INTEGRAL IDENTITIES AND MINKOWSKI TYPE
INEQUALITIES INVOLVING SCHOUTEN TENSOR

SUN-YUNG A. CHANG AND FENGBO HANG

ABSTRACT. New formulas for the integration of the k-th elementary symmet-
ric functions of the Shouten tensor are derived and applied to deduce some
Minkowski type inequalities.

1. INTRODUCTION

The purpose of this note is to derive Minkowski type integral inequalities for
the elementary symmetric functions of the Schouten tensor arising from the con-
siderations of conformal geometry. Let (M™, g) be a smooth Riemannian manifold
with dimension n > 3. The Riemann curvature tensor decomposes as (see [B, p48,
(1.116)))

Rm=W+AQPgy.
Here W is the Weyl tensor, A is the Schouten tensor given by

2 aa)

and @® is the Kulkarni-Nomizu product (see [B, p47, Definition 1.110]).
For a n x n matrix B,

A:

det (\[ + B) = o3, (B) A",
k=0

o (B) is equal to the kth elementary symmetric polynomial function of the eigen-
values of B. Since oy, (B) is a degree k homogeneous polynomial in B, we may find
a unique symmetric k-linear functional Xy such that oy (B) = Xk (B, , B). If
a € 2T, Zy is the set of all nonnegative integers, we denote |a| = a3 + -+ + ap,
and a! = aq!-- - a,,!. Assume |a| = k, then we use

Xk (B17a1§B27a2§ te ;Bmvam)

to mean B; appears «; times. If we omit «;, it means «; = 1. Similar notations
apply when the matrix is replaced by a linear map or a (1,1) tensor.

Let A be the Schouten tensor, then g~ A4 is a (1, 1) tensor and we write o, (4) =
o, (971 A). More generally, if Ay, .-+, Ay are (0,2) tensors, then we write

Ek (A17 e 7Ak) = Ek (971A1’ e 7971Ak) .

When confusion could happen, we will point out explicitly which metric g we are
using or simply use the (1,1) tensor notation.
1
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Theorem 1.1. Let (M™, g) be a smooth compact Riemannian manifold with n > 3.
Assume either k <2 or 3 <k <n but (M,g) is locally conformally flat. Then for
g=v"2g,v€C>® (M), v>0,

(1.1) /M . (21) dji

:/ on (A gy Y P2kl fag + )Y
M acZd 205 al (0 + as + 203 + 2)!

\a|=k—1

/ i (97 A ns g7 A 0z T g7 (dv @ dv) ) [Vo 0 22y,
M

Here I means the identity map, p is the measure associated with metric g, [ is the
measure associated with g and A is the Schouten tensor of g.

A benefit of the formula is when A and A both lie in suitable positive cone, then
all the terms behind the integral sign will be nonnegative according to Garding’s
theory on hyperbolic polynomials (see [G]). As a consequence we have the fol-

lowing inequalities between [ v Ok (K) dp which resembles the classical Minkowski

inequalities in convex geometry (see [S, chapter 6]). For convenience, denote

(1.2 Fu(g) = Do @ dp
()

for k=0,1,---,n. Note that .7:0(9):1‘

Theorem 1.2. Let (M™,g) be a smooth compact Riemannian manifold with n > 4.
Assume o1 (A) > 0,04 (A) > 0, then for every smooth metric g conformal to g with

o1 (zzlv) > 0,09 (ﬁ) >0, we have

(1.3) [/M o1 (Z) dﬁr < ¢(M,g)fi (M) /M - (Z) dji.

In another way, it is

(1.4) Fi(§) < c(M,g) F> (5)*

Note here ¢ (M, g)’s are different in different inequalities. For convenience we
will use this convention in future inequalities. Under the assumption of Theorem
1.2, the standard Sobolev inequality tells us Fy (§) > ¢ (M, g) > 0, as a consequence
we see Fa (g) > ¢(M,g) > 0 and

0 ~
Fi (g) < C(Magaa)fQ (g)

for 6 < 2.
On locally conformally flat manifolds, one has more Minkowski type inequalities
as follows.

Theorem 1.3. Let (M™, g) be a smooth compact locally conformally flat Riemann-
ian manifold. Assume 1 <k < 5 —1,01(A)>0,--- 041 (A) > 0, then for every

smooth metric g conformal to g with oy (Z) >0, , 0841 (ﬁ) > 0, we have

w5 [ [ a(@)ai] <eonon [ o (A [ o (A) i
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In another way, it is
(1.6) Fi () < c(M,g,k) Fr1 (§) Frir (3)
By induction we get

Corollary 1.1. Let (M™, g) be a smooth compact locally conformally flat Riemann-
ian manifold. Assume 1 <k < 5 —1,01(A)>0,--- 0141 (A) >0, then for every

smooth metric g conformal to g with o1 (Z) >0, ,0k+1 (21) >0, we have

(1.7) Fi(@)F < (M, g,k) Fra (§)7 .

Under the assumption of Corollary 1.1, the standard Sobolev inequality gives us
F1(g) > c(M,g) > 0, as a consequence we see Fy, (g) > ¢ (M, g,k) > 0 and

fk (5)9 é C(Mvgakve)fk+l (g)

for 0 < % In particular,

n—2k—2

(1.8) Fir(g) " <c(M,g,k) Fiya (9)

In [GW, part (A) of theorem 1], based on careful study of a nonlinear parabolic flow
and the compactness of solutions of the corresponding nonlinear elliptic equations,
it was shown that for locally conformally flat manifolds, the inequality (1.8) is true,
moreover the best constant is achieved by some particular metrics. Our approach
is different from [GW]. The main point of our argument is systematically applying
the symmetric k-linear functional ¥ associated with o to rewrite f M Ok (A)dyp in
suitable forms and applying the Garding’s theory of hyperbolic polynomials [G]. At
the end of the article we discuss some evidences that in general the best constant
in (1.3) does not seem to be achieved. We note that [GW, Theorem 1] proved some
sharp inequalities for other range of k£’s too.

We organize the note as follows. In Section 2 we list some algebraic identities
which will be needed later. Section 3 is devoted to the proof of the integral identity
in Theorem 1.1. In Section 4 we use the integral identity to derive the Minkowski
type inequalities (1.3) and (1.5).

2. SOME ALGEBRAIC PREPARATIONS

Here we will describe some basic algebraic facts which will be used freely later.
For a n x n matrix, since det A is a degree n homogeneous polynomial in A, there
exists a unique symmetric n-linear functional D such that det A = D (A,--- , A).
If we let

(2 1) i’;’]' 17:
ep - ﬁ-
g E ] p . lf 11 -1 are Illl].t llally d.l eIeIlt aIld

= 1+ Jk 1s a permutation of iy - - - ig;
0, otherwise,

(2.2) D(Ay,--,A,) = l(s?l'::?;Alml A

n' J1-3d
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Here i1, --- ,i, runs from 1 to n. Next we will describe some basic properties of D.
(2.3) D(AB,--- ,A,B)=D (A, --- ,A,)det B.

(2.4) D(BAy,--- ,BA,)=detB-D (A1, -, A,).

(2.5) D(AlT,n-,AZ):D(A17~-~,A,L).

These equalities follow from polarizing the variable A in det AB = det A det B,
det BA = det Bdet A and det AT = det A. On the other hand, a simple calculation
shows

(2.6) D(A;I,n—l):ltrA.
n

Here D (A;I,n—1) =D (A,I,---,I), I is repeated n — 1 times. For convenience
we will apply similar notations below. We also have

(2.7)
D(A1B, Az, ,Ap) + D (A1, A2B, - JAyp) + -+ D (A1, Ay, -+, A B)
:D(BA13A27"' 7An) +D(A1aBA2a"' 7An)+ +D(A1;A27"' 7BAn)
=D (A, - ,A,)trB.
This follows from polarizing the variable A in D (AB;A,n—1) = L1det Atr B
and D (BA;A,n—1) = %detAtrB.

If we write

(2.8) det A+ A) =00 (A) A"+ 01 (AN -+ 0, (A),
then

n 1 i
(2.9) Ok (A) = k D(A,k;;I,n—k;) = Héh“dkAiljl Alk]k

Let X; be the symmetric k-linear functional associated with oy, then

(2.10) Sk (Ap, - Ag) = (Z)D(Al;u-;Ak;I,n—k:)
1 ..

= 210 ik A Ak
Using this equation and the properties of D listed above we see
(2.11) Sk (AT, AT) = Sk (Ar,- Ap).
(2.12) S (Avy-oe Ap 1, T) = ”‘Tk“zk_l Ay, Apr).
and
(2.13) (n—k+1)Z, (A1, -+ ,Ap—1,B) + 2, (A1B, -+ , Ap_1, 1)+

o+ S (Ay, -, Ag1 B T)
=n—k+1)XZ; (A1, - ,Ar_1,B)+ 3, (BA1, -+ ,Ap—1, 1)+
e+ D (Ay, -, BAg_1, 1)
=X, (A1, ,Ap_1,I)tr B.
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In particular,

(2.14) kS (A, k — 1; B)
=o0p_1 (A)trB—(k—1)%;_1 (A, k—2;AB)
=01 (A)trB—(k—1)Xk_1 (A k—2;BA).

Let S,, be the space of all real symmetric n x n matrix. We recall a basic fact
about o, proven in [G]. On S, o is hyperbolic I, the associated convex cone is

(2.15) I'y={4€8,:01(4) >0, -+ ,01(A) >0},
the closure of T'y is given by

Tp,={A€S8,:01(A4) >0, -+ ,04 (A) > 0}.
It was shown in [G] that

(2.16) Sk (Ag, -+, Ag) >0 for Ay, -+, Ap € Ty
In particular, if Ay, -, Aj_y € Ty, B— C €Ty, then
(2.17) Er(Ar, -, Ap1, B) > 5y (A, -+, Ap1, 0).

3. AN INTEGRAL IDENTITY

The aim of this section is to prove Theorem 1.1. If § = v~2g, then

2
A=A+v'D%— 7|VU|
202
This implies
I Vol?
g 'A=vg A4 vgT D% — %I.
When we write oy, (g), we mean oy (5—111) Denote
Vol?
©=A+v'D%— ‘202| g,
v

when we write o, (©) etc, we mean o, (9~'©). It is clear that oy, (/T) = v?*gy, (0),

hence [, o (Z) din = [y, 0% (©)v?*~"dp. For convenience, we write A ~ B to
mean expressions A and B differ only by divergence terms, in particular, they have

the same integral over M (with respect to du, the measure of g). When k = 1, we
have

o1 (0) v =0y (A) 02" + Av -0l — g Vo2 yn
~ oy (A) v+ nT—2 Vo2 o™

This gives the integral identity (1.1).
Assume k = 2. We have

(3.1)  oy(©)vt ™
=3,(0,0)v*™"
=03 (A)v*™" + 03 (D*0) v* " + %Eg (9,dv & dv) |Vv|*v™"

+2%5 (4, D%0) v* ™" — 55 (4, 9) |Vol v — 5 (D0, g) Vo] * 0! ",



6 SUN-YUNG A. CHANG AND FENGBO HANG

Fix a local orthonormal frame on M with respect to g, then
Vijk — Vikj = —Rijrue = —Wigror — Aijor — gijAmu + Aigvj + ginAjior

Here we have used the decomposition Rm = W + A ®g. To derive the formula
(1.1) we try to reorganize terms in (3.1) into linear combinations of og (A)v4™",

$s (g9, dv ® dv) [V v, 3a (4, dv @ dv) v2~™ and 5 (O, dv @ dv) v2~™. We have
(3.2) Iop) (DQU) i
~(n—2)%5(0,dv®dv) v —2(n —2) Sy (A, dv @ dv) v*™"

+ 0 ; 222 (9,dv ® dv) [Vo|* v~ 4 25 (A, g) [Vo]* 0?7,
Indeed,
o9 (Dzv) V2
- %5;13-2201‘1]‘1%2]‘202_"
~ _%6;13'22%1]’1]’2”1’2”2_” + ; g 26;1322Ui1jlvizvj2vl_n

1 011 —-n -n
= —gf%ifz (Viyjijs — Virjaji) V¥ ™ + (n — 2) 8y (D?v, dv @ dv) v*

= idﬁﬁWilUljszizvz_" + 35 (A, dv @ dv) v?* ™" + Lo (A (dv @ dv) , g) v "
+ (n—2) Sy (D*v,dv @ dv) v' "
It follows from (2.13) that
(n—1)35 (4, dv® dv) + Sy (A(dv @ dv) , g) = 2 (A, g) |V|.
In addition
5;1;2 WiitjyjaViVi, = 2 Z WittiviaViVi, = 2Wi 13,4, 0105, = 0,
i17is
hence
o9 (DQU) 2
~ (n—2)% (D*v,dv® dv) v' ™™ — (n — 2) 8y (A, dv ® dv) v*> ™"
+ %5 (A, 9) Vo> 02

Vo[
2v

Considering D?v = v© — vA +
Next we claim

(3.3) 25 (A, D*0) v*™" ~ (n — 3) £y (A, dv ® dv) v* 7"
Indeed by (2.14) we have

g, (3.2) follows.

Yo (A, D%v) v* " = % (01 (A) gij — Aij) vijv*™™
n—3

~

5 (01 (4) gij — Aij) vivv” "
=(n—3)%y (A, dv®dv)v> "

Here we have used the fact o1 (A), = A;;;, which follows from the Bianchi’s identity.
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We also have
(3.4) 25 (D%, 9) Vo> ol
2
~ ; (n—1)%2(0,dv® dv)v>™™ — 3 (n—1)2g (A, dv® dv)v®™™"

2
+ 3 (n—1)%s (g,dv @ dv) |[Vo|* v

Indeed,

25 (D?v,9) [Vol? ol "

_ 1(51'_11'2

2v1—n
T 9712

Uiy j1 Gizjo |VU‘

1 i1d _n n—1 i1 2 _—n
_iéjijzgvilgiZ.jé ) QUlUljlvl + T(SjijzvilvjlginZ |VU‘ v
= 2% (D*v- (dv®dv),g) v' ™" + (n — 1) £ (g, dv ® dv) |Vl]? o™
= —2%, (D?v, g) Vo> o' " +2(n— 1) 5, (D*v,dv @ dv) v'™"

+(n—1)%5 (g,dv @ dv) [Vo]> v,
here we have used (2.13). It follows that

Yo (D2v, g) |Vv|2 !l m

2(n—1
~ %22 (D2v7 dv ® dv) vt 4

n—1
3

%5 (g, dv @ dv) | Vo> v,

Using D?v = v0 — vA + ‘vvlzg, we get (3.4). Combine (3.1)-(3.4), we get
2v

o9 (@) 0"
—4 2(n—4
~ oy (A) vt " + r Yo (0, dv ® dv) v? ™ + %Eg (A, dv ® dv)v*>™"
-4
+ 2 %5 (g, dv @ dv) [Vo? o™

12

and this proves (1.1) for the case k = 2.

From now on we assume k > 3 and (M, g) is locally conformally flat, then we
have the Weyl tensor W = 0 and A;j; = A;r;. We have
(3.5)  op (@) v

2
- <v1D21}—|—A— |V g,k) o2k
v

Again we try to reorganize terms in (3.5) into a linear combination of oy (A) v?*~"
and S (0, ay; A, ag; g, as; dv @ dv) |Vo|** v2F—1=2-205 with |o| = k — 1.
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For ay > 1,
2 ——yy —
Sk (Dzv a1; A, as; g, a) [Vo[**? p2hmnmar—2es

5“

kl Ji- kalljl U UialjalAia1+1ja1+1 T Aia1+a2ja1+a2 Jiay+ant1dartag+t " Jirje”

‘vv|2a3 v2k7nfa172a3

Qaq

11
~ e 5 ]kvml...

/Uial—Zjalfz,Uialfljal—ljalUial Aia1+1ja1+1 U Aia1+a2ja1+a2 :

2a3 | 2k—n—a;—2as
gia1+a2+1ja1+a2+1 © Gigge |V1)| v
2043
7’1 . . . . . . e . . .
- 6 Virgr " Viay —1daq -1 Viay ViVlja, Alal+1]a1+1 Ala1+a23a1+a2

203—2 | 2k—n—a1—2as3
gia1+a2+1ja1+a2+1 i |Vv| v

n— 2k + oy + 2as3

k! J1-gn Vindn " Viag —1da; -1 Viey Vi Ai&1+1j01+1 Y Ai01+a2ja1+ﬂ2 ’

2a3 | 2k—n—1—a1—2ag3
Jioy tagt1iartagt1 " Jirjk |VU| v

=(a; —1)%g (Dzv,al —2;A, a0+ 1;9,a3;dv ® dv) |VU|2C¥3 p2k—n—on—2as

+ (a1 — 1) X% (D2v, a1 — 2, A, a0;59,a3 + LA (dv® dv)) \Vv|2a3 p2h—n—a1—2as

— 2032, (Dzvv ar —1; A, a5 9,as; D*0 - (dv @ dv)) V|23 2 y2h—n—aa—2as

+ (n =2k + a1 + 203) By (D*v, a1 — 1; 4, 23 g, o33 dv @ dv) |Vo|?%8 p2h—n—l-ai—2as
= (o1 — 1) Sk (D*0,01 — 2, A, a2 + 15 g, 33 dv @ dv) V|2 p2k—n—a1—20as

+ (a1 = 1) (D?v,01 — 25 A, 059, a5 + 1; A - (dv @ dv)) V|2 p2k—n—ea—2as

2
— ﬂxk (D v,a1; A, 042,9,053) ‘V,U|2()43 Qh—n—aq—203
Qg
2 —k .
+ a3 (n + OZS) Yk (DQU,OZ1§A7O[2;g,a3 — 1;dU ® d’()) |V’U|2 3 2v2k_n—0t1—2a3
aq
2 .
%Ek (DQ’U, al;A, Qo — ]_,g’ ag,A . (dU ® dU)) |V'U|2 3—2 vzk*n*OCl*Qag
aq

+ (n—2k+ a1 +203) y (D?v, a1 — 13 4, 03 g, 33 dv @ dv) Vo[98 p2h-n—l-ai=2as,

In between we have used the fact vijr —vir; = —Aijvr — gij Arivr + Aipvj + gin Ajiv
and (2.13). Hence
Sk (D?0, 013 A, a9 g, ) [ Vo222 p?hnmen—2as

1 N
Lo Tl (o1 >Ek (D2v,ozl — 2 A, a0+ 1;9,a3;dv® dv) |Vv\2 8 p2h—n-a1—2as

o1 + 2a3
%20[3)21c (D%, a1 — 2; A, 05 9,03 + 1; A - (dv @ dv)) Vo[> p2R—nmon—2as
2 —k an
o3 (n + a3)2k (D*v, 15 A, a2 9,3 — 1;dv ® dv) | V|23~ 2 y2hn—a—2a3
a1 + 2a3
20[20(3

ot 2as pA (D21)7 a3 A, an — 1 g,a3; A - (dv ® dv)) |V1}|2a3_2 p2k—n—a1—2as

a1 (n— 2k 4+ a1 + 2a3)
+
o1 + 203

Sk (D%, a1 — 1; A, 05 g, a3 dv @ dv) V|02 p2n=1men—20s,
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This formula still remains true for vy = 0, az3 > 1. Hence it is true for a; +ag > 1.
If we sum up, we get

ok (@) 1}2]67”

~ O} (A) v2k7n

k! 1 o3 (05] (041 - 1) 2
AP DR (-3) 2o Usy (0,01 - 2 00+ 1igaaido s o).
a€Z+,|a\:k
aj+az>1

‘V’U|2a3 v2k—n—o<1—2a3

k! 1 o3 (e%] (041 - 1) 2
+ Z a <—2> mz:k (D ’U7a1—2,A,O¢2797a3+1,14-(dv@dv))-
aGZiJa\:k
artaz>1

‘vv|20ts v2k7nfa172a3

k! 1\ 2a3 (n — k+ a3) )
N SZ J <2) a1 + 2a3 Sk (D v’al,A7a27gva3*1,dU®d’U)~
a€ly,|al=k
ar1taz>1

‘V’U|2a3_2 U2k7n7a172a3

k! 1 s 2042043
+ — | —= ——= 2 %, (D*v,0q; A, 00 — 1; 9,3, A - (dv @ dv)) -
aez%i_k ol < 2) a1 + 203 ( 1 2 g,0a3 ( ))

artasz>1

‘VU|20¢3*2 ,U2k—n—a1 —2a3

KU1\ on (n— 2k + on + 2as) 2
+ Z a <_2> a1+2a3 Ek (D U’a1_17A7a27g7a3ad/U®d/U)'

aniJa\:k
ar1taz>1

‘vv|2a3 v2k7n717a172a3

= o}, (A) ,U2kfn

+ Z E n — 2k 71 @3
o’ al (a1 +2a3 + 1) (a1 + 2a3 + 2) 2
el

|a|=k—1

2 e —92 _
Sk (D0, 015 A, ag; g, as; do @ dv) [Vo]7*2 p2Fmnm2ma—20s,

Using

[Vo|?
% 9,

D%y =00 —vA +
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we see
o (9) 2k—n
2k n n — 2k az+B2
~ o (A) + (=1 :
agzzi ﬁ;zs ag'ad'ﬁ' (a1 4 2a3 4+ 1) (a1 + 203 + 2)
lal=k—1]8]=
1

20134’['33 ( BlaA Oéz—f—ﬁg,g,@ég—i-ﬁg,d'l)@dv |VU|2(QS+B3) 2hon=am20s =20,

= oy, (A)v*" 4 (n — 2k) Z Z i !

azlas!B! (6] + 205 + 1) (6] + 205 +2)

Z
|W’T€k 1 052"!‘52 172
asz+B3="3
1
(_1)as+ﬁ2 273 Yk (©,715 A, 725 9,735 dv @ dv) |V”|273 PR

kl 1 72) (73) (=1 p+q
o (A -2k S ELs ()3 =Y .
v (P+a+m++1)E+gtmntyt?)
ez} 0<p<y2
ly|=k—1 0<g<n~s

Sk (0,713 A, 725 9,735 dv @ do) [V 78 o722,

Note that

Z ( (1)2)(;)(_1)

o2, Pratn ) (Ptat s +2)

0<g<vs
1
= ) (72> (73) (_1)P+q/ (trratytrs _gpratybistl) g
0<psy, NP/ N 0
0<g<vs

1
:/ t“/1+“/3 (1 o t)'y2+73+1 dt
0

(71 +3)! (2 + 93+ 1)!
(1472 +2y3+2)!

The conclusion of Theorem 1.1 follows.

4. SOME APPLICATIONS OF THE INTEGRAL IDENTITIES

Here we will apply Theorem 1.1 to prove some inequalities between |’ 2 Ok (A) dp.
Note that if £ < § and both A and A belong to T}, then it follows from Garding’s
theory that all the terms on the right hand side of (1.1) are nonnegative. This
serves as the main point in proving Theorem 1.2 and Theorem 1.3.
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Proof of Theorem 1.2. We write § = v~2g and still use the notation © as in Section
3 to avoid confusion. It follows from Theorem 1.1 that

(4.1) /M o3 (Z) dji
= /M oo (A)v*"dp +

2(n—4)

+T

n—4
12

n—4

/ Yo (0, dv ® dv) v? "du
M
/ Yo (A, dv @ dv) v* "du

M

+

/ 25 (g, dv ® dv) [Vol? v "dp,
M

Using the positivity assumption on A, A we get

/M o2 (;1) dip > c¢(M, g) /M (v47" + |Vv|4v*”> du.

It follows that

- -2
/ o1 (A) dp = / o1 (A)v* "dp + z / Vo2 o™ dp
M M 2 Ju

<cOrg) [ (@4 19oPe ) du
M

< (M, q) UM v"d,u] i [/M (v‘**“ + |W\4v*”) du] i

< (M, g)fi(M)? [/Moz (4) dﬁr-
O

As we see from the argument above, Theorem 1.2 follows from the integral for-
mula (1.1) and a straightforward application of Holder’s inequality. To get Theorem
1.3 we need more efforts to deal with the middle terms. For example if we want to
prove (1.5) for k = 3 i.e.

2
oo (A dﬁ} §C(M,g)/ o1 (A dﬁ/ o3 (A) dfi.
[, () o ()i [ o (4)
In view of (4.1), we need to bound the middle terms [, 33 (6, dv ® dv) v*~"dp and
Jas B2 (A, dv ® dv) v "dp and this will be handled below.
Proof of Theorem 1.3. We may find ¢ (M, g, k) > 0 such that
C(Mygak)g - Av C(M7gvk)A ) € Fk+1~

Using the same notation © as in Section 3 we have

/M or (4) dji = /M ok (©) v,

It follows from Theorem 1.1 and (2.17) that [, oy (,Z) dpi is equivalent to

/ v%_"d,u + Z / Yk (0, a159, a0 + az; dv ® dv) \VU|20‘3 pHon—2=2asg,,
M M

3
a€Zy
|a|=k—1
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Here being equivalent means the two quantities can bound each other by a positive
constant ¢ (M, g, k). To continue we first observe that

/ U?k:fndu
M
1
2 2
< |:/ 1}%_"_2014 |:/ ’U2k_n+2d/1,:|
M M

< (Mg, k) [ [ o) v2k”2du]

1 1
2 2

|:/ Ohtl (@) U2kfn+2d'u
M

Next, if ap > 1, then

/ 55 (6, @13 g, g + ag; dv @ dv) [Vo[2? v2-m=2-20 gy
M

1

2
< {/ Sk (0, 013 g, 0 + az; dv ® dv) [Vo[*** Uzkn42a3d4
M

2

U Sk (0, 0159, az + as; dv @ dv) [Vo|**? vg’“‘"‘mdﬂ}
M

[N

<c(n,k) [/ Yro1(0, 0159, a5 — 1+ as; dv @ dv) |Vo|**® v2k"42‘”3d,u]
M

2

U Set1 (0, 0159, 02 + 1+ az; dv ® dv) [Vol** v2’“‘"‘2a3d4
M

{/ o+1(0) U2kn+2dﬂ] 2
M

1
2

<c(M,g,k) UM or_1(0) v%”Qd,u]

If ap =0 and a3 > 1, then

/ Sk (0,139, as; dv @ dv) Vo[>0 k727205,
M

1

2

< U Sk (0,139, as; dv @ dv) IVU|20‘3_2U%_"_2_2@3W]
M

[N

[ / Sk (0, a15g, azidv @ dv) [Vo*** 7 v2k”22“3du]
M

1
2

< c(n,k) [/ Sho1 (0, a1;59, a3 — 1;dv @ dv) [Vo** 2 Uzk_”_Q_QO"“"du}
M

Nl=

[/ Skt (0,159, a3 + 15 dv @ dv) Vo222 fu%”on‘Sdu}
M

[ /M ori1 (©) v2k_"+2du]

1
2

<c(M,g,k) [/M o-1(0) v%_"_zdu]
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At last, if ap = a3 = 0, then

/ Yi (0, k — 1;dv @ dv) v " 2dy
M

/ Yi (0, k — 1;dv @ dv) v** " 2dy
Vou#0

=

< {/ S (0,k — 1;dv @ dv) |[Vo| > vzknzdu]
Vu#0

-

[/ Sk (0,k — 1;dv @ dv) [V v2k_"_2du}
Vu#0

Nl

< c(n,k) [ [ seen-tg) vanzdu}
Vu#0

Nl=

[/ Yit1(0,k—1;g;dv® dv) |Vv|2 v%_”_gdu}
Vu#0

[ @]

Here we have used (2.17) and the fact |Vv|?> g — dv ® dv is nonnegatively definite.
Theorem 1.3 follows. 0

1
2 2

<c(M,g,k) UM or_1(0) v%”?du]

Theorem 1.3 together with an induction process imply Corollary 1.1.

It follows from Theorem 1.2 that for n > 4, g € [ggn]| with o1 (4) > 0,02 (A) > 0,
then

2
(12) et | [ o] <us [ o
Define a functional
(S™) Jgn 02 (A) dp
(4.3) I(g)="2"s .
P s on () du)’

Then (4.2) says I (g) > c¢(n) > 0 for all metrics g € [ggn] with o1 (A) > 0,02 (A) >
0. A surprising fact is that gg» is a critical point of I with nonpositive second
variation. To see this, we write g = v™2ggn, I (v) = I (v"2gsn), then calculation
shows for h € C* (5™, R),

1" (1) (h, h)
2
n
/ IVA|® djugn —n/ h2dpugn +W (/ hdusn> 1
n n Sn

4(n—1)
n?|S"|

and it is nonpositive definite. In particular gs» can not be a minimizer for I and

the best ¢(n) in (4.2) satisfies

n—1
n
This suggests that the best ¢(n) in (4.2) may not be achieved.

c(n) <I(gsn)=
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