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SPECTRAL CONVERGENCE OF THE CONNECTION LAPLACIAN FROM RAND OM SAMPLES

AMIT SINGER AND HAU-TIENG WU

ABSTRACT. Spectral methods that are based on eigenvectors and eigenvalues of discrete graph Laplacians, such as Diffusion
Maps and Laplacian Eigenmaps are extremely useful for manifold learning. It was previously shown by Belkin and Niyogi [4]
that the eigenvectors and eigenvalues of the graph Laplacian converge to the eigenfunctions and eigenvalues of the Laplace-
Beltrami operator of the manifold in the limit of infinitely many uniformly sampled data points. Recently, we introduced
Vector Diffusion Maps and showed that the Connection Laplacian of the tangent bundle of the manifold can be approximated
from random samples. In this paper, we present a unified framework for approximating other Connection Laplacians over the
manifold by considering its principle bundle structure. Weprove that the eigenvectors and eigenvalues of these Laplacians
converge in the limit of infinitely many random samples. Our results for spectral convergence also hold in the case where the
data points are sampled from a non-uniform distribution, and for manifolds with and without boundary.

1. INTRODUCTION

A recurring problem in fields such as neuroscience, computergraphics and image processing is that of classifying
a set of 3-dim objects by pairwise comparisons. For example,the objects can be 3-dim brain functional magnetic
resonance imaging (fMRI) images [15] that correspond to similar functional activity. In order to separate the actual
sources of variability among the images from the nuisance parameters that correspond to different conditions of the
acquisition process, the images are initially registered and aligned. Similarly, the shape space analysis problem in
computer graphics [21] involves the organization of a collection of shapes. Also in this problem it is desired to factor
out nuisance shape deformations, such as rigid transformations.

Once the nuisance parameters have been factored out, methods such as Diffusion Maps (DM) [10] or Laplacian
Eigenmaps (LE) [2] can be used for non-linear dimensionality reduction, classification and clustering. In [26] we
introduced Vector Diffusion Maps (VDM) as an algorithmic framework for organization of such data sets that also
takes the nuisance parameters into account, using the eigenvectors and eigenvalues of the graph Connection Laplacian
that encodes both data affinities and pairwise nuisance transformations. In [26] we also proved pointwise convergence
of the graph Connection Laplacian to the Connection Laplacian of the tangent bundle of the data manifold in the
limit of infinitely many sample points. The main contribution of the current paper is the spectral convergence of the
graph Connection Laplacian to the Connection Laplacian operator over the vector bundle of the data manifold. In
passing, we also provide a spectral convergence result for Diffusion Maps to the Laplace-Beltrami operator in the case
of non-uniform sampling and for manifolds with non-empty boundary, thus strengthening a previous result of Belkin
and Nyiogi [4].

At the center of LE, DM, and VDM is a weighted undirected graph, whose vertices correspond to the data objects and
the weights quantify the affinities between them. A commonlyused metric is the Euclidean distance, and the affinity
can then be described using a kernel function of the distance. For example, if the data set{x1,x2, . . . ,xn} consist ofn
functions inL2(R

3) then

(1) dE(xi ,x j) := ‖xi − x j‖L2(R3),

and the weights can be defined using the Gaussian kernel with width
√

h as

(2) wi j = e−
d2
E(xi ,xj )

2h

However, the Euclidean distance is sensitive to the nuisance parameters. In order to factor out the nuisance parameters,
it is required to use a metric which is invariant to the group of transformations associated with those parameters,
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denoted byG. Let X be the total space from which data is sampled. The groupG acts onX and instead of
measuring distances between elements ofX , we want to measure distances between their orbits. The orbit of a point
x∈ X is the set of elements ofX to whichx can be mapped by the elements ofG, denoted by

Gx= {g◦ x|g∈ G}
The group action induces an equivalence relation onX and the orbits are the equivalence classes, such that the
equivalence class[x] of x∈ X is Gx. The invariant metric is a metric on the orbit spaceX /G of equivalent classes.

One possible way of constructing the invariant metricdG is through optimal alignment, given as

(3) dG([xi ], [x j ]) = inf
gi ,g j∈G

dE(gi ◦ xi,g j ◦ x j).

If the action of the group is an isometry, then

(4) dG([xi ], [x j ]) = inf
g∈G

dE(xi ,g◦ x j).

For example, ifX = L2(R3) andG is O(3) (the group of 3×3 orthogonal matrices), then

(5) (g◦ f )(x) = f (g−1x)

and

(6) d2
G([ fi ], [ f j ]) = min

g∈O(3)

∫

R3
| fi(x)− f j(g

−1x)|2dx.

In this paper we only consider groups that are either orthogonal and unitary, for three reasons. First, this condition
guarantees that the graph Connection Laplacian is symmetric (or Hermitian). Second, the action is an isometry and
the invariant metric (4) is well defined. Third, it is a compact group and the minimizer of (6) is well defined.

The invariant metricdG can be used to define weights between data samples, for example, the Gaussian kernel gives

(7) wi j = e−
d2
G([xi ],[xj ])

2h

While LE and DM with weights given in (2) correspond to diffusion over the original spaceX , LE and DM with
weights given in (7) correspond to diffusion over the orbit spaceX /G. In VDM, the weights (7) are also accompanied
by the optimal transformations

(8) gi j = argmin
g∈G

dE(xi ,g◦ x j).

VDM corresponds to diffusion over the vector bundle of the orbit spaceX /G associated with the group action. The
following existing examples demonstrate the usefulness ofsuch a diffusion process in data analysis:

• Manifold learning:Suppose we are given a point cloud randomly sampled from ad-dim smooth manifold M
embedded inRp. Due to the smoothness of M, the embedded tangent bundle of M can be estimated by local
principal component analysis [26]. All bases of an embeddedtangent plane atx form a group isomorphic to
O(d). Since the bases of the embedded tangent planes form the frame bundleO(M), from this point cloud
we obtain a set of samples from the frame bundle which form thetotal spaceX = O(M). Since the set of all
the bases of an embedded tangent plane is invariant under theaction ofO(d), for the purpose of learning the
manifold M, we takeO(d) as the nuisance group, and hence the orbit space is M= O(M)/O(d). As shown
in [26], the generator of the diffusion process corresponding to VDM is the Connection Laplacian associated
with the tangent bundle. With the eigenvalues and eigenvectors of the Connection Laplacian, we are able to
embed the point cloud in an Euclidean space. We refer to the Euclidean distance in the embedded space as
thevector diffusion distance (VDD), which provides a new metric for the point cloud. It is shown in [26] that
VDD approximates the geodesic distance between nearby points on the manifold. Furthermore, by VDM, we
extend the earlier spectral embedding theorem [5] by constructing a distance in a class of closed Riemannian
manifolds with prescribed geometric conditions, which leads to a pre-compactness theorem on the class under
consideration.
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• Orientability: Suppose we are given a point cloud randomly sampled from ad-dim smooth manifold M and
we want to learn its orientability. Since the frame bundle encodes whether or not the manifold is orientable,
we take the nuisance group asZ2 defined as the determinant of the actionO(d) from the previous example.
In other words, the orbit of each point on the manifold isZ2, the total spaceX is theZ2 bundle on M, and
the orbit space is M. With the nuisance groupZ2, VDM is equivalent toOrientable Diffusion Map(ODM)
considered in [25] in order to estimate the orientability ofM from a finite collection of random samples.

• Cryo-EM:The X-ray transform often serves as a mathematical model to many medical and biological imaging
modalities, for example, in cryo-electron microscopy [12]. In cryo-electron microscopy, the 2-dim projection
images of the 3-dim object are noisy and their projection directions are unknown. For the purpose of de-
noising, it is required to classify the images and average images with similar projection directions in order to
increase the signal to noise ratio, a procedure known as class averaging. When the object of interest has no
symmetry, the projection images have a one-to-one correspondence with a manifold diffeomorphic toSO(3).
Notice thatSO(3) can be viewed as the set of all right-handed bases of all tangent planes ofS2, and the set of
all right-handed bases of a tangent plane is isomorphic toSO(2). Since the projection directions are param-
eterized byS2 and the set of images with the same projection direction is invariant under theSO(2) action,
we learn the projection direction by takingSO(2) as the nuisance group andS2 as the orbit space. The vector
diffusion distance provides a metric for classification of the projection directions inS2, and this metric has
been shown to perform better compared to other classification methods [27, 23]

The main contribution of this paper is twofold. First, we usethe mathematical framework of theprincipal bundle
[7] in order to analyze the relationship between the nuisance group and the orbit space and how their combination
can be used to learn the dataset. In this setup, the total space is the principal bundle, the orbit space is the base
manifold, and the orbit is the fiber. This principal bundle framework unifies LE, DM, ODM, and VDM by providing a
common mathematical language to all of them. Second, in addition to showing pointwise convergence of VDM in the
general principal bundle setup, in Theorem 5.2 we prove thatthe algorithm converges in the spectral sense, that is, the
eigenvalues and the eigenvectors computed by the algorithmconverge to the eigenvalues and the eigen-vector-fields of
the Connection Laplacian of the associated vector bundle, even when the sampling is nonuniform and the boundary is
nonempty. We also show the spectral convergence of the VDM tothe Connection Laplacian of the associated tangent
bundle in Theorem 6.1 when the tangent bundle is estimated from the point cloud. The importance of these spectral
convergence results stem from the fact that they provide a theoretical guarantee in the limit of infinite number of data
samples for the above listed problems, namely, estimating vector diffusion distances, determining the orientabilityof
a manifold from a point cloud, and classifying the projection directions of cryo-EM images.

The rest of the paper is organized as follows. In Section 2, weintroduce background material and set up the notations.
In Section 3, we review the VDM algorithm and clarify the relationship between the point cloud sampled from the
manifold and the bundle structure of the manifold. In Section 4, we unify LE, DM, VDM, and ODM by taking the
principal bundle structure of a manifold into account, and prove the first spectral convergence result that assumes
knowledge of the bundle structure. The non-empty boundary and nonuniform sampling effects are simultaneously
handled. In Section 6, we prove the second spectral convergence result when the bundle information is missing and
needs to be estimated directly from the finite random point cloud.

2. NOTATIONS, BACKGROUND AND ASSUMPTIONS

2.1. Notations and Background of Differential Geometry. Denote M to be ad-dim compact smooth manifold. If
the boundary is non-empty, the boundary is smooth. Denoteι : M →֒ Rp to be a smooth embedding of M intoRp and
we equip M with the metricg induced from the canonical metric onRp via ι. With the metricg we have an induced
measure, denoted as dV, on M. Denote

Mt = {x∈ M : min
y∈∂M

d(x,y)≤ t},

whered(x,y) is the geodesic distance betweenx andy.
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We refer the readers to Appendix A.1 for an introduction of the principal bundle. DenoteP(M,G) to be the principal
bundle with a connection 1-formω , whereG is a Lie group right acting onP(M,G) by ◦. Denoteπ : P(M,G)→ M
to be the canonical projection. We call M the base space ofP(M,G) andG the structure group. From the view point
of orbit space,P(M,G) is the total spaceX , G is the group acting onP(M,G), and M is the orbit space ofP(M,G)
under the action ofG. In other words,G is the nuisance group, and the orbits are parametrize by the manifold M.

Denoteρ to be a representation ofG into O(m′), wherem′ > 0. When there is no danger of confusion, we use the
same symbolg to denote the Riemannian metric on M and an element ofG. DenoteE (P(M,G),ρ ,Rm′

), m′ ≥ 1, to
be the associated vector bundle with the fiber diffeomorphicto Rm′

. We useE to simplify the notation. Given a fiber
metricgE in E , which always exists since M is compact, the connection we consider is metric under which the parallel
displacement of fiber ofE is isometric with related togE . The metric connection onE determined fromω is denoted
as∇E . Note that by definition, eachu ∈ P(M,G) is a linear mapping fromRm′

to Ex preserving the inner product
structure, wherex= π(u), and satisfies

(g◦u)v= u(ρ(g)v) ∈ Ex,

whereu∈ P(M,G), g∈ G andv∈ Rm′
. We interpret the linear mappingu as finding the pointu(v) ∈ Ex possessing

the coordinatev∈ Rm′
. Intuitively, u is a “basis” ofEx. Note thatE is the quotient spaceP(M,G)×Rm′

/ ∼, where
the equivalence relationship∼ is defined by the group action onP(M,G)×Rm′

, that is,g : (u,v)→ (g◦u,ρ(g)−1v),
whereg∈ G, u∈ P(M,G) andv∈ Rm′

. DenoteEx to be the fiber ofE onx∈ M.1 An important example is the frame
bundle of the Riemannian manifold(M,g), denoted asO(M) = P(M,O(d)), and the tangent bundleTM, which is the
associated vector bundle of the frame bundleO(M) if we takeρ = id andm′ = d.

DenoteΓ(E ) to be the set of sections,C(E ) to be the set of continuous sections, andCk(E ) to be the set ofk-th
differentiable sections, wherek ≥ 0. With the above structure, we can rewrite a sectionX ∈ Γ(E ) as aRm′

-valued
function fX defined onP(M,G) by

fX(ux) := u−1
x (X(x)),

whereux ∈ P(M,G) andπ(ux) = x. The covariant derivative ofX ∈C1(E ) in the directionY is defined as

(9) ∇E

ċ(0)X = lim
h→0

1
h
[τ0τ−1

h (X(ch))−X(c0)],

wherec : [0,1]→ M is the curve on M so thatc0 = x, Y = ċ(0) andτh is the horizontal lift ofch to P(M,G) so that
π(τ0) = x. Let //x

y denote the parallel displacement fromy to x. Wheny is in the cut locus ofx, we set//x
y = 0. We

know//
c0
ch = τ0τ−1

h whenh is small enough. We can better understand this definition in the frame bundleO(M) and its
associated tangent bundle. TakeX ∈C1(TM). First, we find the coordinate ofX(ch) by τ−1

h (X(ch)), and then we put
this coordinate tox and map it back to the fiberTxM by τ0. In this way we can compare two different “abstract fibers”
by comparing their coordinates.

DenoteLp(E ), 1≤ p< ∞ to be the set ofLp integrable sections, that is,X ∈ Lp(E ) iff
∫ |gE (X,X)|p/2dV < ∞. Denote

∇2 the Connection Laplacian over M with respect toE . Denote byR, Ric, ands the Riemanian curvature tensor, the
Ricci curvature, and the scalar curvature of(M,g), respectively. The second fundamental form of the embedding ι is
denoted by II. Denoteτ to be the largest positive number having the property: the open normal bundle about M of
radiusr is embedded inRp for everyr < τ [20]. τ > 0 since M is compact. In all theorems, we assume that

√
h< τ.

2.2. Notations and Background of Numerical Finite Samples.To sample points from the manifold, we need a
notion of probability density function (p.d.f.) [9]. Let the random vectorY : (Ω,F ,dP)→Rp be a measurable function
defined on the probability spaceΩ. Suppose the range ofX is supported onι(M) and letB̃ be the Borel sigma algebra
of ι(M). Denote by d̃PY the probability measure ofY, defined onB̃, induced from the probability measure dP. Assume
that dP̃Y is absolutely continuous with respect to the volume measureon ι(M), that is, d̃PY(x) = p(ι−1(x))ι∗dV(x),
where from now on we assumep∈C3(M). We call p(x) the p.d.f. of the random vectorY whose range is supported

1We may also consider representingG into U(m′) if we take the fiber to beCm′
. However, to simplify the discussion, we focus ourselves on

O(m′) and the real vector space.
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on M. Notice the difference between this definition and the traditional p.d.f. definition. With this definition, we have
that for an integrable functionf : ι(M)→R :

E f (Y) =

∫

Ω
f (Y(ω))dP(ω) =

∫

ι(M)
f (x)dP̃Y(x) =

∫

ι(M)
f (x)p(ι−1(x))ι∗dV(x) =

∫

M
f (ι(x))p(x)dV(ι(x)),

where the second equality follows from the fact that dP̃Y is the induced probability measure, and the last one comes
from the change of variable. Whenp is constant, we say the sampling is uniform; otherwise non-uniform. It is possible
to discuss more general setups, but we restrict ourselves here to this definition to simplify the discussion. To simplify
the notation, in the future we will not distinguish betweenx andι(x) and M andι(M) when there is not ambiguity.

Suppose the data pointsX := {x1,x2, . . . ,xn} ⊂ Rp are identically and independently sampled fromX. For eachxi

we randomly pickui ∈ P(M,G) so thatπ(ui) = xi . To simplify the notation, we denoteui := uxi whenxi ∈ X and
//i

j := //xi
xj whenxi ,x j ∈X . Denotenm′ dimensional Euclidean vector spacesVX :=⊕xi∈X Rm′

andEX :=⊕xi∈X Exi ,

which represents the discretized vector bundle. Note thatVX is isomorphic toEX sinceExi is isomorphic toRm′
.

Given avvv∈VX =Rm′n, we denotevvv[l ]∈Rm′
to be thel -th component in the direct sum by sayingvvv[l ] = [vvv((l −1)m+

1), . . . ,vvv(lm)]T ∈Rm′
for all l = 1, . . . ,n. Given awww∈ EX , we denotewww= [www[1], . . . ,www[n]] andwww[l ] ∈ Exl to be thel -th

component in the direct sum for alll = 1, . . . ,n. DefineIIIm to be them×m identity matrix.

We need a parametrization to realize the isomorphism between VX andEX . Define operatorsBX : VX → EX and
BT

X
: EX →VX by

BX vvv := [u1vvv[1], . . .unvvv[n]] ∈ EX ,

BT
X www := [(u−1

1 www[1])T , . . . ,(u−1
n www[n])T ]T ∈VX ,(10)

wherewww∈ EX andvvv∈VX . Note thatBT
X

BX vvv= vvv for all vvv∈VX . And we defineδX : X ∈C(E )→ EX by

δX X := [X(x1), . . .X(xn)] ∈ EX .

HereδX is interpreted as the operator finitely sampling the sectionX andBX the discretization of the action of a
section from M→ P(M,G) onRm′

. Note thatBX is aimed to recover the point onExi from the coordinatevvv[i] with
related toui , and the operatorBT

X
is aimed to find the coordinates ofwww[i] associated withui . We can thus define

XXX := BT
X δX X ∈VX ,(11)

which is the coordinate of the discretized sectionX.

The following definitions are adapted from [29] to our setting in order to finish the spectral convergence proof. We
refer the readers to [29] for the more general definition.

Definition 2.1. Take a probability space(Ω,F ,P). For a pair of measurable functionsl : Ω → R andu : Ω → R, a
bracket[l ,u] is the set of all measurable functionsf : Ω → R with l ≤ f ≤ u. An ε-bracket inL1(P), whereε > 0,
is a bracket[l ,u] with

∫ |u(y)− l(y)|dP(y) ≤ ε. Given a class of measurable functionF. The bracketing number
N[](ε,F,L1(P)) is the minimum number ofε-brackets needed to coverF.

We follow the standard notation defined in [29] to simplify the proof. Define the empirical measure as

Pn :=
1
n

n

∑
i=1

δxi .

Thus, for a given measurable functionf : M →R or a measurable vector-valued functionF : M →Rm for m> 0,

Pn f :=
1
n

n

∑
i=1

f (xi) , PnF :=
1
n

n

∑
i=1

F(xi).

Then we define

P f :=
∫

M
f (x)p(x)dV(x) and PF :=

∫

M
F(x)p(x)dV(x).

Definition 2.2. Take a sequence of i.i.d. samplesX := {x1, . . . ,xn} ⊂ M according to the p.d.f.p. We call a classF
of measurable functions a Glivenko-Cantelli class if
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(1) P f exists for all f ∈ F

(2) sup
f∈F

|Pn f −P f | → 0 almost surely whenn→ ∞.

To simplify the proof in Section 5.2, we introduce the following notations. Fixh> 0. Given a non-negative continuous
kernel functionK decaying fast enough, we denote

Kh(x,y) := K
(‖x− y‖Rp√

h

)
∈C(M ×M).(12)

More general kernels can be considered, but we focus on the above form to simplify the discussion. Then we define
the following continuous functions:

dh(x) :=
∫

Kh(x,y)p(y)dV(y) ∈C(M),(13)

Mh(x,y) :=
Kh(x,y)
dh(x)

∈C(M ×M),(14)

wheredh > 0 approximates the probability density function defined on the manifold andMh can be viewed as a new
kernel. Note thatM indicates the “Markovian” behavior of the operator. When wehave only finite samples, we
estimate (13) and (14) by

d̂h(x) :=
1

n−1

n

∑
k=1,xk 6=x

Kh(x,xk) ∈C(M),

M̂h,n(x,y) :=
Kh(x,y)

d̂h(x)
∈C(M×M),

wherex,y∈ M. Notice that the above kernels are not normalized, so the non-uniformality of the p.d.f.p(x) cannot be
ignored. In case we do not like the influence of the non-uniformality of p(x), normalizing the kernel is needed. Notice
that in the above definition we use1n−1 ∑n

k=1,xk 6=x instead of1n ∑n
k=1 in order to avoid dependence. Whenn→ ∞, these

estimators are not biased by usingn−1. We define the following function to estimate the p.d.f.:

ph(x) :=
∫

Kh(x,y)p(y)dV(y) ∈C(M)(15)

whereph(x) is an estimation of the p.d.f. atx, which is simply by the approximation of identify. Note thatalthough
the appearance of (13) and (15) are the same, the roles they play are different. In practice when we have only finite
samples, we approximate (15) bŷph,n(x):

p̂h,n(x) :=
1

n−1

n

∑
k=1,xk 6=x

Kh(x,xk) ∈C(M).(16)

For 0≤ α ≤ 1, we define the following p.d.f. adjusted kernel:

Kh,α(x,y) :=
Kh(x,y)

pα
h (x)p

α
h (y)

∈C(M ×M)

dh,α(x) :=
∫

Kh,α(x,y)p(y)dV(y) ∈C(M)

Mh,α(x,y) :=
Kh,α(x,y)

dh,α(x)
∈C(M ×M),

whereKh,α(x,y) is understood as a new kernel function at(x,y) adjusted by the estimated p.d.f. atx andy, that is, the
kernel is normalized to reduce the influence of the non-uniform p.d.f.. In practice when we have only finite samples,
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we approximate the above terms by the following estimators.

K̂h,α ,n(x,y) :=
Kh(x,y)

p̂α
h,n(x)p̂

α
h,n(y)

∈C(M ×M)(17)

d̂h,α ,n(x) :=
1

n−1

n

∑
k=1,xk 6=x

K̂h,α ,n(x,xk) ∈C(M)(18)

M̂h,α ,n(x,y) :=
K̂h,α ,n(x,y)

d̂h,α ,n(x)
∈C(M ×M).(19)

Note thatd̂h,α ,n is always positive by the assumption ofK. We mention that the notationPnK̂h,α ,n(x, ·) should be
carefully understood sincêKh,α ,n(x, ·) is itself a random variable. When we work with the proof, we need the following
“intermittent terms”, which play the role in estimating theerror bounds:

d̂(ph)
h,α ,n(x) :=

1
n−1

n

∑
k=1,xk 6=x

Kh,α(x,xk) ∈C(M), M̂
(dh,α )
h,α ,n (x,y) :=

Kh,α(x,y)

d̂h,α ,n(x)
∈C(M×M).

3. VECTORDIFFUSION MAP ALGORITHM

Take an undirected affinity graphG = (V,E), whereV = {xi}n
i=1 and fix am′ ∈ N. Suppose we have assigned the

edge(i, j) ∈ E a scalarwi j > 0 andgi j ∈ O(m′). We callwi j theaffinitybetweenxi andx j and callgi j the translation
groupbetweenvector statusof xi andx j . Construct the followingn×n block matrixSSSn with m′×m′ entries:

(20) SSSn(i, j) =

{
wi j gi j (i, j) ∈ E,
0d×d (i, j) /∈ E.

Notice that the square matrixSSSn is symmetric sincewi j = wji andgT
i j = g ji . Then define an×n diagonal block matrix

DDDn with m′×m′ entries, where the diagonal blocks are scalar multiples of the identity matrices given by

(21) DDDn(i, i) = ∑
j :(i, j)∈E

wi j IIIm′ .

Thegraph Connection Laplacianand thenormalized graph Connection Laplacianare defined by [26, 1]

DDDn−SSSn, IIIn−DDD−1
n SSSn

respectively. Note that the matrixDDD−1
n SSSn is an operator acting onvvv∈ Rnm′

:

(DDD−1
n SSSnvvv)[i] =

∑ j :(i, j)∈Ewi j gi j v j

∑ j :(i, j)∈Ewi j
,(22)

which suggests the interpretation ofDDD−1
n SSSn as a generalized Markov chain with the random walker (e.g., diffusive

particle) characterized by several statuses. In other words, a particle ati is endowed with a vector status represented
by am′-dim vector, and at each time step it can move fromi to j with probability

wi j

∑ j:(i, j)∈E wi j
. If the translation group is

trivial, these statuses are separately viewed asm′ functions defined onG. Notice that the graph Laplacian is a special
case in the way thatm′ = 1 andgi j = 1. However, ifm′ > 1 and we have a non-trivial relationship between the vector
statuses of particles oni and j characterized by the translation group, we may want to take it into account – when a
particle moves, its status must change according to the translation groupgi j . Thus, if a particle with a vector status
vi ∈Rm′

moves along a path of lengtht from i to j containing verticesi, j1, . . . , jt−1, j so that(i, j1) ∈ E, ( jt−1, j) ∈ E
and( j l , j l+1) ∈ E for l = 1, . . . , t−2, when the particle arrivesj, its vector status is influenced by a series of rotational
groups along the path fromi to j and becomesg j , jt−1 · · ·g j2, j1g j1,ivi . In case there are more than two paths fromi to
j, we may get cancelation while adding transformations of different paths. Intuitively, “the closer two points are” or
“the less variance of the translational group on the paths is”, the more consistent the vector statuses are betweeni and
j. We can thus define a new affinity betweeni and j by the consistency between the vector statuses. Notice thatthe
matrix (DDD−1

n SSSn)
2t(i, j), wheret > 0, contains the average of the rotational information on allpaths of length 2t from i

to j. Thus, the Hilbert-Schmidt norm of(DDD−1
n SSSn)

2t(i, j), ‖(DDD−1
n SSSn)

2t(i, j)‖2
HS, can be viewed as a measure of not only
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the number of paths of length 2t from i to j but also the amount of consistency of the vector status. Therefore, we
define a new affinity betweeni and j by considering‖(DDD−1

n SSSn)
2t(i, j)‖2

HS.

To understand this affinity, we consider the symmetric matrix S̃SSn = DDD−1/2
n SSSnDDD−1/2

n which is similar toDDD−1
n SSSn. Since

S̃SSn is symmetric, it has a complete set of eigenvectorsv1,v2, . . . ,vnm′ and eigenvaluesλ1,λ2, . . . ,λnm′ , where the eigen-

values are ordered byλ1 ≥ λ2 ≥ . . .≥ λnm′ . A direct calculation of the HS norm of̃SSS
2t
n (i, j) leads to:

(23) ‖S̃SS
2t
n (i, j)‖2

HS=
nm′

∑
l ,r=1

(λl λr)
2t〈vl (i),vr(i)〉〈vl ( j),vr ( j)〉.

The right hand side of‖S̃SS
2t
n (i, j)‖2

HS leads us to define thevector diffusion mapping(VDM) Vt : G→ R(nm′)2 by

(24) Vt : i 7→
(
(λl λr)

t〈vl (i),vr(i)〉
)nm′

l ,r=1 .

With this map,‖S̃SS
2t
n (i, j)‖2

HS becomes an inner product for the finite dimensional Hilbert space, that is,

‖S̃SS
2t
n (i, j)‖2

HS= 〈Vt(i),Vt( j)〉.
We thus define the new affinity between nodesi and j, referred to asvector diffusion distance(VDD), by

(25) dVDD,t(i, j) := ‖Vt(i)−Vt( j)‖2.

Furthermore, by a direct calculation we know that|λl | ≤ 1 due to the following identity:

vvvT(IIIn± S̃SSn)vvv= ∑
(i, j)∈E

∥∥∥∥∥
vvv[i]√

∑l :(i,l)∈E wil
± wi j gi j vvv[ j]√

∑l :( j ,l)∈E wjl

∥∥∥∥∥

2

≥ 0,

for anyvvv∈ Rnm′
. Note that we cannot guarantee that eigenvalues ofS̃SSn are non-negative, and that is the main reason

we defineVt through‖S̃SS
2t
n (i, j)‖2

HS rather than‖S̃SS
t
n(i, j)‖2

HS.

We now come back toDDD−1
n SSSn. The eigenvector ofDDD−1

n SSSn associated with eigenvalueλl is wl = D−1/2vl . So we define
another VDMV ′

t : G→ R(nm′)2 by

V ′
t : i 7→

(
(λl λr)

t〈wl (i),wr (i)〉
)nm′

l ,r=1 ,

so thatV ′
t (i) =

Vt (i)
∑l :(i,l )∈E wil

. In other words,V ′
t maps the data set in a Hilbert space upon proper normalization by the

vertex degrees. The associated VDD is thus defined as‖V′
t (i)−V ′

t ( j)‖2. For further discussion about the algorithm
and the normalization, we refer the readers to [26].

4. UNIFY VDM, ODM, LE AND DM FROM THE PRINCIPAL BUNDLE VIEWPOINT

We state some known results relevant to VDM, ODM, LE and DM. Most of the results that have been obtained are of
two types: either they provide the topological informationabout the data which is global in nature, or they concern
the geometric information which aims to recover the local information of the data. Fix the undirected affinity graph
G = (V,E). When it is built from a point cloud randomly sampled from a Riemannian manifoldι : M →֒ Rp with
the induced metricg, the main ingredient of LE and DM is the Laplace-Beltrami operator ∆g of (M,g) [10]. It is
well known that the Laplace-Beltrami operator∆g provides the topology and geometry information about M [13]. For
example, the spectral embedding of M into the Hilbert space [5] preserves the geometric information of M and the
dimension of the null space of∆g is the 0-Betti number of M. In the principal bundle setup,∆g is associated with
the trivial line bundle. If we consider a different bundle, we obtain a different Laplacian operator, which provides
different geometric/topological information [13]. For example, the core of VDM considered in [26] is the Connection
Laplacian associated with the tangent bundleTM, which provides not only the geodesic distance among nearby points
(local information) but also the 1-Betti number mixed with the Ricci curvature of the manifold. In addition, the notion
of synchronization of vector fields onG accompanied with translation group information can be analyzed by the graph
Connection Laplacian [1].
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4.1. Principal Bundle Setup. As the reader may have noticed, the appearance of VDM is almost the same as that of
LE, DM and ODM discussed in [2, 3, 10, 14, 25]. This is not a coincidence if we take the notion of principal bundle
and its connection into account, based on which we unify VDM,ODM, LE and DM in this section.

We make the following assumptions about the principal bundle setup.

Assumption4.1. (A1) The base manifold M isd-dim, smooth and smoothly embedded inRp via ι with induced
metricg from the canonical metric ofRp. If ∂M 6= /0, we assume that the boundary is smooth.

(A2) Fix a principal bundleP(M,G) with a connection 1-formω . Denoteρ to be the representation ofG into
O(m′) wherem′ > 0 depending on the application.2 DenoteE := E (P(M,G),ρ ,Rm′

) to be the associated
vector bundle with a fiber metricgE and the metric connection∇E .3

(A3) The probability density functionp∈ C3(M) is uniformly bounded from below and above, that is, 0< pm ≤
p(x)≤ pM < ∞.

The following two special principal bundles and their associated vector bundles are directly related to ODM, LE
and DM. The principal bundle for ODM is the non-trivial orientation bundle associated with the tangent bundle of a
non-orientable manifold M, denoted asP(M,Z2), whereZ2 = {−1,1}, and its associated vector bundle isE ODM =
E (P(M,Z2),ρ ,R), whereρ is the representation ofZ2 so thatρ satisfiesρ(g)x= gx for all g∈ Z2 andx∈ R. Note
thatZ2

∼= O(1). The principal bundle for LE and DM isP(M,{e}), where{e} is the identify group, and its associated
vector bundle isE DM = E (P(M,{e}),ρ ,R), where the representationρ satisfiesρ(e)x= x andx∈R. In other words,
it is the trivial bundle on M. Note that{e} ∼= SO(1).

Under the manifold setup assumption, the sampled data satisfy

Assumption4.2. (B1) We sample a data cloudX = {xi}n
i=1 from M according to the p.d.f.p(x) under Assumption

4.1(A3).
(B2) For eachxi ∈ X , sampleui ∈ P(M,G) according to a uniform distribution overG so thatπ(gi) = xi . Denote

G = {ui : Rm′ → Exi}n
i=1.

The kernel and bandwidth used in the following sections satisfy:

Assumption4.3. (K1) the kernel functionK ∈C2(R+) is a positive function so that infx∈R+ K(x) = δ > 0. Further-

more,µ (k)
l :=

∫
Rd ‖x‖l K(k)(‖x‖)dx, wherek= 0,1,2, l ∈ N∪{0}, andK(k) means thek-th order derivative of

K. We assumeµ (0)
0 = 1.

(K2) We assume that 0<
√

h< min{τ, inj(M)}, where inj(M) is the injectivity radius of M.

4.2. Unify VDM, ODM, LE and DM. Suppose Assumption 4.1 is satisfied and we are givenX and G satis-
fying Assumption 4.2. The affinity graphG = (V,E) is constructed by the following way. TakeV = X and
E = {(xi ,x j)|xi ,x j ∈ X , ‖xi − x j‖Rp <

√
h}. Under this constructionG is undirected by nature. The affinity be-

tweenxi andx j is defined bywi j := K̂h,α ,n(xi ,x j), whereK is the kernel function satisfying Assumption 4.3. The
translation groupgi j betweenxi andx j is constructed fromG by

(26) gi j = u−1
i //i

ju j .

With the affinity graphs, the weightwi j and the translation groupgi j , define the followingn×n block matrixPPPh,α ,n

with m′×m′ entries:

(27) PPPh,α ,n(i, j) =

{
wi j gi j (i, j) ∈ E,
0m′×m′ (i, j) /∈ E.

2We restrict ourselves to the orthogonal representation in order to obtain a symmetric matrix in the VDM algorithm. Indeed, if the translation
of the vector status fromxi to xj satisfiesu−1

j ui , whereui ,uj ∈ P(M,G) andπ(ui ) = xi andπ(uj ) = xj , the translation fromxj back toxi should

satisfyu−1
i uj , which is the inverse ofu−1

j ui . To have a symmetric matrix in the end, we thus needu−1
j ui = (u−1

i uj )
T , which is satisfied only when

G is represented into the orthogonal group. We refer the readers to Appendix A.1 for the reasoning based on the notion of connection.
3In generalρ can be the representation ofG into O(m′) which acts on the tensor spaceT r

s (R
m′
) of type (r,s) or others. But we consider

Rm′
= T1

0 (R
m′
) to simplify the discussion.
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Notice that the square matrixPPPh,α ,n is symmetric sincewi j = wji andgi j = gT
ji . Then define an×n diagonal block

matrixDDDn with m′×m′ entries, where the diagonal blocks are scalar multiples of the identity matrices given by

(28) DDDh,α ,n(i, i) = ∑
j :(i, j)∈E

wi j IIIm′ = d̂h,α ,n(x)IIIm′ .

Takevvv∈ R
nm′

. The matrixDDD−1
h,α ,nPPPh,α ,n is thus an operator acting onvvv by

(DDD−1
h,α ,nPPPh,α ,nvvv)[i] =

∑n
j=1, j 6=i K̂h,α ,n(xi ,x j)gi j v j

∑n
j=1, j 6=i K̂h,α ,n(xi ,x j)

=
1

n−1

n

∑
j=1, j 6=i

M̂h,α ,n(xi ,x j)gi j v j .(29)

With the eigenvalues and eigenvectors ofDDD−1/2
h,α ,nPPPh,α ,nDDD−1/2

h,α ,n, the VDM and VDD are defined in the same way as that

of (24) and (25). Recall that we interpretu j as a linear mapping from ofRm′
to Exj and viewX j := u−1

j X(x j) ∈Rm as
the coordinate ofX(x j) ∈ Exj with related to the basisu j ; also recall the notationXXX := BX δX X defined in (11). Then,
consider the following quantity:

(DDD−1
h,α ,nPPPh,α ,n− IIIn

h
XXX
)
[i] =

1
n−1

n

∑
j=1, j 6=i

M̂h,α ,n(xi ,x j)
1
h
(gi j XXX[ j]−XXX[i])

=
1

n−1

n

∑
j=1, j 6=i

M̂h,α ,n(xi ,x j)
1
h
(u−1

i //i
jX(x j)−u−1

i X(xi)).(30)

Note that geometricallygi j is closely related to the parallel transport fromx j to xi . Indeed, by rewriting (9) as

(31) τ−1
0 ∇ċ(0)X = lim

h→0

1
h

{
τ−1

h X(ch)− τ−1
0 X(c0)

}
,

we see that the right hand side is exactly the term appearing in (30) by the definition of parallel transport. As will be
shown explicitly in the next section, the VDM reveals the information about the manifold by accumulating the local
information via taking the covariant derivative into account.

We unify ODM, LE and DM into the principal bundle framework byconsidering the special casesE ODM andE DM .
For ODM, we considerE ODM. In this case,G is {uODM

i }n
i=1, the fiberEx are isomorphic toR anduODM

i : R→ Ei . The
translation groupgODM

i j betweenxi andx j is constructed by

(32) gODM
i j = uODM

i
−1

uODM
j .

Note that in practice we sampleuODM
j from sampling the frame bundle. Indeed, givenxi and ui ∈ O(M) so that

π(ui) = xi , uODM
j is defined to be the orientation ofui. Define an×n matrix with scalar entriesPPPODM

h,α ,n:

PPPODM
h,α ,n(i, j) =

{
wi j gODM

i j (i, j) ∈ E,
0 (i, j) /∈ E.

and an×n diagonal matrixDDDODM
h,α ,n:

DDDODM
h,α ,n(i, i) = ∑

j :(i, j)∈E

wi j .

It has been shown in [25] that the orientability informationof M can be obtained from analyzingDDDODM
h,1,n

−1
PPPODM

h,1,n .

Furthermore, we get the orientable diffusion map (ODM) by taking the higher eigenvectors ofDDDODM
h,1,n

−1
PPPODM

h,1,n into
account. We will prove in Appendix A.4 that any smooth, closed non-orientable manifold(M,g) has an orientable
double covering embedded symmetrically insideRp for somep ∈ N. Combined this fact with the spectral conver-
gence theorem that we will discuss later, we theoretically justify the claim in [25] that ODM can help reconstruct the
orientable double covering.

For LE and DM, we considerE DM . In this case,m′ = 1. Define an×n matrix with scalar entriesPPPDM
h,α ,n:

PPPDM
h,α ,n(i, j) =

{
wi j (i, j) ∈ E,
0 (i, j) /∈ E.
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and an×n diagonal matrixDDDDM
h,α ,n:

DDDDM
h,α ,n(i, i) = ∑

j :(i, j)∈E

wi j .

Note that this is equivalent to ignoring the translation group in each vertex. Note thatDDDDM
h,0,n

−1
PPPDM

h,0,n is the well-known

graph Laplacian. WithDDDDM
h,α ,n

−1
PPPDM

h,α ,n we can work with diffusion map which leads to dimension reduction. Recall that
when we studied DM, we do not need the notion of translation group. This actually comes from the fact that functions
defined on the manifold are actually sections of the trivial bundle of M – since the fiberR and M are “decoupled”, we
can directly take the algebraic relationship ofR into consideration, so that it is not necessary to mention the bundle
structure.

To sum up, we are able to unify the VDM, ODM, LE and DM by taking the principal bundle structure into account. In
the next sections, we focus on the pointwise and spectral convergence of the corresponding operators, which justifies
the definition of the VDD.

5. POINTWISE AND SPECTRAL CONVERGENCE

With the above setup, we now do the asymptotic analysis underAssumption 4.1 and Assumption 4.2. In the whole
proof, we systematically use a universal constantRM > 0 to bound‖p(l)‖∞, l = 0,1,2,3, the volume of M, the volume
of ∂M, the curvature of M and∂M and the second fundamental form introduced by the embedding ι, as well as
their first few covariant derivatives. By assumptionRM is finite sincep ∈ C3, M, ∂M and ι are smooth and M
is compact. From equation to equation, the exact constants might change, but we always useRM to bound them.
Also, we adapt the modified Landau notation to simplify the proof: the notationX = O(C1,C2, . . . ,Ck)Y means that
|X| ≤ max{C1,C2, . . . ,Ck}Y, whereCi ≥ 0.

Definition 5.1. Define operatorsTh,α : C(E )→C(E ) andT̂h,α ,n : C(E )→C(E ) as

Th,αX(y) =
∫

M
Mh,α (y,x)//y

xX(x)p(x)dV(x)

T̂h,α ,nX(y) =
1

n−1

n

∑
j=1,xj 6=y

M̂h,α ,n(y,x j)//
y
xj

X(x j)

5.1. Pointwise Convergence.We first show that asymptotically the matrixDDD−1
h,α ,nPPPh,α ,n behaves like an integral op-

erator.

Proposition 5.1. Suppose Assumption 4.1, Assumption 4.2 and Assumption 4.3 hold. For X ∈ C(E ) and for all
i = 1, . . . ,n, with high probability (w.h.p.) we have:

(BX DDD−1
h,α ,nPPPh,α ,nXXX)[i] = T̂h,α ,nX(xi) = Th,αX(xi)+O(RM,‖X‖∞)

√
log(n)

n1/2hd/4−1/2
,

whereBX is defined in (10) andXXX is defined in (11).

Here the log(n) term shows up due to the normalization of the non-uniform sampling. Indeed, while normalizing the
non-uniform sampling by (19), we introduce dependence, andhandling this dependence is the resource of the log(n)
term. Next, the integral operatorTh,α can be viewed as an approximation of identity in the following sense:

Proposition 5.2. Suppose Assumption 4.1 and Assumption 4.3 hold. For allxi /∈ M√
h andX ∈C4(E ) we have

Th,αX(x) = X(x)+h
µ2

2d

(
∇2X(x)+

2∇X(x) ·∇(p1−α)(x)
p1−α(x)

)
+O(RM,‖X(3)‖∞)h

2,

where∇X(xi) ·∇(p1−α)(xi) := ∑d
l=1 ∇∂l

X∇∂l
(p1−α) and{∂l}d

l=1 is an normal coordinate aroundxi ; whenxi ∈ M√
h,

(33) Th,1X(x) = X(x)+
mh

1

mh
0

Px,x0∇∂d
X(x0)+O(RM,‖X(2)‖∞)h,
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wherex0 = argminy∈∂M d(xi ,y), mh
1 andmh

0 are constants defined in (A.23) and (A.24), and∂d is the normal direction
to the boundary atx0.

The proofs of Proposition 5.1 and Proposition 5.2 are postponed to the Appendix. These Propositions lead to the
following pointwise convergence theorem.

Theorem 5.1. Suppose Assumption 4.1, Assumption 4.2 and Assumption 4.3 hold. With the same notations at those
in Proposition 5.2, for allxi /∈ M√

h andX ∈C4(E ), w.h.p.

h−1(DDD−1
h,α ,nPPPh,α ,nXXX−XXX)[i] =

µ2

2m
u−1

i

{
∇2X(xi)+

2∇X(xi) ·∇(p1−α)(xi)

p1−α(xi)

}
+O(RM,‖X(3)‖∞)(h+n−

1
2 h−

d+2
4 ).

In particular, we obtain the Connection Laplacian by

lim
h→0

lim
n→∞

h−1ui(DDD
−1
h,1,nPPPh,1,nXXX−XXX)[i] =

µ2

2m
∇2X(xi).

For all xi ∈ M√
h, we have w.h.p.

(DDD−1
h,α ,nPPPh,α ,nXXX)[i] = ρ(gi)

−1Pxi ,x0

(
X(x0)+

mh
1

mh
0

∇∂d
X(x0)

)
+O(RM,‖X(2)‖∞)(h+n−

1
2 h−

d−2
4 ).(34)

Note that the dominant term in (34),mh
1/mh

0, is of order
√

h, which asymptotically dominatesh. A consequence of
Theorem 5.1 and the spectral convergence theorem in the nextsection is that the eigenvectors ofDDD−1

h,1,nPPPh,1,n− IIIn are
discrete approximations of the eigen-vector-fields of the Connection Laplacian operator with homogeneous Neumann
boundary condition that satisfy

(35)

{
∇2X(x) =−λX(x), for x∈ M,
∇∂d

X(x) = 0, for x∈ ∂M.

5.2. Spectral Convergence.As informative as the convergence results in Theorem 5.1 are, they are pointwise in
nature and are not strong enough to guarantee the spectral convergence of our numerical algorithm so as to guarantee
the information provided by VDD. In this section, we explorethis problem and provide the spectral convergence
theorem. We denote the spectrum of∇2 by {−λl}∞

l=0, where 0= λ0 ≤ λ1 ≤ . . ., and the corresponding eigenspaces
by El := {X ∈ L2(E ) : ∇2X =−λl X}, l = 0,1, . . .. It is well known [13] that dim(El )< ∞, the eigen-vector-fields are
smooth and form a basis forL2(E ), that is,L2(E ) = ⊕l∈N∪{0}El , where the over line means completion according to
the measure associated withg. To simplify the statement and proof, we assume thatλl for eachl are simple andXl is
the normalized basis ofEl .

4 Note that in generalλ0 may not exist, for example,S2 with the standard metric. The first
theorem stating the spectral convergence of(DDD−1

h,1,nPPPh,1,n)
t/h to et∇2

. Note that in the statement of the theorem, we use

T̂h,1,n instead ofDDD−1
h,1,nPPPh,1,n. As will be seen in the proof, they are equivalent under proper transformation.

Theorem 5.2. Assume Assumption 4.1, Assumption 4.2 and Assumption 4.3 hold. Fix t > 0. Denoteµt,i,h,n to be the

i-th eigenvalue of̂Tt/h
h,1,n with the associated eigenvectorYt,i,h,n. Also denoteµt,i > 0 to be thei-th eigenvalue of the heat

kernel of the Connection Laplacianet∇2
with the associated eigen-vector fieldYt,i . We assume thatµt,i are simple and

bothµt,i,h,n andµt,i decrease asi increases, respecting the multiplicity. Fixi ∈N. Then there exists a sequencehn → 0
such that lim

n→∞
µt,i,hn,n = µt,i and lim

n→∞
‖Yt,i,hn,n−Yt,i‖L2(E ) = 0 in probability.

Note that whenn< ∞, µt,i,h,n may be negative butµt,i is always non-negative. The second theorem stating the spectral
convergence ofh−1(DDD−1

h,1,nPPPh,1,n− IIIm′n) to ∇2.

Theorem 5.3. Assume Assumption 4.1, Assumption 4.2 and Assumption 4.3 hold. Denoteλi,h,n to be thei-th eigen-
value ofh−1(T̂h,1,n−1) with the associated eigenvectorXi,h,n. Also denote−λi, whereλi > 0, to be thei-th eigenvalue
of the Connection Laplacian∇2 with the associated eigen-vector fieldXi . We assume thatλi are simple and bothλ h

n,i

4When any of the eigenvalues is not simple, the statement and proof are complicated by introducing the notion of spectral projection [8].



SPECTRAL CONVERGENCE OF THE CONNECTION LAPLACIAN FROM RANDOM SAMPLES 13

andλi increase asi increases, respecting the multiplicity. Fixi ∈ N. Then there exists a sequencehn → 0 such that
lim
n→∞

λi,hn,n = λi and lim
n→∞

‖Xi,hn,n−Xi‖L2(E ) = 0 in probability.

Note that the statement and proof hold for the special cases associated with LE, DM and ODM. To prove Theorem 5.2
and Theorem 5.3, we need the following Lemma. This lemma essentially takes care of the pointwise convergence of
a series of vector fields in the uniform norm on M.

Lemma 5.2. Suppose Assumption 4.1, Assumption 4.2 and Assumption 4.3 are satisfied. Denote

Ph := {Kh(x, ·), x∈ M},(36)

Kh,α := {Kh,α(x, ·), x∈ M},(37)

Then the above classes are Glivenko-Cantelli classes. TakeX ∈ C(E ), take a measurable sectionq0 : M → P(M,G)
and denote

X ·Mh,α :=
{

Mh,α(x, ·)q0(x)
−1//x

· X(·), x∈ M
}

(38)

as aRm′
-valued function class. Then the above classes satisfies

sup
W∈X·Mh,α

‖PnW−PW‖
Rm′ → 0(39)

a.s. whenn→ ∞.

The above notations are chosen to be compatible with the matrix notation used in the VDM algorithm. Notice how
(39) mimics the definition of the Glivenko-Cantelli classes.

Proof. We prove (39). The proof of (36) and (37) follows the same lines, or see [30, Proposition 11]. Fixx∈ M. It is
well known that we can find a measurable functionqx : M →Gso that the sectionq := q0qx, whereq(y) := qx(y)◦q0(y)
for all y∈ M, is discontinuous on the cut locus ofx, which is a set of measure zero. Define theRm′

-valued function

Wx(y) := Mh,α(x,y)q(x)
−1//x

yX(y)

is thus also discontinuous. SinceX ∈ C(E ), M is compact,∇E is metric andq(x) : Rm′ → Ex preserving the inner
product, we know

‖Wx‖L∞ ≤ δ−1‖K‖L∞‖q(x)−1//x
yX(y)‖L∞ = δ−1‖K‖L∞‖X‖L∞ ,

where the first inequality holds since supx,y∈M |Mh,α(x,y)| ≤ δ−1‖K‖L∞ by Assumption 4.3. Under Assumption 4.1,
qx is isometric pointwisely, soX ·Mh,α is uniformly bounded.

Fix x∈ M. We now tackle the vector-valued functionWx component by component. DenoteWx = ( fx,1, . . . , fx,m′ ) and
fix j = 1, . . .m′. Consider the functional set

fx, j ·Mh,α :=
{

Mh,α(x, ·) fx, j (·), x∈ M
}
.

Fix ε > 0. SinceX ·Mh,α is uniformly bounded, we can choose finiteε-brackets[l j ,i ,u j ,i ], wherei = 1, . . . ,N(ε),
l j ,i andu j ,i are continuous and independent ofx, so that its union containsfx, j ·Mh,α andP|u j ,i − l j ,i | < ε for all
i = 1, . . . ,N( j,ε). Then, for everyf ∈ fx, j ·Mh,α , there is a bracket[l j ,l ,u j ,l ] such that

|Pn f −P f | ≤ |Pnu j ,l −Pu j ,l |+P|u j ,l(y)− f (y)| ≤ |Pnu j ,l −Pu j ,l |+ ε.
Hence we have

sup
f∈ fx, j ·Mα

|Pn f −P f | ≤ max
i=1,...,N( j ,ε)

|Pnu j ,l −Pu j ,l |+ ε,

where the right hand side converges almost surely toε by the strong law of large numbers and the fact thatN( j,ε) is
finite. As a result, we have

|PnWx−PWx| ≤
m′

∑
j=1

sup
f∈ fx, j ·Mh,α

|Pn f −P f | ≤
m′

∑
l=1

max
i=1,...,N( j ,ε)

|Pnu j ,l −Pu j ,l |+m′ε,
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so that supWx∈X·Mh,α
|PnWx−PWx| is bounded bym′ε almost surely asn→ ∞. Sincem′ is fixed andε is arbitrary, we

conclude the proof. �

With the Lemma, we can now finish the proof of Theorem 5.2 and Theorem 5.3.

Proof of Theorem 5.2 and Theorem 5.3.The proof consists of 3 steps. The boundary, the nonuniform sampling and
the bundle structure are taken care simultaneously.

Step 1: Relationship betweenDDD−1
h,α ,nPPPh,α ,n and T̂h,α ,n.

We immediately have that

(BX δX T̂h,α ,nX)[i] =
1

n−1

n

∑
j=1, j 6=i

M̂h,α ,n (xi ,x j)//
xi
xj

X(x j) = (DDD−1
h,α ,nPPPh,α ,nXXX)[i].

Next we understand the relationship between the eigen-structure of BX δX T̂h,α ,n and DDD−1
h,α ,nPPPh,α ,n. SupposeX is

an eigen-section of̂Th,α ,n with eigenvalueλ . By a direct calculation we knowXXX = BX δX X is an eigenvector of
DDD−1

h,α ,nPPPh,α ,n with eigenvalueλ . Indeed, for alli = 1, . . . ,n,

(DDD−1
h,α ,nPPPh,α ,nXXX)[i] =

1
n−1

n

∑
j=1, j 6=i

M̂h,α ,n(xi ,x j)u−1
i //xi

xj
X(x j)

=u−1
i

1
n−1

n

∑
j=1, j 6=i

M̂h,α ,n(xi ,x j)//
xi
xj

X(x j) = u−1
i T̂h,α ,nX(xi) = λu−1

i X(xi) = λXXX[i].

On the other hand, given an eigenvectorvvv of h−1(DDD−1
h,α ,nPPPh,α ,n− IIInd) with eigenvalueλ , that is,

(40) (DDD−1
h,α ,nPPPh,α ,nvvv)[i] =

1
n−1

n

∑
j=1, j 6=i

M̂h,α ,n (xi ,x j)u−1
i //i j u jvvv j = (1+hλ )vvv[i].

Whenhλ >−1, we show that there is an eigen-vector field ofh−1(T̂h,α ,n−1) with eigenvalueλ . In order to show this
fact, we note that ifX is an eigen-vector field ofh−1(T̂h,α ,n−1) with eigenvalueλ so thathλ >−1, we have

X(x) =
T̂h,α ,nX(x)

1+hλ
=

1
n−1 ∑n

j=1,xj 6=xM̂h,α ,n (x,x j)//
x
xj

X(x j)

(1+hλ )
,

which can be rewritten as

X(xi) =
1

n−1 ∑n
j=1, j 6=i M̂h,α ,n (xi ,x j)//

xi
xj u ju−1

j X(x j)

1+hλ
=

1
n−1 ∑n

j=1, j 6=i M̂h,α ,n(xi ,x j)//
xi
xj u jX[ j]

1+hλ
.(41)

The relationship in (41) leads us to consider the vector field

Xvvv(x) :=
1

n−1 ∑n
j=1, j 6=i M̂h,α ,n (x,x j)//

x
xj

u jv[ j]

1+hλ
to be the related eigen-vector field associated withvvv. To show thatXvvv is indeed an eigen-vector field ofh−1(T̂h,α ,n−1),
we directly calculate:

T̂h,α ,nXvvv(y) =
1

n−1

n

∑
j=1,xj 6=y

M̂h,α ,n(y,x j)//
y
xj

Xvvv(x j)

=
1

n−1

n

∑
j=1,xj 6=y

M̂h,α ,n (y,x j)//
y
xj

( 1
n−1 ∑n

k=1M̂h,α ,n (x j ,xk)//
xj
xkukvvv[k]

1+hλ

)

=
1

1+hλ
1

n−1

n

∑
j=1,xj 6=y

M̂h,α ,n (y,x j )//
y
xj
(1+hλ )u jvvv[ j] = (1+hλ )Xvvv(y),
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which leads to the fact thatXvvv is the eigen-vector field ofh−1(T̂h,α ,n−1) with eigenvalueλ sincehλ >−1.

The above one to one relationship between eigenvalues and eigenfunctions of̂Th,α ,n andDDD−1
h,α ,nPPPh,α ,n allows us to

analyze the spectral convergence ofDDD−1
h,α ,nPPPh,α ,n to Th,α by analyzing the spectral convergence ofT̂h,α ,n to Th,α .

Step 2:compact convergence of̂Th,α ,n to Th,α .

We start from the definition of compact convergence of a series of operators [8, p122] adapted to our setup. We say
T̂h,α ,n : C(E )→C(E ) compactly converges toTh,α : C(E )→C(E ) if and only if

(C1) T̂h,α ,n converges toTh,α pointwisely, that is, for allX ∈C(E ), we have‖T̂h,α ,nX−Th,αX‖L∞(E ) → 0 asn→ ∞;

(C2) for any uniformly bounded sequence{Xl : ‖Xl‖L∞ ≤ 1}∞
l=1 ⊂ C(E ), the sequence{(T̂h,α ,n −Th,α)Xl}∞

l=1 is
relatively compact.

We prepare some bounds for the later use. Under the Assumption 4.3, for alln∈N andx,y∈ M we have the following
simple bounds:

δ ≤ |p̂h,n(x)| ≤ ‖K‖L∞ ,(42)

δ‖K‖−2α
L∞ ≤ |K̂h,α ,n(x,y)| ≤ δ−2α‖K‖L∞ ,(43)

δ‖K‖−2α
L∞ ≤ |d̂h,α ,n(x)| ≤ δ−2α‖K‖L∞ ,(44)

δ 1+2α‖K‖−1−2α
L∞ ≤ |M̂h,α ,n(x,y)| ≤ δ−1−2α‖K‖1+2α

L∞ .(45)

Now we show (C1). By a direct calculation we have

‖T̂h,α ,nX−Th,αX‖L∞(E ) =
∥∥∥PnM̂h,α ,n(y, ·)//y

· X(·)−PMh,α(y, ·)//y
· X(·)

∥∥∥
L∞(E )

≤
∥∥∥PnM̂h,α ,n(y, ·)//y

· X(·)−PnM̂
(dh,α )
h,α ,n (y, ·)//y

· X(·)
∥∥∥

L∞(E )
(46)

+
∥∥∥PnM̂

(dh,α )
h,α ,n (y, ·)//y

· X(·)−PnMh,α(y, ·)//y
· X(·)

∥∥∥
L∞(E )

(47)

+
∥∥∥PnMh,α(y, ·)//y

· X(·)−PMh,α(y, ·)//y
· X(·)

∥∥∥
L∞(E )

(48)

Rewrite (48) as supW∈X◦Mh,α
‖PnW−PW‖Rm. By Lemma 5.2, (48) converges to 0 a.s.. The convergence of (46) can

be seen directly by

∥∥∥PnM̂h,α ,n(y, ·)//y
· X(·)−PnM̂

(dh,α )
h,α ,n (y, ·)//y

· X(·)
∥∥∥

L∞
≤ ‖X‖L∞

∥∥∥
K̂h,α ,n(x,y)−Kh,α(x,y)

d̂h,α ,n(x)

∥∥∥
L∞

≤‖X‖L∞‖K‖2α−1
L∞ ‖K̂h,α ,n(x,y)−Kh,α(x,y)‖L∞ ≤ ‖X‖L∞‖K‖2α

L∞

∥∥∥ 1
p̂α

h,n(x)p̂
α
h,n(y)

− 1
pα

h (x)p
α
h (y)

∥∥∥
L∞

≤ 2α‖X‖L∞‖K‖2α
L∞

δ 2α+1 ‖p̂h,n(y)− ph(y)‖L∞ ≤ 2α‖X‖L∞‖K‖2α
L∞

δ 2α+1 sup
f∈Ph

‖Pn f −P f‖,

where the second last inequality comes from the Taylor’s expansion and the bounds ofph(x) and p̂h,n, that is,
|p̂h,n(y)−α − ph(y)−α | ≤ α(p̂h,n(xi)− ph(y))δ−α−1. By Lemma 5.2, (46) converges to 0 a.s. To get the convergence
of (47), we do the following calculation.

∥∥∥PnM̂
(dh,α )
h,α ,n (y, ·)//y

· X(·)−PnMh,α(y, ·)//y
· X(·)

∥∥∥
L∞

≤ ‖X‖L∞‖K‖L∞

∥∥∥ 1

d̂h,α ,n(x)
− 1

dh,α(x)

∥∥∥
L∞

≤‖X‖L∞‖K‖3−2α
L∞ ‖d̂h,α ,n(x)−dh,α(x)‖L∞ ≤ ‖X‖L∞‖K‖3−2α

L∞ ‖d̂h,α ,n(x)−dh,α(x)‖L∞ .



16 A. SINGER AND H.-T. WU

We bound the last term by

‖d̂h,α ,n(x)−dh,α(x)‖L∞ ≤ ‖d̂h,α ,n(x)− d̂(ph)
h,α ,n(x)‖L∞ + ‖d̂(ph)

h,α ,n(x)−dh,α(x)‖L∞

≤‖K̂h,α ,n(x,y)−Kh,α(x,y)‖L∞ + sup
k∈Kh,α

‖Pnk−Pk‖ ≤ 2α
δ 3α+1 sup

f∈Ph

‖Pn f −P f‖+ sup
k∈Kh,α

‖Pnk−Pk‖

which converges to 0 a.s. asn→ ∞ by Lemma 5.2.

Next we check the condition (C2). SinceTh,α is compact, the problem is reduced to show thatT̂h,α ,nXn is pre-compact
for any given sequence of vector fields{X1,X2, . . .} ⊂ C(E ) so that‖Xn‖L∞ ≤ 1 for all n ∈ N. We count on the
Arzela-Ascoli theorem [11, IV.6.7] to finish the proof. A direct calculation leads to

sup
n≥1

‖T̂h,α ,nXn‖L∞(E ) = sup
n≥1

∥∥∥∥∥
1

n−1

n

∑
j=1,xj 6=y

M̂h,α ,n(y,xi)//
y
xi

Xn(xi)

∥∥∥∥∥
L∞(E )

≤ ‖K‖1+2α
L∞

δ 1+2α ,

where the second inequality comes from (45), which guarantees the uniform boundedness. Next we show the equi-
continuity ofT̂h,α ,nXn. For a given pair of close pointsx∈ M andy∈ M, a direct calculation leads to

‖T̂h,α ,nXn(y)− //y
xT̂h,α ,nXn(x)‖ =

∥∥∥∥∥
1

n−1

n

∑
j=1,xj 6=y

M̂h,α ,n(y,xi)//
y
xi

Xn(xi)− //y
x

1
n−1

n

∑
j=1,xj 6=x

M̂h,α ,n(x,xi)//
x
xi

Xn(xi)

∥∥∥∥∥

≤‖Xn‖L∞(E )

∥∥∥∥∥
1

n−1

n

∑
j=1,xj 6=y

M̂h,α ,n(y,xi)−
1

n−1

n

∑
j=1,xj 6=x

M̂h,α ,n(x,xi)

∥∥∥∥∥≤
∥∥∥M̂h,α ,n(y, ·)− M̂h,α ,n(x, ·)

∥∥∥
L∞(M)

,

where the last inequality comes from the Holder’s inequality. Note that by Assumption 4.3 and the compactness of
M, p̂h,n is uniformly continuous on M and is uniformly bounded from below by (42). Therefore,̂Kh,α ,n is uniformly
continuous on M×M, and hencêdh,α ,n is uniformly continuous on M and is uniformly bounded from below by (44).
As a result,M̂h,α ,n is uniformly continuous on M×M, which implies the equi-continuous of{T̂h,α ,nXn}n≥N.

Since the compact convergence implies the spectral convergence (see [8] or [30, Proposition 6]), we get the spectral
convergence of̂Th,α ,n to Th,α .

Step 3(A): Spectral convergence ofTh,1 when ∂M = /0.

We assumeµ2
d = 1 to simplify the notation. Fixl ≥ 0. For allx∈ M, by Proposition 5.2 we have uniformly

Tε,1Xl (x)−Xl(x)
h

= ∇2Xl (x)+O(RM,‖X(3)
l ‖L∞(E ))h.

By the Sobolev embedding theory [22, Theorem 9.2], we know

‖X(3)
l ‖L∞(E ) ≤ ‖Xl‖Hd/2+4(E ) ≤ ‖(∇2)d/4+2Xl‖L2(E ) = λ d/4+2

l ,

where we choosed/2+4 for convenience. Thus, in theL2 sense,
∥∥∥∥

Th,1Xl −Xl

h
−∇2Xl

∥∥∥∥
L2(E )

= O(RM)hλ d/4+2
l ,

so that on⊕k≤l Ek the following holds

(49) Th,1 = I +h∇2+O(RM)h2λ d/4+2
l .

Next we showTt/h
h,1 converges toet∇2

for t > 0 ash→ 0. Whenh< 1
2λl

, I +h∇2 is invertible on⊕k≤l Ek with norm
1
2 ≤ ‖I +h∇2‖< 1 and we have

(I +h∇2)t/hXl = (1− tλl + t2λ 2
l /2− thλ 2

l /2+ . . .)Xl
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by the binomial expansion. On the other hand, we have

et∇2
Xl = (1− tλl + t2λ 2

l /2+ . . .)Xl .

Therefore, whenh<
1

2λl
we have on⊕k≤l Ek

et∇2
= (I +h∇2)t/h+O(1)thλ 2

l .(50)

Furthermore, for anys> 0, if B is a given bounded operator with norm‖B‖< 1, then we have

‖(I +B)s− I‖= s(1+ ‖B‖)s−1‖B‖(51)

Now we put the above together. Fixl ≥ 0. Takeh< 1
2λl

small enough so that

‖Th,1− I −h∇2‖ ≤ 1/2.(52)

Then we have over⊕k≤l Ek:

‖Tt/h
h,1 −et∇2‖=

∥∥∥(I +h∇2+O(RM)h2λ d/4+2
l )t/h−

(
I +h∇2)t/h−O(1)thλ 2

l

∥∥∥

≤
∥∥∥
(
I +h∇2)t/h

∥∥∥
∥∥∥∥
[
I +
(
I +h∇2)−1

O(RM)h2λ d/4+2
l

]t/h
− I −O(1)thλ 2

l

∥∥∥∥

≤
∥∥∥∥
[
I +
(
I +h∇2)−1

O(RM)h2λ d/4+2
l

]t/h
− I −O(1)thλ 2

l

∥∥∥∥

≤ t
h

2O(RM)h2λ d/4+2
l (1+2O(RM)h

2λ d/4+2
l )t/h−1+O(1)thλ 2

l

≤ thλ 2
l

(
O(RM)(1+2O(RM)h

2λ d/4+2
l )t/hλ d/4

l +O(1)
)
,

where the first equality comes from (49) and (50), the second inequality comes from the fact thath <
1

2λl
, and

the third inequality comes from (51) and (52). Thus, whenl is large enough, we have‖Tt/h
h,1 − et∇2‖ ≤ O(RM)(1+

2O(RM)h2λ d/4+2
l )t/hthλ d/4+2

l . We can thus chooseh much smaller so thathλ d/4+2
l < h1/2, which is equivalent to

λ < h−2/(d+8), and hence reach the fact that

‖Tt/h
h,1 −et∇2‖ ≤ O(RM)(1+2O(RM)h

2λ d/4+2
l )t/hth1/2

onHh := ⊕l :λl<h−2/(d+8)El . Sinceh2λ d/4+2
l < h3/2 under the assumption, ash→ 0, we get(1+2O(RM)h2λ d/4+2

l )t/h

is bounded and hence we conclude the spectral convergence ofTt/h
h,1 while the boundary is empty.

Furthermore, forX ∈ Hh, ‖X‖L2(E ) = 1 andt = h, we have

∥∥h−1(Th,1−1)X−∇2X
∥∥

L2(E )
≤
∥∥∥h−1(Th,1−eh∇2

)X
∥∥∥

L2(E )
+
∥∥∥h−1(eh∇2 −1)X−∇2X

∥∥∥
L2(E )

≤O(RM)(1+2O(RM)h
2λ d/4+2

l )h1/2+ |h−1(e−hλl −1)+λl |.(53)

Thus, ash→ 0, h−1(Th,1−1)X converges to∇2X in L2(E ).

Step 3(B): Spectral convergence ofTh,1 when ∂M 6= /0. We follow the same notation as that in Step 3-1. Fixl ≥ 0.
By Proposition 5.1 and the Sobolev embedding theory, forx∈ M\M√

h, we have

Tε,1Xl (x)−Xl(x)
h

= ∇2Xl (x)+O(RM)hλ d/4+2
l ;

for x∈ M√
h, by the Neuman’s condition, we have

Th,1Xl (x) = Px,x0Xl (x0)+O(C,‖∇2Xl‖∞)h= Px,x0X(x0)+O(RM)hλ d/4+3/2
l .
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Thus, in theL2 sense, ∥∥∥∥
Th,1Xl −Xl

h
−∇2Xl

∥∥∥∥
L2(E )

= O(RM)h1/4λ d/4+3/2
l ,

which implies that on⊕k≤l Ek, we have

(54) Th,1 = I +h∇2+O(RM)h5/4λ d/4+3/2
l

To showTt/h
h,1 converges toet∇2

for t > 0 ash→ 0, note that (50) and (51) still hold. Takeh< 1
2λl

small enough so that

‖Th,1− I −h∇2‖ ≤ 1/2.(55)

Then we have overe⊕k≤l Ek:

‖Tt/h
h,1 −et∇2‖=

∥∥∥(I +h∇2+O(RM)h5/4λ d/4+3/2
l )t/h−

(
I +h∇2)t/h−O(1)thλ 2

l

∥∥∥

≤
∥∥∥∥
[
I +
(
I +h∇2)−1

O(RM)h5/4λ d/4+3/2
l

]t/h
− I −O(1)thλ 2

l

∥∥∥∥

≤ th1/4λ 3/2
l

(
O(RM)(1+2O(RM)h

5/4λ d/4+3/2
l )t/hλ d/4

l +O(1)λ 1/2
l

)
,

where the first equality comes from (54) and (50), the second inequality comes from the fact thath < 1
2λl

, and the

third inequality comes from (51) and (55). Thus, whenl is large enough, we have‖Tt/h
h,1 − et∇2‖ ≤ O(RM)(1+

2O(RM)h5/4λ d/4+3/2
l )t/hth1/4λ d/4+3/2

l . We can thus chooseh much smaller so thath1/4λ d/4+3/2
l < h1/8, which is

equivalent toλl < h−1/(2d+12), and hence reach the fact that

‖Tt/h
h,1 −et∇2‖ ≤ O(RM)(1+2O(RM)h

5/4λ d/4+3/2
l )t/hth1/8

onHh :=⊕l :λl<h−1/(2d+12)El . Sinceh5/4λ d/4+3/2
l < h9/8 under the assumption, ash→ 0, we get(1+2O(RM)h5/4λ d/4+3/2

l )t/h

is bounded and hence we conclude the spectral convergence ofTt/h
h,1 when the boundary is not empty.

Furthermore, forX ∈ Hh, ‖X‖L2(E ) = 1 andt = h, we have

∥∥h−1(Th,1−1)X−∇2X
∥∥

L2(E )
≤
∥∥∥h−1(Th,1−eh∇2

)X
∥∥∥

L2(E )
+
∥∥∥h−1(eh∇2 −1)X−∇2X

∥∥∥
L2(E )

≤O(RM)(1+2O(RM)h
5/4λ d/4+3/2

l )h1/8+ |h−1(e−hλl −1)+λl |.

Thus, ash→ 0, h−1(Th,1−1)X converges to∇2X in L2(E ).

Final step: Put everything together.

We prove Theorem 5.2 here. Denoteµt,i,h to be thei-th eigenvalue ofTt/h
h,1 with the associated eigenvectorYt,i,h. Fix

i ∈ N and takeh0 > 0 so thatµt,i < h−1
0 . By Step 1, we know that thei-th eigenvalue of̂Th,1,n andDDD−1

h,1,nPPPh,1,n are the
same and their eigenvectors are related for allh< h0. By Step 2, for allh< h0, for anyδ > 0, we can find 1/δ > 0 so
that for alln> 1/δ

P{‖Yt,i,h,n−Yt,i,h‖L2(E ) ≥ δ/2}< δ .
By step 3(A) (or Step 3(B) if∂M 6= /0), for the givenε > 0, there existsh(ε)> 0 so that

‖Yt,i −Yt,i,h(ε)‖L2(E ) < ε/2.

By putting the above together, for anyε > 0 so thath(ε)< h0, whenδ < ε andn> 1/δ , we have

P{‖Yt,i,h(ε),n−Yt,i‖L2(E ) ≥ ε} ≤ P{‖Yt,i,h(ε),n−Yt,i,h(ε)‖L2(E ) ≥ ε/2} ≤ P{‖Yt,i,h(ε),n−Yt,i,h(ε)‖L2(E ) ≥ δ/2}< δ .

Let δ → 0, we conclude the convergence in probability by choosinghn decreasing to 0. Since the proof for Theorem
5.3 is the same, we skip it. �
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5.3. Conclusion. In conclusion, the matrixDDD−1
h,1,nPPPh,1,n (resp. h−1(DDD−1

h,1,nPPPh,1,n − IIIm′n)) considered in the VDM al-

gorithm converges in the spectral sense toet∇2
(resp. ∇2). The above presentation demonstrates the essential part

of the VDM algorithm – the principal bundle structure. However, in practice we often have only the samples of the
manifold M. In the next Section, we show that even if we have only the samples of the manifold, we are able to get
the Connection Laplacian of the tangent bundle by reconstructing the frame bundleO(M).

6. EXTRACT MORE TOPOLOGICAL/GEOMETRIC INFORMATION FROM A POINT CLOUD

In Section 3, we study VDM under the assumption that we have access to the principal bundle structure of the manifold.
However, in practice the knowledge of the principal bundle structure is not always available and we may only have
the point cloud sampled from the manifold. Is it possible to reconstruct the principal bundle under this situation? The
answer is yes if we restrict ourselves to a special principalbundle, the frame bundle, and the tangent bundle.

We summarize the proposed reconstruction algorithm in [26]below. Take a point cloudX = {xi}n
i=1 sampled from M

under Assumption 4.1 (A1), Assumption 4.1 (A3) and 4.2 (B1).The algorithm consists of the following three steps:

(a) reconstruct the embedded tangent bundle and the frame bundle fromX . It is possible since locally a manifold
can be well approximated by an affine space up to the second order [26, 16, 17]. Thus, the embedded tangent
bundle can be estimated by the local PCA algorithm with the kernel bandwidthhpca> 0 [26]. DenoteOy to
be ap×d matrix which columns represent the basis of the estimated embedded tangent plane onTyM, where
y may or may not inX . HereOy : Rd → ι∗TyM is the estimation of the frame bundle. Wheny= xi ∈ X , we
useOi to denoteOxi ;

(b) estimate the parallel transport between tangent planesby aligningOx andOy by defining the alignment be-
tweenx andy as

Ox,y = argmin
O∈O(d)

‖O−OT
x Oy‖HS∈ O(d),

where‖ · ‖HS is the Hilbert-Schmidt norm. It is proved thatOx,y is an approximation of the parallel transport
from y to x [26, (B.6)] in the following sense:

OxOx,yXy ≈ ι∗//x
yX(y),

whereX ∈ C(TM) andXy = OT
y ι∗X(y) ∈ Rd is the coordinate ofX(y) with related to the estimated basis.

Note thatx andy may or may not be inX . When bothx = xi ∈ X andy = x j ∈ X , we useOi j to denote
Oxi ,xj andX j to denoteXxj ;

(c) run VDM mentioned in Section 3 based on the weighted graphbuilt up fromX and{Oi j}. We build up a
block matrixPPPO

h,α ,n with d×d entries:

PPPO
h,α ,n(i, j) =

{
K̂h,α ,n(xi ,x j)Oi j (i, j) ∈ E,
0d×d (i, j) /∈ E,

whereh> hpca and the kernelK satisfies Assumption 4.3. Then define an×n diagonal block matrixDDDh,α ,n

with d×d entries defined in (28). It is shown in [26, Theorem 5.3] that for 0≤ α ≤ 1 andX ∈C3(TM),

lim
h→0

lim
n→∞

1
h
(DDD−1

h,α ,nPPPO
h,α ,nXXX−XXX)[i] =

µ2,0

2d
OT

i ι∗
{

∇2X(xi)+
2∇X(xi) ·∇(p1−α)(xi)

p1−α(xi)

}
.

Note that the errors introduced in (a) and (b) accumulate andmay influence the VDM algorithm in (c). However, as
is shown in [26, Theorem 5.3], this influence disappears asymptotically. In this section we further study the spectral
convergence ofDDD−1

h,α ,nPPPO
h,α ,n which answers our question in the beginning – we are able to extract further geomet-

ric/topological information from the point cloud.

Definition 6.1. Define operatorŝTO
h,α ,n : C(TM)→C(TM) as

T̂O
h,α ,nX(y) = ιT

∗ Oy
1

n−1

n

∑
j=1,xj 6=y

M̂h,α ,n(y,x j)Oy,xj O
T
j ι∗X(x j)
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The main result of this section is the following spectral convergence theorems stating the spectral convergence of
(DDD−1

h,1,nPPPO
h,1,n)

t/h to et∇2
andh−1(DDD−1

h,1,nPPPO
h,1,n− IIIdn) to ∇2.

Theorem 6.1. Assume Assumption 4.1 (A1), Assumption 4.1 (A3), Assumption 4.2 (B1) and Assumption 4.3 hold.
Fix t > 0. DenoteµO

t,i,h,n to be thei-th eigenvalue of(T̂O
h,1,n)

t/h with the associated eigenvectorYO
t,i,h,n. Also denote

µt,i > 0 to be thei-th eigenvalue of the heat kernel of the Connection Laplacian et∇2
with the associated eigen-vector

fieldYt,i . We assume that bothµO
t,i,h,n andµt,i decrease asi increases, respecting the multiplicity. Fixi ∈N. Then there

exists a sequencehn → 0 such that lim
n→∞

µO
t,i,hn,n = µt,i and lim

n→∞
‖YO

t,i,hn,n−Yt,i‖L2(TM) = 0 in probability.

Theorem 6.2. Assume Assumption 4.1 (A1), Assumption 4.1 (A3), Assumption 4.2 (B1) and Assumption 4.3 hold.
Denoteλ O

i,h,n to be thei-th eigenvalue ofh−1(T̂O
h,1,n−1) with the associated eigenvectorXO

i,h,n. Also denote−λi , where

λi > 0, to be thei-th eigenvalue of the Connection Laplacian∇2 with the associated eigen-vector fieldXi. We assume
that bothλ h

n,i andλi increase asi increases, respecting the multiplicity. Fixi ∈N. Then there exists a sequencehn → 0

such that lim
n→∞

λ O
i,hn,n = λi and lim

n→∞
‖XO

i,hn,n−Xi‖L2(TM) = 0 in probability.

Before giving the proof, we make clear the role ofι. Suppose we know the embedded tangent planeι∗TxM for all
x∈ M but not the embeddingι. Hence, when we estimate the translation group from the embedded frame bundle, the
influence of the unknownι cannot be removed. Denote the basis of the embedded tangent plane to be ap×d matrix
Qi . By [26, (B.68)], we are allowed to approximate the paralleltransport fromxi to x j from Qi andQ j :

//xi
xj

X(x j)≈ ιT
∗ QiQi j Q

T
j ι∗X(x j),

whereQi j = argminO∈O(d) ‖O−QT
i Q j‖HS. Notice that we needQi j since in generalQT

i Q j is not orthogonal due to the
curvature. Furthermore, if the embedded tangent bundle information is also missing, we have to estimate it from the
point cloud. Denote the estimated embedded tangent plane atx∈ M by a p×d matrixOx. It was shown in [26] that

OT
x ι∗X(x)≈ QT

i ι∗X(x).

Proof of Theorem 6.1.We point out that in [26] we focus on the pointwise convergence so the error terms were sim-
plified by the big O notations. To finish the proof, we have to trace these error terms. We recall the following results
in [26]:

OT
x ι∗X(x) = QT

i ι∗X(x)+O(h3/2),(56)

wherex ∈ M and theO(h3/2) term contains both the bias error and variance originating from the finite sample, and
the constant solely depends on the curvatures of the manifold and their covariant derivatives. Indeed, the covariance
matrix Ξi, i = 1, . . . ,n, built up in the local PCA step is

Ξi =
1

n−1

n

∑
j 6=i

Fi, j ,

whereFi, j are i.i.d random matrix of sizep× p

Fi, j = K

(
‖ι(xi)− ι(x j)‖Rp√

hpca

)
(ι(x j )− ι(xi))(ι(x j )− ι(xi))

T ,

so that its(k, l)-th entry

Fi, j(k, l) = K

(
‖ι(xi)− ι(x j)‖Rp√

hpca

)
〈ι(x j)− ι(xi),vk〉〈ι(x j )− ι(xi),vl 〉,

wherevl is the unit column vector with thel -th entry 1. SinceFi, j are i.i.d. in j, we useFi to denote the random matrix
whose expectation is

EFi(k, l) =
∫

B√hpca
(xi)

Khpca(xi ,y)〈ι(y)− ι(xi),vk〉〈ι(y)− ι(xi),vl 〉p(y)dV(y),
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where 0< hpca< h. Fix ε > 0 and denote

pk,l (n,ε) := Pr{|Ξi(k, l)−EFi(k, l)| > ε} .
It has been shown in [26] that

pk,l (n,ε)≤ exp

{
− (n−1)ε2

O(hd/2+2
pca )+O(hpca)ε

}
.

whenk, l = 1, . . . ,d;

pk,l (n,ε)≤ exp

{
− (n−1)ε2

O(hd/2+4
pca )+O(h2

pca)ε

}
,

whenk, l = d+1, . . . , p;

pk,l (n,ε)≤ exp

{
− (n−1)ε2

O(hd/2+3
pca )+O(h3/2

pca)ε

}
,

for the other cases. Here the big O terms are bounded byRM. Then, denoteΩn,ε1,ε2,ε3 to be the event space that
for all i = 1, . . . ,n, |Ξi(k, l)−EFi(k, l)| < ε1 for all k, l = 1, . . . ,d, |Ξi(k, l)−EFi(k, l)| < ε2 for all k, l = d+1, . . . , p,
|Ξi(k, l)−EFi(k, l)|< ε3 for all k= 1, . . . ,d, l = d+1, . . . , p andl = 1, . . . ,d, k= d+1, . . . , p. By a direct calculation
we know the probability ofΩn,ε1,ε2,ε3 is lower bounded by

1−n
(

d2exp

{
− (n−1)ε2

1

O(hd/2+2
pca )+O(hpca)ε1

}
+(p−d)2exp

{
− (n−1)ε2

2

O(hd/2+3
pca )+O(h2

pca)ε2

}

+ p(p−d)exp

{
− (n−1)ε2

3

O(hd/2+3
pca )+O(h3/2

pca)ε3

})
,

which tends to 0 asn → ∞. Thus, if we chooseε1 =
log(n)hd/4+1

pca

n1/2 , ε2 =
log(n)hd/4+2

pca

n1/2 andε3 =
log(n)hd/4+3/2

pca

n1/2 , with high
probability,

OT
i ι∗X(x) = QT

i ι∗X(xi)+h3/2
pcab1ι∗X(xi),(57)

whereb1 : Rp → Rd is a bounded operator with the norm bounded byRM. In addition to the bias introduced byι and
the curvature of M,b1 is influenced by the finite sampling effect. Thus, conditional on Ωn,ε1,ε2,ε3, Oi is deviated from

Qi up to order ofh3/2
pca.

Based on (57), conditional onΩn,ε1,ε2,ε3, we have [26, (B.76)]:

OT
i Oi = QT

i Qi +h3/2b2.(58)

Hereb2 : Rd →R
d is a bounded operator with norm bounded byRM. Note that sincehpca< h, the error introduced by

local PCA step is absorbed inh3/2. As a result, conditional onΩn,ε1,ε2,ε3 we have

ιT
∗ OiOi j B

T
i X(x j) = //xi

xj
X(x j)+h3/2b3X(x j),(59)

whereb3 : Txj M → Txi M is a bounded operator with norm bounded byRM.

It should be emphasized that bothOi andOi j are random in nature, and they are dependent to some extent. When
conditional onΩn,ε1,ε2,ε3, the randomness is bounded and we are able to proceed.

Define operatorsOX : VX → TMX , OT
X

: TMX →VX , QX : VX → TMX andQT
X

: TMX →VX by

OX vvv := [ιT
∗ O1vvv[1], . . . ιT

∗ Onvvv[n]] ∈ TMX ,

OT
X www := [(OT

1 ι∗www[1])T , . . . ,(OT
n ι∗www[n])T ]T ∈VX ,

QX vvv := [ιT
∗ Q1vvv[1], . . . ιT

∗ Qnvvv[n]] ∈ TMX ,

QT
X www := [(QT

1 ι∗www[1])T , . . . ,(QT
n ι∗www[n])T ]T ∈VX ,
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wherewww∈ TMX andvvv∈VX .

Note thatQX DDD−1
h,α ,nPPPh,α ,nXXX has been studied in Theorem 5.2, wherePPPh,α ,n is defined in (27) when the frame bundle

information can be fully accessed. If we can control the difference betweenQX DDD−1
h,α ,nPPPh,α ,nXXX andOX DDD−1

h,α ,nPPPO
h,α ,nXXX,

by some modification of the proof of Theorem 5.2, we can conclude the Theorem. While conditional onΩn,ε1,ε2,ε3, by
(58), for all i = 1, . . . ,n,

∣∣∣QX DDD−1
h,α ,nPPPh,α ,nXXX[i]−OX DDD−1

h,α ,nPPPO
h,α ,nXXX[i]

∣∣∣=
∣∣∣∣∣

1
n−1

n

∑
j=1, j 6=i

M̂h,α ,n(xi ,x j)
(
//xi

xj
− ιT

∗ OiOi j B
T
j

)
X(x j)

∣∣∣∣∣

=h3/2

∣∣∣∣∣
1

n−1

n

∑
j=1, j 6=i

M̂h,α ,n(xi ,x j)b3X(x j)

∣∣∣∣∣≤ RM
‖K‖2α

∞
δ 2α ‖X‖∞h3/2,

where the last inequality comes from|M̂h,α ,n(x,x j )| ≤
‖K‖2α

∞
δ 2α for all x∈ M and j,n (45).

Note that Step 1, Step 2 and Step 3 in the proof of Theorem 5.2 hold for QX DDD−1
h,1,nPPPh,1,n. Suppose the eigenvalues of

OX DDD−1
h,1,nPPPO

h,1,n andQX DDD−1
h,1,nPPPh,1,n are ordered in the descending way. As a result, conditional on Ωn,ε1,ε2,ε3, by the

perturbation theory, thei-th eigenvector ofOX DDD−1
h,1,nPPPO

h,1,n is deviated from thei-th eigenvector ofQX DDD−1
h,1,nPPPh,1,n by

an error of orderh3/2, say,Cih3/2 for someCi > 0.

Denoteµt,i,h to be thei-th eigenvalue ofTt/h
h,1 with the associated eigenvectorYt,i,h and denoteµt,i,h,n to be thei-th

eigenvalue of̂Tt/h
h,1,n with the associated eigenvectorYt,i,h,n. Fix i ∈ N and takeh0 > 0 so thatµt,i < h−1

0 . By Step 1,

we know that thei-th eigenvalue of̂TO
h,1,n andOX DDD−1

h,1,nPPPO
h,1,n are the same and their eigenvectors are related for all

h< h0. By Step 2, for allh< h0, for anyδ > 0, we can find 1/δ > 0 so that for alln> 1/δ

P{‖Yt,i,h,n−Yt,i,h‖L2(TM) ≥ δ/2}< δ .

By step 3(A) (or Step 3(B) if∂M 6= /0), for the givenε > 0, there existsh(ε)> 0 so that

‖Yt,i −Yt,i,h(ε)‖L2(TM) < ε/2.

By putting the above together, for anyε > 0 so thath(ε)< h0, whenδ < ε andn> 1/δ , we have

P{‖YO
t,i,h(ε),n−Yt,i‖L2(TM) ≥ ε +Cih(ε)3/2}

≤P{‖YO
t,i,h(ε),n−Yt,i,h(ε),n‖L2(TM)+ ‖Yt,i,h(ε),n−Yt,i‖L2(TM) ≥ ε +Cih(ε)3/2}

≤P{‖YO
t,i,h(ε),n−Yt,i,h(ε),n‖L2(TM) ≥Cih(ε)3/2}+P{‖Yt,i,h(ε),n−Yt,i‖L2(TM) ≥ ε}

≤1−|Ωn,ε1,ε2,ε3|+P{‖Yt,i,h(ε),n−Yt,i,h(ε)‖L2(TM) ≥ ε/2}
≤1−|Ωn,ε1,ε2,ε3|+P{‖Yt,i,h(ε),n−Yt,i,h(ε)‖L2(TM) ≥ δ/2}< 1−|Ωn,ε1,ε2,ε3|+ δ .

Let δ → 0, or equivalently,n → ∞, we conclude the convergence in probability by choosinghn decreasing to 0, as
|Ωn,ε1,ε2,ε3| → 0 whenn→ ∞.
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A.1. AN INTRODUCTION TOPRINCIPAL BUNDLE

In this appendix, we collect a few relevant and self-contained facts about the mathematical frameworkprincipal bundle
which are used in the main text. We refer the readers to, for example [7, 6], for more general definitions which are not
used in this paper.

We start from discussing the notion ofgroup action, orbit andorbit space. Consider a setY and a groupG with the
identity elemente. The left group action ofG onY is a map fromG×Y ontoY

G×Y →Y, (g,x) 7→ g◦ x(A.1)

so that(gh)◦ x= g◦ (h◦ x) is satisfied for allg,h∈ G andx∈Y ande◦ x= x for all x. The right group action can be
defined in the same way. Note that we can construct a right action by composing with the inverse group operation, so
in some scenarios it is sufficient to discuss only left actions. There are several types of group action. We call an action
transitiveif for any x,y∈Y, there exists ag∈ G so thatg◦x= y. In other words, under the group action we can jump
between any pair of two points onY, orY = G◦ x for anyx∈Y. We call an actioneffectiveis for anyg,h∈ G, there
existsx so thatg◦ x 6= h◦ x. In other words, different group elements induce differentpermutations ofY. We call an
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actionfree if g◦ x= x impliesg= e for all g. In other words, there is no fixed points under theG action, and hence
the name free. IfY is a topological space, we call an actiontotally discontinuousif for every x∈Y, there is an open
neighborhoodU such that(g◦U)∩U = /0 for all g∈ G, g 6= e.

Theorbit of a pointx∈Y is the set

Gx := {g◦ x; g∈ G}.
The group action induces an equivalence relation. We sayx∼ y if and only if there existsg∈ G so thatg◦ x= y for
all pairs ofx,y∈Y. Clearly the set of orbits form a partition ofY, and we denote the set of all orbits asY/∼ or Y/G.
We can thus define a projection mapπ by

Y →Y/G, x 7→ Gx.

We callY the total spaceor the left G-space, G the structure group, Y/G the quotient space, thebase spaceor the
orbit spaceof Y under the action ofG andπ thecanonical projection.

We define a principal bundle as a specialG-space which satisfies more structure. Note that the definitions given here
are not the most general ones but are enough for our purpose.

Definition A.1.1 (Fibre bundle). Let F and M be two smooth manifolds andπ a smooth map fromF to M. We say
thatF is afibre bundlewith fibreF over M if there is an open covering of M, denoted as{Ui}, and diffeomorphisms
{ψi : π−1(Ui)→Ui ×F} so thatπ : π−1(Ui)→Ui is the composition ofψi with projection ontoUi .

By definition,π−1(x) is diffeomorphic toF for all x∈ M. We callF the total space of the fibre bundle, M is the base
space,π the canonical projection, andF the fibre ofF . With the above algebraic setup, in a nutshell, the principal
bundle is a special fibre bundle accompanied by a group action.

Definition A.1.2 (Principal bundle). Let M be a smooth manifold andG a Lie group. Aprincipal bundle over M with
structure group Gis a fibre bundleP(M,G) with fiber diffeomorphic toG, a smooth right action ofG, denoted as◦,
on the fibres and a canonical projectionπ : P→ M so that

(1) π is smooth andπ(g◦ p) = π(p) for all p∈ P andg∈ G;
(2) G acts freely and transitively;
(3) the diffeomorphismψi : π−1(Ui)→Ui ×G satisfiesψi(p) = (π(p),φi(p))∈Ui ×G such thatφi : π−1(Ui)→G

satisfyingφi(pg) = φi(p)g for all p∈ π−1(Ui) andg∈ G.

Note that M= P(M,G)/G, where the equivalence relation is induced byG. From the view point of orbit space,
P(M,G) is the total space,G is the structure group, and M is the orbit space ofP(M,G) under the action ofG.
Intuitively, P(M,G) is composed of a bunch of sets diffeomorphic toG, all of which are pulled together under some
rules.5 We give some examples here:

Example.ConsiderP(M,G) = M ×G so thatG acts byg◦ (x,h) = (x,hg) for all (x,h) ∈ M ×G andg∈ G. We call
such principal bundletrivial .

Example.A particular important example of the principal bundle is the frame bundle, denoted asGL(M), which is
the principalGL(d,R)-bundle with the base manifold ad-dim smooth manifold M. We constructGL(M) for the
purpose of completeness. DenoteBx to be the set of bases of the tangent spaceTx(M), that is,Bx

∼= GL(d,R) and
ux ∈ Bx is a basis ofTxM. Notice that we can view a basis ofTxM as an invertible linear map fromRd to TxM. Let
GL(M) be a set consisting of all bases at all points of M, that is,GL(M) := {Bx; x ∈ M}. Let π : GL(M) → M by
ux 7→ x for all ux ∈ Bx andx∈ M. Define theGL(d,R) action ofL(M) by g◦ux = vx, whereg= [gi j ]

d
i, j=1 ∈ GL(d,R),

ux = (X1, . . . ,Xd) ∈ Bx andvx = (Y1, . . . ,Yd) ∈ Bx with Yi = ∑d
j=1gi j Xj . By a direct calculation,GL(d,R) acts on

GL(M) freely and transitively, andπ(g◦ux) = π(ux). In a coordinate neighborhoodU , π−1(U) is 1-1 corresponding
with U ×GL(d,R), which induces a differentiable structure onGL(M). ThusGL(M) is a principalGL(d,R)-bundle.

5These rules are referred to astransition functions.
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If we are given a leftG-spaceF , we can form a fibre bundle fromP(M,G) so that its fibre is diffeomorphic toF and
its base manifold is M in the following way. By denoting the left G action onF by ·, we have

E (P(M,G), ·,F) := P(M,G)×G F := P(M,G)×F/G,

where the equivalence relation is defined as

(g◦ p,g−1 · f )∼ (p, f )

for all p∈ P(M,G), g∈ G and f ∈ F. The canonical projection fromE (P(M,G), ·,F)) to M is denoted asπE :

πE : (p, f ) 7→ π(p),

for all p∈ P(M,G) and f ∈ F. We callE (P(M,G), ·,F) thefibre bundle associated with P(M,G) with standard fibre
F or theassociated fibre bundlewhose differentiable structure is induced from M. Givenp∈P(M,G), denotep f to be
the image of(p, f ) ∈ P(M,G)×F ontoE (P(M,G), ·,F). By definitionp is a diffeomorphism fromF to π−1

E
(π(p))

and
(g◦ p) f = p(g · f ).

Note that the associated fibre bundleE (P(M,G), ·,F) is a special fibre bundle and its fibre is diffeomorphic toF.
When there is no danger of confusion, we denoteE := E (P(M,G), ·,F) to simply the notation.

Example.WhenF = V is a vector space and the leftG action onF is a linear representation, the associated fibre
bundle is called thevector bundle associated with the principal bundle P(M,G) with fiber V, or simply called the
vector bundleif there is no danger of confusion. For example, takeF = Rm′

, denoteρ to be a representation ofG
into GL(m′,R) and assumeG acts onRm′

via the representationρ . A particular example of interest is the tangent
bundleTM := E (P(M,GL(d,R)),ρ ,Rd) when M is ad-dim smooth manifold and the representationρ is identity.
The practical meaning of the frame bundle and its associatedtangent bundle is change of coordinate. That is, if we
view a pointux ∈ GL(M) as the basis of the fiberTxM, wherex= π(ux), then the coordinate of a point on the tangent
planeTxM changes, that is,vx → g ·vx whereg∈ GL(d,R) andvx ∈ Rd, according to the changes of the basis, that is,
g→ g◦ux.

A (global)sectionof a fibre bundleE with fibreF over M is a smooth map

s : M → E

so thatπ(s(x)) = x for all x∈ M. We denoteΓ(E ) to be the set of sections;Cl (E ) to be the space of all sections with
thel -th regularity, wherel ≥ 0. An important property of the principal bundle is that a principal bundle is trivial if and
only if C0(P(M,G)) 6= /0. In other words, all sections on a non-trivial principal bundle are discontinuous. On the other
hand, there always exists a continuous section on the associated vector bundleE .

Let V be a vector space. DenoteGL(V) to be the group of all invertible linear maps onV. If V comes with an inner
product, then defineO(V) to be the group of all orthogonal maps onV with related to the inner product. From now on
we focus on the vector bundle with fiber being a vector spaceV and the action· being a representationρ : G→GL(V),
that is,E (P(M,G),ρ ,V).

To introduce the notion ofcovariant derivativeon the vector bundleE , we have to introduce the notion ofconnection.
DenoteTE to be the tangent bundle of the fibre bundleE andT∗E to be the cotangent bundle ofE . We call tangent
vectorX on E vertical if it is tangential to the fibers, that is,X(π∗

E
f ) = 0 for all f ∈ C∞(M). Denote the bundle of

vertical vectors asVE , which is referred to asthe vertical bundle, and is a subbundle ofTE . We call a vector field
vertical if it is a section of the vertical bundle. Clearly the quotient ofTE by its subbundleVE is isomorphic toπ∗TM,
and hence we have a short exact sequence of vector bundles:

0→VE → TE → π∗TM → 0.(A.2)

However, there is no canonical splitting of this short exactsequence. A chosen splitting is called aconnection.

Definition A.1.3 (Connection 1-form). Let P(M,G) be a principal bundle. A connection 1-form onP(M,G) is an one
form ω ∈ Γ(T∗P(M,G)⊗VP(M,G)) so thatω(X) = X for anyX ∈ Γ(VP(M,G)) and is invariant under the action of
G. The kernel ofω is called thehorizontal bundleand is denoted asHP(M,G)
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Note thatHP(M,G) is isomorphic toπ∗TM. In other words, a connection 1-form determines a splitting of (A.2), or
the connection onP(M,G). We call a sectionXP of HP(M,G) a horizontal vector field. GivenX ∈ Γ(TM), we say
thatXP is thehorizontal liftwith respect to the connection onP(M,G) of X if X = π∗XP. Given a smooth curveτ := ct ,
t ∈ [0,1] on M and a pointu0 ∈ P(M,G), we call a curveτ∗ = ut on P(M,G) the (horizontal) lift of ct if the vector
tangent tout is horizontal andπ(ut) = ct for t ∈ [0,1]. The existence ofτ∗ is an important property of the connection
theory. We callut theparallel displacementof u0 along the curveτ on M.

With the connection onP(M,G), the connection on an associated vector bundleE with fiber V is determined. As a
matter of fact, we define the connection, orHE , to be the image ofHP(M,G) under the natural projectionP(M,G)×
V → E (P(M,G),ρ ,V). Similarly, we call a sectionXE of HE a horizontal vector field. GivenX ∈ Γ(TM), we say
thatXE is thehorizontal liftwith respect to the connection onE of X if X = πE ∗XE . Given a smooth curvect , t ∈ [0,1]
on M and a pointv0 ∈ E , we call a curvevt onE the(horizontal) lift of ct if the vector tangent tovt is horizontal and
πE (vt) = ct for t ∈ [0,1]. The existence of such horizontal life holds in the same way as that of the principal bundle.
We callvt theparallel displacementof v0 along the curveτ on M. Note that we have interest in this connection on the
vector bundle since it leads to thecovariant derivativewe have interest.

Definition A.1.4 (Covariant Derivative). Take a vector bundleE associated with the principal bundleP(M,G) with
fiberV. The covariant derivative∇E of a smooth sectionX ∈C1(E ) at x∈ M in the direction ˙c0 is defined as

(A.3) ∇E
ċ0

X = lim
h→0

1
h
[//c0

ch
X(ch)−X(x)],

wherec : [0,1]→ M is a curve on M so thatc0 = x and//c0
ch denotes the parallel displacement ofX from ch to c0

Note that in general although all fibers ofE are isomorphic toV, the notion of comparison among them is not provided.
An explicit example demonstrating the derived problem is given in the appendix of [26]. However, with the parallel
displacement based on the notion of connection, we are able to compare among fibers, and hence define the derivative.
With the fact that

//c0
ch

X(ch) = u0u−1
h X(ch),(A.4)

whereuh is the horizontal lift ofch to P(M,G) so thatπ(u0) = x, the covariant derivative (A.3) can be represented in
the following format:

(A.5) ∇E
ċ0

X = lim
h→0

1
h
[u0u−1

h (X(ch))−X(c0)],

which is independent of the choice ofu0. To show (A.4), setv := u−1
h (X(ch)) ∈ V. Clearly ut(v), t ∈ [0,h], is a

horizontal curve inE by definition. It implies thatu0v = u0u−1
h (X(ch)) is the parallel displacement ofX(ch) along

ct from ch to c0. Thus, although the covariant derivatives defined in (9) and(A.5) are different in their appearances,
they are actually equivalent. We can understand this definition in the frame bundleGL(Md) and its associated tangent
bundle. First, we find the coordinate of a point on the fiberX(ch), which is denoted asu−1

h (X(ch)), and then we put
this coordinateu−1

h (X(ch)) to x= c0 and map it back to the fiberTxM by the basisu0. In this way we can compare two
different “abstract fibers” by comparing their coordinates. A more abstract definition of the covariant derivative, yet
equivalent to the aboves, is the following. A covariant derivative ofE is a differential operator

(A.6) ∇E : C∞(E )→C∞(T∗M⊗E )

so that the Leibniz’s rule is satisfied, that is, forX ∈C∞(E ) and f ∈C∞(M), we have

∇E ( f X) = d f ⊗X+ f ∇E X,

whered is the exterior derivative on M. DenoteΛkT∗M (respΛT∗M) to be the bundle ofk-th exterior differentials
(resp. the bundle of exterior differentials), wherek≥ 1. Given two vector bundlesE1 andE2 onM with the covariant
derivatives∇E1 and∇E2, we construct a covariant derivative onE1⊗E2 by

(A.7) ∇E1⊗E2 := ∇E1 ⊗1+1⊗∇E2.
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A fiber metricgE in a vector bundleE is a positive-definite inner-product in each fiberV that varies smoothly on M.
For anyE , if M is paracompact,gE always exists. A connection inP(M,G), and also its associated vector bundleE ,
is called metric if

dgE (X1,X2) = gE (∇E X1,X2)+gE (X1,∇E X2),

for all X1,X2 ∈ C∞(E ). We mainly focus on metric connection in this work. It is equivalent to say that the parallel
displacement ofE preserves the fiber metric. An important fact about the metric connection is that if a connection
on P(M,G) is metric given a fiber metricgE , than the covariant derivative on the associated vector bundle E can be
equally defined from a sub-bundleQ(M,H) of P(M,G), which is defined as

Q(M,H) := {p∈ P(M,G) : gE (p(u), p(v)) = (u,v)},(A.8)

where(·, ·) is an inner product onV and the structure groupH is a closed subgroup ofG. In other words,p∈ Q(M,H)
is a linear map fromV to π−1

E
(π(p)) which preserves the inner product. A direct verification shows that the structure

group ofQ(M,H) is

H := {g∈ G : ρ(g) ∈ O(V)} ⊂ G.(A.9)

Since orthogonal property is needed in our analysis, when wework with a metric connection on a principal bundle
P(M,G) given a fiber metricgE on E (P(M,G),ρ ,V), we implicitly assume we work with its sub bundleQ(M,H).
With the covariant derivative, we now define the Connection Laplacian. Assume M is ad-dim smooth Riemmanian
manifold with the metricg. With the metricg we have an induced measure onM, denoted as dV.6 DenoteLp(E ),
1≤ p< ∞ to be the set ofLp integrable sections, that is,X ∈ Lp(E ) iff

∫
|gE

x (X(x),X(x))|p/2dV(x)< ∞.

DenoteE ∗ to be the dual bundle ofE , which is paired withE by gE , that is, the pairing betweenE and E ∗ is
〈X,Y〉 := gE (X,Y), whereX ∈C∞(E ) andY ∈C∞(E ∗). The connection on the dual bundleE ∗ is thus defined by

d〈X,Y〉= gE (∇E X,Y)+gE (X,∇E ∗
Y).

Recall that the Riemannian manifold(M,g) possesses a canonical connection referred to as the Levi-Civita connection
∇. Based on∇ we define the connection∇T∗M⊗E on the tensor product bundleT∗M⊗E .

Definition A.1.5. Take the Riemannian manifold(M,g), the vector bundleE := E (P(M,G),ρ ,V) and its connection
∇E . The Connection Laplacian onE is defined as∇2 : C∞(E )→C∞(E ) by

∇2 :=−tr(∇T∗M⊗E ∇E ),

where tr :C∞(T∗M⊗T∗M⊗E )→C∞(E ) by contraction with the metricg.

If we take the normal coordinate{∂i}d
i=1 aroundx∈ M, for X ∈C∞(E ), we have

∇2X(x) =−
d

∑
i=1

∇∂i
∇∂i

X(x).

Given compactly supported smooth sectionsX,Y ∈C∞(E ), a direct calculation leads to

tr
[
∇(gE (∇E X,Y))

]
= tr

[
gE (∇T∗M⊗E ∇E X,Y)+gE (∇E X,∇E Y)

]
= gE (∇2X,Y)+ trgE (∇E X,∇E Y).

By the divergence theorem, the left hand side disappears after integration over M, and we obtain∇2 = −∇E ∗∇E .
Similarly we can show that∇2 is self-adjoint. We refer the readers to [13] for further properties of∇2, for example
the ellipticity, its heat kernel, and its application to theindex theorem.

6To obtain the most geometrically invariant formulations, we may consider the density bundles as is considered in [6, Chapter 2]. We choose
not to do that in order to simplify the discussion.
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A.2. [PROOF OFPROPOSITION5.1]

The proof is a direct generalization of that of [26, Theorem B.3] to the principal bundle structure. Note that in [26,
Theorem B.3] only the uniform sampling p.d.f. case was discussed. Here we offer the proof for the nonuniform p.d.f.
in order to trace the error term in the proof of the spectral convergence theorem.

Proof of Proposition 5.1.Takexi ∈ M andui ∈ P(M,G) so thatπ(ui) = xi . By definition we have

(DDD−1
h,α ,nPPPh,α ,nXXX)[i] =

1
n−1

n

∑
j=1, j 6=i

M̂h,α ,n(xi ,x j)gi j XXX[ j] =

1
n−1 ∑n

j=1, j 6=i
Kh(xi ,xj )

p̂h,n(xj )α gi j XXX[ j]

1
n−1 ∑n

l=1,l 6=i
Kh(xi ,xl )
p̂h,n(xl )

α

.

To evaluate the right hand side, we expand it as

1
n−1 ∑n

j=1, j 6=i
Kh(xi ,xj )

ph(xj )α gi j XXX[ j]

1
n−1 ∑n

l=1,l 6=i
Kh(xi ,xl )
ph(xl )α

(A.10)

+
1

n−1 ∑n
j=1, j 6=i(p̂h,n(x j)

−α − ph(x j)
−α)Kh(xi ,x j)gi j XXX[ j]

1
n−1 ∑n

l=1,l 6=i
Kh(xi ,xl )
ph(xl )α

(A.11)

+
1

n−1

n

∑
j=1, j 6=i

Kh(xi ,x j)

p̂h,n(x j)α gi j XXX[ j]


 1

1
n−1 ∑n

l=1,l 6=i
Kh(xi ,xl )
p̂h,n(xl )α

− 1
1

n−1 ∑n
l=1,l 6=i

Kh(xi ,xl )
ph(xl )α


 .(A.12)

The (A.10) term can be handled by the same manner as that in [26]. Indeed, we expect the following approximation:

1
n−1 ∑n

j=1, j 6=i
Kh(xi ,xj )

ph(xj )α gi j XXX[ j]

1
n−1 ∑n

l=1,l 6=i
Kh(xi ,xl )
ph(xl )

α

≈ u−1
i Th,αX(xi),

since
Kh(xi ,xj )

ph(xj )α gi j XXX[ j] are i.i.d andKh(xi ,xl )
ph(xl )

α are i.i.d.. Thus, the trick in [24] can be applied and we get

Pr





∥∥∥∥∥∥

1
n−1 ∑n

j=1, j 6=i
Kh(xi ,xj )

ph(xj )α gi j XXX[ j]

1
n−1 ∑n

l=1,l 6=i
Kh(xi ,xl )
ph(xl )

α

−u−1
i Th,αX(xi)

∥∥∥∥∥∥
> ε



≤C1exp

{
−C2(n−1)ε2hd/2

2h
[
‖∇|y=xi//

xi
y X(y)‖2+O(h)

]
}
,

whereε > 0 andC1 andC2 are some constants (related tod and vol(M)). DenoteΩε,1 to be the event space so that∥∥∥∥∥∥

1
n−1 ∑n

j=1, j 6=i
Kh(xi ,xj )

ph(xj )
α gi j XXX[ j ]

1
n−1 ∑n

l=1,l 6=i
Kh(xi ,xl )
ph(xl )

α
−u−1

i Th,αX(xi)

∥∥∥∥∥∥
≤ ε holds for alli = 1, . . . ,n. Note that since there aren points,

|Ωε,1|> 1−C1nexp

{
−C2(n−1)ε2hd/2

2h
[
‖∇|y=xi//

xi
y X(y)‖2+O(h)

]
}
.

To bound (A.11), we have to prepare some bounds. Fixj. Sincep̂h,n(x j) := 1
n−1 ∑n

k=1,k6= j Kh(x j ,xk), and the random
variablesKh(x j ,xk) are i.i.d, we simply apply the large deviation theory and get

Pr
{∣∣p̂h,n(x j)− ph(x j)

∣∣> ε
}
≤C3exp

{
−C4(n−1)ε2hd/2

2h[‖∇|y=xi ph(y)‖2+O(h)]

}
,

whereC3 andC4 are some constants. This leads to

(A.13) Pr
{∣∣p̂h,n(x j)− ph(x j)

∣∣> ε for all j = 1, ...,n
}
≤C3nexp

{
−C4(n−1)ε2hd/2

2h[‖∇|y=xi ph(y)‖2+O(h)]

}
.
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DenoteΩε,2 to be the event space so that
∣∣p̂h,n(x j)− ph(x j)

∣∣ ≤ ε for all j = 1, ...,n. Note that

|Ωε,2|> 1−C3nexp

{
−C4(n−1)ε2hd/2

2h[‖∇|y=xi ph(y)‖2+O(h)]

}
.

Also, by Assumption 4.3 and (42), we have for allx∈ M

δ ≤ |ph(x)| ≤ ‖K‖L∞

δ ≤ |p̂h,n(x)| ≤ ‖K‖L∞ .
(A.14)

Furthermore, underΩα ,2, by Taylor’s expansion and (A.14) we have

|p̂h,n(xi)
−α − ph(xi)

−α | ≤ α|p̂h,n(xi)− ph(xi)|δ−α−1 ≤ αδ−α−1ε.

With these bounds, underΩε,2 (A.11) is bounded byαδ−α−2‖K‖1+α
∞ ‖X‖∞ε.

For (A.12), by the same argument, underΩε,2 we have the following bound:
∣∣∣∣∣∣

1
1

n−1 ∑n
l=1,l 6=i

Kh(xi ,xl )
p̂h,n(xl )α

− 1
1

n−1 ∑n
l=1,l 6=i

Kh(xi ,xl )
ph(xl )α

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1
n−1 ∑n

l=1,l 6=i Kh(xi ,xl )
(

1
ph(xl )

α − 1
p̂h,n(xl )

α

)

1
n−1 ∑n

l=1,l 6=i
Kh(xi ,xl )
p̂h,n(xl )α

1
n−1 ∑n

l=1,l 6=i
Kh(xi ,xl )
ph(xl )α

∣∣∣∣∣∣
≤ α‖K‖1+2α

∞ δ−α−3ε.

Hence, (A.12) is bounded byαδ−2α−3‖K‖2+2α
∞ ‖X‖∞ε underΩε,2.

Putting the above together, underΩε,1∩Ωε,2, (DDD−1
h,α ,nPPPh,α ,nXXX)[i] deviates fromu−1

i Th,αX(xi) by an error bounded by

ε(1+αδ−α−2‖K‖1+α
∞ ‖X‖∞+αδ−2α−3‖K‖2+2α

∞ ‖X‖∞). Here we know

|Ωε,1∩Ωε,2|> 1−C1nexp

{
−C2(n−1)ε2hd/2

2h
[
‖∇|y=xi//

xi
y X(y)‖2+O(h)

]
}
−C3nexp

{
−C4(n−1)ε2hd/2

2h[‖∇|y=xi ph(y)‖2+O(h)]

}
.

As a result, this large deviation bound implies that w.h.p. the variance term isO(RM,‖X‖∞)

√
log(n)

n1/2hd/4−1/2 , where the
log(n) term comes from (A.13). In other words, w.h.p.

ui(DDD
−1
h,α ,nPPPh,α ,nXXX)[i] = Th,αX(xi)+O(RM,‖X‖∞)

√
log(n)

n1/2hd/4−1/2

for all i = 1, . . . ,n, and we finish the proof. �

A.3. [PROOF OFTHEOREM 5.2]

The proof is a direct generalization of that of [26, Theorem B.3] to the principal bundle structure. Note that in [26,
Theorem B.3] the constants of error terms are not explicitlyshown and we make them explicit here in order to evaluate
the optimal spectral convergence rate. First we elaborate the error term regarding the non-uniform p.d.f.. Denote
B̃√

h(x) = ι−1(BRp√
h
(x)∩ ι(M)).

Lemma A.3.1(Lemma 8 in [10]). Supposef ∈C3(M) andx /∈ M√
h, then

∫

B̃√
h(x)

h−d/2Kh(x,y) f (y)dV(y) = f (x)+h
µ2

d

(
∆ f (x)

2
+w(x) f (x)

)
+O(RM,‖ f ′′′‖∞)h

2,

wherew(x) = s(x)+
m′

3z(x)
24|Sd−1| andz(x) =

∫

Sd−1
‖Π(θ ,θ )‖dθ are both bounded byRM.

Proof. The proof is exactly the same as that of [10, Lemma 8] except the explicit expansion of the error term. Since
the main point is the uniform bound of the third derivative ofthe embedding functionι and f on M, we simply list the
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calculation steps:
∫

B̃√
h(x)

Kh(x,y) f (y)dV(y) =
∫

B̃√
h(x)

K
(‖x− y‖Rp√

h

)
f (y)dV(y)

=

∫

B̃√
h(x)

[
K

(
t√
h

)
+K′

(
t√
h

) ‖Π(θ ,θ )‖t3

24
√

h
+O(RM)

t6

h

][
f (x)+∇θ f (x)t +∇2

θ ,θ f (x)
t2

2
+O(‖ f ′′′‖∞)t

3]dV(y)

=

∫

Sd−1

∫ √
h

0

[
K

(
t√
h

)
+K′

(
t√
h

) ‖Π(θ ,θ )‖t3

24
√

h
+O(RM)

t6

h

]

×
[
f (x)+∇θ f (x)t +∇2

θ ,θ f (x)
t2

2
+O(‖ f ′′′‖∞)t

3][td−1+Ric(θ ,θ )td+1+O(RM)td+2]dtdθ .

By the direct expansion, the regularity assumption and the compactness of M, we conclude the Lemma. �

Proof of Theorem 5.2.By Lemma A.3.1, we get

ph(y) = p(y)+h
µ2

d

(
∆p(y)

2
+w(y)p(y)

)
+O(RM)h2,

which leads to

(A.15)
p(y)

pα
h (y)

= p1−α(y)

[
1−αh

µ2

d

(
w(y)+

∆p(y)
2p(y)

)]
+O(RM)h2.

Plug (A.15) into the numerator ofTh,αX(x):
∫

B̃√
h(x)

Kh,α(x,y)//
x
yX(y)p(y)dV(y) = p−α

h (x)
∫

B̃√
h(x)

Kh(x,y)//
x
yX(y)p−α

h (y)p(y)dV(y)

= p−α
h (x)

∫

B̃√
h(x)

Kh(x,y)//
x
yX(y)p1−α(y)

[
1−αh

µ2

d

(
w(y)+

∆p(y)
2p(y)

)]
dV(y)+O(RM)hd/2+2

:= p−α
h (x)A− µ2

d
α p−α

h (x)hB+O(RM)h
d/2+2.

where 



A :=
∫

B̃√
h(x)

Kh(x,y)//x
yX(y)p1−α(y)dV(y),

B :=
∫

B̃√
h(x)

Kh(x,y)//x
yX(y)p1−α(y)

(
w(y)+ ∆p(y)

2p(y)

)
dV(y).

We evaluateA andB by changing the integration variables to the polar coordinates, and the odd monomials in the
integral vanish because the kernel is symmetric. Thus, applying Taylor’s expansion toA leads to:

A=

∫

Sd−1

∫ √
h

0

[
K

(
t√
h

)
+K′

(
t√
h

) ‖Π(θ ,θ )‖t3

24
√

h
+O(RM)

t6

h

]

×
[
X(x)+∇θ X(x)t +∇2

θ ,θ X(x)
t2

2
+O(‖X(3)‖∞)t

3
]

×
[

p1−α(x)+∇θ (p
1−α)(x)t +∇2

θ ,θ (p
1−α)(x)

t2

2
+O(RM)t

3
][

td−1+Ric(θ ,θ )td+1+O(RM)td+2
]

dtdθ ,

which after rearrangement becomes

A= p1−α(x)X(x)
∫

Sd−1

∫ √
h

0

{
K

(
t√
h

)[
1+Ric(θ ,θ )t2] td−1+K′

(
t√
h

) ‖Π(θ ,θ )‖td+2

24
√

h

}
dtdθ

+ p1−α(x)
∫

Sd−1

∫ √
h

0
K

(
t√
h

)
∇2

θ ,θ X(x)
td+1

2
dtdθ +X(x)

∫

Sd−1

∫ √
h

0
K

(
t√
h

)
∇2

θ ,θ (p
1−α)(x)

td+1

2
dtdθ

+

∫

Sd−1

∫ √
h

0
K

(
t√
h

)
∇θ X(x)∇θ (p

1−α)(x)td+1dtdθ +O(RM,‖X(3)‖∞)h
d/2+2.
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Following the same argument as that in [26], we have
∫

B√
h(0)

1

hd/2
K′
(

t√
h

) ‖Π(θ ,θ )‖td+2

24
√

h
dtdθ =

hd/2+1m′
3z(x)

24|Sd−1| ,

∫

Sd−1
∇2

θ ,θ X(x)dθ =
|Sd−1|

d
∇2X(x) and

∫

Sd−1
Ric(θ ,θ )dθ =

|Sd−1|
d

s(x).

Therefore,A become

hd/2p1−α(x)

{(
1+

hµ2

d
∆(p1−α)(x)
2p1−α(x)

+
hµ2

d
w(x)

)
X(x)+

hµ2

2d
∇2X(x)

}

+hd/2+1 µ2

d
∇X(x) ·∇(p1−α)(x)+O(RM,‖X(3)‖∞)h

d/2+2

Next, we expandB by the same argument as that in [26]. DenoteQ(y) = p1−α(y)
(

w(y)+ ∆p(y)
2p(y)

)
∈C2(M) to simplify

notation and we have

B=

∫

B√
h(x)

Kh(x,y)//
x
yX(y)Q(y)dV(y)

=

∫

Sd−1

∫ √
h

0

[
K

(
t√
h

)
+O(RM)

t3
√

h

][
X(x)+∇θ X(x)t +O(‖X(3)‖∞)t

2
]

×
[
Q(x)+∇θ Q(x)t +O(t2)

][
td−1+Ric(θ ,θ )td+1+O(RM)t

d+2
]

dtdθ

=hd/2X(x)Q(x)+O(RM,‖X(3)‖∞)h
d/2+1.

In conclusion, the numerator ofTh,αX(x) becomes

hd/2 p1−α(x)
pα

h (x)

{
1+

hµ2

d

[
∆(p1−α)(x)
2p1−α(x)

−α
∆p(x)
2p(x)

]}
X(x)

+hd/2+1 µ2

dpα
h (x)

{
p1−α(x)

2
∇2X(x)+∇X(x) ·∇(p1−α)(x)

}
+O(RM,‖X(3)‖∞)h

d/2+2.

Similar calculation of the denominator of theTh,αX(x) gives

hd/2p−α
h (x)p1−α(x)

{
1+h

µ2

d

(
∆(p1−α)(x)
2p1−α(x)

−α
∆p(x)
2p(x)

)}
+O(RM)hd/2+2.

Putting all the above together, we have whenx∈ M\M√
h,

Th,αX(x) = X(x)+h
µ2

2d

(
∇2X(x)+

2∇X(x) ·∇(p1−α)(x)
p1−α(x)

)
+O(RM,‖X(3)‖∞)h

2.

Next we consider the case whenx∈M√
h. The proof is again almost the same as that in [26]. Suppose miny∈∂M d(x,y)=

h̃. Choose a normal coordinate{∂1, . . . ,∂d} on the geodesic ballBh1/2(x) aroundx so thatx0 = expx(h̃∂d(x)). Due to
Gauss Lemma, we know span{∂1(x0), . . . ,∂d−1(x0)}= Tx0∂M and∂d(x0) is outer normal atx0.

We focus first on the integral appearing in the numerator ofTh,1X(x):
∫

B√
h(x)∩M

1

hd/2
Kh,1(x,y)//

x
yX(y)p(y)dV(y).

We divide the integral domain exp−1
x (B√

h(x)∩M) into slicesSη defined by

Sη = {(uuu,η) ∈ R
d : ‖(u1, . . . ,ud−1,η)‖<

√
h},
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whereη ∈ [−h1/2,h1/2] anduuu = (u1, . . . ,ud−1) ∈ Rd−1. By Taylor’s expansion and (A.15), the numerator ofTh,1X
becomes

∫

B√
h(x)∩M

Kh,1(x,y)//
x
yX(y)p(y)dV(y)(A.16)

=p−1
h (x)

∫

Sη

∫ √
h

−
√

h
K

(√
‖uuu‖2+η2
√

h

)

×
(

X(x)+
d−1

∑
i=1

ui∇∂i
X(x)+η∇∂d

X(x)+O(‖X(2)‖∞)h

)[
1−h

µ2

d

(
w(y)+

∆p(y)
2p(y)

)
+O(RM)h2

]
dηduuu

=p−1(x)
∫

Sη

∫ √
h

−
√

h
K

(√
‖uuu‖2+η2
√

h

)

×
(

X(x)+
d−1

∑
i=1

ui∇∂i
X(x)+η∇∂d

X(x)+O(‖X(2)‖∞)h

)
dηduuu+O(RM,‖X(2)‖∞)h.

Note that in general the integral domainSη is not symmetric with related to(0, . . . ,0,η), so we will try to symmetrize
Sη by defining the symmetrized slices:

S̃η = ∩d−1
i=1 (RiSη ∩Sη),

whereRi(u1, . . . ,ui , . . . ,η) = (u1, . . . ,−ui , . . . ,η). Recall the following relationship [26, (B.23)]:

∂l (expx(tθ )) = //y
x∂l (x)+

t2

6
//y

x(R(θ ,∂l (x))θ )+O(RM)t3,

whereθ ∈ TxM andt ≪ 1, which leads to

Px0,x∂l (x) = ∂l (x0)+O(RM)h,(A.17)

for all l = 1, . . . ,d. Also note that up to errorO(RM)h3/2, we can express∂M ∩Bh1/2(x) by a homogeneous degree
2 polynomial with variables{Px0,x∂1(x), . . . ,Px0,x∂d−1(x)}. Thus the difference betweeñSη andSη is O(RM)h, and
hence (A.16) becomes:

p−1(x)
∫

S̃η

∫ √
h

−
√

h
K

(√
‖uuu‖2+η2
√

h

)(
X(x)+

d−1

∑
i=1

ui∇∂i
X(x)+η∇∂d

X(x)+O(‖X(2)‖∞)h

)
dηduuu+O(RM,‖X(2)‖∞)h.

(A.18)

By Taylor’s expansion we have for alli = 1, . . . ,d

∇∂i
X(x) = Px,x0(∇∂i

X(x0))+O(‖X(2)‖∞)h̃
1/2.(A.19)

By plugging (A.19) into (A.18), (A.16) is further reduced to:

p−1(x)
∫

S̃η

∫ √
h

−
√

h
K

(√
‖uuu‖2+η2
√

h

)

×
(

X(x)+Px,x0

(d−1

∑
i=1

ui∇∂i
X(x0)+ (η − h̃)∇∂d

X(x0)
)
+O(‖X(2)‖∞)h

)
dηduuu+O(RM,‖X(2)‖∞)h

(A.20)

The symmetry of the kernel implies that fori = 1, . . . ,d−1,

(A.21)
∫

S̃η
K

(√
‖uuu‖2+η2
√

h

)
uiduuu= 0,

and hence the numerator ofT1,hX(x) becomes

(A.22) p−1(x)mh
0

(
X(x)+

mh
1

mh
0

Px,x0∇∂d
X(x0)

)
+O(RM,‖X(2)‖∞)h,



SPECTRAL CONVERGENCE OF THE CONNECTION LAPLACIAN FROM RANDOM SAMPLES 33

where

(A.23) mh
0 :=

∫

S̃η

∫ √
h

−
√

h
K

(√
‖u‖2+η2
√

h

)
dηdx= O(1)hd/2

and

(A.24) mh
1 :=

∫

S̃η

∫ √
h

−
√

h
K

(√
‖u‖2+η2
√

h

)
(η − h̃)dηdx= O(1)hd/2+1/2.

Similarly, the denominator ofTh,1X can be expanded as:

(A.25)
∫

B√
h(x)∩M

Kh,1(x,y)p(y)dV(y) = p−1(x)mh
0+O(1)hd/2+1/2,

which together with (A.22) gives us the following asymptotic expansion:

(A.26) Th,1X(x) = X(x)+
mh

1

mh
0

Px,x0∇∂d
X(x0)+O(RM,‖X(2)‖∞)h,

which finish the proof. �

A.4. SYMMETRIC ISOMETRICEMBEDDING

Suppose we have a closed, connected and smoothd-dim Riemannian manifold(M,g) with free isometricZ2 := {1,z}
action on it. Note that M can be viewed as a principal bundleP(M/Z2,Z2) with the groupZ2 as the fiber. Without
loss of generality, we assume the diameter of M is less than 1.The eigenfunctions{φ j} j≥0 of the Laplace-Beltrami
operator∆M are known to form an orthonormal basis ofL2(M), where∆Mφ j = −λ jφ j with λ j ≥ 0. DenoteEλ the
eigenspace of∆M with eigenvalueλ . SinceZ2 commutes with∆M, Eλ is a representation ofZ2, where the action ofz
on φ j is defined byz◦φ j(x) := φ j(z◦ x).

We claim that all the eigenfunctions of∆M are either even or odd. Indeed, sinceZ2 is an abelian group and all the
irreducible representations ofZ2 are real, we knowz◦ φi = ±φi for all i ≥ 0. We can thus distinguish two different
types of eigenfunctions:

φe
i (z◦ x) = φe

i (x) and φo
i (z◦ x) =−φo

i (x),

where the superscripte (resp. o) means even (resp. odd) eigenfunctions.

It is well known that the heat kernelk(x,y, t) of ∆M is a smooth function overx andy and analytic overt > 0, and can
be written as

k(x,y, t) = ∑
i

e−λitφi(x)φi(y),

we know for all t > 0 andx ∈ M, ∑ j e
−λ j tφ j (x)φ j(x) < ∞. Thus we can define a family of maps by exceptionally

taking odd eigenfunctions into consideration:

Ψo
t : M → ℓ2 for t > 0,

x 7→ {e−λ jt/2φo
j (x)} j≥1

Lemma A.4.1. For t > 0, the mapΨo
t is an embedding of M intoℓ2.

Proof. If xn → x, we have by definition

‖Ψo
t (xn)−Ψo

t (x)‖2
ℓ2 = ∑

j

∣∣∣e−λ j t/2φo
j (xn)−e−λ jt/2φo

j (x)
∣∣∣
2

≤ ∑
j

∣∣∣e−λ j t/2φo
j (xn)−e−λ jt/2φo

j (x)
∣∣∣
2
+∑

j

∣∣∣e−λ j t/2φe
j (xn)−e−λ jt/2φe

j (x)
∣∣∣
2

= k(xn,xn, t)+ k(x,x, t)−2k(xn,x, t),

which goes to 0 asn→ ∞ due to the smoothness of the heat kernel. ThusΨo
t is continuous.
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Since the eigenfunctions{φ j} j≥0 of the Laplace-Beltrami operator form an orthonormal basisof L2(M), it follows that
they separate points. We now show that odd eigenfunctions are enough to separate points. Givenx 6= y two distinct
points on M, we can find a small enough neighborhoodNx of x that separates it fromy. Take a characteristic odd
function f such thatf (x) = 1 onNx, f (z◦ x) = −1 onz◦Nx and 0 otherwise. Clearly we knowf (x) 6= f (y). Since f
is odd, it can be expanded by the odd eigenfunctions:

f = ∑
j

a jφo
j .

Hencef (x) 6= f (y) implies that there existsα such thatφo
α(x) 6= φo

α (y).

Suppose we haveΨo
t (x) = Ψo

t (y), thenφo
i (x) = φo

i (y) for all i. By the above argument we conclude thatx = y, that
is, Ψo

t is an 1-1 map. To show thatΨo
t is an immersion, consider a neighborhoodNx so thatNx∩z◦Nx = /0. Suppose

there existsx∈ M so that dΨo
t (X) = 0 for X ∈ TxM, which implies dφo

i (X) = 0 for all i. Thus by the same argument
as above we know df (X) = 0 for all f ∈C∞

c (Nx), which impliesX = 0.

In conclusion,Ψo
t is continuous and 1-1 immersion from M, which is compact, onto Ψo

t (M), so it is an embedding.�

Note thatΨo
t (M) is symmetric with respect to 0, that is,Ψo

t (z◦x)=−Ψo
t (x). However, it is not an isometric embedding

and the embedded space is of infinite dimension. Now we construct an isometric symmetric embedding of M to a finite
dimensional space by extending the Nash embedding theorem [18, 19]. We start from considering an open covering
of M in the following way. SinceΨo

t , t > 0, is an embedding of M intoℓ2, for each givenp∈ M, there existsd odd
eigenfunctions{φo

ipj
}d

j=1 so that

vp : x∈ M 7→ (φo
ip1
(x), ...,φo

ipd
(x)) ∈R

d

vz◦p : z◦ x∈ M 7→ −(φo
ip1
(x), ...,φo

ipd
(x)) ∈R

d
(A.27)

are of full rank atp andz◦ p. We choose a small enough neighborhoodNp of p so thatNp∩z◦Np = /0 andvp andvz◦p

are embedding ofNp andz◦Np. It is clear that{Np, z◦Np}p∈M is an open covering of M.

With the open covering{Np, z◦Np}p∈M, it is a well known fact [28] that there exists an atlas of M

A = {(Vj ,h j), (z◦Vj ,h
z
j)}L

j=1(A.28)

whereVj ⊂ M, z◦Vj ⊂ M, h j : M → Rd, hz
j : M → Rd, so that the following holds and the symmetry is taken into

account:

(a) A is a locally finite refinement of{Np, z◦Np}p∈M, that is, for everyVi (resp. z◦Vi), there exists api ∈ M
(resp.z◦ pi ∈ M) so thatVi ⊂ Npi (resp.z◦Vi ⊂ z◦Npi ),

(b) h j(Vj) = B2, hz
j(z◦Vj) = B2, andh j(x) = hz

j(z◦ x) for all x∈Vj ,
(c) for thepi chosen in (a), there existsφo

ipi
so thatφo

ipi
(x) 6= φo

ipi
(z◦ x) for all x∈Vi.

(d) M = ∪ j

(
h−1

j (B1)∪ (hz
j)
−1(B1)

)
. DenoteO j = h−1

j (B1).

whereBr = {x∈ Rd : ‖x‖< 1}. We fix the pointpi ∈ M when we determineA , that is, ifVi ∈ A , we have a unique
pi ∈ M so thatVi ⊂ Npi . Note that (c) holds sinceΨo

t , t > 0, is an embedding of M intoℓ2 and the eigenfunctions of
∆M are smooth. We will fix a partition of unity{ηi ∈C∞

c (Vi), ηz
i ∈C∞

c (z◦Vi)} subordinate to{Vj , z◦Vj}L
j=1. Due to

symmetry, we haveηi(x) = ηz
i (z◦ x) for all x∈Vi. To ease notation, we define

ψi(x) =

{
ηi(x) whenx∈Vi

ηz
i (x) whenx∈ z◦Vi

(A.29)

so that{ψi}L
i=1 is a partition of unit subordinate to{Vi ∪z◦Vi}L

i=1.

Lemma A.4.2. There exists a symmetric embedding ˜u : Md →֒ RN for someN ∈ N.
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Proof. Fix Vi and hencepi ∈ M. Define

ui : x∈ M 7→ (φo
ipi
(x),vpi (x)) ∈ R

d+1,

wherevpi is defined in (A.27). Note thatui is of full rank atpi . Due to symmetry, the assumption (c) and the fact that
Vi ∩z◦Vi = /0, we can find a rotationRi ∈ SO(d+1) and modify the definition ofui :

ui : x 7→ Ri(φo
ipi
(x),vpi (x)),

which is an embedding ofVi ∪z◦Vi ontoRd+1 so thatui(Vi ∪z◦Vi) does not meet all the axes ofRd+1. Note that since
vz◦p(z◦ x) =−vp(x) andφo

ipi
(z◦ x) =−φo

ipi
(x), we haveui(z◦ x) =−ui(x). Define

ū : x 7→ (u1(x), ...,uL(x)).

Since locally d ¯u is of full rank and

ū(z◦ x) = (u1(z◦ x), ...,uL(z◦ x)) =−(u1(x), ...,uL(x)) =−ū(x),

ū is clearly an symmetric immersion from M toRL(d+1). Denote

ε = min
i=1,...,L

min
x∈Vi∪z◦Vi

min
k=1,...,d+1

〈ui(x),ek〉,

where{ek}k=1,...,d+1 is the canonical basis ofRd+1. By the construction ofui , ε > 0.

By the construction of the covering{Oi ∪g◦Oi}L
i=1, we knowL ≥ 2. We claim that by properly perturbing ¯u we can

generate a symmetric 1-1 immersion from M toRL(d+1).

Suppose ¯u is 1-1 inW ⊂ M, which is invariant underZ2 action by the construction of ¯u. Consider a symmetric closed
subsetK ⊂W. Let O1

i =W∩ (Oi ∪g◦Oi) andO2
i = (M\K)∩ (Oi ∪g◦Oi). Clearly{O1

i ,O
2
i }L

i=1 is an covering of M.
Consider a partition of unityP = {θα} subordinate to this covering so thatθα(z◦ x) = θα(x) for all α. IndexP by
integer numbers so that for alli > 0, we have suppθi ⊂ O2

i .

We will inductively define a sequence ˜uk of immersions by properly choosing constantsbi ∈ RL(d+1):

ũk = ū+
k

∑
i=1

bisiθi ,

wheresi ∈C∞
c (M) so that supp(si)⊂ Ni ∪z◦Ni and

si(x) =

{
1 whenx∈Vi

−1 whenx∈ z◦Vi
.

Note thatuk by definition will be symmetric. Supposeuk is properly defined to become an immersion and‖ũ j −
ũ j−1‖C∞ < 2− j−2ε for all j ≤ k.

Denote
Dk+1 = {(x,y) ∈ M×M : sk+1(x)θk+1(x) 6= sk+1(y)θk+1(y)},

which is of dimension 2d. DefineGk+1 : Dk+1 → RL(d+1) as

Gk+1(x,y) =
ũk(x)− ũk(y)

sk+1(x)θk+1(x)− sk+1(y)θk+1(y)
.

SinceGk+1 is differentiable andL ≥ 2, by Sard’s TheoremGk+1(Dk+1) is of measure zero. By choosingbk+1 /∈
Gk+1(Dk+1) small enough, ˜uk+1 can be made an immersion and‖ũk+1 − ũk‖ < 2−k−3ε. In this case ˜uk+1(y1) =
ũk+1(y2) implies

bk+1(sk+1(x)θk+1(x)− sk+1(y)θk+1(y)) = ũk(x)− ũk(y).

Sincebk+1 /∈ Gk+1(Dk+1), this can happen only ifsk+1(x)θk+1(x) = sk+1θk+1(y) andũk(x) = ũk(y).

Define
ũ= ũL.

By definitionũ is a symmetric immersion and differs from ¯u by ε/2 in C∞.
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Now we claim that ˜u is 1-1. Suppose ˜u(x) = ũ(y). Note that by the construction ofb j this impliessL(x)θL(x) =
sL(y)θL(y) anduL−1(x) = uL−1(y). Inductively we have ¯u(x) = ū(y) andsj(x)θ j (x) = sj(y)θ j (y) for all j > 0. Suppose
x∈W buty /∈W, thensj(y)θ j (y) = sj(x)θ j (x) = 0 for all j > 0, which is impossible. Suppose bothx andy are outside
W, then there are two cases to discuss. First, ifx andy are both insideVi for somei, thensj(x)θ j (x) = sj(y)θ j (y)
for all j > 0 andū(x) = ū(y) imply x = y sinceū embedsVi . Second, ifx ∈ Vi\Vj andy ∈ Vj\Vi wherei 6= j, then
sj(x)θ j (x) = sj(y)θ j (y) for all j > 0 is impossible. In conclusion, ˜u is 1-1.

Since M is compact and ˜u is continuous, we conclude that ˜u is a symmetric embedding of M intoRL(d+1).

�

The above Lemma shows that we can always find a symmetric embedding of M intoRL(d+1) for someL > 0. The
next Lemma helps us to show that we can further find a symmetricembedding of M intoRp for somep> 0 which is
isometric. We definesp := p(p+1)

2 in the following discussion.

Lemma A.4.3. There exists a symmetric smooth mapΦ from Rp to Rsp+p so that∂iΦ(x) and∂i j Φ(x), i, j = 1, ...p,
are linearly independent as vectors inR

sp+p for all x 6= 0.

Proof. Denotex= (x1, ...xp) ∈R
p. We define the mapΦ fromR

p toR
sp+p by

Φ : x 7→
(

x1 , ...,xp , x1
ex1 +e−x1

2
, x1

ex2 +e−x2

2
, ... , xp

exp +e−xp

2

)
.

wherei, j = 1, ..., p andi 6= j. It is clear thatΦ is a symmetric smooth map, that is,Φ(−x) =−Φ(x). Note that

∂i j

(
xk

exℓ +e−xℓ

2

)
= δ jk

exi −e−xi

2
+ δik

exj −e−xj

2
+ xkδ jℓ

exi +e−xi

2

Thus whenx 6= 0, for all i = 1, ..., p, ∂iΦ(x) and∂i j Φ(x), i, j = 1, ...p, are linearly independent as vectors inRsp+p. �

Combining Lemma A.4.2 and A.4.3, we know there exists a symmetric embeddingu : Md →֒ R
sL(d+1)+L(d+1) so that

∂iu(x) and∂i j u(x), i, j = 1, ...,d, are linearly independent as vectors inR
sL(d+1)+L(d+1) for all x∈ M. Indeed, we define

u= Φ◦ ũ.

Clearlyu is a symmetric embedding of M intoRsL(d+1)+L(d+1). Note that ˜u(x) 6= 0 otherwise ˜u is not an embedding.
Moreover, by the construction of ˜u, we knowui(Vi ∪z◦Vi) is away from the axes ofRL(d+1) by ε/2, so the result.

Next we control the metric onu(M) induced by the embedding. By properly scalingu, we haveg−du2 > 0. We will
assume properly scaledu in the following.

Lemma A.4.4. Given the atlasA defined in (A.28), there existsξi ∈ C∞(Vi , R
sd+d) andξ z

i ∈ C∞(z◦Vi, R
sd+d) so

thatξ z
i − ξi > cIsd+d for somec> 0 and

g−du2 =
m

∑
j=1

η2
j dξ 2

j +
m

∑
j=1

(ηz
j )

2(dξ z
j )

2.

Proof. Fix Vi . By applying the local isometric embedding theorem [28] we have smooth mapsxi : hi(Vi) →֒Rsd+d and
xz

i : hz
i (z◦Vi) →֒ Rsd+d so that

(h−1
i )∗g= dx2

i and ((hz
i )
−1)∗g= (dxz

i )
2,

where dx2
i (resp. (dxz

i )
2) means the induced metric onhi(Vi) (resp. hz

i (z◦Vi)) from Rsd+d. Note that the above
relationship is invariant under affine transformation ofxi andxz

i . By assumption (b) ofA we havehi(x) = hz
i (z◦x) for

all x∈Vi , so we modifyxi andxz
i so that that

xz
i = xi + ciIsd+d,

whereci > 0, Isd+d = (1, ...,1)T ∈ Rsd+d, andxi(B1)∩xz
i (B1) = /0. Denotec= maxL

i=1{ci} and further set

xz
i = xi + cIsd+d
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for all i. By choosingxi andxz
i in this way, we have embeddedVi andz◦Vi simultaneously into the same Euclidean

space. Note that
g= h∗i (h

−1
i )∗g= d(xi ◦hi)

2

onVi and
g= (hz

i )
∗((hz

i )
−1)∗g= d(xz

i ◦hz
i )

2

on z◦Vi. Thus, by definingξi = xi ◦hi andξ z
i = xz

i ◦hz
i , and applying the partition of unity with (A.29), we have the

results. �

Theorem A.4.5. Any smooth, closed manifold(M,g) with free isometricZ2 action admits a smooth symmetric,
isometric embedding inRp for somep∈N.

Proof. By the remark following Lemma A.4.2 and A.4.3 we have a smoothembeddingu : M →֒RN so thatg−du2 > 0,
whereN = sL(d+1)+L(d+1). By Lemma A.4.4, with atlasA fixed we have

g−du2 = ∑
j

η2
j dξ 2

j +∑
j

(ηz
j )

2(dξ z
j )

2.

whereξ z
i − ξi = cIsd+d. Denotec= (2ℓ+1)π

λ , whereλ andℓ will be determined later. To ease the notion, we define

γi(x) =

{
ξi(x) whenx∈ Ni

ξ z
i (x) whenx∈ g◦Ni

.

Then by the definition (A.29) we have

g−du2 =
L

∑
j=1

ψ2
j dγ2

j .

Givenλ > 0 we can define the following mapuλ : M →R2L:

uλ =

(
1
λ

ψi cos(λ γi) ,
1
λ

ψi sin(λ γi)

)L

i=1
,

where cos(λ γi) means taking cosine on each entry ofλ γi . Setℓ so that(2ℓ+1)π
λ > 1 and we claim thatuλ is a symmetric

map. Indeed,

ψi(z◦ x)cos(λ γi(z◦ x)) = ψi(x)cos

(
λ
(

γi(x)+
(2ℓ+1)π

λ

))
=−ψi(x)cos(λ γi(x)) .

and

ψi(z◦ x)sin(λ γi(z◦ x)) = ψi(x)sin

(
λ
(

γi(x)+
(2ℓ+1)π

λ

))
=−ψi(x)sin(λ γi(x)) .

Direct calculation gives us

g−du2 = du2
λ − 1

λ 2

L

∑
j=1

dψ2
j .

We show that whenλ is big enough, there exists a smooth symmetric embeddingw so that

(A.30) dw2 = du2− 1
λ 2

L

∑
i

dψ2
i .

Since for allλ > 0 we can find aℓ so thatuλ is a symmetric map without touchingψi , we can thus choosingλ
as large as possible so that (A.30) is solvable. The solutionw provides us with a symmetric isometric embedding
(w,uλ ) : M →֒ RN+2L so that we have

g= du2
λ +dw2.

Now we solve (A.30). FixVi and its relativep∈Vi. Supposew= u+a2v is the solution wherea∈C∞
c (Vi) with a= 1

on suppη . We claim if ε := λ−1 is small enough we can find a smooth mapv : Ni → RN so that Equation A.30 is
solved onVi .



38 A. SINGER AND H.-T. WU

Equation A.30 can be written as

(A.31) d(u+a2v)2 = du2− 1
λ 2

L

∑
i

dψ2
i .

which after expansion is

∂ j(a
2∂iu ·v)+ ∂i(a

2∂ ju ·v)−2a2∂i j u ·v+a4∂iv ·∂ jv+ ∂i(a
3∂ ja|v|2)+ ∂ j(a

3∂ia|v|2)

=− 1
λ 2dψ2

i +2a2(∂ia∂ ja+a∂i j a)|v|2
(A.32)

To simplify this equation we will solve the following Dirichlet problem:
{

∆(a∂iv ·∂ jv) = ∂i(a∆v ·∂ jv)+ ∂ j(a∆v ·∂iv)+ r i j (v,a)
a∂iv ·∂ jv|∂Vi

= 0

where
r i j = ∆a∂iv ·∂ jv− ∂ ja∆v ·∂ jv− ∂ ja∂iv∆v+2∂ℓa∂ℓ(∂iv ·∂ jv)+2a(∂iℓv ·∂ jℓv−∆v ·∂i j v)

By solving this equation and multiplying it bya3, we have

a4∂iv ·∂ jv=∂i(a
3∆−1(a∆v ·∂ jv))+ ∂ j(a

3∆−1(a∆v ·∂iv))−3a2∂ia∆−1(a∆v ·∂ jv)

−3a2∂ ja∆−1(a∆v ·∂iv)+a3∆−1r i j (v,a)
(A.33)

Plug Equation (A.33) into Equation (A.32) we have

∂ j(a
2∂iu ·v−a2Ni(v,a))+ ∂i(a

2∂ ju ·v−a2Nj(v,a))−2a2∂i j u ·v=− 1
λ 2dψ2

i −2a2Mi j (v,a),(A.34)

where fori, j = 1, ...d
{

Ni(v,a) =−a∆−1(a∆v ·∂iv)−a∂ia|v|2
Mi j (v,a) = 1

2a∆−1r i j (v,a)− (a∂i j a+ ∂ia∂ ja)|v|2− 3
2(∂ia∆−1(a∆v ·∂ jv))+ ∂ ja∆−1(a∆v ·∂iv)

Note that by definition and the regularity theory of ellipticoperator, we know bothNi(·,a) andMi j (·,a) are maps in
C∞(Vi). We will solve Equation (A.34) through solving the following differential system:

(A.35)

{
∂iu ·v = Ni(v,a)
∂i j u ·v = − 1

λ 2 dψ2
i −Mi j (v,a).

Since by construction we knowu has linearly independent∂iu and ∂i j u, i, j = 1, ...,d, we can solve the under-
determined linear system (A.35) by

(A.36) v= E(u)F(v,h),

where

E(u) =

[(
∂iu
∂i j u

)T( ∂iu
∂i j u

)]−1(
∂iu
∂i j u

)T

and

F(v,ε) =
(

Ni(v,a),−
1

λ 2dψ2
i −Mi j (v,a)

)T

=
(
Ni(v,a),−ε2dψ2

i −Mi j (v,a)
)T

.

Next we will apply contraction principle to show the existence of the solutionv. Substitutev= µv′ for someµ ∈R to
be determined later. By the fact thatNi(0,a) = 0 andMi j (0,a) = 0 we can rewrite Equation (A.36) as

w= µE(u)F(v′,0)+
1
µ

E(u)F(0,ε).

Set

Σ =
{

w∈C2,α(Vi ,R
N);‖w‖2,α ≤ 1

}
and Tw= µE(u)F(v′,0)+

1
µ

E(u)F(0,ε).

By taking

µ =

(‖E(u)F(0,ε)‖2,α
‖E(u)‖2,α

)1/2

,
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we have

‖Tw‖2,α ≤ µ‖E(u)‖2,α‖F(v′,0)‖2,α +
1
µ
‖E(u)F(0,ε)‖2,α =C1(‖E(u)‖2,α‖E(u)F(0,ε)‖2,α)

1/2,

whereC1 depends only on‖a‖4,α . ThusT mapsΣ into Σ if ‖E(u)‖2,α‖E(u)F(0,ε)‖2,α ≤ 1/C2
1. This can be achieved

by takingε small enough, that is, by takingλ big enough.

Similarly we have

‖Tw1−Tw2‖2,α ≤µ‖E(u)‖2,α‖F(w1,0)−F(w2,0)‖2,α

≤C2‖w1−w2‖2,α(‖E(u)‖2,α‖E(u)F(0,ε)‖2,α)
1/2.

Then if ‖E(u)‖2,α‖E(u)F(0,ε)‖2,α ≤ 1
C2

1+C2
2

we show thatT is a contraction map. By the contraction mapping

principle, we have a solutionv∈ Σ.

Further, since we have
v= µ2E(u)F(w,0)+E(u)F(0,ε),

by definition ofµ we have
‖v‖2,α ≤C‖E(u)F(0,ε)‖2,α ,

whereC is independent ofu andv. Thus by takingε small enough, we can not only makew= u+a2v satisfy Equation
(A.30) but also makew an embedding. Thus we are done with the patchVi.

Now we take careVi ’s companionz◦Vi. Fix charts aroundx∈Vi andz◦ x∈ z◦Vi so thaty∈Vi andg◦ y∈ z◦Vi have
the same coordinates for ally∈Vi . Working on these charts we have

∂ ju= ∂ j(Φ◦ ũ) = ∂ℓΦ∂ j ũ
ℓ

and
∂i j u= ∂i j (Φ◦ ũ) = ∂kℓΦ∂i ũ

k∂ j ũ
ℓ+ ∂ℓΦ∂i j ũ

ℓ.

Note that since the first derivative ofΦ is an even function while the second derivative ofΦ is an odd function and
ũ(g◦ y) =−ũ(y) for all y∈ Ni , we have

E(u)(z◦ x) =−E(u)(x).

Moreover, we haveNi(v,a) = Ni(−v,a) andMi j (v,a) = Mi j (−v,a) for all i, j = 1, ...,d. Thus ing◦Ni , we have−v
as the solution to Equation (A.35) andw−a2v as the modified embedding. After finishing the perturbation of Vi and
z◦Vi, the modified embedding is again symmetric.

Inductively we can perturb the embedding ofVi for all i = 1, ...,L. Since there are only finite patches, by choosingε
small enough, we finish the proof. �

Note that we do not show the optimal dimensionp of the embedded Euclidean space but simply show the existence of
the symmetric isometric embedding. How to take the symmetryinto account in the optimal isometric embedding will
be reported in the future work.

Corollary A.4.1. Any smooth, closed non-orientable manifold(M,g) has an orientable double covering embedded
symmetrically insideRp for somep∈ N.

Proof. It is well known that the orientable double covering of M has isometric freeZ2 action. By applying Theorem
A.4.5 we get the result. �
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