On Aleksandrov-Fenchel Inequalities
for k-Convex Domains

Sun-Yung Alice Chang and Yi Wang

1. Preface

These are the lecture notes based on a course which the first named author has
given at the second congress organized by the Riemann International School of
Mathematics in Verbania, Italy from September 26 to October 1, 2010.

The topic of the school is Nonlinear Analysis and Nonlinear PDE, with Louis
Nirenberg served as the Director of the school for the year. The first named author
has greatly enjoyed the lectures given by the participants and the warm hospitality
of the organizers. The lectures she gave were mostly based on the ongoing joint work
of her with Yi Wang, which have since been written up in [9] and [10].

In these notes we will mainly describe the work in [9]. We will do so by providing
more backgrounds and also by adding some new material in section 3 as examples
in which these inequalities fail.

These notes are organized as follows: In section 2, we describe the classical
Aleksandrov-Fenchel inequalities for convex domains and describe the Question we
are interested in—how to extend these inequalities to classes of non-convex domains?
In section 3, we discuss examples which indicate why one can not expect to adopt
the proof of the original Aleksandrov-Fenchel inequalities for convex domains to this
class of non-convex domains. This part of the work is motivated by some recent work
of De Lellis-Topping [13] on the almost Schur inequality, and also the subsequent
interpretation by Ge-Wang [16] of their work. In section 4, we summarize some
known results related to the Question and describe a new approach to a special
case of the Question—namely the recent work of Castillon [8] applying the method
of optimal transport to give a reproof of the Michael-Simon inequality. In section 5,
we describe how to generalize the proof of Castillon to give a partial answer to the
Question we are interested in, we will provide more background of the subject, and
outline the proof of the main result in [9].

The research of the first author is partially supported by NSF grant DMS-0758601.
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2. Background

The Aleksandrov-Fenchel inequalities ([1], [2]) for the quermassintegrals for convex
domains are fundamental inequalities in classical geometry. For a bounded smooth,
convex domain A C R™™!, and B the unit ball in R"*!, Minkowski considered the
volume expansion of the set A + tB with the expansion

n+1
Vol(A+1tB) => Vi p(A)th (1)
k=0

Thus
When k=0, V,41(A) = volume of A. )
When k=1, V,(A) = surface area of the boundary of A . @)

There are several equivalent expressions of the Minkowski’s (n + 1 — k)—volume or
the quermassintegral, V,,11_(A). One of them is the following. Denote M = JA.
Let

k(z) = (k1(x), K2 (T), ...k ()

be the principal curvatures at € M, and let o;(\) denote the k-th elementary
symmetric function of A = (A1, Ag,... \,) i.e. g = 1 and

RN = D XAy Aig

11 <ta<--<ip

Thus

n
o1(k) = Z ki = H the mean curvature of the boundary of A
i=1

Jg(lﬁ?) = Z Hilﬁ?j

1<j

(3)

We now introduce a new notation. Denote by L = Lj; the second fundamental
form on the boundary of A. Then the principal curvatures on the boundary of A are
the eigenvalues of L. Thus

or(r(z)) = on(L(z))
for all x € M, where oy (L) is the k-th elementary symmetric function of the eigen-

values of L.
Then for k > 1,

Vo _(A) = C(n, k) /M oke1 (L)dpns (4)

for some constant C(n, k) = r}—k’ where djps denotes the surface measure on M.
A special case of the classical Aleksandrov-Fenchel inequality for a convex do-
main A is:

Vi1 k(A)Va1-x(A) < (Vi (4))?. (5)
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As we will see in the argument in section 3, this inequality implies the following
inequality
1 _1
(Vag1-k(A)) 178 < C(n, k) (Vi (A)) "=F, (6)
where C'(n, k) is a constant depending only on n, k and is only achieved when A is
a ball. An equivalent way of writing (6) is:

1

([ ora@dna) = <CaRI([ oulLiduan) ™, (<))

where C(n, k) again denotes a constant depending only on n, k& and is only achieved
when A is a ball.
We remark that when k& = 0, (x)g is interpreted as the classical isoperimetric
inequality
Vol(A)i1 < Cp|A|
which holds for all bounded domains A in R**1.

The Question we are interested in these notes is: Does ()i hold for a class of
domains which are less restrictive than the convex domains?

First we recall some known results of this question. We start with a definition.

Definition We call a domain A C R"*! a k-convex domain if o;(L(z)) > 0 for
1 <i<kforall z € QA. In this case, we say the second fundamental form L of M
is in the positive k-cone, denoted by L € I';"; or we sometimes use the language
that M = 0A is k-convex.

Theorem 2.1. (Guan-Li [18]) Suppose A is a smooth star-shaped domain in R"H1
with k-convex boundary, then the inequality (%), is valid for all 1 < m < k; with
the equality holds if and only if A is a ball.

The main idea in the proof of the theorem above is to apply a fully nonlinear
flow to study the inequality (x); for k-convex domains. Namely, one evolves the
hypersurface M := A C R"*! along the flow

¢, = =L (L)a, (7)

X =
where 7 is the unit outer normal of hypersurface M.
In earlier articles Gerhardt [17] and Urbas [28] have independently proved that
the flow (7) exists for all ¢ and converges to the round sphere when either A is a
convex domain or A is a k-convex domain AND star-shaped.
The key observation made in [18] is that the ratio

(foy ok—1(L)dpar) ==

1

(Sar on(L)dpnr) ™*

is monotonically increasing along the flow (7). Therefore if the solution of the flow

(7) exists for all £ > 0 and converges to a round sphere (or up to a rescaling), one
can establish the inequality ().

Ok

(8)
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We remark that the flow (7) when & = 1 is the inverse mean curvature flow
studied earlier by Evans-Spruck [14], Huisken-Illmanen [20] and others.

We would also like to mention that a special case of a sharp inequality between
Vi1 and V,,_ was established by Trudinger for k-convex domains. (See section 3
in [27].)

Another result which is related to a special case of the inequality (*); for k =1
is the Michael-Simon inequality.

Theorem 2.2. (Michael-Simon [24]) Let i : M™ — RY be an isometric immersion
(N > n). Let U be an open subset of M. For a nonnegative function u € C°(U),
there exists a constant C = Cn, such that

n—1

(AﬂfwMQ” < [ (lu-+Vul)dos )

where $) is the mean curvature vector of the immersion.

In the special case, when we take A C R"*! and M = 0A, then $ = H7, 7 the
outward normal of the domain and H the mean curvature on the boundary of A,
and take U = 1, we get

Corollary 2.3. There is a dimensional constant C' = C(n), so that
DA < c/ Hdp.
0A

or equivalently:
Al <C([ Hdp). (10)
0A

We remark that it is an open question what is the best constant in inequality
(10). Huisken has indicated that when the domain is “outward minimizing” in the
sense as is defined in his earlier work with Illmanen [20], the inequality is sharp with
the constant as in the case when A is the ball.

The main result in A. Chang and Y. Wang [9] is the following, which we will
call Main Theorem in these notes.

Theorem 2.4. Let us denote M = QA. Fork=2,...n—1, if A is a (k+ 1)-convex
domain, then there exists a constant C' depending only on n and m, such that for

1<m<Ek,
(/ O'm—l(L)dNM> < C </ Um(L)duM> .
M M

If k = n, then the inequality holds when A is n-convex. If k = 1, then the inequality
holds when A is 1-convex.

From now now we will denote the m-th inequality in above theorem (xx),,, thus
(#x)p denotes the inequality

1

</M ak—l(L)duM> e <C (/M o—k(L)duM> "t ((#5)1)
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for some constant C' = C(n, k)
We remark the method of proof in the theorem above actually extends to prove
a generalized class of Michael-Simon inequalities:

Theorem 2.5. Denote M = 0A for some bounded domain A in R™1. Suppose U is
an open subset of M and u € C°(U) is a nonnegative function. For k =2,...n—1,
if Ais a (k4 1)-convexr domain, then there exists a constant C depending only on n
and m, such that for 1 <m <k

nom AT
</ Om—1(L)u n—:b_ld/_,[/M) SC'/ (Om(L)u+om—1(L)|Vul+, ..., +|V"u|)dus -
M M

If k = n, then the inequality is true when A is an n-convex domain. If k = 1, then
the inequality holds when A is a 1-conver domain. (k =1 case is a corollary of the
Michael-Simon inequality. )

For the rest of the notes, we will describe the proof of the Main Theorem.

3. The classical Aleksandrov-Fenchel inequality

In this section, we are going to discuss the classical Aleksandrov-Fenchel inequalities
for convex domains A, and derive as a consequence the sharp inequality (x);. We
will then proceed to explain why one cannot use the same proof to obtain (k) for
k-convex domains. In fact, we will construct examples of k-convex domains such
that the Aleksandrov-Fenchel inequality (at level k) is not valid when k = 2.

Let Ajy,..., Apt1 be convex domains. By a result of Minkowski [23] the volume
of the linear combination of A1,..., A,11 with nonnegative coefficients Ay, ..., \py1 is
a homogeneous polynomial of degree n + 1 with respect to A1, ..., Apy1:

n+1 n+1 n+1

VO XNA) = > V(Ao A )iy Ni (11)
i=1

i1=1 ipg1=1

In this way, one defines the generalized Minkowski mixed volumes V (A, ..., Ap11).
When A; = -+ = Apy1, V(A,...,A) = Vol(A). When A = -+ = A1k = A,
Aj=DBforj>n+1-k,

n+1-k k
/——F/A ——
v(a,..A B, ..B) :cn,k/ o1 (L)dp (12)
0A

Aleksandrov-Fenchel inequality is an inequality relating different mixed vol-
umes:

V2(A1, Ay, As, . Apy1) > V(A1 Ar As, o Ap 1)V (Ag, Ag, As, o Apr). (13)

In the special case when A1 = ... = A, = A, A; = B for j > n — k, we obtain

([ oty = Gl [ ana@an([ @y, (AF)y)
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where C}, is the constant that is attained when A is a ball. We will now derive the
inequality (%); as a consequence of the string of inequalities ((AF);) for [ > k. To
see this, we first notice that for a convex domain A, o,(L) is the Jacobian of the
Gauss map from A to the unit sphere, hence the integral [ , o (L)dp is a constant
which is equal to the area of the unit sphere. Also, one can prove inductively that

( /8 (D) > /8 (L /d (@) (14)

for k4+1<mn; and

( /8 oLy = ( /a o)) /8 (L)) (15)

for k +1 < n. Here p(l) and ¢(l) are two positive indices depending only on [. For
example, p(1) =2, ¢(1) = 1; p(2) = 3/2, ¢(2) = 1/2 etc. Thus we have

( /8 oL (L > /8 (L)) [ omaw: ao)

DA
and
([ amaw?= ([ aa@dn(| o(@idw. (17)
0A 0A 0A
Taking m—th power of the inequality (16) into (17), one gets

g(n—k—1)

2= oo o o pn—F—1
( /8 (D) /8 (L)) /8 (L)) FED
= /d (L)),

Therefore the inequalities (AF); for [ > k imply (x)g.

From the above argument, it is natural to consider that whether it would be
possible to prove ((AF)) for k + 1-convex domains first, then obtain (x); for such
domains. In the following we will indicate an example of a 2-convex domain in R"*+!
when n > 4 while the inequality (AF); fails.

The construction of the example is inspired by a recent work of De Lellis and
Topping [13], in which they establish an almost Schur theorem on manifolds under
the assumption that Ricci curvature of the manifold being positive; they also went
on to construct a counterexample of their inequality on manifolds of dimensions
bigger than four when the Ricci curvature is not positive. In a later work, Ge and
Wang [16] reformulated the inequality in [13] in terms of an inequality similar to the
(AF); inequality above but with the integrand under the integration the oy of the
Schouten tensor on manifolds.

(18)

Here we will run a similar program for domains in R**! and for o}, of the second
fundamental form of the domains. Following that of [16], we first notice that we can
reformulate inequality

( /8 (L)) /8 (L)) <

n—1
2n

( /8 ()’ (19)
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in an equivalent form as
o= mpaus (20)
2A n—1J9a
where LZ] = L;; — % gij is the traceless part of L. To see this, (20) is equivalent to

2 72 n 2 H?
H2dp — |0A|H? < / (ILP = =)dp, (21)
9A n—1Joa n

or equivalently

(faA Hdﬂ)z
|0A

Since 2(H? — |L|?) = 03(L), 01(L) = H, and oo = 1, we have

p—] (22)

" LR < o =
0A

n—1
([ o | aatyn) < "= o (23)

which is ((AF)1). Therefore to construct a counterexample of (AF'); is equivalent
to construct a counterexample of (20).

In the following, we present a construction which is motivated by the work of
De Lellis and Miiller [12] as well as a recent work of De Lellis and Topping [13].
In R™*! denote each point by the coordinate (z,z') with x € R and 2’ € R™
Consider a positive even function y = f(x), whose definition will be specified later,
and a family of positive functions fe : R — R given by fc(z) := ef(£). Let X
denote the hypersurface generated by the revolution of f. along the z-axis. Denote

h(y) = f~'(y) the inverse function of f; then the second fundamental form on
Y. =¥ at the point (z,2') with 2’ = (29, ..., x,4+1) is equal to
" !/ /
(6" L) (,2') = diag(— D) A — ) —
(\/1 h2(y y\/l h2(y Ty 1+ h2(y)
Here y = |2/|. Thus
" Y
(L) = — () (n —1)h'(y)

(L+h2W)**  y/T+h2(y)

(n = DA"(y) (n—1)(n - 2)) h(y)
yh' (y)(1+ 12(y)) 2y L+ 12(y)
One can always find a unique function f such that f(0) = 1, o2(L) = 0, and
o1(L) > 0. It turns out the unique inverse function of such an f can be explicitly
written as h(y) = =+ [/ \/%. For example, when n = 4, f(z) = cosh™!z. we

oa(L) = (

remark by the same computation we have o1(L¢) > 0 and o3(Le¢) = 0, where L, is
the second fundamental form on the surface .

Consider a round n-sphere of radius 1 centered at some point in the x-axis
which is tangent to the surface ¥, whose intersection with X, is an (n — 1)-sphere
centered at some point (ac, 0, ...,0) € R"*! with a. > 0; then consider another round
n-sphere of radius 1/2 centered at some point in the negative x-axis and tangent to
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Y. whose intersection with Y. is an (n — 1)-sphere centered at (b,0, ...,0) € R**!
with b, < 0.

Consider the domain that is bounded by these two n-spheres together with the
hypersurface Y, in between them. Denote it as our domain A.. Then JA, consists
of three parts: the part of the sphere lying on the right side of the (n — 1)-sphere
Y. N{z = ac}; the part of the sphere lying on the left side of the (n — 1)-sphere
YeN{x =b¢}; and ¢ in between of these two (n — 1)-spheres.

In the following we will show that the inequality (20) is not valid for dA,. First,
we claim that 0A. converges to two n-spheres S7 and Sy with radius 1 and 1/2
respectively, and the area of the neck ¥, goes to 0.

To see this, by some plane geometry computation coupled with the explicit
formula for f~!, we see that a. satisfies the equation

len(%) =1

Thus, ac = € - f_l(e21/n)' Using the explicit formula for f~! again, one obtains

ac = O(eloge), if n = 4; a. = O(e), if n > 4. Therefore a. — 0 as € — 0. By a similar
argument we also have b, — 0 as ¢ — 0. Thus

12| < 2w [ef (29 - max{ac, —|ac|} — 0.
€

Also the above estimates on a. and ef(%) together with the explicit formula
of the second fundamental form (24) imply

lim/ |L|?dp = 0, (25)
e—0 .
and
/ |H — H|*dy — 0 (26)
e

for n > 4. Combining (25) together with the fact that L = 0 on the sphere, we get

/ |L|?dp — 0.
0Ae

On the other hand, since S7 and Sy are spheres with different radius, we obtain from
(26)

/ H—H|2du—>/ |H — H|*dp # 0.
0A. S1US2

Thus A, is a counterexample of the inequality (20).

Notice that although A, is on the boundary of 1"; cone, one can easily perturb
A, so that it is in F; cone. (More precisely, keep the two n-spheres to be the same
while perturb X, such that o9(L) = § > 0,01(L) = 0 on X..) And following a similar
argument as above, inequality (20) does not hold for this class of perturbed domains
in the F; cone.
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4. Castillon’s proof of the Michael-Simon inequality

In the following, we will begin to outline a new proof by Castillon ([8]) of the Michael-
Simon inequality ([24]). Before we do so, we will describe the main tool Castillon
has used in his proof-the method of optimal transport.

4.1. Optimal transport map and regularity

Optimal transportation problem is one of the fundamental subject which has been
extensively studied in the literature. The readers are referred to the books of Villani
([29],[30]) for a comprehensive review of the subject. In recent years, the method of
optimal transport has been applied to study various inequalities which includes the
study of Minkowski’s inequality for convex body, Aleksandrov-Fenchel inequality for
convex domains, sharp Sobolev inequalities, etc. for examples by ([22], [3] and [11])
and the list is fast growing. Here we will just mention some basic, elementary fact
of the subject for the purpose of describing the application below in these notes.

Consider two normed spaces X1 and X, with probability measures p and v
defined on them respectively. Given a cost function ¢ : X; x Xs — R, the problem
of Monge consists in finding a map 7" : X; — Xy such that its cost C(T') :=
S X c(x,Tx)dp attains the minimum of the costs among all the maps that push
forward  to v. In general, the problem of Monge may have no solution, however
in the special case when X7 and X5 are bounded domains defined on the Euclidean
space with quadratic cost function, Brenier ([4]) proved the existence and uniqueness
result. More precisely,

Theorem 4.1. Suppose that X; = D; (i=1,2) are bounded domains in R™ with |0D;| =
0 and that the cost function is defined by c(x,y) = d*(x,y), where d is the Euclidean
distance Given two nonnegative functions F, G defined on Dy, Do respectively with
fD x)dr = fD y)dy = 1. Then there exists a unique optimal transport map
(solutzon of the problem of Monge) T : D1 — Dy. Also T is the gradient of some
convex potential function V.

Since the optimal map 7' = VV pushes forward F(x)dx to G(y)dy, it satisfies
the Monge-Ampere equation in the weak sense.

| Gy = [ w(vv@)Fe (27)
DQ Dl
for any continuous function 7.

Thus the potential function V satisfies the Monge-Ampere type equation
F(z) = det(D?jV(az))G(VV(az)) (Optimal transport equation) (28)

for all x € D; in a weak sense. However, under the additional assumptions on the
convexity of D;, as well as on the smoothness of F' and G, Caffarelli has addressed in
his papers ([5], [6], [7]) the regularity problem when the Brenier function V satisfies
the equation (28) in the classical sense. We now state these results of Caffarelli here
as we shall apply them later in the proof of our main theorem.
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Theorem 4.2. ([6]) If Dy is a convex domain and F, G, 1/F, 1/G are bounded, then
V is strictly convex and CY? for some (.
If F and G are C*0 then V € C*22 for any 0 < a < ap.

For the boundary regularity, one needs to assume Dy to be convex as well:

Theorem 4.3. ([7]) If both D; are C? and strictly conver, and F, G € C% are
bounded away from zero and infinity, then the convex potential function V is C%0
up to OD; for some 3 > 0. Both 3 and ||V||c2.s depend only on the mazximum and
minimum diameter of D; and the bounds on F, G. Higher reqularity of V' follows
from assumptions on the higher reqularity of F' and G by the standard elliptic theory.

From these two theorems, we know that if D; are smooth and strictly convex,
and F, G are both smooth and bounded away from zero and infinity up to the
boundary, then the potential function is smooth up to the boundary as well. For
more results on the regularity of optimal transport maps between manifolds, we
refer the readers to [25], [21], [29], etc.

4.2. Restriction of convex functions to submanifolds

Consider an isometric embedding i : M™ — R"*L. Let 7i(£) be the outer unit normal
at £ € M. Let V and D? (resp. V and D?) be the gradient and Hessian on M (resp.
on R™1); let L(-,-)(€) = L(-,-)(£)A(€) be the second fundamental form at & € M.
Suppose V' : R"*! — R is a smooth function and v = V| is its restriction to M.
Then the Hessian of v with respect to the metric on M relates to the Hessian of V
on the ambient space R™*! in the following way: for all £ € M and all o, 3 € TeM,

D*v(a, B)(€) =D*V (a, B)(€) — ((VV), L(av, B))(€)
D*V (v, B)(€) + b(€) - L(c, B)(€),

(VV),7i)(&). We remark in general the function b(¢) changes sign

(Structure equation)  (29)

where b(§) == —
on M.

Finally we recall the well known Gauss equation and Codazzi equation that are
satisfied by the curvature tensors defined on the embedded submanifolds. Denote

the curvature tensor of M by R;jr and the curvature tensor of the ambient space
Rn+1 by Rijkl- Then

—~

0= Rjjii = Rijui — LjiLir, + LyyLji, (Gauss equation) (30)

and
Lijr = Li ;. (Codazzi equation) (31)

4.3. Outline of Castillon’s proof

We now outline the proof of Castillon ([8]) of the Michael-Simon inequality for the
special case when the submanifold M = 02 is the boundary of a simply connected
bounded domain Q C R"*1,
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Assuming M is 1-convex with its mean curvature H > 0, we will show that

(/ u#aluM)%1 < C/ (IVu| + uH)dpn (32)
M M

for all positive smooth function u defined on M and for some dimensional constant
C.

Wherein the notation above we recall duys is the surface measure induced on
M by the plane Euclidean measure on §2.

Now given a positive function f defined on M so that u =: fduas is a proba-
bility measure on M, and fixed an n dimensional linear subspace E in R"*!, denote
pE : R"1 — E the orthogonal projection, Then the pushforward measure PEg s &
probability measure on E. It is absolutely continuous with respect to the Lebesgue
measure on F with density F'(x) given by

€3
F(z) = =, (33)
ceps—i@nsptin) “E(E)

where Jg is the Jacobian of the map pg.
Applying Brenier’s theorem, there exists a convex potential V' such that VV is

the solution of Monge problem on E between (Dg, F(x)dx) and (Bg(0,1), wdy),
w

n

where Dg := Spt(pg4p) and Bg(0,1) is the unit ball in E. wdy is the nor-

W,
malized Lebesgue measure on Bg(0,1). Since VV (Spt(pp#p)) C Br(0,1), we have
|IVV| <1on Dg.

In general, the convex potential V' is only a Lipschitz function, let us ASSUME

V is C® for a moment to finish the proof of the theorem. If V is C3, then V satisfies
the Structure equation of the Monge-Ampere type:

wnF(z) = det(D*V (x)) (34)

in the classical sense. Define the extension of V by V := V op : R®! — R and its
restriction to M by v(€) := V(&) = V o p|ar(€). Denote the gradient and Hessian
on M by V and D? respectively, and denote the gradient and Hessian on R"*! by
V and D? respectively. By (33), (34), for £ € M

f(&)
Wn T
By the change of variable formula,
det(D*V (&) |rmr) = J5(E)det(D*V (pp(€)))-
Thus for £ € M we have:

< wpF(p(€)) = det(D?V (p(€))). (35)

wnf(€)JE(€) < det(D*V(€)|ren)- (36)

Since DQV(§)|T§M is a nonnegative matrix, we take the n-th root on both
sides of (36), and apply the inequality between the geometric and arithmetic mean
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followed by the Structure equation (29) to obtain

A
—
QL
®
g

ol

no
<
~
=B
S
N
3=

(@nf(€)TE(©)"

IN

(AV(9)) (37)

For any positive function u defined on M, we then choose f to be the function

n

wn=T
Jaru™

multiply the equation (37) by u and integrate it over M, to obtain

7

“Tdpny

n—1

(/M Jerun—Tduyy) < C(/M((—Av)u + Hu)dppy 58)

< c/ (V| + Hu)dpnr.
M

We remark that in the work of Castillon, as the Brenier potential function V'
is only Lipschitz, the Laplacian of V' and v in the Structure equation (29) are only
satisfied in the “Aleksandrov sense”. Castillon has rigirously justified the step of
integration by part in the proof of (38) above. As we will describe below, in the
proof of our Main Theorem, we have overcome this difficulty by an approximation
process using the regularity results of Caffarelli’s Theorem 4.2 and Theorem 4.3 on
the optimal transport map.

To finish the proof, we then integrate both sides of the inequality (38) above

1
on the Grassmannian G, ,,11 of n-planes in R™! since integration of fG " JEdE
n,n

is finite and invariant in £ € M, we obtain the desired inequality (32).

5. Proof of the Main Theorem

In this section, we will outline the proof of the Main Theorem, which we re-state
below:

Theorem 5.1. Fork=2,...n—1, if Q is a (k+ 1)-convexr domain, denote M = OS2
then there exists a constant C' depending only on n and m, such that for 1 <m <k,

( / am_1<L>duM) T o ( / om<L>duM) o (39)

If k = n, then the inequality holds when € is n-convex. If k = 1, then the inequality
holds when Q) is 1-convez.
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Proof. of Theorem 5.1: It is clear that we only need to prove the inequality for m = k
when M is k + 1-convex, that is we will establish (s):

(/ ) Uk;—l(L)dMM> e < C(n,k) (/ ) Uk(L)duM> o , (40)

Let E C R™"! be an n-dimensional linear subspace, and p := fduys is a prob-
ability measure on M, following the same steps as in Castillon’s proof outlined in
section 4 before, we reached the position

wnf(€)JE(€) < det(D*V(&)|r.n)- (41)

Since DV (€)|z, s is a nonnegative matrix, we take the (n — k 4 1)-th root on
both sides of (41).

(wn f(€)Tp(€)) 7T < (det(D2V(€)|rear)) ™ . (42)

To simplify the notation, from now on we will denote D2V(§)\T§M by D2V (¢€).
op_1(D?*V+(a—1)L)

For each positive constant ¢ > 1, multiplying the previous inequality by — =
Op_1(D2V)n—kF1

we get

0-1(D?V + (a —1)L)
O'kfl(DQV)"%’H‘l

‘ 0k—1(D?*V + (a — 1)L)
O'k_l(DQV)ﬁ

Denote the left hand side (resp. right hand side) of this inequality by LHS (resp.

RHS). Then

(wnf (&) Tu(€)) 77

(43)

< (det(D2V(£))"%’““

R 1
det(D*V) \ »+T -
RHS = — =24 ~1(D*V + (a—1)L). 44)
We then apply the concavity properties of (Z’;éﬁ; )ﬁ for matrix A €T ; and j < k
to get
RHS S ox(D*V + (a —1)L). (45)
Next we apply the Structure equation (29), and the fact that |[VV(£)] <1:
RHS 5 ox(D*v + al), (46)

where the symbol < means that the inequality holds up to a constant.

We now begin to lower estimate the LH S of (43). To do so, we first observe that
we can apply Garding’s inequality to obtain op_1(D?V + (a — 1)L) > oj,_1(D?V).
Therefore,

LHS > (wnf(§)Tp(§) 7 - (041 (D*V + (a = 1)L))' "7k, (47)
We apply Garding’s inequality again to get
011 (D2V + (a — 1)L) T F D > C(a)oy_ (L)~ Tk,
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This together with the choice of f as
1
Ok—1 (L)JEn_k

f = 1
Jar oe-1 (L) " dpn

implies that
LHS > (wn(§)T5(§) 77 - C(a)oy 1 (L)'~
Cra0k1 (L) Jp(€) (49)
(/M Uk—l(L)J;;z%kdﬂM)"%’”l

By integrating LHS and RHS in (43) over M, we obtain

1
Cn,a/ Uk_l(L)Jgikd,uM
M

o ok A (D) TG dpar) 7= (50)

<Co / ox(D* + aL)dpar.
M

Thus

1 =t
( / ak_l(L)Jg’“duM> < Chka / or(D*v + aL)dpy. (51)
M M
0

The following Proposition then provides the key step to finish the proof of the
Main theorem.

Proposition 5.2. Let E C R™! be an n-dimensional linear subspace, and pg be the
orthogonal projection from R to E. Suppose V : E — R is a C° convex function
that satisfies |VV| < 1. Define its extension to R**! by V := Vopg, and define the
restriction of V to the closed hypersurface M by v. Suppose also that M is (k + 1)-
convex if 2 < k < n —1, i.e. the second fundamental form L;; € Fzﬂ and suppose
that M is n-convex if k = n. Then for each k, there exists a constant a > 1, which
depends only on k and n, such that

/ ox(D*v + aL)dpy < C/ or(L)dpnr, (52)
M M

where the constant C' depends on k, n and a.

For the rest of this section, we will describe the proof of Proposition 5.2 for the
special cases k = 2 and k = 3.

In order to describe the proof, we will introduce some new concept—namely the
polarized form of the o (A) for any n x n matrix A. We will also state some basic
properties of these polarized forms.
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5.1. The polarization of o},
Notice that o, (A) = det(A). An equivalent definition of det(A) is

1 .
det A= 85775 A+ A (53)
where 5?17::"2'-" is the generalized Kronecker delta; it is zero if {i1, ..., i} # {Jj1, .- Ji },

n

equals t071.7(or -1)if (i1, ...,i%) and (J1, ..., jx) differ by an even (or odd) permutation.
Inspired by (53), an equivalent way of writing oy, is that

1

ok(A) i= 05 A - A
The Newton transformation tensor is defined as
1 ..
[T (At Ad) = 0 (A (A (54

Definition 5.3. With the notion of [T];;, one may define the polarization of o), by
1

Ep(Ar, oy Ag) = Avgj - [Th—1]ij (A2, .. Ag) = =1 e (A1) (A,
(55)
It is called the polarization of o because if we take A7 = --- = A, = A, then
Yk(A, ..., A) is equal to o;(A) up to a constant. Namely,
1

Also, from the right hand side of Definition 5.3, we see that ¥; is symmetric and
linear in each component. Also for simplicity, we denote

k

Some relations between the Newton transformation tensor T), and o}, are listed below.
For any symmetric matrix A, if we denote the trace by T'r, then

1
ok(A) = - Tr([Tily)(A), (56)
and
1
or+1(4) = o n 117 (Aim - [Ti]m; (A)). (57)
On the other hand, one can write [T];; in terms of o by the formula
_ Oop(A)
[Tk‘—l]Z] (A) - 8141] ’
and
[Tilij (A) = 01(A)6i; — [Th—1]im(A) Amj. (58)

We now list some algebraic properties for matrix A in I';T cone which can be
found for example in [26]:
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(i) if A = (a;;) in T}, then
doy(A)

8(11']'

T-1)ij = > 0,

(ii) if Ay, ..., Ay € T}, then ([Ti]i;) is a positive matrix, i.e.

[T%)i(Ax, ..., Ag) > 0;
(iii) if Ay, ..., Ay, € T}, then
Yrp(Ay, ..y Ag) > 0;
(iv) if A— B €T} and Ay, ..., A € T}, then
Si(B, As..., A) < Si(A, A, ..., Ap).

5.2. Proof of £k = 2 case of the proposition

In this section, we are going to prove Proposition 5.2 for the special case k = 2. For
this special case, only |VV| < 1 property of the Brenier map is relevant, and one
can also simply choose a = 2.

Proof. We first recall that $35(A, A) = 02(A), thus

1
/ o9(D*v + aL)dun :/ ~Y9(D*v + aL)dpn
M M2
1
= /M 5[22(0%, D?v) 4 2aX9(D%v, L) + a®S(L, L)]dpys

:/ UQ(DQ'U) -+ QZ:Q(DQU, L) + a202(L)d,uM
M

=1 + all + a®III.
(59)

By the integration by parts formula,
I Z:/ Ug(Dzv)d,uM :/ (’Uu"l)jj —fuijv,-j)d,uM :/ —Ui(’l)jji —vijj)d,uM. (60)
M M M
If we apply the curvature equation
Vijk — Vikj = RmijkUm. curvature equation (61)
then

I:/ vi(Rc),,; vmdpnr, (62)
M

where Rc is the Ricci curvature tensor of g, g the induced metric (i.e. the sur-
face measure) on M. By the Gauss equation (30), the Ricci curvature tensor satis-

fies (Rc)ir, = Lj;Lix, — LijLj. If we diagonalize L;j ~ diag(A1, ..., Ay), then Re ~
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diag(AM(H — A1), ..., \n(H — A\p)). Note that

o5 (L)
I\

ANi(H — X)) + = 09(L) (63)

for each ¢ = 1,...,n. Also by our assumption L € F}f (we remark that this is the
only place in the proof where we have used the property that more than L € F; ,
itisin L € I‘}f), thus &'837)9 > 0 for each ¢ by the Garding’s inequality. Thus by
(63), \i(H — \;) < o2(L) for each i, i.e. Rc < 02(L) - g. Applying this formula to the
inequality (62), we get
I< / o2(L)| Vo2 duys < / o2 (L)duy, (64)
M M
where |[Vo| < 1 because |[VV| < 1. Thus
I< / oa(L)dpar. (65)
M
For the term I1, by definition ¥o(D?v, L) = v;;Lj; — v;jLij. Thus
Il := / Yo(D?v, L)dps
M
= / (vii Ljj — vijLij)dp (66)
M
:/ (=viLjji + viLij)dpar = 0,
M

due to the Codazzi equation (31).

Finally,
II] := / oo(L)dpps. (67)
M
Hence from (59), we get
/ 02(D2v+aL)d,uM SC’(a)/ oo(L)dpps. (68)
M M

This finishes the proof of Proposition 5.2 when k = 2. Note that in this case, (52)
holds for any constant a > 1. O

5.3. k = 3 case of the proposition

In this section, we will prove Proposition 5.2 when k£ = 3. We will see that in this
case convexity property of V' together with the size estimate |VV| < 1 both play a
role in the proof. Again we denote D2V|T€M by D?V.
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First we use the polarized form of o3(D?v + aL) and expand it into four parts
3/ o3(D*v + al) :/ ¥3(D*v 4 aL, D*v + oL, D*v + aL)
M M

= 3a2/ Y3(D%v, L, L) + 3a/ ¥3(D*v, D%v, L)
M M (69)
+ / ¥3(D?%v, D*v, D*v) + a3/ 3(L,L, L)
M M
=3a%I + 3all + III + a®IV.

We will begin the estimates of each of I, IlandIII by proving the following
three lemmas.

Lemma 5.4. Suppose v and M satisfy the same conditions as in Proposition 5.2,
then

/ Y3(D?v, L, L)dpy = 0. (70)
M
Proof.

I = /M Z3(D v, L L)d/,LM / 2]”” ;;i’zszllezQJgdﬂM

o (71)
—  $511,502
= /M ol Uz5j,j1,j2 (Livji,jLioje + Livji Liggo,j) dpor-
111,12 . _ 211712 .
Since 5] J1 j2L11]17] 122 6] J1 ]2L11]1Ll2]2:]’ we have
2 _ Gitd2 7
/ E3(D%v, L, L)dp —/ _%5”1 o Livgv g Linjydpin - (72)
M M
1,11,12 T _ gh,01,02 o iy 401,02 %1402
Als,(})1 since 0,/ ;"7 Liyjy jLiojo = 05757 L,y Lisj, , and by definition, 6,72 = =672
we have
27/177/2 L. . — Z'L1712 L. L.
5] J1 ]2L11]17]L22.72 - 5] J1 ]2L11]7]1L12]2
(73)

1
=072 (Liyjy j — Linjjn) L

931,02 i2J2)

which in turn implies that
/M Z:3(D v, L, L)dppn = / Ui ;,;11,322 (Livjr,j — Lirjgi) Lisjodpins = 0 (74)
by the Codazzi equation (31). O

Lemma 5.5. Suppose v and M satisfy the same conditions as in Proposition 5.2.
Then

II:/ Eg(DQU,DQU,L)dUMg/ o3(L)duns. (75)
M M
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Proof. We perform the integration by parts to get

H:/ S3(D%v, D*v, L)dpg

M
1 S

- /M 501]5;:;117;22 Viyj1 Lig g dpens -
—1

2!

51,081,012
v75,01,52

(Viyj1jLisjs + Vitji Ligjs j) dpens == 11 + I,
By the same argument as in (73) and the curvature equation Vijk — Vikj = BmijkUm,
11, ::/ _—lvicSi-’i-l’i? Vi j1j Linja dpinr
a2 g
N /M _Tlviééj'll’f}i (Virjij = Vinjjr ) Linjo dpins (77)
:/M ivi(s;:;ll’,gzRmiljjlmei2j2d/“’LM‘
Using the Gauss equation (30) in (77), we get

1 o
I, = /M Zvlvméjgllffz (LmjLi1j1 — Lmj1 Lilj)LinQduM

1 L
- /M 5vivm5;:;'11’71]‘22LmjLiljl LinQdNM (78)

2/ [T5)ij (L, L) Ly jvivimdpin.
M

Now, we use the formula (58) for k = 3, i.e.

/ Y3(D?v, D*v, L)dpus
M

1 L
- /M 5%533112322 Viyjy Liia g i (79)

1

M _27!%5;:}11:2]'22((Uiljle’isz + Viyji Ligja i) diing = 1o + L.

By the same argument as in (73) and the curvature equation v, — Virj = RmijkUm.,
II R _1 5i7i1,i2 L d
0= o V0 Vi biags CHM
_ —1 5i7i17i2 Lid
= |, T % (Virjrj = Vingin ) Ligjp dpins (80)

| S
L S801,12 .o ..
_/ Zvléle,jQRmZIJJIUmLQJQdiuM‘



20 Sun-Yung Alice Chang and Yi Wang

Apply the Gauss equation (30) to (80), we get
1
IIa = /M Zvi'l}mdz ;11 ;22 (L Llljl - Lmlei1j>Li2j2dUM
1
:/M 21}1 m(s; ;117ZJQ2LmJ'Li1j1Li2j2dMM (81)
:/ [TQ]“(L, L)Lmj’Ui’Umd/LM.
M
Now, we use the formula (58) for k = 3, i.e.
(T2]ij (L, L) Lynj = 03(L)6im — [T3]im (L), (82)
and note that when M € T'J, [T5]im (L, L, L) > 0. Thus

o3(L |VU|2 [T5]im (L, L, L)vivmdps

=), o
“Ju

o3(L)dpn.
Also,
. -1 1,01,12
IIb = y ? 6]]1 ]szllei2j27jduM o
—1 1,91,12 ( )
= u T/Uzé_],]i,]Q/Ulljl (Ligja,j — Ligjgo) dpins = 0,
by the Codazzi equation (31). In conclusion, (83) and (84) imply that
II = / Y3(D?*v, D*v, LYdpy = I, + 1T, < / o3(L)dpy. (85)
M M
This completes the proof of (75). O

Lemma 5.6. Suppose v and M satisfy the same conditions as in Proposition 5.2.

Then
HIZ/ Y3(D%v, D*v, D?)duy; < C(n)/ o3(L)dvyys. (86)
" M
Proof.
1
—II1 ::/ 0-3(D2’U)d/,LM
3 M
1 Zl 7
B / 3' vl](sj ]117]221)11]1 UZQJQ d/,LM (87)
-1

1,11 ,12
31 Vi07.01 s (VinjngViaja  Vinja Vijag) dpas -
For the same reason as we present in the proof of Lemma 5.4,

1,81,12 _ sS40 oy .
7,91 ]21}11)131}@2]2 6] 71 ]QU“JIUW)ZJ'
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Thus
1III— ;2 SN2, d 33
3 ~ Jar 3! Vi0; 41 5o Virj15Vioja CHM - (88)
Also
iz, o shinie,
j7j17j2v1’1]1]/022.72 - j7j17j2/U1/1]‘71U12‘72
89
—1 ivilin ( )

=507 1> Wirjng = Virgis Wisja-
This together with the curvature equation (61) gives

1 1 i
— L S8,21,12 L o o
§HI o M 3! UZ(Sjvjlva (UZIJU - Ulljjl)vlzjdeM
— 1 ‘51’,'&1,1’2 R .. g
Y, g’l)z J,41,52 - vmir g VmVigjo GHUM -

By the Gauss equation (30),

(90)

1 1 .
g[[] :/ 5025;:;11’322 (LmjLi1j1 — Lmleilj)UmUigjzdﬂM
P (91)

2 i
== ; ) 1712 . . . . .
B /M ?vwméﬂ}jl J2 LimjLiy jy Vigjy dptns

We now recall by the definition of Newton transformation tensor (54)
1 ..
[T)i;(D?v, L) = 55;‘13117;22111'1]'1%2]'2- (92)
Thus

gjjj = /M guwm%:ﬁ:ﬁLmjLiljlvigjgd,UM

2 o
:/M gvivmé;j‘llzlj?zLmthjl'Uigjzd,UJM (93)
4
:/ gvivm[TQ]ij(DzvyL)LmdeM-
M .
Using the inductive formula (58)

1 3 1
[T5);5(D*v, L) Ly = 523(1?2%& L)0im — §[T3]im(D2va L,L)— §[T2]ij(La L)vmg,
(94)

in (93), we get
1 4 1o 3 ) 1
g[[[ = gvivm 523(1) ’U,L, L)dlm — §[T3]1m(D v, L, L) — §[TQ]U(L, L)Umj d,uM
M .
=111, +III,+1I1I,.
(95)
To estimate I11,, we will use properties that |Vu|, |b(z)| < 1. We will also use
the fact that X3(D?V, L, L) > 0 since D?*V >0 and L € F; Therefore if we replace
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D2y by D?V + b(z)L in IT1,, then

2
I, := [ Z|Vu|*S3(D%v, L, L)dpuy
M 3!

9 o
= [ SIVPEADV 4 b, L. L
M

3
9 L
<5 | (Sa(D*V.LL)+ SL, L. L))

!
, (96)
:3'/ (S3(D*v — b(z)L, L, L) + S3(L, L, L))dpa
M
2
S?)'/ (23(D%v, L, L) + 2%3(L, L, L)) dpun
M
2
:3|/ (23(D2U7L7L)+603(L))duM,
M
By Lemma 5.4,
/ 23(D2’U7L3L)d/«5M =0.
M
So

111, <2 / o3(L)dpa. (97)
M

This finishes the estimate of I11,.
To analyze the term I11I;,, we use D?v = D2V + b(z)L to get

IIT, = / — 00 [T3)im (D?v, L, L)dpas
i (98)
:/M(—vivm[Tg]im(D2V, L, L) — vy [T3)im (L, L, L)b(x))dpas.

Again D?V is positive definite and L € I’I (again, this is the only place we
have usiedithe property that L € FZ instead of being in F}f in the proof), thus
[T5)im (D?V, L, L) > 0 and [T5)im (L, L, L) > 0. Also, |Vv| < 1. Therefore

i S/M Tr([Ts]i;)(L, L, L)dpng

(99)

_ / (n — 3)os(L)dpar.
M

For the last term 111,
1 .
111, .= —3/ Uz‘vm[Tg]ij(L,L)(DEnjV + b(x) L) dpns. (100)
M

Notice that vivml_)?njf/ > 0. Thus [Tg]ij(L,L)Dfnjf/vwm > 0. This together with
the formula (58)

[T5)i5 (L, L) Lynj = 03(L)dim — [T3]im (L) (101)
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implies that

1
IIIC S — 3/ vivm[Tg]U(L, L)Lmjb(SL‘)d/J,M
M

1
<3 / b(@)(03(L)Sim — [Tslim (L, Ly L)) vsomdiing
M
| (102)
-3 / (b(2)03(L)| V0| = b() [T]im (L, L, L)vsvm)dpiar
M
1 1
§/ Ug(L)dUM + / TT‘([Tg]ij)(L)d,uM.
3 m 3Ju
Using (56) we get
-2
1, < / o3(L)dps. (103)
M
In conclusion III = III,+ 11T, + 111, g fM o3(L)dpps. This finishes the proof
of Lemma 5.6. O

Combining our estimates of I, II, I1] and IV to (69), we have established the
inequality in Proposition 5.2 for the case k = 3.

The proof of Proposition 5.2 for general k follows a complicated multi-layer
inductive process, we will not present the proof here and instead refer the interested
readers to the proof of the result in the paper ([9]).

5.4. Regularity of the function V

As Proposition 5.2, hence our main theorem is proved under the assumption that
the potential function V' is C? (thus we can integrate by part freely in the proof
of the inequalities (%)), now we still need to justify this assumption. The key
observation is that the constant C(n,k) in the inequalities (#*); which we have
established is an a priori constant depending only on n, k£ and a and independent of
the estimate of the smoothness of V' (beyond the estimate that |[VV| < 1 and the
fact that V is a convex function), thus we can apply an approximation process to
construct a sequence of C? functions V, which satisfy the conditions in Caffarelli’s
regularity results Theorem 4.2 and Theorem 4.3; and thus we can apply the method
of the proof above to establish inequalities (#*); to a sequence of corresponding
approximate domains and functions, we then let ¢ tend to zero to establish our
result. In the following we will describe this process in more details.

If the density F(z) is bounded away from zero and infinity, and also if Q is
a strictly convex domain, then for each n-linear space E, Dg = pg(Q2) is convex,
and by Caffarelli’s result, V = Vg is a smooth convex potential. In general (when
Q is not necessarily convex), we now describe an approximation process to obtain a
sequence of smooth convex potentials V..

For each fixed n-plane E, we first observe that there exists a constant R > 0,
such that Dg = pg(Q2) is contained in Bg(0, R), the ball centered at the origin with
radius R in E. For each € > 0, define the subset D, := {z € Dgle < F(x) < 1/¢}.
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Since F' is integrable on Dy and F' > 0, we know D, — Spt(F'), as € — 0. One can
extend F|p,_to F. : Bg(0, R) — R, such that & < F.(y) < 2 on Bg(0, R), and

/ F(y)dy < 2¢-w, R".
Bg(0,R)\D.

Such an extension exists because ¢ < F|p, < %, and Vol(Bg(0,R) \ D.) <
Vol(Bg(0,R)) < w,R"™. Therefore

M = / F.(x)dz = / F.(x)dz +/ F(z)dr < cpe+1, (104)
Bg(0,R) Bg(0,R)\D. P

where ¢y = 2w, R™. Also

me > / Fe(x)dx — 1, (105)

as € — 0. Hence m¢ — 1, as ¢ — 0. Now for each sufficiently small ¢, m¢ > 0.
Thus 2@ gz is a probability measure on Bg(0, R), such that 0 < § < &T) < % on

Me m
Bg(0, R). As before, Brenier’s theorem implies that there exists a convex potential

Fe
Ve such that V'V, is the solution of Monge problem between (Bg(0, R), (=) dx) and
m

€

(Bg(0,1), wdm). By Theorem 4.3, V. is a smooth convex potential. Obviously
n
IVVe(z)| < 1 for x € Bg(0,R). Also V, satisfies the optimal tranport equation
F,
wnﬂ = det(D*V,(z)) in the classical sense. We now apply the procedure we

me
have described in the proof above to obtain the sequences of functions v. and to
apply Proposition 5.2 to establish the inequality for each e,

/ or(D*ve 4+ aL)duys < C/ or(L)dupy
M M

with some constant C' depending only on k£ and n and independent of e.

Since me — 1 and M Np~Y(D.) — M Np~Y(Spt(F)) as ¢ — 0. Also by (33),
M N Spt(f) € M N p~Lt(Spt(F)), we can let € tend to zero and integrate over all E
in the Grassmannian Gy, 11 to establish the inequality (s*); and to finish the proof
of the theorem.

6. Concluding Remarks

It is obvious that the result reported in these lecture notes is a work in progress. It
left open many questions in this research area. Chiefly among them are the questions
if the assumption of k + 1-convexity of the domain is a necessary condition for the
inequality (#*)y to hold or if k-convexity is enough? Also is the best constant C'in the
inequality (#x)j the same as the sharp constant C' as in (*); and only obtained when
the domain is a ball? All these problems are open as of this date. The authors would
also like to point out that it would be interesting to study the Minkowski’s mixed
volume on Riemannian manifolds and to study the class of generalized isoperimetric
inequalities of the type like (#*); on domains of such manifolds. In general, the
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classical work of Minkowski, Aleksandrov-Fenchel etc. is a rich area of research. One
feels that the connection of their work to curvatures, non-linear analysis and other
concepts in modern geometry is waiting to be further explored.
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