IMPROVED MOSER-TRUDINGER-ONOFRI INEQUALITY
UNDER CONSTRAINTS

SUN-YUNG A. CHANG AND FENGBO HANG

ABSTRACT. A classical result of Aubin states that the constant in Moser-
Trudinger-Onofri inequality on S? can be imporved for functions with zero first
order moments of the area element. We generalize it to higher order moments
case. These new inequalities bear similarity to a sequence of Lebedev-Milin
type inequalities on S! coming from the work of Grenander-Szego on Toeplitz
determinants (as pointed out by Widom). We also discuss the related sharp
inequality by a perturbation method.

1. INTRODUCTION

Let (M, g) be a smooth compact Riemann surface without boundary. For an
integrable function v on M, we denote

),
U= —- uds. 1.1
w (M) s (1)
Here 1 is the measure associated with the Riemannian metric g.
The classical Moser-Trudinger inequality (see [ChY2, F, M]) tells us that for
every u € H' (M) \ {0} with @ = 0, we have

/ e ""hrondu < e (M,g). (1.2)
M

Here ¢ (M, g) is a positive constant independent of w.
A direct consequence of (1.2) is the following Moser-Trudinger-Onofri inequality:
for every u € H' (M) with @ = 0, we have

“ 1
log/ e?tdu < yo ||Vu||ig(M) +c1 (M, g). (1.3)
M T

We remark that the inequality (1.3) has attracted more interest than the original
inequality (1.2) due to its close relation to Gauss curvature equation and spectral
geometry through the classical Polyakov formula (see for example [On, OsPS]).

On the standard sphere, it is found in [A, corollary 2 on pl159] that for u €
! (SZ) with @ = 0 and [, 2@ dy (z) = 0 for i = 1,2,3, the constant ﬁ in
(1.3) can be lowered i.e. for any € > 0, we have

1 1
log [ — 2u g 2 . 1.4
0g(47r/s2e du)_(&r—&—E) [Vul|l72 + ce (1.4)

Here c. is a constant depending on € only.
A closely related question is to find the best constant in (1.3) and (1.4). In [On],
the best constant ¢; (M, g) for (1.3) is found on the standard S?. More precisely it
1
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is shown that for u € H' (S?) with @ = 0, we have

1 . 1 )
— < - . .
log <47T /Sze du) < o IVl (1.5)

For (1.4), it is proved recently in [GuM] that the best constant c. is 0. In other
words, for u € H' (S?) withw = 0 and [, z;2@dy (z) = 0 for i = 1,2, 3, we have

1 1
log (— [ e®du) < — 2. 1.
o8 (g5 [ van) < o I9uls (1.6

This confirms a conjecture in [ChY1].

To motivate our discussion, let us look at some research on S' which has similar
spirit as above. For convenience we let D be the unit disk in R?. For any u € H! (D)
with [¢, udf = 0, the Lebedev-Milin inequality (see [D, chapter 5]) tells us

I 1 )
log (% /Sle do) < = 1Vullap) (1.7)

This should be compared to (1.5).

On the other hand, as observed in [Wi], we have a sequence of Lebedev-Milin
type inequalities following from the work of Grenander-Szego [GrS] on Toeplitz
determinants. More precisely for any integer m > 0, u € H' (D) with fgl udf =0

and [, e*e’*?df =0 for k=1,--- ,m, we have
1 1 2
1 — “di | < ———m——— . 1.
0g <27T /Sl € ) = Ar (m_|_ 1) ||VUHL2(D) ( 8)

For m = 0, (1.8) is just (1.7). For m = 1, (1.8) is proved in [OsPS, section
2]. These inequalities should be compared to (1.6). Note that cos kf and sin k6 are
eigenfunctions of —Ag: with eigenvalue k2. So (1.8) actually tells us we can improve
the coefficient of ||Vu||iz( p) further if e* is perpendicular to more eigenfunctions of
—Ag:. For a while, people wonder whether we have similar improvements of (1.4)
or (1.6) on S?>. The main aim of this note, as stated in Theorem 1.1 below, is to
confirm this guess.

To state the main results, we need some notations. For any nonnegative integer
k, we denote

P = {all polynomials on R® with degree at most k} ; (1.9)
Pr = {pePk:/ pdu=0}; (1.10)
S2
H, = {all degree k homogeneous polynomials on R3} ; (1.11)
Hry = {h€Hy:Arsh=0}. (1.12)
It is known that
Hilsz = {hls2 : h € Hi} (1.13)

is exactly the eigenspace of —Ag2 associated with eigenvalue k (k + 1). Moreover

k
=P Hils> - (1.14)
§? =1

We refer the reader to [SW, chapter IV] for these facts.

Py
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Definition 1.1. Let m € N, we denote

Non (1.15)
= {NGN:Ele,~~~,£cN682 and vy, -, vy €[0,00) s.t. v1+--+vy=1

and for any p € Py, v1ip(x1) + - +vnp(Tn) = 0-}

= {NeN:3ay, oy €S* and vy, -+ ,vy € [0,00) s.t. for any p € Pr,,
1
le(w1)+---+VNp(xN)=Z/ pdu-}-
™ Js2

The smallest number in N, is denoted as N,, i.e. N, = minN,,.

The importance of N,, lies in the following theorem, which is the main result of
this paper.

Theorem 1.1. Assume v € H! (82) such that sz udp = 0 (here p is the standard

[e]
measure on S?) and for every p € Po,, fS2 pe?idu = 0, then for any € > 0, we have

1
log /S e2u gy < (zwvm +g) Va2, + c.. (1.16)
It is worth pointing out that the coefficient m + ¢ is almost optimal (see
Lemma 3.1). On the other hand, in view of (1.6) and (1.8), it would be very
interesting to determine the best possible constant c. in (1.16) for m > 2.
The condition in (1.15) is the same as saying the cubature formula (a more
familiar name of cubature formula is quadrature formula)

ﬁ/g@ fdp=vif(21)+-+vnf(zn) (1.17)

for functions f on S? has nonnegative weights and degree of precision m (here we
use the terminology in [HSW]). Various cubature formulas are of great practical
importance in scientific computing and have been extensively studied in the litera-
ture (see the review articles [Co, HSW] and the references therein). In particular,
the size of N, is discussed in [HSW, section 4.6]. It follows from [Co, theorem 7.1]
or [HSW, theorem 4] that

Ny > ([%} + 1)2. (1.18)

Here [t] denotes the largest integer less than or equal to ¢. In our case when all the
weights v;’s are nonnegative, a simple proof of (1.18) is given on [HSW, p1203]. In
general, finding the exact values of N, for all m’s is still an open problem.

On the other hand, it is straightforward to see that Ny = 2 (see Example 4.1).
Hence (1.4) follows from Theorem 1.1. It is also well known in numerical analysis
community that No = 4 (we provide an elementary proof of this fact in Lemma 4.1
for reader’s convenience). As a consequence, we have

Corollary 1.1. Assume u € H* (82) such that fSQ udp = 0 and for every p € Po,
sz pe?tdu = 0, then for any € > 0, we have

1
log/ e*dy < ( —I—E) HVuHig + c.. (1.19)
S2 167
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At last we want to point out that our analysis of H' on surfaces depends heavily
on the Hilbert space structure of H', and closely follows [L, p197]. For similar
discussion of W™ (n > 3) on a Riemannian manifold of dimension n, [L, p197]
has to use special symmetrization process to gain the pointwise convergence of the
gradient of functions considered. In [H], by adapting the approach in this paper,
we are able to avoid the symmetrization process and generalize the analysis to
dimensions at least 3 as well as higher order Sobolev spaces. We also remark that in
a forthcoming paper [ChG] we discuss an inequality on S? which is the counterpart
of the second inequality in the Szego limit theorem of the Toeplitz determinants on
the unit circle.

In Section 2, we will derive some extensions of the concentration compactness
principle in dimension 2. These refinements will be used in Section 3 to prove
our main theorem. In Section 4, we discuss some elementary facts about N,,. In
particular we will show Ns = 4. In Section 5, we will make a first effort toward
related sharp inequalities generalizing (1.6). In Section 6, we will show our approach
gives a new way to prove the sequence of Lebedev-Milin type inequalities on the
unit circle.

2. REFINEMENTS OF CONCENTRATION COMPACTNESS PRINCIPLE IN DIMENSION 2

In this section, we will extend the concentration compactness principle in di-
mension 2 developed in [L, section 1.7]. These extensions will be crucial in the
derivation of Theorem 1.1.

We start from a basic consequence of Moser-Trudinger inequality (1.2).

Lemma 2.1. For any u € H' (M) and a > 0, we have

2
/ e’ dy < oo. (2.1)
M

Proof. Without losing of generality, we can assume u is nonnegative and unbounded.
For b> 0, let v = (u—b)", then

Vol = [ 19l du—0
u>b
as b — oco. Let w =v — v, then
0<u<v+b=w+T+b.

Hence
u? < 2w +2(W+b)2.
‘We have

2
_ _ Qo —
euu2 < eQa(v+b)262uw2 < eQa(v+b)26 vwlZ,

when b is large enough. It follows that

/ e‘wzdu < ce2aTH0)* o o,
M

Next we prove a localized version of [L, Theorem I.6].
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Lemma 2.2. Assume u; € H' (M) such that w; = 0 and ||Vu;l|;. < 1. We also
assume u; — u weakly in H* (M), u; — u a.e. and

\Vu|* dp — [Vul* dp + o (2.2)
in measure. If K C M is a compact subset with o (K) < 1, then for any 1 < p <

0_(1K), we have €™ s bounded in LP (K) i.e.

sup/ 64”p“?d,u < 00. (2.3)
i JK

3

Proof. For basics about measure theory we refer the readers to [EG]. Let v; = u;—u,
then v; — 0 weakly in H! (M), v; — 0 in L? (M). For any ¢ € C* (M), we have

IV ()|
/M (W‘P\z v? 4+ 200,V - Vo + |VUi|2) dp

/ Vool ® vZdp + 2/ wv; Vo - Vudu
M M
—I-/ (ap2 [Vu|® = 20°Vu - Vu; + @ |Vu|2) dup

M
— / ©do
M

as i — 00. Assume 1 < p; < L

ﬁ, then o (K) < .-. Hence there exists ¢ €
C® (M) such that ¢|, =1and [,, p*do < p%' It follows that for i large enough,

1

2

IV (vi)llz2 < —.
P1

Hence
/64771)1(111—@)261# < /e4wp1(tpvi—m)2du
K M
e (i)
< /e TGz gy,
M
< ¢(M,g).

To continue, we observe that for any € > 0,

w? = (v - Pm) +utom)’
= (vi—2m)" +2(i —P%) (u+Pm) + (u+ 20;)°
< (14e) (v —7m)° + (1+e7Y) (u+pm)°
< (Q+e)(w—7m)’+2(1+e ) +2(1+7Y) o5

Hence
dmu? e47‘r(1+5)(vi—m)2 esw(1+571)u2 687r(1+gf1)W2

(&

Given 1 <p< ﬁ, we can choose a p; € (p, ﬁ) There exists a € > 0 such that

2L 5 p_ Note that e*(1+9)(%=%7)” ig bounded in LT (K), ST ¢ L (K)

1+e
for any ¢ < oo (by Lemma 2.1) and ST ) as i — 00, it follows from

Holder’s inequality that ™ is bounded in LP (K).
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Corollary 2.1. With the same assumption as in Lemma 2.2, let

K= maxo ({z}) < 1. (2.4)

(1) Ifk < 1, then for any 1 < p < %, 4™ s bounded in LP (M). In particular,
elmul s A in L1 (M),
(2) If k = 1, then 0 = d,, for some xg € M, u = 0 and after passing to a
subsequence,
e 5 1+ ol (2.5)

in measure for some cg > 0.
Proof. First we assume £ < 1. Let 1 < p < %, then for any x € M, o (z) < %.

Hence for some 7, > 0 small, we have o (BTI (x)) < %. By the compactness of M,
we see

N
M = By, (z:)
i=1
Here r; = r5,. Then
N
M =B, (z:)
i=1

It follows from the Lemma 2.2 that

2

sup/ e dp < 0.
J By (x:)

Summing up, we get

2
sup/ et dy < 0.
j JM

Next we assume k = 1. Since
/ Vul’dp+ o (M) <1,
M

and ©w = 0, we see u = 0 and 0 = §,, for some xg € M. For r > 0 small, we
know e4™ is bounded in L9 (M\B, (z9)) for any ¢ < oo, hence el 5 1 in
L' (M\B, (x)). It follows that after passing to a subsequence, e*™ — 1 + cody,
in measure for some cg > 0.

Now we are ready to derive the main refinement of the earlier concentration
compactness principle.

Proposition 2.1. Assume o > 0, m; > 0, m; — oo, u; € H' (M) such that
w; =0, ||Vuil| - =1 and

1og/ eXmividy, > am?. (2.6)
M

We also assume u; — u weakly in H (M), |Vu;|” dp — |Vul> du + o in measure

and
e?miui

_ 2.7
fM €2miuid/J, -V ( )

in measure. Let

{reM:o(x)>4ra}t ={z1,- - ,zn}, (2.8)
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then
N
v= E Vi, (2.9)
i=1

here v; > 0 and Zfil v, = 1.

Proof. First we claim that if K is a compact subset of M with o (K) < 4wa, then
v (K) = 0. Indeed, we can find another compact set K such that K C int K; and
o (K1) < 4ma. Fix a number p such that

dma SV S SEY

2
/ e47rpui d‘LL < c,
K1

here c is a constant independent of ¢. Using

then Lemma 2.2 tells us

2
my

2miu; < 47rpu22 + pp

we see
e“Mitidy < ceTmr,
K,

It follows that

1

2miug
e i zdu
7‘/}(1 5 S ce(m_a)mi .
fM e "“u’ldu
Hence

eQmiuid
v(K) <v(int Ki) < lim inf le h_

———=0.
i—00 f]\l ezmiuid‘u

It follows that v (K) = 0.
If o (z) < 47ma, then for some r, > 0 small, we have o (Brm (ac)) < 4ra. Tt
follows from the claim that v (B,.m (x)) = 0. Hence
v(M\{zy, - ,zn}) =0.
In another word, v = vazl v;0,, with v; > 0 and Zf;l v; = 1.
3. PROOF OF THEOREM 1.1

Let f1,---,fr € C(M) and a > 0 be given. Here is our strategy to show for
any u € H' (M) with @ = 0 and S fie**dpu =0 for 1 <4 < L, we have

log/ dp < || Vuls +c. (3.1)
M

This will be proven by contradiction argument. If it is not the case, then there
exists v; € HY (M), v; = 0, Sy fie*Vidu =0 for 1 < j < L, such that

log/ e*idy — a ||V1)Z-||2L2 — 00 (3.2)
M
as i — oo. Then log [, €*idy — oo. Since

) 1
log [ ¢ < - [Vl + (M, g). (3.3)
M 7I8
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V4
m;?

we see || Vv, . — 0o. Let m; = || Vv;| 2 and u; =
w; = 0. After passing to a subsequence, we have

u; — u weakly in H' (M);

log/ e2mitidy — am?  — oo,
M

then m; — oo, ||V, 2 = 1,

|Vui|2du — |Vu|2d,u+oin measure,

eQ’miui
M — v In measure.
Let
{reM:o(z)>4ra} ={z1, - ,zN}, (3.4)

then it follows from Proposition 2.1 that
N
V= Z Vidg,, (3.5)
i=1

here v; > 0 and ZZ]\LI v; = 1. On the other hand we have

/M fidv =0

for 1 < j < L. In another word, we have

draN < 1; (3.6)

N
Swifi @) = 0 (37)
i=1

for 1 < j < L. We hope to get contradiction from these inequalities.

Proof of Theorem 1.1. Let a = 47711\,7” +e. If (1.16) is not true, then the above

. . . N
discussion gives us x1,--- ,xny € S%, v1,--- , vy > 0 such that Zi:l v; = 1 and for

any p € P, vip(x1) + -+ vnp(zny) = 0. Moreover 4raN < 1. In particular,
N € N,, and hence N > N,,. It follows that

1 1
a< — < ——,
~ 47N ~ 4w N,,
This contradicts with the choice of «.

Next we want to show the constant .—— + ¢ in (1.16) is almost sharp.
Lemma 3.1. Assume m € N. If a > 0 and ¢ € R such that for any u € H! (SQ)
withw =0 and fSQ pe*dy = 0 for every p € P, we have

log/ e*dp < a HVuHiQ +c, (3.8)
SQ
1
then a 2 1N, "
Proof. First we note that we can rewrite the assumption as for any u € H*! (SQ)

[e]
with sz pe?idy = 0 for every p € P,,, we have

log/ e*dy < a ||Vu||iz +2u+ec (3.9
S2
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Assume N € N, z1,--- ,ay €S2 and vy,--+ ,uy €[0,00) s.t. vy + - +vy =1

and for any p € Py, vip (z1)+---+vnp (zn) = 0. We will prove a > ﬁ. Lemma
3.1 follows. Without losing of generality we can assume v; > 0 for 1 <4 < N and
zi Fxjfor 1 <i<j<N.

To continue let us fix some notations. For z,y € S?, we denote Zy as the geodesic
distance between x and y on S2. For r > 0 and = € S?, we denote B, (z) as the
geodesic ball with radius r and center z i.e. B, (z) = {y € S*: Ty <r}.

Let § > 0 be small enough such that for 1 <i < j < N, Bas (z;) N Bas (z;) = 0.
For 0 < e < 4, we let

210g§, O0<t<eg

¢ (1) =4 2log$, e<t<é;
0, t>4.
If b € R, then we write
o (t)+b, 0<t<d;
Gep(t) =14 b(2—%), d<t<265;
0, t > 26.
Let
N
v ((E) = Z ¢5,% logv; (Txl) ’ (310)
i=1
then
N JR—
/ edy = Z/ 20 @@ Flos v, 1 0 (1) (3.11)
S? i=1 Ba(xz)
5
= 27r/ 2= sinrdr + O (1)
0
4_-2 1
= 2m6°e “+ 0 | log -
€
ase — 0T,
Note that since dim <77m > =m?+2m, we can fix p1,- -+ , P2 12m € Pm such
SQ
that pile -, Pm2iamlse is a base for P,,| . For 1 < j < m?+ 2m, we have
SQ

1
/ eQ”pjdu =0 (log 5) (3.12)
SZ

as ¢ — 0. Indeed,

/ eszpj dM
S2
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here we have used the Talyor expansion of p; near z; and the vanishing of integral
of first order terms by symmetry. Using

N
=1

1
/ e2vpjdu =0 (log ) .
S2 3

To get a test function satisfying orthogornality condition, we need to do some cor-

we see

N

rections. We first claim that there exists 1, -+ , 9,2 9,, € C° <S2\ U Bas (m1)>
i=1

such that the determinant

det [/ wjpkdu} #0. (3.13)
S2 1<j,k<m?2+42m

Indeed, here is one way to construct these functions. Fix a nonzero smooth function

N

n e Cx S\ U Bas (:vZ)), then np1, -+, MPm2r2m are linearly independent. It
i=1

follows that the matrix

[ / UQP,jpde}
S2 1<j,k<m?2+42m

is positive definite and has positive determinant. Then ¢; = 772pj satisfies the
claim.
It follows from (3.13) that we can find 3,,--- , 8,2, 9,, € R such that

m? —+2m

/2 e+ Y By | prdp =0 (3.14)
S °
Jj=1
for k=1,---,m? + 2m. Moreover
1
=0 (1log = 3.15
B, ( og 6) (3.15)
as € — 0. As a consequence we can find a constant ¢; > 0 such that
m2+2m 1 1
Z B, + c1log — > log —. (3.16)
= € €
We define u as
m2+2m 1
2u 2v
= b log —. 3.17

Note this u will be the test function we use to prove Lemma 3.1.

It follows from (3.14) that [, e*“pdu = 0 for all p € P,,. Moreover using (3.11)
and (3.15) we see

/ eXdy = 2m6*e™2 + O (log 1) =2r6*c 2 (1+0(1)), (3.18)
S2 9
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hence
1
log/ e*dy = 2log B +0(1) (3.19)
SQ
as € — 07. Calculation shows
1
u=o0 <log 5) . (3.20)
At last we claim
1 1
/ |Vul® di = 87N log = + 0 <log ) . (3.21)
S2 13 g

Once this is known, we plug u into (3.9) and get

1 1 1
2log — < 8mNalog - +o0 <1og> .
€ 5 €

Divide log% on both sides and let ¢ — 07, we see a > ﬁ.

N
To derive (3.21), we note that on S?\ U Bas (), |[Vu| = O (1) (here we need to
i=1

use (3.15) and (3.16)), hence

/ IVl du
S2

N
Z/ IVl du+ 0 (1)
i—1 v Ba2s(z:)

N
= Z/ [Vul® dp + O (1)
i=1 Bé(wi)

—10

al d T~ Usinr
= Z&r/ zdr +0(1)
i=1 €

cllogé 4
( 1/1'54 +T

1 1
= 8mNlog—+o (log) .
€ €

4. THE NUMBER N,,
We start with the following basic observation.

Example 4.1. Ny = 2. [t is clear that Ny > 2, on the other hand, by setting
V] =Vg = % and xo = —x1, we see Ny < 2. Hence N1 = 2.

Lemma 4.1. Ny =4.

Proof. Indeed it follows from (1.18) that Ny > 4. Here we give a direct proof. Note
that N2 Z N1 =2.

If Ny = 2, then we have viz1 + voxe = 0. It implies v; = vy = % Hence
x9 = —x1. By rotation, we assume x; = (0,0,1). Let p (y) = v, then

1
vip (z1) + vap (z2) =0 # P /s2 pdjp.

We get a contradiction.



12 SUN-YUNG A. CHANG AND FENGBO HANG

If Ny = 3, then we have viz1 + voxs + v3xz = 0. It follows that 1, zs, x3 must
lie in a plane. By rotation we can assume that plane is the horizontal plane. Let
p = y3, then

1
vip (1) + vap (22) +vsp (23) =0 # — / pdy.
T Js2

This gives us a contradiction.
Hence we only need to find x1, 2, z3, 24 € S?, v1,v2,v3,v4 > 0 with vy + v9 +
o]

v3 + v4 = 1 such that for any p € Ps, we have
vip (1) + vap (x2) + vap (x3) + vap (z4) = 0. (4.1)

We claim the four vortices of a regular tetrahedron inside the unit sphere with

v; = 1 for 1 <i < 4 would satisfy the property. Indeed, let

1T 4
1 - <0a071)7

2v/2 1
<O73a3>7
\/5 V2 1)

373 3)

B \F V2 1
W= Ve T3 )

Ty +xo+ 23+ 74 =0.

€2

T3

Then we have

Moreover using

2
|yl

lyl?
H2 = span {y% - Tayg T3 VY2, Yays, Yays ¢

checking (4.1) for each p in the base verifies the identity.

It remains an interesting question to find IV, for all m’s.

5. A SHARP INEQUALITY BY PERTURBATION

In this section we prove a sharp inequality by the perturbation method in the
same spirit as [ChY1].

Theorem 5.1. There exists an ag < 8% such that for all w € H* (82) satisfying
Js2 udp = 0 and for every p € Pa, [g, pe**dp =0, we have

1 “ 2
log (47 /S2 e? du) <ao||Vul|72 - (5.1)
For convenience we denote
Sy = {u € H! (Sg) (U= 0,/ pe?du = 0 for all p € 772} . (5.2)
S2

For a given number a € ( it follows from Corollary 1.1 that for every

u € So,

1 L)
167 87w /?

1
log </ ezud,u> < al||Vul[32 + ca. (5.3)
4 S2
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1
_ — inf 2 1 - 2u . 4
s=38,= inf {a [Vul|72 — log <4ﬂ /S2 e du)] (5.4)

We claim s is achieved. Indeed if u; € S is a minimizing sequence, then

1 .
a HVquiz — log <477 /§2 eQuld,u> <ec
1

Here c is a constant independent of i. Choose a number ¢ with 0 < e < a — 34-.
Using Corollary 1.1 we have

1 ) 1
oIl <top (4 [ @) e (g +e) IVulls +e

It follows that

Let

IVull,= <.

After passing to a subsequence we can find u € H! (82) such that u; — u weakly
in H! (82). Hence u; — w in L? (82) and we can also assume u; — u a.e. For any
b > 0, we have

2
2bu; < 4n u? b ||Vui||L2.
T Vuilze A

Hence
b2 HV“iHZLQ

/ ezbuid,u < ce” ar <e.
S2

It follows that "¢ — €?* in L' (S?). Hence for any p € Pa, [s pe*“dp = 0. It
follows that u € Ss.
2 1 u
oIl ~tog (4= [ van)

1
lim inf |:a HV’U,ZHig — log </ €2uidu>:|
1—00 4 S2

- S.

»
IA

IN

Hence v is a minimizer.

Let u, be a minimizer for (5.4). When no confusion would happen, we simply
write v instead of u,. We will show that if a is close enough to %, the minimizer
u must be identically zero. This would imply Theorem 5.1.

To achieve this aim, we can assume % <a< %. Since u is a minimizer, we

see
2 1 u
al||Vul|7. —log <4ﬂ_ /§2 e2 d,u) <0.

Hence applying Corollary 1.1 we get
2 1 u 1 2
al[Vul[z. <log <47r - M | < o7 IVullze +c.

It implies ||Vu||2Lz < ¢, a constant independent of a.

Next we claim that as a — é, ug — 0 weakly in H'! (52). Indeed if this is not
the case, then we can find a sequence a; — g-,
in H! (52) and w # 0. We can also assume u; — w a.e. It follows from classical

U; = Ug,; such that u; — w weakly
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Moser-Trudinger inequality (see (1.2)) that e**i — €** in L' (S?). Hence w € S,.

Since
2 1 2u;
a; | V|72 < log (47T L€ du )

1 2 1 2
i v/ < - w )
87 || w||L2 log <47 /SZ ¢ dlu)

It follows from equality case of (1.4) (see [GuM]) that w = 0. This gives us a
contradiction.

Applying the Moser-Trudinger inequality (1.2) again we see for any b > 0,
e?e — 1 in L7 (S?) for any ¢ € [1,00) as a — 5. Hence

2 1 Ugq
al|Vugl|72. <log (477 /S2 e? d,u) — 0.

It follows that ||[Vugl/;2 =0(1) as a — é_
To continue we observe that since

taking a limit we get

P = H1|S2 &) H2|S2 = (Hl + H2)|S2 s

S2
u satisfies the Euler-Langrage equation

2u

e 1
— = —— 4+ (e® + he™ 5.5
T idn i + le”" + he (5.5)

for some £ = ¢, € Hy and h = h, € Ho.
Since Hi + Ho is a finite dimensional vector space, any two norms on it are

equivalent. Hence we fix an arbitrary norm on H; + Ho from now on. We claim

that £, — 0 and h, — 0 as a — 8%7' For convenience we write

—alAu —

2u
= — dis.
47 SQe a

Note that A =1+ o0 (1). The equation becomes

—aAu+ Lo <471m + 0+ h) . (5.6)

Multiplying ﬁ + ¢ + h and integrating on S?, we see

1 1 ou [ 1 2
/SZ (—aAu—G—M) <m+€+h)du—/sze (W—Fé—kh) dp.

Using the fact u € Ss it becomes
a/ w (20 + 6h) dp
SQ

= / 2 (04 h)* dp
S2

/(e2u—1) (0 + h)* du + Ezdqu/ hdp.
S? S2 S2
It follows that
ol + Il = [ Pl [ Hduso (e + n17).
S2 S2
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Hence
1€l + [[RI* = o (1]l + [IA]]) -

We get ||€]| + [[A]] = o (1).
Now we claim that ||uq|; = 0(1). Indeed since

1 1
2u ( _— o
e (47T)\+€+h> y

1 u u
gl e e

= o(1),

15

it follows from (5.6) and standard elliptic theory that ||ugly;2.2 = 0(1). Sobolev

embedding theorem tells us ||ug| = o(1).
At last we observe that e2* — ) is perpendicular to R, H; and s, hence

12/ (62“—)\)2du
S2

/ |V62“|2du

S2

= 4/ e | Vu)? dp
S2

IN

= Vu - Vel dp
SZ

= /S2 (—Au) e*dp
_ / (—Aw) (" — A2) dy

SQ
1 1 1
= 5/ |:62u <4>\ +£+h> - 4:| (€4u - )\2) d/J,
S2 7 7
l-l-o(l)/ 9 2 1/ 9 4 9
= — “—X)"d - “U+h v — ) dp.
2ma S2(e ) M—’_a Sze (e+ )(e ) a

On the other hand,
/ e (€ + h) (e™ — \?) dp
S2

= / (e =X) (€+h) (e"™ = N)du+ )\/ (L+h) (e™ = N?) dp
S2 S2

= 0(1)/ (eQu—A)Qdu—i—)\/ (C+h) (e™ —2Xe® + A?) dp
S2 S2

2

0(1)/82 (eQ“—A)QdMA/SZ (£+h) (2 = \)* dp
= 0(1)/SZ (62“—)\)2du.

Here we have used the fact u € S3. Plug this equality back we see

<1221+0(1)> /S (€2 —2)’du <0,
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Since a is close to %, we get sz (62“ — )\)Qd,u = 0. Hence u must be constant
function. In view of the fact w = 0, we get v = 0. This finishes the proof of
Theorem 5.1.

6. A REVISIT OF LEBEDEV-MILIN TYPE INEQUALITIES ON S!

In this section we will show the above method on S? provides a variational
approach for a sequence of Lebedev-Milin type inequalities on S'. Let D be the
unit disk in the plane and S* = 9D be the unit circle. We use 6 as the usual angle
variable and identify R? as C.

Theorem 6.1. For m € N, u € H' (D) with [, udf = 0 and [, e*e’*?d§ =0 for
k=1,---,m, we have

1 1 )
1 — v < — . 1
o8 (7 [ 9) < oy IVl (6.1)
Moreover equality holds if and only if u(z) = logm for some £ € C with
€] < 1.

For m =1, (6.1) is proved in [OsPS] by variational method. As observed in [Wi],
(6.1) follows from the work of Grenander-Szego [GrS] on Toeplitz determinants.

On S!, the Moser-Trudinger inequality (1.2) is replaced by the Beurling-Chang-
Marshall inequality (see [ChM, corollary 2]): for u € H' (D) \ {0} with [y, udf =0,

we have
2

TR
/ e L2 df < c. (6.2)
Sl
Similar to (1.9)—(1.12), for any nonnegative integer k, we write
P = {real polynomials on R? with degree at most k} ; (6.3)
Pr = {pGPk:/pdGO}; (6.4)
Sl
H, = {degree k homogeneous real polynomials on Rz} ;
Hi = {h€ Hy:Ag2h =0} = spang {Re (zk) ,Im (zk)} .
Note that
Hils: = spang {cos k6, sin k0} (6.7)
and
Pr| = spang{cosjf,sinjd:jeN,j<k}. (6.8)
Sl
Corresponds to Definition 1.1, we have for m € N,
Non (8%) (6.9)
= {N €N:3z,---,2y €St and vy, ,un € [0,00) s.t. for any p € P,

1
vip(z1)+ -+ vNp(zn) = %/ pd@.}
st

and Ny, (S') = min,, (S'). Unlike the case on S?, it is known that
Ny (') =m+1. (6.10)
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Indeed if N € N, (S'), we must have N > m+1. Otherwise, for the zy,- -+, 2y € S!
in (6.9), welet f(2) =(2—21) (2 — zn), then Re f,Im f € P,,. It follows that

% Slfd@:ylf(z1)+~~-+ny(zN):O.

On the other hand, we clearly have

1 N
— df = (-1 0.
o Jon f (=1)" 21+ 2n #
This gives us a contradiction. Hence N, (Sl) > m + 1. On the other hand, for
1<k<m+1, welet v, = ﬁ and z, = emt1i, Tt follows that m+1eN, (Sl).
Hence Ny, (S') =m + 1.

Now we are ready to state the analogue of Theorem 1.1 on S!.

Lemma 6.1. Assumem € N, u € H' (D) such that [, udf = 0 and [y, e"e*?df =
0 for 1 <k <m, then for any ¢ > 0 we have

1 2
log/SI e'dd < (47TJVm(SI) + 8) HquL?(D) +ce (6.11)

1 2
= (477(m+1) +5> IVullz2py + ce

Note that for m = 1, Lemma 6.1 is treated in [OsPS, lemma 2.5]. We can prove
Lemma 6.1 by replacing (1.2) with (6.2) and following the approach in Section 2
and Section 3. The detail is left to interested readers.

To continue we denote

Sm:{uEHl(D):/ ud9:0,/ e“eik9d0:0f0rk:1,---,m}. (6.12)
st st

Let a € ( L ), then it follows from Lemma 6.1 that

1 1
4w (m+1)’ 4mm

. 2 1 u
nf [aHVuLQ(D) ~log (% /Sle d@)} (6.13)

is achieved.
Let w be a minimizer for (6.13), then u is smooth and for some real numbers j,,
and .

—Au = 0in D;
Ju e 1 - . ,
2a5_m = —%—F;(ﬁkcoske—l—vksmk@e”.

Here v is the unit outer normal direction of S'. Let

v=mu—log <2a/ e“d0> , (6.14)
St
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then v is smooth and

—Av = 0in D;
Ov 1 i . .
— 4+ — = e+ Z (ckeme + @eﬂke) e’;
dv  4rma —

/ e’e®d = Ofork=1,---,m.
Sl
Here ¢y, , ¢, are complex constants. Next we claim ¢, = 0 for all k. For the

case m = 1, this is proved in [OsPS, lemma 2.6].

Lemma 6.2. Let m € N, a > 0, v € C™ (E) such that fgl eve’ ?dy = 0 for
k=1,---,m and

—Av = 0in D; (6.15)
v v\ k6 | — —ikf) v
Eﬁ—a = e +Z(cke + cpe ") e (6.16)
k=1
here v is the unit outer normal direction of S* and c1,- -+ , ¢, are complex constants,
then ¢, =0 for 1 <k <m.
Proof. We write
o0
Vg = Z are’™, ), € C.ap = a_y;
k=—o0
> —_
€U|S1 = Z bkelke, by € C,bk =b_p.
k=—oc0

It follows from the assumption that
b, =0 for 1 < |k| <m. (6.17)
Using (6.15) and (6.16) we see

oo

Z k| axe™ + o = 1+icjeij9+icfje*ij9 i bre™*?.

k=—o0 j=1 j=1 k=—o0

Compare the constant term on both sides and using (6.17) we get bg = . On the
other hand, for k # 0, we have

|]€‘ ar = b, + Z Cjbk,j + qukJﬂ (618)

j=1 j=1
Next we observe that
9o (€) = €"pv,
hence

i k;bkeik‘g: i jaje"’jg (i bkeik‘g).

k=—o00 Jj=—0o0 k=—o00

It follows that
kb= > jajbe_j. (6.19)

j=—o0
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Plug (6.18) into (6.19), we get

oo

kb, = Z sgn (j) |b; + chbj,s + Z@bg‘H bi—j-
s=1 s=1

j=—00
In particular, for 1 < k& < m, it becomes

m k+s

k k k—s
kb = ) bibej+ Y e bisbij+ Y &Y birsb
Jj=1 s=1  j=1 s=1 j=1
m 0
+ Y@ Y bisbe

s=k+1 j=k—s+1
Using (6.17) we get a’cj, = 0, hence ¢z = 0.

It follows from Lemma 6.2 that the function v defined in (6.14) satisfies

—Av = 0in D;
v 1
Pyl eonst
ov  4ma e on
Since == € (m,m + 1), it follows from [OsPS, lemma 2.3] that v is a constant

function. Hence any minimizer of (6.13) must be 0. In another word, for any

u € S,
1 “ 2
log (% /Sl e dG) < a|Vulizp-
Let a — I

#1), we get (6.1).

If u € S,,, such that
2
1 Vu
log —/ edl ) = 7” ||L2(D)7
27 Jo 4 (m + 1)

then u is smooth and for some real numbers 3, and 7y,

—Au = 0in D;
1 ou el 1 m
o - ko ink6) e
ar(m+1)0v  J e do 2#%“143% + g sinkb) ¢
Let
fSl e*do

—u—log 28—
T e m 1)

it follows from Lemma 6.2 that

—Av = 0in D;

@—Fm—l-l = ¢e”onSh

ov
By [Wa, theorem 7], we can find £ € C with |£] < 1 such that
(m+1) (1-[¢F)

L= gemti]?

v (z) = log

Using the fact fsl udf = 0, we see u (z) = log W
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At last calculation shows for any £ € C with |£] < 1, if we write wu¢ (2)

IOg W, then Ug € S’m and

1 1 1 2
1 uedg | =1 = \Y .
Og<27r /Sle ) e e R

Theorem 6.1 follows.
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