On quasisymmetric plasma equilibria sustained by small force
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ABSTRACT. We construct smooth, non-symmetric plasma equilibria which possess closed, nested
flux surfaces and solve the Magnetohydrostatic (steady three-dimensional incompressible Euler)
equations sustained by a small force. The solutions are also ‘nearly’ quasisymmetric. The primary
idea is that, given a desired quasisymmetry direction £, change the smooth structure on space
so that the vector field ¢ is Killing for the new metric and construct &é—symmetric solutions of
the Magnetohydrostatic equations on that background by solving a generalized Grad-Shafranov
equation. If £ is close to a symmetry of Euclidean space, then these are solutions on flat space up
to a small forcing.

1. Introduction

Let T C R? be a domain with smooth boundary. The three-dimensional Magnetohydrostatic
(MHS) equations on 7" read

JxB=VP+f, inT, (1.1)
V.-B=0, in T, (1.2)
B-n=0, on 0T, (1.3)

where J = V x B is the current, f is an external force and P is the ‘total pressure’, P = p+ %|B 2.
The solution B to (EI)*(B) can be interpreted as either a stationary fluid velocity field which
solves the time-independent Euler equation, or as a steady self-supporting magnetic field in a
continuous medium with trivial flow velocity. The latter interpretation is robust across a variety of
magnetohydrodynamic models (e.g. compressible, incompressible, non-ideal) and makes the system
(ﬁ;)—(@) central to the study of plasma confinement fusion.

In view of this, there is long standing scientific program to identify and construct magnetohy-
drostatic equilibria which are effective at confining ions during a nuclear fusion reaction. The most
basic requirement for confinement is the existence of a “flux function” 1, whose level sets foliate
the domain T and which satisfies B - Vi) = 0. To first approximation, ions move along the integral
curves of B and so this condition ensures that particle trajectories are approximately constrained
to the level sets of 1. For this reason, it is desirably to seek equilibria with nested flux surfaces
(isosurfaces of 1)) which foliate the plasma domain. When T is the axisymmetric torus, it is nat-
ural to look for such solutions in the form of axisymmetric magnetic fields. In the plasma physics
literature, this setup is called the tokamak. If (R, ®, Z) denote the usual cylindrical coordinates on
R? and the center line of the torus lies in the Z = 0 plane, axisymmetric solutions take the form

- % (Co(wo)Req, + Reg x wo), (14)

with flux function ¢y and swirl Cy = Cy(¢pp). In order for By to satisfy (@) with Py = Py(¢o),
taking f = 0 momentarily for simplicity and taking 7" to be the torus with inner radius Ry — 1
1
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and outer radius Ry + 1, say, the flux function needs to satisfy the axisymmetric Grad-Shafranov
equation ([11, 24])

1
Obo + O%1bo — EE)R@DO + R?P}(v0) + CoCf(hp) = 0, in Dy, (1.5)
1o = const. on 0Dy, (1.6)

where Dgy denotes the cross-section of the jorus unit disk) in the ® = 0 half-plane centered at
R = Ry. Conversely, if 1g is any solution ) with eq - Vipg = 0 then the vector field By
defined in ([1.4) is divergence-free and satisfies ([L.1). If g is taken to be constant on 9T, By satisfies
()

Unfortunately, these tokamak equilibria come with a slew of problems from the point of view
of plasma confinement fusion [18]. For example, to achieve improved confinement it is desirable
for the magnetic field to ‘twist’ as it wraps around the torus and this can only be accomplished
in axisymmetry with a large plasma current, J. Such plasma configurations are hard to control in
practice. One approach to finding equilibria with better confinement properties is to consider equi-
libria in geometries which have the desired twist built in. This is the basic design principle behind
the stellarator, [10]. It is still desirable for these configurations to possess a form of symmetry,
which is known as quasisymmetry.

DEFINITION 1 (Weak quasisymmetry, [22]). Let £ be a non-vanishing vector field tangent to
OT. We say that £ is a quasisymmetry and the field B is quasisymmetric with respect to & if

divé =0, in T, (1.7)
Bx&=-Vi, inT,
¢-V|B| =0, inT,

for some function ¢ : T — R.

The significance of the condition (@) is that it implies B - V¢ = 0 and £ - Vi = 0 and so
quasisymmetric solutions posses flux_functions which are symmetric with respect to . In [22],
the authors argue that conditions (@)7( ) form the minimal requirement that ensures first
order (in gyroradius) particle confinement, hence the terminology of weak quasisymmetry. In the
confinement fusion literature [18, 3], one encounters the following alternative definition which is
actually stronger than the above. It replaces ([l.9) with

ExJ=V(B-€) inT. (1.10)

We term this set of conditions strong quasisymmetry. When f = 0 it is this stronger form of
quasisymmetry which is_equivalent to other definitions in the plasma fusion literature involving
Boozer angles, see §8 of [18]. If dlar = 0 then @) requires only that a single component of ([l ()
vanish, B - (5 x J=V( B f In light of this, the additional content of strong quasisymmetry
(E), (@), and () is the assumption that the other two components of £ x J — V(B -§) vanish.
It turns out that when there is no force and the equilibria are toroidal, strong quasisymmetry is
equivalent to Definition

1We remark that it could be that this equation admits “large” solutions with non-trivial dependence on ®. See
the work of Garabedian [9].
2To see this, using standard vector calculus identities, we write

ExcurlB-V(B-§) =B-VE+E£-VB+ B xcurlé.

Taking the inner product with B results in B - ({ x curl B — V(B - €)) = 3¢ - V|B]> + B - V¢ - B. The argument
is completed by using the elementary identity LB = curl(B x §) + div B — divéB = curl(B x &). This yields
B-(¢xcurlB—-V(B-¢))=¢-V|B2

3M. Landreman, private communication.
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From ( if £ - B is constant on surfaces of constant v, £ - B = C(¢) (by a result in [3], any
solution of ([l.1]) which satisfies (@)—(@) satisfies this condition), it follows that B is of the form

1
B=1m (cw)g +Ex w), (1.11)

and when f = 0, the requirement that (E_ll) holds implies that ¢ must satisfy the quasisymmetric
Grad-Shafranov equation (introduced in [3]) which reads

(VY § £ cC'(y / :
o (i) - e (3G ) + T +P@ =0 wr 0

1) = const. on OT. (1.13)

The equations (E) and (@), (E) can be thought of as constraints relating 1 to the defor-
mation tensor of §, the symmetric two-tensor L¢6 defined by

(ﬁfd)(Xv Y) =Vx¢é- Y 4+ Vy€- X,

where V denotes covariant differentiation with respect to the Euclidean metric. Recall that &
generates an isometry of Euclidean space if and only if £¢6 = 0, in which case £ is called a Killing
field for the metric §. Assuming that £ - Vi) = 0 and div{ = 0, from (ﬂ) we find

div B = C(¢)(£Le0)(€,€) + (Led)(€, € x V), (1.14)
and expanding the condition (@) we find
1 2 1
LelBI* = (Le0)(€,€) + @(555)(575 x V) + W(ﬁ@(f x Vip, & x Vi), (1.15)

see Lemma @ of Appendix B The equation () is a complicated relationship between ¥, C'(v))
and £ but notice that it holds trivially (assuming only that £V = 0) whenever when ¢ is a Killing
field. It is well-known that in Euclidean space the only Killing fields are linear combinations of
translations and rotations. Therefore, up to a multiplicative constant, the only such field compatible
with the geometry of the axisymmetric torus is £ = Reg and as mentioned above, such solutions
are not suitable for confinement. We have arrived at the following problem.

Problem: Given a toroidal domain T, construct a function v : T — R with nested flur surfaces
and o divergence-free_vector field & which does not generate_an isometry of R® and is tangent to
T, so that () —(), the nonlinear constraints (), () and & - Vi = 0 all hold.

It is not clear that there are any smooth solutions v, £ to the above problem. In fact, in 1967
(long before the above notion of quasisymmetry was introduced), Grad [13, 11}, 12] conjectured that
the only smooth solutions to (ﬁ)f(ﬁl) possessing a good flux function have a Euclidean symmetry,
and this would in particular rule out any solutions of the above type. Since Grad’s work, there have
been some constructions of non-symmetric equilibria an infinite cylindrical domains [23, 17]. As
these are unbounded in extent, they have limit practical appeal for the perspective of confinement.
No such examples of smooth solutions have been rigorously demonstrated on toroidal domains,
although there has been some work on suggestive formal near-axis expansions [26, 2, 16] and
non-symmetric weak solution equilibria with pressure jumps have been rigorously gonstructed (5]
which may have practical implication for the confinement fusion program [14, 15].

We do not address Grad’s conjecture here and our goal is instead to present a robust method
for constructing solutions to ([L.1) with small force and which are approximately quasisymmetric
with respect to a given vector field ¢ (sufficiently close to the axisymmetric vector field §y = Reg ),
in the sense that &E) holds but that (@) holds up to a small error.

4See Lortz [21] for a construction of a non-axisymmetric toroidal equilibrium which nevertheless enjoys plane
reflection symmetry (forcing all magnetic field lines to be closed).
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In addition to the nontrivial constraint (@), there are two serious difficulties in constructing
solutions to (@)7(@) of the form () with given symmetry direction . The first is that by
(), unlike in the axisymmetric setting, vector fields of the form () need not be divergence-
free. The second difficulty is that for arbitrary &, it is not at all clear that the equation ()f(@)
admits any solutions with & - Vi) = 0, since the coefficients appearing in ()f() need not be
invariant under £. Both of these difficulties can be traced to the fact that £ need not be a Killing
field with respect to the Euclidean metric. To circumvent these issues, inspired by [20] and [4], we
will replace the metric structure of (R3,§) with (R3, g) for a metric g for which ¢ is a Killing field.
The resulting magnetic field will not satisfy the Euclidean MHS equations ([L.1)) but provided ¢ is
sufficiently close to Killing for the Euclidean metric, the error will be small. We now explain the
idea.

Let us suppose that given &, we can find a metric g on R? for which Leg = 0, that is, for
which & generates an isometry (we give an explicit construction of such metrics for a large class
of vector fields £ after the upcoming statement of Theorem [1.1l). We then consider the following
generalization of the ansatz (), introduced in [4]

1

By = ot (CWIe+ Ve o Vi ). (1.16)
g

Here, (€], X4, V4 denote_the analogs of the usual Euclidean quantities |£[, xV with respect to the

metric g (see Appendix ) In Lemma we use the fact that L¢g = 0 to show that vector fields
of this form are divergence free assuming only that & - Vi) = 0,

divB, = 0, (1.17)

and also that v is a flux function for By,

§x Vi = B,. (1.18)
We emphasize the somewhat surprising fact that even though the definition (|L.16) involves the
metric ¢g in a nontrivial way, it is designed that way so that the identities (]1.17)-([1.1§) involve only

Euclidean quantities. We remark that B, will not be divergence-free with respect to the g metric.
We then seek B, of the form () which satisfy the MHS with respect to the metric g,

—~

curly By x4 By = V4 P. (1.19)
This ansatz leads to the generalized Grad-Shafranov equation for
. Vgt £ £ CW)C'(y) | P'() :
div (\/g\ g ) —C(¢)—=5 -4 curl () + + =0, in T, (1.20
’ €15 e e \iee) T Ve TVl 20

¥ = (const.), on 971(1.21)
,curly, denote the magnitude, dot product and curl with respect to the metric % %see
E?;

where [€],

AppendixE for the definitions and Appendix [ for the derivation of ([1.20) from () and ( ).
Note that (@)f() reduces to ([l.12)—([l.13) when g = ¢, and when g is the circle-averaged
metric, it agrees with the equation derived in [4].

As another consequence of the fact that Lcg = 0, the coefficients in the equation () are
invariant under £ and so (), unlike (m), is consistent with the requirement £ - Vi) = 0. The
downside is that the equation ([L.19) does not agree with ([L.1) unless ¢ = ¢ and so By will not
satisfy the original MHS equations. However, if we can arrange for the metric g to be sufficiently
close to the Euclidean metric 6, then B, will satisfy the usual MHS equations curl By x B, —VP =0
up to a small error. Our approach will be to solve the generalized Grad-Shafranov equation ()
by deforming an appropriate solution 1y of the axisymmetric Grad-Shafranov equation ([L.5), using
the methods from [6]. In particular, we seek a diffeomorphism v : Dy — D and requiring that
Y = g o~ Ll It turns out (see section E) that this reduces to a system of nonlinear elliptic
equations for the components of v which can be solved by a iteration.
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In what follows, Ty denotes the axisymmetric torus
To={(R,®,2) | (R— Ro)?+ 7% <a,0 <P < 2r},

with thickness 0 < a < Ry. Let £ = Reg be the generator of rotations in the Z = 0 plane. Let D
be any domain in the half-plane {® = 0} sufficiently close to Dy. Suppose that £ is a vector field
which is sufficiently close to the rotation field &y with the property that all the orbits of £ starting
from D are periodic (with possibly different period 7(p)). In this case we define the toroidal domain

T ={ps(p) | p€D, s€0,7(p)}, (1.22)
where p;(p) denotes the time-s flow of ¢ starting from p € D,

%%(p) =&(ps(p):  wolp) =p € D.

In this setting we say that the toroidal domain T is swept out by & from D.

FIGURE 1. Tokamak and stellarator geometries.

Our main theorem is that, given a toroidal domain 7' sufficiently close to the axisymmetric
torus Ty, we can find magnetic fields with nested flux surfaces and a global symmetry that solve
MHS up to a small force whose magnitude is controlled by the deviation of the symmetry from
being Euclidean. These fields satisfy two of the three quasisymmetry conditions, the third holding
approximately. The proof is constructive and relies on deforming a known axisymmetric steady
state satisfying mild conditions (H1)-(H2) stated in §E In particular, the resulting magnetic field
possesses flux surfaces which have the same topology as the axisymmetric base state.

THEOREM 1.1. Fiz k > 0, > 0 and let ¢ € CF22(R3) be a divergence-free vector field,
sufficiently close in C*+t2% to the rotation vector field & = Reg and let D be a domain sufficiently
close to Dy in CF*+22 in the sense that D = {(r,0) | 0 < r < b(6),0 € S'} for a function b:S' — R
sufficiently close to 1 in C*+%2(SY). Let vy € C*2%(Dyg) be a solution of (@)—(@) with pressure
Py € CHLY(R) and swirl Cy € CF1(R) satisfying (H1)-(H2).

Let & be a divergence-free non-vanishing vector field with closed integral curves that sweeps
out a toroidal domain T from D. Suppose that there is a metric g € C*t2(R3) with the property
Leg = 0 which is sufficiently close to the Euclidean metric. Then, for any given swirl C € CkLe(R)
sufficiently close to Cy, there is a_flux function ¢ € C*2%(T), and a pressure P = P(1) so that
the magnetic field B defined by (ﬂ) satisfies B-V =0, B x £ =V as well as MHS gﬁ) 7(@)

with a force f obeying
[ fller.eery < clld — gllgrtz.ary), (1.23)

where ¢ == c([[||crr2.a(ys 1Yl crrzomy, [Pollcrtiomy, [[Collortramy). Moreover, the fluz surfaces
of B (isosurfaces of 1) are diffeomorphic to the isosurfaces of 1.
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The point of the bound () is that if £ is a Killing field for the Euclidean metric § then we
can take g = J in the above and by ([L.23), the B is then an exact solution of the MHS equations
(EI) with f = 0. In this sense, () shows that one can construct approximate solutions to MHS
with symmetry direction ¢ with error proportional to how far £ is from being a symmetry of R3.
We remark that the proof is quantitative in that all the small parameters can be explicitly defined
in terms of the inputs g, Co, Py, and &.

We now_describe how to produce a base state 1y and metric g which are suitable inputs for
Theorem [I.1. In Appendix §A, we provide an example of a base state vy satisfying (H1)-(H2)
living on a large aspect-ratio torus. This is obtained as a perturbation of an explicit profile on
an “infinite aspect-ratio” torus. It should be stressed that the conditions (H1)—(H2) are not very
stringent and should hold for a wide class of axisymmetric solutions that possess simple nested flux
surfaces (which could e.g. be numerically obtained). Next, we describe two large classes of vector
fields £ and metrics g satisfying the hypotheses of our theorem.

REMARK (Designer metrics). We provide two possible ways of constructing a ‘near’ Euclidean
metric given a ‘near’ isometry &.

(1) (Deformed metric): Suppose that the torus 7' is given by T" = f(1p) where f is a
diffeomorphism defined in a neighborhood of 7Ty and which is sufficiently close to the
identity. Then we can take & = df (&) where df denotes the differential and let g = f*¢
denote the pullback of the Euclidean metric § by f. Because the Lie derivative is invariant
under diffeomorphisms, we have ¢ is a Killing field for g since L¢g = f*(L¢,0) = 0.

(2) (Circle averaged metric): Suppose the orbits of £ starting from D are all 2r-periodic.
In this case we say that & generates a circle-action. If we define the circle-averaged metric

g by
1 27

=— *5d
21 0 SDS %

it follows by a simple computation that £;g = 0. Moreover, when ¢ is a Killing field
for Euclidean space, g = §. This metric was introduced by [4]. As motivation for the
appearance of this particular metric, consider the MHS in terms of one-forms £p(B") = dP
(see [1]). In this representation, it is clear that the metric appears linearly (in the definition
of b). Therefore, if B and P are invariant under the flow of £, then one finds £Lp(B") = dP
where b denotes lower the index with the circle average metric. Raising indices with g,
we find that any such MHS solution on Euclidean space is also a solution of the circle
averaged equation (MHS with respect to the metric g).

We conclude with some remarks about achieving exact quasisymmetry. By construction, the
magnetic field B from the previous theorem will satisfy (@) but will only approximately satisfy
the property ([L.9) of quasisymmetry. Thus, our fields confine particles to zeroth but not first order
in the guiding center approximation [22]. The error from being an exact weak quasisymmetry can
be easily quantified; for a vector field B, of the form (), assuming that g is such that L¢g = 0
the condition ([l.9) reads

C2(y)
21151 By

See Lemma @ Since () involves the Euclidean deformation tensor alone, it is controlled by
the deviation of £ from being a Euclidean isometry and our solution will have £ - V|B,| small. The
error from being a strong quasisymmetry is also quantifiably small.

It is worth remarking that there are additional freedoms in our construction that could, in
principle, be used to further constrain the constructed solution. Specifically, in our theorem, we
treat £ as a fixed vector field sufficiently close to & and we made the somewhat arbitrary choice

§-V|By| = [(555)(6,5)+2C_1(¢)(£§5)(£,ij)+C‘2(w)(£55)(vjw,vj¢) - (1.24)
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that the map + should be volume preserving. The results in [6] actually allow one to construct
the map ~ so that det Vv := p is any given function, sufficiently close to one; in fact by iterating
that result, one can additionally achieve that det Vy = X (¢, n, ¢, 9n, 00s¢,00sn) for a suitable
nonlinearity X sufficiently close to one when ¢,n = 0. Using this freedom, it is possible to show
that, under some (possibly restrictive and undesirable) assumptions on the field &, the Jacobian p
can be used to achieve exact quasisymmetry on a slice of the torus (namely on the cross-section
D). Due to its local character, ensuring this property holds seems of little practical interest for
ion confinement in a stellarator. Whether or not a carefully designed field £, perhaps constructed
dynamically along side the solution, can be used to ensure quasisymmetry exactly on the whole
domain remains an open issue.

2. Proof of Theorem @

We start by giving an outline of the arguments used to establish the main theorem. All details
can be found in [6].

Let Dg, D,40,&,g be as in the statement of Theorem H We will start by constructing a
solution 1 to the generalized Grad-Shafranov equation ([1.20) of the form 1 = g o ~~! for a
diffeormorphism ~ : Dy — D which is to be determined. With the toroidal coordinates (r, 0, )
defined as in (@), for functions 7, ¢ independent of ¢, write Vn = 0,ne, + %897769 and V+t¢ =
—Ordeg + L0y fe,. We will look for v(r,0) = (r,0) + Vn(r,0) + VL¢(r,0) and the functions 7, ¢
are the unknowns. For simplicity, using the assumption that Vol D = Vol Dg, we will require that
det VY~ = 1. After a short calculation, this condition reads

An :Nﬂ[¢77]]7

where N, [¢, 7] = N, (8¢, On, 9*¢, 8?n) is a quadratic nonlinearity. We will pose boundary conditions
momentarily. We think of this equation as determining 7 at the linear level from ¢ and it remains
to determine ¢ in a such a way that 1 = ¢go~~! is a solution to () We now describe how this
is done.

The Grad-Shafranov equation (@) is of the form

Lotpo = Fo(vho) + Go(r, 0,0), in Dy

with nonlinearities Fy = P}, Gy = %C Ci (1) and where the operator Ly is elliptic. Similarly, we
write the generalized Grad-Shafranov ([L.20) in the form

Ly = F(y) + G(r,0,%), in D. (2.1)

At this stage, the function F' (which is related to the pressure of the solution in our application) is
actually undetermined and will be chosen momentarily, while G can be chosen to be any function
sufficiently close to Gy.

A calculation (see Appendix B of [6]) shows that provided det V4~ = 1, we have

(Vip) oy~ = Vhg 4+ Vs — V30 + V1o - V2 + Vi - V23, (2.2)

where we have introduced the notation ds = Vb - V- for the “streamline derivative”. Then 9, is
tangent to level sets of ¥y. After a computation, composing both sides of (@) with y~! and using
(@g), (@) takes the form

ZLpo0sd = Nylo,n] + F(po) — Fo(vo) + G(r,0,100) — Go(r, 6, %), (2.3)

where Ly, is the linearization of Lo around vy, for a function Nyl¢,n] = Ny(0¢, On, 00s¢, 00sn)
(whose explicit form can be found in Appendix B of [6]), which consists of terms which are linear in
1 and its derivatives, and either nonlinear or weakly linear in derivatives of ¢, meaning it involves
terms which can bounded by €|0¢|, for example. This latter point is a consequence of the assumption
that £ — & is sufficiently small. Notice that this is an equation for ds¢ and not ¢ itself. In order for
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this equation to be solvable for ¢ at the linear level (given appropriate boundary conditions), there
are two requirements. The first is that .Z,, should be invertible. The second is a somewhat subtle
condition which is easiest to understand in the simple model case. In order to solve the problem
Adpu = f, in the unit disk, say (with arbitrary boundary conditions), it is clearly necessary that

027r fdf = 0. We will now impose a condition on () which is analogous to this one and which
will determine the function F' at the linear level. Assume that the Dirichlet problem for .2,

Lyou = f, in Dy,
u =0, on 0Dy,

has a unique solution for f € L?, say. Writing fw_o Lf = u, if we apply fzp_o ! to both sides of (@)
and integrating with respect to ds over the streamline {1y = ¢} we find

o -1 _ -1 _
0= 7{%0} &, (F(3o) F0(¢0))ds+7{woc} L, (G = Go+N)ds

This is an equation which must be solved for F. Writing T'(¢)q = f{ do=c} .i’w_olq ds, given R de-

pending only on the streamline R = R(c), we would like to be able to find ¢ = ¢(c) with T'(c¢)qg = R.
This is a complicated problem which would be hard to address directly, however in [6], we show
that such ¢ can be found, assuming that the following hypotheses hold:

Hypothesis 1 (H1): The operator %, is positive definite.

Hypothesis 2 (H2): There exists a constant C' > 0 such that we have

d/¢

c) = — < for ¢ € rang(1y),
= fra .

where / is the arc-length parameter.

Notice that the hypothesis (H1) in particular ensures that the operator .,2”1;0 L is well-defined.
This is a condition on Py, Cy. Hypothesis (H2) concerns the travel time p(c) for a particle governed
by the Hamiltonian system & = V+1)o(x) and moving along the streamline of {1)g = c}. It is easy
to see that it holds provided 1y has at most one critical point in Dy = To N {¢ = 0} and that it
vanishes no faster than to first order there. We remark that (H2) is trivially satisfied if [Vy| is
bounded below in the domain Dg. This could be accomplished if, for example, one worked on a
“hollowed out” toroidal domain.

We now discuss the boundary conditions. Assume that D is the interior of a Jordan curve B,

0D ={p e R* | b(p) = 0}.

We also write 9Dy = {p € R? | bo(r,0) = 0} where by is chosen with |Vbo| = 1, Vi) - Vbg > 0.
We write v —id = Vi + V1 = ae, + pe, where (x,y) are rectangular coordinates. Using that
Bolap, = 0, the requirement that v : Dy — 0D can be written as

0 =Dbo7lap, = boo|ap, + (6b) o ¥|ap,
= a0zbolap, + BIybolap, + bi(a, B)|ap, (2.4)

where 0b = b — by, and where the remainder by is

bi(e, B,2,y) = bgoy—bg— adibyg — BO2bg + (db) 0 7.

Returning to ¢,n, we have

ad1bg + Bdaby = V¢ - Vbo + Vi - Vg (2.5)
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By the choice of by, we have Vn - Vby = 9,n where n is the outward-facing normal to 0Dy.
Additionally using that vy is constant on the boundary we have V+by = \VVLT%)T’ and using (@)
and these observations, the formula (@) becomes
Nzoasqﬁ + Opn = —b1(o, 1), on 0Dy.
This is one boundary condition for the two functions ¢,7. Again we need to ensure that
this equation is compatible with the requirement f{ Yo=volon,} Os¢pds = 0. We therefore take 0,7
constant on the boundary and impose the following nonlinear boundary conditions.

_ faDO bl((ba 77) de

Oun = length(0Dy)

on 0Dy, (2.6)

n 8D0 (27)

bi(¢,n)dl
86 = Vil (—bl(m)ﬂ%Do (@71 )

length(0Dy)
We now summarize the result of the above calculation. The function ¢ = 19 o~~"! is a solution
of the equation (@) in D with constant boundary value provided the diffeomorphism - is of the

form v = id + Vn + V16 and the functions 7, ¢ : Dy — R satisfy the elliptic equations
An = Ny[, 7] in Dy,
Lpo0sd = Nyl n] + F (o) — Fo(tho) + G(¢o,7,0) — Go(vo, 7, 0), in Dy,

where F' is determined by solving
jq{ %—Oles:jé %—Ol(GO — G — Ny + Fy)ds,
{¥o=c} {to=c}

and where 7, ¢ satisfy the boundary conditions (@)—(@)
This nonlinear system can be solved by the following iteration scheme. Given 7
define FN = FN(c) by solving

7{ LN ds = 7{ L, W(Go— G = Ny[o" N1 + Fo) ds.
{vo=c} {tbo=c}

N—1,¢N—1,

Then solve for nV, ®V satisfying
AnN = Nﬂ [(bN*l, anl] in Dy, (28)
gwoq)N :N¢[¢N_1,77N_1] +FN—F0+G—G0 in Dy,

with boundary conditions

87177N = Nn[gﬁNila nNﬁl]dxa (29)

Do
b (¢N71 anl)de
N _ B N-1  _N-1 9§8D0 1 ’
O = |V ( b1(ep N )+ length(8Dy) on 0Dy.

The boundary condition for n’V has been chosen so that the Neumann problem (@)—(@) is
solvable. Once ®V has been found, as a consequence of the choice of FV it can be shown that
f{ vo=c} dNds = 0 for all ¢ and so &V = 9,¢" for a function ¢ which is determined up to a

constant, which can be fixed throughout the iteration by requiring that || Do ¢ = 0. In [B] we
prove that this iteration converges in a suitable topology. We remark that the boundary condition
(R.9) is not the same as the boundary condition in (ﬁ) but as a consequence of Vol Dy = Vol D,
they agree after taking N — oo.

We now present the proof of the main result.
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PROOF OF THEOREM . We first reduce the problem to solving a certain elliptic problem on
the domain D. Given a (local) coordinate system (x1,z2) defined on a neighborhood of D, we can
extend it to a (local) coordinate system on a neighborhood of the torus 7" by pulling back along
the flow of £&. Explicitly, given p € T, there is a unique pg € D and a unique smallest z3 > 0 so
that ®,,(py) = p where ®4(pg) denotes the time-s flow of £ starting from a point py € D, because
the integral curves of £ are closed. Then the map ¥ : T' — D x R defined by ¥(p) = (po,x3)
is a (local) diffeomorphism onto its image. In these coordinates, £ - Vf = 6%3 f for any function

f- We now express the given metric ¢ in this coordinates, g = Z? =1 9ij (21, 2, v3)dx'dz’, where
Gij = 9(0pi, 0,i). By the definition of the Lie derivative of the metric we have

0
(‘Cﬁg)i]’ = (6 ) v)g’ij - g([&a axl]7axﬂ) - g([gv aacj]a axz) = @gij =0,
since by assumption L¢g = 0 and since [, 0,¢] = [0,3,0,¢] = 0 by construction. In this coordinate

system, the Grad-Shafranov equation is the following three-dimensional elliptic equation

3 3
ij i 1 ;
Ly := E aggaxiaxjw + g be 40yt + Ge (w1, 22,23, C,p) + —=P' (1) =0, in T,(2.10)

=1 i=1 Vgl

for coefficients a bj and a function G¢ 4, depending on x1, w2, 23 which are all computed explic-
itly in Append1x The crucial point is that all of these quantities are independent of x3, because
they involve algebraic functions of components of the metric.

We can therefore a two-dimensional solution, ¥ = 1 (z1, z2), of the equation

2 2
Z agjg(x17$2)8xiaxjw + Zb£ g(x17$2)axj¢ + Gf g(xla x2, C?¢) + 7P,(w) = 07 (211)

=1 = 7 Vgl

in D with v constant on OD. Given such 1, we can recover 1 satisfying () by setting
(21,22, 23) = Y(x1,22), i.e. by extending 1) to be constant along integral curves of £&. Since
the integral curves of ¢ are closed it follows that 1 is as smooth as 1), and by construction we have
Lep = 0. Also since € is tangent to 97" it follows that the resulting v is constant there. Defining B
as in () provides a magnetic field satisfying div B = 0 and which satisfies the MHS equations
with respect to g, curly B x4, By = V4P exactly, by Lemma (again using that L¢g = 0). As a
consequence, B satisfies the usual MHS equations with forcing

f = (curly —curl) B x B+ curly B(xy — x)B+ (V4 — V)P

From the formulae for curly, x4 in Appendix E it is clear this satisfies a bound of the form ()

We have therefore reduced the problem to solving the generalized Grad-Shafranov equation
for a function ¢ : D — R. In what follows we will abuse notation and just write 1 = 9. Using
e.g. variational methods (Proposition 11.4 of [25]), in principle one can find a weak solution to
this equation in H}. Unfortunately, these solutions need not be smooth and, more importantly,
the structure of the level sets cannot be specified. In particular, the flux function may possess
“magnetic islands”. We provide here am explicit construction of classical solutions which allows for
control of flux surfaces, based on the approach of [6]. As explained above, the method there is to
deform a solution 1y to the axisymmetric Grad-Shafranov equations into a solution to () and
this has the benefit of ensuring that the level sets of the resulting v are tori, as well as providing
a simple algorithm to compute the solution.

Let g : Dy — R be a solution to the axisymmetric Grad-Shafranov equation (@) with ¢o|ap,
constant, satisfying the mild hypotheses (H1) and (H2) (see Appendix |A| for an example of such
a flux function). We begin by writing the axisymmetric Grad-Shafranov equation on the unit disk
Dy in the same coordinate system (x1,22) as above. Letting h;; denote the components of the
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Euclidean metric restricted to Dg in this coordinate system, on Dy we have

2 2
_ij 7 ~ 1
Lotho := Y @ s(w1,22)05:0,5t00+ by 5(w1, )00 + Gy 5(w1, w2, Co, o) + ——

ij=1 i=1 vaul

where |h| denotes the determinant of the matrix h;j, £ = Res is the generator of rotations in the

Py(tho) =0,

Z = 0 plane, and d?o 5 1320 5 é&)’(g can be computed explicitly by changing variables in (@),

i VI 15_(mhw> o _Cw(cw
a50,5 ‘50‘2 ) £0,0 j§2 ‘h| Tt ’50’2 ) £o,0 ’50’2 \/W &o - curléy |,

In order to appeal to the results of [6] we need that the coefficients of L are close to those of Ly,
that G, 5 is close to G¢ 4 and that the domain D is close to Dy. For simplicity, we take the function
C in (@) to just be Cp though this is not essential. From the formulas in Appendix E we have

2 2
S N~ sllome + 3 by — B allcne + G — Coyallcne < cllg —llcrn + cll — €olcnsne
ij=1 i=1

where ¢ is a constant depending on k,a,Zij:l lg|lckr2.0, and ||Col|crts.a. Here, and in what
follows, we are writing C*t2® = C*+2%(UJ) where U is a domain containing both D and Dy. By

Theorem 3.1 from [6], there is € > 0 depending on k, «, g, Dy so that if the following holds,

2 2
S0, — a8 sllonn + S0 — By sllcre + [Gey — Gepsllone + 16— bolloran < e (2.12)
ij=1 i=1

and the hypotheses (H1) and (H2) hold, there is a function ¢ € C*® of the form 1) = 1)y o y~!
where v : Dy — D is a diffeomorphism and v satisfies the generalized Grad-Shafranov equation
(IL.20) for some pressure profile P which_is close to Py. We now take ||g — 0||crr1.a, [|€ — &ollcrt2.a
and ||b — bg||gk+2.0 small enough that () holds and let ¢ be the flux function guaranteed by
Theorem 3.1 from [6]. This completes the proof. O

Appendix A. Flux function satisfying our hypotheses

The purpose of this section is to give a simple example of a flux function satisfying the hy-
potheses (H1)-(H2). We will work in toroidal coordinates (r, 6, ¢) defined by

R = Ry +rcosb, Z =rsin, b=, (A.1)
where (R, Z,®) are the usual cylindrical coordinates on R3. In these coordinates, (@) becomes

sin 6

O + ~0rtho + 5Ot - ;<cos 00,0 —

The flux function we exhibit is not an exact solution of (@) but satisfies it when the aspect ratio

of the torus is taken to infinity. Using Theorem 3.1 from [6], one can show that there exist solutions

on the true axisymmetric torus with large aspect ratio nearby this example. Although they do not

have a simple analytical form, they will continue to satisfy (H1)-(H2) as these are open conditions.

We consider the torus where r ranges in [0,7] with 0 < ro < Ry for Ry > 1 and solve the
equation (@) with the choices

o) =6(1=(/ro)?),  Cow)=ey/b—v+e  Po(w)=plroRo) %,

for € < 1 (this is to regularize the square-root) and for some constants 1/, ¢ and p. The functions Cy
and Py are both infinitely differentiable functions of ¢). Note that the pressure vanishes at the outer

. 59%) + R2py(¥o) + CoCf(tho) = 0. (A.2)
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boundary where 1) is zero, and so this boundary may be interpreted as vacuum. For special choices
of constants, 1y solves the “infinite aspect ratio” Grad-Shafranov equation ((@) as Rp > 1)

1
O7io + 7233% = —R3P;(vo) — CoCo(tn),
since 9299 = —24 /13, R3P}(10) = p/r3 and CoCy(1hy) = ¢2. Thus 1) is a solution if p = 21— (ér).

Appendix B. Geometric identities

In this section we recall some basic definitions and facts from Riemannian geometry which will
be used in the upcoming sections. These are standard and we include the details for the convenience
of the reader. Throughout we fix a Riemannian metric g. In our applications, we will take either
g = 0, the Euclidean metric, or g will be a metric with L¢g = 0 for a given vector field {. We let
b, # denote the usual operations of lowering and raising indices with respect to g. If X = X0, is
a vector field and 8 = B;dz’ is a one-form, where {xi}?zl are arbitrary local coordinates, then

X" = g Xdat, B = " B;0;.
We write V, f for the gradient of f with respect to the metric g,

Vof = (), (Vgf)' =g"0;f. (B.1)

In an arbitrary coordinate system {z‘ ?:17 if X = X%0; is a vector field and 8 = B;da’ is a
one-form then VX, V3 have components

0 -
VX7 = %XJ + I X", ViBj = @5; — I8k, (B.2)
where Fék are the Christoffel symbols in this coordinate system, defined by
1
Ffj = 59“ (9igje + 059i0 — Ougij)- (B.3)

Here we are writing g;; for the components of the metric in this corodinate system and g% for the
components of the inverse metric. The I' are symmetric in the lower indices,

k k
Iy =175, (B.4)
We also note that covariant differentiation commutes with lowering and raising indices since
Vigjk = Vigjk =0. (B.5)
Let us also recall that the divergence of a vector field can be written as

. 1 .
dngX == leZ == 781'(\/ |g|X1),

Vgl

where |g| = det g denotes the determinant of the matrix with components g;;.

We let Lx denote the Lie derivative in the direction X. If f is a function then Lx f is defined
by

Lxf=X0,f=X[.
For a vector field Y, LxY is the commutator LxY = [X,Y]. In an arbitrary coordinate system,
LxY = (ﬁXY)Z@ with
(LxY)' = X70;Y' - YI0;X".

Many of our results will be stated in terms of the deformation tensor of X, denoted L£Lxg, which is
the (0,2) tensor defined by the formula

X(9(Y,2)) = (Lxg)(Y, Z) + g(LxY, Z) + g(Y,Lx Z) (B.6)
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In an arbitrary coordinate system, Lxg = Lx gijda;ida;j and a standard calculation shows that
Lxgij = ViX; + V;X;, X, = gre X", (B.7)

where V denotes covariant differentiation (@) We will often abuse notation and write Lxg(Y,-)
for the vector field with components

(Lxg(Y, ") = g7 (V;Xi + Vi X;)YF. (B.8)

Let x4, denote the Hodge star with respect to the Riemannian volume form du = \/del A
dz? A dz3. For the general definition see [19]. For our purposes we will only need to compute *gW
when w is a two-form. With ¢;;, denoting the Levi-Civita symbol, so that €;;, denotes the sign of
the permutation taking (1,2, 3) to (i, 7, k), we have

*g(dxi Adal) = \g\gikgﬂ%émdxm-
If B = Bi;dz’ A da? is a two-form then from the above formula,
w98 = V19l erom da™, B = g™ B
Let d denote exterior differentiation. If 5 is a one-form then dgS is defined by
dB = 0;8;dx" A dx?.

We will use the following identity relating *,,d and covariant differentiation V. If w = w;;dx'dz’
is a (0,2)-tensor then

kgl *g W = Jgw, (6,0)i := g"V jwip. (B.9)
Given vector fields X,Y’, let X x,Y be the vector field

X X,V = (%, X" ANY?)E. (B.10)
Explicitly, X x, Y = (X x, V)9, with (X x4 Y)* = \/|g|lg¥€;;0X?Y7. The curl of a vector field,

curly X, is then defined by
curly X = (%,dX°)*, (B.11)

or, in components,

(curly X)™ = /]glg™" 9" ¢ €xen0: X; = /199™" 9" €xen Vi X", (B.12)

where the second equality follows from a direct calculation involving the formula for the Christoffel
symbols (@)
We now collect some basic vector calculus identities.

LeEMMA B.1. Define x, by (), curly by (), and V4 by (@) Suppose that M is a

subset of R®. Let x,- denote the usual cross and dot products in Euclidean space. Then we have

(X xgY) g Z=1/]g|XxY-Z,

curl,(fX) =V,f x4 X + feurly X, (B.13)
curly Vo f =0,
(X xgY)xg Z=(XqY)Z— (X -4 Z)Y. (B.14)

PROOF. The first three identities are immediate. The last identity is proven by changing
coordinates as in the proof of the upcoming identity (@) and we omit the proof. ]

We will also need the following slightly more complicated identities in the next section.
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LEMMA B.2. Let V4 denote covariant differentiation. For any vector fields X, Y,

curly(X x4, V) = X div, Y — YVdiv, X + Ly X, (B.15)
Vgl X2 =2Vx X — 2X x,curly X, (B.16)

1
Lx(X") = (VxX) + §V91X\§7 (B.17)
divg(X x4Y) =Y -ycurly X — X -, curl, Y, (B.18)
X x4 curly X = V| X|? + (Leg(X, ), (B.19)

where Vx := X'V;, and where Lxg, defined in (@) denotes the deformation tensor of X, and we
are using the notation (B.§).

Proor. We begin by writing
(curly(X x, YV))’ = #,d %, (X° AY?) = 3,(X° AY?).
Using (@) and writing X; = ¢;;X7,Y), = greY?,
5,(X° AY?); = MV (XY — X4Y5) = Xig" VY — Yigh Vi Xy + YigM Vi X — Xegt VY

The first two terms are X;divyY — Y;div, X. If we raise the index on the last two terms (using
(B.5)) and use (B.4) then we see

Vig" iV X~ X gM VY = YIV X - XIV Y = Y99, X — X909,

which gives () To prove (m) we start by computing X x4 curly X. Writing § = X > a direct
calculation using (Iw) shows that

BN (xgdB) = /|glg™ ¢ erem Vi X; X dz™ A da™

and that
*g (/3 A (*gdﬁ)) = ‘g‘gikgjzgnrgmq€kﬁm€rqpvz’Xan da? = |g|gmq€kﬂm€rqpkaeerxp-

The identity () follows at any given point P after changing coordinates near P so that expressed
in these coordinates, the metric is given by diag(1,1,1).
To prove (B.117), we write

. . . 1 . 1 ;
(LxX"); = X'0:X; + X;0; X' = X'0, X + 50 (gie X X7) — i(ajgw)xexa
and so it follows from the definition of the covariant derivative that
1 , 1 :
LxX;—VxX;— §aj|xy§ =TEX'X), — §(ajgiz)X’le
and expanding the definition of the Christoffel symbols, the right-hand side is

. 1 1 1 )
i X Xy = 5 (0j910) X X' = S X' X (Digej + 090 — Orgis) — 5 (090) X X' = 0.

To prove (B.1§), we use (@) and write
divg(X xg V) = Vi(V/9197 e X*Y) = Y(V/|glg” €1 ViXF) + X5 (/919" €j1eViY ")
= Y*(curly, X)p — X*(curl, Y)y.
The final identity () follows from ([B.16). O

The following identity involving x and x is crucial for proving that the vector field B, defined
in () possesses a flux function. We note that this result is follows directly from standard vector
calculus identities when g = 4.



ON QUASISYMMETRIC PLASMA EQUILIBRIA SUSTAINED BY SMALL FORCE 15

LEMMA B.3. If ¢ is a function with Lx@ = 0, then with V denoting the Fuclidean gradient,
1

X X (X %y Vgp) = — El

[ X[2Ve. (B.20)

ProOF. This follows from a straightforward but tedious argument; we include the details for
the convenience of the reader. With w the quantity on the left-hand side of (), from the
definitions we have

wh =/ \g|5ijgemgpqejkgemankX”8qgo. (B.21)
Fix any P € M and choose coordinates (Z', Z2, Z3) near P so that at P, we have
ozt Oz’
9ij Y VA — O0agp- (B22)
We note the following relation which will be useful in what follows: at P, we have
ozt Oz™
m — o —_ = B.23
92° 977 (B.23)
Expressing w in these coordinates, w = w®dza with w® = %Z;z W', evaluating at P and using
() to re-write ¢ and g4, from () we have
0Z% ..
wt =y \9\%5”9£mgpq€ju6mananaq<P
022 9z* 0x™ OxP Ox*F Ox™ . 4 Y
writing e.g. X* = %:,Xb/. Now we note that
ozx™ dx™ OxP ozl dxF oxt

= €cc/d det(aZx), = €eb'h det(azx).

w57 D77 92 G5 9L 0T
Indeed, the quantity on the left-hand side of e.g. the first equality is antisymmetric in all three
indices and so is a multiple of €.4 and evaluating at ¢ = 1,¢ = 2,d = 3 gives the result. Therefore
(B.ZQ) reads

= 0Z%0Z° 40 e
w“ = |g’ det(@zx)26” aﬂ’jz @5dd (5bc€ccld€beb/Xb XC 8zd’S0
0Z%0Z° 4y r
=\ |g| det(C{)Zl‘)2(5” 7.5dd (6c’eédb’ — 6c’b’6de)Xb XC 8Zdl(707

ozt OzJ

using a well-known identity for the Levi-Civita symbol. Now we note that
89 S 0y 0 XY = X -V =0,

by assumption, and so

02 0Z° 0z

w® = —+/|g|(det az$)25ijWﬁazego(sc/b/XC’Xb/ = —/|g|(det Dzx)%5% o (?xjgplX\g.
From (BB.22), we have +/|g|(det dz2)? = ﬁ and so at P we find
g
. 1 .
w' = —my]aﬂ@w’g,
and since P was arbitrary we get the result. ]

We finally record some useful formulae involving Lie derivatives along ¢ Killing fields. We have
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LEMMA B.4. Let X,Y be vector fields and let & be a Killing vector field for the metric g. Then
ﬁé(X XgY):EfX XgY—l-X Xg E&Y, (B25)

Le curly X = curly L X. (B.26)

PRrROOF. To prove (B.25), we start from the following fact, which can be found on page 177 of

[7]. If & is a Killing field for a metric g, L¢g = 0, then L¢ x4 o0 = %4 Ler. Similarly, LeX = (LeX)sy,
where b denotes lowering indices with g. For any vector field &, if ®¢ denotes its flow, we have the
following identity ®F *, a = *¢:,Pia. If § is a Killing field for g then this becomes ®3*, = *,Pia.
Differentiating this at s = 0 and using the definition of the Lie derivative gives the result. Now,

to get the formula for L¢(X x,Y) we then recall that (X x,Y), = #,(X” A Y?). Using that L¢
commutes with , b, and *g,

Le(X X Y) = Lexg (X" AV = 50 (Le(X, AY5))F = 5 ((LeX)? AY, + X, A (L))
= £§X XgY—l-X Xg[,gY.
To prove (B.26), recall that curly X = (x,dX ®)4, where b and 4 denote lowering and raising the
index with g. Recall that if L¢g = 0 then
Lexg = %L, LX) = (LeX),  Lead = (Lea)t, (B.27)

After lowering the index on curly X and using the fact that Lie derivatives commute with exterior
differentiation, L¢d = dL¢, we obtain Lg¢ x4 (dX},) = *4d(L¢ X ),. Raising the index with g and using
() again we get the result. 0

Appendix C. Generalized quasisymmetric Grad-Shafranov equation

In this section we summarize the relationship between quasisymmetry and the MHS equation
(El) Recall that the deformation tensor L¢6 is defined by

(LeD)(X,Y) = X - (VE+(VET) - Y.

We begin by showing that the ansatz () is automatically Euclidean divergence-free, has flux
surfaces and is quasisymmetric until a further conditions.

PropOSITION C.1 (Characterization of quasisymmetric B, MHS solutions). Let £ be a non-
vanishing and divergence-free vector field tangent to OT and let_g be any metric with L¢g = 0. Let
T — R satisfy Leip =0 and |Vip| > 0. Then By given by (E) is (Euclidean) divergence-free,
satisfies (@) and is tangent to OT. Moreover By is weakly quasisymmetric if and only if

(Le8)(€:€) + 207 H (W) (Led) (€, V) + C2 () (Led) (Vg Vi) = 0.

The field By additionally solves MHS with forcing f if and only if f -4 Vj@[) =f-4§=0, and Y

satisfies the generalized Grad-Shafranov equation

. \Y w) 13 < 13 > CW)C'(W)  P'(p) [V
d LI — o) = g ey (=5 ) + - = :
o (Vi ez ) " Wiz o \ez) T ez T Vgl - VeIVl

This section will build up to the proof of Proposition @ by developing the following Lem-
mas . The proof is a straightforward combination of these results. First we record some
elementary vector identities.

LEMMA C.1. Fiz a metric g. Let & be a vector field with || # 0 and let 1) : T — R be a function
satisfying Letp = 0. Then we have

ExgVah =V b, Vghxg Vo= |V26, Vi xg &= [E2V,0.
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where we have introduced le/} = { Xg Vgtp. Thus, the triple (Vg1, Vng,Q“) forms an orthogonal
basis of R at each z € T where |V 1|, > 0.

ProoF. Follows from the identity () O
The following are the main results in this section and are proved at the end of the section.

LeEMMA C.2 (Structural properties of By). Fiz a metric g. Let £ : T — R3 be a (Euclidean)
divergence-free vector field with |£|q # 0 which is tangent to OT. Let ¢ : T — R _be a function
satisfying Letp = 0 which is constant on OT. Fizx C : R — R. Then By defined in () satisfies

{x By = —vw, (C.1)
div By = |§\2(£§g)(§ By), (C.2)
LeBy = |£‘2 (Leg) (€, Bg)€ (C.3)

By - ilor = 0. (C.4)

For the proof, see Section @ The crucial point here is despite the fact that B, is defined in
terms of an arbitrary metric g, the identities (@) and (|C.9) involve the Euclidean metric.

We now begin the derivation of the Grad-Shafranov equation ([L.20) which involves a somewhat
lengthy calculation using the above identities. The most important and complicated ingredient is
the following formula, which is a direct consequence of Lemma below.

LEMMA C.3 (Curl of By). Fiz a metric g. Let & be a vector field with || # 0 and let ¢ : T — R
be a function satisfying Lep = 0. Fiz a function C : R — R. Then By defined in (L.16) satisfies

curly By = FV ) + GV 1) + HE,
where curly is with respect to the metric g, defined in (), and with F,G, H defined by

P [c<w> Le\/lgl

(Leg) (€ V) +20€5IV gl

€131V a0[2 [ \/Tg] Vgl
R (Lea) (Vg V) — rvgw@(zgg)(a,g)], (C5)
= \ég |vgl'¢]|2 |:(‘C§g)(Bg’ vg’d)) - |v9¢|52yc\’//(|ﬂ):|a (CG)
= div g¥ 1 cur \/W
H := div, (\/H \£I2> ,5‘40(1#)5 gcurly € + GE (Leg)(V g1, €). (C.7)

LeMmA C.4 (MHS for By). Fiz a metric g. Let & be a vector field with |§| # 0 and let : T — R
be a function satisfying L¢p = 0. Fiz a function C : R — R. Then B, defined in (E) satisfies
C(¥) Vols
€15 €15

with F', G and H defined by (@), (@) and (@) In particular, if Leg = 0 then B satisfies the
MHS equation with force f

curly By x4 By — V4P = (C(¢)G — H — P') Vgip —

FV s+

F¢,

curly By x4y By = V4P + f,
if and only if f -4 ngdJ = f-4& =0, and v satisfies the generalized Grad-Shafranov equation

: Vg1 § C)C' ()  P() fg Vg
div -C curly | =5 = . C.
! (M 13K ) (w)\ﬁl2 ! (\SIE) " VI1gllEl? i Vgl VIgllVgwl2 (€8
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Proor. Follows from Lemma @, (@), standard vector identities and L¢1p = 0. O]

The generalized Grad-Shafranov equation (@) for vector fields of the form ([l.16) was first
derived in [4] when g was taken to be the circle-averaged metric.

LEMMA C.5 (Quasisymmetry of By). Fiz a metric g with Leg = 0. Let & be a vector field with
€] # 0 and let ¢ : T — R be a function satisfying Letp = 0. Fiz C: R — R. Then By satisfies

C2(¥)
13

C.1. Auxiliary Lemmas. We collect some calculations which are useful for the proofs of the
other Lemmas in the following statement.

Le|Byl* = (Leb)(€€) +2CH($)(Led)(€, V) + C () (Led) (Vi v, ij)} ~

LEMMA C.6. Fiz a metric g. Let & be a vector field with |§| # 0 and let ¢ : T — R be a function
satisfying Letp = 0. Fix a function C': R — R. Then

: § CW) (..
aivy (C)ige ) = G (o€ - g Cen(c.0)). (©9)
o (f & ) - @(ﬁfg)“ Vit) + e Core Vol (C.10)
1 1/ C ,
curl, (c<w>|§2) = EECOE 5wl e + (W(V‘”Q)ngg)(f,vgw) e <w>)Vé¢
g g g g
Cy) 1
N |5|4Wg¢|2 (Leg)(& V)V (C.11)
Vi
r 2
@(ﬁgg@ ) - 20k %’? b o Les) (V. ) Uy
\/m L €L 1 C
g L) Tt T )V (©12)
Proor. We will repeatedly use the product rule (@) as well as the commutator identity
LeVgf =VoLlef — (Leg)(Vgf, ) (C.13)
Step 1: Identity (@) To prove (@) we note
di C
divy (0w 55 ) = C) 85— ey cnedels = T8 a6 - Sl ieearie.o),
€15 €15 €15 €l

using the product rule ()

Step 2: Identity () First note that

: VgV — . [ Vg¥ gl
leg < |g| |£’2 ) = |g| leg <|€2> |£|2;Cva |g
g
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Next we compute

(dlvg Vlw + ’g‘g‘CVLqﬁK’g >
1
— s (%6 0 V) — 626 %0 V) 4 Vil
( curlye®) — & g curly Vb — €] (Vgl€]2 %6 €) - W)

— raz (Lot = 6 HVl€ %) Vo). n
g
We now simplify the second term in the above. First note the identity (which follows from ())

€ x4 curlg ff SVlEl; — (€9 Vg€
= V g€l — (€ g V)€ + V€ g €)
= Vglél; — (Leg) 4 €. (C.15)
so that
Vgl€l} xg & = (& xg curly &) g &+ ((Leg) - €) Xg &
= [¢]7 curly € — (€ - curly )€ + ((Leg) -4 ) Xg &,

where we have used the elementary identity
(& xgcurlg &) x4 & = [¢]2 curly & — (€ g curly ).
Noting finally that
(((Leg) g &) Xg &) g Vg = ((Leg) g &) g (€ Xg Vo) = (Leg) (&, V;ﬂ/})a (C.16)
using that L¢1) = 0 we have
€152 (Vgléls %6 €) g Vot = Lourt,e® + 1€, 2(Leg) (€, Vo).
Putting this together with (), we obtain the identity ()
Step 3: Identity () To prove (), we note

curly(C()€) = C'(V) Vgt xg € + C(¥) curly & = =C'(¥) Vv + C(¢) curly &.
Using this formula and (), we find that

curl, <c<w>|§2) 151|2( c’w)v;ww(w)cuﬂgf) e W) VIR x, €
g

1
G

o) (!5\3 cutly € — (€ -y curly € + (Leg) - € %, s)

W)
€2

< C'()Vy ) + C(1) curly £>

Vit el Aow) ((5 curly €6 — (Leg) - € x,g 5). (c17)
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Note finally using Lemma @ that
(Le9) w9 € g € = ((Le9) 9 € %4 €) @ Vgt + ((£eg) g € Xy ) 4 Vi Vit
1 1 .
where we used the identity () in passing to the second hne together with
(((Leg) 4 €) %9 8) g Vgtb = ((Leg) g €) g (€ xg V1)) = —[€]5(Leg) (&, V).

Combining this with () gives

C/
ety (€1 ) = =G5+ Iy ey curly )
L/ _CW) 1 C(y) 1 )
Toe L - L :

Rearrangement establishes ()

Step 4: Identity () First note that

curl, (M P ) V/g| curl, ( |§‘2¢> + @V 9] xg V1

1
\/]?curl ( |§‘2¢> + @(ﬁvgw\/m mg 55\/‘?

Now, by the identity (),
curly Vo = curly (€ xg Vgh) = EAg) — Vgtp divg & + Ly, €
=LA — Vg divg € — ﬁgvgw
=EAg) — Vgpdivg £ + (ﬁég)(vg¢7 s
where we used () and (L¢g)(Vg1),-) is defined as in (@) Therefore

Vgl curl, ( |5|§) ) = @(&gw — divg € Vb + (Leg)(Vyth,)) - @%\az x Vi
g g

_ (gAg¢ —divg € Vb + (Leg)(Vgh, '))

&
| @ ((caf\z)vgw (Vg vg|s|§>5)
\V4
_div, <m | ;g) - Eﬂ(%ﬂ?\)g
@ (Leo) (Vo) + 3 (VIglea(e,€) ~ 1612£c/Ta]) Vv,

where we () to say +/|g|divg & = Le1/|g| as well as the identity
Vg\ﬂ?; X de) = Vg|€|§ X (£ xg Vgib) = (V g|§|g g Ve)§ —(V g‘ﬂg 9 &)V g1,
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Finally, note that we can express

(Leg) (Vo) = —5(Leg)(Vg1h, )€ + (Leg)(V g, Vyh) V1

1
€IV als
(EEQ)(VQI/% vg¢)vg¢-

\5!2

1
_l’_ -
IVgtl;
This completes the derivation. ]

C.2. Proof of Lemma . The result follows from direct computation as follows.

Step 1: Identity (@) The property of having a flux function (@) follows from Lemma @

Step 2: Identity (@) For the divergence (@), Lemma @ gives

iz (O i€ = (€€ B ) + Loy VIl (©18)
Next recall the relation between the divergence on flat and curved backgrounds

N j@ v (C.19)

Applying this identity to convert () to the divergence using the Euclidean metric, we have

TR H e >divgs—<£sg><s,3>)—jmﬁ’éé’)cgm.

Using div€ = 0 and () again we find \/|g|divy £ = L¢+/|g], and get the claimed result.

Step 3: Identity (@) We have the identity
LeByi=&-VB,— By V¢

divy B, =

div X =divy X

div By = divy B

= curl(By x §) + (div By)¢ — (div &) By = |£|2(C§g)(§ By)g,

and the result follows from (@), (@) and the assumption div& = 0.

Step 4: Identity (@) Let 7 be the unit outward normal vector to 9T. Then we have

Bg-fl:|§1|2\/E(§><ngzp)-ﬁ
g

since € - 1 = 0 by assumption. Now, for any vector field X and scalar function f we have
X -Vf=065X"0"0f = 0P X Opf = gimg™" X O f = gim X' (Vo)™ = X -4 Vyf.

As a result, since 1 is assumed constant on the boundary, we can choose n = V1/|V| on the
boundary and a standard vector identity shows that (§ x4 Vge) -7 = 0.

C.3. Proof of Lemma .

PrOOF. Direct computation shows

1
G [ (W)E? +2C(W)E - Vot + Vv

Since L¢g = 0, from (@) it follows that L£¢By = 0. Thus we have
LeVy 1 = Le(I€l3By = C(¥)8) = 0.
Using L¢l€]2 = 0, Le& =0, Lep =0, EgVLT,/} =0 and L¢[¢2 = (L£0)(€,€) completes the proof. [

|By|* =
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Appendix D. Explicit expression for the generalized Grad-Shafranov equation

Fix a domain D in the {® = 0} half-plane and let £ be a vector field whose orbits starting from
D are all periodic (with possibly different period). Fix an arbitrary local coordinate system on D
and extend it to a coordinate system (x1,x2,2z3) on the torus T' defined in () by pulling back
along the flow of £&. In these coordinates we have £ - Vf = % f. In this section we express the
coefficients appearing in the generalized Grad-Shafranov equation () in these coordinates. The
most complicated part of the calculation is contained in the following lemma.

LEMMA D.1. Let g be an arbitrary metric on T and let (x1,x2,23) be a coordinate system on
T as above. Then

curly € - & = |g|"? (81923 — D2013) (9" 9% — (9')?)
+ (93913 — D1933) (6% 9% — 9%29"3) + (03923 — O2g33) (g g™ — 912913)) (D.1)

PRrOOF. We use the formula curly £ -5 & = ig(curly &), = i¢(*4da), where %, is the Hodge star
in terms of g and a = &, denotes the one-form which is dual to £ with respect to g. Explicitly
a = q;dx’ = gijgj dx' = g;3dx’. We now compute the terms on the right-hand side of (@) explicity
and the main step is computing *,do. Acting on two-forms, *, is defined by linearity and the rule

sg(da’ A da?) = |g]' g™ g/ eppmda™,

where |g| = det g and €y, is the Levi-Civita symbol.
Since in our coordinate system & = 93 we have i¢dz™ = daz™(93) = 6™ and so

i¢ *g (da’ A da?) = 191297 g7 g3
A straightforward calculation shows
i¢ #g (da' A dz?) = |g'? (9" g™ = (9"%)?),
i¢ %y (dz? A dz®) = ]9]1/2(921932 922931)
ic %y (dz' A dz®) = ’9’1/2(911g32 g'2g%).
Since da = (0100 — Oy )dawt A da? + (Oras — Ozaq)dzt A da? + (Oraz — za0)dx? A dx®, we have
curly € - € = (Orag — sy )ig %4 (da' A da?) — Dragie x4 (dxt A da®) + Oaaugic *4 (da® A dx®)
= |g"? (D102 — B201) (9" g% — (9")*) + (D301 — Draxs) (97" g™ — g%°9")
+ (0302 — Dra3)(g" 9 — g'2¢"))
which gives (@) since a; = g;3. O
The next lemma follows from the previous one and (@) after noting that [£|? = g(&,&) = g33.

LEMMA D.2. Fiz a vector field { and a metric g with L¢g = 0. Let (21, x2,23) be any coordinate
system as in the statement of the previous Lemma. Then equation (C.§) with f = 0 takes the form

° P'(y)
Z CLZJ 83 T/J + Zbé afﬂ,b + Gg,g(xl7x27$3707¢) +

g
i,7=1 =1 V ‘g‘

=0,

i V19l o VIl ey <M> o) (Cw)
97, beg= 9;(\/1919”) + 9" 9; o ) Ge.g s \ ol ¢€-geurl €|,

j=12 933

where § -4 curly & is given by (@)
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