Systems of Conservation Laws

Intoduction to PDE

1 Description

The equations of motion of compressible fluids and gases are obtained from
the laws of conservation of mass, momentum and energy for arbitrary vol-
umes of the liquid. One basic assumption is that a small volume of the fluid
still contains a very large number of molecules, and in the limit of small
volumes only macroscopic averages of molecular activities survive.

The physical quantities required to describe the mass flow are the density
p(z,t), a non-negative function of position z € R3 and time ¢, the velocities
u = u(x,t), and the internal energy e = e(x,t). In order to describe momen-
tum conservation we need to consider what forces act on the fluid. There will
be external forces F(x,t) per unit mass, acting on each volume element, and
internal forces acting at the interface between volume elements. The internal
forces are given by a stress tensor describing the components of the internal
forces in terms of the direction normal to the interface on which they act.
The internal force per unit area is thus a function

G = (Gl, GQ, Gg) = G(I,t,g)

with |¢| = 1, the normal. There will be heat transfer across the boundary of
volume elements, and this will be given by a function ¢(x,t) denoting heat
flow per unit area.

The conservation of mass in a volume V says that the rate of change of mass
in V is given by the mass flux through oV:

d

— d:r;—i—/ p(l-u)dS =0
dt Jy oV

where / is the outward normal to V. This is a consequence of the transport
lemma.



Lemma 1. Let f(x,t) be a C* function, letu be a (C**) smooth velocity field,
and let B be an open bounded set with smooth boundary, and let B, = X (t, B)

the image of B under the flow generated by the particle trajectories
dX(a,t
#ZU(X(aat%t)a X(&,O) =a

Then
d

G | sz = [ @+ o) de
Proof Let f(a,t) = f(X(a,t),t). Then

fla,)yde = [ f(a,t)|det VoX(a,t)| da

Bt BO

We have that det(V,X) > 0. We differentiate with respect to time. Using
chain rule

CV.X) = (Vo) (X (0,0),)(VX)
we obtain p
(et VoX) = (V- w) (X (a, ), ) (det V. X)
and thus
& [, fx,t)de

= Ji, (0 (@) + J(@,)(Ve - 0)(X (a,1),1) ) det Vo X (a, t)da
=[5, 0 f (z,t) +u(w,t) - Vo f (2, t) + (Ve - u(z, 1) f(z,t))dx

Using the transport lemma we have

L[, pdx = [, Opdx + [, div(up)dz
= [, Owpdz + [, p(u - £)dS

If the mass is conserved then it follows that

/ Orpdx + / p(u-£)dS = 0.
14 ov

Of course, the same thing is expressed by

/ 8tpdx+/ div(up)dz = 0.
v 1%
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Because V' is arbitrary we deduce
Oyp + div(pu) =0, (1)

the mass conservation equation. The equation of conservation of momentum
is obtained in a similar way. The total (linear) momentum in a volume is
fv pudz. The rate of change of this is given by the total forces acting on the
fluid in V: p

— pudmz/dex+/ GdS
dt Jy 1% oV

Using the transport lemma we obtain

/V@t(Pu) +u - Vi(pu) + (divu)(pu))dz = /Vdem + . GdS

Now we have Cauchy’s theorem: The function G(z,t,¢) is linear in ¢
GZ’(ZE, t, 6) = T%j(l‘, t)fj

and is given by a stress tensor. Here is why Cauchy’s theorem is true (un-
der our smoothness assumptions). Looking at the balance above in a small
volume of diameter € we see that

/W GdS = O(é)

We pick V' to be a tetrahedron with 3 faces perpendicular to axes and one
perpendicular to £. We denote Tj; the ¢ component of the force acting on the
surface perpendicular to the j-th coordinate direction. We have

AG;(0) = T Ay + TipAs + TisAs + O(€%)

where A, A; are the areas of the corresponding faces. But A; = (;A, and
A= 0(e?), so
Gi - T;jgj = O(E)

Thus, the momentum conservation becomes
O(pui) + (u- V) (pu;) + (divu) pu; = pF; + 0;(Ti;) (2)

The conservation of angular momentum

/Vp(x X u)dx
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leads to
T;j = Tji. (3)

Finally, considering the total energy per unit mass E = 1|u|? + e, we have
the rate of change of energy given by the sum of the work of the forces and
heat losses:

d

pn (PE)dl’Z/ (gjﬂjui—ijIj)dSJr//)Euidx,
dt Vv ov Vv

resulting in

[ (0o + €)) + div(p( 2L + ¢) — Tu)da
= [, (p(F - u) — divg)dz

which gives

Jul? Juf?
O\ p - Te +0; | up — te| ta - T | = pFu; (4)

We have exhausted our principles, and do not have enough equations. Even
if the heat transfer flux ¢ is known, and the body forces F' are also given,
we still have eleven unknowns p,u;,e,T;;. The rest is modeling. A first
assumption is isotropy of stresses,

Ti; = —pdyj,

with p = p(x,t) the pressure. If viscosity is allowed and Newtonian fluids are
considered, then

2 .
T;=—(p+ gﬂ(leU))@j + 1 (Oiuj + Oju;)
The internal energy is postulated to be a function of density and pressure

e = e(p,p).

Finally, either
q=0

(no heat flux) or the Fourier law



where T is the temperature (say, it is given at this point), and & is the heat
conduction coefficient. Now the unknowns are u,p, p and we have enough
equations:

Owp + 9;(pu;) = 0,
Oi(pu;) + 0;(puju;) = 0;T;; + pF; (5)
T () o

These are the Navier-Stokes equations of Newtonian fluid dynamics (or if
i = 0 the Euler equations). One may think that 7" and e(p, p) are given
empirically. There are some thermodynamical considerations to make. The

1
de + pd (—)
P

plays an important role. The main thermodynamic relation is

one-form

1
TdS = de + pd (—) (6)
P
T is temperature and S is entropy. The ideal gas law is
p = RpT

with R constant. From (6) we have
1
ds = Tde — d(Rlog p)

so #.de is an exact form. Then it follows e = ¢(T'). (But how 7' might depend
on p and p is left unsaid...) The quantity

h:e—i-]—9

p

is called enthalpy. Under the assumption of constant specific heat at constant
volume ¢, and constant specific heat at constant pressure ¢, we are given the

relations
e=c,1T,
h =c,T

and because h — e = % we obtain the constant

R=c,—c,.
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Defining the ratio of specific heats

we have now
cp =76, R=(y-1)c,
1 1
e=—L p="T_ Z—?,TZ—I—?

y=1p"" a=1p" " Rp
From (6) we obtain
d d
ds =c¢, (_p - fy—p>
p P
SO
S = ¢, log L 1 constant (8)
p’Y
or i
p=kplew (9)

An ideal gas with constant specific heat is called a polytropic gas. The Euler
equations are then
Dp + (divu)p = 0,
pDiyu+ Vp = pF, (10)
pD:e + (divu)p =0

with Dy = 9; + u - V. Combining the first and third one we have

Die—LDp=0
p
and using (6) we obtain
TD,S =0 (11)

Thus, entropy is conserved along particle trajectories. A fluid with this
property is called adiabatic. Note that if we consider p = p(p, S) then

Dip = C2Dtp

with ¢ = 9,p. The function c is called the sound speed. A fluid with constant
entropy is called isentropic. For such fluids

p—kp (12)



2 Symmetric hyperbolic systems

The equations of an ideal polytropic gas
Op + 9;(pu;) = 0,
O(pui) + 0;(puiuy) + Oip = pF; (13)
O (pE) + 0;(pE + pu;) = pFu,
for E = |ul®> + e,
L p
e=——=
y—1p
can be viewed as a system for the variables v = (p, pu, pE) by expressing p
in terms of v. The system looks like

8tv + i 8]Fj(v) =R (14)

Jj=1

where v : R" x [ - G CR™ F;: G —- G, R: R" — G. (Of course, new
notation, Fj are not the body forces, G is a state domain...). The entropy S
is conserved along trajectories, D;S = 0. This gives

O(pS) + 0;(u;pS) =0, (15)

an additional conservation law. Moreover, expressing 7 = pS in terms of the
variables v, it turns out that it is sometimes convex. We say that the system
(14) admits a convex extension if there exists 7 convex and ¢; so that, on
smooth solutions of (14) we have

0i(n(v)) + 95(g;(v)) = 0 (16)

If this is true then
(avkn)atvk + (&,kqj)ajvk = O,

and so
(0u) (00, F}) (Q500) = (90,05);01-
Because this holds at all states v, it follows that

avl(Jj - 8’1}1ij(a’llklrl)

Denoting .
F! =0,F;
J vty
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we have
Vg = (Ff)*vw

Differentiationg in some v, direction we get

Onn @i = (O, MO FY + (05,0, FF ) 0o,

VU] v, CIAC) )
Denoting
Ao(v) = 05,1
we obtain
AO(U)F]{ == q;.’ — F]{’ -Vn =A4;
where
¢} = 05,45
and

ij{/ — 82 Fp

VU
The main point of all this is: given a convex extension, we can rewrite the

system as
Ay(v)0pv + A;(v)0;v = 0, (17)

with Ag positive definite and A; symmetric.

3 Energy estimates, uniqueness

We consider the system
O + Bj(v)0jv =0 (18)

We say that (18) is hyperbolic if the symbol matrix
B(v,w) =Y w;B;(v) (19)
j=1

has real eigenvalues
AM(v,w) <. oA (v, w)

for any w € S""!. A symmetrizable system is one for which there exists a
smooth (in v) matrix Ap(v) that is uniformly positive definite and such that
A; = ApB; are all symmetric. Symmetrizable systems are hyperbolic. The
system can then be written as

Ag(v)0w + A;(v)0;v =0 (20)
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Proposition 1. Two bounded C' N L? solutions of (20) with the same initial
data coincide.

Proof. The difference w = vy — v of the two solutions obeys an equation
Ap(z,t)0pw + Aj(x,t)0;w + Lz, t)w =0 (21)

with initial data w(z,0) = 0. Denoting by v = 3(vi + v2) and & = Jp, we
have 1
Ao(z,t) = 5 (Ao(v1) + Ao(v2)),

Aj(z, 1) = 5 (Aj(vr) + A;(v2))

DN | —

and

m n 1
L(z, t)w = Zwk Z [ i aai}l:((l — A)vg + Avp)d| a0
k=1 =0

Because the system is symmetrizable, we have

4]

with § > 0. This follows from the assumption that Ag(v) is uniformly positive
definite on a domain G and the assumption that vy (z,t) € G, vs(z,t) € G.
The matrices A, (z,t) are symmetric and bounded in C'. We introduce the
energy norm

Jully = [ (AoCe. e, ), w(e, )ds

with (u,v) scalar product in R™. Note that
2 g Ly o
Ollwlze < llwllp < 5llwllz..

Let us denote .
divA =~ 9o Aa(z,t)
a=0

and
LIl = sup [(L(z,t)w,w)]|.

z,t, <w7w>§1



We have

J

Because w(z,0) = 0 it follows that w(z,t) = 0.
Energy estimates for derivatives of solutions of linear symmetric hyper-
bolic systems

: Jdiv Al +2]L]
stz < ( Jully

An(z,t)0w = f (22)

are obtained using commutators. They can be used to prove short time
existence of smooth solutions. We will not pursue this here.
Hyperbolic systems have finer uniqueness properties.

Definition 1. We say that an oriented hypersurface ¥ C R™"*! is spacelike
with respect to (20) if the symbol matriz

Az, t,v) = Z VoAa(2,1)
a=0

is positive definite for any (z,t) € 3, when v is the external normal to X.

We consider lens-shaped domains
D = Dqyp={(z,t) x € 2,0 <t < h(x)}

where h is a nonnegative smooth function compactly supported in 2 C R"™.
We say that D is space-like if 9D is space-like. We say that D is normal space-
like if there exists a smooth family of positive functions h(z, ), A € [0, 1) so
that h(x,0) =0, h(z,1) = h(x) and

h(z,\) <,
|OzR (2, N)| < (1 + [Vih(z, N,

An(z,t)vy > myl

holds for (z,t) € ¥\ = {(z,t)| v € Q,t = h(x, \)} with v external normal to
¥, my > 0 locally uniformly bounded from below in [0, 1).

Theorem 1. Two bounded C' solutions of (20) which coincide att = 0 in €,
coincide in lens-shaped domains Dq p, which are normal space-like for both.
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Proof. We take w = v; — vy as above, and use the same notations. We

have
Oa(Aqw, w) = ((divA — 2L)w, w)

Integrating in Dy = {(z,t)| z € Q,t < h(xz, )} we have

/ (A(z, t,v)w, w)dS < co/ \w|*dxdt
D3N

D,

We denote

I = [ fufds

"

In view of our assumptions on the domain

A
/ lw[*dxdt < C’/ I(p)dp,
Dy 0

and so, we obtain
A
I < [ 10
0

Taking Ao < 1 and M), = ksupg<<y, m; ! we have

A
1) < My, [ T

for all 0 < XA < Xg. Together with I(0) = 0, this implies I(\) = 0 for all
A < )Xo, and because )\ is arbitrary, I(\) = 0 for all A\ < 1. This implies
w = 0.

4 Simple waves, Riemann invariants
We seek solutions of (18) of the form

v(x,t) =V (f(z-w,t))

with w € S"7! a fixed direction, V : R — G C R™ and f = f(y,) a function
of y € I C R and t € R. Differentiating we see that in order to solve (18) we
need

OV + (9, f)B(V,w)V' =0
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We try to separate variables. If

B(V,w)V' = AV’

and

Of+X0,f=0
with A € R we are in good shape. Recall now that if (18) is hyperbolic, there
exist A\j(v,w) < -+ < Ap(v,w) real eigenvalues of B(v,w). Let us assume

that for some k € {1,...m} the function A\;(v,w) is nice for v € G; C G and
also that the right eigenvector r (v, w)

B(U7 W)Tk(vv w) = )‘k(v7 w)ﬁf(”? W)
depends in C! fashion on v € G;. Then we may solve the equation
V/ = rk(V, w)

with V(0) = V{ some prescribed vector. The solution V(+) exists for a small
interval of parameters [—¢, €] by ODE theory. Clearly then

B(V,w)V' = \(V,w)V’
Armed with the function V (-) we solve now
Ohf + Me(V(f),w)dyf =0

with small initial data fy(y) € [—¢,¢€]. The solution of this first order quasi-
linear equation is obtained on characteristics. The characteristics are straight
lines

y =190+ \(V(f),w)t

and f is constant on characteristics. This implies that the solution is given
implicitly by
f,t) = foly = tA(V (£ (y, 1)), w))

and differentiating we obtain

_ foly — At)
1+t%rk

ayf(y7 t)
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Therefore f ceases to be Ctif 1+t‘%’“-rk = 0. We say that the k-th eigenvalue
is linearly degenerate in the direction w if

Ok
B S—
oo *
holds for all v. We say that it is genuinely nonlinear in the direction w if
Ok
7k 0
90 Tk #
for all v. If the k-th eigenvalue is genuinely nonlinear, we may normalize
Ok
— = 1.
o
In that case 4
—A =1
TNV (1))

and therefore
Me(V(f),w) = M(Vo,w) + f.

Writing ¢ = Agx(Vh,w), this means that the equation for f is
of +(c+ f)o,f =0,

the Burgers equation in a moving frame.
We are going to switch now to n = 1, m = 2 and discuss Riemann
invariants. The system is still (18)

0w + B(v)0,v = 0.

There is only one two-by-two matrix B(v). We assume that system is strictly
hyperbolic, which means that its eigenvalues are real and distinct

)\1(1)) < )\2(1)).

We have right and left eigenvectors

and



In view of the fact that A\ (v) # A2(v) we have

(li(v),r2(v)) = (l2(v), 1 (v)) = 0.
We solve the equations ;
s =)

and p
U
d_; =ra(v(s))

We have two families of curves in the state space G C R2. We define the
Riemann invariants w; to be functions that are constant on the v; curves.
This requirement is

(7”1> va1> =0

and
<7’2, VUwQ) =0.

Because the eigenvalues are distinct, the vectors 1 (v) and 75(v) are linearly
independent. It follows that necessarily

V,wi = ¢(v)lz(v)

and
Vowy = d(v)ly(v).

Now we take (18) and multiply from the left by the row vector V,w;. Using
the fact that V,w; is proportional to l3(v) we obtain

O (w1(v)) + Ag(0) e (w1 (v)) = 0

and similarly
O (w2(v)) + A1 (v)0z(w2(v)) = 0.

Now we introduce the two families of characteristics

dx

i A (v(z, 1))
and p

i Ao (v(z,t)).
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We see that wq(v(z,t)) is constant on the Ay characteristics, and ws(v(x,t))
is constant on the A\ characteristics. Changing variables in state space to w
we have the system

{ Oywy + Ag(w)O,wy =0 (23)

8tU)2 + )\1 (w)azwg =0.
Differentiating the first equation we obatin

o
8w1

oA o\
Dip+ (o= |0°+(5—)pa=0
811)1 8w2

p:axwh qzaa:w2a Dt :8t+)\2ax

O\
(8pw1)? + = (Dpw3) (Bywy ) = 0

(8t + Ag@m)(ﬁxwl) + 811)2

This is the ODE

with

We use the second equation in (23) to write
thg + ()\1 - )\Q)q =0

that is
. Dyws
TN
where we use strict hyperbolicity (As > A;). The mixed derivatives group
can be written as

02

a)\Q ow
2 pg=pD 2
(an)pq p t(w2))\2_)\1

Let h(w;,ws) be a function that satisfies

oh 1 0\

E)wg N /\2 - /\1 8w2‘

Then, since Dyw; = 0, we have

02

Dih = (Dyws) (8w, h) = (Dyws) S Ow S
27— A1

Thus

o\
Dip + (—2> p°+pDih =0
0w1
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Multiplying by e" we obtain for g = e"p

oA
D,g + (—2) e hg? =0.
0w1

Integrating on the Ay characteristic we find, with

t
k(t):/ e’h%ds
0

(9w1
0
t)—20)
1+ k(t)g(0)
which blows up if k(t)g(0) = —1. If 3—2}21 > 0 then it is easy to see that

k(t) > ct and blow up occurs if d,w(0) < 0.
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