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Abstract

Let G be a non-compact connected semisimple Lie group of real rank one with finite
center, K a maximal compact subgroup of G and X = G/K an associated symmetric
space of real rank one. We will prove that L*'(G) x L*(G) C L*»*(G), which is a
sharp endpoint estimate for the Kunze-Stein phenomenon. We will also show that

the noncentered maximal operator

Mo f(z):sup% /B F()d

z€B

is bounded from L?!(X) to L*»*°(X) and from LP(X) to LP(X) in the sharp range of
exponents p € (2,00]. The supremum in the definition of My f(2), is taken over all
balls B containing the point z.

In the second part of this thesis we investigate LP boundedness properties of a
certain class of radial Fourier integral operators on the symmetric space X. We will
prove that if u, is the solution at some fixed time 7 of the natural wave equation on

X with initial data f and g and 1 < p < oo then

lellzoy < Eo(r) (1F1lzp o+ A+ Dlglley )

We will obtain both the precise behavior in 7 of the norm C,(7) and the sharp
regularity assumptions on the functions f and g (i.e. the exponent b,) that make this
inequality possible. Our last theorem is concerned with the analog of Stein’s maximal
spherical averages introduced in [23] and we prove exponential decay estimates (of a

highly non-Euclidean nature) on the LP? norm of sup |f x do,(z)].
T<r<T+1
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1 Introduction

In this thesis we study boundedness properties of certain convolution-type operators
on semisimple Lie Groups and on associated symmetric spaces. A central result in the
theory of such operators is the Kunze-Stein phenomenon, which, in its classical form,
states that if G is a connected semisimple Lie group with finite center and p € [1,2)
then

[2(G) * [P(G) C L*(G) (1.1)

(the usual convention, which will be used throughout this thesis, is that if U, V and
W are Banach spaces of functions on G then U*"V C 'W means both the set inclusion
and the associated norm inequality). The inclusion (1.1) has been established by
Kunze and Stein [14] in the case when the group G is SL(2,R) (and, later on, for
a number of other particular groups) and by Cowling [7] in the general case stated
above. For a more complete account of the development of ideas leading to (1.1) we
refer the reader to [7] and [8].

More recently, Cowling, Meda and Setti noticed that if the group G has real rank
one then the inclusion (1.1) can be strengthened. Following earlier work of Lohoué
and Rychener [17], the key ingredient in their approach is the use of Lorentz spaces
LP%(G) and it is proved in [8] that if G is a connected semisimple Lie group of real
rank one with finite center, p € (1,2) and («, 3,7) € [1, 0c]® have the property that

14+1/y<1/a+1/3, then

LP°(G) * LPP(G) C LP(G). (1.2)

In particular, LP! convolves L? into LP for any p € [1,2). Our first theorem is an

endpoint estimate for (1.2) that shows what happens when p = 2.

Theorem A. If G is a non-compact connected semisimple Lie group of real rank one



with finite center then

L*(G) * L*'(G) C L>*(G). (1.3)

Notice that (1.2) follows from Theorem A and a bilinear interpolation theorem (|8,
Theorem 1.2]). However, unlike the classical proof of the Kunze-Stein phenomenon,
our proof of Theorem A will be based on real-variable techniques only. Easy examples,
involving only K-biinvariant functions, show that the inclusion (1.3) is sharp in the
sense that none of the L*! spaces or the L>»* space can be replaced with some L
space for some a € (1, 00).

Assume from now on that the group G satisfies the hypothesis stated in Theorem
A. Let g denote its Lie algebra, 6 a Cartan involution of g and g = €®p the associated
Cartan decomposition. Let K = exp £ be a maximal compact subgroup of G and let
X = G/K be an associated symmetric space with origin 0 = {K}. The Killing form
on g induces a G-invariant distance function d on X. Let B(x,r) denote the ball in X
centered at x of radius r (with respect to the distance function d) and let |A| denote

the measure of the set A C X. For any locally integrable function f on X, let

YR 1 NS
Maf(z) :iglfw/jg(w)f(z)dz (1.4)
and
Maf(2) = sup gy 5,7 (15)

where the supremum in the definition of M f(x) is taken over all balls B containing

z. We will prove the following two theorems on these maximal operators:
Theorem B. The operator M, is a bounded operator from L*'(X) to L**°(X).

Theorem C. The operator My is a bounded operator from L*Y(X) to L**(X) and

from L?(X) to LP(X) in the sharp range of exponents p € (2,00].

Notice that the operator Hg does not have a suitable Euclidean analogue and its
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L?»!' — L?* boundedness is related to Theorem A. On the other hand, unlike in the
case of Euclidean spaces, the exponential increase of the volume of large balls shows
that the noncentered maximal operator My is not bounded from LP(X) to LP(X) if

p € [1,2]. We recall that the more standard centered maximal operator

]' / /
M) = sup /B e

r>0

is bounded from L'(X) to L'*(X) and from LP(X) to LP(X) for any p > 1, as shown
in [5] and [26] (without the assumption that G has real rank one). Our proof of
Theorem B follows the same idea as in [26], which is understanding the connection
between the Iwasawa decomposition of G and its Cartan decomposition. Theorem C
will turn out to be an easy consequence of Theorem B.

In order to state our last two theorems we need to introduce some more notation.
Recall that the Lie algebra g of the Lie group G has a Cartan decomposition g =
t S p. Let a be a maximal abelian subspace of p and, since G has real rank one,
dimga = 1. Let af denote the real dual of a and, for a € aj, let g, = {X € g :
[H, X] = «a(H)X for all H € a}. Let ¥ = {a € a \ {0} : dimgg, > 0} be the set of
nonzero roots; it is well known that 3 is either of the form {—«, a} or of the form
{—2a, —a,a,2a}. Assume that the Lie algebras ¢ and a are fixed once and for all.
In order to simplify the exposition, we identify from the very beginning the space ag
(the complex dual of a) with C using the map A — A« for A € C. We also renormalize
the Killing form on g such that |Hy| = 1 where Hj is the unique vector in a with the
property that a(Hy) = 1.

One has a Fourier transform on the symmetric space X that associates to any
smooth compactly supported function f on X a function f : ai x K/M — C, where
M is the centralizer of a in K ([12, Chapter III}). By Plancherel’s theorem and the

inversion formula, any bounded even function m : R — C defines a bounded operator



T,, on L*(X) given by f;:f()\, b) = m(\)f(\b) (vecall that we identified af with C
and this gives an identification of a} with R). The question of L” boundedness of
operators defined by analytic multipliers m that satisfy suitable symbol estimates has
been subject of extensive research (see [5] for the case of complex groups G, [22] for
real rank one groups, [2] when G is a normal real form and [1] for groups of arbitrary
real rank). More details on the development of these ideas can be found in Anker’s
work [1]. Suitable classes of symbols are defined as follows: for any a > 0 and b € R,
let S® be the set of continuous functions m(\) defined on the tube {\ € C,|3)\| < a},
analytic in the interior of the tube, infinitely differentiable on the two lines |[SA| = a

and which satisfy the symbol inequalities

aa
'6)\0‘m(/\)' < C(1+ |RA)P™ for any @ = 0,1... N and |3)\| < a, (1.6)
where N = [n/2] + 1 is a “large” integer (n is the dimension of X).
The main objects of study in the second part of this thesis are operators defined by
Fourier multipliers of the form m.,()\) cos(A7) or m,(A)A~!sin(A7) where the symbol

m, belongs to a suitable class S%. Our next theorem is the following L? estimate:

Theorem D. If1 <p < oo, 7 >0, a=|play, b=—da, and m € S° (the notation is
explained in (1.11)) then the operators Ty ; and Ts . defined by the Fourier multipliers
[m(A) cos(AT)], respectively |m(X\) (A2 + ]p]2)1/2 A1 sin()\T)] are bounded from LP(X)
to LP(X) and

| |T17T| |Lp_,Lp < CpelplapT;

(1.7)
1Tl o < Cpel?orT (14 7).
Let u, be the solution to the Cauchy problem
0? 2
52 Ur = (A + |p| )uTa
o (1.8)

ug = f; %UT“r:O =g



Recall that the spectrum of the Laplace-Beltrami operator A is (—oo, —|p|?], there-
fore the Fourier transform of w, is given (formally) by a-(\,b) = cos(AT)f(\,b) +
A Lsin(A7)g(A, b). Theorem D gives the following:

Corollary 1.1. Ifp € (1,00) and 7 > 0 then

lurllzo < Coe?om (11l + (1 +7)llglls, ) (1.9)
P P

The Euclidean counterpart of Corollary 1.1 has been proven by Peral [18] and
a local variable coefficient version has been considered in [19]. As pointed out in
these two papers, the exponents do,, respectively doy, — 1 that appear in the Sobolev
spaces on the right hand side of (1.9) are sharp. In addition, the exponential part of
the bound depending on 7 in (1.9) (i.e. el”l*»7) is best possible (this can be checked
easily if the dimension of X is odd using an explicit formula for w, ([12, Chapter
5])). Strichartz-type estimates (i.e. L? — LP, p < 2) on the solution of the wave
equation on hyperbolic spaces have been obtained by Tataru [27]. The problem of
finding L? — L? bounds on the solution of the heat equation on symmetric spaces of
arbitrary real rank has been considered in [9].

The question of L” boundedness of “pseudo-differential” operators on non-compact
symmetric spaces (defined by multipliers m that satisfy suitable symbol-type esti-
mates) seems completely settled by the results in [1] (except possibly for the precise
hypothesis one needs to make on the behavior of the symbol m on the boundary
of the tube in which it is analytic). On the other hand, much less is known about
the LP boundedness of “Fourier integral” operators on symmetric spaces defined by
kernels with large singular supports (as it is the case with the solution of the wave
equation at large time). A slightly weaker result than Theorem D (without the sharp
regularity assumption) has been obtained in [11] at time 7 = 1. Some L estimates

on the solution of the wave equation on manifolds satisfying very general conditions



have been obtained by Lohoué [16].
In our last theorem we deal with the analog of Stein’s maximal spherical operator

on symmetric spaces. Let do, be the normalized spherical measure such that

/X fdo — /K F(ka(r) - 0)dk

for any continuous function f : X — C. For any continuous compactly supported

function f and for any T" > 0 we define the maximal operator

Mrf(z)= sup |f*do.(2)].

T[T, T+1]
With the notation in (1.11), we have the following:

Theorem E. If % <p<ooandT >0 then:
M 1] o) < Coe =TT+ 1P| £]] o e)- (1.10)

The constant 3 may be taken =1 ifn >3 and B =2 if n = 2.

Corollary 1.2. If %= < p < oo then

< Goll 1],

p

sup |f xdo.(2)]

0<r<00

The Euclidean counterpart of Corollary 1.2 has been first proven by Stein [23] in
the case n > 3 and by Bourgain [3] in the case n = 2; the corollary (which clearly
follows from Theorem B by summation over integers 7' > 0 for any p < oo) has been
proven in the case of hyperbolic spaces of dimension n > 3 by Kohen [13]. As in
Euclidean spaces, the proof of Theorem B is harder when n = 2, in which case an
extra argument, based on the proof of the main theorem in [20], is needed. Moreover
")

the exponential part of the decay of the norm in (1.10) (i.e. e~IPI0=2)T) is sharp.



The thesis is organized as follows: in Section 2 we prove theorems A, B and C
together with two corollaries: a covering lemma on X and a general rearrangement
inequality. In Section 3 we prove theorems D and E and in Appendix A we prove
certain estimates (somewhat sharper than the ones I found in the literature) on the
Harish-Chandra function and on the elementary spherical functions on X. These

estimates are used in the proofs of theorems D and E.

1.1 Notation

The following table summarizes most of our notation and we will often refer to it:

g =Et®p — a Cartan decomposition of the semisimple Lie algebra g;

a — a maximal abelian subspace of p; A =expa; K=-expt;

Y ={-2a,—a,a,2a} (or X = {—a,a}) — the set of nonzero roots;

my, my — the dimensions of the root spaces g_,, respectively g_on;
T=g_ o+ g 20 N=expmu; (1.11)
n = my + mg + 1 — the dimension of the symmetric space X;

d= (n—1)/2 = (my +ma)/2; |pl = (my +2ma) /2

ap =1[1-2/p, 1 <p < oo;

SP — the set of analytic symbols inside the tube |S\| < a satisfying (1.6).

2 Real-Variable Theory on G and X

It is well known that the group G possesses an Iwasawa decomposition G = NAK and
a Cartan decomposition KA, K where A, = expay and a, = {H € a: a(H) > 0}.
Our proofs of theorems A, B and C in this section are based on relating these two
decompositions and, fortunately, for real rank one groups, one has a very precise

formula ([12, Ch.2, Theorem 6.1]) in this sense. A similar idea has been used by



Stromberg [26] for groups of arbitrary real rank. Let Hy € ay be the unique element
of a for which a(Hy) = 1 and let a(s) = exp(sHy) for s € R be a parametrization of
the subgroup A. Clearly A, = {a(s) : s > 0}. Using [12, Ch.2, Theorem 6.1] one
can identify the Lie algebra n with R™ x R™? and find suitable constants ¢; and ¢,
such that the diffeomorphism 7 : R™ x R™ — N, 7(X,Y) = exp(c; X + ¢;Y) has

the property that (X, Y)a(s) € Ka(l)K if and only if [ > 0 and
(coshl)* = [cosh s + eS|X|2]2 + e*|Y |2 (2.1)
In addition
a®)n(X,Y)a(—t) =n(e ' X, e 2Y). (2.2)

Let p = 1(my - @ +my - 2a) (such that p(logla(s)]) = |p|s for all s € R) and let dg,
dn and dk denote Haar measures on G, N and K, the last one normalized such that
fK 1dk = 1. Then the following integral formulae hold for any continuous function f

with compact support:

/G F(g)dg = C, /K /R + /K F(kra(l)ks) (sinh )™ (sinh 20" dkodidk,  (2.3)

and

/@ f(g)dg = Cs /K /R /N f(@a(s)k)e??1*dndsdk

(2.4)
_ — 2|pls
C’Q/K/R/melRm2 f@(X,Y)a(s)k)e"*dXdY dsdk.

The following simple proposition explains the role of the L*! spaces:

Proposition 2.1. If f is a K-biinvariant function (i.e. f(kgk') = f(g) for any



k. k' €K, g€ G) then:

/N f(ma)di < Ce ™59 £l 0 .

In other words, the Abel transform Af(a) = €18 [ f(Ra)dn is bounded from
L*Y(G//K) to L>(A).

Proof of Proposition 2.1. The usual theory of Lorentz spaces (see, for example, [25,
Chapter V]) shows that it suffices to prove the proposition under the additional
assumption that f is the characteristic function of an open K-biinvariant set of finite

measure. For any [ > 0, let F'(I) = f(ka(l)k’) such that

1/2

HfHLg,I(G)ZO[/ F(I)(sinh 1)™ (sinh 20)™2dl | . (2.5)

Ry

Let a = a(s) and for any [ > |s| let
Tio = {(X,Y) € R™ x R™ : (coshl)? = [coshs + €*| X|2]* + *[Y[?}  (2.6)

be the set of points P € R™ x R™2 with the property that 7(P)a(s) € Ka(l)K (these
surfaces will play a key role in the proof of Theorem A). Let dw; s be the induced mea-
sure on Tyy such that [, g, ¢(X,Y)dXdY = [ [ Jy gb(P)dwl,s(P)} dl. Then,

since the function f is K-biinvariant

/N f(7a)dn = C /R I Y)a(s)dXay = € / F)

1>]s|

/ 1dwl,S] dl.
T;

l,s
(2.7)
Let ¢(l, 5) = ells le ldw; s. The substitutions X = [e~*(a cosh [ — cosh )] wy and

Y = e *coshi(1 — a?)2wy for wx € S™~!, wy € ™21 (assume that my > 1) and



a € [<=hs 1] show that

coshl?’

1

(I, s) = C'sinh{(cosh ()™ / (avcoshl — cosh s)M=2/2(1 — o2)Mm2=2/2(

cosh s
coshl

which shows that
¥(1, s) ~ sinhl(cosh 1)™2/%(cosh | — cosh s)(m1F+m2=2)/2, (2.8)

The computation of the function v is slightly easier if ms = 0 and the result is also

given by (2.8). In view of (2.5) and (2.7), it suffices to prove that

F)y(l,s)dl <C F(1)(sinh 7)™ (sinh 21)™2dl v (2.9)
/ZZ|5 [/nh ]

for any measurable function F' : R, — {0,1}. Notice that if [ > 1 + |s| then

Y(l,5) = el (sinh )™ (sinh 21)™2 = e2PIl and it follows from Lemma 2.2 below that

1/2
/ F()(l, s)dl < C [ / F(1)(sinh 7)™ (sinh 21)m2dz} | (2.10)
I>|s|+1 1>]s|+1

In order to deal with the integral over [ € [|s|, |s| + 1], we consider two cases: |s| > 1
and |s| < 1. If |s| > 1 and I € [|s],|s| + 1], then (I, s) = elfllsl(] — |s|)tmatmz2=2)/2

(sinh )™ (sinh 21)™2 ~ €215l and, since (m; +my —2)/2 > —1/2, it follows that

|s|+1 [s|+1 1
/ F(D)y(l, s)dl < celﬂlsl/ F()(1 - |s|)~Y2dl = Ce"’”5|/ F(|s| + u*)du
|s 0

| Is]
1/2

1 1/2 |s|+1
<C [62“"8 / F(|s|+u2)udu] <C / F(I)(sinh 1)™ (sinh 21)™2dl
0 |

s

(one of the inequalities follows from (2.11) below) which, together with (2.10), com-
pletes the proof of the lemma in the case |s| > 1. The estimation of the integrals over

the interval [|s|, |s| + 1] is similar in the case |s| < 1. O

10



Lemma 2.2. If 3 # 0 and du,(t) = ePldt, dus(t) = e*'dt are two measures on R

then

HfHLl(R,dm) < CB||f||L271(R,du2)‘

Proof of Lemma 2.2. One can assume that f is the characteristic function of some
measurable set. The change of variable ¢ = (logs)/f and the substitution g(s) =

f((logs)/3)) show that it suffices to prove that

1

] o, 90)ds = Cs L%, /R+ g(S)SdS} " (2.11)

for any measurable function g : Ry — {0,1}, which follows by a rearrangement

argument. O

2.1 Proof of the Maximal Theorems B and C

We will first prove the maximal theorems B and C since they are easier than Theorem
A and still capture the main idea of our approach. Let 0 be the origin of the space
X = G/K and let x, be the characteristic function of the K-biinvariant set {g € G :
2|plr

d(g-0,0) < r}. Since the measure of a ball of radius r in X is proportional to e

if » > 1, it follows that

Maf(g-0) ~ sup [e'p'f G o>><,«<g'1g>dg’} |

r>1

The changes of variables g = ma(t)k, ¢ = W'a(t')k’ and the formula (2.4) show that

Mo f(Ta(t) - 0)

< C'sup {e—lpl’“ /R ( /N f(ﬁ’a(t’)-O)Xr(a(—t’)ﬁ’_lﬁa(t))dﬁ’) 62|"|t'dt’]

r>1

(2.12)

We first deal with the integral over the space N and dominate the right hand

11



side of (2.12) using a standard maximal operator along the nilpotent group N. For
any u > 0 let B, be the ball in N defined as the set {n(X,Y) : |X| < wand Y| <
u?}. Clearly [, 1dn = Cu?lPl. The group N is equipped with nonisotropic dilations
5.,(n(X,Y)) = n(uX,u?Y), which are group automorphisms, therefore the maximal

operator

M) =sup | [ u gt~

is bounded from LP(N) to LP(N) for any p > 1 ([29, Lemma 2.2]). For any measurable

function f: X — R, let

u>0

M f(na - 0) = sup Lﬂ%/ﬂa |f(mm a - 0)\dm]

u

and it follows that |[M fl] ) < Cpl|f[l s (x) for any p > 1. We will now use the func-
tion M f to control the N integral in (2.12). Notice that (2.1) and (2.2), together with
the fact that d(ka(l)-0,0) = [ for any [ > 0, k € K, show that if x,(a(—t")ma(t)) =1

for some m € N then m has to belong to the ball B_,__), therefore

/Nf(ﬁla(t/)'O)Xr(a(—t')ﬁ'_lﬁa(t))dﬁ'_/Nf(ﬁm161(15/)'O)Xr(a(—t/)ma(t))dm
< /B F@Em=ta(t)) - 0)dm

< Cellr== 01 f(ma(t') - 0).

If we substitute this inequality in (2.12) we conclude that
M, f(Ta(t) - 0) < Ce ok / M f(@a(t') - 0)ell¥ dt’. (2.13)
R

We can now estimate the L>* norm of .//\/lvgf: for some A > 0, the set F\ = {z €
X : Myf(z) > A} is included in the set {ma(t) - 0 : e~lolt Jo M f(ma(t') - 0)elPt'dt’ >

A/C}. Since the density measure dz in X is proportional to the density measure

12



ellPltdndt in N x R under the identification z = ma(t) - 0, the measure of this last set

is equal to
C Ji [fo Mf(Ra(t') - 0)ell dt')* dm
\2
therefore
2
N L/R

One can now use the following simple lemma to dominate the right hand side of

(2.14):

Lemma 2.3. If A and B are two measure spaces with measures da, respectively db,

and H s a measurable function H : A x B — R, then

1/2
2
[ / r|H<a,.>HL2,1(B,db>da] < O s 1oy

The proof of this lemma is straightforward. Combining Lemma 2.2 and Lemma

2.3, we have

2
/ l / Mf(ﬁa(t’)-o)ep“'dt’} i < C / M) - O)|[ 2 o 70
N R N

_ 2 2.15
< CMf@Ealt’) - 2o qemesivamar, o)

2
< ClM fll120 k)

Finally, since |[M f|1o) < Cpl|fl1sx) for any p > 1 one also has [[M f[| 20 x) <
Cl[fl 2 xy (by the general form of Marcinkiewicz interpolation theorem) and Theo-
rem B follows from (2.14) and (2.15).

Theorem C is an easy consequence of Theorem B: let

M3 = sup 3 [, f()dz

z€B,r(B)<

Myf(z) = sup & [ f(2)d,

z€B,r(B)>1

13



where r(B) is the radius of the ball B. The operator M3, the local part of M, is
clearly bounded from LP(X) — LP(X) for any p > 1. On the other hand, if z belongs
to a ball B of radius r > 1, then B(z, 2r) contains the ball B and |B(z, 2r)| ~ e2/°I?" ~

|B]2. Therefore

51,7 < g T I

which shows that M2 f(z) < CM,f(z) and the conclusion of Theorem C follows by

interpolation with the trivial L* estimate.

2.2 A Covering Lemma

A simple connection between covering lemmata and boundedness of maximal opera-

tors is explained in [6]. In our setting we have:

Corollary 2.4. If a collection of balls B; C X, i € I has the property that |UB;| < oo

then one can select a finite subset J C I such that

i | < -

(i) z'LGJIBZ - jLeJJB] ’

) 1/2 (2.16)
(ii) ZXBJ' C igIBZ-

JjeJ L2:%(X)

The corollary is an immediate consequence of Theorem C and the proof of Propo-
sition 1 in [6] (in fact Corollary 2.4 and Theorem C are equivalent statements). The
inequality (ii) in (2.16) is the natural analog of the requirement that the selected balls
are disjoint: if B;, i € I are standard balls in some Euclidean space, then one can
select disjoint balls B;, j € J that satisfy inequality (i) in (2.16). Notice that the

| > X B, < |IxuB:||p~- Since
jed Lo

balls on symmetric spaces do not have the basic doubling property (i.e. |B(z,7)| is

disjointness property of the balls B; is equivalent to

not proportional to |B(z,2r)|) the disjointness property of the selected balls has to

14



be replaced by (2.16)(ii).

2.3 Proof of Theorem A

In this subsection we will prove Theorem A. In view of the general theory of Lorentz

spaces, it suffices to prove that

/G Gf(Z)g(Z’lz')h(Z’)dZ’dZ < Cllfll 2 llgl] 2[Rl 2 (2.17)

whenever f,g,h : G — {0, 1} are characteristic functions of open sets of finite mea-
sure. We can also assume that g is supported far from the origin of the group, for
example in the set lglKa(l)K. The main part of our argument is devoted to proving
that the left hand side of (2.17) is controlled by an integral involving suitable rear-
rangements of the functions f, g and h, as in (2.34). Let z = na(t)k, 2/ = 7'a(t')k’

and the left hand side of (2.17) becomes

/ / / / dt'dtdk'dk e2Plt+t).
KJKJR

(2.18)
|:/N f na (k_la( )n na( )k;’)h( ( )k’/)dﬁ,dﬁ .

We will show how to dominate the expression in (2.18) in four steps.
Stepl. Integration along the subgroup N. As in the proof of the maximal theo-
rems, we start by integrating along N. Define Fy, H; : K x R — R, as Fi(k,t) =

J5 f(ma(t)k)dn and Hy(K',t') = [<h(7a(t')k')dn’. Using the simple inequality

J[[ atmuw et
(o) o (o). o)

for any measurable functions a,b,c : N — [0, 1], it follows that the inner integral in
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(2.18) is dominated by

min [P (k, t), Hy (K, t')] { /N gk~ ta(—t)ma(t)K)dm, | . (2.19)

Using (2.2), 7y — a(—t)ma(t) = My is a dilation of N with dn; = e~2IPltdn,, therefore

/g(kla(—t)ﬁla(t')k’)dﬁl = ezpt/g(klﬁga(t’ — t)k")dm,

N N

e [ R Yl — #)dxay (220)

_ 2ol / / (k= (P)a(t — )k )dwry o(P)dl.
i>—t| J,

1t —t

The surfaces T} s defined in (2.6) for {({,s) € Ry xR : [ > |s|} and the associated

measures dw; s have the same meaning as in the proof of Proposition 2.1. Let

Gk, K1, 5) = (/T

l,s

1dwlys> [/T g(k~'n(P)a(s)k)dw, +(P) (2.21)

l,s

be a suitable average of the function P — g(k™'1(P)a(s)k’) on the surface T; , (clearly,
the domain of definition of Gy is {(k,k’,l,s) € Kx K xRy xR : 1 > |s|} and

Gi(k,K',1,s) € [0,1]). If we substitute this definition in (2.20), we conclude that

/ g(k™Ya(—t)mya(t')K ) dm, = CeIPItH) / Gi(k, K 1t —t)ap(l, ' —t)dl.
N

1|t —t]

The function ([, s) has been defined in the proof of Proposition 2.1 and is given
by (2.8). Finally, if we substitute this last formula in (2.19), we find that the inner

integral in (2.18) is dominated by

Ce ) min [Fy (k. t), Hy (K, )] / Gi(k, k' 11" = t)p(l, ¢ — t)dl

12|t -1
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which shows that the left hand side of (2.17) is dominated by

C//dk/dk
K JK

{ / / / min [Fy (k, ), Hy (K, )] Gy (k, k', 1t — ) (1,1 — t)elPl D diardt | .
R JR JI>|t/—t|

(2.22)

For later use, we record the following properties of the functions F; and H;:

1/2
f2ae = [Co [y Jo Fi(k,t)e2Pltdtdk] ™
i) = [C2 i J ] .

1/2

Pl 2@y = 1Cs [y Ja H1(k:’,t’)62|p|t/dt’dk’}

Step 2. Integration along the subgroup A. Let yi, respectively xo, be the
characteristic function of the set {(k,k',t,t") : Fi(k,t) < Hy(K',t')}, respectively
{(k, k', t, ) : Hi(K',t') < Fi(k,t)} so, for any k, k', t,t one has

Fl(kv t)Xl(k7 klu L, t/) < Hl(klv t/)u
(2.24)

H1<k/, t/>X2<k, k/, t, t,) S Fl(k, t)

and the expression (2.22) is the sum of two similar expressions of the form

C//dk/dk
K JK

[/ / / Fy(k,t)yxa (b, Kt )Gy (k, KL — ) (Lt — t)ell D dldr dt |
R JR JI>|t/—t|

The change of variable ¢ = ¢ + s in the expression above shows that it is equal to

O /K / / / / Fl<k7 t)Xl(k7 k/’ t7t S)Gl(k7 kl; l; 8>w(l, 5)62‘p|t€‘p‘sdldtd$ak,(zk.
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and the first of the inequalities in (2.24) becomes

Fy(k,t)xa(k, Kt t + s)e2Plt < H (Kt + s)e2lPlt. (2.26)

1/2
)

Let F(k) = [, Fy(k,t)e2eltat] " H(k') = [ [, Hy(K,¢)e2e? d]"* and let

Ak, K, 5) = / Fi(k, t)xa(k, Kt t + s)e”Pdt.
R

The expression (2.25) becomes

c//// Ak, K )Gy (k, K 1, 8)b(1, s)eP*dldsdk dk. (2.27)
KJK JR JI>]s|

Clearly, A(k,k',s) < F(k)? (since x; < 1) and A(k, k', s) < e 2PlsH(K')? by (2.26),
therefore

elPls F(k)? if elfls < H(K')/F(k),
Pl Ak K | s) <
e IPlsH (K2 if elfls > H(K) ) F(k).

If we substitute this inequality in (2.27) we find that the left hand side of (2.17) is

dominated by

C / / / / F(E)2Gy(k, K1, 8)(1, s)elPldldsdk! dk+
K JK Jelols<H (k') /F(k) J12]s]

C / / / H(K)?Gy(k, K1, s)0(l, s)e Pledidsdk’ dk.
K Ji Jelels>H (k) /F(k) J1]s|

We pause for a moment to notice that our estimations so far, together with the

(2.28)

proof of Proposition 2.1, would suffice to prove that L*!(G)x L*!(G//K) C L**(G):
if ¢ is a K-biinvariant function, then G1(k,k’,[, s) depends only on [ and (2.9) shows
that fz>|s\ Gi(k, K 1, s)Y(l,s)dl < Cllg||;2.. As a consequence, both terms in (2.28)

18



are dominated by C||g||,2. [i Ju F(k)H (K')dk'dk, therefore

/Gfo " )h(z >dzdz<0||g||pl// K i dl

<c||g||L21U [ F dkdk] — Ol llea gl o1l o

Here we used the fact that, as a consequence of (2.23)

||f||L271(G) - [02 fK F(k 2dk] 1/2

1Al p21(g) = [Co fie H(K')dk'] vz

(2.29)

Step 3. A rearrangement inequality. In the general case (if g is not K-biinvariant)

we will show that both terms in (2.28) are dominated by some expression of the form

1 1
C/ // F*(x)H* ()G (x,y, 1) e dldydx
o Jo Jr,

where F*, H* : (0,1] — R, are the usual nonincreasing rearrangements of the func-
tions F' and H (recall that the measure of K is equal to 1) and G** : (0, 1] x (0,1] x
R, — {0,1} is a suitable “double” rearrangement of g. The precise definitions are
the following: if a : K — R, is a measurable function then the nonincreasing rear-
rangement a* : (0,1] — R, is the right semicontinuous nonincreasing function with

the property that
H{k € K:a(k) > A} =sup({z € (0,1] : a*(z) > A}) for any A € [0, 00).

Next, assume that a : K x K — R, is a measurable function. For a.e. k € K let
a*(k,y), y € (0,1], be the nonincreasing rearrangement of the function ¥’ — a(k, k')
and let a**(x,y) be the nonincreasing rearrangement of the function k& — a*(k,y)

(clearly a** : (0,1] x (0,1] — R, ). The following simple lemma summarizes some of
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the properties of the functions a* and a**:

Lemma 2.5. (a) If a : K — R is a measurable function then

[ /K a(k;)zdk} e l /M a*(I)de} "

(b) If a : K x K — Ry is a measurable function then

(i)
// kk:’dkdk;_// *(z,y)dydz.

(ii) The function a** is nonincreasing: o (z,y) < a**(2',y') whenever x > 2’ and
y=y.

(iii) For any measurable sets D, E C K with measures |D| and |E]|

|Dl - rlE|
//a(k:, k;’)dk:’dk:g/ / a**(x,y)dydx.
pJE o Jo

The proofs of the statements of the lemma are straightforward. Returning to
our setting, let F* and H* be the nonincreasing rearrangements of F' and H, let g :
KxKxR, — {0,1} be given by g(k, k', 1) = g(k~'a(l)k") and let G** : (0,1] x (0, 1] x
R, — {0,1} be the double rearrangement of the function ¢ (such that G**(.,.,1) is
the double rearrangement of g(.,.,[) for all [ > 0). Recall that we assumed that the

function ¢ is supported in the set 1U1Ka<l)K’ therefore
>

1/2

91l 20y =~ [/R//G**xyl yeXlPlldydadl| . (2.30)
+

We will now show how to use these rearrangements to dominate the two expres-
sions in (2.28). For any integers m, n let D,, = {k € K : F(k) € [elfm, eloltm+1)]}
={k € K: H(K) € [elfln et} and let D_, = {k € K : F(k) = 0},
={k € K: H(K') = 0} such that K = 77U%Dm = %En Let d,,, respectively e,, be
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the measures of the sets D,,, respectively FE,, as subsets of K. The first of the two

expressions in (2.28) is dominated by

c2 / / / / NG (k, K1, )0 (1, s)e P didsdk' k. (2.31)
myn ¥ Dm J En Js<(n—m+1) JI>]s]

Combining the definition (2.21) of the function G; (recall that the surfaces 7; ¢ are
defined as the set of points P € R"™ xR™2 with the property that 7(P)a(s) € Ka(l)K),
the fact that dk is a Haar measure on K and the last statement of Lemma 2.5 we can

conclude that

Om En
/ / Gi(k, K1, s)dk dk < / / G (z,y,l)dydx
m o En o Jo

for any s with the property that |s| < I. Substituting this inequality in (2.31) we find

that the expression in (2.31) is dominated by

Om En
CZ/ e2lelm {/ / G**(x,y,l)dydx} [/ U(l, s)eP*ds| dl. (2.32)
m,n Y R+ 0 0 s<(n—m+1),|s|<l

The formula (2.8) shows that the last of the integrals in the expression above is
dominated by Celellelrlm=m) " therefore the first of the two expressions in (2.28) is

dominated by

Om En
C Z {e'm(m*")/o /0 G**(z,y, 1) dydz | eldl. (2.33)

R4 m,n

Let

S(z,y) =Y [P xs (@)X, ()]

m,n
where xs,., Xe, are the characteristic functions of sets (0, d,,), respectively (0,&,). If

m, = max{m : &, > x} and n, = max{n : g, > y} then S(z,y) < Celdlmatny),
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Clearly F*(z) > elfm« H*(y) > elP™ so the expression (2.33) is dominated by

1ol
C/ / / F*(x)H* ()G (z, y, 1) e dydad.
Ry Jo Jo

One can deal with the second of the two expressions in (2.28) in a similar way,

therefore

1 1
/ f(2)g(z ' 2)h(2)dZdz < C/ / / F*(x)H* ()G (z,y, 1) e dydadl.
GxG Ry Jo Jo
(2.34)
Step 4. Final estimates. Let K be a suitable constant (to be chosen later) and
let U = {(z,9,1) : F*(x)H*(y) < KelP} and V = {(z,y,1) : F*(x)H*(y) > Kelol'}.
Using (2.30)

1 1
/ F*(z)H* () G** (z, y, el dydzdl < / / / KG* (z,y, e dydzdl
U Ry JO JO

< CKllgl 7
Using Lemma 2.5(a), (2.29) and the fact that G**(z,y,l) <1

N ET* (0 (5 o L E @) H (y)?
/VF (2)H*(y)G™ (2, y,1)e! ldydxdlgC/O /0 Tdydx

(1 Iz 1] 20
<C :
- K

Finally, if one lets K = (||g| 1) " (||| 21]|h]]| 121, the theorem follows from (2.34).

2.4 A General Rearrangement Inequality

We will now extend the rearrangement inequality (2.34) to the case when f, g, h
are arbitrary measurable functions (not just characteristic functions of sets). For
any measurable function f : G — R, we define the function F* : (0,1] — Ry

by the following procedure: first, let f : K x (0,00) — R, be defined, for a.e.
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k € K, as the usual nonincreasing rearrangement of the function ma — f(nak) with
respect to the measure €189 dnda. Using the function f we define the function
F:(0,1] x (0,00) — R, for each u > 0 fixed, the function F(.,u) is the usual the

nonincreasing rearrangement of the function £ — f (k,u). Finally, let
F*(z) = —/ F(z,u)u™?du (2.35)
0

be the L*>! norm of the function u — F(z,u). Notice that this definition of the

function F* agrees with our earlier definition if f is a characteristic function.

Corollary 2.6. If f,g,h: G — R, are measurable functions then

/ f(2)g(z72)h(2)dZ dz < C/ /1 /1 F*(x)H*(y)G* (x,y,1)p(l)dydxdl
GxG Ry Jo Jo

(2.36)
where G** = (0,1] x (0,1] x Ry — Ry is the double rearrangement of the function
(k,K',1) — g(k7ta(l)k') (the same meaning as before), F* and H* are defined in
the previous paragraph and ¢(l) = d:;l_;;ﬂ e leld fsgd,lsglw(l,s)e‘p'sds (clearly, ¢(l) =~
[mtme if 1 <1 and ¢(1) ~ el if 1 > 1).

Notice that if f and h are characteristic functions of sets then (2.36) is equivalent
to (2.34). If f,h are simple positive functions, one can write (uniquely up to sets
of measure zero) f = %cifi, h = %djhj where ¢;,d; > 0 and f;, respectively hj,
are characteristic functilons of sets Ull-, respectively V; with the property that for all
i, respectively j, U1 C U, respectively V1 C V;. Simple manipulations involving
rearrangements show that /™ = % ¢ Fand H* = évj d;H (this explains the reason
why we chose the apparently corlnplicated deﬁnitioln of the function F* in (2.35))
and (2.36) follows by summation. Finally, a standard limiting argument shows that
(2.36) holds for arbitrary measurable functions f, g and h for which the right hand

side integral in (2.36) converges.
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3 Radial Fourier Integral Operators on X

In this section we will prove theorems D and E. We start however with a rather
surprising BMO theory on symmetric spaces, well adapted to the geometry of these
spaces. The motivation for this BMO theory is the following: in Theorem D we
prove LP — LP boundedness properties of a Fourier integral operator under sharp
regularity assumptions. As in Euclidean spaces, this does not seem to be possible
by interpolating with a suitable L' — L! (or L>® — L) estimate. The standard
way to deal with this difficulty is to prove an Hy,, — L, estimate ([18], [19]). In
our case, however, the K-invariant kernels of the operators 77 ; and 75 ; are singular
on the sphere of radius 7 (which is large if 7 large). Thus, it appears that the best
approach to keep both the regularity assumption and the exponential behavior of the
norm (1.7) sharp is to work with a genuine H' or BMO space that may substitute
for interpolation purposes the space L', respectively L> (a slightly different line of
approach has been pointed out by A. Seeger). It is more convenient to define the
space BMO(X) and prove a suitable L> — BMO estimate.

Recall that we identified the subgroup A of G with the real line R (as explained
at the beginning of the second section) and we also identified af., the complex dual
of the Lie algebra a, with the complex plane C (as explained in the introduction). It

is well known that
d(a(s) - 0,a(s')-0) =|s — §| for all s,s" € R. (3.1)

In view of the Cartan decomposition G = KA K, we can identify any K-invariant
function K : X — C (i.e. K(k-z) = K(z) for all z € X, k € K) with the function
K : R, — C given by K(s) = K(a(s)-0); in this section we will always use the same
letter to denote a K-invariant function on X and the associated function defined on

R, . Using this convention, the convolution between a smooth compactly supported

24



function f : X — C and a K-invariant locally integrable kernel K is
FrEE = [ flo- 0K iy = [ fER@E (62
G X

3.1 BMO Theory on Symmetric Spaces

For any locally integrable function f on X let

fiz) = sup ﬁ / () — fold,

z€B,r(B)<1

and, if d > 0,
1 ! /
Maf(z) = swp  — / ().
Bl /s

2€B,r(B)<d
The supremum in the two definitions is taken over all the balls B containing z of radius
< 1, respectively of radius < d, and, for any measurable set @), fo = ﬁ fQ f(2)dz.
Let B(z,r) denote the open ball centered at z € X of radius r. Let Cj be a fixed
constant such that

|B(z,2r)| < Co|B(z,1)]

for any point z € X and any r € [0,1]. We define

HfHBMO(X) = HfﬁHLOO(X)‘

One clearly has

1411, < Coll £, (3.3)

for any p > 1 since f#(z) < M;(z) and M, is a bounded LP operator if p > 1. Notice,
however, that this inequality would not hold for any p < 2 if the supremum in the
definition of f*(z) was taken over all balls containing z (as it is done in the setting of

Euclidean spaces). The main step in proving an interpolation theorem is the following
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proposition that shows that inequality (3.3) can be reversed.

Proposition 3.1. Converse Inequality. If 1 < p < oo and f € LP, then

111, < ApllFEIl, (3.4)

The bound A, depends only on p and n.

Easy examples (characteristic functions of large balls) show that the converse
inequality (3.4) fails to hold in the setting of Euclidean spaces if in the definition
of the sharp function f* the supremum is taken only over balls of radius < 1. The
relevant difference is based on the observation that a positive fraction of the volume

of any set C X lies close to the boundary of the set. More precisely:

Lemma 3.2. For any § > 0, there exists £(§) > 0 such that for any measurable set of
finite measure A C X, the measure of the set A(0) = {z € A: B(z,0) C A} satisfies
the 1nequality

[A(0)] < (1 —¢€(0)) Al (3.5)

Proof of Lemma 3.2. One can clearly assume that the set A is bounded, open, 0 € A
and, for any k € K let Ay = {a € Ay : ka -0 € A}. As explained before, the
set Ay is identified with {s € Ry : ka(s) - 0 € A}; the relevant measure on R,
is dp = (sinh )™ (sinh 2s)™2ds. For any bounded, nonempty open set O C R, let
O(0)={s€O:[(s—90,s+0)NR,] C O}. Since the set O is assumed to be bounded

and nonempty, the set O(J) is bounded as well and let u = sup O(d). It follows that

p(06) _  u(0W) [0, )
w(0) = 1w(O@) + il ut0)) ~ ull0,ut0))

An elementary calculation shows that

a(0.)
a0, u+ oy =1 7E0)
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for any u € R, (it is here that the exponential increase of the measure is important),

therefore
1 (0(9))
0 < (1-¢(9))

for all bounded, nonempty open sets O. This inequality can be applied to the sets Ay
(clearly (A(d))r C (Ax)(0) by (3.1)) and one integrates over k € K to prove (3.5). [

A consequence of Lemma 3.2 is the following covering lemma:

Lemma 3.3. If O C X is an open set, |O] < oo and O C iLeJIBi’ where B; are open
balls of radius < 1, then one can select a finite subset of disjoint balls By, By ... By
such that

(i) |Bi| + |B2| + ... |Bi| = lO|;

(1) the balls By, B, ... By are close to the boundary of O in the sense that d(B;,c0) <
1/10 for any j =1,2... k.

Proof of Lemma 3.3. Let O = {z € O : d(2,50) < 1/10} and J = {i € [ : B;N O #
@}. By Lemma 1, |O] > £(.1)|0| and clearly O C igJBi' One may now use standard
arguments (as in [24, Chapter 1]) to select a finite set of disjoint balls B;,, B, ... B,
such that 4,4, ...ix € J with the property that |B;, | + |Bi,| + ... |Bi,| > [0]/(2C0).

These balls satisfy the two conditions (i) and (ii) in the lemma and one may take

Co :8<1)/(200) ]

Proof of Proposition 3.1. The proposition is an easy consequence of the following

distributional inequality relating f* and the maximal function M; /4
(o Miaf(2) > 0, Fi(2) S cal| Salfz: Muaf(z) > ba}l, (36)

for any o > 0, for some constants b close to 1, € close to 0 and a = 1 — §(b, &) (the
precise conditions on b and ¢ and the formula for a will become clear during the

proof). To prove (3.6), let A = {z € X : My,4f(2) > ba} and notice that for any
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z € A one can find a ball B, containing z such that | f|5. > ba and with the following
maximality property: either 1/8 < r(B,) < 1/4 or, for any ball B, containing z of
radius r(B.) > 2r(B.), one has | f|p, < ba. Clearly, A = ngBZ, |A] < 00, so one can
apply Lemma 3.3 to select a finite number of disjoint balls B, close to the boundary

of A such that
|Boy| + |Boy| + ..o | Bz, | 2 ol Al (3.7)

We will first prove that for any of the maximal balls B, selected above, which

will be denoted by B in the next paragraphs, one has
{z € B: Myuf(2) > a, f(2) <ea} < d|B| (3.8)

where @’ = %, C'is a large constant depending only on n, and the numbers b and ¢
are such that b+ C - ¢ < 1. To prove (3.8), we have to analyze two different cases.
Case 1: 7(B) > 1/10. Let Q = {z € B : Myuf(z) > a, f(z) < ea}. One can
cover the set () with a reunion of balls of radius < 1/4 such that |f|p > « for any
of these balls B’ and then, using Lemma 3.3, one can select a set of disjoint balls

Bi, B ...By,, all of them intersecting the ball B, with the properties that
|Bil + Bo] + .. By | = col Q) (3.9)

and |f|p; > a fori=1,2...k'. Since the ball B is close to the boundary of the region
A, there exists a ball B, say of radius 1/10, such that |flg < b and d(B, B) < 1/10.
Clearly, one can now find a larger ball B* of radius 1 containing all the balls B, B ,

Bi, B ...By,. If Q) is not empty then

1
[B*| /-

d? < ca

() = [
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therefore

J311G) = I
S Ji 1F() — fn

dz' < ea|B*|

dz' < ea| B

which shows that

B (If5+| = ba) < ea| BY|

(o — | fB-

)(|BY| + | By + ... |By|) < ealB*.

Clearly, (3.8) follows in this case by using inequality (3.9) and eliminating |fp+| in

the inequalities above.

Case 2: r(B) < 1/10. We start by defining the sets ) and the balls B] as in
the first case. Let v = max(r(B),r(B})...r(B},)) and let B* be a ball of radius 27’
containing all the balls B, B} ... B;,. By the maximality assumption on the ball B,

one either has |f|ps < ba or v > 1/8. If v > 1/8, it follows by the same argument

as in the first case that the set () is empty provided that one takes Ce < 1 — b for a

large enough constant C. If | f|p+ < ba and @ is not empty, then

1
B |f(2') — fB-|dZ' < ea
B*
therefore
> | () = fpelde < ca|BY|
B
which shows that
(L=0)(|By| + [By| + ... |Bpl) < ¢|B7| (3.10)

This last equation shows in particular that the only nontrivial case is when 1’ = r;
otherwise, r(B*) = 2r(Bj) for some i, so inequality (3.10) could not hold if one lets
e<(1—=5). Moreover, if r = 1/, it follows that |B*| < Cy|B], so one can combine (3.9)

and (3.10) to complete the proof of the inequality (3.8).
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Let A = UB.,. The inequality (3.8) clearly shows that

Ce
1-5

Ce

{z € A: Myuf(2) > o, ff(2) < ea}| < 1-b

A <

Al

The main distributional inequality (3.6) follows by using (3.7). One has to assume
that e < 1 — b and the bound a in (3.6) is a =1 — (co — ££).

We are now in the position to use the general lemma in [24, page 152] to conclude
that [[Myf|], < Ap||fu||p for p < co. We only need to choose suitable constants b
and ¢ such that a < bP. For given p, we first choose b such that 0» =1 — ¢ and then

<o

we choose € small enough such that @ < 1 — 2. The conclusion of the proposition

follows with the constant A, in (3.4) satisfying A, < C - p. O
We conclude this discussion with an interpolation theorem.

Theorem 3.4. Analytic interpolation. Let S denote the closed strip 0 < o < 1
and assume that for any o € S one has a bounded linear operator T, : L*(X) — L*(X)
with the following properties:

(1) There exists K > 0 such that ||T,(f)|l, < K||f||, for all o € S and any simple
function f. The uniform bound K will not enter in the quantitative conclusion below.
(i) For any simple functions f, g, the function o — [ T,(f)(2)g(z)dz is continuous
in S and analytic in the interior of S.

(iii) There ezist bounds Ay and Ay such that for any simple function f
o (Hlly < Aol ]y if Ro =0,

176 (Nlsmo < Arllfllo o Ro = 1.

Then for any p € [2,00) and any simple function f

ITo (DI, < Al fl,
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if Ro = (p —2)/p. Moreover, the bound A, satisfies the inequality
A, < C,- AP APTDP (3.11)

where C, is a constant depending only on p.

Since both inequalities (3.3) and (3.4) hold, the proof of the corresponding Eu-
clidean interpolation theorem ([10, page 156]) goes through with only straightforward

modifications.

3.2 Proof of Theorem D

All of our L? estimates in this section will be proved in a priori forms. This means
that, in order to insure the convergence of the integrals throughout, we will always
assume that all the symbols m(\) that appear at different places are premultiplied

X’ " This approach is based on the observation that if

with symbols of the form e~
m € SP, then the symbols ms(\) = m(A\)e ** belong to S? uniformly in § € [0, 1].
Of course, our estimates will be independent of § € (0, 1] and they will depend only on
the constant C' that appears in the definition of the symbol m. We will also assume
that all the functions f on which various operators are tested are complex-valued
smooth compactly supported functions on X. Once one proves suitable estimates
uniform in § € (0, 1], standard limiting arguments allow one to pass to the general
theorems. These assumptions will be implicit in all the computations we make and

the subscripts 0 will be omitted.

The following proposition is the real rank one version of the main theorem in [1]:

Proposition 3.5. If 1 < p < oo and m € S°, is an even symbol then the operator

lplap

defined by the Fourier multiplier m is bounded from LP(X) to itself.

An application of Proposition 3.5 shows that one can assume that the symbol

m in Theorem D is of the form (A% + p'*)~9#/2 where p' = |p| + 1/10 > |p|. This
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allows one to expand the region in which m is analytic and satisfies suitable symbol
estimates. Notice also that it suffices to prove Theorem D for p € [2,00), since the
operators T} ; and 75, are essentially selfadjoint. The theorem follows by analytic
interpolation (Theorem 3.4 in the previous subsection) once one proves the following

L>*® — BMO estimate:

Proposition 3.6. If m € Sfp'd is an even symbol and the operators T ., Th, are
defined by the multipliers [m(\) cos(AT)], respectively [m(A) (A% + p’2)1/2 At sin()\T)]
then

||T1,TfHBMO(X) < C’e|P|T‘|f|‘Lw(X); (3.12)

T2 fllpmo) < CelP(1 4+ 7| 1 oo -

The notation is explained in (1.11). We will need the following easy lemma:

Lemma 3.7. I[f 2 < ¢ < o0, b = % — 5, and m € S is an even symbol then the

operator U defined by the Fourier multiplier m satisfies the inequality

1UF1l, < Coll £l

This Sobolev-type lemma is a particular instance of a general situation covered
in [15]. As it stands, the lemma follows also from [22, Theorem 6.1(c)(ii)]. One
starts by writing down explicitly an integral formula of the K-invariant kernel K of
the operator U (using the inversion formula of the Fourier transform); next, one uses
estimates on the spherical functions and the Harish-Chandra function (Propositions
Al and A2 in the appendix) to show that if s = d(0,2) then |K(z)] < Cs~®+ if
s < 1land |K(z)| < Cellsg=3 if g > 1/2. Finally, one uses a local version of the
Hardy-Littlewood-Sobolev inequality to deal with the local part of the operator U (if
b < 0) and a variant of the Kunze-Stein phenomenon to deal with its non-local part.
We would like to point out the following endpoint estimate related to this lemma: if

b= —n/2 and m € S} is an even symbol then the operator U defined by the Fourier
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multiplier m is bounded from L?(X) to BMO(X). The proof of this endpoint estimate

is similar, but easier than the proof of Proposition 3.6 below.

Proof of Proposition 3.6. We will only prove the estimate (3.12) for the operator 77 ,
since the estimate for 75, is similar. Notice first that Plancherel’s theorem and

Lemma 3.7 show that

1717 Nl < ClIS (3.13)

(since |[(A2+ p)Y2Atsin(A7)| < C(1 + 7), the estimate (3.13) for T f becomes
T2 fll,, < C(L4+7)]|f]ly)- Assume first that 7 > 1/2. Let B = B(%,r) be any ball
in X with radius r < 1 and let B* = {z € X : d(z,29) € [r — 10r,7 4 10r]} be the
main “region of influence” of B. Clearly |B| =~ r™, |B*| ~ re?fl™ and it suffices to

prove that
’B|/|T”f — (Tu-f)pldz < Ce¥IT[f]] (3.14)

with a constant C' independent of the function f and the radius of the ball B. Let
f=fi+ fowhere fiy =f-(1—xp) and fo = f - xp-. To deal with the function fs,

we use (3.13):

1/2n
|B|/|T17f2 — (T +f2)Bldz < |B|/|T17'f2 |d75<2(|;|)/ |13+ foll,
<Cr 2| fally < Cr Il - 1B
< G| £l
(3.15)

Let K ; be the kernel of the operator T} -, which is a smooth function on X in view
of the a priori assumption on the symbol m. The inversion formula of the spherical

Fourier transform shows that

K (2) = /R (m(\) cos(AT)) B (2)| ()| "2dN (3.16)
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where @, (z) are the elementary spherical functions and c is the Harish-Chandra func-
tion. We will use from now on the convention explained in the paragraph preceding

(3.2). To deal with the function f; we evaluate the left hand side of (3.14):

ﬁ /B ITos f1(2) = (Ton fi)sldz =

1 1
— @/ /fl(z’)KLT(d(z, 2))dz" — 3] /fl(z')KLT(d(z",z’))dz’dz" dz
B |Jx BJx
1 / / 1 / " /
_ ﬁ/ /fl(z) (/ Ko (d(z, ) = Ko (d(2", 7)) dz )dz dz
B> Jp |Jx B
1 / " / / "
<l g [ ([ 1t ) = (i, pjas) asa
BxB B
(3.17)
It would therefore suffice to prove that
/ K (d(z, ) — Ko (d(=", 2)|de < Celei (3.18)
for any z, 2" € B. By the inversion formula (3.16)
Ki.(s) = 61/ (m(X) cos(AT)) Pa(s)|c(A)]2dA (3.19)
R

Let Ay (s) = ¢-(s)K1.(s) and By .(s) = (1 — ¢-(s)) K1 -(s) where the function
¢, is a C™ cutoff function with the properties that ¢,(s) = 1 if |s — 7| < 1/10 and
¢-(s) = 0if |s — 7| > 2/10 such that K;, = A;, + B;,. The main estimate on the

kernel B; ; is

)
Cellme=2lPls(1 4 |7 — )72 if s > 7

[Bi-(s)] <  CelPls(1 + |7 — s|) 2 if1/10 < s < (3.20)

Cs~(d+1) if s <1/10.

\
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To prove this estimate when s > 1/10, one starts from Proposition A2(c) and writes:

By +(s) =2¢1 (1 — ¢.(9)) e'ps/ (m(X\) cos(AT)) e ay(N, s)e(—\) HdA.

R

Notice that the function under the integral above is analytic in the region 0 < S\ <
lp|. If s > 7, we first move the contour of integration to the line i|p| + R in order
to get the essential decreasing factor e~IPfe=IPIs=7) " Next, we use (A.6) and (A.2)
together with classical estimates on Fourier transforms of symbols ([24, page 241])
to prove (3.20) in this case. A similar argument (without changing the contour of
integration) shows that (3.20) holds if 1/10 < s < 7. To prove the estimate for small
s let 1y be an even, smooth cutoff function on R such that no(u) = 1 if |p| < 1 and
no(p) = 0 if |p] > 2 and notice that, using proposition A2(b), the kernel B; ; can be
written in the form

By +(s) = 2¢1(1 — ¢,(s)) /R(l — 10(As))m(X) cos(AT)eay (A, s)|c(N)]|2dA

+ (1 — ng(s))/ [0 (As)®x(s5) + (1 —10(As))O(A, 8)] m(A) cos(AT)|c(A)|2dA.

R

By (A.2), (A.4) and (A.5), the second of the integrals in the expression above is
dominated by C's~(@+1Y  Also, one integrates by parts twice in A and uses (A.5) and
(A.2) to prove that the first integral is dominated by C's~¢, which completes the proof
of (3.20). An immediate consequence of (3.20) and (2.3) is that |[B: || < Celel™,

therefore
/ |Bl,T(d<Zv Z/)) - Bl,T(d(Z//J z/))|dzl S 2HBLT||L1(X) S CG'MT

for any z, 2" € B. It remains to prove a similar inequality for the kernel A, ; which,
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since 7 > 1/2, is given by the formula

Ay L(s) = 201@(5)6”‘9/ (m(X\) cos(AT)) e ag (N, s)e(—=A) " HdA. (3.21)

R

Since the function A — m(X)az(A, s)c(—A)~! is a symbol on the real line of order 0
one has

< CelPlT

‘%AM@)

T — s|?

if |7 — s| < 2/10 which shows that

QALT(d(z, 2))|dZ

/ |A; - (d(2,2") — A (d(2", 2))|dz" < C/ resup |

cB* z€B

< Cerelelt / L ds < Celel™.
T — s|?

5r<|s—71|<2/10

(3.22)

This finishes the proof of the proposition in the case 7 > 1/2. The proof if 7 < 1/2
proceeds along the same line. Let B = B(zp, ) be any ball in X and it suffices again
to prove inequality (3.14). Let B* = {z € X : d(z,29) € [T — 10r, 7 + 10r] U [0, 10r]}
such that |B| = r", |B*| < C-r. Let fi = f(1 — xp+), fo = fxB+; the inequalities
in (3.15) and (3.17) do not change, so it suffices again to prove (3.18). We define
the kernels A ,(s) = ¢o(s)K1-(s) and By ,(s) = (1 — ¢o(s)) K1 ,(s) using a smooth
function ¢ : Ry — [0, 1] such that ¢o(s) = 1if s < 3/4 and ¢o(s) = 0if s > 1. The

estimate (3.20) becomes
|Bir(s)| < Ce 21+ |7 — )2

which shows that [|Bi[[;:x) < C. To deal with the kernel A;; one uses again the
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cutoff function 7y defined in the proof of (3.20) and Proposition A2(b):

A +(s) = c1¢0(s) /R [M0(A8)®x(s) + (1 —10(As))O(N, )] m(A) cos(AT)|c(N)|2dA

+ 2¢100(s) /R(l — 1o(As))m(A) cos(AT)eay (A, s)|e(N)|~2dA
= 1177(8) + Jlﬂ—(s).

By (A.2), (A.4) and (A.5) I, -(s), the first of the two integrals above, is bounded by

Cs @+ j e it is an L' function. In addition

1 1 1
<(C—
- sd <|7’—s]2 + 5|7'—5]>

by (A.5) and standard estimates on Fourier transforms of symbols on the real line.

0
‘%JLT(S)

An estimate similar to (3.22) completes the proof of the proposition. O

3.3 Proof of Theorem E. Part I

As in the previous subsection, we make the a priori assumption that all the functions
f on which various operators are tested are smooth, compactly supported functions
on X. Notice first that the “local” part of Theorem E, that is if, for example, T" < 10,
follows from the more general maximal operators studied in [21] if n > 3 and [20] if
n = 2 (see the remark following Corollary 2.2 in [20]). Assume therefore that 7" > 10.

If 7 > 10 then the Fourier transform of do, is
do,(N) = ®r(1) = e I (¥ c(N)ag(A, 7) + e (= A)ag(—A, 7)) .

Let ¢ : Ry — [0, 1] be a C*° cutoff function ¢r : Ry — [0, 1] such that ¢r(s) =1
if s € [T'—1/2,T 4+ 3/2] and ¢r(s) = 0if s ¢ [I'— 1,7 + 2]. Let 1y be the
even cutoff function defined in the proof of (3.20) and, for j = 1,2,..., let n;(p) =

no(277 ) — no(279 ). Clearly, supp n; C {u € R : |u| € [2971, 2771} for any j > 1.
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If 7 € [T,T + 1], the Littlewood-Paley decomposition of the singular kernel do, is

do, = > AJ (in the sense of distributions) where
=0

Al(s) =01¢>T(8)/R779'(/\)%(7)%(8)!C()\)!_Qd)\
— 201y (s)e P /

77]'()\)@2(>\,T)6MT <—Cl2(>\, s)ei’\s + as(— A\, 5)6”5) d)\
® ()

(3.23)

and, as before, A7 (z) = AZ(d(0,2)) for z € X. The estimate (A.6) and integration by

parts show that for any 7 € [T, T + 1]
|AL(s)| < C - 27e M7 (1 4 2|7 — s|)~N (3.24)
if se€ [T —1,T+2] and Al (s) =0 otherwise. Let
Mipf(z) = sup |fxAl(z)].
T[T, T+1]

The estimate (3.24) and the integral formula (2.3) show that
[ <c
X
uniformly in 7 € [T,7 + 1] and j > 0, therefore
IME o < ClIfll (3.25)
with a universal constant C'. There is also a very crude L' estimate: notice that

, C-2e 2 ifse T —1,T+2],
sup [A7(s)] <

€[T,T+1 .
7l ] 0 otherwise,
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which shows that

M £l < < C-2[fll;. (3.26)

1

[f]*  sup ]IAJ;I

T[T, T+1

Our next task, which will suffice if n > 3, is to prove the L? estimate
|MEfll, < C - 277022 eI (T 1) £, (3.27)
This would be a standard consequence of the following two estimates:

|| * ALll, < C - 2794 e WIT(T 1 1)]| f]],,
(3.28)
|[Z2(f x AD], < C - 279 e bIT(T - 1| f]1,

for any 7 € [T, T + 1]. To prove (3.28) let

BZ(S) =c1(1 — ¢r(s)) /an()\)CI)A(T)(I))\(sﬂc(/\”Qd)\
= 2¢1(1 = dr(s)e 4D p(Nazs(A, m)e(Ve(=2) " az(A, s)e?THIdA

+2¢1(1 — ¢p(s)e P (Nag(\, T)ag(—= N, s)e” 2T d\
J

5

—~—

be the complementary kernel of A7 such that (A 4+ BL)(\) = 7;(\)®x(7). Using

Plancherel’s theorem, the estimates in Proposition A2(c) and (A.2) one has
[1f # (A + BD)l, < C - 277 e V(T + 1)||f],.

(the factor (T + 1) appears only if j = 0). Easy estimates on |BZ| (similar to the ones

in Proposition 3.6) show that

|Bi(s)| < Ce PIEFI27M (1 4 |7 — s|) 7
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therefore, by Plancherel’s theorem and (A.4)

1 Billy < ClIly [ IBAe (s + 1) (s o)™ (sinh 2
0

< C27Me PIE(T + 1)|I£1

and the first of the estimates in (3.28) follows. The proof of the second estimate in
(3.28) is similar, the only difference being that differentiation with respect to 7 may
bring down an extra factor of A ~ 2/. One can now apply the general lemma in [24,
page 499] to complete the proof of the main L? estimate (3.27).

If n > 3, we interpolate between the estimates (3.27) and (3.25) or between
(3.27) and (3.26) and conclude that for any p € (n/(n — 1), 00) there exists (p) > 0

(e(p)=(n—2)/pif p>2ande(p) =n—1—n/pif p <2)such that
[MEfl, < C - 2750 - e UmedbIT(T 1 1)) ]|

A final summation over positive integers j finishes the proof of Theorem B when

n > 3.

3.4 Proof of Theorem E. Part II (n = 2)

If n = 2 then the only possibility is that X = H? (the hyperbolic space of dimension
2) thus my; = 1, my = 0 and |p| = 1/2. The estimate (3.27) becomes

M7 flly < C e (T + DI, (3.29)

This is not sufficient since one has to sum over j. The essential step in proving the

theorem in this case is the following:
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Lemma 3.8. There exist universal constants eg > 0 and Ny such that
IMESfll, < C - 270N ], (3.30)

Let us first see how one can use Lemma 3.8 to complete the proof of the theorem
when n = 2. If one interpolates between (3.30) and (3.25) or between (3.30) and

(3.29), one finds that for any p € (2, 00) there exists (p) > 0 such that
M £l < C - 2720 ®IeNT || £ (3.31)
One can also interpolate between (3.25) and (3.29) to conclude that
[MEfll, < C - e TAT 1 1)|f]],p € [2, 00]. (3.32)

In order to sum over j, one uses (3.32) for j < Cy(p)T" and (3.31) for j > Cy(p)T

where Cy(p) = %;}c?;))ﬂ is such that the two norms in (3.31) and (3.32) are essen-

tially equal. The result is:

J<Co(p)T
IMzfll, < D0 NIMEFIL+ > MBI, < Cp - e T T(T 12| £
Jj=0 7>Co(p)T

which proves Theorem B in the case n = 2.

Proof of Lemma 3.8. Roughly speaking, the favorable factor 27/ in (3.30) comes
from the proof of the main theorem in [20] while the unfavorable but (fortunately)

NoT' is due to several localizations we have to make and to

not very important factor e
quantitative estimates on the rotational curvature of defining functions of circles of
radius ~ T'. We start by localizing the operator /\/l]T Notice that it suffices to prove

that for any smooth cutoff functions vy, ¢ : H? — [0, 1] with small supports (say of
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diameter at most ¢g, where ¢ is a small constant to be fixed later), one has

< C- 2709 | f ||, (3.33)

sup
T[T, T+1]

() [ FE () Az, )

4

To show that (3.33) suffices we define a suitable family of smooth cutoff functions
with small supports 1;, indexed over a countable sets I, with the properties that
Zwi = 1 and any ball B C H? of radius 1 intersects at most a constant number
ZCe'Iof the supports of the functions ; (C' depends only on ¢y, the size of the sup-
ports of the functions v;) . For any ¢ € I, let L; = {i' € I : 3z € supp(¢), 2’ €
supp(¢y) such that d(z,2’) € [T'—1,T +2]}. Clearly, each set L; has at most Ce® el-

ements. Recall also that the kernels A7 (d(z, 2’)) vanish unless d(z, 2') € [T —1,T +2],

therefore
[misel e <oy [ o) e

i€l

<CZ/ i(2) S M ) ()] a2
i€l i'eL;
”ZZ/ [ (2) M (i ) (2) 2

i€l i'el;
< e’ ( 270 NO ZZ/ |(vi ) ()| d2’

el i'el;

<o (o)t [ o

which proves (3.30) with Ny = N] + 1. It remains to prove (3.33). By the G-
invariance of the measure on X, we may assume that the cutoff function ¢ in (3.33)
has small support around the point 0 € H? and vy has small support around the
point a(Tp) - 0 € H? (clearly, the only nontrivial case is when Ty € [T — 1,T + 2]).

The formula (3.23) shows that we may also replace the kernel vg(2)w;(2")AZ(d(z, 2'))
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with a kernel K7(z,2’) of the form

Ki(z,2) = 2c1e7 (7)o (2)01 (7)) / 1n; ()T 1) dA (3.34)
R

where b is a symbol of order 0 (uniformly in 7 € [T'— 1,7 + 2]) and it remains to
prove that

(VKi(z,2)d||| < €270 g, (3.35)

4

sup
r€[T,T+1]

HQ

(the error made in replacing o(2)vy(2')A%(d(z,2")) by Ki(z,2') is controlled by
Cihg(2)h1 (2)e T (1 + 2|7 — d(z, 2')|) ™ and it is easily seen that the L* — L% norm
of the corresponding maximal operator is dominated by Ce=72737/4),

The estimate (3.35) will follow from the following simplified version of Sogge’s
main theorem in [20]. Let X and Y be two Riemannian manifolds of dimension 2 and
let %(x) and E(y) be two cutoff functions with small compact supports included in
small open sets K C X, respectively L C Y. Let ¥ : K x L — [T — 1,T + 2] be a

smooth function with the following properties

0 0V/ox

det >c>0forallz e K,ye L
v foah's
oy Ozxdy

and

|V (z,y)||=1forallx € K,y € L.

The first property is usually referred to as rotational curvature while the second
property is a simplified version of Sogge’s cinematic curvature hypothesis (the norm

of the vector W’ (z,y) is related to the Riemannian metric on X). Using the functions
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b and n; from (3.34) let

Ki(z,y) = do(z)dr(y) / D (\)eNTHEDB() T)dA.

Theorem. (C.D. Sogge [20]). With this notation, there exists g > 0 such that for

any j > 0

sup
T[T, T+1]

/Y F(u) KLz, y)dy

< C 27| fll Ly
LA(X)

Remark. Most calculations in [20] are done using an apparently different form of
the kernels Ifé (see equation (3.18) in [20]). However, as explained at various places
in [20] the two forms are equivalent modulo O(27"7) errors.

In order to apply Sogge’s theorem and prove (3.35) one has to rescale the problem
(our situation is somewhat degenerate in the sense that the Monge-Ampere determi-
nant associated to d(.,.) is & e~T). We will use natural coordinates on H? induced by
the Iwasawa decomposition of the group G = SO, (2, 1). Using the notation in [4], one
has the Iwasawa decomposition SO,(2,1) = NAK and there exists a diffeomorphism

n : R — N such that
a(u)n(v) = n(e*v)a(u) for all u,v € R (3.36)

and

cosh[d(n(v)a(u) - 0,0)] = coshu + e "v*/2 for all u,v € R. (3.37)

Furthermore, one can identify H? with R x R using the map (u,v) — n(v)a(u) - 0
and the change of measure is dz = Cse “dudv. The functions 1y and 1, in the
formula (3.34) have small supports around the points a(7j) - 0 and 0; if one lets
z = a(To)n(v)a(u) -0 and 2" = n(v')a(u’) - 0, a simple calculation using (3.36), (3.37)

and the G-invariance of the distance function shows that cosh[d(z, 2")] = cosh(7, +
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u—u') 4 T (y — e7T0y")2 /2. This suggest to rescale /.
Let therefore z(u,v) = a(Ty)n(v)a(u) - 0 and 2/(u*,v*) = n(e®v*)a(u*) - 0 for

lu|, |v], |u*| < ¢ and |[v*] < coe™ 0. One has

d(z,2') = Ug,((u,v), (u*,v*)) = arccosh [cosh(Ty +u — u*) + 7" (v — v*)?/2] .
(3.38)
Notice that the problem in [(u,v), (u*, v*)]-coordinates is not degenerate any longer.
Indeed, one can easily check that [(OUr,/0u)? + e* (0¥, /0v)*]/? = 1, which is the
simplified version of the cinematic curvature condition. Also, the function ¥y, can

be written in the form
Ur, ((u, ), (u*,v*) = To +u — u* + (v —v*)? - Cp, (u, v, u*, v*)

where C~! < Cr,(0,0,0,0) < C (uniformly if 7y > 1) and all the first and second
order derivatives of the function C' around the point (0,0,0,0) are bounded by an
absolute constant (independent of 7). Thus the rotational curvature hypothesis is
satisfied if one chooses ¢ small enough (depending only on this absolute constant).
Sogge’s theorem applies to the maximal operator with kernels K7 ((u,v), (u*,v*)) de-
fined as in (3.34) (replacing of course d(z, 2’) by ¥z, ((u,v), (u*,v*)) and ¥4 (Z') by a
suitable non-degenerate cutoff function %(u*, v*)). One can finally trace back the e
factors and conclude that (3.35) holds with a small g > 0 and Ny = —1+3/4 = —1/4

(the term —1 comes from the factor e™™ ~ ¢~7 in front of the integral in (3.34)) and

the lemma follows with Ny = 3/4. O

45



A Estimates on the Harish-Chandra Function and
the Spherical Functions

Throughout this section we will use the notation summarized in (1.11) and the identifi-
cations described in the paragraph preceding (3.2). In particular, the Harish-Chandra
function c(A) is defined for A € C and the elementary spherical functions ®,(s) are
defined for A € C and s € R;. Also, let p' = |p| + 1/10 be a fixed number slightly

greater than |p|. We will prove the following two propositions:

Proposition Al. Let ¢ be the Harish-Chandra function on X.
(a) For all A € R

(b) The function X\ — X~'c(—\)"! is analytic inside the region S\ > 0 and

A te(=N)h| < 01+ |[RA (A.2)

for all integers o € [0, N| and for all X with the property 0 < S\ < p'.

(c) The function A — Ac(\) is analytic in a neighborhood of the real axis and

%(AC(A))‘ < O 4 |RANTT (A.3)

for all integers o € [0, N| and for all X\ € R.

Proposition A2. (a) If A € R then
1D, (s)] < CePls(s +1). (A.4)
(b) If s <1, A € R and s|A\| > 1 then ®x(s) can be written in the form

Dy(s) = e™ar(N, 8) + e May (=N s) + O(), 5)
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where the functions ay, O : {(A,s) € R x [0,1] : s|]A\| > 1} — C satisfy

g« 9l —d -1 —«
a5 1(A, 8)| < Ols(1+ A7~ (14 |A]) 79,
e (A5)

[O(A, 5)| < Cls(L+ [AD]7=,

for all integers o € [0, N], 1 € {0,1} and s, X in the suitable ranges stated above.

(c) If s > 1/10 then ®,(s) can be written in the form
Dy (s) = e P (ePc(N)ag(N, ) + e Me(=N)ag(=A, s))
where the function ay satisfies the inequalities

A, S8)

‘ o & < C[(1+ RN (A6)

o 9722

for all integers a € [0,N], I € {0,1} and for all s > 1/10 and X\ in the region

0 <A< . Also, the function A — as(N, s) is analytic inside the region I\ > 0.

As usual, C' denotes an absolute constant independent of s and A. Proposition A1l

follows easily from the formula

_TENL (3 A+ )
U (iA+ 20T (LA + o))’

c(A) =

which can be found in [22, Section 3]. To prove (A.1) one only uses the fact that
I'(zZ) = I'(z) for all complex numbers z. Also, (A.2) and (A.3) are easy consequences

of Stirling’s formula ([28, Chapter 4]).

Proof of Proposition A2. The function ®,(s) has the integral formula

®,(s) = ¢(cosh s)™2/2(sinh 5)1~2¢

/ e (cosh s — cosh ) ' F <%, 1-— %; 2d; z(s,u)) du

—S
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([22, Lemma 2.2]) where z(s, u) = (cosh s — cosh 1) /(2 cosh s) and F' is the hyperge-
ometric function. Part (a) of the proposition follows easily once one notices that the
expression involving the hypergeometric function is bounded by an absolute constant.

For part (b), we use Theorem 2.1 in [22]. If s < 1, ®,(s) can be written as

12 N
%) = | 5 = 0558 ) + B

and
1 .
3m<,u) _ / ez;u“(l o 702)71171/2'

The estimate |a(s)] < C is not stated as part of the theorem but follows easily, at
least if s < 1. Also, it is well known that if || > 1 and m > —1/2 then J,,(p) can

be written as

Im(1) = € (1) + € Y (—p1) + Ona(12)

where for all integers o € [0, N| and real numbers p, |p| > 1

9
o

wmw)\ < Conlul 120, (A7)

Also |Op ()| < Co|pp| N 7971, Let therefore

Sn—l 1/2 N 27
a1<)\7 8) =cC [D(s)] ;)S ]a’j(8>w(n—2)/2+j<)\5>7
]:
n—1 1/2 N .
O\, 5) = E(\, s) + ¢ [;(5)} 3 5%0;(5) 02245 (As),
J:

and (A.5) follows from (A.7) and the estimates on the error terms.

To prove part (c), we start from the formula

Dy (s) = e Pt (c(N)e™May (N 1) + c(=N)e Magy(—\, 1))
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where
az(A 1) =Y Tr(N)e
k=0
and the functions I'y, satisfy the recursion
k—1
Te(A) =Y af(MT;(A) for k> 1 and Ty(A) = 1. (A.8)

J=0

This is shown in [22, Theorem 3.1]. The coefficients of(X) have the formula

(m1/2 + 6¥my) <1 2 + || — k:)
e (A.9)

af() = k e — i\

where 5;»“ = 1if j = k(mod 2) and 5;-“ = 0 otherwise. We will prove that for all integers

a € [0, N] there exist constants A and b, such that

8&
’WFk(A)‘ < Ak (14 IR (A.10)
for all integers £ > 1 and all complex numbers A, 0 < S\ < p/. This would clearly
suffice to prove the estimates (A.6). In [22, Theorem 3.2|, the authors prove weaker
estimates on the functions I';, (involving an exponential increase in k); their estimates
would only suffice to prove (A.6) for s > Ry > 1. Notice that for all integers k > 2

and real numbers b > 4
kb+1

k—1
1+) "< — (A.11)
j=1

Also, the formula (A.9) shows that there exists an absolute constant A > 4 such that

‘aak A

(Waj(x)' S T (A.12)

for all integers k > 1, j <k —1, a € [0, N] and all complex numbers A, 0 < I\ < p

(this is a simple consequence of the fact that |k + 1 — i\ > max (k, |RA|)). We now
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prove (A.10) for &« = 0 by induction over £k > 1. Clearly [I'1/(\)] < A by (A.12).
Assume that (A.10) holds for all 1 < j < k — 1 (a suitable power by will be fixed
momentarily). Then, by (A.8), (A.11) and (A.12) with a =0

A

— Ak =
bo bo

A A Akbotl
i) < 2

The induction works if we set by = A. To prove (A.10) for an arbitrary integer a < N,
assume, by induction, that we found suitable powers bg, such that (A.10) holds for
all 3 €{0,1...a — 1} and for all k. We can also assume that by < b; < ... < b,
Clearly | Z=T1(A)] < A(1+ [RA])™ by (A.12) and we only need to find a suitable
number b, > b,_1 that would allow us to prove (A.10) by induction over k. Assume
that (A.10) holds for o and for all j € {1,2...k—1}. Then, by (A.8), (A.11), (A.12)

and the induction hypothesis

a k—

aa
3)\0‘

WSS

(a—p aﬁ
g m(a e HaAﬂFJ’(A)‘

Za: Z Amax(j,1)%
e 1+|§RA| 0 (1 +[RA]P

a —a A2k i b —
< 29(1+ |RA|) Z » < A (14 |RN))
=0

A2 (a + 1)
be

Clearly, the induction works as long as b, > max(b,_1, A2%(a + 1)). Notice that in

fact one can set b, = A2*(av+ 1) for all integers a € [0, N]. O
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