Littlewood-Paley decomposition and
applications.

Intoduction to PDE

1 Littlewood-Paley decomposition

We start with a smooth, nonincreasing, radial nonnegative function ¢(r)
satisfying

o(r) for b <,

o(r)=1, for0<r <a,
=0,
0<a<b.

We define .
volr) = 6 (5) = 6(r),

(Ayu)(z) = (¢(D)u)(x) = (QW)_”/ et p(l€])a(€)de, (1)

n

(Agu) () = (Go(D)u) (x) = (27) " /

R

;(r) = o(2777)

E(Ehads (@)

and
(Aju)(x) = (¢ (D)u)(z) = (2m)~" / ) ey (|€])u(€)de, (3)
where
u(§) = Fu(é) = /n e u(z)dr.
We choose a = %, b= %. We set also
Se(w) = 3 A,w) 0
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Proposition 1. If u € §'(R"), then

U= i Aju,

j=-1

11 b5
suppF (Aju) C 2/ {5, Z] ,

for 5 >0, and in particular
AA, #0=|j—k| <1, forj,k>0.
Moreover,
(Aj + A + Bju2) A = Aj,

for j >0,
Aj (Sk—2(u)Ap(v)) #0=k € [j —2,j + 2]

forj3>2,k>2.
Proposition 2. (Bernstein inequalities)

| Ajul|pa@n) < CQj(%fg)HAjUHLP(Rn)’ q=p=>1,

1Sjull pagemy < C2G7 DSl po@ny, g2 p>1,

and

2| Ajull oy S C Y 1107 Agulln@ny < CP™ | Ajull oieny

|a|=m

We introduce the inhomogeneous Besov space with norm

J

||U||B§7q(R”) = H{QSJ'HA]'UHLp(Rn)}. )

Proposition 3. (Littlewood-Paley) Let 1 < p < co. Then (I — A)su €
LP(R™) if and only if Aju € LP(R™) for all j > —1 and

lallwengeny ~ || | > 22| A(u)|?

i>_1
J= Lp(R™)



Proposition 4. Embeddings:

S—

B;,rGRn) - B%T(p q> (Rn)v q Z p Z 17
B),(R") C L’(R™) C By (R") p=>2,
B) (R") C L*(R") C Bp,(R") p<2.

Products: Consider two functions, u =3, | Ayuandv =3 . | Ay(v).
Then we have the Bony decomposition

Aj(uw) = Ii(u,v) + I;(v,u) + Rj(u,v) (5)
with
Liuv) = > Aj(Skoa(u)Ag(v)) (6)
ke[j—2,5+2]
and
Rij(u,v) = Y Aj(Aulw) (7)
k—1]<1

2 Applications
Proposition 5. Let u,v € H*(R") = W**(R"). Then

[uv]

wo(r) < Cll|ul oo @y 10]] o @y + [|0]] oo ey ]| 215 )]

Here the trick is to write
Aj(uv) = Aj(u(l = Sj-2)v) + A;(uS;-2v)
The first term is handled thus

2205 1A A (u(I = Sj-)v)]|7.

<22 2% Ju((I = Sj-2)v)l7

< Cllullfee >2; 22°|(I = Sj-2)v][7:

< COllullte 32;2%7° 3450 | Ak 2

< C”“H%oo Zk | ASAWH?} Zj§k+2 2250
< Cllullfellvll -




The other term satisfies

Aj(uSja(v)) = Y (AguS;-s(v))

lk—j|<2

and is handled using the uniform bound on ||S;_ov||e:

225 IAA; (S ()17 } )
< C Xz 205 1852 (0) 1100 2221 Al | 7
< Cllvlf7e llull



