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Abstract. In this paper, on 4-spheres equipped with Riemannian metrics we
study some integral conformal invariants, the sign and size of which under Ricci
flow characterize the standard 4-sphere. We obtain a conformal gap theorem,
and for Yamabe metrics of positive scalar curvature with L2 norm of Weyl
tensor of the metric suitably small, we establish the monotonic decay of the
LP norm for certain p > 2 of the reduced curvature tensor along the normalized
Ricci flow, with the metric converging exponentially to the standard 4-sphere.

Throughout my career, I (the first author Alice Chang) have long admired
Vaughan Jones from a distance for the ingenuity of his works in mathematics and
for his open, earnest attitude during social encounters. The conversations we shared
in our brief meetings at UCLA, Berkeley, at a summer school in New Zealand, and
during the long bus ride from San Pablo to Rio at ICM 2018 — each has left a
vivid memory. What a bright star in our profession!

1. Introduction

We start by recalling some earlier works of Chang-Gursky—Yang [CGYO03].

Under what conditions on the curvature can we conclude that a smooth, closed
Riemannian manifold is diffeomorphic (or homeomorphic) to the sphere? A result
which addresses this question is usually referred to as a sphere theorem, and the
literature abounds with examples.

An example of particular importance to us is the work of Margerin [Mar86],
in which he formulated a notion of “weak curvature pinching.” To explain this we
will need to establish some notation. Given a Riemannian four-manifold (M?, g),
let Riem denote the curvature tensor, W the Weyl curvature tensor, Ric the Ricci
tensor, and R the scalar curvature. The usual decomposition of Riem under the
action of O(4) can be written

1 1
Ri =W+ -F —R
iem +2 ®g+24 g g,

where E = Ric — %Rg is the trace-free Ricci tensor and ® denotes the Kulkarni-
Nomizu product. If we let Z =W + %E ® g, then
1
Riem =7+ —R .
em + 21 g g
Note that (M*, g) has constant curvature if, and only if, Z = 0. We now define the
scale-invariant “weak pinching” quantity
A 2 2 2E 2
we o 20 _ WP+ 2BP
R? R?
where |Z|? = Z;;1,Z%*" denotes the norm of Z viewed as a (0, 4)-tensor.

(1.1)
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Margerin’s main result states that if R > 0 and WP < %, then M* is diffeomor-
phic to either S* or RP%. Moreover, this “weak pinching” condition is sharp: The
symmetric spaces (CP?, grg) and (S x S, gproa.) both have R > 0 and WP = %.

Margerin’s proof relied on an important tool in the subject of sphere theorems,
namely, Hamilton’s Ricci flow. In fact, previous to his work, Huisken [Hui85] had
used the Ricci flow to prove a similar pinching result, but with a slightly weaker
constant. In addition, Hamilton [Ham®86] had used his flow to study four-manifolds
with positive curvature operator. As Margerin points out in his introduction, there
is no relation between weak pinching and positivity of the curvature operator;
indeed, weak pinching even allows for some negative sectional curvature.

One drawback to the sphere theorems described above is that they require one to
verify a pointwise condition on the curvature. In contrast, consider the (admittedly
much simpler) case of surfaces. For example, if the Gauss curvature of the surface
(M?,g) satisfies [ KdA > 0, then M? is diffeomorphic to S? or RP2. In addition
to this topological classification, the uniformization theorem implies that (M2, g) is
conformal to a surface of constant curvature, which is then covered isometrically by
S52. Therefore, in two dimensions one has a“sphere theorem” which only requires
one to check an integral condition on the curvature.

In an earlier work of Chang—Gursky—Yang, they have reformulated the result
of Margerin by showing that the smooth four-sphere is also characterized by an
integral curvature condition. As we shall see, the condition has the additional
properties of being sharp and conformally invariant.

Theorem A ([CGYO03]). Let (M*,g) be a smooth, closed manifold for which
(i) the Yamabe invariant Y (M*, g) > 0, and

(i) the Weyl curvature satisfies
/M4 |W2dv < 1672 x (M*). (1.2)

Then M* is diffeomorphic to either S* or RP*.

Remark.
1. Recall that the Yamabe invariant is defined by
Y (M*,g) = inf vol(g)*%/ Rydvg, (1.3)
gelgl M4

where [g] denotes the conformal class of g. Positivity of the Yamabe invariant
implies that g is conformal to a metric of strictly positive scalar curvature
[KWT5].

2. In the statement of Theorem A, the norm of the Weyl tensor is given by
W% = Wijleijkl; i.e., the usual definition when W is viewed as a section of
R4AT* M4,

By appealing to the Chern—Gauss—Bonnet formula, it is possible to replace (1.2)
with a condition which does not involve the Euler characteristic. Since

1 1 1
2 M4 :/ - 2—*E2 iy > 1.4
e = [ GIWE =SB+ s (1)
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one can also prove:

Theorem A’ ([CGYO03]). Let (M*,g) be a smooth, closed manifold for which
(i) the Yamabe invariant Y (M*, g) > 0, and

(ii) the curvature satisfies
1 1 1
—~|EP’ + —R*— —|W|*)d : L.
[ (3R R = {0 (15)

Then M* is diffeomorphic to either S* or RP*.

Formulating the result of Theorem A in this manner allows us to explain the con-
nection with the work of Margerin. This connection relies on the works [CGY02b,
CGYO02a] in which they established the existence of solutions to a certain fully
nonlinear equation in conformal geometry. Simply put, the results of [CGY02Db]
and [CGY02a] allow one to prove that under the hypotheses of Theorem A’; there
is a conformal metric for which the integrand in (1.5) is pointwise positive. That is,
through a conformal deformation of metric, one is able to pass from positivity in
an average sense to pointwise positivity. Now, any metric for which the integrand
in (1.5) is positive must satisfy

1
W%+ 2|E]? < 6RQ,
by just rearranging terms. Note that this implies in particular that R > 0. Dividing
by R?, we conclude that
WP+ 2AEP 1
R? 6
The conclusion of the theorem thus follows from Margerin’s work.

WP =

We remark that in [CGYO03], they have also established that Theorem A is
sharp. That is, one can precisely characterize the case of equality as stated in
Theorem B of that paper.

Theorem B ([CGYO03)). Let (M*,g) be a smooth, closed manifold which is not
diffeomorphic to either S* or RP*. Assume in addition that
(i) the Yamabe invariant Y (M*, g) > 0,

(i) the Weyl curvature satisfies
/M4 |W[2dv = 1672 (M*). (1.6)

Then one of the following must be true:
1. (M*,g) is conformal to CP? with the Fubini-Study metric grs, or

2. (M*,g) is conformal to a manifold which is isometrically covered by S® x St
endowed with the product metric gprod.-

The purpose of this note is twofold. First we will apply the method of proof of
Theorem B in [CGYO03] to establish a conformal gap theorem, which we will state
and establish as Theorem 2.1 in Section 2. The second is to address a question of
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“monotonicity” related to the proof of Theorem A along the Ricci flow, which we
will formulate and discuss in detail in Section 3. In particular, we study the decay
of the curvature quantities |W|, |E|, and |R — R|, or equivalently the decay of the
reduced curvature tensor |Riem — 2;Rg ® g, in the terminology of the abstract.
We also remark that the monotonicity result of Section 3 has been applied in
some recent work of Chang—Prywes—Yang [CPY21]to establish the bi-Lipschitz
equivalence of a class of metrics to the canonical metric on S* under some suitable
curvature conditions.

2. A Conformal Gap Theorem

The proof of Theorem B in [CGYO03] relies on a vanishing result, in a sense
which we will now explain. Suppose (M?, g) satisfies the hypotheses of Theorem
B. If there is another metric in a small neighborhood of g for which the L?-norm
of the Weyl tensor is smaller; i.e.,

/M4 [W[2dv < 1672 (M*),

then by Theorem A we would conclude that M? is diffeomorphic to either S* or
RP*. This, however, contradicts one of the assumptions of Theorem B. Therefore,
for every metric in some neighborhood of g,

/M4 |W2dv > 1672y (M*).

Consequently, g is a critical point (actually, a local minimum) of the Weyl functional
g +— [|W|?dvol. The gradient of this functional is called the Bach tensor, and we
will say that critical metrics are Bach—flat.

We recall that in local coordinates, the Bach tensor is given by

. 1
Bij = VIV Wiije + 5 BY Wiije.

Thus, Bach-flatness B = 0 implies that the Weyl tensor lies in the kernel of a
second order differential operator. The proof of Theorem B was established via
some involved Lagrange-multiplier arguments in [CGY03].

One important fact we rely on in this note is that both the Weyl tensor and the
Bach tensor are pointwise conformal invariants on 4-manifolds in the sense that on
(M*, g), if we change the metric g to § = e?“g in the conformal class [g] of g, then
Wy = 6*2“’Wg, while By = e*Q“’Bg. Note that since W is a 4-tensor and B is a
2-tensor, this translates to fact that the L? norm of the Weyl tensor and the L!
norm of the Bach tensor are conformal invariants in the integral sense, i.e. for all

g € [g],
/ |Wg|§dvf,:/ [Wyl2dvg
M4 M4

/ |Bg|gdvg=/ |Bglgdug,
M4 M4

where |[Wy|, denotes the g-norm of the Weyl tensor in g metric; which, to simplify
the notations we will henceforth denote by |W|, or simply |W|.

and
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We now state a conformal gap theorem which is the main result of this section.

Theorem 2.1. On (S%,9), if Y(M*,g) > 0 and g is Bach-flat with
/ [W|2dvg < 3272, (2.1)
5’4

then W, = 0; hence g € [g.].

We remark that an important class of metrics which are Bach-flat is the class
of metrics which are conformal to some Einstein metric. One way to see this is
through a well-known relationship between the Weyl tensor and the Ricci tensor
([Der83|, also [CGY03], p.124). which can be derived as a consequence of the
Bianchi identity:

1
ViWigue = (0W)ij = 5 (dA)iji,
where
(dA)ijl = Vz‘Ajl - vinh

and where A;; = Ric;j — %Rgij denotes the Schouten tensor. Thus in particular an
Einstein metric is Bach-flat, and as the later condition is pointwisely conformally
invariant, so is a metric conformal to an Einstein metric. Therefore as a corollary
to Theorem 2.1, we have

Corollary 2.2. The only Einstein metric g on S* with positive scalar curvature
and

/ W 2dv, < 327 (2.2)
S4

is conformally equivalent to the canonical metric g. on S*.

Remark. We would like to point out it remains an open question whether on the 4-
sphere there exists an FEinstein metric with positive scalar curvature other than the
canonical metric g.. It turns out the “gap” provided in the corollary above in terms
of the size of Weyl curvature for Einstein metric is not the best one known. In an
earlier work of Gursky [Gur98], he has studied the class of metrics whose self-dual
part of Weyl tensor is harmonic (i.e. SW™ = 0, where & denotes the divergence),
which again includes the Einstein metrics as special cases, and the conclusion in
Theorem C in that paper presents a gap bigger than ours. More precisely, Gursky’s
result states that the only Einstein metric g on S* with positive scalar curvature
and

128
/ |W\3dvq < =2
S4 : ) 3
is conformally equivalent to the canonical metric g. on S*.

We now present a proof of Theorem 2.1 which largely follows from the proof of
Theorem B in [CGYO03]. We start by stating two integral equalities for Bach-flat
metrics on 4-manifolds.

Proposition 2.3 (See [CGY02b, Lemma 5.4]). If (M*,g) is Bach-flat, then

1
0= / {3 (|VE|2 - 12VR2> + 61f7°E3 + ARl.E‘2 - 6WijkgEikEj[} d’U, (23)
M4
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where trE3 = EiiEiEjy.

The second identity (2.4) below is a Weitzenbéck formula for Bach-flat metrics,
derived in [CGYO03] using the Singer-Thorpe [ST69] decomposition of the curva-
ture tensor on 4-manifolds viewed as curvature operators acting on 2 forms; the
derivation is also motivated by the decomposition of the curvature tensor used in
the proof of the main result in the paper of Margerin [Mar86]; we remark that
establishing the identity (2.4) is actually one of the (two) major steps in the proof
of Theorem B in [CGYO03].

Proposition 2.4 ([CGY03, Proposition 3.3]). If (M?,g) is Bach-flat, then

1
0= / VW |? — {72 det WF +72det W~ — 5R|W|2 + QWUMEME]»@} dv.
M*
(2.4)

We remark that in the identity (2.4) we have viewed the Weyl tensor as a cur-
vature operator acting on 2-forms, and W* and W~ respectively as the self-dual
and anti-self-dual parts of the Weyl operator.

For the rest of this section we continue with the proof of Theorem 2.1. We first
introduce a notion of elementary symmetric polynomials o, : R” — R™,

TeAs o An) = Y A Ay
i< <ip
For a section S of End(TM*) — or, equivalently, a section of T*M* @ TM* — the
notation o, (S) means o, applied to the eigenvalues of S. In particular, given a
section of the bundle of symmetric two-tensors such as A, by “raising an index”
we can canonically associate a section g~ A of End(TM*). At each point of M*,
g~ 1A has 4 real eigenvalues; thus o, (g~ ! A) is a smooth function on M*. To simplify
notation, we denote o.(A) = 0.(g7 1 A).
Using this notion, we can rewrite the Chern—-Gauss—Bonnet formula as

1
82y (M*) :/Z|W|2dvol+/02(A)dv. (2.5)
where
(4) = B2 — 1B (2.6)
g9 = 24 9 . .

Returning to the consider (54, g) satisfying the assumptions of Theorem 2.1, a
key step in the proof is to pass the information in the integral condition (2.1) to a
solution of a PDE satisfied by a metric g in the conformal class [g].

Proposition 2.5 ([CGY03, Theorem 1.1 and Lemma 3.1]). Suppose (S*,g) is
smooth and satisfies the same conditions as in the statement of Theorem 2.1. Then
there is a smooth metric § € [g], so that w.r.t the metric g,

o2(A) = WP =2, (2.7)
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where X > 0 is a nonnegative constant. Also as a consequence we have
3 1
5\VI/I/\2+3(|VE\2 — E|VR|2) >0. (2.8)

From now on for the rest of this section we work on the metric § chosen in
Proposition 2.5 above.

For such a metric, by combining the identities (2.3) and (2.4), and applying the
inequality (2.8), we obtain that

3 1
0= / {VW|2 +3 (|VE|2 — |VR|2) (2.9)
g | 2 12
+ 6t’l“E3 + R|E|2 — 9Wij,€gEmEjg

3
—108det W — 108 det W~ + 4R|W|2} dv
> / 6613 + RIE — 9WijneEon Eye
S4

— 108 det W — 108 det W~ + %RWV\Q dv .
We now denote and analyze the integrand,

3
G = 6trE® + R|E|? — W, EixFje — 108 det W — 108 det W~ + ZR|W|2.

(2.10)
Let
S} ={z e s*: W, >0},
Sg = {r e S*:|W,| =0}.
Observe that at points p € S3, we have
G = 6trE® + R|E|* > —2V3|E|* + R|E|* = |E|*(R - 2V3|E|) (2.11)

Since 03(A) > 0 on S, ie. 0 < —1|E|? + };R?, which implies R? > 12|E|?,
then

R>2V3|E|. (2.12)

Combining the inequalities in (2.11) and (2.12), we see that the integrand G in
(2.10) is non-negative on the set Sg.

The next step is the delicate part of the proof. For a point p € Si, we recall §
satisfies
1
02(A) = ZIWP+ A= [W]7+ A = [WF* + W77 + A

for some constant A > 0, where where ||-|| denotes the norm of W when viewed as an
endomorphism of A?T*M, related to the norm of W as a tensor by |[W|| = 1|[W |2
Therefore,

R = \/12|E|2 + 24[|[W+|2 + 24|W ]2 + \.
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Now suppose we let

R = \/12|E|2 + 24||W+|2 4 24| W2

and denote by G the same expression that defines G but with R substituted by R.
A crucial step (Proposition 4.4 in the proof of Theorem B in [CGYO03]) is to show
that one can estimate G at points p on the set Si and show that the integrand G
is non-negative at such points. We now split the rest of the proof into two cases.

Case 1: when A > 0.
Note that the above argument implies in this case when A is positive in the
equation (2.7), which corresponds to the case when

/ |W?dv < 327,
S4

that at points p € S*, we have G(p) > G + %(R — R)|W|? > 0. This coupled with
the facts which have already established earlier, namely that G is non-negative in
the set Sg and by (2.16) that the integration of G over the whole S* is non-positive,
implies that the set S’jlr is a set of measure zero. This coupled with the fact that the
metric § is a smooth metric implies that actually the Weyl curvature of the metric
g vanishes identically; hence the statement of the Theorem 2.1 is valid in this case.

Case 2, when A = 0.
‘We now address the case when

/ |W|2dv = 3272,
S4

or equivalently when A = 0. We recall another result in [CGY03], which was es-
tablished based on Proposition 4.1 in that article. We remark that the statement of
the Proposition holds for general compact closed 4-manifolds M but later we will
apply it for the special case when M is S%.

Proposition 2.6 ([CGYO03, Proposition 4.1]). Suppose § is a metric in [g], § =
e*g on M* with w € C°(M}) N CHY(M*) which satisfies

1
o2(A) = Z|W\20n MY, (2.13)
with
Gdv < 0. (2.14)
M4

Then we have
(i) g € O=(M*);

(ii) g is Finstein;

(iii) either Wt =0 or W~ =0 on M*.
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We now apply Proposition 2.6 to finish the proof of Theorem 2.1 by asserting
that when the manifold M* is topologically S%, by the Hirzebruch signature formula
we have

0:127r27(s4):/ |W+|2dv7/ W~ |?dv.
S4 S4

Thus condition (iii) in Proposition 2.6 implies that both W+ and W~ vanish iden-
tically, so the metric g is conformally equivalent to the canonical metric g..
We have thus finished the proof of Theorem 2.1.

3. Monotonicity along the Ricci Flow

Recall that Theorems A and A’ can be viewed as integral versions of Margerin’s
pointwise pinching sphere theorem [Mar86]. This latter result, as described in
the Introduction, is obtained by studying the convergence of the normalized Ricci
flow when starting from a metric satisfying a pointwise “weak pinching” property.
In contrast, Theorems A and A’ are established by a combination of conformal
geometry techniques and Margerin’s result, and therefore do not imply that the
normalized Ricci flow must converge when starting from metrics satisfying integral
curvature pinching as in condition (1.2). A natural question then is whether one can
in fact establish that this low must converge when starting from metrics satisfying
such integral pinching via monotonicity of some integral form of the curvature along
the Ricci low — if so this would give a direct proof of Theorems A and A’, without
a need to quote Margerin’s work as was done in [CGY03].

A most natural integral quantity to try is the L? norm of the Weyl tensor. Thus
the question we ask is: Under the assumption that we start with a “nice” metric on
54, e.g. some Yamabe metric with constant positive scalar curvature, and the L?
norm of Weyl tensor less than 3272 as in the statement of assumption of Theorem
A, does the L? norm of the Weyl tensor monotonically decrease to zero along the
(normalized) Ricci flow and does the metric converge to the standard metric? It
turns out we can only partially answer this question in the sense that we can achieve
this under the assumption the L? norm of the Weyl tensor is sufficiently small (of
an estimable size):

Theorem 3.1. There exists g > 0 such that if (S, go) is a Yamabe metric with
Y (54, [g0]) > 0 and [ |W|*dv < €, then
1 1 1

Jawie + S1BR) vy and [P+ 1EP + 55
are monotonically and exponentially decreasing under the normalized Ricci flow
(S%,g(t)) starting from (S*, go), for any p € [2, %}

Moreover, |||W]| + |E| + |R — R|||loc — 0 as t — oo and the flow converges
exponentially to (S*, g.).

|R — R|P) dvg(p) (3.1)

Remark. Above, R denotes the average scalar curvature over S*, and where || - ||
denotes the norm of W when viewed as an endomorphism of A2T*M, related to
the norm of W as a tensor by ||[W|| = YW, From the arguments used to prove

Theorem 3.1 one could for instance take ey = ﬁwz.
The convergence part of the above result is originally due to Gursky [Gur94], but
unlike Gursky’s and other previous studies of integral pinching under the Ricci flow
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[HV96, CWY20], Theorem 3.1 does not rely on quoting the pointwise pinching
work of Huisken, Margerin, and Nishikawa to obtain convergence of the flow, and is
instead proven directly from the monotonicity of the integral quantities (3.1). We
also remark that the requirement that we start with a “nice” metric is natural in
combination with the restriction on the size [ |W|? dv, in view of the neckpinch
examples of Angenent-Knopf [AK04] which show that even when [ |[W|? dv =0
as for metrics in [g.], some metrics in this conformal class do not converge under
the Ricci flow to (54, g.).

In the rest of this section we collect and justify the necessary estimates to prove
Theorem 3.1.

3.1. Preliminaries. We say that (S%,¢(t)) is a Ricci flow starting from some
intial metric g(0) = go on S* if g(t) satisfies the equation %g = —2Ric. We will
also work with the normalized Ricci flow equation, which in dimension four is given
by %g = —2Ric + %Rg. Finally we recall two additional facts from conformal
geometry:

First, on S* we rewrite the Chern-Gauss-Bonnet formula as

1 1
1672 — 2 _Lipp2, L op2 _ .
o = [ WP = SIBF + 3 B do, (3.2)
Second, we have the following conformally invariant Sobolev inequality:
Y (S, [gD)llulli < 6/ IVull® dvg + /Ru2 dvg. (3-3)

Note in particular that the Yamabe constant Y (S*,[g]) which appears above de-
pends only on the conformal class of the metric g.

From now on, all integration will be assumed to be over S*. We start with some
useful consequences of (3.2).

Proposition 3.2. Let (S*,[g]) have positive Yamabe constant. Then if gy € [g] is
a Yamabe metric,

(a) 55 [ RZ, dvg, <1672,

(b) 3 J1EI3, dvg, < [WI3 dv,, )

(¢) Y(S* [g]) = [24 (1672 — [[W]* dug)]*.

Proof. For (a), first note that [ R2 = dvg, =Y (S* gy)?. By Aubin’s work on the
Yamabe problem we know that Y (S*, gy) is always bounded from above by the
Yamabe constant of the conformal class of the round (5%, g..), hence

1 2
94 ng dvgy <

1 4 2 2
—Y < 167~.
B (S 790) <1

24
Then (b) follows by combining (a) with (3.2) and noting that ||[W||2 dv, is a point-
wise conformal invariant.

Finally (c) follows from combining [ R2  dvg, = Y(S* gy)?, the conformal
invariance of |[W||2 dv,, and (3.2). O
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We now point out a key fact which we shall use throughout this note. Since
JIIW2 dv, is a conformal invariant, then by (3.2) we see that

1 1
—4/R§ dvg — §/|E\f] dvy = 1672 —/||W|\§7 dv, (3.4)

is also a conformal invariant. This leads us to the following comparison between
Yamabe metrics and other metrics in the same conformal class.

Proposition 3.3. For any conformal class (S*, [g]) with positive Yamabe constant,
we have for all g € [g] that

214 /(R —Ry)* dvy = 214 (/ R dv, — Ry’ V01(9)> (3.5)
<3 ( / R dv, — Vol(gy)>
=5 ([t ey [ 1, ).

[ Ry vg'

Above, R denotes the average of scalar curvature ol ()

Proof. The second line follows from the fact that

1/2 _ 4 J Ry dvy
R!]Y VOl(gY) - Y(S ’ [g]) S VOl(g)1/2 )
so that R2 vol(gy) < EQ vol(g); the last inequality follows from (3.5). O

Finally we record the evolution equations for the Weyl, Einstein, and scalar
curvatures under the Ricci flow on a compact 4-manifold. These may be found for
instance in [CGZ20, Lemma 4.5], besides the evolution of scalar curvature which
is well known.

Proposition 3.4. Under the Ricci flow on a compact 4-manifold we have

%HWH2 = A|W|]? - 2|VW|?* + 36det W + WEE. (3.6)
2

%\EF = A|E|? —2|VE\2+4WEE—4trE3+§R|E\2, (3.7)

) — —

a(R —~R)?>=A(R—-R)?-2|VR}? (3.8)

+(R—R)AE]? - 4]E2 + R* - 2R’ + R?)

3.2. Control of the Yamabe constant under the Ricci flow. We want to
control the Yamabe constant in order to estimate the evolution of curvature quan-
tities under the Ricci flow. By Proposition 3.2 (c), we see that along the flow
Y (5%, [g(t)]) has a lower bound in terms of an upper bound on [ \|W||g(t) dvg(y).-
So we can achieve the desired control by showing that

Fylt) = /(ww@+|mwﬂdmﬂ (3.9)

is decreasing under the flow, provided that f||WH§(0) dvgy < €o, for ¢¢ > 0
sufficiently small.
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Proposition 3.5. If (S%,¢(t)) is a Ricci ﬂow starting from a positive Yamabe met-
ric (8%, go) with [[|W]|2 dvg, < €0 = 22, then Fy(t) is monotonically decreasing
under the flow.

Proof. From (3.6) and (3.7) we have (as in [CGZ20, Corollary 4.7]),

/HWII2 dvy < /(2IVIIWH|2+R||W||2) dvy (3.10)
V6
+ 26| W || WF + §HWII2HEHE7
4 1|E|2 dv; < _/ IVE]> + 1R\EF d (3.11)
at | 20 = 6 v '
+2| W EZ + 2| B2 El5-

Therefore by using the conformally invariant Sobolev inequality (3.3), with Y de-
noting Y (5%, [¢(t)]) below we have

d Y
R0 < (= +2V8W L ) I

Y V6
i <_6 + 2+ )Wl + 2|E|2> IE|3.

From this, by using Proposition 3.2 (c) we see that the coefficients of both ||W||3
and ||E||7 on the right will be negative if

—é [24(167° — Fz)ﬁ +4y/F <0,

or equivalently if F < 3372, So the result on the smallness of [ W12, dvg, follows
by Proposition 3.2 (b) O

We now consider the evolution of curvature under normalized Ricci flow. As
in [Ham82], if (S%, g(t)) satisfies the Ricci flow equation, then by setting 9 (t) =
Vol(g(t))~'/? and rescaling

a(t) = wg(t), = / (s) ds

we obtain (S%, §()) which solves the normalized Ricci flow equation
—§ = —2Ric + EEN
at’ = 2"

In particular Vol(S*,§(f)) = 1 for all £ for which the flow is defined. Note also that

Fy is scaling-invariant, so this quantity is the same whether at g(t) or §(f). We can
then reformulate Proposition 3.5 in terms of the normalized Ricci flow.

Corollary 3.6. If (S%,g(t)) is a normalized Ricci flow starting from a unit volume
positive Yamabe metric (S*, go) with [[|[W|2, dvg, < €0 = =72, then Fy(t) is
exponentially decreasing under the flow.
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Proof. From the proof of Proposition 3.5, we know that under a Ricci flow starting

from a positive Yamabe metric (S*, go) with [ [|[W]|2 dvg, < s> we have

d

—Fa(t) < —CFy(t) vol(g(£) ™72,

where the constant C' depends on a positive lower bound for £m? — [ |W||2, duy,.
Passing to the normalized Ricci flow (5%, §(#), we find from direct computation that

d -~ -
—F, < —CFy(t),
s 2(t)
with C' > 0 the same constant as before, which gives us the conclusion. O

Now that we have control of both ||IW|2 and | E||2, we also obtain a uniform
Sobolev inequality along the normalized Ricci flow. However, (3.3) itself is enough
for the purpose of obtaining monotonicity of integral curvature quantities along
the flow. The result below is only needed afterwards when applying Moser’s weak
maximum principle to pass to L° control.

Proposition 3.7. If (5% g(t)) is a normalized Ricci flow starting from a unit
volume positive Yamabe metric (S*, go) with [ |[W |2, dvg, < eg = g572, then, there
exists C > 0 such that for every u € WH2(S4, ¢(t)),

</ ||t dvt>1/2 <C (/ |Vu|? + u? dvt) . (3.12)

Proof. We start by rewriting the conformally invariant Sobolev inequality along
the Ricci flow (3.3) as

Yjull? < 6/ |Vul|? + (R — R)u* + Ru? dv;. (3.13)

In particular this inequality is invariant with respect to scaling of g(t), so it takes
the same form on the corresponding time-slice of the normalized Ricci flow. So for
the rest of this proof we will work exclusively with the normalized flow.

By Corollary 3.6 and Proposition 3.2 (c) we have the lower bound Y (5%, g(t)) >

[24(167% — F5(0))] * along the flow, while by Proposition 3.3 we have [(R—R)? dv; <

24F3(0). Moreover R is uniformly bounded along the normalized flow, since

12 1 9 9

—R <= 5 < )

24R =5 R* dvg < 167~ + F»(0)
Thus we can conclude by absorbing the [(R — R)u? dv; term on the left-hand side
of (3.13) as long as

[24(167% — F5(0))]? — [24F,(0)]* > 0,

which occurs if F5(0) < 872. And this is certainly true since we assumed F(0) <

16, 2
SET - O
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3.3. Monotonicity of W, E, and (R — R) under the normalized Ricci flow.
Now we will establish the monotonicity of the curvature quantities

1 —
Golt) = [ IWIP -+ 5B + ol R~ P du, (3.14)

along the normalized Ricci flow, for p = 2+ 6 and 6 € [0, %), with @ > 0 a small
constant to be established later. We first present the argument in the special case
6 = 0 to illustrate our strategy before giving the general argument.

3.4. The case § = 0. We start by collecting the evolution equations for W, FE,
and |R — R| that we will need. For W we retain (3.10), and next we rewrite (3.11)
(after some work and applying Proposition 3.3) as

d (1 1
G [51EP av < [ (IVBP + GRIBR) dur+ 20Wla 1R + 2Bl 213

dt
(3.15)

1 —
- ER/|E|2 d’Ut.

Note that the last term is negative because we assumed that Ry, > 0, which implies
that R > 0 along the flow. Thus the strategy of our proof is to keep this negative
term and use it to cancel the positive term R f (R — R)? dv; which will arise from
the result of the computation of % (R— R)? dv; below, again obtained after some
manipulation with the help of the inequality in Proposition 3.3.

We rewrite 4 [(R — R)? dv; as

Y
< —SIBIE + (21wl + 2+ V3Bl 1B

% (R—R)? dv; = —2/|VR|2 dvy +4/(R—E)\E|2 dvs + /E(R —R)? dv,
(3.16)
Y iy 1 — — —
<~ IR -FI3+ 5| - RlallR - R} + 167 [ |BP dv,

+4||R — Rl|2|| E]13.
Thus for any a > 0,

d — Y —
- | a(B- R)? dv, < —galR- R|3 +

2

allE R—E2+16aE/E2dv
7 I1£]2]l I3 |E|* dvy

(3.17)
+4al|R — R2[|E3.
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Adding together (3.10), (3.15), and (3.17), we find that if a < then

192’

G [IWIE + 31BR + a(R - B2 du (319
Y 2

< —§+2\/6||WH2 Wiz

12

Y 2 —
+ | ——=a+ —a||FE R - R|3.
(- 5o+ Zall: ) 12 R

Hence we see that G2 is monotonically decreasing along the Ricci flow if

Y ——

Y V6 1 _
+ (— + 2+ ) IWll2 + 2/ Ell2 + (55 +4a)l|R — R||2> IE|I

or equivalently by the lower bound on Y = Y (5%, [¢(t)]) from Proposition 3.2 (c),
if

3.5. The case § > 0. We use the same ideas, but now work with the quantities

Fasslt) = [ IWIP + SIEF* du, (3.19)
Goys(t) = / |W |2+ + §\E|2+5 +a|R — R**? du,, (3.20)

for § > 0 and a to be specified later (recall from above that for § = 0 we required

a< 192)

We first have the corresponding evolution formulas derived from Proposition 3.4,

4 4
2w < awipes - 2 g e 321

+ (1 + g) |W]|° (36 det W+ + 36 det W~ + WEE)

46 +4
246

+ (1 + g) |EJ° <4WEE — 4trE® + §R|E|2>

0
a|E‘2+5 < A|E|2+5 ‘V|E|1+6/2‘2 (3.22)

40 +4
0+

— S _ 1—
+(2+6)|R—RI'T? (2|E|2 —2|E2 + 5R? R+ 2R2> .

%\R—§\2+5 < A|R - R[> — S5 IVIR- R| /22 (3.23)
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Then we can compute to find that when 0 < § < v/2 — 1,

%/||W||2+5+%IE|2+6 d’Ut (324)
= (—§E§1§§Y+( )(f + f(éjg)”)nvmu) W25

146 0 V6 9 )
- Y+2(1 — 1 2 E E +5.
+< o (1 D) i+ +2)( LY 3+5> l ||2> 1B,

From this we see that & Fhy5(t) < 0 if F5(0) < eg = 3372, so that Fy(t) is nonin-
creasing, along with

622155)14 <1 + g) (2f2+ V??(??M)) F(0) <0,

which, using Proposition 3.2 (¢) is true whenever F(0) is sufficiently small. Indeed,
since we require § < /2 — 1 the above inequality is true for instance whenever

F»(0) < %7‘(2. We will in fact need a slightly more general inequality which we

record below: if F3(0) < t7? and 6 < v/2 — 1, then

d
th2+§( )+01F4+25(t)% S 702\/RHW||2+6 dl}t — Cg/R|E|2+6 d’Ut (325)

<0,

where c¢1, ca,c3 > 0 are constants, c¢1, co with positive lower bounds and c3 tending
to zero as § — V2 — 1.

We now need an estimate on the evolution of [|R — R|**% dvs. By computing
from (3.23), making use of the conformally invariant Sobolev inequality (3.3), and
from Proposition 3.3 that ||R — R||2 < V12| E||2, we obtain

d _ 1+96) 2+ 0)(5+30 _
& [1r=Re du < (<205 ¢ vREEICE S g, ) - Ry,

32 +0) 340
(3.26)
2(1+9) (248
-1 —RI**° d
+(3(2+5) >/R|R R vy
4(2+ 6)
+ 22 B,

4 (2+5)§/\R—R\2+5 du.
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Notice that the coefficient of the [ R|R — R|**® duv; term is always negative. We
can estimate the last term on the right by computing that

_ _ s _ i
/|R— RI** dv, < (/ |R — R|? dvt> (/ |R — R**% dvt) (3.27)
24
< n_ﬁm (/ |E|**0 dvt)
1

2425 20 1 — 2
N \/; ol(g)? (/RR““‘S dvt> :

for all n > 0. Then, combining our estimates for (3.24) and (3.26) together, we find
that

5 U120 4 SIEP 4 ol — B2 (3.25)
< (g (1) (v ST k) i

146 § 5 V6
+ <_6(2+6)Y+2(1+2> W12 + <1+2> <2+ 3+5> 1 £]]2

3
L VI212040) 1 (249) 4a(2 +9) 2+5
‘ 246 6 3 1‘ ||E||2+ﬁ“EH2 I 2

2(1 + 6) (24 6)(5 + 35)
ta ( 3250) T Vi 5 1Bl

2425 20(2+ 6 \/ﬁ 1— —
+n % (Q_FQ)(SVOI(Q)éR> HR_RHiIgé

+1(2(1+5)'1+(2+5)1+2 2+25242+5) /|E|2+5dvt

2 2490 6 3 2+20

Above, note that the vol(g)2 R term can be bounded from above in terms of ||E||
by using (3.2), since

1
< 7 < 2avoltg) ™ (1652 + 1513

Therefore for fixed § > 0 small, we can guarantee % [ |[W|[>T0 + 1| E|?*9 + a|R —
R|**° dv; < 0 as follows: in (3.28) take n > 0 sufficiently small so that the ||R —
EHiig s coefficient is negative for G2(0) sufficiently small, and then choose a > 0
sufficiently small so that the R [ |E|?>*° dv, coefficient is negative. We can then,

if needed, further restrict G2(0) to ensure that the remaining ||W||iig§ and the

IIE ||iig s terms also have negative coefficients.
For example with some very rough estimates if we restrict 6 € [0, %], then taking
w5 and a = 1075 will allow us to conclude that 4Gss(t) < 0 whenever

’]7 =
F5(0) < 15572 For such a choice we in fact have that

d 1
£G2+5(t) + CG4+25(7§)5 <0, (3.29)
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for some C' > 0. We summarize this result below after converting to the normalized
Ricci flow.

Proposition 3.8. If (5% g(t)) is a normalized Ricci flow starting from a unit

volume positive Yamabe metric (S*, go) with [ |[W||2 dvg, < 30507 and we define
1 1 —
Golt) = [ IWIP + 1P + (g5 1R~ B du (3.30)

then for p=2+6 and any § € [0, 3] there exists C > 0 such that

d

$G2+6(t) < _CG2+5(t). (3.31)
In particular, Gays(t) is exponentially decreasing under the normalized Ricci flow
(as long as it exists).

Remark. Although we have only established that Ga s is monotonically decreasing
in Proposition 3.8 above when [ ||W|? dvg, is sufficiently small, standard Moser it-
eration arguments using Proposition 3.7 (similar to those used to derive Proposition
3.9 below) will yield decay of Gars — namely, that there exist constants C1,Cqy > 0
such that for all t > 0 whenever the normalized flow ezists,

Gars(t)77 < Oyt~ 75 e~ 21 G,y (0) 2. (3.32)

In the paper of Gursky [Gur94], he actually established that there when [ |W||? dvy,
is sufficiently small, (3.32) holds for 6 = 1 on the interval [0,t1], where t1 > 0 is
bounded from below, ie.

Wl
Nl

Gs(t)s < G2(0)=. (3.33)

1
t1/3
It is also possible to also establish the estimate (3.33) using (3.32), although one
does not know whether G3(t) is also monotonically decreasing.

We have therefore proven the monotonicity and decay assertions in the main
result of this Section, Theorem 3.1. To finish this section we describe below how
the remaining assertions on pointwise decay and convergence along the normalized
Ricci flow can be obtained by standard Moser iteration arguments.

3.6. Bounds in terms of the initial L2-pinchirig. We outline the argument
for establishing L> bounds on |[W]|, |E|, and |R — R| along the normalized flow.
First we recall from (3.29) that

9 6a(t) + caun)t <0

and in fact for all § € [0, 5],

d 1
£G2+5(t) + CGygs(t)2 <0.
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Next, for 0 < 7 < 7/ < T, multiply consider the piecewise continuous function
¥ [0,T] — [0,1],

0, 0<t<r
P(t) =4 4=, rT<t<r
1 r<t

Multiplying v against the differential inequalities above and integrating, we get for
to > 7' that
to tD

Gz(to) + C G4( ) ds <

/ T —T

Ga(s) ds (3.34)

T

to .
Gaqts(to) + C/ Gaq25(8)% ds <

/ Gors(s)ds.  (3.35)

To continue from this point we no longer need to worry about the precise ratios
between [|[W{|, |E|, and |R — R| as in the definitions of G245, so we let K =
|E| + ||W]|| + |R — R|, and estimate

8
/KH‘; dvy < % ( sup (/K2 dvb> >/ ( K* dvé> ds (3.36)
s€[$,t]
1 5
c 4 2 1-6
< 7 sup K? dvb K~ dv, ds| t
s€[$,t]
5
s ¢
(sup (/K dvs> ><//K2dvsds>
s€[L,1] %

c
< SIKIE0),

’7'/—7'

in the last line using the monotonic decreasing property of G5. Hence
.
1K l245 < Ct™ 275 | K|[2(0). (3.37)

Remark. Actually, we have a stronger estimate than above, since we actually have
that ||K|3(t) < ||K[|3(0)e=Ct. So plugging this in to our estimation of (3.36) we
find
c —Ct
[ K245 < 5@ ¢ 1K1]2(0), (3.38)
where here the constant C may be different in different lines.

To complete our estimates, we will need Moser’s weak maximum principle, and
in partiucular, the following version:

Proposition 3.9 ([Yan92, Theorem 4]). Let f,b be smooth nonnegative functions
satisfying on M x [0,T],

0
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where A is the Laplace-Beltrami operator of the metric g;, and suppose %dvgt =
hidvg,. Let A, B > 0 be such that

ol < AIVull3 + Bllul,
for allu € C(M) and for all t € [0,T], and assume that for some q > n/2,

e (bl + 1hello) < .

Then given pg > 1, there exists a constant C' = C(n,q,po) such that for all x € M
and t € (0,7,

o | B _n o _2q 1 ZT-*—02 t %
[Flo )| < CAT | =+ AT f7eem + - / /f”" dvg dt) . (3.39)
0

First, we need to check that the normalized flow actually exists for all positive
times. To see this, let f = |[Rm|. Under the Ricci flow we have %|Rm| < A|Rm| +
C|Rm|?, so that this inequality also holds under the normalized Ricci flow, and
moreover we have bounds on ||Rml|24s for all positive times (if the flow exists) along
the normalized flow by (3.38). Since we also have the uniform Sobolev inequality
along the normalized flow by Proposition 3.7, then all of this information together
substituted into Proposition 3.9 shows that |[Rm| is bounded away from infinity for
all positive times along the normalized Ricci flow. Hence the normalized Ricci flow
indeed exists for all positive times.

Next, we study the decay of K. By (3.6), (3.7), (3.8), we have

%K < AK +CK?+ CRK + ||E|3 (3.40)
But recall that R is bounded along the normalized flow so CRK < CK. Recall
also that ||E||3 < ||G||2(0)e=C*. Therefore if we set
i = K+ CK|3(0)e ¢,
then we have
%f( < AK + CK? 4+ CK. (3.41)
Starting from (3.41), we now estimate

1K lz+5(t) < C'[[ K l2+5(0)e=", (3.42)

under the hypotheses of Proposition 3.8. So we can apply Proposition 3.9 to K
to estimate || K |oo along the flow. We give the estimate in the form below with
applications to related problems in mind:

Theorem 3.10. If (S*,g(t)) is a normalized Ricci flow starting from a unit volume
positive Yamabe metric (S*, go) with [ [|[W|2, dvg, < 305572, then for allt > 0 and

Po € [272 + %L
W+ B+ R~ Blloo(t) < C (14 175) O W] + 1Bl 0), (343)

where C,C" > 0 are dimensional constants and independent of go. In particular,
when pg = 2 we have

W+ |E| + |R = Rlllx(t) < C (1+t71) e~ W]2(0). (3.44)
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Proof. Apply Proposition 3.9 with f = K and b= K +C, so that 8 < Hkth +C.
Since we have a uniform Sobolev inequality along the flow, we may apply (3.39) with
a fixed choice of ¢ € (2, 2+ %} (for instance, take ¢ = 2+ %) and any pg € [2, 2+ %]
to find that

3

N A _2q P0 , N
|urmwu>s<7(1+—nxﬂ$-4+—f4)p°t%e-ctnkwpxox (3.45

where we have obtained the extra exponential decay factor by estimating || K| ()
by the bounds on || K]||,, for times in [t/2,t], taking advantage of (3.42). This also
allows us to estimate by (3.37) that on [t/2,1],

2

2 <9
4 394

1K) < (C+ o)
<C+Cth

Putting this back into (3.45) and rewriting in terms of K while using that || K||2(0)
is bounded by a dimensional constant, the conclusion follows. O

3.7. An open question. Throughout the arguments above we have made exten-
sive use of the Chern—Gauss—Bonnet identity (3.2), which is is one reason why all
of the results described here are restricted to dimension four. A natural question is
whether one can obtain sphere theorems based on conformally invariant hypotheses
such as (1.2) in Theorem A of [CGYO03], but in other dimensions. Recent work of
Chen—Wei-Ye [CWY20] can be viewed as a step in this direction:

Theorem 3.11 ([CWY20, Theorem 1.1]). There exists A(n) > 0 such that if
(M™,g) is a compact manifold with a Yamabe metric gy € [g] which satisfies

Waollnsz + 1 Egyllnj2 < An)Y (M, [g]), (3.46)

then M™ is diffeomorphic to an isometric quotient of S™. Moreover, the normalized
Ricci flow starting from (M™, go) exists for all times and converges to a quotient of

(5™, gc)-

Theorem 3.11 is a sort of generalization to general dimensions of Theorem 3.1,
which holds when n = 4. Unfortunately, unlike the condition on [ [W|? dv in four
dimensions, the condition (3.46) above, although scaling invariant, is not confor-
mally invariant; rather, it depends on checking the inequality at a special choice of
metric in [g] (a Yamabe metric). It would be very interesting to see if (3.46) could
be improved to a truly conformally invariant inequality, such as for instance by
comparing the left-hand side for a Yamabe metric to the infimum over all metrics

in [g].
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