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ABSTRACT. We determine the variance for the fluctuations of the arith-
metic measures obtained by collecting all closed geodesics on the modu-
lar surface with the same discriminant and ordering them by the latter.
This arithmetic variance differs by subtle factors from the variance that
one gets when considering individual closed geodesics when ordered by
their length. The arithmetic variance is the same one that appears in the
fluctuations of measures associated with quantum states on the modular
surface.
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1. INTRODUCTION

1.1. Equidistribution theorems for closed geodesics. Let X be a com-
pact surface with a metric of constant negative curvature kK = —1, SX be
the unit tangent bundle of X, and ® : SX — SX the geodesic flow. We
think of SX as the set of initial conditions (z,({) with z € X the position
and ( the direction vector.

The geodesic flow is ergodic with respect to Liouville measure dx, the
smooth invariant measure for the flow: Generic geodesics become equidis-
tributed, in the sense that for Lebesgue-almost all initial conditions xy €

SX,

N R
Tlgréo T/o F(®'xy)dt = /SX F(x)dz
for integrable observables on SX.

As is well known , there are infinitely many closed geodesics, in fact the
number 7(7T) of closed geodesics of length at most 7' grows exponentially
with T: 7(T) ~ €T /T as T — oo [40], [8]. For a closed geodesic C, let £(C)
be its length and pu¢ be the arc-length measure along C, i.e. for F € C(X),

(e)
/quc ::/ F(®'x)dt, z€C.
C 0

This is a measure on SX, invariant under the geodesic flow and of total
mass ¢(C). Closed geodesics become, on average, uniformly distributed
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with respect to dz:! For any observable F' € C'(SX) we have

i ! 1 = x)dx
a2 @ Jo e = [y T

0C)<T

Lalley [20] determined the fluctuations of the numbers pc(F')//¢(C) for
F as above of zero mean, as C varies over closed geodesics ordered by length.
He showed that they are Gaussian with mean zero and variance V(F, F)
where V' is the hermitian bi-linear form on functions of zero mean given by

[e.9]

(1.1) V(R Fy) = /

—00

< - Fl(m)Fg(q)tx)dx> dt .

The negative curvature guarantees that the correlations in the inner integral
decay exponentially as ¢ — +o0, so that V' is convergent [33].

The bilinear form V is positive semi-definite, and is degenerate, in fact if
Fp is smooth then V (Fp, F') = 0 for all F' if and only if Fj is a derivative in
the flow direction: Fy = %|t:of0<1>t for some other observable f € C*°(SX).

An important involution of SX is time reversal symmetry

W (Z,C) = (Za _C)

which reverses the direction vector of the initial condition, and satisfies
wo ®' = &' ow. It induces an involution on the set of geodesics, taking a
geodesic C' = {®lzg : t € R} to its time reversal C' = wC = {®%wxg : s €
R}.

Time reversal symmetry can also be incorporated in Lalley’s theorem:
To do so, note that for a closed geodesic C, its time-reversed partner C is

also closed and both have the same length: ¢(C) = ¢(C'). Grouping these
together yields the measure p&" := uc + pe of mass 2¢(C). By Lalley’s
theorem, the fluctuations of p&/*"/1/2¢(C) are again Gaussian with mean

zero but with variance given by the hermitian form
(1.2) VB’UETL(FI’ FQ) — V (FfU€n7 2€U€n)

where F" = (F + F o w)/2 is the even part of F' under w. Note that
pe ™ is invariant and V" is bi-invariant under the geodesic flow as well

as under time-reversal symmetry w. Both hermitian forms V and V" on

LE(SX) :={f € L*(SX): /SX f(z)dz =0}

can be diagonalized and computed explicitly by decomposing the regular
representation of PSLy(R) on this space, see § 3.

Yn variable negative curvature, one needs the Bowen-Margulis measure here. To get an
equidistribution statement involving Liouville measure, one needs to weigh each geodesic
by its “monodromy”.
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1.2. The modular surface. In this paper we investigate fluctuations of
measures on the modular surface associated with grouping together geodesics
of equal discriminant. As is well known, any of our compact surfaces X
may be uniformized as a quotient of the upper half-plane H, equipped with
the hyperbolic metric, by a Fuchsian group I'. Furthermore, the group
G = PSLy(R) of orientation preserving isometries of H acts transitively on
the unit tangent bundle SX, giving an identification SX ~ I'\G, reviewed in
§ 2. The modular surface is obtained by taking I' = PSLy(Z); the resulting
surface is non-compact (but of finite volume) and has elliptic fixed points,
but these issues will not be important for us.

Closed geodesics correspond to (hyperbolic) conjugacy classes in I', with
the length of a closed geodesic C given in terms of the trace ¢ of the cor-
responding conjugacy class by £(C) = 2log(t + Vt? — 4)/2. In the case of
the modular surface, the hyperbolic conjugacy classes correspond to (strict)
equivalence classes of integer binary quadratic forms az? + bxy + cy? (also
denoted by [a, b, c]), of positive discriminant d := b? — 4ac with the modu-
lar group acting by linear substitutions (we need to exclude discriminants
which are perfect squares). The discriminant disc(C) of a closed geodesic C'
is defined as the discriminant of the corresponding binary quadratic form.

For d > 0,d=0,1 mod 4 and d not a perfect square, let fi,... fH(d) be
the classes of binary quadratic forms of discriminant d. We do not assume

that f; = [a;,bj,c;] is primitive and so H(d) is the Hurwitz class number
[21]. Let

t d
(1.3) Ed:d_‘_;[ud, tq > 0,uq >0

be the fundamental solution of the Pellian equation t2 — du? = 4. Then as
in [37, 39] associate to each f; the I'-conjugacy class (it is well-defined) of
the matrix

td—bjud
—s a;u
(1.4) 2 gd
tq+bjuq
2

—CjUqg

This gives H(d) closed geodesics for each discriminant d, all of length 21og €.
Let pug be the corresponding measure on SX:

(1.5) pa= Y. He-

disc(C)=d

These measures are the arithmetic measures in the title of the paper.
They have been studied extensively and the primary result about them is
that they become equidistributed as d — oco. That is, if F' is bounded and
continuous on SX and has mean zero, then

pa(F)

—_— d—00.
H(d)2logeq =0, s >
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Linnik [24] developed an ergodic theoretic approach to this equidistribu-
tion problem and recently [3] have shown that this method leads to a proof
of this specific result. The first proof of equidistribution is due to Iwaniec
[11] and Duke [1]. Iwaniec established the requisite estimate for Fourier
coefficients of holomorphic half-integral weight forms (of weight > 5/2) and
Duke obtained the estimates for weight 3/2 and weight zero Maass forms.
In view of our reductions in Sections § 3 and § 4 , these together imply the
full equidistribution on SX.

The measures pg enjoy some symmetries (see [39]). Firstly they are in-
variant under time reversal symmetry: wuy = pg. Secondly, let r be the
involution of I'\G given by g — d~1gd, where

)

(it is well defined since 7 'T'6 = I'). In terms of the coordinates (z,() on
SX, r is the orientation-reversing symmetry

r: (ng) = (_Ev_C) :
The measure pg is also invariant under r. The involutions w, r commute
and their product rw is also an involution. Thus pg is invariant under
the Klein four-group H = {I,r,w,rw}. These involutions induce linear
actions on L?(I'\G) by f(z) — f(h(x)) with h € H and = € I'\G and
we denote these transformations by the same symbols. The fluctuations
of the measures pg inherit these symmetries and since we are particularly
interested in comparing their variance with the classical variance V' we define
the symmetrized classical variance V*¥" on functions of mean zero on I'\G

by
(1.6) VT (Fy, Fy) o= V(FY™ FY™)

where

1
P = > hF.
heH

1.3. Results. We can now state our main results about the fluctuations of
tq- We normalize these measures as

~ Hd

fid = i3
This is essentially equivalent to normalizing by the square root of the total
mass, \/H(d)2logeg, see Remark 1.4.2. The space of natural observables
for which one might compute these quantities is L3(T'\G), or at least a dense
subspace thereof. This space decomposes as an orthogonal direct sum of the
cuspidal subspace

L2,,(T\G) :={f € L*(I'\G) : / f(nx)dn, for a.e. z € I'\G}
NNT\N
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where N = {(é 1{) : u € R}, and the unitary Eisenstein series [5]. The

former is the major and difficult part of the space L3(I'\G) so we will con-
centrate exclusively on it. One can easily extend our analysis of the variance
to the unitary Eisenstein series.

Theorem 1.1. Fiz smooth, K-finite F1,Fy € L2,,,(I\G). Then

1 pa(F1)
1. li =
(L7) Voo #{dd < YT 4 i 0
and there is a limiting variance
1 pa(F1) pa(F?)

(1.8) B(F1, Fy) = 121100#{(1 d<Y} > T g

We call this variance B the “arithmetic variance”. The structure of the
bilinear form B is revealed by choosing a special basis of observables, com-
patible with the symmetries of the problem. Recall that the unit tangent
bundle is a homogeneous space for G = PSLy(R), and thus it is natural to
decompose the space L?(T'\G) into the irreducible components under the
G-action. In addition, there is an algebra of Hecke operators acting on this
space, commuting with the G-action, hence also acting on each isotypic G-
component. We take observables lying in irreducible spaces for the joint
action of G and the Hecke operators - the automorphic subrepresentations

of L2,.,(T\G). Denote the decomposition of the regular representation on

CuSp(F\G) into G- and Hecke-irreducible subspaces by
(1.9) L%,,T\G) = @Wﬂ]

so 7; is a cuspidal automorphic representation.
In order to describe the arithmetic variance explicitly we need a more
detailed description of the W7 ’s. To each m; is associated an even integer k,

its weight (see § 3) which we indicate by 7r§-C . For k = 0 there are infinitely
many 71'?’8 corresponding to Hecke-Maass cusp forms on X, while for k£ > 0
there are dj, such 7rj (where dy, is either [£] or [£]+1, depending if k/2 = 1
mod 6 or not), corresponding to holomorphic Hecke cusp forms of weight k.
For k < 0 let

WW?— —k—{f fGW%}
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for j = 1,2,...,d_; and these correspond to the anti-holomorphic Hecke
cusp forms. With these we have the orthogonal decompositions

[e’e) dy,
2,06 = Y wee S S (Wﬂf @ ij_k)
j=1 k>12 j=1
0o dp
(1.10) = Up @ ) ZUW;C
j=1 k>12 j=1
where
(1.11) Up =W, and Ui=W_1® Wﬂflc
J J J J J
To each 7 as above one associates an L-function L(s, ;) given by
A (n)
(1.12) L(s,mj) =Y 7275 R(s) > 1
n=1

where A\ (n) is the eigenvalue of the Hecke operator T), acting on W . It
is well known (Hecke-Maass) that L(s, ;) extends to an entire function and
satisfies a functional equation relating its value at s to 1 — s. In particular
the arithmetical central value L(%, ;) is well defined (and real).

Theorem 1.2. Both V™ and B are diagonalized by the decomposition
(1.10) and on each subspace U_r we have that
J
1

Blu, = e(b)L(5, 75V,
J J

where ¢(0) = 6/m and c¢(k) =1/7 if k > 0.
1.4. Remarks.

1.4.1. The hermitian forms V™ and B can be computed explicitly on
each U_r (see § 3). Time-reversal symmetry w forces V*¥™ to vanish on
J

U.r for k =2 mod 4. Also orientation-reversal symmetry r fixes the weight
J

zero spaces U_o and hence takes the generating vector (see § 3) gb? € 7['? into
J

iqﬁ?. Corresponding to this sign we call U_o even or odd. According to § 3,
J
V¥ is completely determined on U_x by its value on the generating vector;
J

hence it follows that Vsym]Uﬁj = 0 for the odd TF?’S. In the above cases where

V™ . vanishes, the sign €, of the functional equation of L(s, ;) is —1
J
and hence the central L-value L(§, ;) = 0 for reasons of symmetry. In the

other cases (k = 0 mod 4 and 7T§») even), ¢, = 1 and Vsym]Uﬂj # 0. One

expects that in these cases L(3,m;) # 0 as well. However if we pass from
I' = PSLy(Z) to a congruence subgroup, where our analysis can be carried
over with similar results, then there will be 7’s corresponding to holomorphic
forms for which L(3,7) = 0 for number-theoretic reasons, specifically the
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conjecture of Birch and Swinnerton-Dyer [43]. In this case the restriction of
the arithmetic variance to such a subspace will vanish for reasons far deeper
than just symmetry.

1.4.2. The normalization pg(F)/d"/* is natural from the arithmetic point
of view. To be consistent with the previous normalization we should use the
square root of the total mass \/H(d)2log ey of the measure. By Dirichlet’s
class number formula for d fundamental, when H(d) = h(d) is the ordinary
class number (and similar formulae for all d),

(1.13) h(d)logeg = VdL(1, xq) -

The fluctuations of L(1, x4) are mild and well-understood [4] and hence the
normalizations are essentially the same. In any case one could use methods
as in [12, Chapter 26] to remove the weights L(1, x4) and deduce Theorem 1.1
with this other normalization.

1.4.3. In § 3 we show, in a more abstract context, that the space of lin-
ear forms on an irreducible unitary representation of G which are invari-
ant by both the geodesic flow and time reversal symmetry is at most one-
dimensional, and how to incorporate orientation-reversal symmetry. This
shows that the form that the arithmetic and “classical” variance take is uni-
versal. That is for any family of such invariant measures, the variance B’,
if it exists, is determined completely in each irreducible representation of G
by B'(vg,vp), where vg is either a spherical vector, or a lowest (or highest)
weight vector in the representation.

1.4.4. The geometric problem is to order the pg by the length of any of
the geodesic components of the measure. We do not know how to do this.
What we can do is to compute the variance of the py’s when ordered by the
discriminant d. From the arithmetic point of view this ordering is anyway
the most natural one. For many considerations these two orderings of ug4
yield quite different answers (see [39]). However for the fluctuations we
believe they are similar.

The difficulty in proving the same result of the py’s ordered by t4 (or €4)
is apparent already for F; = F5 = f a holomorphic cusp form of weight
m =0 mod 4. In this case according to the formula of Kohnen and Zagier
[17], we have for d a fundamental discriminant say

2
(1.14) W\(/“g)’ = *L(%, f ©xa)

(with * explicit and under control). Thus we would need to understand the
averages

(1.15) > L(%, f®xa)

ta<Y
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The first, but big, step in this direction would be to understand
1
(1.16) > LG f@xe)

t<Y

(see [34] for an execution of such an analysis on a simpler problem). This
appears to be beyond the well developed techniques for averaging special
values of L-functions in families. We leave it as an interesting open problem.

1.4.5. The recent work [36] giving lower bounds for moments of special
values of L-functions in families, together with (1.14), shows that the fluctu-
ations of yiq(F)/v/d are not Gaussian, at least not in the sense of convergence
of moments.

1.4.6. The arithmetic variance B in Theorem 1.1 is the same as the quan-
tum variance for the fluctuations of high energy eigenstates on the modular
surface that were calculated in [25] and [44]. We expect that the variance
for the pg’s when ordered by length will be the same as B. This would give
a semi-classical periodic orbit explanation for the singular finding [25] that
the quantum variance is B rather than V*". It points yet again, just as
for the local spectral statistics (see the survey [38]), to the source of the
singular behaviour of the quantum fluctuations in arithmetic surfaces being
the high multiplicity of the length spectrum. Similar phenomena are found
for the quantized cat map [18, 19].

1.5. Plan of the paper. We end with an outline of the paper and the
proof of Theorem 1.1. In § 2 we give recall some background connecting the
dynamics on the modular surface with the group structure on SLy(R). In
§ 3 we show that up to a scalar multiple, there is at most one linear form on
the smooth vectors of an irreducible unitary representation of SLy(R) which
is invariant under the action of the diagonal subgroup (corresponding to

0 —
1 0

symmetry. We show that such a linear form is determined by its value on
a “minimal” vector - a spherical vector in the case of a principal series
representation and a lowest/highest weight vector for holomorphic/anti-
holomorphic discrete series representations. We then bring in invariance
under orientation reversal and apply the results to show that the bilinear
forms VY™ and B are determined by their values on Maass forms and holo-
morphic modular forms.

In §4 we give present some background on half-integral weight forms, and
in § 5 we discuss Rankin-Selberg theory for these, giving a mean-square
result for Fourier coeflicients along positive integers by modifying work of
Matthes [28] for weight zero forms.

In § 6 we review the results of Maass [26], Shintani [41], Kohnen [15, 16]
and Katok-Sarnak [14], relating periods along closed geodesics to Fourier
coefficients of theta-lifts. This allows us to express pq(F) in terms of Fourier

the geodesic flow) and the element corresponding to time-reversal
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coefficients of half-integral weight forms on I'g(4); the precise normalizations
in terms of the inner products of the forms and their -lifts are crucial here.
This is where the factor L(%, m) appears. These results put us in a position
to use the Rankin-Selberg theory of § 5 to determine the variance B, which
we do in § 7.

1.6. Acknowledgments. We would like thank Akshay Venkatesh for in-
sightful discussions of the material related to this paper. Supported by
NSF FRG Grant DMS-0554373 (Sarnak and Luo) and by the Grant No
2006254 (Sarnak and Rudnick) from the United States-Israel Binational Sci-
ence Foundation (BSF), Jerusalem, Israel.

2. BACKGROUND ON PERIODS

2.1. The upper half-plane and its unit tangent bundle. We recall the
hyperbolic metric on the tangent bundle of the upper half-plane H = {z =
x 41y : y > 0}. We identify the tangent space at z € H with the complex
numbers: T,H ~ C. The hyperbolic metric on T,H is then given by

R(er
(€m)z = (;,;7)

and the unit tangent bundle SH is then identified with
{(z,Q) e Hx C: (| =S(2)}

2.1.1. Isometries. A unimodular matrix g = Z € SLa(R) acts on the
upper half-plane H via z +— (az +b)/(cz + d). Set
Jjlg,z) =cz+d

The differential of the map is ¢'(z) = (ad — be)/(cz + d)? = (cz +d)~2
1/j(g,2)?. The induced map on the tangent bundle TH is then

(2,€) = (9(2), 9'(2)¢)
Note that this is an action: if g, h € SLa(R) then g(h(z,()) = (gh)(z,¢). A
computation shows that we get an isometry of H:

(€)= = (d'(2)8, ' (2)M)g(2)
2.1.2. Group theory. Define matrices

n(:c)z(l ”f) a(y)=(y1/2 y1/2>7 wz(iiﬁ?ﬁ%) Sﬁ(%?})

The rotation k(¢) preserves the base point i = y/—1 € H. Note that

K(¢ + 2m) = —£(¢)
and thus we get the same element in PSLy(R).
Setting g, 4.4 = n(x)a(y)k(4) we find

Gay0(i,1) = (x + iy, iye)
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so that using the basepoint (i,7) € SH of the upward pointing unit vector
at i = v/—1 € H, we get a bijection

PSLy(R) ~ SH, g— g(i,i)

We may then identify functions on PSLy(R) and on SH: If F(2,() is a
function on SH we may define F' on SLa(R) by

F(g) == F(g(i,1))

so that F(g,,4) = F(z + iy, iye™?).

2.1.3. Geodesics. The geodesic flow on SH is defined by ®' : (z,() —
(2(t),¢(t)) being the endpoint of the (unit speed) geodesic starting at 2
in direction ¢ = iye’®. It turns out that on PSLy(R) the geodesic flow is

t/2
multiplication on the right by (e ot /2), that is

t 2 N
P (27<) = Yz,y,b ( €_t/2) (Z,Z)

Indeed, for an initial position (z,() € SH, we write (z,() = g(¢,4) and the
the geodesic ¥(t) = ®'(z, () starting at (z,¢) will be the translate by g, ¢
of the geodesic 7 (t) starting at the initial condition (,7): Y(t) = gz.y,670(1).
A computation shows that

) = (e = (7 ) )

and therefore

ot/2

90 =t (© o) o1

2.1.4. Time-reversal symmetry. A fundamental symmetry of phase space
SH is time reversal (z,() — (z,—(). Using it, one has a symmetry of the
set of geodesics, corresponding to reversing the orientation. In PSLs(R) it

0 01). Indeed, if (z,¢) = g(i,i) € SH

is given as g — gw, where w = (1

then

(-0 =gti-i) =g (] )@

2.1.5. Orientation reversal. Another fundamental symmetry is orientation

reversal (z,() — (=%, —(). On PSLy(R) it is given by the map

1 0
g — 0go, 5:(0 _1>
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2.1.6. K-types. Let k be an integer. Suppose that F': SH — C satisfies
F(z,e¢) = e**F(z,()
Then the corresponding function F on PSLo(R) satisfies
Flgn(a)) = % F(g)

that is transforms under under the right action of the maximal compact
K = SO(2)/{=£I} via the character x(a) — €*®. As an example we start
with a function f on H and define Fy(z,() = CFf(2).

2.2. Quotients. Let I' C PSLy(R) be a Fuchsian group , M = I'\H and SM
the unit tangent bundle to M. The identification SH ~ PSLs(R) descends
to an identification

SM =~ T'\SH ~ I'\ PSLy(R)

2.2.1. Automorphy conditions. Let k > 0 be an integer, and f: H — Cis a
function on the upper half-plane satisfying the (weak) automorphy condition

(2.1) () = (o2 + )P £(2), w:(‘; Z)er

We define Fy on SH by
Fy(2,0) = (" f(2)
Then
Fr(v(2,Q) = Fy(2,0),  vyel
that is Fy is I'-invariant so descends to a function on SM = I'\SH, and via
the identification F ~ F gives a [-invariant function Fy on PSLy(R):

Fr(vg) = Fy(9),  VyeTl
Moreover, Fy has K-type k since from the definition we find

Fy(z,eC) = (eQ)F f(2) = €™ Fy(2,()

and therefore the function F; on the group PSLy(R) transforms under the
right action of K = SO(2)/{+£I} by the character x(a) s e,

2.2.2. Closed geodesics on M. We consider closed geodesics on M, that is
an initial condition (zg,(y) € SH so that there is some T" > 0 and v € T
with
q)T(Z07 4.0) = 7(207 CO)
Writing (20, (o) = go(4,4) for a unique go € PSLo(R) we find that
T CT/2 .. ..

¥ o) =a0 (7 e ) o) = (i)

and hence that
oT/2
-1

(2.2) v = %90 ( e_T/2> 9o

(the equality is in PSLg(R), that is the matrices agree up to a sign).
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Changing the initial condition (zg,(p) to a I'-equivalent one (z1,(1) =
5(z0,7), 0 € T (so that we get the same point in SM = I'\SH) replaces
v by its conjugate 6yd~!. Thus we get a well-defined conjugacy class y¢
corresponding to the geodesic C. The conjugacy class is hyperbolic as its
trace satisfies | tryo| = 2 cosh(7'/2) > 2.

2.3. A correspondence with binary quadratic forms. An binary qua-
dratic form f(z,y) = ax?® + bxry + cy?® (also denoted by [a,b,c]) is called
integral if a,b, c are integers, and is primitive if ged(a,b,c) = 1. The dis-
criminant of f is b?> — 4ac. The modular group SLs(Z) acts on the set of
integral binary quadratic forms by substitutions, and preserves the discrim-
inant.

There is a bijection between SLo(Z)-equivalence classes of primitive bi-
nary quadratic forms of positive (non-square) discriminant and primitive
hyperbolic conjugacy classes in PSLy(7Z) defined as follows: Given a primi-

tive hyperbolic element
_fa b
T=\e d

(2:3) Bl = gcc?i(%nc(la—+afi)—c)

the corresponding form is

[b,d — a, —c]|
which is primitive by definition, and has discriminant

L2
disc(B(v)) = ngE; ;ZY)— a,iC)2

Moreover
B(-7)=B(y), B(v)=-B()

Given a primitive integral binary quadratic form f = [a, b, ¢] of positive
non-square discriminant d = b%>—4ac, let (to, uo) be the fundamental solution
of the Pell equation t? — du? = 4 with tq > 0, up > 0 (which exists since we
assume d > 0 is not a perfect square). Define the matrix

to—bug aug
’Y(f) = ( 2 t0+bu0>
2

—CUuy

which is hyperbolic of trace tg = vdu? +4 > 2, and is primitive. Then
B(~(f)) = f and gives a bijection between primitive hyperbolic conjugacy
classes in PSLy(Z) and equivalence classes of primitive binary quadratic
forms of non-square positive discriminant.

2.4. Periods. Consider a (primitive, oriented) closed geodesic on M; it is
determined by a primitive hyperbolic conjugacy class v € I', Let C' be the lift
of the closed geodesic to to the unit tangent bundle SM. For any function
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F on SM, we define the period of F' along C' by choosing a point on the
lifted geodesic (2o, (p) (that is an initial condition) and setting

/ / F o ®'(2, (o)dt

where T > 0 is the length of the geodesic, that is the first time that
@7 (20, Co) = (20, Co)-

2.4.1. An alternative expression for the period. For a hyperbolic matrix v =

b . . . -
(CCL d>’ define a binary quadratic form (not necessarily primitive)

Qy(2) = c2® + (d—a)z = b =j(7,2) (2 = 7(2))
Note that Q_, = —Q,.

The two zeros wy of @), are the the fixed points of 7, which are the
intersection with real axis of the semi-circle in the upper half-plane which
determines the closed geodesic. By (2.2), the fixed points wy of v on the
boundary are go(0) and go(co): Indeed, y(w) = w iff

<6T/2 e—T/2) 90 (w) = g (w)

that is iff e7'gy ' (w) = g ' (w), and since T # 0 this forces gy ' (w) = 0, cc.
Thus we find
Q+(2) = C(z — 90(0)) (2 — go(0))
Let f : H — C satisfy the automorphy condition (2.1) of weight 2k for T',
and set F' = Fy, that is F(z,¢) = ¢*f(z) which is a [-invariant function on
SH, that is a function on SM, which transforms under SO(2) with K-type

k. Let o
) = / F(2)Q(2)F 1z

where zq lies on the semi-circle between the fixed points of v and the contour
of integration? is along the geodesic arc linking zo and ~yzo.
Let

D, = tr(y)? — 4 = disc(Q-)
be the discriminant of the quadratic form @~. Then 74 (f, ) is simply related
to the period of f on the geodesic defined by 7 [13, proposition 4]:

(2.4 nlf.) = (~signtn)yD,) [ F

Therefore in terms of the corresponding binary quadratic form B(z,y) =
B())(z,y) (2.3), we get

B 1 V20 kg
(2.5) /C e MELCLCE A

21f f is holomorphic, the integral is independent of the contour
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Note that the RHS above makes sense also for non-primitive forms, and is
dilation invariant: J(tB) = J(B).

3. SYMMETRY CONSIDERATIONS

3.1. Background on the representation theory of SLs(R). Let 7 be
an irreducible infinite dimensional unitary representation of SLy(R) on a
Hilbert space ‘H which factors through G = PSLy(R). Let K = SO(2),
and let H) be the space of K-finite vectors in H, that is vectors whose
translates by K span a finite dimensional subspace. Then H) is dense in
H and consists of smooth vectors, and the Lie algebra sly acts on H(5) by
dm, the differential of the action of G.

According to Bargmann’s classification of such 7’s (we follow the exposi-
tion in Lang [22]), there are orthogonal one-dimensional subspaces H,,, with
n even, which are K-invariant and together span HE) . To be more precise,
we consider two cases:

i) That there is no highest or lowest K-type, this being the spherical, or
Maass case:

(3.1) HY = P H,
n even
with H,, one dimensional for n even, say ‘H,, = C¢,, and the ¢, satisfy
Ar(W ) = ind,
(3.2) dr(E7)pn = (s+ 1 —n)pp_2
dr(E)dn = (s + 1+ n)pnt2

where

(3.3) H—(é 01>7 V_<(1) (1J) W_<01 (1))

are the standard basis of the Lie algebra slz(RR),
(3.4) Ef=H+iV

are in the complexified Lie algebra slo(C), and dr(ET) are the weight rais-
ing/lowering operators. Here s € C is a parameter which, since we assume
that 7 is unitary, lies on the imaginary axis ¢R or in the interval (—1,1). Note
that since we are assuming the representation factors through G = PSLa(R),
only even weights appear.

ii) H has a lowest or highest K-type. In the first case there is an even
positive integer mg > 0 so that

(3.5) HY = P Hn
=m

m=mo
m eveln
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with H,, one-dimensional, say H,, = C¢,, and the ¢,, satisfy (3.2) with
s =mgo — 1. In particular, ¢, is annihilated by the lowering operator:

(3.6) dr(E )y =0 .

These 7’s correspond to holomorphic forms of even weight.
In the case there is a highest K-type, there is a negative even integer
mg < 0 so that

mo
(3.7) HE = P Hu.

m=—0co
m even

Again H,, = C¢,, for m < myg even, so that ¢,, satisfy (3.2) with s =
—mp — 1 and the highest weight vector ¢,,, is annihilated by the raising
operator:

(3.8) dr(ET)pm, =0 .

In case (i) we denote by ¢, the K-invariant (spherical) vector ¢o. We
normalize it so that (¢, p9) = 1 and then it is unique up to multiplication
by a complex scalar of unit modulus. In case (ii) we denote by ¢, the
similarly normalized lowest/highest weight vector ¢.,,. We will call these
¢x’s “minimal vectors” of the representation.

3.2. Linear forms. We consider linear forms n on H¥) which are invariant
by the “geodesic flow” and “time reversal symmetry”, that is

e 7 is annihilated by dmw(H ), where H = é _01 € sl is the infini-
tesimal generator of the group of diagonal matrices A:
(3.9) n(dn(H)v) =0,  Yoe HE

In this case we say that n is A-invariant®.

e 7 is fixed by m( <_01 (1)>)

(3.10) n(mw (_01 (1)) v) = n(v), Yo e HUEO
In this case we say that 7 is invariant under time-reversal symmetry.

Proposition 3.1. Let w be an irreducible infinite dimensional unitary rep-
resentation of SLo(R) on a Hilbert space H which factors through G =
PSLy(R). Then the space of linear forms n on HE) invariant under A and
w is at most one-dimensional, and any such form is completely determined
by its action on a “minimal” vector ¢r. In the case (ii) of discrete series, the
space of A-invariant forms is one-dimensional, when m = 2 mod 4 none
of them is w-invariant, and if m = 0 mod 4 then any A-invariant form is

3This choice of terminology is imprecise since 7(A) need not preserve the space of
K-finite vectors on which 7 is a-priori defined
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automatically w-invariant. In the spherical case the space of linear forms
invariant under A and w is one dimensional.

This is shown by giving an explicit formula for n(¢y,) in term of n(¢r).
Since the cases (i) and (ii) have slightly different features we deal with them
separately.

In case (i), ¢r = ¢o is the spherical vector. We are assuming that 7 is
invariant under time-reversal symmetry, that is (3.10) holds. Since

if n = 2 mod 4, due to (3.2) and <_01 é) = exp(5W), it follows from
(3.10) that
(3.11) N(én) =0, ifn=2 mod4.

Now 2H = ET + E~ and from (3.2) we have
2dr(H) ¢y = (dn(EY) +dn(E7)) én
=(s+1—n)pp—2+(s+1+n)ppto.
Hence
(3.12) n@2dr(H)én) = (s + 1 = n)n(¢n—2) + (s + 1+ n)n(dnt2) -

But the LHS of (3.12) is zero since we are assuming (3.9). Hence for n even
and in particular n =2 mod 4 we have

(n—s=1)n(dn-2) = (n+ s+ 1)n(dn+2) -
It follows that for m >4, m =0 mod 4 that

(I1—=s)(b—=s5)----- (m—3—3s)

(3.13) 1(¢m) = n(P-m) = G196 s (m = 1+5)”(¢°)'

This together with (3.11) determines i on H¥) explicitly in terms of 7(¢yo).

Conversely, (3.11) and (3.13) with 7(¢9) = 1 define a unique A- and w-
invariant linear form on H, which we denote by &; 4.. So in this case the
space of such linear forms is one-dimensional and any such form 7 satisfies

n = 1(00)ér6r -

We turn to case (ii) and show that the space of A-invariant linear forms
on HX) is one-dimensional. Consider say the lowest weight case: Take the
lowest weight vector ¢, mo > 0 even. From (3.2) and (3.6) we have

2dm(H) by = (dn(ET) + dn(E™)) my = 2moPmo+2 -
Hence assuming 7 is A-invariant we get that

N(Pmo+2) =0 .
Furthermore for m > mg even and by (3.2) we have

(m - mO)"?(¢m_2) = (m + mO)n(¢m+2) :
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Hence
(3.14) n(ém) = 0, form>mg, m=mo+2 mod4
and

1-3-5--... (E —1)
3.15 motk) = 2 m
( ) 77(</5 0+k) (m0+1)-(m0+3)-----(m0+§—1)n(¢ 0)

for k=0 mod 4, k > 4.

Thus the space of A-invariant linear forms on H) is one-dimensional.
It is spanned by &, ¢, where & 4 (ém,) = 1 and is defined by (3.14) and
(3.15). Again any A-invariant linear form 1 on H) satisfies

(3.16) N = 10(bx) 6 -

The case of highest weight vectors and A-invariant forms is the same.

If we now impose the further condition that n be w-invariant in these case
(ii) representations, then invariance under time-reversal symmetry gives as
in (3.11) that

n(pm) = 0, form=2 mod4.

This coupled with (3.14) means that if mp =2 mod 4 then n = 0. That is
of mg = 2 mod 4 then there is no non-zero linear form invariant under A
and w.

If mp =0 mod 4 then from our discussion, every A-invariant linear form
is automatically w-invariant and in this case such linear forms satisfy (3.16).

3.3. Orientation reversal symmetry. We now examine the role of an
additional possible symmetry, “orientation reversal” r. It need not act on
irreducible representations of PSLa(R). What we do is given an irreducible
unitary representation m on a Hilbert space H, we consider Hilbert spaces
U which in the spherical case is the original representation H, and in the
case of the discrete series H"™ where there is a lowest weight vector of weight
m > 0, we define
U=H"T"eH ™

to be the direct sum of the irreducible representations with lowest weight m
and that with highest weight —m. We write /%) for the dense subspace of
K-finite vectors in U.

An orientation-reversing symmetry of U is a unitary map r of & which is
an involution, that is

(3.17) rl=1T
satisfying

(3.18) rr(W) = —n(W)r
and

(3.19) rr(EY) =7m(E 7 )r.
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As a consequence of (3.19) and (3.17) we have
(3.20) rr(E7) =7m(E")r .

Moreover r commutes with the A-action whose infinitesimal generator is
H = 3(E* + E7) by (3.19), (3.20), and with time-reversal symmetry, that
is with* exp(Zm(W)) by virtue of (3.18).

As our basic example we consider the orientation reversal involution on
the function space L?(I'\G) given by

rf(z) = f(6257Y), 6= <é _01> .

The relations (3.18), (3.19) hold since for the Lie algebra elements H, V and
W of (3.3) we have

SW = —W3§, 6H = HS, &V =-V§.

3.4. Action of r on weight vectors. We first note that due to the com-
mutation relation (3.18), r must reverse weights, that is

ron = Cp®_p .

with |c,| = 1 since r is unitary, and ¢,c_, = 1 since r?> = I. In particular,
in the spherical case when there is a vector ¢g of weight 0, we must have

(321) I‘qbo = ng)o, e==+1.

We say the spherical representation U is even if if the sign is +, and odd if
the sign is —.

In the case of the discrete series representations Y = HT™SH™™, m > 0,
we choose a lowest weight vector ¢, € H™™ of unit length, which we call
the minimal (or generating) vector, that r¢, is a unit vector of weight —m,
and normalize a choice of highest weight vector of unit length by taking

(3.22) G—m =T

We claim that the choice of minimal vector ¢ in the spherical case and ¢,
in the discrete series case uniquely determine r.

Indeed, starting with ¢,,, the lowest weight vector for m > 0, we get from
(3.2) for k>0

k—1
1 .
Omizh = gy B b, e(sim. k) = jl;[o(s +m+ 1+ 2j)
and for the highest weight vector ¢_,, = ro.,
1
o = ————7(E7)k¢_

4The first 7 is the constant 3.1415...!
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Therefore using (3.19)

_ 1 K
r¢m+2k - C(S;m, l{;) rﬂ-(E ) Qbm

1 —\k

- c(s;m, k:)ﬂ-(E ) ém

1
=—— 7B )=
c(s;m,k‘)ﬂ( ) ¢ ¢) 2k
and likewise
T2k = Omi2k

That is for the discrete series r exactly interchanges ¢, and ¢_,:
(3.23) rop =¢_pn, |n|>m, m=m mod?2
In the case of the spherical representations, the same analysis shows that
(3.24) ro, =€p_p, n €2
where € = £1 is determined by (3.21).

3.5. r-invariant functionals. If 5 is a linear functional on U, invariant
under the action of A and time-reversal symmetry w, then the functional
n' : v — n(rv) is also invariant under A and w since r commutes with A
and with w. We wish to determine when n* = 7.

Proposition 3.2. The space of linear functionals on U which are in-
variant under A, w and r is at most one dimensional. In the spherical
case there are no such functionals for odd representations, and the space is
one-dimensional in the even case, every functional invariant under A and
w being automatically r-invariant. For the discrete series there are no such
functionals for weight m = 2 mod 4, and for weight m =0 mod 4 the space
of A-invariant functionals is two-dimensional, each is automatically invari-
ant under w and the subspace of r-invariant functionals is one-dimensional.

Proof. We start with the spherical case. There is a one-dimensional space of
functionals invariant under A and w, and we take the unique one satisfying

n(¢o) =1.

Hence 0", being itself invariant under A and w, must be a multiple of n, and
because r? = I we have

N =4n.
We claim the sign is determined by the sign in (3.21), that is if r¢g = epg
then

" =en.
It suffices to check this on the spherical vector ¢, that is to show n"(¢g) = e.
Indeed, we have

n"(¢0) = n(rpo) = n(e(do) = en(po) = €
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as required. Thus in the odd case n* = —n and there are no A- and w-
invariant functionals which are r-invariant, and in the even case n* = 1 and
every A- and w-invariant functional is automatically r-invariant.

In the discrete series case, there are no functionals invariant under A and
w if m =2 mod 4, hence we only consider the case m =0 mod 4. In that
case there are unique A-invariant functionals 7, on H*™ and n_ on H™™
satisfying

Ne(dm) =1, n-(¢-m) =1
and these are automatically invariant under time reversal symmetry. Hence
the space of A-invariant functionals on U = HT @ H ™™ is two dimensional,
consisting of linear combinations

n=cyny ®con-

and these are automatically invariant under time reversal symmetry. They
are uniquely determined by their action on the lowest and highest weight
vectors ¢, and ¢, = rom,:

cx = 1(¢xm)
Since n* is also A-invariant, we have
Nt =dmy+cn-
Now n* = n if and only if ¢, = ¢y and ¢ = c_. We claim that this
happens if and only if ¢y = c¢_, which will show that the space of A-invariant

functionals which are r-invariant is exactly one-dimensional in this case.
Indeed, we have

&y = 0" (6m) = 0(rdm) = n(d-m) = c-

. =0"(p-m) = n(rd_m) = 1(Ppm) = c4
and so ¢/, = ¢y if and only if ¢y = c_ as claimed. g
3.6. Bilinear forms. We apply the above uniqueness of linear forms to bi-
invariant sesqui-linear forms on U x U. Let T'(v,v") be such a form, that is

linear in v, conjugate-linear in v’ and invariant under A, w and r in each
variable separately. For instance, we can take

J
T(v,0') = n;(v)n; (")
=1

where 7;, 1, are invariant linear forms. From the prior discussion,
T(v,0") =0
if 7 is of type (ii) with mo = 2 mod 4. Otherwise T is completely deter-

mined by value T (¢, ¢-) at the minimal vector ¢,. In fact T is the product
of linear forms

T(Uv U/) = T(QSTH ?bw)fu,d)w (v)&/{,qﬁw (U/) .
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where &y 4. is the unique invariant linear form taking value 1 at the minimal
vector ¢g.

3.7. Application to the classical and arithmetic variances. We apply
these remarks to the measures py and to the classical variance V. We
consider the discrete decomposition of the regular representation of G =
PSLa(R) on Lgusp(F\G). For an irreducible sub-representation, form the
space Uy as above.

3.7.1. The arithmetic measure pg is a linear form on U, invariant under
A, w and r. Hence pq(F) = 0 if 7 is a discrete series with weight my = 2
mod 4 and otherwise

td = Hd(Pr)&r 6 -
Hence if I} and F, are in U,, and Uy, the sesqui-linear p4 sums take the
form

pa(F1) pa(F2) 7y N\ MO ) 1hd(Pry)
= 5 1Py (F )5 o Py (F ) °
C;/ \/g \/;i Ur, P 1)SUr, ¢ 2 dg;/ d

This gives a universal reduction for computation of the variance of p4 to the
cases I = ¢r,, o = ¢,

3.7.2. The classical variance V is by its definition diagonalized by the irre-
ducibles in the decomposition of L?(T'\G). We define projections onto the
set of w-invariant functions

1
F@U@n = 5(F‘ _"_ FW)
and onto the set of functions invariant under both w and r,
1 1
Fsym = Z(F + FW _|_ FI‘ _|_ FWI‘) — §(F€U€n _|_ (FB’UGTL)I')
Set
Vev(Fl’ F2) — V(Fleven’ ;ven)’ Vsym(Fl’ F2) — V(Flsym,F;ym)

We wish to completely determine VY™ and V€™,
For an irreducible m, V*¥™ vanishes on U, if 7 is discrete series of weight
mo =2 mod 4 and otherwise is given by

VI 0,0") = VI, 6x) € 60 ()€t 6, (V) -
It remains to determine V¥ (¢, o).

Lemma 3.3. i) For m spherical with parameter s = ir,

IT(% +dr)|*
3.25 V™ (o, o) = X ,
(3.25) (¢0, ¢0) 2|0 (L +22.7ﬂ)|2<¢0 o)
i1) For m discrete series of weight m =0 mod 4 (m > 0),
1 m m
2 T (s om) = 2™ B PRInY
(3.26) VA (G, ) = 227 Beta(2, )

where Beta is Euler’s beta function.
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Proof. In the spherical case we need to compute VY™ (¢, ¢g). For spherical
representations, we saw that A-invariance and w-invariance automatically
imply r-invariance, hence on such spherical U,

VSym|uXu — V€U€n|u><u .

Moreover, since ¢q is spherical, wgg = ¢o and hence ¢§’" = ¢g. Thus
VY™ (¢, o) = V (o, ¢o), which was computed in [25] to give

I0(5 +r)|*
2m|T (5 + 2ir)

For 7 discrete series of weight mg =0 mod 4 (m > 0) then A-invariance
implies w-invariance, hence

V™ (g0, ¢o) = V(¢o, Po) =

‘2<¢0,¢0> :

Ve v = Viuxu

and so

sym 1
Vv Y (¢m7 Qbm) = Z (V(¢ma ¢m) + V(¢m7 r¢m) + V(r¢ma ¢m) + V(r¢ma I'qu))
By its definition, V respects the orthogonal decomposition into irreducibles;
since ¢, € T and r¢,, = ¢ € T, lie in distinct irreducibles, we get

V(pm,tdm) =0 =V (rom, ¢m). Moreover we have
V(I'Fl, I'FQ) = V(Fl, FQ)

for any Fy, F5. To see this, note first that r is induced by the measure
preserving map x — 0z~ ! of SX = I'\G and hence

<I’F1,I'F2> = /F\G rFl(:c)ng(a:)dx = <F1,F2>

Moreover, r commutes with the geodesic flow and so

00 t/2
V(rFl,ng):/ (n <60 62/2) rFy, rFy)dt

:/_Z<m <et(;2 e_g/g) Fi,vFy)dt
— /_:<7r (632 6_%) Fy, Fy)dt
=V(F, ) .
Thus we find
VI Gy ) = 5V (D -ms 6m)
Let

f(x) = <7T(l')¢),m, ¢fm>v reG.
Then applying the raising operator E+ via the regular representation gives
an operator Lg+ satisfying

(3.27) L+ f(2) = (r(2)(dn(ET)¢-m), $—m) =0
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Also by the unitarity of ,
(3.28 f(k(01)xk(02)) = (m(k(01)xk(02))P—m, d—m)
| = IO (1 () o) = €O ()

e'/? 0
Using the coordinates k(6;) ( 0 /2

L1 in these coordinates, we deduce from (3.27) and (3.28) that

) k(02) on G and the formula for

e/ »
F(k(6) ( 02 6-9/2) k(62)) = e O (r)

where g satisfies the ODE

dg coshr
.2 2—/— = —
(3.29) dr sinhrmg sinh rg
and since we have normalized (¢_,, p_n,) = 1, we have
g(0)=1.
We integrate (3.29) and find that
9(r) = (cosh 5) ™"
Hence .
V(o 6om) = [ (cosh )™ =27 Beta('y )
- 2 2779
where Beta is Euler’s beta function. Thus we find
1 m m
Vsym(gbm, Qbm) = 527}1 Beta(;, 5)

4. HALF-INTEGRAL WEIGHT FORMS

4.1. Basic properties. Let I" be a discrete subgroup of SLa(R) of finite co-
volume. Given a character y : I' — S!, an automorphic function of weight
k and character y for I' is a function f : H — C satisfying

cz+d

k
1) =3 (org) £G) et

with suitable growth conditions at the cusps of I'. It is cuspidal if it vanishes
at the cusps.
The Laplacian of weight k is defined as

2 2
st (B 1)

The Laplacian A maps forms of weight k£ to themselves, and maps cusp
forms to themselves. A Maass cusp form of weight k is a cuspidal automor-
phic function of weight k (for some character y) which is an eigenfunction
of Ak
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Let W, be the standard Whittaker function, normalized so that at in-
finity
(4.1) er,u(y) ~ ynefy/Q, Yy — 00
The asymptotic behaviour of Wy, ,(y) near y = 0 is
I(=2p) 1 F2p) 1
42)  Waul)~ o7 — v Mt o R,y =0
TG p - k) D(3+p—*)

for pu # 0, while
(4.3) Weo <y'logy, y—0
The functions
+ -
fi (z,8) = Wig,sfé(llﬂy)e(ix)

are eigenfunctions of Ay with eigenvalue A = s(1 — s).
A Maass cusp form F' of weight k and eigenvalue A = s(1 — s) has Fourier
expansion

=Y o (nlz.5) = 3 p(m)Wasaiase | (4 |nly)e(nz)
n#0 n#0 g
The Petersson inner product is defined for a pair of (cuspidal) functions
of the same weight k and character x, as

(f,9) = / e d"’”dy

4.2. Maass operators. For any real k, define the raising operator

BTy Za:r oy) S

and the lowering operator

k .0 0 k 0
/\k—2+y<z8x—ay>—+(z—z)

The raising operator K takes Maass forms of weight & to forms of weight
k + 2 and the lowering operator A takes Maass forms of weight k£ to forms
of weight k — 2.

Then

KrAg = Ag oKy, NeAg = A2\

The effect of the Maass operators on Petersson inner products is given as:
If f, g have weight k and character x, then

(Kt Kug) = (M6 = A-5)) (0
and

hut-g) = (3 = A5 ) (£.9)
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The action of the Maass operators on the eigenfunctions fki(z, s) is

(44) Kefi (209) = ~Fia(58), Kifi (2,8) = (s 2)(1— 54 0) (2. 9)

and

(45) M (28) = (5= D) (Ums = I o28), A~ (2:8) = fi(2.9)

4.3. Maass operators and Fourier expansions. We want to see the
Fourier expansion of a “raised” Maass form in terms of its original.

So start with a Maass form F of weight 1/2 and eigenvalue A\ = 1/4 + 72
with Fourier expansion

Z p(n s1gn<n> . (Am|ny)e(nz)
n#0

Applying the Maass raising operator Ky /5, we get a form Ky o F" of weight
5/2 whose Fourier expansion is obtained by (4.4) as

oo

(4.6) K1/2F(Z) = Z —P(“)W5/4,ir(47ny)€(”$)

n=1

£ 30 (G 4 72) oW dmny)e( )
n=1

Applying the lowering operator A/, we get a form A/ F of weight —3/2
with Fourier expansion is obtained by (4.5) as

(A7) ApaF(2) Z (2 +72) W amnp)etrne)

+ Z:O W3/4 ir 47Tny) ( )

5. RANKIN-SELBERG THEORY

5.1. Classical Rankin-Selberg theory. We recall classical Rankin-Selberg
theory as applied to a holomorphic form F' of weight k& + 1/2 with Fourier

expansion
= Z cp(d)e(dz
a>1
Let E(z,s) be the standard Eisenstein series for I'g(4):
E(z,s) = Z S(y2)?
YET 0 \I'0(4)

where

Oo—{i(é ?):mZ}
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The series is absolutely convergent for $(s) > 1, with an analytic contin-
uation to R(s) > 1/2 except for a simple pole at s = 1, where the residue
is

1 1

Ress=1E(z,s) = olTo (N — =5

One starts with the integral

which is analytic in $(s) > 1/2 except for a simple pole at s = 1 with residue

(£, F)

R(F) = o

By the “unfolding trick”, we have

(etk_1 1. cr(n s
I(s) = (4m)" I (s 4 =) Y| f_(l/l *n
2

n=1 N
and hence the Dirichlet series

_OO CF(n)Q -5
S)_Z| k71/2| n

n=1 N 2

has a simple pole at s = 1 with residue

(4m)f*s (F,F)

Fk+3) 2m
Consequently we find
Am)kts (FF
(5.1) lim *Z| k1/2|2 (Tr) 12<27 >
N_)OO 7L<N n 2 (k + 5) ™

Similar considerations show that if we take forms F' of weight £+ 1/2 and
G of weight ¢ + 1/2 (k and ¢ possibly different) which are orthogonal then
we have

(5.2) lim %Z ce(n) caln) _

and that if F' is a Maass form f weight1/2 for I'g(4) with Fourier expansion
x—l—zy Zp 51gn(n /4, zr(47r‘n‘y) ( )
n#0
and G is a holomorphic form of weight k + 1/2 then

(5.3) lim — Z Vnp(n 1) =0

N—oo N
n<N 2
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These arguments will also give the asymptotics of the sum of squares
> [dmnp(n)®
—N<n<N

of Fourier coefficients with both positive and negative indices. However
for our application we need to be able to separately sum only coefficients
indexed by positive integers, that is we require the asymptotics of the series

N
S [4rnp(n)|?
n=1

To do so, we make use of the arguments in the paper by Matthes [28], which
we adapt for our case, see also [27, 29].

5.2. One-sided Rankin-Selberg theory. Let F(z) and F’'(z) be Maass
cusp forms of weight 1/2 for I'y(4), and Laplace eigenvalues A\ = % + 72,
N = 1+ (r')2, with Fourier expansion

x—i—zy Zp s1gn(n /42T(47r|n|y) ( )
n#0

'73 +Zy ZP s1gn(n /4, zr’(4ﬁ‘n|y) ( )
n#0
We define two Dirichlet series

L+(8’F><F/):iw

n=1 n’
o dmnp(—n)p' (—n)
L (s,FxF)=>" -
n
n=1

Proposition 5.1. Both Li(s) have analytic continuation to R(s) >
except for a simple pole at s =1 if F' and F' are not orthogonal.

1
27

We next compute the residue at s = 1 when F’ = F:
Proposition 5.2. The residue at s =1 of LT (s, F X F) is

IT(5 +ir)> (F,F)
\F( +2ir))2 w

(5.4) RT := Ress—1 L, (s,F x F) =

and the residue of L_(s, F x F) is

0@+ (R F)
TR 2 o«

The arguments and ideas needed to establish this have been essentially
provided in [28].
As a consequence, we deduce by a standard Tauberian argument that
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Corollary 5.3. Let F' be as above. Then
(5.5) > dmnjp(n))* ~RTN, N — oo

1<n<N

while if F and F' are orthogonal then

(5.6) S drnp(n)p(n) = o)

Proof. Applying the Wiener-Tkehara Tauberian theorem (see [23] for exam-
ple) to the Dirichlet series

Sdmlp)l? AT S dmlpln) + o)
ns ’ ns ’ ns
n=1 n=1 n=1

respectively, we infer by proposition 5.1 that, as N — oo,

and

Thus,

Similarly applying the Wiener-Tkehara theorem to the Dirichlet series

i 4nlp(n) +ip'(n)[?
ns ’
n=1

we obtain

Z drnlp(n) +ip'(n)|* ~ (Rf + Rf)N,

1<n<N

and consequently,

This proves
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5.3. A Mellin transform. Fix p = ir and v = ir’ and define

Mi(s) == /0 S W) Wi (9)y™dy

In view of the asymptotics (4.1), (4.2), (4.3), the integral is absolutely con-
vergent for R(s) > 0 and hence My(s) is analytic in that region. The
asymptotic behaviour of My(s) is given by

Lemma 5.4. Assume that |k| < 1/2. Then as |s| — oo,

s— 1 2

Proof. This is a direct generalization of Lemma 4.1 in [28], which deals with
the case ' = r. As in [28], we use the integral representation
1 / (3 —v—ir)['(3 —v+ir(v—k)
C2miJ, TR +ir— kDA —ir—k)

where the the path of integration runs from —ioco to 0o and is chosen so
that all poles of I'(v — k) are to the left, and all poles of F(% — v tir) are

to the right of L; this is possible since we assume that |k| < 1/2. Inserting
this into the formula for My/(s) gives

M (s) =

o0 1 G —v—ir) PG —v+ir)lo—Fk) , .
/ Wk,ir’(y)-/ : 1 . : 1 . Yy + 2dvdy
0 27 L(3 +ir—k)I(3 —ir—k)

My (s) =

Wi ir (?/) y"dv

Then one uses the formula

o0 L +u+ir\T(E +u—ir)
W, il 7y/2 ufld — 2 2 -1
/0 kar ()Y 7yt dy Tkt 1) , Rw) >
to find
1 1 a1 »
Mi(s) = — [ T(—=z+v+s+ir)I'(—-+v+s—ir)
211 L 2 2
I —v—ir)l'(3 —v+ir)l(v—Fk)
v.

T(v+s—kI(3+ir— k(3 —ir—k)

One then shifts the contour of integration to the line ®(v) = k—1/2, picking
up a single residue at v = k, and estimates the remaining integral as in [28]
giving

D(s—i+k—ir')[(s—5+k+ir) 3
Mi(s) = T(s) + O <F(s ~3 + 2l<:))
The conclusion of the Lemma now follows from Stirling’s formula. U
Let
| Mok(s+1) Moy(s)
(5.7) M= Ms+1) —Myls) | -
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Lemma 5.5. M(s) is analytic and nonsingular for R(s) > 0.

Proof. Holomorphy in R(s) > 0 follows from that of My(s). As in [28], one
shows that there is a recurrence relation

(5.8) (s+ 1)My(s+2) —2k(2s + 1) My(s + 1)
(2 = (n+1)?) (82 = (n = v)) My(s)

W | =

By the recurrence relation (5.8), we infer that

(s* = (n+v)?) (s = (n—v)?

(s+1)det M(s+ 1) = (sdet M(s)) 5 ,

and
B Dis+p+v)(s+p—v)'(s—p+v)I'(s—p—v)
det M(s) = Fis+n+pu+v)l(s+n+p—v)l'(s+n—p+v)l(s+n—pu—v)
(s +n)2(s+n)
5 T2(s) det M(s+n) .

By using Lemma 5.4 with Stirling’s formula, we deduce that®

(s +n)2(s +n)det M(s+n)

I
n1—>rgof(s—|—n+u+V)F(s+n+u—I/)I‘(s—i—n—p,—i—u)I‘(s—i—n—,u—z/)
=-2.
Therefore we conclude that
det M(s) = _QF(s—l—u—i—y)F(s—l—,u—V)F(s—,u—i—l/)F(S—,u—y) .
s T2(s)
and thus det M (s) # 0 for R(s) > 0. O

5.4. Proof of Proposition 5.1. We define the Eisenstein series of weight
—2 and 2 by

Eoa(zs)= Y ., ( i(.2) )2%‘(72)8

RSN
. —2
eaen= 3 () 0

v€l'w \FO (4)

These series are absolutely convergent for R(s) > 1, with an analytic con-
tinuation (no poles) to R(s) > 1/2.

5Note the limit is —2 instead of 1 as in Matthes’ paper [28].
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Using the Maass raising operator Ky /5, we get a form Ky /o F' of weight 5 /2
with Fourier expansion

WE

K1/2F(Z) = _P(n)W5/4,z’r(47my)€(mf)

S
Il
—

#3 () +72) pom Wi Camny)e( )
n=1

and using the lowering operator A;/, we get a form A, o F' of weight —3/2
with Fourier expansion

AuF(2) Z ( ) P W5 (dn)e(nc)

+ Zp W3/4 ir 471'71:[/) ( )

Consider the Rankin-Selberg integrals

dxdy
e

As) = /F g FOPEIEGS)

and

dxdy
Y2

2B(s) = /1“0(4)\ KijoF(2)F'(2)E_2(z, s)

dxd
+ / Ao F(2)F(2) Bz, 5) 2
Lo (4)\H Yy

Since E19(z,s) are analytic in R(s) > 1/2, B(s) is analytic in R(s) > 1/2;
and since F(z,s) is analytic in R(s) > 1/2 except for simple pole at s = 1,
A(s) is analytic for R(s) > 1/2 except for possibly a simple pole at s = 1,
where the residue is

(F,F") (F,F")
vol(To(4)\H) 2«

Ress=1.A(s) =

so that A(s) is analytic also at s = 1 if F' and F’ are orthogonal.
By the standard unfolding trick, we find that for R(s) > 1

A(s) —Z% D Wi W 2
+Z47rnpé4ﬂ_n / w_ 1/4zr( )W 1/417“( ) S_Qdy

n=1
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and
> Arnp(n)p/ (n) [* o
2B(s) = —Z(Z(mzﬁ,()/o W a.ir (W)W a0 (y)y° > dy
n=1

+ <(i)2 n Tz) 3 47rnp§;7rnn))ps’(—n) /Ooo W ()W 1 ()™ 2y

n=1
Setting k = 1/4 we then have
A(s) = (4m)~* (L+(s)./\/lk(s) + L’(S)M,k(s))
and moreover
Lemma 5.6.
(5.9) B(s) = (47) (L4 (5)(r/2M(5) — 1/2M(s + 1)
+ L_(s)(r/2M_g(s) + 1/2M_k(s+1)))

Proof. Let k > 0 be any half integer. In our case k = 1/2. We have, by
unfolding the integral, that

— dxdy oo rl ——— 49
K F(2) P2 Ba(z, 5) 200 — Ky F (=) P (2)y*2dady,
o\H Yy 0 0
and
00 1
/ MF ()P Balz, )20 — / / AF (2)F'(2)y* 2dady.
[o\H Yy 0 0
Now
KW gy, s (Arlnly)e(na) = [ (/2 = 25ign(m)alnly) W gy o (47 Inly)
2 ’ 2 ’
—|—47T|n|yW; A (47r]n\y)] e(nx),
3 sgn(n), ir
and
MW gy, e (Ally)e(na) = | (/2 = 25ign(m)7lnly) W oy 0 o (47 Ily)
2 ) ) )
— Ax|n|yW, : (47T\n\y)] e(nz).
3 sgn(n), ir
Hence Lemma 5.5 follows. ([l
Consequently,

A(s) = (4m) " (Ly () M (s) + L—(s) M_x(s))
FA(8) — 2B(s) = (4m)~* (L () Mi(s + 1) = L_ ()M (5 + 1))
Solving for L (s), L_(s), we obtain

0 | = O A o |

where M (s) is given by (5.7). Therefore Proposition 5.1 follows from Lemma 5.5.
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5.5. Proof of Proposition 5.2. Consider the Rankin-Selberg integrals

I(s) = / F(z)F(z)E(z,s)dxdy
Do (4)\H

Y2
and
— dxdy
T6) = [ KipPOFEE (9
Do (4)\H Y
Since E_s(z, s) is analytic in R(s) > 1/2, J(s) is analytic in (s) > 1/2; and
since F(z, s) except for simple pole at s = 1, Z(s) is analytic for (s) > 1/2
except for a simple pole at s = 1, where the residue is
(F,F)  _ (FF)

vol(To(4)\H) 27
By the standard unfolding trick, we find that for R(s) > 1,

Ress—1Z(s) =

(5.10 I Z 4ﬂ_n P 1/ W1/4zr( )2 ° 2dy

n:l
+ Z / W71/4 ir SiQdy
n:l

and

(5.11) J(s) = - Z('p / W o (1) Wi ()2l

f 4n)s—1

+ <(i)2+7“ );&)wnsl/ W a,ir ()W -1 0,0 (y)y* 2y

Denoting by RT the residue at s = 1 of L+(s), we find from (5.11) that
since J(s) is analytic at s = 1

<(z) >/ W_sa,ir (YW -1/4,ir (y )dny
/ Wi 30 ()W 00 (3 >dyy

From the formula [6, p. 858] that for |R(u)| < 1/2,

R*

e dx 1
/0 Wi, u(@)W), u(x)? = m
1
: [F(l/Q—F&-l-,U) (1/2—=X—p) _F(l/Q—R—M)F(l/Q—)\—FM) ’
it follows that

o0 1 2
Ws ()W) (@ )dﬁ: !

*Z’f‘

0 x  sinh(2rm) |T(1/4 +ir)]?
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and p )
T 1 r
/ Wog w@W_s @) = GG T/ £ )2
Hence
' |

I'(3/44ir)|?
Computing the residue at s = 1 of Z(s) using (5.10) gives

4 (F, F dy /
1 — L _ Rt y)?
(5:13) e = / Wi, P R [ WL

We have for ]§R( ] < 1/2 16, p. 858] :

o o dz o W12+ p—kK)—Pp(1/2— p— k)
/ Wnu()z Cosin2mp D(1/2+p— k) D(1/2 — p — k)

where (z) = % log'(z). Therefore
(5.14) /OOO Wijr(y)Q@ _ 7 P(1/44ir) —p(1/4 —ir)

y  isinh27r IT(1/4 +ir)|?
and
T P(3/4+ir) —(3/4 —ir)
(5.15) / W = Gsinh 277 IT(3/4 +ir)|?

Inserting (5.14), (5 15) and (5.12) into (5.13) gives

7r
isinh(277)[D(% + ir) |2

(5.16) 2(F,F)=R"

1 . 1 3 .
x (G i) = (g i)+ 9 i) 9 —ir)

4 4 4

Taking the logarithmic derivative of the reflection formula
T
I'x)r(1—-—=z) =

(2)0(1 —2) sin(7x)

gives

P(z) — (1 — x) = —m cot(mz)

Hence we find

PG +ir) = (G — i)+ 90 +ir) (5 — i)
T COS F(Z +ir) mwcosm(: —ir)
B sin(§ + ir) sinm(§ — ir)
misinh(27r)  2misinh(277r)
B |sin(§ +ir)|? ~ cosh(27r)

=2i s1nh(27rr)]F( + 2ir)|?
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Therefore we get
D(% + 2ir)|?
oy — TP
IT(5 +ir)[?
which proves (5.4).

6. THETA LIFTS AND PERIODS

We summarize the results on theta lifts of Shintani [41] and Kohnen
[15, 16] in the holomorphic case, and of Katok and Sarnak [14] in the Maass
case.

6.1. Holomorphic forms. For a holomorphic form f of weight 2k (we

will later take only even k) for the full modular group SL2(Z), Shintani

[41] showed that it can be lifted to a cuspidal Hecke eigenform 6(f,z) €
b

Sk+%(F0(4),Xk) of weight k + 1 with character Xk(<z d>) = (F)F for
[y(4), that is transforming as

F(v2) = xu() (7, 2)* 1 F(2), 7 €To(4)
where J1(v,2) = 01(72)/01(2), 01(z) = D02 e(n?z). Thus

J1<<jj Z) )= E)Ve+d

with ed =1 fd = 1 mod 4 and ¢4 = 7 if d = 3 mod 4. In particular
We write the F ourier expansion of 4(f, z) is
z) = Zcf d)e(dz
d>1
Then
Z (a — bw + cw?)* dw

disc(q)=d C(q)

the sum over all SLy(Z)-equivalence classes of binary quadratic forms ¢ =
[a, b, c] of positive discriminant d = b — 4ac.
We note that from (2.5)

/ fw)(a —bw 4 cw?) dw = 4z / fdpcq)
C(q) Cla)

is a simple multiple of the period of f over the closed (primitive, oriented)
geodesic C(q) corresponding to ¢q. Thus

cs(d)
dE—D2 d1/4 > / fducq)

disc g=d

(the sum over all forms of discriminant d, not necessarily primitive), that is

cr(d)  pa(f)
dk—3)/2  di/4

(6.1)
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6.1.1. An inner product formula. Denote by S;" . . (I'g(4)) the space of cusp

k+1/2
forms of weight k& + 1/2 on I'y(4), whose FourleJlr" éxpanswn Y ons1 c(n)e(nz)
satisfies the condition ¢(n) = 0 unless (—1)*n = 0,1 mod 4. It was proved
by Kohnen [15] that the two spaces Sa,(I'o(1)) and S;+1/2< 0(4)) are isomor-
phic as modules over the Hecke algebra under the Shimura correspondence.

Assume k is even, let

Zaf TLZ S Sgk(ro(l))

and normalize the L—functlon of f as

= asn)
Ls.f) =Y i

n=1
so that the functional equation iss+—1—s. Let
= _eny(m)e(nz) € Sy, »(To(4))
n>1
corresponds to f as above such that (hy,hf) = 1. By the works of Kohnen
[16, Theorem 3 and Corollary 1], we have

_1\k/20k
on m)on, (1) = = ay(m)

and

k—1)L(3. f)
e L)
O =15

Hence we see that (f, z) # 0 if and only if L(%, f) #0, and in this case hs
is proportional to 0(f, z):

cnp(Dhy(2) = 7 — 0/, 2)

Thus we get a formula for the inner product of the lift: If g is another
cuspidal Hecke eigenform in Ss;(I'o(1)), then

(k=1 1
(6.2 01,9, 00,9 = S L i)

6.2. Maass forms. Given an even Maass form ¢ for SLy(Z), with eigen-
value A = 7 + (2r)2, the theta lift F(z) = 6(¢, 2) is a Maass form for I'p(4)
of weight 1/2, that is transforming under T'y(4) as

F(yz) = J(7,2)F(2), v e€To(4)

where J (7, 2) = 0(72)/0(2), 0(z) = y'/*0,(z) = y*/* Zn_foo e(n?z). More-
over F'is an eigenfunction of A/, with eigenvalue 7+ r2.
The Fourier expansion of F is given by [14] as

Flu+iv) = 3 pld)Wasnca, (dldlo)e(dv)

d#0
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where for d > 0
1
o) = g Srl/Adi/A Z) d/ pds
isc(q

the sum over all SLy(Z)-equivalence classes of binary quadratic forms ¢ =
[a, b, ¢] of positive discriminant d = b>—4ac and C(q) is the closed (primitive,
oriented) geodesic corresponding to ¢q. (For d < 0 there is an analogous
formula involving Heegner points). Thus

1
(6.3) p(d) = Wﬂd

Moreover if 1) is another Hecke-Maass eigenform, we have, in view of [14
formula (5.6), p. 224], the inner product formula

(6.4) (06, 606,)) = SA(1/2, 9)(6, v,

where . .
A(s, &) = 7T <s —1—2227") r (s — 2@7“) L(s. &),

2
Note the above formula is still valid even if ¢, v are not even.

7. PROOF OF THE MAIN THEOREM

7.1. Expected value of p,. In section 6 we identified the measures 14(f)
with Fourier coefficients of theta-lifts up to a normalization. Hence the
vanishing of the mean value of ug(f)/d'/* follows from the corresponding
fact for Fourier coefficients of forms of half-integer weight.

The first statement of Theorem 1.1 follows immediately from the Hecke’s
bound that for any o € R and € > 0, we have

Z a(n)e(an) = O(N'/?+ey |
n<N

where a(n) is the normalized Fourier coefficient of any holomorphic or Maass
cusp form, and the implicit constant depends on the form and e alone. For
the proof, see for example [9, page 111, Theorem 8.1] and [10, page 71, The-
orem 5.3]. One makes use of the following formula ([6, page 857, 7.611]:

o 73129k sec ()
/ T Ikau(x)dx = T3 _E a3 _E_ &)
0 (G-5+59IG-5-5)

7.2. Proof of Theorem 1.2. We wish to compute the bilinear form

pa(f
B(f:9) = Jim - d<N}Z dl/z ’

where f,g € L2,,,("\G) are smooth and K-finite, and the sum is over
discriminants. We take f and g to lie in the irreducible subspaces U, defined
in (1.11), that is subspaces of L2, (I'\G) irreducible under the joint actions
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of G, the orientation reversal symmetry r and under the Hecke algebra. We
wish to show that for such f, g,

(7.1) B(f,9) =

if f, g lie in distinct (hence orthogonal) subspaces Uy, Uy, and to compute
B(f, f). By the results of § 3, it suffices to consider “minimal”, or generating
vectors, that is to consider holomorphic forms or Maass forms. In particular
we need to show that for such f,

72w N}Z'“dm = (/)15 V(5. )

where

o(f) = 6/m, f Maass form
" |1/7  f holomorphic

Since both B and V*¥™ vanish when f is holomorphic of weight = 2
mod 4 or an odd Maass form, it suffices to treat the cases of holomorphic
forms of weight divisible by 4 and of even Maass forms. To do so, we recall
that in these cases we have identified ug(f) with simple multiples of the
Fourier coefficients of theta-lifts 6(f, z). Thus we may use Rankin-Selberg
theory (Corollary 5.3) to recover (7.1) and (7.2) once we have made the
correct identifications. We treat separately the case of holomorphic forms
and Maass forms.

7.2.1. Holomorphic forms. For a cuspidal Hecke eigenform of weight 2k, k
even, the theta lift has weight k£ + 1/2 with Fourier expansion 0(f,z) =

> a1 ¢r(d)e(dz) with (6.1)

cr(d) — pa(f)
dk—3)/2  di/4

By standard Rankin-Selberg theory (5.1)

—(s 1 n —s
(4m) "G+ (s + & — ZI k1/2|2

n=1 N 2
has a simple pole at s = 1 with residue
re(p) = DI Lyt o, (s

by (6.2) and hence the Dirichlet series

Z’ 1/4 ’2 -

has a simple pole at s = 1 with readue
(4m)F+s L(k)
T'(k+3) VAl (k+ 1)

R¥(f) = L(3 DU 1)
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Note that by (3.26)

sym _1 2k F(k)2 _ P(k>
and therefore the residue at s = 1 of D(s) is

1o 1

Consequently we find
1 1
~ysym 1
NHOON Z = 1/4 WV (faf)L(zvf)

7.2.2. Maass forms. Let g[) be an even Maass Hecke eigenform with Laplace
eigenvalue 1/4 + (2r)% and F = 9(¢, -) its theta-lift, with Fourier expansion

u + ZU Z p ﬁlgz(d) i (47T|d|v)€(d'[))
d#0
Recall (6.3) that for d > 0 we have

V2
p(d) = 47T1/4d3/4'ud

Thus by Corollary 5.3 we have

1 NO
= Z (an/(i)) Nﬁ}#(é)

1<n<N

where RT(¢) is given by (5.4).
Inserting (6.4) into (5.4) gives
3 PGz +n)

7.3 RT =
(7.3) 273/2 |F(2—|—22 r)|?

( , 0)(: 9)

We note that by (3.25)
T (3 +r)*
27T (5 + 2ir)

‘2<¢, ¢) = VI, 9),

and hence

(7.4) RY = S yem(s g)L(:

N 3:9)

Therefore we get

I w(@\? 2 6 1

(7.5) N 2 < ~ =R = VYT, 8)L(5, ¢)
N Sy nl/4 VT T 2

7.2.3. Orthogonality. Finally, the fact that B(f, g) = 0 if the subspaces Uy,

Uy are distinct follows from standard Rankin-Selberg theory when at least

one of f or g is holomorphic, see (5.2) and (5.3), while the case of both f,

g being Maass forms follows from Corollary 5.3.
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