NONLINEAR MAXIMUM PRINCIPLES FOR DISSIPATIVE LINEAR NONLOCAL
OPERATORS AND APPLICATIONS

PETER CONSTANTIN AND VLAD VICOL

ABSTRACT. We obtain a family of nonlinear maximum principles for linear dissipative nonlocal operators,
that are general, robust, and versatile. We use these nonlinear bounds to provide transparent proofs of global
regularity for critical SQG and critical d-dimensional Burgers equations. In addition we give applications of
the nonlinear maximum principle to the global regularity of a slightly dissipative anti-symmetric perturbation
of 2d incompressible Euler equations and generalized fractional dissipative 2d Boussinesq equations.

1. INTRODUCTION

How can a linear operator obey a nonlinear maximum principle? We are referring to shape-dependent
bounds, of the type

7\ 14
s 9(@)
Ag)(Z) > —F— 1.1
(A%g)(z) > 10 1.
where A = /—A, g = Jf is a scalar function, the directional derivative 0 of some other scalar function
f, @ is a point in R? where g attains its maximum, m = || f| 1, ¢ > 0 is a constant, and 0 < a < 2. In

fact, the bound (I.)) scales linearly with f and correctly with respect to dilations (as it should) but it has a
nonlinear dependence on the maximum of g. We refer to such inequalities as nonlinear maximum principles.
They are true for fractional powers of the Laplacian and for many other nonlocal dissipative operators, and
they are versatile and robust.

When studying nonlinear evolution equations, we often encounter situations in which the equation has
some conserved quantities, but these a priori controlled quantities are not strong enough to guarantee global
existence of smooth solutions. In fact smooth solutions may break down. The basic example of the Burgers
equation

0 +00, =0
is worth keeping in mind. We take x € R. The norms ||0||1» are conserved under smooth evolution,
1 < p < 0. Taking a derivative g = 6, we have

g+ 09z + 9> = 0.
This blows up in finite time. If one adds dissipation,
0 + A0+ 00, =0

then g obeys

gt + A%+ 0g. + g° = 0.
This still blows up for @ < 1, and does not blow up for « > 1 [25]. The reader can sense already how
easily the regularity result would follow from the nonlinear maximum principle in the subcritical « > 1
case. At the critical exponent o = 1, the nonlinear maximum principle readily proves the global regularity
of solutions with small L> norms. In order to remove this restriction one has to recognize an additional
structure in the equation: the stability of small shocks. This is discussed in further detail in Section {] below.
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A similar situation is encountered in the study of the dissipative SQG equation.
O +u-VO+ A*0 =0, (1.2)

with divergence-free velocity u, related to 6 by a constitutive law that puts v on par with 6. Here and
throughout this paper we denote the Zygmund operator by A = (—A)l/ 2. The LP norms of 6 are non-
increasing in time under smooth evolution, and it is known that smooth solutions persist for o > 1 ([3l],
[LS], [22], [23], [24], [29], and many more). The case « = 1 is universally termed “critical”, although it
is not known yet if a critical change in behavior actually does occur at o = 1 (this occurs for Burgers, and
so the name is well justified there). We have many analogous situations in PDE of hydrodynamic origin.
The “critical” cases, are cases in which easy proofs break down, and when regularity indeed persists, the
proofs are usually ingenious, involved and implicit. In the case of SQG, there are two quite different main
proof ideas. The approach of [24] is to find a modulus of continuity that is invariant in time. The interplay
between nonlocal dissipation and nonlinearity is used in a subtle and very original way. The proof of [3|]
follows a strategy that has been associated to DeGiorgi: the existence of an a priori integral bound and
dilation invariance are exploited by zooming in to small scales. In that proof the crucial step is a passage
from L°° information to C'* information. An alternative proof of C'“ regularity has been recently obtained
in [23]], by a duality method, exploiting the co-evolution of molecules.

In this paper we provide a new, transparent proof of global regularity for critical SQG based on the
nonlinear maximum principle. The proof has two parts. The first part shows that if a bounded solution
has only small shocks (OSS), a technical term that we define precisely in (3.I) below, then it is a smooth
solution. In the second part we show that if a solution has only small shocks to start with, then it does have
only small shocks for all time. Both parts are proved using appropriate nonlinear maximum principles. We
exemplify the same strategy for the Burgers equation, in any spatial dimension. The first part essentially
shows how having OSS is a way of assuring that the dissipation beats the nonlinearity. In order to prove
the second part we follow the structure of the equation that gave the conservation of L°° norm, but we do it
for displacements. Localizing to small displacements and requiring that the resulting equation has a weak
maximum principle leads to a localizer family, obeying a universal differential inequality, and it is the nature
of this inequality that determines whether or not the persistence of the OSS condition takes place or not.

Nonlinear maximum principles are not relegated to fractional powers of the Laplacian. We give examples
of other operators that have a nonlinear maximum principle in the study of an anti-symmetric, nonlocal
perturbation of the the Euler equations. In fact, we prove that in the presence of an arbitrarily weak nonlocal
dissipation, the anti-symmetric perturbation of the 2D Euler equation is globally regular.

We also show global regularity for mixed fractionally-dissipative 2D Boussinesq equations, under a cer-
tain condition on the powers of the fluid and the temperature dissipation.

Throughout this paper we make the convention that ¢y, ca, . . . denote positive universal constants, which
may depend on the dimension of the space or on other parameters of the equation. On the other hand, we
shall denote by C'y, Cy, . .. constants which may depend on certain L” norms of the initial data.

2. NONLINEAR MAXIMUM PRINCIPLES

We recall that the fractional power of the (negative) Laplacian, which may be defined via the Fourier
transform as

(A%9) (&) = [€]*g(E)

is given in real variables, when 0 < o < 2, as the principal value of the integral

g(z) —g(xr —y)
A — ¢y, PV. d
o) =i PY. | B

where cq o = 7T/ (/2 + d/2)T(—/2) ! is a normalizing constant, which degenerates as a — 2
and as a — 0. Although in this paper we may sometimes omit the P.V. in front of the integral defining A“,
the integral is always understood in the principal value sense.
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The main result of this section is the following nonlinear lower bound on the fractional Laplacian, eval-
uated at the maximum of a smooth function.

Theorem 2.1 (L™ nonlinear lower bound). Let f € ./ (R%). For a fixed k € {1,...,d}, let g(z) =
Onf(x). Assume that T € R? such that g(7) = max,cga g(x) > 0. Then we have

7)1+
Avg(z) > I 2.1
9@) 2 7= @D

for a € (0,2), and some universal positive constant ¢ = ¢(d, o) which may be computed explicitly.

Nonlinear lower bounds appeared in the recent work of Kiselev and Nazarov [23], where they use a
nonlinear lower bound to estimate the fractional Laplacian evaluated at the maximum of a function, in terms
of the L' or L? norm of the function. The main difference here is that we go forward one derivative in
regularity: nonlinear information on V f is obtained from information of f.

Proof of Theorem Let R > 0 be fixed, to be chosen later, and let x be a radially non-decreasing smooth
cut-off function, which vanishes on |z| < 1 and is identically 1 on |z| > 2, and |V x| < 4. We have

_ 9(7) — g(x —y)
Ag(zT) =c a/ dy
(®) =ca R4 |y|d+e

> Cqq /Rd 9(2) @"ZS;_ Y (w/R) dy

dy
> caa0(@) [ ~caa [ 1F(e =)
“ ly|>2R [y|d+e * Jra

where in the last inequality we integrated by parts since g = O, f, and ¢4, is the normalization constant of
the fractional Laplacian. After a short calculation it follows from (2.2)) that

9 x(y/R)

i dy 2.2)

. 9@ _ Sl
A%(z) > oo Co Rot 1 2.3)
where ¢; = [S¥ 7 cg 02 L and ea = [S97Y ey 0 (4d + @)L Inserting
_ 2| fllz=
c19(Z)
into estimate (2.3) concludes the proof of the theorem. Moreover, the constant ¢ = ¢(d, «) in (2.1I) may be
taken exphcltly to be a2(11)° (4 4 d)*|S-1|~ 1cd o O

If we have more a priori information on f, such as a bound in C‘S(Rd) for some § > 0, or respectively less
information of f, such as f € LP(R?) for some p > 1, then the following results complement Theorem

Theorem 2.2 (C° and L? nonlinear lower bound). Let f € .7(R%), g = O f for some k € {1,...,d},
and let T € R? be such that g(T) = max,cga g(z). Then we have

=\1+1%5
pg(z) > L0 F (2.4)
cllflles’
for ¢ € (0,1), and a positive constant ¢ = c¢(d, «, §). In addition, the bound
1+
Avg(z) > IE 2.5)
clfliz i

holds for any p > 1, for some constant ¢ = ¢(d, a, p).
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Proof of Theorem[2.2] Let R > 0, to be chosen later, and let x be the same smooth cut-off function from
the proof of Theorem [2.1] In order to prove (2.4), similarly to (2.2)), we estimate

_ 9(z) —g(x —y)
A% (Z) = ¢ a/ d
g( ) d, Rd |y‘d+a Yy

R R
> caasla) [ ’T;%a)d O 1) - @ = ) Wy
R
> aslo) [ oty =l [ 1oF 0, X0 ay

9(7) 1 flles
Z U pa T 2 paris
where ¢; = ¢1(d, ), and co = ca(d, o, §) are positive constants, which may be computed explicitly. In
the above estimate we have used that 9, f(Z) = 0, and have integrated by parts in y;,. Letting R0 =
2¢2]| fllcs /(c19(Z)) concludes the proof of the lower bound (2.4).
In order to prove the corresponding lower bound in terms of || || .», we use (2.2)) and the Holder inequality

A%(2) = cang(z )/ dy—cdva/Rd\f( )| |0y, XW/E)

yi>2r YT Y Jy|dte

9@ _ Il

dy

2 C1 Ra 2 Ra+1+%
where ¢; = ¢1(d, @) and ¢3 = cy(d, o, p) are explicitly computable positive constants. Letting R t4/? =
2¢o||fllze/(c19(Z)) concludes the proof of (2.3) and of the lemma. O
A similar nonlinear lower bound to (2.1)) may also be obtained if the function is T¢ = [—, 7]¢ periodic.

Theorem 2.3 (L™ periodic lower bound). Let f € C®°(T%) and g = Oy f. Given T € T such that
9(Z) = max,cya g(x), there exits a positive constant c such that either

9(7) <cl|flle (2.6)
or
. g(z)tte
A¢ > 2.7
A= g >0
holds.

Proof of Theorem[2.3] Recall (cf. [16] for instance) that in the periodic setting the integral expression (in
principal value) for the fractional Laplacian is

:U+y)
N = Y [ 2 |y+a|d+a dy

jEZ4

The main contribution to the sum comes from the term with 7 = 0, since only then the kernel is singular.
Also, since Z is the point of maximum of g, all other terms are positive, so be have the lower bound

A9(0) 2 can [ DO ETED (/) ay

where y is a smooth cut-off as in the proof of Theorem[2.1] and R > 0 is to be chosen later. As before, we
obtain

A%(z) > c19(2) < (2;)a _ Wla) e Hé\l\f:o

a 9@  |fllee
— 21+a Ro €2 R1+a
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by requiring that R < 7/2'+/® We would like to let R = 322+ f|| L /(c19(Z)), in order to obtain
Arg(a) > DT
c3l| fll g
where 3 = ¢}t /(2130 ) but this is only possible, due to the restriction the size of R, if
9(x) = cal| fllLee (2.8)
holds, where ¢y = ¢g23ta+1/a /(mer). Letting ¢ = ¢3 + ¢4 concludes the proof of the theorem. O

Remark 2.4. It is clear from the proof of Theorem that the analogue of Theorem [2.2]also holds in the
periodic setting. Namely, either g(Z) can be controlled by a multiple of || f|| s (respectively || f]|z»), or (2.4)

(respectively (2.5)) holds.

Lastly, we note that a nonlinear lower bound in the spirit of Theorem[2.1]also holds for the positive scalar
quantity |V f|2. This bound turns out to be very useful in applications. More precisely, we have:

Theorem 2.5 (Pointwise nonlinear lower bound). Let f € .7 (R%). Then we have the pointwise bound

1 V()P
V(@) ATV (@) > SA0v f() + T 29)
2 cllfll7e
for a € (0,2), and some universal positive constant ¢ = ¢(d, «).
Proof of Theorem[2.5] We use the pointwise identity
1 1
V@) AV f(z) = AN (V) () + 5D (2.10)
where we have denoted (in principal value sense)
_ 2
D= cd,a/ Vi) Zf(x 9, @.11)
Rd ly|*+e

The pointwise identity (2.10) follows from the argument in [[16] (see also [8]). Here Cd,« 18 the normalizing
constant of the integral expression of the fractional Laplacian. We now bound from below

. 2
D> ciq /R d Vi) w;ﬁf“: O (y/R)dy (2.12)

where as before x is a smooth radially non-increasing cut-off function that vanishes on |z| < 1/2 and is
identically 1 on |z| > 1. For all y we have

IVf(@) = V@ +y > V@) —20;f(2)9 f(x+y)

where the summation convention on repeated indices is used. Hence, from (2.12)) it follows that

R
D2 cualVIGIP | ’ﬁfd/m)d caalds @[ [ 35+ (fdﬁa)dy\
. | X(w/R)
> cacl VIO [ oy~ canloyf @ [ |05
(2
_Cl|vj;%(f)| _szf(R)lefHLoo (2.13)

for some positive constants ¢; and co which depend only on d, «, and . Letting

ca|| fllze
2e1|V f(2)]
concludes the proof of the Theorem. O

R=
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Corollary 2.6. Let f € .#(R%). Assume that there exists T € R such that the maximum of |V f(z)|? is
attained at X. Then we have

[V f(@)
cll flIFee
for a € (0,2), and some universal positive constant ¢ = ¢(d, o).

Proof of Corollary[2.6] This follows from Theorem by noting that at the maximum of |V |2, which is
by assumption attained at Z, the term A%(|V f|?)(Z) is non-negative. O

V(@) - AV f(z) >

3. APPLICATIONS TO THE DISSIPATIVE SQG EQUATIONS

The dissipative surface quasi-geostrophic equation (SQG)

00 +u-VO+ A% =0 (3.1
u="mR"0 (3.2)
0(-,0) = 6 (3.3)

has recently attracted a lot of attention in the mathematical literature, see for instance the extended list of
references in [6]. Here 0 < o < 2. While the global regularity in the sub-critical case o > 1 has been long
ago established [29], [[15], the global regularity in the critical case o« = 1 has been proven only recently
[3L 23] 24]. In the super-critical case o« < 1, with large initial data, only eventual regularity [17, 30] and
conditional regularity [13}[14]] have been established.

In this section we establish give a new proof of the global well-posedness of (3.1)—(3.2) in the critical
case o = 1. The proof is based on the nonlinear maximum principle established earlier in section[2] and is
split in two steps. The first step shows that if a solution of the SQG equation has “only small shocks”, then it
is regular (cf. Theorem [3.2]below), while the second step shows that if the initial data has only small shocks,
then the solution has only small shocks for all later times (cf. Theorem [3.3|below). To be more precise let
us introduce:

Definition 3.1 (Only Small Shocks). Let § > 0, and t > 0. We say 0(x,t) has the OS Sy property, if there
exists an L > O such that
sup 0(z,t) — 6(y,t)| < 6. (3.4)
{(@y): [z—y|<L}
Moreover, for T > 0, we say 0(z,t) has the uniform OSSs property on [0, T, if there exists an L > 0 such
that

{(:E,y,t): |(E—y|<L, OStST}

Our first result states that the uniform O.S.S5 property implies regularity of the solution:

Theorem 3.2 (From Only Small Shocks to regularity). There exists a o9 > 0, depending only on ||6p|| <,
so that if 0 is a bounded weak solution of the critical SQG equation with the uniform OSSs, property on
[0, T), then it is a smooth solution on [0, T]. Moreover

sup [|[VO(-,¢)|[ze < C([|o]| Lo~ [[ Vo] Lo, L) (3.6)
te[0,7)

where L is defined as in (3.5)).

In fact we give the proof of (3.6) assuming 6 is a smooth function on [0,7"). These arguments can then
be then made formal by adding a hyper-regularization —e A6 to the equations. Since the proof given below
carries through to the regularized equations, and the bounds obtained are s-independent, we may pass to a
limit as € — 0, and obtain for the SQG equations. Any subcritical regularization would do. The main
point is that the estimate [3.6|is uniform in time.
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Proof of Theorem[3.2] 1t is clear from (3.1) that ||0(-,¢)|| e < ||fo| Lo, and hence a suitable a priori esti-
mate on || V|| implies that 6 is in fact a smooth solution. For this purpose, apply V to (3.1) and multiply
by V6 to obtain

1
5(8t+u~V)|V9|2+V0'AV0+VU: V6 -Vl =0, (3.7)
where as usual we denote A = (—A)/2. Recall cf. (Z.9) that we have the pointwise identity
1 1
VO(z) - AVO(z) = §A]V0(w)\2 +5D(,1) (3.8)

where

D(;L‘,t) = COP-V/ ’V&(x,t) — VG(yjt)’Q

dy,
R4 \1’ - y\dﬂ

with ¢p = c4,1 being the normalizing constant of A. As shown in the proof of Theorem @ there exists a
non-dimensional constant ¢; > 0 such that

1 |VO(z, 1)
SD(x,t) > e UL (3.9)
e TP
Here we also used the L° maximum principle for . Summarizing, (3.7), (3.8)), and (3.9) give
1 Vh(z,1)]*  D(w,t
2(at+u-v+A)|v9(x,t)|2+cl‘ ”9(”’7’ i (j’ ) < \Vu(a, t)] VO, D) (3.10)
ollzee

We estimate the absolute value of
1

Vu(z,t) = R*V6(x,t) = PV, / (z—y)™

Rd ‘.T — y’d+1 (V@(:L‘, t) - Ve(y, t)) dy

by splitting softly (i.e. with smooth cut-offs) into an inner piece |z — y| < p, for some p = p(z,t) > 0 to
be chosen later, a medium piece p < |z — y| < L (where L > 0 will be chosen later), and an outer piece
|z — y| > L. Bounding the inner piece follows directly from the Cauchy-Schwartz inequality:

|Vin (2, t)| < cay/D(x, t)p(,1)

for some positive constant co depending only on the smooth cut-off. We choose p so that

D D
ca\/Dp|VO|* < 3+ 2c3p|VO|* < T (3.11)

which in view of (3.9) is true if we let
pla,t) = 2 (3.12)

4c3||6o| L |VO(2, )|

Now we estimate Vu,,eq using the OSSs property. Since f|ziy|:7"(:v — )tz — v VO(z)dy = 0 for
r > 0, and the cut-off used in the soft representation of the integral is radial, integrating by parts in y we
obtain

O(x,t) —0(y,t
|Vitmed(w, )] < 03/ 6. 1) —bly. D)l 5, (3.13)
p<le—yl<r 1T =Yl
Using the assumption that §(z, t) has the 0SS5, property with corresponding length L, we obtain
0
Vimea(z, )] < C4;° — ¢5]80| 1< 60| VO (2, )| (3.14)

by (3.12), where ¢; = c3/S?!| and c5 = 4cyc3/c1. In order to make sure that |Vueq(z,t)||VO(z,t)[?
does not exceed half of the positive term in (3.10), i.e. ¢1|VO(x,y)|?/|00|| L, we let
c1

b= — (3.15)
2¢5|00]|F
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Of course the value of L corresponding to the above fixed dy, might not be larger than the value of p as
defined in (3.12)), case in which we have .4 = 0. Lastly we bound Vu,,,; similarly to (3.13), and obtain

0ol 1,00
| Vtout (2, 1)] < 2c4”°]':’L. (3.16)
Therefore, from (3.10), (3.11), (3.14), (3.13), and (3.16)) we arrive at the pointwise inequality
1 0(z,t)]3 00| L= |VO(z,t)[?
2 2[|Bol| Lo L

which gives

dey]|00]| 7
c1L

Reading this at a maximum of |V6(x,t)| (if it exists) would at least formally conclude the proof of the

Theorem. Indeed, at a point of maximum the gradient is O and the fractional Laplacian is positive, implying

that whenever max |V(-,¢)| reaches C\, its time derivative is negative and hence it can never exceed the

threshold level C.,.

In order to make the argument described here rigorous, one may proceed as follows. Let () : [0,00) —
[0, 00) be a non-decreasing C'* convex function that vanishes identically for 0 < r < max{||V6o||?, C?},
is strictly positive for r > max{||Vfo||2,C?} and grows algebraically at infinity. Due to the convexity of
 as in [I8,[16] we have

(@ +u-V+A)|VO(,t)? <0, whenever  [VO(x,t)| > =G

¢'(IVO(z, )P)AIVO(z, 1) > Ap(|[Vo(z, 1))
pointwise in z. Thus, we may multiply by ¢'(|VO(x,t)|?) and obtain
c1|VO(x,t)?

2[|0o| o~

since ¢'(|V0|?) = 0 for [V8| < C.. In particular, it follows from (3-I8)) that (| V0|?) satisfies the weak
maximum principle

%(at +u-V+N)p(|VO(z,1)*) < (Ce = [VO(z, ) (IVO(z, 1)[}) <O (3.18)

le(IVOC D) pee < lle(IV8o[*) [l z=- (3.19)

The above is for instance obtained from L?P estimates on (3.18)), using that f f?P~IAf > 0 for smooth
functions f, and sending p — oo. To conclude, we note that by design ¢(|V8y()|?) = 0 a.e., and hence
from (3.19) we obtain (|V0(x,t)|?) = 0 a.e., or equivalently |V8(x,t)| < max{||Vly| 1=, Cs} for ae.
x,and all ¢t € [0, 7. O

Theorem 3.3 (Stability of Only Small Shocks). Let 69 > 0 and T > 0 be arbitrary. If 0y has the OS S, /3
property, then a bounded weak solution 0 of the critical SQG equation has the uniform OSSs, property on
[0, 7.

Proof of Theorem[3.3] We take now 6;,0(z,t) = 6(z + h,t) — 0(z,t). The equation obeyed by 90 is
(O +u- Vi + (6pu) - Vi +A) 6,0 = 0 (3.20)

where
(z—y)t

(Bu)a) = ular + ht) ~ula,t) = PV. | 2T

0 (y,t)dy. 3.21)

This looks like it might have a maximum principle in both = and h, but of course, there is no decay as
|h| — oo, and the maximum is not small. We take
®(h) = e VUIAD, (3.22)

The main properties of ® are: smooth, radial, strictly positive, non-increasing, ®(0) = 1, and
lim|p) oo ®(Jh]) = 0. We will need therefore W to be positive, ¥’ > 0, normalized ¥(0) = 0 and
lim;_, o ¥(I) = co. We shall construct the specific ¥ at the end of the proof.
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We multiply (3.20)) by (6,,6)®(h) and obtain
1 1 1
5 O+ u- Vo + (pu) - Va+ A) (0n0(z, t)*®(R)) + 5 2(h) Dy = 5(5,¢)(a;,t))2(5hu) - V5®(h) (3.23)

where

_ 2
Dh(ﬂj,t) — CO/ (6h6(x7t> 5h0(yat)) dy (324)

R4 |z — y|d+t
where ¢ is the normalizing constant of the integral defining A. Let us denote by v = v(x,¢; h)

v = (0,0(z,1))*®(h) (3.25)
and by L the operator
L=0+u-Vy+ (dpu) -V, +A. (3.26)
Let us note that
IVi®|®(h)~" < W'(|h) (3.27)
and so, from (3.23) and we have
Lv + ®(h)Dy, < V'|6pulv. (3.28)

Now we will assume that y € LP(R?) N L>°(R?), for some 1 < p < oo. Then we can bound &,u by
splitting as usual in an inner part

(z —y)* (0n0(z, t) — 60(y. 1))

ptin(z,t) = P.V. dy
" lz—yl<p o —y|oH
a medium part when p < |z — y| < R, and an outer part. We note that
|0pwin(z,t)] < c1v/pDp(z,t) (3.29)

follows immediately from the Cauchy-Schwartz inequality. For the medium part we have

R
|0 Umed(x,t)| < cool|O0|| Lo log <p> (3.30)
while for the outer part, we use integrability in LP of 6, to obtain

_d
|Onuout (2, )] < cpl|bollr R 7. (3.31)

We distinguish between the cases Dy, < 1 and Dy, > 1. If Dy, < 1 we choose p = R = 1 and we obtain in
this case

|opu(z,t)| < c1 + ¢pllfo]|Lr-
If Dy, > 1 we choose p = D;l and R = 1 to obtain
léhu(x,t)] S c1 + CooHeouLoo log(Dh) + CpHQ()HLp.

Summarizing, we obtain

|0pu(z,t)] < C1 + Cxlog, (Dp) (3.32)
where we set
C1 = c1+¢llfolle, p < o0 (3.33)
and
Coo = coollfl] o= (3.34)

Now we use the elementary inequality

Chloga < g + Cblog(200) (3.35)
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valid for C' > 0,a > 0,b > 0. This inequality follows immediately from

2L0b < 303,
In fact, (3.35) also holds with log replaced by log . Applying this inequality with C' = U'C,, a = Dy,
and b = (5,0(x,t))?, we obtain

D
Bpu(a, )0 < @0 4 (€1 + Cuc log, (20 Cuc 040, 1)) )W'. (3.36)
Using (3.36)) we obtain from (3.28))
1
Lv+ 5®(h) Dy, < (01 + Coo log +(8\1;’%0||90||%oo)>\Iﬂv (3.37)
Let us take now r > 0 and observe that
(0n(x))* / onf(y) <$ - y>
Dp(x,t) > ca————2— — 2¢9(6p,0(x d (3.38)
nlz,t) 2 ea— 0(0nf(z)) eyl [T — T x| — y

with x(y) a non-negative radial cut-off vanishing for |y| < 1 and identically equal to 1 for |y| > 2. If
r > 3|h| we obtain

5n0(x,t))? 00| o |h
Di(,t) > eg2n0@ )7l O”LQ 5,00z, 1) (3.39)
r r
Without loss of generality, we may assume cg > 3c¢s. Then we define
2¢g|h|]|fo]| e
=— (3.40)
C5|5h9($, t)’
In view of the fact that |9,0(x, t)| < 2||6p|| L, we have that > 3|h/|, and from (3.39) we deduce that
1 1610(z, 1) |3
Dy, t) > epr oL (3.41)
2 [A[l|6o]l os
and consequently
3
1 V2 1
—ODp(z,t) > D72 (3.42)
2 |1/ [160]| Lo
Using the lower bound (3.42) in (3.37), we deduce that
Lo+ — 03075 < Cpar (1 +log(1+ W) W'o (3.43)
|2/ [160]| Lo
where
Crnaz = max{Cp, Cx} (3.44)
and
Cp =1+ ¢p|00]|r + cool|00] L log, (8cao||f0]l7oe) - (3.45)
Let us denote
Socr|[boll Lo
q= ) (3.46)
4Cmax

Note that g is a fixed constant that depends in an explicit and computable manner on g, ||6p|| o, and ||0g|| z»
alone. Let us now assume that ¥ satisfies

' (y) (1 + log(1 + ¥'(y))) < (3.47)

ASES

for all y > 0. Then we deduce that
Lv <0 (3.48)
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2 2
holds whenever v > %@ and, a forteriori (because ¢ < 1), whenever v > ‘15—%. Let us denote

F(p) = p(1 +log(1 +p)) (3.49)

defined for p > 0. Clearly
p
F'(p)=1+log(l+p)+-—>1,
(p) sl +p)+ 7 2
so F'is strictly increasing and
F(p)>p
because F'(0) = 0. The inequality we need is therefore
V(y) < F <q> (3.50)
Yy

where F~! is the inverse function. Now, because p < F' it follows that
1 +1log(l+p) <1+log(l+ F)

and in view of

B F
P T log(1 + p)
we have
F
> 3.51
P =1 log(1 + F) (3-51)
Reading this at p = F~1 (%), i.e., for F(p) = (%) we have
1 <Fp! <q> . (3.52)
y<1+log(1+%)) Yy
Therefore (3.50) and thus (3.47) will be satisfied if
T(y) < 1 . (3.53)
y(1+10g (1+2))
The function
1

= )
z(1 4+ log(1 + 5))
is not integrable near infinity, nor near zero. This is a good thing. The right hand side of (3.53) tends to
infinity as y — 0. Let us pick [ > 0 and define

Y
q
- . 54
Gily) /l x(1+10g(1+%))d$ (3:54)

We define ¥(y) to equal identically ¥(y) = 0 for 0 < y < L, U(y) = Gy(y) for y > [ and satisfying (3.53)
for all y. More precisely, we take a smooth function ¢;(y), equal to 0 for 0 < y <[/2, equal to 1 fory > I,
satisfying 0 < ¢;(y) < 1 for all y and define

/ . q
V(y) = sbz(y)y (1 o (1 N §>)

(3.55)

and consequently

I q
‘P(y)—/o ¢z(y)y<1+log (Hg))dy. (3.56)
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Because v € L'(R??) N L>°(R??) and L has a weak maximum principle we have
[oCs 85 ) zoe < flvo(5 )l 3.57)
forall 0 <t < T if |lvgllpe < %. Now, if 6 has the property 0SS5, /s with with length Lo, and because
lim Gy(y) =
lg% l(y) o0,

by choosing [ small enough (depending on ¢ and ¢) we can assure that

L
ool < &
and so
3
[o(z, :h) < 16 (3.58)
for all x, h and all ¢ < T', which means that
1)
06, 1)] < Flez 1M (3.59)

holds for all z, all h and all ¢ < T'. Therefore |6,6(x,t)] < dp forall z,t < T, and || < U1 (2log4).

In order to rigorously justify the maximum-principle-type estimate (3.58)), one may proceed as in the proof
of Theorern Namely, we introduce a smooth non-decreasing convex function ¢(r) which is identically
0on 0 < r < §2/16, and positive otherwise. Multiplying with ¢’(v), and using the specific choice
of ¥ made above we may in fact show that Lo(v(z,t;h)) < 0 pointwise in x, h, and ¢. Since L has a
weak maximum principle, we obtain with v replaced by ¢(v). Our suitable choice of [ small enough
ensures that ¢(vg) = 0 a.e., which then proves (3.58)), concluding the proof of the theorem. U

Combining Theorems [3.2]and [3.3| we arrive at:

Theorem 3.4 (Global well-posedness for critical SQG). Let 6y € .7 (R?). Then there exits a unique global
in time smooth solution 0(x,t) of the initial value problem associated with the critical SQG equation.

Proof of Theorem Fix dy as in the statement of Theorem|[3.2] and pick an arbitrary 7" > 0. There exists
a bounded weak solution 6(z,t) on [0, 7). Since 6y is in particular uniformly continuous, it automatically
has the 0SS5, /s property. By Theorem it follows that 0(x, t) has the uniform OSSs, property on [0, 77,
and hence by Theorem [3.2|we have that § € L>°([0, T]; W1°°(R%)). This is sub-critical information which
may be used to bootstrap and show that § € C>°((0,T) x R%). From the proof it is clear that in fact we only
need the initial data to lie in W'1:°°(R?) and have sufficient decay at spacial infinity. U

Remark 3.5 (Conditional regularity for the super-critical SQG). By combining the proof of Theorem[2.5]
and that of Theorem one may show that if § € L>(0,T; C?), then

V@(aj,t) . Aave(x,t) Z %Aa‘ve(w‘,t)‘Q + CIVMJ

where M = ||| L s Therefore,

1 Vo(x,t 15 D x,t

,(@+U.V+Aa)\ve(x,t)\2+c1’ ( l + (1)

2 MT-3 2
with D as defined by (2.11). To bound |Vu(z,t)| we split in two pieces, according to p > 0. The inner
piece is bounded by coD1/? p®/2, while the outer piece is bounded by cp M / p'~9. The Schwartz inequality

and optimizing in p gives

< [Vu(e, 1) [V8(z,0)2  (3.60)

D(z,t)

IVO(z, )2 Vu(z, )| < —5 ta M =575 |V (z, )| e (3.61)
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Therefore, it follows from (3.60) and (3.61)) that if

o 2a a? o
24+ ——>4-— >2&0>1—
- —o4a (=02 1-s «
then the maximum of |V#| can not exceed a certain constant which depends on M, showing that V6 €
L>(0,T; L>(R%)) and hence 6 is a regular solution on (0, 7). This recovers the results of [13], without
making use of the Besov-space techniques.

“1

4. CRITICAL BURGERS IN d DIMENSIONS

Returning to the example from the Introduction, we can use the exact same strategy to prove global
existence of smooth solutions for critical Burgers equations. We consider

0,0 + %|v0|2 +A0=0
differentiate and obtain

Ou+u-Vu+Au=0 4.1
for u = V#. It is easy to show that ||u|| L~ is non-increasing as long as solutions are smooth. We have:

Theorem 4.1 (Global regularity for critical d — D Burgers). Assume ug € ./ (R%). The Cauchy problem
for the Burgers equation @.1) is globally well posed in the smooth category.

We only give a sketch of the proof, since almost all arguments can be carried over from the SQG case.
Letting
9= 1[Vul
we have that
(Or4+u-V+AN)g>+D+2¢°=0 4.2)
with

D(z,t) = CoP.V./ Vulz) - v“(y)‘Qdy.

R |z — yl|d+t
We assume the property OSSs, for u. The main difference between Burgers and SQG is that in (4.2) we
have ¢> instead of g?Ru, so that we to use the O.SS property in the lower bound for the positive term D,
rather than in bounding g>. We (softly) split the integral expression for D according to p and dy, and then
optimize in p to obtain

Vu(x) — Vul(y 2
|lz—y|>p [z -yl
2
g u(r) —uly 1
> — 029/ 7| (z) d£2)|dy — 202g|]u]Loo/ ey
p p<|z—y|<L |x - y| |z—y|>L |SC - y|
2
g 9% gllullz2
> 01; - 03? BTy
3
g glluol| Lo
> el 4.3
Z ey T ATy (4.3)

where L is the length scale of the property OSSs,. It is enough to have dy sufficiently small, e.g. less than
¢4/2, to deduce that g is bounded. This proves that the small shocks property implies regularity.

The proof of stability of OS'S is similar (and simpler) than the proof for SQG. There we had to work in
order to bound |, u| in terms of |0;,6|, but as above here there is no need to do this. Thus, the ODE inequality
for ¥’ (corresponding to (3.47) above) does not involve logarithms, and is simply ¥’ < <. This function is
clearly also not integrable around y = 0, and so the argument given in (3.49)—(3.59) can be carried through.
We obtain thus global existence of smooth solutions for critical Burgers equations in R?.
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5. A NONLOCAL ANTI-SYMMETRIC PERTURBATION OF THE EULER EQUATIONS

The Euler equations are the classical model for the motion of an ideal incompressible fluid. These equa-
tions give rise to some of the most challenging problems in mathematical fluid dynamics. See, for instance,
the survey articles [2, 9} [10]], the books [[7, 28], and references therein for a review of the subject. When it
comes to the issue of global existence and regularity of solutions to the Euler (and Navier-Stokes) equations,
the problem is much better understood in the two-dimensional case. The main reason is that in two dimen-
sions the vorticity stretching term is absent, allowing one to obtain a global in time maximum principle
for the vorticity. This maximum principle is the key ingredient in the proofs of global existence of smooth
solutions to the Euler equations (coupled with the Brézis-Gallouét or more precisely the Beale-Kato-Majda
inequality, see for instance [[1, 26]).

Here we would like to point out that current methods for understanding the Euler equations, even in two
dimensions, are not robust with respect to very mild perturbations in the equation. In this direction we
consider the following example of a two-dimensional Euler equation with solution dependent forcing that is
linear, nonlocal, and anti-symmetric:

ou+u-Vu+Vp=ARiu (5.1
V-ou=0 (5.2)
where R; = 9;A~! is the Riesz transform with Fourier symbol —i¢;/|€], and A > 0 is some given

amplitude of the perturbation. Here (z,t) € R? x [0, 00). The immediate difficulty arising in the analysis
of global smooth solutions to the initial value problem associated to (5.1)—(3.2)) is the lack of an a priori
control of the L.°° norm of the vorticity w = V- u = d1uy — Hyuy, due to the unboundedness of the Riesz
transform in L°°. Indeed, from the vorticity equation associated to (5.1)—(5.2), i.e.

Ow +u-Vw=ARw (5.3)
w:Vl-u,V-uzo (5.4

we only obtain global in time bounds on the LP norms of w, with 1 < p < co. Alternatively, if one were able
to control ||w(+, t)||Bao, globally in time, the global regularity of (5.1)—(5.2) would also follow (cf. [26]).

We mention that recently the first author and collaborators have analyzed in [6] the so-called Loglog-Euler
equation, i.e. the active scalar equation

0 +v-VO=0 (5.5)
v=VIATIP(A)G (5.6)
where P(A) is a Fourier multiplier with symbol

P(l¢l) = (log(1 +log(1 +[¢[*)))"

and 0 < 4 < 1. If one regards ¢ as the vorticity, the difference between the system (3.5)—(5.6) and
the classical Euler equations is that the velocity v is logarithmically more singular. To obtain the global
regularity of smooth solution to (3.5)—(5.6), with even more singular velocities, i.e. for functions P that
grow faster than loglog [£] as |{| — oo, is an open problem. We remark that the features which make the
systems (5.3)—(5.4) and (5.5)—(5.6) more difficult than the classical Euler equations are of different nature.
For the Loglog-Euler system the L°° maximum principle is available and the difficulty arrives from the
borderline nature of the logarithmic estimate of ||Vv|| e in terms of ||0|| ;. For the system (5.3)-(5.4)
estimating ||Vu||pe in terms of ||w| r is done exactly the same as for the Euler equations, but we are
lacking the a priori control on ||w|| .

The motivation for addressing linear, nonlocal, anti-symmetric perturbations of the Euler equations is
quite basic: consider the solution-dependent forced equations

ou+u-Vu+Vp=f(u), V.-u=0 5.7
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where f = (f1, f2), and f1, fo: R? — R are smooth and bounded functions. Such an equation may arise
naturally for example if the Euler equations are coupled with another quantity that is transported by u, or
for instance in the study of the stochastic Euler equations with multiplicative noise. In order to address the
global in time regularity of (5.7), one classically analyzes the equation solved by the vorticity w = V= - u
namely

Ow +u-Vw = =01 fiw — (01 f2 + 02 f1)Ri2w + (02f2 — 01 f1)R1iw (5.8)

where R;; are iterated Riesz transforms 8i6jA_2, and we have used the two-dimensional Biot-Savart law
u = (—02A 2w, & A~2w). While the first term on the right side of of is harmless for L> estimates on
w, unless f is such that 01 fo + 02 f1 = 0o fo — 01 f1 = 0 identically, the remaining two terms are both of
the type Vf R;;w, i.e. a bounded smooth function multiplied by a Calder6n-Zygmund operator acting on
w. This prevents one from obtaining an L°° maximum principle for w using classical methods. Therefore
it is natural to simplify the right side of (3.8]), and have it contain just a constant multiple of one Calderén-
Zygmund operator acting on w, which for simplicity we take to be Ry = 91 A~! yielding (5.3)—(5.4).

The principal result of this section is to prove that if one regularizes the system (5.3)—(3.4) by introducing
a very mildly dissipative operator £, one may a priori obtain the global in time control of the L* norm
of the vorticity, and hence the resulting equations are globally well-posed in the smooth category. More
precisely, we consider the system

Ow + Lw+u-Vw=ARw (5.9
w=Vtou V-u=0, (5.10)

on R? x [0, 00), where A > 0 is the amplitude of the perturbation and the dissipative operator £ is defined
via

Lo(w) = P.V./ wie) —wl@ —y) 4 (5.11)
e |ylPm(lyl)
The smooth, non-decreasing function m: [0, 0o [0 00), is taken to satisfy
/ ™) gy < (5.12)

and for simplicity also assume that m satisfies the doubhng condition
m(2r) < cm(r) (5.13)

for some universal constant ¢ > 0, and for all » > 0. The classical examples of an operators £ satisfying
(. 11)—(5.13) are the fractional powers of the Laplacian

ANw(z) = caP.V./ wlz) —wz ~y) dy
R? ly|**e
for o € (0,1), so that m(r) = r*/c,, where ¢, is a normalizing constant. However one may consider dissi-
pative operators that are weaker than any power of the fractional Laplacian. For instance one may consider
an operator £ defined via (5.11)), with m(r) an increasing positive function that behaves like 1/(—Inr)!*¢
for all sufficiently small r, and some ¢ > 0. Condition (5.12) says that at sufficiently small scales the
dissipative operator L is stronger than the forcing A R;.
The main result of this section is:

Theorem 5.1 (Global regularity). Let L be a dissipative operator defined by (5.11), with m satisfying
(5.12)—(5.13), and let the initial data w(-,0) = wy be smooth, e.g. in H®, with s > 1. Then the initial value
problem associated to (5.9)—(5.10) has a unique global in time solution w € C(0, 00; H®).

In fact, the global regularity of smooth solutions to (5.9)—(5.10) still holds if the condition (5.12) is
weakened to only assume that lim, o, m(r) = 0 (cf. Remark [5.4] below). The proof of Theorem [5.1]is
based on classical Sobolev energy estimates, the Beale-Kato-Majda inequality (cf. [1]]), and establishing the
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a priori control of the L> norm of w. Obtaining a suitable bound on ||w||z~ is the main difficulty, and in
this direction we have the following global in time estimate:

Theorem 5.2 (Global L*° control). Let wy € H? for some s > 1, and let L be defined via (5.11)—(5.13).
There exists a positive constant M = M (A, m, ||wol| L) such that if w is a H*-smooth solution of the initial
value problem associated to (5.9)—(5.10) on [0,T"), then we have

lw(s D)L < M
forallt €[0,T).
Before we turn to the proof of Theorem[5.2] we point out that the system (5.9)—(5.10) is conservative.

Remark 5.3 (Energy and enstrophy conservation). We note that ng uRiu dxr = 0 since R is given by
an odd Fourier symbol. Hence if we multiply the dissipative version of (5.1)) by v and integrate by parts we
obtain that &; [ |ul*(z,t) dz = 0, if u is smooth enough. Therefore, the energy ||u||%, is non-increasing
for smooth solutions to (5.9). Similarly, if one multiplies by w and integrates by parts, one obtains that
for smooth solutions the enstrophy ||w||?, is also non-increasing.

Proof of Theorem Multiplying (5.9) by w(x) we obtain
%(8,5 +u-V)|w(z, t)]? +w(z, t)Lw(z, t) = Aw(z, ) Riw(z, t)

and using the pointwise identity (which may be proven the same as (2.10))
ol )Ll t) = Ll ) + 2D

where as usual

(o) —wiz =y, 1)

D(z,t) = PV. (5.14)
@) e lPm(l)
we obtain
1 D
5(815 +u- V4 L)|w(z,t)? + (;’t) = Aw(z, t)Riw(x, ). (5.15)

In order to bound the right side of (3.15]) we split softly in the integral representation of the Riesz transform,
and use the Cauchy-Schwartz inequality to obtain

Aw(z, t)Riw(z,t) = coAw(z,t)P.V. /]R2 (w(z) —w(z — y))%dy
w(z) —w(z—y)| lnlvmyl)
L P R T
wla— )|,
ly|>1 |y‘2

Ym(r 12
< cAlw(z, t)|\/D(x,t) </0 7E)dr> + csAlw(z, t)|||w(-, t) || 12
D(z,t)
4

<

+ ey A|w(z, t)]* + csAw(z, t)]||wol| 2 (5.16)

Here c4 depends linearly on fol @dr, a quantity assumed to be finite in (5.12)). Thus, (5.15)—(5.16)) give

D(z,t)
4

1
S < s A?w(z, )]? + ezAlw(z, 1) |lwol| 2 (5.17)
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for a universal constant ¢3 > 0, and a constant ¢4 > 0 which may depend on m. To bound D(z,t) from
below, we let p > 0 and since m is increasing estimate

Da,t) > /| | (ol 1) —wlz —y,1)?
y|=p

ly[*m(ly|)
2wt [t () / otz ~,9)]

p<ly<t [yIPm(lyl) wizp [yIPm(lyl)
> (2, )2 ln - — t — 5.18
_m(l)\w(w, )| n colw (@, t)|l|lwoll L2 () (5.18)

We could now optimize in p and obtain a positive lower bound for D, but in fact there is no need to do that.
We simply pick p = p(A, m) € (0,1) to be such that

cs
ln* > C4A2
8m(1)  p

For this fixed p from (5.17)—-(5.18) we obtain

1
5OVt Dlw(a, D + colw(z, O] < erlw(z,t)][lwoll 22 (5.19)

for some positive constants cg, c; which may depend on p, m, and A. The a priori estimate shows
that (0; +u - V + £)|w|? < 0 whenever |w(z,t)| > c7llwol|z2/c6. Again, if the maximum of |w(z)| were
attained at some point Z, since V|w(z)|?> = 0, and Lw(Z) > 0 we would formally obtain from (5.19) that
Orlw(z)|?> < 0 whenever |w(7)] is too large, showing that the L> norm of w can never exceed a certain
value. As in the proof of Theorem [3.2] in order to make this argument rigorous, we introduce a non-
decreasing convex smooth function go(r) which is identically 0 on 0 < 7 < max{||wol|F e, ¢2|lwol|32/c3},
and positive otherwise. Multiplying by ¢'(|w(z,t)|?) then gives

O +u-V+Lp(w(z,t)*) <0 (5.20)
forall x and all ¢ € [0, 7). It is not hard to verify (as in [16]) that £ is positive on L?, i.e.

[ @l @)@y =0
for all smooth functions f, and all p even. Hence from (5.20) we may obtain the weak maximum principle

(w8 ) e < lle(lwol?)]pe =0

due to our choice of . This shows that ||w(-,t)|| < M = max{||wol|re, c7||wol|r2/c6} for all t € [0,T),
concluding the proof of the theorem. g

Remark 5.4 (Global well-posedness with arbitrarily weak dissipation). Using an argument inspired by
the work [22] for the critically dissipative dispersive SQG equation, one may obtain the global L°° bound
stated in Theorem [5.2] under weaker conditions on m, namely if (5.12) is replaced by

Tli%l+m(r) =0. (5.21)

The main ideas is as follows. If we were to assume that for some fixed time ¢, the sup,cgr2 w(z, t) is attained
at w(Z), then at T the advective term in (5.9) vanishes and we are left with

L w(@—y) —w(@) 1 Ay
Ow(T) = /}R2 PE (m(\yl) * 27T|y!) dy

in the principal value sense. The smallness of m () with respect to 1 /A as » — 0+ implies that there exists a
small enough p > 0 so that when restricted to y € B,(0), the integral on the right side of (5.21) is negative.
The contribution from the exterior of the ball B, is proportional to ||w(-,t)||z2 < ||wol|z2. Therefore, at
maxima of w we have the bound

Ow(Z,t) < cllwollr2-
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A similar argument applied to the minimum would then show that ||w(-, t)|| L= may be bounded as ||wo|| L+
ct||wol|z2 for all ¢ € [0,T"). However, since such a point Z where the maximum (or minimum) is attained
may not exist, we need to look at the evolution (5.9) when multiplied by a smooth cut-off function, leaving
us to estimating lower order terms. We omit further details.

Proof of Theorem[5.1] The local existence of smooth solutions u € L{°H?, with s > 2, for the velocity
equations (5.1)—(5.2) follows straightforward from the energy inequality
1d
2dt
and the Sobolev embedding theorem. Estimate is proven the same as for the Euler equations, since
fRQ ORiu - 0%u dx = 0 for all & € N2, and hence the term R u is absent in L?-based estimates.

To obtain the global existence of smooth solutions to (3.1))—(5.2), the standard procedure is to bound the
term ||Vul|[p~ with ||w| L~ and a Sobolev extrapolation inequality with logarithmic correction (see, for
instance [1, 26]). Since the term Rju vanishes in H® energy estimates, it is not hard to check that the
following blow-up criterion may be obtained directly from and the Beale-Kato-Majda inequality:

Jul|Frs < esl|Vul| oo [|ul| 7 (5.22)

t
If th/njl“ / lw(:, s)|| e ds < oo, then the smooth solution may be continued past 7.
0

In addition, one may prove using similar arguments to [16] that £ is positive on in L? estimates with p even.
It hence directly follows that the above blow-up criterion, which is proven for the non-dissipative equations,
also hold for the dissipative system (5.9)—(5.10), and hence the global regularity of smooth solutions holds
due to the a priori bound on ||w(-, ¢)|| obtained in Theorem 5.2} O

Lastly, we point out that one may obtain a direct time-independent a priori estimate on ||Vw||z,, for
smooth solutions w of (53.9)—(5.10). For simplicity we give a sketch the proof that | Vw(-,¢)|| L is bounded
as t — oo if the dissipative operator L is a fractional power of the Laplacian.

Proposition 5.5 (Uniform W 1> control). Letw € C((0,T); H®) be a solution of the initial value problem
associated to (5.9)-(5.10), with L = A® for some o € (0,2). Then we have

IVw(t)|[Le < M
forallt € [0,T), where M = M(A, o, ||wol| 12, ||wol|w1.e0 ), is a suitable constant.
Proof of Proposition[5.5] Taking the gradient of (5.9) and taking an inner product with Vw we obtain the

pointwise bound (we omit time dependence)

Diz)

%(&t +u- V4 AY)|Vw(2)|? + = AR1Vw(z) - Vw(z) + Vu(x): Vw(z) - Vw(z).  (5.23)

where as before

C2.a

_ 2
D(z) = 2 py. |IVw(z) — Vw(z +y)|
2 R2 ly[#*e
We use half of the dissipation D to obtain the nonlinear lower bound as in Theorem [2.5] while the other
half is used to dampen the effect of the dispersive forcing. Decomposing the singular integral which defines

R1 into an inner piece and an outer piece according to the parameter p > 0, similarly to the proof of
Theorem [3.2] we obtain

A|lVw(z) - RiVw(z)| < ¢1|Vw(z)|v/D(@)p*? + ¢1|Vw(x)|

dy.

][z

for some constant ¢; = ¢1(A) > 0. After applying the Cauchy-Schwartz inequality and optimizing in p, the
above estimate gives

D(x)

2+a =
5 + 2| Vw(z) | Te ||w]| 55 (5.24)

AlVw(z) - RiVw(z)| <
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In order to estimate || Vul| ., we recall the bound (cf. [26]))

1fllzee < es (L+ (| fllpmo(1 +logy || fllws»)) (5.25)

which holds for s > 2/p, 1 < p < oo, and some sufficiently large constant c3. Letting p be sufficiently
large and s € (0,1), one may interpolate W** between L? and W and then apply (5.23) to f = Vu.
Since Vu is a matrix of Riesz transforms acting on w, we have | Vu||grro < Cllw||r~ and therefore

IVullzee < ea (L4 |wllpee (1 +logy (lwll 2nre + [Vw]Lee))) - (5.26)

Assume there exists Z, a point where the maximum of |Vw|? is attained (this can be made rigorous using
cut-off functions or convex change of variables). Evaluating (5.23)) at z, using (5.24), (5.26)), and the lower
bound on D(z) given by Theorem [2.5] we obtain the a priori estimate

Vel ||2+a e

HVw(@) + cs < eaM (14 log, (M + [|Vez=)) [Vollie + e2M|Vol} (5.27)

where M = M (|lwo| 2, HwH L5°Le0), which we knows is finite cf. Theorem Lastly, since on the left
side of (5.27) we have | Vw| 312, while on the right side of (5.27) we have the slower growing quantities

|Vwl||? « log, [|Vw]|| e and ||VwH;o“, we obtain that 9;|Vw(z)|? < 0, whenever |Vw(Z)| = ||Vw| L is
larger than a certain constant. Therefore || Vw(-, )|/~ can never exceed this constant, for £ > 0. O

6. APPLICATIONS TO THE 2D BOUSSINESQ EQUATION WITH MIXED FRACTIONAL DISSIPATION

The two-dimensional Boussinesq equations with mixed fractional dissipation of order o and (3, denoted
in the following as (B, ), is given by

ou+u-Vu+ Vp+ A% = Oes 6.1)
V-u=0 6.2)
00 +u-VO+A0=0 (6.3)

where e; = (0,1), and «, 5 € [0,2]. We make the convention that by & = 0 we mean that there is no
dissipation in (6.I), and similarly 3 = 0 means that there is no dissipation in (6.3).

The global well-posedness of smooth solutions to (B o) is an outstanding open problem in fluid dynamics.
Partial results have been obtained only in the presence of dissipation. The well-posedness of (Bg 2) and
(B2,0) have been obtained in [3, [19], while the scaling critical cases (B1,9) and (Bo,1) have been resolved
in [20] and [21] respectively. We also point out that the case of partial anisotropic dissipation has been
considered in several settings cf. [4} |18} 27]] and references therein.

In this section we consider (B, 3), with both o, 8 € (0, 1), and using the nonlinear maximum principles
proven in Section [2] we prove the global regularity of smooth solutions under a certain condition between
the powers of the fluid and transport dissipations. To the best of our knowledge the case when both « and 3
are less than 1 has not been previously addressed. Our main result is:

Theorem 6.1 (Global well-posedness for (B, 3)). Assume that 8y and g are sufficiently smooth and that
V-ug=0.If B > 2/(2+ «), then the Cauchy problem for the (B, 3) equations (6.1)—(6.3) has a unique
global in time smooth solution (u, ).

For clarity of the presentation we only give here the main ideas of the proof. These ideas may be turned
into a rigorous proof using the arguments described at the end of Theorem [3.2]

Proof of Theorem[6.1} Letw = V= -u be the vorticity associated to the velocity u. The evolution (6.1)) may
be classically written in terms of the vorticity as:

(Ot +u-V+ Aa) w = 016. (6.4)
It follows from (6.3)—(6.4) and energy estimates that even in the absence of any dissipative terms, i.e. for
(Bo,0), the equations are well-posed in the smooth category up to time 7 if fOT IVO(-,t)|| Leedt < 0.
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From (6.3) and the pointwise identity (2.10) we obtain that the evolution of |V6)|? is given by
1 D
5(atJru.v+Aﬁ) VO + 5 = Vu: V9 V6, 6.5)

where cf. (2.11) we have

IVO(x) — VO(y)|*
|z — y|>+8

D(z) = cgP.V. / dy

R2
and cg > 0 is a normalizing constant. Using the nonlinear lower bound of Theorem and the L*°
maximum principle for 6, we obtain that

VO (x)|2+5
160115

for some constant ¢; > 0. Thus, if we evaluate (6.3]) at a point 9 = () where the maximum of |V(x, t)|?
is attained, and denoting

D(z) > (6.6)

Ot) = [IVO( )]~
we formally obtain from (6.6)) that

2, O 2

0l 700

To obtain a similar a priori estimate for

Qt) = flw(- )]l ze=
we first observe that from (6.1)—(6.3)) we have the energy bound

Ju(, )Lz < lluollrz + 0ol 2 =: K(?) (6.8)

which suggests that we should use the L? version of Theorem More precisely, we first multiply
by w(z) and then evaluate the equation at a point Z = Z(t) where |w(z,t)|? achieves its maximum. We
formally obtain from Theorems[2.2] and [2.5] that
Qt)*+z
at w(T y t 2 + CQ——a—
@O +er s
Lastly, in order to couple the a priori estimates and we need a bound on ||Vul[z~ in terms of
||w|| o= While such a direct bound is not possible, using an extrapolation of the endpoint Sobolev inequality
with logarithmic correction, and H*® energy estimates with s > 1, after some computations we may obtain

<01t 6.9)

V(- )| e < Co+ CoQ(t) + Cof2(t) log,, (1 + /0 (1+ K(1) +Q(r) + @(7))Fd7> (6.10)

where Cy = Co(||wo||Leenszs, ||00|| Locnms), for some s > 3, and I' = I'(«v, 3) > 0. We conclude the proof
of the theorem under the assumption that (6.10) holds, and then return afterwards to give the proof of (6.10).

Assume by contradiction that solutions blow-up at 7" > 0, and are smooth for all ¢ € [0, T"). Note that for
all t € [0,T] we have K (t) < K(T), and hence (6.7), (6.9), (6.10), may be summarized as follows

0| VO (g, t)[* + C1O(1)**7
< CpO(t)? <1 +Q(t) + Q(t) log, (1 + /t(l + K(T) + Q(7) + @(T))Fah')) (6.11)
0

Orlw(z,t)* + Co(t)*+2 < O(1)N(t) (6.12)

where O(t) = |V0(xg,t)| and Q(t) = |w(Z,t)|. The constants Cy, Cy, Co > 0 depend on various norms of
the initial data, o, 3, and K (7).
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Let M > 0 be a sufficiently large constant to be chosen precisely later. Assuming solutions blow-up at
T, we must have that ©(¢) becomes unbounded (at least along a subsequence) as t — T'. Since O(t) is
continous in time on [0,7"), we may define T € (0,7) to be the first time such that O(¢t) = M > 20(0),
that is, [0, T/] is the maximal time interval on which ©(¢) < M holds.

Due to (6.12)), on [0, T/] we must have

Q(t) < max{Q(O), (?fz)i} = (g)i =M

if M is chosen sufficiently large in terms of €2(0), c, and C. The idea behind this is that whenever 2(¢) >
M, (6.10) shows that at the points Z where €2(¢) is attained, we have d;|w()|?> < 0, and so Q(¢) cannot

exceed the value M. Feeding the above bound back into (6.11]), we obtain that in fact on [0, T/] we must
have

04| VO(zg, )% + C1O(1)2TF < ChO(t)2 (1 + M+ Mlog, (1 +T(1+ K(T)M + M)F))

at the points xy where ©(t) is attained, and hence using a similar argument we get
C — —~
O(t)? < max {@(0)5, o (1 + M + Mlog, (1 +T(1+ K(T)M + M)F)) } . (6.13)
1

To conclude the proof we claim that if M is chosen sufficiently large, the right side of (6.13)) can be made
— 2
in fact less than (1 /2)?, which would then contradict the maximality of T};. Recall that M ~ M =+a, and

hence up to constants the right side of isequal to 1+ Ma (1+log, M). Since 2/(2+ a) < 3, for
any positive constant C, > 0, by letting M be sufficiently large we may ensure that

2 MP
14+ M2+ (141log, M) < ——.
Coo
It is clear that M may be chosen to only depend on 7', K (T), 2(0), ©(0), Cy, C1, Cs, o, 3, i.e. on norms of
the initial data, the candidate blow-up time, and on universal constants. This is the only place in the proof
where we use the main assumption of the theorem, namely 5 > 2/(2 + «).
Thus we have proven that on [0,7') ©(t) can never exceed a finite constant A/ > 0 (which may be
computed in terms of the initial data and T'), and so O(t) cannot blow-up as t — T whenever T' < oo,
concluding the proof of the theorem. O

Proof of (6.10). As in (5.26), we first use a version of the Beale-Kato-Majda inequality as proven in [26),
Theorem 1] and obtain

[Vulzee < ¢ (14 ||lwlzee (1 +log, ||lw||as)) (6.14)

for some positive universal constant ¢ > 0, where s > 1. Therefore, in order to prove it is sufficient
to find a bound on w in H?®, for some s > 1, which depends polynomially on ||w|| =, and on the a priori
controlled quantities ||u||;2 and ||0|| r2A -

Applying A to (6.4), multiplying with Aw and integrating over R? we obtain

1d 1 1

5 g Awlte + S IAZHPwllT, < SN 2010)3, + T + T (6.15)
where

T1 =2 /Aujaijw and TQ =4 ’/8kuj8jkwAw

and we have used the summation convention on repeated indices. Here we have used the estimate ab <
3a?/4 + b?/3. Upon integrating twice by parts, and using the Holder inequality, we obtain

2a _12
Ty < 2||VAu| 2 [ Aw] pellwll e < el|Aw]fFa]lwllze < ellull 37 [A* 0] 55 [w]re.  (6.16)
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For the last bound of (6.16)) we have used the Gagliardo-Nirenberg inequality. The bound on 7% is a bit more
involved. Letp = (4 — «)/(2 — «). Then p € (2,4), and also p < 4/(2 — «) since a < 1. The Holder,
Calderén-Zygmund, and the Gagliardo-Nirenberg inequalities give

o < o[Vl e, 180]Es < clwll 2, [AwlZs
20 4—3a a(2—a) 4(6—a) 2
<o (nwn BT ) (Il ez )
< clul[ 75 | AT 2|12 ) 2 6.17)

— _ —3a2 . .
where 71 (a) = (47;)2%, Ya(a) = %, and y3(«) = %. While the specific values of

1, 7v2, and y3 are highly irrelevant, what is important is that 75 < 2, and y; 4 2 + y3 = 3. We obtain from
the estimate (6.13]), the bounds (6.16)—(6.17), and the - Young inequality that

d 2 Lyyarar 3-a/2 =ro =
SplAwlzz + 2 ]A T3 < HA 20|72 +C||UHL2HWHLoo +effull > w2 (6.18)
where ¢ = ¢(a) is a positive constant. Thus is it left to obtain a bound on [[A3=%/29||2, = ||A"+0/2¢)2,

where we let 7 = 3 — /2 — 3/2 > 2. Applying A" to (6.3) and taking an L? inner product with A”6, we
obtain

||A7"9||L +|[ATHA29)2, < / [A",u-V]0 A"0 (6.19)
2dt R2
where [-, -] denotes a commutator. We use the classical commutator estimate
A" u- V0l 2 < C([[Vull oo [|A"0] 2 + [[A™ul[ 2 [ VO] 1<) -
We have
23
IATO11Z: [Vl e < IIA”W?@IIZ”BII@H””HVUIILw
r+8/20)2 2 25
< QHA Ollzz + cllboll [ Vull L2
1 5
< 5l A 2013: + (o] 2. 0, B) | Vul [ (6.20)
where 61 (a, 3) = 5 6a . For the second term in the commutator we may bound
[A0]| L2 ([ A" 2| VO oo < [[A™ 1wllmIIWIILwH<9||2”‘3IIJ\”B/Q@II“B
_adB 6o, 82 (a,
< o IATP2012, + ol 2,0 B) A2 F B VD) (6.21)
where d3(a, 3) = 2?#”:5). From (6.19), (6.20), and (6.21)) we thus obtain
d 1 ( _atB 5 5
SIATOIZ: + SIATP200, < oIVl 30D + Gyl A2 ) 0P g )
and summing with (6.18)) we obtain
d d 1 1
18wl + S IATON + SN0, + S A0 2,
2v1(a ) 273(06)
o o1 ( —atB 1 Ga(a, d2(a,
< cllulalll & + ellull 2 [l 722 + CrlVal e + Coll a2 w7 v
(6.22)

with 71, 2, v3, 01 and 5 as defined above. To conclude, we bound

51( o1(e8) 352 o1(e8) 5
Va0 < flull 5™ Az e P IIAM‘/2 Wi}z + Cllul 5 (6.23)
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for some v4(av, ) > 0. Here we used that
4 4(6 — o
51 (Oé, ﬁ) = ( )

6+a (6+a)6—a-—7) <2

Also, we have

atpB

«@ « a, 13 o
HAQ—— H52 B) HV(9”62( ,B) < Hu ﬁ 6+a HA2+0¢/2 H Q(O‘fg) 6+a HVQH(Sz( ,B)

I

1 (6% «, «,
< T IAPF2wllZa + cllull 57| Vo) 7 (6.24)

for some v5(c, 5) and y6(cv, ) > 0. In the above we have used
-3 2(6 —a— B)?
bofo, )00 2 )
6—|—a (6+a)(6—a+p)
Hence, inserting (6.23)—(6.24) into (6.22)), we obtain the a priori estimate

< 2.

d 1 1
7 (IAwIZ + [A70]72) + *IIA“O‘/QwHiz + S IAT20]1Z,

< O3 (14 |full g2 + |wllze + [[V8]| o) T @) (6.25)

for some C3 > 0 which may depend on various norms of the initial data, and for some possibly very large
I'(«, 8) > 0. Integrating (6.23) in time, omitting the positive dissipative terms, inserting into (6.14)), gives

IVu(®)||ee < Ca+ Callw ()] Lo

t
+ Cillw(t) |1~ log.. (1 + [ )+ o)l + 1900 =" dT)

for some sufficiently large C; depending on norms of the initial data, concluding the proof of the a priori

estimate (6.10). O
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