Inviscid limit for damped and driven
incompressible Navier-Stokes equations in R?

P. Constantin
Department of Mathematics, The University of Chicago
Chicago IL 60637 USA,
F. Ramos
Instituto de Matematica, Universidade Federal

do Rio de Janeiro
Rio de Janeiro RJ 21945-970 Brazil.

February 16, 2007
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1 Introduction

The vanishing viscosity limit of solutions of Navier-Stokes equations is a sub-
ject that has been extensively studied. Boundary layers, which present the
most important physical aspects of the problem, are difficult to study and
their mathematical understanding is rather limited. More progress has been
made in the study of the limit when boundaries are absent (flow in R™ or
T™). Even in this restricted situation, there are two distinct concepts of



vanishing viscosity limit. The finite time, zero viscosity limit is the limit
lim, o S”(t)(wo) of solutions S¥(t)(wy) of the Navier-Stokes equations with
a fixed initial datum wy and with time ¢ in some finite interval [0,7]. By
contrast, in the infinite time zero viscosity limit, long time averages of func-
tionals of the solutions

tlirglol i O(S”(s)wp)ds = /@(w)d,u”(w)

are considered first, at fixed v. These are represented by measures p” in
function space. The long time, zero viscosity limit is then lim, o u”,

¢
lim (lim 1/ @(S“(s)w@ds) .
v—0 \t—oo t 0

The two kinds of limits are not the same. This is most clearly seen in the
situation of two dimensional, unforced Navier-Stokes equations. In this case,
any smooth solution of the Euler equations is a finite time inviscid limit
but the infinite time inviscid limit is unique: it is the function identically
equal to zero. This simple example points out the fact that the infinite time
zero viscosity limit is more selective. In less simple situations, when the
Navier-Stokes equations are forced, the long time inviscid limit is not well
understood.

The finite time zero viscosity limit is the limit that has been most studied.
For smooth solutions in R?, the zero viscosity limit is given by solutions of
the Euler equations, for short time, in classical ([23]), and Sobolev ([18])
spaces; the limit holds for as long as the Euler solution is smooth ([6]). The
convergence occurs in the Sobolev space H* as long as the solution remains
in the same space ([20]). The rates of convergence are optimal in the smooth
regime, O(v). In some nonsmooth regimes (smooth vortex patches), the finite
time inviscid limit exists and optimal rates of convergence can be obtained
([1], [20]) but the rates deteriorate when the smoothness of the initial data
deteriorates — for nonsmooth vortex patches ([7]).

One of the most fundamental questions concerning the inviscid limit is:
what happens to ideally conserved quantities? For instance, in three dimen-
sions, the kinetic energy is conserved by smooth Euler flow, and dissipated
by viscous Navier-Stokes flow. Does the rate of dissipation of kinetic en-
ergy vanish with viscosity, or is there a non-zero limit? This is the problem
of anomalous dissipation. The term was coined relatively recently by field



theorists but the anomaly was suggested by Onsager and Kolmogorov inde-
pendently in the nineteen forties. The problem is open.

In two dimensions there exist infinitely many integrals that are conserved
by smooth Euler flows. One of them is the enstrophy

w(z, t)|* dx
RQ

where w is the vorticity of the flow. The existence of anomalous dissipa-
tion of enstrophy is postulated in Kraichnan’s theory for two dimensional
turbulence ([15]). Bounds on the dissipation of enstrophy in physical terms
were given in ([2]). Anomalous dissipation of enstrophy was studied in the
framework of finite time inviscid limits with rough initial data ([11], [19]).
It was established that, if the initial vorticity belongs to L?(R?) then weak
solutions of the Euler equations conserve enstrophy, and that implies absence
of anomalous dissipation of enstrophy for finite time.

In this paper we study the long time, zero viscosity limit for damped
and driven two dimensional Navier-Stokes equations. Damping terms in two
dimensional turbulence studies have been considered to model the Ekman
pumping due to friction with boundaries, and a variety of other physical
damping of turbulence mechanisms. The Charney-Stommel model of the
Gulf Stream ([3]) is a two dimensional, damped and driven Euler system
with a physically significant, but mathematically harmless beta effect term.
Numerical studies of two dimensional turbulence employ devices to remove
the energy that piles up at the large scales, and damping is the most common
such device. Damping was proved to reduce the number of degrees of free-
dom of slighly viscous Navier-Stokes equations ([16],[17]). The fact there is
no anomalous dissipation of enstrophy in damped and driven Navier-Stokes
equations was suggested by D. Bernard ([5]).

The paper is organized as follows. In the second section we describe the
equations and a few of the properties of individual solutions of the viscous
equations SV (t)(wp). One of the facts that plays a significant role in the pa-
per is that the positive semiorbit O (to) = {SNV7(t)(wo) | t > to > 0} is rel-
atively compact in L?(R?) and included in a bounded set in L'(R?) N L>(R?)
that does not depend on the viscosity. The uniform bound uses essentially
the fact that the damping factor v > 0 is bounded away from zero indepen-
dently of the vanishing viscosity. In order to prove compactness, because we
work in the whole space, we need to prove also that the solution does not
travel. Our results apply to the spatially periodic boundary conditions as



well. The absence of anomalous dissipation of energy follows immediately
from the bounds in the second section.

The third section is devoted to the study of the vanishing viscosity limit
of sequences of time independent individual solutions. The sequences have
enough compactness to pass to convergent subsequences. The resulting so-
lution is a weak solution of the damped and driven Euler equations. The
existence of weak solutions of such equations in the case of the Charney-
Stommel model was first obtained in ([3]). The weak solution of the damped
and driven Euler equation is a renormalized solution in the sense of ([9]).
This implies that the weak solution obeys an enstrophy balance and that is
used to show that there is no anomalous dissipation.

The fourth section introduces the notion of stationary statistical solution
of the damped and driven Navier-Stokes equations in the spirit of ([12], [13]).
In the case of finite dimensional dynamical systems % = N(w), invariant
measures p obey [V, ¥(w)N(w)du(w) = 0 for any test function ¥. In
infinite dimensions we need to restrict the test functions to a limited class
of admissible functions. Among them are generalizations of the characters
expi(w,w) with w a test function and an additional type of test function
VU (w) that uses (8(we))., a mollification of a function of a mollification of w.
Such technical precautions aside, the notion of stationary statistical solution
of the damped and driven Navier-Stokes equation is a natural extension of the
notion of invariant measure for deterministic finite dimensional dynamical
systems. We show that weak limits of stationary statistical solutions of
the damped and driven Navier-Stokes equations are renormalized stationary
statistical solutions of the damped and driven Euler equations, a concept
that we introduce in the spirit of ([9]). We also show that if the supports of
the stationary statistical solutions of the damped and driven Navier-Stokes
equations are included in sets that are bounded uniformly in LP(R?)N L (R?)
(with p < 2 for technical reasons having to do with the slow decay at infinity
of velocity in the Biot-Savart law) then the weak limits are renormalized
stationary statistical solutions of the damped and driven Euler equations
that obey the enstrophy balance.

In the fifth section we prove our main results. We construct stationary
statistical solutions p” of the damped and driven Navier-Stokes equations
by the Krylov-Bogoliubov procedure of taking long time averages. We show
that these solutions have good enough properties so that their weak limits
are renormalized stationary statistical solutions p° of the damped and driven
Euler equations that obey the enstrophy balance. We use this fact to prove
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that zero viscosity limit of the long time average enstrophy dissipation rate
vanishes:

1 t
lim v (lim sup ;/ |Vw(s + tg)||%2(R2)ds) =0
0

v—0 t—o0

holds for all solutions w(t) = SV97(t)(wp), all ty > 0, and all wy € LP(R?) N
L>(R?). We also prove that convergence in this class of statistical solutions
is such that

lim |wmwmww=/ 125 g ().
R2) L2(R2)

v—0 Lg(

2 The setup

We consider damped and driven Navier-Stokes equations in R?

ou+u-Vu—vAu+~yu+ Vp = f, (1)
V-u=0

with v > 0 a fixed damping coefficient, v > 0, f time independent with zero
mean and f € WH°(R?) N H!(R?). The initial velocity is divergence-free
and belongs to (L*(R?))2. We start by stating some of the properties of the
individual solutions.

Theorem 2.1 Let ug be divergence-free, ug € H'(R?)?. Then the solution
of (1) with initial datum ug ezists for all time, is unique, smooth, and obeys
the energy equality

i/ |u|2d:t—|—7/ |u|2d:p+y/ \Vul?dz = | f-udz. (2)
2dt R2 R2 R2 R2

The kinetic energy is bounded uniformly in time, with bounds independent of
VISCOSitYy:

_ 1 1
wammmseﬁ{m«mmma—ﬂﬂmwﬁ+;wmmq

The vorticity w (the curl of the incompressible two dimensional velocity)

w=0us —u; =V*+-u (3)



obeys
Ow~+ u-Vw—rvAw +yw = g, (4)

with g € L*(R?), the vorticity source, g = V* - f. The map t — w(t) is
continuous [0,00) — L?(R?). If the initial vorticity is in LP(R?), p > 1, and
g € LP(R?), then the p-enstrophy is bounded uniformly in time, with bounds
independent of viscosity

_ 1 1
w8l < e {ch,omma) - ;uguma} + e

for p > 1. Moreover, the solution does not travel: For every € > 0 there

exists R > 0 such that,
/ w(z, t)|* de < e
|z|>R

holds for all t > 0.

The proof of this theorem uses well-known methods, and will not be presented
here. We only sketch the proof of the last statement. We take a smooth
nonnegative function ¢ supported in {z € R?|z| > %} and identically equal
to 1 for |z| > 1, multiply the vorticity equation (4) by gb(%) w(z,t) and
integrate in space. Denoting

Ya(t) = /¢ (%) lota, o) dr

we obtain:
A YR(t) +7YR(t) <

c {WR(@ Jupz l9@)Pde + # [ (e, 0)Pde + & | |u<x,t>||w<as,t>|2dm}

We deduce that

LYR(t) + 7 Vi(t) <
Cr ™ fppn 19@) Pz + %5 + Fllw(,8)Faqen |

where U is a time independent bound on ||u| 22y, depending only on -,
|luo|| 22y and on || f||2m2), and E is a time independent bound on the
enstrophy, depending only on 7, ||wo||r2(r2) and ||g||r22). We observe that

v [T ) s
0
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is bounded in terms of v, initial enstrophy and the norm of ¢ in L*(R?), a
fact that follows immediately from the enstrophy balance. From the uniform
bound on enstrophy and a Sobolev embedding theorem we deduce that

/0 O (-, ) Bagunds < F

where F'is bounded in terms of v, the viscosity, initial enstrophy and norm
of g in L*(R?). Tt then follows that

Ev UF
Vr(t) < e MY + _1/ d + —
2lf) < e al0) 02{7 mzf;' g@@)de+ “R2T R }

Choosing R large enough proves the claim. We note that R can be chosen
uniformly for all initial vorticities wy € L*(R?) that are uniformly bounded
in L?(R?) and satisfy a uniform centering property (see below).

We are going to use the notation (f, g) fRQ x)dz, and sometimes
write SV (¢)(wp) for the vorticity w(z,t) solution of (4)

Theorem 2.2 Let wy € X where X C L*(R?) is a bounded set that satisfies
the uniform centering property Ve > 0, AR > 0, Vwy € X

/ |wo(z)|” dx < e.
o> R

Then, for any ty > 0, the set
OF(to, X) =l {S™ (t)wo |wo € X, t >t}
(where cl(O) is the L*(R?) closure of the set O) is compact in L*(R?).

The proof of this theorem follows from an uniform bound in H'(R?) for w(t)
for t > ty and the uniform “no-travel” property of the previous theorem.
3 Stationary Deterministic Solutions.

Let (u®),w®) be a sequence of solutions of

—vAu+~yu+ Vp+u-Vu=f, (5)
V-u=0
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and the corresponding vorticity equation

Yw+u-Vw —vAw = g,
w=Vt-u (6)

We let v — 0 but keep f, g, fixed. The solutions u*) exist, are smooth and
decay rapidly at infinity. Moreover, the energy balance

7||U(V)||%2(R2) + V||V“(y)||%2(R2) = /2 [ udx
R

implies that the sequence u® is bounded in L?(R?).
The enstrophy balance

Mol + I Vlaer = | gwdo ™

implies that the sequence w® is bounded in L?(R?). Passing to a subse-
quence, we consider the weak limit
w® = — hH(l] w) (8)
in L?(R?). Because of the compact restriction H'(R?)? — L7(Q2)2, for any
relatively compact open set  C R? and any 1 < ¢ < 0o, we may assume,
. L,
by passing to a subsequence, that u) = K x w® (where K = %li’:? is the

Biot-Savart kernel) converge to u(® strongly in L7(£2)%.

Theorem 3.1 The function w© is a renormalized solution of the inviscid
equation

fyw(o) + U(O) . VW(O) — g 9

w0 — L. 30 (9)

In addition, w© € L*(R?), v € H'(R?), the equation holds in W, **(R?)
forany 1 < q <2, and

WOz = [ Ve (10)

holds.



Remark. Renormalized solutions have been introduced in ([9]). The ex-
istence of weak solutions for damped and driven Euler equations using a
vanishing viscosity method was obtained in ([3]).

Proof.

The facts that w® € L?(R?), and ul® € L%(R?)? follow from the con-
struction and uniform bounds on the solutions u®),w®). Furthermore, the
solutions u) are bounded in H'(R?)? and converge strongly in L2 (R?)? to
u(®). The vorticities are bounded in L?(R?) and converge weakly. If ¢ is
a test function then (u) - V)¢ converge strongly to (u® - V)¢ in L?(R?)?
and, because the scalar product of weak and strong convergent sequences is
convergent, we have:

lim [ u® - Vewde = / uO . Vo Oz,

v—0 R2 R2

This means that ©(©), w(© is a weak solution of the inviscid equation. Because

u® € HY(R?)2, w©® € L*(R?) and g € L*(R?), we are under the conditions
of consistency in ([9]), Thm II. 3, and the same proof applied to our case
shows that u°, w® is a renormalized solution of the inviscid equation, that is,

1O F @) +u® - VW) = g8 ) (11)

holds in the sense of distributions for any 3 € C! that is bounded, has
bounded derivative and vanishes near the origin. We present the proof here,
for the sake of completeness. It is easy to prove (see Lemma II.1 in [9]), that
if u® € (WL2(R?))?, w° € L2, (R?), then

loc loc

(v V) *je —u’ - V (0’ % jc) = 0 in L

loc

(R?) (12)

when € tends to zero. Here (and hereafter) j. is a standard mollifier — j.(z) =
e 2j(e712) with j(z) a fixed smooth, even, compactly supported nonnegative
function with [ j(z)dz =1 — and a x b denotes convolution.

Then, considering the mollified functions w? = w % j., u¥ = v’ x j. and
ge = g * Je, it follows immediately from (12) that
u’ - V! + 70! = ge = g, (13)

holds in the sense of distributions, and g, converges to zero in Li, (R?) as €
tends to zero. From this equation, we obtain that if 3 € C'(R), and £ is
bounded with bounded first derivative, then

9



- VA(we) + 9wl B (@) — g6 (W) = qe' (). (14)
also holds in the sense of distributions. Letting e tend to zero, we prove (11).

In order to prove (10), we mollify b = B(w®), where 3 is a C! function
with compact support

be = b* je.
We use the identity ([8])
(u®@b)e — tue @b = pe(u,b), (15)

with

pe(u, b) = re(u,b) — (u—ue) @ (b —be), (16)
and with

re(u,b) = /}R2 J2)(u(z —ez) —u(z)) @ (b(x — €z) — b(x))dz.

Because

/ Tr ((u, ® b,) Vbo) dz = 0,
R2

it follows that

/RQ(bu)e - Vbedz = /R re(u,b) - Vbe — / (u—uc)(b—b)Vbedr.  (17)

RQ

Now b = (w) € L' N L>=(R?) and we can pass to the limit in (17) using the
fact that w — u. is O(e) in L?(R?) (because of the uniform bound in H'(R?)),
and working in L*(R?) with b : Vb, is O(e)™! in L*(R?), and b — b, converges
to zero in L*(R?). We deduce that

1 [ WOBO)sOMr = [ g8 ()50 da
R2 R2

holds for any 8 € C' with compact support. Taking a sequence of functions
that approximate f(w) = w, with 4’ uniformly bounded, we deduce (10).

Theorem 3.2 Let u™,w™) be a sequence of solutions of (5, 6). Then the
enstrophy dissipation vanishes in the limit v — 0:

v—0

limv [ |Vo®|2dz =0
RZ
holds.
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Proof. Taking the limit superior in the enstrophy balance equation (7), using
Fatou’s lemma and the fact that w® converge to w® weakly in L?(R?), we
have:

lim sup v||Vw® H%Q(RQ) < lim sup/ gwdr — lim iglf’wa(") H%Q(RQ)
v—0 v—0 R2 v—

(18)
< [ 90z = o Ragen = .
R2

4 Stationary Statistical Solutions

In this section we follow the methods of Foias, see [12, 13, 14], and define a
notion of a stationary statistical solution of the damped and driven incom-
pressible Navier-Stokes equations in the vorticity phase space. The solution
is a Borel probability measure in L*(R?). We note that L?(R?) is a separa-
ble Hilbert space and therefore the Borel o-algebra associated to the strong
(norm) topology is the same as the Borel o-algebra associated to the weak
topology. (Indeed, any open set is a countable union of open balls, any open
ball is a countable union of closed balls and closed balls are convex, hence
weakly closed, hence weakly Borel.)

Definition 4.1 A stationary statistical solution of the damped and driven
Navier-Stokes equation (SSSNS) in vorticity phase space is a Borel probability
measure p1* in L*(R?) such that

(1) / e gy it () < 00,
L2(R2)

©) [ Vot w - g, V(W) + v(Vaw, VW (@) (@) = 0
L2(R2) o
for any test functional V € T, with u= —— *w, and
27 |x|?
(3) {7 Nllaqee) + v Il gy — (g0} } () <0,
ElSHw”L2(R2)§E2
Ey, Ey > 0.

The class of cylindrical test functions 7 is given by:
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Definition 4.2 The class of test functions T is the set of functions ¥ :
L*(R?) — R of the form

(W) = Uy(w) = & (0, W), 0y W) (19)

or
U(w) = Ve(w) = ¢ ((ae(w), W), ..., (ae(w), W) , (20)
where 1 is a C' scalar valued function defined on R™, m € N; wq,..., W,

belong to C2(R?) and
ac(w) = J[(Jw),

where 3 € C3 is a compactly supported function of one real variable, and J,
18 the convolution operator

Je(w) = je *w.

with j > 0 a fixzed smooth, nonnegative, even (j(—z) = j(2)) function sup-
ported in |z| <1 and with [, j(2)dz = 1.

The test functions ¥ used in the definition are all locally bounded and
weakly sequentially continuous in L?(R?). We note the trivial but very im-
portant distinction between weakly continuous and strongly continuous func-
tions defined on L?*(R?): any weakly continuous function is strongly contin-
uous, but there exist strongly continuous functions — for instance, the norm
- that are not weakly continuous. Because the SSSNS is a Borel probability,
bounded continuous functions are integrable. In the sequel we will pass to
weak limits of SSSNS, p” — . and then the distinction between weakly
continuous and continuous functions is important: although for strongly con-
tinuous functions ¥ the integrals [ Wdu"” are defined and finite, it is only for
weakly continuous functions W that the weak limit lim, o [ Wdp” = [ Wdp”
holds by definition. We will obtain stronger information as well, but that
needs to be proved carefully.

We discuss now the definition of SSSNS and comment on its mathemat-
ical soundness. We will also verify the fact that for each test function, the
integrand in (2) is a weakly continuous function on L?. We start by making
sense of (1): the integrand can be viewed as a Borel measurable function
defined for all w € L?(R?), equal to infinity for w ¢ H'(R?). The fact that
this function is Borel measurable follows from the fact that [|w]|3,, is every-
where the limit of the sequence of continuous (hence measurable) functions

12



| Jew||3; obtained by taking a fixed a sequence € — 0 and convolving with a
mollifier. The requirement (3) is a local enstrophy balance; it implies ([14])
that the SSSNS has bounded support. We define the set

191l 22 2
B = {w € L2(R?); [wll 2 gy < % : (21)

Proposition 4.3 The support of any stationary statistical solution of the
damped and driven Navier-Stokes equations in vorticity phase space is in-
cluded in the bounded set in B C L?(R?):

supp 1 C B. (22)

Proof. It follows from Definition 4.1 item (3), that if

E= {w € L*(R); E? < w2y < Eg} :

then )
3 i Nl A1) < gl ey i 1z ()
1/2
< gl oy (S 1ol A ()
Hence,
me
[ Tl i (@) <
Thus,

ol 7\
Aowmm——?u-wwmu (23)

If £? = ||g||L2 g2 /7° and By — oo, then by (23), we have p(E) = 0, and the
result follows 1mmed1ately U

We compute now U’ for the test functions ¥ € 7. Clearly o, : L*(R?) —
L*(R?) continuously differentiable and bounded uniformly on bounded sets
of L?(IR?); moreover

aL(w) - ¢ = ((6'(we)ePe)es V& € Ly, (R?). (24)
For W, € 7 we have thus

¢ = Z Ojp((ae(w), wi), - -5 (e), W) ){(B'(wWe) @e)e, Wj), - (25)

13



and for ¢; € 7 we have
VW\I’I(W> ' ¢ - Z ajl/]((w? W1>7 SRR <w7 Wm)>)<¢7 Wj>> (26>
j=1

where 0;1 denotes the derivative of 1 with respect to its j-th variable.
Clearly, in both cases, ¢ — V,¥(w) - ¢ is a bounded linear continuous func-
tional on L?(R?) and thus, by the Riesz representation theorem, there exists
an element ¥'(w) € L?(R?) such that

Vo¥(w)-v = (V(w),v), Yve L*R?).

This is the identification implied in the shorthand notation ¥'(w) used in
Definition 4.1. For instance

Vi(w) =Y 00 ((w, i), (w, W) ) Wj. (27)
j=1
Consequently
OV (w) = 0 ((w, W), -, (w, W) ) 0P W) (28)
j=1

for any multi-index & with |k| < 2. For ¥, a similar computation yields
k
AP () = 3 0 ({aew), W), - (@), W) O (B (w)wy.). (29)
j=1

Lemma 4.1 Let ¥ € 7 and w € B C L*(R?) with B a bounded set in
L*(R?). Then ¥'(w) € CZ(R?), and there exists a constant depending only
on ¥ and B such that

W (W) w222y + [1V'(w) w2 @) < C (30)

holds for all w € B.
Consider, for any
F,: I*(R*) - R

1=1,2,3 given by



F(w) = (V. V' (w), V,w)

and
1 ot

" omfaf?

F3(w) = (V' (w),u-Vw), u

* W.

These three maps are well defined for w € L*(R?), weakly continuous and
bounded uniformly on bounded sets B C L*(R?).

Remarks. If 3 € C§™1(R) and w; € CE(R?) then ¥'(w) € CF(R?). The
expressions (V,V'(w), V,w) = —(A,V'(w),w) and (V' (w),u - Vw) = —(u -
V.V (w),w) make sense for k > 2 u € L? (R?), w € B.

loc

Proof. It is easy to see that 82(;k)(\1f€)’(w) and &(;k)llf’l(w) are uniformly
bounded in L*(R?*) N L?(R?) for all w € B, |k| < 2. This is verified for

a§k>\11’,(w) directly by inspection of (28) and for aé’“)\pg by inspection of (29).
We check the bounds for ¥.: As af(w) is bounded on bounded subsets of
L?(R?), and v is of class C', we have that

059 ({0 (W), W1), ... (a(w), wm))| < C, Vw € B. (31)

The fact that 3'(w.) € L>°(R?) is bounded uniformly for w € B implies that

C
1057 (8" @Wse) N ey < g 19l e (32)

holds uniformly, for all p, 1 < p < oo. By (31) and (32), we have from (29)
that
Cy

k
Haa(c )\Ijé(w)”[/p(Rz) S m (33)
holds for 1 < p < oo with C}, uniform allw € B. Thus, 83(Ek)\lf’ (w) are bounded

in L>=(R?) N L*(R?).
Concerning the statements about the maps F;, we start with

Fi(w) = (V(w),w—g) =V.¥(w) (yw—yg); weLl’RY).  (34)
This function is weakly continuous. Indeed, for ¥; we have by (27)
<\I//I<w)7 Tw — g>

= 3 Ot i) W) 0 — )
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and it is clear that this is a weakly continuous function of w € L*(R?). Tt is
also quite obvious that it is uniformly bounded for w € B. In the case of ¥,
by (25) we have

VoV (w) (yw—g)

= Z O ((a(w), wa), .-, (@ (W), W) (((B'(we) (w = g)e)e, W)

The weak continuity here follows from the fact that if w’ converges weakly
to w then w/ — w, converge pointwise, and it is bounded. Consequently,
(B (w?) (yw? — g)e)e converges pointwise and is uniformly bounded. Therefore
we can use the Lebesgue dominated convergence theorem in the integral
against a fixed w from the finite list wq,...w,, appearing in W¢. It is also
clear that

lac(w) - (vw = 9)ll orey < CUIWN 2gge) + 19l 2ge),  Yw € LA(R?). (35)
Thus, we have
Fi(w) < es([|lwll oz + 9l 12rey) < €5 Vw € B. (36)

Therefore, Fi(w) is weakly continuous and bounded uniformly for w € B.
The fact that Fy is well defined follows from the fact that AV (w) €
L*(R?) and
Fy(w) = —(AV'(w),w).

The weak continuity for F; follows as for Fj: in the case of ¥y it is straight-
forward, and in the case of U, it follows because weak convergence becomes
pointwise convergence and we can apply the Lebesgue dominated convergence
theorem.

For F3, we note first that, if u = %ﬁ * w, then, by classical singular
integral theory ([22]) v € L} (R?), r < oo, and V - u = 0. Because V,¥'(w)

is bounded and compactly supported, u - V,¥'(w) € L*(R?) and
F3(w) = —(u- V¥ (w),w)

is well defined.
If wy, converge weakly in L?(R?) to w, then the corresponding velocities uy,
converge strongly to w in L? on compact sets K, by the compact embedding
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H'(K) cC L*(K). The case of ¥ follows then because the functions w;
in the list wy, ..., w,, have compact supports, and therefore the functions
ug - Vw; converge strongly as k — oo to u - Vw; in L?*(R?). The scalar
products
(up, - Vg, wj) = —(wk, ug, - VW;)

converge, as k — 00 to —(w, u- Vw;), because the scalar products of weakly
convergent and strongly convergent sequences converge. Therefore the func-
tion Fj is weakly continuous for this class of test functions. It is easy to see
that the function is uniformly bounded locally in L?(R?). In the case of ¥,
a similar argument shows that, if w;, converges weakly in L?*(R?) to w, then

(ur - Vo) () = (u- Vo), (2)

holds for each z € R?, and these functions are uniformly bounded as x € R2.
Also, the functions 3'((wg).) converge pointwise and are bounded. This im-

plies that F3j is weakly continuous; the uniform boundedness is easily verified.
OJ

We define the notion of renormalized stationary statistical solution of the
Euler equation.

Definition 4.4 A Borel probability measure i° on L*(R?) is a renormalized
stationary statistical solution of the damped and driven Euler equation if

/1;2(R2)<u Vw+qw — g, ¥ (w))dp’(w) =0 (37)

(with v = %% *w) holds for any test functional ¥ € T .
We say that a renormalized stationary statistical solution u° of the Euler
equation satisfies the enstrophy balance if

/LQ(RQ) {7 oz ey — <gaW>} dp’(w) =0 (38)

holds.
We recall Prokhorov’s theorem (see for instance [21]):

Theorem 4.5 Let X be a complete separable metrizable topological space,
and let M be a set of Borel probability measures on X. For each sequence in
M to contain a weakly convergent subsequence it is sufficient that for each
€ > 0, there is a compact subset K of X such that u(X \ K) < € for each
e M.
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We recall that a sequence of Borel probability measures 7, on a topological
space X converges weakly to a Borel probability measure 7 on X if for every
continuous bounded real-valued function ¥ on X

lim \I/(s)dﬂn(s):/ U(s)dm(s). (39)

Theorem 4.6 Given a sequence of stationary statistical solutions of the
damped and driven NSE in vorticity phase space, {u"}, with v — 0, there
exists a subsequence, denoted also {u*'}, and a Borel probability measure p°
on L*(R?), such that

lim B(w)dp () = / B(w)dp (), (40)

0 w2 L2(R2)

holds for all weakly continuous, locally bounded real-valued functions ®. Fur-
thermore, the weak limit measure 1° is a renormalized stationary statistical
solution of the damped and driven Fuler equation.

Proof. The ball B defined in (22) endowed with the weak topology is
a complete separable metrizable compact space ([10]). By (22), we have
supp 4 C B, and thus p” satisfy the sufficient condition of Theorem 4.5.
Therefore there exists a subsequence p” that converges weakly in B to a
Borel probability measure pu° on B. Because B is weakly closed in L?(R?),
we can extend the measure p° to L?*(R?) by setting p°(X) = pu°(X N B) for
any Borelian set X. We claim that p° is a renormalized statistical solution
of the damped and driven Euler equation. Indeed, for any ¥ € 7, for each
i=1,2,3,

V—

lin(l) Fi(w)dp" (w) :/Fi(w)duo(w)

holds in view of Lemma 4.1 because each F; is bounded and weakly continu-
ous. In particular, the sequence [ Fy(w)dp”(w) is bounded, and so

lir%l//Fg(w)d,u”(w) =0

V—

holds. The fact that p” are SSSNS implies by Definition (4.1), (2),
/ (Fu(w) + Fy(w)) dp” (@) = —v / Fy(w)dp ().
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Passing to the limit v — 0 we deduce
[ (Fiw) + B ) 0

which is the condition (37). Hence u° is a renormalized stationary statistical
solution of the damped and driven Euler equation. O

We consider the sets
B(r) = {w € By Wl <7 Nollpo) <7}
defined for r > 0,1 <p < 2.

Theorem 4.7 Let {u”} be a sequence of stationary statistical solutions of
the damped and driven NSE in vorticity phase space, with v — 0. Assume
that there exists 1 < p < 2 and r > 0 such that

supp pu” C B°(r).

Then, the limit 1i° of any weakly convergent subsequence is a renormalized
stationary statistical solution of the damped and driven Euler equation (37)
that is supported in By°(r) and satisfies the enstrophy balance (38).

Proof. The set B;°(r) is weakly closed in B. Indeed, if w; € B>(r) con-
verges weakly to w and if ¢ € Cg°(R?) then | [ wodz| = lim;_« | [ wi¢dz| <
r||@]l 212y implies that [|wl|ze®z) < 7. Similarly, we obtain |[wedz| <
7||@|| s (g2 Where p’ > 2 is the dual exponent, and deduce that [|w|| @2y < 7
By Theorem 4.6, the limit u° of a weakly convergent subsequence is a Borel
probability measure supported in B and a renormalized statistical solution of
the damped and driven Euler equation (37). The set U = L*(R?) \ B*(r) is
weakly open and p°(U) < liminf, o u”(U) = 0 follows by general properties
of weak convergence. Thus, the support of x° is included in BxX(r).
In order to prove the enstrophy balance we consider the function

m
> lail’
k=1

Let {w;} be a complete orthonormal basis in L*(R?), formed with functions
w; € C2(R?). Then, for each fixed m,

T w) = ¢ ({(Bwe))es W1, - - {(B(we))er Win))

N | —

w(m)(al, ey ) =

19



is a function in 7, and

m

() (W), (yw = 9)) = D_{(Bwe)es W) (B (we) (w0 — 9)e)es W) (41)

j=1
Because {w;} is an orthonormal basis in L*(R?), it follows by Parseval’s
theorem that

lim (") (w), (Yw = 9)) = {(B(we))e; (B'(we) (Yw = g)e)e

m—00

holds for each w in B. Moreover, because the functions (3(w,)). and

(B (w)(yw — g)e)e are bounded in L?(R?) as w € B, it follows that the
sequence

(I (w), (yw — g)) is bounded uniformly for w € B. Thus, we may apply
the Lebesgue dominated convergence theorem to deduce

lim [ ((0™)"(w), (Yw — g))dp’ (w) = /((ﬁ(we))ﬁ (B'(we) (yw = g)e)edp” ().

Because (u - Vw), = O (upw). we have
(W) (W), u- Vw)
= S () W )k x) ) w5 o

In order to establish the pointwise limit

lim ((U7"9) (W), u - Vo) = ((Bwe))e, (8 (we) O (urw)e)e)

m—00

and the uniform bounds on (B(w.)). and (3 (we)Va(uw).) in L*(R?) for w €
B we need to split the Biot-Savart expression

27 |z|?
1zt
Ki(z) = g‘x—zlmq’
_ 1 zt
Ky(2) = 37 iom Liai>1



Clearly, because each component of K; € L'(R?), it follows that u; = K *
w is in L*(R?) by the Hausdorff-Young inequality, and its norm in L? is
bounded by a constant uniformly for w € B. On the other hand, because
each component of Ky € LP (R?), with p/ > 2 the dual exponent of p < 2, we
have that uy = Ky *w € L®(R?) with norm bounded by r, as long as w €
B*(r). Therefore u@w € L'(R?)+ L*(R?), with norm bounded uniformly for
w € Bx*(r). Consequently, (u®@w). € L>(R?) with norm uniformly bounded
for w € By°(r) and, because (#'(w,) is uniformly bounded in L*(R?), we may
use the Lebesgue dominated convergence theorem to deduce

Jin [ @) Vi) = (00D (3 )k lwe) )Y o).
(44)
Because of (37, 42, 44) we have then

/2 ) <(6(We))ea (,6/((,()6)(’)/(,0 — g)e)e>d,u0(w)

o (45)

+/ ((Blwa))e: (8'(we)On(urew)e)e) dp”(0) = 0.
L2(R2)

Now we are going to investigate the term

e = [ ()8 @0k (us)), do
R
Integrating by parts we write

]ﬁ,e = Jﬂ,e + K,@,ey

with
Jpe=— | O(Bwe))e [ (we)(upw)e], da,

RQ
and

Ko == [ (300 19" (@) @) ), do
We split Jg, further, using (15, 16):
Jse = Lgc+ Mg,
with
Loe=— [ 0u(Bwd)c ¥ (o) (w)ew)d,

RZ
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and

Mpge=— Ik (B(we))e [ﬁ/(WE)pe(ukaw)L dz.

]R2
We estimate

1
|Mp,| < C'sup|B]sup lﬁ’lg\lpe(u,w)\lmma-
We used the fact that
1
10k (B)ell Lo (r2) < CEWHL%(R?)-

We claim that

| Mg,e| < Csup|B]sup |5 !||¢<J||L2/]R J(2) (L + [2]) |6z L2dz,
where (0pw)(z) = w(x — h) — w(x). Indeed this follows from a bound on
pe(u,w) and the uniform bound [|0c vl L2m2) < €|z|||w|| r2@2).-

We fix € > 0 and we consider a sequence of compactly supported func-
tions ((y) that converge uniformly on the compact R., = [—2%, 2%]
together with two derivatives to the functiony , (ie. 8 — vy, 5/ — 1, 3" — 0)
and such that

1B+ 168w + 18" (w)]) < C

It is easy to see that for fixed € > 0

lim (Lge + Kgo)dp’(w) = 0.
Py e

Indeed, Kz (w) is a continuous function of w € L?(R?), uniformly bounded
on K;° and converging pointwise to zero. As for Lg,, it is also continuous,
bounded and converges to 0 = [, O (we)e (g )e(we)ede.

On the other hand, from

[ i@ [ [ e e ddiw),
L2(R2?) L2(R2?)

with C' uniform for all # in the sequence, it follows from the Lebesgue dom-
inated convergence theorem that

lim lim sup/ | M. |du'® = 0.
L2(R2)

R B—y
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By (45) and the estimates above it follows that
liglimsup [ {(30)) (3w (0w - 9)) i) =0
- B—y JL2(R?)

On the other hand, by the Lebesgue dominated convergence theorem again,

tim o lim 5P, 2 e {(B())es (3 () (3 — )e)e ) ()
= Sy {7 1012y — () } i)

which proves (38).

5 Long time averages and the inviscid limit

In this section we consider SSSNSs obtained as generalized (Banach) limits of
long time averages of functionals of deterministic solutions of the damped and
driven Navier-Stokes equations. These SSSNS have good enough properties
to pass to the inviscid limit and are used to prove that the time averaged
enstrophy dissipation vanishes in the zero viscosity limit.

Definition 5.1 A generalized limit (Banach limit) is a linear continuous
functional

Lim;_ : BC([0,00)) — R
such that
1. Limi—oo(g) > 0; Vg € BC(]0,00)) with g(s) >0 Vs >0,
2. Limy_.oo(g) = limy_ g(t), whenever the usual limit ezists.

The space BC|0, o) is the Banach space of all bounded continuous functions
defined on [0, 00), and the functional Lim, . is constructed as an easy ap-
plication of the Hahn-Banach theorem. It can be shown that any generalized
limit satisfies

liTm inf g(T') < Limy_(g9) < limsupg(T), Vg € BC(]0,0)). (46)

—0o0 T—o0

Furthermore, given a particular g, € BC([0,00)), and a sequence ¢t; — oo for
which go(t;) converges to a number [, we can construct a generalized limit
Limy_.o satisfying Limy_..(go) = [, see [4, 14]. This implies that one can
choose a functional Lim,; .., so that Lim;_...go = limsup,_, . go(t).
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Theorem 5.1 Let ug € L*(R?) and V4iuy = wy € L'Y(R?*) N L>(R?). Let
f e WH(RH)NWL°(R?). Let ty > 0. Let Lim;_.o, be a Banach limit. Then

v . 1 [ nse
/Lz(Rz)q)(w)dM (w):LzmHoog/O (SN (s +to))(wo))ds  (47)

is a statistical stationary solution of the damped and driven Navier-Stokes
equations. For any p > 1 there exists r depending only on v, f,wy but not v

nor to such that
suppp” C BX(r). (48)

The inequality
v [ IVelmdr @ < [ ) -l die) (@)
L2(R?) L2(R2)

holds.
Proof. By Theorem 2.2, the set
O™ (to, {wo}) = cl{SN97 (s + ty)(wp), |s >0 }

is compact in L2(R?). By Theorem 2.1, ®(SV57(s + to)(wp)) is a continuous
bounded function on [0,00) and so is its time average on [0,¢]. Thus, the
generalized limit

¢
Limtqoo%/ (SN (5 + 1)) (wo))ds
0

exists. Moreover, it is a positive functional on C (O (t, {wo})). Because

of the Riesz representation theorem on compact spaces, there exists a Borel

measure p” on the compact O%(to, {wp}) that represents the limit. The

measure p” is supported in OF (tg, {wo}), p”(X) = p*(X N O™ (to,{wo})), for

any X Borelian in L?(R?). The inclusions (48) follow from Theorem 2.1.
We take a test function ¥ € 7. Then

Jor@e)(V'(@),u- Vo +yw — vAw)dp” (w)
= Limy—cot f U (SN (s +t9)(wp))ds = 0
holds. This verifies definition 4.1 (2). In order to verify conditions (1) and

(3) we take the solution w(t) = SV97(t)(wy) mollify it, w,(t) = J.(w(t)) and
take the enstrophy balance. We obtain from (4)

)2y + IV By + 1wl iy — {0 w0
' = (pe(ult), (1)), Ve (1)) (50)
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Integrating in time we deduce

t Lot
i [l ) aquy — (Ger s + t0))] dis % 2 [Vl 4 ) [2agns

= 31 [l ey = et + 0} 3ey |
+1 [ pe(uls + 1), w(s + to)), Ve (s + to))ds
(51)
Fixing € > 0, we may apply Lim;_ .
. 1 rt 2
Limy s [ [7||We(5 + to)l|72me) — (ges wels + tO))} ds =
Juy [Vl Bagay = {ger 00| dp ()
and .
Limy o Jo [Vwe(s +to) 1722 ds =
fL2(R2) ||Vw6||%2(R2)du”(w)

hold because the functionals are continuous. From (51) we have

fLQ(RQ) |:/7Hw€||%2(]1§2) - <geawe>i| dlu’y(w) + VfL2(R2) ||V(’UEH§/2(R2)duy(w) (52>
= Limy—cot fg(pe(u(s +to),w(s +1to)), Vwe(s + tg))ds
We estimate the right-hand side taking Vw, in L>(R?), where it costs ¢ '{)

where Q is a time independent bound on [[SV57(s + to)wo)|reer2) (from
Theorem 2.1). Then we are left with

‘Limtﬁoo% [ {pe(u(s +to),w(s +to)), Vwe(s + to))ds
< TLimgoot [y foo 5(2)|[0ew(s + to) || 22y ds

where I' is a bound on sup,sq [[w(s + to)| Lo (m2)l|w(s + to)||L22). We use
crucially now the fact that O™ (ty, {wo}) is compact in L?*(R?). Then for
every small number ~A > 0 there exists € > 0 so that

HéEZW(S -+ t0)||L2(R2) S h

holds for all s > 0, and all z in the compact support of j. Therefore we
have from (52)

iy [0l Zaquny = (0er0) ]| A1 (@) + oy Vel 2any ¥ ()
< h(e)
(53)
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with 0 < h(e), a function satisfying lim. o h(e) = 0. We remove now the
mollifier, carefully. First we note that

Sy [Ny — (9. 0)] die (@)
— lime o [y mn |10 e = (9w | dp ()
holds trivially because p” is a Borel measure. This, together with (53) implies

that . )
vlim SUP_0 fLQ (R2) HVUJE ”LQ(RQ)d/LV (CU)

< — fL2(R2) [VHWH%%RZ) - <97W>} dp¥ (w)

which implies, by Fatou’s lemma

V ILQ[RQ) IVl Zeee)dn” () (54)

S - fLQ(RQ) 7||W||%2(R2) - <g,w>] dp” (w).

Because the right-hand side is finite, this proves (1) and (49). The proof of
(3) for arbitrary E, Es follows from a very similar computation as the one

above. We take x’(y), a smooth, nonnegative, compactly supported function
defined for y > 0. Then x(y) = [, x'(e)de is bounded on R and

d , d
%X(Hwe(t)H%?(R?)) =X (Hwe(t)H%?(R?))%Hwe(t)H%?(R)'

We multiply (50) by 2x’(\|we(t)]|%2(R2)) and we proceed as above by taking
time average, long time limit and removing the mollifier. We obtain

o Y len) {219y + el = {9, } () <0

and letting x'(y) — 1jg2 gz pointwise, with 0 < X'(y) < 2, concludes the
proof. [J

Theorem 5.2 Let f € WH{(R)NW>(R?). Let uy € L*(R?) be divergence-
free and let VYtug = wy € LY(R?) N L®°(R?). Let w(t) = SV97(t)(wy) be the
vorticity of the solution of the damped and driven Navier-Stokes equation.
Then,

1 t
lim v (lim sup ;/ |IVw” (s + t(])Hiz(Rg) ds) =0, (55)
0

v—0 t—o0

holds for any ty > 0.
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Proof. We argue by contradiction and assume that the statement is false.
Then, there exists a sequence v, — 0 and 6 > 0, such that, for each fixed v,
there exists a sequence of times t; — oo (that may depend on k) such that

v [

2 I (s 4 t0) gy ds > 0 (56)
J Jo

holds for all t; — oco. Because of the enstrophy balance

0 < [V I Vws (s +to) 172 @)
t; » y
= %foj [_7”(«0 k(S + to)”%z(Rz) + (g,w k(S + to))} ds
i e oy = 1+ 1) e

It follows that

t—o00

1 t
imsup [ (<275 o) ey + {95+ )] ds 25 (57
0

Because the function —7||w||%2(R2) + (g,w) is continuous on clO™ (ty, {wo}),
by the remark after Definition 5.1, we can choose a generalized limit such
that

) I
Limig [ [=110 (54 80l + (9,0 (5-+ 1)) ds
0

o (58)
= lim sup ; /0‘ |:—")/ le/k (S + tO)HiQ(RQ) + (g, w”’“(s + t0)>:| ds.

t—o0

Now, by Theorem 5.1, this means that we have a SSSNS p** that satisfies
(48) and that also satisfies, in view of (57) and (58)

[ ol + g1} dew) 2 8> 0 (59)
L2(R2)

Passing to a weakly convergent subsequence we find with Theorem 4.7 that
there exists a renormalized statistical solution of the damped and driven
Euler equations p° that satisfies the enstrophy balance (38).

Because the function w +— (g,w) is weakly continuous, we have

im [ (g whdpr () = / (9, w) () (60)

koo Jraee) L2(R2)
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On the other hand, by Fatou’s lemma

y / ]2 A1 (w) < ylim in / ol di* () (61)
LQ(RQ) LQ(RQ)

k—o0

From (59) and (60) we have

yimint [ ol det @) < [ @it -5 (62)
L2(R2) L2(R2)

k—oo

and from (61) and (62) we obtain
[ el - b} i) < =5 <0, (63)
L2(R2)

This is a contradiction because (38) holds. Thus (55) holds. O

Theorem 5.3 Let f € WHH(R)NWE>(R?). Let ug € L*(R?) be divergence-
free and let V+tug = wy € LY(R?*) N L®(R?). Let u* be SSSNS associated
to long time averages given by (47) that converge weakly as v — 0 to a

renormalized statistical solution p° of the damped and driven Euler equation.
Then

i [ el ) = |

1 lw[|Z g2y du’ (@) (64)
v=UJ 2R L2(R2)

holds.

Proof. Indeed, by Theorem 4.7 we know that u° satisfies (38). From (49)
and (60) we have

fimsup [ sl di@) < [ i) (69)
L2(R2) L2(R2)

v—0

Using (38) we obtain

lim sup / Ml it (o) < / Moo di®(@)  (66)
L?(R?) L2(R?)

v—0

From (61) we obtain (64). O
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