≤ C‖u‖2L∞‖v‖2Hs
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The other term satisfies

∆j(uSj−2(v)) =
∑
|k−j|≤2

(∆kuSj−2(v))

and is handled using the uniform bound on ‖Sj−2v‖L∞ :∑
j ‖Λs∆j(uSj−2(v)‖2L2

≤ C
∑
|l|≤2

∑
j ‖Sj−2(v)‖2L∞22js‖∆j+lu‖2L2

≤ C‖v‖2L∞‖u‖2Hs
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