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S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 10. Introdu
tionIn this paper we establish an a priori estimate for a fully nonlinear equation arising in
onformal geometry (see [V-1℄, [CGY℄). Although the equation is de�ned on any Riemannianmanifold of dimension n > 3, four dimensions is of parti
ular interest due to its 
onne
tionwith the Chern{Gauss{Bonnet integrand, and in estimating the eigenvalues of the Ri

i 
ur-vature (see the introdu
tion of [CGY℄). For this reason we will restri
t our attention to 
asen = 4, while introdu
ing a variant of the equation.Let us begin by introdu
ing our notation. Let M4 be a smooth 
ompa
t four{manifoldwithout boundary. Given a Riemannian metri
 g, we let W , Ri
, and R denote respe
tivelythe Weyl 
urvature tensor, Ri

i 
urvature, and s
alar 
urvature of g. We also de�ne thetensor A = Ag = Ri
� 16Rg : (0.1)Note that A arises in a natural way when de
omposing the Riemannian 
urvature tensorRiem: Riem =W + 12A 
̂g ; (0.2)where 
̂ denotes the Kulkarni{Nomizu produ
t of symmetri
 two{tensors; see [Be, 1G℄ forde�nitions.To des
ribe our equation we �rst note how the tensor A transforms under a 
onformal
hange of metri
. Let g = e2wg0, and from now on let us designate quantities whi
h dependon g0 by atta
hing a sub{ or supers
ript 0. ThenAg = A0 � 2r20w + 2dw 
 dw � jdwj2g0 ; (0.3)where r20 denotes the Hessian. In [V-1℄, the following equations were introdu
ed:�k(Ag) = �k(A0 � 2r20w + 2dw 
 dw � jdwj2g0) = f; (0.4)where �k denotes the kth elementary symmetri
 polynomial, applied to the eigenvalues of Ag .Note that when k = 1, �1(Ag) = trgAg = 13R, so (0.4) is the pres
ribed s
alar 
urvatureequation.Our parti
ular interest here is with the 
ase k = 2. In terms of the Ri

i and s
alar
urvature, �2(A) = � 12 jRi
j2 + 16R2. Moreover, the de
omposition (0.2) implies a splitting ofthe Euler form, so that the Chern{Gauss{Bonnet formula 
an be written8�2�(M4) = Z 14 jW j2dvol + Z �2(A)dvol ;where jW j2 denotes the squared norm of the Weyl tensor as a (0,4) tensor. Thus, the Euler
hara
teristi
 is expressed as the sum of two 
onformally invariant integrals. The se
ond



2 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSintegral 
an be either positive or negative, but its positivity obviously has topologi
al 
onse-quen
es. Furthermore, in [CGY℄, we were able to show that any metri
 g0 satisfyingZ �2(Ag0)dvolg0 > 0 ;Y (g0) > 0 ; 9=; (0.5)where Y (g0) is the Yamabe invariant of g0, is 
onformal to a metri
 g with �2(Ag) > 0. Thepositivity of �2(A) is a kind of pin
hing 
ondition on the Ri

i 
urvature; in parti
ular itimplies 0 < Ri
 < 12Rg(see [CGY, Lemma 1.2℄).The present paper is, in a sense, the 
ontinuation of [CGY℄. On
e a 
onformal 
lassadmits a metri
 with �2(A) > 0, our goal is to show that it admits a metri
 normalizing�2(A). To a
hieve this we need the following basi
 estimate:Theorem. Let (M4; g0) be a 
ompa
t Riemannian four{manifold, whi
h is not 
onformallyequivalent to the round sphere. Suppose the 
onformal metri
 g = e2wg0 satis�es�2(Ag)R�g = f > 0 ; (0.6)where � = 0 or 1 ; and Rg > 0. Then there is a 
onstant C = C(kfkC2 ; g0) su
h thatmaxM4 few + jr0wjg 6 C : (0.7)Two 
orollaries follow from inequality (0.7). The �rst is te
hni
al, while the se
ond is anexisten
e result.Corollary A. Under the same assumptions, there is a 
onstant C = C(kfkC2 ; (min f)�1; g0)su
h that kwk1 6 C : (0.8)Corollary B. Assume that (M4; g0) satis�es (0.5). If � = 0, then given any positive(smooth) fun
tion f > 0, there exists a solution g = e2wg0 of (0.6). In parti
ular, this istrue if f � 1.Remarks.1. The assumption that (M4; g0) is not 
onformally equivalent to the round sphere is of
ourse 
ru
ial, sin
e (0.6) is invariant under the 
onformal group.



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 32. Taking f � 1 in (0.6), the parallel with the Yamabe problem is apparent. We wishto emphasize, however, that the theorem above does not rely on the positive massestimate.3. On
e the bound (0.8) is established for solutions of (0.6), an existen
e result likeCorollary B follows from applying a standard pro
edure: �rst, (0.7) and (0.8) implyuniform C1{bounds for solutions. In se
tion 1 we show that one obtains C1;1{boundson solutions to (0.6) on
e C1{bounds are known. Finally, invoking the 
on
avity ofequation (0.6) ([Ev℄, [Kr℄) one 
an derive regularity estimates of any order. Applyingthe degree theoreti
 arguments, existen
e follows. This is explained in more detail inse
tion 5.4. The positivity of f implies that (0.6) is ellipti
. This and other important propertiesof (0.4) are des
ribed in [CGY℄. In [V-2℄ estimates like (0.7) are established, assuminghowever that f has a very spe
ial stru
ture.5. It is interesting to note that the equation�2(A) � 1is variational ex
ept in four dimensions (due to 
onformal invarian
e; see [V-1℄). Whenn 6= 4 it is the Euler{Lagrange equation of the fun
tionalg 7! Z �2(Ag)dvol :6. When � = 1, the existen
e of solutions to (0.6) remains an open question. When� = 0, one 
an rewrite (0.6) in a kind of divergen
e form (see se
tion 5, (5.5)); thisultimately allows us to 
ompute the degree of the equation as de�ned in [Li℄. Butthe stru
ture of (0.6) is more 
ompli
ated when � = 1, and a di�erent argument isapparently required.The resear
h for this arti
le was 
arried out while the se
ond author was a VisitingProfessor at Prin
eton University, and the third author was a Visiting Member of the Institutefor Advan
ed Study. Both authors wish to a
knowledge the support and hospitality of theirhost institutions. 1. The blow{upIn this se
tion we begin the proof of the main theorem by doing a blow{up analysis.Namely, given a sequen
e of solutions to (0.6) for whi
h the estimate (0.7) fails, we dilatethem to 
onstru
t a new sequen
e whi
h 
onverges to a smooth solution of (0.6) on (R4 ; ds2)with f � 
onstant. In se
tions 2 and 3 we provide a 
lassi�
ation of all su
h solutions; fromthis we eventually 
on
lude that the manifold (M4; g0) is 
onformally equivalent to the roundsphere (see se
tion 4).



4 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSThe aforementioned pro
ess is fairly standard, and is important whenever the PDE under
onsideration is invariant under some (non{
ompa
t) group of transformations. The mainte
hni
al diÆ
ulty in our 
ase is the absen
e of a Harna
k inequality for solutions of (0.6).Consequently, if we simply dilate our solutions in order to obtain a sequen
e whi
h is uniformlybounded above, we are unable to 
on
lude that the sequen
e has a uniform lower bound (evenlo
ally). This makes it diÆ
ult to 
onstru
t a non{trivial limiting solution to (0.6) on R4 fromour original sequen
e.To over
ome this diÆ
ulty we dilate in a rather unusual way, whi
h we now des
ribe.Let gk = e2wkg0 be a sequen
e of solutions to�2(Agk )R�gk = fk ; (1.1)where � = 0 or 1, and we assume that ffkg satis�es0 < 
0 6 fk 6 
�10 ;kfkkC2(M) 6 
1 : ) (1.2)If inequality (0.7) fails, thenmaxM [jr0wkj+ ewk ℄!1 as k !1 : (1.3)Let us assume that Pk 2 M is a point at whi
h (jr0wkj + ewk) attains its maximum. By
hoosing normal 
oordinates f�kg 
entered at Pk, we may identify the 
oordinate neighbor-hood of Pk in M with the unit ball B(1) � R4 su
h that �k(Pk) = 0. Given " > 0, we de�nethe dilations T":R4 ! R4 by x 7! "x, and 
onsider the sequen
e wk;" = T ?" wk + log ". Notethat jr0wk;"j+ ewk;" = "(jr0wkj+ ewk) Æ T" :Thus, for ea
h k we 
an 
hoose "k so thatjr0(wk;"k)j+ ewk;"k ��x=0 = 1 : (1.4)Note that wk;"k is de�ned in B 1"k (0), andjr0(wk;"k)j+ ewk;"k 6 1 on B 1"k (0) : (1.5)To simplify notation, let us denote wk;"k by wk. Sin
e from now on we view fwkg as asequen
e de�ned on dilated balls in R4 , there will be no danger of 
onfusing the renormalizedsequen
e with the original sequen
e. Note that g?k � e2wkT ?"kg0 � e2wkgk0 satis�es�2(Ag?k )R�g?k = fk Æ T"k ; (1.6)



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 5where � = 0 or 1. Furthermore, gk0 = T ?"kg0 ! ds2 in C2;� on 
ompa
t sets.There are now two possibilities to 
onsider, depending on the behavior of the exponentialterm in (1.4). First, suppose that limk ewk(0) = 0 :After 
hoosing a subsequen
e (also denoted fwkg) with ewk(0) ! 0, we let wk(x) = wk(x)�wk(0). Then �gk = e2wkgk0 satis�es wk(0) = 0 ;jdwkj 6 1 ;limk jdwk(0)j = 1 : 9>>=>>; (1.7)Also �2(A�gk )R��gk = e2(2��)wk(0)fk Æ T"k : (1.8)Note that the bounds in (1.7) imply that given a �xed ball B(�) = fx 2 R4 ��jxj < �g � Rn ,then maxB�(0) jwkj 6 � (1.9)so that fwkg is bounded in the C1{topology on 
ompa
t sets in R4 .Alternatively, suppose limsupk ewk(0) = Æ0 > 0 :Then there is a subsequen
e (also denoted fwkg) satisfying�
2 6 wk(0) 6 0 ;jdwkj 6 1 ; ) (1.10)for some 
onstant 
2 > 0. Note that (1.10) implies that for any � > 0, there is a 
onstant C�su
h that maxB(�) jwkj 6 C� : (1.11)We now want to show that both fwkg and fwkg 
onverge; but the type of 
onvergen
edi�ers: for the sequen
e fwkg the equation (1.8) will not be uniformly ellipti
, be
ause theRHS tends to zero as k !1 (see [CGY, Prop. 1.5℄). Consequently, the best estimate we 
anobtain is supB(�) jr2wkj 6 C� ; (1.12)see Proposition 1.1 below.



6 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSOn the other hand, the sequen
e fwkg does satisfy a (uniformly) ellipti
 equation; inaddition to the bounds on the se
ond derivatives as in (1.12), by the 
on
avity of the equation�2 12 it follows from the work of Evans [Ev℄ and Krylov [Kr℄ that fwkg is bounded (on 
ompa
tsets) in C2;� . Then the S
hauder estimates, along with standard ellipti
 estimates, give
onvergen
e in any Ck.The pre
eding analysis is based on the following a priori estimate:Proposition 1.1. Let g0 be a Riemannian metri
 on B(�) � R4 . Suppose g = e2wg0 satis�es�2(Ag)R� = ' > 0 ; (1.13)R > 0 ; (1.14)on B(�), where � = 0 or 1. Then there is a 
onstantC = C(�; kg0kC2(B(�)); k'kC2(B(�)) ; kwkL1(B(�)) ; krwkL1(B(�)))su
h that kr2wkL1(B(�=2)) 6 C : (1.15)Remarks.1. A 
areful examination of the proof for the Proposition indi
ates that one 
an modifythe 
onstant C in (1.15) to depend only on �, kg0kC2(B(�)), and a lower bound of �0'on B(�) and an upper bound of kr0'k on B(�).2. The Ck norm in the statement of Proposition 1.1 are with respe
t to the Eu
lideanmetri
.Proof. The proof amounts to a lo
alization of the estimates in [CGY℄. Roughly speaking, theidea is to work intrinsi
ally; that is, to derive bounds on the 
urvature of g on B(�=2), thenreinterpret these bounds in terms of the 
onformal fa
tor w. For this reason, all 
ovariantderivatives, 
urvature tensors, et
., whi
h appear in the following are understood to be withrespe
t to the metri
 g. If we need to refer to a quantity whi
h depends on the ba
kgroundmetri
 g0, then we will denote this with a sub� or supers
ript 0. By 
onvention, 
omponentsof tensors are in normal 
oordinates. In parti
ular,Wijk`, Rij , and Bij denote the 
omponentsof the the Weyl 
urvature, Ri

i 
urvature, and Ba
h tensor (see [CGY, (1.18)℄). Also, we letEij = Rij � 14Rgij , Sij = �Rij + 12Rgij , and Aij = Rij � 16Rgij . We will need two identitiesfrom [CGY℄: SijrirjR = 3��2(Ag) + 3(jrEj2 � 112 jrRj2)+ 6trE3 +RjEj2 � 6Wijk`EikEj` � 6EijBij (1.16)



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 7where trE3 = EijEikEjk (see [CGY, Lemma 5.4℄), andSijrirjV = �14 trE3 + 148RjEj2 + 1576R3� 12 hrw;r�2(A)i � 14Rjrwj4 � Sijrjrwj2rw+Wijk`Sikrjwr`w � 12SijAikAÆjk + 14SijAÆikAÆjk� SijAÆikriwrkw + 12SijAÆij jrwj2 + 12rkwrkAÆijSij+ 12RAÆijriwrjw ; (1.17)where V = 12 jrwj2 (see [CGY, Cor. 5.15℄). To a

ommodate the 
ase � = 1 in (1.13), weneed to write these identities in a slightly di�erent form. To this end, let Tij = Sij�3�2(A)R gij ;by [CGY , Lemma 1.2℄, Tij is positive semi{de�nite when �2(A) > 0 and R > 0.Lemma 1.2. Suppose g = e2wg0 satis�es (1.2) and (1.14) with � = 1. ThenTijrirjR > 3R�'+ 6trE3 +RjEj2� 6Wijk`EikEj` � 6BijEij ; (1.18)TijrirjV = �3'�14 jAj2 + 14 jAÆj2 � 12AijAÆij �16Rjrwj2+16R0jrwj2 + 16 hrw;r(R0e�2w)i�� 12 hrw;r'iR� 14 trE3 + 148RjEj2 + 1576R3� 12 hrw;r�2(A)i � 14Rjrwj4 � Sijrijrwj2rjw+Wijk`Sikrjwr`w � 12SijAikAÆjk + 14SijAÆikAÆjk� SijAÆikriwrkw + 12SijAÆij jrwj2 + 12rkwrkAÆijSij+ 12RAÆijriwrjw : (1.19)Proof. Note that TijrirjR = SijrirjR� 3�2(A)R �R :By [CGY, Lemma 7.10℄,3(jrEj2 � 112 jrRj2) > �6r�2(A)rRR + 6�2(A) jrRj2R2 :



8 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSSubstituting these into (1.16), we haveTijrirjR > 3��2(A)� 3�2(A)R �R� 6r�2(A)rRR+ 6�2(A) jrRj2R2 + 6trE3 +RjEj2� 6Wijk`EikEj` � 6BijEij= 3R���2(A)R �+ 6trE3 +RjEj2� 6Wijk`EikEj` � 6BijEij :To establish (1.19), we �rst noteTijrirjV = SijrirjV � 3�2(A)R �V : (1.20)By the Bo
hner formula,�V = 12�jrwj2 = jr2wj2 +Rijriwrjw + hrw;r(�w)i : (1.21)From [CGY, (5.34)℄, we haverirjw = �12Aij + 12AÆij �riwrjw + 12 jrwj2gij ; (1.22)so that jr2wj2 = 14 jAj2 + 14 jAÆj2 � 12AijAÆij + jrwj4+Aijriwrjw � 16Rjrwj2 �AÆijriwrjw+ 16R0jrwj2 : (1.23)Also, tra
ing (1.22), �w = �16R+ jrwj2 + 16R0e�2w ;hen
e hrw;r(�w)i = �16 hrw;rRi+ hrw;rjrwj2i+ 16 hrw;r(R0e�2w)i= �16 hrw;rRi+ 2rirjwriwrjw+ 16 hrw;r(R0e�2w)i= �16 hrw;rRi �Aijriwrjw +AÆijriwrjw� jrwj4 + 16 hrw;r(R0e�2w)i : (1.24)



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 9Therefore, �3�2(A)R �V = 3'�V= 12 hrw;rRi' � 3' �14 jAj2 + 14 jAÆj2� 12AijAÆij � 16Rjrwj2 + 16R0jrwj2+ 16 hrw;r(R0e2w)i� : (1.25)Noti
e the term � 12 hrw;r�2(A)i appearing in (1.17). sin
e � = 1 in (1.13),�12 hrw;r�2(A)i = �12 hrw;r(R')i= �12 hrw;rRi' � 12 hrw;r'iR : (1.26)If we substitute (1.26) into (1.17), then add (1.25), we arrive at (1.19). �Now let F = R+ 24V :In the 
al
ulations whi
h follow, C is a 
onstant whi
h depends at most on the quantities �,k'kC2(B(�)), kg0kC2(B(�)), kwkC1(B(�)). Sin
e �2(A) > 0 and R > 0, note that we 
an boundthe Ri

i 
urvature by the s
alar 
urvature; hen
e jRi
j . R, jAj . R, jEj . R. Also, observethat by (1.22), jr2wj 6 CjAj+ C 6 CR+ C. With these fa
ts in mind, from (1.13), (1.18),and (1.19), we see thatTijrirjF = TijrirjR+ 24TijrirjV> 3R�'� 12 hrw;r'iR + 124R3� CR2 �CR� C :Note that j�'j = je�2w�0'+ 2e�2whr0w;r0'ij6 C ;jr'j = e�wjr0'j 6 C ;thus TijrirjF > 124F 3 � CF 2 � CF � C :



10 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSUsing the inequalities �CF 2 > � 196F 3 � C, �CF > � 196F 3 � C, we 
on
ludeTijrirjF > 148F 3 � C : (1.27)When � = 0 in (1.13) we still de�ne F = R + 24V ; using (1.16) and (1.17) dire
tly andestimating as before, we �nd SijrirjF > 148F 3 � C : (1.28)The 
on
lusion of Proposition 1.1 now follows from applying the maximum prin
iple to(1.27) and (1.28), after introdu
ing a 
ut{o� fun
tion � supported in B(�), and estimating themaximum of �F . Sin
e the argument is quite standard, the details will be omitted. The resultis an estimate for the s
alar 
urvature R in B(�=2); this implies a bound on jAj, and 
onse-quently bounds on jr2wj, jr20wj, and j�i�jwj. �The same argument 
an be applied to give the following result:Corollary 1.3. Let g0 be a Riemannian metri
 on B(�) in R4. Suppose g = e2wg0 satis�es�2(Ag) = '1e�4w + '2;R > 0;on B(�), where '1 � 0 and '2 � 0. Then there is a a 
onstantC = C(�; kg0kC2(B(�)); k'1kC2(B(�)) ; k'2kC2(B(�)) ; kwkL1(B(�)) ; krwkL1(B(�)))su
h that kr2wkL1(B(�=2)) 6 C :Applying the estimate of Proposition 1.1 to the sequen
es g?k = e2wkgk0 and �gk = e2wkgk0des
ribed above, we haveCorollary 1.4.(i) For the dilated and res
aled sequen
e �gk = e2wkgk0 , there exists a C1;1 
onformal metri
�g = e2wds2 with (a subsequen
e of) wk ! w in C1;� on 
ompa
t subsets of R4 , where0 < � < 1. Furthermore, �g satis�es�2(A�g) � 0 ;R�g > 0 ; (1.29)jrwj(0) = 1 : (1.30)(ii) For the dilated sequen
e g?k = e2wkgk0 , there exists a C1 
onformal metri
 g = e2wds2su
h that (a subsequen
e of) wk ! w in C2;� on 
ompa
t subsets of R4 . Furthermore,after possibly res
aling, g satis�es�2(Ag)R�R > 0; = �� ; (1.31)where �� = 12 (12)1�� and � = 0 or 1.



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 112. Solutions on R4 , Part 1In this se
tion we prove the following uniqueness result.Theorem 2.1. Suppose g = e2wds2 is a 
onformal metri
 on R4 with w 2 C1;1, satisfying�2(Ag) = 0 ; (2.1)Rg > 0 : (2.2)Then w � 
onstant.Remark. As a 
onsequen
e of the above theorem, we see that the limiting metri
 �g = e2wds2,de�ned as the C1;�{limit of the blow{up sequen
e des
ribed in Cor. 1.4(i), 
annot o

ur.Proof. Regularity 
onsiderations will 
ompli
ate our arguments somewhat. We begin byderiving an estimate whi
h holds for arbitrary smooth 
onformal metri
s on R4 ; a limitingargument will imply that the same estimate holds for C1;1 metri
s. To this end, �x � > 0and let � denote a 
ut{o� fun
tion supported in B(2�) satisfying � � 1 on B(�); jr�j . ��1,jr2�j . ��2. Let w = RB(2�)wRB(2�)1denote the mean value of w on B(2�). Sin
eAg = �2r2w + 2dw 
 dw � jrwj2Æwhere Æ is the identity, we have�2(Ag) = �2(�2r2w + 2dw 
 dw � jrwj2Æ)= e�4wf�2jr2wj2 + 2(�w)2 + 4r2w(rw;rw) + 2�wjrwj2g : (2.3)Using the Bo
hner identity 12�jrwj2 = jr2wj2 + hrw;r(�w)i ;we 
an rewrite (2.3) as�2(Ag)e4w = ��jrwj2 + 2hrw;r(�w)i + 2(�w)2+ 4r2w(rw;rw) + 2�wjrwj2 : (2.4)



12 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSNow multiply both sides of (2.4) by �4(w � w) to getZ (w � w)�2(Ag)e4w�4 = Z ��4(w � w)�jrwj2+ 2�4(w � w)hrw;r(�w)i + 2�4(w � w)(�w)2+ 4�4(w � w)r2w(rw;rw) + 2�4(w � w)�wjrwj2 : (2.5)Integrating by parts givesZ ��4(w � w)�jrwj2 = Z �jrwj2�[�4(w � w)℄= Z �jrwj2[4�3��(w � w) + 12�2(w � w)jr�j2+ 8�3hr�;rwi+ �4�w℄= Z �4�3��(w � w)jrwj2 � 12�2jr�j2(w � w)jrwj2� 8�3hr�;rwijrwj2 � �4jrwj2�w ; (2.6)Z 2�4(w �w)hrw;r(�w)i = Z �2�4(w � w)(�w)2 � 2�4�wjrwj2� 8�3(w � w)hr�;rwi�w ; (2.7)Z 4�4(w � w)r2w(rw;rw) = Z 2�4(w � w)hrw;rjrwj2i= Z �2�4(w � w)�wjrwj2 � 2�4jrwj4� 8�3(w � w)hr�;rwijrwj2 : (2.8)Substituting (2.6){(2.8) into (2.5) we haveZ (w � w)�2(Ag)e4w�4 = Z �4�3��(w � w)jrwj2� 12�2(w � w)jr�j2jrwj2 � 8�3hr�;rwijrwj2� 8�3(w � w)hr�;rwijrwj2 � 8�3(w � w)hr�;rwi�w� 3�4jrwj2�w � 2�4jrwj4 (2.9)The last three terms in (2.9) require spe
ial attention. First, integrating by parts we 
an



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 13write Z �8�3(w �w)hr�;rwi�w= Z �8�3(w � w)�i��iw�j�jw= Z 8�3(w � w)�i��j�iw�jw + 8�3(w � w)�j�i��iw�jw+ 8�3�jw�i��iw�jw + 24�2(w � w)�j��i��iw�jw= Z 4�3(w � w)hr�;rjrwj2i+ 8�3(w � w)r2�(rw;rw)+ 8�3jrwj2hr�;rwi + 24�2(w � w)jhr�;rwij2= Z �4�3(w � w)��jrwj2 � 4�3jrwj2hr�;rwi� 12�2(w � w)jrwj2jr�j2 + 8�3(w �w)r2�(rw;rw)+ 8�3jrwj2hr�;rw) + 24�2(w � w)jhr�;rwij2= Z �4�3(w � w)��jrwj2 + 4�3jrwj2hr�;rwi� 12�2(w � w)jrwj2jr�j2 + 8�3(w �w)r2�(rw;rw)+ 24�2(w � w)jhr�;rwij2 : (2.10)For the last two terms in (2.9) we use the s
alar 
urvature equation�w + jrwj2 + 16Re2w = 0 (2.11)to 
on
lude Z �3�4jrwj2�w � 2�4jrwj4= Z �3�4jrwj2(�jrwj2 � 16Re2w)� 2�4j�wj4= Z 12Re2wjrwj2�4 + �4jrwj4 : (2.12)Substituting (2.10) and (2.12) into (2.9) we arrive atZ (w �w)�2(Ag)e4w�4 = Z �8�3��(w � w)jrwj2� 24�2(w � w)jr�j2jrwj2 + 24�2(w � w)jhr�;rwij2+ 8�3(w � w)r2�(rw;rw) � 4�3hr�;rwijrwj2� 8�3(w � w)hr�;rwijrwj2+ 12Re2wjrwj2�4 + �4jrwj4 : (2.13)



14 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSUsing the properties of � we 
an estimate several of the terms on the RHS (2.13) in order to
on
lude thatZ 12Re2wjrwj2�4 + �4jrwj4 6 Z (w � w)�2(A)e4w�4+ C��2 ZA(�) jw � wjjrwj2�2 + 
��1 ZA(�) jw � wjjrwj3�3 ; (2.14)where A(�) = B(2�) n B(�). In deriving (2.14) we have made no spe
ial assumptions aboutthe metri
 g = e2wds2, other than smoothness (in order to justify the integration by parts).We now begin to spe
ialize to the 
ase of interest.First, note that if w is just C1;1, then (2.14) holds for any molli�
ation of w. A limitingargument then implies that (2.14) is equally valid for any C1;1{metri
 g = e2wds2. Moreover,if we assume that g satis�es (2.1) and (2.2), thenZ �4jrwj4 6 C��2 ZA(�) jw � wjjrwj2�2 +C��1 ZA(�) jw � wjjrwj3�3 : (2.15)We now pro
eed to estimate the last two integrals in (2.15). First,C��2 ZA(�) jw � wjjrwj2�2 6 C��2� ZA(�) jw � wj2�1=2� ZA(�) �4jrwj4�1=2 : (2.16)By the Poin
ar�e inequality on B(2�), we see thatZA(�) (w � w)2 6 ZB(2�) (w � w)2 6 C�2 ZB(2�) jrwj2 :Let � be a 
ut{o� fun
tion supported in B(3�) satisfying � � 1 on B(2�), jr�j . ��1.Referring ba
k to (2.11), we haveZ �2�w + �2jrwj2 + 16Re2w�2 = 0 :Sin
e R > 0, Z �2jrwj2 6 Z ��2�w= Z 2�r�rw6 Z 12 �2jrwj2 + 2jr�j2) Z �2jrwj2 6 C�2 :



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 15Therefore, ZB(2�) jrwj2 6 C�2 ; (2.17)so that ZA(�) (w � w)2 6 ZB(2�) (w � w)2 6 C�4 : (2.18)Substituting this into (2.16), we 
on
ludeC��2 ZA(�) jw � wjjrwj2�2 6 C� ZA(�) �4jrwj4�1=2 : (2.19)For the last integral in (2.15) we haveC��1 ZA(�) jw � wjjrwj3�3 6 C��1� ZA(�) (w � w)2jrwj2�2�1=2� ZA(�) �4jrwj4�1=2: (2.20)Referring to (2.11) on
e again, and arguing as before, we �ndZ (�w + jrwj2 + 16Re2w)�2(w �w)2 = 0) Z jrwj2�2(w �w)2 6 Z ��w �2(w � w)2= Z 2�(w �w)2r�rw+ 2(w � w)�2jrwj26 Z 14 jrwj2�2(w � w)2 + 4jr�j2(w � w)2+ 14 jrwj2�2(w � w)2 + jrwj2�2) Z jrwj2�2(w �w)2 . ��2 ZA(�) jw � wj2 + ZB(2�) jrwj2. �2 ;the last line following from (2.17) and (2.18). If we substitute this into (2.20),C��1 ZA(�) jw � wjjrwj3�3 6 C� ZA(�) �4jrwj4�1=2 : (2.21)



16 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSCombining (2.15), (2.19), and (2.21), we 
on
ludeZ �4jrwj4 6 C� ZA(�) �4jrwj4�1=2 : (2.22)From (2.22) it easily follows that w � 
onstant. First, noti
e that (2.22) implies thatZR4 jrwj4 <1 :In parti
ular, ZA(�) jrwj4 = ZB(2�)nB(�) jrwj4 ! 0 as �!1 ;whi
h by (2.22) implies jrwj � 0. �3. Solutions on R4 , Part 2In this se
tion we provide a 
lassi�
ation of all solutions on R4 of�2(Ag)R� = ��;g = u2ds2; (3.1)where �� = 12 (12)1��, � = 0 or 1, and if � = 1 we assume, in addition, that R > 0. As weshall see, all su
h solutions are obtained by pulling ba
k the round metri
 on the sphere (andits images under the 
onformal group) under stereographi
 proje
tion.Our method is inspired by the 
orresponding uniqueness result of Obata [Ob℄ for thes
alar 
urvature. Indeed, to emphasize the parallel between our arguments, it will be helpfulto partially reprodu
e his. To this end, suppose g = u2g0 is a 
onformal metri
 on S4, whereg0 is the round metri
. Assume that g has 
onstant s
alar 
urvature.To begin, we write the formula whi
h expresses the tra
e{free Ri

i tensor E of g in termsof u: E = �2u�1r2gu+ 12u�1�gu g : (3.2)Note that the Hessian and Lapla
ian in (3.2) are with respe
t to g, not g0. If we pair bothsides of (3.2) with uE and integrate over S4 we obtainZS4 jEj2u dvolg = �2ZS4 g(E;r2gu)dvolg :



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 17Note that the se
ond terms in (3.2) vanishes when we pair with uE be
ause E is tra
e{free.We now apply the divergen
e theorem to 
on
ludeZS4 jEj2u dvolg = 2ZS4 g(ÆE; du)dvolg :The 
ontra
ted se
ond Bian
hi identity says that ÆE = 14dR, where R is the s
alar 
urvature.Sin
e R is 
onstant, E is divergen
e{free. ThusZS4 jEj2u dvolg = 0 : (3.3)The uniqueness result follows, sin
e (3.3) implies that g has 
onstant 
urvature.In our setting, we need a tensor whi
h plays the same role that the tra
e{free Ri

i tensordoes in Obata's proof. The �rst step in des
ribing su
h a tensor is the following result.Proposition 3.1. (See [Gu, Thm. B℄). Suppose (M4; g) is lo
ally 
onformally 
at. De�nethe symmetri
 two{tensor L by L = 14 jEj2g + 16RE �E2 :Then L satis�es trgL = 0; (3.4)ÆL = 12d �2(A) : (3.5)Proof. Just take 
2 = 1 and 
3 = � 112 in [Gu, Thm. B℄. �Now de�ne the tensor Z� = L� 2��2(A)R E : (3.6)Lemma 3.2. If g = u2ds2 satis�es (3.1), then Z� satis�estrgZ� = 0; (3.7)ÆZ� = 0 : (3.8)Proof. (3.7) is obvious from (3.4). Using (3.5),ÆZ� = Æ �L� 2��2(A)R E�= ÆL� 2��2(A)R ÆE= 12d �2(A) � �2 �2(A)R dR= 0;



18 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSsin
e � = 0 or 1. �For our proof we will need two additional sharp inequalities involving Z�.Proposition 3.3. Assume �2(A) > 0 and R > 0. Then(i) g(Z�; E) > 0, with equality if, and only if, E = 0.(ii) jZ�j2 6 13Rg(Z�; E).Proof.(i) By (3.6), g(Z�; E) = g(L;E) � 2��2(A)R jEj2= 16RjEj2 � trE3 � 2��2(A)R jEj2 : (3.9)Using the sharp inequality jtrE3j 6 1p3 jEj3, we haveg(Z�; E) > 16RjEj2 � 1p3 jEj3 � 2��2(A)R jEj2= 16RjEj2 � 1p3 jEj3 � 2��2(A)R (� 12 jEj2 + 124R2)= 112 (2� �)RjEj2 � 1p3 jEj3 + � jEj4R= 16 (1� �)RjEj2 � (1��)p3 jEj3+ �R (jEj4 � 1p3RjEj3 + 112R2jEj2)= (1��)p3 jEj2(�jEj+ 12p3R)2+ � jEj2R (jE � 12p3R)2 : (3.10)Now, 0 < 2�2(A) = �jEj2 + 112R2 = �� jEj+ 12p3R��jEj+ 12p3R� ;so �jEj+ 12p3R > 0. Sin
e � = 0 or � = 1, both terms on the RHS of (3.10) are non{negative,and their sum vanishes if, and only if, E = 0.(ii) We have jZ�j2 = jLj2 + 4�2 �2(A)2R2 jEj2 � 4��2(A)R g(L;E) (3.11)while jLj2 = jE2j2 � 14 jEj4 + 136R2jEj2 � 13RtrE3 : (3.12)We will need the following lemma:



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 19Lemma 3.4. jE2j2 6 712 jEj4 : (3.13)Proof. This amounts to a Lagrange{multiplier problem. Fix a point and diagonalize E:E = 0B��1 �2 �3 �41CA:Sin
e E is tra
e{free, �4 = � 3Pi=1�i :It suÆ
es to establish (3.13) assuming jEj2 = 1. Therefore, we must show thatf(�1; �2; �3; �4) � �41 + �42 + �43 +� 3Pi=1�i�4 6 712subje
t to the 
onstraint �21 + �22 + �23 +� 3Pi=1�i�2 = 1 :The asso
iated Euler{Lagrange equation is then�3j +� 3Pi=1�i�3 = ���j + 3Pi=1�i� ; (3.14)j = 1; 2; 3; where � is the Lagrange multiplier.First, suppose �j + 3Pi=1�i 6= 0 (3.15)for ea
h j = 1; 2; 3. Using the 
ommon value of � from (3.14) we �nd� = �3j + (��i)3�j +��i = �2j � �j(��i) + (��i)2 ;so that �2j � �j(��i) + (��i)2 = �2k � �k(��i) + (��i)2for all j; k. Thus, �1(�2 + �3) = �2(�1 + �3) = �3(�1 + �2) : (3.16)



20 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSIf one of the eigenvalues is zero, say �1 = 0, then by (3.16) we see that another eigenvaluemust vanish | say �2 = 0. Then �3 = � 1p2 , �4 = ��3, and f(�1; �2; �3; �4) = 12 . However,if �j 6= 0, then from (3.16) we 
on
lude that �1 = �2 = �3, and f(�1; �2; �3; �4) = 712 .Returning to the assumption (3.15), if for some j, say j = 3, we have�3 +P�i = 0 ;then rewriting (3.14) for j = 1; 2 we �nd�3j � �33 = �(�j � �3) :If �1 = �3, it follows that �2 = �3�3. If �2 = �3, it follows that �1 = �3�3. In either 
ase Eis 
onjugate to the matrix E = 0B�� � � �3�1CA :If �1 6= �3 and �2 6= �3, we �nd, using the 
ommon value of �,�2(�2 + �3) = �1(�1 + �3) :Hen
e either �1 = �2, so that �3 = ��1 and f(�1; �2; �3; �4) = 14 < 712 , or �1 + �2 = ��3,then �3 = 0, and �1 = ��2. Then f(�1; �2; �3; �4) = 2�14 with jEj2 = 2�12 = 1. Thusf(�1; �2; �3; �4) = 14 < 712 : �Substituting (3.13) into (3.12), we �ndjLj2 6 13 jEj4 + 136R2jEj2 � 13RtrE3 : (3.17)Thus, from (3.11),jZ�j2 6 13 jEj4 + 136R2jEj2 � 13R trE3+ 4�2 �2(A)2R2 jEj2 � 4��2(A)R g(L;E)= 13 jEj4 + 136R2jEj2 � 13R trE3+ 4�2 �2(A)2R2 jEj2 � 4��2(A)R g�Z� + 2��2(A)R E;E�= 13 jEj4 + 136R2jEj2 � 13R trE3� 4�2 �2(A)2R2 jEj2 � 4��2(A)R g(Z�; E)6 13 jEj4 + 136R2jEj2 � 13R trE3 :



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 21Therefore, jZ�j2 � 13Rg(Z�; E) 6 13 jEj4 � 136R2jEj2 + 23�2(A)jEj2 = 0 : �We are now prepared to prove the 
lassi�
ation des
ribed at the beginning of the se
tion.First, re
all that when � = 1 in (3.1) we assume that R > 0. However, if � = 0, it turns outthat the s
alar 
urvature must be positive as well. Indeed, in either 
ase it must be stri
tlypositive.Lemma 3.5. Suppose g = u2ds2 satis�es (3.1) with �� = 12 (12)1��, � = 0 or 1, and if � = 1we assume, in addition, that R > 0. Then the s
alar 
urvature satis�esR > 12 (3.18)Proof. If R > 0, then (3.1) implies 124R2 > �2(Ag) = ��R� (3.19)and (3.18) follows. Therefore, our only task is to show that R > 0 when � = 0.Note that (3.19) implies that either R > 12 or R 6 �12 on R4 . To rule out the latter
ase, we appeal to the s
alar 
urvature equation�u+ 16Ru3 = 0 :If R 6 �12, then 2u3 6 �u : (3.20)Let � � 1 and � denote a 
ut{o� fun
tion supported in B(2�) satisfying � � 1 on B(�),jr�j . ��1. Multiplying both sides of (3.20) by u�4 and integrating we �ndZ 2u4�4 6 Z u�4�u = Z �4�3ur�ru� �4jruj26 Z (4�2u2jr�j2 + �4jruj2)� �4jruj2. ��2Z�<jxj<2��2u2 . ��20B� Z�<jxj<2��4u41CA1=20B� Z�<jx<2�1CA1=2. 0B� Z�<jxj<2��4u41CA1=2 :(3.21)Now, (3.21) obviously implies that u 2 L4(R4 ). But this in turn implies that the RHS of(3.21) approa
hes zero as � ! 1. Sin
e u > 0, we 
on
lude that R 
annot be negative.�



22 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSTheorem 3.6. Let g = u2ds2 be a solution to (3.1), where � = 0 or 1. Then u(x) =(ajxj2+ bixi+ 
)�1 for 
onstants a; bi; 
. In parti
ular, g is obtained by pulling ba
k to R4 theround metri
 on S4 (or its image under a 
onformal map).Proof. To begin, �x � > 1 and let � denote a 
ut{o� fun
tion supported in B(2�) satisfying� � 1 on B(�), jr�j . ��1. As outlined above, we write the formula for the tra
e{free Ri

itensor E of g in terms of u: E = �2u�1r2gu+ 12u�1�gug : (3.22)Noti
e that in (3.22), the Hessian and Lapla
ian are with respe
t to g, not the Eu
lideanmetri
. Next we pair both sides with �u�2Z� to getZ g(Z�; E)u�2dvolg = Z �2g(Z�;r2gu)�2dvolg : (3.23)Note that in (3.23) we have used the fa
t that Z� is tra
e{free. Applying the divergen
etheorem, Z g(Z�; E)u�2dvolg = Z 2g(ÆZ�; du)�2dvolg+ Z 2Z�(rgu;rg(�2))dvolg :By Lemma 3.2, ÆZ� = 0. ThusZ g(Z�; E)u�2dvolg = Z 2Z�(rgu;rg(�2))dvolg= Z 4Z�(rgu;rg�)� dvolg� Z 4jZ�jjrgujjrg�j� dvolg :Using Proposition 3.3 (ii), we 
on
ludeZ g(Z�; E)u�2 dvolg 6 4p3 Z R1=2(g(Z�; E))1=2jrgujjrg�j� dvolg :By the S
hwartz inequality,Z g(Z�; E)u�2dvolg 6 4p3� Zsuppjr�j g(Z�; E)u�2dvolg�1=2��Z Rjrguj2u�1jrg�j2dvolg�1=2 ; (3.24)
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h, of 
ourse, impliesZ g(Z�; E)u�2dvolg . Z Rjrguj2u�1jrg�j2dvolg : (3.25)We now rewrite the integral on the RHS of (3.25) in terms of the Eu
lidean metri
, using theidentities jrguj2 = u�2jruj2 ;jrg�j2 = u�2jr�j2 ;dvolg = u4dx :Thus, Z Rjrguj2u�1jrg�j2dvolg = Z Rjruj2u�1jr�j2dx :Sin
e jr�j2 . ��2 and supp � � B(2�) n B(�), this impliesZ Rjrguj2u�1jrg�j2dvolg . ��2 ZB(2�)nB(�) Rjruj2u�1dx : (3.26)We 
laim that the RHS of (3.26) is bounded independent of �. Assuming this for the moment,we 
on
lude by (3.25) that ZR4 g(Z�; E)u dvolg <1 :In parti
ular, Zsuppjr�j g(Z�; E)u dvolg ! 0 as �!1 : (3.27)Combining (3.27) with (3.24) and the boundedness of the integrals in (3.26) we 
on
ludeZ g(Z�; E)u�2 dvolg ! 0 as �!1 :Therefore, g(Z�; E) � 0 on R4 , so by Proposition 3.3(i), E � 0. The 
on
lusion of Theorem3.6 now follows from standard arguments. �We now return to the estimate in (3.26)Proposition 3.7. There is a 
onstant 
1 su
h that for any � > 0,ZB(2�)nB(�) Rjruj2u�1dx 6 
1�2 : (3.28)



24 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSProof. It will simplify our 
al
ulations somewhat if we let u = ew and establish the equivalentestimate ZB(2�)nB(�) Rewjrwj2 6 
1�2 :If g = e2wds2, then A = �2r2w + 2dw 
 dw � jrwj2Æ ;where Æ is the identity. Therefore,�2(A) = �2(�2r2w + 2dw 
 dw � jrwj2Æ)= e�4w ��2jr2wj2 + 2(�w)2 + 4r2w(rw;rw) + 2�wjrwj2	 : (3.29)Using the Bo
hner identity 12�jrwj2 = jr2wj2 + hrw;r(�w)i ;we rewrite (3.29) as �2(A)e4w = ��jrwj2 + 2hrw;r(rw)i + 2(�w)2+ 4r2w(rw;rw) + 2�wjrwj2 : (3.30)Now, �x � > 0 and denote A(�) = fx 2 R4 j� < jxj < 2�g. Let � be a 
ut{o� fun
tionsatisfying � � 1 on A(�) ;� � 0 on B(�2) ;� � 0 outside B(3�) ;jr�j . ��1 ;jr2�j . ��2 :Multiplying both sides of (3.30) by �4e�w, we �ndZ �4�2(A)e3w = Z ��4e�w�jrwj2 + 2�4e�whrw;r(�w)i+ 2�4e�w(�w)2 + 4�4e�wr2w(rw;rw)+ 2�4e�w�wjrwj2= I1 + I2 + I3 + I4 + I5 : (3.31)We now analyze several of the terms in (3.31) more 
arefully.



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 25Integrating by parts givesI1 = Z ��4e�w�jrwj2= Z ��(�4e�w)jrwj2= Z �[�(�4)e�w + �4�(e�w) + 2hr(�4);r(e�w)i℄jrwj2= Z ��(�4)e�wjrwj2 � �4[�e�w�w + e�wjrwj2℄jrwj2� 2hr(�4);r(e�w)ijrwj2= Z ��(�4)e�wjrwj2 + �4e�w�wjrwj2 � �4e�wjrwj4+ 2e�whr(�4);rwijrwj2 : (3.32)Next, I2 = Z 2�4e�whrw;r(�w)i= Z �2�4e�w(�w)2 � 2�4hr(e�w);rwi�w� 2e�whr(�4);rwi�w= Z �2�4e�w(�w)2 + 2�4e�wjrwj2�w� 2e�whr(�4);rwi�w :For the last term above we integrate by parts again:Z �2e�whr(�4);rwi�w= Z �2e�w�i(�4)�iw�k�kw= Z 2e�w�i(�4)�k�iw�kw + 2e�w�k�i(�4)�iw�kw+ 2�k(e�w)�i(�4)�iw�kw= Z e�w�i(�4)�ijrwj2 + 2e�wr2(�4)(rw;rw)� 2e�wjrwj2hr(�4);rwi= Z �e�w�i�i(�4)jrwj2 � �i(e�w)�i(�4)jrwj2+ 2e�wr2(�4)(rw;rw) � 2e�wjrwj2hr(�4);rwi= Z �e�w�(�4)jrwj2 + 2e�wr2(�4)(rw;rw)� e�wjrwj2hr(�4);rwi :



26 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSThus, I2 = Z 2�4e�w(�w)2 + 2�4e�w�wjrwj2� e�w�(�4)jrwj2 + 2e�wr2(�4)(rw;rw)� e�wjrwj2hr(�4);rwi : (3.33)Finally, I4 = Z 4�4e�wr2w(rw;rw)= Z 2�4e�wrwrjrwj2= Z �2�4e�w�wjrwj2 � 2�4hr(e�w);rwijrwj2� 2e�whr(�4);rwijrwj2= Z �2�4e�w�wjrwj2 + 2�4e�wjrwj4� 2e�whr(�4);rwijrwj2 : (3.34)Combining (3.31){(3.34) we �ndZ �4�2(A)e3w = Z 3�4e�w�wjrwj2 + �4e�wjrwj4� e�whr(�4);rwijrwj2 + 2e�wr2(�4)(rw;rw)� 2�(�4)e�wjrwj2 : (3.35)Now, as the s
alar 
urvature satis�es�w + jrwj2 + 16Re2w = 0 ;we have �w = �jrwj2 � 16Re2w ;and substituting this into the �rst term in the RHS of (3.35) we �ndZ �4�2(A)e3w = Z � 12�4Rewjrwj2 � 2�4e�wjrwj4� e�whr(�4);rwijrwj2 + 2e�wr2(�4)(rw;rw)� 2�(�4)e�wjrwj2 :



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 27Using the fa
t that �2(A) > 0, and the properties of �, we 
on
ludeZ 12�4Re2wjrwj2 + 2�4e�wjrwj4. Z ��1�3e�wjrwj3 + ��2�2e�wjrwj2 : (3.36)By H�older's inequality,Z ��1�3e�wjrwj3 6 ��1�Z �4e�wjrwj4�3=4� Zsupp � e�w�1=4 :Using the inequality xy 6 34"4=3x4=3 + 14"�4y4, we haveZ ��1�3e�wjrwj3 6 34"4=3 Z �4e�wjrwj4 + 14"�4��4 Zsupp � e�w : (3.37)Similarly, Z ��2�2e�wjrwj2 6 ��2�Z �4e�wjrwj4�1=2� Zsupp � e�w�1=26 "2 Z �4e�wjrwj4 + 12" ��4 Zsupp � e�w : (3.38)Substituting (3.37) and (3.38) into (3.36), and 
hoosing " > 0 suÆ
iently small, we 
on
ludeZB(2�)nB(�) Rjruj2u�1 = ZB(2�)nB(�) Rewjrwj26 Z �4Rewjrwj2. ��4 Zsupp � e�w : (3.39)Then (3.28) follows from (3.39) and the following te
hni
al lemma:Lemma 3.8. If g = u4=n�2ds2 = e2wds2 is a 
onformal metri
 on Rn with s
alar 
urvatureR > 
0 > 0, then there is a 
onstant 
2 su
h that for all jxj suÆ
iently large,u�1(x) = e� (n�2)2 w(x) 6 
2jxjn�2 :



28 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSProof. The s
alar 
urvature equation��u = (n�2)4(n�1)Ru n+2n�2is invariant under the Kelvin transform x 7! xjxj2 . Thus, if bu(x) = 1jxjn�2u� xjxj2�, bR(x) =R� xjxj2�, then bu satis�es��bu = (n� 2)4(n� 1) bRbun+2n�2 on Rn � f0g :Sin
e bR(x) > 
0 > 0, it follows that��bu > 
nbu n+2n�2 on Rn � f0g :Then the arguments of [KMPS, Lemma 1℄ imply that��bu > 0on Rn in the sense of distributions. From this we 
on
lude that bu(x) > 
1 > 0 on B(1)nf0g : �4. The Proof of the main theoremThe proof of the main theorem begins by assuming that for some sequen
e of 
onformalmetri
s fgk = e2wkg0g the bound (0.7) fails. We then dilate as des
ribed in se
tion 1 to obtaina sequen
e fg?k = T ?"k(e2wkg0) � e2wkgk0g on R4 satisfyingmaxfewk + jr0wkjg = ewk(0) + jr0wk(0)j = 1 : (4.1)Re
all that if limk ewk(0) = 0, then by Cor. 1.4(i) (a subsequen
e of) the res
aled sequen
ewk = wk � wk(0) 
onverges to w 2 C1;1(R4 ), with �g = e2wds2 satisfying�2(A�g) � 0 ;R�g > 0 ;jrw(0)j = 1 : (4.2)However, Theorem 2.1 implies that w � 
onstant, 
ontradi
ting (4.2). Consequently, we mayassume that limsup ewk(0) > 0. In this 
ase, by Cor. 1.4(ii) (a subsequen
e of) wk ! w 2C1(R4). After res
aling if ne
essary, the limiting metri
 g = e2wds2 satis�es�2(Ag)R� = �� ;Rg > 0 ;
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ording to Theorem 3.1, g is obtained by pullingba
k the round metri
 on S4 via stereographi
 proje
tion. In parti
ular, it follows thatZR4 �2(Ag)dvolg = 16�2 ; (4.3)ZR4 �2(Ag)R dvolg = 43�2 ; (4.4)ZR4 dvolg = 83�2 : (4.5)At this point, it will simplify the exposition if we 
onsider the 
ases where � = 0 and � = 1separately, beginning with � = 0.Now, given any �xed ball B(�) � R4 ,ZB(�) �2(Ag?k )dvolg?k ! ZB(�) �2(Ag)dvolg (4.6)as k !1. On the other hand, sin
e g?k = T ?"kgk, we haveZB(�) �2(Ag?k )dvolg?k = ZB(�) T ?"k (�2(Agk )dvolgk )= ZT"k (B(�)) �2(Agk )dvolgk6 ZM4 �2(Agk )dvolgk : (4.7)Sin
e the RHS of (4.7) is 
onformally invariant, this impliesZB(�) �2(Ag?k )dvolg?k 6 ZM4 �2(Ag0)dvolg0 : (4.8)If we let k !1 in (4.8), then let �!1, it follows from (4.6) and (4.3) that16�2 6 ZM4 �2(Ag0)dvolg0 : (4.9)However, by [G, Theorem B℄, R �2(Ag0)dvolg0 6 16�2 with equality if, and only if, (M4; g0)is 
onformally equivalent to the round sphere. Thus, the bound (0.7) holds unless (M4; g0) is
onformally the round sphere, as 
laimed.



30 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSWhen � = 1 we argue similarly. First, for any �xed ball B(�),� ZB(�) �2(Ag?k )Rg?k dvolg?k�� ZB(�) dvolg?k��1=2! � ZB(�) �2(Ag)Rg dvolg�� ZB(�) dvolg��1=2 (4.10)as k !1. By the S
hwartz inequality,� ZB(�) �2(Ag?k )Rg?k dvolg?k�� ZB(�) dvolg?k��1=26 � ZB(�) �2(Ag?k )dvolg?k��1=2� ZB(�) �2(Ag?k )R2g?k dvolg?k��1=2� ZB(�) dvolg?k��1=2 : (4.11)From the de�nition of �2 we noti
e�2(Ag?k )R2g?k = 1R2g?k ��12 jEg?k j2 + 124R2g?k�6 124 ;whi
h by (4.11) implies� ZB(�) �2(Ag?k )Rg?k dvolg?k�� ZB(�) dvolg?k��1=2 6 12p6� ZB(�) �2(Ag?k )dvolg?k��1=2 :By (4.7) and (4.8) we 
on
lude� ZB(�) �2(Ag?k )Rg?k dvolg?k�� ZB(�) dvolg?k��1=2 6 12p6�ZM4 �2(Ag0 )dvolg0��1=2 : (4.12)If we let k !1 in (4.12), then let �!1, it follows from (4.10), (4.4), and (4.5) that�43�2��83�2��1=2 6 12p6�ZM4 �2(Ag0 )dvolg0�1=2 :In other words, (4.9) holds. On
e again, we see that (0.7) holds unless (M4; g0) is 
onformallythe round sphere. This 
ompletes the 
ase � = 1 and the proof of the main theorem.



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 31To prove Corollary A when � = 0, we �rst observe that by (0.7), w is bounded fromabove. We integrate (0.6) with respe
t to the volume form of g = e2wg0:Z �2(Ag)dvolg = Z fdvolg = Z fe4wdvolg0 (4.13)by the 
onformal invarian
e of the integral on the left in (4.13), we see that0 < Z �2(Ag0)dvolg0 = Z �2(Ag)dvolg 6 kfk1vol(g0)e4maxw :Therefore, maxw > C(g0; kfk1). Sin
e (0.7) implies jr0wj 6 C(g0; kfkC2 ), we also knowthat jmaxw �minwj 6 C(g0; kfkC2); (4.14)and (0.8) follows.When � = 1, we integrate (0.6) on
e again:Z �2(Ag)dvolg = Z Rf dvolg 6 kfk1 Z Rdvolg : (4.15)Using the s
alar 
urvature equation, and integrating by parts, we �ndZ Rdvolg = Z Re4wdvolg0= Z (�6�0w � 6jr0wj2 +R0)e4wdvolg0= Z (12e2w jr0wj2 +R0e2w)dvolg06 C(g0; kfkC2 )e2maxw : (4.16)Note that in deriving (4.16) we used the bound (0.7). From (4.15) and (4.16) we 
on
ludemaxw > C(g0; kfkC2). Appealing to (4.14) on
e again, it follows that kwk1 6 C(g0; kfkC2 ).5. Existen
e of solutionsIn this se
tion, we prove Corollary B.We will apply the degree theory developed for fully nonlinear equations in [L℄. The keyaspe
t of this theory is that the degree remains invariant under 
ontinuous deformations ofthe equation as long as there is a uniform a priori estimates for all solutions of the equation,and a uniform bound for the ellipti
ity.Given (M4; g0), with the metri
 g0 satisfying the 
onditions (0.5), the main result of[CGY℄ asserts the existen
e of a 
onformal metri
 g = e2wg0 for whi
h the equation�2(Ag) = f (5.1)



32 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSholds for some positive fun
tion f . Assume in addition that (M4; g0) is not 
onformallyequivalent to the standard 4-sphere, then the main theorem of this paper asserts the existen
eof an a priori bound for any solution w of the equation. In parti
ular, given a (smooth) positivefun
tion h, there is a 
onstant 
 independent of t so that all solutions g = e2wg0 of the equation�2(Ag) = tf + (1� t)h (�t)with R(g) > 0 satis�es the bounds kwk4;� 6 
;Sij(g)�i�j > 1
 j�j2 : ) (5.2)We denote by the set O
O
 = fw 2 C4;�j(5:2) holds g \ fw 2 C4;�j�2(Agw ) > 0; Rgw > 0g :We denote the degree of the equation (�t) by deg(�t; O
; 0). The degree theory of [L℄ impliesthat deg(�0; O
; 0) = deg(�1; O
; 0): (5.3)We need to do a 
al
ulation verifying that for t = 1 the degree of the equation is non-zero.In order to do this, we deform the equation to one whose degree is easy to determine. First,it is useful to re-write the equation (5.1) in a suggestive form. Suppose g = e2wg0, denoteMij(w) = 2S0ij + 2r0ir0jw � 2�0wg0ij � 2r0iwr0jw: (5.4)Then, after some 
omputation, the equation (5.1) may be written in the form�r0i fMij(w)r0jwg+ �2(Ag0) = �2(Ag)e4w = fe4w: (5.5)It is important to note the identityMij(w) = Sij + S0ij + jr0wj2g0ijso that it is 
lear that when both �2(Ag) > 0; Rg > 0 and �2(Ag0) > 0; Rg0 > 0 , then Mij ispositive de�nite.It is also 
onvenient to re-formulate the equation (5.1), on a

ount of the 
onformal
ovarian
e property, using the solution metri
 g of the equation as the ba
kground metri
:�rifMij(v)rjvg+ f = fe4v (5.6)so that v = 0 is a solution to this equation satisfying R > 0.



S. Y. A. CHANG, M. J. GURSKY, AND P. YANG 33We now use the following deformation:�rifMij(v)rjvg+ f = �2(Agv )e4v = (1� t)f Z e4v + tfe4v: (5.7)where R e4v = R e4vdvolg . We label this equation by �t. When t = 1 we re
over the equation(5.6), and when t = 0 we have the "linear" equation�rifMij(v)rjvg+ f = f Z e4v : (5.8)To analyze the equation (5.8), we integrate it over the manifold to �nd that R e4vdvolg = 1.Hen
e the equation redu
es to �rifMij(v)rjvg = 0:By the positive de�niteness of Mij , v = 0 is the unique solution. To 
al
ulate the degree ofthis equation, we assume for the moment that we have established the a priori estimates forall solutions of the equations �t for all 0 � t � 1; thus deg(�1; OC ; 0) = deg(�0; OC ; 0).We need to �nd the linearization of the equation (5.8) at the unique solution v = 0:L _v = �2Sijrirj _v � f Z e4v4 _vdvolg= �2Sijrirj _v � 4f Z _vdvolg : (5.9)To see that L has no kernel, we set L' = 0. Then upon integration we �nd R 'dvolg = 0,and the maximum prin
iple shows ' = 0.If � is an eigenvalue of L, say with eigenfun
tion '; then upon integration�4(Z fdvolg)(Z 'dvolg) = �Z 'dvolg :So either � = �4 R fdvolg or R 'dvolg = 0. In the latter 
ase, we 
an multiply equation (5.9)by ' and integrate to 
on
lude that � > 0. Of 
ourse, 
onstant fun
tions ' are eigenfun
tionswith eigenvalue �4 R fdvolg . Hen
e deg(�0;

; 0) = �1.To 
omplete this argument, in the remaining part of this se
tion we will prove a prioriestimates for solutions of the equation �t whi
h verify the 
ondition R > 0.A preliminary observation is the volume bound
1 6 Z e4vdvolg 6 
2 (5.10)for solutions of the equation �t , where 
1; 
2 are 
onstants with 
i = 
i(maxf; inff).



34 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSAn immediate 
onsequen
e is the bound for the mean valuev = Z vdvolg 6 
 : (5.11)We divide our 
onsideration of �t into two 
ases: (I) 0 < t0 6 t 6 1, and (II) 0 6 t 6 t0,where t0 is to be determined later.Case I: 0 < t0 � t � 1. We �rst observe that from (5.7)�2(Agv ) = (1� t)fe�4v Z e4v + tf: (5.12)Thus �2(Agv ) � t0(inf f): We 
laim that all solutions of (5.12) are uniformly bounded in C1.Suppose this is not the 
ase, we will modify the blowup argument in se
tion one of this paperto obtain a 
ontradi
tion. Assume that there is a sequen
e fvkg with sup(jrvkj+ evk )!1.Denote gk = e2vkg and letfk = �2(Agk ) = (1� t)fe�4vk Z e4vk + tfChoose Pk to be the maximum point of jrvkj + evk on M, and �k ! 0 as in se
tion one.Denote vk;�k = T ��kvk + log�k, so thatjrvk;�k j+ evk;�k jx=0 = 1:Again, there are two possibilities depending on whether limk!1 evk;�k (0) = 0. We �rst observethat if limk!1 evk;�k (0) = Æ0 > 0 then vk(Pk) ! 1, so that denoting for simpli
ity gk =e2vk;�k g, for the dilated metri
 �2(Agk )(0) � tf(0), and a subsequen
e 
onverges to a solutionof the equation �2(Ag1) = tf(0) on R4 . By Theorem 3.6 and the argument in the proofof the main theorem in se
tion four, this implies that M is 
onformally equivalent to S4, a
ontradi
tion to our assumption.The other possibility is that limk!1 evk;�k (0) = 0. In this 
ase, jrvk;�k(0)j ! 1; as beforewe res
ale the dilated sequen
e ~vk;�k = vk;�k � vk;�k(0): (5.13)Then denoting by ~gk = g~vk;�k we have �2(A~gk ) = ~fk, with~fk = �2(A~gk ) = (T ��kf)[(1� t)(Z e4vk )�4ke�4~vk;�k + te4vk;�k (0)℄: (5.14)Be
ause of the bound (5.10), we 
an apply Corollary 1.3 to obtain bounds (on any �xedball) on the se
ond derivatives of ~vk;�k . Therefore ~vk;�k ! v in C1;� on 
ompa
t sets. Sin
e
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hes 0 as k !1, the limiting metri
 g = e2vds2 satis�es �2(Ag) � 0.It follows from Theorem 2.1 that v is a 
onstant; but this 
ontradi
ts the assumption abovethat jrvk;�k(0)j ! 1 as k ! 1. Thus we have the a priori bound for solutions of �t, as
laimed.Case II: 0 < t � t0 < 1In this 
ase we will prove dire
tly that the metri
 gv satisfying the equation (5.7) hasjjvjjC4;� norm bounded for some � > 0.To do this, we �rst re
all a spe
ial 
ase of the Trudinger-Moser inequality ( [M℄, [F℄): On(M4; g), there exists some 
onstant 
0 so that for all v 2W 1;4(M4), we haveZ exp�
4 jv � vjD(v) �4=3dvolg 6 
0; (5.15)where 
4 = 4jS3j4=3, v = R vdvolgR dvolg and D(v) = � R jrvj4�1=4 :Multiply the equation (5.15) v � v and integrate; we getZ �Sijri vrj v+~Sijrivrj v+jrvj4�dvolg = Z f(v�v)(1�t)Z e4v+tZ f(v�v)e4v : (5.16)The 
on
avity of the logarithm implies:Z f(v � v)e4v 6 (sup f)�Z e4v� log Z ejv�vje4v6 (sup f)�Z e4v�� log Z e5jv�vj + 4v� : (5.17)Using the simple inequality 5t 6 
4D4=3 t4=3 + �D4where � = � 154
4�3�5� 154
4 � ;we �nd log Z e5jv�vj 6 log Z exp�
4� jv � vjD �4=3 + �D4�6 
0 + �D4 : (5.18)Combine (5.17), (5.18) and substituting into (5.16), re
all (5.12) and (5.13), we getD4 6 
+ t
(
0 + �D4) :



36 ESTIMATE FOR A FULLY NONLINEAR EQUATION ON FOUR{ MANIFOLDSThus for t 6 t0 suÆ
iently small, we �nd D 6 
. As a 
onsequen
e,Z e4v � Z e�4v = Z e4(v�v) � Z e�4(v�v) 6 
e
D � 
:We �nd from (5.12) that e�4v � Z e4v � 
:Hen
e �
1 6 v 6 
 : The positivity of Rgv then yields a lower bound for v.From the expression of �2(Agv ) in (5.14), we 
an then apply the argument of se
tion 5in [CGY℄ to 
on
lude that there is an a priori estimate for jjvjjW 2;p for some p > 4; hen
ejjvjjC1;� � 
 for some 
onstant 
. At this point, the regularity theory of Evans [Ev℄ and Krylov[Kr℄ applies to show that we have uniform bounds:kvk2;� 6 
 ; and Sij � 3�2R � 
 :The uniform ellipti
ity of the equations then easily yieldskvk4;� 6 
:This �nishes the proof of the a priori estimate for Case II, hen
e for the equation �t, and
onsequently the proof of Corollary B. Referen
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