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Abstract

We prove global existence for a nonlinear Smoluchowski equation (a nonlinear Fokker-
Planck equation) coupled with Navier-Stokes equations in 2d. The proof uses a deteriorating
regularity estimate in the spirit of [5] (see also [1])
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1 Introduction

Systems coupling fluids and particles are of great interest in many branches of applied physics
and chemistry. The equations attempt to describe the behavior of complex mixtures of parti-
cles and fluids, and as such, they present numerous challenges, simultaneously at three levels:
at the level of their derivation, the level of their numerical simulation and that of their math-
ematical treatment. In this paper we concentrate solely on one aspect of the mathematical
treatment, the regularity of solutions. The particles in the system are described by a probabil-
ity distribution f(¢,x,m) that depends on time ¢, macroscopic variable x € R"™, and particle
configuration m € M. Here M is a smooth compact Riemannian manifold without boundary.
The particles are transported by a fluid, agitated by thermal noise, and interact among them-
selves. This is reflected in a kinetic equation for the evolution of the probability distribution
of the particles (]2, 8]). The interaction between particles — a micro-micro interaction — is
modeled in a mean-field fashion by a potential that represents the tendency of particles to
favor certain coherent configurations. The interaction between particles occurs only when the
concentration of particles is sufficiently high. Mathematically, this term is responsible for the
nonlinearity of the Smoluchowski (Fokker-Planck) equation, and physically, it is responsible



for nematic phase transitions. Because the particles are considerably small, and for smooth
flows, the Lagrangian transport of the particles is modeled using a Taylor expansion of the
velocity field. This gives rise to a drift term in the Smoluchowski equation that depends on the
spatial gradient of velocity. It is a macro-micro term, and it causes mathematical difficulties
in the regularity theory.

The fluid is described by the incompressible Navier-Stokes equations. The microscopic
particles add stresses to the fluid. This is the micro-macro interaction and it is the most
puzzling and important physical aspect of the problem. Indeed, while a macro-micro inter-
action can be derived, in principle, by assuming that the macroscopic entities vary little on
the scale of the microscopic ones, the “scaling up” of the effect of microscopic quantities to
the macroscopic level is more mysterious. A principle based on an energy dissipation balance,
and that recovers familiar results in simple cases was proposed in [6], where the regularity
of nonlinear Fokker-Planck systems coupled with Stokes equations in 3D was also proved.
The linear Fokker-Planck system coupled with Stokes equations was considered in [22]. The
nonlinear Fokker-Planck equation driven by a time averaged Navier-Stokes system in 2D was
studied in [7].

An approximate closure of the linear Fokker-Planck equation reduces the description to
closed viscoelastic equations for the added stresses themselves. This leads to well-known non-
Newtonian fluid models that have been studied extensively. For regularity results we refer
to Lions and Masmoudi [19] where the existence of global weak solutions was proved for an
Oldroyd-type model. In Guillopé and Saut [13] and [14], the existence of local strong solution
was proved. Also, Fernandez-Cara, Guillén and Ortega [11], [10] and [12] proved local well
posedness in Sobolev spaces. We also mention Lin, Liu and Zhang [16] where a formulation
based on the deformation tensor is used to study the Oldroyd-B model.

An other model for the polymers is the FENE dumbbell model. From mathematical point
of view, this model was studied by several authors. In particular W. E; Li and Zhang [9],
Jourdain, Lelievre and Le Bris [15] and Zhang and Zhang [23] proved local well-posedness.
Moreover, Lin, Liu and Zhang [17] proved global existence near equilibrium. After the comple-
tion of the present work, we learned that Lin, Zhang, and Zhang [18] proved a result similar to
our result for the co-rotational FENE model (see also [21]). Existence of global weak solutions
was also proved in [20].

1.1 The model

Consider the system

Wiv-Vo—vAv+Vp = V.1 in Qx(0,7)
U v Vf+divg G, f)f) = Agf = 0 in Qx(0,7T) (1)
dive = 0 in Qx(0,7),

where 755 = [}, fyl.(jl)(m)f(t,x,m)dm—i—fM Jar 'yi(jQ) (ma, me) f(t,x,m1)f(t,x,m)dm. We denote

G(v, f) = VU + W where W = cgajvi and U = K f is a potential given by

Ut 2,m) = /M K(m,q)f(t,,9) dg 2)

with a kernel K which is a smooth, time and space independent symmetric function K :
M x M — R. We also take = R?.



1.2 Statement of the result

Theorem 1.1 Take v(0) € WTeorNL2(R?) and f(0) € WL (H=9), for somer > 2 and g9 >
0 and fo >0, [, fo € L"NL>®. Then (1) has a global solution in v € LS (W) NLE (W?T)

and f € Lf® (I/V1 "(H=*)). Moreover, for T > Ty > 0, we have v € L°>®((Ty,T); W2~5).

loc

1.3 Preliminaries

We define C to be the ring of center 0, of small radius 1/2 and great radius 2. There exist
two nonnegative radial functions y and ¢ belonging respectively to D(B(0,1)) and to D(C)

so that
O+ e(27%) =1, (3)
q>0
lp—ql > 2= Supp ¢(27%) N Supp ¢(277-) = 0. (4)

For instance, one can take x € D(B(0,1)) such that x =1 on B(0,1/2) and take

p(§) = x(§/2) — x(&).

Then, we are able to define the Littlewood-Paley decomposition. Let us denote by F the
Fourier transform on RY. Let h, h, A,, S, (¢ € Z) be defined as follows:

h = .7-"_1<p and h= f_lx,
Bgu = F (216 F0) = 2 [ n(2ty)ute — y)dy,
Syu=F 2 1 Fw) = 2 [ hEyuta - y)dy.
We use the para-product decomposition of Bony ([3])
w =Tyw + Tyu + R(u,v)

where
TfufZSq 1wAgv  and  R(u,v) Z Agulgv.

q€Z lg—q'|<1

We define the inhomogeneous and homogeneous Besov spaces by

Definition 1.2 Let s be a real number, p and r two real numbers greater than 1. Then we
define the following norm

def
lullg, < 1Soullzo + || @18 gul»)

9N ller vy

and the following semi-norm

2 Aqullzr)

e
lullg, < B [

Definition 1.3

o Let s be a real number, p and r two real numbers greater than 1. We denote by Ez,r the
space of tempered distributions u such that |u|| 5, s finite.
p,T



e Ifs<d/pors=d/pandr =1 we define the homogeneous Besov space By, as the
closure of compactly supported smooth functions for the norm || - HB; -

We refer to [4] for the proof of the following results and for the multiplication law in Besov
spaces.

Lemma 1.4 -
[Agull s < 2¢G=0)9| Agullpe forb>a>1

e Agull v < €27 | Aqul| s
The following corollary is straightforward.

Corollary 1.5 Ifb > a > 1, then, we have the following continuous embeddings
s—a(2-1)
B;;T - Bbm .

Definition 1.6 Let p be in [1,00] and r in R; the space E’:’F(C”) is the space of distributions u
such that

def
HUHEP(O,T;CT) = Sl;p 2qTHAqUHLg,(Loo) < 0.

We will use the following theorem from [5]

Theorem 1.7 Let v be the solution in L2(H') of the two dimensional Navier-Stokes system

ov

aqu-vauAv = —Vp+f
(N5y) dive = 0
U|t:0 = 9.

with an initial data in L? and an external force f in LL(C~1) N L3(H™Y); then, for any e,
a Ty in the interval |0, T[ exists such that

= <e.
HVUHL[lTO,T](CO) s ¢

2 A deteriorating regularity estimate

The main part of this section is the proof of a deteriorating regularity estimate for transport
equations in the spirit of [1] and [5]. After this proof, we will apply this estimate in order to
prove Theorem 1.1.

We also denote H = (—A, + I)™%/? with s > d/2 + 1.

Theorem 2.1 Let o and 3 be two elements of |0, 1] such that o+ 3 < 1. A constant C' exists
that satisfies the following properties. Let T and )\ be two positive numbers and v a smooth
divergence free vector field so that

o— )\HVvHZlT(Co) >3 and o+ )‘HVUHE%F(CO) <1-p. (5)
Consider two smooth functions f and v so that f is the solution of

{8tf+v-Vf+divg(G(v,f)f)—Agf — 0 o
fii=0 = Jo.



Then we have, if A > 3C,

, 3¢,
M (f) < 3l follpg ar—=) + TMAH(U) (7)
where
MIw) Y sup 27O A (@) or (8)
tE[O,T},q
MI() Y sup 20 P OYALF () ey with (9)
tel0,T],q
d t
Sor(t,t) H N / (1S4 1 V(") | 1o + 1)dt", By () = Dy a(t,0). (10)
tl

We will use the notation f, def Aqf. Applying the operator A, to the transport equation
(6), we get

{ Ot fq+ Sq—1v - Vg +divg(G(Sg—1v, Sq—1f) fq) — Dgfq + Rq(v, f) =0 (11)
fq|t:0 = Aqfo.

where R, is a rest term.
We denote

NZ(t,z) = /M |H f,[*dm (12)

Applying H to (11) and taking the L? norm on M, we get

1
iathQ + Sg-1v- vNq2 + V(Sg-10, 841U, fq) + ’ngfq|2 + /M H fq(HRy(v, f))dm =0 (13)
where

V(v,h, f) = Oy /M<Hdivg<cgff>><Hf>dm. + /M(Hdivg(Vghf))(Hf)dm- (14)

Hence, arguing as in [7], we have |V (S,_1v, 541U, fq)| < C(IVSq_1v| + [|[HSq—1f||12(a1)) N -
We will use now the following lemma, postponing its proof:

Lemma 2.2 R,(v, f) satisfies

CAIVolizy (o)

20723 H Ry (v(t), £ (t))l| 1o(12) < Cle

< (70 + (14 18,9000= + 3 1AVl () (19

lg—q|<N

Taking the L” norm of N, we get

t
[INg(®)l| e < [[Ng(0)][ o + C/O [H Rq(v(t), fE)) | Le(rzy + 1+ [ VSqu(t) || ) [ Ng(t) | Lot

After multiplication by 277~%ax(®) we get



t
207 PO Ny (1) | 1o < 297||Ng(0)l|ze  + /02%’A(t’”T’”%’*(t)HVqu(t/)llLoolqu\Lpdt’

t
+ / 27 P20 2N H R (0(t'), f(1'))l| o (12t -
0

Then, using the inequality (15) and taking the sup over ¢, we get

" CAIVellz1 o e (t4)
M (f) < |lfollpg ) + e (A ?&1% ; 27 et (16)
E ) 7q
X@K“@+Mﬂﬂ0+%&WﬁWm+ Xjn%vwwMQ)w. (17)
lg'—q|<N

As M|V 7 (coy is smaller than (o — 3), we have
T
eCAIIVvaT(co) < Clo—B)

Moreover, by definition of ®, 5(¢,t'), it is obvious that

t
/ 1
7(I>q))\(t,t) / - 1 / < .
| 2 OIS, Tott) = + 1 < 5o
Then, we obtain that
o c o+1 o c o
My (f) < HfOHBg’OO(H*S) + XM’\ (v) + CHVUHle(CO)M,\ (f)+ XMA (f)

c . °0
< HfOHBg,OO(H—S)+XM)\+1(U)+7MA(f)'

This proves the theorem of course if we prove the estimate (15) of the lemma. First of all, let



us decompose the operator I7;. We have

6
Ry(v,f) = Y _Ri(v,f) with
/=1

d
Ry(v.f) = Y Ag(To ).
2

d
Rw.f) = YA Tudjlf.

=1

d
Ri(v,f) = Y A0;R(W, f) + Ag 1070, A1 fy — Dg207 00 1 f

d
Riw.f) = 3 divg(cl Ag(Tp001)) + divy(Ag(TyV,0)),
ij*l

Ri(v, f) = Zdlvg I[Ag, T, il f) + divg([Ag, T, vl f)

RS(v,f) = Z dlvg( R(9;0", ) + Dy 1050' Bgi1 g = Dg-2di! g1 1))

i,j=1

d
Y divy (ROV,U, ) + A1 VU1 fy = g2V U1 )
ij=1
Indeed,

d
Ag(v-Vf) = Aq(ZTajf”j+vaajf+R(vjvajf))
j=1

d
+ ) Tu0iAf + AR, 0; 1),

]
2

Then, we use that

d
Zijaij = Z Sy 1V 0; Ay fy
j=1

lg—g'|<1
= Se 1 0ife+ Y. (Sg—1v? — Se-1v!)0iAy £y
lg—q'|<1
= Sq_lvjﬁij + Aq_lvjaququ — Aq_QvJGqu_lfq

Hence,
(v-Vf) = ZRf f)+Sy_1v -V,

In the same way, we have

A, (divy (G Z R(v, f) + divg(G(Sy-1v, Sq-1£) fo)-



Let us estimate the six terms appearing above. We have
Let us begin with Ré(v, f). By definition of the paraproduct, we have

d
Ry(v, ) =D Ag(Sy—10;fAgr?).

Jj=1 ¢

As, if |¢ — ¢’| > 2 then the above term is equal to 0, we deduce that

IHR (v(t), () lzozz) < C D N1HSg-1V fll ooz |l Agv(t) o
lg—q'|<2

Using the fact that, if |¢ — ¢/| < 2, then [|[HSy 1V f| poo(r2) < C29||H f(t)|| poo(r2) < C29, we
infer that

IH Ry (w(t), FO)lozz) < €20 Y Ao <C Y [IVA0(D)|1o.

lg—q'|<2 lg—q'1<2
Hence

2qafq>qv/\(t)HHR;(v(t), f(t))”LP(LQ) < CM§+1(U) Z 9—A Iy 1Sg Vo)l oo dt + [ 1Sqr Vot)||Loodt”
la—q'|<2

But, it is obvious that

t t t
/ 1Sy Vo(t)) | odt — / 1S, Vo)l p=dt’ < / 1Sy — Sq)Volt') | dt'.
0 0 0

Using the fact that |¢ — ¢/| < 2, we get

t t
| 1saveumar = 18,90 mat’ < Cla= o190l oy (18)

So it turns out that

ONVllzy,

297~ Pax 0| HRL(v(t), f(£)) ]| o (r2) < 2 M7 (v). (19)

Now let us look at Rg (v, f). By definition of the paraproduct, we have

d
Rg(v, f)=- Z Z[Sq’—lvjaqu’v Aglf

Jj=1 ¢
d .
== D [Sy—1v), A0 Ay f.
Jj=1 ¢
The terms of the above sum are equal to 0 except if |¢ — ¢’| < 2. Moreover, by definition of
the operators A,, we have
[Syr—107, Ag)0jAy () = 2 y h(29(z — ) (Sy—107 (x) = Sy—107 ()05 A4 f (y)dy.

So we infer that

VE[Sy-107, A0y By £ @) | 2ary < 27919810292 (29]- ¢ |A(2%)] )l HO; A Fll 20 ) (@)

8



Hence,
IH[Sy-107, Aldi A f(@) | 1o z2(ary) < 27UV Sy—10| L [HO; Ay fl| o2 (ar)-
Then, we have, using Inequality (18),
297~ Pan 0| H[Sy 107, Ag)0; Ag f Lo (z2(ary)

- CAllvl ¢
<CMS(f) > 2 ERED(|V(Sg—1 — Sg)v(®)llzee + 1Squ(t) || £oe)-
lg—q'|<2

So, we get

207~ 2axO | HR2(0(1), f(1))|l po(r2y < OMZ(f)2° Izt en

< (1S70@le= + Y IV@Au@®)e=).  (20)
la—q'|<2
For Rg, we have
IHR (0, Nlleozy < C D0 20 Agolloal|H A fll oo (r2)
‘qliq//|§1
q'>q—2
< C Y 2T Ay Vol Hf e z2):
q'>q-2

Hence,

2RO HR v, oy € € Y 20400 Ra s O N )| Hf] o 1)

q'>q—2
Then, we see that the sum converges since
@A () = Py A S MVollzy coyla = ' < (0= B)lg — ¢ (21)
and 14+ 0 — (0 — ) =1+ 3> 0. Hence, we get
297~ Par O HR3 (v, )| o2y < OMST ()| H £ oo r2)-

The estimate for Rg(v, f) = Ré’l(v, f)+ R;l’Q(f) is the same as the estimate for R}(v, f).
Indeed, we have

[HES 00, (O)nzry < C Y IVgHSy1 fllioeus) | Ay Vo(b) 1
lg—q'|<2

C Y AyVot)le

lg—q'|<2

IN

where we used that ||VgH Sy 1 f|pec(r2) < C. Hence, we conclude as for Ré(v, f). Besides,
HHR;LZ(f(t))HLP(LQ) < C Z ”VQHSq’—IfHLOO(L2)HAq’ngHLP

lg—q'|<2

C Y A @)l

lg—q'|<2

IN

9



Hence, we conclude as for R} (v, f) and get

C/\||Vv||L1

20O HRG (f () o ey <2 COML(f). (22)

We write R)(v, f) = R (v, f) + Ro*(f). The estimate for Rb(v, f) is similar to the one
for Ré(v, f) with the only difference that we have to use the regularity of Vu. We have

d
[Aq, Tajvi]f = - Z Z[qu_lajvl, Aq]aqu/f.

Jj=1 ¢

The terms of the above sum are equal to 0 except if |¢ — ¢’| < 2. Moreover, by definition of
the operators A,, we have

[Sq’—lajvi7 AgAy f(z) = 2 /Rd h(2%(x — y))(Sq’—lajUi(fU) - Sq/_13jvi(y))Aq/f(y)dy
So we infer that
VRS (0, )l 2y < 27928, 10(27((29] - | 1B2)]) % IV HAG fllz2qan) ) (2).
Hence,
IHRG (v, /)l e z2ary) < 27UV Sy 10|10 |V g H A £l oo (22(ar))-
Then, we have, using Inequality (18),

<C Z (e—1)(g—q" q,x(t)+¢’q”,x(t)M§H(U)||V9HAq’fHL°°(L2)'

lg—q’|<2
q//Sq/_l

Hence,
2P O HES (v, Dl iy <C 30 2720 MTH )|V H flpry
q"<g+1

and the sum is uniformly bounded since o — 1 + A[|Vv| 7, (coy < —B. Then, we argue in a
T

similar way for ||HR2’2(f)||Lp(L2(M)) and get
1H Ry (F)ll o2y < 274V Sy -1 fll oz IV o H Ay fl oo (12 (an))-

and we conclude as above with M{ "' (v) replaced by M (f).
Finally, the estimate for RS (v, f) is exactly the same as the one for Rg (v, f) since, we also
have that ||V H f||pee(z2) < C.

3 Global existence

Now, we turn to the proof of our main theorem. First, we notice that the local existence in
with v € L2 ([0, T); Wh)y N L2 ([0, T); W27) and f € L32.([0,T); WL (H %)) can be easily
deduced from standard arguments. Moreover, from regularity estimates for the heat equation,

we have for all 0 < Ty < T, v € L ((To, T); W275").

10



We want to prove that we can extend the solution beyond the time 7. It is enough to

prove that Vo € L¥((0,T) x R?).
The local existence result tells that, for any Tp in ]0, 7], the solution (v, f) of (1) belongs
([To, T[; W2=&" x WLT(H=%)) for any ¢ > 0. Sobolev type embeddings of

to the space Lj;.
Corollary 1.5 imply that
~2—e—2(1-1 ~1-2(1-1
By oo (T p> X BP,OO<T p>)
;)Ooc(él—l—a %

(v,7) € L5, (170, 7]

Choosing € < 1 —2/r and p = oo in the above assertion implies that (v,7) € L
C?(H™?®)) where 0 =1 —¢—2/r > 0. So we can apply Theorem 1.7 and we can choose Tj

such that, with the notations of Theorem 2.1, we have
min(oc — pB,1—0 — )
3

HVUHE[lTO,T](CO) >~
The deteriorating regularity estimate of Theorem 2.1 applied with o and between Ty and T
tells exactly that f satisfies
o 3C o+1
MZ(f) < 3l (To)lleo sy + M3 (v)- (23)
Now, we have to estimate Vv. The two dimensional Navier-Stokes equation can be written as
O —vAv = P(v-Vv) + PDt
where P denotes the Leray projector on the divergence free vector field. Exactly along the

same lines as in the proof of Theorem2.1, we have
B+ 277 [VAGv(t)] 1~
a'>q

94(0+1)—=%g A (1) | P(v-Vv)=P(Squ-VAg)|| e < C’M;H(v) <”qu11(

Moreover, it is obvious that
o—1)_ o
20072722 P(Spu - VAGW) |1 < Cllv(®)]] 3 M (v).

/ 3
Bzt 20D Vu(t) [ 1=+27 0@, 4

So it turns out that
(24)

94(0+1)—%g A (1) HAqP(U‘VU)HLoo < C'M;'H (v) <”qu0(
q7>q

Using well known estimates on the heat equation (see for instance [4]) and Inequalities (23)
C
+ Mg ()

and (24) , we get that
o+1 c 39 o+1
M () < [v(To)llgor + { 5 + 22 Fy(To, T) | MY (v)

t
cv224(t—t") / /
e v(t 1 dt’.
]/TO o)l 3

with
F,(Ty,T) def sup
tE[To,T
Holder inequality implies immediately that
C 3¢
F,(Ty,T) < =272 ||lv 1.

11



Moreover, it is easy to see that

M3 () < M (f).

So, we infer that

3C c ¢ C
o+1 o~ Y ~ ~ ~ o+1
M) < Jo(Blemss + Slmlor + (§+ 50+ Sl ) JME7

Now it is enough to choose Tj such that the quantity

S+ Sl
X )

is small enough. Then as o is greater than 0, the solution (v,7) of the system (1) is such
that (Vv,7) belongs to L>([Tp, T| x R?); this concludes the proof of Theorem 1.1.
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