Harmonic functions, Second Order Elliptic
Equations I

Introduction to PDE

1 Green’s Identities, Fundamental Solution

Let © be a bounded open set in R", n > 2, with smooth boundary 0f).
The fact that the boundary is smooth means that at each point x € 92 the
external unit normal vector v(z) is a smooth function of . (If the boundary
is C* then this function is C*~1. Locally, 02 is an embedded hypersurface -
a manifold of codimension 1). Green’s identities are

/(vAu + Vu - Vv)dr = / (vO,u)dS (1)
Q G
and
/(UAu —ulAv)dr = / (vO,u — ud,v)dS. (2)
Q o0

In the two identities above, u© and v are real valued functions twice contin-
iously differentiable in Q, (u,v € C?*(Q)), with first derivatives that have
continuous extensions to 2. The Laplacian A is

n 2 n
Au = Ou :Z@?u,

27
02z,

Jj=1 Jj=1

the gradient is
Vu = (O, ...,0u),

partial derivatives are




the normal derivative is

o,u=v-Vu

where z -y = Z?:l x;y;. Finally, dS is surface measure.

Exercise 1 Prove that (2) follows from (1) and that (1) follows from the
famaliar Green’s identity

/Q(V-cb)d:z::/m(@-y)ds (3)

where ® is a C*(Q) vector field (n functions) that has a continuous extension
to Q.

Exercise 2 Prove that the Laplacian commutes with rotations: A(f(Rz)) =
(Af)(Rx), where R is a O(n) matriz, i.e. RR' = R'R = 1 with R" the
transpose. Consequently, rotation invariant functions (i.e., radial functions,
functions that depend only on r = |x|) are mapped to rotation invariant
functions. Show that, for radial functions,

n—1

Af = frr+ Ir
where r = |x|, f, =% -Vf.

The equation Af = 0 in the whole plane has affine solutions. If we seek
solutions that are radial, that is

n—1

for + fr=0, for r>0,

then, multiplying by r"~!, we see that r"~!f. should be constant. There
are only two possibilities: this constant is zero, and then f itself must be a
constant, or this constant is not zero, and then f is a multiple of 7>~ (plus
a constant) if n > 2 or a multiple of logr (plus a constant).

The fundamental solution is

Lloglz|, if n=2
— 2 9 5
Vo ={ A (1)

Here w, is the area of the unit sphere in R™. Note that N is radial, and it is
singular at z = 0.



Proposition 1 Let f € CZ(R"), and let

uz) = | N@=y)fy)dy. ()
Then u € C*(R™) and
Au=f

Lemma 1 Let N € L} (R") and let ¢ € C5(R™). Then u = N * ¢ is in
CY(R") and

Va(e) = [ Nz =) Volu)dy
Idea of proof of the lemma. First of all, the notation: L  is the space
of functions that are locally in LP and that means that their restrictions to
compacts are in LP. The space C} is the space of functions with continu-
ous derivatives of first order, and having compact support. Because ¢ has
compact support

ule) = [ NG = oty = [ Nwote - iy
is well defined. Fix z € R"™ and take h € R™ with |h| < 1. Note that

o (w@ +h) —u(e) = h- [ Nz —y)Vly)dy) =
JN@) G (6@ +h —y) = bz —y) —h-Vo(z —y))dy
The functions y ‘—}14 (p(x+h—y)—¢(x —y) —h-Vo(x —y)) for fixed
and |h| < 1 are supported all in the same compact, are uniformly bounded,
and converge to zero as h — 0. Because of Lebesgue dominated, it follows
that u is differentiable at x and that the derivative is given by the desired
expression. Because

Vu(z) = /N(y)W)(w —y)dy

and V¢ is continuous, it follows that Vu is continuous. This finishes the
proof of the lemma.
Idea of proof of the Proposition 1. By the Lemma, u is C? and

Au(z) = / Nz — y)Af(y)dy
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Fix z. The function y — N(z — y)Af(y) is in L'(R™) and compactly sup-
ported in |z — y| < R for a large enough R that we’ll keep fixed. Therefore

Au(x) = lim N(x —y)Af(y)dy
0 {yre<le—y|<R)
We will use Green’s identities for the domains QF = {y;e < |z — y| < R}.
This is legitimate because the function y — N(z—y) is C? in a neighborhood
of QF. Note that, because of our choice of R, f(y) vanishes identically near
the outer boundary |z —y| = R. Note also that A,N(z —y) = 0 for y € QF.
From (2) we have

f{y;5<\x_y|<3} N(z —y)A fly)dy =
Jooyime N@ = 9)0, f(y)dS — [, _. f(W)O,N(z — y)dS
The external unit normal at the boundary is v = —(z —y)/|x — y|. The first

integral vanishes in the limit because |V f| is bounded, N (z —y) diverges like
€27 (or loge) and the area of boundary vanishes like ¢"~1:

[ N wswas| < v

in n > 2, and the same thing replacing ¢ by eloge™! in n = 2. The second
integral is more amusing, and it is here that it will become clear why the
constants are chosen as they are in (4). We start by noting carefully that

1 —Nn
—ON(e—y) = —lz -y

n

Therefore, in view of the fact that |z — y| = € on the boundary we have

- / FW)AN( — y)dS = — / f(9)dS
jo—yl=e jo—yl=e

—1
e twy,

Passing to polar coordinates centered at x we see that

_ /| RN s = L

Wn J|z|=1

and we do have )

lim /| | J s = f(z)

e—0 Wn,

because f is continuous.



Remark 1 The fundamental solution solves
AN =.

This is rigorously true in the sense of distributions, but formally it can be
appreciated without knowledge of distributions by using without justification
the fact that 6 is the identity for convolution § x f = f, the rule A(N * f) =
AN x f and the Proposition above.

2 Harmonic functions

Definition 1 We say that a function u is harmonic in the open set 2 C R™
if u € C*(Q) and if
Au=0

holds in €.

We denote by B(x,r) the ball centered at = of radius r, by Ag(x,r) the
surface average

and by Vy(x,r) the volume average

n

Vi(a,r) = /B Wy

WpT™

Proposition 2 Let €2 be an open set, let u be harmonic in )
and let B(x,r) C Q. Then

holds.

Idea of proof. Let p < r and apply (2) with domain B(z, p) and functions
v =1 and u. We obtain

d,udS =0
9B(w,p)
On the other hand, because
1
Ay(z,p) = —/ u(x + pz)dS
Wn J|z|=1
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it follows that

d 1 1

—Aux,p:—/ z-Vu(r + pz)dS = / dyudS =0
dp ( ) Wn J)z|=1 ( ) P twn 9B(z,p)

So A,(x, p) does not depend on p for 0 < p < r. But, because the function
u is continuous, lim, .o A,(z, p) = u(x), so that proves

u(z) = Ay(x,r).

The relation .
ViGear) =nr [ 071G,
0

valid for any integrable function, implies the second equality, in view of the
fact that As(z, p) = u(x) does not depend on p.

Remark 2 The converse of the mean value theorem holds. If u is C? and
u(x) = Ayu(z,r) for each x and r sufficiently small, then w is harmonic.
Indeed, in view of the above, the integral fB(W) Au(y)dy must vanish for
each x and r small enough, and that implies that there cannot exist a point
x where Au(zx) does not vanish.

Theorem 1_( Weak maximum principle.) Let € be open, bounded. Let u €
C*(Q)NCQ) satisfy

Au(z) >0, Vel
Then

rilez%{ u(z) = gré%?%u(x)
Idea of proof. If Au > 0 in  then clearly v cannot have an interior
maximum, so its maximum must be achieved on the boundary. If Au > 0,
then a useful trick is to add e|z|>. The function u(z) + €|z|* achieves its
maximum on the boundary, for any positive €. Therefore,

max u(x) + emin |z|? < maxu(r) + e max |z|?
z€Q z€Q €0 €02

and the result follws by taking the limit e — 0.

Remark 3 If u is harmonic, then by applying the previous result to both u
and —u we deduce that

rggg\U(I)! = max |u(z)|



Definition 2 A continuous function u € C°(Q) is subharmonic in ) if Vo €
Q, Ir > 0 so that
u(z) < Au(z, p)

holds Vp, 0 <p <.

Exercise 3 Letu € C?*(Q), and assume that Au(x) > 0 holds for any x € €.
Prove that w is subharmonic.

Theorem 2 (Strong mazimum principle) Let ) be open, bounded and con-
nected. Let u € C°(Q) be subharmonic. Then, either u is constant, or

u(x) < supu(x)
€N
holds.

Idea of proof. Let M = sup,cqu(zr). Consider the sets S; = {z €
Q; u(x) < M} and Sy = {x € Q; u(x) = M}. The two sets are disjoint, and
S1 is open. We show that Ss is open as well. Indeed, take x € S;. Then

1
/ (uly) — M)dS < 0.
0B(z,p)

0< Ay(z,p) — M =
< Au(z,p) pr=

Because the integrand is non-positive we deduce that u(y) = M for all y such
that |y — 2| = p, with any 0 < p < r. This means that Sy is open.

Remark 4 The result implies that, if u € C*(Q) N C%(Q) satisfies Au > 0
in the bounded open connected domain §2, then either u is constant, or

u(z) < max u(x)

holds.

3 Green’s functions, Poisson kernel

Exercise 4 Let Q be open, bounded, with smooth boundary. Let u € C*(Q)

with first derivatives that are continuous up to the boundary Vu € C(Q2). Let
x € Q) Then

u(z) = /ag (u0,N — NO,u)dS + /Q N(x —y)Au(y)dy (6)

1s true. The function N in the boundary integral is computed at x — y, with
y € 0N); the normal derivative refers to the external normal at y.
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Hint: Take a small ball B(z,r) C € and write (2) in Q \ B(z,r), with
functions v and N(z — y). Then use the calculation from the proof of the
Proposition 1.

Let us consider now the inhomogeneous Dirichlet problem

{Au:f,

Ulpn = 9

where f is some given function in € and g is a continuous function on 9f).
Suppose that we can find, for each 2 € , a harmonic function n(® (y) such

that
An@ (y) =0
n@(y) = N(xz —y), fory e oN.

Then, applying (2) we have

0=— / n® (y) Au(y)dy +/ (NO,u — ud,n)ds.
Q o0
Adding to (6) we deduce that

G(z,y) = N(z —y) —n'(y)
provides the solution to the Dirichlet problem,
ua) = [ Glentwiy+ [ aw)o.cle.pis ™)

Note that the Green’s function satisfies

AyG(z,y) = o(x —y)
G(z,y) =0 fory € 0N

with 6(x — y) the 0 function concentrated at . When f = 0 we obtain the
representation of harmonic functions u(x) for x € € that satisfy u(y) = g(y)
for y € O

ulz) = /a Ply)al)ds (®)

with
P(ZL‘, y) - 8VG(J:7 y) (9>

the Poisson kernel. The representations (7) and (8) are useful, but the
Green’s function and the Poisson kernel for a general domain are hard to
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obtain explicitly. Two important examples that can be computed are the
half plane and the ball. The main idea, in both cases, is to reflect the singu-
larity away. The reflection is rather straightforward for the half-plane, less
so for the ball.

Let Q = {x € R", x, > 0}. Set,

G(x,y) = N(xr —y) — N(z" —y)

where z* = (x1,...,Z,_1,—x,). This is a Green’s function for Q. Tt is
convenient to write a point in Q as x = (2/,z,,) with ' € R*! and x,, > 0.
Then z* = (2/, —x,,), the Poisson kernel is a function of ' — ¢’ and z,,, where
y = (y/,0) represents a point on the boundary,
/ / o 2xn ! /12 2 —%
Pl =y x,) = = (|2 = y'|” + 22)
Wn,

Proposition 3 Let g be a continuous bounded function of n — 1 variables,
and let n > 1. The function

u(x) = /Rnl Pz’ =y 2n)g(y)dy

is harmonic in x, > 0 and the limit lim, _ou(z’, z,) = g(z') holds.

Let now Q = B(0,R). Let 2 € Q and set 2* = £z, Note that if y € 9Q

||
then .
2" -yl R

e —yl |zl

does not depend on y. For n > 2 take the fundamental solutions N(z — y)
and N(z* —y) and write

2]

Gl =N -9~ (B) v -y

Clearly, for y € 010, G(x,y) vanishes. The second term is not singular in
y € §Q, so it is harmonic in y. The Poisson kernel is

1 R*—|z|?
P(z,y) = ——— — 11 10
(7o) = (10

This works even in n = 2.



Proposition 4 Let g be a continuous function on 0B(0, R) in R", n > 2.
The function

z,y)g(y)dsS, for|z] <R

ulz faB
()= { <x> o(a),  for || =

given by the Poisson kernel (10) is harmonic in |x| < R, and continuous in
lz| < R.

The proof uses the following properties of the Poisson kernel:

P(z,y) € C°, P(z,y) >0 for|z| <R,|yl=R
A,P(z,y) =0, for|z|<R,|lyl=R
f@B(O,R) P(z,y)dS=1 Vuz,|z| <R,
lim, . joj<r P(x,y) =0, uniformly for |y| =|z|=R,|z —y| > >0.

4 Method of Perron

Theorem 3 Let € be an open bounded set, f a continuous function on OS).
We will assume that OS2 has the barrier property (see below). Then there
exists a harmonic function u € C*(Q2) N C(Q) such that u = f on 0.

The method of Perron is based on subharmonic functions and the observation
that all such functions that have boundary values not larger than f, have to
lie below u. If a solution exists, then it is subharmonic, so clearly u(z) =
supg s(z) where the supremum is taken among all subharmonic functions s
that are dominated by f on the boundary. The rest of this section shows
how to turn this idea into math.

We will denote by o(€2) the set of subharmonic functions in €2, that is, the
set of continuous functions in 2 such that u(z) < A,(x,r) for all r sufficiently
small:

o) ={ueC(); Ip>0,Vr <p, ulx) <A,(z,r)}

(We use the notation As(x,r) from the previous section on the Laplacian).

Lemma 2 If Q is connected and u € o(2) N C(Q) then
maxu < maxu
Q 09
holds.

10



We proved this in the first section on the Laplacian.

Definition 3 If u € 0(Q2) and B(z,r) C €2, we set u,, to be the function

_ [ uly), ify¢ Blx,r)
U r(y) = { hy), ifye B(z,r)

where Ah =0 in B(x,r) and h(y) = u(y) fory € 0B(z,r).
The existence and uniqueness of A have been established earlier.

Lemma 3 Ifu € 0(Q) and B(xz,r) C Q then

u(y) < e (y)

holds for all y € ), and moreover
Uy € 0(Q).

Proof. From definitions, it is clear that we need to check the inequality
u < ug, only for y € B(x,r). There it follows from the fact that u — h €
o(B(z,r))NC(B(x,r)) and vanishes on the boundary of B(z,r) so it’s non-
positive by the maximum principle Lemma 2. For the second part, we need

to show that
Uy (Y) < Au, (Y, )

for small p. If y ¢ B(z,r) then clearly this is true because u is subharmonic
and u,, = u in the open set Q\ B(z,r). If y € B(x,r) then u,, is sub-
harmonic near y because it is harmonic near y. It remains to check the case
y € 0B(z,r). But there u,,(y) = u(y) < Au(y,p) < Ay, (y,p) for small
enough p, because u is subharmonic and u < uy,.

Lemma 4 [fu € o(Q) then u < A,(x,r) holds for all r such that B(xz,r) C
Q.

Indeed, if B(x,r) C Q then u(x) < vy, (v) = Ay, , (z,7) = Au(z, 7).

Lemma 5 A function w is harmonic in Q if and only if u € o(Q) and
—u € o(9).

Indeed, if u € o(§2) and B(z,r) C Q then u < u,,; if also —u € o(2) then
u = Uy, and therefore u is harmonic in B(z,r).
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Lemma 6 Ifu € C(2) and if u(z) = Au(x, p) for sufficiently small p then
u s harmonic in Q.

Indeed, then u € o(f2) and —u € o(Q).
Definition 4 Let f € C'(092) and consider

oy (@) = {u € o(@) N C@Q): uly) < fy),Vy € 9.

We define, for x € 2,
we(x) = sup u(x)

u€oy(2)

Note that, if
m=inf f, M= S;pr

then the constant function m belongs to o(f2), so that the latter is not

empty. Also, for any u € o4(€2), we have from the maximmum principle that
u < M, and therefore wy(x) is finite for any .

Lemma 7 Ifuy,...,u; € 04(Q) then v = max{uy, ..., ux} € o;(Q).
Indeed, clearly v € C(Q) and v < f on 9. If B(x,r) C € then
v(z) <max{A, (z,7),... Ay, (z,7)} < Ay(z,7)

Proposition 5 Let hy, ho, ... be harmonic functions in an open bounded set
B, and assume that hy € C(B) and that there exists a constant C' such
that sup,cop |hi| < C holds for all k. Then there exists a subsequence of hy,
that converges uniformly on compact subsets of B to a limit function that is
harmonic.

Idea of proof. Let K CC B and let d > 2dist(K,0B) Let x € K and let
r < d. Then, by the maximum principle, |ht(y)| < C for |z —y| = r. On the
other hand, using the Poisson formula for the ball B(xz,r) and differentiating
it, we obtain [Vh(z)| < 2C. This bound is uniform for all z € K and all
k an therefore the sequence hy is uniformly bounded and equicontinuous on
the compact K. By Arzela-Ascoli, the sequence has a uniformly convergent
subsequence.

Lemma 8 The function wy is harmonic in (2.
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Proof. Let B(z,r) C 2, and let x;, be any sequence in B(z, p), with p < 7.

Because of the definition, there exist functions ), € o;(£2) such that

wy(ry) = jli_{go ul ()

holds for any k = 1,2,.... Let v/ = max{u], ... ,ui} Because v/ € 04(Q)
is larger than wu, it follows that wy(zy) > w/(x) > ul(2s) so, as j — oo,
lim; 00 v (2) = wy(zy) holds for all k. Replacing w/ by max{u/, m} we may
assume without loss of generality m < u/ < M in . Now we replace v/ by
u, ,. These are harmonic functions, larger than v/ and still in 04(Q) so, the
limit still is achieved. We have found thus a sequence of harmonic functions
h; in B(z,r) such that m < h; < M and lim;_, hj(x)) = ws(zy) holds for
all k. By the previous proposition there exists a subsequence of h; (denoted
again h;) that converges uniformly on B(z,p) to a harmonic function W.
The function W may depend on the sequence z;, and the subsequnece of h;.
Nevertheless, for any sequence x; we found a harmonic function W such that
wy(xy) = W(xy). This is enough. First, by choosing z; — z, it follows from
the continuity of W that wy(zy) converges, for any sequence z — x. This
implies that wy is continuous. Now, by taking z; dense, we find that the
continuous function wy agrees with a harmonic function on a dense set, so
wy is harmonic in B(z, p).

Definition 5 (Barrier property). We assume that for any y € 0 there

exists a barrier function Q, € o(2) N C(S2) such that

Q,(y) =0, Q,x) <0Vzed z+#y

Lemma 9 Assume the barrier property. Then, for any y € 052,

lim inf we(z) > f(y)

z—y,xE€S)

holds.

Indeed, let € > 0, K > 0 be constants, and let u(x) = f(y) — e + KQ,(x).
Clearly u € C(Q) No(Q) and u < f — € on 98, and u(y) = f(y) — e. Then,
because f is continuous, there exists § = d(¢€) so that f(x) > f(y) — € holds
for x € 09, |x —y| < §. Therefore, u(z) < f(x) for |x —y| < 6. On the

other hand, for |z —y| > ¢ we know that sup @), is strictly negative, so there
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exists a choice of K = K (¢) that large enough so that u(z) < f(x) holds for
|z—y| > 6. This means that u € o;(£2) and then it follows that u(z) < wy(z)
holds for all x € 2. But then,

fly) —e=limu(z) <lim inf ws(z)

Ty z€Q, Yy
Finally, we have

Lemma 10 Assume the barrier property. Then f(y) = limgeq, ooy we(x)
holds.

In view of the lemma above, it is enough to prove only limsup,_,, wy(x) <
f(y). We consider —w_;. Writing v = —U we have —w_; = inf U for all

U such that —U € C(Q2) N o(R), satistying —U < —f on 9. Then, if
u € 04(Q), it follows that u — U < 0 on 9%, therefore the same holds in .
Then it follows that w; < —w_; in Q. Applying the previous lemma to w_y
we obtain that

lim sup wg(z) <lim sup —w_y(z)=—lim inf w_;< f(y).

€, Ty €, Ty TEQ, x—yY
This completes the proof of the lemma, and of the theorem.
Remarks.

1. Let y € 002 and assume it has a local barrier, i.e, there exists a
neighborhood N of y in R™ and a subharmonic function @ € o(Q2 N N) N
C((2N N)) satisfying Q(z) < 0 for z € QNN \ {y}, Q(y) = 0. Then there
exist a barrier at y relative to ). Indeed, let B CC N be a ball centered
at y. Consider M = sup{Q(z) | x € NNQ\ B}. Consider the function
Q,(7) equal to Q,(r) = max(Q(x), M) for x € QN B, and Q,(z) = M for
z € Q\ B. Then Q, is a barrier for Q at y.

2. If Q has the exterior ball property at y € 02 then the domain has
a barrier at y. The exterior ball property simply means that there exists
a ball B = B(X,R) so that QN B = {y}. Indeed, the function Q(z) =

|z — X[*™™ — R*™" is a barrier for Q at y if n > 2, and Q(z) = log (ﬁ)
isa barrier if n = 2.

3. We say that the boundary 0 is regular if there is a barrier at every
point in 9€). The Perron method can be stated as

Theorem 4 Let €) be an open bounded set in R™. Then the problem

{ Au(z) =0, VreQ
u(z) = f(z), Vel
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has a a solution for every f € C(09) if, and only if the boundary OS2 is
reqular.

The “only if” part of the theorem follows by noting that if y € 9 and
f(z) = —|x—y|, if we can find a harmonic function u that solves u(x) = f(x)
on the boundary, then obviously u is a barrier at .

5 Dirichlet principle, variational solutions
Let © be a bounded open set in R™. Let f € C(Q2), g € C(99Q) a and let

A={weC*Q); wpa =g}

1
Iw] = / (5 IVwl|? + wf) dz. (11)
Q
Proposition 6 u € C*(Q) solves

Au=f inQ,
{u:g on 0S) (12)

iof, and only if
u = min I [w].
weA

Note carefully that this is not an existence theorem, rather, it states the
equivalence of two possible existence theorems. One theorem asserts that
the Poisson problem with data f and g has a solution u with the desired
smoothness. The other theorem asserts that one can minimize the integral
I[w] and find a true minimum, in the class of admissible functions A. The
variational method considers the minimization program. The program con-
sists in two steps. The first step is to establish the existence of a minimum.
Unfortunately, the natural function spaces for I[w] are not spaces of con-
tinuous functions, but rather Sobolev spaces based on L2. This presents an
opportunity to generalize: the right-hand side f will be allowed to be in L?,
because the method does not require more. There is a price to pay: the
minimum thus obtained is not smooth. The second step is to show that if
the function f is smooth then the solution is smooth. There are two ways
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of doing this, via Sobolev spaces and embedding thms, or via Holder spaces.
Although the method of Perron gave C?(2) solutions for continuous g, spaces
of continuous functions are not robust enough for analysis: certain natural
integral operators, like convolution with N are not well behaved in spaces of
continuous functions, but they are well-behaved in I” and Holder spaces.

5.1 H(Q)

Definition 6 Let 2 C R"™ be an open bounded set with smooth boundary.
The space H'(Q) is the completion of C*(R™) with norm

el ey = / (IVal? + [uf)d.

Let Q be open, arbitrary. The space HY(Q) is the closure of C3°(Q) in the
norm |[ul| g (o).

Similar definitions are given for the whole space and the torus. In those cases
H} = H'. However, in bounded domains Hj is strictly smaller: it represents
functions that vanish at the boundary, in a weak sense.

Exercise 5 Show that H}((0,1)) # H'((0,1)).

Lemma 11 (Poincaré Inequality) There exists a constant w(€2) > 0 depend-
ing on the open bounded domain €2 such that

/|u|2§7r(Q)/ |Vul?dz
0 0

holds for all uw € H} ().

Proof. Because 2 is bounded in the direction z;, we know that there exists
an interval [a,b] such that ¢ € [a,b] holds for all ¢ such that there exists
T, ... Ty sothat v = (t,29,...,7,) € Q. Because both sides of the inequality

are continuous in H' and because of the definition of H}, we may assume,
WLOG that u € C§°(€2). Then

1
u(zy, ... 1,)% = 2/ u(t, zo, ..., x,)(01u)(t, e, ... x,)dt
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By Schwartz:

b % b 2
u(zy,. .. 1,)* < 2{/ u2(t,x2,...,xn)dt} {/ ]Vu(t,xg,...,xn)|2dt}

We keep z; fixed, integrate dxs .. .dx, and use Schwartz again:
/u2(x1,x2, ) day, < 2ull ]|Vl .

We integrate dx; on [a, b], noting that the RHS is independent of z:
lullz2 < 2(b = a)jull 2| Vul| 2.

Dividing by |Ju||zz we obtain the inequality with m(2) = 4(b—a)?. Tt is clear
from this proof that we do not need to use the boundedness of €2, only the
existence of some direction in which €2 is bounded.

Exercise 6 Show that the Poincaré inequality fails in H'(Q) if Q is bounded.
Show that the Poincaré inequality fails in some unbounded domains: for in-
stance in Hg(R).

The Poincaré inequality implies that the scalar product
(u,v) = / Vu - Vudz
Q
is equivalent (gives the same topology) with the scalar product in H}(Q):
< U, v >= /(uv + Vu - Vo)dz
Q

Theorem 5 Let Q be a bounded open set. Let f € L*()). Then, there exists
a unique u € H}(Q) that solves

I[u] = min I[w]
weHL(Q)

Tl :/(%|Vw|2+wf> dz.

The function u satisfies the variational formulation of the problem (12) with
g=0:

where

(u,v)+/ﬂvfd:r:0 Vv e Hy(Q) (13)

17



Proof. The function /[w] is bounded below. Indeed, using Schwartz we have

1
Ml 2 5 [ [Vofde = | sl

and using the Poincaré inequality

1
Iw] > sz llwllz = 1]zl 22

and that is bounded below. Thus, the infimum exists:

m= inf [[w].
weH ()

Let wy, be a minimizing sequence, I[wg] — m. The sequence is bounded in
H}(Q) because (wy,wy) are bounded. Therefore there exists a subsequence
(denoted again wy) and an element v in Hy (2) such that wy, converges weakly
to wu,

liin(wk,v) = (u,v) Yo € Hy(Q).

Then, because v fQ vfdz is linear and continuous in Hj, hence weakly
continuous, it follows that

/ufda:zlim/wkfdx
Q k

Exercise 7 In a Hilbert space, the square of the norm is weakly lower semi-
continuous.

By the above exercise,
— [ |Vul*de < = liminf [ |Vwg|*dz
2 Ja 2 k Jo
This shows that u achieves the minimum.
I(u) =m.
The variational formulation (13) follows by looking at the function

q(t) = I(u + tv)

18



for fixed, but arbitrary v € Hj(2) and ¢ real. ¢(t) is a quadratic polynomial
in t,
2

q(t) = I(u) +t{(u,v) + /Qvfd:c} + %(v,v)

that has a minimum at ¢ = 0. The variational formulation is equivalent
to the fact that ¢’(0) = 0. The uniqueness of u follows immediately from
variational formulation with v = u, the inequality

lull* < C(u,u) < 2C||fl|z [Jull e

thus
|ul[z2 < 20 f]| 22,

and because the variational formulation is linear.

6 Weak solutions of second order uniformly
elliptic equations

Let 2 C R™ be an open bounded set, and suppose we are given real functions

a;;(z), bi(x), c(x) that belong to L>(€2). We assume that a;j(x) = a;;(z) and
the uniform ellipticity condition: There exists v > 0 such that

> ay(@)&g; = el (14)
]
holds for all x € Q and £ € R". We consider the operator

(P(x, D)u)(z) = — Z 0; (ai;0;u) + Z b0 + cu (15)

We associate to P(z, D) a bilinear form,
B: Hy(Q) x Hy(Q) = R

B(u,v) = a(u,v) + (b- Vu,v) + (cu,v)

where

au0) = [ 3D as() @) @)
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(UVMWYZZ)M@@M@)
and we use the notation

(f.g) = /Q F(@)g(w)de.

Definition 7 Let f € L*(Q). We say that u € HL(Q) is a variational
solution of

P(z,D)u=f, inQ,
{ ujgg =0
if
B(u,v) = (f,v)
holds for all v € H(Q).

Theorem 6 Let §) be an open bounded set, f € L*(Q), let P(x, D) be defined
as above. Assume that V -b € L>(2) and

1
v > (@) | SIIV - bllzee + e[|z (16)

where w(2) is the constant in Poincaré’s inequality, and we used the notation
c_(z) = max{—c(x),0}. Then there exists a unique variational solution of

P(z,D)u= f, ue Hy ().

Remark. Note that if ¢(z) > 0 and V- b = 0 a.e. in Q then the result is
valid for arbitrary v > 0. Proof. The form B(u,v) is bilinear, continuous
and coercive. By Lax-Milgram’s theorem, there exists a unique variational
solution.

Theorem 7 (Laz-Milgram) Let H be a real Hilbert space, B : H x H — R
be bilinear, continuous

| B(u,v)| < Cllullllv]l, Vu,veH
and coercive, i.e. there exists v > 0 such that
B(u,u) > ul*

holds for all w € H. Let f : H — R be linear and continuous Then there
exists a unique v € H such that

B(u,v) = (f,v)
holds for all v € H.
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Proof (of Lax-Milgram). By Riesz representation, for any u € H there
exists U € H such that B(u,v) = (U,v) holds for all v € H. Bilinearity of
B implies that U = Au is a linear operator. Continuity implies that A is
bounded, ||Au|| < Cllu||. Coercivity implies ||Au|| > 7||u||. This last fact
implies that A is one-to-one and that its range is closed. Moreover, the range
of Ais H, because if v is perpendicular on therange then B(v,v) = 0, and
hence, by coercivity v = 0.
Let us verify now the conditions of Lax-Milgram: Continuity is clear:

|B(u, v)| < o[ Vull2[[Vol 2 + Bl Vul 2 [[v]l ez + llell o< [[ull z2 ][]l 22

For coercivity we have
2 1 2
B(v,v) 2 [[Vollze = | SIV - Bllee + fle-lz= | [[o]lz:

where we used the fact that, for v € H} and b € (L>)" with V- b € L™ we
have

/Q(b - Vo)vde = —%/(v -b)vdz.

7 Regularity of weak solutions

Theorem 8 (Interior reqularity) Assume that a;; € C1(2), b € (L>(Q))",
c € L>(Q). Assume that w € H'(Q) is a variational solution of P(x, D)u =
f, and f € L*(Q). Then u € HE () and, for every relatively compact open

loc

set U CC 2, there exists a constant C' depending only on U and €2, such that
lull 2wy < C [lullzz) + [ fllz2@)] - (17)

The method of proof is to use finite differences and the coercivity of the
principal bilinear form a(u,v). Let

((6)v)(x) = A= (v(@ + he;) — v(x))
be the difference quotient. Let U CC ).

Theorem 9 (a) If 1 < p < co. There exists a constant C' so that for every
we Whr(Q) and |h| < Ldist(U, Q) we have

6l oy < ClIVull o).
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(b) If 1 < p < oo and if u € LP(R2) satisfies
6% (W) || Loy < C

uniformly for all |h| small enough, then uw € WHP(U) and
||vu||LP(U) S C.

Note that in (b) we have 1 < p. The result fails for p = 1. For an example
of this failure, we may consider the case n = 1, Q = (=1,1), u(z) = 1 for
x>0, u(x) = 0 for x < 0. Then d,u is bounded in L' but the derivative
u=46¢ L.

Idea of proof of the interior regularity. We take a smooth cutoff function
X > 0, so that y = 1 on an open neighborhood of U and x € C§°(V) with
UccV cc Q. We know by definition

B(u,v) = (f,v)
holds for all v € H}(£2). We pick 1 < k < n, h small enough and consider
v=—0%,(x*0u)

Clearly, v € H} () is an admissible test function and we have
ou0) = 3 [ S0, (0ot () do
ij 7O

because
(f,0%,9) = (63 f. 9)

and 6F0; = 9;6F. Then, we use a product rule
Op(au) = ady(u) + 75 (u);(a)
with 77 (u)(x) = u(z + hey,). We deduce
a(u,v) > ’y/ X }6,’§Vu‘2 dr — E(u)
Q

with
E(u) < C||Vull 20y [[IX0k Vul 20y + [ Vull z2an)] -
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For the lower order terms (involving b - Vu and f) we do not “integrate by
parts”, i.e., we do not move 6%, to apply to them, but we use instead the
fact that

o[l 20y < C xRVl r20) + [IVull 2] -

We deduce, after a few calculations,

lulray < € (113500 + IV Ul

By taking another cutoff function, ¢y € C§°(€2) » = 1 on a neighborhood of
V and using the definition and the test function v = 1?u we discover after
standard manipulations that

/Q V?|Vul’de < C /Q [£2(2) + v*(2)] da.

This finishes the proof.

Theorem 10 Assume that a;; € C*(2), assume that 9 € C?, b,c € L®(Q)
and that f € L*(Q) is given. Assume thatu € H} () is a variational solution
of P(z,D)u = f, upo = 0. Then u € H*(Q) and there ezists a constant C
such that

lull i) < C [llull 2@ + I1f]122()] -

Idea of proof. First consider the case when 2 is half-ball included in the
half space R} = {z,, > 0}NR", Qr = {z | |z| < R,z, > 0}. We assume that
u is a variational solution that belongs to H'(Q2z) and whose trace vanishes
at {x, = 0}. We use difference quotients ¢! with i < n, in the same way
as in the interior regularity case, carefully, and discover that 0;Vu are all
controlled (by the right hand side of the desired inequality). Then use the
equation to deduce that 0,,0,u is controlled by the same thing.

The general domain case is the attacked by a partition of unity and flat-
tening the boundary. Changing variables changes the coefficients in the sec-
ond order operator, but the uniform ellipticity is preserved. If y = ®(x)
is a diffeomorphism with inverse @', and if u(y) = (uo ®') (y), then the
principal part A(z, D)u = 37, a;;(2)95u of the operator P(x, D)u becomes

Ay, D) = 32y, audg where au(y) = 3, ; ai;(2)(05, ®*(2)) (0, @' ()) at
x = ®~!(y). Therefore Y7, @ (y)mem = >, aij(v)&&; with & = (VO(x))"n,
and the uniform ellipticity is preserved as long as V®~! and V& have uni-
formly bounded norms. The bilinear form associated to P is defined in the
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new variables according to the change of variables formula, i.e. B is defined
by

B(u,v) = B(uo ®,v0 ).
The full operator P(y, D) becomes in the new variables y = ®(z)

~ 1

P(y, D)u)(y) = _Wa’“ (Det(VOVYan () + bypdyil + cu

where @y, are defined above, and by(y) = [(VCD)T o (@‘1)] (bjod®h), ¢ =
co®~ 1. Let Q be a bounded domain with C? boundary. For each z, € 9
there exists r > 0 and a C? function h(z’) defined in R"~! such that (after a

rotation)
QN B(zg,r) = {x € B(xo,r) | x, > h(z")}.

Then a diffecomorphism ¢ : R” — R™ so that € QN B(xy, ) if and only if
x € B(xg,r) and ®(z) = y satisfies y,, > 0 and x € 9Q N B(xg,r) if and only
if y,, = 0, is obtained by setting

Qi(x) =at, fori=1,...,n—1,
O"(z) = x, — h(z').

Note that ' '
(@ Ni(y) =y, fori=1,...,n—1,

(@ H(y) = yn + W(Y)

and DetV®~! = 1. We say that ® flattens the boundary.

If u € Hj(Q) is a variational solution of P(z, D)u = f then, restricting to
B(xg, )N and changing variables, u(y) = u(®!(y)) we obtain a variational
solution of ﬁ(y, D)u = f in a half-ball, vanishing on the flat boundary of the
half-ball. We obtain therefore H? estimates for it. Because the boundary is
compact, we can cover it with finitely many balls B(z, ), and summing the
estimates, together with the interior regularity estimates we finish the proof
of the theorem.
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