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ABSTRACT. In this paper, we establish a compactness result for a class of conformally
compact Einstein metrics defined on manifolds of dimension d > 4. As an application,
we derive the global uniqueness of a class of conformally compact Einstein metric defined
on the d-dimensional ball constructed in the earlier work of Graham-Lee [21] with d > 4.
As a second application, we establish some gap phenomenon for a class of conformal
invariants.

1. INTRODUCTION

1.1. Statement of results. Let X¢ be a smooth manifold of dimension d with d > 3
with boundary 0X. A smooth conformally compact metric g* on X is a Riemannian
metric such that ¢ = r2g* extends smoothly to the closure X for some defining function
r of the boundary 0X in X. A defining function r is a smooth nonnegative function on
the closure X such that X = {r = 0} and the differential Dr # 0 on 9X. A conformally
compact metric g™ on X is said to be conformally compact Einstein (CCE) if, in addition,

Ric[g™] = —(d —1)g".

The most significant feature of CCE manifolds (X, g*) is that the metric g* is “canoni-
cally” associated with the conformal structure [§] on the boundary at infinity 90X, where
G = glrox. (0X, [g]) is called the conformal infinity of a conformally compact manifold
(X, g7). Tt is of great interest in both the mathematics and theoretic physics communi-
ties to understand the correspondences between conformally compact Einstein manifolds
(X, g*) and their conformal infinities (0X, [g]), especially due to the AdS/CFT corre-
spondence in theoretic physics (cf. Maldacena [28, 29, 30] and Witten [34]).

The project we work on in this paper is to address the compactness issue that given
a sequence of CCE manifolds (X4, M4~ {g}}) with M = 0X and {g;} = {rg;'} a se-
quence of compactified metrics, denote h; = g;|»s, assuming {h;} forms a compact family
of metrics in M, when is it true that some representatives g; € [¢g;] with {g;|xs = h;} also
forms a compact family of metrics in X7 We remark that, for a CCE manifold, given any
conformal infinity, a special defining function which we call geodesic defining function r
exists so that |Vzr| = 1 in an asymptotic neighborhood M x [0,¢€) of M. We also remark
that the eventual goal to study the compactness problem is to establish the existence of
conformal filling in for some classes of Riemannian manifolds as the conformal infinity.
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One of the difficulties to address the compactness problem is due to the existence of some
“non-local” term in the asymptotic expansion of the metric near the conformal infinity.
To see this, when d is even, we look at the asymptotic behavior of the compactified metric
g of CCE manifold (X% M?! ¢*) with conformal infinity (M7~ [A]) ([19], [17]) which
takes the form

(1.1) 9= 7"29+ =h+ 9(2)r2 + - -+ (even powers) + g(d_l)rd_l + g(d)rd + -

on an asymptotic neighborhood of M x (0,¢€), where r denotes the geodesic defining
function of g. The ¢gU) are tensors on M, and ¢{®Y is trace-free with respect to a metric
in the conformal class on M. For j even and 0 < j < d — 2, the tensor ¢gV) is locally
formally determined by the conformal representative, but ¢(¢=1 is a non-local term which
is not determined by the boundary metric h, subject to the trace free condition.

When d is odd, the analogous expansion is

(1.2) g =127 = h+ ¢@r? + ... (even powers) + ¢ Vrd=t 4 frdtlogr + - - -

where now the ¢g¥) are locally determined for j even and 0 < j < d — 2, k is locally de-
termined and trace-free, the trace of ¢(4=1 is locally determined, but the trace-free part
of ¢\@=1 is formally undetermined. We remark that h together with ¢(*Y determine the
asymptotic behavior of g ([17], [5]).

A model case of a CCE manifold is the hyperbolic ball B? with the Poincaré metric gy
with the conformal infinity the standard d — 1 sphere S?!. In this case, it was proved
by [33] (see also [15] and later a different proof by [27]) that (BY, gg) is the unique CCE
manifold with the standard canonical metric on S?~! as its conformal infinity.

Another class of examples of CCE manifolds was constructed by Graham-Lee [21] in
1991, where they have proved that for metrics on S%! close enough in C?® norm to
the standard metric on S, is the conformal infinity of some CCE metric on the ball
B for all d > 4. In an earlier paper [11], in the special case when dimension d = 4,
we have established a compactness result for a class of CCE manifolds and derived as
a consequence the uniqueness of the CCE extension of Graham and Lee for the class of
metrics on S* C3 close to the standard canonical metric on S?.

The goal of this paper to extend the above result in [11] to all dimensions d > 4.

In [10] and [11], we have considered a special choice of compactification g* = e**g*
on a CCE manifold (X*, M3, g") of dimension four, which we named as the Fefferman-
Graham’s (FG) compactification, defined by solving the PDE:

(1.3) —Agrw=3 on X"

On a general d-dimensional CCE manifold (X9, Mt g*). When d > 4, we will con-
sider a choice of compactification ¢* which was considered earlier in a paper by Case-
Chang, [9] and was named as the "adopted metric”. The metric was defined by solving
the PDE:

(1.4) NP Gl il

gt U — 1 v=0 on X%
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then we define ¢g* := v g™ with g*|y = h, the fixed metric on the conformal infinity of
(X4, g7). Tt is known that ¢g* has free Q-curvature (see [9], [12], section 5.2, note that in
the notation in [12] d = n + 1, see also the statement of Lemma 2.1 below. )
We will begin with some results about compactness of some classes of CCE manifolds.
In dimension 4, such results are obtained in [10, 11] (see also the related results in [2, 3]).
We first consider the case when d is even. More precisely, the first result we have is:

Theorem 1.1. Suppose that X is a smooth oriented d-dimensional manifold with d > 4
even and with boundary 0X = S¥1. Let {g} be a set of conformally compact Einstein
metrics on X. Assume the set {h;} of metrics on the boundary with non-negative scalar
curvature that represent the conformal infinities lies in a given set C of metrics that is of
positive Yamabe type and compact in C*7 Cheeger-Gromov topology with k > d — 2 when
d>6 and k > 3 when d = 4. Moreover, there exits some positive constant C > 0 such
that the Yamabe constant of the conformal infinities is uniformly bounded from below by
C. Assume there is 09 > 0 such that if either

(1) fXd(|W|d/2dvol)[g;“] < 0y, or

1")  Y(0X,[hi]) 2 V(ST [gs]) — do,
then the set {g’} of the adopted metrics (after diffeomorphisms that fix the boundary) is
compact in C*7" Cheeger-Gromouv topology for some v < 7.

When the dimension d of the manifold X is odd, in general, we would not expect the
strong estimate C4~! as in the cases when d is even due to the term of kr?~!logr term
in the expansion of the metric g as in (1.2). This term k& happens to be the obstruction
tensor ([17, 20]) on the boundary of X and which may not vanish.

Our second result deals with general dimension d.

Theorem 1.2. Suppose that X is a smooth oriented d-dimensional manifold with d > 4
and with boundary 0X = S 1. Let {g;"} be a set of conformally compact Einstein metrics
on X. Assume the set {h;} of metrics on the boundary with non-negative scalar curvature
that represent the conformal infinities lies in a given set C of metrics that is of positive
Yamabe type and compact in C® Cheeger-Gromouv topology. Moreover, there exits some
positive constant C' > 0 such that the Yamabe constant of the conformal infinities s
uniformly bounded from below by C. Then under the above assumptions (1') or (1), the
set {gi'} of the adopted metrics (after diffeomorphisms that fix the boundary) is compact
in C37" Cheeger-Gromouv topology for all 0 < 4" < 1.

Remark 1. (1) The results in Theorems 1.1 and 1.2 have been proved in [11] when
d=4.

(2) We can assume the set {h;} of metrics on the boundary with non-negative scalar
curvature that represent the conformal infinities lies in a given set C in C°7
Cheeger-Gromov topology. In such case, we have the compactness result in C®7'
Cheeger-Gromouv topology for all 0 < v < v < 1.

(3) We can expect the high order compactness result up to C*27 in all dimensions
d > 4, provided the Yamabe representative h of the conformal infinity has higher
reqularity. For example, the compactness results in C*" with 2 < k < d — 2 when
the conformal infinity in C*Y7 with 1 > v >+ (even in C*7).
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As an application of Theorem 1.2, we are able to establish the global uniqueness for
the CCE metrics on X¢ with prescribed conformal infinities that are very close to the
conformal round (d — 1)-sphere as in the work of [21] (cf also [26, 27]). Namely,

Theorem 1.3. For a given conformal (d — 1)-sphere (S%1 [h]) with d > 4 that is suf-
ficiently close to the round one in C° topology, there is exactly one conformally compact

Einstein metric g* on X4 whose conformal infinity is the prescribed conformal (d — 1)-
sphere (S%1[h]). Moreover, the topology of X should be a ball B"™.

Remark 2. We remark

e In Theorems 1.1 and 1.2, we do not need the boundary condition 0X = S~ for
the compactness result.

e In Theorem 1.3, we could only assume in C®7 topology for some v > 0. Moreover,
when d = 6 (resp. d = 4), we could consider the conformal infinity in C*7
(resp.C37).  Such result in dimension 4 has been obtained in [11]. In view of
Lemma 3.1, when d = 4, we could get the compactness result in Theorem 1.1 under
the assumption that the conformal infinity in C*7. This will give the uniqueness
result under such assumption on the conformal infinity (see [11, Remark1.10] ).
Thus, the global uniqueness result in all dimensions could be expected to be held
when the conformal infinity is in C%7.

In this paper, we will present two different proofs of the regularity of the compactified
metrics near the conformal infinity for the cases when d is even and when d is arbitrary.
When d is even, we will take advantage that for the CCE manifold (X9, g"), the d-th
order obstruction tensor ([17, 20], see the definition in section 3) vanishes. Thus the 4-th
Bach tensor for the compactified metric ¢g* satisfies an elliptic PDE (see (3.1)); this would
lead to a gain of the regularity of the metric of ¢* near the conformal infinity. We will
describe this process in section 3.

For all dimensions d, under the assumptions (namely C°) of the boundary metrics,
we will present a different strategy to reach the compactness result in the statement of
Theorem 1.2. Namely we will apply the gauge fixing technique for Einstein metric. By
choosing a fixed gauge, we will see how to gain the regularity of the compactified metric
g* in a neighborhood of any point on the conformal infinity. This is carried out in section
4 of the paper. As this is the most technical part of the paper, we will first outline the
different steps of the proof at the beginning of section 4 before presenting the details.

Besides the separate argument in section 3 (for even dimensional d) and 4 (for all d),
in the rest of the paper i.e. in sections 1, 2, 5 and 6, the argument for even and odd
dimensional manifold are the same.

The paper is organized as follows: In section 2, we recall some basic ingredients in
the proofs and list some of their key properties, in particular the estimate of injectivity
radius there is the major technical step where we use the technique of blow-up analysis
in Riemannian geometry. In section 3, we prove the boundary regularity for X¢ when d
is even. In section 4, we present a different proof for the boundary regularity for all d
dimensional manifold X¢ which works for all d. In section 5, we establish various com-
pactness results for the adopted metrics and prove Theorems 1.1 and 1.2. In section 6, we
prove Theorem 1.3 to obtain the global uniqueness for the conformally compact Einstein
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metrics on X? (or B?) constructed earlier in [21, 26] and in Corollary 6.1 we establish
some gap phenomenon for classes of conformal invarants.

2. PRELIMINARIES

2.1. Adopted metrics g*. We now consider a class of adopted metrics g* by solving

(1.4) to study the compactness problem of CCE manifolds when dimension is greater
than 4.

Lemma 2.1. (Chang-R. Yang[12]) Suppose (X, 0X, g") is conformally compact Einstein
with conformal infinity (0X,[h]), fit hy € [h] and r its corresponding geodesic defining
function. Consider the solution v to (1.4), then v has the asymptotic behavior

v=r"7 (A+ Br?)
near 0X, where A, B are functions even in r, such that Algx = 1.
The proof of this lemma is a special case of the general scattering theory on CCE

manifold as in Graham-Zworski [22], for self-contained purpose, we will sketch the proof
of this special case here.

Proof of Lemma 2.1. Denote s = %—i—%, then it follows from a theorm of Mazzeo-Melrose
[31], that solution v of 1.4 has the asymptotic behavior

v=r"1"A+r*B on X¢

for some functions A, B even function in r defined on an asympototic neighborhood of
0X, with Algx = 1. O

Lemma 2.2. (Chang-R. Yang [12, Lemma 5.3]) With the same notation as in Lemma

2.1, Consider the metric g* = vﬁgﬂ then g* s totally geodesic on boundary with the
free Q-curvature, that is, Qg = 0.

Proof. Recall the fourth order Paneitz operator is given by

d—2 d—4

where A = -1 (Ric — Q(d—}il)g) is the schouten tensor, ¢ is the dual operator of the differ-
ential V and Q4 is a fourth order Q-curvature. More precisely, let o, (A) denote the k-th
symmetric function of the eigenvalues of A and Qu := —Ao1(A4) + 402(A4) + Loy (A)%

For a Einstein metric with Ric+ = —(d — 1)g™, thus we have Q4[g™"] = 0 and

d—1)?% -1 d—1)2-9
e
4 4
Therefore
Quls = 7Pl = = Rlg o =0
W9 = Tyl = T 49 v =
It follows from the asymptotic behavior of v (Lemma 2.1) that ¢g* is totally geodesic on
boundary since % = 0 on M where v is the normal vector on the boundary. 0
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Suppose that X is a smooth d-dimensional manifold with boundary 90X and g% is a
conformally compact Einstein metric on X. Let g* = p?g* be the adopted metrics, that

is, v 1= p% satisfies the equation (1.4). We recall some basic calculations for curvatures
under conformal changes. Write g* = 772g for some defining function r and calculate

Riclg"] = Riclg] + (d = 2)r 'V?r + (r ' Ar — (d — 1)r?|Vr})g.
Then one has
Ar —

Rlg*] = r*(Rlg) + =2 ar - 221

Here the covariant derivatives is calculated with respect to the metric g (or adopted
metrics ¢* in the following). Therefore, for adopted metrics g* of a conformally compact
Einstein metric g*, one has

(2.1) Rlg'] = 2(d — 1)p~*(1 = |[Vp]),

which in turn gives

[Vr[?).

(2.2) Riclg*] = —(d = 2)p™'V?p + mR[Q*]Q*
and
(23 Ry = -y,

Now we recall

Lemma 2.3. ([9]) Suppose that X is a smooth d-dimensional manifold with boundary
0X and g* is a conformally compact Einstein metric on X with the conformal infinity
(0X,[h]) of nonnegative Yamabe type. Let g* = p*g™ be adopted metrics associated with
the metric h with the positive scalar curvature in the conformal infinity. Then the scalar
curvature R[g*] is positive in X. In particular,

(2.4) IVplllg"] < 1.

2.2. Elliptic estimates for conformal Einstein metric and Q-flat metrics. Let
Riiji, Wikji, Ri; and R be Riemann, Weyl, Ricci, Scalar curvature tensors respectively.
We recall the definition of 4-th order Bach tensor B on manifolds of dimension d (X¢, g)
as

1 1
(2.5) Bij = mvklekiﬂ + kaiﬂRkl.
Recall also the Cotten tensor C is defined as
(2.6) Cijr. = Aijr — Airj
where A is the schouten tensor

1 . Ry,
2.7 A = ——(Ricj; — ——2

( ) J d_2( ZC] 2(d_1))

It turns out there is a relation between the divergence of Weyl tensor to the Cotton tensor,
namely

(2.8) VWi = (d — 3)Chij
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Applying this relation (2.8), we can write the Bach tensor into the following equations
d—2 1
2.9 d—2)B;; =AR;; — ——V,V,R — —

where QQ1(Rm) is some quadratic term on Riemann curvature tensor

ARQU + Ql (Rm),

1 R?
-— ———  _RR+(——RuyR"————— g,
i—2 Dy et Gl -y =9
We now recall that the adapted metric ¢* which we haven chosen in Section 2.1 is )-flat,
i.e., Q[g*] = 0, which can be rewritten into the following form

d?® — 4d?* + 16d — 16 4(d—1)
2.10 —AR=— R?
(2.10) Wd—22d—=1) " Td=2p
In this section, we will incorporate the -flat property of g* to the Bach equation of g*
to derive estimates of the curvature of g* under the assumptions of Theorem 1.1. To do
so we first list properties of Bach tensor and Cotton tensor under conformal change of
metrics. To see Bach equations coupled with ()-flat equation also provide estimates of
Weyl curvature, one may rewrite Bach tensor equation as follows:

(2.11) AWt + (d = 3)ViCrji + (d — 3)VCiij + ViCiw + V;iCax := Kijiy + Lijur,

where K is a quadratic of curvatures and L;ji = Brigji + Bijgi — Biigjx — Br;ga is some
linear term on the Bach tensors. We recall some basic facts on the boundary M = 0X.
Let 0; denote the boundary normal direction and o, f € {2,--- ,n}.

Ql(Rm) = ZWikﬂRkl— RikRjk—l-

| Ric|?.

Lemma 2.4. On (X9, g), suppose § = e**g, we have
(2.12) Cijie == Cijn[9] = Cijilg) — 9™ Wiimlglw

(2.13) By = Bylg] = ™" Bylg] + e=2(d = 4)(V[g]w, Ciyj + Cy.),
e 2(d — 4)VF[glwV'glwWiinlg]

(2.12) and (2.13) are derived by a routine but tedious computations. If we apply Lemma
2.4 to the adopted metrics ¢* = p?¢g*" and notice since g* is Einstein. Both Bach tensor
and Cotton tensor of g™ vanish, we obtain from the fact Wka[g*] = p*Wikalg™]

Corollary 2.5. Suppose (X9,0X,g") is a conformally compact Einstein with adopted
metrics g* = p?gT. Then, we have

(2.14)  Bylgl=p2(d = Vg1V [91pWikilg™) = —(d — 4)p™ ' V*[g"]pCir;lg"]
(2.15) Cijlg*] = V'[9 pWikalg']
Lemma 2.6. Suppose (X, 0X,g") is conformally compact Einstein with conformal in-
finity (0X, [h]) with C3 compactification. Then, for the adopted metrics g*, we have on
the boundary M = 0X

(1) 0X is totally geodesic;

(2) R =25 R;

(3) Rll - Lé7 Rla - Oa Raﬂ =

2(d—2)

U

—2 D 1 >
—31%ap — saya=3) [19as

QL
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A

(4) Wapys = Wapys and Weyl tensor vanishes for all other indices;

(5) Copy = CAQBA, and cotten tensor vanishes for all other indices;

(6) V1A = %, VaoAp, = @aﬁgv and the first covariant derivatives of Schouten
tensor A vanishes for all other indices;

(7) voWaﬁ'yé = @UWQ,B’Y(% Vlwaﬁ'yl = _vlwa,b’l'y = Vlw'ylaﬁ = _vlwl'yaﬁ = CA"yozﬁ
and the first covariant derivatives of Wyel tensor W vanishes for all other indices;

Proof. The part (1) is well known.
It follows from [9, section 6] that

proved.
For the second part, we remark first from Gauss-Codazzi aquations that

on the boundary. Therefore (2) is

R _ R
2d-1) 22(d—2)

Ra575 = éa,ﬂ'yé and ng,ﬂ; =0
so that
Ry, =0.

To prove the rest, we write g; = r?¢g™* he compactified metric under some geodesic defining
function r and ¢g* = p?¢g™ the adopted metric. We assume both ¢g; and ¢g* have the same
boundary metric h and totally geodesic boundary. We write ¢* = w2g; = (%)’291.
Thus, on the boundary 90X, we have w = 1, and Vw = 0. As a consequence, we infer on
the boundary
Aaplg’] = Auplar], Wlg"] = Wlgi]

since V,Vgw = 0 on M. Now we study the schouten tensor and Weyl tensor for the
compactified metric g;. We note the full indices 4, j,k € {1,--- ,d}. As before, we have
r?gt = g = ds* + g,, g, = h 4+ g% + O(rY), gfﬁ) = —Aup where A is the schouten
tensor of the metrc h (see [19]). For the convenience of readers, we scketch proof. Let
(1,22, -+ ,x4) be coordinates on the boundary M = 9X. We have g;; = 1, g1, = 0 and

Gap = hap + O(r?). A direct calculation leads to the Christoph symbols F;'» = 0 on the

boundary M, that is (V) o 8%1 = 0 on the boundary M, which implies the desired claim.

we fix a point P on the boundary M and let (xy,xzs,, -+ ,24) be normal coordinates at
P. At P, we have the Christoph symbols F;k = 0. Hence, we can write at P

1 m
Rijkl = le (Gimkj + Gjkmi — Gikmj — Jjmiki)

so that
1 .
(2.16) Ria” = T5Jer 11 = —9%) = Aoy
On the other hand, on the boundary M, we have the following Gauss-Codazzi equations

Rag,’ = Ry, and Ryg,” =0

since the boundary is totally geodesic. Therefore, at P, we have R, = 0, Ry = Rop +
Rai5', and R = R+ 2R;;. On the other hand, it follows from (2.16) that
d—1

R )
= — d = —
fn 2(d—2) ™ f=oh

~
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Gathering the above relations from (2.16), we infer

A11:O
Ay = L Ri,=0
1a_d_2 laa —
R R 1 . . R .
- - B_ - - - —
Aay = g5 Ras + Fran” = 57773 9a0) = G5 (Fas + Aap = 557555000) = Aas

By the decomposition of Riemann curvature, we have

A

Wagys = Rapys — (A D g)asss = Ragrs — (A D §apys = Wagns
On the other hand, we know
Rigys = 0= (AD 9)iprs

so that
Wigys =0

Moreover, by (2.16) and the decomposition of Riemann curvature, we infer
Wigts = Rigis — (A ® g)1515 = Rigis — Ags = Rigis — Ags = 0.

It is clear that Wi115 = Wi11r = 0.
Using (2.15), we infer

(2.17) PCiji. = VIPVVJ‘W
so that, by taking the covariant derivative, we get
V" pCiji. + pV " Ciji = V"V pWia + V' 0NV "Wk
Hence, together with (2.2) and by choosing m = 1, we deduce on the boundary M
Ciji = ViWirit = VPWirip — VWjkia = (d — 3)Cijk — VWjkia

That is,

(d - 4)Cijk = vavvjkm
Therefore o )

(d = 4)Csy5 = V Wispa = (d — 4)Cpys.
When the indices ijk contain 1, it follows from (4) that
(d—4)Csy5 =0

Hence, we prove (5).
By the expression of the schouten tensor on the boundary, we have

VaAsy = Vadg,, VoA = VaAig =0
Together with the expression of the Cotten tensor on the boundary, we infer
V141, =0,V1A,5 = 0.
Thanks of the second Bianchi identity, we obtain

ViR

VoAia + V1A = m
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Therefore, the results in (6) are proved.
The first equality in (7) is a direct result of ones in (4). On the other hand, because of
(4), we have also when the indices ijkl contain 1

VWi =0
Hence
ViWast = ViWagh=VsWagys = ViWapyk=VsWags = (d=3)Crap—(d=4)Chap = Crap
and
ViWain = ViWaiye = ViWaiys = ViiWaiyk = (d — 3)Cyan1 = 0.
It is clear that VW11 = 0. Finally, we prove the result. O

Our first step is to handle the regularity of the Bach tensors. For this purpose, we want
to exploit the obstruction tensor found by Fefferman and Graham [16] and express the
curvature tensors on the boundary relating to the boundary metric.

Lemma 2.7. Suppose (X, 0X,g") is conformally compact Einstein with conformal in-
finity (0X,[h]) with d > 6. Then, under the C*! adopted metrics g*, we have on the
boundary M = 0X for the all multi-index i = (iy,--- ,4;) of the length |i| =1 < d—3
with 1<y, - i, < d

ViA = P(V,A VsW,V.(ViR)|x), ViWW = Pi(V, A, VsW,V,.(ViR)|x)

where P and Py are some homogenous polynomials on (V. A, VsW,V (V1 R)|x) with the
multi-indices v, 0, k satisfying |y| + |0| + |k| < I for each term in the polynomials, each
component of 7,9, k taking values from 2 to d, where | - | designates the length of the
multi-indice.

Proof. We prove the result by induction.

For [ = 0,1, it follows from Lemma 2.6.

Assume the result is true for [ = r. When iy, --- ,4,,1 are not all equal to 1, we could
change the order of the covariant derivative such that

where 7; # 1, ¢’ designates the multi-index removed i;, |m| < r, and P, involves only the
derivatives of Riemann curvature of the order less than r. In such case, the results follow
from the induction. It is similar for the Weyl tensor W. Now we treat the r + 1 order

the normal derivatives VYH)A and VYH)W. For this purpose, we study first VY)Cijk.
Recall (2.17) and take the r order normal derivatives so that

rVC =V Wikt + Qu(Vi i)
= VW — VIV Wis + Qr(V, Rm)
= VY oWk — VOV ™ Wikis + Qu(Vin Rm)
= (d—3)V\"Ciir — VAV I Woris + Qu(VR)
Here @Q,, Q. involves only the derivatives of Riemann curvature of the order less than r

and we use the relations (2.1) to (2.3) and the assumption in the induction. Therefore,
we deduce

(d—3— T)VY)Cijk = V/BVY_I)Vijw — Q. (V,,Rm)
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which yields the desired result for the cotten tensor C'. Applying the equations (2.9) to
(2.11), we obtain

VitA=vIAA - vITIv,vP 4,
VW = v aw - vV, v

Hence, the claims follows. Finally, we prove the result. O

2.3. Cheeger-Gromov convergences for manifolds with boundary. Our approach
to establish the compactness of conformally compact Einstein d-dimensional manifolds
is to prove by contradiction. We will analyze and eliminate the causes of possible non-
compactness by the method of blow-up. This method has been essential and powerful in
many compactness problems in geometric analysis, particularly in Riemannian geometry.
The fundamental tool in the context of Riemannian geometry is the so-called Cheeger-
Gromov convergences of Riemannian manifolds developed from Gromov-Hausdorff con-
vergences (see, for example, [13, 1], for Cheeger-Gromov convergences of Riemannian
manifolds without boundary). In this subsection, for later uses in our paper, we will
present the Cheeger-Gromov convergences for manifolds with boundary. Good references
in the subject are for examples in [32, 24, 25, 35, 4].

Let us first recall the definition of harmonic radius for a Riemannian manifold with
boundary (cf. [32]). Assume (X, g) is a complete Riemnnian d-dimensional manifold
with the boundary 0.X. A local coordinates

('rla"' 7(Ed):B(p7T) %QCRd

is said to be harmonic if,

o Azx;=0forall 1 <i<din B(p,r) C X, when p € X is in the interior;

e Az; =0 forall 1 <i<din B(p,r) N X and, on the boundary B(p,r) N X,
(9, ,2q) is a harmonic coordinate in dX at p while x; = 0, when p € 90X is
on the boundary.

For o € (0,1) and M € (1,2), we define the harmonic radius r»*(M) to be the biggest
number r satisfying the following properties:

o If dist(p,0X) > r, there is a harmonic coordinate chart on B(p,r) such that
(2.18) M 2855, < gip(z) < M35,
and
(2.19) r*sup o — y[~*|0g;u(x) — Ogjr(y)| < M —1
in m
e If p € 0X, there is a boundary harmonic coordinate chart on B(p,4r) such that

(2.18) and (2.19) hold in B(p, 2r).

The following is the extension of the C** convergence theorem of Anderson [13, 1] to
manifolds with boundary (cf. [24, 4]).
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Lemma 2.8. ([4, Theorem 3.1],[11, Remark 2.7]) Suppose that M(Ry, i, ho,dy) is the
set of all compact Riemannian manifolds (X, g) with boundary such that

|Ricx| < Ry, |Ricox| < Ro
Lint(X) > 10, i9(X) > 24y, 1(0X) > iy,
Diam(X) < do, || H| Lipiox) < ho,

where Ricgx is the Ricci curvature of the boundary, i(0X) is the injectivity radius of
the boundary, i;,;(X) is the interior injectivity radius, ig(X, g) is the boundary injectivity
radius and H is the mean curvature of the boundary. Then M(Ry, o, hg, do) is pre-compact
in the CY* Cheeger-Gromov topology for any o € (0,1). Moreover, if the Ricci curvatures
are bounded in C* norm and the boundaries are all totally geodesic with k > 0, then one
has the pre-compactness in C**2" Cheeger-Gromov topology with o/ < «. Furthermore,
one has the pre-compactness in the Cheeger-Gromov topology with base points if dropping
the assumption on the diameter Diam(X).

2.4. Injectivity radii: blow-up before blow-up. Our main results in this subsection
concern the injectivity radius estimates for manifolds with boundary. For our purpose we
may always assume that the geometry of the boundary is compact in Cheeger-Gromov
sense. The following Lemma will be established as a consequence of [4, Theorem 3.1],
which was mentioned as Lemma 2.8.

Lemma 2.9. Suppose that (X% g%) is a conformally compact Einstein d-dimensional
manifold with the conformal infinity of Yamabe constant Y (0X,[h]) > Yo > 0. And
suppose that (X2, g*) is the adopted metric associated with a presentative metric h in the
conformal infinity on the boundary with the non-negative scalar curvature such that the
intrinsic injectivity radius i(0X, h) > i, > 0, and that ig(X, g*) < i3(X, g*). Then there
is a constant Cy = C(d) > 0, depending of i, such that

(2.20) m)?x ’Rm|(la(X, g*))2 + ia(X, g*) > Ca

where Rm is Riemann curvature of g*.

The proof of the above property is as same as the one of [11, Lemma 3.1]. One of key
facts is the result in [10, Lemma 4.4]: p(x) > Cd(x,0X) provided d(x,0X) < is(X, g%)
and when iy(X, g*) > 1, then p(z) > C provided d(z,0X) > 5. We leave the details to
the interested readers.

Next we would like to get the lower bound estimates for the interior injectivity radius
it Of a compact Riemannian manifold with boundary. The real reason for having no
interior collapsing follows from the following recent work in [27], which plays also an im-
portant role in Theorems 1.3 and Corollary 6.1.

Lemma 2.10. (Li-Qing-Shi [27, Theorem 1.3]) Suppose that (X9, g) is a conformally
compact Einstein manifold with the conformal infinity of Yamabe constant Y (0X, [h]) > 0.
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Then, for any p € X4,

voly+(B(p,r)) Y (0X, [h]) =
% ool (Br)) ~ (7o i)

We now will derive similar estimate like Lemma 2.9 for the lower bound of the injectivity
radius as a consequence of Lemma 2.10.

(2.21)

Lemma 2.11. Suppose that (X9, g") is a conformally compact Einstein d-dimensional
manifold with the conformal infinity of Yamabe constant Y (0X,[h]) > Yo > 0. And
suppose that (X%, g*) is the adopted metric associated with the Yamabe metric h on the
boundary such that the intrinsic injectivity radius i(0X, h) > i, > 0, and that ig(X, g*) >
1int(X, g%). Then there is a constant Cy,y > 0, depending of Yo and iy, such that

(2.22) max | B (iine(X, %)% + Git( X, g%) > Cling
where Rm is the Riemann curvature of g*.

The proof of the above Lemma is similar to the one of of [11, Lemma 3.3]. Here we
omit the details.

2.5. Mobius coordinates and weighted function spaces. Let (X, g") be a confor-
mally compact Einstein d-manifold with a continuous conformal compactification g =
p*gT. pis a C! defining function for (X, g). For any ¢ > 0, let X, denote the open subset
of M where 0 < p < € and X, denote the open subset where 0 < p < €.

We firstly choose smooth local coordinates 6 = (62,62 ---  6%) on an open set U C 9X.
It can extend to (6,0) = (p, 6%, 6%, --- ,6%) on the open subset Q2 = [0,¢) x U C X. Choose
finitely many U; to cover 0.X. The resulting coordinates on €2; = [0, ¢;) x U; will be called
background coordinates for X. Let R be the smallest number of such ¢;, then any point
in Xy is contained in some background coordinate chart.

Now we consider upper half-space model of hyperbolic space, i.e. H¢ = {(y,2) =
(y, 2%, 22, .-+ 2% € RY: y > 0}, with 2! = y and with the hyperbolic metric § given in
coordinates by

1
= ?(dyQ + da?).

We let B; and B, denote the hyperbolic geodesic ball of radius 1 and 2 centred at point
(y,x) = (1,0). For any point p € Mg, let (pg, o) be the coordinate representation of p in
some fixed background chart. We can define a diffeomorphism ®, : B, — X by

(p,0) = @y, z) = (poy, o + po).

As is shown in [26], ®,, maps By diffeomorphically onto a neighborhood of py in Mg if
Po € Mpss. And there exists a countable set of points {p;} C Mp/s such that the sets
®,, (B2) form a uniformly locally finite covering of Mg s, and the sets {®,, (By)} still cover
Mpg/g. We set

=, Vi(p) = ®i(B1), Valpi) = ©i(Ba).

We call (Va(pi), ®;') a Mobius coordinate chart of Mpg/s.
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In order to study the geometric elliptic operator near the boundary, we need to use the
boundary Mdbius coordinates, which was first introduced in [26].

For any fix p € 90X, let Q2 be a neighbourhood and (p, ) be the background coordinates
such that 8(p) = 0. We can assume that the compacted metric g, = §;; in the coordinates.
For each a > 0 and R sufficiently small, we define Y, C H and Zg(p) C Q C X:

Y,={(y,z) eH:|z| <a,0<y<a}
Zr(p) ={(p.0) € 2 :[0] <R,0 <p <R}
Define a chart U,  : Y7 — Zg(p) by

(z,y) = (Ry, Rx) = (p,0)
We will call ¥,, p a boundary Mdbius chart of radius R centered at p.

We consider the tensor bundle E of co-variant rank p and contra-variant rank g over X.
We will also use the same symbol E to denote the restriction of this bundle to X. Define
the weight of such a bundle £ C TP tober =p —gq. If g = p*g™, then

T+ = p"|T|y forall T €TFX.

Next we will define weighted Holder spaces of tensor fields. For any 0 < a < 1 and
m a nonnegative integer, let C(Tg)’a(Y) denote the usual Banach space of functions on X
with m derivatives that are Holder continuous of degree av up to the boundary in each
background coordinate chart, with the obvious norm. Let s be a real number satisfying

0 < s <m+ «, we can define weighted space C’ZZ)’&(Y) C C'Zg)’a(Y) by
CQ)Q(Y) ={ue 0(78)’0‘(7) cu=0(p°)}.

It is showed in [26] that we can consider C(’Z)’Q(Y) as a Banach space with the norm

inherited from CG*(X).

Let E be a geometric tensor bundle over X, we define C’(’g)’a(Y; E) to be the space of
tensor fields whose components in each background coordinate chart are in C'(Tg)’a (X).

There are the following relationships between the Holder spaces on X and those on X:

Lemma 2.12. [26] Let E be a geometric tensor bundle of weight r over X, and suppose
0<a<l,0<m+a<I+p, and 0 < s < k+a. The following inclusions are continuous.
() C5™(X; E) = Oz (X; )
(b) Crfosn(X; EB) = Clii* (X E).
Remark 2.13. Let (X, g;") be a sequence of AH manifolds with the compactified metrics
(X, 9:). When (X,g;) converges to some Riemannian metric in C'? topology in the sense
of Cheeger-Gromouv and the defining functions p; converge to some defining functions of
the corresponding AH manifold (X, gLt) in C'18 topology, then the norm of the above
linear embeddings is uniformly bounded above. Such result could be proved directly or
follows from Banach-Steinhaus Theorem because of the convergence of the manifolds and
the defining functions.
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2.6. Interior regularity in all dimensions. Although the interior regularity for CCE
manifolds is well known, we derive the interior regularity for convenience.

Theorem 2.14. Suppose (X?,0X, g") is a conformally compact Einstein with the C*=27
adopted metrics g* = p*g™ for k > 2 and v € (0,1). Assume that
(1) Given M > 1 and v € (0,1) there exists some ro > 0 such that the harmonic
radius r7(M) > ry;
(2) there exist positive constants C,Cy > 0 such that p(x) > Cy provided dy-(z,0X) >
C;
Then for all x € X with dg«(z,0X) > C and for all r < ry := min(ro, C/2), we have
(2.23) | Ric,-

which yields also in harmonic coordinates

Ck:Y(B(z,r/2)) < O(M7 7 To, 017 k? Hng* HC’“_Q"Y(B(I,H)))

(224) ”g* HC’“*QW(B(m,r/Q)) < C(M7 Y To, Cla kv “g*HC’“W(B(a:,Tl)))

Proof. In view of equation (2.10), it follows from [18, Theorem 6.2], that the estimate
(2.23) holds for the scalar curvature since Rmg, € C*=27, that is, R € C*’. Using
Lemma 2.3 and the formula (2.14), (2.2) and (2.3), the Bach tensor B € C*~27(B(z,r)).
Recall the elliptic system (2.9). By the classical regularity theory [18, Theorem 6.2}, we
derive Ricy« € C*7(B(x,3r/4)) and the estimate (2.23) holds. Finally, the estimate (2.24)
comes from Lemma 2.8. 0J

Remark 3. We notice the metric g* is smooth in the interior.

3. BOUNDARY REGULARITY IN EVEN DIMENSION

To obtain the regularity result, we use some elliptic PDEs for the AHE manifolds in
the even dimensions. More precisely, it follows from [17, 20] when d is even, the metrics
conformal to Einstein metric have the vanishing the obstruction tensors O;; (see also [23]),
that is

1
3.1 O = (A2 —
(3) j= ()l
For example, when d = 6, we have
Biijk = QWkiﬂBkl + 4AkkBij — SAMC(ij)k:,l
HAC'C* — 2N Cipy — AA% L Cift + AW AR AT

where 2C;;), = Ciji + Cji. Our main results in this part can be stated as follows.

VleVVijkl + lots = (A)d_4/2Bij +lots =0

(3.2)

Lemma 3.1. Suppose (X¢,0X,g") is conformally compact Einstein with positive confor-
mal infinity (0X,[h]) with even dimension d > 6. Assume that, under the C*=2 adopted
metrics g*, we have
(1) Hng* Ccd—4 < 1,‘
(2) Given M > 1 and v € (0,1) there exists some ro > 0 such that the harmonic
radius v (M) > ro;
(3) ||h||ca-1~ < N for some positive constants N > 0 and v € (0,1).
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Then for all x € X and for all r < o, we have
(3.3)
|| Ricgs

which yields also
(34) Nlg*lca-12(Br/2nz) < C(M,7,70,d, || Ry
Moreover, if we assume only instead of (3) that

(3') ||h]|ca-2~ < N for some positive constants N > 0,
then there (M, ro,7) such that for all x € X and for all r < ry, we have

(3.5) || Ricys
which implies also in harmonic coordinates
(3:6) g lci-20(B@r/2nx) < C(M, 10, d, || Rimy-

Ca=37(B(z,r/2)NX) < C'(Mf% To, d, ||ng* Ca=4(B(z,ro)NX)3 Hthd—M(B(a:,ro)maX))

Cd=4(B(z,r0)NX)>» H hH Cdflﬁ(B(:r,ro)ﬂaXﬁ

ci—ta(Bar/2nx) < C(M,10,d, | Rmg-||ca-a(p(z.ro)n%), 1Pllci—24(B(@r0)nox))

Cd=4(B(z,r0)NX)>» H hHC’d—Qﬂ’Y (B(x,ro)ﬂaX))

Proof. We use the harmonic coordinate and boundary conditions in Lemma 2.6. In view
of equation (2.10), it follows from [18, Theorem 6.6], that the estimate (3.3) holds for
the scalar curvature since |Rmy:||ca-a < 1, that is, R € C4737. Using Lemma 2.7, the
restriction of the schouten tensor A and the Weyl tensor W on the boundary in the space
of functions C?37. Now we want to estimate the Bach tensor via the obstruction tensor.
Recall the elliptic system (3.1) or (3.2). We try to use the classical regularity theory for
the laplacian operator successively. It follows from [18, Theorem 8.32] that B € C7
(when d = 6) or more generally B € C457. Using equation (2.9), and again from [18,
Theorem 6.6], the estimate (3.3) holds for the Ricci curvature since it is so for the scalar
curvature. Therefore, the estimate (3.4) comes from Lemma 2.8. Similarly, we prove
estimates (3.5) and (3.6) by [18, Theorem 8.29]. O

Remark 4. In Lemma 3.1,

e we have high order estimates, that is, if h € C*Y with k > d—1, we have g* € C*.
o we could expect the weak reqularity on the boundary for example h € C%**1 when
d=6.

4. BOUNDARY REGULARITY IN ALL DIMENSIONS

We now use a different strategy to gain boundary regularity for general dimension d,
namely the "gauged Einstein equations” as in the work of Chrusciel-Delay-Lee-Skinner
[14]. The eventual goal is to gain the regularity of the compactified metric through the
choice of a suitable local gauge, from there we gain the regularity of the Weyl and Cotton
tensor near conformal infinity, which in turn implies the regularity of the 4-th Bach tensor.
This section is organized as follows. In subsection 4.1, we present the concept of local
gauge for Einstein metric introduced by Biquard [6], and derive some C*“ regularity
of the defining function p in the adapted harmonic coordinate in Lemma 4.1, and from
which we derive the closeness of the metric g+ related to the approximated metric ¢+
in Lemma 4.2. In subsection 4.2, we prove the existence the suitable local gauge in the
neighborhood of any point on the conformal infinity and derive the suitable estimates
for such local gauge in Lemma 4.4, once we establish some uniform estimates for the
linearized operator of gauge condition in Lemma 4.3. In subsection 4.3, we prove first
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some uniform estimates for the linearized operator with respect to the first variable for
the gauged Einstein functional in Lemma 4.5 and derive some e-regularity result of the
gauged metric in Lemma 4.6, which leads to the regularity in a neighborhood of any
point on the conformal infinity in Lemma 4.7. In subsection 4.4, we apply the estimates
in subsection 4.3 to derive estimates of the Weyl and Cotton tensor of the compactified
metric ¢* in Lemma 4.8, and finally passing such information to the C** estimates of
Rmlg*] in a local neighborhood of the conformal infinity in Lemma 4.9.

4.1. Gauged Einstein equation. In [14], the authos use gauged Einstein equation to
study the regularity and later on Biquard-Herzlich [7] prove a local version. Let us consider
the nonlinear functional on d-dimensional open set Zg(p) with p € 0X introduced by
Biquard [6] for two asymptotically hyperbolic metrics g* and k*.

(4.1) F(g", k") = Riclg™] + (d — 1)g" — b4+ (Bi+(g7)),
where By+(g™) is a linear condition, essentially the infinitesimal version of the harmonicity
condition
B+ (g%) == 0pr g™ + %dtrm (gh).
We have for any asymptotically hyperbolic metrics k*
DiF(K k) = 5(Ag +2(d - 1),

where D, denotes the differentiation of F' with respective to its first variable, and where
the Lichnerowicz Laplacian A on symmetric 2-tensors is given by

AL = V*VIET] + 2Riclk™] — 2Rm[k™);

where ]
Riclk™)(u)y; = 5 (Bim (g% ]u;™ + Ry [k Tus™),

and
Rm[k‘ﬂ(u)” = Rimﬂ[/{:ﬂuml.
It is clear for any asymptotically hyperbolic Einstein metrics g+
F(g*,g7) =0

Suppose (X94,0X,g") is conformally compact Einstein with positive conformal infinity
(0X,[h]) with dimension d > 4. Assume that, under the C® adopted metrics g*, we
assume

(1) | Bmyge[lco <1

(2) there exists some 79 > 0 such that the injectivity radius 4 (X) > ro, i9(X) >

27”0, Z(aX) > To,

(3) ||h|lce < N for some positive constants N > 0;

Hence, we can identify {p € X, p(p) < r1} = [0,71] x X C {dy(p,0X) < 1o} for some

r1 > 0 ( we could decrease 7 if necessary) as a submanifolds with the boundary. We
consider a C* compacitified AH manifold on [0,r/2] x X

t=dp*+h+p*h?, tt = p~2¢




18 SUN-YUNG A. CHANG, YUXIN GE, XTAOSHANG JIN, AND JIE QING

where h(? is the Fefferman-Graham expansion term and intrinsically determined by the
boundary metric h. Given 2R < r1/2, we look for a local diffeomorphism ® : Z(p) —
Zyr(p) such that ®*g™ solves the gauged Einstein equation in Zg/s(p)

(4.2) F(® gt t7) =0

We divide the boundary 0Zg(p) := 9 Zr(p) U™ Zr(p) = ({p = 0} N0Zg(p)) U ({p >
0} N9dZgr(p)). Given a CCE g* and a regular AH ¢* with the same conformal infinity on
the local boundary ¥, z(Y7™), we try to find a local diffeomorphism @ : Zp(p) = Z2r(p)
such that the gauged condition is satisfied in Zg/2(p) up to the diffeomorphism @, that is

Bt+(q)*9+> =0in ZR/2(p)

Thus, the gauged Einstein equation (4.2) is satisfied in Zg/2(p). We know p € C7 for all
v € (0,1) under the adapted harmonic coordinates for the metric g*. More precisely, we
have

Lemma 4.1. Under the above the assumptions, there exists some positive constant C'
depending on vy but independent of p (and the sequence of the metrics) such that for all
p € 0X under the adapted harmonic coordinates

pllcsaz,, ) < €

Proof. By the classical elliptic regularity [18, Theorem 8.33], it follows from (2.10) that
the scalar curvature R € C7 and we have

loc
IRl croz,, ) < C

for all p € 0X and for all v € (0,1). Thanks of (2.3) and Lemma 2.3, we infer that p is
C*7 smooth in Z,, /»(p) under the adapted harmonic coordinates for the metric ¢*, and

lpllesaz,, pw) < ©

Therefore, we prove the desired results. 0

Remark 5. Under the assumptions that the metric is in C*7 and the scalar curvature in
C?7, there holds p in C*Y under the adapted harmonic coordinates for the metric g*.

In the above lemma we consider the partial differential derivatives for C* norm, do not
consider the covariant derivatives. We could identify the neighborhood {p € X|p(p) <
r1/2} of X in X as [0,71/2] x 9X. In fact, let (6% ---,60%) be the harmonic chart of
0X. We extend them as harmonic functions (22, --- ,z%) in X so that a local chart of
{p € X|p(p) <r1/2} could be given by (p,x?,--- ,x%). In view of Lemma 4.1 , such chart
is C*" compatible with the harmonic coordinates of X. Thus, recall the C* compacitified
AH manifold on [0,7/2] x 0X

t=dp® +h+p*h? t+=p~%

We suppose for ¢, one has ig(X) > 2r;, i(0X) > r ( we could decrease r; if necessary).
We consider t* as a reference AH metric with the given conformal infinity k. For simplicity,
we drop the index 7 for the family of metrics ¢; and ¢, if there is no confusion. Recall near
the boundary( in [0,71/2] x X)), t; is a family of class C* AH manifolds, and moreover
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the family of metrics ¢; is compact in C%7 Cheeger-Gromov’s topology in Zg(p) for all
R < ry/2, for any p € 0X and for all v € (0,1). We define a map H, : Zg(p) = M by

H,(q) = expq(v(q)),

where exp denotes the Riemannian exponential map of ¢*. It is showed that H, is differ-
morphism if v is sufficiently small, and by [14, lemma 4.1] it extends to a homeomorphism
of Zg(p) fixing the boundary at infinity pointwise if v is small in C3*(Zg(p); TX) for § > 0.

Let X2 denote the bundle of symmetric covariant 2-tensors over X. Let g be the
cut-off function in X such that

supppr € Zr(p), er =1 0n Zr(p), @Rl cip (a4 < CoR* V0 <k < 2¥A € (0,1).
We set g7 =1+ + (g™ —t7). We try to find a local gauge H,
B+ ((H,)"g)) = 0 in Zr(p)

The linearized operator on v is B+ (0p+)* = 3((V)*V[t"] — Ric[t"]) which is an isomor-
phism from O§+2’)‘ into C’?’A provided ¢ € (—1,d
Now we consider the boundary harmonic chart

o~ (q) = (pq), 2, ).

Lemma 4.2. Under the above the assumptions, there exists some positive constant C
and Ry < r1/2 independent of p € 0X (and the sequence of the metrics) such that for all
p € IX

).
(

xl - 2%). Let ¢ be a chart such that

i) g=t+0(p) YA€ (0,1)

i) gt —1tte C’llj;\/\ V0 < XA < X < 1. Furthermore,
—A

||9Jr - t+Hcll’+*A(zR0(p)) < CRO

Proof. We use the above chart ¢. We want to prove on the boundary g, = 0, 01g;; = 0

forally=2,--- ,dand forall 4,5 = 1,,--- ,d. For the first one, we note on the boundary

9(0,0y) = 0,p =0

since p vanishes on the boundary 0X. Using (2.1), g11 = ¢(01,01) = O(p?) so that
81g11 =0on 0X.

Again g(0;,0;) = 1 on the boundary 0.X, which yield g(Vj,0:,0;) = 0 on the boundary.
Together with the fact the boundary is totally geodesic. Thus, Vi 0; = 0 on the boundary.
On the other hand, by (2.2), we deduce d1g1, = 010,p = D?*p(01,0,) — (Vp,0,)p =
D?p(0h,0,)—(Vo,01)p = D*p(01,0y) = 0. Again it follows from (2.2) that p .5 = 0 so that
the Christofell symbols Féﬁ = 0 on the boundary, that is, 0 = %((%gal + 00918 — 01Gap) =
—%Olgag since Jsg9a1 = Oug1pg = 0 on the boundary. Thus, we prove the claim. We
know the metric ¢g* is in C'* so that (i) is an immediate result of the above claim. By
the Taylor’s expansion, the second property comes from the fact ¢* is bounded in C*
topology for all A € (0,1). O
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4.2. Local gauge. We want to find a diffeomorphism H fixing the boundary in Zg(p)
such that B+ H*g" = 0 which is equivalent to Big-1y++g" = 0 in H~'(Zg(p)). Given
small R > 0 and p € 0X, let ¥,z : Yy C H — Zg(p) be a boundary Mébius chart. It
follows from [26, Lemma 6.1] that for any A € (0, 1)

W2 ot — gallspy, < CR

where the positive constant C' > 0 independent of the sequence and the point p € 0X.
We denote ¢ some non-negative smooth cut-off function such that ¢ = 1 on Y}/, and
¢ =0onH\Y;. We want to glue the metric v gt with the standard hyperbolic metric
gu as follows
thp=oWpt" + (1 - ¢)gu

There exists some small Ry > 0 such that the sectional curvature of t: p is negative and
th ».r 18 @ compact family of AH metrics in C3* Cheeger-Gromov topology for all R < Ry,
for all p € 0X and for the sequence (for adopted metrics) since ¢* is compact family of
AH metrics C** Cheeger-Gromov topology (for compactified metrics). We denote Z r(p)
such AH metric. We consider the following mapping V.

U O\ (Zr,(0): TZg,(p) x OV Zry(0);52) — CYNZay(0); TZ i, () % CYIN(Z, () 22)
(v, w) = (Bl 1y (L), w)

where ¢} = tT 4+ w. It is clear that

1 .
D194(0,0)(Y) = B+ ((04+)*Y) = (5((V)*V[t+] — Ric[t"])Y
Here W = (WU, Uy) and 0* is the symetrized covariant derivative of the vector field. Tt
is known [26, Theorem C] that D;¥,(0,0) : CZ;’)‘ — C’g_Q”\ is an isomorphism provided
0 € (—1,d). In the following, if there is no confusion, the set Zr(p) is always related to
the metric ¢*.

Lemma 4.3. Under the above the assumptions, there exists some positive constant C' and

n > 0 small independent Ofp € 0X (and the sequence of the metrics) such that ¥ is a
~ 7>\ ~ . y

C* map for (vi,w;) € Oy (2, (9): TZR,(p) % Cr\(Z, (0); £2) with ;]| + |[wil| < 1 for

1= 1,2 and satisfies

i) [ D1®1(0,0)[ + |(D1¥1(0,0)) 7| < C

i) [|DWr(vr,w1) = DWi(vz, wa)l| < Clllor = wallezn z, oy +llwn = w2lle z, o)

where C' is some positive constant independent of the sequence and p € 0X.

Proof. If there is no confusion, we denote the extension metric t; r as t1 in the proof.
It follows from [26, Lemma 4.6] that ||D;V(0,0)|] < C for some positive constant C
independent of p € 90X (and the sequence of the metrics) since the family of metrics ¢;
(resp. t}) is compact in C*7 Cheeger-Gromov topology for all v € (0, 1).

Now we prove ||(D1%4(0,0))7 || < C by the contradiction. Recall the sectional cur-
vature is negative on Zp, (p). Therefore, there is no L* kernel for the linear opera-

tor $((V)*V[tT] — Ric[t"]). As a consequence, it follows from [26, Theorem C] that
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D,V4(0,0) : C’lzj:‘A — CffA is an isomorphism since 1 4+ A\ € (—1,d). We suppose
I(Dyw:1(0,0)) 7 [t ]ll = o0
Thus, we choose some vector field v; € CffA(ZRO (p); TZVRO (p)) with HU@HC?_?)\ =1 and
1(D1W1(0, 0) [t Dwill o — 0.

Up to a subsequence, t; converges to t., in C*7 Cheeger-Gromov topology for all v € (0, 1).
Modulo a subsequence, ¢ converges also to a C*7 AH tf, = p~2t,, in C*7 Cheeger-
Gromov topology. On the other hand, by [26, Lemma 6.4],

Jollcas, < CUDTO,0) Dwillgr, + leilloon )

where X € (0, A) and C' is some positive constant independent of p and the sequence since
t; is in some compact set in C®7 Cheeger-Gromov topology. Thus, we have for large i

”UZ'HCO,O > 1/20
14+0/

By the Rellich Lemma [26, Lemma 3.6], the mapping 012;;\/\ — C’ff/\, is a compact embed-
ding so that we infer ||vy| 00 > 1/2C. On the other hand, we have
14N

(D1¥1(0,0)[t3])vee = 0

As above, we have D;W,(0,0)[tL] : C’ff)\ — C’?;;\)\ is an isomorphism so that v, = 0. This

contradiction yields the desired result (i).
Now we prove W is a C' map with the property (ii). The proof is similar as in [14,
Lemmas 4.2 and 4.4]. Let ®; be any Mdbius chart around some point p; € Zz, (p).

We sketch the proof here. When v is small, we have H, maps Vi(p;) into Va2(p,) and
H,(Va(p;)) contains Vi (p;). We denote Mobius coordinates by z or (z!, 2% -+, z%) and
the associated standard fiber coordinates on TZg(p) by v or (v}, 02, -+ ,v%). Let E¥(x,v)
denote the component functions of the tT-exponential map in Mobius coordinates. As the
Christoffel symbols are of class C?, it follows from the standard ODE theory that E7(x,v)
is of class C®. Thus, H, has component functions given by H’(x) = E’(z,v(z)) with
FE?(x,0) = 27. Set A’(x) = H’(x) — 27. For sufficiently small v € CfﬁA(ZR(p);TZR(p)),
H,:Z 7 (D) = Z 7, () is a diffeomorphism. Moreover, we have

|’A($)|’2,/\;B2 < CH(D:U||2,)\;B2 < Cp(pi)H)\“UHcfrA(ZRD(p))

Here C' is some positive constant independent of the sequence and p € 0X since the
Christoffel symbols are bounded in C? topology for t. We denote K(z) = H '(x) =
x + B(x) so that the differential dK (z) = (dH) '(K(z)). Thus, in Mobius coordinates,
we have K(z) + A(K(z)) = z, that is, B(x) = —A(K(x)), which implies

|Bllo 5 = | = AUK(2)la x5, < CllAll2x 5,1+ 1Bllaxs)
so that

IBllzpz, < Co@) ™ vllezy z,, o)
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provided C||A|lg.5, < 1/2. Here C is still some positive constant independent of the
sequence and p € 0X. Now, we write

O ((H ') tr —t7) =((0tF) (K (2)) — (2]t7) ju(x))da’ & da*
oB*

+ 2(®7t+)jk(K(x))a—d$J ® dx?

) OB7 B

Recall that ¢; is bounded in C* topology (or simply C? topology) near the boundary so
that by [14, Lemma2.1]

(@7 E) e (K)) = (@7t )je(@) lixim, < ClB(@) x5,

On the other hand, we can estimate

dx™ ® dx?

. oB* . 0B’ 9B*
|2(07) 36 (K (2) 5 da? @ dat + () (K (2)) 5 o < C|IB(@)|ors,
As a consequence, we infer
18 () = ), < CllRolans, < Coo) ™ olleaa 7, o)

which implies
||(H_1)*t —tt ||Cl)\ < CH'UHCQ)\

v 1+A(ZR (p) 1+A(ZRO(p))
where C' is some positive constant independent of the sequenceand p € 0.X. In Mobius
chart, we know
Pt = gjk(x)dxj ® da*, q)}k(Hv_l)*t*' = (g_v)jk(x)dxj ® da* = (gjk(x) + ajk(a:))dxj ® dx*
with

| v () da? ®d$kHl)\B1 < Cﬂ(?z)lﬂHU|’(;f+*A Z1, )

Hence, it follows directly
HB@?(H;l)*H(I);(tt—Z)HO,A;B1 < C(||‘I’Zk””2 xBy T [ D7 wl]y, xBQ)
< Cpp) Al ez, 7 o) + 191l 7 o)
which implies
HB(HEl)*ﬁ(t:;)HcfrA(ZRO(p)) < C(H“H@fﬁ(- ) T ||w||Cl+A(ZR (p)))

Recall E(z,v) the component functions of the t+—exponent1al map is bounded in C®
topology near the boundary, (that is, in the set {(z,v)|z € ZRO(p), |v| < 1} with the
uniform bound w.r.t. p and sequence), since t is is bounded in C* topology near the
boundary. Given small (vy,w1), (va, ws) € C’lzj:‘/\(ZRo (p); TZRO (p)) x Cll’;\/\(ZRO (p); X?), let
Hy 1, (x) = E(x,v1 + v9) be a diffeormorphism related to the vector field v; + vo and its
inverse map can be written as H, ', — H,' = H, ', o (Hy, — Hy,1y,) 0 H; ' Similarly,

v1+v2 v1+v2
in Mobius Chart, we can estimate

| Hoyyon (2) — Hyy (2 )HzABl + || u1+uQ(33) - qull(x)Hz,/\;Bl < CH@WH&A;BQ
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so that

I( v1+v2) (H;l)*t+’|cll,+>\>\ Zp, () = C"")Q“cﬁx Z, ()
Moreover, there exists some small 7 > 0 independent of the sequenceand p € X such
that for all small (vy,w;), (v, we) € CM(ZRO( ); T Zg,(p)) x CLA\(Zg, (p); £2) with [|vg]|+
|| <7 and for all (v,w) € C2\(Za,(0); TZg,(p)) X C1\(Zg, (p); 2%) , we have

| DY (v1, wy) (v, w) — DUy (vg, ws) (v, w)HCox (Zrg )

<C([lvr = U2||cfrA(ZRO(p)) + Jwr — w2||c“ 7 )(”UHc“ (Za, () y Hch}A ZRO(p))>

R

where C' is some positive constant independent of the sequence and p € 0X. Here we
use the fact that DoWy(vy, wy)w = B(Hq)*ﬁw and t is compact in C? topology near the
v1

boundary. On the other hand, we remark Wy(+,-) is a linear continuous projection on the
second variable. From the above estimates, ¥ is a C'' map satisfying (ii). Therefore, we
finish the proof. 0

Lemma 4.4. Under the above the assumptions, there exists some positive constant C' and
Ry < Ry/2 independent of p € 0X (and the sequence of the metrics) such that for all

p € 0X and R < Ry there exists a local gauge vector field v € CI+A(ZRO(p);TZVRO(p))
small satisfies

i) Hyg"solves local gauge for gauged Einstein equation in Zg/s(p)

i) |[Hollczazg, n < C

N A=\ Dl+A /

iii) Hchle ) ())§CR Ry vVO< A< XN <1
)0
Proof. Let ¢ : R — R be a smooth non-negative cut-off function satisfying ¢(s) = 1 for
all s <1/2 and ¢(s) =0 for all s > 1. We consider

wr(r) = o(di(2,p)/R)(g" — 7).
Set wr = (¥, g,)*wr.Thanks of Lemma 4.2, we have wg € Cllj:‘/\(ZRO(p); ¥?) and
< CR¥ AR

where v = (¥

p,Ro

HwRHcllfA Zr, (P)

so that “@RHCLX(ZE ) — 0as B — 0. In view of Lemma 4.3, it follows from the inverse
1+ L0 _
function theorem there exists some small R; < Ry/2 such that for all R < R; one could
DS C1+,\(ZRO (p); TZg,(p)) which solves ¥ (v, wg) = (0, wg). Moreover, we estimate
N =X BLHA

||U”cfjA (Zg, () < CRYTARy™.
To see that, we have W(0,0) = 0 and Wi(0,wr) = By, , )+ (¥ 5,)" (1" + wr)) =
(U, ,) B (wgr) so that

[ (0, ,L’Z)/R)||C?rk(2ﬁ0(p)) < CRY AR,

Thus, we prove (iii). As a consequence

ol gz < ORNA

22 (Zi, ()
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We have By-1).+(t" +wg) = 0 in Zg, (p), which yields
0 = (Hy)" By, 1yeps (17 + wr) = Bys (Hu)"(1" + wg)

Recall g* = t* 4+ w in Zg/2(p). Hence H;g" solves local gauge for gauged Einstein
equation in Zg/(p), that is, (i) is proved. The proof of (ii) is given in [14, Lemmad.4].
Finally, the result is proved. U

4.3. e-regularity. In this part, we want to prove high order regularity up to a diffeo-
morphism. We establish first the uniform bound for the linearized operator D;F' and its
inverse.

Lemma 4.5. Under the above the assumptions, there exists positive constant C indepen-
dent of p € 0X (and the sequence of the metrics) such that

IDLE() 5oty g )+ (D1 (L) i e
where (£ 57 ) 2 O3 (Zay(0)) = O\ Zay(9)) (o1 DyF(E £ ) 2 O3 (Zy () =
01+,\(ZRO( ))) Moreover, such estimates hold also for Dy F(t* o Ry’ pRo) Cg+,\(ZR0 (p)) —
I\ ry()) (or DiF (g 5 ) : Oy ) = CA( )
Proof. We state the sectional curvature of t; o is negative in Z 7o (p). It is known (see

26, Proof of Theorem A]) the L? kernel of the operator Dy F(t* o o ,t; R,) 1s trivial. Hence

by [26, Theorem C|, D1 F(t) .t 5 ) CaM(Zg,(p)) — CIN(Z,(p)) is an isomorphism
since 2 4+ A € (0,d). Recall the family of ¢ is compact in C** for all A € (0,1) Cheeger-
Gromov topology (even C3*). By the same arguments in the proof of Lemma 4.3, the
desired results follow. The proof in the high order Holder spaces is same. We finish the

proof. O

p,Ro’ pRo

Now we can prove the e-regularity result.

Lemma 4.6. Under the above the assumptions, there exists positive constant C' and small
positive constant € independent of p € 0X (and the sequence of the metrics) such that if
for all R < min(R;/2,1) we have

||H;g+ - t+||()2»A <¢ and ||H{fg+ - t+||cler(ZR

(Zr(P))

then we have

C
* + -
”H t* ||c22+%A (ZRr2(p)) R
moreover, there holds
C
L —
19" = "Ml (200 < T2

Proof. We consider the following equation
Elu) := F(t" 4+ u,t").
where u is a symmetric 2-tensor fields. By Lemma 4.3, u = g" — t* := (H,)*g" —tT is

a solution of Elu] = 0 in Zg, o(p). It is a is quasilinear uniformly degenerate equation
with its linearized operator at 0, DE[0] = (A, +2(d — 1)) := P, which is of course, a
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geometric elliptic operator. Recall u solves E(u) = 0 in Zg(p). On the other hand, a
direct calculation leads to (see [19])

E(0) = Riclt*] + (d = 1)t € C}}\ (Zr(p)) € CF)(Zr(p))

so that by Lemma 2.12
”E( )”c“ (Zr(®)) <C

Here the bound C' is independent of p and the sequence. Let G[u] = Efu] — E[0] — DE[0]u
be the quadratic polynomials and higher degree in u. Hence we can estimate for small u

Gl ca, 2o < CIGTllctr, 2 < CUEloz iz leloss zaom + Nulas o)

where C' is independent of p and the sequence. As t is C*, we can choose pgr(x) =
©(di(z,p)/R) be the C* cut-off function in Zz, (p) such that

suppyr € Zr(p), ¢r=1o0n Zz(p),
VEpr(z)]| < CoR*,V0 < k < 3.
We have
¢rGu] = ¢r(E[u] — E[0] — DE[0]u) = —prE[0] — P(pru) + [¢r, Plu
We note
[or, Plu= =V [t uV[tT]or — uV*[tT]V[t ]or
so that

||u||Cll_“_)‘>\(ZR(p)) H“HC?Q(ZR( )

Iler, P}UHCgrA(ZR(p)) < C( R R )

For this purpose, let ®; be any Mobius chart around some point p; € Zg(p). We write
O/ ([pr, Plu) = = VI [Q[tT]@[uV [Pt |0 pr — QjuV* (@t |V[Q[tT] )R
so that

197 (o, Pllloxs, < CUV @ uloxs, IV rlloxs, + @ ullons Vi erlloxs,)
< C|07ullixm VO rlloys, + 197 ullors V@ orllos,)
< Cp(p)* P (llullgza /R + llull oy /R)

where C' is some positive constant independent of p and the sequence. Thus, the desired
estimate follows. Now we estimete

lprE(0 )||cOA (Zr(p)) < Cllerllcorzymy IE(0 )”co \(Zr(P)) =0
Similarly
lorGlulllcor (zawy < ClerGlulllenr (2w
< C(HSORUHCH (Zr(p) )HUHCM (Zr(p)) + HSORHCM (Zr(p) )HUHQM (Zr(p )))

2
< C(H@R“Hcgfk(z,?(p))HuHcgﬂ(zR(p)) + HuHCler(ZR(p)))
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Gathering the above estimates, we infer
| = ¢rGu] — rE[0] + [¢r, P}u’|cg$(z,{(p))
<Clllerulloz zamplulosr zae + 4+ Telléns g0/ B
provided R < 1. Now we write
P(pru) = —prGlu] — ¢rE[0] + [or, Plu
Given a section w on Zg(p), let us denote w := \IJ;ROw and 15, E, G the pull back by ¥, z/
of P,L,G. It is clear )
lwllkns = (Ro)’ @]k
Hence

| = ¢rGlu] — rE[0] + [¢r, ]UHCZH(ZRO(p))

D\ 2+A
(Zéo(p))HuHcgvk(zR(p)) + (1 + Hu“CllfA(ZR(p)))(RO) /R)
We know ru € C17\(Zg, (p) and P(@ru) € C37\(Zg,(p) C C175(ZR,(p)) which implies
by [26, Lemma4.8] pru € C’ffA(Z 7, (D). Therefore, applying Lemma 4.5, we can write

Grit = P (—pnGlu] — orE[0] + o, Plu) € C3\(Zr,(0)) € C3\(Z, ()

Again from Lemma 4.5, we can obtain
lerullezy, zq wy = CUeRUl ez, Z on 1l cor zpey + (14 ”“”c1 sz (B0) T/ R)
so that

<C(IGwil oz,

2
(1- CHUHCQ»*(ZR(;D)))||90RU||c§rA(ZR(p)) <C(1+ HuHCler(ZR(p)))/R

Now, we take 1 — CHU”CO,AA(ZR(;D)) < 1/2, and the desried result yields.
14
For the high order regularity, we state first that

E(0) = Rict*] + (d — 1)t* € O3, (Zr(p))

so that by Lemma 2.12

I1E(0 )“CSJ:\)\ (Zr(p)) <cC

The proof for the rest is similar. Therefore, we finish the proof. O

Now, we could prove the high order regularity in a neighborhood of conformal infinity
up to a diffeomorphism. Namely, we have

Lemma 4.7. Under the above the assumptions, there exists positive constant C' and small
positive constant Ry < min(Ry, 1) independent of p € 0X (and the sequence of the metrics)
such that o

H* —_— —
| t* ||C§+)\>\ (ZRr, (P)) < Ry
MOT6OU€’)"7 we have

C’

L
IHs g™ — ¢ ||O3+A<ZR @) = R
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Proof. We claim [[Hyg" —t*]| ;1 < CRY with 0 < A < N < 1. We write
14X

(Zr(p))
Higt —t" = Ht" —t" + Hw
Thanks of Lemmas 4.3 and 4.4 , we estimate

|t =t < ORY™

1N (ZR(P))

On the other hand, for sufficiently small v € CffA(ZRO(p);TX), H, : Zgr,(p) = Zar,(p)
is a diffeomorphism. As in the proof of Lemma 4.3, set A(z) = H(z) — x in Mébius chart
around some point p; € Zz(p). Therefore, we have

IA@) o, < CI;ellons, < Coe) vloas iz o)

Here C' is some positive constant independent of the sequenceand p € 0X. We write
w= gt — " so that
Ak

B} ((H,)"w) =((@w)ye (H(e))de) © di + 2A0w) e (H(x)) 2y da? & da

In view of Lemma 4.2, we can estimate

19} ((Ho) w)ll x5, < Cl®F(w) 158, < Cp(p)™ < Cp(p) RN

As a consequence, we infer

A=)
1wl < OF

(Zr(p))

Therefore, we prove the claim. Therefore, we choose small R, such that C (4R1)X_’\ <e.
The result yields. We finish the proof. 0J

4.4. Regularity of ¢g*. In this part, we want to get the regularity of adopted metric g*.
For this purpose, our key observation is to obtain first the regularity result for the Cotton
tensor (or the Bach tensor).

Lemma 4.8. Under the above the assumptions, we have in Zg (p)
IWlgllerrzg, @y < €

so that
IClg Il cor(zp, ) < €

where C' is some positive constants independent of the sequence and of p (depend on A

and Ry ).
Proof. We write ¢* = p2g* = (H;1)* (L2 02 /7 g+ and gy = 2L 2 gt = Hrg*. Tt

follows from Lemmas 4.2 to 4.7, we obtzfin :

* o+
1H g™ les, (2, oy < €

so that the compactified metric verifies
2
1" Hy 9™ | csn 77 T =C
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that is, p?Hg" has the curvature in C** for all A € (0,1). We recall the Weyl tensor is
local conformal invariant. As a (3,1) tensor, we have

W(p*Hyg"| = W(H;g"] = HiW[g*] = HiW[g"]
that is, ((H,) Y)*W[p?Hg"] = W|[g*]. Recall H, is a C** diffeomorphism so that
||W[9*]||CM(ZR1(p)) <C

It is known that
1

Clglign = 7= W9 liwin”

Therefore, we infer
IClg" Il corzp, ) < C

Hence, we prove the desired result. O

Lemma 4.9. Under the above the assumptions, we have in Zg, j5(p)

| Rmyg-

cix < C
where C' 1s some positive constant independent of the sequence and of p (depend on X\ and
Ry).
Proof. Tt is known the Bach tensor can be written
Bij = V*Ciri + A" Wi
Using the equation (2.9), we can write by Lemma 4.8
ARi; = Oufr + 9

where f, € C% and g € L*. Assume that h is C* on 0X so that Riclsx is C? on the
boundary. By the classical regularity theory, for example [18, theorem 8.33], there holds

||RZC[9*] ||Clv>‘(21§1/2(?)) S C

Finally, by the decomposition of Riemann curvature tensor, we prove the desired result.
O

5. PROOF OF THEOREMS 1.1 AND 1.2

Based on the preparation in the previous sections we are ready to establish the com-
pactness of adopted metrics on conformally compact Einstein d-dimensional manifolds
which were stated in the introduction. The approach follows closely from the correspond-
ing results in [10, 11]. The proof in even dimensions and in all dimensions are quite
similar. The only difference relies on the fact that we have high order regularity for the
metrics in even dimensions. However, it is not the case in odd dimensions because of the
non-vanishing obstruction tensors in general. We give the proof of Theorems 1.1. For
the proof of Theorems 1.2, we give the different curvature regularity result and leave the
details for the interested readers.
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5.1. Proof of Theorems 1.1. To begin the proof, we will first establish some bounded
curvature estimates.

Lemma 5.1. Suppose that {(X¢, g;")} is a sequence of conformally compact Einstein even
d-dimensional manifolds satisfying the assumptions in Theorem 1.1. Then there is a pos-
itive constant K such that, for the adopted metrics {(X2, g¥)} associated with a compact
family of boundary metrics h; —a representative of the conformal infinity (90X, [hi])

(5.1) max sup V¥ Rmy:

2
2 < K,
XE k=(ky, k), |k|:=1<d—4

for all i.
Suppose otherwise that there is a subsequence {(X¢, g;")} satisfying
K; = max sup V¥ Rmg- 7 00.
Xi k=(ky, ki), [k|:=l<d—4 '
and
either
(5.2 [ W, 2wty fgf) = 0
Xxd !
or
(5.3) Y(0X, [h]) = Y (ST, [gs]).
Let ,
K; = Ki(p;) = max |V Rmyge |752 (p;)

k=(k1 k), [k|:=l<d—4
for some p; € X;. Then we consider the rescaling

(X, 5i = Kig;,pi).
In view of Lemmas 2.9 and 2.11, we have the uniform lower bound of the intrinsic
injectivity radius 4, (X, g;) and of the boundary injectivity radius i5(X,g;). Together
with the assumption on the conformal infinity, we know the intrinsic injectivity radius
i(0X, §; :== Gi|ar) on the boundary is also uniformly bounded from below. Thus, for given
M > 1, the harmonic radius r*7(M) is uniformly bounded from below for the family
of metrics ;. Applying Lemmas 3.1 and 2.8, we have the compactness result in C%2"'

Cheeger-Gromov topology with base points for the metrics g; with 7' < 7, provided that
the conformal infinity is bounded in C4~27 norm.

Lemma 5.2. Under the above assumptions, there is no blow-up near the boundary.

Proof. We argue by the contradiction. Let us first consider the cases where
diStg (pz; 8XZ) < Q.

For the pointed manifolds (Xj, g;, p;) with boundary, in the light of all the preparations
in the previous sections, we have Cheeger-Gromov convergence

in C427" Cheeger-Gromov topology (for a subsequence if necessary), where the limit
space is a complete Obstruction tensor flat and )-flat manifold with a totally geodesic
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boundary 9X; the boundary (90X, heo) is simply the Euclidean space R"™! because
i(0X;) > iy > 0; and
V*Rmy, |77 (poo) = 1.
by e (VR |5 (o)
Now, clearly, to finish the proof is to show that the limit space (X<, goo, Poo) is a locally

Euclidean space. For the convenience of readers, we very briefly sketch the proof from
[10, 11]. One first needs to show that p; — poo Where p, satisfies

e g& = p 29 is a (partially) conformally compact Einstein metric on X2 whose
conformal infinity is the Euclidean space R4},

d—4
== d—1)2-9
® U, = pod solves —Ag;vw — 4)

Then, by Condition (5.2), one shows that gf is Weyl free and is locally hyperbolic space
metric.

Now we assume Condition (5.3). We choose ¢; € X such that d(¢;,0X) > 1 and d(p;, ¢;)
is bounded so that (X%, g, ¢;) = (X2, g%, o) in C4"27" Cheeger-Gromov topology with

based points. It follows from Lemma 2.10 that for any » > 0
_ volgz (B(geo: 7))
voly . (B(r))

so that gt is locally hyperbolic space metric by the Bishop-Gromov’s volume comparison.

Voo = 0.

The following is quite similar to the proof of [10, Proposition 4.8]. We sketch the proof
and indicate the difference. We work with the limit metric. For simplicity, we omit the
index co. We denote g* standard hyperbolic space with the upper half space model. As
g™ = g¢" in a neighborhood of the boundary {x; = 0}, we can extend this local isometry
to a covering map 7 : g — g*. We write

a1 = xf?“ and gp = P29+

where ¢ is the standard euclidean metric and go the limit adopted metric. With the help
of the covering map m, we have 7*g, = p>g" where p = p o m. We have

d—4 d—1)>—9 a4
(=179 s

(5.4) —Ngip 2 — 1 =0
Also, it is evident
a1 (d—1)2—9 da
Remind z; is the geodesic defining function w.r.t. the flat boundary metric. We write
~ 4 ~ —
Tg2 = p’gt = (£)’g1 == uTig; where u = (%)UZT4 The semi-compactified metric g,

(or m*gs) has flat Q4 and the boundary metric of g, is the (d — 1)-dimensional euclidean
space and totally geometric. Thus u satisfies the following conditions

ANy =0 in ]Ri

_Au 2 [VuP : d
(5.5) v —ad e =20 inRY .

u=1 on 8R+

Vu=~Au=0 on OR%
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The first equation comes from the flat ()4 curvature and second one from the non-negative
scalar curvature. As g, on the boundary is euclidean, u on the boundary is a constant 1.
On the other hand, we know both ¢; and g, have the totally geodesic boundary. Hence on
the boundary, 0;u = 0 so that Vu = 0. On the other hand, it follows from Lemma 2.3 the
restriction of the scalar curvature vanishes on the boundary so that —Au — 22| Vu|? = 0.
This yields Au = 0 on the boundary. On the other hand, we know that —Awu > 0 in Ri.
Using a result due to H.P.Boas and R.P. Boas [8], there exists some a > 0

(5.6) —Au = ax;
We denote w := p = . Then, equation (5.4) is equivalent to the following one
2—d d—1)"—9
Aw + ow = —%w
1 4oy
so that
Aw d—4 d—2)(d—4 2 4—d
AU:E—Ealw—f—( )(7 )U): Balw‘i‘ ] w
x,? xy° da; x,? x]
Together with (5.6), we infer
4—d a ¢
0 = ——zi
Lw + 50, w 23:1
Therefore, for fixed (29,29, -, 29) with 2% > 0, we have for ¢t > 0
—d 4—d a
t (t .2?2, o ?x?l) - (x(l)) 2 "LU(ZE?,Q?g, T 7372) = —g(t?’ - ('T(l))g)
Taking t — 400, we infer
—(2)) P w(af,af, - w) < hmt P w(taf, oo 1) — (1) T w(af,af, )
—lim —2(f — (28)?) = —o0,
provided a > 0. This gives also a contradiction provided a > 0. Hence a = 0. Finally,
_Lu d2 1 ‘VuZ' > 0 implies Vu = 0, that is, ¢o is flat. This contradiction yields that
there is no boundary blow-up. U

Lemma 5.3. Under the above assumptions, there is no interior blow-up.
Proof. We consider the rest cases when
diStgi (pz; aXz) — 00

(at least for some subsequence). Notice that,
_2
(p:)

for some p; € X in the interior. Proceeding as the above boundary cases, one has the
Cheeger-Gromov convergence

K; = max max IVFRmyg: |72 = max V¥ Rm g
X k=, hy), [kl=l<d—a : =k ), o=l <d—4 i
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in C%*27" Cheeger-Gromov topology. The proof in these cases follows from [10]. We again
very briefly sketch the proof that is more or less from [10]. One first derives from (2.1)
that

Ry, = 2(d = 1)p72(1 — |dpi[2)
and shows that
o p;(x) > Cdisty, (z,0X;). (cf. Step 2 in the proof of [10, Lemma 4.9]).
Then, consequently,

e R =0, and
® g is Ricci-flat from being ()-flat and scalar flat in the light of the Q-curvature
equation (2.10). (cf. Step 3 of the proof of [10, Lemma 4.9]).

Thus, (Xoo, gso) 18 @ complete Ricci-flat d-dimensional manifold with no boundary. As
same arguments as in the previous part, we have (X, go) is locally conformally flat, so
that (Xw, goo) is flat because of the decomposition of the curvature tensor. Therefore, we
obtain the desired contradiction. For more details see [10] section 4.3. O

Proof of Lemma 5.1. . It is a direct consequence of Lemmas 5.2 and 5.3 UJ

We now begin the proof of Theorem 1.1. For this purpose, we need to prove the
following diameter bound.

Lemma 5.4. Under the assumptions in Theorem 1.1, the diameters of the adopted metrics
g; are uniformly bounded.

Proof. We use the similar strategy as in [11, Section 4: The proof of Lemma 4.2]. We
sketch the proof.

We have already proved the family of metrics g has the bounded curvature in Cc4,
In view of Lemmas 2.9 and 2.11, the boundary radius and the interior one are uniformly
bounded from below. Therefore, for all 4, for all # € X, we have vol(B% (z,1)) > C > 0
for some constant C' > 0 independent of ¢, x, that is, there is non-collapse. We prove
the diameter is uniformly bounded above by contradiction. Suppose that the diameter
diam(g;) tends to the infinity. By Cheeger-Gromov-Hausdorff compactness theory, up to
diffeomorphisms fixing the boundary, (X;, ¢;) converges to some complete non-compact
manifold (X, goo) with the boundary.

Step 1. As in the same way as in [10, Section 4: the proof of Lemma 4.4], there exists
some C' > 0 such that p; > C provided dg+(z,0X) > 1 and dg:(z,0X) < Cp;(z) provided
0 < dy+(2,0X) < 1. Thus the limit metric is conformal to an asymptotic hyperbolic
Einstein manifold. Without loss of generality, assume the boundary injectivity radius is
bigger than 1.

Step 2. There exists some constant C, > 0 independent of 7 such that

(5.7 / o) < C,
{x,dg;_« (z,0X)>1}
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Thanks of (2.1) and (2.3), we infer

A= (d+2Rip”  |[Vpil* _ (d+2(1—|Vp) |Vl
' 8(d—1) 4/);3/2 4,0?/2 4p§/2

Integrating on the set {z,d,:(v,0X) > 1}, we obtain

[ (@420~ Vo) | Vol _
{:):,dg? (z,0X)>1}

4p;" 4l

1
——(Vpi,v)
ﬁx,dgf (@,0X)=1} 2v/Pi

where v is the outside normal vector on the boundary {z,d,(v,0X) = 1}. By Step 1, we
know p; is uniformly bounded from below on the set {z,dy:(7,0X) = 1}. Together the
facts the curvature of ¢f is bounded and the boundary (0.X;, h;) is compact, we infer for
some positive constant C' > 0

1—|Vpil? Vil?
[ U=1900) ¢ ¢, g ol
{m,dg;(x,aX)Zl} P {m,dg;(m,BX)Zl} P

since |Vp;| < 1. Combining these estimates, the desired claim yields.

Step 3. We have
lim poo(x) = +00

T—r00

Letting ¢ — oo in (5.7), we get

(5.3) / p2/2(x) < lim o (@) < G
{z,dgoe (z,0X)>1} b Hadgs (2,0X)>1}

For all € > 0, there exists A > 0 such that

pP(z) < e

/{“Tvdgoo (z,0X)>A}
Therefore, for any y with d,_(y,0X) > A+ 1, we can estimate

/ () < / i (x) < e
B (y,1) {2,dgos (2,0X)> A}

(sup po) ¥V ol(B*(y, 1)) < e

Boo (y,1)

so that

that is,

SUP  Poo > Ce2/3
Boo (y,1)

Together with Lemma 2.3, we deduce

inf poo > SUp pPoo— 12> Ce 23 1
B9 (y,1) B9 (y,1)

Finally, we prove Step 3.
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Step 4. We claim that there exists some ¢, > 0 such that for any p € X, and for any
7 < 3P0 (p)
(5.9) Vol(B%=(p,r)) > c,r

Let p; € X; such that p; — p. First we remark that dist, (p;, 0.X;) > pi(p;) because of
Lemma 2.3. Again by Lemma 2.3 and together with Lemma 2.10(cf. [11, Section 3: the
end of the proof of Lemma 3.5]), we have

Vol(Bgi* (pi,7)) > cvrd,

where ¢, is some positive constant independent of 7. Letting ¢ — 0o, the claim is proved.
Step 5. A contradiction.

On choose p € X, such that ps(p) is sufficiently large. We fix 7 = (poo(p))*/*. Using
the results in Steps 2 and 4, we get poo(p)

(5.10) (sup  poo) YAV ol(B=(p,r)) < / P (@) < Cy
B9 (p,r) B9 (p,r)
so that for some positive contsant C' > 0 there holds
(5.11) SUP oo > Cr*% = C(pao(p)) ™
B9oo (p,r)

On the other hand, it follows from Lemma 2.3, we deduce

(5.12) oy P Z i P
Byoe (p,r) B9 (p,r)

so that

Poc(D) + (poe(P))** = Poc(p) + 1 = Clpa(p)*.
This yields that p.(p) is bounded. This contradicts the claim in Step 3.
Thus we have finished the proof of Lemma 5.4. 0J

Proof of Theorem 1.1. As in the step 4 of the proof of Lemma 5.4, there is no collapse
for the sequence of the metrics g;. Thanks of Lemmas 5.1 and 5.4, we use the Cheeger-
Gromov compactness result to prove Theorem 1.2. Hence, we finish the proof. 0

5.2. Proof of Theorems 1.2. The proof in all dimensions is quite same as for even ones.
We just point out the only below difference on the regularity of the curvature tensors,
that is, with the e-regularity, we could prove the curvature estimate in all dimensions

Lemma 5.5. Suppose that {(X2, g;")} is a sequence of conformally compact Einstein d-
dimensional manifolds with all d > 4 satisfying the assumptions in Theorem 1.2. Then
there is a positive constant Ky such that, for the adopted metrics {(X2, gF)} associated

with a compact family of boundary metrics h; —a representative of the conformal infinity

(5.13) max |Rmyg:
xg t

3

< K

for all v.
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6. UNIQUENESS OF GRAHAM-LEE SOLUTIONS IN HIGH DIMENSION AND GAP
PHENOMENON

In this section we derive the global uniqueness result Theorem 1.3 and give a gap

phenomenon Corollary 6.1 below, which are direct consequences of compactness result
Theorem 1.2..

Proof of Theorem 1.3. The proof is almost as same as in dimension 4 [11, Section 5]. We
sketch the proof here. We will prove this by contradiction. Assume otherwise there is a
sequence of conformal (d — 1)-dimensional sphere (S9!, [h;]) that converges to the round
sphere such that, for each ¢, there exist two non-isometric conformally compact Einstein
metrics g and g;".

Up to a subsequence, both g and g converge to the hyperbolic space in c=2
Cheeger-Gromov sense (in particular in 027" Cheeger-Gromov sense) due to Theorem 1.2
and the uniqueness result when the conformal infinity is the standard sphere [33, 27].

The main facts are the following

e There exists a diffeomorphism ¢; of class C?7 for any v € (0,1) (equal to the
identity on the boundary) (see Lemma 4.4), such that

F(oig ,97) =0

Moreover ||p;(z) — z||c2~ — 0 and ||p}g;" — g;“HC%ﬁ7 — 0.

e Because of local uniqueness (see Lemma 4.6), for large 7, we have

g =g’
O

As a direction consequence of Theorem 1.2, we are able to prove some gap phenomenon.
Given some large positive number A > 0 and number d > 4, let

Ac = {(S%1,[h])] h could not be joint by a continuous path in the set of the metrics
with positive scalar curvature to the standard metricggi—1
in C%(S?1) topology, (S%1, [h])is the conformal infinity of CCE metrics,

h has the constant positive scalar curvature and [|h|[cs(y, ) < A}

denote the union of the path connected components of the metrics on the spheres with
the constant positive scalar curvature which are not connected to the standard metric in
C? topology. We have the following result:

Corollary 6.1. Under the above assumptions and given A > 0 and number d > 4, there
exists some small positive constants € > 0 and 1 > 0 such that

(1) suppeq, Y(STH[A]) S V(ST [gan]) —€

(2)  Given any h € Ay, let (X,0X = S%1 g) be some CCE metric with conformal
infinity [h] on sphere S*=t. Then we have

/n(|W|d/2dvol)[g+] S e
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Proof of Corollary 6.1. We will prove this by contradiction. Suppose there exists a se-
quence of CCE metrics (X, g;") with [h;] € Aa such that :
Either

or

[ wiedvayigf) - o
X

Y (X, [h]) = V(S [gs])

In view of Theorem 1.2, up to a subsequence, h; converges to the standard metric hga—1 in
C3“ topology for all « € (0,1) so that h; should be in the same connected component of
metrics on the sphere with positive scalar curvature. Thus, we get a desired contradiction
of definition of A,. Hence, we finish the proof. O

Remark 6. In the above result, we can assume the metrics in the set Ac in C*Y Cheeger-
Gromov topology.
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