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SPECTRAL CONVERGENCE OF THE CONNECTION LAPLACIAN FROM RAND OM SAMPLES

AMIT SINGER AND HAU-TIENG WU

ABSTRACT. Spectral methods that are based on eigenvectors and eiges\of discrete graph Laplacians, such as Diffusion
Maps and Laplacian Eigenmaps are extremely useful for mlahgarning. It was previously shown by Belkin and Niyagdj [4
that the eigenvectors and eigenvalues of the graph Laplaciaverge to the eigenfunctions and eigenvalues of theatapl
Beltrami operator of the manifold in the limit of infinitely amy uniformly sampled data points. Recently, we introduced
Vector Diffusion Maps and showed that the Connection Laataof the tangent bundle of the manifold can be approximated
from random samples. In this paper, we present a unified framikefor approximating other Connection Laplacians over th
manifold by considering its principle bundle structure. @eve that the eigenvectors and eigenvalues of these liaptac
converge in the limit of infinitely many random samples. Qasuits for spectral convergence also hold in the case where t
data points are sampled from a non-uniform distributior fam manifolds with and without boundary.

1. INTRODUCTION

A recurring problem in fields such as neuroscience, commregrhics and image processing is that of classifying
a set of 3-dim objects by pairwise comparisons. For exanmptpbjects can be 3-dim brain functional magnetic
resonance imaging (fMRI) imagés [15] that correspond tdlamfunctional activity. In order to separate the actual

sources of variability among the images from the nuisancarpaters that correspond to different conditions of the
acquisition process, the images are initially registened aligned. Similarly, the shape space analysis problem in
computer graphic$ [21] involves the organization of a atiten of shapes. Also in this problem it is desired to factor

out nuisance shape deformations, such as rigid transfmnsat

Once the nuisance parameters have been factored out, metbold as Diffusion Maps (DM) [10] or Laplacian
Eigenmaps (LE)[]2] can be used for non-linear dimensiopaéitiuction, classification and clustering. In][26] we
introduced Vector Diffusion Maps (VDM) as an algorithmi@afnework for organization of such data sets that also
takes the nuisance parameters into account, using theveiciens and eigenvalues of the graph Connection Laplacian
that encodes both data affinities and pairwise nuisancsftranations. In[[26] we also proved pointwise convergence
of the graph Connection Laplacian to the Connection Laplacf the tangent bundle of the data manifold in the
limit of infinitely many sample points. The main contributiof the current paper is the spectral convergence of the
graph Connection Laplacian to the Connection Laplacianmaipeover the vector bundle of the data manifold. In
passing, we also provide a spectral convergence resultifiusion Maps to the Laplace-Beltrami operator in the case
of non-uniform sampling and for manifolds with non-emptybdary, thus strengthening a previous result of Belkin

and Nyiogi [4].

At the center of LE, DM, and VDM is a weighted undirected graphose vertices correspond to the data objects and
the weights quantify the affinities between them. A commarsgd metric is the Euclidean distance, and the affinity
can then be described using a kernel function of the distafmeexample, if the data sk, xo, ..., X, } consist ofn
functions inL,(R3) then

1) de (%, Xj) 1= [[X — Xjl[L2(R3).

and the weights can be defined using the Gaussian kernel wdth wh as
d2 (x.x))

2) wij =€ ~ =

However, the Euclidean distance is sensitive to the nuespatameters. In order to factor out the nuisance parameters
it is required to use a metric which is invariant to the grodigransformations associated with those parameters,
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denoted byG. Let 2" be the total space from which data is sampled. The gi@uacts on.2” and instead of
measuring distances between element&gfwe want to measure distances between their orbits. Theafraipoint
x € Z is the set of elements a¥” to whichx can be mapped by the elements3fdenoted by

Gx={gox|ge G}

The group action induces an equivalence relationZnand the orbits are the equivalence classes, such that the
equivalence clasg] of x € 2 is Gx. The invariant metric is a metric on the orbit spa2é&/G of equivalent classes.

One possible way of constructing the invariant metiéias through optimal alignment, given as

®3) do([xi],[xj]) = inf_de(giox,gjoX)).
i,gj€G

If the action of the group is an isometry, then
(4) da (4], [xj]) = inf de (X, goX;).
For example, if2” = L?(R3) andG is O(3) (the group of 3x 3 orthogonal matrices), then
() (go f)(x) = f(g7x)
and

20061 181 — min [ 1 (x) —  (q-Ly)[2
©) (L [6]) = min [ 1600~ 1i(g 0 dx

In this paper we only consider groups that are either orthaband unitary, for three reasons. First, this condition
guarantees that the graph Connection Laplacian is symur{etrHermitian). Second, the action is an isometry and
the invariant metrid (4) is well defined. Third, it is a compgmoup and the minimizer of6) is well defined.

The invariant metriclg can be used to define weights between data samples, for exaimplGaussian kernel gives
d& (041, 1xj))

(7) wij =€ =
While LE and DM with weights given in{2) correspond to diffois over the original spac&’, LE and DM with
weights given in[{I7) correspond to diffusion over the orpace2”/G. In VDM, the weights[(¥) are also accompanied
by the optimal transformations
(8) gij = argmindg (X, goX;).

geG
VDM corresponds to diffusion over the vector bundle of thkittspace2” /G associated with the group action. The
following existing examples demonstrate the usefulnessiofi a diffusion process in data analysis:

e Manifold learning: Suppose we are given a point cloud randomly sampled frdralian smooth manifold M
embedded iiRP. Due to the smoothness of M, the embedded tangent bundle ai\be estimated by local
principal component analysis [26]. All bases of an embeddrdent plane at form a group isomorphic to
O(d). Since the bases of the embedded tangent planes form the franulleO(M), from this point cloud
we obtain a set of samples from the frame bundle which forntdta spaceZ” = O(M). Since the set of alll
the bases of an embedded tangent plane is invariant undactioae ofO(d), for the purpose of learning the
manifold M, we takeO(d) as the nuisance group, and hence the orbit space4s®M)/O(d). As shown
in [26], the generator of the diffusion process correspogdd VDM is the Connection Laplacian associated
with the tangent bundle. With the eigenvalues and eigeovedf the Connection Laplacian, we are able to
embed the point cloud in an Euclidean space. We refer to tlohdean distance in the embedded space as
thevector diffusion distance (VDDyvhich provides a new metric for the point cloud. It is showi26] that
VDD approximates the geodesic distance between nearbyspmirthe manifold. Furthermore, by VDM, we
extend the earlier spectral embedding theoiieém [5] by coatig a distance in a class of closed Riemannian
manifolds with prescribed geometric conditions, whiclde#o a pre-compactness theorem on the class under
consideration.
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e Orientability: Suppose we are given a point cloud randomly sampled frakaien smooth manifold M and
we want to learn its orientability. Since the frame bundleagies whether or not the manifold is orientable,
we take the nuisance group @s defined as the determinant of the actiofd) from the previous example.
In other words, the orbit of each point on the manifol&is the total space?” is theZ, bundle on M, and
the orbit space is M. With the nuisance grdfiy VDM is equivalent toOrientable Diffusion MagODM)
considered in[25] in order to estimate the orientabilitivbfrom a finite collection of random samples.

e Cryo-EM:The X-ray transform often serves as a mathematical modeattymedical and biological imaging
modalities, for example, in cryo-electron microscapyi [12]cryo-electron microscopy, the 2-dim projection
images of the 3-dim object are noisy and their projectioeations are unknown. For the purpose of de-
noising, it is required to classify the images and averagag@s with similar projection directions in order to
increase the signal to noise ratio, a procedure known as ala&saging. When the object of interest has no
symmetry, the projection images have a one-to-one correlpe with a manifold diffeomorphic ®Q(3).
Notice thatSQ(3) can be viewed as the set of all right-handed bases of all tapggnes o, and the set of
all right-handed bases of a tangent plane is isomorph8Q@®). Since the projection directions are param-
eterized byS” and the set of images with the same projection directionvariant under théQ(2) action,
we learn the projection direction by taki®§)2) as the nuisance group afdlas the orbit space. The vector
diffusion distance provides a metric for classification leé projection directions 8%, and this metric has
been shown to perform better compared to other classifitatiethods{[2[7, 23]

The main contribution of this paper is twofold. First, we ulse mathematical framework of thgincipal bundle

[7] in order to analyze the relationship between the nuisagroup and the orbit space and how their combination
can be used to learn the dataset. In this setup, the totak $pdhe principal bundle, the orbit space is the base
manifold, and the orbit is the fiber. This principal bundigfrework unifies LE, DM, ODM, and VDM by providing a
common mathematical language to all of them. Second, irtiaddd showing pointwise convergence of VDM in the
general principal bundle setup, in Theorlem 5.2 we provethieaalgorithm converges in the spectral sense, that is, the
eigenvalues and the eigenvectors computed by the algocitimverge to the eigenvalues and the eigen-vector-fields of
the Connection Laplacian of the associated vector bundés @hen the sampling is nonuniform and the boundary is
nonempty. We also show the spectral convergence of the VD@ onnection Laplacian of the associated tangent
bundle in Theorem 611 when the tangent bundle is estimatend fine point cloud. The importance of these spectral
convergence results stem from the fact that they providearétical guarantee in the limit of infinite number of data
samples for the above listed problems, namely, estimatiotpy diffusion distances, determining the orientabitity

a manifold from a point cloud, and classifying the projestibrections of cryo-EM images.

The rest of the paper is organized as follows. In Sedflon Anweduce background material and set up the notations.
In Section 8, we review the VDM algorithm and clarify the tedaship between the point cloud sampled from the
manifold and the bundle structure of the manifold. In Sed#p we unify LE, DM, VDM, and ODM by taking the
principal bundle structure of a manifold into account, amdvp the first spectral convergence result that assumes
knowledge of the bundle structure. The non-empty boundadyreonuniform sampling effects are simultaneously
handled. In Sectionl6, we prove the second spectral corveegesult when the bundle information is missing and
needs to be estimated directly from the finite random pomiat!

2. NOTATIONS, BACKGROUND AND ASSUMPTIONS

2.1. Notations and Background of Differential Geometry. Denote M to be a-dim compact smooth manifold. If
the boundary is non-empty, the boundary is smooth. Denolt4 — RP to be a smooth embedding of M ink® and
we equip M with the metrig induced from the canonical metric @&¥ via 1. With the metricg we have an induced
measure, denoted a¥ don M. Denote

M; = {xe M: min d(x,y) <t},
yeoM

whered(x,y) is the geodesic distance betweeandy.
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We refer the readers to AppendixA.1 for an introduction &f phincipal bundle. Denote(M,G) to be the principal
bundle with a connection 1-form, whereG is a Lie group right acting oR(M,G) by o. Denoterr: P(M,G) — M

to be the canonical projection. We call M the base spad®bf, G) andG the structure group. From the view point
of orbit spaceP(M,G) is the total space?’, G is the group acting oR(M,G), and M is the orbit space ¢1(M,G)
under the action oB. In other wordsG is the nuisance group, and the orbits are parametrize by ém&ahd M.

Denotep to be a representation & into O(n'), wherem' > 0. When there is no danger of confusion, we use the
same symbogj to denote the Riemannian metric on M and an elemei@.obenote& (P(M,G),p,R™), m{ > 1, to

be the associated vector bundle with the fiber diffeomorpiﬂlt‘“. We uses to simplify the notation. Given a fiber
metricg® in &, which always exists since M is compact, the connection wisicer is metric under which the parallel
displacement of fiber of’ is isometric with related tg®. The metric connection o# determined fronw is denoted
as[’. Note that by definition, each € P(M,G) is a linear mapping fronR™ to E, preserving the inner product
structure, where = r(u), and satisfies

(gou)v=u(p(g)v) € Ex,
whereu € P(M,G), g € G andv e R™. We interpret the linear mappingas finding the pointi(v) € E, possessing
the coordinate € R™. Intuitively, u is a “basis” ofEy. Note that£ is the quotient space(M,G) x R™/ ~, where
the equivalence relationship is defined by the group action &M, G) x R™, that is,g: (u,v) — (gou,p(g) v),
whereg € G, u€ P(M,G) andv € R™ . DenoteE, to be the fiber o onx e M An important example is the frame

bundle of the Riemannian manifol¥1, g), denoted a®(M) = P(M,O(d)), and the tangent bundleM, which is the
associated vector bundle of the frame bur@(#) if we takep = id andm’ =d.

Denotel (£) to be the set of section§(&) to be the set of continuous sections, @fd«) to be the set ok-th
differentiable sections, whete> 0. With the above structure, we can rewrite a secoa I'(£) as aR™-valued
function fx defined orP(M, G) by

(U 1= U H(X (X)),
whereuy € P(M,G) and7i(ux) = x. The covariant derivative of € C1(&) in the direction is defined as

© Do X = Jim (107, (X(cn) ~ X (co)].

wherec: [0,1] — M is the curve on M so thaty = x, Y = ¢(0) and 1y, is the horizontal lift ofc,, to P(M,G) so that
(1) = x. Let //§ denote the parallel displacement frgnto x. Wheny is in the cut locus ok, we set//j = 0. We
know /@ = ror,;l whenhis small enough. We can better understand this definitioharirame bundl©(M) and its
associated tangent bundle. Takes C1(TM). First, we find the coordinate &f(c,) by rh’l(X(ch)), and then we put

this coordinate tox and map it back to the fibdgM by 1. In this way we can compare two different “abstract fibers
by comparing their coordinates.

Denotel (&), 1< p < « to be the set of P integrable sections, that i, € LP(&) iff [ |g®(X,X)|P/?dV < «. Denote
002 the Connection Laplacian over M with respecttoDenote byZ, Ric, ands the Riemanian curvature tensor, the
Ricci curvature, and the scalar curvaturgdf, g), respectively. The second fundamental form of the embegdis
denoted by Il. Denote to be the largest positive number having the property: trenamrmal bundle about M of
radiusr is embedded iiRP for everyr < 1 [20]. T > 0 since M is compact. In all theorems, we assume {Hak T.

2.2. Notations and Background of Numerical Finite Samples.To sample points from the manifold, we need a
notion of probability density function (p.d.f])I[9]. Letéhrandom vectoy : (Q,.#,dP) — RP be a measurable function
defined on the probability spa€e Suppose the range Xfis supported om(M) and let# be the Borel sigma algebra
of 1(M). Denote by & the probability measure of, defined on#, induced from the probability measurB.dAssume
that & is absolutely continuous with respect to the volume measaréM), that is, & (x) = p(i ~%(x))1.dV (x),
where from now on we assunpec C3(M). We call p(x) the p.d.f. of the random vectdtrwhose range is supported

Iwe may also consider representi@gnto U (n) if we take the fiber to b&™ . However, to simplify the discussion, we focus ourselves on
O(m') and the real vector space.
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on M. Notice the difference between this definition and tlaelitional p.d.f. definition. With this definition, we have
that for an integrable functioh: (M) — R :

Ef(Y) = /Q F(Y(@))dP(w) = '/I'M f(x)dBy (x) = /

Ji(M)

0PV (0 = [ T100)POIAV (1),

where the second equality follows from the fact thB¢ @ the induced probability measure, and the last one comes
from the change of variable. Wheris constant, we say the sampling is uniform; otherwise neifetm. It is possible

to discuss more general setups, but we restrict ourselvedéhis definition to simplify the discussion. To simplify
the notation, in the future we will not distinguish betweesndi (x) and M and (M) when there is not ambiguity.

Suppose the data point&™ := {x1,Xo,...,X,} C RP are identically and independently sampled fr¥mFor eachx;
we randomly picku; € P(M,G) so thatr(u;) = . To simplify the notation, we denotg := uy,, whenx € 2" and
//‘j = //§ij whenx;,x; € 2°. Denotennf dimensional Euclidean vector spatés := @Xiegng andEg 1= ®xc2 Ex.,
which represents the discretized vector bundle. NotelMthais isomorphic toE - sinceEy is isomorphic toR™ .
Givenav eV, =R™", we denotar[l] € R™ to be thd-th componentin the direct sum by sayiwit] = [v((| — 1)m+
1),...,v(Im)]T e R™ foralll =1,....n. Given aw € E -, we denotaw = [W[1],...,w[n]] andw]l] € Ex to be thd-th
component in the direct sum for &l=1,... n. Definel ,, to be them x midentity matrix.

We need a parametrization to realize the isomorphism betWgeandE ,. Define operatorBy : V4 — E4 and
BY, :Es — Vg by

BoV:i=[uV[l],...upv[n]] € Eg,
(10) BY,wi= [(u'w(1])T,... (uy *wln))T]T €V,
wherew € E»- andv € V4. Note thatB,T%- By v=vforallveVy. And we definedy : X € C(&) — E4 by
Oy X = [X(X1),...X(Xn)] € Eo .

Here d4- is interpreted as the operator finitely sampling the secXiaandB - the discretization of the action of a
section from M— P(M,G) onR™. Note thatB - is aimed to recover the point dg, from the coordinate[i] with
related touj, and the operat(B} is aimed to find the coordinates wfi] associated witly;. We can thus define

(11) X:=B 82X eVy,
which is the coordinate of the discretized sectxan

The following definitions are adapted from [29] to our segtin order to finish the spectral convergence proof. We
refer the readers t6 [29] for the more general definition.

Definition 2.1. Take a probability spac€,.%,P). For a pair of measurable functiohsQ — R andu: Q — R, a
bracket[l,u] is the set of all measurable functiofis Q — R with | < f < u. An g-bracket inL;(P), wheree > 0,
is a bracketl,u] with [|u(y) —I(y)|dP(y) < &. Given a class of measurable functi§n The bracketing number
NH(E,& L1(P)) is the minimum number of-brackets needed to covgr

We follow the standard notation definedin]29] to simplifgthroof. Define the empirical measure as

1 n
Pn = — d(‘ .
n iZl
Thus, for a given measurable functibn M — R or a measurable vector-valued functi®n M — R™ for m > 0,
12 12
Paf:i==S f(x), PhF ==Y F(X).
" n iZi " n i;
Then we define
Pf ::/ fx)p(X)aV(x) and PF ::/ F () POV (X).
M M

Definition 2.2. Take a sequence of i.i.d. sampl&s := {x1,...,X,} C M according to the p.d.fp. We call a clas§
of measurable functions a Glivenko-Cantelli class if
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(1) Pf exists for allf € §

(2) supPnf —Pf| — 0 almost surely when — co.
fes

To simplify the proofin Sectioh 5l 2, we introduce the follog notations. Fish > 0. Given a non-negative continuous
kernel functiorkK decaying fast enough, we denote

(12) Kn(X,y) := K(%) € C(M x M).

More general kernels can be considered, but we focus on thvedbrm to simplify the discussion. Then we define
the following continuous functions:

(13) / Kn(X,y)p(y)aV (y) € C(M),
(14) Mh(X,y) := Kg:? ;/) €C(M x M),

wheredy, > 0 approximates the probability density function definedtmnrhanifold andvi, can be viewed as a new
kernel. Note thatM indicates the “Markovian” behavior of the operator. When lae only finite samples, we

estimate[(IB) and(14) by

Gix) = n%lkgk#XKh<x,xk> eC(M),
Min(x,y) = K'l:&y) ECMx M),

wherex,y € M. Notice that the above kernels are not normalized, so timeumaformality of the p.d.fp(x) cannot be
ignored. In case we do not like the influence of the non—urritdity of p(x), normalizing the kernel is needed. Notice
that in the above definition we u%é—1 Y k-1x.x INstead of Yk, in order to avoid dependence. When- o, these
estimators are not biased by usimg 1. We deflne the foIIowmg function to estimate the p.d.f.:

(15) () == [ Kn(xy)pY)V () € OM)

wherepy(x) is an estimation of the p.d.f. & which is simply by the approximation of identify. Note trethough
the appearance df (IL3) arid[15) are the same, the roles thgwm different. In practice when we have only finite
samples, we approximafe {15) Pyn(X):

n

(16) Prn(¥) D Knlxx) €COM)
1x#

For 0< a < 1, we define the following p.d.f. adjusted kernel:

Kna (%) i= % €C(M x M)
dha(X):= [ Kna(xy)PY)QV(y) € CM)
Mha(X,y) = % €C(M x M),

wherekKj,  (x,y) is understood as a new kernel functior(aty) adjusted by the estimated p.d.f.xandy, that is, the
kernel is normalized to reduce the influence of the non-umifp.d.f.. In practice when we have only finite samples,
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we approximate the above terms by the following estimators.

72 . Kh(X,y)
(17) Khan(X,y) = 7Agn(x)ﬁﬂn(y) €C(M x M)
(19) chanl®) = 123 3 Kaanloon) M)
=1, X #Xx
(19) M an(%,Y) == th"’”(?)’()y €C(M x M).

Note thatdAh’o,,n is always positive by the assumption §f We mention that the notatiolﬁnlzh’a,n(x,-) should be

carefully understood sind?h,a’n(x, -) is itself a random variable. When we work with the proof, weathe following
“intermittent terms”, which play the role in estimating teeor bounds:

1 n ~(dha Kh.a (X,
G000 = =5 Y Kna(xx) €CM), M (xy) = KnaY) ¢ cm x ).
o n-— k=1 X#x o dh,a,n(x)

3. VECTORDIFFUSION MAP ALGORITHM

Take an undirected affinity gragh = (V,E), whereV = {x}!' ; and fix am’ € N. Suppose we have assigned the
edge(i, j) € E a scalam;j; > 0 andg;; € O(n'). We callw;; the affinity betweenx; andx; and callg;; thetranslation
groupbetweenvector statu®f x; andx;. Construct the followingn x n block matrixS, with m’ x m’ entries:

1) — W'JgU (|,J)€E,
20 = U
(20) Sh(i. ) { Odxd (i,J) ¢E.
Notice that the square matrg, is symmetric sincevi; = wij; andgﬁ = gji. Then define & x ndiagonal block matrix
D, with m' x m' entries, where the diagonal blocks are scalar multiplebefdentity matrices given by

(21) Dn(i,i) = z Wijlpy.
j:(i)eE

Thegraph Connection Laplaciaand thenormalized graph Connection Laplaciamne defined by [26.11]

Dn—%. In—D;'S
respectively. Note that the mati, 1S, is an operator acting one RO

WOV
22) (Dglsnv)[i] _ 2iii.))eE IJg.I-J j
2 j:(i,))eE Wij

which suggests the interpretation ﬁl& as a generalized Markov chain with the random walker (eiffusive
particle) characterized by several statuses. In other sya@garticle at is endowed with a vector status represented

by am'-dim vector, and at each time step it can move fidmj with probability%. If the translation group is
(B

J)eE
trivial, these statuses are separately viewedidsinctions defined ofis. Notice thSJl)t the graph Laplacian is a special
case in the way that! = 1 andg;; = 1. However, ifm’ > 1 and we have a non-trivial relationship between the vector
statuses of particles drand j characterized by the translation group, we may want to takéd account — when a
particle moves, its status must change according to thslaton groupgij. Thus, if a particle with a vector status
vi € R™ moves along a path of lengtiiromi to j containing vertices ji,. .., ji_1, j so that(i, j1) € E, (ji_1,]) € E
and(ji, ji+1) € Eforl =1,...,t—2, when the particle arrives its vector status is influenced by a series of rotational
groups along the path froirto j and becomeg; j, ,---0j,,j;Jj;,iVi- In case there are more than two paths fiicim
i, we may get cancelation while adding transformations dédént paths. Intuitively, “the closer two points are” or
“the less variance of the translational group on the path#hie more consistent the vector statuses are betivaad
j- We can thus define a new affinity betweesnd j by the consistency between the vector statuses. Noticertbat
matrix (D, 1S,)2(i, j), wheret > 0, contains the average of the rotational information opaths of length 2from i
to j. Thus, the Hilbert-Schmidt norm ¢D,1S,)2(i, j), (D, 1Sh)2 (i, j) ||, can be viewed as a measure of not only
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the number of paths of lengtht #om i to j but also the amount of consistency of the vector status. €foes, we
define a new affinity betwedrand j by considering|(D,S,)2(i, j)||3s:

To understand this affinity, we consider the symmetric méﬁﬁi: Dﬁl/z&Dﬁl/z which is similar tngl&. Since
S, is symmetric, it has a complete set of eigenvectors,, ..., v,y and eigenvalues;, Ay, ..., Anny, Where the eigen-

values are ordered b\y > A2 > ... > A, Adirect calculation of the HS norm éﬁt(i, j) leads to:
nnt

(23) 18 )ls = > AP v (@), ve (1)) (v (), ve ()

l,r=1

The right hand side qfé?(i, j)|I2,s leads us to define theector diffusion mappin/DM) i : G — R(M)? by

(24) Vet () () ve ()M,

With this map,||§,12t(i, j)||IZ,s becomes an inner product for the finite dimensional Hilbeatce, that is,

P . . .
1S5 G i) IEs = (W (i), W (i))-
We thus define the new affinity between nodasd j, referred to asector diffusion distanc@/DD), by
(25) dvoo 1(i, ) == M) = V(D)%
Furthermore, by a direct calculation we know thiat < 1 due to the following identity:

v(i] Wij Gij V[j]
VILEeEWI /Y1) heE Wi
foranyv e R"™ . Note that we cannot guarantee that eigenvalu& @fre non-negative, and that is the main reason
we definev through||§n2t(i, j)||I4s rather thad|§tn(i, DIZs

Vi(Ih£S)v=
(i,))eE

We now come back tﬁ)glsn. The eigenvector dDglsn associated with eigenvalugisw = D Y2y;. So we define

another VDMV, : G — R("? py

Vi ((,\|/\r)t<w|(i),Wr(i)>)R?L1,

so thatV{/ (i) = #(EILW” In other words), maps the data set in a Hilbert space upon proper normalizhtighe
vertex degrees. The associated VDD is thus defing/as) —V/(j)||?. For further discussion about the algorithm
and the normalization, we refer the readers to [26].

4. UNIFY VDM, ODM, LE AND DM FROM THE PRINCIPAL BUNDLE VIEWPOINT

We state some known results relevant to VDM, ODM, LE and DM sif the results that have been obtained are of
two types: either they provide the topological informatadvout the data which is global in nature, or they concern
the geometric information which aims to recover the locéimation of the data. Fix the undirected affinity graph
G = (V,E). When it is built from a point cloud randomly sampled from @&iRannian manifold : M — RP with

the induced metrig, the main ingredient of LE and DM is the Laplace-Beltrami igper Ag of (M, g) [10]. It is
well known that the Laplace-Beltrami operaty provides the topology and geometry information about M [Eir
example, the spectral embedding of M into the Hilbert sp&tgifeserves the geometric information of M and the
dimension of the null space @ is the 0-Betti number of M. In the principal bundle setdy,is associated with
the trivial line bundle. If we consider a different bundleg wbtain a different Laplacian operator, which provides
different geometric/topological information [13]. Forample, the core of VDM considered in [26] is the Connection
Laplacian associated with the tangent buridié, which provides not only the geodesic distance among ygaoints
(local information) but also the 1-Betti number mixed wittetRicci curvature of the manifold. In addition, the notion
of synchronization of vector fields di accompanied with translation group information can beyareal by the graph
Connection Laplacian[1].
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4.1. Principal Bundle Setup. As the reader may have noticed, the appearance of VDM is alim@same as that of
LE, DM and ODM discussed in[2] 8, 10,114,125]. This is not a caience if we take the notion of principal bundle
and its connection into account, based on which we unify VIONAM, LE and DM in this section.

We make the following assumptions about the principal beisdtup.

Assumptiot.1.  (Al) The base manifold M isl-dim, smooth and smoothly embeddedRR via 1 with induced
metricg from the canonical metric akP. If dM £ 0, we assume that the boundary is smooth.

(A2) Fix a principal bundle’(M,G) with a connection 1-formw. Denotep to be the representation & into
O(n') wherent > 0 depending on the applicatiinDenotes := £(P(M,G),p,R™) to be the associated
vector bundle with a fiber metrig® and the metric connectidi®

(A3) The probability density functiop € C3(M) is uniformly bounded from below and above, that isy @m <
P(X) < pm < .

The following two special principal bundles and their asasted vector bundles are directly related to ODM, LE
and DM. The principal bundle for ODM is the non-trivial ortation bundle associated with the tangent bundle of a
non-orientable manifold M, denoted B§M, Z,), whereZ, = {—1,1}, and its associated vector bund|e58°M =
&(P(M,Z),p,R), wherep is the representation &, so thatp satisfiesp(g)x = gxfor all g € Z, andx € R. Note
thatZ, = O(1). The principal bundle for LE and DM B(M, {e}), where{e} is the identify group, and its associated
vector bundle igfP™ = £ (P(M, {e}), p,R), where the representatignsatisfiesp (e)x = x andx € R. In other words,

it is the trivial bundle on M. Note thate} =~ SQ(1).

Under the manifold setup assumption, the sampled datdysatis

Assumptiot.2  (B1) We sample a data cloud” = {x;}]! ; from M according to the p.d.fo(x) under Assumption
4I(A3).
(B2) For each € 27, sampley; € P(M,G) according to a uniform distribution ov& so thatr(g;) = x. Denote
7 ={u ‘RM Ex 1

The kernel and bandwidth used in the following sectionsati

Assumptiod.3. (K1) the kernel functiork € C?(R™) is a positive function so that igfp+ K(x) = & > 0. Further-
more,u™ := fra ||X|'K®(||x||)dx, wherek = 0,1,2,1 € NU{0}, andK ¥ means thé-th order derivative of
K. We assumquéo) =1
(K2) We assume that@ v'h < min{z,inj(M)}, where in]M) is the injectivity radius of M.

4.2. Unify VDM, ODM, LE and DM. Suppose Assumptidn 4.1 is satisfied and we are gi#érand ¢ satis-
fying Assumption[4P. The affinity graps = (V,E) is constructed by the following way. Také = 2" and

E = {(x,%])|%,Xj € 27, |x —X;j|lge < Vh}. Under this constructiofs is undirected by nature. The affinity be-
tweenx; andx; is defined bywij := Ky q.n(X,Xj), whereK is the kernel function satisfying Assumptibn4.3. The
translation groum;; betweerx; andx; is constructed fron’ by

(26) g = 1/ ;.
With the affinity graphs, the weight;; and the translation groug;, define the followingn x n block matrixPp 4 n
with m' x m’ entries:

TSN E:

2\We restrict ourselves to the orthogonal representatiorrderado obtain a symmetric matrix in the VDM algorithm. Inded the translation
of the vector status fromg to x; satisfiewjlui, whereu;,u; € P(M,G) andri(u;) = % andmi(u;j) = X;, the translation fronx; back tox should
satisfyu;uj, which is the inverse aﬁflui. To have a symmetric matrix in the end, we thus neﬁﬂ.li = (uu))T, which is satisfied only when
G is represented into the orthogonal group. We refer the readeAppendi/ALL for the reasoning based on the notion oheotion.

3in generalp can be the representation &finto O(m') which acts on the tensor spa&'@(R”{) of type (r,s) or others. But we consider
R = T&(R™) to simplify the discussion.
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Notice that the square matrB, o, is symmetric sincevij = wji andg;; = g} Then define a x n diagonal block
matrix D with m' x m' entries, where the diagonal blocks are scalar multiplesefdentity matrices given by
(28) Dhan(ii) = S Wil = dhan(lm-

j:(i.)eE

Takev € R™ . The matrixD; . Ph.q n is thus an operator acting by

h,a.,n

ZTzl j£i l/{h.ar‘n(xivXJ')giJ'VJ' 1 Lo
(29) (D& nPhaaV)[i] = S = = Mn,an (X, X} )i} Vi
o 3 -1z Knan(Xi %) ”_11:12,1#

With the eigenvalues and eigenvectorsnﬁé/ﬁPh’a,nD,;i/ﬁ, the VDM and VDD are defined in the same way as that

of (24) and[(2b). Recall that we interprgtas a linear mapping from @™ to Ex; and viewX; := ujflx(xj) eRMas
the coordinate oK(x;) € Ey; with related to the basisj; also recall the notatioX := B0, X defined in[(11). Then,
consider the following quantity:

Di g nPhan—In_y . n .
(ChanPran—nyy, :niljlz#i'v'“’““(’“ )¢ (@X[J] ~ X[)
(30 =1 3 Mhanlo) X 0) - X))
J=1]#i

Note that geometrically;; is closely related to the parallel transport fragrto x;. Indeed, by rewriting{(9) as

1
1 : 1 1
(31) Ty OegX ZFLILT]OE{Th X(ch) — T "X(Co) }

we see that the right hand side is exactly the term appearif@0) by the definition of parallel transport. As will be
shown explicitly in the next section, the VDM reveals theoimhation about the manifold by accumulating the local
information via taking the covariant derivative into acotu

We unify ODM, LE and DM into the principal bundle framework bgnsidering the special cas¢§®™ andsPM.
For ODM, we conside#©PM. In this case¥ is {u°PM}1_, | the fiberEy are isomorphic t&® andu®®M : R — E;. The
translation groupj;”D'\’I betweerx; andx; is constructed by

1
(32) glCJ)DM _ ulODM u?DM

Note that in practice we samph?D'V' from sampling the frame bundle. Indeed, giverandu; € O(M) so that

m(ui) = X, u?DM is defined to be the orientation of. Define an x n matrix with scalar entrieﬁ’ﬁgf‘ﬂ:
PODM( J): WIJQSDM (ivj)EEa
o 0 (i,j) ¢E.
and an x n diagonal matrixDyg:
DRan(ii) =y wi.
j:(i,])€E
It has been shown i [25] that the orientability informatiohM can be obtained from analyzir@ﬁ?’?ﬂflPﬁ?'}]".

Furthermore, we get the orientable diffusion map (ODM) Hirtg the higher eigenvectors @7} lPﬁ?’;{' into

account. We will prove in AppendixX’Al4 that any smooth, ctbs®n-orientable manifoldM,g) has an orientable
double covering embedded symmetrically insikié for somep € N. Combined this fact with the spectral conver-
gence theorem that we will discuss later, we theoreticabyify the claim in[[25] that ODM can help reconstruct the
orientable double covering.

For LE and DM, we considefPM. In this casen’ = 1. Define an x n matrix with scalar entneB’h an'

N (i,]) € E,
Phan( J)—{ 0J (i,j)%E.
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and an x ndiagonal matmDh a.n
Dhorn(I )= Z Wij -
5:(i,])€E
Note that this is equivalent to ignoring the translationugrin each vertex. Note thﬁlh 0. M PR%’!n is the well-known

graph Laplacian. W|tIDh an Ph o.n We can work with diffusion map which leads to dimension reauc Recall that
when we studied DM, we do not need the notion of translatiomgr This actually comes from the fact that functions
defined on the manifold are actually sections of the triviaidie of M — since the fibeR and M are “decoupled”, we
can directly take the algebraic relationship®into consideration, so that it is not necessary to mentierbiimdle
structure.

To sum up, we are able to unify the VDM, ODM, LE and DM by takihg principal bundle structure into account. In
the next sections, we focus on the pointwise and spectratkcgance of the corresponding operators, which justifies
the definition of the VDD.

5. POINTWISE AND SPECTRAL CONVERGENCE

With the above setup, we now do the asymptotic analysis uAdsumptiori 4.1 and Assumptién #.2. In the whole
proof, we systematically use a universal consRt> 0 to bound|p)||w, | = 0,1,2,3, the volume of M, the volume
of dM, the curvature of M an@M and the second fundamental form introduced by the embgddias well as
their first few covariant derivatives. By assumptiBp is finite sincep € C3, M, dM and | are smooth and M
is compact. From equation to equation, the exact constaigfist change, but we always us®, to bound them.
Also, we adapt the modified Landau notation to simplify thegfr the notationrX = O(C;,Cy,...,C«)Y means that
IX| < max{Cy,Cp,...,C}Y, whereC; > 0.

Definition 5.1. Define operatord 4 : C(&) — C(&) andTh 5 : C(&) — C(&) as
ToaX(¥) = [ M (3030 /X (09POOAV ()

n

fh,a,nx (y) = I\zh,or,n (¥:%j) //¥J X(xj)

n- 1 X[ 7Y

5.1. Pointwise Convergence We first show that asymptotically the matﬁ)gé »Ph.a.n behaves like an integral op-
erator. -

Proposition 5.1. Suppose Assumptidn 4.1, Assumptionl4.2 and Assumpfidn dl® hFor X € C(&£’) and for all
i =1,...,n, with high probability (w.h.p.) we have:
IS log(n)
(BJ”Dha nPh,a,nX)[l] = Th,a,nx( i) =Th, ax( i)+ O(Ru, [|X][e )Wa
whereB - is defined in[(ID) anX is defined in[(IM).
Here the logn) term shows up due to the normalization of the non-uniformgamg. Indeed, while normalizing the

non-uniform sampling by{19), we introduce dependence hamdiling this dependence is the resource of thérlpg
term. Next, the integral operat®s , can be viewed as an approximation of identity in the follayvgense:

Proposition 5.2. Suppose Assumpti¢n 4.1 and Assumption 4.3 hold. Fog &M 4 andX € C*(&) we have

. 1-a
TraX(X) = X() + hgé (sz() 2Dx(xF))1Da((r:() )(X)

whereOX (%) - O(pt ) (x) :== 38 4 O X0z (P 9) and{4 }"_, is an normal coordinate aroumd whenx; € M f

)+0<RM X3 )2

(33) ThaX(X) = X(X) + %PX,XOD@X(XO) +O(Ru, [X?|a)h,
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wherexo = argmin. s d(x,y), m} andnj are constants defined in(A]23) and (A.24), akds the normal direction
to the boundary atp.

The proofs of Proposition 3.1 and Proposition] 5.2 are posfddo the Appendix. These Propositions lead to the
following pointwise convergence theorem.

Theorem 5.1. Suppose Assumptidn 4.1, Assumption 4.2 and Assumpfidnala MVith the same notations at those
in Propositiof 5.2, for alk ¢ M 4 andX € C*&), w.h.p.

20X(x) - O(p* =) (%)
P (%)

d+2

}+0<RM,||x<3>|m><h+n%h )

h-1(D; 2

h,a,n

PhanX —X)[i] = g—;ufl {sz(xi) +

In particular, we obtain the Connection Laplacian by

i i b1y (D1 _ )il = H2 2y
L'L"or']!”!oh Ui (D1 nPh1nX X)[l]_ZmD X(%).

Forallx € M\/ﬁ, we have w.h.p.

(34) (Dp g nPhanX)[i] = p(g) P <X(x0)+ %Dadxm)) +O(Rw, [ X?|w) (h+n"2h~ 7).

Note that the dominant term iﬂlSél)]'{/mB, is of orderyv/h, which asymptotically dominatds A consequence of
Theoreni 5.1l and the spectral convergence theorem in theseetion is that the eigenvectorsﬁinPh’l’n —Inare
discrete approximations of the eigen-vector-fields of tbar@ction Laplacian operator with homogeneous Neumann
boundary condition that satisfy
(35) { 02X (x) = —AX(x), forxe M,

Og,X(x) =0, for x e oM.

5.2. Spectral Convergence.As informative as the convergence results in Thedreth 5.1they are pointwise in
nature and are not strong enough to guarantee the speatredrgence of our numerical algorithm so as to guarantee
the information provided by VDD. In this section, we expldhés problem and provide the spectral convergence
theorem. We denote the spectrum@f by {=A1}]2p, where 0= Ag < A1 < ..., and the corresponding eigenspaces
by E) :={X € L?(&) : 0?°X = —AX},1 =0,1,.... Itis well known [13] that dinfE;) < o, the eigen-vector-fields are
smooth and form a basis fof(¢), that is,L*(¢€) = Bicnu(o) B, Where the over line means completion according to
the measure associated wghTo simplify the statement and proof, we assume #hdor eachl are simple and is

the normalized basis & [ Note that in generalg may not exist, for examplé&’ with the standard metric. The first
theorem stating the spectral convergencéﬂ;‘]finPh,lvn)t/h to &7, Note that in the statement of the theorem, we use

fh,l,n instead ODR},nPh,Ln- As will be seen in the proof, they are equivalent under prog@asformation.
Theorem 5.2. Assume Assumptidn 4.1, Assumption}4.2 and Assumption 4 fix t > 0. Denotel j hn to be the
i-th eigenvalue of,f(fn with the associated eigenvectr, n. Also denotgy j > 0 to be the-th eigenvalue of the heat

kernel of the Connection Laplaci:ﬂaW2 with the associated eigen-vector fisdd. We assume that ; are simple and
both i nn @andpk i decrease asincreases, respecting the multiplicity. Fig N. Then there exists a sequerige— 0
such thatn liML i hon = L andnlim [ hnn — YiiillL2(6) = O in probability.

T, , MY b, ;

Note that whem < oo, L j h,n» may be negative byt j is always non-negative. The second theorem stating theérapec
convergence dfi (D1 \Pn1n— ln) to 0%

Theorem 5.3. Assume Assumption 4.1, Assumptionl4.2 and Assumptioh 4@ zenoteA; n , to be thei-th eigen-
value ofh*l('fh,l’n — 1) with the associated eigenvec, ,. Also denote-A;, whereA; > 0, to be the-th eigenvalue
of the Connection Laplaciai? with the associated eigen-vector fi{d We assume tha; are simple and botthi

“When any of the eigenvalues is not simple, the statement mud @re complicated by introducing the notion of spectrajgxction [8].
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and; increase asincreases, respecting the multiplicity. Rix N. Then there exists a sequertge— 0 such that
I!mn Aipon = Ai andnim 1% n — Xi |||_2(5) = 0 in probability.

Note that the statement and proof hold for the special casex@mted with LE, DM and ODM. To prove Theorgm|5.2
and Theorerh 513, we need the following Lemma. This lemmangisdly takes care of the pointwise convergence of
a series of vector fields in the uniform norm on M.

Lemma 5.2. Suppose Assumptidn 4.1, Assumptionl4.2 and Assumpfidnré.8aisfied. Denote
(36) c@h = {Kh(X,'),XEM},
(37) %’a = {Kh’a(x, '), X e M},

Then the above classes are Glivenko-Cantelli classes. Xak€(&'), take a measurable sectign: M — P(M,G)
and denote

(38) X Mha = {Mna(x)000) /X (), xeM |
as aR™ -valued function class. Then the above classes satisfies
(39) sup  [|[PpW —PW/||prw — O

WeX .t o

a.s. whem — oo,

The above notations are chosen to be compatible with thaxmattation used in the VDM algorithm. Notice how
(39) mimics the definition of the Glivenko-Cantelli classes

Proof. We prove[(3D). The proof of (36) anld (37) follows the samedijra see[[30, Proposition 11]. Fixe M. It is
well known that we can find a measurable funciigpnM — G so that the sectioq:= go0y, whereq(y) := ax(y) o do(y)
for ally € M, is discontinuous on the cut locusxfwhich is a set of measure zero. Define RiB-valued function

W(y) := Mn.a (%, Y)a(x) " /3X(y)

is thus also discontinuous. Sin¥ee C(&£), M is compact,J¢ is metric andg(x) : R™ — Ey preserving the inner
product, we know

Mkl < &KL= la() ™~ AX W) e = &K L= [ X e,
where the first inequality holds since sypy [Mnq (X,y)| < & Y|K||L» by Assumptio4]3. Under Assumptibn¥.1,
Ox is isometric pointwisely, s&X - .#h 4 is uniformly bounded.

Fix x € M. We now tackle the vector-valued functid, component by component. Dentg = (fy 3, ..., fyw) and
fix j = 1,...m. Consider the functional set

foj Mg = {Mh’a(x,-)fx,j(-), X € M}.

Fix € > 0. SinceX - .« is uniformly bounded, we can choose fingebrackets|l; i, u; ], wherei = 1,...,N(¢),
ljj anduj; are continuous and independentofso that its union containgj - .#h o andP|uj; —1;;| < € for all
i=1,...,N(j,&). Then, for everyf € fy-.# g, there is a brackst; |, u; ] such that

|]P’nf —]P’f| < |Pnt7| —]I”uj7||+]P|uj,|(y) — f(y)| < |]P’nuj,| —PUJ,||+£.
Hence we have

sup |Phf —Pf|<  max [Pauj;—Puj|+e,
fetyjMa i=1,...,N(j,&)

where the right hand side converges almost surelytiy the strong law of large numbers and the fact thg €) is
finite. As a result, we have

e e
PaW — PW| < sup |P,f —Pf| < max  |Ppuj; —Puj,|+ne,
| " | JZlfgfo.ﬁ//hva' " | |Zli:l,...,N(j,£)| = J'|
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so that SUR,cx.. 4, , IPnW — PW| is bounded byn'e almost surely as — «. Sincen is fixed and is arbitrary, we
conclude the proof. O

With the Lemma, we can now finish the proof of Theofen 5.2 aneoféni 5.B.

Proof of Theoreri 5]2 and Theoréml5Bhe proof consists of 3 steps. The boundary, the nonunifammpéing and
the bundle structure are taken care simultaneously.

Step 1: Relationship betweerD; * Ph.a.n and 'ﬁw,n.

h,a,n

We immediately have that
n

(B2 0y Th anX)li z n (%, X //xI X(xj) (Dh a, nPh.a.nX)Ii].
=1,

Next we understand the relationship between the eigectanel of ng‘égg‘fh’a,n and D,{é‘nPh,a,n. SupposeX is
an eigen -section o'ﬁm n with eigenvalueA. By a direct calculation we kno = B4 84 X is an eigenvector of
D L Ph,q n With elgenvalue\ Indeed, for ali = 1,.

1 n
n— 1

h,a,n

(Di;a nPh.a.nX)[i] = I\//l\h,or,n (Xivxj)url//ﬁjx(xj)

A

—u z 2 06,%) S X0) = U M X(6) = Aty X 06) = AXIL
=1,

On the other hand, given an eigenveataf h*l(Dgé nPh.a.n — Ina) with eigenvalue\, that is,
n
(40) (Dp, g nPha.aV)l] Z n (%, %)) Ui /i ujvj = (1+hA)Vi].
=T
WhenhA > —1, we show that there is an eigen-vector f|eldh0¥(Th,a’n — 1) with eigenvaluel. In order to show this

fact, we note that iX is an eigen-vector field df*l('IA'h’o,,n — 1) with eigenvalue\ so thathA > —1, we have

X(X) o 'IA'h’o,’nX(X) o nTl]_ ZT:l-,Xj?éX Mh,a,n (X7 XJ) //iJX(XJ)
- 1+ha (1+hA) ’

which can be rewritten as
nTl12T:1,j7éi Mh,a,n(Xiaxj)//§ijujuj71X(XJ) = 121 1,j#i Mhan(xu XJ)//XJU X(j ]
1+hA N 1+hA
The relationship in[(41) leads us to consider the vector field
nTll 2?:1,j7éi mh,a,n (X Xj) //ij ujv(j]
1+hA

to be the related eigen-vector field associated wiffio show thaky is indeed an eigen-vector field Im‘l('IA'h’o,,n -1,
we directly calculate:

(41) X(x) =

Xv(X) :=

n
Th a, nxv Z y7 Xj //xJ XV(XJ)
1xj#

n 71 2k=1Mhan (X X VK
ZX n (Y %)) /% (n712k71 h,1,+()r:JAXk)//Xkukv[])
1

L z i (900) /2, (L-+ DA U] = (1 1A )Xe(y),

H ‘
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which leads to the fact thag, is the eigen-vector field df*l(fh a,n— 1) with eigenvaluel sincehA > —1.

The above one to one relationship between eigenvalues gedfanctions ofrha n and Dha nPhﬁ,n allows us to
analyze the spectral convergencer:fa nPh.a.n 10 Th o by analyzing the spectral convergencd @,g’n t0 Th q-

Step 2: compact convergence 3ﬁ,a,n t0Thg.

We start from the definition of compact convergence of a sefeoperatord[8, p122] adapted to our setup. We say
Than:C(&) — C(&) compactly converges t, o : C(&) — C(&) if and only if

(C1) 'IA'h’o,,n converges tdh ¢ pointwisely, thatis, for alX € C(£’), we havq\fh,a’nx —ThaX][L2 () — 0 asn — «;

(C2) for any uniformly bounded sequen¢¥ : || X ||.= < 1}, € C(&), the sequencé(Than —Tha)Xi }2, IS
relatively compact.

We prepare some bounds for the later use. Under the Assumi@fipfor alln € N andx,y € M we have the following
simple bounds:

(42) 6 < [Phn(X)] < [[K]l=,

(43) SKIIEEY < [Knan(xy) < 8 2K]|L=,

(44) 8IKII3* < [dnan()] < 82 [K]Le,

(45) S K|L 2 < Mg n(xY)| < 8127 K[,

Now we show (C1). By a direct calculation we have

[ ToanX = TnaXlle(s) = || PaMinan() /X () = PMia () 12X ()

L2 (&)
(46) < ‘ PoMn g n(Y:-) /X () - Mhd.?,‘é () P7X () L=(8)

(47) + [ Ba s 07X~ BeMna )X O L,

(48) + } Pthﬁ(y, )//yx() —]P’th(y, )//yx() Lo (&)

Rewrite [48) as SUpcx.. 4, , [IPaW — PW|[gm. By Lemm&5.2,[(48) converges to 0 a.s.. The convergen¢e@piceh
be seen directly by

<Xl K I8 1R, a.n(%,Y) = Kna (%, Y) Lo < X L= K] [£

h a, n(X Y) Kh,a(xv y)

dh,a,n(x)
1 1

e (BT, (Y)  PE(XPE(Y)
2a||X||L=||K]|28 2a||X||L||K]|28

Szt IPha(¥) = Pa(¥)Le < Wfﬁ%|‘Pnf—Pf”,

Painn()/YX() = Bl b5 ()X O) |, < X |

L L®

L

where the second last inequality comes from the Taylor'saegn and the bounds @f,(x) and pnp, that is,
[Phn(Y) "% — Pr(Y) %] < a(Phn(Xi) — pn(y))d 9 1. By Lemmd5.R,[(46) converges to 0 a.s. To get the convergence
of (41), we do the following calculation.

1 1

’ dAhﬁ,n(x) - h,a (X)
<X K[ 22700 (X) — Do (X)L < [1X [ | K[ 227 0O, (X) — G (X) |-

Pl () /X ()~ PaMna ()X )|

< XL |[K] e

L
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We bound the last term by
16k, a.n(X) — o (X)[L= < [IGh,a.n(x) — G () L= + |G (%) = A (%)=

< [Knan(xY) = Kna (%)= + sup [[Pok—PK]| <

ke h a

2a
sup IPnf —Pf||+ sup ||Pnk—PK]||
53a+1 n ke Fha n
which convergesto 0 a.s. as—+ « by Lemmd5.D.

Next we check the condition (C2). Sing, is compact, the problem is reduced to show ffm,tnxn is pre-compact
for any given sequence of vector fieldXi,Xp,...} C C(&) so that||Xy||.» < 1 for all n € N. We count on the
Arzela-Ascoli theoren 11, 1V.6.7] to finish the proof. A dit calculation leads to

||K||1+ZC{

S “Stiaa

11 Z Mh,an (¥ X)) /% %n (%)

Sup”ﬁw,nanLm(, = Sup
n>1 ity

L=(&)

where the second inequality comes frdm](45), which guaemrtige uniform boundedness. Next we show the equi-
continuity of T, o nXn. For a given pair of close pointse M andy € M, a direct calculation leads to

~ ~ 1
||Th,a,nxn(Y)—//¥Th,a,an(X)H: Z Mh,a.n(%:%) /% Xn(X)) — /%= _1 Z Mh,a.n(%,%) /% %n (%)
J Lxj#y j=1Xj#x
<%l S Whano) = S Wnantx)]| < [Mhani) - Maan(c)
= L®(&) || m h,a, A — h,a, s A = h,a, ;7)) — Wlha, 9" o )
(&) _1j:1,XJ7éy a,n n_lj:lvxj# a,n an an Lo (M)

where the last inequality comes from the Holder’s inequalMote that by Assumption 4.3 ang the compactness of
M, Pnn is uniformly continuous on M and is uniformly bounded fromdwe by (42). ThereforeKp 4 » is uniformly
continuous on Mk M, and henceﬁva’n is uniformly continuous on M and is uniformly bounded fronidve by (44).

As a resuItJ\A/Ih,a’n is uniformly continuous on Mk M, which implies the equi-continuous @fh,a’nxn}nz,\,.

Since the compact convergence implies the spectral coemneeyse€ [8] o [30, Proposition 6]), we get the spectral
convergence of g n 10 Th 4.

Step 3(A): Spectral convergence ofy 1 whendM = 0.

We assuméél = 1 to simplify the notation. Fix > 0. For allx € M, by Propositiof 52 we have uniformly

w:mzmwomnx luogey)h.

By the Sobolev embedding theofy |22, Theorem 9.2], we know
3 d/4+2
14 o) < IXlerzeage) < T2 ey = A4,

where we choosé/2 + 4 for convenience. Thus, in thé sense,
‘ ThaX — X

. O(Rm)h)\|d/4+2,
so that onby<| Ey the following holds

— %X

L2(8)

(49) Tha = 4+ hO?+ O(Ru)h?A Y ++2,

Next we showTh/1 converges t&@"” fort > 0 ash — 0. Whenh <5 I+ hO? is invertible ond<| Ex with norm

1 < |1 +h0?|| < 1 and we have

(I +hO2)YNX = (1=t +t2A2/2—thAZ/2+..)%
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by the binomial expansion. On the other hand, we have
X = (1—tA +t2A2/2+ .. )X

1 .
Therefore, wheil < — we have orby<| Ex

2A
(50) &% = (1 + hO?)V" + O(1)tha 2.
Furthermore, for ang > 0, if Bis a given bounded operator with noiffB|| < 1, then we have
(51) 1(1+B)>— 1 = s(1+1B]))*> |||

Now we put the above together. Hix> 0. Takeh < 2% small enough so that
(52) [ Tha —1 —hO?|| < 1/2,

Then we have ovepy< Ex:

th

o2 — €% = || (1 + hO2 4+ O(Rw) A *H )/ — (1 - hi?) O(l)th/\|2H

/h

IN

1+ o)

‘ [l +(1+ hDZ)*10(RM)hZ/\|"/“+2}t —1 - O(1)thA?

/h

(
<[ [r+0+ hDZ)*10(FaM)h?/\|"/4+2}t — 1 O(LthA2

—

20(Ru)PAY 4 2(1+ 20(Ry)h2A 4 F2)Y-1 L O(1)th?

<thA? (O(RM)(1+ 20(Ry)h2AY 442yt /np 474 0(1)) ,

. . - 1
where the first equality comes froi {49) andl(50), the secoeduality comes from the fact that< o and
[

the third inequality comes froni (b1) and {52). Thus, whés large enough, we haW{aTr:)/lh - etE'ZH < O(Rw)(1+

20(Ru)h2A Y+ 2)Ntha @442 we can thus choose much smaller so thaih”*"? < h'/2, which is equivalent to
A < h=2/(4+8) "and hence reach the fact that

ITw" — €7 < O(Ru)(1-+ 20(Ru) A4 2)1/Pe/2
oNJh 1= D).y, _p-2/(¢+8 Bl Sinceh?A*"2 < h3/2 under the assumption, &s- 0, we get(1+20(Ry)h2A %/ 42)t/n
is bounded and hence we conclude the spectral convergeﬁ'é/é'while the boundary is empty.

Furthermore, foX € J4, [|X|| 2. = 1 andt = h, we have

(T = X = 02| 2 < [0 (T2 = €)X

—1/ h02 2
L2(c§")+Hh (€ — 1)X — 02X

L2(&)
(53) <O(Ru)(14 20(Ry)hPAY* A)h12 ¢ |hY(e M — 1) 4 ).
Thus, ah — 0, h 1(Th1 — 1)X converges ta1?X in L%(&).

Step 3(B): Spectral convergence ofy, ; when dM # 0. We follow the same notation as that in Step 3-1. Fix 0.
By Propositior 5.11 and the Sobolev embedding theoryxtoM\M ., we have

Ts,lxl (X) - X| (X)
h
forxe M, by the Neuman’s condition, we have

ThaXi (X) = P X (60) + O(C, | 12X [le)h = Pexp X (X0) + O(Ru )AL 4732

= 02X (X) + O(Rw)hA Y/ 4¥2;
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Thus, in theL? sense,

ThaX =X 02X, _ O(m)h1/4/\|d/4+3/2,
h L2(#)
which implies that orby<| Ex, we have
(54) Tha = | + hO2+ O(Ry)h¥4A /4372

To showT,E{lh converges t@"” fort > 0 ash — 0, note thatl{50) and{51) still hold. Take< 2—}“ small enough so that

(55) [ Tha —1 —hO?|| < 1/2,
Then we have ovesdy | Ey:
ITws" = €71l = || (1 + hO2+ ORw) AN 2 — (1 4-h2) " — o(1)tmA?
_ t/h
< H [l +(1+h?) 10(RM)h5/4AId/4+3/2] —1-O(1)thA2

< th“2 %2 (O(Ru)(1+ 20(Ru)h®/ A%+ /21 R% 1 o(1)0 %)

where the first equality comes frofn_{54) ahdl(50), the secoaduality comes from the fact thht< 2—}“ and the
third inequality comes from[(31) anfl (55). Thus, wheis large enough, we ha\deT,:flh —e‘DZH < O(Rw)(1+

20(Ru)h®/47 Y/ #+3/2)t/htpt/43 /47312 \we can thus choose much smaller so thatt/4A%*"3/2 < h1/8, which is
equivalent to\; < h~%/(20+12) and hence reach the fact that

|‘T[:7/1h_ etDZH < O(RM)(1+ZO(RM)h5/4)\|d/4+3/2)t/hth1/8
ONI 1= Dy, —p-v/(2s+12 B 5inC@h5/4)\|d/4+3/2 < h%8under the assumption, bs- 0, we get(1+ ZO(RM)h5/4/\|d/4+3/2)t/h
is bounded and hence we conclude the spectral convergeﬁ%?ﬂhen the boundary is not empty.

Furthermore, foX € 4, ||X|[ 2. = 1 andt = h, we have

1™ (Tha = )X = 0| 2 < thl(Th,l —¥)x

+ thl(ehDZ ~1)X — 02X
L2(&)

L2(£)
< O(Ru)(14 20(Ry)h® AV 3/2)p1/8 L ihYe M 1) 4 ).
Thus, ah — 0, h 1(Th1 — 1)X converges ta1?X in L%(&).

Final step: Put everything together.

We prove Theorem 5.2 here. Dengig h to be thei-th eigenvalue oif,:flh with the associated eigenvectgy . Fix

i € N and takehg > 0 so thatyy ; < hgl. By Step 1, we know that thieth eigenvalue th,l,n and D,{}‘nPh,l,n are the
same and their eigenvectors are related fonallhy. By Step 2, for alh < hg, for anyd > 0, we can find 1 > 0 so
that foralln>1/%

P{lIYinn—Yiinll2e) = 8/2} <.
By step 3(A) (or Step 3(B) iPM # 0), for the givers > 0, there existi(¢) > 0 so that
1¥ei = Yeinellze) < €/2
By putting the above together, for aay> 0 so that(e) < hg, whend < € andn > 1/9, we have
P{l[Ytine)n—Yillle@s) = € < P{Mine)n— Yeine ll2we) = €/2} < P{[Mine)n—Vinellze) = 6/2F <.

Let 8 — 0, we conclude the convergence in probability by chookindecreasing to 0. Since the proof for Theorem
is the same, we skip it. O
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5.3. Conclusion. In conclusion, the matriD; 1 Pn1n (resp. h™(Dy 1 \Pn1n — lnfn)) considered in the VDM al-

gorithm converges in the spectral sens&its (resp. 0%). The above presentation demonstrates the essential part
of the VDM algorithm — the principal bundle structure. Howeuvin practice we often have only the samples of the
manifold M. In the next Section, we show that even if we haviy timee samples of the manifold, we are able to get
the Connection Laplacian of the tangent bundle by recoctitgithe frame bundI®(M).

6. EXTRACT MORE TOPOLOGICAL/GEOMETRIC INFORMATION FROM A POINT CLOUD

In Sectior B, we study VDM under the assumption that we havessto the principal bundle structure of the manifold.
However, in practice the knowledge of the principal bundtacture is not always available and we may only have
the point cloud sampled from the manifold. Is it possiblegoanstruct the principal bundle under this situation? The
answer is yes if we restrict ourselves to a special prindpablle, the frame bundle, and the tangent bundle.

We summarize the proposed reconstruction algorithin infj2&w. Take a point clou®” = {x}!' ; sampled from M
under Assumption 411 (A1), Assumptibn¥.1 (A3) 4.2 (Bhe algorithm consists of the following three steps:

(a) reconstructthe embedded tangent bundle and the franaehiutom.2”. It is possible since locally a manifold
can be well approximated by an affine space up to the secoled @@\[16/ 17]. Thus, the embedded tangent
bundle can be estimated by the local PCA algorithm with tiraddebandwidthh,c, > 0 [26]. DenoteOy to
be ap x d matrix which columns represent the basis of the estimatdzkdaed tangent plane dpM, where
y may or may notinZ". HereOy : RY — 1. TyM is the estimation of the frame bundle. Whee: x; € 27, we
useQ; to denoteOy;;

(b) estimate the parallel transport between tangent plapesdigning Ox and Oy by defining the alignment be-
tweenx andy as

Oyy = argmin|0 — O} Oy/|us € O(d),
0e0(d)

where|| - ||ns is the Hilbert-Schmidt norm. It is proved th@ y is an approximation of the parallel transport
fromyto x[26, (B.6)] in the following sense:

OxOxyXy = 1 [/3X(Y),

whereX € C(TM) andXy = O)T,I*X(y) € RY is the coordinate oK (y) with related to the estimated basis.
Note thatx andy may or may not be in2". When bothx = x; € 2" andy = xj € 2", we useOjj to denote
Ox x; andX; to denoteXy;;

(c) run VDM mentioned in Sectidnl 3 based on the weighted gtaph up from 2" and{Ojj}. We build up a
block matrixP?,, . with d x d entries:

h,a,n
o v f Knan(%:X)0j (i,j) €E,
Ph,a,n('J)—{ Od><d (I,j)@éE,
whereh > hycaand the kerneK satisfies Assumptidn4.3. Then define a n diagonal block matribDp, g
with d x d entries defined i (28). It is shown in [26, Theorem 5.3] thatf< a < 1 andX € C3(TM),

20X(x) - O(p**) (%) }
pt-a(xi) '

Note that the errors introduced in (a) and (b) accumulatenaal influence the VDM algorithm in (c). However, as
is shown in[[26, Theorem 5.3], this influence disappears asytically. In this section we further study the spectral
convergence OD,{é‘nPﬁa‘n which answers our question in the beginning — we are able ttaedfurther geomet-
ric/topological information from the point cloud.

im lim £(D- 0 _ H20
rlmlinorllmoH(Dh,é,npga,nx_x)['] = EOL* {DZX(Xi) +

Definition 6.1. Define operatoréfh‘?o,’n :C(TM) = C(TM) as

~ 1 n ~
Tf‘?a,nx(y) = ’*ToynT Z Mh,a,n (yv XJ)Oy,Xj O-Jrl*X(XJ)
j=1xj#y
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The main result of this section is the following spectral wengence theorems stating the spectral convergence of
(Dy 1 ,PQ1n)Y" to €™ andh (D2 PR, — lan) to O2.

Theorem 6.1. Assume Assumption 4.1 (A1), Assumptionl4.1 (A3), Assumpéd (B1) and Assumptidn 4.3 hold.
Fixt > 0. DenoteyJ  , to be thei-th eigenvalue o(T&n)t/h with the associated eigenvectq?, . Also denote

Hei > 0 to be the-th eigenvalue of the heat kernel of the Connection Lapl‘aeti%2 with the associated eigen-vector
field Y;i. We assume that bOW}(,Ji,h,n andy ; decrease asincreases, respecting the multiplicity. Fix N. Then there
exists a sequendg — 0 such thaﬁjw&hmn = piand lim ||thi3,hn’n —Yiilll2¢rmy = O in probability.

Theorem 6.2. Assume Assumption 4.1 (A1), Assumption]4.1 (A3), Assummdd (B1) and Assumptidn 4.3 hold.
DenoteAS, , to be the-th eigenvalue o *(T,% | — 1) with the associated eigenveck?, . Also denote-A;, where

Ai > 0, to be the-th eigenvalue of the Connection Laplaci@hwith the associated eigen-vector figld We assume
that both)\,?’i andA; increase asincreases, respecting the multiplicity. Fig N. Then there exists a sequerige— 0

such tha%ﬂgﬂi%mn = Aiand lim %S0 = XillL2(rm) = O in probability.

Before giving the proof, we make clear the roleiofSuppose we know the embedded tangent plafgv for all

x € M but not the embedding Hence, when we estimate the translation group from the dddzkframe bundle, the
influence of the unknown cannot be removed. Denote the basis of the embedded targaattp be g x d matrix
Qi. By [26, (B.68)], we are allowed to approximate the parat@hsport fromx; to xj from Q; andQ;:

JRX (%) = 1] QiQij Q 1.X (%)),

whereQjj = argminy.oq) [|O— Q' Qj||ns Notice that we nee@;j since in genera Q; is not orthogonal due to the
curvature. Furthermore, if the embedded tangent bundéerimdtion is also missing, we have to estimate it from the
point cloud. Denote the estimated embedded tangent plane Bt by a p x d matrix Ox. It was shown in[[26] that

OF 1. X(X) ~ QT 1.X(x).

Proof of Theorer 6]1We point out that in[[26] we focus on the pointwise converges the error terms were sim-
plified by the big O notations. To finish the proof, we have &xé these error terms. We recall the following results

in [26]:
(56) 0% 1.X(x) = Q 1.X(x) + O(h¥/?),
wherex € M and theO(h%?) term contains both the bias error and variance originatiamfthe finite sample, and

the constant solely depends on the curvatures of the mdrafal their covariant derivatives. Indeed, the covariance
matrix=j, i = 1,...,n, built up in the local PCA step is

1 n
Zi=—= ) Fj
”—1,;

whereF j are i.i.d random matrix of sizp x p
iy =K <W> (106) ~ 106)) (1)~ 106))".
so that its(k,1)-th entry
itk l) =K (%) (10)~106), W01 06) ~106), W),

wherey; is the unit column vector with thieth entry 1. Sincés j are i.i.d. inj, we usef to denote the random matrix
whose expectation is

EH(K'):/B Kipea (X, Y)(E(Y) = 1(%), Vi) (1 (y) — 1), vi) p(Y) AV (y),
\/hpTi(Xl)
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where 0< hpca < h. Fix £ > 0 and denote
pk,l(nag) = Pr{|£l(k7|) _El:l(kvl)| > S} .
It has been shown in [26] that

pri(n,€) < exp{ (n—1)e* }
kI = -
O(hgé§+2) +O(hpca)e
whenk,| =1,...,d;
(n—1)e? }
Pii (N, €) < exp{— ;
O(hla™*) +O(h2c)e

whenk, | =d+1,...,p;

pei(n,€) < exp{ (n—1)e* }
k.| ) = -
| O(hnéa ") + Olhpca)e

for the other cases. Here the big O terms are boundeBhhy Then, denoté, ¢, ¢, e, t0 be the event space that
foralli=1,...,n, |Zi(k,]) —ER(k1)| < & forallk,l =1,....d, |Zi(k,]) —ER (k)| < & forall k,| =d+1,...,p,
|Ei(k,l)—IEF.(k,I)| <gforallk=1,...,d,l :d+1,...,pandl =1,...,d,k=d+1,...,p. By adirect calculation
we know the probability 00, ¢, ¢, ¢, IS lower bounded by

—1)&? (n—1)&?
1-n dzexp{— (n 1 }+(p—d)2exp{— 2
( O(h¥/22) + O(hpea 1 O(hpta™®) +0(h2. e

(n—1)e3
+p(p—d)exp{— ,
O(hd2"3) + O(h¥2)es )

d/4+1 d/4+2 d/4+3/2
which tends to 0 as — . Thus, if we choose; = 22" )1?2“‘ £y = 90 )1?2“‘ andes = %, with high
probability,
(57) O 1.X(X) = Q 1.X (%) + hisab11.X (%),

whereb; : RP — RY is a bounded operator with the norm boundedgy In addition to the bias introduced byand

the curvature of Mpy is influenced by the finite sampling effect. Thus, conditi@TaQn ¢, ¢, .¢;, Oi is deviated from

Qi up to order ohgég.

Based on[(57), conditional g, ,.¢;, We havel[25, (B.76)]:
(58) 0/ 0 = Q[ Q +h*/?by.

Hereb, : RY — RY is a bounded operator with norm boundedRyy. Note that sincépca < h, the error introduced by
local PCA step is absorbed /2. As a result, conditional of, £1,60,63 WE have

(59) 11010 Bl X (%)) = // ﬁ' X(xj) +h¥2bgX (x;),
wherebs : M — TyM is a bounded operator with norm boundedRyy.

It should be emphasized that bafh andO;; are random in nature, and they are dependent to some extdrgn W
conditional onQn ¢, ¢, ¢;, the randomness is bounded and we are able to proceed.

Define operator®y-: Vo — TM 4, O, : TMy =V, Qg Ve — TMy andQl, : TM 4 — V- by

OdgV —[T01V[1], . OnV[ ]]ETM%',
O5w:=[(O]L.w1])T,....(Of .W[n)"]" € Vy,
QV:i= [ TQuv1],...1] QnV[ || € TMy,

QLw:=[(QIr.w[1])T.....(QrLWn)']" €V,
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wherew € TM - andv € Vy-.

Note thatQ;wDh o nPh a.nX has been studied in TheorémI5.2, whBrg, , is defined in[(2I7) when the frame bundle

information can be fully accessed. If we can control theedéhce bet\Nee@]Dh anPhanX andO]Dh al nPh anXs
by some modlflcat|0n of the proof of Theoréml5.2, we can catethe Theorem. While conditional o, £1,60,630 DY
(&9), foralli =1,.

n
\Qx-Daé,nPh,a,nxu 05Dy b PR nXlil| = |- 1 3 Mnan(ix) (/5 ~ 17004 B)X)
Kll%
=h%2|_— Z Mh,a.n (%, Xj )BaX (X}) <RMH ” X |h®/2,
n_
j=1]#
2a
where the last inequality comes frdivip o n(X, Xj )| < Hé!; forallx e M andj,n (@3).

Note that Step 1, Step 2 and Step 3 in the proof of The@rem 3c2ftwoQ 4- Dﬁinph,l,n- Suppose the eigenvalues of
04Dy 1 ,Ph1, andQs Dy 7 P are ordered in the descending way. As a result, conditiom&@@, ¢, e, by the
perturbatioh theory, thieth eigenvector 0D 4 DﬁlnPﬁl‘n is deviated from thé-th eigenvector oQ 4- Dﬁinph,l,n by
an error of ordeh2, say,Gih¥2 for someC, > 0.

Denotep  n to be thei-th eigenvalue oﬂ,:flh with the associated eigenvectqr , and denotgy i h, to be thei-th
eigenvalue ofﬁf/lhn with the associated eigenvectqs . Fix i € N and takehp > 0 so thatyyj < hal. By Step 1,

we know that the-th eigenvalue oﬂ}?l nandOy Dy lnPh 1n are the same and their eigenvectors are related for all
h < ho. By Step 2, for alh < hg, for anyd > 0, we can find 15 > 0 so that for alh > 1/5

P{[[Yinn—Yeinll2crmy = 8/2} < 8.
By step 3(A) (or Step 3(B) ioM £ 0), for the givere > 0, there existhi(g) > 0 so that
[Yei = Yeinee) lzrmy < €/2.
By putting the above together, for aay> 0 so that(e) < hg, whend < € andn > 1/9, we have
P{NS e — Yeillzrm) = €+ Cin(e)¥?)
<P{|I¥3 Line)n — Yeine)nllzermy + [Mine).n = YeillLzermy = £+Gih(g)¥%}
SP{HYt,i,h(g) —Yeine).nllizrmy = Gih(e )3/2}+P{||Yt ih(e).n— Yillizrmy = €}

<1_|Qn,€1,€2~,€3|+P{HYt,|,h YIIh ||L2 ™) >£/2}
<1 [Qneperesl +P{lMince), _Ytlh ylzrmy = 8/2H <1—|Qnep e e5] + 0.

Let 6 — 0O, or equivalentlyn — o, we conclude the convergence in probability by choosingecreasing to 0, as
|Qne, 65,65 — O whenn — eo.

O
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A.1. AN INTRODUCTION TOPRINCIPAL BUNDLE

In this appendix, we collect a few relevant and self-corgdifacts about the mathematical framewprikcipal bundle
which are used in the main text. We refer the readers to, famgke [7[ 6], for more general definitions which are not
used in this paper.

We start from discussing the notion gfoup action orbit andorbit space Consider a sef and a groups with the
identity elemene. The left group action o& onY is a map fron'c x Y ontoY

(A1) GxY =Y, (g,X) +—gox

so that(gh) ox=go (hox) is satisfied for allg,h € G andx € Y andeo x = x for all x. The right group action can be
defined in the same way. Note that we can construct a righdrab§f composing with the inverse group operation, so
in some scenarios it is sufficient to discuss only left actiorhere are several types of group action. We call an action
transitiveif for any x,y € Y, there exists @ € G so thatgox =y. In other words, under the group action we can jump
between any pair of two points ofy orY = Gox for anyx € Y. We call an actioreffectiveis for anyg,h € G, there
existsx so thatgo x # hox. In other words, different group elements induce diffefggtmutations of. We call an
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actionfreeif gox = ximpliesg = efor all g. In other words, there is no fixed points under Gaction, and hence
the name free. I¥ is a topological space, we call an actimally discontinuoudf for everyx € Y, there is an open
neighborhood) such thafgoU)NU =0forallge G,g#e.

Theorbit of a pointx € Y is the set
Gx:={gox; g G}.

The group action induces an equivalence relation. Wexsay if and only if there existg € G so thatgox =y for
all pairs ofx,y € Y. Clearly the set of orbits form a partition ¥f and we denote the set of all orbits\¥@s~ orY /G.
We can thus define a projection mapby

Y—=Y/G, x—Gx

We callY thetotal spaceor theleft G-spaceG the structure groupY /G the quotient spacethe base spacer the
orbit spaceof Y under the action o6 andrthecanonical projection

We define a principal bundle as a spectaspace which satisfies more structure. Note that the defnsitgiven here
are not the most general ones but are enough for our purpose.

Definition A.1.1 (Fibre bundle) Let.# and M be two smooth manifolds armda smooth map fron¥ to M. We say
that.7 is afibre bundlewith fibre F over M if there is an open covering of M, denoted{&k}, and diffeomorphisms
{gi - mYU;) = U x F} so thatr: m1(U;) — U; is the composition off; with projection ontdJ;.

By definition, m1(x) is diffeomorphic toF for all x € M. We call.Z the total space of the fibre bundle, M is the base
space, T the canonical projection, arfel the fibre of.%. With the above algebraic setup, in a nutshell, the prifcipa
bundle is a special fibre bundle accompanied by a group action

Definition A.1.2 (Principal bundle) Let M be a smooth manifold an@ a Lie group. Aprincipal bundle over M with
structure group Gs a fibre bundlP(M, G) with fiber diffeomorphic toG, a smooth right action dB, denoted as,
on the fibres and a canonical projectmnP — M so that

(1) mris smooth andi(go p) = r(p) for all p € P andg € G;

(2) G acts freely and transitively;

(3) the diffeomorphisng; : 1-1(U;) — U x G satisfiegyi (p) = (11(p), @(p)) € Ui x Gsuch thatp : m(Uj) — G
satisfying@ (pg) = @(p)g for all p € m%(U;) andg € G.

Note that M= P(M,G)/G, where the equivalence relation is induced®y From the view point of orbit space,
P(M,G) is the total spaceG is the structure group, and M is the orbit spacePoM,G) under the action of.
Intuitively, P(M, G) is composed of a bunch of sets diffeomorphicoall of which are pulled together under some
rules] We give some examples here:

Example.ConsideP(M,G) = M x G so thatG acts bygo (x,h) = (x,hg) for all (x,h) € M x Gandg € G. We call
such principal bundlé&ivial .

Example. A particular important example of the principal bundle is frame bundledenoted a$&5L(M), which is
the principalGL(d,R)-bundle with the base manifold @&dim smooth manifold M. We constru@&L(M) for the
purpose of completeness. Den@geto be the set of bases of the tangent spB¢# ), that is,Bx = GL(d,R) and
Uy € By is a basis offyM. Notice that we can view a basis &M as an invertible linear map fromd to TyM. Let
GL(M) be a set consisting of all bases at all points of M, thaGk(M) := {Bx; x € M}. Letm: GL(M) — M by
ux — x for all uy € Bx andx € M. Define theGL(d,R) action ofL(M) by go ux = vy, whereg = [gij]ﬁj:l € GL(d,R),
Ux = (Xg,...,Xq) € By andvx = (Y1,...,Yq) € By with Y| = Z?:lgijxj'. By a direct calculationGL(d,R) acts on
GL(M) freely and transitively, andr(go uy) = 7(uy). In a coordinate neighborhodd#i 77-1(U) is 1-1 corresponding
with U x GL(d,R), which induces a differentiable structure 8h(M). ThusGL(M) is a principalGL(d,R)-bundle.

SThese rules are referred totansition functions
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If we are given a lefG-space~, we can form a fibre bundle frofd(M, G) so that its fibre is diffeomorphic t6 and
its base manifold is M in the following way. By denoting th& & action onF by -, we have

&(P(M,G),-,F):=P(M,G) xgF :=P(M,G) x F/G,
where the equivalence relation is defined as

(gop.gt-f)~(p.f)
forall pe P(M,G), g€ Gandf € F. The canonical projection froei(P(M,G),-,F)) to M is denoted ast:

e (p, ) = 1(p),
forall pe P(M,G) andf € F. We call&(P(M,G), -,F) thefibre bundle associated with(FI, G) with standard fibre
F or theassociated fibre bundighose differentiable structure is induced from M. Giyea P(M, G), denotepf to be
the image of(p, f) € P(M,G) x F onto&(P(M,G),-,F). By definitionp is a diffeomorphism fronf to ncgl(n(p))
and

(gop)f =p(g-f).
Note that the associated fibre bundi¢P(M,G),-,F) is a special fibre bundle and its fibre is diffeomorphid=o
When there is no danger of confusion, we denfte- &(P(M,G), -, F) to simply the notation.

Example.WhenF =V is a vector space and the l&ht action onF is a linear representation, the associated fibre
bundle is called theector bundle associated with the principal bundl@/PG) with fiber V, or simply called the
vector bundldf there is no danger of confusion. For example, téke: R, denotep to be a representation &

into GL(m',R) and assum& acts onR™ via the representatiop. A particular example of interest is the tangent
bundleTM := &(P(M,GL(d,R)), p,R%) when M is ad-dim smooth manifold and the representatjiis identity.
The practical meaning of the frame bundle and its assoctategent bundle is change of coordinate. That is, if we
view a pointuy € GL(M) as the basis of the fib8;M, wherex = m(uy), then the coordinate of a point on the tangent
planeTyM changes, that isi — g- vy whereg € GL(d,R) andvy € RY, according to the changes of the basis, that is,
g— gouUx.

A (global) sectionof a fibre bundles” with fibre F over M is a smooth map
sSM—=&

so thatrt(s(x)) = x for all x € M. We denotd (&) to be the set of section€! (&) to be the space of all sections with
thel-th regularity, wheré > 0. An important property of the principal bundle is that anpipal bundle is trivial if and
only if C°(P(M, G)) # 0. In other words, all sections on a non-trivial principahlle are discontinuous. On the other
hand, there always exists a continuous section on the assdaiector bundle’.

LetV be a vector space. DendB (V) to be the group of all invertible linear maps ¥n If V comes with an inner
product, then defin®(V) to be the group of all orthogonal maps\drwith related to the inner product. From now on
we focus on the vector bundle with fiber being a vector spaard the actionbeing a representatign: G — GL(V),
thatis,&(P(M,G),p,V).

To introduce the notion afovariant derivativeon the vector bundl&’, we have to introduce the notion obnnection
DenoteT & to be the tangent bundle of the fibre bundl@andT*& to be the cotangent bundle &f We call tangent
vectorX on & vertical if it is tangential to the fibers, that i (7T f) = O for all f € C*(M). Denote the bundle of
vertical vectors a¥ &, which is referred to athe vertical bundleand is a subbundle af&. We call a vector field
vertical if it is a section of the vertical bundle. Clearlethuotient ofT & by its subbundI& & is isomorphic tar*TM,
and hence we have a short exact sequence of vector bundles:

(A.2) 0—-VE—-TE— MTTM — 0.
However, there is no canonical splitting of this short exsgiuence. A chosen splitting is calledannection

Definition A.1.3 (Connection 1-form) Let P(M, G) be a principal bundle. A connection 1-form BM, G) is an one
formw e IN(T*P(M,G) @ VP(M, G)) so thatw(X) = X for anyX € I'(VP(M, G)) and is invariant under the action of
G. The kernel ofw is called thehorizontal bundleand is denoted @dP(M, G)
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Note thatHP(M, G) is isomorphic torr*TM. In other words, a connection 1-form determines a sptjttifi (A.2), or
the connection o®(M,G). We call a sectiorXp of HP(M,G) a horizontal vector field GivenX € I'(TM), we say
thatXp is thehorizontal liftwith respect to the connection &M, G) of X if X = 1. Xp. Given a smooth curve:= ¢,

t € [0,1] on M and a pointip € P(M,G), we call a curver* = u; on P(M, G) the (horizontal) lift of g if the vector
tangent tay is horizontal andt(w) = ¢; fort € [0,1]. The existence of* is an important property of the connection
theory. We cally the parallel displacementf ug along the curva on M.

With the connection of?(M, G), the connection on an associated vector bugtigith fiberV is determined. As a
matter of fact, we define the connectionH¢’, to be the image ofiP(M, G) under the natural projectiddM, G) x

V = &(P(M,G),p,V). Similarly, we call a sectioiX, of H& ahorizontal vector field GivenX € I'(TM), we say
thatXs is thehorizontal liftwith respect to the connection @hof X if X = e, Xs. Given a smooth curve, t € [0, 1]

on M and a pointg € &, we call a curver on & the (horizontal) lift of g if the vector tangent te; is horizontal and
me(v) = ¢ fort € [0,1]. The existence of such horizontal life holds in the same vegathat of the principal bundle.
We callv; theparallel displacememnf vy along the curve on M. Note that we have interest in this connection on the
vector bundle since it leads to tkhevariant derivativave have interest.

Definition A.1.4 (Covariant Derivative) Take a vector bundlé&’ associated with the principal bund®M, G) with
fiberV. The covariant derivativEl® of a smooth sectioX € C1(&) atx € M in the directioncy is defined as

1
EX — lim =[//% —
(A3) DCOX fl'lm) h [//Chx(ch) X(X)]a
wherec: [0,1] — M is a curve on M so thaty = x and /& denotes the parallel displacemendofrom cy to co

Note that in general although all fibersfare isomorphic t&, the notion of comparison among them is not provided.
An explicit example demonstrating the derived problem i®giin the appendix of [26]. However, with the parallel
displacement based on the notion of connection, we are @btempare among fibers, and hence define the derivative.
With the fact that

(A.4) /X (cn) = Uou, "X (ch),

whereuy, is the horizontal lift ofc,, to P(M, G) so thatr(ug) = x, the covariant derivativé (Al 3) can be represented in
the following format:

(A5) DX = fim = [uot, H(X(e8)) ~ X (<o),

which is independent of the choice of. To show [A#), sev := u,*(X(cn)) € V. Clearlyw(v), t € [0,h], is a
horizontal curve ing by definition. It implies thatipv = uou,;l(x(ch)) is the parallel displacement of(c,,) along

¢ from ¢y to co. Thus, although the covariant derivatives defined1n (9) @8) are different in their appearances,
they are actually equivalent. We can understand this diefinih the frame bundI&L(MY) and its associated tangent
bundle. First, we find the coordinate of a point on the fiéey), which is denoted as, *(X(cp)), and then we put
this coordinatejgl(X(ch)) to x = cp and map it back to the fibdkM by the basigyg. In this way we can compare two
different “abstract fibers” by comparing their coordinatsmore abstract definition of the covariant derivative, yet
equivalent to the aboves, is the following. A covariant dative of £ is a differential operator

(A.6) 0%:C°(&) - C(T*M® &)
so that the Leibniz’s rule is satisfied, that is, ¥o= C*(&£") andf € C*(M), we have
O0°(fX) =df@X+ fOX,

whered is the exterior derivative on M. DenoféT*M (respAT*M) to be the bundle ok-th exterior differentials
(resp. the bundle of exterior differentials), whérg 1. Given two vector bundle$; and&, on M with the covariant
derivatives)“1 and[1%2, we construct a covariant derivative 6h® & by

(A.7) 04%% .= 0% 914+ 10 0%,



SPECTRAL CONVERGENCE OF THE CONNECTION LAPLACIAN FROM RANDM SAMPLES 27

A fiber metricg® in a vector bundle is a positive-definite inner-product in each fibethat varies smoothly on M.
For any&, if M is paracompacty® always exists. A connection iR(M,G), and also its associated vector bundle
is called metric if

dg’ (X1, %2) = g7 (09 Xq, %2) 4+ g% (X1, 09 Xa),

for all X3,Xz € C*(&). We mainly focus on metric connection in this work. It is equént to say that the parallel
displacement o& preserves the fiber metric. An important fact about the mewinnection is that if a connection
onP(M,G) is metric given a fiber metrig®, than the covariant derivative on the associated vectodlufi can be
equally defined from a sub-bund®M, H) of P(M,G), which is defined as

(A.8) Q(M,H) :={peP(M,G): g’ (p(u), p(v)) = (u,v)},

where(,-) is an inner product oX and the structure groug is a closed subgroup @. In other wordsp € Q(M,H)
is a linear map fronV to néi,l(n( p)) which preserves the inner product. A direct verificationvehithat the structure
group ofQ(M,H) is

(A.9) H:={geG:p(g) €OV)} CG.

Since orthogonal property is needed in our analysis, whewar& with a metric connection on a principal bundle
P(M,G) given a fiber metrig® on &(P(M,G),p,V), we implicitly assume we work with its sub bund@M,H).
With the covariant derivative, we now define the Connectiaplacian. Assume M is d-dim smooth Riemmanian
manifold with the metriay. With the metricg we have an induced measure g denoted as\dfi DenotelLP(&),

1 < p< o« to be the set ofP integrable sections, that iX, € LP(&) iff

[ 166 X00. X PPV () < 0

Denote&™ to be the dual bundle of’, which is paired with& by g¢, that is, the pairing betweefi and &* is
(X,Y) :=g”(X,Y), whereX € C*(&) andY € C*(&*). The connection on the dual bundfé is thus defined by

d(X,Y) =g” (0X,Y) +g% (X,077Y).

Recall that the Riemannian manifdlill, g) possesses a canonical connection referred to as the LetéEGonnection
0. Based ori] we define the connectidd” M®¢ on the tensor product bundieéM ® &.

Definition A.1.5. Take the Riemannian manifo(dl, g), the vector bundl&’ := &(P(M, G),p,V) and its connection
0¢. The Connection Laplacian afiis defined a§)? : C*(&) — C*(&) by

02 := —tr(O" MeEO9),

where tr C*(T*"M @ T*M ® &) — C*(&’) by contraction with the metrig.

If we take the normal coordinat@; }_, aroundx € M, for X € C*(&’), we have

02X (x) = —_imd Og X(X).

Given compactly supported smooth sectidh¥ € C*(&), a direct calculation leads to
tr[0(g” (0°X,Y))] =tr[g® (DT M*0°X,Y) + g% (09X, 09Y)] = g (02X, Y) + trg® (O X, 0°Y).

By the divergence theorem, the left hand side disappeags iategration over M, and we obtaii® = —0¢*[0¢.
Similarly we can show thall? is self-adjoint. We refer the readers o [13] for furthergedies ofC12, for example
the ellipticity, its heat kernel, and its application to thdex theorem.

670 obtain the most geometrically invariant formulation® may consider the density bundles as is considered in [6t€ha]. We choose
not to do that in order to simplify the discussion.
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A.2. [PROOF OFPROPOSITIONG 1]

The proof is a direct generalization of that bf [26, Theorer@]Bo the principal bundle structure. Note thatin][26,
Theorem B.3] only the uniform sampling p.d.f. case was dised. Here we offer the proof for the nonuniform p.d.f.
in order to trace the error term in the proof of the spectraveogence theorem.

Proof of Propositiofi 5]1.Takex; € M andu; € P(M,G) so thatr(u;) = x;. By definition we have

. " AT i X
(Dhanphanx z n(Xi, Xj)Gij X[j] = AN
=I] TSI )
To evaluate the right hand side, we expand it as
1 n Kn (X, X))
T 2= agljx[]
(A.lO) n—124j=1j# phxJ
iin Kn(xi.x)
n—1 ZI=LI# pn(x)?
1 By ) - Vg X

(A.11) +ﬂ2?:1,j¢i(ph,n(xj) a_ph(xj)‘ @)K (%, %) gij X[ j]

izn Kn(xi.x)

n—1 ZI=LI# pn(x)@

10 Kn(x,X) _ 1 1
(A12) o1, 2 Bl ja 9 X1l [ACET Kliot) |-
A Pt 12 P )T C= DAL nEBL
The [A10) term can be handled by the same manner as that]inif2ieed, we expect the following approximation:
Kn (%)
n121 L Pn(xy) oot G X[] .
Kn(xi.X) U ThaX (%),
Yy LI po(x)?

since— 5 (X' XJ #gijX[j] arei.i.d and1%X) are j.i.d.. Thus, the trick in[24] can be applied and we get

Pn(x)
—Co(n—1)g*h/2
pf{ 8} SCleXp{ 2n [[|Dly=x /3 X (y)12+ O(h)] }

wheree > 0 andC; andC; are some constants (relatedd@nd vo(M)). DenoteQ; 1 to be the event space so that

K (X, Xi
I=DY IR phh((xj B0 gy X ]
1 ¢n Kn(Xi,%)
n—1 Z|:l,|7éi Ph(x)

— U Th o X (%)

1 <n Kp(%:Xj)

a1 201 i 5eooya G X ] . . .

it il p“<f<1h) 57— — U "ThaX(%)|| < € holds for alli = 1,...,n. Note that since there arepoints,
s LI Pr0)T

—Cy(n—1)g2nd/2
[Qeal > 1_C1”exp{ 2Ny /X ()7 O] }

To bound (A1), we have to prepare some bounds.jF&incephn(Xj) := 711 Yk_14.j Kn(Xj,X), and the random
variablesKp(X;j,X«) are i.i.d, we simply apply the large deviation theory and get

—Cy4(n—1)&2h?/2
20 [[|Tfy=x Pn(y)[|%+ O(h)]

Pr{|Phn(Xj) — Pn(xj)| > €} < C3exp{

whereC; andC,4 are some constants. This leads to

Caln— 1)e2nd/2
(A-13) Pr{|Bhn(Xj) — Pr(xj)| > € forall j =1,...n} < C3nexp{ Ca(n—1)e™n }

20 [[|Ofy=x Pn(Y)[|*+ O(h)]
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DenoteQ; > to be the event space so thakn(xj) — pn(xj)| < € forall j = 1,....n. Note that
—Cy(n—1)g2hd/2

2h(][Bly=x Pa(y)[[>+ O(h)]

Also, by Assumptiofi 413 anf(#2), we have foraif M

3 < [pn(¥)] < [IK[[L=
S < [Pnn(¥)] < [[K]|e

|Q¢ 2| >1—Cgn exp{

(A.14)

Furthermore, unde®, », by Taylor's expansion anf (A.J14) we have

[Brn(X) ™ = Pn(x) | < a|Pha(x) — Pr(X)[6 “ t < ad " e
With these bounds, und€; , (A1) is bounded by 59 2||K || 559X €.
For (A12), by the same argument, undkr, we have the following bound:

1 on _ 1 1
1 1 AT 2I=1,1 4 Kn(xi, Xl)( NFIL phn( ) 1420 x—a—3
Kn(xi:%) Kh(%i,%) Kn(xi%) Kn(Xi,%)
12 Prn ()T =PI o 1YL Prn()T M 1 2 e

Hence,[[AIP) is bounded hyd 29 —3||K||2+29|X & underQ .

Putting the above together, undeg 1 N Q¢ >, (Dh anPn.a.nX)[i] deviates fromrlTh .aX(X) by an error bounded by
£(14 ad 9 2|K||L X ||w + ad20-3||K||229||X ||). Here we know

_ _1)\e2hd/2 B e2nd2
|Qs,1ﬂQg,2|>1—C1nexp{ Co(n—1)eh Ca(n—1)e2h }

2h [[[Cly— /5 X (¥)[2+ O(N)] } ‘03”6“’{ 2 1y Pr(y)Z + O[N]

fog(n)

As a result, this large deviation bound implies that w.hipe variance term i©(Rw, [ X|[«) ~p5a7a—172. Where the
log(n) term comes fron{(A.13). In other words, w.h.p.
_ log(n)
Ui (Dpy & nPh.anX)[i] = ThaX (%) + O(Ru, [ X e )W
foralli=1,...,n, and we finish the proof. O

A.3. [PROOF OFTHEOREM[G. 2]

The proof is a direct generalization of that bf [26, Theorer@]Bo the principal bundle structure. Note thatin][26,
Theorem B.3] the constants of error terms are not explislilywn and we make them explicit here in order to evaluate
the optimal spectral convergence rate. First we elabohatetror term regarding the non-uniform p.d.f.. Denote

B p(X) = F%B%(x) Ni(M)).
Lemma A.3.1(Lemma 8 in[10]) Suppose € C3(M) andx ¢ M s then

[ O V) = 100+ K2 (B w100 ) + OR. 7)1

B r(X)

_ mez(X) B /
wherew(x) = s(x) + 245 1] andz(x) = o IIN(6,0)||d6 are both bounded bigy.

Proof. The proof is exactly the same as that[ofl[10, Lemma 8] excepéexplicit expansion of the error term. Since
the main point is the uniform bound of the third derivativeltd embedding functionand f on M, we simply list the
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calculation steps:

_ |X YHRP
/%w Kn(x, ) f( = /g )f(y)d\/(y)
— [ 6 6 Ht3 ﬁ 2 t? "
~JB 5 {K< )+K <\/5> T oah O(RM)h} [f(x)+De f (x)t+Tg,6T(X) + O(I "l )t *lav(y)
B vh In(e, )]t té
Ly G () R o]
x [f(x)+ Daf ()t +03 4 () +O(|\f”’|| )] [t9 2+ Ric(8, 8)t% " + O(Ru )14 2] dtd6.

By the direct expansion, the regularlty assumption and ¢inepactness of M, we conclude the Lemma. O

Proof of Theorerh 5]12By Lemmd A 31, we get

pn(y) = PO + 2 (252 4 wiy)piy) ) + ORI

which leads to

PY) 14
(A.15) oY) =p %y

Plug [A.15) into the numerator df, ¢ X(X):

/E Kna (%,Y) /3X(y)R(Y)V () = P “ (X) /E ( Kn(%,Y) /35X (¥) Py © (y) P(Y)aV (y)

e Ap(y) 2
1 orhOI (W(y)+2p(y)>}+O(RM)h.

VR VR
- X 1a M Ap(y) d/2+2
=R [ Koy X Rty [1-an’ (wy) + S ) | vy) +OfRun
= P (0A— Eap® (0nB-+ O(R)*/ 22

where

A= Jg o0 KnOOY) X ()P (Y)AV (y),
B:= J,, o0 Kn(XSY) /X ()P 0(y) (w(y) + 550 ) v ().

We evaluateA andB by changing the integration variables to the polar coottéisiaand the odd monomials in the
integral vanish because the kernel is symmetric. ThusyapmpTaylor's expansion té leads to:

a= Lo [ (R) e (GR) e roma]
X [X(X)-I-DQX(X)'[—FD%)BX() +O(|X |t }

x [pl"(x) +0g(p ) (0t + Of g(p* @ )(x); + O(RM)F} [td’l—i— Ric(6, )t + O(RM)td”} dtde,

which after rearrangement becomes

/Sd 1/ ( ) 1+ Ric(8, )2 19~ 1+K’(\/ﬁ>%}mde

+plfa(x)/8d 1/ K <ﬁ> D%ﬂx(x)td%ldtde—i-X(X)/sjl/oﬁK (%) D%,e(plfa)( )td%ldtde

L) < () DX (9 (P )00t e+ O(Ru, X /212
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Following the same argument as that[in][26], we have

[ (5 IN(6.6)[t4+2 o /2 imz()
o072 \Vh) 24/ 2481

02X(x) and /S}leic(E),G)dG_'del's(x).

2 g
o O eX(x)d6 = -

Therefore Abecome

hd/2pl=9(x) { <1+ %7%(21 az())() + %W(X}) X(X) + %DZX(X)}

o+ RZEZ0X (- O(pY ) () + O(Ru, [ X3 122

Next, we expand by the same argument as thatlin][26]. Den@tg) = p'~“(y) (W(y) J) € C?(M) to simplify
notation and we have

8=,y KDBX QY

S

3
/si 1/ [ < >+O(RM)ﬁ} [X (9 + DX ()t + O X |)t?]
% [Q(9) + LeQ(x)t + O(t?)] [td*1+ Ric(6, 6)td+1_|_o(RM)td+2} dtde
=h92X (X)Q(X) + O(Rw, | X || )/ ZH1,

In conclusion, the numerator &f, 4 X (x) becomes

hd/Zw {1+@ {A(pla)(x) GAD(X)} }X(x)

) d | 2p79(x)  2p(x)

1-a
+hd/2+ld[§2(X){p z(X) 02X (x) + OX(x) - O(p* “)(x )}+O(RMa|X )22,

Similar calculation of the denominator of thgyX(X) gives

1-a
oo 18 (S8 o) o

Putting all the above together, we have wikenM\M Jhr

20X(x) - O(p*~ ) (x)
pta(x)
Next we consider the case whea M 5. The proofis again almost the same as thdtin [26]. Suppasg s d(x,y) =

h. Choose a normal coordinafé, ...,d4} on the geodesic ba, ,/>(x) aroundx so thatxg = exp,(hdy(x)). Due to
Gauss Lemma, we know spgh (Xo), . .., 0d—1(X0) } = Tx,dM and dq(Xo) is outer normal ako.

ThaX(x) = X(x) + hE2 (sz( X)+

b ) +ORu.IXo)p?

We focus first on the integral appearing in the numeratdi @K (x):
' 1
K X. dv )
/Bf(me hd/2 ha y)//y (y)p(y)av(y)

We divide the integral domain exp( (Bya(x)N M) into slicesS, defined by
Sy ={(un) eR*:||(un,...,ug-1,n)|| < Vh},
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wheren € [~h'/2,hY?] andu = (uy,...,uq 1) € R%"1. By Taylor's expansion and{A.15), the numeratorTg§iX
becomes

(A16) /  Kna(0y)5X()PY)V (Y)

// ( IIUI|2+r7>

< [ X0+ S ui0aX(X) + N0, X (%) +O(IXPJl)h | |1—-hE2 (wiy)+ 222 ) 4 O(Rw)M?| dndu
( 3, d ) [1- (s ) w0t

2p(y)
// ( ||u||2+n>

x<x<x>+_;uimax<x>+nmad (%) +0(1X o >>dndu+o<RM,|x )b,

Note that in general the integral doma&nis not symmetric with related t, ...,0,n), so we will try to symmetrize
S, by defining the symmetrized slices:

S = (RS7 NSy,
whereR (ug, ..., Uj,...,n) = (u,...,— ,n). R | the following relationship [26, (B.23)]:

a(exp(t0)) = /X (x) + g//%(%&d (x))8) + O(Ru)t>,
wheref € TyM andt <« 1, which leads to
(A.17) Peox (X) = i (X0) + O(Rm)h,

forall | = 1,...,d. Also note that up to errd®(Ry )h*?, we can expres8M N By/2(X) by a homogeneous degree
2 polynomial with variable§Py, xd1(X), ..., Byxdd—1(X)}. Thus the difference betweeh andS,; is O(Ru)h, and
hencel(AIb) becomes:

(A.18)
”””2+” X(x)+d71u-D X O X(X) + O([X@|l)h | drpdu+ O(Ru, [|X 2
Zl 02 X() + N0, X (%) + O([|X? ) | drndu+ O(Rw, | X [es)h.
1=
By Taylor s expansion we have foral=1,....d

(A.19) o X (%) = oo (09 X (%)) + O([[X 2|0 )2,
By plugging [A19) into[(AIB),[(A1b) is further reduced to

// ( UI2+n>

d-1

(A.20)
x<><<x>+Px,xO(_zluiDg.X<xO>+<n—ﬁmadxm))+o<||>< e ))dndu+o<RM X @)

The symmetry of the kernel implies thatfoe= 1,...,d — 1,

21 n2\ .
(A.21) / K <7V”"|fh“7> udu =0,
§
and hence the numerator df, X (x) becomes

(A.22) p10m(X(x) + %Px,muadxm)) +O(Rw, [IX ),
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where

(A.23) = / / ( ”“”2+’7 )dndx:O(l)hd/z

and

(n.22) mhie [ I < e ) (1~ F)dnc = O(L)HY/212

Similarly, the denominator of, 1 X can be expanded as:

(A.25) J o FOYIPOIV () = 9T+ O(L)HZ

which together with[{A.212) gives us the following asymptaikpansion:

(A.26) ThaX(¥) =X (x) + %PX,XOD@X(XO) +O(Ru, [X® ),

which finish the proof. O

A.4. SYMMETRIC |SOMETRICEMBEDDING

Suppose we have a closed, connected and snibdiim Riemannian manifol@M, g) with free isometricZ, := {1, z}
action on it. Note that M can be viewed as a principal buiRiM /Z,,Z») with the groupZ, as the fiber. Without
loss of generality, we assume the diameter of M is less tharh&.eigenfunction§; } j>o of the Laplace-Beltrami
operatorAy are known to form an orthonormal basislgf(M), whereAy @ = —A;@; with A; > 0. DenoteE, the
eigenspace aky with eigenvaluel. SinceZ, commutes with\y, E, is a representation &, where the action of
on ¢, is defined byzo ¢;(X) := @j(zox).

We claim that all the eigenfunctions 8§, are either even or odd. Indeed, sirfEgis an abelian group and all the
irreducible representations @ are real, we knowo @@ = +¢ for all i > 0. We can thus distinguish two different
types of eigenfunctions:

@ (zox)=¢f(x) and ¢°(zox) = —¢’(x),
where the superscrigt(resp. 0) means even (resp. odd) eigenfunctions.

It is well known that the heat kernk(x,y,t) of Ay is a smooth function overandy and analytic ovet > 0, and can
be written as
k(x,y,t) Z e

we know for allt > 0 andxe M, y;e e Mt (x)@(x) < . Thus we can define a family of maps by exceptionally
taking odd eigenfunctions into consideration:

. M — f? fort >0,
x = e NP0} 21

Lemma A.4.1. Fort > 0, the map¥? is an embedding of M inté?.

Proof. If x, — X, we have by definition

) Y 2
| W2 (%n) — ‘P?(x)||§2 = Z ’efmt/z(pjc)(xn) —e /\Jt/zq,jcw(x)’
]
. B B 2
< z ‘ef}\Jt/Z(ij(x /\t/2¢J ‘ +Z‘ Aj t/2 /\t/2¢J (%)
]

= K(Xn, Xn, t) + K(X, X, t) — 2K(Xn, X, 1),
which goes to 0 as — o due to the smoothness of the heat kernel. THRiss continuous.
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Since the eigenfunctior{sg } j>o of the Laplace-Beltrami operator form an orthonormal basls’(M), it follows that
they separate points. We now show that odd eigenfunctianer@ough to separate points. Give y two distinct
points on M, we can find a small enough neighborhblyf x that separates it from. Take a characteristic odd
function f such thatf (x) =1 onNy, f(zox) = —1 onzo Ny and 0 otherwise. Clearly we kno#(x) # f(y). Sincef

is odd, it can be expanded by the odd eigenfunctions:

f= z aj¢.
]
Hencef (x) # f(y) implies that there exists such thaipd (x) # @5 (y).

Suppose we hawd?(x) = W (y), theng®(x) = @°(y) for all i. By the above argument we conclude tkat y, that
is, W2 is an 1-1 map. To show th&# is an immersion, consider a neighborhdddso thatNx N zo Ny = 0. Suppose
there existx € M so that &/p(X) = 0 for X € TyM, which implies dg®(X) = 0 for alli. Thus by the same argument
as above we knowfX) = 0 for all f € CZ(Ny), which impliesX = 0.

In conclusion¥? is continuous and 1-1 immersion from M, which is compactpd#(M), so it is an embedding.[]

Note that¥? (M) is symmetric with respect to 0, that P (zox) = —W?(x). However, itis not an isometric embedding
and the embedded space is of infinite dimension. Now we agetstn isometric symmetric embedding of M to a finite
dimensional space by extending the Nash embedding the@@nmi9]. We start from considering an open covering
of M in the following way. Sincét?, t > 0, is an embedding of M inté?, for each giverp € M, there existsd odd
eigenfunctions{(plc,_’)}?:1 so that

]

(A.27) _ o §
Vzop iZoX €M —(qqf(x),...,(gg(x)) eR

are of full rank atp andzo p. We choose a small enough neighborhdpdf p so thatN, N zo Ny = 0 andvp andvz,p
are embedding dfl, andzo Np. Itis clear that{Np, zo Np}pem is an open covering of M.

With the open coveringNp, zo Np}pem, it is a well known fact([28] that there exists an atlas of M
(A.28) o ={(Vj,hy), (zoVj, W)}y

whereV; ¢ M, zoV; C M, hj : M — RY, ht:M — RY, so that the following holds and the symmetry is taken into
account:

(a) < is a locally finite refinement ofNp, zo Np}pem, that is, for every; (resp.zo V), there exists g € M
(resp.zo pi € M) so thatV; C Ny, (resp.zoV; C zoNp,),

(b) hj(Vj) = Bz, hi(zoVj) = By, andhj(x) = hf(zox) forall x € V;,

(c) for thep; chosenin (a), there exisaq%_ o) that(g?)_ (X) # qq?)_ (zox) for all x € V.

(d) M=y (h;l(Bl) u (hf)*l(Bl)). Denote0; = h; 1(By).

whereB; = {x € RY: ||x|| < 1}. We fix the pointp; € M when we determine?, that is, ifV; € </, we have a unique
pi € M so thatVi C Np,. Note that (c) holds sinc#?, t > 0, is an embedding of M inté? and the eigenfunctions of
Ay are smooth. We will fix a partition of unityn; € CZ(Vi), nf € CZ(zoVi)} subordinate tdV;, ZOVj}Ij‘:l. Due to
symmetry, we havgi(x) = n’(zox) for all x € i. To ease notation, we define

o[ ni(x)  whenxeV
(A.29) i(x) = { nf(x) whenxe zo\;

so that{4}-_, is a partition of unit subordinate 0/ Uzo Vi }-;.

Lemma A.4.2. There exists a symmetric embeddimgM® < RN for someN € N.
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Proof. Fix V; and hencey; € M. Define

U xe M (g (9. vp (x)) € R,

wherevy, is defined in[(A.2l7). Note thay; is of full rank atp;. Due to symmetry, the assumption (c) and the fact that
ViNzoV; = 0, we can find a rotatioR;, € SQd + 1) and modify the definition ofj;:

Ui X R, (), Vi, (X)),
which is an embedding &f UzoV, ontoR9+1 so thaty, (ViuzoV,) does not meet all the axesBf 1. Note that since
Vzop(Zo X) = —Vp(X) andqqc")i (zox) = —qq?)i (x), we haveuj(zox) = —u;j(x). Define

u: X (ug(x),...,u(x)).
Since locally diis of full rank and

u(zox) = (uz(zox),...,u(zox)) = —(ug(X),...,u (X)) = —u(x),

uis clearly an symmetric immersion from M ®-@+1). Denote

€= min min min  {(uj(X
i=1,....L XV UzoVi k:1,...,d+1< (%), €0),

where{e&}k=1..._d+1 is the canonical basis @&d+1, By the construction of;, £ > 0.

By the construction of the covering; Ugo Oi}iLzl, we knowL > 2. We claim that by properly perturbingwe can
generate a symmetric 1-1 immersion from MRb4+1).

Supposelis 1-1 inW C M, which is invariant undeZ, action by the construction af Consider a symmetric closed
subseK C W. LetO! =WnN (0Ugo O)) andO? = (M\K) N (OjUgo O;). Clearly{O}, O?}L , is an covering of M.
Consider a partition of unity? = {6, } subordinate to this covering so thét(zo x) = 64 (x) for all a. IndexZ by
integer numbers so that for ali> 0, we have sup§ c 0?.

We will inductively define a sequencg 6f immersions by properly choosing constants R-(4+1):
k
O =u+) hisé,
2

wheres € CZ(M) so that supfs) € NiUzo N; and

(%) = 1 whenxeV
SW=91 1 whenx € zoV;

Note thatuk by definition will be symmetric. Supposg is properly defined to become an immersion gifigl —
{j_1llce <271 2¢ forall j <k.

Denote
Drr1={(X%y) € M XM 51(X)Ocr1(X) # Scra(Y) Gera(Y) )

which is of dimension @. DefineGy. 1 : Dy, 1 — R 4D as

Tk (x) — Gik(y)
Skr1(X) Bky1(X) — Skr1(Y) Okya(y)
Since Gy, 1 is differentiable and. > 2, by Sard’s Theoren®y1(Dk;1) is of measure zero. By choosimg,; ¢
Gy 1(Dky1) small enoughug,; can be made an immersion afifl 1 — Gx|| < 2% 3¢. In this caseug,1(y1) =
Oi+1(Y2) implies

Giy1(X,y) =

Bi-1 (S (X) B 1. (X) = S () B2 (Y)) = Gic(x) — Ci(y).-
Sinceby; 1 ¢ Gk 1(Dky 1), this can happen only 8 1(X) 6, 1(X) = Sci16k;1(y) andui(x) = Gi(y).
Define
uU=u..
By definitiond’is a symmetric immersion and differs framby £/2 in C™.
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Now we claim thatuis 1-1. Suppose(X) = G(y). Note that by the construction & this impliess, (x)6_(x) =
S (Y)6L(y) andug_1(x) = u_—1(y). Inductively we havei(x) = u(y) ands;(x)8;(x) = s;j(y)6;(y) for all j > 0. Suppose
x €W buty ¢ W, thens;(y)6;(y) = sj(x)0;(x) = 0 for all j > 0, which is impossible. Suppose bothndy are outside
W, then there are two cases to discuss. First,ahdy are both insidé/ for somei, thens;(x)6;(x) = sj(y)6;(y)
for all j > 0 andu(x) = u(y) imply x =y sinceu embeds/;. Second, ifx € V;\V; andy € V;j\V; wherei # j, then
Sj(X)6;(x) = sj(y)8;(y) for all j > 0Ois impossible. In conclusiomn,i5 1-1.

Since M is compact andi$ continuous, we conclude thats’a symmetric embedding of M inf@-(4+1).
O

The above Lemma shows that we can always find a symmetric efittgedf M into R4+ for someL > 0. The
next Lemma helps us to show that we can further find a symmatmteedding of M intdRP for somep > 0 which is

isometric. We defing, := p<p+1) in the following discussion.

Lemma A.4.3. There exists a symmetric smooth mé&drom RP to R%*P so thatd ®(x) andd;; P(x), i,j = 1,...p,
are linearly independent as vectorgife P for all x # 0.

Proof. Denotex = (x1,...Xp) € RP. We define the ma@ from RP to R%*P by

. el +e ™ e te* e +e X
X (Xl, ...,Xp,Xl 2 ,Xj_ 2 ,,XPT)
wherei, j=1,...,pandi # j. Itis clear thai® is a symmetric smooth map, that 8(—x) = —®(x). Note that
e re ™ el —e X e —e i giteX
Gij < T) =0k— + Ok > +Xk5j£T
Thuswherx# 0, foralli =1,..., p, a®(x) anddjP(x), i, j = 1,...p, are linearly independent as vector&wP. [

Combining Lemm&ZA.4]2 arld A.4.3, we know there exists a sytrimembeddings : M9 < RS@+)L0+1) g that
du(x) anddju(x),i,j=1,...,d, are linearly independent as vectorgind+ LA+ for all x € M. Indeed, we define

u=®od.

Clearlyu is a symmetric embedding of M inf%e) A+ Note thatu(x) # 0 otherwiseu’is not an embedding.

Moreover, by the construction of We knowu; (V; Uzo Vi) is away from the axes @gL(d+1) by £/2, so the result.

Next we control the metric on(M) induced by the embedding. By properly scalingve haveg — du? > 0. We will
assume properly scaledn the following.

Lemma A.4.4. Given the atlas defined in [[A28), there exis& € C*(V;, R%*9) and&? € C*(zo Vi, R%%9) so
that&?— & > clg,q for somec > 0 and

g—du? = andéJ +Z dEJ

Proof. Fix ;. By applying the local isometric embedding theorém [28] weehsmooth maps : hi(V;) — R%*9 and
X?: h#(zo Vi) < R%+d 50 that

(hH'g=a and ((h)*)'g=(dx)%,
where o (resp. (dx*)?) means the induced metric dn(Vi) (resp. h?(zoV;)) from R%*9. Note that the above

relationship is invariant under affine transformationicdindx’. By assumption (b) of# we haveh;(x) = hf(zo x) for
all x € Vi, so we modifyx; andxiZ so that that

Xf =X+ Cilg;1d>
wherec; >0, Ig,1q = (1,...,1)T € R%*9, andx;(B1) Nx*(By1) = 0. Denotec = max-_ {c¢i} and further set

X =X+ Cls,+d
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for all i. By choosingx andx” in this way, we have embedd&tlandzoV; simultaneously into the same Euclidean
space. Note that

g=h(hY)"g=d(xioh)?
onV; and
g= (hz) (( f) ) g=d(xohp)?
onzoV;. Thus, by definingi = x o hj and§? = x’ o hf, and applying the partition of unity with (A:29), we have the
results. O

Theorem A.4.5. Any smooth, closed manifol@M,g) with free isometricZ, action admits a smooth symmetric,
isometric embedding ifkP for somep € N.

Proof. By the remark following LemmaA.4l2 and A.%.3 we have a smeothedding:: M — RN so thag— du? > 0,
whereN = s 4, 1) +L(d+1). By LemmdA.4.4, with atlas7 fixed we have

g— du? _znfdéj+z )2(d&7)?

where§? — & = Clsy+d- Denotec = @ whereA and/ will be determined later. To ease the notion, we define

[ &(x)  whenxeN,
W) = { &X(x)  whenxegoN;
Then by the definitiod{A.29) we have

L
g—du? = > Yidy?.
=1

GivenA > 0 we can define the following map : M — R?:
L

1 1
o = (uroosthv) st )

i=1

where co$A yi) means taking cosine on each entnAgf. Set¢ so that=—=- 2”” > 1 and we claim that, is a symmetric
map. Indeed,
20+ 1)
(2o cosA(z0) = wi(9cos( A () + Z ) ) = ga(x cosln(0).
and

i (zox)sin(Ay(zox)) = gi( )sm( (yl(x)+@>)——wi(x)sin(/\yl(x)).

Direct calculation gives us
1 L
2 2 2
g—du :duA - p Zldwj .
=
We show that when is big enough, there exists a smooth symmetric embeddisg that

(A.30) W = du® — — z dys?.

Since for allA > 0 we can find & so thatu, is a symmetric map without touching;, we can thus choosing
as large as possible so that (A.30) is solvable. The solwtipmovides us with a symmetric isometric embedding
(W,uy) : M — RN+2- 50 that we have

g=du +dw?.
Now we solve[[A3D). Fi¥/; and its relativep € V;. Supposev = u+ a?v is the solution whera € CZ(V;) with a= 1
on supm. We claim if € := A~ is small enough we can find a smooth mapN; — RN so that Equation A.30 is
solved onv;.
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EquatiorfA.30 can be written as
L
(A.31) d(u+ a?v)? = du® — A—lz Zdwiz.
|
which after expansion is

9(a%du-v) + & (a2dju-v) — 2a%0ju- v+ a*dv- djv + 6 (ad;alv|?) + 9 (a3dav|)?)
(A.32) 1, ., 5 5
= —ﬁdl,lli +2a°(dadja+adija)|v|

To simplify this equation we will solve the following Diridét problem:
{ A(adv-0jv) = di(alv- 0jV) + 0j(aAv- dv) +rij (v, a)
agv-ojviyy =0
where
rij = Aagv-djv— djalv- 0jv — djadvAv+ 20,ad,(0,v - 9jV) + 2a(d V- djv — Av- V)
By solving this equation and multiplying it b§?, we have
a*av-9jv=0,(aA1(alv- 9jv)) + 9j(a°A 1 (aAv- dv)) — 3a’dad~(alv- d;v)
—3a%9;ah Y (alv- dv) +a3A i (v, )
Plug Equation[{A.33) into Equatioh (A.B2) we have

1
(A.34) dj(a%du-v—a®Ni(v,a)) + d(a®dju-v—a®Nj(v,a)) — 2a%dju-v = —ﬁdwiz — 2a°Mjj (v,a),

(A.33)

where fori,j=1,...d

Ni(v,a) = —aA~Y(aAv- dv) — adalv|?
Mij (v,a) = 3aA~1rij(v,a) — (adja+ dadja)|v]2 — 3 (daA~1(alv- djv)) + djad~L(alv- dv)

Note that by definition and the regularity theory of elliptiperator, we know both(-,a) andM;j(-,a) are maps in
C>(Vi). We will solve Equation[{A-34) through solving the follovgifferential system:

du-v = N(va)
(A.35) {a”.u_v = —Ldy?—Mm(va).

Since by construction we know has linearly independeu and dju, i,j = 1,...,d, we can solve the under-
determined linear systerin (AI135) by

(A.36) v=E(u)F(v,h),

where . . | .
wo-[(3) (8] (8)

1 T T
F(ve) = (Ni (v 2), = AP — M (v a)) = (Ni(v, @), —£%dys? — Mij (v,a)) .
Next we will apply contraction principle to show the existerof the solutiov. Substituter = uv for someu € R to
be determined later. By the fact tHdt0,a) = 0 andM;;j (0,a) = 0 we can rewrite Equatiof (A.B6) as

w= HE(u)F(V,0)+ %E(u)F(O, €).

and

Set
3= {weC*(Vi,RV);|w|q <1} and Tw= pE(u)F(V,0)+ %E(u)F(O, £).
By taking

([ IEWF(0,8)]2a \
“‘( IEW2a ) ’
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we have

T2 < HIIE(U)l2alF (V0|24 +%|IE(U)F(07 &)l2a = Co(|E(W)|2al E(WF (0,€)]12.4) ",

whereC; depends only ofial|s.q. ThusT mapss into Z if ||E(u)||2.«||E(U)F(0,€)|/2.« < 1/C%. This can be achieved
by takinge small enough, that is, by takimgbig enough.

Similarly we have
[Twe = TWal20 < HI[E(U)][2al[F(W1,0) — F(W2,0)([2a

<Col|wi — Wall2.a (|E(U)|2.al E(U)F (0,&)[|2.4)"2.
Then if |[E(u)||2,a|[E(U)F(0,€)|[2a < ch% we show thafl is a contraction map. By the contraction mapping

1
principle, we have a solutione .
Further, since we have

v = 2E(u)F (w,0) + E(u)F(0,¢),
by definition of 4 we have

IVll2.a < CE(U)F (0, €)[[2.a
whereC is independent afi andv. Thus by taking small enough, we can not only make= u-+ av satisfy Equation
(A-30) but also make&v an embedding. Thus we are done with the patch
Now we take car®;'s companiorzo V. Fix charts around € V; andzo x € zoV; so thaty € V; andgoy € zoV; have
the same coordinates for gl V;. Working on these charts we have
dju=09j(Po) = 9,da;0
and
Giju= 0 (Do) =GP0, + 3, D3y .
Note that since the first derivative df is an even function while the second derivativedofs an odd function and
G(goy) = —((y) for all y € Ni, we have
E(u)(z0X) = —E(u)(x).

Moreover, we havd\;(v,a) = Ni(—v,a) andM;j(v,a) = M;j(—v,a) for all i, j = 1,...,d. Thus ingoN;, we have—v
as the solution to Equation (A35) amd— a?v as the modified embedding. After finishing the perturbatib @and
zoV,, the modified embedding is again symmetric.

Inductively we can perturb the embedding\wpffor all i = 1,...,L. Since there are only finite patches, by choosing
small enough, we finish the proof. O

Note that we do not show the optimal dimensaf the embedded Euclidean space but simply show the exestenc
the symmetric isometric embedding. How to take the symmietojaccount in the optimal isometric embedding will
be reported in the future work.

Corollary A.4.1. Any smooth, closed non-orientable manifgld,g) has an orientable double covering embedded
symmetrically insideRP for somep € N.

Proof. It is well known that the orientable double covering of M hesmetric freeZ, action. By applying Theorem
[A. 4.5 we get the result. O
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