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Abstract

Interval exchange transformations, as discussed by Michael Keane(Math. Z. 141,
25-31 (1975)), who is indebted to work done by V. I. Oseledec (Dokl. Akad.
Nauk SSSR, 168, 1966, 1009-1011.), will be closely examined. Both details and
examples will be added. Induced transformations, especially Rauzy Induction,
will also be included. There will be work done with the rectangle exchange trans-
formations studied by Hans Haller (Monatsh. Math. 91, 215-232 (1981)). Proof
of his Theorem 1 will be supplied.
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0.1 Reader’s Guide

Section 1.1: Here is where the background for the paper is established. In
order to follow the rest of the paper it is important to read this section and famil-
iarize oneself with the terminology and notation that will be used in the future,
especially if one is not familiar at all with interval exchange transformations.

Section 1.2: Here is where the most essential properties of interval exchange
transformations are discussed. Proofs which Keane left out have been added, as
well as the proof that powers of interval exchange transformations are interval ex-
change transfomations. An example of a two-interval exchange is also treated.
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Section 1.3: This is the theorem of Keane and Oseledets on minimality is in-
troduced. The proof of the major theorem is broken into two theorems which are
proven piecewise and slowly so as to add detail to Keane’s treatment and hope-
fully limit confusion by the reader.

Section 1.4: Here there is more discussion of what can make an interval ex-
change transformation minimal. Two stronger conditions are introduced, includ-
ing one of irrationality. There is also another treatment of the two-interval ex-
change.

Section 1.5: Here the topic of induced transformations is introduced. It flows
naturally from the proof of Theorem 1.3.4. Rauzy Induction in particular is
treated, and full induction details of one four-interval exchange are provided. In-
duction can be thought of as a means to map interval exchange transformations to
interval exchange transformations.

Section 2.1: Here is where the discussion of rectangle exchanges begins and
the notation and terminology is introduced. This is directly from Haller.

Section 2.2: Here the world of intervals is brought into that of recatngles. It
is shown that the cross product of two interval exchanges is in fact a rectangle
exchange and the simplest partition method is used. The reader may enjoy taking
to specific interval exchanges and producing a rectangle exchange in the manner
introduced. It would be a good excercise in working with both interval exchanges
and rectangle exchanges.

Section 2.3: Here the minimality conditions proposed by Haller for rectangle
exchanges are introduced. A proof of his Theorem 1 is provided as Theorem 2.3.1.
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Chapter 1

Interval Exchange Transformations

1.1 Notation and Definitions

Begin withX = [0, 1), that is the half-open interval from 0 to 1.
Let α = (α1, α2, . . . , αm) be a probability vector withm > 1, αi > 0 and∑m

i=1 αi = 1. Define the following points belonging to the set[0, 1] which we
refer to asβ-points:

β0 = 0
βi =

∑i
j=1 αj

SetXi = [βi−1, βi) that is, it is the half open interval fromβi−1 to βi, and let
τ be a permutation on the elements{1, 2, . . . ,m}. Then we define the following:

ατ = (ατ−1(1), ατ−1(2), . . . , ατ−1(m)).

This means thatατ
i = ατ−1(i) and we can define the following points:

βτ
0 = 0

βτ
i =

∑i
j=1 ατ

j =
∑i

j=1 ατ−1(j)

and the following intervals:
Xτ

i = [βτ
i−1, β

τ
i ).

We may now define the interval exchange transformationT .
Givenα andτ we defineT : X −→ X by
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Tx = x−
i−1∑
j=1

αj +

τ(i)−1∑
j=1

ατ
j

which is

Tx = x− βi−1 + βτ
τ(i)−1

whenx ∈ Xi.
T is entirely determined byα andτ and is called the(α, τ)-interval exchange

transformation.

Example 1.1.1.Let α = (1
4
, 1

4
, 1

2
) and τ be the permutation

(
123
312

)
and note the

following:
β0 = 0
β1 = 1

4

β2 = 1
2

β3 = 1
X1 = [0, 1

4
)

X2 = [1
4
, 1

2
)

X3 = [1
2
, 1)

ατ = (1
4
, 1

2
, 1

4
)

βτ
0 = 0

βτ
1 = 1

4

βτ
2 = 3

4

βτ
3 = 1

Choosex = 3
8
∈ X2 then

Tx = x− β2−1 + βτ
τ(2)−1T (3

8
) = 3

8
− 1

4
+ 0 = 1

8

1.2 Properties of Interval Exchange Transformations

Let T be the(α, τ)-interval exchange transformation, then we observe the follow-
ing:

Lemma 1.2.1.T is an order preserving isometry fromXi to Xτ
τ(i).

Proof: First we must showT : Xi −→ Xτ
τ(i) Let x ∈ Xi then we note the

following
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Tx = x− βi−1 + βτ
τ(i)−1

and so

x− βi−1 = Tx− βτ
τ(i)−1

which means thatTx ∈ [βτ
τ(i)−1, 1). If in fact, Tx ∈ Xτ

τ(i) = [βτ
τ(i)−1, β

τ
τ(i))

then we will see that

x− βi−1 = Tx− βτ
τ(i)−1 < βτ

τ(i) − βτ
τ(i)−1.

Now

Tx− βτ
τ(i)−1 = x− βi−1 < βi − βi−1 =

i∑
j=1

αj −
i−1∑
j=1

αj = αi

but

βτ
τ(i) − βτ

τ(i)−1 =

τ(i)∑
j=1

ατ−1(j) −
τ(i)−1∑
j=1

ατ−1(j) = ατ−1(τ(i)) = αi.

Therefore we have

0 ≤ x− βi−1 = Tx− βτ
τ(i)−1 < βτ

τ(i) − βτ
τ(i)−1

which means thatβτ
τ(i)−1 ≤ Tx < βτ

τ(i) and thusTx ∈ Xτ
τ(i).

Second, we will need thatT is one-to-one fromXi toXτ
τ(i). So letx1, x2 ∈ Xi.

Then whenTx1 = Tx2 we have

x1 − βi−1 + βτ
τ(i)−1 = x2 − βi−1 + βτ

τ(i)−1

which implies thatx1 = x2 and shows thatT is one-to-one fromXi to Xτ
τ(i).

Finally we need to show thatT : Xi −→ Xτ
τ(i) is onto. In order to help I shall

state the following, which shows thatT is order preserving fromXi to Xτ
τ(i).

Remark 1.2.2. If x andx + λ ∈ Xi thenT (x + λ) = x + λ − βi−1 + βτ
τ(i)−1 =

Tx + λ.2
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AssumeT is not onto, that isT : Xi −→ X ′ ⊂ Xτ
τ(i).

Then∃y ∈ Xτ
τ(i) s.t.∀x ∈ Xi Tx 6= y.

Choosexh ∈ Xi s.t.xh − βi−1 = βi − xh = αi

2

thenTxh − βτ
τ(i)−1 = αi

2
.

So −αi

2
≤ y − Txh < αi

2
.

If we let y−Txh = δ thenβi−1 ≤ xh + δ < βi which means thatxh + δ ∈ Xi

so we can sayy = Txh + δ = T (xh + δ).
Therefore, by contradiction, we have thatT : Xi −→ Xτ

τ(i) is onto.2

Let T be the(α, τ)-interval exchange transformation, then

Lemma 1.2.3.T is invertible with inverse being the(ατ , τ−1)-interval exchange
transformationU .

Proof:Tx = x− βi−1 + βτ
τ(i)−1 for x ∈ Xi and

Ux = x−
∑j−1

k=1 ατ
k +

∑τ−1(j)−1
k=1 αττ−1

j butαττ−1

k = αττ−1(k) = αk

and we haveUx = x− βτ
j−1 + βτ−1(j)−1 whenx ∈ Xτ

j .

Now W.L.O.G. we can rename the parameterj asτ(i) for i such thatτ(i) = j
and it yields

Ux = x− βτ
τ(i)−1 + βi−1 whenx ∈ Xτ

τ(i) and then clearlyUx ∈ Xi.
Let x ∈ Xi so thatTx ∈ Xτ

τ(i) then
UTx = Tx− βτ

τ(i)−1 + βi−1 = x.
Next letx ∈ Xτ

τ(i) so thatUx ∈ Xi then
TUx = Ux− βi−1 + βτ

τ(i)−1 = x. 2

LetT be the(α, τ) interval exchange transformation, and letD = {β1, β2, . . . , βm−1}.

Lemma 1.2.4.T is continuous onX except at the points inD, but it is continuous
from the right at these points.

Proof: Choosex ∈ X but x /∈ D. So x ∈ Xi for somei, and we know
that ∀ε > 0, ∃y ∈ Xi s.t. |x− y| < ε. Therefore we choosex, y ∈ Xi with
|x− y| < ε and it follows that

|Tx− Ty| =
∣∣x− βi−1 + βτ

τ(i)−1 − y + βi−1 − βτ
τ(i)−1

∣∣ = |x− y| < ε

SoT is continuous at all pointsx ∈ X\D.
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Now letx = βi ∈ D so thatx ∈ Xi+1. Choosey ∈ X s.t. |y − x| < ε but add
the restrictiony − x > 0. This ensures us thaty, x ∈ Xi+1 and it follows that

Ty − Tx = y − βi + βτ
τ(i+1)−1 − x + βi − βτ

τ(i+1)−1 = y − x < ε

SoT is continuous from the right at points inD.2

Remark 1.2.5. lim
x↑βi

Tx = βτ
τ(i) for 1 ≤ i ≤ m

Let’s verify this by looking atTx for x = βi − ε whenε > 0 and sufficiently
small. So we havex ∈ Xi and thus

Tx = βi − ε− βi−1 + βτ
τ(i)−1 = αi − ε + βτ

τ(i)−1 = βτ
τ(i) − ε.2

Remark 1.2.6. Tβi = βτ
τ(i+1)−1 for 0 ≤ i ≤ m− 1

Note thatβi ∈ Xi+1 and so we have

Tβi = βi − βi+1−1 + βτ
τ(i+1)−1 = βτ

τ(i+1)−1.2

Lemma 1.2.7.If T is an interval exchange transformation,T k is again an interval
exchange transformation∀k ∈ Z.

Proof: The starting point is to say that given the(α, τ)-interval exchange trans-
formationT , T 2 is an interval exchange transformation, and to do this we must
define a probability vector and a permutation. We know thatT determined by
(α, τ) will map Xi onto Xτ

τ(i) one-to-one, but we do not know how it affects
Xτ

τ(i). We ask the following question, namely forx ∈ Xj when isTx ∈ Xi? The
answer is when

βi−1 ≤ Tx = x− βj−1 + βτ
τ(j)−1 < βi

which yields

x ∈ [βi−1 + βj−1 − βτ
τ(j)−1, βi + βj−1 − βτ

τ(j)−1) = Ji.

If we fix j and leti vary note that
n⋃

i=1

Ji = Xj andJi ∩ Jm 6= ∅ =⇒ i = m.

So the half-open intervalsJi partition Xj and so if we letj vary, we get a
new partition ofX and it is finite with at most2m members. In essence we
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are working backwards, because we have created theβ-points first, these are the
startpoints of theJi as well as the point 1. In fact these start points ofJi are merely
D ∪ T−1D ∪ {0}. From theseβ-points we can now get our probability vectorκ
by makingκi = ithβ-point - (i− 1)thβ-point.

Our next step is to find the permutation, and we start by noting the following:
T : Ji −→ Xj

i ⊆ Xi thereforeT 2 : Ji −→ Xjτ
τ(i) ⊆ Xτ

τ(i) and it will be
an order preserving isometry, and thus we have created a new set of permuted
β-points.

Again we can work backwards.Ji = [βq−1, βq) for some m. It will get mapped
isomorphically ontoXjτ

τ(i) = [βσ
p−1, β

σ
p ) for some p, and we defineσ to be the

permutation such that∑p−1
l=1 κσ−1(l) =

∑σ(q)−1
l=1 κσ−1(l), namelyσ(q) = p, andq andp are fixed by

the previous relation.
Now we have probability vectorκ and permutationσ and we can defineT 2 by
T 2x = x− βq−1 + βσ

σ(q)−1 wheneverx ∈ [βq−1, βq).

From this point we will proceed by induction onk for T k.
AssumeT k is the(κ, σ)-interval exchange transformation andT is the(α, τ)-

interval exchange transformation. Then sinceT−1 is an interval exchange trans-
formationT−k is as well. We will haveYi = [γi−1, γi) where theseγi are the
β-points determined byκ and so

T kx = x− γi−1 + γσ
σ(i)−1 whenx ∈ Yi.

We ask the question: when isT kx ∈ Xi? We answer
βi−1 ≤ T kx < βi or equivalently

βi−1 + γj−1 − γσ
σ(j)−1 ≤ x < βi + γj−1 − γσ

σ(j)−1.

Just like before, we use this equation to determine a new set ofβ-points and
work backwards to get a probability vectorν. Take note that theβ-points will
belong to{0}∪D∪T−1D∪ · · · ∪T−kD∪{0, 1}. Again we have a new partition
where each subinterval is mapped isometrically onto a subinterval ofXτ

τ(i) and
use this to work backwards, as before, to get the appropriate permutationπ so that
we have definedT k+1 as the(ν, π)-interval exchange transformation.

This shows that ifT is an interval exchange transformation,T k is an inter-
val exchange transformation∀k ∈ Z+. RecallT−1 is an interval exchange trans-
formation, and(T−1)

k
= T−k to conclude that whenT is an interval exchange
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transformationT k is an interval exchange transformation∀k ∈ Z.2

1.2.1 The Exchange of Two Intervals

Let the probability vectorα = (λ, 1−λ) and the permutationτ =
(

12
21

)
determine

an interval exchange transformationT .

Proposition 1.2.8.T corresponds to a circle rotation on the circle of circumfer-
ence 1 that representsR\Z.

Proof: Tx = x + 1 − λ for x ∈ X1 or Tx = x − λ for x ∈ X2 On the circle
that isR\Z, we have

x + 1− λ ≡ x− λ

so eachx is shifted clockwise along the circumference of the circle by a distance
λ. This is a clockwise rotation by an angleθ = 2πλ.2

Proposition 1.2.9.T ,the irrational interval exchange transformation that is the
exchange of two intervals is minimal.

Proof: The orbit of any pointx is infinite, because if not then

0 ≡ T kx− T nx mod 1 ≡ x− kλ− x + nλ mod 1.

This implies that(n − k)λ ∈ Z which contradicts irrationality ofλ. The orbit
is also dense inX by the following observation: cut the circle into1

ε
intervals of

lengthε. Since these are finitely many intervals, and the orbit ofx is infinite, we
know by the pidgeon hole principle that we will get

∣∣T nx− T kx
∣∣ ≤ ε for somen

andk. Therefore:

|x− nλ− x + kλ| = |(k − n)λ| ≤ ε.

So if we havex, y where|T px− y| = δ > ε, we continue to applyT k−n or T n−k

in order to locatex inside theε-neighborhood ofy. We have that the orbit is dense
and soT is minimal.2
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1.3 Minimality

A mapf : S −→ S is called minimal if the orbit, underf , of every point inS is
dense inS.

Let T be the(α, τ)-interval exchange transformation and define the following
for x ∈ X :

O+(x) = {T nx : n > 0}
O−(x) = {T nx : n ≤ 0}
O(x) = O+(x) ∪O−(x)
These are the orbits of the pointx underT n>0, T n≤0, andT n respectively.
We propose forT the following minimality conditions:

M1) T is aperiodic. So∀n ∈ Z and∀x ∈ X T nx 6= x or equivalentlty,
∀n, p ∈ Z and∀x ∈ X T nx 6= T px which impliesO(x) is infinite∀x ∈ X .

M2) If F is a finite union of half-open intervals whose endpoints belong to the
set

D∞ =
n−1⋃
i=0

O(βi) ∪ {1}

thenTF = F =⇒ F = X or F = ∅.

Proposition 1.3.1.The setD∞ is countable.

Proof: Consider the setO(βi). Define a functionf : O(βi) −→ Z by
f(T nβi) = n. By the definition ofO(x), it follows that f is one-to-one and
onto. ThereforeO(βi) is countable and soD∞ is countable because it is the finite
union of countable sets.2

Theorem 1.3.2.If O(x) is dense inX for eachx ∈ X , i.e. T is minimal, thenT
satisfies the minimality conditions.

Proof: AssumeT fails M1. Then∃x ∈ X such thatT tx = x. If T tx = x then
T−tx = x andT s−tx = T sx so we haveO+(x) = O−(x) ∪ {x} and|O(x)| = t.
But if O(x) is dense inX then given anyy ∈ X andRε = (y − ε, y − ε) it must
be that|O(x) ∩Rε| ≥ |Z|. SinceO(x) is finite, it cannot be dense, so by contra-
diction we seeT satisfies M1.

SupposeT fails M2. Then we know∃F 6= ∅ such thatF ⊂ X andTF = F .
Therefore∃x ∈ F so thatO(x) ⊆ F and we need the following remark:
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Remark 1.3.3. SinceF ⊂ X is a finite union of half-open intervals,F is not
dense inX .

The following must be true:(x− ε, x + ε)∩F = ∅ for somex ∈ X\F If not,
thenF = X or F is not a finite union.2

It now follows easily thatO(x) ⊆ F cannot be dense inX , and by contradic-
tion T must satisfy M2.2

Theorem 1.3.4.If T satisfies the minimality conditions thenO(x) is dense inX
for eachx ∈ X , i.e. T is minimal.

Proof: If O(x) is not dense for somex ∈ X then there is a non-empty open
intervalI ⊂ X with O(x) ∩ I = ∅. W.L.O.G. we can make a small adjustment to
I such that it will be half-open.

O(x) ∩ I = ∅ so,∀t ∈ Z, T tx /∈ I or equivalently,∀t ∈ Z, x /∈ T−tI. There-
fore, if we can show, forT satisfying the minimality conditions andI ⊂ X an

arbitrary half-open interval of positive length,∃k ∈ Z so that
k⋃

t=0

T tI = X then

we will know thatO(x) must be dense because∀I O(x) ∩ I 6= ∅.

Let I = [a, b). D∞ is countable so we can adjustI just enough so thata, b /∈
D∞.

For eachy ∈ D ∪ {a, b} we say thatk(y) = inf {t ≥ 0 : T−ty ∈ (a, b)}.
Use the setP =

{
T−k(y)y : y ∈ D ∪ {a, b}

}
to partitionI into half-open in-

tervalsI1, . . . , Il with l ≤ n + 2 since|P| ≤ |D ∪ {a, b}| = n + 1.
Find the minimalt ≥ 1 such thatT t ∩ Ij 6= ∅ whenIj is fixed and arbitrary.

Such a finitet exists by Poincaré Recurrence Theorem.Ij, T Ij, . . . , T
tIj are all

single half-open intervals as we shall show by the following remark and lemma.

Remark 1.3.5. If H is a half-open interval such thatH◦ ∩ D = ∅ thenTH is a
single half-open interval.

If H is a half-open interval such thatH◦ ∩ D = ∅ thenH ⊆ Xi andTH ⊆
Xτ

τ(i) must be a single half-open interval by continuity ofT . 2

Lemma 1.3.6.For n such that0 ≤ n ≤ t− 1, T nIj ∩D = ∅.

Proof: Supposeβj ∈ T nIj
◦. ThenT−nβj ∈ Ij. Because of the way in whichI

was partitioned, this implies thatT−pβj is an endpoint ofIk with p < n. This im-
plies thatT n−pIj∩I 6= ∅, sot = n−p andβj ∈ T nIj meanst = n−p ≤ n < t−1
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which is a contradiction. Therefore,T nIj
◦ ∩D = ∅ for 0 ≤ n ≤ t− 1. 2

By the lemma, we see thatT nIj
◦ ∩D = ∅, and so by the remark we have that

Ij, T Ij, . . . , T
tIj are all single half-open intervals.

Lemma 1.3.7. If t ≥ 1 is minimal such thatT tIj ∩ I 6= ∅ thenT tIj ⊆ I.

Proof: Let’s suppose thatT tI
◦
j 3 a or b. ThenIj

◦ 3 T−ta or T−tb which
means, because of howI was partitioned, thatT−pa or T−pb is an endpoint for
someIk with p < t. However, this implies thatT t−pIj ∩ I 6= ∅ and this is
an obvious contradiction unlessp = 0. But p = 0 meansa or b ∈ Ik which
contradicts the way in whichI was partitioned. Thus we are ensured that
T tIj ⊂ I. 2

Lemma 1.3.8.For t ≥ 1 minimal such thatT tIj∩I 6= ∅ the intervalsIj, T Ij, . . . , T
t−1Ij

are disjoint.

Proof: Supposem > n andT nIj ∩ TmIj 6= ∅. Thenx ∈ T nIj andx ∈ TmIj

soI ⊃ Ij 3 T−nx ∈ Tm−nIj and soTm−nIj ⊂ I, som− n ≥ t. Therefore if we
takeIj, T Ij, . . . , T

t−1Ij we have disjoint intervals.2

So takeF =
l⋃

j=1

tj−1⋃
i=0

T iIj, wheretj is the power ofT whenIj first returns to

I, a finite union of half-open intervals.

Remark 1.3.9. F ⊆
k⋃

n=0

T nI for somek < ∞.

If x ∈ F thenx ∈ T nIj for somen andj. But Ij ⊆ I, soT nIj ⊆ T nI and
there you have it.2

Remark 1.3.10.TF = F .

Let x ∈ F sox ∈ T nIj. If n < tj − 1 thenTx ∈ T n+1Ij ⊆ F . If n = tj − 1
thenTx ∈ I ⊆ F . So,x ∈ F impliesTx ∈ F and thereforeTF = F . 2

Remark 1.3.11.The boundary points ofF belong to the setD∞.

If x /∈ D∞ is a boundary point, thenT nx /∈ D for anyn ∈ Z and so by con-
tinuity of T , x will always be a boundary point. Since there are finite boundary
points,x has finite orbit, but this contradicts M1, so it must have been that
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x ∈ D∞. 2

So by M2, it must be thatF = X and sinceF ⊆
k⋃

n=0

T nI,
k⋃

n=0

T nI = X .

Therefore we have finally shown that, whenT satisfies the minimality conditions,
O(x) must be dense inX for eachx ∈ X . 2

1.4 Irrationality

Let us first introduce the notion of irreducibility. We call a permutationτ irre-
ducible if for each1 ≤ j ≤ n− 1,

τ({1, 2, . . . , j}) 6= {1, 2, . . . , j}.

Remark 1.4.1. If τ is not irreducible thenT can be decomposed into an interval
exchange transformationon[0, βj) and another on[βj, 1).

First note that the firstj coordinates ofατ are a permutaion of{α1, . . . , αj}.
Consider theXi such thati ≤ j, they belong to the interval[0, βj). Because
τ is not ireducible, we know one of them will go one-to-one ontoXτ

1 , another
will go one-to-one ontoXτ

j , and all the others will go one-to-one onto intervals
in between and moreover,Xτ

1 , . . . , Xτ
j lie within the interval[0, βτ

j ) = [0, βj).
Therefore the remark is verified because one piece ofT is from [0, βj) onto[0, βj)
so there must be another piece from[βj, 1) onto [βj, 1). 2

Theorem 1.4.2.(Oseledets-Keane) If the orbits of the pointsD = {β1, . . . , βm−1}
are infinite and distinct, then the minimality conditions are satisfied.

Proof: SupposeT fails M1, i.e. there isx ∈ X such thatT nx = x. Then we
set

β = max{T iβj : 0 ≤ i ≤ n− 1, 0 ≤ j ≤ m− 1, T iβj ≤ x}.
If β = x thenT iβj = x = T nx soβj = T n−ix. Thus

T nβj = T n(T n−ix) = T n−ix = βj

and the orbit ofβj is not infinite, which is a contradiction, unlessx = T i0. But
Tβj = βτ

τ(j+1)−1, so if τ(1) 6= 1 then0 = Tβj andx = T i+1βj for aβj ∈ D. This
βj will have a finite orbit. Ifτ(1) = 1, then

ατ
1 = α1 = β1 = βτ

1 = Tβτ−1(2)−1.
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Soβ1 ∈ TD which is a contradiction to distinct orbits.

Clearly the case must have beenβ < x, but then consider the interval[β, x].
Because of howβ is defined,T p[β, x] contains no points inD when1−n ≤ p ≤ 0,
so [β, x] remains intact and order preserved underT−1, . . . , T−n. But T−nx = x,
so it must beT−nβ = β. Sinceβ = T iβj, βj must have a finite orbit. Fnally we
have showm thatT cannot fail M1.

Let F be a set such that it causesT to fail M2.

Proposition 1.4.3.If x 6= 1 is a boundary point ofF , thenTx is a boundary point
of F or x ∈ D ∪ {0}.

Proof: Letx /∈ D ∪ {0} so thatx is a point of continuity.x is a boundary
point, so we have(x − δ, x) ∩ F = ∅ and(x, x + δ) ∩ F 6= ∅ for |δ| > 0 and
arbitrarily small. IfTx ∈ F is not a boundary point, thenT (x − δ, x + δ) ⊂ F ,
but sinceTF = F this is a contradiction.2

So now we see that ifx 6= 1 is a boundary point,x ∈ D ∪ {0} or Tx is a
boundary point. IfT nx /∈ D∪{0} for somen ≥ 0, thenT nx is always a boundary
point. Since there are a finite number of boundary points, andx = T iβj for some
betaj ∈ D, thatβj is periodic which is a contradiction. SoT nx ∈ D ∪ {0} for
somen ≥ 0.

Corollary 1.4.4. If x 6= 1 is a boundary point ofF , thenT−1x is a boundary
point, orT−1x ∈ D.

Proof: This follows from the above proposition because, ifx /∈ TD thenx
came from a boundary point,T−1x. But if x ∈ TD thenT−1x ∈ D.2

So again because the orbit ofβj is infinite andF has finite boundary points,
T−sx must live inD for somes. Let y = T−sx ∈ D, thenT n+sy = T nx ∈
D ∪ {0}. So if the orbits of theβj are to remain distinct, thenTy = 0, so
n = 0, s = 1, x = 0. If 0 is the only boundary point ofF that is not1, then
F = X . ThereforeT does not fail M2.2

Before proceeding to the next lemma, we must make the following definition:
the(α, τ)-interval exchange transformationT is called irrational ifτ is irreducible
and the only rational relations between the numbersα1, . . . , αm are multiples of
α1 + · · ·+ αm = 1.
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Theorem 1.4.5.(Oseledets-Keane) IfT is irrational, thenT satisfies the minimal
conditions.

Proof: Suppose the conditions of the previous lemma are not satisfied. Then
we must have for somer, s between1 andm− 1 and somen ≥ 0 that
T n+1βr = βs.

We letu be such that0 ≤ u ≤ n and thenT uβr will lie in some intervalXju+1

with 0 ≤ ju ≤ m − 1. We define another notation:ku = τ(ju + 1) − 1 for
0 ≤ u ≤ n. Thus we have the following:j0 = r and

Tβr = βr − βr + βτ
k0

= βτ
k0

and
T u+1βr = T (T uβr) = T uβr − βju + βτ

ku

We can now come up with an expression forT n+1βr by expanding that last
equation. We obtain the following:

T n+1βr = T nβr−βjn+βτ
kn

= T n−1βr−βjn−βjn−1+βτ
kn

+βτ
kn−1

= · · · =
n∑

u=0

βτ
ku
−

n∑
u=1

βju .

Now we reindex by lettinglu = ju if u 6= 0 andl0 = s, and we have that:

0 = T n+1βr − βs =
n∑

u=0

βτ
ku
−

n∑
u=1

βlu − βl0 =
n∑

u=0

(βτ
ku
− βlu).

Now we will substitute in the definitions ofβi andβτ
i to obtain:

0 =
n∑

u=0

(
ku∑

j=1

ατ−1(j) −
lu∑

j=1

αj

)
=

m−1∑
j=1

(cjατ−1(j) − djαj)

where we definecj = |{u : 0 ≤ u ≤ n, ku ≥ j}| anddj = |{u : 0 ≤ u ≤ n, lu ≥ j}|,
so thatcj is the number of times thatατ−1(j) appears anddj is the number of times
thatαj appears. It then follows from the definitions ofβi andβτ

i thatcm = dm = 0
and: 0 ≤ cm−1 ≤ · · · ≤ c2 ≤ c1 and0 ≤ dm−1 ≤ · · · ≤ d2 ≤ d1. When
we slightly re-organize our notation, without changing any definition, we happen

upon the equation0 =
m∑

j=1

(cτ(j) − dj)αi. The irrationality ofT now tells us that

cτ(j) = dj and we already know thatcm = dm = 0. So, choose the maximalj such
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that cj, dj 6= 0 andcj+1, . . . , cm = dj+1, . . . , dm = 0. Becauseτ is irreducible
there must existb ≥ j + 1 anda ≤ m with τ(b) ≤ j andτ−1(a) ≤ j. Because if
not, thenτ{1, . . . , j} = {1, . . . , j} or τ{j + 1, . . . ,m} = {j + 1, . . . ,m}, which
would meanτ was reducible. So we have thatcτ(b) = db = 0 anddτ−1(a) = ca = 0
which in turn implies thatcj = dj = 0 for eachj. Thus, going back to the def-
initions of cj anddj, we have thatku = lu = 0, which contradictsl0 = s ≥ 1.
ThereforeT must obey the conditions of our previous lemma, and so it satisfies
the minimality conditions.2

1.5 Induced Transformations

Let I ⊆ X be a half-open interval. Partition it into sub-intervalsI1, . . . , Il using
the method from Theorem 1.3.4. The induced mapL is then defined by
L : Ij −→ T tjIj wheretj is the first return ofIj andT is a minimal interval
exchange transformation.

Corollary 1.5.1. The induced transformationL is an interval exchange transfor-
mation.

Proof: The corollary follows immediately from the results obtained in the
proof of Theorem 1.3.4 and the following remark:

Remark 1.5.2. T tjIj ∩ T tkIk = ∅ whenj 6= k.

Proof: Suppose not. Iftj = tk thenIj = Ik which is a contradiction. Iftj < tk
thenT tk−tjIk ∩ I 6= ∅ which is a contradiction. Iftk < tj thenT tj−tkIj ∩ I 6= ∅
which is a contradiction.2

Now we introduce the method of Rauzy Induction, which produces an induced
transformation when given an irrational interval exchange transformationT .
So letT be the(α, τ)-interval exchange transformation whereα partitionsX into

m intervals andτ =
(

1···m
p···q

)
. There are two possible cases.

Case 1:βτ
m−1 < βm−1

We consider the induced transformation on the interval[0, βm−1). It will be
partitioned exactly as before, except that forτ(j) = m the intervalXj is in two
parts: one that goes into[0, βm−1) and one that does not. The results are a trans-
formation defined for these new intervals with a permutation that may not be the
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same and a matrix expressing lengths,λ, of old intervals in terms of lengths,λ′ of
the new intervals.

Case 2:βm−1 < βτ
m−1

We consider the induced transformation on the interval[0, βτ
m−1). This means

that our firstm−1 intervals will be exactly as before, but the newmth interval will
be only a fraction of the old one. Again we produce a permutation and a matrix.

Example 1.5.3.Let T be the minimal(α, τ)-interval exchange transformation,
τ =

(
1234
4321

)
and we will do case 1 of Rauzy Induction. Here is the initial picture

| X1 | X2 | X3 | X4 |

| Xτ
1 | Xτ

2 | Xτ
3 | Xτ

4 |
We then make the inductive cut and produce a new picture under the induced
transformation

| X ′1 | X ′2 | X ′3 | X ′4 |

| Xσ
1 | Xσ

2 | Xσ
3 | Xσ

4 |

So we have the following results:σ =
(

1234
4132

)
and

λ′1
λ′2
λ′3
λ′4




1 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0

 =


λ1

λ2

λ3

λ4


Next we proceed to case 2 of Rauzy Induction. Here are the initial and inductive
pictures

| X1 | X2 | X3 | X4 |

| Xτ
1 | Xτ

2 | Xτ
3 | Xτ

4 |
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| X ′1 | X ′2 | X ′3 | X ′4 |

| Xσ
1 | Xσ

2 | Xσ
3 | Xσ

4 |

Thus the induced transformation has given usσ =
(

1234
2431

)
and

λ′1
λ′2
λ′3
λ′4




1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1

 =


λ1

λ2

λ3

λ4


For the sake of completeness, I will include for the reader the rest of the Rauzy
Induction forτ =

(
1234
4321

)
complete with matrices and Rauzy graph.(

1234
4132

)
by case one goes to

(
1234
4213

)
and by case two goes to

(
1234
3142

)
. It produces

the following matrices:

A =


1 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0



B =


1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1


(

1234
2431

)
by case one goes to

(
1234
2413

)
and by case two goes to

(
1234
3214

)
. It produces

the following matrices:

A =


1 0 0 0
0 1 1 0
0 0 0 1
0 0 1 0



B =


1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1


18



(
1234
4213

)
by case one goes to

(
1234
4213

)
and by case two it is not changed. It produces

the following matrices:

A =


1 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0



B =


1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1


(

1234
3142

)
by case one is unchanged and by case two goes to

(
1234
4132

)
. It produces

the following matrices:

A =


1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1



B =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1


(

1234
2413

)
by case one goes to

(
1234
2431

)
and by case two it is not changed. It produces

the following matrices:

A =


1 0 0 0
0 1 1 0
0 0 0 1
0 0 1 0



B =


1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1


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(
1234
3241

)
by case one is not changed and by case two goes to

(
1234
4321

)
. It produces

the following matrices:

A =


1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1



B =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1



I will now produce the afore mentioned Rauzy graph.

(
1234
4321

)
1
→

(
1234
4132

)
2
↔

(
1234
3142

)
2
↗

2
↓

1
↖

1
↓(

1234
3241

)
2
←

(
1234
2431

) (
1234
4213

)
1
l(

1234
2413

)
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Chapter 2

Rectangle Exchange
Transformations

2.1 Notations and Definitions

Recall thatX = [0, 1). We now defineΩ = X × X , the half-open square in
R2. B ⊂ Ω is a (half-open) rectangle if there existx1, x2, y1, y2 ∈ [0, 1) such
thatx1 < x2, y1 < y2 andB = [x1, x2) × [y1, y2). A finite measurable partion
P = (P1, . . . , Pm) of Ω is called a rectangle partition of lengthm if it consists
of m rectanglesP1, . . . , Pm. A bijection that preserves Lebesgue measure in 2
dimensions (λ2) S : Ω → Ω is called a rectangle exchange transformation, if there
arem ∈ Z+, a rectangle partition(P1, . . . , Pm) of lengthm, andm translations
S1, . . . , Sm of R2 such that fori = 1, . . . ,m

S|Pi
= Si|Pi

.

In such a case we call the rectangle partitionP = (P1, . . . , Pm) admissible for
S. A rectangle partitionP of lengthm is irreducible for some rectangle exchange
transformationS if P is admissible forS and there is no rectangle partitionR
with length less thanm that is also admissible forS.

2.2 Interval Exchange Transformations in Two Di-
mensions

It is natural to consider creating a rectangle exchange transformation from two
interval exchange transformations. This is in fact valid, as will be shown in the
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following proposition.

Proposition 2.2.1. If T1 andT2 are interval exchange transformations, thenT1 ×
T2 is a rectangle exchange transformation.

Proof: LetT1 be the(α, τ)-interval exchange transformation and letT2 be the
(α′, σ)-interval exchange transformation. We will now partitionΩ with vertical
linesx = β1, . . . , x = βm−1 and horizontal linesy = β′1, . . . , y = β′m′−1. This
is a rectangle partitionP of length(m − 1)(m′ − 1), and is nothing more than
m columns each themselves divided the same way intom′ rectangles. When we
let T1 × T2 act on this it will permute the columns withT1 and then within each
columnT2 will permute the rectangles. Bijectivity andλ2 preservation are trivial,
and so we are done.2

2.3 A Minimality Condition for Rectangle Exchange
Transformations

Let S be a rectangle exchange transformation and let(P1, . . . , Pm) be a rectangle
partition admissible forS. Suppose thatPi = [xi

1, x
i
2)× [yi

1, y
i
2) for i = 1, . . . ,m.

Set
δi = {(x, y) ∈ Pi : x = xi

1 ∨ y = yi
1}

so thatδi forms the left and lower boundary ofPi. We putδ =
m⋃

i=1

δi. Forω ∈ Ω

we set
O(ω) = {Sn(ω) : n ∈ Z}, O−(ω) = {Sn(ω) : n ≤ 0}

D∞ =
⋃
ω∈δ

O(ω) ∪ {(x, y) ∈ [0, 1]2 : x = 1 ∨ y = 1}.

We now introduce the following set of minimality conditions:

C1) Each pointω ∈ Ω has infinite orbit projections. This means that if we say
Sn(ω) = (xn, yn) for n ∈ Z then the sets{xn : n ∈ Z} and{yn : n ∈ Z} are
infinite.

C2) If F =
r⋃

j=1

Qj is the union of a finite number of rectanglesQ1, . . . , Qr

such thatSF = F and all boundary points ofF in [0, 1]2 belong toD∞, then
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F = Ω.

C3) If s is a horizontal or vertical line inΩ andQ is a rectangle then there
existsk = k(s, Q) such that for eachω ∈ s

O−(ω) ∩Q◦ 6= ∅ ⇒ {ω, S−1ω, . . . , S−kω} ∩Q◦ 6= ∅.

Theorem 2.3.1.If a rectangle exchangeS satisfies the minimality conditions, then
S is minimal, i.e. for eachω ∈ Ω we haveO(ω) dense inΩ.

Proof: First I will comment on the necessity of C1. IfS fails C1 then we know
that for someω ∈ Ω eitherO(ω) does not intersect the area inΩ between the lines
x = a andx = b with |a − b| > 0, or it does not intersect the area inΩ between
the linesy = c andy = d with |c − d| > 0. This imlies that we can find a ball
B ⊂ Ω with radiusρ = ε > 0 andO(ω)∩B = ∅. Thus any minimalS must obey
C1.

If S is not minimal, we know that there is some rectangleR with positive
measure, such thatO(ω) ∩ R = ∅ for someω ∈ Ω. We will show this cannot

happen by showing that for an arbitraryR there is a finiten such that
k⋃

n=0

SnR ⊇

Ω.
W.L.O.G. letR = [a, b)× [a, c). Now we partitionR in the following manner:

we consider all of the points inR coresponding to the first pre-image ofω ∈
δ,[a, b],, [b, d], [a, c] or [c, d] (whered is the point|a − c| aboveb) that lies inR◦.
For allω ∈ δ ∪ [a, b] ∪ [c, d] let k(n) := inf{n ∈ Z+ : S−nω ∈ R◦} We concern
ourselves only withk(n) < ∞.

First consider the pointsωk(n) for ω ∈ [a, c], [b, d] or ω ∈ vertical δi. These
form segments (or points, i.e. segement of 0 measure) inR and will form the
vertical walls of our partition. By C3 we know that they are finite and a definite
bound ismK wherem is the length of the partition onΩ andK is the max of all
k that are the finite numbers from C3 that vary depending on whichδi ω is in, or
if ω ∈ [a, c], [b, d, ].

Now considerωk(n) for ω ∈ [a, b], [c, d] or ω ∈ horizontalδi. These form
segments (possibly measure 0) inR that will serve as the horizontal walls of our
partition. Again C3 guarantees finitude and the bound ofmK wherem is the
length of the partition ofΩ andK is the max of allk that are the finite numbers
from C3 that vary depending on whichδi ω is in, or if ω ∈ [a, b], [c, d].

This will produce various line segments withinR that are at worst the skeletal
walls of our partition. Extend any partition walls so that there are no gaps in the
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partition, andR is now divided into half-open sub-rectanglesR1, . . . , Rl. This is
all perfectly valid because of C3 and theλ2-preserving bijectivity ofS.

So now for eachRj we want to consider the minimalt ≥ 1 such thatStRj ∩
R 6= ∅. This finitet exists by the Poincaré Recurrence Theorem. Our goal now is
to show thatRj, SRj, . . . , S

tRj are single half-open rectangles,Rj, SRj, . . . , S
t−1Rj

are disjoint, andStRj ⊆ R.

Remark 2.3.2. Rj, SRj, . . . , S
tRj are single half-open rectangles.

Because of howR was partitioned, we know thatSnRj ∩ δ = ∅ whenn < t.
For if ω ∈ δ andω ∈ SnRj

◦ (if no ω ∈ SnRj
◦ then the portion removed fromRj

hasλ2 measure of0) thenS−pω ∈ Ri for somei andp < n. But thenSn−pRj ∩
R 6= ∅ and this is a contradiction. This means that each ofRj, . . . , S

t−1Rj lie
entirely within somePi (not necessarily the same one) and thus it follows that
we have single rectangles for each ofRj, . . . , S

tRj by the way in whichS is
defined.2

Remark 2.3.3. Rj, SRj, . . . , S
t−1Rj are all disjoint.

Supposem, n < t andm > n. Then ifSmRj ∩SnRj, we knowSm−nRj ∩R,
thereforem− n ≥ t which is a contradiction.2

Remark 2.3.4. StRj ⊆ R.

Suppose not. ThenStR◦j 3 ω for someω ∈ [a, b], [a, c], [b, d] or [c, d]. So
0 < p < t such thatS−pω is on the boundary of someRk. This implies that
St−pRj ∩ R 6= ∅ which is a contradiction becauset − p < t andt was said to be
the first return time.2

Let F =
l⋃

j=1

tj−1⋃
i=0

SiRj wheretj is the power ofS whenRj first returns toR.

ClearlyF ⊆
k⋃

n=0

SnR with k < ∞ andF is a finite union.

Remark 2.3.5. SF = F .

If ω ∈ F thenSω ∈ SnRj for somej and1 ≤ n < tj or Sω ∈ R. Either way,
Sω ∈ F .2
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Remark 2.3.6. The boundary points ofF belong to the setD∞.

Let ω /∈ D∞ be a boundary point ofF . Sinceω /∈ D∞ we can assure that
there is an open ballB with radiusρ such thatSnω 3 B ⊂ Pi for somei, and
B, ρ, i depend onω andn. We know that within this ball is the sequence of points
outsideF converging toω as well as the sequence of points insideF converging
to ω, so it follows thatω must remain a boundary under any power ofS. SinceF
has finitely manyx-coordinates in its boundaries, and finitely manyy-coordinates
in its boundariesω would fail C1.2

Now we can apply C2 and get thatF = Ω which in turn yields
k⋃

n=0

SnR ⊇ Ω.2

Corollary 2.3.7. There is an induced map on any rectangleR = [a, b)× [c, d) ⊆
Ω and it is again a rectangle exchange transformation.

Proof: LetS be a rectangle exchange andP an admissible partition forS.
The map onR induced byS is the first return map on the partition ofR that is
exactly like the partition in Theorem 2.3.1. As seen in 2.3.1, all of the rectangles
in the partition remain intact and the return in whole. SinceS is already measure
preserving and bijective, the only thing left to check is that ifti ≥ 1 is the first
return ofRi thenSnRi

◦ ∩ SpRj
circ = ∅ whenn = ti andp = tj.

Suppose the intersection is non-empty, then ifti = tj we haveRi ∩ Rj which
is a contradiction. Ifti > tj thenSti−tjRi ∩ R◦ 6= ∅ which contradictsti being
the first return. In the final scenarioStj−tiRj ∩R◦ 6= ∅ which contradictstj being
the first return.2
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