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0. Introduction

Under what conditions on the curvature can we conclude that a smooth, closed Riemann-
ian manifold is diffeomorphic (or homeomorphic) to the sphere? A result which addresses this
question is usually referred to as a sphere theorem, and the literature abounds with examples
(see Chapter 11 of [Pe] for a brief survey).

In this paper we concentrate on four dimensions, where Freedman’s work is obviously
very influential. For example, any curvature condition which implies the vanishing of the
de Rham cohomology groups H'(M* R) and H?(M* R) will, by Freedman’s result ( [Fr]),
imply that M* is covered by a homeomorphism sphere. At the same time, there are some
very interesting results which characterize the smooth four-sphere.

An example of particular importance to us is the work of Margerin ([Ma2]), in which he
formulated a notion of “weak curvature pinching.” To explain this we will need to establish
some notation. Given a Riemannian four-manifold (M*,g), let Riem denote the curvature
tensor, W the Weyl curvature tensor, Ric the Ricci tensor, and R the scalar curvature. The
usual decomposition of Riem under the action of O(4) can be written

Riem =W + %E Dg + iRg Dy, (0.1)

where F = Ric — %Rg is the trace-free Ricci tensor and (® denotes the Kulkarni-Nomizu
product. If we let Z =W + %E @Dy, then

Riem = 7Z + iRg Dg.

Note that (M?,g) has constant curvature if, and only if, Z = 0. We now define the scale-
invariant ”"weak pinching” quantity
Z? _ [W|*+2|E?

WP = 7z 7 (0.2)

where |Z|? = Z;;1, Z7*! denotes the norm of Z viewed as a (0,4)-tensor.

Margerin’s main result states that if R > 0 and WP < %, then M* is diffeomorphic to
either $* or RP*%. Moreover, this ”weak pinching” condition is sharp: The spaces (CP2, grs)
and (S® x S, gprod.) both have R > 0 and WP = %. Indeed, using a holonomy reduction
argument, Margerin also proved the converse, in the sense that these manifolds (and any

quotients) are characterized by the property that WP = %.

Margerin’s proof relied on an important tool in the subject of sphere theorems, namely,
Hamilton’s Ricci flow. In fact, previously Huisken ([Hu]) and Margerin ([Mal]) independently
had used the Ricci flow to prove a similar pinching result, but with a slightly worse constant. In
addition, Hamilton ([Ha]) had used his flow to study four-manifolds with positive curvature
operator. As Margerin points out in his introduction, there is no relation between weak
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pinching and positivity of the curvature operator; indeed, weak pinching even allows for some
negative sectional curvature.

On the homeomorphism level, both Margerin’s and Hamilton’s curvature assumptions
already imply that the underlying manifold is covered by a homeomorphism sphere. If (M*, g)
has positive curvature operator, then the classical Bochner theorem implies that H*(M* R) =
H2(M*,R) = 0. As we observed above, Freedman’s work then gives the homeomorphism type
of the cover of M*. For manifolds satisfying WP < % the vanishing of harmonic forms is less
obvious, but does follow from [Gu].

One drawback to the sphere theorems described above is that they require one to verify a
pointwise condition on the curvature. In contrast, consider the (admittedly much simpler) case
of surfaces. For example, if the Gauss curvature of the surface (M?, g) satisfies [ KdA > 0,
then M? is diffeomorphic to $2 or RP?. In addition to this topological classification, the
uniformization theorem implies that (M?, g) is conformal to a surface of constant curvature,
which is then covered isometrically by S2. Therefore, in two dimensions one has a ”sphere
theorem” which only requires one to check an integral condition on the curvature.

Our goal in this paper is to generalize this situation, by showing that the smooth four-
sphere is also characterized by an integral curvature condition. As we shall see, our condition
has the additional properties of being sharp and conformally invariant. Although there are
different—though equivalent—ways of stating our main result, the simplest version involves
the Weyl curvature and the Yamabe invariant:

Theorem A. Let (M*,g) be a smooth, closed four-manifold for which
(i) the Yamabe invariant Y (M*, g) > 0, and

(ii) the Weyl curvature satisfies

/M4 [W|2dvol < 1672y (M*). (0.3)

Then M* is diffeomorphic to either S* or RP*.

Remarks.
1. Recall that the Yamabe invariant is defined by

Y(M*,g) = inf vol(j)~? / Rgdvolj,
g€lgl M4
where [g] denotes the conformal class of g. Positivity of the Yamabe invariant implies
that g is conformal to a metric of strictly positive scalar curvature.
2. In the statement of Theorem A, the norm of the Weyl tensor is given by |W|?> =
WijuW¥*k ie., the usual definition when W is viewed as a section of @*T*M*.
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However, if one views W as a section of End(A%(M*)), then the convention is |W|? =
%WMHW” k! This can obviously lead to confusion not only when comparing formulas
from different sources, but also when the Weyl tensor is interpreted in different ways
in the same paper (which will be the case here). To avoid this problem, our convention
will be to denote the (0,4)-norm using |- |, and the End(A?(M*))-norm by || - ||, which
has the added advantage of emphasizing how we are viewing the tensor in question.
We should note that some authors (for example, Margerin) avoid this confusion by just
defining an isomorphism between ®*7T* M* and End(A?(M*)) which induces the same
norm on both. But in our case, we will adopt the usual identification: if Z € @*T* M4,
then we identify this with Z € End(A?(M*)) by defining Z(w);j; = 32;; Fwy.

3. That Theorem A relies on an integral curvature condition indicates the possibility one
could attempt to formulate a version which imposed much weaker regularity assump-
tions on the metric. For example, in [CMS], Cheeger, Miiller, and Schrader defined
a notion of curvature on piecewise flat spaces, which also allowed a generalization of
the Chern—-Gauss—Bonnet formula.

By appealing to the Chern—-Gauss—Bonnet formula, it is possible to replace (0.3) with a
condition which does not involve the Euler characteristic. Since

SHMMﬁ:/‘&MW—%WP+%RﬂM% (0.4)
M4
Theorem A is equivalent to

Theorem A’. Let (M*,g) be a smooth, closed manifold for which
(i) the Yamabe invariant Y (M*,g) > 0, and

(ii) the curvature satisfies

/ (-%1E)® + 4 R? - 1|W|?)dvol > 0. (0.5)
M4

Then M* is diffeomorphic to either S* or RP*.

Formulating the result of Theorem A in this manner allows us to explain the connection
with the work of Margerin. This connection relies on recent work ([CGY1],[CGY2]) in which
we established the existence of solutions to a certain fully nonlinear equation in conformal
geometry. The relevance of this PDE work to the problem at hand is explained in Section 1.
Simply put, the results of [CGY1] and [CGY2] allow us to prove that under the hypotheses of
Theorem A’, there is a conformal metric for which the integrand in (0.5) is pointwise positive.
That is, through a conformal deformation of metric, we are able to pass from positivity in
an average sense to pointwise positivity. Now, any metric for which the integrand in (0.5) is
positive must satisfy

\W|?+2|E)” < tR?,
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by just rearranging terms. Note that this implies in particular that R > 0. Dividing by R?,
we conclude that
W%+ 2|E|? .

R? 6

The conclusion of the theorem thus follows from Margerin’s work.

WP =

As we mentioned above, Theorem A is sharp. By this we mean that we can precisely
characterize the case of equality:

Theorem B. Let (M*, g) be a smooth, closed manifold which is not diffeomorphic to either
S* or RP*. Assume in addition that

(i) the Yamabe invariant Y (M*, g) > 0,
(ii) the Weyl curvature satisfies

/M4 W 2dvol = 1672 (M), (0.6)

Then one of the following must be true:
1 (M*,g) is conformal to CP? with the Fubini-Study metric grs, or

2 (M*,g) is conformal to a manifold which is isometrically covered by S® x S endowed
with the product metric gprod.-

The proof of Theorem B relies on a kind of vanishing result, in a sense which we now
explain. Suppose (M*,g) satisfies that hypotheses of Theorem B. If there is another metric
in a small neighborhood of g for which the L?-norm of the Weyl tensor is smaller; i.e.,

/M4 |W |2dvol < 16m%x(M*?),

then by Theorem A we would conclude that M* is diffeomorphic to either S* or RP*. This,
however, contradicts one of the assumptions of Theorem B. Therefore, for every metric in
some neighborhood of g,

/ |W |2dvol > 1672y (M*).
M4

Consequently, ¢ is a critical point (actually, a local minimum) of the Weyl functional g —
J IW|2dvol. The gradient of this functional is called the Bach tensor, and we will say that
critical metrics are Bach—flat. Note that the conformal invariance of the Weyl tensor implies
that Bach-flatness is a conformally invariant property. In fact, the Bach tensor is conformally
invariant, [De].

Theorem B is then a corollary of the following classification of Bach-flat metrics:
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Theorem C. Let (M*,g) be a smooth, closed manifold which is not diffeomorphic to either
S* or RP*. Assume in addition that

(i) (M*,g) is Bach-flat,
(ii) the Yamabe invariant Y (M*,g) > 0,

(iii) the Weyl curvature satisfies

/M4 W 2dvol = 1672x(M*). (0.6)

Then one of the following must be true:
1 (M*,g) is conformal to CP? with the Fubini-Study metric grs, or

2 (M*,g) is conformal to a manifold which is isometrically covered by S® x S* endowed
with the product metric gprod.-

In local coordinates, the Bach tensor is given by
1
Bij = V*V'Whije + 2 RM Whsje. (0.7)

Thus, Bach-flatness implies that the Weyl tensor lies in the kernel of a second order differential
operator. At the same time, appealing once more to the results of [CGY1] and [CGY2], we
can prove that a manifold satisfying the hypotheses of Theorem C is conformal to one for
which the integrand in (0.5) is identically zero. In section 4 we show how these facts, along
with a complicated Lagrange-multiplier argument, leads to the classification in Theorem C.

Actually, the proof of Theorem C is the most technically demanding aspect of the present
paper. First, there is a long calculation to derive an integral identity for the covariant de-
rivative of the self-dual and anti-self-dual parts of the Weyl tensor of a Bach-flat metric.
In addition to the algebraic difficulties of analyzing the curvature terms which arise in this
identity, there are delicate analytic issues. For example, the conformal metric we construct
based on the work of [CGY1] and [CGY2] may not be regular on all of M*. Indeed, if it were
known to be smooth, then we could appeal to the classification of metrics with WP = % done
by Margerin. These regularity problems are the price we pay, so to speak, for passing from
integral to pointwise conditions.

We conclude the introduction with a note about the organization of the paper. In Section
1 we develop the necessary PDE material from [CGY1] and [CGY2]. Most of the results are
fairly straightforward generalizations of our earlier work. In Section 2 we show how the results
of Section 1 and the work of Margerin can be combined to prove Theorem A. Then, in Section
3 we lay the groundwork for the proof of Theorems B and C by deriving various identities for
the curvature of Bach-flat metrics. In Section 4 we use these identities, along with an existence
result from Section 1, to derive a key inequality for a certain polynomial in the curvature.
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Analyzing this inequality leads us to consider a difficult Lagrange-multiplier problem, whose
resolution gives the classification in the statement of Theorem C.

The research for this article was initiated while the second author was a Visiting Professor
at Princeton University and the third author was a Visiting Member of the Institute for
Advanced Study, and was completed while all three authors were visiting Institut des Hautes
Etudes Scientifiques. The authors wish to acknowledge the support and hospitality of their
host institutions.

1. An existence result

In this section we prove an existence result in conformal geometry which allows us to
pass from the integral conditions of Theorems A—C to their pointwise counterparts. As we
indicated in the Introduction, this result is based on the work in [CGY1] and [CGY?2].

To place this result in its proper context, we begin by introducing some notation. Given
a Riemannian four-manifold (M*, g), the Weyl-Schouten tensor is defined by

1
A = Ric— =Ry
6
In terms of the Weyl-Schouten tensor, the decomposition (0.1) can be written
1
Riem =W + EA Dg. (1.0)

This splitting of the curvature tensor induces a splitting of the Euler form. To describe this,
we introduce the elementary symmetric polynomials o, : R — R,

OV ¥ E D WP VARTED VR

For a section S of End(T'M*) — or, equivalently, a section of T*M* ® TM* — the notation
0x(S) means o, applied to the eigenvalues of S. In particular, given a section of the bundle
of symmetric two—tensors such as A, by “raising an index” we can cannonically associate a
section g7 A of End(T M*). At each point of M*, g~ A has 4 real eigenvalues, thus o, (g1 A)
is a smooth function on M*. To simplify notation, we denote o (A) = o.(g71A4).

Returning to the aforementioned splitting of the Euler form, the Chern-Gauss—Bonnet
formula (0.4) may be written

8m2x(M*?) :/%|W|2dvol—l—/02(A)dvol. (1.1)

Note that the conformal invariance of the Weyl tensor implies that the quantity

/ oa(A)dvol
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is conformally invariant as well. Using (1.1), assumption (0.5) of Theorem A’ can be expressed

1
/UQ(A)d’UOZ - / Z|W|2dvol >0. (1.2)
Our goal in this section is to prove the following;:

Theorem 1.1. Let (M*,gy) be a smooth, closed Riemannian four-manifold for which

(i) The Yamabe invariant Y (M*,go) > 0, and
(ii) The curvature satisfies

/Uz(Ago)dvol—/%|Wgo|2dfuol >0, (1.3)

2wq

where a > 0. Then there is a conformal metric g, = e“*“> gy whose curvature satisfies

«
02(4g,) = SIW,, 2 = ), (L4)

where X\ is a positive constant.

Theorem 1.1 is a refinement of Corollary B of [CGY2], which for comparison’s sake we
now state:

Theorem 1.2. (see [CGY2]). Let (M*,g0) be a smooth, closed Riemannian four-manifold
for which

(i) The Yamabe invariant Y (M*,gq) > 0,

(ii) The curvature satisfies

/02(Ag0)dvolg0 > 0. (1.5)

2w

Then there is a conformal metric g = e**gg whose curvature satisfies

02(Ag)

A, (1.6)
where X\ is a positive constant.
The proof of Theorem 1.2 relies on a crucial preliminary result:

Theorem 1.3. (See [CGY1]). Let (M*,gy) be a smooth, closed Riemannian four-manifold
for which

(i) The Yamabe invariant Y (M*, ) > 0,

(ii) The curvature satisfies

/ag(Ago)dvolgo > 0. (1.7)
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2w

Then there is a conformal metric g = e*“ g9 whose curvature satisfies

oa(A,) > 0. (1.8)

The importance of Theorem 1.3 is that the metric satisfying inequality (1.8) provides
an approximate solution to equation (1.6), which can then be deformed to an actual solu-
tion. Moreover, (1.8) implies that the path of equations connecting the metric constructed in
Theorem 1.3 to the metric constructed in Theorem 1.2 is elliptic.

The proof of Theorem 1.1 will parallel the proofs of Theorems 1.2 and 1.3. The first step
is the following analogue of Theorem 1.3:

Theorem 1.4. Let (M*,go) be a smooth, closed Riemannian four-manifold for which

(i) The Yamabe invariant Y (M*,gq) > 0,
(ii) The curvature satisfies

/02(Ago)alvolg0 — / %|Wg0|2dvolg0 >0 (1.9)

where o > 0. Then there is a conformal metric g = e?“ gy whose curvature satisfies

7a(A) — %|W|2 > 0. (1.10)

Remark. To simplify notation, we will use subscripts with 0 instead of gy, and denote the
volume form by dvg instead of dvol,.

Proof. Following [CGY1], we consider the following functional F : W22(M*) — R:
Flw] = yI[w] + vy I I[w] + v3I11[w]

where 7; = «;(L) are constants and

Iw] = /4|W0|2deo - (/\Wo|2dvo) logfe‘l“’dvo,
II[w] = / wPywdvg + / 4Qowdvy — ( / Qodv0> log fe‘*wdfuo,

I1Tw] = 12 (Y[w] - % / AOROdeO) ,

1
Y[w] = /(Aow + |VOW‘2)2d'U() - § /R()‘V()w|2d’l)0 .
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Here P denotes the Paneitz operator:
2 2 :
P=(A)*+d* gRg—2ch d,

where d is the exterior derivative , d* is the adjoint of d, and @ is the fourth order curvature
invariant:

1 1
= — (-AR+-R*>-3|E]?) .
Q 12( R+ R* -3 |>
Thus 1 1

As in [CGY2], we need to introduce an additional functional, which depends on the choice
of a nowhere—vanishing symmetric (0, 2)-tensor 7. We then let

Iw] = /4|77|8de0 - (/ |n|3dv0> log fe‘l“’dfuo.

Now consider the functional
Flw] = 1 I[w] + 1 I[w] + yoII[w] + 3 I TT[w],

and define the conformal invariant
K = ;7,1 / "I’]|gd’l)0 + Y1 / |W()|2d’l)0 + Y2 / Q(]d’U() . (]_]_2)

Following the work of [CY1], we have the following existence result for extremals of F. To
make the paper as self-contained as possible, we will provide a sketch of the proof.

Theorem 1.5. (See [CY1] Theorem 1.1) Let (M*,go) be a compact Riemannian four-
manifold. If y2,v3 > 0 and K < 72872, then inf F[w] is attained by some function w €
W22(M*). Moreover, the metric g = e?“gqy is smooth (see [CGY3],[UV]) and satisfies

A1n? + 71|W 2 4+ %2Q — y3AR = kvol(g) . (1.13)

Proof. To see that inf F[w] is attained under the assumption that 3,3 > 0 and k < 872,
we employ a sharp version of the Moser-Trudinger inequality established by D.Adams [Ad]:
there exists a constant C = C(M, go) such that for all w € W22(M, go)

log fe‘l(“’_a’)dvo <C+ # (Agw)?duy, (1.14)



10 A CONFORMALLY INVARIANT SPHERE THEOREM IN FOUR DIMENSIONS

where @ = fwdvy.

Define
Up = U(go) = Mlnlg + 71 [W|§ + vQo — v320Ro,

/U()d’U() = K,

Flw] = —klog fe‘l(“’_“’)dfuo + 4/ Up(w — @)dvy + 72 < Pyw,w > +1273Y (w).

then

and we can express F as

When « < 0, we have
Flw] > 4/ Up(w — w)dvg + 72 < Pow,w > +1273Y (w).
When £ > 0, we have from (1.14) that
Flw] > - Ck — ) (Agw)“dvy
+4/ Up(w — @)dvg + 72 < Pyw,w > +12y3Y (w).

Thus, for a minimizing sequence {w;}, limF[w;] < F[0] = 0. From the estimates above we
conclude that for [ large, € small,

K

GZF[wl]Z—CFé-f-( 871'2

+ 72 + 1273) /(Aowl)2
+ 12v5 / |V0wl|4 + 4/ U(](wl — (I)l)
2 .
+ (5’72 - 4’)’3) /R0|V0wl|2 — 2’)’2/RZCO(V0wl,V0wl)

+24’)’3/(A0wl)|VOWl‘2,

where & = maz(k,0). It follows that if K < 79872, and 2 > 0, 73 > 0, one concludes that
there exists a constant C(gg) so that

/ (Bowi)? + [Vowr|* < Clgo)- (1.15)

Since the functional F' is scale-invariant, we may assume without loss of generality that
fwidvy = 0. It follows from the Poincare inequality and (1.15) that ||w;|/z2 is uniformly
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bounded. Therefore, ||w;||2,2 is bounded and a subsequence will converge weakly in W22 to
some w € W22(M, go) with Flw] = inf,cyy2.2 Flw].

Finally, a straightforward computation (see [BO]) shows that the extremal metric g =
e“ gy satisfies the Euler equation (1.13).

Next, let 6 € (0,1] and choose

- 1 oo5(Ap)dvg — & [ |[Wy|2dv

71:(__>f 2(4o) 24f| ol 0 <o,
2 f|77|0d”0
o

’)’1:—§a

7221,

— Liss—9)
Y '

With these values of (31,71,72,73), the conformal invariant x defined in (1.12) is equal to
zero. Thus, as long as y3 > 0 (i.e., § > %) the hypotheses of Theorem 1.5 hold. In particular,
if § = 1 there exists an extremal metric g; = e?*gy, satisfying (1.13), which we rewrite using
(1.11):

o 1 -
aa(A) — Z\W\2 = ZAR— 291 |n|? . (1.16)

Using the minimum principle of [Gu, Lemma 1.2], this implies that the scalar curvature of ¢;
is strictly positive.

For general 4 € (0, 1], the Euler equation (1.13) can be written
o 5 0 ~ 12

o2(A) = ZIW[" = AR —23|n|”. (%)

Compare this with equation (x)s of [CGY1]:

g 2

o2(4) = 08— 271|n|” (*)s
Note that the only discrepancy between (xx)s5 and (x)s is the presence of the Weyl term on
the LHS of (x)5. The key point is that this term has the same sign as the term involving 7

and scales in exactly the same way. That is, if g = e?“gq is a conformal metric, then

|Wy|3 = 6_4“’|W0|%,

2 = e~ *|nl3.

Consequently, the subsequent arguments of section 2-6 of [CGY1] can be carried out with
only trivial modifications, as we now describe.
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Fixing §p > 0, let

S = {5 c [50’ 1] ‘ (**)5 admits a solution w1th} .

positive scalar cuvature

As we saw above, 1 € S; thus S is non—empty. To verify that S is open we compute the
linearization of (xx)s, exactly as in Proposition 4.1 of [CGY2]. Again, the only relevant
properties of the Weyl term and 7n—term in (xx)s are their scaling properties (which are the
same) and their sign (ditto). Next, the estimates of section 3 in [CGY1] can be be used to show
that S is closed. Consequently, for each § > 0, there is a conformal metric g = g5 = e*¥3 g of
positive scalar curvature satisfying (%x)s.

In sections 4-6 of [CGY2] we obtain the following a priori estimate for solutions of (x)s:
For fixed p < 5, there is a constant C' = C(p) such that

|ws|l2,p < C. (1.17)

In particular, C is independent of §. The same estimate holds for solutions of (xx)s, for the
reasons explained above.

In section 7 of [CGY1] the Yamabe flow is used to show that one can perturb solutions
of (x)s to find metrics with o2(A) > 0. An analogous result is true for solutions of (xx);.

Theorem 1.6. (See Theorem 7.1 of [CGY1]). Let g = e**gy be a solution of (%x)s with
positive scalar curvature, normalized so that [wdvy = 0. If 6 > 0 is sufficiently small, then
there is a smooth conformal metric h = e?°g with

oa(Ap) — %IWMQ > 0. (1.18)

Proof. The proof of Theorem 1.6, like the proof of its counterpart Theorem 7.1 of [CGY1], is
based on careful estimates of solutions to the Yamabe flow:
oh 1
— =——Rh
ot 37
h(07 ) =g = ezwgo .

Using the estimate (1.17), we show that there is a time T, which only depends on the back-
ground metric go, such that the metric h = h(Tp, ) satisfies (1.18). Although the arguments
are essentially the same, there are some necessary modifications of the proof of Theorem 7.1
which require explanation.

First, Propositions 7.2 and 7.4, and Lemmas 7.3 and 7.5 can all be copied without change.
In the statement of Proposition 7.8 we need to make an obvious change: instead of defining
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f = 02(A) 4 2v1|n|?, we define f = 05(A4) — %W |2 + 271|n|?. The conclusion of Proposition
7.8 then holds with f replaced by f.

In fact, by substituting f with f, the proof of the next proposition (7.12) is also valid.
Therefore, by following the remaining arguments of section 7 we arrive at the following in-
equality: For fixed s € (4,5) and ¢t < T1(go),

02(A) = ZIWP = ~2ialnf? - Cot'~? — Caghe=1+D),

where C3 = C3(go). Since s > 4 and —271|n|? > C(go) > 0, it follows there is a constant
Cy = C4(go) > 0 so that for t < Ty = To(go),

o2(A) = SWP > 204 Oyt (1.19)
Therefore, if h = (to, ), then for § < do(go), (1.19) implies

(0%
O’Q(Ah) — ZlWh|2 > —-Cy > 0.

N | =

This completes the proof of Theorem 1.6, and consequently Theorem 1.4. O

Once the existence of a metric satisfying (1.18) is established, to complete the proof of
Theorem 1.1 we need to show that the techniques of [CGY2] can be applied to construct a
solution of (1.4). This is actually a two step process: First, we need to establish a priori
bounds for solutions of

o2(Ay) — %|Wg|2 =f>0. (1.20)

The second step is to apply a degree-theoretic argument showing that a metric satisfying
(1.18) can be deformed to a metric satisfying (1.4). Of course, such an argument relies on the
estimates established in the first step.

Proposition 1.7. (See Main Theorem of [CGY2]). Let g = e>*go be a solution of (1.20)
with positive scalar curvature, and assume (M*, go) is not conformally equivalent to the round
sphere. Then there is a constant C = C(go, || f||c2) such that

I%X{ew + |[Vouw|} < C. (1.21)

Now the estimate of [CGY2] applies to equations of the form
0'2(Ag) = f > O,

whereas (1.20) includes the Weyl term. However, the argument of [CGY2] can easily be
modified to cover this case, as we now explain.
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As in [CGY?2] we argue by contradicition: assuming the theorem is false, then there is a
sequence of solutions {w,} of (1.20) (with f fixed) such that

mﬂz}xﬂvown\ +e” ] 200 as K—00.

We then apply the blow-up argument described pages 155-156 of [CGY2]. To begin, assume
that P, € M* is a point at which (|Vow,| + €¥*) attains its maximum. By choosing normal
coordinates {®,} centered at P, we may identify the coordinate neighborhood of P, in M*
with the unit ball B(1) C R* such that ®.(P,) = 0. Given ¢ > 0, we define the dilations
T.:R* — R* by z — ez, and consider the sequence Wy = T7w, + loge. Note that

|Vowy,e| + € =e(|Vow,| +€“*) o T .
Thus, for each k we can choose €, so that

|V0(wn,en)| + etren =0 1.

Note that wy ¢, is defined in B ; (0), and

€k

Vot +e"* <1 on Ba(0).

To simplify notation, let us denote wy ., by w,. Since from now on we view {w,} as a
sequence defined on dilated balls in R*, there will be no danger of confusing the renormalized
sequence with the original sequence. Note that g; = 62w"T€: go = e*¥xgf satisfies

[0
oa(Ay;) = S Ws2 = fo T, . (1.22)

Furthermore, g§ = T* go — ds?; where ds? is the Euclidean metric on R*, in C%# on compact
sets.

As in [CGY2], we now have to consider two possibilities, depending on the behavior of the
exponential term e*~(?). However, from here on the argument is identical in its details with
that of [CGY?2]. The main point is that the conformal invariance of the Weyl curvature implies
that the two possible limit metrics arising from the sequence g} satisfy the same equations
as they do in [CGY?2]; that is, the Weyl term in (1.22) converges to zero because Euclidean
space is conformally flat. In particular, Corollary 1.3 in [CGY3] applies to equations such as
(1.20), so the estimates needed to construct the limiting metric are the same.

To summarize: after applying the same blow-up argument to our sequence, we end up
with the same limiting equations on R* (see Corollary 1.4 in [CGY2]). The rest of the proof
carries through exactly as in [CGY2], and we conclude that the manifold (M*%,g) must be
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conformally equivalent to the round 4-sphere. Since this contradicts our assumption, the
estimate (1.21) must hold.

The local estimate of [CGY2, Cor 1.3] also applies, and consequently we have a bound

V2wl < C. (1.23)

Next, we use a degree theoretic argument to prove the existence of a solution of (1.4).
The following Proposition is a fairly straightforward modification of Corollary B in [CGY?2].

Proposition 1.8. Assume that (M*,g,) satisfies conditions (i) and (ii) of Theorem 1.4.
Then given any positive (smooth) function f > 0, there exists a solution g = e**go of (1.20).
In particular, this is true if f = X for a constant X > 0.

Proof. We first apply Theorem 1.4 to assert the existence of a conformal metric g = e?¥ g, for
which the equation (1.20) holds for some positive function f. Since by assumption (M?*, go) is
not conformally equivalent to the standard 4-sphere, the a priori estimates (1.22) and (1.23)
hold. In particular, given a smooth function h, there is a constant ¢ independent of ¢ so that
all solutions g = e*“g, of the equation

02(Ag) = FIW,l* = tf + (1= t)h (%)
with R = Ry > 0 satisfy the bounds
lwllaa <e  Si(9)&8; > ¢ 167 (1.24)
where S = —Ric+ 3 Rg (see [CGY1], Lemma 1.2). Let O, be the set
0. = {w € C** : (1.24) holds } N {w € C**|(02(4,, — %|W y>o0; R, >0}

We denote the degree of the equation (3;) by deg(Z¢, O, 0). The degree theory of [Li] implies
that
deg(EOaOca()) = deg(El,Oc,O). (125)

We need to do a calculation verifying that for ¢ = 1 the degree of the equation is non-zero.
In order to do this, we deform the equation to one whose degree is easy to determine. First,
it is useful to re-write equation (1.20) in a suggestive form. Suppose g = e?“ gy and denote

M;;(w) = 25% + QV?V;?UJ — 2A0wg?j — ZV?wvgw. (1.26)
Then, after some computation, the equation (1.20) may be written in the form

—VH{Mi; () Viw} + (02(Ag,) = TIWy, ) = (02(4) = TIW, et = fet. (1.27)
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It is important to note the identity
_ 0 2 0
M;j(w) = Si; + Si; + [Vow[ g5,

so that it is clear that when both (02(A4,4) — §|Wy|?) > 0, Ry > 0 and (02(Ag, — Wy, |?) >
0,R4, > 0, then M;; is positive definite.

It is also convenient to re-formulate equation (1.20), on account of the conformal covari-
ance property, using the solution metric g of the equation as the background metric:

~V{M;(v)Vv} + f = fe, (1.28)
so that v = 0 is a solution to this equation satisfying R > 0.
We now use the following deformation:

VM (0)V0} + 1 = (a(Ay,) = GIW et = (1= 1)1 [ et 7t

where [ e’ = [e*dvol,. We label this equation by I';. Note that when ¢t = 1, we recover the
equation (1.28). The proof of the Proposition now follows line by line the proof of Corollary
B in [CGY2]. More precisely, after establishing a priori estimates for solutions of I'y, we
find that the degree is well defined. A calculation of the linearized equation, together with
the homotopy invariance of the degree implies that deg(I';, O.,0) = deg(Ty,O.,0) = —1. It
follows that a solution of (1.20) exists. O

Applying Proposition 1.8, we complete the proof of Theorem 1.1.

2. The proof of Theorem A

Based on the results of section 1, we can now give a detailed proof of Theorem A.

As we saw above, the assumption (0.3) is equivalent to the inequality (1.2):

1
/Uz(A)d’UOl — / Z|W\2dvol >0.

M4 M4

Taking a = 1 in Theorem 1.1, it follows that there is a conformal metric satisfying
| p—
o2(A) — Z|W| =1>0. (2.1)

Strictly speaking, at this stage all we really need is the conclusion of Theorem 1.4 — that is,
we just need to know that the quantity in (2.1) is positive, not necessarily constant.
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In any case, rewriting o»(A) in terms of the trace—free Ricci tensor E = Ric — 1 Rg and
the scalar curvature we conclude

1 1 1
——|E*+ =R*- |[W|*>0.
5| El" + 55 AW >
Rearranging terms, this implies
W+ 2B 1
R? 6
By the weak-pinching result of Margerin [Ma], M* is diffeomorphic to $* or RP. O

3. A Weitzenbock formula for Bach—flat metrics

In preparation for the proof of Theorem C, in this section we derive various curvature
identities. The first such result is an inequality for metrics satisfying (1.4).

Lemma 3.1. Suppose (M*,g) satisfies (1.4):
o
02(A) - Z|W|2 = >‘a
where o > 0 and A\ > 0 are constants. Then

1
%a|VW|2 +3(VEP - |VRP) > 0. (3.1)

Proof. Define the tensor
1
V=vaW+ §E Dy,

where () is the Kulkarni-Nomizu product. Then

V|* = o|W|? + 2|E|? (3.2)
|VV|? = o VW|? +2|VE|*. (3.3)

As a consequence of (3.3), inequality (3.1) is equivalent to

|[VV|2 > Z|VR|?. (3.4)

D=

To verify (3.4) note that (1.4) and (3.2) imply

1
ER2 =|V]* +4) (3.5)
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Differentiating,
1
gRVR =V|V]? = 2|V|V|V].

Taking the inner product of both sides with R~V R gives

1 VR VR 2
e =2l (v, ) < wp I o,
By Kato’s inequality, |V|V||? < |VV|2, and thus
SvRp < v 2 'VR| -V, (3.6)

Substituting (3.5) into (3.6) gives

[VE|?
R2

1 1 1
g|VR|2 < (6R2 - 4,\> +|VV|2 < 6|VR|2 + |VV|?,
because A > 0. This establishes (3.4), and consequently (3.1). O

We now recall two important identities for Bach-flat metrics. The first may be found in
[CGY1]:

Proposition 3.2. (See [CGY1], Lemma 5.4). If (M*,g) is Bach-flat, then

1
0= / {3 (|VE|2 - E|VR|2) + 6trE* + R|E|? — 6WijszikEﬂ} dvol (3.7)

where t’l"E3 = EijEikEjk-
Proof. Just combine identities (5.5) and (5.10) of [CGY1]. O

The second identity is a consequence of Stokes’ Theorem, the Bianchi identities, and the
definition of the Bach tensor in (0.7).

Proposition 3.3. If (M*,g) is Bach flat, then
1
/ |VW |2 dvol = / {72 det W* + 72det W~ — S RIW[> + 2Wijn£EmEjl} (3.8)
4
Proof. In [De], Derdzinski proved a similar formula for metrics with harmonic Weyl tensor.

Our identity differs from his in only one respect; namely, we replace harmonicity of the Weyl
tensor (a first order condition) with Bach flatness (a second order condition). To simplify
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the calculations and harmonize our notation with [De], we compute with respect to a local
(normal) frame field. Using this convention, we write

2
/ VW = / Vs Wiee Vi Wik (3.9)
Since the splitting A2 = Aﬁ_ ® A2 is parallel with respect to the Riemannian connection,
VW =VWT* +VW". (3.10)

Therefore,

2
/ VWH|" = / Vi Wikt Ve Wik (3.11)
Using the decomposition (1.0), the second Bianchi identity can be written

0=V Wijke + ViWimpe + ViWhike
+ 5 [9ik (dA)mje — gie(dA)mjn
— 9ik(dA)mic + gje(dA)mik — Grm (dA)sje
+ gme(dA)ijk], (3.12)

where
(dA)”}g = ViAjk — V]Alk

Contracting (3.12) we get the identity
(6W)ije = Vi Wijme = 3(dA)sje, (3.13)
where § denotes the divergence. Subtituting (3.12) into (3.11) we get
2
/ VW = / Vi Wil =ViWjmre
— ViWaike + 5 [gkm (dA)ije — gme(dA)sjk] },

because all other terms vanish due to the symmetries of the Weyl tensor. Re—indexing and
combining like terms, we find

/ VW |* = / 2V Wik ViWimpe + Ve Wik
The splitting (3.10) implies W = dW* + §W ~, so by (3.13)

Vo Wijme(dA)ije = 2(6W)i50(6W )50 = 2|6W T2
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Similarly,
-2V WJMV Wimke = =2V, WJMV kae

Substituting these into (3.14) we obtain
/‘VW+| / -2V, WJMV kaz + 2‘(5W+|
We analyze each term in (3.15) separately.

For the first term, we integrate by parts and commute derivatives:

/ 2V Wi VW,

jmkeé —

/ oW, Vi ViW S,

jmke

= /QW{;M{VZ'V w3 jmke T RonijsW otoe
+ RmimsW]ﬂ;k[ + Rmikstﬂ;nsg
+ RmMSWj-I';nks}

/ZW”MV VW jmke T 2RszSka£Wsmk£

+ et +
+ 2R18W”kzszk£ + 2Rmik8Wzyk£Wymsl
+ 2Rmi€sW”MWymksa

(3.15)

(3.16)

where R;; = R,,;ms are the components of the Ricci tensor. Note by re-indexing the last two

terms in (3.16) are equal. If we integrate by parts again, the first term in (3.16) is

2
/2W”MV Vi ngke /—2ViWi'j*-'MVmWJT‘;nM = /2‘5W+| .
Using the Bianchi identity and re-indexing the next term can be rewritten
+ wt  — + wt
ZRmijsWijkeWsmke = RmSijWiijWmskZ‘

Appealing to the decomposition (1.0) once more, we get

+ + + +
2RpijsWiikeW gmre = Wt Wzgk:ZWmske + 2455W 5k oW gike -
Similarly,
+
4Rmik3Wz]k2ijs€ 4Wmik3Wzyk£W i sf + 2A13szk1fW kst + 2Akaka€ijz€ .
Using the symmetries of the Weyl tensor and re-indexing we find
2A szk:EW kst + 2Aka1yk€ijzl = _2AkazJZsz]€m .

Combining (3.15)—(3.21),
2

/\VW+| /4\6W+| +2Ri5WJMWj*;M

+wt

msij

+
WzngWmskZ + 4Wm1k5WzngW

jmse "

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Lemma 3.4.

. 2
(i) w; ngWJ_:klf —1 ‘W+| 0ij

?

(1) W, W, W = 20 deL W,

msij

(iii) 4szksWUk1thnse =48det WT.

Proof. As in [De], we fix a point and diagonalize W= : A% —) A%. Let A\E,1 <4 < 3 denote
the three eigenvalues of W*, with corresponding eigenforms w*, n*, §%. Then

wW* = wtewt + a5t ot +/\3i0i®0i.
Then (i)—(iii) follow from elementry calculations. [
From the preceding Lemma and (3.22) we obtain the identity
/ VW = /4|5W+\2 +72det Wt — IR|W|?, (3.23)

which holds for any Riemannian four-manifold.

Now suppose (M*, g) is Bach-flat. By [De, (23)],
0=ViVeWire; — WikjeAre -

Pairing both sides with the Weyl-Schouten tensor and integrating we get
0= /AijkaZWikéj — WikjeAreAij
/ —VkAijViWike; — 2WinjeAreAsj
= / —2(Vidij — ViAr;)ViWire; — Wi AreAsj
= /—%(dA)kiszWikej — $WikjeAreAij
= [ 1w [ — sWinsedreas.
Since the Weyl tensor is trace—free, we conclude
/ oW |* = / IWiikeEinEje. (3.24)
Combining (3.23) and (3.24), we get

/|Vw\ /|VW+\ -|—/|VW ?

= /72 det W+ +72det W™ — %R|W‘2 + 2Wijk:KEikEj€-
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This completes the proof of Proposition 3.3. O

Combining (3.1), (3.7) and (3.8) we find that for any o > 0,

3 2 2 1 2
_ [ 2avw VE? - —|VR
0 /{2 VW] 3(' BT |>

M4

+ 6trE> + R|E|* — 3(a + 2)WijneEinEje

—108adet W — 108acdet W~ + gaR|W|2} dvol

> / 6trE°> + R|E|* — 3(a + 2)Wi e EinEje

M4

3
— 108a;det W — 108 det W™ + ZaR|W|2.
This is the key identity in the proof of Theorem C.

4. The proof of Theorem C

(3.25)

Suppose (M*, g) is Bach-flat with positive Yamabe invariant, and that (0.6) holds:

/ |W |2dvol = 167%x(M*).
M4

This is equivalent to

/UQ(A)dvol: i / |W |2dvol .

M4 M4

(4.1)

Now, if W = 0 then (M*,g) is locally conformally flat and (by (0.6)) x(M*) = 0. It follows
from [Gu, Corollary G] that (M*, g) is conformal to a manifold which is isometrically covered

by S§3 x S'. Therefore, let us assume from now on that
/ |W |2dvol > 0.
M4

By (4.1), this implies that for any 0 < a < 1,

1—
/oz(A)dvol — % / |W [2dvol = ( 4a) /\W|2dvol >0.
M4 M4

M4

According to Theorem 1.1, there is a conformal metric g, = e**=g satisfying

(6%
02(A,,) — Z|W 1P =X >0.

(4.2)
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Choose a sequence o, 1, and denote g, = go, = €?“*g. The compactness properties of the
sequence {g, } require careful description.

First, we claim that the a priori estimate of [CGY2] holds: i.e., there is a constant C
such that
[Vwilloo + llwslloo < C. (4.4)

(Recall (4.2) implies that (M* g) cannot be conformally equivalent to the sphere). This
estimate is immediate from Proposition 1.7. In addition, the local estimate of [CGY2, Cor
1.3] applies, and consequently we have a bound

IV2welloo < C. (4.5)

It is important to note that (4.5) is optimal: (4.3) is elliptic if 02(A) > 0; but A, — 0 as
k — 00, and there is no guarantee that the Weyl tensor does not vanish on M*. However,
higher order estimates for {g,} can be established on the set where the Weyl tensor is non—
zero. To explain this, let

Mi ={z € M*:|W,| > 0},
Mg ={z € M*:|W,| =0}.

By conformal invariance, the Weyl tensor of each g, is also non-zero on M} (and vanishes
on M{). If zp € M3, then there are constants e > 0,p > 0, such that |W,| > ¢ > 0 on
the geodesic ball B,(zo) = {z € M* : dist,(z,z0) < p}. On B,(zo) the metric g, = e**g
satisfies

Oy

Ie_4w”|Wg|2 + A

In particular, by the a priori estimate (4.4) we see that

o
0a(dg,) = SE|W,, [P + Ay =

UQ(AQE) > Ce >0

/Oé
Uz(Aga): Z‘Wa|2+>\a

is a strictly elliptic, concave equation on B,(z(). The regularity results of Evans [Ev] and
Krylov [Kr] then give Holder estimates for V2w, on B, (z) for any p' < p (see [GT, Theorem
17.14]). Applying Schauder theory and classic elliptic regularity, we then obtain estimates
for derivatives of all orders on any ball B, (z9) & B,(zo) with p’ < p. Consequently, a
subsequence of {g,.} (also denoted {g.}) converges to a limiting metric go, in C52,(M$) N
Cl,l (M4) .

on B,(zg). Therefore,

Recall that inequality (3.25) is satisfied by each g, (with @ = «,;). If we split the integral
in (3.25) into two integrals, one over M, the other over Mg, note that on Mg the integrand
reduces to

6trE® + R|E|*.
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Using the sharp inequality trE3 > —% |E|3, we find that
6trE® + R|E|? > —2v/3|E|* + R|E|> = |E}*(R - 2V3|E|) . (4.6)
Since o2(A) > 0 on M, we also have

0< —3|Bf + 5 R’
= R? > 12|E|?
= R>2V3|E|. (4.7)

Combining (4.6) and (4.7) we see that the integrand in (3.25) is non-negative on the set Mg .
Therefore, in view of the convergence of {g.} on M} we have

0> lim [ 6trE>+ R|E|”> — 3(ax + 2)WijneEin Eje
K—00
MY
3
— 108a,, det W+ — 108cy,, det W~ + Za,.iR|W|2
= / 6trE> + R|E|> — OW, ;B Ejo
M3

—108det W+ — 108 det W~ + ZR|W|2. (4.8)

To summarize: we have constructed a metric goo = e**>g on M* with we, € C*°(M3})N
CY1(M*) which satisfies
o2(4) = %|W|2on Mia )
0> /{—108det W+ — 108 det W~

My b (4.9)
+6t7‘E3 - QWijneEmEﬂ

+R(\E|2 + §|W|2) }dvol.

Proposition 4.1. If g, satisfies (4.9), then
(i) goo € C®(M?);
(ii) goo is FEinstein;
(iii) either Wt =0 or W~ =0 on M*.
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Proof. Our first task is to rewrite the integrand in (4.9) in a suitable basis. To this end, let
Riem : A2 — A2 denote the curvature operator of (M*,g..). Since M* is oriented, we have
the splitting A = A2 @ A%, and the well known decomposition of Singer-Thorpe [ST]:

W+ +3RId : B
Riem = : (4.10)

B* . W™+ tRId
Note the compositions satisfy
BB*: Al — A%,
B*B: A% — A% (4.11)
Fix a point P € Mi, and let /\iE < /\5IE < )\gt denote the eigenvalues of W*. Then
det W = XEAFAT (4.12)
(W2 = 4|W*|? = 4[(A7) + (A5)* + (A3)7].- (4.13)
Recall that ||I/W*|| denotes the norm of W* when interpreted as an endomorphism of A%.

Following Margerin, we denote the eigenvalues of BB* : A2 — A2 by b7 < b3 < b3,
where 0 S bl S b2 S b3.

Lemma 4.2.

|E|? = 4(b3 4 b3 + b3), (4.14)
trE® > —24b1bybs . (4.15)

Proof. Given a basis {e;} of T, M*, let {e}} denote the dual basis of T,y M*. Relative to this
basis, the curvature operator is given by

1
Riem(e; Aej) = 3 Z Rijri€r Ney, (4.16)

KL

where R, ;¢ are components of Riem viewed as a (0,4)-tensor; i.e., R;j.c = Riem(e;, ej,ex, er).
If E;; = E(ei,ej) are the components of the trace—free Ricci tensor, then the decomposition
(0.1) implies

Rijue = Wijne + 3(6ixEje — 04 Ejw — 0 Bit + 60Fix)

1 (4.17)
+55R(0indje — 0iedjn)
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where Wi = W (e;, e, ex, €p).

A basis {ef} of TyM % induces a natural orthonormal basis of A%:

wizé(e?{/\e;ie;/\efl‘),
+ 1 * * * *
n :E(el/\e3:‘262/\e4)7
Hi:%(e’{/\ef;:l:eg/\eg).

(4.18)
Now suppose the basis {e;} diagonalizes E:
Eq 0

Ess3
0 Eyy

Using (4.11), (4.16), and (4.17), the matrix of B : A2 — A2 relative to the basis in (4.18) is

%(Ell + Eoo — E33 — Eu4) 0
B = 1(B11 + Es3 — Eyy — Eyy)
0 %(Ell + Ey4 — E9p — Es3)
Let
p1 = $(E11 + Bz — E33 — Eu),
p2 = 3(B11 + Es3 — Eoy — Eua),
p3 = 3(B11 + Bas — Eos — E33).

Since F is trace—free, these can also be expressed

B = %(En + Ess),
p2 = 1(B11 + Es3),
p3 = 2(E11 + Eus). (4.19)

Consequently, in terms of {u1, 2, u3} the eigenvalues of BB* : A2 — A2 are

b = u3,
b3 = 3,
b3 = 3,

(4.20)
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Now, a simple calculation gives

8uipops = (E11 + E22)(E11 + E33)(E11 + Eus)
= B} + B} Eay + E}y B33 + B}y Eag
+ E11E33E33 + E11EaEgg + E11FE33FEyg + B B33 By
= B}, (E11 + Bz + E33 + Eyy) + 03(E11, Eg2, B33, Eyy).

On the other hand, for a symmetric trace—free 4 x 4 matrix E, o3(E) = 3trE3. Thus

trB® = 241 pop3

> —24|p1 pops|
= —24b1bybs .

This proves (4.15). The proof of (4.14) follows from (4.20), and will be omitted.

The next inequality follows from Lemma 6 in [Ma2]. However, as our notation and
conventions are slightly different we provide some details.

Lemma 4.3. s

3
~WijrtBinEje > —4 [Z AFBZ 4 A;bf] (4.21)

=1 =1

Proof. This inequality is termed “decoupling of the Weyl and Ricci curvatures” by Margerin,
and appropriately enough: In general W* and BB* or B*B do not commute, and therefore
cannot be simultaneously diagonalized.

In any case, if we choose a basis {e;} of T, M* which diagonalizes E as in Lemma 1, then
the matrix of W* : A3 — AZ relative to the basis in (4.18) is

1 (Wia12 £ 2Wi2ss + Waaza) *
wW* = 5 (Wiz1s F 2Wisz4 + Wasna)
* 5 (Wia1a £ Wisos + Wasos)
Therefore, if ( , ) A2 denotes the natural inner product induced on A% (see Remark 2 in

the Introduction), then
(W*,BB*)j2 +(W™,B*B)y2 =tr(W*oBB*+ W~ oB*B)
= {(W1212 + Waaza) 3 + (Wiziz + Waaza) i
+ (Wia14 + W2323)M§}

= 1(Wi212F11 B2 + Wis13E11 B33 + Wig1aE11Egy
+ WasosEooEss + Wasoa Eoo Egg + WasgaFs3Eyy).
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On the other hand,

WiineFinEjo = 2(Wi212E11 E2s + Wiz13E11 E33 + Wi414F11Faa
+ WasosEop Es3 + Wasna Eop Eys + Wagza B3z Egy).

Therefore,
~WijneEinEje = —4(W+,BB*)A3L —4W[ B*B),2 . (4.22)

According to Lemma 6 of [Ma],
3 3
(W, BB*)x2 + (W™, B*B)j2 <Y ATBI+ D A7} (4.23)
i=1 i

Combining (4.22) and (4.23) we obtain (4.21). O
On the set M}, go, satisfies

o2(A) = WP = W = [W*|* + W~

Therefore,

R = \/12|E|2 4 24||W+|]2 + 24| W —| 2. (4.24)

Combining (4.21) and (4.24), the integrand in (4.9) at the point P satisfies the inequality

—108det W — 108det W~ + 6trE® — 9W, ;0 Ei Ejo + R(|E|> + 3|W|?)
> —108ATATAT — 108AT A5 Ay — 144b;bybs
— 36[ATDT + ATb3 + AT+ ATbT + A; b3 + A5 b3)

{48067 + 33+ ) + 24 W)+ (49 + ()7 + O+ ()2 + ()]}

x {408 + 05 +83) +3[(\))7 + (A)" + ()7 + (A1) + <A2) (33)’]}

= F()\f,Aj,)\;,/\l‘,)\;,/\g,bl,b%bg) .

Proposition 4.4. Suppose 0 < by < by < bg, )\i < )\i < Ai with ZZ 1)\;t = 0 and
Zi:1(|)\:’|2 IA71?) # 0. Then F(AT, A, AT, AT, 25,23 ,b1,b2,b3) > 0, and equality holds
if and only if one of the following is true:

(1) by = by = b3 = 0 and there ezxists some a > 0 with )\1" = /\; = —a, )\5" = 2a,
A =Xy =23 =0; or A\ = =20, \f =\ =a, \[ =\ = )\ = 0; or similar
cases with the role of A and \; interchanged.

()bl—bz—bg, -—Oforall1<z<3
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The proof of Proposition 4.4 is given in the Appendix, and amounts to a complicated
Lagrange-multiplier problem. We will assume the result for now, and explain how Proposition
4.1 follows.

By Proposition 4.4, the integrand in (4.9) is non-negative. Since the integral is less than
or equal to zero, it follows that the integrand F()\f, Ag‘, )\g', AT, A5, A3,b1,b2,b3) = 0. Thus,
at each point in M_‘f_ either case (1) or case (2) of Proposition 4.4 above must hold. Since by
definition |W| > 0 on M3, case (1) is the only possibility. In particular, £ = 0 on M} and
at each point either W+ =0 or W~ = 0.

Since E = 0 on M the scalar curvature is constant on each component of MZ, which
implies by (4.9) that |W|? is also constant on each component. We claim that M$ = M?*;
i.e., Mg is empty. To see why, choose a component O of M_‘,L_ and a sequence of points {z;}
in O with z; — ¢ € M. Since |W|? is constant in O,

c= |Wgoo|2($i)
for some ¢ > 0. By conformal invariance of the Weyl tensor,
¢ = Wy |*(m:) = e =T [W, ().

By definition, |W,|?(z¢) = 0, and consequently weo (z;) — —00 as 4 — co. But this contradicts
the fact that ws, € C11. It follows that the Weyl tensor cannot vanish on M*, so (M*, goo) is
a smooth Einstein manifold. Moreover, since |W|? is constant and either W+ =0 or W~ =0
at each point, it follows that one of the components of the Weyl tensor vanishes identically
on M*. By Hitchin’s classification result [Hi], (M*, g»,) is homothetically isometric to +CP?
with the Fubini-Study metric. This completes the proof of Proposition 4.1.

Appendix

In this appendix we establish Proposition A below, which is slightly more general than
Proposition 4.4.

Denote B = (bl,bz,bg,l, X = (z1,22,23), ¥ = (y1,72,73) vectors_'in_']Ri, and |B? =
Za b2, | X|? = Z?:l 2, |Y ]2 = Z?:l y2. Define the functional I = I(B, X,Y) by

1=1%Y»
T =6 [4B] +3(X1° + 71%)] (BP +|X]°+7P)"
— 5411213 — 54y1Y2ys — 72b1b2b3
— 18(z1b% + 22b3 + 232 + Y157 + y2b3 + y3b2) .

Proposition A. Assume b? < b2 < bg,zgzl z; = 0, Zi’:l yi = 0. Then I > 0. Further,
1 =0 only at the following points:
(i) B=X=Y =(0,0,0), or
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(ii) B = (0,0,0) and either X = (—a,—a,2a), Y = (0,0,0), or a permutation of ©1 =
—a,Ts = —a,T3 = 2a and Y = (0,0,0), or with the preceding values with the roles of
X and Y reversed for some a # 0, or

(iii) B= (b,b,b) for some b # 0 and X=Y-= (0,0,0).

Remark. If we set F = 2I, z; = A}, y; = A7 (1 <4 < 3), with |X|2 + [Y]2 # 0, then
Proposition 4.4 is a consequence of Proposition A.

We will first establish Proposition A in the special case where B = (0,0,0).
Lemma 1. Denote
J(R,P) = 10, X, 7)
= 3VE(X? + V) (X + ¥?) "2
— b4z1zox3 — H4Y1Y2Y3

with Ele xT; = 2?21 y; =0. Then J >0, and J = 0 only when X =Y = (0,0,0) or at the
points

(—0,, —a, 20’)7 ? = (Oa 05 O)a or

(2a,—a,—a), Y =(0,0,0), or

(—(],, 2(1" —Cl,), ? = (Oa 07 O)a

P P P
Il

or with the roles of)? and Y reversed, for some a # 0.

Proof. In the case X =Y = (0,0,0), J = 0. In the case | X|? + |Y|2 # 0, replacing z; and y;

—£%i - and %, we may assume w.Lo.g. that | X[2+|V[2 =1, z; < z5 < 23,
(la12+1y1) (l2f2+1y12)

and y; < y2 < y3.

To find the minimal points of J we use the method of Lagrange multipliers. Let ¢; =
IX2+|Y|2=1, 92 = 21 +x2+23 =0, and 3 = y; +y2 +y3 = 0 denote the constraints, and

let p, 20,2y denote the respective Lagrange multipliers. Set g—a'cji = ,ug—‘i: +28 %‘;’j, g;i = MZ‘Z;

+27% for i = 1,2, 3; we get the equations

(A1) =27 zox3 = ppz1 +
(A2) 27 T1T3 = U T2 + ﬁ
(A3) 2Tz =pa3+p

Subtracting (A2) from (A1) we get

—27(zo — x1)z3 = p(z1 — T2),
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so we have either 1 = x5, or 1 # x5 while 2723 = u. Subtracting (A3) from (A2) we
get similarly o = x3 or x5 # x3 while 2727 = u. Thus, we have three possibilities: either
1 =29 =x3 = 0, or 1 = x2 # x3 with 27z3 = p, or 1 # 2 = x3 with 27z = p. In
summary, we have X = (0,0,0) or X = (—a, —a, 2a) with 54a = y; or X = (2a, —a, —a) with
54a = p, where a > 0. By symmetry, we also have either ¥ = (0,0,0), or ¥ = (—¢, —¢, 2¢)
with 54c = pu, or Y = (=2¢, ¢, c) with —54c = p, where ¢ > 0.

Combining the possibilities for X and ¥, we have eight cases.
(i) X =(0,0,0), Y =(—c,—c,2c); then J = 0.
(i) X =(0,0,0), Y =(-2¢,c,c); then J=0.
(iii) X = (—a,—a,2a), Y = (—¢,—c,2c) with 54a = p = 54¢ > 0; then J(X,Y) =
3v6 - 1242 V124 — 54 - 4a® = 216(v/2 — 1)a® > 0.
(iv) X = (—a,—a,2a), Y = (=2¢,¢,c) with 54a = y = —b4c;  then a = —c while both
a>0,¢>0; thus X =Y = (0,0,0) and J = 0.
Cases (v) — (viii) are similar to cases (ii) to (vi) with the roles of X and Y reversed. This
finishes the proof of Lemma 1. O

We now consider the general case in Proposition A. The proof is more tedious, but follows
the same pattern of the proof of Lemma 1. We first outline the steps.

Outline of the proof of Proposition A.. When B = (0,0,0), we apply Lemma 1. So assume
B # (0,0,0). We also assume w.lo.g. that 2|B|2 4+ |X|2 + |[V|2 = 1. To locate the minimal
points of I under this constraint, we once again apply the method of Lagrange multipliers.
We will break the proof into the following four steps:

Step 1. We may assume w.l.o.g. that 0 < b; < by < b3 and 1 < z2 < z3, y1 < y2 < y3, and
z3 2 0,y3 > 0.

Step 2. Actually, by = by = b.
Step 3. When b =0, then 1 =z =y; =y and I > 0.

Step 4. When b > 0, then 21 = 22 = y1 = y2 = —a, and either a =0, b3 =b,and I =0; or
a>0and I >0.

We now prove each of the steps in more detail.

Proof of Step 1. We first observe that at a minimal point of I = I (E,X , 17) we may assume
b1babs > 0. Thus by switching b; with —b; (i = 1,2, 3), we may assume under the hypothesis
b? < b2 < b2 that 0 < by < by < bs.

Next observe for any B , for X to be a minimal point of I we must have 7162 +x2b3+13b3 <
T2b3 + 2103 + 13b3. Therefore, (x1 — 22)b7 < (z1 — 72)b3. Thus unless b? = b3 = 0, we have
r1 < zo; but when b% = bg = 0, we may also switch the order of z; and z5 if necessary,
and assume z; < o to attain the same value of I. Thus we can argue similarly and obtain
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71 < T3 < x3 and y; < y» < y3. Since Zle T; = Z?:l y; = 0, it follows that z3 > 0,ys > 0.

Proof of Step 2. We now set up the Lagrange multiplier problem under the constraints
o1 =2B* + | X+ [YP =1
po=z1+x2+23=0
w3=y1+y2+ys =0

with multipliers u, 203, 27, respectively. To locate the minimal point( ) of I under the given

3 o8I _ ,0p1 I _ , 0p: Op2 01 __ 1 6903 —
constraints we set 53~ = figp, g =t + ,Baw ' By “ay +2y5E2 for i = 1,2,3 and

obtain the following nine equations:

(A4) —9(z1 + y1) by — 18bybs = (1 — 2V/6)by

(A5) —9(zg + y2) by — 18b1b3 = (1 — 2v/6)bsy

(A6) — 9(x3 +y3) by — 18byby = (1 — 2v/6)b3

(A7) — 27(waw3) — 9% = (u — 3v/6)ay +

(A8) — 27(z123) — 962 = (u — 3V6)z2 + B

(A9) — 27(z132) — 965 = (4 — 3V6)z3 + 3

and (A10), (A11), and (A12) are obtained by substituting y; in place of z; (¢ = 1,2,3) and
in place of § in equations (A7), (A8), (A9).

We now assume 0 < by < by < b3, 1 < 22 < z3, 1 < y2 < y3, and prove that (Ad)—
(A12) imply b; = bs. To see this, first suppose by = 0. Then by (A4), babs = 0; since by < bg,
by = 0 and thus b; = bs.

If by # 0, then by # 0, b3 # 0. Subtracting (A8) from (A7) we get
(A13) —27x3(zo — 1) — 9(b? — b2) = (1 — 3V6)(z1 — x2).
Subtracting (A11) from (A10) we get
(A14) —27y3(y2 — y1) — (b — b3) = (1 — 3V6) (y1 — ).
Adding (A13) and (A14),

—18([’% - bg) = (1 — 3\/6)(551 +y1 — T2 — y2)
(A15) +27(z3(z2 — 1) + y3(y2 — 91))-
Subtracting (A5) from (A4) and substituting into (A15), we obtain

(A16) —18(b? — b3) = 2(1u — 3V/6) (—bzﬁ + b;)ﬁ) +27P
1 2
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where P = z3(x2 — x1) + y3(y2 — y1)- Observe that P > 0.
Thus if b3 — b2 > 0, we may divide (A16) by b3 — b? and get

bs P
Al 18 = —2(pu — 2 .
(A17) 8 (1 — 3V6) e 7b%_b%

Substituting (A17) into (A6), we get

byb
—9(x3 +y3) = (u—3V6) + V6 + 18—2 2
3
(A18) _glibe 2T P bbb e

bs 2 b2—b2 by

The left-hand side of (A18) is < 0, while the right-hand side is > /6 > 0. Since this

contradicts the hypothesis b3 — b? > 0, we must have b3 = b7 and hence b; = by. This

establishes step 2.

Proof of Step 3. Denote by = by = b, assume b = 0, and bz > 0.
We rewrite (A6),(A13) and (A14) in this case and get

(A6)’ —9(z3 +y3) = (u — 2V6),
(A13)/ —27x3(zs — x1) = (u — 3V6) (z1 — z2),
(A14) —2Ty3(y2 —y1) = (B — 3\/6)(y1 —Y2)-

We observe that from (A6)’ (and z3 > 0, y3 > 0) that g — 2v/6 < 0. Thus we conclude from
(A13)" and (A14)’ that ;1 = x5 and y; = yo. Denote z; = z2 = —a, y1 = y2 = —¢, with
a,c>0. Then B = (0,0,b3), X = (—a,—a,2a), Y = (—¢, —¢,2c). We now assert that a = c.
To see this, we first subtract (A9) from (A8) to get

(A19) — 27x1 (x5 — z2) + 962 = (1 — 3V6)(z2 — z3)

(A19)’ 27a% + 3b2 = — (1 — 3V6)a.
Similarly we subtract (A12) from (A11) and get

(A20)/ 27¢ + 3b2 = —(u — 3V6)c.
Subtracting (A20)’ from (A19)’, we then have

27(a% — ?) = —(u — 3V6)(a — ¢).
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Thus, either a = ¢, or a # ¢ while
(A21) —27(a+¢) =p—3V6.

We will now derive a contradiction to see that the latter possibility (a # ¢) does not happen.
Comparing (A21) with (A6), we see —18(a + c) = p — 2v/6. Combining (A21) with (A6)’ we
get

(A22) a+c=@.

We now add (A19)’ to (A20)" and substitute the relation ¢; = 2b3 +6(a?+c?) = 1 and (A21)
into the equation to get

(A23) 3(a®*+c*) =9(a+c)* - 1.

By (A22), this expression equals 3 — 1 <0, which is a contradiction. Thus we conclude that
a=cand B =(0,0,b3), X =Y = (—a, —a,2a) for some b3 > 0 and @ > 0. At this moment,
we can check directly that I =1 (E X 17) > 0 if b3 > 0. To be more precise, one can check
that I = 8(I; — I) with I; = v/3(b3 + 9a?) (b3 + 6a2)'/2, I, = 9a(3a® + b3), and I — I3 > 0.
This establishes step 3.

Proof of Step 4. Assume by = by = b # 0, bg > 0. In this case, we may write (A4), (A5), (A6)
as

(A4)” ~9(z1 +y1) — 18b3 = p — 26,
(A5)" —9(z2 + o) — 18b3 = p — 26,
(A6)" —9(z3 + y2)bs — 1867 = (u — 2V/6)b3

Subtracting (A5)" from (A4)"”, we get
(A24) I +y1 = T2 +y2.
Subtracting (A8) from (A7) and (A11) from (A10) we get

(A13)" —27z3(z2 — 1) = (0 — 3\/(_5)(331 — I3),
(A14)" —27y3(y2 —y1) = (4 — 3V6) (31 — 1) -

We now make two claims.

Claim 1: z1 = z2(= —a), y1 = y2(= —c).
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Claim 2: a = c.

Proof of Claim 1. By (A13)”, we have either z; = x5 or z; # 2o and 27z3 = u — 3v/6. By
(A14)", we have either y; = y5 or y; # vy and 27ys = p — 3v/6. By (A24), we have r; =
implies y1 = y2. Thus, we either have z1 = x5 and y; = y2 as claimed, or z1 # T2, Y1 7# Y2
while 3 = y3 = 5-(u — 3v/6). But in the latter case, from (A6)” we would have

—9(z3 + y3)bs — 1862 = (1 — 2v/6)bs = (2773 + V/6)b3 .

This is a contradiction as the left-hand side of the equation is less than zero, while the
right—hand side is bigger than zero.

Proof of Claim 2. We follow the same strategy as in the proof of Step 3. Subtracting (A9)
from (A8) we get

(A19)"” 27a% + 3(b2 — b?) = —a(u — 3V6).
Similarly, if we subtract (A12) from (A1l) we get
(A20)" 27¢2 + 3(b2 — b?) = —c(u — 3V6) .
Finally, subtracting (A20)"” from (A19)"” we have

27(a® — ?) = —(u — 3v6)(a — ¢).
Thus, either a = ¢ as claimed, or
(A21)" a#c and 27(a+c)=—(u—3V6).

We will now show that (A21)” cannot be true. To see this, denote a+c=/¢(£ > 0),a—c=d.
Then d # 0, and w.l.o.g. we may assume d > 0. Substituting (A21)" into (A4) we get

—18b3 = (1 — 2vV/6) — 9(a +¢)
(A24) = (1 —3V6) — 90+ V6 = —36¢ + /6.

Substituting (A21)” to (A6) we get

—18b% = (u — 2V/6)b3 + 18(a + c)bs
(A25) = (=92 +V6)bs.

Thus in particular

(A25)" ~90+v6<0.
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Combining (A24) and (A25), we get

(A26) 18(b% — b3) = (=36£ + V6 + 9 — V/6)bs = —27¢bs .

On the other hand, substituting (A21)" into (A19)”, we get

27a” + 3(bz — b*) = 27a(a + ¢),

SO

2 — &
(A27) 3(b3 — b?) = 27ac = 27 :
Combining (A24), (A26), (A27), we get
(A28) 27d? = (—9¢ + V6)¢,

which contradicts (A25)". We conclude a = ¢, as in Claim 2.

We are now in the situation where B = (b,b,b3), with b3 > b > 0, and X = ¥ =
(—a, —a,2a). There are two final possibilities to consider, depending on the sign of a.

Claim 3 If a = 0, then b3 =b# 0, and I = 0.
Claim 4 If @ > 0 then I > 0.

Proof of Claim 3. When a = 0, we multiply (A4)" by bz then subtract (A6)” to get b3 = b2,
hence b3 = b. In this case I = 72b% — 7203 = 0.

Proof of Claim 4. When a # 0, we will show that I > 0. First, we rewrite (A4)”, (A6)", (A7)
and (A9) as follows:

(A4)" 18a — 18b3 = p — 2V/6,

(A6)" —36abs — 18b% = (1 — 2v/6)bs,
(AT)" 5402 — 902 = — (1 — 3v6)a + B,
(A9)” —27a% — 9b2 = 2(u — 3v6)a + 8.

Multiplying (A4)” by bz and subtracting (A6)” from the result we get
(A29) b2 — b% = 3abs .
Subtracting (A9)” from (AT)" we get

(A30) 81a% + 9(b2 — b%) = —3a(p — 3V6).
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Combining (A29) and (A30), we get (for a # 0)
(A31) 27a + 9b3 = —(u — 3V6) .
Combining (A4)” and (A31) we find
(A32) 45a — 9b3 = V6.
Substituting (A29) into the constraint ¢; = 2(2b% + b2) + 124 = 1 we get
(A33) 6b2 — 12abs + 120 = 1.
We now introduce the notation s = a — b3 and rewrite (A32) and (A33) as

(A32)/ 36a + 9s = V6,
(A33) 6(s2+a?)=1.

Applying (A29) we can write I as

I = (4(26 + b2) + 36a%)V6 — 216a® — 72b%b3 — 72a(b? — b?)
= 12V/6(b2 — 2abs + 3a?) — 72(3a® + b2 — 3abs + 3ab3)
52 + 2a?

=172 7\/(_5 — (4a3 — 33)

It remains to check numerically that a solution (a,s) with a > 0 of equations (A32)" and
(A33)’ is given by a = 0.1617..., s = —0.3746..., and I = 72(0.079... — 0.069...) > 0.

We have thus finished the proof of Step 4 and completed the proof of Proposition A.
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