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Abstract

Interval exchange transformations, as discussed by Michael Keane(Math. Z. 141,
25-31 (1975)), who is indebted to work done by V. I. Oseledec (Dokl. Akad.
Nauk SSSR, 168, 1966, 1009-1011.), will be closely examined. Both details and
examples will be added. Induced transformations, especially Rauzy Induction,
will also be included. There will be work done with the rectangle exchange trans-
formations studied by Hans Haller (Monatsh. Math. 91, 215-232 (1981)). Proof
of his Theorem 1 will be supplied.



Contents

0.1 ReadersGuide . .. ... ... .. .. ... 1
1 Interval Exchange Transformations 3
1.1 Notation and Definitions . . . . . . ... ... ... ... ..., 3
1.2 Properties of Interval Exchange Transformations . . . .. .. .. 4
1.2.1 The Exchangeof TwolIntervals . ... .. ... .. ... 9
1.3 Minimality . ... ... ... ... 10
1.4 rrationality . . . . . . . .. 13
1.5 Induced Transformations . . . ... ... ... .. ... ..... 16
2 Rectangle Exchange Transformations 21
2.1 Notations and Definitions . . . . . ... .. ... ... ... ... 21
2.2 Interval Exchange Transformations in Two Dimensions . . . . . . 21
2.3 A Minimality Condition for Rectangle Exchange Transformations 22
24 References. . . . . . . . . . ... 26

0.1 Reader’s Guide

Section 1.1: Here is where the background for the paper is established. In
order to follow the rest of the paper it is important to read this section and famil-
iarize oneself with the terminology and notation that will be used in the future,
especially if one is not familiar at all with interval exchange transformations.

Section 1.2: Here is where the most essential properties of interval exchange
transformations are discussed. Proofs which Keane left out have been added, as
well as the proof that powers of interval exchange transformations are interval ex-
change transfomations. An example of a two-interval exchange is also treated.



Section 1.3: This is the theorem of Keane and Oseledets on minimality is in-
troduced. The proof of the major theorem is broken into two theorems which are
proven piecewise and slowly so as to add detail to Keane’s treatment and hope-
fully limit confusion by the reader.

Section 1.4: Here there is more discussion of what can make an interval ex-
change transformation minimal. Two stronger conditions are introduced, includ-
ing one of irrationality. There is also another treatment of the two-interval ex-
change.

Section 1.5: Here the topic of induced transformations is introduced. It flows
naturally from the proof of Theorem 1.3.4. Rauzy Induction in particular is
treated, and full induction details of one four-interval exchange are provided. In-
duction can be thought of as a means to map interval exchange transformations to
interval exchange transformations.

Section 2.1: Here is where the discussion of rectangle exchanges begins and
the notation and terminology is introduced. This is directly from Haller.

Section 2.2: Here the world of intervals is brought into that of recatngles. It
is shown that the cross product of two interval exchanges is in fact a rectangle
exchange and the simplest partition method is used. The reader may enjoy taking
to specific interval exchanges and producing a rectangle exchange in the manner
introduced. It would be a good excercise in working with both interval exchanges
and rectangle exchanges.

Section 2.3: Here the minimality conditions proposed by Haller for rectangle
exchanges are introduced. A proof of his Theorem 1 is provided as Theorem 2.3.1.



Chapter 1

Interval Exchange Transformations

1.1 Notation and Definitions

Begin with X = [0, 1), that is the half-open interval from 0 to 1.

Leta = (ai,a9,...,q,) be a probability vector withn > 1, o; > 0 and
>, a; = 1. Define the following points belonging to the gét1] which we
refer to as3-points:

Bo=0

G = 22:1 Qj

SetX; = [#;_1,3;) that is, it is the half open interval from_; to /;, and let
7 be a permutation on the elemeits 2, ..., m}. Then we define the following:

o = (&7—1(1), Qr=1(2), . .- ,OCT—I(m)).

This means that] = «,-1(;) and we can define the following points:
Pe =0 A
Bl = Zj:l o = Zj:l Qr=1(4)

and the following intervals:
XzT = [ 5—175;)-

We may now define the interval exchange transforméition
Givena andr we definel’ : X — X by



i—1 7(1)—1

—

Jj=1 Jj=
which is

=z = fi1+ B

whenz € X;.
T is entirely determined by andr and is called thé«, 7)-interval exchange
transformation.

Example 1.1.1.Leta = (1,1,1) and 7 be the permutatior{,) and note the
following:
Bo=0
B =
Ba =3
Ps=1
X;=100,1)
Xo = [%p %)
X3 = [%7 1)
a” = (3:3:3)
o =0
N
1= g
T3
2 = 1
ps =1

Chooser = 2 e X, then
Tx—x—ﬁz 1+ 87 T(3) =

_ 1
+0=1

oolw
I

1.2 Properties of Interval Exchange Transformations

Let 7" be the(«, 7)-interval exchange transformation, then we observe the follow-
ing:
Lemma 1.2.1.7 is an order preserving isometry froij; to X

Proof: First we must show : X, — XT Let 2 € X, then we note the
following



Tz =1z —fi-1+ Blu)-
and so

r— i1 =Tz — 5:(1')—
which means thal'z € 3], ,,1). Ifinfact, Tx € X7, = [, 1, 57;)
then we will see that

x_ﬁl I_T:U_/QT 1<ﬁ ﬁT’L)l

Now
Tx = Bli—1 =2 — Pic1 < Bi — Bie 1—20@ Z%*Oéz

but

7(1)—1
Bra — Bra) 1—20471 ZOM = Qr-1(r(i)) = -
Therefore we have
0<z—PFi =Tz — 341 < Bre) — Bra—
which means that” ) | < Tz < 3], andthusl'z € X7 .

Second, we will need thét is one-to-one fromX; to XT . Soletr, x5 € X.
Then whenl'z; = Tz, we have

— Bi1 + Biy—1 = T2 — Bim1 + Br)—

which implies that:; = x5 and shows thdt’ is one-to-one fromX; to X:(i).

Finally we need to show th&t : X; — X is onto. In order to help | shall
state the following, which shows thétis order preserving fronk; to X7 .

Remark 1.2.2.If randz + X € X;thenT(x + \) =z + X — G- + 6:(1.)_1 =
Tx+ A\.O



AssumeT" is not onto, that ig" : X; — X' C X7 ;.

Thendy € X7, stVe € X; Tz # y.

ChOOSGﬁL‘h € X;st.x, — ﬁi,1 = ﬁz — Ty = %

thenT'z;, — 6;(2.)_1 = 2L

SO’TO” <y—Tzx, < %

If we lety — Tz, = § thenp;_; < x;, + 9 < ; which means that;, + 6 € X;
sowecansay = Tx, + 6 = T(zy + 0).

Therefore, by contradiction, we have that X; — X7, is onto.O

Let 7" be the(a, 7)-interval exchange transformation, then

Lemma 1.2.3.7 is invertible with inverse being the™, 7—1)-interval exchange
transformationU.

Proof: Tx = — ;-1 + 37, forz € X; and

i1 ~1()_1 -1 -1
Ur=a2—-Y0 " al+ 57V af  butal’ =g =

and we havé/z = x — 37| + B;-1(;-1 Whenz € X7.

Now W.L.O.G. we can rename the parametesr (i) for ¢ such that(i) = j
and it yields
Ur =x — 51@)_1 + B;—1 whenzx € X;(i) and then clearly/z € X;.
Letz € X; sothatl'z € X7, then
UTx=Tx — 5:(1')—1 + B = .
Next letz € X7 ;) sothatUz € X; then
TUx =Ux — B;_1+ B:(i)—l =z.0

LetT be the(«, 7) interval exchange transformation, andiet= {3y, Bs, . . ., Bim_1}-

Lemma 1.2.4.T is continuous o’ except at the points iP, but it is continuous
from the right at these points.

Proof: Chooser € X butz ¢ D. Sox € X, for somei, and we know
thatVe > 0, 3y € X; s.t. |x —y| < e. Therefore we choose,y € X; with
|z — y| < ¢ and it follows that

Tz —Ty| = ’x — Bic1 + By — Y+ Bic1 — 5;(1)—1‘ =lz—yl<e

SoT is continuous at all points € X\ D.
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Now letz = 3; € D sothatr € X, ;. Choosey € X' s.t. |y — z| < ¢ but add
the restrictiony — = > 0. This ensures us thgt = € X;,; and it follows that

Ty—Te=y—0i+ 01—+ 0i— By =y—x<e¢
SoT'is continuous from the right at points in.0OJ

Remark 1.2.5. hTIél Tr = ﬁ:(i) forl1 <i<m

Let's verify this by looking atl'z for x = 3; — ¢ whene > 0 and sufficiently
small. So we have € X; and thus

TSE = /31 —&— ﬁifl + /377-(1)71 = Q; — & + ﬁ:(l)fl = ﬁ:(l) — g_l:\
Remark 1.2.6.75; = 3,y for0 <i<m—1

Note thats; € X, and so we have

TB;i = B = Biti-1 + Blup1)-1 = Bris1)-1-0

Lemma 1.2.7.1f T'is an interval exchange transformatidh is again an interval
exchange transformationt € Z.

Proof: The starting point is to say that given tlae 7)-interval exchange trans-
formationT, 77 is an interval exchange transformation, and to do this we must
define a probability vector and a permutation. We know fRatetermined by
(a,7) will map X; onto X7, one-to-one, but we do not know how it affects
X We ask the following question, namely fore X; when isTz € X;? The
answer is when

fioi <Tx=x— fj1+ Br-1 < G
which yields

r € B+ B — 5:(]‘)_17 Bi + Bj—1 — 6:(j)—1) = J;.

If we fix j and let; vary note that J J; = X, andJ; N J,,, # 0 = i = m.

=1
So the half-open intervalg; partition X; and so if we letj vary, we get a
new partition of ¥ and it is finite with at mos2m members. In essence we

v



are working backwards, because we have created{p@ints first, these are the
startpoints of the/; as well as the point 1. In fact these start pointd;aire merely
DUT~'D U {0}. From these3-points we can now get our probability vector
by makingx; = " 3-point - (i — 1) 3-point.

Our next step is to find the permutation, and we start by noting the following:

T :J, — XJ C X, thereforeT? : J;, — XZ(TZ.) C X7, and it will be
an order preserving isometry, and thus we have created a new set of permuted
(-points.

Again we can work backwards; = [5,-1, 3,) for some m. It will get mapped
isomorphically ontoXj(Ti) = [B7_,,07) for some p, and we define to be the
permutation such that

S kg = 209 k1, namelyo(q) = p, andg andp are fixed by
the previous relation.

Now we have probability vector and permutation and we can defing? by

T?r =z — B4-1 + B3, wheneverw € 5,1, ;).

From this point we will proceed by induction dnfor T%.

AssumeT™ is the(x, o )-interval exchange transformation ahds the(«, 7)-
interval exchange transformation. Then sifd¢é is an interval exchange trans-
formation 7% is as well. We will haveY; = [y;_1,7;) where thesey; are the
(-points determined by and so

The =2 — i1 + 75, Whenz €Y,

We ask the question: wheni&z € X;? We answer

Bi1 < Tz < f3; or equivalently

Bic1+ -1 — %3@)-1 <@ < i+ 71— 7g(j)—l'

Just like before, we use this equation to determine a new setpaiints and
work backwards to get a probability vector Take note that thg-points will
belongto{0} UDUT'DU---UT~*D U0, 1}. Again we have a new partition
where each subinterval is mapped isometrically onto a subintervﬁlj&))f and
use this to work backwards, as before, to get the appropriate permutagmthat
we have defined™*! as the(v, )-interval exchange transformation.

This shows that ifl" is an interval exchange transformatictt; is an inter-
val exchange transformatigh € Z*. RecallT~! is an interval exchange trans-
formation, and7')* = T* to conclude that wheff is an interval exchange



transformatiof™” is an interval exchange transformatish ¢ Z.0O

1.2.1 The Exchange of Two Intervals

Let the probability vectotw = (A, 1 — \) and the permutation = (;f) determine
an interval exchange transformatién

Proposition 1.2.8.7 corresponds to a circle rotation on the circle of circumfer-
ence 1 that represeni®\Z.

Proof: Tz =x+1 - ANforz € X, orTx = 2 — ) for x € X5 On the circle
that isR\Z, we have
z+1l—-A=xz— )\

so eachr is shifted clockwise along the circumference of the circle by a distance
A. This is a clockwise rotation by an angle= 27 \.0

Proposition 1.2.9. T',the irrational interval exchange transformation that is the
exchange of two intervals is minimal.

Proof: The orbit of any point is infinite, because if not then
0=T*2—T"t modl=x—k\—2z+n)\ modl.

This implies that(n — k)\ € Z which contradicts irrationality oh. The orbit
is also dense itk by the following observation: cut the circle ingointervals of
lengthe. Since these are finitely many intervals, and the orbit &f infinite, we
know by the pidgeon hole principle that we will g&t"z — T*z| < ¢ for somen
andk. Therefore:

|t —nA —x+ kXN =|(k—n)\| <e.

So if we haver, y where|T?z — y| = § > ¢, we continue to appl§™*—" or 7*
in order to locater inside thes-neighborhood of;. We have that the orbit is dense
and sol’ is minimal D



1.3 Minimality

Amapf : S — Sis called minimal if the orbit, undef, of every point inS'is
dense inS.

Let T be the(a, 7)-interval exchange transformation and define the following
forz e X

Ot (z) ={T"z :n > 0}

O (z) ={T"z :n <0}

O(x) =0"(x) UO~ (x)

These are the orbits of the poinunder7™>°, 7=, andT™ respectively.

We propose fofl” the following minimality conditions:

M1) T is aperiodic. Sovn € Z andVx € X T"x # x or equivalentlty,
Vn,p € Z andVx € X T"x # TPx which impliesO(z) is infiniteVz € X.

M2) If F'is afinite union of half-open intervals whose endpoints belong to the
set

n—1
D> = ‘!0 O(6;) U {1}
thenTF = F — F = X or F = {.

Proposition 1.3.1. The setD* is countable.

Proof: Consider the seb(5;). Define a functionf : O(5;) — Z by
f(T™B;) = n. By the definition ofO(z), it follows that f is one-to-one and
onto. Therefore)(;) is countable and s®> is countable because it is the finite
union of countable sets]

Theorem 1.3.2.1f O(x) is dense inX for eachz € X, i.e. T is minimal, theril"
satisfies the minimality conditions.

Proof: Assumé fails M1. Thendz € X such thatlz = z. If Tz = « then
T 'z =z andT* 'z = Tz so we have) (z) = O~ (z) U {z} and|O(z)| = t.
But if O(z) is dense inY’ then given any € X andR. = (y — ¢,y — ¢) it must
be that|O(x) N R.| > |Z|. SinceO(z) is finite, it cannot be dense, so by contra-
diction we sed’ satisfies M1.

Supposé’ fails M2. Then we knowaF' # () such that?’ ¢ X andTF = F.
Thereforedz € F so thatO(z) C F and we need the following remark:
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Remark 1.3.3. SinceF’ C X is a finite union of half-open intervaldy is not
dense int.

The following must be true(x — ¢,z + &) N F' = () for somezr € X'\ F If not,
thenF = X or F'is not a finite uniond

It now follows easily thatD(z) C F' cannot be dense i, and by contradic-
tion " must satisfy M2

Theorem 1.3.4.1f T satisfies the minimality conditions thér(z) is dense in¥
for eachx € X, i.e. T is minimal.

Proof: If O(x) is not dense for some € X then there is a non-empty open
interval I C X with O(z) N I = (). W.L.O.G. we can make a small adjustment to
I such that it will be half-open.

O(x)NnI =0so,vt e Z, T« ¢ I or equivalentlyvt € Z, x ¢ T~'I. There-
fore, if we can show, fofl” satisfying the minimality conditions and C X an

k

arbitrary half-open interval of positive lengthk € Z so that|J 71 = X then
t=0
we will know thatO(z) must be dense becaugé O(x) N I # .

Let I = [a,b). D> is countable so we can adjusjust enough so that, b ¢
D,

Foreachy € D U {a,b} we say thak(y) =inf{t > 0: T 'y € (a,b)}.

Use the seP = {T*®y .y € DU {a,b}} to partition] into half-open in-
tervalsiy, ..., I; with [ < n + 2 since|P| < |D U {a,b}| = n + 1.

Find the minimal > 1 such thatl” N I; # 0 when; is fixed and arbitrary.
Such a finitet exists by Poincaré Recurrence Theorein.1'[;, ..., T"1; are all
single half-open intervals as we shall show by the following remark and lemma.

Remark 1.3.5. If H is a half-open interval such thdf° N D = () thenTH is a
single half-open interval.

If H is a half-open interval such that° N D = () thenH C X; andTH C
X7 ;) must be a single half-open interval by continuitylafO

Lemma 1.3.6.Fornsuchtha) <n <t —1,7T"[;N D = {.

Proof: Supposg; € T"1;°. ThenT'~"3; € I;. Because of the way in which
was partitioned, this implies thdt*3; is an endpoint of; with p < n. This im-
pliesthatl™?1,NI # (), sot = n—pandf; € T"I;meang = n—p <n <t—1

11



which is a contradiction. Thereforé&[,°N D =(for0 <n <t—1. O

By the lemma, we see th@t'/;° N D = (), and so by the remark we have that
I;,TI;, ..., T'; are all single half-open intervals.

Lemma 1.3.7.1f t > 1 is minimal such thai™; N I # () thenT"I; C I.

Proof: Let's suppose that’l; > a orb. Thenl;° > T 'a or T~'b which
means, because of holwvas partitioned, thal?a or T-7b is an endpoint for
somel, with p < t. However, this implies thal”?I; N I # ( and this is
an obvious contradiction unlegs= 0. Butp = 0 meansa or b € I, which
contradicts the way in which was partitioned. Thus we are ensured that
T'; CI.0

Lemma 1.3.8.For¢ > 1 minimal such thai* ;NI # (theintervals/;, T'I;,..., T" 1,
are disjoint.

Proof: Supposen > n andT™I; NT™1; # (. Thenz € T"I; andx € T™I;
so/ D I;>T"xeT™"l;andscl™ "1; C I, som —n > t. Therefore if we
takel;, T1;,...,T""'I; we have disjoint intervals

1 tji—1 )
SotakeF = |J | T"1;, wheret; is the power ofl’ when; first returns to
j=1 i=0
1, afinite union of half-open intervals.

k
Remark 1.3.9. F C |J T"I for somek < oco.

n=0

If + € F'thenz € T"I; for somen andj. Butl; C I, so7™"l; C T"I and
there you have itz

Remark 1.3.10.TF = F.

Letx € Fsox € T"[;. Ifn<t;—1thenTz e T""'[; CF. Ifn=1¢;—1
thenTx € I C F. So,x € F impliesTx € F and therefor§' F = F'. O

Remark 1.3.11. The boundary points of belong to the seb.

If x ¢ D> is a boundary point, thei™z ¢ D for anyn € Z and so by con-
tinuity of 7', = will always be a boundary point. Since there are finite boundary
points,x has finite orbit, but this contradicts M1, so it must have been that

12



T € D*®. O

k k
So by M2, it must be that" = X and sinceF’ C | T"I, J T"I = X.

n=0 n=0
Therefore we have finally shown that, whérsatisfies the minimality conditions,
O(z) must be dense i®’ for eachz € X. O

1.4 lIrrationality

Let us first introduce the notion of irreducibility. We call a permutatiomre-
ducible if foreachl < j <n —1,

(11,2, ) £ {1,2,..., ).

Remark 1.4.1.1f 7 is not irreducible ther¥” can be decomposed into an interval
exchange transformationdf, ;) and another orj;, 1).

First note that the firsf coordinates of.™ are a permutaion ofay, ..., a;}.
Consider theX; such thati < j, they belong to the intervdD, 5;). Because
7 is not ireducible, we know one of them will go one-to-one oatp, another
will go one-to-one ontaX7, and all the others will go one-to-one onto intervals
in between and moreoveXT, ..., X7 lie within the interval(0, 37) = [0, 3;).
Therefore the remark is verified because one pie@isfirom [0, ;) onto|0, 3;)
so there must be another piece frgpn, 1) onto[3;,1). O

Theorem 1.4.2.(Oseledets-Keane) If the orbits of the poibts= {1, ..., Bm_1}
are infinite and distinct, then the minimality conditions are satisfied.

Proof: Supposé fails M1, i.e. there isc € X such thati™z = z. Then we
set
B=max{T'3;:0<i<n—-1,0<j<m-1,T3; <z}

If 6 =athenT'; =2z =T"zsoB; =T" *z. Thus
T3 =TT " "'x) =T" "z = 3

and the orbit ofj; is not infinite, which is a contradiction, unless= 7"0. But
TBj = Bl (;41)-1, SOif7(1) # 1 then0 = T'8; andz = T3, forap; € D. This
B, will have a finite orbit. Ifr(1) = 1, then

Oé{ = = = 5{ = Tﬂfl(z)—y

13



So 3, € T'D which is a contradiction to distinct orbits.

Clearly the case must have beén< x, but then consider the intervgd, x].
Because of hows is defined7?[3, x] contains no points ih whenl—n < p <0,
so[f, z] remains intact and order preserved undet, ..., 7" ButT "z = z,
so it must bel' "3 = 3. Since = T"3;, 3; must have a finite orbit. Fnally we
have showm thdl’ cannot fail M1.

Let F be a set such that it causg<go fail M2.

Proposition 1.4.3.1f = # 1 is a boundary point of’, thenT'z is a boundary point
of Forxz € DU{0}.

Proof: Letx ¢ D U {0} so thatz is a point of continuity.x is a boundary
point, so we havéx — §,z) N F = () and(z,z + 0) N F # () for |§] > 0 and
arbitrarily small. If 7z € F is not a boundary point, thefi(x — 0,z + §) C F,
but sincel’F' = F' this is a contradictiom]

So now we see that if # 1 is a boundary pointy € D U {0} or Tz is a
boundary point. 1"z ¢ DU{0} for somen > 0, thenT"x is always a boundary
point. Since there are a finite number of boundary pointsardl™3; for some
beta; € D, thatp; is periodic which is a contradiction. SB8'z € D U {0} for
somen > 0.

Corollary 1.4.4. If z # 1 is a boundary point of", thenT 'z is a boundary
point, orT'z € D.

Proof: This follows from the above proposition because; ¥ 7D thenz
came from a boundary poirit,'z. Butif z € TD thenT 'z € D.O

So again because the orbit @f is infinite andF" has finite boundary points,
T—5x must live in D for somes. Lety = T %z € D, thenT" "y = T"x €
D U {0}. So if the orbits of the3; are to remain distinct, thef'y = 0, so
n =0,s = 1,x = 0. If 0is the only boundary point of' that is not1, then
F = X. Thereforéel" does not fail M2

Before proceeding to the next lemma, we must make the following definition:
the (o, 7)-interval exchange transformati@his called irrational ifr is irreducible
and the only rational relations between the numlets. ., «,, are multiples of
oy + -+ oy, = 1.
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Theorem 1.4.5.(Oseledets-Keane) T is irrational, thenT" satisfies the minimal
conditions.

Proof: Suppose the conditions of the previous lemma are not satisfied. Then
we must have for some s betweenl andm — 1 and some: > 0 that
Tn_Hﬂr = ﬁs-
We letu be such tha) < v < n and theril™ 3, will lie in some intervalX;,
with 0 < j, < m — 1. We define another notatiork, = 7(j, + 1) — 1 for
0 < u < n. Thus we have the followingj, = » and

Tﬁrzﬁr_ﬁr—l_ﬁgo :ﬁ]:()
and
Tu+1ﬁr _ T(Tuﬁr) — Tuﬁr _ /Bju + 51%

We can now come up with an expression 6! 3, by expanding that last
equation. We obtain the following:

T = T B, By, + 67, = T B =By =By s A B, 50, = - = D BL =D B
u=0 u=1
Now we reindex by letting, = j, if u # 0 andl, = s, and we have that:
0=T""8, -8, =Y B, = Bu—Bo= (Bi, — )
u=0 u=1 u=0

Now we will substitute in the definitions ¢f; and 5] to obtain:

1

n kay lu m—
0=> ( Qr=1(j) — 04:') =Y (g — djay)
1

u=0 \j=1 j= j=1

where we define; = [{u: 0 <u <n,k, > j}andd; = [{uv:0 <u <n,l, > j},
so thatc; is the number of times that, -1 ;) appears and, is the number of times
thata; appears. It then follows from the definitions@fandg; thatc,, = d,,, = 0

and: 0 < ¢p1 < - < <cgandld < d,.1 < - < dy < d;. When

we slightly re-organize our notation, without changing any definition, we happen

upon the equatioft = > (c,(;) — d;)a;. The irrationality ofT" now tells us that

7=1
c-(j) = d; and we already know that, = d,,, = 0. So, choose the maximakuch
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thatc;,d; # 0 andcjiq,...,c = dji1,...,d, = 0. Becauser is irreducible
there must exist > j + 1 anda < m with 7(b) < j andr~!(a) < j. Because if
not, thenr{1,...,7} ={1,...,5torr{j+1,...,m} = {5+ 1,...,m}, which
would meanr was reducible. So we have that,) = d, = 0 andd,-1(,) = ¢, =0
which in turn implies that; = d; = 0 for each;j. Thus, going back to the def-
initions of ¢; andd;, we have thakt, = [, = 0, which contradictg, = s > 1.
ThereforeT” must obey the conditions of our previous lemma, and so it satisfies
the minimality conditionsJ

1.5 Induced Transformations

Let I C X be a half-open interval. Partition it into sub-intervdls. . ., I, using
the method from Theorem 1.3.4. The induced map then defined by

L : I; — T%I; wheret; is the first return off; and7" is a minimal interval
exchange transformation.

Corollary 1.5.1. The induced transformation is an interval exchange transfor-
mation.

Proof: The corollary follows immediately from the results obtained in the
proof of Theorem 1.3.4 and the following remark:

Remark 1.5.2.T%1; N T*I;, = () whenj # k.

Proof: Suppose not. if; = t, thenl; = I, which is a contradiction. If; < ¢;
thenT*~% [, N I # () which is a contradiction. If, < ¢; thenT% "1, NI # ()
which is a contradictiom

Now we introduce the method of Rauzy Induction, which produces an induced
transformation when given an irrational interval exchange transformation
So letT be the(a, 7)-interval exchange transformation wher@artitionsX’ into

m intervals and- = ( 1™ ). There are two possible cases.
p-q

Case 18], < Bm—1

We consider the induced transformation on the intej¥a,,_;). It will be
partitioned exactly as before, except that f@§) = m the intervalX; is in two
parts: one that goes in{0, 3,,_1) and one that does not. The results are a trans-
formation defined for these new intervals with a permutation that may not be the
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same and a matrix expressing lengthsof old intervals in terms of lengthg; of
the new intervals.

Case 23,1 < ],

We consider the induced transformation on the inteffyad”, ). This means
that our firstm — 1 intervals will be exactly as before, but the new” interval will
be only a fraction of the old one. Again we produce a permutation and a matrix.

Example 1.5.3.LetT" be the minimal«, 7)-interval exchange transformation,

= (1) and we will do case 1 of Rauzy Induction. Here is the initial picture

| X | Xo | X3 | Xy |

| XT XX XD
We then make the inductive cut and produce a new picture under the induced
transformation

X X X | X

| XV XS X9 XD

So we have the following results:= (,75;) and

X, 1100 At
X, 0010/ [
X, 000 1]~ | A
X, 0100 Ay

Next we proceed to case 2 of Rauzy Induction. Here are the initial and inductive
pictures




| X5 X | X5 | Xy |

| X7 L XT Xy | XT

Thus the induced transformation has givervus (75, ) and

X, 1000 A
X, 0100/ [ X
X, 0010 ]| | A
X, 1001 Ay

For the sake of completeness, | will include for the reader the rest of the Rauzy

Induction forr = (}23}) complete with matrices and Rauzy graph.

(323%) by case one goes

the following matrices:

234
4213

234

) and by case two goes (@142

). It produces

1100
0010
4= 0001
0100
1 000
0100
B = 0010
1 001

(1234 234

1231) by case one goes (d7’; ) and by case two goes {d>?;). It produces

the following matrices:

_ o=, OoO O OO

SO o~ OO o
O OO0 = OO
_ o oo O OO

[EEN
o



234

(1234 o

o) by case one goes {d
the following matrices:

) and by case two itis not changed. It produces

1100
0010
A=10001
0100
1000
0100
B=10010
1001

(5237) by case one is unchanged and by case two goé$;f9). It produces
the following matrices:
1000
0100
4= 0011
0001
1 000
0100
B = 0010
0011

(1331) by case one goes {d7;; ) and by case two it is not changed. It produces
the following matrices:
1 0 00
0110
4= 0 0 01
0010
1 0 00
0100
B = 0010
01 01
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(5231) by case one is not changed and by case two go¢&ip). It produces

the following matrices:

1000
0100
A=10011
000 1
1000
0100
B=10010
001 1

| will now produce the afore mentioned Rauzy graph.

() — Gip) 2 (i)

2 1
Ve | N J
() 2 Gir) (i)
]
(5i13)
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Chapter 2

Rectangle Exchange
Transformations

2.1 Notations and Definitions

Recall thatY = [0,1). We now defin&2 = X x X, the half-open square in
R% B C Qis a (half-open) rectangle if there exist, xo,y1,%. € [0,1) such
thatz, < zo,y1 < yp @ndB = [z1,x2) X [y1,92). A finite measurable partion
P = (P,...,P,) of Qis called a rectangle partition of length if it consists

of m rectanglesP,, ..., P,,. A bijection that preserves Lebesgue measure in 2
dimensions X?) S : Q — Qs called a rectangle exchange transformation, if there
arem € 77, a rectangle partitiofP,, ..., P,,) of lengthm, andm translations
Si,..., S, of R?suchthatfori =1,...,m

Spi:Si

In such a case we call the rectangle partit®n= (P, ..., P,) admissible for
S. Arectangle partitiorP of lengthm is irreducible for some rectangle exchange
transformationS if P is admissible forS and there is no rectangle partitiga
with length less tham: that is also admissible fdf.

P;-

2.2 Interval Exchange Transformations in Two Di-
mensions

It is natural to consider creating a rectangle exchange transformation from two
interval exchange transformations. This is in fact valid, as will be shown in the
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following proposition.

Proposition 2.2.1.1f 77 andT; are interval exchange transformations, thEnx
T, is a rectangle exchange transformation.

Proof: LetT; be the(a, 7)-interval exchange transformation andTgtbe the
(o/, o)-interval exchange transformation. We will now partiti@nwith vertical
linesz = fi,...,2 = (,-1 and horizontal liney = 3{,...,y = 3/, ;. This
is a rectangle partitio® of length (m — 1)(m’ — 1), and is nothing more than
m columns each themselves divided the same wayriiftoectangles. When we
let 77 x T, act on this it will permute the columns withi and then within each
columnT; will permute the rectangles. Bijectivity and preservation are trivial,
and so we are dorie.

2.3 A Minimality Condition for Rectangle Exchange
Transformations

Let S be a rectangle exchange transformation andfet. . ., P,,) be a rectangle
partition admissible fos. Suppose thab, = [z}, x%) x [yi,ys) fori=1,... ,m.
Set

6 ={(z,y) € Prax=a{V y=y}

so thaty; forms the left and lower boundary &t. We putd = Lnj 0;. Forw € Q
=1

we set
O(w) ={S"(w) :n€Z},0_(w) ={S"(w) :n <0}
UOw U{(z,y) €[0,1]*:z=1V y=1}.
wed
We now introduce the following set of minimality conditions:

C1) Each poin € € has infinite orbit projections. This means that if we say
S"(w) = (zn,y,) for n € Z then the set§z,, : n € Z} and{y, : n € Z} are
infinite.

C2)If F = O (); is the union of a finite number of rectangl€s, ..., Q,
j=1
such thatSF = F and all boundary points of in [0, 1]* belong toD>, then
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F=Q.

C3) If s is a horizontal or vertical line i and @ is a rectangle then there
existsk = k(s, Q) such that for eacly € s

O_(W)NQ°#0={w, S w,....,5"w}NnQ° # 0.

Theorem 2.3.1.If a rectangle exchangg satisfies the minimality conditions, then
S is minimal, i.e. for eaclv € 2 we haveD(w) dense irf.

Proof: First | will comment on the necessity of C1.9fails C1 then we know
that for somev € () eitherO(w) does not intersect the arealdbetween the lines
x = a andzx = b with |a — b| > 0, or it does not intersect the arealinbetween
the linesy = c andy = d with |c — d| > 0. This imlies that we can find a ball
B c Qwith radiusp = ¢ > 0 andO(w) N B = (). Thus any minimak must obey
C1.

If S is not minimal, we know that there is some rectan@jlavith positive
measure, such th&(w) N R = 0 for somew € Q. We will show this cannot

k
happen by showing that for an arbitraRythere is a finitex such that( J S"R D

n=0
Q.

W.L.O.G. letR = [a,b) X [a, ¢). Now we partitionR in the following manner:
we consider all of the points if® coresponding to the first pre-image of <
d,[a, b],, [b,d], [a,c] or [¢,d] (Whered is the pointja — c| aboveb) that lies inR°.
Forallw € 6 U[a,b]U|c,d] letk(n) := inf{n € Z* : S~"w € R°} We concern
ourselves only wittk(n) < oo.

First consider the points*™ for w € [a,c], [b,d] or w € vertical §;. These
form segments (or points, i.e. segement of 0 measuré) and will form the
vertical walls of our partition. By C3 we know that they are finite and a definite
bound ism® wherem is the length of the partition oft and K is the max of alll
k that are the finite numbers from C3 that vary depending on wé#ichis in, or
if we [a,c],[b,d,].

Now considerw*™ for w € [a,b],[c,d] or w € horizontals;. These form
segments (possibly measure 0)Arthat will serve as the horizontal walls of our
partition. Again C3 guarantees finitude and the boundréf wherem is the
length of the partition of2 and K is the max of allk that are the finite numbers
from C3 that vary depending on whiéhw is in, or if w € [a, ], [c, d].

This will produce various line segments withitithat are at worst the skeletal
walls of our partition. Extend any partition walls so that there are no gaps in the
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partition, andR is now divided into half-open sub-rectangl®s, ..., R;. This is
all perfectly valid because of C3 and thépreserving bijectivity ofS.

So now for eactiz; we want to consider the minimal> 1 such thatS*R; N
R # (. This finitet exists by the Poincaré Recurrence Theorem. Our goal now is
toshowthat?;, SR;, ..., S'R; are single half-open rectanglé®;, SR;, ..., S" 'R,
are disjoint, and>’R; C R.

Remark 2.3.2. R;, SR;, ..., S'R; are single half-open rectangles.

Because of howk was partitioned, we know tha&t"R; N § = () whenn < t.
Forifw € d andw € S"R;° (if no w € S"R;° then the portion removed from;
hasA?* measure of)) thenS~?w € R, for somei andp < n. But thenS" ?R; N
R # 0 and this is a contradiction. This means that eact®pf. .., S" 'R; lie
entirely within someP; (not necessarily the same one) and thus it follows that
we have single rectangles for each Bf, ..., S'R; by the way in whichS is
definedd

Remark 2.3.3. R;, SR;, ..., S'""'R; are all disjoint.

Supposen,n < tandm > n. Thenif S"R; N S"R;, we knowS™"R; N R,
thereforem — n > ¢t which is a contradictiof’

Remark 2.3.4. S'R; C R.

Suppose not. Thef‘RS > w for somew € [a,b],[a,c],[b,d] or [c,d]. So
0 < p < t such thatS~Pw is on the boundary of som&,. This implies that
S*"PR; N R # () which is a contradiction because- p < t andt was said to be
the first return time

1 tj—1 ]
Let ' = |J U S°R; wheret; is the power ofS when R; first returns toR.

=1 i=0

k
Clearly F C |J S™R with k < oo andF is a finite union.

n=0

Remark 2.3.5.SF = F.

If w e FthenSw € S"R; for somej andl < n < ¢; or Sw € R. Either way,
Sw e F.0
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Remark 2.3.6. The boundary points of' belong to the seD>.

Letw ¢ D> be a boundary point of". Sincew ¢ D> we can assure that
there is an open bal with radiusp such thats"w > B C P, for somei, and
B, p,i depend orw andn. We know that within this ball is the sequence of points
outsideF' converging tav as well as the sequence of points insideonverging
to w, so it follows thatv must remain a boundary under any powesofSinceF
has finitely manyz-coordinates in its boundaries, and finitely mangoordinates
in its boundaries) would fail C10

Now we can apply C2 and get that= {2 which in turn yields

k
UJ S"R 2 Q.0
n=0
Corollary 2.3.7. There is an induced map on any rectangfle= [a,b) X [¢,d) C
2 and it is again a rectangle exchange transformation.

Proof: LetS be a rectangle exchange afdan admissible partition fof.
The map onR induced bysS is the first return map on the partition &f that is
exactly like the partition in Theorem 2.3.1. As seen in 2.3.1, all of the rectangles
in the partition remain intact and the return in whole. Sifds already measure
preserving and bijective, the only thing left to check is that it 1 is the first
return of R; thenS™ R;° N Sp]i’jc"’"c = whenn = t; andp = t;.

Suppose the intersection is non-empty, then # ¢; we haveR; N k; which
is a contradiction. If; > t; thenS"~% R, N R° # () which contradictg; being
the first return. In the final scenari$’ — R; N R° # () which contradicts; being
the first returnd
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