ELECTROCONVECTION IN A MAGNETIC FIELD

ELIE ABDO, PETER CONSTANTIN, MIHAELA IGNATOVA, AND QUYUAN LIN

ABSTRACT. Electroconvection in a porous medium under a strong transversal magnetic field is described by
an active scalar equation for the charge density. The equation has global weak solutions with > data. We
show that for strong enough magnetic fields, L* -small solutions are smooth globally in time and they obey
surface quasigeostrophic equations in the limit of infinite magnetic field strength.

1. INTRODUCTION

Electroconvection, the flow of charges in fluids, is characterized by the fact that the charge density and the
fluid’s velocity and pressure are directly coupled. The charges in the solvent exert forces on the fluid. The
fluid responds to these forces while convecting the charges. This results in a nonlinearly coupled system of
equations for the charge density and the fluid’s velocity and pressure. The subject belongs to a large class of
electrohydrodynamic problems of broad scientific interest. Experimental and theoretical studies [19-21,34]
on smectic films revealed complex dynamical behavior in rotating, two-dimensional conductive fluids sub-
jected to three-dimensional electrostatic forces. In experimental studies, applied transversal magnetic fields
significantly impact the dynamics of the electroconvection [4,24,27-29]. In particular, when a magnetic
field is applied, the critical voltage required for instability increases, leading to enhanced system stabil-
ity [4]. Magnetic fields applied to ordered electrically sensitive fluid, such as liquid crystals in porous
media, have been documented to produce modifications in phase transitions, changes in orientational order,
alterations in the elastic properties and in the behavior of the director field [18, 25, 38].

In this paper we are concerned with mathematical properties of electroconvection in a magnetic field. We
show that in the limit of strong transversal magnetic field, the solutions of equations of electroconvection in
porous media converge to solutions of the surface quasigeostrophic equation (SQG).

The charge density ¢(x,t) of electroconvection in porous media is an active scalar. Active scalars [8,35]
are transported by incompressible velocities they create by means of a time-independent equation. This
widely studied class of equations includes the two-dimensional incompressible vorticity equation, the sur-
face quasigeostrophic equation SQG and generalized g-SQG equations interpolating between them. The
SQG active scalar arose in geophysics [26] as a model of the large scale mid-latitude surface temperature
evolution in quasigeostrophic flow. Electroconvection of charges in porous media under strong magnetic
fields and atmosphere-ocean thermal dynamics are such disparate physical systems, and yet, mathematically,
they turn out to be related. The inviscid SQG equation is studied in the context of singularity formation in
fluids [8, 11, 15]. Global regularity from arbitrary smooth data is not known. The equation is ill posed in
spaces of low regularity [16, 17]. Global weak solutions were obtained in [36] (see also [12] for bounded
domains). Well-posedness and loss of regularity results have been obtained for g-SQG in the case the initial
data is a patch (that is a step function) with smooth boundary in a half-space [23,31,32,39] and fronts [5,22].
Solutions that exist for all time have been constructed. They include steady radial solutions, time-periodic
rotating solutions [7] and quasiperiodic solutions (see the monograph [37] and references therein). The crit-
ical dissipative SQG equation has global smooth solutions from arbitrary data [6,30]. Critical dissipative
SQG is L critical. Small L data lead to stability and global existence [9]; for large data, an initial data
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dependent modulus of continuity [30] or a C'“ norm [13] are non-increasing in time. These quantities de-
pend on the size of the initial data in L and are highly sensitive to the structure of the equation: finding
them relies on the linear nonlocal equation of state of the velocity in terms of the scalar. This is a source of
difficulty in analyzing nonlinear nonlocal top-order perturbations of the critical SQG, such as we encounter
in the present work. Once these quantities are finite, higher regularity follows [14].

We describe now the electroconvection setting we are discussing in this paper. We consider an in-
compressible fluid occupying a very thin region in space, represented as the two dimensional plane ) =
R? = {(2,y,2)| z = 0} c R®. We denote by ¢ a charge density in €2, denote by E = (E1, Es, F3) and
B= (Bl, B, Bg) three-dimensional electric and magnetic fields, and by p the total charge density p = 2qdq
as a distribution in the whole space. We also denote by E = (E1, Es) the restriction of (E;, E) to €. The
three-dimensional electric field E obeys Gauss’ law

-1 1
V3 E=—p=—2¢dq, (1.1)
€0 €0

where ¢ is the vacuum permittivity and we denote by V3 the three dimensional gradient. The electric field
is given by an electrostatic potential P,

E=-v30. (1.2)
Gauss’ law gives the Poisson equation obeyed by @,

_As® = Lo, (1.3)
€0

We discuss the case when ¢ and ® are 27 periodic functions of x and y and ® vanishes as |z| — co. The
potential @ is then given by

a( ) %e’ZAA’lq, z>0, (1.4)
T,Y,2) = ~ .
Y %GZAA lq, z <0,

where A = V-A is the square root of the two dimensional Laplacian with 27 periodic boundary conditions.
Therefore, E := (E1, E2)|.=0 can be expressed as

1
E=-—VA'q (1.5)
€0
where V is the two dimensional gradient. We denote by R the Riesz transforms
R=vA™ (1.6)
and thus the electric field restricted to the domain occupied by fluid is
1
E=-—Rq. 1.7)
€0

The magnetic field generated by the electric field is negligible. We consider an imposed external magnetic
field B = (0,0, B) where B > 0 is a constant independent of both time and space. Notice that this external
magnetic field B satisfies the divergence-free condition, has zero curl, and is time-independent.

The total current density is given by the sum of the advective current (u;, u2,0)q and the Ohmic conduc-
tion current o, where o > 0 is the conductivity of the medium and E' is the electric field experienced by
the fluid element in its rest frame [33]. When the fluid is moving with respect to the external magnetic field
at the velocity u, using the Lorentz transformation we have

E'=E+ (u1,us2,0) x B.
Therefore, . } .
J = (u1,u2,0)q+0(E + (u1,us2,0) x B). (1.8)
The restriction of j to the surface is denoted by j = (j1, j2)|.—0 and is therefore
j=uq+0o(E-Bub), (1.9)



where u* = (—ug,u1). The surface charge density ¢ obeys the conservation

Oiq+V-7=0 (1.10)
which is, in view of (1.9),
1
Oq+u-vqg+o(—Ag-BvV-u')=0. (1.11)
€0

The fluid’s divergence-free velocity u obeys an equation forced by the electrostatic force g E plus the Lorentz
force (j x B) in the plane, which is computed as

(j x B)g> = ~BR'q - Bqu* - 0 B*u. (1.12)
€0

To ease the notation we take o = g = 1. The total force exerted on the fluid is given by
F = BR*q - qRq - Bqu* - B%u. (1.13)

There are two important velocity contributions in F' due to the imposed external magnetic field. The first
one, —Bqu", yields a rotation effect similar to a Coriolis force with frequency Bq. The second one —B?u,
is a strong damping or friction effect. Electroconvection equations couple (1.11) to a momentum equation
driven by F'. For instance, the Navier-Stokes equations forced by F’ are

du+u-Vu-vAu+ B*u+ Bqut +Vp=BR*q-qRq, V-u=0, (1.14)

where v > 0 is the kinematic viscosity. In the absence of an applied transversal magnetic field, the Navier-
Stokes electroconvection system, i.e the system (1.11), (1.14) with B = 0, was shown to have global solu-
tions in [10]. The long time dynamics were described in [1] in T2 and in [3] in bounded domains, both with,
and without time independent body forces in the fluid.

If we replace viscous friction by Darcy’s law and neglect inertial time dependence, we arrive at the
equations

pu+Vp=F, V-u=0, (1.15)

where 1 > 0 is porosity. This is the fluid equation we consider in this paper. Taking 4 = 1 and retaining B
as the only (large) parameter, (1.15) becomes the time independent law

(1+ B*u+ Bqu* +Vp=BR'q-qRq, V-u=0. (1.16)
Together with the charge density equation (1.11), this gives rise to the following system,
Oq+u-Vqg+Ag-BV-ut =0, (1.17)
(1+ B*)u+ Bqu* + Vp = BR*q - qRy, (1.18)
V-u=0. (1.19)

The unknowns are ¢, u, p. Using —BV - u* = Bw, taking the two dimensional curl of (1.18), and replacing
in (1.17), the latter becomes

B 1
1+BQ(R q'VQ)+1+BQU'vq+ 1+ B2

In the absence of an external magnetic field, i.e. when B = 0, the system (1.17)-(1.19) describes electro-
convection in a porous medium. The global existence for large data of smooth solutions of this system is
a challenging open problem. Global regularity for small initial data in Besov spaces smaller than L was
obtained in [2].

We consider three time scales, ¢ = ¢, the laboratory time scale, ¢, the magnetic gyration time scale or
first magnetic time scale, and ¢2, the magnetic friction time scale or second magnetic time scale. They are
related by

dyq + Ag=0. (1.20)

1 1
t and to = —t1 =

t1 = —1t.
Y1 B Bl 1+B2

(1.21)
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In laboratory time scale, the equation for the unknown ¢(x,t) is (1.20), that is
1

B 1
O+ 15 (R a-Va) + 5 (ulg]- v+ A) g =0, (1.22)
with u[q] = u the unique solution of
B
2 1 _ 1
(1+B )(u+ 1+BQP(qu ))—BR q-P(qRq) (1.23)

where P = I+ V(-A)™'V- =1+ R® R is the Leray projector on divergence free vector fields. The time
independent equation of state u[q] and its properties are described in detail below in Section 2.
. .. . _ 1+B2
In the first (gyration) magnetic time scale, the equation for ¢ (z,t1) = ¢(z, =5
becomes

t1) where ¢ solves (1.22)

1
Ohq1+Rq1- Vi + 3 (u[g1] - V+A)q =0. (1.24)

The initial data are the same, q(x,0) = ¢ (x,0), and there is no rescaling of space variable x.
In the second magnetic time scale, the equation for the boosted field

Q(z,t2) = Bqi(x, Bty) = Bq(z, (1 + B*)ty) (1.25)
becomes
at2Q+RlQ-VQ+(u[%]-vux)cgzo. (1.26)

The initial data is Q(z,0) = Bq(x,0) and there is no rescaling of space variable. Note that Q = Bq is the
frequency of rotation produced by the force F'.

For fixed B, the three equations (1.22), (1.24), (1.26) are versions of the same equation, and they are
entirely equivalent. We refer to these equations as Darcy law electroconvection in a magnetic field, DECM
equations.

The main results of this work are as follows. We prove first that weak solutions of (1.20) with initial data
in L*° exist globally (Theorem 3.1). As B — oo, in laboratory time scale, the equation converges to 0;q = 0.
It is only in the first magnetic time scale that nontrivial dynamics arise. The solutions ¢; of (1.24) converge
to solutions of inviscid SQG. We prove (Theorem 4.1)

Theorem 1.1. Any family of weak solutions qPof (1.20) has a subsequence such that ¢ (x, 1+1§ : t) con-

verges weakly as B — oo to a weak solution q(x,t) of the inviscid SQG
Orq + (Rq)- Vg =0,

in L*(0,T; L?).

The dissipative nature of the DECM equation emerges in longer time scales, and the boosted field () con-
verges in the second magnetic time scale to solutions of critical dissipative SQG. We prove global regularity
of the boosted field () (Theorem 5.1) for small L*° initial data and large enough B. In laboratory time scale,
the regularity result is (Remark 5.1)

Theorem 1.2. There exist ¢ > 0 and C > 0 such that, if qy obeys B|qo| = < c and |qo| s < C(1 + B?),
then the solution of (1.20) with initial data qq exists globally, is unique, and satisfies

ot
lg(st) s < |go| gse *+55
forallt > 0.

The regularity in H?3 implies by parabolic estimates C'* regularity, a fact that follows by well known
methods and is not pursued in this paper.

We prove convergence to dissipative critical SQG without assuming the condition of small initial L
norm of ¢, but we do need to assume enough regularity to allow for absolute continuity of the L? norm of
the DECM solution. Of course, this regularity is guaranteed for short time or for arbitrary time if the initial
L norm is small. The result we prove is (Theorem 5.2 and Remark 5.2)



5

Theorem 1.3. Let q be a strong solution of (1.20) on [0, (1 + B?)T] with initial data qq = %QO, with fixed
Qo € H3. There exists a constant C depending only on |Qo| s and T such that

sup | Bgq(-, (1+B*)t)-Q(t)]2 <
s [BaC (1 B0 - Qe <

where Q is the global smooth solution of critical SQG
0Q +(R'Q)-vQ+AQ =0
with initial data Q).

The constant C' above is in fact finite as soon as Qg € C'%, for any « > 0. The result holds for fixed Q¢
while B varies, and not for fixed gg. If we fix gg and consider the family of initial data Bqq for the critical
SQG, then the constant C' depends badly on B.

The paper is organized as follows. In Section 2 we discuss in detail the equation of state for the velocity.
We show that solving for the velocity in terms of ¢ yields a unique solution

L Bq
ulg] =R (w[Q]+ 1+BQ),
where w is small in H3 compared to Hq||%{3 for large B (Proposition 2.2). This is a crucial ingredient in
the proof of global regularity. In Section 3 we prove the global existence of weak solutions by introducing
a judicious approximation. Section 4 is where we prove convergence to inviscid SQG equations in the
first magnetic time scale. In Section 5 we prove the global regularity and dissipative SQG limit in the
second magnetic time scale. We provide the proof of Proposition 2.2 in Appendix A and the proof of global
regularity of the approximation in Appendix B.

2. EQUATION OF STATE FOR THE VELOCITY IN TERMS OF THE CHARGE DENSITY

Taking the curl of (1.23) we obtain the time-independent equation for the vorticity,

w (Rq-vq) - (u-Vq+Aqg), 2.1

~ B
" 1+B2 1+ B2
where

w=vtu=Ay, V-u=0. (2.2)
Writing w = —Av where v = At with 1 the stream function, we have from (2.1) after applying —A~! to both
sides

B 1
- R-(gR"v) = ( - —=R-(¢R* ) 2.3
vo gt (@R0) = s la- g R-(dlg) (23)
and
u=R"v. 2.4)
We denote by L, the operator
Ly(f)=R-(qR"[) (2.5)
Both ¢ and f are scalar. Because R - R* = 0, this is a commutator,
Lq(f)=[R,q] - R"f. (2.6)
Now (2.3) can be written as
B B 1
-———Lwv=——\|g-=Lyq). 2.7
TP 1+B2(q B qq) @7
The operator I - %Lq is bounded in L? (if ¢ € L*) and unconditionally invertible. Because g is real,

the operator L, is bounded anti-selfadjoint in L? so its spectrum lies in a segment of iR. The inverse of
I- %Lq can be defined by familiar functional calculus, and has norm less than 1, no matter how large is
the norm of ||g| ~. We recall that under DECM equations this norm is not growing in time.
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Introducing
b @8
wW=v—- ——5 .
1+ 527
the equation (2.7) becomes
B
- Lw=————— T 2.9
e (1+ B?)?2 b 29)
that is,
1 BL, \*
wlq] :_(1+B2)2( ) ) (2.10)
and (2.4) becomes
1 Bq
u[g] =R w[q]+1+B2 . (2.11)

The left hand side of (1.23) defines an operator T}, in H, the space of periodic divergence-free vector fields
in L?:

Tq(u)=(1+32)(u+ 1+B2P(quL)). (2.12)
Using (2.4) we express in terms of v,
_ 2
Ty(u)=(1+B )(Rlv— 1+BQP(QRU))- (2.13)
Now, in view of
(Bf)i = (b5 + RiR)) [ (2.14)
L,(v) =-R*"-(qRv), (2.15)
and
RiR; = -1, (2.16)

by applying from the left R = €;R; to (2.13) (where €;; = 0 if j = 4, and it is the signature of the
permutation (1,2) ~ (j,4) if j # i), we obtain

B
1+ B2
This shows that u determined by inverting 77, is the same as u[¢]. Indeed, using (2.7) to solve for v, we
deduce

R*-T,(u) = —(1+ B?) (]1— Lq) (v). (2.17)

1
R*-T,(u) = —(1+B?) 1 B2 (q - Equ) =-Bq+ Lyq. (2.18)
Now, because T;(u) is divergence-free, we have
Ty(u) = -R*(R* - Ty(u)), (2.19)
and using (2.18) we deduce
T,(u) = BR*q - R*(Lyq). (2.20)
Because P(qRq) is divergence free we have that
P(qRq) = -R* (R*-P(qRq)), 221
and using (2.15) we see that
P(qRq) = R*(Lqq) (2.22)
and thus, from (2.20) that
T,(u) = BR*q-P(qRq). (2.23)

This shows that u = R*v solves (2.23). The solution is unique, and this establishes the converse implication
as well. We have thus,



Proposition 2.1. Let g € L™. The unique solution in H of (1.23),
ulq] =T, (BR'q-P(qRq)) (2.24)
is given by (2.11) with w[q] solving (2.9) given by (2.10).
Note that L ( f) is bilinear, in particular BL, = Lg,. In view of (2.10) and (2.11) we have

B B | 1 = BLq n+1
ulg] = 755 R (q -5 nZ% (—1 . B2) q) : (2.25)
For () = Bg we have
1
U[Q] :Rl(1+B2Q+W[Q]) (2.26)
with .
- 1 00 LQ n+
WIQl=~Zaa 5 ,;J((HB?)) @ (2.27)
The scalar w and velocity u are unchanged,
WQ]=w [%] , (2.28)
U1Q] - u [%] . (2.29)

Let us consider a Banach algebra 5, smaller than L* and where the Riesz transforms are bounded. Two
canonical examples are C“ and H*, s > 1. Then, if () € B we have that L is bounded in B with

ILg| 28,8 <IQ|B- (2.30)
The expressions (2.25), (2.27) are explicit analytic expansions in 3, and we have
gl 1QI%
IWIQ]|s < . (2.31)
B2(1+B%)* (1- 5 1Qls)
If )
1+B
1Qlls < —; (2.32)
v
then
W (@5 < s QI3 2.33)
5B+ B2 ‘

These considerations can be greatly improved by removing the quantitative condition (2.32) in H® spaces.
This is done by taking advantage of the unconditional invertibility in L2, provided Q € L*, and then
using the same cancellation and commutator estimates for higher derivatives. Because we are interested
in the DECM transport equations, we work in a Sobolev space H* that is smaller than W1 to guarantee
Lipschitz velocities, which means that we need s > 2. For simplicity we take s an integer, s = 3. We have

Proposition 2.2. For any Q € H?, the equation
1 1

-——R. lw)y=-—— _R. L 2.34
W R QR =~ R (QRAQ) (2:34)
has a unique solution w = W[Q]. There exists an absolute constant C' such that w obeys
C
2 4
”w”L2 < B4(1 +B2)4 ”Q”L47 (235)
and 5 3 2 2
CQIL> + Q7 + QN7) ClQlz-
2 L 4 L 2
”vAw”L2 < B4(1 +Bg)4 ”Q“H3 + B4(1 +B2)4 HQHH3 (2.36)
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We expressed w solving (2.9) as a function of QQ = Bg, and thus rewrote (2.9) in terms of () as (2.34). The
function w is the same, W[Q] = w [%] Note that the leading order bound on |VAw| 2 of (2.36) relative

to the square of the 2 norm is B~2(1+ B?)72, the same as in the abstract bound (2.33), but it holds without
the condition (2.32). The proof of Proposition 2.2 is found in Appendix A.
We conclude this section by showing some continuity properties of 7} L

Proposition 2.3. Let g € L™, and let the linear operator T, : H — H be defined in (2.12)

T,u=(1+B*)u+BP(qu'). (2.37)
(1) The operator T, is invertible and its inverse T ' obeys
P q q y
7! ! 2
I7; g2 < —— Ll 2.38)
forallue H.
(2) If q1,q2 € L™, then, for every u € H, we have
B
-1 -1
||qu u _qu ul g < m“fh — @2l v a- (2.39)

(3) Let {qn} . be a sequence of functions such that {qy, }, . is uniformly bounded in L™ and {gy},, .
converges pointwise to q € L™ almost everywhere. Then, for every u € H, {Tq_nlu}ne  converges
strongly in H to T}, Lo,

(4) Let {qn} . be a sequence of functions such that {qy, }, . is uniformly bounded in L™ and {qy },,.x
converges strongly in LP to q € L™ for some p € (1,00). Then, for every u € H, {Tq_nlu}neN has a
subsequence that converges strongly in H to T/ Lo,

Proof. We prove now (1)—(4).

(1) The linear bounded operator J,(u) = P(qu") is anti-selfadjoint in H, and therefore I + %Jq is
invertible with inverse of norm less than 1. Taking the scalar product of the equation T, (u) = f with
u and using the anti-symmetry of J, we have

(L+ B ulfy = (u, N < Jullal £ (2.40)
and thus (1+ B?)|ullg < | f] 5. Because u = T, f we have
1
T flu < . 2.41
177 i < g @

(2) Let g1,q2 € L™. We have

1
1+ B2

1T = Tl = | T, (T = Ty ) T, ul < (T, = Ty )T, ul (2.42)
But, for f = Tq_zlu,

|Too f = Toy fller = BIP((q2 — 1) f*) |5 < Bllaz — || =l f | - (2.43)
It follows that

| T u =T ular < lgr - g2l o< ul (2.44)

B
-1 _
la2 — a1l L= Hqu ufp2 < (1+ B2)2

1+ B?

forany u e H.
(3) Let uw € H. Then we have

| Ty = T g = | T, (Ty = Ty )Tyl = | T, (BP((q = an) (T u)Y)) o (2.45)
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Using the uniform boundedness of the operators 7, - ! and the Leray projector P on L?, we bound the
latter as follows,

| T =T, g < |(q= @) (T, u) | 2 (2.46)

1+ B?

Since |(q — g ) (T 'u)*| < (q||Loo +sup ||Qn||L°°) (T u)*|, (T;'u)* is bounded in L? by a con-
neN

stant multiple of |u||z2, and g,, converges pointwise to ¢ a.e., we deduce that

im [/ (g = ga)(Ty u)* |2 = 0 (2.47)
by the Lebesgue Dominated Convergence Theorem, and consequently
lim |77 - T,  uf g = 0. (2.48)
n—oo

(4) This follows from (3) and the fact that {¢, },,. has a subsequence that converges to x fora.e. x € T2.
O

3. EXISTENCE OF GLOBAL WEAK SOLUTIONS

In this section, we prove the existence of global weak solutions of (1.22) with (1.23), for L? initial charge
density on T?.
For each € € (0, 1), we let J. be a standard mollifier, and we consider the e-approximate system

1 B 1
Og + ——u Vg + ———J. R Vg + ————A¢  —eA¢ =0 3.1
g+ T g Vq+(1+32) q Vq+(1+32) q¢ —€eAq =0, 3.1
u = JT5 5 [P (Jeq RIq) + BR* ], (3.2)
q°(0) = Jeqo, (3.3)

in T? with periodic boundary conditions.

Proposition 3.1. Let e € (0,1). Let qp € L2. Then the e-approximate system (3.1)-(3.3) has a unique global
smooth solution.

The proof of this proposition is found in Appendix B.

Proposition 3.2. Lete € (0,1) and T > 0. Suppose qo € L™. Then the family {q°} of solutions of (3.1)-(3.3)
is uniformly bounded in L>(0,T; L) and L*(0, T H> ). Moreover, the family {u} is uniformly bounded
in L*=(0,T; L?).
Proof. The time evolution of the L? norm of ¢¢ is described by the energy balance
1d 1
2dt (1+ B?)
Here we used the fact that u© and J. R*¢° are divergence-free. Applying the Gronwall inequality, we obtain

€ 2 t 1 € t € €
I Ol + 7 ay ) 1030 () Fads +2¢ [[1196° () [Fads = 10 Ol < a7 G)

for all t > 0. Now we address the LP evolution of ¢¢ for even integers p > 2. To this end, we multiply the
equation obeyed by ¢¢ by (¢)P~!, integrate over T2, make use of the divergence-free property obeyed by
the vector fields u© and R*¢¢, apply the Cérdoba—Cérdoba inequality, and obtain

1d, .
5@||q I}, <0. (3.6)

1 ¢
la17: + |A24°)72 + €| Vg |72 = 0. 3.4

Integrating in time from O to ¢, we infer that

l¢" @) lzr < ¢°(0) ] zr < [1¢(0) ] e 3.7
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for any ¢ > 0. Letting p — oo, we obtain the L*° bound
lg“ ()2 < |q(0)] L= (3.8)

for all positive times ¢t > 0. As a consequence of the above estimates, it follows that {¢} is uniformly
bounded in L>°(0,T;L>) and L?(0,T; H %) Finally, we turn our attention to the regularity of the e-

regularized velocities. Due to the boundedness of the operators 7, Tijqé, P, and R on L?, we have
Hue ”L2 = HJeTjelq€ [_]P (JeqeRJeqe) + BRlJeqe] HL2
<O Jeg RIcq | 12 + Cllg°| 12 (3.9)
<C(lg L=+ 1) ¢ 22

for some positive constant C' depending on B and some universal constants. Therefore, the family {u} is
uniformly bounded in L* (0, T; L?).

O
Proposition 3.3. Let € € (0,1) and T > 0. Let gy € L. The family {0;q°} of solutions of (3.1)-(3.3) is
uniformly bounded in L*(0,T; H )

. : 3 : . . .
Proof. We take an arbitrary test function ¢ € H2 and consider the L? inner product of ¢ with each term in
(3.1). For the linear terms, we have

(eAg, )12 < e A2q% 126 (3.10)
and
(Ag% D)2 <[> 0] - (3.11)
For the nonlinear terms, we integrate by parts, apply the Holder and Sobolev inequalities, and obtain
(u - Vg, 0) 12 = ~(u - V6,4 12 < |u 2| Vol ol gl s < Cllu 2| A2q 2] (3.12)
and
(JeR'q V4, 0) 12 = —(JeR " V6,4 12 < Cllg |2 [A2¢° 2 Il 3- (3.13)

Putting the above estimates together and using the uniform bounds derived in Proposition 3.2, we conclude
that {9¢°} is uniformly bounded in L2(0, T; H2).
O

Theorem 3.1. Let T > 0, let gy € L™. Then there exists a global weak solution q of the DECM equation
(1.20), satisfying
) 2 L
g€ Cope([0,T]; L) n L2(0,T; H?). (3.14)
Proof. As {qg}ee(o’l) is uniformly bounded in L°°(0,T; L*°) n L*(0, T’ H%) and {8tq5}66(071) is uniformly
bounded in L2(0,T; H -3 ), there exists a subsequence, also denoted by {qe}ee(m), and a limit ¢, such that

¢ = qin L®(0,T; L), ¢ —qin L*(0,T; H2), ¢ — dyqin L*(0,T; H ) (3.15)
by the Banach-Alaoglu theorem. In addition, by the Aubin-Lions and Lions-Magenes lemmas, we have
€ T2 2 -1
q° > qin L*(0,T; L") nC([0,T); H 2). (3.16)
Since g € L™ (0,T; L), it follows that g € Cy,» ([0, T); L*).
We denote by
w:=T;"[-P(qRq) + BR'q]. (3.17)

and show that u¢ — v strongly in L2(0,T’; L?). Denoting
v = -P(Jq°RJq°) + BR" Jq, v:=-P(qRq) + BR"q,



11

and estimating as in (3.9), we have v¢,v € L*°(0,T; L?). We show that v — v strongly in L?(0,T; L?).
The convergence of the linear terms follows directly from the boundedness of the Riesz transform on LP
spaces, the convergence property of the mollifiers J., and the strong convergence of ¢¢ obtained in (3.16).
As for the nonlinear terms, we have

|Teq°RIq" — qRqll 2 < | Teq" = qll 4| RTeq | 12 + gl 2 | R(Teq® = @) | 12
1 s (3.18)
<C|Teq = qll 2l s + lalzs) *lg Lo + Cligl ze= | Teq® = gl 22

As q,qf € L*°(0,T; L) and ¢¢ — ¢ in L?(0,T; L?), we deduce that v - v in L?(0,T; L?). We write
ut—u= ﬂT}quve - Tq_lv
= (05 (0 =) + (T X7 v = T 1)) + (T o = T ) = Lo+ Lo + I,
In view of the uniform boundedness of T§3q€ in L? and the convergence v¢ — v in L?(0,T; L?), we conclude
that I; — 0 in L2(0,7;L?). Since J.¢° - ¢ in L?(0,T;L?) and v € L°°(0,7T; L*), an application of
Proposition 2.3 yields the convergence of I to 0 in L?(0,T’; L?). Due to the convergence properties of the
mollifiers 7., we have I3 — 01in L?(0,T’; L?). Therefore, we conclude that u¢ — u strongly in L2(0,T’; L?).

Finally, let ¢ be a test function in C* ([0, 7] x T?). By virtue of (3.15), (3.16), and the regularity of
u,u, q,q%, we have

(0ig",0) = (01q:8),  (A¢S,0) > (Mg, ), €(AgS, ) >0,
and
(u - Vg, ¢) > (u-Vq,¢), (JR"¢ V4, ¢) > (R q Vg, o).
By a density argument, it follows that

1 B 1 3
) . —— __Ag=0 in L*0,T;H2),
et Y T B R'q-vq+ 5™ in L*( )

where u obeys (3.17). The initial condition ¢(0) = go holds due to the weak continuity in time of q.

4. CONVERGENCE TO INVISCID SQG

As mentioned in the introduction, solutions ¢(x,-) of (1.20) obey (1.24) on the first magnetic time scale,
that is ¢® (z,t) = ¢(=, “]fzt) obeys

1 1
8th + quB . VqB +—uB. VqB + —AqB =0, 4.1)
B B
with
1
ub = - P(¢”Rq” + B¢® (u”)* - BR'¢"), (4.2)

1+ B2
in T2, with fixed initial data ¢”(0) = go.
In this section, we prove that any family {qB } sy Of weak solutions has a subsequence that converges as
B — oo to a weak solution of the inviscid SQG equation

oq+ (R q)-vqg=0 (4.3)
in T2.
Theorem 4.1. Let T > 0 and {qB}B>1 be a family of weak solutions of the DECM equation (4.1) on [0,T].

Then the family has a subsequence that converges weakly as B — oo in L*(0,T; L?) to a weak solution of
the inviscid SQG equation (4.3).
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Remark 4.1. In the laboratory time scale, any family ¢© of weak solutions of (1.20) has a subsequence
such that ¢, 1+B
(4.3) in L*(0, T} L2)

t) converges weakly as B — oo to a weak solution q(x,t) of the inviscid SQG equation

Proof. Since {qB} o1 18 uniformly bounded in L?(0,T; L?), there is an unbounded increasing sequence
{Bn},en and a subsequence of solutions, denoted by {qB” }neN, converging weakly in L?(0,T; L?) to
some scalar function ¢ € L?(0, T’; L?). Due to the uniform boundedness of {qB"}neN in L*(0,T; L*), the

divergence-free property obeyed by u”» and R*¢®", the boundedness of the Riesz transform on L?, and the
fact that B,, > 1, we have

- 1 1, _ : -
10:A7 a5 [ 12 < 2= Nla"" [ 12 + = [AT (uP - ") 12 + [ AT (R P - 9P| 12
By, B,

B, By B, B, Bn, 4.4
< 1g% 12 + P L2 )g® | 1= + | R*¢%" | 121 g7 | e @4

<C (ol 3=+ lolZe + ol =),
and consequently, we deduce that {(%A ! B"} 50 is uniformly bounded in L?(0, T; L?). As {A LgBr }neN
is uniformly bounded in L2(0,7’; H'), there exists a subsequence, also denoted by {A ! B"} that con-

verges strongly in L?(0,7T; H 2) to some scalar function Q But {qB”} oy converges weakly to ¢ in
L?(0,T;L?), and so {A™ B"} .y converges weakly to A~'qin L?(0,T; H'). Therefore, Q = A~lq.
Now we show that g obeys

¢
£) - dz = — f f R'q- d 45
LLa®-ao@de=- [ [ (Rq-v9)o(@)da @3)
for a.e. t € [0,7] and for all ¢ € H3(T?). To this end, we rewrite (4.1) as
t 1t 1t
qB”(t) —qo=-— / RY¢P . v¢Prds - B_ f uPr vgPrde - — f AgPrds. (4.6)

neN’

As {A 1 B"} o converges strongly in L2(0,T; H 2) it has a subsequence, still denoted {A 1 B"}
which converges strongly in L? to A~ ¢ for a.e. t € [0, 7], and hence,

(@ ~@o()da= [ A3 (g% - )ATde ~0 @7

for a.e. t € [0,T] and for all ¢ € H?. In view of the uniform bound lgP" |2 < llqol 2 that holds for all
€ [0,T'], we have

t
AgPr pdad
TQ/()quxs

1

< —laoli21Ad] 2T 0, 48)
n

and thus,

Lor A¢Pr ddzds — 0 4.9
o Jy A odeds 4.9)

forall ¢t € [0,7] and ¢ € H'. By making use of the uniform velocity bound |[u?"| ;> < C(||qo|3«+]q0] ),
we estimate

t
uPe Vg gdeds| < C [ a2 g% | [ V6 podo

< Cllgolz= (ol = + 1)V 12T,

1 rt
— f f uPr - vgPr pdads - 0 4.11)
B, Jo Jt?

for all ¢ € [0,7] and ¢ € H'. Finally, we consider the difference

t t
fo /11‘2 RY¢P . v¢Prpdads - fo []1‘2 R'q-vqpdxds, 4.12)

’]TQ

(4.10)

and hence,
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and we decompose it into the sum of two terms Z,, and O,, where

t
L= [ [, (Bq-9(q" =)+ R (q"" ~q) - Vq) ddads (4.13)
and '
On= [ [, B¢™ =) V(q"" - q)oduds. (414

Since g € L°°(0,T; L™), it follows that both quantities R*q- V¢ and R* - (¢V¢) lie in L2(0,T; L?) for any
¢ € H?, and thus Z,, - 0 by the weak convergence of ¢®” to ¢ in L? (0,T; L?). As for the term O,,, we have

t
On == /0 /11‘2 R*(¢"" - q)(¢"" - q) - Vpdzds (4.15)

via integration by parts, and thus

¢
On =" fo fm VAT (P - ) (¢ - q) - Vodads
t
= A*l Bn _ 1 Bn _ . d d
fofm (¢ = q)V(¢"" = q) - Vodads
¢
B [0 T2 AN (gPr - ) AV AT (¢ — q) - Vdads 4.16)
¢
B [0 ,[11‘2 RL(an -q)-A (A_I(QB” - C])Vgﬁ) dxds

- fo t LB = a) [AAT (0P - q)ve) - VeA(AT (g7 - g) ] dads - O,

The latter yields the identity

1 t 1( B -1, B
On=3 [ [, B (a" = )[A VOIA™ (4% ~ )dads. @.17)
An application of the Cauchy-Schwarz inequality in the spatial variable gives rise to
t
Oul<C [ (I =l 21 [A, VI (¢ =) 12) ds. (“.18)
Using the periodic commutator estimate
1A, flglze < CIV flLallgl s (4.19)
that holds for any f € W% and g € L*, and standard continuous Sobolev embeddings, we bound
- 1
I[A, VOIAT (g7 = @) 2 < Cll s |AT2 (67 = @) .2, (4.20)
and consequently, we obtain
b1
Ol < Cldlpslaol e [ 1A™3 (@ = @)l pads —0 (421)

due to the strong convergence of A1¢®" to A~1q in L?(0,T; H 2 ). Therefore, ¢ is a weak solution of the
inviscid SQG equation. g

5. GLOBAL REGULARITY AND CONVERGENCE TO DISSIPATIVE CRITICAL SQG

We consider here the DECM equation for the boosted field ). As mentioned in the introduction, if g(z, -)
is a solution of (1.20) in laboratory time scale, then
Q(z,t) = Bq(z, (1 + B*)t) (5.1)
solves (1.26), which we write as
1
8tQ + Rl ((1 +

W)Qer)-VQJrAQ:O (5.2)
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with

w=WI[Q], (5.3)
which is the unique solution of (2.34) discussed in Proposition 2.2. We recall that Proposition 2.2 shows
that w is small relative to |Q|? in H* when B is large. When B is of order 1, this term is difficult to
handle and global existence for large data of solutions of the equation is not known, just as in the case of
electroconvection in porous media. We prove here

Theorem 5.1. There exist constants ¢ > 0, C > 0 such that if Qg € H>(T?) obeys

[Qollz= <¢c (5.4)
and
|Qol s < CB(1+ BY), (5.5)
then the solution of (5.2), (5.3) with initial data Qg is unique, exists for all time and obeys
_t
Q) 23 < [Qol zrse™ (5.6)
forallt > 0.
Remark 5.1. In laboratory time scale, the result says that if qo obeys B||qo| L~ < cand ||qo| s < C(1+B?),
then ,
laC, ) s < ol gse @+ (5.7)
Proof. We start by observing that, without loss of generality we may assume that
fTZ Q(z,t)dz = 0, (5.8)

because this average is time independent. Secondly, we note that the L°° norm of () is nonincreasing in
time. We denote by M

|Qollz~ =M (5.9)
and we have
|QC,8) L= <M (5.10)
a priori. Next, we use the fact that
QI ~ 3 [ 10°Q(, )P da (5.11)
|o|=3

because @ has mean zero. Above o = (a1,3) is a multi-index, with aj € N. We recall the notation
al = ajlas! and |a| = a + ap. We compute the evolution

1d lo" 2 2 _
5%‘3;3 - |0°Q(=,t)["dx + D* = Ry + Ry, (5.12)
where
D*= ¥ |0°Q? ,, (5.13)
lal=3 a»
and . '
.
Ri=(1+—) — 9°(R*Q) - v Q) 0*Qdx, (5.14)
L+ B2 1R geasaapo 47! fa )
and
al 8/ pL N N
R=5 ¥ ﬁ!_v!/w (6° (R w) - VO Q) 0°Qda. (5.15)

laf=3 B+y=0v,|8[>0
The terms with 3 = 0 vanish because R*(@ and R*w are divergence-free. Therefore |y| < 2. We estimate the
two contributions R, and Ry differently. The first one, like in critical SQG [9], is going to be absorbed in
D? if M is small,
|Ri| < CMD?. (5.16)
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The second contribution is small compared to [ Q|33
1

| Ro| < CWHQH%S- (5.17)
We note that
D*>C| Q|35 (5.18)
because () has mean zero.
For R; we use L3 bounds.
10°Q| s < CM D' (5.19)
_ 19-6/8|
where a = ==
IVa'Q| s < CMPDIP (5.20)
where b = %{Jlﬂ) and
10%Q| s < CMCD'™° (5.21)
where ¢ = 191_ 518. These are all the same Gagliardo-Nirenberg inequality
19-6|s| 6]s|-4
10°Q) s < ClQI =" Q5% (5.22)

for 1 < |s| < 3. Noting that a + b + ¢ = 1 because |3] + |y| = 3, we proved (5.16).
For the term Ry, if |3| = 1 then we estimate > — L? - L2.

\ fTQ(aﬁle - V9'Q)8°Qdz| < C|VR w1~ | Qs < Clw| s | QI Fs- (5.23)
If | 3| = 2 then we estimate L* — L* — 2. We use the inequality
167 RMw] 11 < Cllwl §, el 3 (5.24)
[V Ql11 < ClQIE Q1. (5.25)
These are two instances of the inequality
10°Ql 1 < ClQIE QI (5.26)

for |s| = 2, so we have for || = 2,

1 5
@R 907 Q)0° Qda| < Clwlf, |wls 1Q1ys < Clwl s QI (5.27)

Finally, for |3| = 3 we estimate using L? — L* — L? to obtain

[T (@’ R'w-vO'Q)0"Qdx

Putting these together we have

< Clw|ps|VQI =@ s < Clw| s | Qs (5.28)

|Ra| < Cllwl s | QI 7o (5.29)

Now we use the bound (2.36) of Proposition 2.2. Assuming without loss of generality that M/ < 1 we obtain
from (2.36)
M

<C—rr—
||w||H3 = B2(1 +Bz)2

1@l (1 + Q] s) (5.30)

and using it in (5.29) we obtain (5.17).
Considering now

v = % [10°Q(. 0 de (5.31)
|oe|=3
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and taking C M < % to absorb the term R in lD2 in view of (5.16), we have

1 2
dt <Oy gy (5:32)
with some constant C' > 0, where we used a Poincaré inequality D? > y. Thus, if
1
y(0) < @32(1 + B%)? (5.33)
then, as long as
1
y(t) < %32(1 + B2, (5.34)
we have that y is decreasing in time and obeys
dy 1
d—z + 5y <0, (5.35)
which implies
t
y(t) <y(0)e=. (5.36)

But, because y is decreasing, y(¢) < y(0) and because of (5.33), the condition (5.34) is never violated,
so (5.36) holds for all time. The condition (5.5) is the square root of (5.33) (with another name for the
constant). The bound (5.6) is obtained by taking square roots of both sides of (5.36).

O

Theorem 5.2. Let T > 0 and let Q be a solution on [0, T] of the dissipative critical SQG equation
8:Q+(R'Q)-vQ+AQ =0 (5.37)

with initial data Q, € H®. We consider a strong solution Q € L*°(0,T; Hz N L®)Yn L?(0,T; HY) of (5.2),
(5.3) with initial data Q. Then, setting C = T exp {fOT IVQ| p~dt} we have

s 100) - Q)2 <C (1550l + C gy gy ol ). (5.38)
Remark 5.2. In laboratory time scale, this result says that strong solutions q of DECM equations (1.20)
with initial data qq = % € H3 obey

s 1B (1 B0 -0 O gl @ulie + Ol @l ) =0 (1 53) 69
where Q is the global smooth solution of critical SQG (5.37) with initial data @0.
Proof. Let § = Q — Q). Writing

V= (1+ )Q w, (5.40)

1+ B2
we have
06 +AS+ (R V)-Vo+R*(V-Q)-vQ =0. (5.41)

. . 4 —.
Because ( is a strong solution we have that 9;Q € L3, Q € L*°(0,T; L*), and because (@ is smooth, we can
compute the evolution of ¢ in L?, and after cancellations we have

— 1
S 1613+ 1612 ) < 19@la=101in (0 )0l + s [@lre i) G42)
Using (2.35) we have
d — 1 =
5”5”9 < vQl L ((1+ = BQ)H5||L * 1B Qo L2 + onm) (5.43)
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0

APPENDIX A. PROOF OF PROPOSITION 2.2

Step 1. L2 bounds for w. We multiply the equation (2.34) by w and integrate over T?. Since R*w- Rw =
0, the nonlinear term in w vanishes, and we obtain the identity

1

2
Jwlz2 =

Applications of the Cauchy-Schwarz and Young inequalities yield the bound

1 C
2 2 1 2
w72 < 5\\10”L2 + m”@R Ql72, (A.2)
from which we deduce that
C
9 4
w72 < m”@”m (A.3)

after making use of the boundedness of the Riesz transform on L.
Step 2. H' bounds for w. We take the L? inner product of the equation (2.34) obeyed by w with —Aw.
Since V and R* commutes and R*Vw - RVw = 0, we have

/11‘2 VR (QR'w) - Vwdz = - fT? VQR'w - RVwdzx. (A4)
Using the interpolation inequality

1 1
V@l < ClQI ;= 1Q1 75 (A.5)

we estimate

[Vwlie = ~+—=5 [, VOR"w- Rywda + m f VR (QR'Q) - Vwda
< SIvul+ muvclewuLz - gV QR (A6
< 19wl + o g QL Qs ol + QU 1Q1 QL
Due to the boundedness of w in L? obtained in (A.3), we infer that
[yl < CIQl7= + ”Q||%°°)HQHH3‘ A7)

B4(1+ B?)4

Step 3. H? bounds for w. We apply A to the w-equation (2.34) and take the L? inner product with Aw.
Using the cancellation law R*Aw - RAw = 0, we have

fTQ AR-(QR'w) - Awdz = - ]T (AQR*w + VQ - VR*w) - RAwdz. (A.8)
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Consequently, it holds that
C

1 C
| Awl7. < iHAwHi2 + (1+ B%)? (JAQ34| R w|34 + [ VQ| 7 [ VR w|372) + WHQRLQH%Q
1 C 1 3
< §HAwHi2 0 B2 (HQHzm 1Q12,5lwl 2|V pz + Q] Lo |Qll £rs ||Vw||%2)
¢ 2 2
+ B4(1 +B2)4 ||Q||L°° ”Q“HS
5 3 2
< Ly nu2, » CUQUE= Q1= +1QIE) 1o
2 L BA(1+ B2)* H
(A.9)

where the last two inequalities follow from standard continuous Sobolev embeddings, the boundedness of
the Riesz transform on Sobolev and LP spaces, the fact that H? is a Banach Algebra, Gagliardo-Nirenberg
interpolation inequalities, and application of the bound (A.7). Thus, we deduce that

CQl%» + 197~ +QIZ~)

2 2
”AU)HL2 < B4(1 +Bg)4 HQ“H3 (A.10)
Step 4. I bounds for w. The cancellation law R*VAw - RV Aw = 0 gives rise to
1
IVAwW|3, = ——— / [VA(QR'w) - QR*VAw]- RVAwdx
1+ B2
(A.11)
_ A(QR* RV Awd
B2(1+B2)2 / VAQRE Q) RvAwd.

By expanding and simplifying the commutator [VA, Q R*]w, and estimating using Holder’s inequality and
continuous Sobolev embeddings, we obtain

[VA(QR' w) - QRVAw[2, < C|Q|%s| Awl.. (A12)
Hence, we have
2 1 2 ¢ 2 2 1 2 2
|VAw[L < S VAwW]L + mHQHHs [Aw|72 + m||Q||LN 1Q1 %3, (A.13)
and so . . ) )
CQlr~ +1Ql7= + 1Ql7=) ClQl 7=
|VAw|72 < B (1 + B2) L= Qs + WTIL?Q)“HQH%S' (A.14)
due to (A.10).
APPENDIX B. PROOF OF PROPOSITION 3.1
Proof. For each integer n > 1, we consider the Galerkin approximants
n
Pnf = > (0,w;) 2w, (B.1)
j=1

where w; are the eigenfunctions of the negative Laplacian operator with periodic boundary conditions. For
fixed € > 0 and n > 1, we consider the Galerkin approximate system

P, (J. R S, - Vq) + ——<Aq;, — €Aq;, = 0, (B.2)

B
(1+B?) (1+ B2)
us, = Py (J T [P (Jegi, RIcqy,) + BR*Joq,]) (B.3)

with initial data ¢{,(0) = P,,¢°(0) and periodic boundary conditions. The latter is a finite-dimensional system
of autonomous ODEs and has a unique smooth solution on a maximal time interval. Next, we derive a priori
bounds.

01t + Py V) +

1+
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Step 1. L? bounds. We take the L? inner product of the equation (B.2) obeyed by ¢, with ¢¢. Using
the self-adjointness of the Galerkin projectors P,,, the identity IP,,q;, = g5, and the divergence-free condition
obeyed by both uf, and R*¢,, the nonlinear terms vanish, namely

(Pn(uy, - Vay),a5) 12 = (Pa(JeR ¢, - V), 47) 2 = 0. (B:4)
This gives rise to the following energy balance

1 1
2 alEe + gy Nl + el vl = 0 ®.5)

Integrating in time from 0 to ¢ and using the uniform boundedness of IP,, on L2, we infer that
€ 2 2 ¢ L e 2 ¢ € 2 € 2 € 2
I (D2 + 5 [ IARG() Fads+2¢ [ 1VaL() Fads = [5O3 < [0 (O] (B6)

forall ¢ > 0.
Step 2. H™ bounds for m > 1. We multiply the equation (B.2) obeyed by ¢, by A?™¢¢, and we integrate
over T2. We obtain the evolution equation

1d 2 1 L2 1 €2
2 AT+ gy AT R el
1 1 1 B 1 1 ®B7)
_ m— € € m+1 e m— 1l e € m+1 e
Applications of the Cauchy-Schwarz and Young inequalities give rise to the differential inequality
ld m, € |2 m+i e 2 € m+1 €2
5%“ anL2 (1 BZ)HA 2qn”LQ—i_EH‘A qn“L2
(B.8)

1 B2

| A7 (- Vi) 3 + A7 (JeR g, - V) 2

<— =

" (1+B?)? (1+B?)?

By making use of periodic fractional product estimates and standard continuous Sobolev embeddings, we
have

4™ ity 5 I3 < CIA™ Yt 34|V |3 + Clus [ 1A™ 95|32

2 2
< Cllun [ pma |A™ 4572
provided that m > 2. We point out that the latter estimate trivially holds when m = 1 by the Holder and

Sobolev inequalities. By making use of the explicit relation (B.3), the boundedness of IP,, on Sobolev spaces,
and the boundedness of the mollifier J,. from L? to H™*!, and the boundedness of T}Elqe on L2, we estimate

B.9)

_ _ _ 2
”u;”%{ml <€ am=2 HTchf [_P(Jequjeq;) +BRLJEq’fL:|H
<e? 21+ B*)?|-P(Jeg,RJ.qS,) + BR* eanLz (B.10)
<e ™21+ B*) 2 (| Jeql | 74| RIeql |74 + B?| R Jegf | 72) -

As J. and R are bounded operators on L* and L?, and due to the Ladyzhenskaya interpolation inequality,
the latter yields

[ 3 < Ce2m72(1+ B (a5l 14 + B[la]72)

o ~ (B.11)
<O 2 (1+ B (sl 721Van 72 + B*lal72) -
Consequently, we obtain the bound
A (g - Vap) 72 < 214+ B2) 2 (|Vay |72 + B2) lan 721 A™ a5 72 (B.12)
Similarly, we have
|A™ (TR a5, - V)72 < ClJeR a5 [ Fpmes [A™ a5 72 B.13)

<Ce 2 qp T2 AT g5 7.
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Putting all these estimates together, the energy inequality (B.8) boils down to
d 2
A E 2 s
dtH anL2 (1+B2)

C 1
e2m+2(1 + B2)2 | (1+ B2)?

Finally, we integrate in time from O to ¢, use the uniform bounds (B.6) derived in Step 1, and deduce that for

any T' > 0,

[A™* 2 g5 |32 + | A™ g5 |3

(B.14)

2 2 2 2 2
(IVanlz2 + B*) + B* | a5 172 1A™ a5 72

& € L=(0,T; H™(T?)) n L*(0,T; H™(T?)). (B.15)
Step 3. Convergence. The convergence follows from the uniform-in-n boundedness of solutions in the
Lebesgue spaces L>°(0,T; H™(T?)) and L?(0,T; H™*1(T?)) for all m € N and the Aubin-Lions lemma.
We point out that the u;, converges to u¢ due to the uniform boundedness of mollifiers on Sobolev spaces
and the Lipschitz estimates (2.39). The proof is standard and we omit the details.
Step 4. Uniqueness. Suppose there are two smooth solutions ¢j and ¢5 with same initial data and with
u{ and u$5 determined by ¢} and ¢5 respectively. Denoting the differences by ¢© = ¢ — ¢5 and u© = u§ — us,
we have

€ 1 € € € € B € € € €
atq +m(u1vq +u VQQ)'Fm(JGRLQIVq +J6qu VQ2)
1 (B.16)
+—Ag°—eAg° =0.
(1+B2) 1~
Multiplying the latter by ¢¢ and integrating over T2 give
1d 1
311+ g A e e+ g [0 Vet
(B.17)
+— J. RS- vSqcdx = 0.
1+ 5% Jou IR Vs

Using the boundedness of the operator Tjelqé on L2, the Lipschitz estimate (2.39), and continuous Sobolev
embeddings, we estimate |u€|| ;2 as follows,

Jullze = lluf = us e
<| - T5) [P (Jegi RJaf) + BRIt
o5 [P (Jedi RIq + Jeg"RJcq5) + BR* Jq] L

<C||Jeq loe |-P (Jeq{ RIq) + BRMJogS | + ClJeq{ RIG + Jeq RIg5| 2 + Cllgc |2 B18)

il

I/\

6_2”quL2 |-P (Jeai RJeqi) + BR*Jeqi| 1o + Cllai sz + la5) a2 + 1) 12

C
<5 (gl + lailz2)la 2 + Claihme + lga ] + D)llg” | 2

Therefore, we obtain the bound

[ Vasatdo < Ct+ las e + las )l |32 (B.19)
By making use of the Holder and Sobolev inequalities, we have
[, IR Vasa“da < Clasl malla’ |2 (B.20)

Combining the above estimates gives rise to the energy inequality

d
a\\qelliz < Ce(1+ [laillzpe + a5l 72) a7 (B.21)

Consequently, the uniqueness of solutions follows from the Gronwall inequality.



21

ACKNOWLEDGEMENT

The work of PC was partially supported by NSF grant DMS-2106528 and by a Simons Collaboration
Grant 601960. The work of M.I. was partially supported by NSF grant DMS 2204614. Q.L. was partially
supported by an AMS-Simons travel grant.

REFERENCES

[1] Elie Abdo and Mihaela Ignatova. Long time dynamics of a model of electroconvection. Transactions of the American Mathe-
matical Society, 374(8):5849-5875, 2021.
[2] Elie Abdo and Mihaela Ignatova. On electroconvection in porous media. Indiana Univ. Math. J., 2023.
[3] Elie Abdo and Mihaela Ignatova. Long time dynamics of electroconvection in bounded domains. Transactions of the American
Mathematical Society, 378(03):2187-2245, 2025.
[4] Ali M Ahmed, Arthur R Zakinyan, and Waleed Salah Abdul Wahab. Effect of magnetic field on electroconvection in a thin
layer of magnetic nanofluid. Chemical Physics Letters, 817:140413, 2023.
[5] Massimiliano Berti, Scipio Cuccagna, Francisco Gancedo, and Stefano Scrobogna. Paralinearization and extended lifespan
for solutions of the a-SQG sharp front equation. Advances in Mathematics, 460:110034, 2025.
[6] Luis A Caffarelli and Alexis Vasseur. Drift diffusion equations with fractional diffusion and the quasi-geostrophic equation.
Annals of Mathematics, pages 1903-1930, 2010.
[7] Angel Castro, Diego Cérdoba, and Javier Gomez-Serrano. Global smooth solutions for the inviscid SQG equation. Memoirs
of the American Mathematical Society, 266(1292), 2020.
[8] Peter Constantin. Geometric statistics in turbulence. SIAM review, 36(1):73-98, 1994.
[9] Peter Constantin, Diego Cordoba, and Jiahong Wu. On the critical dissipative quasi-geostrophic equation. Indiana University
mathematics journal, pages 97-107, 2001.
[10] Peter Constantin, Tarek Elgindi, Mihaela Ignatova, and Vlad Vicol. On some electroconvection models. Journal of Nonlinear
Science, 27:197-211, 2017.
[11] Peter Constantin, Andrew J Majda, and Esteban Tabak. Formation of strong fronts in the 2-d quasigeostrophic thermal active
scalar. Nonlinearity, 7(6):1495, 1994.
[12] Peter Constantin and Huy Quang Nguyen. Local and global strong solutions for SQG in bounded domains. Physica D: Non-
linear Phenomena, 376:195-203, 2018.
[13] Peter Constantin, Andrei Tarfulea, and Vlad Vicol. Long time dynamics of forced critical SQG. Communications in Mathe-
matical Physics, 335(1):93-141, 2015.
[14] Peter Constantin and Jiahong Wu. Regularity of Holder continuous solutions of the supercritical quasi-geostrophic equation.
Annales de I’Institut Henri Poincaré C, Analyse non linéaire, 25(6):1103-1110, 2008.
[15] Diego Cordoba. Nonexistence of simple hyperbolic blow-up for the quasi-geostrophic equation. Annals of Mathematics,
148(3):1135-1152, 1998.
[16] Diego Cérdoba and Luis Martinez-Zoroa. Non-existence and strong lll-posedness in C*? for the generalized surface quasi-
geostrophic equation. Communications in Mathematical Physics, 405(7):170, 2024.
[17] Diego Cérdoba, Luis Martinez-Zoroa, and Wojciech S Ozariski. Instantaneous continuous loss of regularity for the SQG
equation. arXiv preprint arXiv:2409.18900, 2024.
[18] MD Dadmun and M Muthukumar. The nematic to isotropic transition of a liquid crystal in porous media. The Journal of
chemical physics, 98(6):4850-4852, 1993.
[19] Zahir A Daya, VB Deyirmenjian, and Stephen W Morris. Electrically driven convection in a thin annular film undergoing
circular couette flow. Physics of Fluids, 11(12):3613-3628, 1999.
[20] Zahir A Daya, VB Deyirmenjian, Stephen W Morris, and John R de Bruyn. Annular electroconvection with shear. Physical
Review Letters, 80(5):964, 1998.
[21] Zahir A Daya, Stephen W Morris, and John R de Bruyn. Electroconvection in a suspended fluid film: a linear stability analysis.
Physical Review E, 55(3):2682, 1997.
[22] Francisco Gancedo, Huy Q Nguyen, and Neel Patel. Well-posedness for SQG sharp fronts with unbounded curvature. Mathe-
matical Models and Methods in Applied Sciences, 32(13):2551-2599, 2022.
[23] Francisco Gancedo and Neel Patel. On the local existence and blow-up for generalized SQG patches. Annals of PDE, 7(1):4,
2021.
[24] JT Gleeson. Onset of electroconvection in nematic liquid crystals with parallel magnetic field. Physical Review E, 54(6):6424,
1996.
[25] WI Goldburg, Fouad Aliev, and X-1 Wu. Behavior of liquid crystals and fluids in porous media. Physica A: Statistical Me-
chanics and its Applications, 213(1-2):61-70, 1995.



22 E. ABDO, P. CONSTANTIN, M. IGNATOVA, AND Q. LIN

[26] Isaac M Held, Raymond T Pierrehumbert, Stephen T Garner, and Kyle L Swanson. Surface quasi-geostrophic dynamics.
Journal of Fluid Mechanics, 282:1-20, 1995.

[27] Jong-Hoon Huh. Electrohydrodynamic instability in cholesteric liquid crystals in the presence of a magnetic field. Molecular
Crystals and Liquid Crystals, 477(1):67-561, 2007.

[28] Jong-Hoon Huh. Multiplicative noise effects on electroconvection in controlling additive noise by a magnetic field. Physical
Review E, 92(6):062504, 2015.

[29] Jong-Hoon Huh, Yoshiki Hidaka, and Shoichi Kai. Formation scenarios for nonlinear patterns in electroconvection under
controlling goldstone modes in magnetic field. Journal of the Physical Society of Japan, 68(5):1567-1577, 1999.

[30] Alexander Kiselev, Fedor Nazarov, and Alexander Volberg. Global well-posedness for the critical 2D dissipative quasi-
geostrophic equation. Inventiones mathematicae, 167(3):445-453, 2007.

[31] Alexander Kiselev, Lenya Ryzhik, Yao Yao, and Andrej Zlatos. Finite time singularity for the modified SQG patch equation.
Annals of mathematics, pages 909-948, 2016.

[32] Alexander Kiselev, Yao Yao, and Andrej Zlatos. Local regularity for the modified SQG patch equation. Communications on
Pure and Applied Mathematics, 70(7):1253-1315, 2017.

[33] Jarett LeVan and Scott D Baalrud. Foundations of magnetohydrodynamics. Physics of Plasmas, 32(7):070901, 2025.

[34] Stephen W Morris, John R de Bruyn, and AD May. Patterns at the onset of electroconvection in freely suspended smectic
films. Journal of Statistical Physics, 64:1025-1043, 1991.

[35] Raymond T Pierrehumbert, Isaac M Held, and Kyle L Swanson. Spectra of local and nonlocal two-dimensional turbulence.
Chaos, Solitons & Fractals, 4(6):1111-1116, 1994.

[36] Serge G Resnick. Dynamical problems in non-linear advective partial differential equations. The University of Chicago Pro-
Quest Dissertations & Theses, 1996.

[37] Javier Gémez Serrano, Alexandru D Ionescu, and Jaemin Park. Quasiperiodic solutions of the generalized SQG equation.
arXiv preprint arXiv:2303.03992, 2023.

[38] GP Sinha and FM Aliev. Dielectric spectroscopy of liquid crystals in smectic, nematic, and isotropic phases confined in
random porous media. Physical Review E, 58(2):2001, 1998.

[39] Andrej Zlatos. Local regularity and finite time singularity for the generalized SQG equation on the half-plane. arXiv preprint
arXiv:2305.02427, 2023.

(E. Abdo) DEPARTMENT OF MATHEMATICS, AMERICAN UNIVERSITY OF BEIRUT, BEIRUT 1107-2020, LEBANON.
Email address: ea94Qaub.edu.1lb

(P. Constantin) DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NJ 08544, USA.
Email address: const@math.princeton.edu

(M. Ignatova) DEPARTMENT OF MATHEMATICS, TEMPLE UNIVERSITY, PHILADELPHIA, PA 19122, USA.
Email address: ignatova@temple.edu

(Q. Lin) SCHOOL OF MATHEMATICAL AND STATISTICAL SCIENCES, CLEMSON UNIVERSITY, CLEMSON, SC 29634, USA.
Email address: quyuanl@clemson.edu



	1. Introduction
	2. Equation of State for the Velocity in Terms of the Charge Density
	3. Existence of Global Weak Solutions
	4. Convergence to Inviscid SQG
	5. Global Regularity and Convergence to Dissipative Critical SQG
	Appendix A. Proof of Proposition 2.2
	Appendix B. Proof of Proposition 3.1
	Acknowledgement
	References

