On the inviscid limit of the Navier-Stokes equations
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ABSTRACT. We consider the convergence in the L? norm, uniformly in time, of the Navier-Stokes equations
with Dirichlet boundary conditions to the Euler equations with slip boundary conditions. We prove that if the
Oleinik conditions of no back-flow in the trace of the Euler flow, and of a lower bound for the Navier-Stokes
vorticity is assumed in a Kato-like boundary layer, then the inviscid limit holds. March 30, 2014.

1. Introduction

We consider the two-dimensional Navier-Stokes equation (1.1) for the velocity field v = (u1,u2) and
pressure scalar p, and the two-dimensional Euler equation (1.2) for the velocity field u = (4, u2) and scalar
pressure p

O —vAu+u-Vu+Vp=0 (1.1)
ou+u-Vu+Vp=0 (1.2)

in the half plane H = {z = (21, 72) € R?: 25 > 0} with Dirichlet and slip boundary conditions
ulgmg =0 (1.3)
ﬂ2|3H =0 (1.4)

on the Navier-Stokes and Euler solutions respectively. The choice of domain being the half-plane H is made
here for simplicity of the presentation. Indeed, as discussed in Section 4 below, the results in this paper also
hold if the equations are posed in a bounded domain €2 with smooth boundary.

The initial conditions for the Euler and Navier-Stokes equations are taken to be the same, ug = u1g. We
shall also denote the Navier-Stokes vorticity as

w = 81U2 — agul,
and by
U= 711|81HI

the trace of the tangential component of the Euler flow.

Before we describe the results, we comment on scaling. We choose units of length and units of time
associated to this Euler trace so that in the new variables the Euler solution @ becomes O(1). The integral
scale £ is given by £ = HU||%?OL% ||U||Z§oz and the time scale 7 is chosen to be 7 = LHUHB;OI Using
L and T we non-dimensionalize the Euler and Navier-Stokes equations, but for notational convenience we
still refer to the resulting Reynolds number Re = £27 ~'v~! as v~!. For the remainder of the paper the
this rescaling is implicitly used, and all quantities involved are dimensionless.
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Since U # 0 in general, there is a mismatch between the Navier-Stokes and Euler boundary conditions
leading to the phenomenon of boundary layer separation. Establishing whether

[Ju — aH%OO(O,T;LZ(H)) —0 (1.5)

holds in the inviscid limit ¥ — 0 is an outstanding physically important problem in fluid dynamics. Here
T > 0 is a fixed v-independent time. There is a vast literature on the subject of inviscid limits. We refer
the reader for instance to [CW95, CW96] for the case of vortex patches, and to [Kat84, TW97, Mas98,
SC98b, 0S99, Wan01, Kel07, Mas07, Kel08, LFMNL08, MT08, Kel09, Mael3, Mael4, GGN14] and
references therein, for inviscid limit results in the case of Dirichlet boundary conditions.

Going back at least to the work of Prandtl [Pra04], based on matched asymptotic expansions, one may
formally argue that as v — 0 we have

u(wy, w2, t) = w(ry, v2,t) 1, sy +up(@n, 22/VY, )1, oy + O(WVY) (1.6)
where up is the solution of the Prandtl boundary layer equations. We refer the reader to [Ole66, EE97,
0S99, SC98a, CS00, E00, CLS01, HHO03, Gre00, X704, GSS09, GVD10, GN10, GVN12, MW12a,
AWXY12, KV13, GVM13, KMVW14] for results regarding the Prandtl boundary layer equations.

The Prandtl solution is believed to describe the creation and the evolution of vorticity in a boundary
layer of thickness /v, which makes the problem of establishing the inviscid limit (1.5) intimately related to
the question of well-posedness for the Prandtl equations.

We emphasize however that up to our knowledge there is currently no abstract result which states that if
the Prandtl equations are well-posed, then the inviscid limit of Navier-Stokes to Euler holds in L>(0, T'; L?).
This is the main motivation for our paper.

So far the well-posedness of the Prandtl equation has been established in the following settings:

(a) There is no back-flow in the initial velocity field, i.e., Uy > 0, and the initial vorticity is bounded
from below by a strictly positive constant wg > ¢ > 0. This result goes back to Oleinik [Ole66],
and we refer to [MW12a] for an elegant Sobolev energy-based proof.

(b) The initial velocity is real-analytic with respect to both the normal and tangential variables [SC98a].

(c) The initial velocity is real-analytic with respect to only the tangential variable [CLS01, KV13].

(d) The initial vorticity has a single curve of non-degenerate critical points, and it lies in the Gevrey-
class 7/4 with respect to the tangential variable [GVM13].

(e) The initial data is of finite Sobolev smoothness, the vorticity is positive on an open strip (z,y) €
I x [0, 00), is negative for (z,y) € I x [0,00), and the vorticity is real-analytic with respect to
the x-variable on 01 x [0, 00) [KMVWI14].

However, among the above five settings where the Prandtl equations are known to be locally well-
posed, the inviscid limit is known to hold only in the real-analytic setting (b). This result was established by
Sammartino and Caflisch in [SC98b]; see also [Mael4] for a more recent result on vanishing viscosity limit
in the analytic setting. In particular, up to our knowledge it is not known whether the inviscid limit (1.5)
holds in the Oleinik setting (a), where the solutions have a finite degree of smoothness.

In this paper we prove that the combination of the Oleinik-type condition of no back-flow in the trace
of the Euler flow and of a lower bound for the Navier-Stokes vorticity in a boundary layer, imply that the
inviscid limit holds.

A direct connection between the inviscid limit and the one sided-conditions U > 0 and w|gg > 0 is
provided by the following observation.

THEOREM 1.1. Fix T > 0 and s > 2, and consider classical solutions u,u € L>(0,T; H®) of (1.1)
respectively (1.2) with respective boundary conditions (1.3) and (1.4). Assume that the trace of the Euler
tangential velocity obeys U(x1,t) > 0, and that for all v > 0 sufficiently small the trace of the Navier-Stokes
vorticity obeys w|gg > 0, for all 1 € Rand t € [0,T]. Then

1w = al|7 00 0.7:12(exy) = O (1.7)

holds as v — 0.
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REMARK 1.2. If follows from the proof of the theorem that instead of assuming w|sg > 0, we may
assume the much weaker condition
M, (t)

v

wlom = —02u1|om > — (1.8)

for some positive function M, which obeys fOT M, (t)dt — 0as v — 0, and obtain that (1.7) holds [Kel14].

Our main result of this paper, Theorem 1.3 below, shows that if in a boundary layer almost as thin as v
the vorticity is not too negative, then the inviscid limit holds. The size of this boundary layer is related to
the results of Kato [Kat84], which were later extended by Temam and Wang [TW97]. Note however that
our conditions are one-sided, which is in the spirit of Oleinik’s assumptions.

THEOREM 1.3. Fix T > 0, s > 2, and consider classical solutions u,u € L*>(0,T; H®) of (1.1) and
(1.2) respectively with respective boundary conditions (1.3) and (1.4). Let 7(t) = min{t, 1} and let M, be
a positive function which obeys

T
/ M,(t)dt -0 as v —0. (1.9)
0

Define the boundary layer T',, by

T,(t) = {(xl,@) EH:0< 25 < ”Tc(f) log (My(gT(t)>} (1.10)

where C = C(||u|| g (0,7:15)) > 0 is a sufficiently large fixed positive constant. Assume that there is no
back-flow in the trace of the Euler tangential velocity, i.e.,

U(z1,t) >0 (1.11)
forall x1 € Randt € [0,T), and that for all v sufficiently small the “very negative part” of the Navier-

Stokes vorticity obeys
M, (t
(CU(xl, Z2, t) + ()>

yr=/r < 7)Y M, (1) (1.12)

v

Lr(Tw(t))
forsome 1 <r <ooandallt € [0,T), where f_ = min{f,0}. Then the inviscid limit (1.5) holds, with the
rate of convergence

T
lu = @lf? w7 12) = O (uT + /0 Ml,(t)dt)

asv — 0.
Note that the above result may be viewed as a one-sided Kato criterion.

REMARK 1.4. Since on JH we have that 01us = 0, the condition (1.12) on w can be replaced by the
same condition with w replaced by —douy.

EXAMPLE 1.5. The shear flow solution (e"*%wv(y),0), with v(0) = 0, and v/(y) < 0for0 < y < 1
obeys the conditions of Theorem 1.3.

REMARK 1.6. The condition U > 0 can be ensured for an O(1) amount of time if the initial data obeys

e.g. Up > o > 0. However it is not clear that if assuming the initial vorticity obeys wy > o > 0 implies that
(1.12) holds for an O(1) time.

REMARK 1.7. We note that Theorem 1.3 also holds in the case of a a bounded domain 2 with smooth
boundary, cf. Theorem 4.1 below. The only difference between the inviscid limit on H and that on €2 is that
for the later case we need to choose a compactly supported boundary layer corrector. This is achieved using
the argument of [TW97]. We refer to Section 4 below for details.

The paper is organized as follows. In Section 2 we give the proof of Theorem 1.1, while in Section 3
we give the proof of Theorem 1.3. Lastly, in Section 4 we give the main ideas for the proof of Theorem 4.1,
our main result in the case of a smooth bounded domain.
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2. Proof of Theorem 1.1

Letv = u—1, and ¢ = p—p be the velocity and the pressure differences respectively. Then v = (vy, v9)
and g obey the equation

ov—vAu+v-Vi+u-Vo+Vg=0
with the boundary conditions
viloy = —U, v2ay = 0.
and the initial condition
v]t=p = 0.

The energy identity for the velocity difference then reads

v + v||Vu :—V/Au u—/v Vawv
thH 172 + vl Vul7 .

Using the conditions of the theorem and the given boundary conditions, we get

—U/Au u—u/Vu Viu+v Oouq U
OH

—V/Vu Vu—V/ w Udx
OH

< y/ Vu-Vu
H
2 Vie-2
< vVl + 211Vl 72

We thus obtain
1d
2 dt

where C'is a constant that is allowed to depend on 7" and ||| Lo (o 7, fr+)- Recalling that v(0) = 0, we obtain
from the Gronwall Lemma

ol < ZIIVall3s + 1Vl o]z < Cv+ Cllo|2

!

[o(t)]|2, < Cut + Cre®t < Cut

which completes the proof. Note that the rate of convergence is O(v) as v — 0.
In order to see that Remark 1.2 holds, note that under the condition (1.8) on the boundary vorticity, one
may estimate

—1// wUdz < Ml,(t)/ Udx < CM,(t)
OH OH

where in the last inequality we have used a trace inequality. Note moreover that the that the new rate of
convergence is O(v + fo L(t)dt).

3. Proof of Theorem 1.3

In the spirit of [Kat84], the proof is based on constructing a suitable boundary layer corrector ¢ to
account for the mismatch between the Euler and Navier-Stokes boundary conditions. Note however that the
Kato’s corrector ¢ = (1, p2) is not suitable here due to the change of sign of ¢1.
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The boundary layer corrector. We fix ¢: [0, 00) — [0, 00) to be a C§° function approximating X o,
supported in [1/2, 4], which is non-negative and has mass | ¢(z)dz = 1. Recall that 7(¢) = min{¢, 1}.
For a € (0, 1], to be chosen later, we introduce

o(z1,x2,t) = (p1(21, 22, 1), p2(z1, 22, 1))

where

p1(z1,22,t) = —U(21,1) (6 m/oT(®) _ (tﬁ/}(@)) (3.1

pa(21, 2, t) = ar(t)O1U (21, 1) <(1— / W(y > —“/““)) (3.2)

o(x1,22,0) = po(z1,22) = 0.

and

Observe that we have @1 — 0 as z9 — oo exponentially, and

(pl(wl,o,t) = —U(l‘l,t)
(pg(l’l,o,t) =0.

In particular, note that
u+¢=0 on OH.
Equally importantly, the corrector is divergence free
V-p=0

which allows us not to deal with the pressure when performing energy estimates.
Throughout the proof, we shall also use the bounds

lerllzr < Clar)/? + Car < Clar) VP
and
1011 zr < Clar)/?
10201 [| 2r < Car)t/P—1
forany 1 < p < oo, with
lp2llrr < Cat(1+ (aT)l/p) < Cor
10102 1r < Car(1+ (ar)/?) < Car

since aT < « < 1. Here and throughout the proof, the constant C' is allowed to depend on various norms of
U and u (which we do not keep track of), but not on norms of u.

Energy equation. As before, define the velocity and pressure differences by

V=uU—1U
q=p—Dp.
Subtracting (1.2) from (1.1) we arrive at

Oh(v—¢)—vAu+v-Vu+u-Vo+ Vqg+ dp =0. (3.3)
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Since v — p = u — u — ¢ = 0 on OH], we may multiply (3.3) by v — ¢ and integrate by parts to obtain

1d
5@”” —¢l72 + v Vull72
:V/VUV@—/quou
+ (I//VUVQ_L — /(U —@)Vu(v—¢) — /goVU(U — )+ /uV«pﬁ - /8tgp(v - 4,0))
=L+L+R (3.4
where we used — [vVi(v — ¢) = — [(v — @)Viu(v — ¢) — [eVa(v — ¢) and — [uVo(v — @) =
— [uVo(v—¢) = — [uVp(u—u). The terms I; and 5 give the main contributions, while the R term is

in some sense a remainder term. The assumptions on the sign of U and on the very negative part of w come
into play when bounding 1.

Estimate for ;. We decompose /; as

I —V/Vuvw—y/ﬁgulaggol—i— Z /31&] ip; = I11 + I1a.
)#A(L,2

(i,3

In order to estimate /12, we consider the three possible combinations of (¢, j) # (1,2). We have

1% 1%
V/01U131<P1 < ZHalulﬂiz + v||01pr1 |32 < Z||31U1||%2 + Cv(ar)

1% 14
V/31U231<P2 < Z\|31U2Hi2 + v[|01p2]F2 < ZH@leH%Q + Cv(ar)?

v v
v [ Guuatups < K 10uuslfs + viagalfs < ¥ ouualfs + Cotar)
for some sufficiently large C', which shows that
v
hggiuvm@f+cmaﬂ. (3.5)

The main contribution to I; comes from the term I;1, which we bound next. Let 3 be the thickness of
the boundary layer where the assumption on the very negative part of w = 0ju2 — douy is imposed. That is,
for some /3 € («,1/4] and M > 0, to be specified below, we use the bound

M
w(x1,x2,t) > -t w(wy,x2,t), (r1,22) €T =R x (0,8), tel0,T], (3.6)
where we have denoted
~ ) M
W(z1,22,t) = min {w(w1,x2,t) + ,O} <0.
v

Next, we decompose

I = V/ Oou10201 = —V/ wap1 — l// wdzp1 +V/ Ou202¢1
H I'g r¢ H

5
=I111+ Lo + 113,

The assumptions (1.11) and (3.6) are only be used to estimate [11;. By construction of the corrector in
(3.1)—(3.2), we have the explicit formula

1
Oop1(x1, 9, t) = aU(xl,t)e_”/m —atU(z1, 1)y (z2) (3.7)
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for all (x1,22) € Hand ¢t € [0,7]. In view of the no-back flow condition U > 0 of (1.11) and the bound
(3.6) on w in I'g, for any r € [1, oo] we have the estimate

I = _z w(xl,xg,t)U(a:l,t)efxz/mdxldxg
oT FB

—1—1/047'/ w(z1, 2, t)U (21, 1) (22)dz1d2o
Ts

M
<

Uz, t)e "/ doy day + =z (=& (1, 22, 8))U (21, t)e "2/ day dazy
aT Jza<p T Jza<p

+ VaT/ w(x1, 29, t)U (21, 1) (22)dz1dTo
zo<f

1 (r—=1)/r
<CM(1- e_B/O‘T) + QHCDHU-(FB) <(TW—(1 — e_w/(r_l)m)> + Cvar||Vul|r2
ot r

1% ~
< lIVulz: + CM + Cv(ar) ([ rry) + Cr(ar)® (3.8)

for a sufficiently large C'. For the outer layer term /112 we have

1
Ii19 = —1// w(xy, e, t)U(21,1) <e_12/m — on’z//(xﬂ) dx1dxs

Ve—ﬂ/om‘

S CWHquL2 + V(XTHV’U,HL2

v 2 Vo —28/ar 2
< SIVuli: +C—e Blam L Cu(ar)?. (3.9)
Lastly, for I113 we integrate by parts once in o by using that d;uo = 0 on OHI, use that V - v = 0 on H, and
then integrate by parts in z; to obtain

I113 = V/31u252%01 = —V/312U2<P1 = V/311u1901

_ y/@lulalcpl < ZIVull3s + Cvar). (3.10)
Combining (3.8), (3.9), and (3.10), we arrive at
I < Zuvun%g +CM + Cv(ar) V@] prry) + cie—%/m + Cr(ar). (3.11)
We summarize (3.5) and (3.11) as
I < ZIVulf + OM + Cvlan) ™7 @] ey + oie—w/m + Cv(ar) (3.12)
for a suitable constant C' which may depend on norms of U and .

Estimate for /5. In order to treat I, we use 022 = —01¢1 and decompose
Iy = —/U232901u1 - /U131902U2 + /(Ug —uf)drpr = Iny + Ing + Inz.
We note that upon integration, we have that for any j € {1, 2}

00 o'}
/ Uj (1‘1, $2)26_x2/a7dx2 = 2@7’/ uj (.%'1, wg)azu]' (acl, .%'2)6_x2/a7d$2
0 0

9 1/2
< Car (/ uj(x1,$2)2e_x2/mdx2) H@guje_“/mHLz
0
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and thus
luje=™>/2T|| 12 < Car|Oyuy]| 2.

Using the above estimate we obtain
1
Iy = —— /uQU(xl,t)e“/aTul + aT/ugU(xl,t)w’(a;g)ul
aT

< %IIM@‘“”‘”HBHU26_“/2‘”HL2 + Carllun | p2]luz| 12
< Car||Vull2, + Car|ul,
< Car||Vul|2, + Car
due to the energy inequality
lullze < lluollrz = lluoll2 < €
which is a viscosity-independent bound. Similarly,
Iy < [[u]l721012[l 1 < Car
and
Iz < C(ar)?||Vul2, + Car.
Using that ar < 1, we arrive at
I, < Cat|Vull3: + Car
where as usual, the constant C' is allowed to depend on the Euler flow.

Estimate for the remainder terms 1. Using

/qupu = —/uVugo = —/(v—gp)Vugo— /chugo— /uVugo,

we may rewrite the remainder term as

R:V/VuVﬂ—/(v—go)Vﬂ(v—@)—/@VE(U—QO)

- /(v —)Vaup — /«prw - /Wﬂso - /@w(v —¥)
=:Ri+ Ry+ R3+ R4+ Rs + Rg + Rr.
Using the available bounds on the corrector ¢, we have the bounds
v

Ry < v|[Vull 2| Vil g2 < | Vul[f> + Cv
Ry < |l = @ll72 |Vl = < Cllv = olf72
Ry < [l 2|Vl = llv — ¢l 12 < Clar) 2|l = ¢l 2 < Cllv = ¢l72 + Car
Ry < |lv = ¢l 2|Vl < |[oll 2 < Cllo = ¢||72 + Car
Rs < |lel7alIVillz= < Car
Rs < C|l¢|lrr < Car

Ry < |0l r2llv = ¢llzz < Cl(an)'? + a)llv = ¢l 12 < Cllv = ¢l 72 + C((a7) + @?)

which may be summarized as
v
R < —|Vull: + C|lv — ¢[72 + Cv + Ca® + Car

and again, C' depends on various norms of U and 4.

(3.13)

(3.14)



ON THE INVISCID LIMIT OF THE NSE 9

Conclusion of the proof. Combining (3.4), with (3.12), (3.13), and (3.14), we thus arrive at the bound
1d 9 v 9
s lv =l + (5 - Car) [Vul,
< Ollv— |22 + Cv + Ca® + Car + CM + C—e=2B/o7 4 Cv(ar) V@]l r,) (315
aT

for all ¥ < 1. To conclude the proof, we first choose
v

o= c (3.16)
for a sufficiently large C, since 7(¢) < 1, we obtain from (3.15) that
1d -
5allv = el < Cllv—gls + Cv+CM + Cre 298/ 4 o=V =G| pp ) (B.1T)

for v < 1. Next, per our assumption (1.10), define the boundary layer thickness by

VT 1
=" Jog [ —
P 20 % (MT)
where « is given by (3.16), and obtain from assumption (3.17) that
s llv =l < Cllv = ¢ll7: + Cv+CM (3.18)

Since
lvo = ollz> = llwollz2 = 0
the Gronwall inequality applied to (3.18) yields
lu(t) = a@®)lIF: < lle@®lzz + o) — )17
< Cvr(t) + CTe’T (mt + /Ot M(s)ds) (3.19)

forall ¢ € [0, T]. The assumption (1.9) yields that the right side of (3.19) converges to 0 as v — 0, uniformly
int € [0, T, which concludes the proof.
4. Curved domains

In this section, we show that Theorem 1.3 holds also in the case of a bounded domain €2 with a smooth
boundary and with an outer normal n.

THEOREM 4.1. Fix T > 0 and s > 2, and consider classical solutions u,u € L>(0,T; H®) of (1.1)
respectively (1.2) in Q2 with respective boundary conditions u|gg = 0 and @ -n|sq = 0. Let M, be a positive
function such that

T
/ M,(t)dt -0 as v —0, 4.1)
0

and define the boundary layer

- . . vmin{t, 1} C
r,(t) = {33 € Q:0 < dist(z,00) < — 0 log (M,,(t) minr, 1}>} 4.2)

where C' = C(||t| poo0,7;15)) > 0 is a sufficiently large fixed constant. Assume that the trace of the Euler
tangential velocity (cf. (4.6) below) is nonnegative and that for all v > 0 sufficiently small the Navier-Stokes

vorticity obeys
M, (t
min{w(-,t)—i— v ),0}

Jr=1)/r

< M, (t) min{t, 1}/ (4.3)

v Lr(Ty (1)
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for some 1 < r < ooandallt € [0,T]. Then the inviscid limit (1.5) holds as v — 0, with a rate of
convergence proportional to vT + fOT M, (t)dt.

PROOF. We follow the notation and ideas from [TW97]. Note however that we need to modify the
corrector since the one in (3.1)—(3.2) is not compactly supported.

Asin [TW97], let (&1, &2) denote the orthogonal coordinate system defined in a sufficiently small neigh-
borhood of the boundary

{x = (z1,12) € R? : dist(x, 09) < (5} 4.4)

where § > 0. Here & denotes the distance to the boundary 0S2. For simplicity of notation, we assume that
0€) consists of the connected smooth Jordan curve—the modification to the general case of finitely many
Jordan curves can be done similarly. Then we may use the notation from [TW97, Bat70]; in particular,

drydzy = h(&1,&)dE? + dE3. (4.5)
Denote by e1(£1,&2) and e2(&1, £2) the local basis in the directions of &1 and &5 respectively. Also, write
U(fl,t) = ﬂ(fl,o,t) . 62({1,0) (4.6)

for the trace of the Euler flow @. Let n(y) € C5°(R, [0,1]) denote the function which equals 1 in a neigh-
borhood of (—o0, —d] U [d, 00), and let » € C3°(R, [0, 1]) be a function supported in the interval (5/2,0)
such that f 1) = 1. Then define the corrector

80(617 527 t) = curl w(élv 627 t) (47)
where
&2 y &2
Vet = U0 [ e (<L) amay o000 [Tvmd @
The parameter v = 7(¢) is chosen so that ¢) vanishes on [4, o). Using [ ¢ = 1, this holds if
5
Y
t) = - dy. 4.
V(t) /0 exp( m)n(y) y 4.9)
Note that v does not depend on (1, £2) and that we have
v(t) = ar(t) + O((at)?). (4.10)
From [Bat70], recall the formulas
1 6u1 1 0
oo lou 10 4.11
divu h 96 + ha&(huz) (4.11)
and o/ L8
1f=—2e1— ——(h 4.12
curl f 5’5261 h@fl( f)ea (4.12)
for every vector function u and scalar function f respectively. Thus we have
o1 = ~Ulentew (- 2aie) +1U(@.0u(e @.13)
and ¢ ¢
10 2 Y v 0 2
=——(hU - dy — ———(hU dy. 4.14
©2 ha&( )/0 exp( M)n(y) y ha&( ) ; U(y)dy (4.14)
As in the previous sections, we have
1d
5 glv—lie +vIVulis =+ 1+ R (4.15)
where

L = I//VUV(,O (4.16)
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and
I, = —/chpu 4.17)

with
Rzu/VuVﬂ—/(v—cp)Vﬂ(v—gp)—/@Vﬁ(v—go)
— /(v —o)Vup — /govago — /ﬂVﬂ(p — /@g@(v — ). (4.18)

Here, we treat the term

1 8u1 8u1 1 8g01 (9901
[ = VuVoyo = P + — .
1 V/ uve I//(h 161 2€2> <h 1€1+ 262>hd§1d§2

1 1
1/( uz 4 92 >< 02 6‘p2e2>hd51d52. (4.19)

—Fh €1+ € —oo el 5
hoe T ag 2) \hog T ag

while the rest are estimated similarly to [TW97]. We write the far right side of (4.19) as I1; + 112 where

8U1 8501
I = ———h 4.20
1=V 9, 95, (4.20)
and I;5 is the sum of the other three terms. Then
8(hu1) 8@1 oh 84,01
I =v — —v [ v ——=—
! /%2% 10€; 96
Jip1 / dp1 Jduz 01 Oh 9y
-V We— —V WtV | s~V | Wi 5
éw%Q 6o 06 0€1 € 10 98
= I+ TIe + Tz + s 4.21)
where
8u2 a(hul)
= —— 4.22
TS 9/ (422)

is the vorticity. The terms /117 and /712 are estimated the same way as in the flat case. For the third term
1113, we integrate by parts and obtain

Ous % _ 9% us Ous %

WY ) 5 o 56,06, =" | 96 96 @29
In the last step we used that Jug /0&s vanishes on the boundary, which holds since
8u2 . 1 8h 1 6u1
— =d — U — 4.24
o6~ T M hag T h g @2

The rest of the terms are treated analogously as in the flat case, and we obtain
L < guvun; +CM + Cv(ar) ™" min{w + Mv™, 0} 1rr,) + cie—%/m + Cu(ar). (4.25)

The terms I5 and R are estimated as in the flat case (see also [TW97]), and we thus omit further details. [J
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