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Neural networks basics

by C. Yao Lai for 2025 Princeton summer school



Outline

• Neural networks in problems governed by PDEs

• NN basics (Lecture 1-3)
Universal function approximation 
Gradient descent
Back propagation

• Physics-informed NN (Lecture 4-5)
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Von Neumann's elephant
"With four parameters I can fit an elephant, and with five I can make him 
wiggle his trunk.“ -Von Neumann
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An approximation using five complex parameters was 

found by Mayer, Khairy, Howard (2010) based on 

complex Fourier analysis. 



Early day ML-PDE
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• Leaning how to discretize PDEs (2019)

• Learning a ML model to predict simple chaotic system (2018)

ML model

Ground truth

time

ML maps discretized solution (𝑣1 … 𝑣𝑁𝑥
) to the stencil coefficients (𝛼1 … 𝛼𝑁): ℝ𝑁𝑥 → ℝ𝑁 

ML maps solution from one time step to the subsequent time step: ℝ𝑁𝑥 → ℝ𝑁𝑥 

Viscous Burgers eqn

KS eqn



OpenAI Sora
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Pangu-Weather

ML weather forecast models
ECMWF is now running a series of data-driven 
forecasts as part of its experimental suite. These 
machine-learning based models are very fast, and 
they produce a 10-day forecast with 6-hourly time 
steps in approximately one minute. The outputs are 
available in graphical form.

https://charts.ecmwf.int/catalogue/packages/ai_models/products/graphcast_medium-mslp-wind850?base_time=202404011200&projection=opencharts_north_america&valid_time=202404091800
https://charts.ecmwf.int/catalogue/packages/ai_models/products/graphcast_medium-mslp-wind850?base_time=202404011200&projection=opencharts_north_america&valid_time=202404091800
https://charts.ecmwf.int/catalogue/packages/ai_models/products/graphcast_medium-mslp-wind850?base_time=202404011200&projection=opencharts_north_america&valid_time=202404091800
https://charts.ecmwf.int/catalogue/packages/ai_models/products/graphcast_medium-mslp-wind850?base_time=202404011200&projection=opencharts_north_america&valid_time=202404091800


Video source: NVIDIA

ML weather forecast models



Video source: NVIDIA



In addition to generating known 
results faster, can we leverage neural 
networks to discovery new PDE 
solutions?
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Loss function

Uniform and small equation residues everywhere

Smooth self-similar solution 

Self-similar blow-up solution for Boussinesq eqn
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Wang-Lai-GómezSerrano-Buckmaster, 

Physical Review Letters (2023) 



So…why neural networks?

• Very often in math and science we want to know A as a function of B. NN 
has the flexibility to fit that function without prior assumptions about the 
functional form, particularly useful when the function is high dimensional 
(it is a function approximator).

• Leverages GPU (hardware) and open-source software (e.g. tensoflow, 
Pytorch, JAX). The optimization method is well-developed and user 
friendly. It can usually be easily adopted for different problems. 

• We will talk about the challenges after learning about the basics of NN!
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Outline

• Neural networks in problems governed by PDEs

• NN basics (Lecture 1-3)
Universal function approximation 
Gradient descent
Back propagation

• Physics-informed NN (Lecture 4-5)
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What is a neural network?

𝑥 𝑦

An analytical model of output y as a function of input x, containing some fitting parameters

𝑦 = 𝑤𝑥 + 𝑏

𝑤 𝑏

𝑦 = 𝜎 𝑤𝑥 + 𝑏 ,

where 𝜎 𝑧 =
1

1 + 𝑒−𝑧  is a sigmoid function

𝑥 𝑦
𝑤 𝑏

Find the 𝑤 and 𝑏 that minimizes 

 𝐽 = σ𝑖=1
𝑛 𝑦 𝑥𝑑

𝑖 − 𝑦𝑑
𝑖 2

Given observations of 𝑥𝑑
𝑖 , 𝑦𝑑

𝑖
𝑖

𝑛

𝑥

𝑦

𝑤
𝑏

𝑥

𝑦1. Linear Regression Model: 

2. Logistic Regression Model: make output 0 to 1 

1

0

𝜎(𝑧) 13



What is a neural network?
An analytical model of output y as a function of input x, containing some fitting parameters

𝑦 = 𝜎 𝑤1𝑥1 + 𝑤2𝑥2 + 𝑤3𝑥3 + 𝑏 ,

where 𝜎 𝑧 =
1

1 + 𝑒−𝑧  is a sigmoid function

2. Logistic Regression Model: make output -1 to 1 

𝑥2 𝑦𝑤2

𝑏

𝜎(𝑧)

𝑤1

𝑤3

𝑥1

𝑥3

𝑦 = 𝜎 𝑤4𝜎 𝑤1𝑥1 + 𝑤2𝑥2 + 𝑤3𝑥3 + 𝑏1 + 𝑏2 ,
where 𝜎 𝑧  is a nonlinear activation function

3. Neural network:

𝑥2 𝑤2

𝑏1

𝜎(𝑧)

𝑤1

𝑤3

𝑥1

𝑥3

𝑦
𝑏2

𝜎(𝑧)

𝑤4

hidden 
layer

Common choices of 𝝈 𝒛
𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝑧)
sin 𝑧
cos 𝑧
tanh(𝑧)

 … 

Output ranges from -1 to 1
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What is a neural network?
An analytical model of output y as a function of input x, containing some fitting parameters

3. Neural network:

𝑦
𝜎(𝑧)

𝑥1

𝑥𝑛

𝑏1
(1)

𝜎(𝑧)

𝜎(𝑧)

𝑏2
(1)

𝑏1
(𝐿)𝑤𝑗𝑘

(1) 𝑤𝑗𝑘
(𝐿)

𝑦 = 𝑓𝑛(𝑤𝑗𝑘
𝑙

, 𝑏𝑗
𝑙

, 𝑥𝑖),

where 𝜎 𝑧  is a nonlinear activation function

𝑏1
(𝐿−1)

𝜎(𝑧)

𝜎(𝑧)

𝑏2
(𝐿−1)

… . .

More generally…

𝑤𝑗𝑘
𝑙

, 𝑏𝑗
𝑙

𝑏1
(2)

𝜎(𝑧)

𝜎(𝑧)

𝑏2
(2)

𝑏1
(2)

𝜎(𝑧)

Neural network is a general function approximation

-> Universal function approximation 

…
..

L-1 hidden layers

𝑥

𝑦1D

2D

n-Dimension surface….

Output 
layer

Input 
layer
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Why are activation function nonlinear?

• If activation function is linear,
NN can only represent a linear 
function

Common choices of 𝝈 𝒛
𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝑧)
sin 𝑧
cos 𝑧
tanh(𝑧)

 … 

𝑦
𝜎(𝑧)

𝑏1
(2)𝑤11

(2)
𝑏1

(1)

𝜎(𝑧)

𝜎(𝑧)

𝑏2
(1)

𝑥1

𝑥2

If  activation fn is linear, e.g. 𝜎 𝑧 = 𝑧…

Input 𝑥1, 𝑥2

In hidden layer,  j=1,2

𝑧𝑗
(1)

= ෍

𝑘=1

2

𝑤𝑗𝑘
(1)

𝑥𝑘 + 𝑏𝑗
(1)

𝑎𝑗
1

= 𝜎 𝑧𝑗
1

= 𝑧𝑗
(1)

In output layer,  j=1

𝑧𝑗
(2)

= ෍

𝑘=1

2

𝑤𝑗𝑘
(2)

𝑎𝑘
(1)

+ 𝑏𝑗
(2)

𝑎𝑗
2

= 𝜎 𝑧𝑗
2

= 𝑧𝑗
(2)

𝑦 = 𝑎1
2

= ෍

𝑘=1

2

𝑤1𝑘
2

෍

𝑙=1

2

𝑤𝑘𝑙
1

𝑥𝑙 + 𝑏𝑘
1

+ 𝑏1
2

= 𝐴𝑥1 + 𝐵𝑥2 + 𝐶

𝑤12
(2)

𝑤𝑗𝑘
(1)

hidden 
layer

Output 
layer

Input 
layer

16



NN is a Universal Function Approximator
• NN can approximate continuous and smooth functions 

A visual proof (for sigmoid activation)

𝑥

𝑦

0

𝑓(𝑥) Goal:
Use a NN to approximate 𝑓(𝑥)

17



• NN can approximate continuous and smooth functions 
A visual proof (for sigmoid activation)

NN is a Universal Function Approximator

𝑦𝑥

𝑏

𝑤 𝑎 = 𝜎(𝑧)

𝑥

𝑦

𝑤
𝑏

1

0

𝑦𝑥

𝑏1
(1)

𝑤11
(1)

𝜎(𝑧)

𝑥

𝑦
1

0

−
𝑏1

(1)

𝑤11
(1)

−
𝑏

𝑤
 determines the location of the step

Large 𝑤 gives a step

𝑧 = 𝑤𝑥 + 𝑏

𝑎(𝑥)

18



• NN can approximate continuous and smooth functions 
A visual proof (for sigmoid activation)

NN is a Universal Function Approximator

𝑦𝑥
𝜎(𝑧)

𝑥

𝑦

𝑤12
(2)

0

𝑤11
(2)

−
𝑏1

(1)

𝑤11
(1)

𝑤11
(2)

𝑤12
(2)

𝑏2
(1)

𝑤21
(1)

−
𝑏2

(1)

𝑤21
(1)

𝜎(𝑧)

Superposition of two steps

𝑦𝑥
𝜎(𝑧)

𝑥

𝑦
1

0

−
𝑏

𝑤
 determines the location of the step

𝑧(2) = σ 𝑤𝑖𝑎𝑖 

𝑎(𝑥)

𝑧(2)

w × 𝑎(𝑥)

19

𝑏1
(1)

𝑤11
(1)

−
𝑏1

(1)

𝑤11
(1)

𝑏1
(1)

𝑤11
(1)



• NN can approximate continuous and smooth functions 
A visual proof (for sigmoid activation)

NN is a Universal Function Approximator

𝑦𝑥
𝜎(𝑧)

𝑥

𝑦

0
𝜎(𝑧) Create a column of height h

𝑧(2)

𝑧(2) = σ 𝑤𝑖𝑎𝑖 

20

𝑦𝑥
𝜎(𝑧)

𝑥

𝑦

𝑤12
(2)

0

𝑤11
(2)

−
𝑏1

(1)

𝑤11
(1)

𝑤11
(2)

𝑤12
(2)

𝑏2
(1)

𝑤21
(1)

−
𝑏2

(1)

𝑤21
(1)

𝜎(𝑧)

Superposition of two steps
𝑧(2) = σ 𝑤𝑖𝑎𝑖 

𝑧(2)

w × 𝑎(𝑥)

𝑏1
(1)

𝑤11
(1)

−
𝑏1

(1)

𝑤11
(1)

−
𝑏2

(1)

𝑤21
(1)

𝑤11
(2)

𝑤12
(2)

𝑏2
(1)

𝑤21
(1)

𝑏1
(1)

𝑤11
(1)

= −𝑤11
(2)

𝑤11
(2)



• NN can approximate continuous and smooth functions 
A visual proof (for sigmoid activation)

NN is a Universal Function Approximator

𝑦𝑥

𝑥

𝑦

0

𝑦𝑥 ℎ1

ℎ1

ℎ1

ℎ2

ℎ2

21

𝑥

𝑦

0
Create a column of height h

𝑧(2)

−
𝑏1

(1)

𝑤11
(1)

−
𝑏2

(1)

𝑤21
(1)

𝑤11
(2)



• NN can approximate continuous and smooth functions 
A visual proof (for sigmoid activation)

𝑦𝑥

ℎ2

ℎ3

Superposition of columns

ℎ1

𝑥

𝑦

0

ℎ1

ℎ4
ℎ3

ℎ2

ℎ4

𝑓(𝑥)
𝑧(2) = σ𝑖 𝑤𝑖𝑎𝑖 + 𝑏 

NN is a Universal Function Approximator
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• NN can approximate continuous and smooth functions 
A visual proof (for sigmoid activation)

𝑦𝑥

Reduce column widths + increasing 
the # of neurons to approximate 𝑓(𝑥) 

𝑥

𝑦

0

…
…

…
…

…
..

𝑓(𝑥)
𝑧(2) = σ𝑖 𝑤𝑖𝑎𝑖 + 𝑏 

For a given continuous smooth 𝑓(𝑥) and an arbitrarily small 𝜖 > 0 

There exist 𝑧(2) so that

න |𝑧(2) 𝑥 − 𝑓(𝑥)| 𝑑𝑥 < 𝜖

NN is a Universal Function Approximator

23



• Approximate a 2D surface

http://neuralnetworksanddeeplearning.com/chap4.html

What should be the 
input/output units of NN?

NN is a Universal Function Approximator

24

http://neuralnetworksanddeeplearning.com/chap4.html


In summary

• Dimension of the approximated surface is determined by …

•  Column size is determined by …

Number of input and output units

Number of hidden units, values of weights and biases

NN is a Universal Function Approximator
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• Could the following activation function instead of a sigmoid function 
approximate a step?

• Could activation function 𝜎 𝑧 = 𝑧 instead of a sigmoid function 
approximate a step?

𝜎 𝑧 → 𝑠1, 𝑧 → ∞ 
𝜎 𝑧 → 𝑠2, 𝑧 → −∞ 
𝑠1 ≠ 𝑠2 

𝜎 𝑧

26



Now we know it is possible to tune weights and biases 
in a NN to approximate functions. We still need an 
automated method to find the correct weights and 
biases.

31



• E.g., Model 𝑦 = 𝜎 𝑤𝑥 + 𝑏

How to find w and b?

𝑥 𝑦
𝑤 𝑏

Our goal is to find the model 
parameters w, b that minimizes the 
cost function 

𝐽 𝑤, 𝑏 =
1

𝑚
෍

𝑖=1

𝑚

𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2

Given observations of 𝑥𝑑
𝑖 , 𝑦𝑑

𝑖
𝑖

𝑚

𝑥

𝑦

Training data

32



How to find w and b? 

𝐽(𝑤, 𝑏)

𝑤
𝑏

Find the w, b that minimizes 𝐽 𝑤, 𝑏

i.e.  
𝜕𝐽

𝜕𝑤
=

𝜕𝐽

𝜕𝑏
= 0

• E.g., Model 𝑦 = 𝜎 𝑤𝑥 + 𝑏

• Cost function   𝐽 𝑤, 𝑏 =
1

𝑚
σ𝑖=1

𝑚 𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2

33



How to find w and b? Gradient descent

• E.g., Model 𝑦 = 𝜎 𝑤𝑥 + 𝑏

• Cost function   𝐽 𝑤, 𝑏 =
1

𝑚
σ𝑖=1

𝑚 𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2

I. calculate the slope 
𝜕𝐽

𝜕𝑤
 corresponds to an initial w

II. Adjust 𝑤 according to the local slope 

𝑤𝑛𝑒𝑤 = 𝑤𝑜𝑙𝑑 − 𝛼
𝜕𝐽

𝜕𝑤
, 𝛼 > 0 is the learning rate

III. Iterate until 
𝜕𝐽

𝜕𝑤
= 0 

𝐽(𝑤) 𝜕𝐽

𝜕𝑤
> 0

𝑤 𝑤0

https://developers.google.com/machine-learning/crash-course/fitter/graph
34

https://developers.google.com/machine-learning/crash-course/fitter/graph
https://developers.google.com/machine-learning/crash-course/fitter/graph
https://developers.google.com/machine-learning/crash-course/fitter/graph
https://developers.google.com/machine-learning/crash-course/fitter/graph
https://developers.google.com/machine-learning/crash-course/fitter/graph


How to find w and b? Gradient descent

• E.g., Model 𝑦 = 𝜎 𝑤𝑥 + 𝑏

• Cost function   𝐽 𝑤, 𝑏 =
1

𝑚
σ𝑖=1

𝑚 𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2

𝐽(𝑤) 𝜕𝐽

𝜕𝑤
> 0

𝑤 𝑤0

𝐽

𝛼
𝛼
𝛼

iterations 35

Which curve has the 
smallest learning rate?



How to find w and b? Gradient descent

• E.g., Model 𝑦 = 𝜎 𝑤𝑥 + 𝑏

• Cost function   𝐽 𝑤, 𝑏 =
1

𝑚
σ𝑖=1

𝑚 𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2

Gradient on a surface
• −∇𝐽 gives the direction of the steepest 

decrease of J

−∇𝐽 𝑤, 𝑏 = −
𝜕𝐽

𝜕𝑤
,

𝜕𝐽

𝜕𝑏

e.g. −∇𝐽 𝑤0, 𝑏0 = − 10,1
Changing 𝑤 reduces J 10 times faster than changing 𝑏

• −∇𝐽 tells you which weights and biases 
reduce cost function J the fastest!

𝐽(𝑤, 𝑏)

𝑤
𝑏

e.g. −∇𝐽 𝑤0, 𝑏0 = − 10,1

36

What does this mean?



How to find w and b? Gradient descent

• E.g., Model 𝑦 = 𝜎 𝑤𝑥 + 𝑏

• Cost function   𝐽 𝑤, 𝑏 =
1

𝑚
σ𝑖=1

𝑚 𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2

Gradient on a surface
• −∇𝐽 gives the direction of the steepest 

decrease of J

−∇𝐽 𝑤, 𝑏 = −
𝜕𝐽

𝜕𝑤
,

𝜕𝐽

𝜕𝑏

• 𝑤𝑛𝑒𝑤, 𝑏𝑛𝑒𝑤 = 𝑤𝑜𝑙𝑑 , 𝑏𝑜𝑙𝑑  −𝛼 ∇𝐽 𝑤, 𝑏 ,
𝛼 is the learning rate

• Iterate until ∇𝐽 = 0

𝐽(𝑤, 𝑏)

𝑤
𝑏

https://www.deeplearning.ai/ai-notes/optimization/ 37

https://www.deeplearning.ai/ai-notes/optimization/
https://www.deeplearning.ai/ai-notes/optimization/
https://www.deeplearning.ai/ai-notes/optimization/


How to find w and b? Gradient descent

• E.g., Model 𝑦 = 𝜎 𝑤𝑥 + 𝑏

• Cost function   𝐽 𝑤, 𝑏 =
1

𝑚
σ𝑖=1

𝑚 𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2

Gradient on a surface
• −∇𝐽 gives the direction of the steepest 

decrease of J

−∇𝐽 𝑤, 𝑏 = −
𝜕𝐽

𝜕𝑤
,

𝜕𝐽

𝜕𝑏

But how are 
𝜕𝐽

𝜕𝑤
,

𝜕𝐽

𝜕𝑏
 calculated?

𝐽(𝑤, 𝑏)

𝑤
𝑏
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• E.g., Model 𝑦 = 𝜎 𝑤𝑥 + 𝑏

• Cost function   𝐽 𝑤, 𝑏 =
1

𝑚
σ𝑖=1

𝑚 𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2
=

1

𝑚
σ𝑖=1

𝑚 𝐿(𝑦𝑖 , 𝑦𝑑
𝑖 )

𝐿 ≡ 𝑦(𝑥) − 𝑦𝑑
2,  𝐽 =

1

𝑚
σ𝑖=1

𝑚 𝐿
𝜕𝐽

𝜕𝑤
=

1

𝑚
σ𝑖=1

𝑚 𝜕𝐿

𝜕𝑤
  

Back propagation (chain rule)
𝜕𝐿

𝜕𝑤
=

𝜕𝐿

𝜕𝑦

𝜕𝑦

𝜕(𝑤𝑥+𝑏)

𝜕(𝑤𝑥+𝑏)

𝜕𝑤
= 2 𝑦 − 𝑦𝑑 𝜎′𝑥 

1) For one example:
𝜕𝐿

𝜕𝑤
w, b, xd

𝑖 , yd
𝑖 = 2 𝜎 𝑤xd

𝑖 + 𝑏 − yd
𝑖 𝜎′ xd

𝑖

2) For the full data set:
𝜕𝐽

𝜕𝑤
=

1

𝑚
σ𝑖=1

𝑚 𝜕𝐿

𝜕𝑤
=

1

𝑚
σ𝑖=1

𝑚 2 𝜎 𝑤xd
𝑖 + 𝑏 − yd

𝑖 𝜎′xd
𝑖  

𝐽(𝑤, 𝑏)

𝑤
𝑏

How to find w and b? Gradient descent
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Defined for every example i

What would 
𝑑𝐿

𝑑𝑤
 be for a linear model 𝜎(𝑧) = 𝑧?



• Linear Regression Model 𝑦 = 𝑤𝑥

• Cost function   𝐽 𝑤, 𝑏 =
1

𝑚
σ𝑖=1

𝑚 𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2
=

1

𝑚
σ𝑖=1

𝑚 𝐿(𝑦𝑖 , 𝑦𝑑
𝑖 )

Example: 𝑥 𝑦
𝑤

𝑥

𝑦 𝐿 ≡ 𝑦(𝑥) − 𝑦𝑑
2,  𝐽 =

1

𝑚
σ𝑖=1

𝑚 𝐿
𝜕𝐽

𝜕𝑤
=

1

𝑚
σ𝑖=1

𝑚 𝜕𝐿

𝜕𝑤
 

Back propagation (chain rule)
𝜕𝐿

𝜕𝑤
=

𝜕𝐿

𝜕𝑦

𝜕𝑦

𝜕(𝑤𝑥)

𝜕(𝑤𝑥)

𝜕𝑤
= 2 𝑦 − 𝑦𝑑 𝑥 

1) For one example:
𝜕𝐿

𝜕𝑤
w, b, xd

𝑖 , yd
𝑖 = 2 𝑤𝑥𝑑

𝑖 − yd
𝑖  xd

𝑖

2) For the full data set:
𝜕𝐽

𝜕𝑤
=

1

𝑚
σ𝑖=1

𝑚 𝜕𝐿

𝜕𝑤
=

1

𝑚
σ𝑖=1

𝑚 2 𝑤𝑥𝑑
𝑖 − yd

𝑖 xd
𝑖  

𝑤
𝐿 = 𝑦 𝑥𝑑

𝑖 − 𝑦𝑑
𝑖 2

𝑤

𝐽 𝑤 =
1

𝑚
σ𝑖=1

𝑚 𝐿 

𝑤

𝐿

𝐽 𝑥𝑑
𝑖 , 𝑤 𝑦 𝐽(𝑤)

𝑦𝑑
𝑖

𝜕𝐽

𝜕𝑤
wUpdate 𝑤 

|𝒙𝒅
𝒊 |

https://www.deeplearning.ai/ai-notes/optimization/

1) For one example:

2) For the full data set:
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Defined for every example i

This gradient is 
defined for every 
example i, and is a 
function of w 

How would data shape the loss landscape?

https://www.deeplearning.ai/ai-notes/optimization/
https://www.deeplearning.ai/ai-notes/optimization/
https://www.deeplearning.ai/ai-notes/optimization/


• Linear Regression Model 𝑦 = 𝑤𝑥

• Cost function   𝐽 𝑤, 𝑏 =
1

𝑚
σ𝑖=1

𝑚 𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2
=

1

𝑚
σ𝑖=1

𝑚 𝐿(𝑦𝑖 , 𝑦𝑑
𝑖 )

Example: 𝑥 𝑦
𝑤

𝑥

𝑦 𝐿 ≡ 𝑦(𝑥) − 𝑦𝑑
2,  𝐽 =

1

𝑚
σ𝑖=1

𝑚 𝐿
𝜕𝐽

𝜕𝑤
=

1

𝑚
σ𝑖=1

𝑚 𝜕𝐿

𝜕𝑤
 

Back propagation (chain rule)
𝜕𝐿

𝜕𝑤
=

𝜕𝐿

𝜕𝑦

𝜕𝑦

𝜕(𝑤𝑥)

𝜕(𝑤𝑥)

𝜕𝑤
= 2 𝑦 − 𝑦𝑑 𝑥 

1) For one example:
𝜕𝐿

𝜕𝑤
w, b, xd

𝑖 , yd
𝑖 = 2 𝑤𝑥𝑑

𝑖 − yd
𝑖  xd

𝑖

2) For the full data set:
𝜕𝐽

𝜕𝑤
=

1

𝑚
σ𝑖=1

𝑚 𝜕𝐿

𝜕𝑤
=

1

𝑚
σ𝑖=1

𝑚 2 𝑤𝑥𝑑
𝑖 − yd

𝑖 xd
𝑖  

𝑤
𝐿 = 𝑦 𝑥𝑑

𝑖 − 𝑦𝑑
𝑖 2

𝑤

𝐿

https://www.deeplearning.ai/ai-notes/optimization/

1) For one example:
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Defined for every example i

This gradient is 
defined for every 
example i, and is a 
function of w 

What would happen if 𝑥𝑑
𝑖  are very 

large/small?

Note that 
𝜕𝐽

𝜕𝑤
 is analytical fn of  w, 𝑥𝑑

𝑖 , yd
𝑖 !

https://www.deeplearning.ai/ai-notes/optimization/
https://www.deeplearning.ai/ai-notes/optimization/
https://www.deeplearning.ai/ai-notes/optimization/


How to find w and b? Gradient descent

• E.g., Model 𝑦 = 𝜎 𝑤𝑥 + 𝑏

• Cost function   𝐽 𝑤, 𝑏 =
1

𝑚
σ𝑖=1

𝑚 𝑦 𝑥𝑑
𝑖 − 𝑦𝑑

𝑖 2
=

1

𝑚
σ𝑖=1

𝑚 𝐿(𝑦𝑖 , 𝑦𝑑
𝑖 )

• −𝜵𝐽 𝑤, 𝑏 = −
𝜕𝐽

𝜕𝑤
,

𝜕𝐽

𝜕𝑏
  for a given data 

set at a given 𝒘, 𝒃 is known analytically𝐽(𝑤, 𝑏)

𝑤
𝑏

• 𝑤𝑛𝑒𝑤, 𝑏𝑛𝑒𝑤 = 𝑤𝑜𝑙𝑑 , 𝑏𝑜𝑙𝑑  −𝛼 ∇𝐽 𝑤, 𝑏 ,
𝛼 is the learning rate

• Iterate until ∇𝐽 = 0
42



So far we have discussed…

• Universal function approximator

• Gradient descent: a method to find weights and biases that minimize J

• Calculate −𝜵𝐽 𝑤, 𝑏 = −
𝜕𝐽

𝜕𝑤
,

𝜕𝐽

𝜕𝑏
 for a simple model 𝑦 = 𝜎 𝑤𝑥 + 𝑏

- One example
- A full dataset

43



We know how to find w and b for a simple model  
𝑦 = 𝜎 𝑤𝑥 + 𝑏 .  

What about finding w and b in a neural network? 

44



Writing a neural network in terms of vectors

𝑦 = 𝑎1
2

= 𝜎(෍

𝑘=1

3

𝑤1𝑘
2

𝜎 ෍

𝑙=1

2

𝑤𝑘𝑙
1

𝑥𝑙 + 𝑏𝑘
1

+ 𝑏1
2

)

𝑦

𝑏1
(2)

𝑏2
(1)

𝑏3
(1)

𝑏1
(1)

𝑎1
1

Hidden 
layer

Output 
layer

𝑥1

𝑥2

j=1,2,3

𝑧𝑗
(1)

= σ𝑘=1
2 𝑤𝑗𝑘

(1)
𝑎𝑘

(0)
+ 𝑏𝑗

(1)
 

𝑎𝑗
1

= 𝜎 𝑧𝑗
1

 

Input 
layer

j=1

𝑧𝑗
(2)

= σ𝑘=1
3 𝑤𝑗𝑘

(2)
𝑎𝑘

(1)
+ 𝑏𝑗

(2)
 

𝑎𝑗
2

= 𝜎 𝑧𝑗
2

 

𝑤𝑗𝑘
(1)

𝑎2
1

𝑎3
1

𝑤𝑗𝑘
(2)

𝑎1
2

j=1,2

𝑎𝑗
0

= 𝑥𝑗

# of units

Forward 
propagation

45



Writing a neural network in terms of vectors

𝑦

𝑏1
(2)

𝑏2
(1)

𝑏3
(1)

𝑏1
(1)

𝑎1
1

Hidden 
layer

Output 
layer

𝑥1

𝑥2

j=1,2,3

𝑧𝑗
(1)

= 𝐰𝑗
1 𝑇

𝒂(0) + 𝑏𝑗
1

𝑎𝑗
(1)

= 𝜎(𝑧𝑗
(1)

)

Input 
layer

j=1

𝑧𝑗
(2)

= 𝐰𝑗
2 𝑇

𝒂(1) + 𝑏𝑗
2

𝑎𝑗
(2)

= 𝜎(𝑧𝑗
(2)

)

𝒘1
(1)

𝑎2
1

𝑎3
1

𝒘1
(2)

𝑎1
2

j=1,2

𝒂(0) = 𝒙

# of units

Forward 
propagation

𝒂(0) =
𝑥1

𝑥2
, 𝒘𝑗

(1)
=

𝑤𝑗1
(1)

𝑤𝑗2
(1)

𝒂(1) =

𝑎1
(1)

𝑎2
(1)

𝑎3
(1)

, 𝒘𝑗
(2)

=

𝑤𝑗1
(2)

𝑤𝑗2
(2)

𝑤𝑗3
(2)

𝒘2
(1)

𝒘3
(1)
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Writing a neural network in terms of vectors

𝑦

𝑎1
1

Hidden 
layer

Output 
layer

𝑥1

𝑥2

j=1,2,3

𝒛(1)  = 𝑾(1)𝒂(0) + 𝒃(1)

𝒂(1) = 𝜎(𝒛(1))

Input 
layer

j=1

𝒛(2)  = 𝑾(2)𝒂(1) + 𝒃(𝟐)

𝒂(2) = 𝜎(𝒛(2))

𝑾(1), 𝒃(1)

𝑎2
1

𝑎3
1

𝑎1
2

j=1,2

𝒂(0) = 𝒙

# of units

Forward 
propagation

𝒂(0) =
𝑥1

𝑥2
, 𝑾(1) =

𝑤11
(1)

𝑤12
(1)

𝑤21
(1)

𝑤31
(1)

𝑤22
(1)

𝑤32
(1)

𝒃(1) =

𝑏1
(1)

𝑏2
(1)

𝑏3
(1)

, 𝒛(1) =

𝑧1
1

𝑧2
1

𝑧3
1

,

𝒂(1) =

𝑎1
(1)

𝑎2
(1)

𝑎3
(1)

,

𝑾(2) = 𝑤11
(2)

𝑤12
(2)

𝑤13
(2) 

𝑾(2), 𝒃(2)

3 x 2 3 x 1
1 x 3 1 x 1
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Writing a neural network in terms of vectors

𝑦

𝑎1
1

Hidden 
layer

Output 
layer

𝑥1

𝑥2

𝑛(1) = 3 

𝒛(1)  = 𝑾(1)𝒂(0) + 𝒃(1)

𝒂(1) = 𝜎(𝒛(1))

Input 
layer

𝑛(2) = 1 

𝒛(2)  = 𝑾(2)𝒂(1) + 𝒃(𝟐)

𝒂(2) = 𝜎(𝒛(2))

𝑾(1), 𝒃(1)

𝑎2
1

𝑎3
1

𝑎1
2

𝑛(0) = 2

𝒂(0) = 𝒙

# of units

Forward 
propagation

𝑾(2), 𝒃(2)

𝑛(1) × 𝑛(0) 𝑛(1) × 1

𝑛(2) × 𝑛(1) 𝑛(2) × 1
𝒂(0) =

𝑥1

𝑥2
, 𝑾(1) =

𝑤11
(1)

𝑤12
(1)

𝑤21
(1)

𝑤31
(1)

𝑤22
(1)

𝑤32
(1)

𝒃(1) =

𝑏1
(1)

𝑏2
(1)

𝑏3
(1)

, 𝒛(1) =

𝑧1
1

𝑧2
1

𝑧3
1

,

𝒂(1) =

𝑎1
(1)

𝑎2
(1)

𝑎3
(1)

,

𝑾(2) = 𝑤11
(2)

𝑤12
(2)

𝑤13
(2) 
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Writing a neural network in terms of vectors

𝑦

𝑎1
1

Hidden 
layer

Output 
layer

𝑥1

𝑥2

Input 
layer

𝑾(1), 𝒃(1)

𝑎2
1

𝑎3
1

𝑎1
2

𝑾(2), 𝒃(2)

𝑛(1) × 𝑛(0) 𝑛(1) × 1

𝑛(2) × 𝑛(1) 𝑛(2) × 1
𝒂(0) =

𝑥1

𝑥2
, 𝑾(1) =

𝑤11
(1)

𝑤12
(1)

𝑤21
(1)

𝑤31
(1)

𝑤22
(1)

𝑤32
(1)

𝒃(1) =

𝑏1
(1)

𝑏2
(1)

𝑏3
(1)

, 𝒛(1) =

𝑧1
1

𝑧2
1

𝑧3
1

,

𝒂(1) =

𝑎1
(1)

𝑎2
(1)

𝑎3
(1)

,

𝑾(2) = 𝑤11
(2)

𝑤12
(2)

𝑤13
(2) 

𝑦 = 𝒂(2) = 𝜎(𝑾(2)𝜎 𝑾(1)𝒙 + 𝒃(1) + 𝒃(2))

𝑦 = 𝑎1
2

= 𝜎(෍

𝑘=1

3

𝑤1𝑘
2

𝜎 ෍

𝑙=1

2

𝑤𝑘𝑙
1

𝑥𝑙 + 𝑏𝑘
1

+ 𝑏1
2

)In short, 
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We know how to find w and b for a simple model  
𝑦 = 𝜎 𝑤𝑥 + 𝑏 .  

What about finding w and b in a neural network? 
𝑦 = 𝑎(2) = 𝜎(𝑾(2)𝜎 𝑾(1)𝒙 + 𝒃(1) + 𝒃(2)) 
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How to find w and b in a neural network?

• E. g., Model 𝑦 = 𝑎(2) = 𝜎(𝑾(2)𝜎 𝑾(1)𝒙 + 𝒃(1) + 𝒃(2))

• Cost function  𝐽 𝑾(1), 𝑾(2), 𝒃(1), 𝒃(2) =
1

𝑚
σ𝑖=1

𝑚 𝐿(𝑦𝑖 , 𝑦𝑑
𝑖 )

• For the full data set (i=1…m), compute

−𝜵𝐽 = −
𝜕𝐽

𝜕𝑤𝑗𝑘
(𝑙)

, … ,
𝜕𝐽

𝜕𝑏𝑗
(𝑙)

• 𝑤𝑗𝑘𝑛𝑒𝑤
(𝑙) = 𝑤𝑗𝑘𝑜𝑙𝑑

(𝑙) − 𝛼
𝜕𝐽

𝜕𝑤𝑗𝑘
𝑙 ,  𝑏𝑗𝑛𝑒𝑤

(𝑙) = 𝑏𝑗𝑜𝑙𝑑

(𝑙) − 𝛼
𝜕𝐽

𝜕𝑏𝑗
𝑙

𝛼 is the learning rate

• Iterate until 𝜵𝐽 = 0

𝐽(𝑤, 𝑏)

𝑤11
(1)

 
𝑏1

1

51



Q: What would happen if all initial weights are 
chosen to be the same (e.g., all zeros)? 

NN weight Initialization

𝑦

𝑎1
1

Hidden 
layer

Output 
layer

𝑥1

𝑥2

Input 
layer

𝒃(1)

𝑎2
1

𝑎3
1

𝑎1
2

𝒃(2)

𝑤1

𝑤1

𝑤1

𝑤2

𝑤2

𝑤2

𝑤3

𝑤3

𝑤3
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NN weight Initialization

𝑦

𝑎1
1

Hidden 
layer

Output 
layer

𝑥1

𝑥2

Input 
layer

𝒃(1)

𝑎2
1

𝑎3
1

𝑎1
2

𝒃(2)

More specifically, if weights are symmetric:

 𝑾(1) =
𝑤1 𝑤2
𝑤1

𝑤1

𝑤2

𝑤2

, 𝑾(2) = 𝑤3 𝑤3 𝑤3 

(e.g. all zero weights, all constant weights)

Then 𝑎1
(1)

= 𝑎2
(1)

= 𝑎3
(1)

and

𝑤1𝑛𝑒𝑤 𝑤2𝑛𝑒𝑤
𝑤1𝑛𝑒𝑤

𝑤1𝑛𝑒𝑤

𝑤2𝑛𝑒𝑤

𝑤2𝑛𝑒𝑤

=
𝑤1 𝑤2
𝑤1

𝑤1

𝑤2

𝑤2

− 𝛼

𝜕𝐽

𝜕𝑤1

𝜕𝐽

𝜕𝑤2

𝜕𝐽

𝜕𝑤1

𝜕𝐽

𝜕𝑤1

𝜕𝐽

𝜕𝑤2

𝜕𝐽

𝜕𝑤2

 

The NN never learns to have non-symmetric 

weights ->  𝑎1
(1)

= 𝑎2
(1)

= 𝑎3
(1)

 during training

𝑤1

𝑤1

𝑤1

𝑤2

𝑤2

𝑤2

𝑤3

𝑤3

𝑤3

If the NN weights are symmetric → Gradient descent will update these hidden units in the 
same way → All hidden units in the same layer will be identical throughout training 
iterations → Equivalent to NN with just 1 hidden unit.
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NN weight Initialization

To make the different hidden units 
approximate different functions 

→ Initialized weights 𝑤𝑗𝑘
(𝑙)

 to random values

→ Biases can just be zeros      

𝒃(1) =
0
0
0

, 𝒃(2) = 0

𝑦

𝑎1
1

Hidden 
layer

Output 
layer

𝑥1

𝑥2

Input 
layer

𝒃(1)

𝑎2
1

𝑎3
1

𝑎1
2

𝒃(2)

𝑾(1)

𝑾(2)

If the NN weights are symmetric → Gradient descent will update these hidden units in the 
same way → All hidden units in the same layer will be identical throughout training 
iterations → Equivalent to NN with just 1 hidden unit.

https://www.deeplearning.ai/ai-notes/initialization/
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What about biases?

https://www.deeplearning.ai/ai-notes/initialization/
https://www.deeplearning.ai/ai-notes/initialization/
https://www.deeplearning.ai/ai-notes/initialization/
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Chapter 4 
The Multi-layer Perceptron



Forward & Back Propagation: 1. single neuron

Exercise:
Model: 𝑦 = 𝜎 𝑤2𝜎 𝑤1𝑥 + 𝑏1 + 𝑏2

𝜕𝐽

𝜕𝑤2
=

𝜕𝐽

𝜕𝑎2

𝜕𝑎2

𝜕𝑤2
 

         = 2 𝑦 − 𝑦𝑑 𝜎′ 𝑧2 𝑎1     

𝐽

𝑤1
𝑏2

𝑦 = 𝑎2

𝑥
𝑤1

𝑏1

𝑦

𝑏2
Δ𝑤2

𝑎1 𝑎2

𝜕𝐽

𝜕𝑎2

𝜕𝑎2

𝜕𝑤2

Cost function: 
𝐽 = 𝑦 − 𝑦𝑑

2

𝛻𝐽 vary with 
𝑤1, 𝑤2, 𝑏1, 𝑏2 

𝑧1 = 𝑤1𝑥 + 𝑏1 
𝑎1 = 𝜎 𝑧1  

𝑧2 = 𝑤2𝑎1 + 𝑏2 
𝑎2 = 𝜎 𝑧2  

𝐹𝑜𝑟𝑤𝑎𝑟𝑑 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

𝐵𝑎𝑐𝑘 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

How important is 𝑤2 for 
changing the cost function 𝐽?
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Forward & Back Propagation: 1. single neuron

Exercise:
Model: 𝑦 = 𝜎 𝑤2𝜎 𝑤1𝑥 + 𝑏1 + 𝑏2

𝜕𝐽

𝜕𝑤1
=

𝜕𝐽

𝜕𝑎2

𝜕𝑎2

𝜕𝑎1

𝜕𝑎1

𝜕𝑤1
 

 = 2 𝑦 − 𝑦𝑑 𝜎′ 𝑧2 𝑤2𝜎′ 𝑧1 𝑥 

𝐽

𝑤1
𝑏2

𝑦 = 𝑎2

𝑥
Δ𝑤1

𝑏1

𝑦

𝑏2
𝑤2

𝑎1 𝑎2

𝜕𝐽

𝜕𝑎2

𝜕𝑎2

𝜕𝑎1

Cost function: 
𝐽 = 𝑦 − 𝑦𝑑

2

𝛻𝐽 vary with 
𝑤1, 𝑤2, 𝑏1, 𝑏2 

𝑧1 = 𝑤1𝑥 + 𝑏1 
𝑎1 = 𝜎 𝑧1  

𝑧2 = 𝑤2𝑎1 + 𝑏2 
𝑎2 = 𝜎 𝑧2  

𝐹𝑜𝑟𝑤𝑎𝑟𝑑 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

𝐵𝑎𝑐𝑘 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

How important is 𝑤1 for 
changing the cost function 𝐽?

𝜕𝑎1

𝜕𝑤1
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When training a neural network

Repeat these steps:
1. Forward propagate an input
2. Compute the cost function
3. Compute the gradients of the cost with respect to parameters using 

backpropagation
4. Update each parameter using the gradients, according to the optimization 

algorithm
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Forward propagation

Input: 𝑎(0) = 𝑥 
…

𝑧
(𝐿−1)

= 𝑤
(𝐿−1)

𝑎
(𝐿−2)

+ 𝑏
(𝐿−1)

 

𝑎
(𝐿−1)

= 𝜎(𝑧
(𝐿−1)

) 

𝑧(𝐿) = 𝑤
(𝐿)

𝑎
(𝐿−1)

+ 𝑏(𝐿) 

𝑎(𝐿) = 𝜎(𝑧(𝐿)) 

Output: y = 𝑎(𝐿) 

Cost function   𝐽 = 𝑦 − 𝑦𝑑
2

Back propagation (use chain rules)

𝜕𝐽

𝜕𝑤
(𝐿) =

𝜕𝐽

𝜕𝑎(𝐿)

𝜕𝑎(𝐿)

𝜕𝑤
(𝐿) = 2(𝑎(𝐿) − 𝑦𝑑) 𝜎′(z(L)) 𝑎

(𝐿−1)

𝜕𝐽

𝜕𝑏(𝐿) =
𝜕𝐽

𝜕𝑎(𝐿)

𝜕𝑎(𝐿)

𝜕𝑏(𝐿) = 2(𝑎(𝐿) − 𝑦𝑑) 𝜎′(z(L))

𝜕𝐽

𝜕𝑤
(𝐿−1) =

𝜕𝐽

𝜕𝑎(𝐿)

𝜕𝑎(𝐿)

𝜕𝑎
(𝐿−1)

𝜕𝑎
(𝐿−1)

𝜕𝑤
(𝐿−1) 

              = 2(𝑎(𝐿) − 𝑦𝑑) 𝜎′(z(L))𝑤
(𝐿)

𝜎′(𝑧
(𝐿−1)

)𝑎
(𝐿−2)

 

𝜕𝐽

𝜕𝑏
(𝐿−1) =

𝜕𝐽

𝜕𝑎(𝐿)

𝜕𝑎(𝐿)

𝜕𝑎
(𝐿−1)

𝜕𝑎
(𝐿−1)

𝜕𝑏
(𝐿−1) 

              = 2(𝑎(𝐿) − 𝑦𝑑) 𝜎′(z(L))𝑤
(𝐿)

𝜎′(𝑧
(𝐿−1)

) 

Forward & Back Propagation: 1. single neuron

𝑦 = 𝑎(𝐿)
𝑥 = 𝑎(0)

𝑥
𝑤1 𝑦

𝑏(𝐿)

𝑤(𝐿)
𝑎(𝐿−1) 𝑎(𝐿)…
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Forward & Back Propagation: 2. multiple hidden units

Forward propagation

Input: 𝑎(0) = 𝑥 
…

𝑧𝑘
(𝐿−1)

= 𝑤𝑘
(𝐿−1)

𝑎
(𝐿−2)

+ 𝑏𝑘
(𝐿−1)

 

𝑎𝑘
(𝐿−1)

= 𝜎(𝑧𝑘
(𝐿−1)

) 

𝑧(𝐿) = σ𝑘=1
3 𝑤𝑘

(𝐿)
𝑎𝑘

(𝐿−1)
+ 𝑏(𝐿) 

𝑎(𝐿) = 𝜎(𝑧(𝐿)) 

Output: y = 𝑎(𝐿) 

Cost function   𝐽 = 𝑦 − 𝑦𝑑
2

Back propagation (use chain rules)

𝜕𝐽

𝜕𝑤𝑘
(𝐿) =

𝜕𝐽

𝜕𝑎(𝐿)

𝜕𝑎(𝐿)

𝜕𝑤𝑘
(𝐿) = 2(𝑎(𝐿) − 𝑦𝑑) 𝜎′(z(L)) 𝑎𝑘

(𝐿−1)

𝜕𝐽

𝜕𝑏(𝐿) =
𝜕𝐽

𝜕𝑎(𝐿)

𝜕𝑎(𝐿)

𝜕𝑏(𝐿) = 2(𝑎(𝐿) − 𝑦𝑑) 𝜎′(z(L))

𝜕𝐽

𝜕𝑤𝑘
(𝐿−1) =

𝜕𝐽

𝜕𝑎(𝐿)

𝜕𝑎(𝐿)

𝜕𝑎𝑘
(𝐿−1)

𝜕𝑎𝑘
(𝐿−1)

𝜕𝑤𝑘
(𝐿−1) 

              = 2(𝑎(𝐿) − 𝑦𝑑) 𝜎′(z(L))𝑤𝑘
(𝐿)

𝜎′(𝑧𝑘
(𝐿−1)

)𝑎
(𝐿−2)

 

𝜕𝐽

𝜕𝑏𝑘
(𝐿−1) =

𝜕𝐽

𝜕𝑎(𝐿)

𝜕𝑎(𝐿)

𝜕𝑎𝑘
(𝐿−1)

𝜕𝑎𝑘
(𝐿−1)

𝜕𝑏𝑘
(𝐿−1) 

              = 2(𝑎(𝐿) − 𝑦𝑑) 𝜎′(z(L))𝑤𝑘
(𝐿)

𝜎′(𝑧𝑘
(𝐿−1)

) 

𝑥 = 𝑎(0)

𝑥

𝑤1
(𝐿−1)

𝑏2
(𝐿−1)

𝑎2
(𝐿−1)

𝑏3
(𝐿−1)

𝑎3
(𝐿−1)

𝑏1
(𝐿−1)

𝑎1
(𝐿−1)

𝑤2
(𝐿−1)

𝑤3
(𝐿−1)

𝑦
𝑏(𝐿)

𝑎(𝐿)

𝑤1
(𝐿)

𝑤2
(𝐿)

𝑤3
(𝐿)

…
𝑏(𝐿−2)

𝑎(𝐿−2)
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Forward & Back Propagation: 3. multiple outputs

Forward propagation

Input: 𝑎(0) = 𝑥 
…

𝑧𝑘
(𝐿−1)

= 𝑤𝑘
(𝐿−1)

𝑎
(𝐿−2)

+ 𝑏𝑘
(𝐿−1)

 

𝑎𝑘
(𝐿−1)

= 𝜎(𝑧𝑘
(𝐿−1)

) 

𝑧𝑗
(𝐿)

= σ𝑘=1
3 𝑤𝑗𝑘

(𝐿)
𝑎𝑘

(𝐿−1)
+ 𝑏𝑗

(𝐿)
 

𝑎𝑗
(𝐿)

= 𝜎(𝑧𝑗
(𝐿)

) 

Output: yj = 𝑎𝑗
(𝐿)

 

Cost function  𝐽 = σ𝑗=1
2 𝑦𝑗 − 𝑦𝑑,𝑗

2
 

Back propagation (use chain rules)

𝑤1
(𝐿−1)

𝑏2
(𝐿−1)

𝑎2
(𝐿−1)

𝑏3
(𝐿−1)

𝑎3
(𝐿−1)

𝑏1
(𝐿−1)

𝑎1
(𝐿−1)

𝑤2
(𝐿−1)

𝑤3
(𝐿−1)

𝑦1

𝑏1
(𝐿)

𝑎1
(𝐿)

𝑤𝑗𝑘
(𝐿)

𝜕𝐽

𝜕𝑤
𝑗𝑘
(𝐿) =

𝜕𝐽

𝜕𝑎
𝑗
(𝐿)

𝜕𝑎𝑗
(𝐿)

𝜕𝑤
𝑗𝑘
(𝐿) = 2(𝑎𝑗

(𝐿)
− 𝑦𝑑,𝑗) 𝜎′(zj

(L)
)𝑎𝑘

(𝐿−1)

𝜕𝐽

𝜕𝑏
𝑗
(𝐿) =

𝜕𝐽

𝜕𝑎
𝑗
(𝐿)

𝜕𝑎𝑗
(𝐿)

𝜕𝑏
𝑗
(𝐿) = 2(𝑎𝑗

(𝐿)
− 𝑦𝑑,𝑗) 𝜎′(z𝑗

(L)
)

𝜕𝐽

𝜕𝑤𝑘
(𝐿−1) = σ𝑗=1

2 𝜕𝐽

𝜕𝑎
𝑗
(𝐿)

𝜕𝑎𝑗
(𝐿)

𝜕𝑎𝑘
(𝐿−1)

𝜕𝑎𝑘
(𝐿−1)

𝜕𝑤𝑘
(𝐿−1)   

             = σ𝑗=1
2 2(𝑎𝑗

𝐿
− 𝑦𝑑,𝑗) 𝜎′(𝑧𝑗

(𝐿)
)w𝑗𝑘

(𝐿)
 𝜎′(𝑧𝑘

(𝐿−1)
)𝑎

(𝐿−2)
 

𝜕𝐽

𝜕𝑏𝑘
(𝐿−1) = σ𝑗=1

2 𝜕𝐽

𝜕𝑎
𝑗
(𝐿)

𝜕𝑎𝑗
(𝐿)

𝜕𝑎𝑘
(𝐿−1)

𝜕𝑎𝑘
(𝐿−1)

𝜕𝑏𝑘
(𝐿−1) 

             = σ𝑗=1
2 2(𝑎𝑗

𝐿
− 𝑦𝑑,𝑗) 𝜎′(𝑧𝑗

(𝐿)
)w𝑗𝑘

(𝐿)
𝜎′(𝑧𝑘

(𝐿−1)
) 

𝑦2

𝑏2
(𝐿)

𝑎2
(𝐿)𝑥 = 𝑎(0)

𝑥 …
𝑏(𝐿−2)

𝑎(𝐿−2)
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Summary

• Universal function approximator

• Gradient descent: a method to find weights and biases that minimize J

• Calculate 𝜵𝐽
- One example
- A full dataset

• Weight initialization

• Forward and backpropagation (a clever way to get gradients of J)
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Outline

• Neural networks in problems governed by PDEs

• NN basics (Lecture 1-3)
Universal function approximation 
Gradient descent
Back propagation

• Advanced topics: NN’s spectral bias

• Physics-informed NN (Lecture 4-5)
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Spectral bias: A Fourier analysis of NN

67

Xu et al. (2022) 

For a single-hidden-layer NN with input

The mean square loss measures the distance between the NN output 𝑢(𝑥) and ground truth 𝑢𝑔(𝑥)

, where ො𝑢(𝑘) denotes the Fourier transform of  𝑢(𝑥)

The loss at frequency k is

For tanh activation function, the gradient of  loss at  J(k) with respect to NN parameters 𝜃𝑗 is

This gradient decay rapidly with frequency k!!   This is a simple explanation of  the spectral bias.



Spectral bias is bad for multiscale problems

68

• One solution: Fourier feature 𝛾(𝐯) Tancik et al (2020), Wang et al (2021)
𝛾(𝐯) maps the input coordinates to a feature space before passing them to NN layers.



69

• When NN training error is small, the learning becomes really slow. NN learns better 

when 𝑢 ≈ 𝑂(1). Inspired by the principals of  perturbation theory, MSNN includes a 

superposition of  multi-stage NNs, with each stage using a new NN to fit the residue 

rescaled to O(1) from the previous NN. 

NNs of  different stages

where

Main idea Wang & Lai, J. Comput. Phys. (2024)

Related work with similar flavors: Multi-level neural networks: Aldirany et al. (2023), Multifidelity neural 
networks: Howard et al. (2023, 2024), Precision Machine Learning: Michaud et al. (2023)…etc
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Multistage-NN (MSNN) Wang & Lai, J. Comput. Phys. (2024)
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