A STOCHASTIC-LAGRANGIAN APPROACH TO THE
NAVIER-STOKES EQUATIONS IN DOMAINS WITH
BOUNDARY.

PETER CONSTANTIN AND GAUTAM IYER

ABSTRACT. In this paper we derive a probabilistic representation of the de-
terministic 3-dimensional Navier-Stokes equations in the presence of spatial
boundaries. The formulation in the absence of spatial boundaries was done by
the authors in CPAM, 2008. While the formulation in the presence of bound-
aries is similar in spirit, the proof is somewhat different. One notable feature
of the formulation in the presence of boundaries is the non-local, implicit in-
fluence of the boundary vorticity on the interior fluid velocity.

1. INTRODUCTION

The (unforced) incompressible Navier-Stokes equations
(1.1) Ou+ (u-Vu—vAu+Vp=0
(1.2) V-u=0

describe the evolution of the velocity field u of an incompressible fluid with kine-
matic viscosity ¥ > 0. Here p is the pressure, which, for incompressible fluids,
can be treated as a Lagrange multiplier that ensures incompressibility is preserved.
When v = 0, 7 is known as the Euler equations, and describes the evo-
lution of the velocity field of an (ideal) inviscid incompressible fluid. Formally the
difference between the Euler and Navier-Stokes equations is only the dissipative
Laplacian term. Since the Laplacian is exactly the generator a Brownian motion,
one would expect to have an exact stochastic representation of (L.I)-(L.2) which
is physically meaningful, i.e. can be thought of as an appropriate average of the
inviscid dynamics and Brownian motion.

The difficulty, however, in obtaining such a representation is because of both the
nonlinearity, and the nonlocality of equation f. In 2D, an exact stochastic
representation of (L.I)-(1.2) dates back to Chorin [12] in 1973, and was obtained
using vorticity transport and the Feynman-Kac formula. In three dimensions how-
ever, this method fails to provide an exact representation because of the vortex
stretching term.

In 3D, a variety of techniques have been used to provide exact stochastic rep-
resentations of (L.1)-(L.2). One such technique (Le Jan and Sznitman [25]) uses
a backward branching process in Fourier space. This approach has been was ex-
tensively studied and generalized [2}3,/29,/32,/33] by many authors. A different,
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and more recent, technique due to Busnello, Flandoli and Romito [5] (see also [4]),
uses noisy flow paths and a Girsanov transformation. A related approach in [9]
is the stochastic-Lagrangian formulation, exact stochastic representation of solu-
tions to f which is essentially the averaging of noisy particle trajecto-
ries and the inviscid dynamics. Stochastic variational approaches (generalizing
Arnold’s [1] deterministic variational formulation for the Euler equations) have
been used by [11,/14], and a related approach using stochastic differential geometry
can be found in [17].

One common setback in all the above methods is the inability to deal with
boundary conditions. The main contribution of this paper adapts the stochastic-
Lagrangian formulation in [9] (where the authors only considered periodic boundary
conditions, or decay at infinity), to the situation with boundaries. The usual proba-
bilistic techniques used to transition to domains with boundary involve stopping the
processes at the boundary. This introduces two major problems with the techniques
in [9]. First, stopping introduces spatial discontinuities making the proof used in [9]
fail, and a different approach is required. Secondly, and more interestingly, is the
fact that merely stopping does not give the no-slip (0-Dirichlet) boundary condition
as one would expect. One needs to also create trajectories at the boundary, which
essentially propagate the influence of the vorticity at the boundary to the interior
fluid velocity.

1.1. The stochastic-Lagrangian formulation without boundaries. We begin
by providing a brief description of the stochastic-Lagrangian formulation in the
absence of boundaries. For motivation, let us first study a Lagrangian description
of the Euler equations (equations 7, with v = 0; we will usually use a
superscript of 0 to denote quantities relating to the Euler equations). Let d = 2,3
denote the spatial dimension, and X? be the flow defined by

(1.3) X7 =ud(X7),

with initial data X9 (a) = a, for all a € R? We clarify that we always use a subscript
of t to denote the restriction of a function at time ¢; we use a dot, or 9; to denote the
derivative in time. One can immediately check (see for instance [6]) that u satisfies
the incompressible Euler equations if and only if X© is a gradient composed with
X. By Newton’s second law, this admits the physical interpretation that the Euler
equations are equivalent to assuming that the force on individual particles is a
gradient.

One would naturally expect that solutions to the Navier-Stokes equations can
be obtained similarly, by adding noise to particle trajectories, and averaging. How-
ever for noisy trajectories, an assumption on X0 will be problematic. In the in-
compressible case, we can circumvent this difficultly using the Weber formula [34]
(equation below). Indeed, a direct computation (see for instance [6]) shows
that for divergence free u, the assumption that X° is a gradient is equivalent to

(1.4) up = P [(V"A7) (ug 0 A7)]

where P denotes the Leray-Hodge projection [8,/13,/26] onto divergence free vector
fields, the notation V* denotes the transpose of the Jacobian, and for any t > 0,
AY = (XD)~ ! is the spatial inverse of the map X} (i.e. A2(X?(a)) = a for all a € R?¢
and X?(A%(z)) = z for all z € RY).
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The above shows that the Euler equations are formally equivalent to equa-
tions and . Notice that this formulation no longer involves second (time)
derivatives of the flow X, and thus does not present any difficulties when we add
noise to particle trajectories. Indeed, the authors exploit this fact in [9] and show
that adding noise to , and averaging out the noise in gives an equivalent
formulation of the Navier-Stokes equations.

Theorem 1.1 (Constantin, Iyer |9]). Let d € {2,3} be the spatial dimension, v > 0
represent the kinematic viscosity, and ug be a divergence free, periodic, Holder 2+«
function, and W be a d-dimensional Wiener process. Consider the system

(15) dXt = ut(Xt) dt + det,
(1.6) Xo(a) =a, VaecR?
(1.7) ur = EP[(V*At) (ug 0 At)],

where as before, for any t > 0, Ay = Xt_1 denotes the spatial im}ers of X;.
Then u is a classical solution of the Navier-Stokes equations (L.1)—(1.2)) with initial
data ug and periodic boundary conditions if and only if u is a fized point of the

system 7.

We now explain briefly the idea behind the proof of Theorem given in [9], and
explain why this methods can not be used in the presence of spatial boundaries.
Consider first the solution of the SDE (|1.5) with initial data . We know that
any (spatially regular) process 6 that is constant along trajectories of X satisfies
the SPDE

(1.8) d; + (ug - V)0, dt — v G, dt + 20V, dW,.

Since the process A (which as before is defined to be the spatial inverse of X) is
constant along trajectories of X, the process 6 is defined by

(19) Gt :eooAt

is constant along trajectories of X. Thus if 6y is regular enough (C?), then @
satisfies SPDE . If u is deterministic, taking expected values gives a “method
of random characteristics” |9}/18,/22,|30], an elegant generalizatiorﬁ of the method
of characteristics for parabolic equations. Namely 6, = Efj o A, satisfies

(110) 8tét + (ut . V)ét - VAét =0

with initial condition 0];—g = 6.

Once explicit equations for A, and ugo A have been established, a direct computa-
tion using It0’s formula shows that u given by satisfies the Navier-Stokes equa-
tions (T.I)-(L-2). This was the proof used in [9]. We remark that this point of view
also yields a natural understanding of generalized relative entropies [7}/10,[27}28].
Eyink’s recent work [15] adapted this framework to magnetohydrodynamics and
related equations by using the analogous Weber formula [23,|31]. We also mention
that Zhang [35] considered a backward analogue, and provided short elegant proofs

to classical existence results to (1.1))—(1.2).

1t is well known (see for instance Kunita [24]) that the solution to (TE)—(L:6) gives a stochastic
flow of diffeomorphisms, and, in particular guarantee the existence of the spatial inverse of X.

2Note that when v = 0, A is deterministic, so § = 6. Further, equation reduces to the
transport equation, for which the procedure described above is exactly the usual (deterministic)
method of characteristics.
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2. THE FORMULATION FOR DOMAINS WITH BOUNDARY.

In this section we describe how f can be reformulated in the presence
of boundaries. We begin by describing the difficulty in using the techniques from [9]
described in Section [[1l

Let D C R? be a domain with Lipschitz boundary. Even if we insist u = 0 on
the boundary of D, we note that the noise in is independent of space, and
thus insensitive to the presence of the boundary. Consequently, some trajectories
of the stochastic flow X will leave the domain D, and for any ¢ > 0, the map X,
will (surely) not be spatially invertible. This renders meaningless.

(w,1)
(z,t) \
x € 0D
Ag, (@, ws)
t=0
Af/ Ag, 1(2,w2) t=0
A(zyw1) Az, w2) A(x,w3) Agyt(@,w1)

F1GURE 1. Three sample realizations of A without boundaries
(left), and with boundaries (right).

In the absence of spatial boundaries, equation dictates that 0(z,t) is deter-
mined by averaging the initial temperature of all trajectories of X which reach x at
time ¢. In the presence of boundaries, one must additionally average the boundary
value of all trajectories reaching (z,t), starting on 9D at any intermediate time
(Figure . As we will see later, this means the analogue of in the presence
of spatial boundaries is a spatially discontinuous process. This renders mean-
ingless, giving a second obstruction to using the methods of [9] in the presence of
boundaries.

While the method of random characteristics has the above inherent difficulties in
the presence of spatial boundaries, the well known Feynman-Kac |16}/19] formula,
at least for linear equations, has been successfully used in this situation. A certain
version of the Feynman-Kac formula, when stated with without making the usual
time reversal substitution, is essentially the same as the method of random charac-
teristics. It is this version that will yield the natural generalization of (L.5)(L.7)
in domains with boundary. Before turning to the Navier-Stokes equations, we pro-
vide a brief discussion on the relation between the Feynman-Kac formula and the
method of random characteristics.

2.1. Feynman-Kac and the method of random characteristics. Both the
Feynman-Kac formula, and the method of random characteristics have their own
advantages and disadvantages: The method of random characteristics only involves
forward SDE’s and obtains the solution of at time ¢ with only the knowledge
of the initial data and “X at time ¢” (or more precisely, the solution, at time ¢,
of the equation , with initial data specified at time 0). However, this method
involves computing the spatial inverse of X, which analytically, and numerically,
involves an additional step.



STOCHASTIC-LAGRANGIAN NAVIER-STOKES IN DOMAINS WITH BOUNDARY 5

On the other hand, to compute the solution of at time ¢ via the Feynman-
Kac formula when w is time dependent, involves backward SDE’s, and further re-
quires the knowledge of the solution to with initial conditions specified at
all times s < t. However, this does not require computation of spatial inverses,
and, more importantly, yields the correct formulation in the presence of spatial
boundaries.

Now to see the relation between the method of random characteristics and the
Feynman-Kac formula, we rewrite (|1.5)) in integral form, and keep track of solutions
starting at all times s > 0. For any s > 0, we define the process {X; }i>s to be
the flow defined by

(2.1) Xoi(z) =z + /t U, 0 Xy, (x) dr + V2w (W; — W)

Now, as always, we let As; = X;tl. Then formally composing (2.1]) with A+,
and using the semigroup property X, ;o X, s = X, ; gives the self-contained back-
ward equation for A, ;

(2.2) Agy(z) =z — /t Uy 0 Ay () dr — 2w (W, — W,).

Now can be written as

(2.3) Oy = 6p 0 Aoz,

and using the semigroup property A, ;o0 A, = A, we see that
(2.4) Oy =050 A, ;.

This formal calculation leads to a natural generalization of in the presence
of boundaries. As before, let D C R? be a domain with Lipschitz boundary, and
assume, for now, that « is a Lipschitz function defined on all of R? Let As+ be the
flow defined by (2.2)), and for z € D, we define the backward ezit time o((z) by

(2.5) oi(x) =inf {s | s €[0,t] and Vr € (s,t], A4(z) € D}

Let g : 9D x [0,00) — R and 6 : D — R be two given (regular enough) functions,
and define the process 6; by

A if
(2.6) 9,5(1’) _ Yo (x) © Ut(f)yt(x) 1 Jt(x) >0
90 o Aoﬂg(.'l?) if Ut(aﬁ) =0.

Note that when o.(z) > 0, equation is consistent with (2.4). Thus is the
natural generalization of ([1.9) in the presence of spatial boundaries, and we expect
0; = F6, satisfies the PD with initial data 6y = 6y and boundary conditions
6 =gon dD x [0,00). Indeed, this is essentially the Feynman-Kac formula.

Note that the backward exit time o is usually discontinuous in the spatial vari-
able. Thus, even with smooth g, 6y, the process # need not be spatially continuous.
As mentioned earlier, equation will now become meaningless, and we will not
be able to obtain a SPDE for §. However equation describing the evolution of
the expected value § = Ef and can be directly derived using the backward Markov
property and Itd’s formula (see for instance [16]). We will not provide this proof
here, but will instead provide a proof for the more complicated analogue for the
Navier-Stokes equations. This is described in the next section.
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2.2. Application to the Navier-Stokes equations in domains with bound-
ary. Note first that if g = 0 in (2.6)), then the solution to (1.10]) with initial data g,
and 0-Dirichlet boundary conditions will be given by

(27) ét = EX{Ut:O}eo o A()’t. [le ét((E) == EX{Ut(z):O}eo @) AO,t(x):I .

Recall the no-slip boundary condition for the Navier-Stokes equations is exactly
a 0-Dirichlet boundary condition on the velocity field. Let u be a solution to the
Navier-Stokes equations in D with initial data ug, and no slip boundary conditions.
Now following , we would expect that analogous to ([1.7)), the velocity field u
can be recovered from the flow A;; (equation )7 the backward exit time o}
(equation ), and the initial data ug by

(28) Ut = PEX{a-tzo}(V*AO,t) Ugp © A07t

This however is false and a non-local effect is observed. It turns out that what is
missing from ([2.8)) is exactly the vorticity created at the boundary. What we prove
instead is the following result.

Theorem 2.1. Let u € C1([0,T); C%(D)) N C([0,T); C*(D)) be a solution of the
Navier-Stokes equations f with initial data uy and no-slip boundary con-
ditions. Let A be the solution to the backward SDE and o be the backward
exit time defined by . There exists a function @ : 0D x [0,T] — R® such that

for

(2.9) wy(z) = (V*Ap () ug 0 Ag i () when o; = 0,
. t (V*Ag,(0),t(7)) We, © Ag, t(x)  when oy >0,

we have

(2.10) u; = PEw;.

Conversely, given a function @ : 9D x [0,T] — R¢ suppose there exists a
solution to the system (2.2), .9), @10). If further u € C*([0,T);C*(D)) N
C([0,T);CY(D)), then u satisfies the Navier-Stokes equations (1.1]) with initial
data ug and vorticity boundary conditions

(2.11) Vxu=VxEw ondDx]0,T].

Remark 2.2. We remark that by V*A,, () +(z) in we mean [V*Ag 1(2)]s=o, (a)-
That is, V* A, (2)+(x) refers to the transpose of the Jacobian of A, evaluated at
initial time o¢(z), final time ¢ and position = (see [20}21,24] for existence). This
is different from the transpose of the Jacobian of the function A,, . (-), which
doesn’t exist as the function is certainly not differentiable in space.

Remark 2.3 (Regularity assumptions). In order to simply presentation, the regu-
larity assumptions on u are somewhat generous. Our assumptions on u will im-
mediately guarantee that v has a Lipschitz extension to R¢ Now the process A,
defined to be a solution to with this Lipschitz extension of u, can be chosen to
be a (backward) stochastic flow of diffeomorphisms [24]. Thus VA is well defined,
and further defining o by is valid. Finally, since the statement of Theorem
only uses values of A, for s > oy, the choice of the Lipschitz extension of u will
not matter.

A weaker assumption on the regularity of u can be made in terms of the domain of
the backward generator of the process A (see Lemma [4.1] below). While the formal
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calculus remains essentially unchanged, there are a couple of technical points that
require attention. First, when assumptions on smoothness of u up to the boundary
is relaxed (or when 9D is irregular), a Lipschitz extension of u need not exist. In
this case, we can no longer use to define 0. Further, we can not regard the
process A as a stochastic flow of diffeomorphisms, and some care has to be taken
when differentiating it. To avoid unnecessary technicalities, these issues are briefly
mentioned in Section 3] Once these issues are sorted out, the proof of Theorem [21]
remains unchanged.

Remark 2.4. Note that our statement of the converse above does not explicitly
give any information on the Dirichlet boundary values of u. Of course, the normal
component of v must vanish at the boundary of D, since u is the Leray-Hodge
projection of a function. But an explicit local relation between w and the boundary
values of the tangential component of u cannot be established. We remark, however,
that while the vorticity boundary condition is somewhat artificial, it is enough
to to guarantee uniqueness of solutions to the initial value problem for the Navier-
Stokes equations.

Remark 2.5 (Choice of ). We explain how @ can be chosen to obtain the no-slip
boundary conditions. We will show (Lemma that for w defined by (2.9)), the

expected value w 2f Fw solves the PDE

(212) 8tﬁ)t + (Ut . V)'J)t - I/A’lz)t + (V*ut)zf)t =0
with initial data
(2.13) W,_y = o-

As before, V*u; in denotes the transpose of the Jacobian of u;. Now, if
u = Pw, then we will have Vxu = V xw in D, and by continuity, on the boundary
of D. Thus, to prove existence of the function W, we solve the PDE (2.12)) with
initial conditions and vorticity boundary conditions

(2.14) Vxwy =V xu; ondD.
We chose w to be the Dirichlet boundary values of this solution.

To elaborate on Remark we trace through the influence of the vorticity on
the boundary on the velocity in the interior. First the vorticity at the boundary
influences w by entering as a boundary condition on the first derivatives for the
PDE (2.12)). Now to obtain u, we need to find w, the (Dirichlet) boundary values
of nd use this to weight trajectories that start on the boundary of D. The
process of finding w is essentially passing from Neumann boundary values of a PDE
to the Dirichlet boundary values, which is usually a nonlocal pseudo-differential op-
erator. Thus, while the procedure above is explicit enough, the boundary vorticity
influences the interior velocity in a highly implicit, nonlocal manner.

Remark 2.6 (Uniqueness of .). Our choice of w is not unique. Indeed, if w!
and w? are two solutions of (2.12)—(2.14)), then we must have w! —w? = Vg, where
q satisfies the equation

(2.15) V(Og+ (u-V)g—vAg) =0

with initial data Vgg = 0. Since we don’t have boundary conditions on ¢, we can
certainly have non-trivial solutions to this equation. Thus our choice of w is only
unique up to boundary values of a gradient of a solution to (2.15).
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This now raises numerous interesting questions. A fundamental open question in
fluid dynamics is about boundary layer separation in the inviscid limit. It is known
that in some situations the boundary layer can ‘detach’ and produce vorticity in
the interior [13]. The above probabilistic representation allows a new direction of
approach to this problem. One can now quantify boundary separation in terms of
the chance that the backward exit time oy is strictly positive. Our hope is that
this framework will allow the use of probabilistic techniques, especially those with
no deterministic analogues (e.g. large deviations), to provide new insight into the
study of the inviscid limit.

3. BACKWARD ITO INTEGRALS

While the formulation of Theorem involves only regular (forward) It6 in-
tegrals, the proof requires backward I[t6 integrals and processes adapted to a two
parameter filtration. The need for backward It6 integrals stems from equation ,
which, as mentioned earlier, is the evolution of A backward in time. This is how-
ever obscured because our diffusion coefficient is constant making the martingale
term exactly the increment of the Wiener process, and can be explicitly computed
without any backward (or even forward) It6 integrals.

To elucidate matters, consider the flow X’ given by

t t
(3.1) X ,(a)=a+ / wr 0 X! (a) dr + / oy 0 X!, (a) AW,

If, as usual, A, ; = (X} ,)~", then substituting formallyﬂ a= A, ,(r) and assuming
the semigroup property gives the equation

¢ ¢
(3.2) Al () =2 — / up o Ay () dr — / op 0 AL (x) dW,.

for the process Af ;. The need for backward It6 integrals is now evident; the
last term above does not make sense as a forward It6 integral since Aj , is not
F, measurable. This term however is well defined as a backward It integral; an
integral with respect to a decreasing filtration where processes are sampled at the
right end point. Since forward It6 integrals are more predominant in the literature,
we recollect a few standard facts about backward It6 integrals in this section. A
more detailed account, with proofs, can be found in [16}/24] for instance.

Let (2, F, P) be a probability space, {W; }1>0 be a d-dimensional Wiener process
on 2, and let F;; be the o-algebra generated by the increments Wy — W,/ for all
s < 8" <t < ¢, augmented so that the filtration {F;:}o<s<t satisfies the usual
conditionﬁﬁ Note that for s < s’ < ¢ < ¢, we have Fyp C Fsy. Also Wy — Wy is
Fs+-measurable, and is independent of both the past Fy 5, and the future F; .

We define a (two parameter) family of random variables {;+ }o<s<t to be a (two
parameter) process adapted to the (two parameter) filtration {Fs;}ogs<t, if for all
0 < s < t, the random variable &, ; is F; ;-measurable. For example, &5 = Wy — W
is an adapted process. More generally, if b and o are regular enough deterministic

3The formal substitution does not give the correct answer when o is not spatially constant.
This is explained subsequently, and the correct equation is (3.3) below.

4By ‘usual conditions’ in this context, we mean that for all s > 0, Fs, s contains all Fg, oo-null
sets. Further, F ; is right continuous in ¢, and left continuous in s. See |19} Definition 2.25] for
instance.
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functions, then the solution { X} ,}o<s<: of the (forward) SDE (3.1)) is an adapted
process.
Given an adapted (two parameter) process £ and any ¢ > 0, we define the

backward It6 integral ft &t AW, by

t
/ ér,t dW?" = lim thi+1yt(Wti+l - Wtz)

IlPl—0

where P = (r =tg < t1--- <ty =t), is a partition of [r,t] and || P|| is the length
of the largest subinterval of P. The limit is taken in the L? sense, exactly as with
forward It6 integrals.

The standard properties (existence, Itd isometry, martingale properties) of the
backward It6 integral are of course identical to those of the forward integral. The
only difference is in the sign of the It6 correction. Explicitly, consider the process
{ A% 1 Jogs<e satisfying the backward It6 differential equation . If {fs.t}ocs<t
is adapted, C? in space, and continuously differentiable with respect to s, then the
process B, = fs 0 A satisfies the backward It6 differential equation

t 1 ..
Byt — Bsy = / |:8Tfr,t + (up - V) fre — 2alrj8ijfr,t:| oA, dr+

t
+ / [Vfr,t O'T] o Ar,t dWT
S
where 0¥/ = ¢/*¢¥ with the Einstein sum convention.

Though we only consider solutions to for constant diffusion coeflicient,
we briefly address one issue when o is not constant. Our motivation for the equa-
tion was to make the substitution z = Af ;(2), and formally use the semigroup
property. This, however, does not yield the correct equation when o is not con-
stant, and the equation for A, ; = (X/;)~" involves an additional correction term.
To see this, we discretize the forward integral in (in time), and substitute
a = A{,(x). This yields a sum sampled at the left end point of each time step.
While this causes no difficulty for the bounded variation terms, the martingale term
is a discrete approximation to a backward integral, and hence must be sampled at
the right endpoint of each time step. Converting this to sum sampled at the right
endpoint via a Taylor expansion of ¢ is what gives this extra correction. Carrying
through this computation (see for instance |24} §4.2]) yields the equation

¢ t
(3.3) Al (z)=z— / uy 0 Al ((x) dr — / op 0 Al ((x) dW, +
s s

t
+ / (@-Ji’k o A;J](x)) (Jz’k o Aiq,t(x))ei dr

where {e;}1<i<a are the elementary basis vectors, and o7 denotes the i, ;' entry
in the d x d matrix o.

We recall that the proof of the (forward) It6 formula involves approximating f
by it’s Taylor polynomial about the left endpoint of the partition intervals. Anal-
ogously the backward Ito formula involves approximating f by Taylor polynomial
about the right endpoint of partition intervals, which accounts for the reversed sign
in the Ito correction.
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Finally we remark that for any fixed ¢ > 0, the solution {A;;}o<s<t of the
backward SDE (2.2)) is a backward strong Markov process (the same is true for
solutions to (3.3])). The backward Markov property states that r < s < ¢ then

E}'mf © Ar,t(l’) = EAS’t(x)f © Ar,t(x) =[Efo AT,S(y)] y=A,. ()
where Er, , denotes the conditional expectation with respect to the o-algebra F, ;,
and F4_, () the conditional expectation with respect to the o-algebra generated
by the process A ¢(x).

For the strong Markov property, and we define o to be a backward t-stopping
tz‘mcﬂ if almost surely o < ¢, and for all s < ¢, the event {o > s} is Fs -measurable.
Now if ¢ is any backward t-stopping time with r < ¢ < t almost surely, the
backward strong Markov property states

E]-'U tf © Ar,t(x) = EAU tf © Ar,t<m) =[Efo AT,S(Q)] s=0,
’ ' y=Aq ()
The proofs of the backward Markov properties is analogous to the proof of the
forward Markov properties, and we refer the reader to |16] for instance.

3.1. A reformulation without Lipschitz extensions. We conclude this sec-
tion by outlining how Theorem can be reformulated without using Lipschitz
extensions of u. This is mainly of interest when Vu blows up near 9D.

Let D C R? be a domain, not necessarily Lipschitz, T > 0, and assume u :
D x [0,T] — R? is bounded and locally Lipschitz. Now we can always write D =
UrenD® | where the D®*)’s are an increasing sequence of locally compact open
sets with Lipschitz boundary. Now the function u restricted to D*) must have
a Lipschitz extension to R, which we denote by u(*). Let A®) be the solution
to with u replaced by u*). Now we can define ¢(¥) to be the backward exit
time of A®) from the domain D*). That is, we define o(*) by , with A replaced
with A®)| and D replaced with D(*). Note that by pathwise uniqueness, we must
have

at(k+1)(m) < at(k)(x) and Aik) (z) = A (z)

Vo‘ék),t sVa'gk),t

for all z € D)t < T, almost surely. Thus we define

lim a,gk)(x) for x € D,
(3.4) o(z) = koo
t for x € OD.

For € D and any realization where s > o;(x), the sequence (A(]f/) ) 1t(:c))k is
sVo,’,
eventually constant. So on the event {s € (o,(z),t]}, we define

(3.5) Agi(x) = klggo Ai]f/)oﬁk)(z),t(x) for s € (o¢(x),t].

Now, A must satisfy (2.2)) almost surely on the event {s € (o:(z),t]}. Since u
is bounded, equation and Lévy’s almost sure, modulus of continuity [19,
§2.9F] for Brownian motion will guarantee that for almost every realization the
function f(r) = A,.(x) is uniformly continuous on (oy(z),t]. Thus the limit
limg_,,, )+ As,¢(2) exists almost surely, and we denote it by Agt(z)’t(x)lﬂ Note that
by definition of o, we must have A, (z) € dD. Finally, we remark that the

50ur use of the term backward t-stopping time is analogous to s-stopping time in |16, p24].
6Though unnecessary for our purposes, we point out that this argument can be made to show
that the event where lims_mt(x)+ As ¢ (x) exists is in fact independent of x.
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above definition of A is independent of the sequence of domains D®). This, again,
is an immediate consequence of pathwise uniqueness.

Now we can reformulate Theorem using o and A defined by and
respectively. Provided we have enough control on Vu to guarantee that the limit
limg_,,, o)+ VAs i(x) exists, Theorem and it’s proof will remain unchanged in
this context.

4. THE NO-SLIP BOUNDARY CONDITION.

In this section we prove Theorem First, we know from [20,21], that spatial
derivatives of A can be interpreted as the limit (in probability) of the usual differ-
ence quotiemﬂ Further, the Jacobian of A is a process which, almost surely, satisfies
the equation

¢
(4.1) VAsi(x) =2 — / Vur|g, @) VAre(z)dr,

obtained by formally differentiating (2.2)) in space. We reiterate that equation (4.1
is an ODE, as the Wiener process is independent of the spatial parameter.

Lemma 4.1. Let D,u,T be as in Theorem[2.1, o be the minimal existence time
of (2.2)), and A be the solution to (2.2]) with respect to the backward stopping time o.
(1) Let w € C*([0,T);C*(D)) N C([0,T); C*(D)) be solution of ([2.12) with
initial data (2.13)), and boundary conditions
(4.2) w=w ondD.

Then, for w defined by (2.9), we have w = Fw.
(2) Let w be defined by (2.9), and w = Ew as above. If for all t € (0,7,
Wy € D(A. 1), and w is C in time, then W satisfies

(4.3) Oyw + Lyw + (V*u)w =0
where Ly is defined by

(4.4) Lig(z) = Sliri{ o(x) — E(Z)t(fssvgt(w),t(:c))’

and D(A. +) is the set of all ¢ for which the limit on the right exists. Further,
w has initial data ug and boundary conditions (4.2)).

Before proceeding any further, we first address the relationship between the
two assertions of the lemma. We claim that if w € C1((0,T); C*(D)), then equa-
tion (4.3) reduces to equation (2.12)). This follows immediately from the next
proposition.

Proposition 4.2. If ¢ € C?(D), then Li¢p = (uy - V)¢ — vA¢.
Proof. Omitting the spatial variable for notational convenience, the backward It
formula gives

¢o—¢o As\/at,t =¢o At,t —¢o As\/at,t

:/: [(ur.v)¢|Am _VA¢|AT’J dr +v2v t Vé

Vo sVoy

A, AW,

"For regular enough velocity fields u (extended to all of R?), the process A can in fact be
chosen to be a flow of diffeomorphisms of R? (see for instance [24]), in which case A is surely
differentiable in space.
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Since sV oy is a backward ¢-stopping time, the second term above is a martingale.
Thus

. 1 ¢

Lo = lim B [ gy [0 Vol —v o0l | ar
= (ur - V) —vAg

since the process A has continuous paths, and o; < t on the interior of D. (]

Now we prove each assertion of Lemma separately.

Proof of the first assertion in Lemmal[4.1 Recall that V* A, is differentiable in s.
Differentiating (4.1)) in s, and transposing the matrices gives

(4.5) OsVAs 1 (x) = V' Ag4(x) ViUs|y, () -

Let t € (0,T], € D, and o’ be any backward t-stopping time with o’ > o¢(x)
almost surely. Omitting the spatial variable for convenience, the backward Ito

formula and equations (2.12)) and (4.5) give

’lZ)t - V*Aoﬁt ’LDO./ [¢] Ao’ﬁt =
* — % —
=V At,t Wy © Am -V Ao:t Wq © Aa:t

t
- / &«V*Am ’lI)r o AT,t +
7 t
+ / V*A'r,t (a'r@r + (Ur : V)’LDT — VA’[I)T) o Ar,t dr +
t
4V / (V* Ay ) (Vi) 0 Ary dW,
t
= / V*Ari (Viuy) @ + 0,0, + (up - V)0, — vAD,) 0 Ay dr +
t
+V2v / (V*A,) (VD) 0 A,y AW,

t
= 21// (V*A, ) wy 0 Ay y dW,.
Thus, taking expected values gives
(46) u’;t(x) = EV*AO-;,:(J}) (e Aggt(x)

Recall that when o¢(x) > 0, A, (2)+(x) € dD. Thus choosing 0’ = 04(x), and using
the boundary conditions (4.2) and initial data (2.13]), we have

5y A if
(4.7) o) © Agy (@ = § ) 7 okt 72 >0
’ uOOAat(a:),t if O‘t(aﬁ) =0
Substutituing this in (4.6) completes the proof. |

Proof of the second assertion in Lemma[].1 Let w be defined by (2.9), and w =
Ew as in the statement of the second assertion. We will directly deduce (4.6)) using
the backward strong Markov property.
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Given € Rfand a d x d matrix M, define the process {Bs,¢(z, M)}y, (2)<s<t<T
to be the solution of the ODE

¢
Bsi(x, M) = M—/ Vel y, ) Bri(@, M)dr.

If I denotes the d x d identity matrix, then by (4.1)) we have B ;(z,I) = VA, (x)
for any o;(x) < s <t < T. Further since the evolution equation for B is linear, we
see

(4.8) Bs(z, M) = B (x, )M = VA, (z)M.

Note that for any fixed ¢t € (0,T], the process {VAs+}ogs<t is not a backward
Markov process. Indeed, the evolution of VA, ; at any time s < ¢t depends on the
time s through the process A, : appearing on the right in . However, process
(As,, VAs ) (or equivalently the process (As ¢, Bs.t)) is a backward Markov process,
since the evolution of this system now only depends on the state.

As in the statement of the second assertion, let w = Fw, where w is defined
by . By our assumption on w and 90D, the boundary conditions and
initial data are satisfied. For convenience, when y € 9D, t > 0, we define
wy(y) = w(y), and when t = 0, y € D, we define wo(y) = uo(y).

Now, let x € D, t € (0,T]. Since, the point (A4, (4 t) belongs to the parabolic

boundary 9,(D x [0,T1) & (0D x [0, T])U (D x {0}), our boundary conditions and

initial data will guarantee ([4.6)) is satisfied for o’ = oy (z).
To prove (4.6]) for arbitrary o) we choose any backward t-stopping time ¢’ with
o' > o¢(x) almost surely. We claim

(49) E}'g{t B;t(z),t(x7 I) wUt(w) °© AUt@)’t(m)

= {EB;T(y),r(yv M) wdr(y) ° AUT(y)xT(y)} r=o/ y:AUZt(rc),
M=B,,(x.I),

holds almost surely. This follows from an appropriate application of the backward
strong Markov property. While this is easily believed, checking that the strong
Markov property applies in this situation requires a little work, and will distract
from the heart of the matter. Thus we postpone the proof of (4.9) momentarily.
Now, using the identity (4.9) gives
’LTJt(il?) = EV*Aat(o:),t(x) wot(az) © Aat(z),t
=EEz , B, (2)4(2, 1) Wo, () © Aoy () ¢(7)

or(x),t

=K <{EB§r<y>,r(yv M) @g, (y) © Am(ym(y)} — y_Aa{t(I)’>

M=Bg(w,I)

=FE <{M TEB; (),r (4, 1) W, y) © Aor(yw(y)} - y—Aa{t(I)’>
M=B,/,(z,I)

= EV*AU;t(.’I,‘) 11}01 o Aggt(l‘),

proving that (4.6) holds.
Now, choose ¢/ = sV o4(x) for s < t. Note that for any = € D, we must have
o¢(z) < t almost surely. Thus, omitting the spatial coordinate for convenience, we
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have
0= lim 220ty 1 (@0 = BV Avor Bvo, © Asvont)
s—t— t— 8 s—t—t— S
+ iE (0 — Wsve,) © Asvo,t +
+ iE (I —V*"Asvo, t) Wsvo, © A5V0t7t)
= Lyw; + 0y + (Vuy)wy,
on the interior of D. This finishes the proof. O

It remains to prove the identity (4.9)).

Proof of equation (4.9). Define the stopped processes A{ ,(7) = Ay, (2)vs(2), and
B (x, M) = By, (2)vs,(2, M). Define the process C' by

Cs,t(xaMaT) = (Als,t(x),Bg,t(xaM)vT +t- O—t(x) \ S).

Note that for any given s < ¢, we know that o.(z) need not be Fs; measurable.
However, o4(x) V s is an F,; measurable backward t-stopping time. Thus A,
B;yt, and consequently C; ;, are all F;; measurable.

Now we claim that almost surely, for 0 < r < s <t < T, we have the backward

semigroup identity

(4.10) Crs0Csy =Chy.

To prove this, consider first the third component of the left hand side of
(4.11) CH) o Cyy(z, M,7) = (1 +t—0y(x) Vs) + 5 — 05(AL () V s.

Consider the event {s > o¢(x)}. By the semigroup property for A, and strong
existence and uniqueness of solutions to (2.2)), we have o4(A (z)) = o,(z) almost
surely. Thus, almost surely on {s > o:(x)}, we have

Cfr(’,gs)o S,t(vavT):(T+t_s)+s—0t(x)vs
=7+t—o(z)Vr= C(S)(.’E,M,’T).

r,t

Now consider the event {s < o¢}. We know A ,(z) € 9D, and so o4(A} ,(x)) = s.
This gives

C®) o Cyylw,M,7) = (T +1—0y(x)) +5— s =T+t —0ap(z) Vr=C(x)
almost surely on {s < o(z)}. Therefore we have proved almost sure equality of

the third components in equation .

For the first component Cs(,lt) = A}, consider as before the case s > o¢(z). In
this case A}, = A, and the semigroup property of A gives equality of the first
components in almost surely on {s > o4(z)}. When s < o¢(z), as before,
AL, €0D, and o4(A} ;(x)) = s. Thus

A;’,s ° Als,t(x) = AS,S © Aa’t(x),t(m) = Aat(x),t(x) = A;‘,t(x)
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almost surely on s < o4(x). This shows almost sure equality of the first components
in equation (4.10). Almost sure equality of the second components follows similarly,

completing the proof of (4.10]).
Now, for 0 < 7 < s <t < T, the random variable C; ; is F5 measurable, and so

must be independent of F, ;. This, along with , will immediately guarantee
the Markov property for C. Since the filtration F.. satisfies the usual conditions,
and for any fixed ¢, the function s — Cy; is continuous, C satisfies the strong
Markov property (see for instance |16, Theorem 2.4]).

Thus, for any fixed ¢t € [0,7], and any Borel function ¢, the strong Markov
property gives

E]:(,{t QD(CO,t (-Ta I7 0)) = [EQO(Cr,t(% M, T)]r:aﬁ
(y,M,7)=Cq ,(z,1,0)

= [Eo(Cy4(y, M, 7—)]7:0{ y=A,:(2),
M=B,(z,I), 7=0(2),

almost surely for any € R¢ M € R¥7 > 0. Choosing o(z, M,7) = M*m,_,(z)
proves (4.9). ([l

Now a direct computation shows that if w satisfies (2.12)), then u = Pw sat-
isfies (|1.1)), regardless of our choice of w. Of course, we will only get the no-slip
boundary conditions with the correct choice of w. We first obtain the PDE for w.

Lemma 4.3. If w satisfies (2.12), and u = Pw, then u satisfies (1.1)—(L.2).

Proof. By definition of the Leray-Hodge projection, u = w+ V¢ for some function g,
and equation ([1.2)) is automatically satisfied. Thus using equation (2.12)) we have
(412) &gut + (Ut . V)ut — VA’U/t + (V*ut)ut—&—

+0:Vas + (u - V)V + (Vi'u) Vg — vAVq = 0.
Defining p by

1
Vp=V <2 ul® + 8pqe + (ug - V)gs — VAQt)

equation (4.12) becomes (1.1]). ]

Now to address the no-slip boundary condition. The curl of w satisfies the
vorticity equation, which is how the vorticity enters our boundary condition.

Lemma 4.4. Let w be a solution of (2.12). Then & =V X w satisfies the vorticity
equation

0 ifd=2,

Proof. We only provide the proof for d = 3. For this proof we will use subscripts
to indicate the component, instead of time as we usually do. If 4,5,k € {1,2,3}
are all distinct, let €;;, denote the signature of the permutation (1,2,3) — (4,4, k).
For convenience we let ;5 = 0 if 4, j,k are not all distinct. Using the Einstein
sumation convention, £ = V x @ translates to & = €;;,0;w;, on components. Thus,

taking the curl of ([2.12)) gives
(4.14) 0i&i + (u- V)& — VAL + €10 Um Om Wi, + €4k Ok U O W, = 0
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because €;;;0;0kUm Wy = 0. Making the substitutions j — k and k + j in the last
sum above we have

Eijkajumamﬁ)k + €ijkakumaj'(f)m = €¢jk6jum (8mzf;k — 8kwm)
= Eij/cajunfb €nmk§n

= (6zn5]m - 5im5jn) 8jum£n

= —0ju;;
where d;; denotes the Kronecker delta function, and the last equality follows because
Oju; = 0. Thus (4.14) reduces to (4.13). O

Theorem 2.1] now follows from the above lemmas.

Proof of Theorem[2.1 First suppose u is a solution of the Navier-Stokes equations,
as in the statement of the Theorem. We choose w as explained in Remark
Notice that our assumptions on v and D will guarantee a classical solution to (2.12)—
(2.14) exists on the interval [0, T], and thus such a choice is possible.

By Lemma we see that for w defined by , the expected value w = Ew
satisfies with initial data , and boundary conditions . By our
choice of w, and uniqueness to the Dirichlet problem ([2.12)), (2.13) and , we
must have the vorticity boundary condition (2.14)).

Now, let £ = V x w, and w = V x u. By Lemma [£.4] we see that ¢ satisfies
the vorticity equation . Since u satisfies 7, it is well known (see for
instance , or the proof of Lemma that w also satisfies

0 ifd =2,
(wt . V>Ut if d =3.

From we know £ = w on 0D x [0,T]. By , we see that g = V X ug = wy,
and hence £ = w on the parabolic boundary d,(D x [0,T]).

The above shows that w and £ both satisfy the same PDE (equations
or ), with the same initial data, and boundary conditions, and so we must
have £ =w on D x[0,T]. Thus V x@w = V xu in D x [0, T], showing u and w differ
by a gradient. Since V -u = 0, and v = 0 on 9D x [0,T], we must have u = Pw
proving .

Conversely, assume we have a solution to the system , and (2.10)).
As above, Lemma shows w = Ew satisfies (2.12)) with initial data (2.13). By
Lemma we know u satisfies the equation lb with initial data ug. Finally,
since equation shows V x4 =V x @ in D x [0,7T], and by continuity, we
have the boundary condition . |

(415) atwt + (Ut . V)wt — I/Awt = {

5. VORTICITY TRANSPORT, AND IDEALLY CONSERVED QUANTITIES.

For the Euler equations, certain conservation laws (e.g. circulation) and ex-
act identities (e.g. vorticity transport) are well known. In the absence of spatial
boundaries, inviscid identities usually remain true in expectation. With bound-
aries, however, we run into regularity issues which, at present, can not always be
resolved.

In this section we illustrate the issues involved by considering three inviscid iden-
tities. The first identity (vorticity transport) generalizes perfectly to the viscous
scenario with boundaries. The second one (Ertel’s Theorem) generalizes perfectly
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to the viscous scenario without boundaries, and has a somewhat unsatisfactory gen-
eralization in the presence of boundaries. The last one (conservation of circulation),
again generalizes perfectly to the viscous scenario without boundaries, but has a
completely unsatisfactory generalization to the situation with boundaries.

5.1. Vorticity transport. Let u° be a solution to the Euler equations with initial
data ug. Let X° the inviscid flow map defined by 7 and for any t > 0, let A =
(X2)~! be the spatial inverse of the diffeomorphism X7. The vorticity transport
(or Cauchy formula) states

(5.1) W = wd o A9 %f d=2,
(VX)) w)] 0 AY ifd=3.
where, we recall that the vorticity w® is defined by w® = V x 4%, and where w =
V X ug is the initial vorticity.
In [9], the authors obtained a natural generalization of for the Navier-Stokes
equations, in the absence of spatial boundaries. If u solves 7 with initial
data ug, and X is the noisy flow map defied by 7, then w = V X u is given

by

Ewgo A if d =2,
(5.2) t:{ 0=

E((VXt)wo)oAt if d = 3.

We now provide the generalization of this in the presence of boundaries. Note
that for any t > 0, (VX;) o 4; = (VA;)™!, so we can rewrite completely in
terms of the process A. Now, as usual, we replace A = X! with the solution
of 7 with respect to the minimal existence time o. We recall that in Theo-
rem [2.1] in addition to “starting trajectories at the boundary) we had to correct
the expression for the velocity by the boundary values of a related quantity (the
vorticity). For the vorticity, however, we need no additional correction, and the
interior vorticity is completely determined given A, o and the vorticity on the
parabolic boundaryﬁ Op(D x [0,T7]).

Proposition 5.1. Let u be a solution to (|1.1))—(L.2]) in D, with initial data ug, and
suppose w =V x u € C1([0,T); C?(D)) N C([0,T] x D). Let & denote the values
of w on the parabolic boundary 0,(D x [0,T]). Explicitly, @ is defined by

. wo(z) ifxeD andt=0,
O(x,t) = )
wi(z) if x € OD.
Then,
) E @0, (2) (Ag(@).4(7))] ifd=2,
t(T) = -1 - ,
E {(VAat(x),t(w)) Wos (z) (Aot(m),t(‘r))} Zfd =3.
Remark 5.2. More generally, suppose @ is any function defined on the parabolic

boundary of D x [0,T], and let w be defined by (5.3). If for all ¢ € (0,7T], w; €
D(A.;), and w is C* in time, then w satisfies

5

(5.3)

0 if d =2,

Byt + Lews —
v T S &%~wm itd =3,

8Recall, the parabolic boundary Op(D % [0,T)) is defined to be (D x {0}) U (8D x [0,T))
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with w = @ on the parabolic boundary. Here L, is the generator of A.;, D(A.,) is
the domain of L;. These are defined in the statement of Lemma [4.1

Of course, Remark along with Proposition and uniqueness of (strong)
solutions to will prove Proposition However, direct proofs of both Re-
mark [5.2] and Proposition [5.1] are short and instructive, and we provide independent
proofs of each.

Proof of Proposition[5.1. We only provide the proof when d = 3. As before, differ-
entiating (4.1) in space, and taking the matrix inverse of both sides gives

(54) a’r (vA'r,t(:E))71 = - (VAT,tCL‘))il Vur|Ar,t(I)

almost surely. Now choose any z € D, t > 0 and any backward t-stopping time ¢’ >
o¢(x). Omitting the spatial parameter for notational convenience, the backward Itd
formula gives

W — (VAaﬁt)_l Wg’ O Aaﬁt =
= (VAt,t)il we o At — (VAa;t)’l Wor © Aoyt

t
/ Oy (VAr) w0 Ay dr +
t
+ / (VAmg)f1 (Orwr + (uy - VIwr —vAwy) 0 Ay dr +

t
+Vor / (VA (Veor) 0 Ay g IV,

t
/ — (VAu) " V|, w0 Appdr +

¢
+ / (VAT’t)_l ((wr - V)uy) o Ay dr +

’

t
ow / (VA) ™ (Vioy) 0 Apy dW,

t
Vav / (V) (Veoy) 0 Avy W,

Thus taking expected values gives

(55) Wy = E I:(VAo-:t)_lwal @) Aggt]

Choosing o’ = oy(x), using the fact that A,, ) .(z) always belongs to the parabolic
boundary finishes the proof. O

Proof of Remark[5.4 Again, we only consider the case d = 3. We will prove (5.5)
directly, and then deduce . Let the process B be as in the proof of the second
assertion of Lemma and use B~! to denote the process consisting of matriz
inverses of the process B. Pick z € D, t € (0,T] and a backward t-stopping time

o' 2 oy(z). Using we have
wt(x) =K [(VAat(a:)J(m)) ‘:}Ut(w) (Aat(w),t(x))}

= EE]_-U,J [B;tl(w),t(x’l) &)gt(m) o Aat(x),t($>]

-1
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—1 ~
=E [EBUT(W(!/» M) Gs, (y) © Amy),r(y)] reo =4, (@),
M:Balwt(m,I)

1 —1 ~
E |:M EBUr(y),T(y’ I) Yo (y) © A"T(y)ar(y)} r=o’,y=A, ,(z),
M=B,, ,(z,I)

E [(VAU/’t(x))_l Wer © Agr,t(x)} .
proving ([5.5)).

As before, choose s < t and ¢/ = o¢(x) V s. Omitting the spatial parameter for
notational convenience gives

0= lim =% _ Jim

s—»t— t— 5§ s»t—t— 8

[Wt - F (VAG't\/S,t)il Wo,vs © Aat\/s,t]

1
hm ( I [wt — Ewt (¢] Ao't\/s,t] +

— S

1
+ EE [Wi — Wo,vs] © Agyvst +

1 _
+ EE [I — (vAg-tV&t) 1:| wa't\/s o AUf\/S,f)
= Ltwt + 5‘twt - (V’U,t) Wt [l

We remark that the vorticity transport in Proposition or Remark can be
used to provide a stochastic representation of the Navier-Stokes equations. Indeed,
since u is divergence free, taking the curl twice gives the negative laplacian. Thus,
provided boundary conditions on u are specified, we can obtain u from w by

(56) Uy = (—A)_lv X Wt.
Therefore, in Theoremm we can replace (2.10]) by (5.3]) and (5.6), where @ is the

vorticity on the parabolic boundary, and we impose 0-Dirichlet boundary conditions

on (5.6)-

5.2. Ertel’s Theorem. As above, we use a superscript of 0 to denote the appro-
priate quantities related to the Euler equations. For this section we also assume
d = 3. Ertel’s theorem says that if 60 is constant along trajectories of X°, then so
is (w? - V)8°. Hence ¢° = (w° - V)@ satisfies the PDE

0% + (u- V)¢ = 0.

For the Navier-Stokes equations, we first consider the situation without bound-
aries. Let u solve 7, X be defined by , A be the spatial inverse of X,
and define ¢ by

&(x) = (VA (2)) " wo 0 Ay(2).
where wy = V Xug is the initial vorticity. From , we know that w = Vxu = E¢.
Now we can generalize Ertel’s theorem as follows.

Proposition 5.3. Let 0 be a C*(R?) valued process. If 0 is constant along trajec-
tories of the (stochastic) flow X, then so is (§-V)0. Hence ¢ = E(€- V)0 satisfies
the PDE

(5.7) Orr + (up - V)ooy — vy = 0,
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with initial data (wo - V)bp.

Proof. If 0 is constant along trajectories of X, we must have 8, = 6, o A; almost
surely. Thus,

(& - V)0 = (V0,)& = Vol y, (VA (VA)  woo Ay = (- Vo) 0 Ay,

which is certainly constant along trajectories of X. The PDE for ¢ now follows
immediately. ]

Now in the presence of boundaries this further modification. Let A be a solution
to (2.2)) with minimal existence time o. The notion of “constant along trajectories”
now corresponds to processes 6 defined by

(58) et(x) = éot(a:) (Aat(x),t)v

for some function 6 defined on the parabolic boundary of D.

Unfortunately, irrespective of the regularity of D and 6, the process 6 will not be
continuous in space, let alone differentiable. The problem arises because while A is
regular enough in the spatial variable, the existence time oy is not. To work around
this, we avoid derivatives on ¢ in the statement of the theorem.

Proposition 5.4. Let 6 be a C* function defined on the parabolic boundary of
D x [0,T), and let §' be any C extension of 0, defined in a neighborhood of the
parabolic boundary of D x [0,T]. If 0 is defined by (5.8]), then

() = E[(& - V)(0; 0 Asp)(@)]
satisfies the PDE (5.7)) with initial data (wo V)0, and boundary conditions ¢ (x) =
(we - V)8 () for x € OD.

Note that when D = R then o; = 0, and hence ¢; = E(& - V)6;. In this case
Proposition reduces to Proposition 5.3} The proof of Proposition is identical
to that of Proposition [5.3] and the same argument obtains

[(gt : V)(é; o As,t)(x)] s=o(z) = [(f.s : V)é;(y)} s=o¢(x),

y=As,(2),t(T),

s=o¢(x)

which immediately implies .

In the scenario with boundaries, it would be interesting to know if one can make
sense of E(&; - V)0, and reformulate Proposition accordingly, even though 6 is
not differentiable with respect to space. At present, we are unable to do this.

5.3. Circulation. The circulation is the line integral of the velocity field along a
closed curve. For the Euler equations, the circulation along a closed curve that is
transported by the flow is constant in time. Explicitly, let u°, X% A°, wug be as in
the previous subsection. Let I' be a rectifiable closed curve, then for any ¢ > 0,

(5.9) 7{ uf - dl = f uf - dl.
X9(T) r

For the Navier-Stokes equations, without boundaries, a generalization of (5.9) was

considered in [9]. Let u solve 7, X be defined by 7, and A be

the spatial inverse of X. Then

(5.10) j(I{ ug-dl =F ug - dl.
r Ay (T)
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A proof of this (in the absence of boundaries) follows immediately from Theo-

rem Indeed,

(5.11) E uo.dzzEf (V*Ay) ugo Ay -dl =
Ay (T) r

:E%P[(V*At) UOOAt}'dl:%ut'dl,
r r

where the first equality follows by definition of line integrals, the second because the
line integral of gradients along closed curves is 0, and the last by Fubini and .

In the presence of boundaries, there are certain obstructions to making this work.
Let A, o, W be as in the statement of Theorem We extend w to the parabolic
boundary 0,(D x [0,T]) by defining w(z,0) = wuo(z) for x € D. Now we would
expect the natural generalization of to be

(5.12) j{ut Ll = Ej[ i - dl.
r Agy ¢ (1)

We remark again, that though v = 0 on 9D, we must have a non-zero contribution
from trajectories starting on the side of the cylinder D x [0, T]. However, the integral
on the right is not well defined, as the curve A,, +(I') is not necessarily rectifiable!

Now, as with Ertel’s theorem, we can try and avoid irregularities from ¢ when
we transport ['. Indeed, almost tautologically we have

(5.13) ]{ up - dl = Ej{ (V¥ Ay, () (@) w0 Ag, (2 ()] - dl().
r r

Further, if o, = 0, the right hand side of equation (5.13)) is exactly the right hand

side of ([5.10)).
However ([5.13)) is essentially a tautological rephrasing of , and does not

capture the essence of ((5.10)). It would be interesting indeed if one can give meaning
to the right hand side of (5.12)), and then prove (5.12)). At present, we are unable
to carry out this construction.
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