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Abstract

Let H(v&;,) be the entropy of the Cohen-Lenstra measure on finite abelian p-groups associated to
unit rank 0 < u € N. In this note, we show that 0 < H(rg) < oo for all u, H(v¢y) is a strictly
decreasing function of w > 0, and H(v¢y,) 222, 0. In particular, this shows that the groupoid measure
is an entropy maximizer in the class of Cohen-Lenstra measures on finite abelian p-groups.

1 Entropy and statement

Let (X, v) be a discrete probability space. The Shannon entropy of v is defined as the expected value of
—logv
H(v) :=E(logv) = — Z v(z)logr(z) >0
zeX

and is a measure of the information content of the measure v [6].

Fix a prime p and let FinAb,, denote the category of finite abelian p-groups. The Cohen-Lenstra measure
on FinAb, associated to unit rank 0 < u € N, v¢;, is the groupoid measure on FinAb, quotiented by u
randomly-chosen elements. Alternatively, v¢;, is characterized by the property

“ 1
ve(A) > A

for all finite abelian p-groups A.
The purpose of this note is to show that H(rg;) is finite for all u, strictly decreasing as a function of u,
and converges to 0 as u approaches co.

Theorem 1. Let H(vg;) denote the entropy of the Cohen-Lenstra measure vy, on finite abelian p-groups
assoctated to unit rank 0 < u € N. Then

I) H(vg;,) < oo for all u;

IT) H(vgy) is a strictly decreasing function of u > 0; and,

1) H(vg,) 222 0.

We view our statement as a first step in introducing the Principle of Maximum Entropy in the study of
Cohen-Lenstra measures. Such a principle has been profitably exploited in probability, see for instance the
information theoretic proofs of the Central Limit Theorem [4 [I]. In particular, Theorem [1| shows that the
groupoid measure is an entropy maximizer for Cohen-Lenstra measures on finite abelian p-groups.

Remark 1. There exists variants of the Cohen-Lenstra measures when the parameter u can be taken to
any real number > —1. Our proof shows that items I) and III) of Theorem 1| hold for these variants of
Cohen-Lenstra measures. We do not yet know whether item II also does.

We also obtain an explicit formula for the relative entropy between Cohen-Lenstra measures. The precise
definition will be given in



Theorem 2. Let v} and v(3 be Cohen-Lenstra measures on finite abelian p-groups associated to unit ranks
u1 > 0 and us > 0 respectively. The relative of viy from v, is given by:

. F, o _log(p
Dy (véy, | véi,) = log <F 1) + (uz —u1) Zpu1+i(_) 1
u2 i=1

where F, is the normalizing constant [];~, (1 — p~ ") for the Cohen-Lenstra measure vy .

The proof exploits explicit formulas for the Cohen-Lenstra zeta functions ¢ Ef )(s)

Remark 2. Unlike for the relative entropy, we do not have an explicit formula for the Shannon entropy
of Cohen-Lenstra measures. The most straightforward approach would be to gain a good understanding of a
variant on the Cohen-Lenstra zeta function C(p)( ) with a power of s on the 1/# Aut terms instead of the
1/#A terms. An explicit expression for the entropy would then fall out by taking the derivative of this new
zeta function.

2  Proof of Theorem [

2.1 Preliminaries

Phillips Hall’s Strange Formula for finite abelian p-groups states that

Hl—p Nl <00

i>1

where the sums Z’ run over isomorphism classes of finite abelian p-groups and 7 is the partition function
[, [7]. This formula, and its variants, imply the following description of the Cohen-Lenstra measures

U _ 1 o u—1
veL(4) = 7#A“#AutA 11;[1(1 p ).

We denote by F,, the normalizing constant [[,o,(1 —p~ ") = [ljsur (- p~7) (see |2]) and note that F,
is a strictly increasing function of wu.

The following lemma will be useful. The number of automorphisms of a finite abelian group is comparable,
and often much larger, than the size of the group. The following is a lower bound expressing this fact.

Lemma 1. For a finite abelian p-group A of size p™ we have
#Aut(A) > #A(1—pt) > p" 7t
In fact, #AutA > #A whenever rank,(A) > 2.

Proof. Denote by Ay =], Zp/p’\/i Z, the finite abelian p-group of associated to the partition X' = (\}); =
(M > A, > ...). Recall that the number of automorphisms of a finite abelian p-group of type X’ is

Aj=Aj41
HAUtA = p|>\ [+2n(X\") H H (1 _p—k)
j>1 k=1

where A denotes the dual partition of X', [N'| = 3,5, A; = n, and n(X) = 32,(i — 1)A; = 3 (/\23) [5]. To
extract the lower bound for #Aut(A) when #A = p™, we rewrite this expression as follows

n, S s (A2=X)— 3y —,\J+1) VRV Aj— >\J+1
j>1 k=1



Let’s analyze the exponent. We use the notation A2 to denote the partition where each component of X is
squared and we denote m; := A; — A\j11. We have:

ST - N =Xr)® Ny = N)

, 2 2
Jj=21
A2 A2 A2 Al A
:|)\2|—|)\|—|2|—<2|—21> |2|+<| >+ZA)\]+1
7j>1
)\ /\
j>1
A2 )\1
5 9 Al +Z (Aj+1 +mj)Aj41
j>1
A2\
= b} _7_|)“+|)‘2|_>‘2+ij j+1
j>1
A2 3\
= ? —5 T (N1 = A7) = (Al = A1) + ij)‘ﬂy
Jj=1
The only term which can be negative is % — % It is in fact non-negative, except for Ay = 1,2 in which

case it is equal to —1.
Now to prove that #AutA > #A whenever rank,(A) > 2, we simply note that when A\; > 2, then either
one of the A\; — A\;j 41 > 2 or at least two of them are > 1. In either case p~! times the corresponding terms

H;g’\”l(pk — 1) in Equation is > 1.
If \; = 1, then A is cyclic p-group, whence #AutA = (p"» —p" 1) =p"(1 —p~1) = #A(1 —p~ 1) O

2.2 The proof
With these preliminaries in hand, we turn to the proof.

I) To show that H(vg; ) is finite for all u > 0, it will suffice to show that H(12;) is finite as we will show
in IT) that H(vg;) is strictly decreasing in u. Now, using log(z) <. 2°, we have the following estimates

Fy
H(er) Z #A tA (#A tA)
1

—log(Fo) + E T SRR
o (#AutA)t-

— log(Fp) Jrz Z #AutA
n>1#A=

. (#Autd)i-c
< —log(Fp) —|—Z = 171))1

n>1

<0
€

where 7(-) is the partition function. The sum on the last line is finite by the root test since

2n
3

1
m(n) - nv3°
(pn—l)l—a (pn,1)1—5

as n — 0o, implying that ((pn,l)l,a pl%e < 1.



II) We have:
H(v¢y) Z VoL

E,
Z #A“#AutA (#A“#AutA)

log(#A*#AutA)
~log(Fu) + P Z HAHATA

A#1

Since F, is a strictly increasing function of u, the term — log(F3,) is strictly decreasing. It would then

log(#A“#AutA)
be sufficient to show that the terms F}, W F AR AuEA

F, is strictly increasing). This reduces to proving:

are individually decreasing (note the tension since

HAL AU A < (A HAutA) P T)#A (2)

for A# 1 and u > 0.
When p > 3 and u > 1 we have:

HATLAUA < (HASAWA)P ™! < (HAHAuA) TP T#A,
When p = 2 and v > 1, we have:
HAILAUA < (HAHAWA) TFA < (FA At A) I TIEA,

except when A = Z/2 and u = 1.

Now, when u = 0, we need to show that:
#AH#AULA < (#AutA) P I#EA,

The reduces to
#A < (#AutA)#FA-L1-#A/p

Using Lemma l we see that this is true except: if A = Z/2, for which (#AutA)#A-1=#4/p = 1_if
A = Z/4, for which (#AutA)#A-1=#4/p — 2 or if A = Z/3, for which (#AutA)#A-1-#4/p — 9,

Thus, we have that each term is individually decreasing with the following four exception:

(a) when A =7/2 and u = 0;
(b) when A =2Z/4 and u = 0;
(¢) when A =7/2 and u = 1;
(d) when A =7Z/3 and u = 0.

For these, one checks directly that:
log(#AutZ/2) e log(#AutZ/4)
#AUtZ/2 O HAWZ /4
log(#Z/2#AutZ/2) .

HZ /24 AutZ )2
log(#AutZ/3)
#AutZ/3

log(#Z/2#AutZ/2) I log(Z/4#AutZ/4)

H#Z2#AWZ/2 ' Z/A#FAWZ/4
log((#Z/2)°#AutZ/2)

o8(F) = P Az = 02

log(#Z/3#AutZ/3)

H#Z/3#AUZ/3

log(Fo) + Fo > 0.44

— IOg(Fl) — F1

log(F1) + Fu

10g(F0) + Fo - log(Fl) — F1 Z 0.34
by using the bound (1 — p~F)P/(P=1) < [1=.(1— p~7) <1 (obtained using the concavity of log(1 — t))
to estimate the F,, terms.

We conclude that H(vg;) is a strictly decreasing function of u € N.



III) By the expression for H(vg; ) obtained in the proof of item II) above, and the fact that log(z) < z, we
have the bound

rlog(#A%#Aut A)
DR = iama S los(B) +F > A 1#AutA ) #Au

A#1 A#1

H(véy,) = — log(F,
A#1

for u > 2. Now, since #A > p for A # 1, we obtain

:’;k Z#AutA “Z#Auooo

The entropy always being non-negative, we get H(vg;) 270

3 Relative entropy and the proof of Theorem

Let v and p be two discrete probability measures on X with the property that p is absolutely continuous
with respect to p, u < v. The relative entropy, also called the Kullback—Leibler divergence, of v from u
is defined as the expected value of log(v/u)

Dy (p || v) :=E,(log(p/v)) = Z p(x)log (’:E;;) =Y
zeX

where we interpret contributions of terms with u(2) = 0 as 0. The relative entropy is non-negative by Gibbs’
inequality. The relative entropy measures the informational content of v from the point of view of p.

Theorem 3. Let v} and v(3 be Cohen-Lenstra measures on finite abelian p-groups associated to unit ranks
u1 > 0 and us > 0 respectively. The relative of Vi from v is given by:

w1y oy [P o~ _log(p)
Dxw (vey, [l vet,) = log 7 )T (u2 *ul)z wti
(%) i=1 p -
where F, denotes the normalizing constant [[;5,,,(1 —p~").

Proof. The definition of Dy, (v, || v¢i,) gives

) u (A
D (v, || v) = Z vt (4) log (EAD Y
Fy, #A"
= Z #Aul#A tAl & (ELQ#A“) W
B F, log (#A)
s <Fu) F Z #AmFAutA v

F., . d
= log <F;2) + (uz — 1) Fy, (— Jim &c,(f’) (s)
where Cgf )(s) denotes the Cohen-Lenstra zeta function. Recall that Cgf )(s) is defined as

/wk
=2 o




Ol 1—p~) itk >r:=rank(G
wk(G) _ U)( )Hz:k—r+1( p ) 1 Zr ran ( )7 )
0 else

Note that wi(G) is increasing in k, wg(G) is bounded by w(G), and wi(G) LN w(@) = #Alm.The
Cohen-Lenstra zeta function converges for ®(s) > —1 and satisfies the following explicit formula

k .

¢ =Tla-pr (7)
i>1

We compute its derivative in two ways. Using the definition, we first find

d ) g _ _ N Wk(A)log #4
&Ckp(s)— EA: 4A°

!
since the series Z A wk(’:z# is absolutely uniformly convergent for s € [t,00) for any ¢ > —1. This

follows by comparing it to

/ 1
Z H#HA T HAutA

A

and using the proof of item I) of Theorem [1l The limit interchange giving line @ follows from Lebesgue’s
Dominated Convergence Theorem and the same comparison.
On the other hand, by formula , we have:

d (p) d (p) : —s—iy—1 ’ log(p)
0 =0 g (e @) = (T -7 - 05 )

i1 i=1
It follows that
d
lim ——¢ P (s)

k—oo ds

1 i log(p)
T F puiti -1’

= wuy s
s=uq 1 ,=1

which completes the proof. O
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