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Abstract

This paper studies the limiting behavior of Tyler’s and Maronna’s M-
estimators, in the regime that the number of samples n and the dimension
p both go to infinity, and p/n converges to a constant y with 0 < y < 1.
We prove that when the data samples are identically and independently
generated from the Gaussian distribution N(0,1I), the difference between
the sample covariance matrix and a scaled version of Tyler’s M-estimator
or Maronna’s M-estimator tends to zero in spectral norm, and the empiri-
cal spectral densities of both estimators converge to the Marchenko-Pastur
distribution. We also extend this result to elliptical-distributed data sam-
ples for Tyler’s M-estimator and non-isotropic Gaussian data samples for
Maronna’s M-estimator.



1 Introduction

Many statistical estimators and signal processing algorithms are based on the
sample covariance matrix of the input, which is defined to be S,, = % Yo z;xt
when the input data points are @y, ®s, - ,x, € RP. Due to the importance
of the sample covariance matrix, its asymptotic spectral properties at the limit
of infinite number of samples have been well studied. A noticeable example
is the case of the sample covariance matrix of n i.i.d Gaussian random vec-
tors in RP. Denoting the eigenvalues of S,, by A1(Syn), A2(Sn), -+, An(Sr), the
Marchenko-Pastur law [I3] states that the distribution of the eigenvalues of
empirical covariance matrix, i.e. the empirical spectral density

1 n
fN) = - Z Oxi(8,)(A)
1=1

converges in distribution to a deterministic distribution, known as the Marchenko-
Pastur distribution, when p,n — co and p/n — y.

In many applications, one needs to use robust estimators for data sets sam-
pled from distributions with heavy tails or outliers. A commonly used robust
estimator of covariance is Maronna’s M-estimator [12], which is defined as the
solution to the equation

> u(a! S a)wix], where u: (0,00) = [0,00) (1)

=1

Y=

S

Another interesting robust covariance estimator is Tyler’s M-estimator [16],
which is a special case of Maronna’s M-estimator with the choice u(z) = 2. Tt
is shown to be the most robust estimator of the covariance matrix of an ellipti-
cal distribution in the sense of minimizing the maximum asymptotic variance.
Therefore, Tyler’s M-estimator has been used to replace the empirical sample
covariance in many applications such as anomaly detection in wireless sensor
networks [4], antenna array processing [14] and radar detection [I5].

The limiting empirical spectral density of Maronna’s M-estimator when both
p,n — oo and p/n — y has been analyzed in two recent works [5l 6], which
prove that a properly scaled Maronna’s M-estimator converges to the sample
covariance matrix in terms of operator norm under some assumptions of u(x)
and the distribution of data samples.

For Tyler’s M-estimator, the original work by Tyler studied the case when
p is fixed and n goes to infinity [I6l Theorem 3.2, Theorem 4.2], which is the
standard setting in classical statistics. Some later works focused on the case
p,n — oo and p/n — 0: Diimbgen [7] showed that the conditional number of
Tyler’s estimator converges to 1 + O(y/p/n). Frahm and Glombek [§] showed
that the empirical spectral distribution of / n/p(ﬁ] — I) converges to the a
semicircle distribution. However, modern applications involve high-dimensional
data for which n and p are of the same order. Yet, no result for the setting p,n —
oo and p/n — y has been obtained, although it has been conjectured that the



empirical density distribution follows the Marchenko-Pastur distribution [9] [6].
We note that Tyler’s M-estimator was not included in the analysis of [5] 6]
because their method depends on the strict monotonicity of zu(x), which is a
constant for Tyler’s M-estimator since zu(x) = p.

The main contribution of this paper are Theorem [3.5] and Corollary
that prove the conjecture that as p,n — oo and p/n — y, 0 < y < 1, the
empirical spectral density of a properly scaled Tyler’s M-estimator converges to
the Marchenko-Pastur distribution pyp(z), defined by

pup(z) = %y\/(%_ _i)(x - y_)l[yf,w]’ where g = (14 /y)*. (2)

Our paper and [B, 6] are similar in the sense that the proofs are based on
the representation of M-estimator as a weighted sum of z;z?, and the uniform
convergence of these weights. However, we give a different proof for the con-
vergence of the weights, by considering the weights as the solution to a system
of equations, while the proofs of [5] [6] are based on an iteratively reweighted
algorithm. In comparison, our approach can handle Tyler’s M-estimator and
some Maronna’s M-estimators (i.e., some functions u(z)) that are not covered in
[5L16]. We remark that while some Lemmas and technical proofs are also covered
in [5, 6] (for example, Lemma and the analysis in the proof of Theorem
are similar to [5, Lemma 2], [6 Lemma 6] and proof of Theorem 1 in [5]), we
still include them for the completeness of the paper.

Based on the properties of Tyler’s and Maronna’s M-estimators, this paper
also analyzes the empirical spectral density when data samples are i.i.d. drawn
from other distributions such as elliptical distributions. In addition, we give
estimates for the convergence rates of the empirical density function and the
largest eigenvalue of the Tyler’s M-estimator as p,n — oo, p/n — y.

The rest of the paper is organized as follows. In Section [2| we provide the
definition of Tyler’s and Maronna’s M-estimators and state some of their proper-
ties, such as existence and uniqueness, and we introduce their representations by
linear combinations of z;z] . In Sectionwe present the main results that when
data set is i.i.d. sampled from Gaussian distribution N(0,I), properly scaled
Tyler’'s and Maronna’s M-estimators converge to the sample covariance in op-
erator norm, and the limiting empirical spectral density of Tyler’s M-estimator
follows the Marchenko-Pastur law. We also extend the result to elliptical dis-
tributions for Tyler’s M-estimator and non-isotropic Gaussian distributions for
Maronna’s M-estimator. The technical proofs are given in Section

As for notations, we will use c,c’,C,C" to denote any fixed constants as
p,n — oo (though they may depend on y). Depending on the context, they
might denote different values in different equations.



2 Properties of Tyler’s and Maronna’s M-estimators

By the fixed-point algorithm [19] (1.2)], Tyler’s M-estimator can also be defined
by any 3 satisfying

Z TE 1a; = ¢X, for some ¢ > 0. (3)

When span({z;}?_,) = RP, Tyler’s M-estimator exists and is unique up to
a scaling [19, Theorem 1.1]: it is easy to verify that for any solution to (3, its
scaled version is another solution. For the rest of the paper we denote Tyler’s
Me-estimator by 3 and ensure it uniqueness by fixing its trace to be 1, that is,
we assume tr(3) = 1.

As for Maronna’s M-estimator, for the convenience of analysis we define it
slightly different from the literature by removing the factor 1/n from , or
equivalently, replace u(z) by Tu(x) in (I):

Y= Zu(wfz—lwi)mixf, (4)

i=1

and we note that a similar modification has also been applied in [5] [6].
The existence and uniqueness of Maronna’s M-estimator has been analyzed
n [I1], 20], by analyzing the minimizer of the objective function

L(Y) = Zp(m?ﬁflwi) + %log det Y, where p'(z) = nu(zx)/2.

i=1
We remark that the derivative of L(X) with respect to 31

"y

n n B
Z§u (]S )zl — 5

i=1

)

whose roots give solutions to (4)).

By analyzing the geodesic convexity of L(X), [20, Theorem 1] states that the
uniqueness of the minimizer of L(X) is guaranteed when p(z) is continuous in
(0, 00), nondecreasing and p(e”) is convex [20, Theorem 1], and the minimizer of
L(X) exists when a; = sup{a|z®/?exp(—p(x)) — 0 as x — oo} is positive [T}
Theorem 2.3] (when lim zu(x) exists, a1 = nlim,_, o0 xu(m))ﬂ and

Hedis, OV p—dim(V)
n a1

for any linear subspace V€ RP.  (5)

Tt follows from the comment after [I1} Definition 2.1]. We remark that u(z) in [I1] should
be replaced by nu(z), since we use over the standard definition . This also explains our
choice of p/(z) = nu/2 instead of p’(z) = u/2 used in [II]. We remark that there is a typo
after |11, Definition 2.1], where “p’(x) = 2u(z)” should be replaced by “p’(z) = u(z)/2”.



When the underlying distribution of {x}? ; does not concentrate on any
subspace (i.e., the measure of any subspace is 0), then the LHS of is bounded

above by dimT(V) almost surely and becomes
d —d
—<1—p forany 1<d<p-1. (6)
n aq

Applying a; = nlimg, o zu(x), @ holds for p,n — oo when limg,_, o, zu(z) >
Y.

When the above condition holds, the minimizer of L(X) exists, and the
minimizer is also a solution to . Due to the geodesic convexity of L(X) [20]
Theorem 1], the minimizer of L(X) is unique, and any solution to (4) is also a
minimizer of L(X). Therefore, the solution to (4) is also unique. That is, under
the above assumptions on p(z), we have the existence and uniqueness of the
solution to .

Since uniqueness and existence of both Maronna’s M-estimator and Tyler’s
M-estimator requires span({x;} ;) = RP, we let y < 1 throughout the paper.

The analysis for Tyler’s and Maronna’s M-estimators in this paper is based
on the following representations, whose proofs are deferred to Section

Lemma 2.1. Tyler’s M-estimator can be written as

£ =Y vl [t Y wwial), (7)
where {Ww; }7_, are uniquely defined by

n n
(Wq, e, -+ ,y,) = arg min — Zlogwi + n log det (Zwlmlw?) (8)
Tiiw=l D p i=1
Lemma 2.2. When Maronna’s M-estimator exists and is unique, any {w;}"_,
satisfying
n -1
W; :w]T(Zu(wl)wzwlT) x;, forj=1,2,---,n (9)
i=1
gives Maronna’s M-estimator by
n
Y= Zu(ﬁ;z)mleT . (10)

i=1

3 Main Results

In this section we present the main results: we prove the convergence of Tyler’s
and Maronna’s M-estimators to the sample covariance matrix under the Gaus-
sian model N (0, I) in terms of the operator norm in Section and then extend
the result to elliptical distributions/non-isotropic Gaussian distributions in Sec-
tion [3.2] Based on the convergence, we obtain the limiting empirical density
distributions of Tyler’s and Maronna’s M-estimators in Section [3.3]



3.1 Isotropic Gaussian Distribution
3.1.1 Tyler’s M-estimator

In this section, we assume that {x;}?_ ; C RP are i.i.d. drawn from N(0,I). The
main result, Theorem characterizes the convergence and convergence rate
of Tyler’s M-estimator to the sample covariance in terms of the operator norm.
Its proof applies Lemma whose proof is rather technical and therefore in
Section

Lemma 3.1. If ; ~ N(0,I) for all 1 < ¢ < n, then maxi<;<, [nw; — 1|
converges to 0 almost surely as p,n — oo. In particular, there exists C,c,c’ >0
such that for any e < ¢,

Pr < max [nw; — 1] < z—:) >1— Cne ", (11)

1<i<n

Theorem 3.2. Suppose that {x;}7_, are i.i.d. sampled from N(0,I), p,n — oo
and p/n =y, where 0 < y < 1, and =; ~ N(0,I) for all 1 < i < n, then a
scaled Tyler’s M-estimator converges to the sample covariance in operator norm
almost surely, and there exist C,c,c’ > 0 such that for any e < ¢,

.

The strategy of the proof for Theorem is as follows. According to
Lemma a scaled Tyler’s M- estimator is a linear combination of x;z7, i.e.,
it can be ertten as > ., w;z;x] (up to scale). Then Lemma shows that
nw; converges to 1 uniformly, and based on the following matrix analysis, The-
orem B.2] can be concluded.

n

Py — %Zwlw;ﬁ

i=1

< g) >1—Cne ™. (12)

Proof of Theorem[3.3 We first prove that for ¢ < ¢,

( Y el - 1Y el

Let B, = Y1 (0; — Hzjal =Y | wmiel — L3 @;xl, then

K2

< ) >1— Cne ™, (13)

1
|B,| = sup v"B,v= sup Z =) (vl ;)2
lvll=1 llll=1%=7 o
1 n
< sup Z w— 1H (vTx;)? < ||nw — 1||oo||EZwiwiT||.
lvll=1;=1 i=1

Since |[nw — 1||c — 0 with probability estimated in (II)), and || 37 | @] ||
is bounded above by (1 + 2,/y)? with probability 1 — Cexp( n) [10 Theorem

11.13], is proved.



Second, since || >0 il || < |0 il — L0 il ||+ 2 0 v

i n i=1

Pr <|| szw1$?|| < C’) > 1 — Cnexp(—cn). (14)
i=1

Besides, tr(};; wiw;xl) = Y1 | @zl x; — p in the same rate as in (14)): ap-
plying the concentration of high-dimensional Gaussian measure on the sphere [2
Corollary 2.3], we have

max (Pr (Z ﬁ)z:cZT:cz <p(l- E)) ,Pr (Z ﬁ)z:cZT:cz >p/(1— E))) (15)

i=1 i=1

< : 12 _ 112 _ —e?p/4
<max (Pr (1I§nz‘1£n lz:]|* < p(1 5)) ,Pr (él&xn ]| > p/(1 5))) < ne

Combining , and ,

n
E ’LTJZIBZCIZ%T — pz
i=1

Z W] (1 - p/tr(z u?mﬁn?)) (16)

converges in the same rate as specified in . is then proved by combining
(13), and the triangle inequality. O

From the probabilistic estimation we obtain a convergence rate of
O(y/logn/n). In simulations we observe a rate of O(1/+/n), which means our
estimation might be off by a factor of v/logn.

3.1.2 Maronna’s M-estimator

In this section we first state our assumptions for u(z) in (4):

Al. u : [0,00) — (0,00) is nonnegative, 1(x) = zu(z) is increasing and
limg 00 ¥(x) > y.

A2. u(z) is twice differentiable, and zu'(z) < u(z).

We require assumption A1 to ensure the existence and uniqueness of Maronna’s
M-estimator so that Lemma can be applied. When u(z) is nonnegative and
¥(x) = zu(x) is increasing, the uniqueness condition in Section 2| i.e., p(z) is
non-decreasing and p(e®) is convex, are guaranteed (recall p/'(z) = nu(x)/2).
And the condition lim,_,. ¥(xz) > y guarantees the existence of Maronna’s
M-estimator as p,n — 0o, as discussed in Section

We require assumption A2 for some technical steps in our proof, though we
conjecture that our results about Maronna’s M-estimator in this paper will still
hold without this assumption.

Here we compare our assumption of u(x) with the assumption in [, [6]. Since
(Z,u(x)) in [5, 6] is equivalent to (p%,yu(z)) in our setting, their assumptions
of u(x) can be translated to:

e u(z) is nonnegative, continuous and increasing.

T
%

b



e ¢(z) is increasing and bounded, and % <limg o0 P(x) < y%

There are three main differences between the assumptions of u(x), and our
assumptions allow some u(z) that was not covered in their work. First, our
assumption of lim, . ¥ () is less restrictive and allows it to be infinity. As a
consequence, our theory allows some commonly used u(z) such as u(z) = 27
(see [20]). Second, our assumption is less restrictive in the sense that we replaced
the assumption “u(z) is nonincreasing” (i.e., u/(x) < 0) by zu'(z) < u(x).
However, our assumption on the twice differentiability of u(x) is more restrictive.

Based on these assumptions, we obtain the convergence of Maronna’s M-
estimator to a scaled version of the sample covariance matrix in operator norm.

Lemma 3.3. If ¢; ~ N(0,I) for all 1 < i < n, let (x) = zu(x), then there
exists a solution {w;}1—, to (9) maxi<i<, [w; — ¢_1($)\ converges to 0 almost
surely as p,n — oo. In particular, there exists C,c,c > 0 such that for any
e<d,

Pr < max |w; — ¢ (1/y)| < 5> >1— Cne ™. (17)

1<i<n

Theorem 3.4. Suppose that {x;}7_, are i.i.d. sampled from N(0,I), p,n — oo
and p/n — y, where 0 <y < 1, and x; ~ N(0,I) for all1 <1i <mn, then a scaled
Maronna’s M-estimator converges to the sample covariance matrix in operator
norm almost surely, and there exist C,c,c > 0 such that for any e < ¢,

.

3.2 More General Distributions

3.2.1 Tyler’s M-estimator

1 I 2
_— Y- - iBZZB? <e|>1—-Cne ™ 18
TEIIREES ) 18)

In this section, we extend Theorem from the setting of the normal distri-
bution N(0,I) to elliptical distributions. We say that p, is an elliptical distri-
bution, if 1, can be characterized by u,(x) = C(gp) det(T,) "'/ 2g,(x T, '),
where T, is a positive definite matrix in RP*P, g, : [0,00) to [0,00) satisfies
J5* gp(x)2P~! < 00, and C(g,) is a normalization parameter that only depends
on gp.

When T, is a scalar matrix, the distribution is isotropic and we call p,
spherically symmetric distribution.

Our analysis is based on Theorem and two properties of Tyler’s M-
estimator: 1. Tyler’s M-estimator is invariant to the scaling of data set, i.e., if
{x;}7_, are replaced by {c;z;}?; and {¢;}~, are arbitrary numbers in R, then
S remains the same. 2. For any non-singular linear operator T : RP — RP, if
Tyler’s M-estimator for {x;}", is 3, then Tyler’s M-estimator for {T@;}7_, is
TST /tr(TST).

Both properties can be obtained by verifying . To prove the first propriety,
note that the LHS of is unchanged if {x;}}, is replaced by {c;x;}7_,. To



prove the second property, one can show that still holds when {z;}? ; and
3> are replaced by {Tx;}?_, and TST /tr(TET).

Theorem 3.5. If {x;}], are i.i.d. sampled from elliptical distribution p,(x) =
C(9p) det(Tp)’1/2gp(mTTp’1w), then we have the following property for Tyler’s
M-estimator: there exist ¢, C,c’ > 0 such that for any e < ¢/,

.

—1/2 —1/2
foryi =Ty Pai /| Ty Pay)).

1/2 12 P
T, I/QETP 1/2/tr(Tp 1/22Tp 12y o Zyzle
i=1

< €> >1-— Cne=c=’n

(19)

Proof. First, since x; are i.i.d. sampled from an elliptical distribution with
covariance matrix Tj, y; = Tp_l/ >z, / ||Tp_1/ *a;|| are uniformly distributed over
the p — 1-dimensional unit sphere.

If we consider y; as the projections of x; ~ N(0,I), the concentration of
N(0,I) on the sphere with radius \/p [2, Corollary 2.3] and the boundedness of
|15 @@] || from above [I0, Theorem I1.13] gives that for e < ¢/,

n n
D 1
1= i=

Assuming the Tyler’s M-estimator for {y;}7 ; is fly, then Theorem and

gives
Pr (

Applying Property 1 (scale invariance) of Tyler’s M-estimator, i?y is also the

< 5> <>1-Cne =" (20)

n
oo
pEy == vyl
=1

< s) >1— Cne ™. (21)

Tyler’s M-estimator for the set {Tp_l/ 2@-}?:1. Applying Property 2,
Sy =T, 28T 2 o (T, 28T, 2, (22)
Combining and 7 Theorem is proved. O

3.2.2 Maronna’s M-estimator

In this section, we extend Theorem from the setting of the normal dis-
tribution N(0,I) to non-isotropic Gaussian distributions. The model is more
restrictive than the model of Tyler’s M-estimator, since Maronna’s M-estimator
lacks Property 1 (scale invariance) of Tyler’s M-estimator. We extend Theo-
rem to non-isotropic Gaussian distributions by applying a similar property
to the Property 2 of Tyler’'s M-estimator: For any non-singular linear oper-
ator T : R — RP, if Maronna’s M-estimator for {z;}" , is ¥, then Tyler’s
M-estimator for {Tx;}7_, is TST.



Corollary 3.6. If {x;} | arei.i.d. sampled from N(0,T,), where T, is a pos-
itive definite matriz in RP*P . Then we have the following property for Tyler’s
M-estimator: there exist ¢, C,c’ > 0 such that for any e < ¢,

1 B 1 n
p T*1/2<7E—7 44T)T*1/2
<| P\ (1) nZ“ v

The distributions for data samples in this section can be compared to the
model given in [, Section II] and [0, Assumption 2]. For the simplicity of the
discussion we only discuss [6, Assumption 2], which assumes that x; € R? is
defined by \/7; Any;, where y; has independent entries with zero mean and unit
variance, and 7; follows from some distribution.

While [6] covers more models than Corollary [3.6] we note that our proof only
depends Lemma That is, our proof can be applied to any distribution that
satisfles Lemma Since the distribution in [6] satisfies [6], Lemma 6], which
is equivalent to Lemma [5.2] our proof can also be applied to their models.

< 5) >1—Cne ", (23)

3.3 Empirical Spectral Density
3.3.1 Tyler’s M-estimator

This section investigates the distribution of the eigenvalues of Tyler’s M-estimator,
i.e., its empirical spectral density. We follow the setting of previous sections and
present two corollaries, where the first corollary proves the conjecture proposed
in [9] that the empirical spectral density converges to the Marchenko-Pastur
distribution when {;}? ; are drawn from N(0,I), and the second corollary
gives the limiting distribution under the setting of elliptical distributions.

Corollary 3.7. If {x;}7, are i.i.d. sampled from spherically symmetric dis-

tributions C(g,)gp(||&||?), then the empirical spectral density of S converges to
the following Marchenko-Pastur distribution.

To visualize Corollary [3.7} we simulated the case n = 20000 and p = 4000
with Gaussian distribution N(0,I), and Figure shows that the empirical spec-
tral density of pf] is well approximated by the corresponding Marchenko-Pastur
distribution.

Lemma 3.8. Assume a set of matrices {Ap}n>1 with size k, X ky, and with
empirical spectral density converging to a continuous distribution p, and another
sequence of matrices { By, }n>1 such that By, is also of size ky, x k,, and | B, || —
0. Then the empirical spectral density of {A, + Byn}n>1 also converges to p.

Proof of Corollary[3.7 The proof follows from Theorem [3.2] and Lemma [3.8]
and the proof of Lemma |3.8| will be given later in Section

First, due to Property 1 in Section [3.2] it suffices to consider the case x; ~
N(0,I). Then Corollary is proved by combining Theorem Lemma
and the fact that the empirical density of %Z?:l x;x] converges to as
p,n — oo [13]. O

10
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Figure 1: The empirical spectral density when n = 20000 and p = 4000, and
{z;}, are drawn from N(0,I) The red ind represents the Marchenko-Pastur
distribution for y = 1/5.

Next we extend the analysis to general elliptical distributions.

Corollary 3.9. Suppose {x;}?_, are i.i.d. sampled from elliptical distribution
C'(gp)gp(mTTpflw), and the empirical spectral density of T, converges to H.
Then the empirical spectral density of tr(Tp)f] converges to p, whose Stieltjes
transform s(z) satisfies

s(z) = / t( ! - dH (t). (24)

Proof. Let

. . 1«
B, = pT; 25172 Jn(T V25T 1) — = >zl (25)
i=1

where z; = h;-y; = h; 'Tp_1/2xi/HTp_1/2miH, and h; ~ {/x3. Then Theorem
and the convergence of h; to \/p implies

1/2 n 1/2
T,2(L 0", 2,27 + BT,/

7

i =
1/2 n 1/2\’
tr (Tp/ (% Yo zizl-T—i—Bp)Tp/ )

where || B,|| — 0.
Since ||B,|| — 0 and z; are i.i.d from N(0,I), tr (TI}/Q(% S zizl + Bp)Tpl/Z) —

K3

tr(T},) almost surely. Therefore we only need to prove that the empirical spectral
density of tr (Tpl/2(% S zizl + Bp)Tpl/2) S = Tpl/z(% Dy 22T+ B,)T,/?
converges to p.

11



Since Tl/Q(% Z’Zn ) ZZZ + B ) 1/2 1/2(% Z:l . 2z ||B ||I) 1/2 is
positive definite, the elgenvalues of Tl/ 2(n S zizl + B ) T)/? is bounded
below by T, /2(7 S zizl — | B, |DT, /2. similarly it is bounded above by

T;/Q(% Y zizl +|| B, ||I) T,/?. Combining it with the fact that the eigenval-
uesof 237" zZzT are almost surely bounded by [1—,/y—t,1+ f—i— t] for any

t > 0 [I7, Corollary 5.35], the eigenvalues of Tpl/z(g S zizl + Bp)Tpl/2

are bounded below and above by Tl/z( - 1”137\/3"15)(l Yo 1zizT)Tpl/2 and
T1/2(1 + 1 H\'}” 2 (LS 22D, 1/2 almost surely. By the convergence of the

ESD of T1/2(n S 22T / to p [Il (6.1.2)] and the convergence of || B,||

to 0, Corollary [3.9]is proved.
O

3.3.2 Maronna’s M-estimator

This section investigates the distribution of the eigenvalues of Maronna’s M-
estimator, when data are sample from Gaussian distribution. The analysis fol-
lows from the proof of Theorem [3.5] and Corollary

Corollary 3.10. Suppose {x;}!, are i.i.d. sampled from Gaussian distribution
N(0,T,), where T, is a positive definite matriz in RP*P  and the empirical
spectml density of T), converges to H. Then the empirical spectral density of
W ¥ converges to p, whose Stieltjes transform s(z) satisfies

1
s(z):/t(l_y_yzs(z))_ZdH(t). (26)

In particular, if T, =1 for all p, mb+(1/y) ¥ converges to the Marchenko-
Pastur distribution in .

4 Summary

We established that Maronna’s M-estimator and Tyler’s M-estimator converge
in operator norm to the sample covariance matrix as p,n — oo and p/n —
y, 0 < y < 1, where data samples follow the distribution of N(0,I). We
also extended the result to elliptical distribution for Tyler’s M-estimator and
non-isotropic Gaussian distribution for Maronna’s M-estimator, and proved the
conjecture that the empirical spectral density of Tyler’s M-estimator converges
to the Marchenko-Pasture distribution.

There are several possible future directions of this work. First, we would
like to know if a more careful analysis can prove the convergence of Maronna’s
estimator without the assumption A2. Second, in simulations we observe the
rate of M-estimator’s convergence to the sample covariance matrix is 1/4/n,
while the current theoretical analysis only gives the order of O(1/logn/n), and
we would like to find an approach that gives the better empirical rate.
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5 Proof of Lemmas

5.1 Proof of Lemma 2.7

We first show the uniqueness of the solution to . It follows from the equiva-
lence to the following convex problem:

n
(21,29, -+ ,2,) = arg min log det(z eFixxl), (27)
Sy mi=l1 i=1

The equivalence can be proved by plugging w; = ne® /(3" e*) to and
plugging z; = logw; — (X1, logw; — 1)/n to (27)), and the uniqueness of the
solution to follows from its convexity, which is proved in [I8, Lemma 4].

Next we will verify . We start the proof by verifying that w; = w}, where
w) = co /(T X ;) and ¢ is a constant such that 37, w) = 1.

According to the equivalence between and , it is enough to show that
2 = log(w}) + ¢1 (¢1 chosen such that . | z/ = 1) is the unique minimizer
of . Indeed, applying the iterative algorithm , S = S wiae! for
some co. Combining it with the definition of w}, we have

, co/ca
w = . 28
Col (O wiaal) ey (28)

Now we are ready to prove that the directional derivative of the objective func-
tion in (27) is 0 at (2], 25, -+ - , z},): assuming the direction is from (2], 25, - , 2],)

to (25 + 61,25 4+ 0a,..., 20, + &,), then the directional derivative is

n

n n n n

2} T 2] 2 Ty—1 1T Lo 2 T\—1 r_Co
E eiz; ( E efix;x; )T w0 = E wix; ( E wixx; )T X0 = E wiﬁéi =
i=1 i=1 i=1 i=1

i=1 2%

where the second equality follows from and the last equality follows from
21 0i =0,

Due to the convexity of the objective function in , its stationary point
is also its minimizer, therefore 2; = z and w; = w}.

Combining w; = ¢o /(7S ;) and the definition of 3 in @), (@ is proved.

5.2 Proof of Lemma 2.2

Proof. Tt follows from the definition in that w; = %m?iflwi satisfies .
Plug in the definition of w;, we obtain @[)

Since any {w;}?_, that satisfy (9) give the solution of (@) by (10), and the
solution of (4]), i.e., Maronna’s M-estimator, exists and is unique, therefore any
solution to gives the same X by . O

13



5.3 Proof of Lemma [3.1]

We start with an outline of the proof, which consists of three parts. First, we
rewrite the constrained optimization problem to the problem of finding the
root of g(w), which will be defined in (29). Since the root of g(w) is na — 1, we
only need to show the convergence of the root of g(w). Second, we will show
that g(0) converges to 0, Vg(0) is large and the variation of Vg(w) is bounded.
Finally, we will use a perturbation analysis and the observations on ¢(0) and
Vg(w) to show that the root of g(w) converges to O.

The proof depends on Lemma Lemma [5.3] and Lemma [5.1] and their
proofs are postponed to subsequent sections.

Lemma 5.1. For a function f(w) : RP — RP, assume that Vf(0) = I, and
() — VF(0) ]l = maxicicy [V fi(w) = V:(0) o < Csllw]oc for ] <
1, and ||f(0)]|cc < min(1/9C5,1/3). Then there exists w such that || W|e <
3[1£(0)]|oc and f(w) = 0.

Lemma 5.2. If ¢; ~ N(0,I) for all1 < i <mn, and S = 237" @l then
there exists ¢, C,c’ > 0 such that for any e <

o < max [l 1] < s) >1- Cnee™n,
1<i<n p
Lemma 5.3. For the n x n matriz A defined by A;; = ﬁ(mgs—lmj)z, (a)
lA]lco < 2 with probability 1 — Cnexp(—cn).
(b) There exists ¢ = c(p,n) > 0 and Cy = Ca(y) > 0 such that |(I— A +
c11T) 71| < Cy with probability 1 — Cnexp(—cn).

We start the first part of the proof with the construction of g(w). We let
g(w) = VG(w + 1), (29)

where
G(w) = — Zlogwi + glogdet(z wiz; ! ) + %O(Z w; —n)?, (30)
i=1 i=1 i=1

and the constant ¢y will be specified later before .

It is easy to prove that the minimizer of G(w) and the zeros of VG(w)
must satisfies Y ., w; = n (otherwise nw/(} ., w;) is a better minimizer
and VG (w) is nonzero). Therefore minimizing is equivalent to minimizing
— i logw; + % log det (327, wim;x] ) with constraint Y2i ; w; = n, which is
the same as except for the constraint. Noticing that a scaling of w increases
=" logw; + 2 log det(}7, wiz;xl) by a constant only depending on the
scale, the minimizer of is unique and it is nw, where w is defined in .
By the convexity of its equivalent problem (27), the root of g(w) is also unique
and it is nw — 1.

14



For the second part of the proof, we start by proving that g(0) is small. By
calculation, the i-th component of function g(w) is

1 n n - n
gi(w) = ol + 53:271(715’ + ;wlmsz) Yz, + co(; w;).

Applying Lemma,
Pr (||g(0)]|oc <€) > 1~ Cne=", (31)

Now we will prove that Vg(0) is bounded from below. By calculation, its (3, j)-
th entry is

L 1 n/ p n 1 \2
(Vg(’w))i,j =1I(i= J)W P (931 (nS + ;wzmm ) :cj) + co.
Applying Lemma [5.3
(Vg(0)) Yo < Co with probability 1 — Cne™". (32)

Now we bound the variation of Vg(w) in the region ||w|. < 1/2. Apply
|ﬁ — 1| < 3|w; — 1| < 3||w||~ and coordinatewise comparison,

. . n
Vijg(w) = Vi ;9(0)| < I(i = j) B[lwllec) + 3wl - 5|Az‘j|-

Therefore, the variation of Vg(w) is bounded by
IVg(w) = Vg(0)|loo < (3+3n|Alls/p)l[wlloo- (33)

At last we finish the third part of the proof of Lemma [3.1] by applying
Lemma [5.1) to f(w) = (Vg(0)) tg(w/2). It is easy to verify that Vf(0) = L.
Due to (31) and (32), [|£(0)[| < [|(V9(0)) ™ |locllg(0)]|oc — 0 in the same rate
as in (31) and || f(0)||cc < min(1/9C5,1/3) holds with probability 1 — Cne™°".
Due to (3I), (33), and the boundedness of ||Allo (Lemma [5.3), ||V f(w) —
V(0)||oc < Cs|lwl|se also holds with probability 1 — Cne=°". Therefore the
assumption in Lemma holds with probability 1 — Cne™ " and there exists
w such that f(w) = 0 and

[wl]loo < 3[1£(0)/[co- (34)

When f(w) = 0, we have g(2w) = 0 and by previous discussion 2w = nw—1.

therefore gives
[n — 1|oo < 6[[£(0)]|oc-

Since || f(0)||s converges to 0 in the rate as in (3I]), [|[nw — 1[|cc converges
in the same rate and Lemma |3.1]is proved.
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5.4 Proof of Lemma [3.3

Proof. Define g(w) : R" — R" by g;(w) = w; —a] (Y7, u(wi)scia;iT)_lmj for

all 1 < j < n, then w = (w1, Ws, - ,W,) is aroot of g(w). Let w = ¢~ 1(1/y)1,

we will prove that

1. Pr(]|g(w)]|00 < 5) >1—Cne " for any € < .

2. Pr(||(Vg(w)) ™ ||OO <(C") >1—Cne ",

3. Pr(||Vg(w)—Vi(w)| e < C'|w—W||so) > 1—Cne " for any ||w—w||o < ¢
The first point can be proved by applying Lemma [5.2} As for the second

point, we have

2

YA/ a1y
wl 11y S @)

Since Y77, (:Bi(nS)*lazj)2 = z;(nS) " 'z;, and z;(nS) 'x; converges to 1/y
with probability (Lemma , we have

V”g(ﬁ;) =1+

- M R T4 Can ¢V )
D Ty L G M Ty ERL
)

j=1

_w@ /) e o _ @ (1/y) v (A /y)

“ug gy WO S TGS Gy
Since |u/(z)z/u(z)| < 1, we have %(wl(n.ﬂ j)2Hoo < 1 with ex-
ponential probability, and by

u' (Y (1/y)) l/y e

HI+ W (1) (xi(nS)~" H Z H (a:z(nS) z;) .
1
S (i n8) )

the second point is proved.
As for the third point, we note that the j-th component of the gradient of
Jk 1s
n . 9
Vi (g(®)) = 607 = k) + u'(wy) (2F (3 wlwi)zial) a;)
i=1
u is twice differentiable, and || A||» is bounded with high probability, therefore
the third point holds.
Apply Lemma [5.1| with f(w) = (Vg('d)))_lg(w), then Lemma ﬁ follows
the same procedure as in the third part of the proof of Lemma O
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5.4.1 Proof of Lemma [5.1]
Proof. When ||w|s <1,

f3(w) — £;(0) = / (e Vi (w) (35)

:/t (e;w", Vf(tw)—Vf(0)+1I)dt =w;+ wl (Vf(tw) — Vf(0))e;dt

=0 t=0

1
<wj + || /H) w’ (Vf(tw) = VF(0))llo < w; + Csl|wl%.

Similarly
fi(w) = f;(0) > =Cs|lw]]Z, + w;. (36)

To prove it, we consider the continuous mapping h(w) = w— f(w)/(4+9C5)
and will prove that h maps A to itself, where

A=A{w:w e [=3n,3n]"} and 1 = [|f(0)]|-

1. |w;| < 2n. Then apply and (they are applicable since for any w €
A, [lw]los < 1), we have |f;(w)] < | fi(0)] +Cs[|lw|% +wi| < n+C5(3n)*+3n <
(44+9C5)n (n? < n since n < 1). Therefore, |h;(w)| < |w;|+|fi(w)|/(4+9C5) <
3n.

2. w; > 2n, then applying ,

fi(w) > =|£:(0)] + w; — Cs||lw||Z, > —n+ 2n — C5(3n)*.

Since n < 1/9C5, we have f;(w) < 0 and therefore h;(w) < w; < 3n.

Similar to case 1 we can prove that h;(w) > —3n. Therefore |h;(w)| < 3n.

3. Similar to case 2, when w; < —2n, |h;(w)| < 3n.

Therefore the continuous mapping h maps the convex, compact set A to
itself. By Schauder fixed point theorem h(x) has a fixed point in .4 and therefore
Lemma [5.1]is proved with w being the fixed point. O

5.4.2 Proof of Lemma [5.2]

Assuming the SVD decomposition of X is X = UXVT, where U € R"*? and
UTU =1. Since x; ~ N(0,1) for all 1 <4 < n, U is uniformly distributed over
the space of all orthogonal n x p matrices. Since

XSlx = (UEVT)(%VEQVT)*(UEVT), (37)

if we write the row of U by wy, ug,- -+, up, then 1,8 e, = u u; = [Ju,|]?.

Since U can be considered as the first p columns of a random n xn orthogonal
matrix (with haar measure over the set of all n X n orthogonal matrices), u;
can be considered as the first p entries from a random vector of length n that
is sampled from the uniform sphere in R™.
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Therefore, |w;||* ~ >0_, g7/ >°7_, g7 for i.i.d. random variables {g;}}_; ~

N(0,1). Applying [2 Corollary 2.3|, we have

" (Z g > 17) < e/t (38)
=1

and

therefore

For ¢ < 0.1, we have

1
Pr(max |zl S~ le; — 1| < s) >1—nPr (H|u1||2 - £| > BE)
n - on

1<i<n'p
p(1— 5/3)2 2 p
>1 — 1—-Pr| =17 < QN — 40
= n ( r < n = HU‘l” = n(l — 6/3)2 ( )
>1 — 2ne = P/36 _ ope=="n/36, (41)
where the second inequality follows from 1 — 3¢ < (1 —¢)? and ﬁ <1+ 3e.

5.4.3 Proof of Lemma [5.3]

(a) Since [|Alloc = maxi<i<n(X_1<;<, Aij), and

1
Z A = Z n*wer_locjw}“S_lwiszS_l( Z acjm]T)S_laci/np

1<j<n 1<j<n 1<j<n

=7 S (nS)S a;/np = xS x; /p, (43)
it follows from with € = 0.1 that ||Al|sc < 2 holds with probability 1 —
Cnexp(—cn).

(b) We first prove that there exists C5 = C53(y) such that
|A — cp117||o < C3 < 1 with probability 1 — Cnexp(—cn). (44)

We start with the proof of with another lemma:
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Lemma 5.4. There exists a c¢q > 0 such that with probability 1 — C exp(—cn),

n
Zl(sclTa:j > cq44/p) > 0.75m.

j=1

There exists Cy = Cy(y) such that ||.S|| < Cy with probability 1—Cn exp(—cn) [10]
Theorem 1I.13]. Therefore ] S~ 'x; > =] x;/Cy and Lemma implies that
forany 1 <i<n:

ZI(:BZTS_la:j > ¢44/p/C4) > 0.75 with probability 1 — C exp(—cn). (45)
j=1

Let ¢o = (ca/C4)?/n, then implies

Z |Ai,j - C| < Z ‘Ai7j| —0.25cn < (L';IS_liL'i/p - 0.25(04/04)2, (46)

1<j<n 1<j<n

where the last step follows from .
Applying the estimation of 7 S~1z;/p in and a union bound argument
over all 1 < i <mn to , is proved for C3 =1+ n — 0.25(cy/Cy)?.
Lemma b) follows from with Cy = ﬁ, where the expansion of
(I— A+ c117)71 is valid since ||A + c117|| < |A + 117 || < 1:

- . 1
1@~ A+c11") oo < ZZ:; |A = 117l = ;Cé 1 G (47)
5.4.4 Proof of Lemma [5.4]
We first show that there exists ¢4 such that for all p,
E(I(|x] 22| > cav/p)) > 0.85. (48)

WLOG we rotate &1 such that it is nonzero only at the first coordinate, and
z2 = (91,92, ..., gp) Where g; ~ N(0,1). Then |x¥xs| = |g1|||z1]-

Notice that ||z1||? is the sum of p independent x? distribution and Ex? = 1,
by central limit theorem, ||z|| < /2p with probability 1 — Ce™". Besides,
Pr(|gi| > v/2¢4) > 0.85 for ¢y = ®1(1 — 0.85/2)/+/2. Therefore [48) is proved
by combining the estimations on |g1|, ©; and |z 22| = |g1| ||21 |-

To obtain Lemma from , we apply Hoeffding’s inequality to the
indicator function I(|&] ;| > c4,/p) over all 1 < j < n,j #i.

5.5 Proof of Lemma (3.8

Denoting the k-th eigenvalue of any matrix A by Ap(A), then [3| Corollary
I11.4.2] gives
/\k’(An + Bn) - Ak(An) < ||BnH, (49)
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Assuming the empirical spectral density of A, and A, + B, are p, and p/,

then implies
b b+ Bx||
[ @< [ @
a a—||Bn|l

Since | By|| — 0, for any € > 0,

b b+e
lim sup/ o (z) dz §/ p(z) d.
n—oo a a—e

By the continuity of p, lim,, . sup f; ph(z)de < f; p(z). Similarly we can
prove that lim,, . inf fb ph(z)de > ff p(x), and therefore lim,, f; ph(x)de =
ff p(z) and Lemma is proved.
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