
Junior Research Seminar:
Diophantine Analysis and Approximations1 2

Ramin Takloo-Bighash3, Steven Miller4, Harald Helfgott5, Florin Spinu6

February 23, 2003

1Homepage:http://www.math.princeton.edu/ ∼mathlab/
2Mondays6 : 30− 7 : 30pm and Tuesdays8 : 30− 9 : 30pm, Fine314
3E-mail: rtakloo@math.princeton.edu
4E-mail:sjmiller@math.princeton.edu
5E-mail:haraldh@math.princeton.edu
6E-mail:fspinu@math.princeton.edu



Contents

1 Preliminaries 7
1.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.2 Efficient Algorithms . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2.1 Polynomial Evaluation . . . . . . . . . . . . . . . . . . . 8
1.2.2 Exponentiation . . . . . . . . . . . . . . . . . . . . . . . 9
1.2.3 Euclidean Algorithm . . . . . . . . . . . . . . . . . . . . 9

1.3 Mean Value Theorem . . . . . . . . . . . . . . . . . . . . . . . . 12
1.3.1 Sketch of Proof of the MVT . . . . . . . . . . . . . . . . 13
1.3.2 Sign of the Derivative . . . . . . . . . . . . . . . . . . . 14
1.3.3 Intermediate Value Theorem . . . . . . . . . . . . . . . . 15
1.3.4 Taylor Series . . . . . . . . . . . . . . . . . . . . . . . . 15

1.4 Probabilities of Discrete Events . . . . . . . . . . . . . . . . . . . 17
1.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.4.2 Means . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.4.3 Variances . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.4.4 Random Walks . . . . . . . . . . . . . . . . . . . . . . . 23
1.4.5 Bernoulli Process . . . . . . . . . . . . . . . . . . . . . . 23
1.4.6 Poisson Distribution . . . . . . . . . . . . . . . . . . . . 25
1.4.7 Continuous Poisson Distribution . . . . . . . . . . . . . . 26
1.4.8 Central Limit Theorem . . . . . . . . . . . . . . . . . . . 28

1.5 Iteration of Functions . . . . . . . . . . . . . . . . . . . . . . . . 28
1.5.1 Linear Functions . . . . . . . . . . . . . . . . . . . . . . 28
1.5.2 Newton’s method . . . . . . . . . . . . . . . . . . . . . . 29
1.5.3 The Mandelbrot set . . . . . . . . . . . . . . . . . . . . . 30

2 Algebraic and Transcendental Numbers 32
2.1 Definitions and Cardinalities of Sets . . . . . . . . . . . . . . . . 32

2.1.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . 32

1



2.1.2 Countable Sets . . . . . . . . . . . . . . . . . . . . . . . 33
2.1.3 Algebraic Numbers . . . . . . . . . . . . . . . . . . . . . 35
2.1.4 Transcendental Numbers . . . . . . . . . . . . . . . . . . 36

2.2 Properties ofe . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.2.1 e is Irrational . . . . . . . . . . . . . . . . . . . . . . . . 38
2.2.2 e is Transcendental . . . . . . . . . . . . . . . . . . . . . 40

3 Introduction to Number Theory 45
3.1 Dirichlet’s Box Principle . . . . . . . . . . . . . . . . . . . . . . 45

3.1.1 Approximation by Rationals . . . . . . . . . . . . . . . . 45
3.2 Counting the Number of Primes . . . . . . . . . . . . . . . . . . 46

3.2.1 Euclid . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.2.2 Dirichlet’s Theorem . . . . . . . . . . . . . . . . . . . . 47
3.2.3 Prime Number Theorem . . . . . . . . . . . . . . . . . . 47

3.3 Partial Summation . . . . . . . . . . . . . . . . . . . . . . . . . 51

4 Fourier Analysis and the Equi-Distribution of {nα} 54
4.1 Inner Product of Functions . . . . . . . . . . . . . . . . . . . . . 54
4.2 Fourier Series and{nα} . . . . . . . . . . . . . . . . . . . . . . 56

4.2.1 Fourier Series . . . . . . . . . . . . . . . . . . . . . . . . 56
4.2.2 Weighted partial sums . . . . . . . . . . . . . . . . . . . 57
4.2.3 Equidistribution . . . . . . . . . . . . . . . . . . . . . . . 60

5 Introduction to Continued Fractions 63
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.1.1 Example . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.1.2 Goal of the Course . . . . . . . . . . . . . . . . . . . . . 64

5.2 Continued Fractions . . . . . . . . . . . . . . . . . . . . . . . . . 64
5.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 64
5.2.2 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.2.3 Elementary Properties of Continued Fractions . . . . . . . 66
5.2.4 Convergence to a Continued Fraction . . . . . . . . . . . 66
5.2.5 Observation . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.2.6 Continued Fractions with Positive Terms . . . . . . . . . 69

6 Second Lecture 71
6.1 Another Introduction . . . . . . . . . . . . . . . . . . . . . . . . 71

6.1.1 Decimal Expansion . . . . . . . . . . . . . . . . . . . . . 71

2



6.1.2 Continued Fraction Expansion . . . . . . . . . . . . . . . 72
6.1.3 Dynamical Interpretation . . . . . . . . . . . . . . . . . . 72

6.2 Positive, Simple Convergents . . . . . . . . . . . . . . . . . . . . 73
6.3 Representation of Numbers by Continued Fractions . . . . . . . . 74

7 Third Lecture 76
7.1 Interesting Problem . . . . . . . . . . . . . . . . . . . . . . . . . 76
7.2 Uniqueness of Continued Fraction Expansions . . . . . . . . . . . 77
7.3 Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

8 Fourth Lecture 81
8.1 Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
8.2 Periodic Continued Fractions . . . . . . . . . . . . . . . . . . . . 82

9 Approximations to Irrational Numbers 87
9.1 Convergents Give the Best Approximations . . . . . . . . . . . . 87

10 Measure Theory, Sizes of Well-Approximated Sets, and Height Func-
tions 90
10.1 Naive measure theory . . . . . . . . . . . . . . . . . . . . . . . . 90

10.1.1 Reconsidering length and area . . . . . . . . . . . . . . . 90
10.1.2 Measure of the Rationals . . . . . . . . . . . . . . . . . . 92

10.2 Measures of Sets with Given Continued Fraction Approximations 93

10.2.1
∣∣∣x− p

q

∣∣∣ ≤ C
q2+ε Infinitely Often . . . . . . . . . . . . . . . 93

10.2.2
∣∣∣x− p

q

∣∣∣ ≤ 1
q2
√

5
. . . . . . . . . . . . . . . . . . . . . . . 95

10.3 Height Functions and Diophantine Equations . . . . . . . . . . . 97
10.3.1 Fermat’s Equation . . . . . . . . . . . . . . . . . . . . . 97
10.3.2 Method of Descent . . . . . . . . . . . . . . . . . . . . . 100

11 Fifth Lecture 102
11.1 Convergents are the Best Rational Approximations . . . . . . . . 102
11.2 Weaker Approximation Properties of Convergents . . . . . . . . . 104
11.3 Exponent (or Order) of Approximation . . . . . . . . . . . . . . . 107

12 Liouville’s Theorem Constructing Transcendentals 109
12.1 Review of Approximating by Rationals . . . . . . . . . . . . . . 109
12.2 Liouville’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 110
12.3 Constructing Transcendental Numbers . . . . . . . . . . . . . . . 112

3



12.3.1
∑

m 10−m! . . . . . . . . . . . . . . . . . . . . . . . . . 112
12.3.2 [101!, 102!, . . . ] . . . . . . . . . . . . . . . . . . . . . . . 113
12.3.3 Buffon’s Needle andπ . . . . . . . . . . . . . . . . . . . 115

13 Poissonian Behavior and{nkα} 117
13.1 Equidistribution . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
13.2 Point Masses and Induced Probability Measures . . . . . . . . . . 117
13.3 Neighbor Spacings . . . . . . . . . . . . . . . . . . . . . . . . . 119
13.4 Poissonian Behavior . . . . . . . . . . . . . . . . . . . . . . . . 121

13.4.1 Nearest Neighbor Spacings . . . . . . . . . . . . . . . . . 121
13.4.2 kth Neighbor Spacings . . . . . . . . . . . . . . . . . . . 123

13.5 Induced Probability Measures . . . . . . . . . . . . . . . . . . . 125
13.6 Non-Poissonian Behavior . . . . . . . . . . . . . . . . . . . . . . 126

13.6.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . 127
13.6.2 Proof of Theorem 13.6.2 . . . . . . . . . . . . . . . . . . 128
13.6.3 Measure ofα 6∈ Q with Non-Poissonian Behavior along

a sequenceNn . . . . . . . . . . . . . . . . . . . . . . . 129

14 Sixth Lecture: (The Start of the) Proof of Roth’s Theorem 131
14.1 Statement of Roth’s Theorem . . . . . . . . . . . . . . . . . . . . 131

14.1.1 Application of Roth’s Theorem to Solving Diophantine
Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 132

14.1.2 abc Conjecture and Roth’s Theorem . . . . . . . . . . . . 132
14.2 Review of Liouville’s Theorem . . . . . . . . . . . . . . . . . . . 133
14.3 Generalizing Liouville’s Construction to get Roth’s Theorem . . . 135
14.4 Equivalent Formulation of Roth’s Theorem . . . . . . . . . . . . 135
14.5 Algebraic Numbers and Integers . . . . . . . . . . . . . . . . . . 137
14.6 Needed Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . 139

15 Seventh Lecture: The Proof of Roth’s Theorem 141
15.1 Wronskian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

15.1.1 Standard Wronskian . . . . . . . . . . . . . . . . . . . . 141
15.1.2 Definition of Generalized Wronskian . . . . . . . . . . . 141
15.1.3 Properties of the Generalized Wronskian . . . . . . . . . 142

15.2 More Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

4



16 Lang-Trotter Construction for Continued Fraction of α 146
16.1 Description of When the Method is Applicable . . . . . . . . . . 146
16.2 Proof of Lang-Trotter Method . . . . . . . . . . . . . . . . . . . 146
16.3 Applying the Lang-Trotter Method . . . . . . . . . . . . . . . . . 147

17 Eighth Lecture: The Proof of Roth’s Theorem 149
17.1 Review of Index . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
17.2 Key Equations: Equations 17.6 through 17.14 . . . . . . . . . . . 150
17.3 Proof of Roth (Assuming Lemma 17.2.1) . . . . . . . . . . . . . 151

18 Ninth Lecture: The Proof of Roth’s Theorem 155
18.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
18.2 Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
18.3 Sketch of Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

19 Kuzmin’s Theorem 161
19.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
19.2 Distribution ofa1(α) = k . . . . . . . . . . . . . . . . . . . . . . 161
19.3 Distribution ofan(α) = k . . . . . . . . . . . . . . . . . . . . . . 162
19.4 Measure ofα with Bounded Digits in their Continued Fraction

Expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
19.5 Measure ofα with Digits in their Continued Fraction Expansion

Growing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
19.6 Needed Technical Results . . . . . . . . . . . . . . . . . . . . . . 165
19.7 Kuzmin’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 166
19.8 Strengthened Versions of Kuzmin’s Theorem . . . . . . . . . . . 167

20 Kuzmin Experiments 168
20.1 Statement of Problem . . . . . . . . . . . . . . . . . . . . . . . . 168
20.2 Direct Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
20.3 Solution via Linearity of Expected Values . . . . . . . . . . . . . 169
20.4 Generalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
20.5 General Comments . . . . . . . . . . . . . . . . . . . . . . . . . 171

A Robert Lipshitz’s Junior Project: Numerical results concerning the
distribution of {n2α} 173
A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
A.2 Known Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

5



A.3 Computations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
A.4 For Those Who Come After . . . . . . . . . . . . . . . . . . . . 189

6



Chapter 1

Preliminaries

1.1 Notation

1. W : the set of whole numbers:{1, 2, 3, 4, . . . }.
2. N : the set of natural numbers:{0, 1, 2, 3, . . . }.
3. Z : the set of integers:{. . . ,−2,−1, 0, 1, 2, . . . }.
4. Q: the set of rational numbers:{x : x = p

q
, p, q ∈ Z, q 6= 0}.

5. R: the set of real numbers.

6. C: the set of complex numbers:{z : z = x + iy, x, y ∈ R}.
7. Z/nZ : the additive group of integers modn.

8. (Z/nZ)∗ : the multiplicative group of invertible elements modn.

9. a|b : a dividesb, i.e. the remainder after integer divisionb
a

is 0.

10. (a, b) : greatest common divisor (gcd) ofa andb, often writtengcd(a, b).

11. x ≡ y( mod n) : there exists an integera such thatx = y + an.

12. wlog : without loss of generality.

13. s.t. : such that.

14. ∀ : for all.
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15. ∃ : there exists.

16. big O notation :A(x) = O(B(x)), read “A(x) is of orderB(x)”, means
∃C > 0 such that∀x, |A(x)| ≤ C B(x).

17. |S| or #S : number of elements in the setS.

18. p : usually a prime number.

19. n : usually an integer.

1.2 Efficient Algorithms

For computational purposes, often having an algorithm to compute a quantity is
not enough; we need an algorithm which will computequickly. Below we study
three standard problems, and show how to either rearrange the operations more
efficiently, or give a more efficient algorithm than the obvious candidate.

1.2.1 Polynomial Evaluation

Let f(x) = anxn + an−1x
n−1 + · · ·+ a1x + a0. The obvious way to evaluate is to

calculatexn and multiply byan (n multiplications), calculatexn−1 and multiply
by an−1 (n − 1 multiplications) and add, et cetera. There aren additions and∑n

k=0 k multiplications, for a total ofn + n(n+1)
2

operations. Thus, the standard
method leads toO(n2) computations.

Instead, consider the following:
((

(anx + an−1)x + an−2

)
x + · · ·+ a1

)
x + a0. (1.1)

For example,

7x4 + 4x3 − 3x2 − 11x + 2 =

((
(7x + 4)x− 3

)
x− 11

)
x + 2. (1.2)

Evaluating the long way takes14 steps; cleverly rearranging takes8 steps.

Exercise 1.2.1.Prove that the second method takes at most2n steps to evaluate
anx

n + · · · a0.
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1.2.2 Exponentiation

Considerxn. The obvious way to evaluate involvesn − 1 multiplications. By
writing n in base two, we can evaluatexn in at most2 log2 n steps.

Let k be the largest integer such that2k ≤ n. Then∃ai ∈ {0, 1} such that

n = ak2
k + ak−12

k−1 + · · ·+ a12 + a0. (1.3)

It costsk multiplications to evaluatex2i
, i ≤ k. How? Considery0 = x20

,
y1 = y0 · y0 = x20 · x20

= x21
, y2 = y1 · y1 = x22

, . . . , yk = yk−1 · yk−1 = x2k
.

Then

xn = xak2k+ak−12k−1+···+a12+a0

= xak2k · xak−12k−1 · · · xa12 · xa0

=
(
x2k

)ak ·
(
x2k−1

)ak−1 · · ·
(
x2

)a1 ·
(
x1

)a0

= yak
k · yak−1

k−1 · · · ya1
1 · ya0

0 . (1.4)

As eachai ∈ {0, 1}, we have at mostk + 1 multiplications above (ifai = 1
we have the termyi in the product, ifai = 0 we don’t).

Thus, it costsk multiplications to evaluate thex2i
(i ≤ k), and at most another

k multiplications to finish calculatingxn. As k ≤ log2 n, we see thatxn can be
determined in at most2 log2 n steps.

Note, however, that we do need more storage space for this method, as we
need to store the valuesyi = x2i

, i ≤ log2 n.

Exercise 1.2.2.Instead of expandingn in base two, expandn in base three. How
many calculations are needed to evaluatexn this way? Why is it preferable to
expand in base two rather than any other base?

1.2.3 Euclidean Algorithm

The Euclidean Algorithm is an efficient way to determine the greatest common
divisor ofx andy, denotedgcd(x, y) or (x, y). Without loss of generality, assume
1 < x < y.

The obvious way to determinegcd(x, y) is to dividex andy by all positive
integers up tox. This takes at most2x steps.

Let [z] denote the greatest integer less than or equal toz. We write

9



y =

[
y

x

]
· x + r1, 0 ≤ r1 < x. (1.5)

Exercise 1.2.3.Prove thatr1 ∈ {0, 1, . . . , x− 1}.

Exercise 1.2.4.Provegcd(x, y) = gcd(r1, x). Hint: r1 = y −
[

y
x

]
· x.

We proceed in this manner untilrk equals zero or one. As each execution
results inri < ri−1, we proceed at mostx times (although later we prove we need
to apply these steps at most2 log2 x times).

x =

[
x

r1

]
· r1 + r2, 0 ≤ r2 < r1

r1 =

[
r1

r2

]
· r2 + r3, 0 ≤ r3 < r2

r2 =

[
r2

r3

]
· r3 + r4, 0 ≤ r4 < r3

...

rk−2 =

[
rk−2

rk−1

]
· rk−1 + rk, 0 ≤ rk < rk−1. (1.6)

Exercise 1.2.5.Prove that ifrk = 0, thengcd(x, y) = rk−1, while if rk = 1, then
gcd(x, y) = 1.

We now analyze how largek can be. The key observation is the following:

Lemma 1.2.6.Consider three adjacent remainders in the expansion:ri−1, ri and
ri+1 (wherey = r−1 andx = r0). Thengcd(ri, ri−1) = gcd(ri+1, ri), andri+1 <
ri−1

2
.

Proof: We have the following relation:

ri−1 =

[
ri−1

ri

]
· ri + ri+1, 0 ≤ ri+1 < ri. (1.7)
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If ri ≤ ri−1

2
, then asri+1 < ri, we immediately conclude thatri+1 < ri. If

ri > ri−1

2
, then we note that

ri+1 = ri−1 −
[

ri−1

ri

]
· ri. (1.8)

But
[

ri−1

ri

]
= 1 (easy exercise). Thusri−1 < ri−1

2
. 2

We count how often we apply Euclid’s Algorithm. Going from(x, y) =
(r0, r−1) to (r1, r0) costs one application. Every two applications leads to the
first entry in the last pair being at most half of the second entry of the first pair.

Thus, if k is the largest integer such that2k ≤ x, we see we apply Euclid’s
Algorithm at most1 + 2k ≤ 1 + 2 log2 x times. Each application requires one
integer division, where the remainder is the input for the next step.

We have proven

Lemma 1.2.7.Euclid’s Algorithm requires at most1 + 2 log2 x divisions to find
the greatest common denominator ofx andy.

Let us assume thatri = gcd(x, y). Thus, the last equation before Euclid’s
Algorithm terminated was

ri−2 =

[
ri−2

ri−1

]
· ri−1 + ri, 0 ≤ ri < ri−1. (1.9)

Therefore, we can find integersai−1 andbi−2 such that

ri = ai−1ri−1 + bi−2ri−2. (1.10)

Looking at the second to last application of Euclid’s algorithm, we find that
there are integersa′i−2 andb′i−3 such that

ri−1 = a′i−2ri−2 + b′i−3ri−3. (1.11)

Substituting forri−1 = ri−1(ri−2, ri−3) in the expansion ofri yields that there
are integersai−2 andbi−3 such that

ri = ai−2ri−2 + bi−3ri−3. (1.12)

Continuing by induction, and recallingri = gcd(x, y) yields
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Lemma 1.2.8.There exist integersa andb such thatgcd(x, y) = ax + by. More-
over, Euclid’s Algorithm gives a constructive procedure to finda andb.

Exercise 1.2.9.Find a andb such thata · 244 + b · 313 = gcd(244, 313).

Exercise 1.2.10.Add details to complete an alternate proof of the existence ofa
andb with ax + by = gcd(x, y):

1. Letd be the smallest positive value attained byax+ by as we varya, b ∈ Z.
Such ad exists: consider(a, b) = (1, 0) or (0, 1). Thus,d = ax + by. We
now showd = gcd(x, y).

2. gcd(x, y)|d.

3. Let e = Ax + By > 0. Thend|e. Therefore, for any choice ofA,B ∈ Z,
d|(Ax + By).

4. d|x and d|y (consider clever choices ofA and B; one choice givesd|x,
one givesd|y). Therefored| gcd(x, y). As we’ve showngcd(x, y)|d, this
completes the proof.

Note this is a non-constructive proof. By minimizingax + by, we obtain
gcd(x, y), but we have no idea how many steps is required. Prove that a so-
lution will be found either among pairs(a, b) with a ∈ {1, . . . , y − 1} and
−b ∈ {1, . . . , x− 1}, or−a ∈ {1, . . . , y − 1} andb ∈ {1, . . . , x− 1}.

1.3 Mean Value Theorem

We recall some notation:
[a, b] = {x : a ≤ x ≤ b}. IE, [a, b] is all x betweena andb, includinga and

b. (a, b) = {x : a < x < b}. IE, (a, b) is all x betweena andb, not including the
endpointsa andb.

Theorem 1.3.1 (Mean Value Theorem).Leth(x) be differentiable on[a, b]. Then
∃c ∈ [a, b] such that

h(b)− h(a) = h′(c) · (b− a). (1.13)
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What is the physical interpretation of the Mean Value Theorem? Leth(x)
represent the distance from the starting point at timex. The average speed froma
to b is the distance traveled (h(b)− h(a)) divided by the elapsed time (b− a). As
h′(x) represents the speed at timex, the MVT says that there is some intermediate
time at which you are traveling at the average speed.

The MVT follows immediately from the Intermediate Value Theorem:

Theorem 1.3.2 (Intermediate Value Theorem).Let f be a continuous function
on [a, b]. ∀C betweenf(a) and f(b), ∃c ∈ [a, b] such thatf(c) = C. In other
words, all intermediate values of a continuous function are obtained.

1.3.1 Sketch of Proof of the MVT

The MVT follows from Rolle’s Theorem:

Theorem 1.3.3 (Rolle’s Theorem).Let f be differentiable on[a, b], and assume
f(a) = f(b) = 0. Then there exists ac ∈ [a, b] such thatf ′(c) = 0.

Why? Assume Rolle’s Theorem. Consider the function

h(x) = f(x)− f(b)− f(a)

b− a
(x− a)− f(a). (1.14)

.
Noteh(a) = f(a)− f(a) = 0 andh(b) = f(b)− (f(b)− f(a))− f(a) = 0.

Thus, the conditions of Rolle’s Theorem are satisfied forh(x), and there is some
c ∈ [a, b] such thath′(c) = 0. But

h′(c) = f ′(c)− f(b)− f(a)

b− a
. (1.15)

Rewriting yieldsf(b)− f(a) = f ′(c) · (b− a).
Thus, it is sufficient to prove Rolle’s Theorem to prove the MVT.
Without loss of generality, assumef ′(a) andf ′(b) are non-zero. If either were

zero, we would be done.
Multiplying f(x) by−1 if needed, we may assumef ′(a) > 0.

Case1: f ′(b) < 0: As f ′(a) > 0 andf ′(b) < 0, the Intermediate Value
Theorem, applied tof ′(x), asserts that all intermediate values are attained. As
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f ′(b) < 0 < f ′(a), this implies the existence of ac ∈ (a, b) such thatf ′(c) = 0.

Case2: f ′(b) > 0: f(a) = f(b) = 0, and the functionf is increasing ata and
b. If x is real close toa, thenf(x) > 0 becausef ′(a) > 0.

This follows from the fact that

f ′(0) = lim
x→0

f(x)− f(0)

x
. (1.16)

As f ′(0) > 0, the limit is positive. As the denominator is positive forx > 0,
the numerator must be positive. Thus,f(x) must be greater thanf(0) for smallx.

Similarly, f ′(b) > 0 impliesf(x) < f(b) = 0 for x nearb.
Therefore, the functionf(x) is positive forx slightly greater thana and nega-

tive for x slightly less thanb. If the first derivative were always positive, thenf(x)
could never be negative as it starts at0 at a. This can be seen by again using the
limit definition of the first derivative to show that iff ′(x) > 0, then the function
is increasing nearx. See the next section for more details.

Thus, the first derivative cannot always be positive. Either there must be some
pointy ∈ (a, b) such thatf ′(y) = 0 (and we are then done!) orf ′(y) < 0. By the
IVT, as0 is betweenf ′(a) (which is positive) andf ′(y) (which is negative), there
is somec ∈ (a, y) ⊂ [a, b] such thatf ′(c) = 0.

1.3.2 Sign of the Derivative

As it is such an important concept, let us show thatf ′(x) > 0 implies f(x) is
increasing atx. The definition of the derivative gives

f ′(x) = lim
∆x→0

f(x + ∆x)− f(x)

∆x
. (1.17)

If ∆x > 0, the denominator is positive. As the limit is positive, for∆x suffi-
ciently small, the numerator must be positive. Thus,∆x positive and small implies
f(x + ∆x) > f(x).

If ∆x < 0, the denominator is negative. As the limit is positive, for∆x
sufficiently small, the numerator must be negative. Thus,∆x negative and small
impliesf(x + ∆x) < f(x).

Therefore, iff ′(x) is positive, thenf is increasing atx. Similarly we can show
if f ′(x) is negative thenf is decreasing atx.

14



1.3.3 Intermediate Value Theorem

We have reduced all our proofs to the intuitively plausible IVT: ifC is between
f(a) andf(b) for some continuous functionf , then∃c ∈ (a, b) such thatf(c) =
C.

Here is a sketch of a proof using the method Divide and Conquer. Without
loss of generality, assumef(a) < C < f(b). Let x1 be the midpoint of[a, b].
If f(x1) = C we are done. Iff(x1) < C, we look at the interval[x1, b]. If
f(x1) > C we look at the interval[a, x1].

In either case, we have a new interval, call it[a1, b1], such thatf(a1) < C <
f(b1), and the interval has size half that of[a, b]. Continuing in this manner,
constantly taking the midpoint and looking at the appropriate half-interval, we see
one of two things may happen.

First, we may be lucky and one of the midpoints may satisfyf(xn) = C. In
this case, we have found the desired pointc.

Second, no midpoint works. Thus, we divide infinitely often, getting a se-
quence of pointsxn. This is where rigorous mathematical analysis is required.

We claim the sequence of pointsxn converge to some numberX ∈ (a, b).
Clearly it can’t be an endpoint. We keep getting smaller and smaller intervals (of
half the size of the previous and contained in the previous) wheref(x) < C at the
left endpoint, andf(x) > C at the right endpoint. By continuity at the pointX,
eventuallyf(x) must be close tof(X) for x close toX.

If f(X) < C, then eventually the right endpoint cannot be greater thanC; if
f(X) > C, eventually the left endpoint cannot be less thanC. Thus,f(X) = C.

1.3.4 Taylor Series

Using just the Mean Value Theorem, we prove thenth Taylor Series Approxima-
tion. Namely, iff is differentiable at leastn + 1 times on[a, b], then∀x ∈ [a, b],

f(x) =
∑n

k=0
f (k)(a)

k!
(x − a)k plus an error that is at mostmaxa≤c≤x |f (n+1)(c)| ·

|x− a|n+1.
Assumingf is differentiablen+1 times on[a, b], we apply the MVT multiple

times to bound the error betweenf(x) and its Taylor Approximations.
Let
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fn(x) =
n∑

k=0

f (k)(a)

k!
(x− a)k

h(x) = f(x)− fn(x). (1.18)

fn(x) is thenth Taylor Series Approximation tof(x). Notefn(x) is a polyno-
mial of degreen.

We want to bound|h(x)| for x ∈ [a, b]. Without loss of generality (basically,
for notational convenience), we may assumea = 0 andf(a) = 0.

Thus,h(0) = 0. Applying the MVT toh yields

h(x) = h(x)− h(0)

= h′(c1) · (x− 0)

=
(
f ′(c1)− f ′n(c1)

)
x

=
(
f ′(c1)−

n∑

k=1

f (k)(0)

k!
· k(c1 − 0)k−1

)
x

=
(
f ′(c1)−

n∑

k=1

f (k)(0)

(k − 1)!
ck−1
1

)
x

= h1(c1)x. (1.19)

We now apply the MVT toh1(u). Note thath1(0) = 0. Therefore

h1(c1) = h1(c1)− h1(0)

= h′1(c2) · (c1 − 0)

=
(
f ′′(c2)− f ′′n(c2)

)
c1

=
(
f ′′(c2)−

n∑

k=2

f (k)(0)

(k − 1)!
· (k − 1)(c2 − 0)k−2

)
c1

=
(
f ′′(c2)−

n∑

k=2

f (k)(0)

(k − 2)!
ck−2
2

)
c1

= h2(c1)c1. (1.20)

16



Therefore,

h(x) = f(x)− fn(x) = h2(c2)c1x, c2 ∈ [0, c1], c1 ∈ [0, x]. (1.21)

Proceeding in this way a total ofn times yields

h(x) =
(
f (n)(cn)− f (n)(0)

)
cn−1cn−2 · · · c2c1x. (1.22)

Applying the MVT tof (n)(cn)− f (n)(0) givesf (n+1)(cn+1) · (cn − 0). Thus,

h(x) = f(x)− fn(x) = f (n+1)(cn+1)cn · · · c1x, ci ∈ [0, x]. (1.23)

Therefore

|h(x)| = |f(x)− fn(x)| = Mn+1|x|n+1, Mn+1 = max
c∈[0,x]

|f (n+1)(c)|. (1.24)

Thus, if f is differentiablen + 1 times, thenth Taylor Series Approximation
to f(x) is correct within a multiple of|x|n+1; further, the multiple is bounded by
the maximum value off (n+1) on [0, x].

1.4 Probabilities of Discrete Events

1.4.1 Introduction

Let Ω = {ω1, ω2, ω3, . . . } be an at most countable set of events. We callΩ the
sample (or outcome) space. We call the elementsω ∈ Ω the events. Let x :
Ω → R. That is, for each eventω ∈ Ω, we attach a real numberx(ω). We callx a
random variable.

Example 1.4.1.Flip a fair coin 3 times. The possible outcomes are

Ω = {HHH,HHT, HTH, THH, HTT, THT, TTH, TTT}. (1.25)

One possible random variable isx(ω) equals the number of heads inω. Thus,
x(HHT ) = 2 andx(TTT ) = 0.
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Example 1.4.2.LetΩ be the space of all flips of a fair coin where all but the last
flip are tails, and the last is a head. Thus,Ω = {H, TH, TTH, TTTH, . . . }. One
possible random variable isx(ω) is the number of tails; another isx(ω) equals
the number of the flip which is a head.

We sayp(ω) is aprobability function onΩ if

1. 0 ≤ p(ωi) ≤ 1 for all ωi ∈ Ω.

2. p(ω) = 0 if ω 6∈ Ω.

3.
∑

i p(ωi) = 1.

We callp(ω) the probability of eventω.
Often, we have a random variables wherex(ω) = ω. In a convenient abuse of

notation, we writeX for Ω andx for x(ω) andω. For example, consider two rolls
of a fair die. LetX be the result of the first roll, andY of the second. Then the
sample space isX = Y = {1, 2, 3, 4, 5, 6}.

In general, considerX andY with xi occurring with probabilityp(xi) and
yj occurring with probabilityq(yj). We analyze thejoint probability r(x, y) of
observingx andy.

X andY are independent if ∀x, y, r(x, y) = p(x)q(y). In the example of
rolling a fair die twice,r(x, y) = p(x)q(y) = 1

6
· 1

6
if x, y ∈ X = Y , and0

otherwise.

Exercise 1.4.3.Consider again two rolls of a fair die. Now, letX represent the
first roll, andY the sum of the first two rolls. ProveX andY are not independent.

EventsX1 throughXN areindependentif p(x1, . . . , xN) = p1(x1) · · · p(xN).

Exercise 1.4.4.Construct three events such that any two are independent, but all
three are not independent. Hint: roll a fair die twice.

1.4.2 Means

If x(ω) = ω, themean (or expected value)of an eventx is defined by

x̄ =
∑

i

xip(xi). (1.26)

More generally, for a sample spaceΩ with eventsω and a random variable
x(ω), we have
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x̄(ω) =
∑

i

x(ωi)p(ωi). (1.27)

For example, the mean of one roll of a fair die is3.5.

Exercise 1.4.5.LetX be the number of tosses of a fair coin needed before getting
the first head. Thus,X = {1, 2, . . . }. Calculatep(xi) and x̄. We could letΩ be
the space of all tosses of a fair coin where all but the last toss are tails, and the
last toss is a head. Thenx(ω) is the number of tosses ofω.

Instead of writinḡx, we often writeE[x] or E[X], read asthe expected value
of x or X. More generally, we would havēx(ω) andE[x(ω)].

The kth moment ofX is the expected value ofxk:

E[xk] =
∑

i

xk
i p(xi) (1.28)

or

E[xk(ω)] =
∑

i

xk(ωi)p(ωi). (1.29)

Lemma 1.4.6 (Additivity of the Means). LetX andY be two independent events
with joint probabilityr(x, y) = p(x)q(y). Letz = x+y. ThenE[z] = E[x+y] =
E[x] + E[y].

Proof:

E[x + y] =
∑

(i,j)

(xi + yj)r(xi, yj)

=
∑

i

∑
j

(xi + yj)p(xi)q(yj)

=
∑

i

∑
j

xip(xi)q(yj) +
∑

i

∑
j

yjp(xi)q(yj)

=
∑

i

xip(xi)
∑

j

q(yj) +
∑

i

p(xi)
∑

j

yjq(yj)

= E[x] · 1 + 1 · E[y] = E[x] + E[y]. (1.30)
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The astute reader may notice that some care is needed to interchange the order
of summations. If

∑
i

∑
j |xiyj|r(xi, yj) < ∞, then Fubini’s Theorem is applica-

ble, and we may interchange the summations at will.
We used the two events were independent to go from

∑
(i,j) xir(xi, yj) to∑

i xip(xi)
∑

j q(yj) = E[x]. Lemma 1.4.6 is true even if the two events are
not independent.

If the events are not independent, we encounter sums like
∑

i

∑
j xir(xi, yj);

however,
∑

j r(xi, yj) = p(xi). Why? By summing over all possibley, we are
asking what is the probability thatx = xi; we do not care whaty is. Thus,∑

i

∑
j xir(xi, yj) =

∑
i xip(xi) = E[x], and similarly for the other piece.

Exercise 1.4.7.Write out the proof of the generalization of Lemma 1.4.6, where
X andY are not assumed independent.

Given an outcome spaceX = {x1, x2, . . . } with probabilitiesp(xi), let aX
be shorthand for the eventa times X with outcome space{ax1, ax2, . . . } and
probabilitiespa(axi) = p(xi).

Lemma 1.4.8. Let X1 throughXN be a finite collection of independent events.
Leta1 throughaN be real constants. Then

E[a1x1 + · · ·+ aNxN ] = a1E[x1] + · · ·+ aNE[xN ]. (1.31)

Lemma 1.4.9.LetX andY be independent events. ThenE[xy] = E[x]E[y].

Exercise 1.4.10.Prove Lemmas 1.4.8 and 1.4.9.

1.4.3 Variances

The variance σ2
x (and its square-root, thestandard deviation σx) measure how

spread out a probability distribution is. Assumex(ω) = ω. Given an eventX
with meanx̄, we define the standard deviationσ2

x by

σ2
x =

∑
i

(xi − x̄)2p(xi). (1.32)

More generally, given a sample spaceΩ, eventsω, and a random variable
x : Ω → R,

σ2
x(ω) =

∑
i

(
x(ωi)− x̄(ω)

)
p(ωi). (1.33)

20



Exercise 1.4.11.LetX = {0, 25, 50, 75, 100}with probabilities{.2, .2, .2, .2, .2}.
LetY be the same outcome space, but with probabilities{.1, .25, .3, .25, .1}. Cal-
culate the means and the variances ofX andY .

For computing variances, instead of equation 1.32 one often uses

Lemma 1.4.12.σ2
x = E[x2]− E[x]2.

Proof: Recall̄x = E[x]. Then

σ2
x =

∑
i

(
xi − E[x]

)2

p(xi)

=
∑

i

(x2
i − 2xiE[x] + E[x]2)p(xi)

=
∑

i

x2
i p(xi)− 2E[x]

∑
i

xip(xi) + E[x]2
∑

i

p(xi)

= E[x2]− 2E[x]2 + E[x]2 = E[x2]− E[x]2. (1.34)

The main result on variances is

Lemma 1.4.13 (Variance of a Sum).Let X andY be two independent events.
Thenσ2

x+y = σ2
x + σ2

y.

Proof: We constantly use the expected value of a sum of independent events
is the sum of expected values (Lemma 1.4.6 and Lemma 1.4.8).

σ2
x+y = E[(x + y)2]− E[(x + y)]2

= E[x2 + 2xy + y2]−
(
E[x] + E[y]

)2

=
(
E[x2] + 2E[xy] + E[y2]

)
−

(
E[x]2 + 2E[x]E[y] + E[y]2

)

=
(
E[x2]− E[x]2

)
+

(
E[y2]− E[y]2

)
+ 2

(
E[xy]− E[x]E[y]

)

= σ2
x + σ2

y + 2
(
E[xy]− E[x]E[y]

)
. (1.35)

By Lemma 1.4.9,E[xy] = E[x]E[y], completing the proof.

Lemma 1.4.14.Considern independent copies of the same event (for example,n
flips of a coin orn rolls of a die). Thenσnx =

√
nσx.
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Exercise 1.4.15.Prove Lemma 1.4.14.

Note that, if the eventX has units of meters, then the varianceσ2
x has units

meters-squared, and the standard deviationσx and the mean̄x have units meters.
Thus, it is the standard deviation that gives a good measure of the deviations of an
event around the mean.

There are, of course, alternate measures one can use. For example, one could
consider

∑
i

(xi − x̄)p(xi). (1.36)

Unfortunately, this is a signed quantity, and large positive deviations can can-
cel with large negatives. This leads us to consider

∑
i

|xi − x̄|p(xi). (1.37)

While this has the advantage of avoiding cancellation of errors (as well as
having the same units as the events), the absolute value function is not a good
function analytically. For example, it is not differentiable. This is primarily why
we consider the standard deviation (the square-root of the variance).

Exercise 1.4.16.Consider the following set of data: fori ∈ {1, . . . , n}, given
xi one observesyi. Believing thatX and Y are linearly related, find the best
fit straight line. Namely, determine constantsa and b that minimize the error
(calculated via the variance)

n∑
i=1

(
yi − (axi + b)

)2

=
n∑

i=1

(
Observedi − Predictedi

)2

. (1.38)

Hint: use Multi-variable Calculus to find linear equations fora and b, and
then solve with Linear Algebra.

If instead of measuring total error by the squares of the individual error (for
example, using the absolute value), closed form expressions fora and b become
significantly harder.

If one requires thata = 0, show that theb leading to least error isb = ȳ =
1
n

∑
i yi.
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1.4.4 Random Walks

Consider the classical problem of a drunk staggering home from a lamp post late
at night. We flip a fair coinN times. With probability1

2
we get heads (tails).

For each head (tail) the drunk staggers one unit to the right (left). How far do we
expect the drunk to be?

It is very unlikely the drunk will be very far to the left or right.

Exercise 1.4.17.Letx be+1 if we flip a head,−1 for a tail. For a fair coin, prove
E[x] = 0, σ2

x = 1, σx = 1.

Exercise 1.4.18.LetpN(y) be the probability that afterN flips of a fair coin, the
drunk isy units to the right of the origin (lamp post).

1. ProvepN(y) = pN(−y).

2. ConsiderN = 2M . Provep2M(2k) =
(

2M
M+k

)
1

22M , where
(

n
r

)
= n!

r!(n−r)!

3. Use Stirling’s formula (n! ≈ nne−n
√

2πn =
√

2πnn+ 1
2 e−n) to approximate

pN(y).

Label the coin tossesX1 throughXN . Let X denote a generic toss of the
coin, andYN be the distance of the drunkard afterN tosses. By Lemma 1.4.8,
E[yN ] = E[x1 + · · · + xN ] = E[x1] + · · · + E[xN ]. As eachE[xi] = E[x] = 0,
E[yN ] = 0.

Thus, we expect the drunkard to be at the lamp post. How spread out is his
expected position? By Lemma 1.4.14,

σyN
= σNx =

√
Nσx =

√
N. (1.39)

This means that atypical distance from the origin is
√

N . This is called a
diffusion processand is very common in the real world.

1.4.5 Bernoulli Process

Recall
(

N
r

)
= N !

r!(N−r)!
is the number of ways to chooser objects fromN objects

when order does not matter. Considern independent repetitions of an event with
only two possible outcomes. We typically call one outcomesuccessand the other
failure , the event aBernoulli Trial , and a collection of independent Bernoulli
Trials aBernoulli Process.

In each Bernoulli Trial, let there be probabilityp of success andq = 1− p of
failure. Often, we represent a success with1 and a failure with0.
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Exercise 1.4.19.For a Bernoulli Trial, showx̄ = p, σ2
x = pq, andσx =

√
pq.

Let YN be the number of successes inN trials. Clearly, the possible values are
YN = {0, 1, · · · , N}. We analyzepN(k). Rigorously, the sample spaceΩ is all
possible sequences ofN trials, and the random variableyN : Ω → R is given by
yN(ω) equals the number of successes inω.

If k ∈ YN , we needk successes andN − k failures. We don’t care what
order we have them (ie, ifk = 4 andN = 6 thenSSFSSF andFSSSSF both
contribute). Each such string ofk successes andN − k failures has probability of
pk · (1− p)N−k. There are

(
N
k

)
such strings.

Thus,pN(k) =
(

N
k

)
pk · (1− p)N−k if k ∈ {0, 1, · · · , N} and0 otherwise.

By clever algebraic manipulations, one can directly evaluate the meanyN and
the varianceσ2

yN
; however, Lemmas 1.4.8 and 1.4.14 allow one to calculate both

quantities immediately, once one knows the mean and variance for one occur-
rence.

Lemma 1.4.20.For a Bernouilli Process withN trials, each having probability
p of success, the expected number of successes isyN = Np, and the variance is
σ2

yN
= Npq.

Exercise 1.4.21.Prove Lemma 1.4.20.

Consider the following problem: LetZ = {0, 1, 2, . . . } be the number of trials
before the first success. What isz̄ andσ2

z?
First, we determinep(k), the probability that the first success occurs afterk

trials. Clearly this probability is non-zero only fork a positive integer, in which
case the string of results must bek − 1 failures followed by1 success. Therefore,

p(k) = p · (1− p)k−1 if k ∈ {1, 2, . . . }, and0 otherwise. (1.40)

To determine the mean̄z we must evaluate

z̄ =
∞∑

k=1

k · p · (1− p)k−1

= p

∞∑

k=1

kqk−1, 0 < q = 1− p < 1. (1.41)

Consider the geometric series
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f(q) =
∞∑

k=0

qk =
1

1− q
. (1.42)

A careful analysis shows we can differentiate term by term if0 ≤ q < 1. Then

f ′(q) =
∞∑

k=0

kqk−1 =
1

(1− q)2
. (1.43)

Recallingq = 1− p and substituting yields

z̄ = p

∞∑

k=1

kqk−1

=
p(

1− (1− p)
)2 =

1

p
. (1.44)

Differentiating under the summation sign is a powerful tool in Probability The-
ory.

Exercise 1.4.22.Calculateσ2
z . Hint: differentiatef(q) twice.

1.4.6 Poisson Distribution

Divide the unit interval intoN equal pieces. ConsiderN independent Bernoulli
Trials, one for each sub-interval. If the probability of a success isλ

N
, then by

Lemma 1.4.20 the expected number of successes isN · λ
N

= λ.
We consider the limit asN → ∞. Obviously, we still expectλ successes in

each interval, but what is the probability of3λ successes? How long do we expect
to wait between successes?

We call this aPoisson process with parameterλ. For example, look at the
midpoints of theN intervals. At each midpoint we have a Bernoulli Trial with
probability of successλ

N
and failure1− λ

N
.

We determine theN →∞ limits. For fixedN , the probability ofk successes
in a unit interval is
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pN(k) =

(
N

k

)( λ

N

)k(
1− λ

N

)N−k

=
N !

k!(N − k)!

λk

Nk

(
1− λ

N

)N−k

=
N · (N − 1) · · · (N − k + 1)

N ·N · · ·N
λk

k!

(
1− λ

N

)N(
1− λ

N

)−k

= 1 ·
(
1− 1

N

)
· · ·

(
1− k − 1

N

)λk

k!

(
1− λ

N

)N(
1− λ

N

)−k

.(1.45)

For fixed, finitek, asN → ∞, the firstk factors inpN(k) tend to1,
(
1 −

λ
N

)N

→ e−λ, and
(
1− λ

N

)−k

→ 1.

Thus, we are led to thePoisson Distribution: Given a parameterλ (interpreted
as the expected number of occurrences per unit interval), the probability ofk
occurrences in a unit interval isp(k) = λk

k!
e−λ for k ∈ {0, 1, 2, . . . }.

Exercise 1.4.23.Check thatp(k) given above is a probability distribution. Namely,
show

∑
k≥0 p(k) = 1.

Exercise 1.4.24.Show, for the Poisson Distribution, that the meanx̄ = λ and the
varianceσ2

x = λ. Hint: let

f(λ) =
∞∑

k=0

λk

k!
= eλ. (1.46)

Differentiate once to determine the mean, twice to determine the variance.

1.4.7 Continuous Poisson Distribution

We calculate a very important quantity related to the Poisson Distribution (with
parameterλ), namely, how long does one expect to wait between successes?

We’ve discussed that we expectλ successes per unit interval, and we’ve cal-
culated the probability ofk successes per unit interval.

Start counting at0, and assume the first success is atx. What ispS(x)? As
before, we divide each unit interval intoN equal pieces, and consider a Bernoulli
Trial at the midpoint of each sub-interval, with probabilityλ

N
of success.
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We have approximatelyx−0
1/N

= Nx midpoints from0 to x (with N midpoints
per unit interval). Letdye be the smallest integer greater than or equal toy. Then
we havedNxe midpoints, where the results of the Bernoulli Trials of the first
dNxe − 1 midpoints are all failures and the last is a success.

Thus, the probability of the first success occuring in an interval of length1
N

containingx (with N divisions per unit interval) is

pN,S(x) =

(
1− λ

N

)dNxe−1

·
(

λ

N

)1

. (1.47)

ForN large, the above converges toe−λx λ
N

.

We sayp(x) is acontinuous probability distribution on R if

1. p(x) ≥ 0 for all x ∈ R.

2.
∫
R p(x)dx = 1.

3. Probability(a ≤ x ≤ b) =
∫ b

a
p(x)dx.

We callp(x) theprobability density function .
Thus, asN → ∞, we see the probability density functionpS(x) = λe−λx. In

the special case ofλ = 1, we get the standard exponential decay,e−x.
For instance, letπ(M) be the number of primes that are at mostM . The Prime

Number Theorem statesπ(M) = M
log M

plus lower order terms.
Thus, the average spacing between primes aroundM is aboutlog M . We can

model the distribution of primes as a Poisson Process, with parameterλ = λM =
1

log M
. While possible locations of primes (obviously) is discrete (it must be an

integer, and in fact the location of primes aren’t independent), a Poisson model
often gives very good heuristics.

We can often renormalize so thatλ = 1. This is denotedunit mean spacing.
For example, one can show theM th prime pM is aboutM log M , and spacings
between primes aroundpM is aboutlog M . Then the normalized primes,qM ≈

pM

log M
will have unit mean spacing andλ = 1.
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1.4.8 Central Limit Theorem

X1, X2, X3, . . . are an infinite sequence of random variables such that theXj are
independent identically distributed random variables (abbreviated i.i.d.r.v.) with
E[Xj] = X̄j = 0 (can always renormalize by shifting) and varianceE[X2

j ] = 1.

Let SN =
∑N

j=1 Xj.

Theorem 1.4.25.Fix −∞ < a ≤ b < ∞. Then asN →∞,

Prob
( SN√

N
∈ [a, b]

)
→ 1√

2π

∫ b

a

e−
t2

2 dt. (1.48)

The probability function is called the Gaussian or the Normal distribution.
This is the universal curve of probability. Note how robust the Central Limit
Theorem is: it doesn’t depend on fine properties of theXj.

1.5 Iteration of Functions

We first consider iterating a linear transformation, for definiteness, a2 × 2 map
from R2 → R2. We see here that the limiting behaviour is extremely well con-
trolled by the initial conditions, and in general small changes in initial conditions
yield small changes in the limit.

The situation is very different for iterations of non-linear maps. We will dis-
cuss several well-known examples (Newton’s method, Mandelbrot sets), and dis-
cuss the barest beginning of chaotic behaviour.

1.5.1 Linear Functions

Rabbits eat grass. Foxes eat rabbits. You know the story.
Say that, at timen, there arexn rabbits andyn foxes. The more rabbits there

are, the more rabbits will be born now; the more foxes there are, the more rabbits
will die. Conversely, the more rabbits there are, the more foxes will be able to
survive; but the more foxes there are beyond a certain point, the more foxes will
die of starvation.

Notice that we are assuming that foxes can reproduce only after gorging them-
selves on rabbit. Leaving that aside, we will make the additional assumption that
all dependences are linear. (Here we are considering our own interests, not the
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foxes’ or the rabbits’.) In other words,

xn+1 = axn − byn,

yn+1 = cxn − dyn.

We can write

~wn =

(
xn

yn

)
.

Then
~wn+1 = A~wn,

where

A =

(
a −b
c −d

)
.

By induction it follows that
~wn = An ~w0.

This comes in quite handy if we want to get at a closed expression for the number
of foxes. How so? Let~v1, ~v2 be the eigenvectors ofA; let λ1 and λ2 be the
corresponding eigenvalues. Let~w0 = α1~v1 + α2~v2. Then

~wn = α1λ
n
1~v1 + α2λ

n
2~v2.

This expression is dominated by whichever ofλ1 andλ2 has the largest absolute
value, if either.

You can see how this generalizes to arbitrarily many variables (species).

Exercise 1.5.1 (One-variable case).Letxn+1 = axn + b. Give an expression for
xn in terms ofx0, a andb.

1.5.2 Newton’s method

Newton’s methodis an algorithm to find roots of equations. Letf be a differen-
tiable function onR, and assume we want to find a solution tof(x) = 0. Start
with x0 such thatf(x0) is small (we callx0 the initial guess). Draw the tangent to
the graph off atx0, which is given by the equation

y − f(x0) = f ′(x0) · (x− x0). (1.49)

Let x1 be thex-intercept of the tangent line;x1 is the next guess for the root.
Simple algebra gives
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x1 = x0 − f(x0)

f ′(x0)
. (1.50)

We now iterate, and apply the above procedure tox1, obtaining

x2 = x1 − f(x1)

f ′(x1)
. (1.51)

If we let g(x) = x− f(x)
f ′(x)

, we notice we have the sequence

x0, g(x0), g(g(x0)), . . . (1.52)

This sequence will, we hope, converge to the rootx. That is in fact true for
x0 close enough tox and forf good. How closex0 has to be is a tricky matter.
If there are several roots tof , which root the sequence converges to is something
that depends on the initial valuex0 and the functionf . This dependence is a
very tricky matter. In fact its behaviour is what is known technically aschaotic.
Informally, we can say that we havechaoswhen tiny changes in the initial value
give us very palpable changes in the output.

Exercise 1.5.2.Let f(x) be a degreen polynomial with complex coefficients. By
the Fundamental Theorem of Algebra, there aren (not necessarily distinct) roots.
Assume there arem distinct roots. Assignm colors, one to each root. Given
a point x ∈ C, we colorx with the color of the root thatx approaches under
Newton’s method. Write a computer program to color such sets for some simple
polynomials, for example forxn − 1 = 0 for n = 2, 3 or 4.

Exercise 1.5.3.Assumef ′(x) > 0. Show that ifg(x) = x, thenf(x) = 0. We say
such anx is a fixed pointof g.

Exercise 1.5.4.Letf(x) = x2− 3, and guessx0 = 2. Investigate the sequence of
xn’s. What do they seem to converge to? How quickly do they seem to converge?

For good problems on Newton’s method, see [Ru], problems3.16, 3.18, and
5.25.

1.5.3 The Mandelbrot set

The Mandelbrot set is one of the best-known examples of chaos. Start with any
complex numberz0, and define{zn} by
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zn+1 = z2
n + zn. (1.53)

We are iterating the quadratic mapf(z) = z2 + z. Thus, if we started withz0,
we have the values

z0, z2
0 + z0, (z2

0 + z0)
2 + (z2

0 + z0), . . . (1.54)

Does the sequence{zn} converge? The answer to this can be different forz0

andz0 + ε, whereε is arbitrarily small. The set of complex numbersz0 for which
the sequence convergence is called theMandelbrot set. This is afractal , that is,
a set parts of which look much like the set as a whole.
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Chapter 2

Algebraic and Transcendental
Numbers

2.1 Definitions and Cardinalities of Sets

2.1.1 Definitions

A function f : A → B is one-to-oneif f(x) = f(y) impliesx = y; f is onto if
given anyb ∈ B, ∃a ∈ A with f(a) = b. f is abijection if f is a one-to-one and
onto function.

We say two setsA andB have the same cardinality(ie, are the same size) if
there is a bijectionf : A → B. We denote this by|A| = |B|. If A has finitely
many elements (sayn elements),A is finite and|A| = n < ∞.

Exercise 2.1.1.Show two finite sets have the same cardinality if and only if they
have the same number of elements.

Exercise 2.1.2.If f is a bijection fromA to B, prove there is a bijectiong = f−1

fromB to A.

A is countable if there is a bijection betweenA and the integersZ. A is at
most countableif A is either finite or countable.

Recall a binary relationR is anequivalence relationif

1. Reflexive:R(x, x) is true (x is equivalent tox).

2. Symmetric:R(x, y) true impliesR(y, x) is true (ifx is equivalent toy then
y is equivalent tox).
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3. Transitive:R(x, y) andR(y, z) true implyR(x, z) is true (ifx is equivalent
to y andy is equivalent toz, thenx is equivalent toz).

We often denote equivalence by≡ or =.

Exercise 2.1.3.Letx, y, z ∈ Z, and letn ∈ Z be given. DefineR(x, y) to be true
if n|(x− y) and false otherwise. ProveR is an equivalence relation. We denote it
byx ≡ y.

Exercise 2.1.4.Let x, y, z be subsets ofX (for example,X = Q,R,C,Rn, et
cetera). DefineR(x, y) to be true if|x| = |y| (the two sets have the same cardi-
nality), and false otherwise. ProveR is an equivalence relation.

2.1.2 Countable Sets

We show several sets are countable. Consider the set of non-negative integersN.
Definef : N→ Z by f(2n) = n, f(2n + 1) = −n− 1. By inspection, we seef
gives the desired bijection.

ConsiderW = {1, 2, 3, . . . } (the positive integers). Thenf : W→ Z defined
by f(2n) = n, f(2n + 1) = −n gives the desired bijection.

Thus, we have proved

Lemma 2.1.5.To show a setS is countable, it is sufficient to find a bijection from
S to eitherZ, N orW.

We need the intuitively plausible

Lemma 2.1.6. If A ⊂ B, then|A| ≤ |B|.
We can then prove

Lemma 2.1.7. If f : A → C is a one-to-one function (not necessarily onto), then
|A| ≤ |C|. Further, ifC ⊂ A, then|A| = |C|.
Exercise 2.1.8.Prove Lemmas 2.1.6 and 2.1.7.

If A andB are sets, thecartesian productA×B is {(a, b) : a ∈ A, b ∈ B}.
Theorem 2.1.9.If A andB are countable, so isA ∪B andA×B.
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Proof: we have bijectionsf : N→ A andg : N→ B. Thus, we can label the
elements ofA andB by

A = {a0, a1, a2, a3, . . . }
B = {b0, b1, b2, b3, . . . }. (2.1)

AssumeA∩B is empty. Defineh : N→ A∪B byh(2n) = an andh(2n+1) =
bn−1. We leave to the reader the case whenA ∩B is not empty.

To prove the second claim, consider the following functionh : W → A×B:

h(1) = (a0, b0)

h(2) = (a1, b0), h(3) = (a1, b1), h(4) = (a0, b1)

h(5) = (a2, b0), h(6) = (a2, b1), h(7) = (a2, b2), h(8) = (a1, b2), h(9) = (a0, b2)
...

h(n2 + 1) = (an, b0), h(n2 + 2) = (an, bn−1), . . . ,

h(n2 + n + 1) = (an, bn), h(n2 + n + 2) = (an−1, bn), . . . ,

h((n + 1)2) = (a0, bn)
... (2.2)

Basically, look at all pairs of integers in the first quadrant (including those on
the axes). Thus, we have pairs(ax, by). The above functionh starts at(0, 0), and
then moves through the first quadrant, hitting each pair once and only once, by
going up and over. Draw the picture!2

Corollary 2.1.10. Let Ai be countable∀i ∈ N. Then for anyn, A1 ∪ · · · ∪ An

andA1 × · · · × An are countable, where the last set is alln-tuples(a1, . . . , an),
ai ∈ Ai. Further, ∪∞i=0Ai is countable. If eachAi is at most countable, then
∪∞i=0Ai is at most countable.

Exercise 2.1.11.Prove Corollary 2.1.10. Hint: for∪∞i=0Ai, mimic the proof used
to showA×B is countable.

As the natural numbers, integers and rationals are countable, by taking each
Ai = N, Z orQ we immediately obtain

Corollary 2.1.12. Nn, Zn andQn are countable. Hint: proceed by induction. For
example writeQn+1 asQn ×Q.

Exercise 2.1.13.Prove there are countably many rationals in the interval[0, 1].
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2.1.3 Algebraic Numbers

Consider a polynomialf(x) = 0 with rational coefficients. By multiplying by
the least common multiple of the denominators, we can clear the fractions. Thus,
without loss of generality it is sufficient to consider polynomials with integer co-
efficients.

The algebraic numbers, A, are the set of allx ∈ C such that there is a
polynomial of finite degree and integer coefficients (depending onx, of course!)
such thatf(x) = 0. The remaining complex numbers are thetranscendentals.

Thealgebraic numbers of degreen,An, are the set of allx ∈ A such that

1. there exists a polynomial with integer coefficients of degreen such that
f(x) = 0

2. there is no polynomialg with integer coefficients and degree less thann
with g(x) = 0.

Thus,An is the subset of algebraic numbersx where for eachx ∈ An, the
degree of the smallest polynomialf with integer coefficients andf(x) = 0 is n.

Exercise 2.1.14.Show the following are algebraic: any rational, the square-root
of any rational, the cube-root of any rational,r

p
q wherer, p, q ∈ Q, i =

√−1,√
3
√

2− 5.

Theorem 2.1.15.The Algebraic Numbers are countable.

Proof: If we show eachAn is at most countable, then asA = ∪∞n=1An, by
Corollary 2.1.10A is at most countable.

Recall theFundamental Theorem of Algebra (FTA): Let f(x) be a poly-
nomial of degreen with complex coefficients. Thenf(x) hasn (not necessarily
distinct) roots. Of course, we will only need a weaker version, namely that the
Fundamental Theorem of Algebra holds for polynomials with integer coefficients.

Fix ann ∈ N. We now showAn is at most countable. We can represent every
integral polynomialf(x) = anxn + · · · + a0 by an (n + 1)-tuple (a0, . . . , an).
By Corollary 2.1.12, the set of all(n + 1)-tuples with integer coefficients (Zn+1)
is countable. Thus, there is a bijection fromN to Zn+1, and we can index each
(n + 1)-tuplea ∈ Zn+1:

{a : a ∈ Zn+1} =
∞⋃
i=1

{αi}, (2.3)
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where eachαi ∈ Zn+1.
For each tupleαi (or a ∈ Zn+1), there aren roots. LetRαi

be the roots of the
integer polynomial associated toαi. The roots inRαi

need not be distinct, and the
roots may solve an integer polynomial of smaller degree. For example,f(x) =
(x2− 1)4 is a degree8 polynomial. It has two roots,x = 1 with multiplicity 4 and
x = −1 with multiplicity 4, and each root is a root of a degree1 polynomial.

Let Rn = {x ∈ C : x is a root of a degreen polynomial}. One can show that

Rn =
∞⋃
i=1

Rαi
⊃ An. (2.4)

By Lemma 2.1.10,Rn is countable. Thus, by Lemma 2.1.6, asRn is at most
countable,An is at most countable.

Therefore, eachAn is at most countable, so by Corollary 2.1.10A is at most
countable. AsA1 ⊃ Q (given p

q
∈ Q, considerqx − p = 0), A1 is at least

countable. As we’ve shownA1 is at most countable, this impliesA1 is countable.
Thus,A is countable.2

2.1.4 Transcendental Numbers

A set isuncountable if there is no bijection between it and the rationals (or the
integers, or any countable set).

Theorem 2.1.16.The set of irrationals in[0, 1] is uncountable.

Proof: LetI = [0, 1] − Q = {x : 0 ≤ x ≤ 1 andx 6∈ Q}. Assume thatI is
countable (the case whereI is finite is even easier).

We can write every number inI in a base two expansion, sayy = .y1y2y3y4 · · · ,
yi ∈ {0, 1}, y =

∑
i yi2

−1. Certain numbers can be written two different ways.
For example,0.010011111111111 · · · = .0101. As we are assumingI is count-
able, including both representations of these numbers is equivalent to taking the
union of two countable sets, which by Theorem 2.1.9 is countable.

Further, we can add back all the rationals in[0, 1], as there are countably many
rationals in[0, 1]. Call this setS (the union of the irrationals, the alternate repre-
sentation of some of the irrationals, and the rationals). AsX is contained in the
union of three at most countable sets (and two are countable),X is countable by
Theorem 2.1.9.

There is therefore a bijection betweenN andX. We can enumerate the ele-
ments by{x1, x2, x3, . . . }.
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For eachxi, let .xi1xi2xi3 · · · xii · · · be its binary expansion. We list the count-
able members ofX:

x1 = x11x12x13x14 · · ·
x2 = x21x22x23x24 · · ·
x3 = x31x32x33x34 · · ·

...

xn = xn1xn2xn3xn4 · · · xnn · · ·
... (2.5)

We construct a real numberx ∈ [0, 1] not in X. As this was supposed to be
(more than a) complete list of all reals in[0, 1], this will contradict the assumption
thatI is countable.

Consider the numberz = .z1z2z3 · · · zn · · · defined byzn = 1 − xnn. Canz
be one of the numbers in our list? For example, couldz = xm?

No, as they differ in themth digit. Thus,z is not on our list, violating the
assumption that we had a complete enumeration. Note we had to be careful and
make sure we included all equivalent ways of writing the same number. Thus,
while z disagrees with the base two expansion ofxm, it cannot be an equivalent
way of representingxm, as all equivalent ways of representingxm are in our list.
This is merely an annoying technical detail.

Thus, the set of irrationals in[0, 1] is not countable.2.

The above proof is due to Cantor (1873 − 1874), and is known asCantor’s
Diagonalization Argument. Note Cantor’s proof shows thatmostnumbers are
transcendental, though it doesn’t tell uswhich numbers are transcendental. We

can easily show many numbers (such as
√

3 + 2
3
5

√
7) are algebraic. What of

other numbers, such asπ ande?
Lambert (1761), Legendre (1794), Hermite (1873) and others provedπ irra-

tional; Legendre (1794) also provedπ irrational. In1882 Lindemann provedπ
transcental.

What aboute? Euler (1737) proved thate and e2 are irrational, Liouville
(1844) provede is not an algebraic number of degree2, and Hermite (1873) proved
e is transcendental.

Liouville (1851) showed transcendental numbers exist; we will discuss his
construction later.
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2.2 Properties ofe

Recall

Definition 2.2.1 (algebraic and transcendental numbers).A complex numberx
is algebraic if it satisfies a polynomial equation

f(x) = 0 (2.6)

for some non zero polynomialf(X) with integer coefficients. A real (complex)
number which is not algebraic is called transcendental.

The algebraic and transcendental numbers are complementary subsets of the
complex numbers.

Exercise 2.2.2.Show that if there is a polynomialf of degreen with rational
coefficients such thatf(x) = 0 then there is a polynomialg of degreen with
integer coefficients such thatg(x) = 0. Thus, it is sufficient to study roots of
polynomials with integer coefficients.

Exercise 2.2.3.Show that
√

2 6∈ Q.

Examples:

1. qX − p = 0 ⇒ "every rational number is algebraic";

2. qXn − p = 0 ⇒ "every root of a rational number is also algebraic";

3. X2 + 1 = 0 ⇒ i is algebraic.

Question 2.2.4.How large is the subset of algebraic numbers inside the real line
(complex plane)?

Remark 2.2.5. the set of algebraic numbers is countable, and hence the set of
transcendentals is uncountable, so the algebraic number are very "sparse".

2.2.1 e is Irrational

One of the many ways to define the numbere, the base of the natural logarithm,
is to write it as the sum of the following infinite series:

e =
∞∑

n=1

1

n!
(2.7)
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Now, let us denote the partial sums of the above series by

sm =
m∑

n=1

1

n!
(2.8)

Hencee is the limit of the convergent sequencesm. This ideea will be the
main tool in analyzing the nature ofe.

Theorem 2.2.6 (Euler, 1737).The numbere is irrational.

Proof. Assume thate ∈ Q. Then we can writee = p
q
, wherep, q are positive

integers.
Now,

e− sm =
∞∑

n+m+1

1

n!
=

=
1

(m + 1)!

{
1 +

1

m + 1
+

1

(m + 1)(m + 2)
+ ...

}

<
1

(m + 1)!

{
1 +

1

m + 1
+

1

(m + 1)2
+

1

(m + 1)3
+ ...

}

=
1

(m + 1)!

1

1− 1
m+1

=
1

m!m

(2.9)

Hence we obtain

0 < e− sm <
1

m!m
. (2.10)

In particular, takingm = q we get:

0 < e− sq <
1

q!

0 < q!e− q!sq <
1

q
(2.11)

which is clearly impossible since the left hand side of the last equation, namely
q!e − q!sq, would have to be an integer between 0 and 1. This contradicts our
assumption thate was rational.
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2.2.2 e is Transcendental

Theorem 2.2.7 (Hermite,1873).The numbere is transcendental.

Proof. The proof is again by contradiction. Assume thate is algebraic. Then it
must satisfy a polynomial equation

anX
n + ... + a1X + a0 = 0 (2.12)

wherea0, a1, .., an are integer numbers, and we can assume without loss of
generality thata0, an 6= 0.

Now consider a polynomialf(X) of degreer, and associate to it the following
linear combination of its derivatives:

F (X) = f(X) + f ′(X) + ... + f (r)(X) (2.13)

Now, the polynomialF (X) has the property that

d

dx

[
e−xF (x)

]
= e−xf(x). (2.14)

As F (X) is differentiable, applying the Mean Value Theorem toe−xF (X) on
the interval[0, k] for k any integer gives

e−kF (k)− F (0) = −ke−ckf(ck), for some ck ∈ (0, k), (2.15)

or, equivalently

F (k)− ekF (0) = −kek−ckf(ck) =: εk. (2.16)

Now, if we plug in the previous equation the valuesk = 0, 1, ..., n we get the
following system of equations:
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F (0)− F (0) = 0 =: ε0

F (1)− eF (0) = −e1−c1f(c1) =: ε1

F (2)− e2F (0) = −2e2−c2f(c2) =: ε2

.................

F (n)− enF (0) = −nen−cnf(cn) =: εn

(2.17)

We multiply the first equation bya0, the second bya1, . . . , the (n + 1)st by
an. Adding the resulting equations gives

n∑

k=0

akF (k)−
(

n∑

k=0

ake
k

)
F (0) =

n∑

k=0

akεk. (2.18)

Notice that on the left hand side we have exactly the polynomial equation that
is satisfied bye:

n∑

k=0

ake
k = 0; (2.19)

hence Equation 2.18 reduces to

n∑

k=0

akF (k) =
n∑

k=0

akεk. (2.20)

So far we had complete freedom in our choice off and its associateF , and the
previous equation always hold. In what follows we choose a special polynomial
f in order to reach a contradiction.

Take a large primep, large enough such thatp > |a0| andp > n. Let f equal

f(X) =
1

(p− 1)!
Xp−1(1−X)p(2−X)p · · · (n−X)p

=
1

(p− 1)!

(
(n!)pXp−1 + higher order terms

)
. (2.21)

41



Though it plays no role in the proof, we note that the degree off is

deg(f) := r = (n + 1)p− 1. (2.22)

In what follows we make a number of remarks which will help us finish the
proof. BypZ we mean the set of integer multiples ofp.

Remark 2.2.8. For i ≥ p, f (i)(j) ∈ pZ,∀j ∈ N.

Proof: Differentiate Equation 2.21i ≥ p times. The only terms which survive
bring down at least ap!. As each term off(x) is an integer over(p− 1)!, we see
that all surviving terms are multiplied byp.

Remark 2.2.9. For 0 ≤ i < p, f (i)(j) = 0, j = 1, 2, .., n.

Proof: The multiplicity of a root of a polynomial gives the order of vanishing
of the polynomial at that particular root. Asj = 1, 2, . . . , n are roots of mul-
tiplicity p, differentiatingf(x) less thanp times yields a polynomial which still
vanishes at thesej.

Remark 2.2.10.F (1), F (2), . . . , F (n) ∈ pZ.

Proof: Recall thatF (j) = f(j) + f ′(j) + .. + f (r)(j). By the first remark,
f (i)(j) is a multiple ofp for i ≥ p and any integerj. By the second remark,
f (i)(j) = 0 for 0 ≤ i < p andj = 1, 2, . . . , n. Thus,F (j) is a multiple ofp for
thesej.

Remark 2.2.11.For 0 ≤ i ≤ p− 2, f (i)(0) = 0.

Proof: Similar to the second remark, we note thatf (i)(0) = 0 for 0 ≤ i < p−2,
because0 is a root off(x) of multiplicity p− 1.

Remark 2.2.12.F (0) is not a multiple ofp.

Proof: By the first remark,f (i)(0) is a multiple ofp for i ≥ p; by the fourth
remark,f (i)(0) = 0 for 0 ≤ i ≤ p− 2. Since

F (0) = f(0)+f ′(0)+· · ·+f (p−2)(0)+f (p−1)(0)+f (p)(0)+· · ·+f (r)(0), (2.23)

to proveF (0) is a not multiple ofp it is sufficient to provef (p−1)(0) is a not
multiple ofp (as all other termsaremultiples ofp).

However, from the Taylor Series expansion off in Equation 2.21, we see that

42



f (p−1)(0) = (n!)p +
(

terms that are multiples ofp
)
. (2.24)

Since we chosep > n, n! is not divisible byp, proving the remark.

We resume the proof of the transcendence ofe.
We also chosep such thata0 is not divisible byp. This fact plus the above

remarks imply first that
∑

k akF (k) is an integer, and second that

n∑

k=0

akF (k) ≡ a0F (0) 6≡ 0 modp. (2.25)

Thus,
∑

k akF (k) is a non-zero integer.
Let us recall equation 2.20:

n∑

k=0

akF (k) = a1ε1 + · · ·+ anεn. (2.26)

We have already proved that the left hand side is a non-zero integer. We ana-
lyze the sum on the right hand side. We have

εk = −kek−ckf(ck) =
−kek−ckcp−1

k (1− ck)
p · · · (n− ck)

p

(p− 1)1
. (2.27)

As 0 ≤ ck ≤ k ≤ n we obtain

|εk| ≤ ekkp(1 · 2 · · ·n)p

(p− 1)!

≤ en(n!n)p

(p− 1)!
→ 0 as p →∞. (2.28)

Now recall thatn is fixed, and so are the constantsa0, · · · , an (they define the
polynomial equation supposedly satisfied bye), and the only thing that varies in
our argument is the prime numberp. Hence, by choosing a prime numberp large
enough, we can make sure that allεk’s are uniformly small, in particular we can
make them small enough such that the following holds:

∣∣∣∣∣
n∑

k=1

akεk

∣∣∣∣∣ < 1 (2.29)

43



To be more precise, we only have to choosep such thatp > n, |a0| and:

en(n!n)p

(p− 1)!
<

1∑n
k=0 |ak| (2.30)

In this way we reach a contradiction in the identity 2.20 where the left hand
side is a non-zero integer, while the right hand side is a real number of absolute
value< 1.

Exercise 2.2.13.In the above proof, we assumeda0, an 6= 0. Prove that if a
number is algebraic, one can always find a polynomial such that the leading term
and the constant term are both non-zero.

Exercise 2.2.14.For fixed n, prove that asp → ∞, (n!n)p

(p−1)!
→ 0. Hint: Let

C = n!n. Choosep > 2(2C)4. Then(p−1)! > (p−1)(p−2) · · · (p− p
2
)≈ (p

2
)

p
2 .

Substitute and compare.
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Chapter 3

Introduction to Number Theory

3.1 Dirichlet’s Box Principle

Definition 3.1.1 (Dirichlet’s Box Principle / Pidgeon Hole Principle).Consider
n boxes, and placen + 1 objects in then boxes. Then some box contains at least
two objects.

We will use Dirichlet’s Box Principle to find good rational approximations to
irrational numbers.

3.1.1 Approximation by Rationals

Let α ∈ R − Q be an irrational number. We are looking for a rational numberp
q

such that
∣∣∣α− p

q

∣∣∣ is small, so thatp
q

is a good rational approximation toα.

Lemma 3.1.2.Letα ∈ R−Q. Then there existp, q ∈ Z, q 6= 0 such that:
∣∣∣∣∣α−

p

q

∣∣∣∣∣ ≤
1

q
(3.1)

Proof. It is enough to prove this forα ∈ (0, 1). Let q ≥ 1 and divide the
interval[0, 1) into q intervals[p

q
, p+1

q
) of length 1

q
. Thenα belongs to one of these

intervals. For some0 < p < q we then have:

α ∈
[

p

q
,
p + 1

q

)
⇒

∣∣∣∣∣α−
p

q

∣∣∣∣∣ ≤
1

q
. (3.2)
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To obtain a better approximation, we start with an irrational numberα ∈ (0, 1)
and an integer parameterQ > 1. As before, divide the interval(0, 1) into Q equal
pieces( a

Q
, a+1

Q
). Consider theQ + 1 numbers inside the interval(0, 1):

{α}, {2α}, ..., {(Q + 1)α}, (3.3)

where{x} denotes the fractional part ofx. Letting [x] denote the greatest
integer less than or equal tox, we havex = [x] + {x}.

By Dirichlet’s Box Principle, at least two of these numbers, say{q1α} and
{q2α}, belong to a common interval of length1

Q
. Without loss of generality, we

may take1 ≤ q1 < q2 ≤ Q + 1.
Hence

∣∣∣{q2α} − {q1α}
∣∣∣ ≤ 1

Q
(3.4)

and

|(q2α− n2)− (q1α− n1)| ≤ 1

Q
, ni = [qiα]. (3.5)

Now let q = q1 − q2, 1 ≤ q ≤ Q andp = n1 − n2 ∈ Z. Then

∣∣∣qα− p
∣∣∣ ≤ 1

Q
(3.6)

and hence

∣∣∣α− p

q

∣∣∣ ≤ 1

qQ
≤ 1

q2
. (3.7)

We have proven

Theorem 3.1.3.Givenα ∈ R, there existp, q ∈ Z, q 6= 0, such that

∣∣∣α− p

q

∣∣∣ <
1

q2
. (3.8)

3.2 Counting the Number of Primes

3.2.1 Euclid

Lemma 3.2.1 (Euclid). There are infinitely many primes.
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Proof by contradiction: Assume there are only finitely many primes, say
p1, p2, . . . , pn. Consider

x = p1p2..pn + 1. (3.9)

x cannot be prime, as we are assumingp1 throughpn is a complete list of
primes. Thus,x is composite, and divisible by a prime. However,pi cannot divide
x, as it gives a remainder of1. Thus,x would have to be divisible by some prime
not in our list, again contradicting the assumption thatp1 throughpn is a complete
enumeration of the primes.2

Exercise 3.2.2.Try, using Euclid’s argument, to find an explicit lower bound (as
weak as you like) to the function:

π(X) = #{p : p is prime andp ≤ X}. (3.10)

3.2.2 Dirichlet’s Theorem

Theorem 3.2.3 (Primes in Arithmetic Progressions).Let a and b be relatively
prime integers. Then there are infinitely many primes in the progressionan + b.
Further, for a fixeda, to first order all relatively primeb give progressions having
the same number of primes.

Notice that the condition(a, b) = 1 is necessary. Ifgcd(a, b) > 1, an + b
can never be prime. Dirichlet’s remarkable result is that this condition is also
sufficient.

Exercise 3.2.4.Dirichlet’s theorem is not easy to prove, but try to prove it in the
particular casea = 4, b = −1, i.e. for the arithmetic progression4n − 1, using
an argument similar to Euclid’s. Proving there are infinitely many primes of the
form4n + 1 is a lot harder.

3.2.3 Prime Number Theorem

Theorem 3.2.5.(Prime Number Theorem or PNT) AsX →∞,

π(X) ∼ X

log X
(3.11)
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The Prime Number Theorem was proved in 1896 by Jacques Hadamard and
Charles Jean Gustave Nicolas Baron de la Vallee Poussin. Of course, we need to
quantify whatπ(X) ∼ X

log X
means. Basically, there is an error functionE(X)

such that|π(X)− X
log X

| ≤ E(X), andE(X) grows slower than X
log X

.
A weaker version was proved by Pafnuty Chebyshev (around1850).

Theorem 3.2.6 (Chebyshev).There exist explicit positive constantsA andB such
that, forn > 30:

AX

log X
≤ π(X)

X
≤ BX

log X
. (3.12)

Chebyshev showed one can takeA = log
(

2
1
2 3

1
3 4

1
4

30
1
30

)
≈ .921 andB = 6A

5
≈

1.105, which are indeed very close to 1. To highlight the method, we will use
cruder arguments and prove the theorem for a smallerA and a largerB.

Chebyshev’s argument uses an identity using von Mangoldt’s Lambda func-
tion Λ(n), whereΛ(n) = log p if m = pk for some primep, and0 otherwise.

Define the function

T (X) =
∑

1≤n≤X

Λ(n)

[
X

n

]
=

∑
n≥1

Λ(n)

[
X

n

]
. (3.13)

Exercise 3.2.7.Show thatT (X) =
∑

n≤X log n.

Now, it is easy to see (compare upper and lower sums) that

∑
n≤X

log n =

∫ X

1

log t dt + O(log X) = X log X −X + O(log X), (3.14)

giving a good approximation to the functionT (X). The trick is to look at

T (X)− 2T
(X

2

)
=

∑
n

Λ(n)

([
X

n

]
− 2

[
X

2n

])
(3.15)

By the previous remarks, the LHS= X log 2 + O(log X). Also,

RHS≤
∑
p≤X

(log p)
log X

log p
= π(X) log X. (3.16)
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Hence we immediately obtain the lower bound:

π(X) ≥ X log 2

log X
+ O(log X) (3.17)

Exercise 3.2.8.Prove the bound in Equation 3.16.

To obtain an upper bound forπ(X), we notice that, since[2α] ≥ 2[α], the
sum in equation (3.15) has only positive terms. By dropping terms we get a lower
bound.

T (X)− 2T
(X

2

)
≥

∑

X/2<n≤X

Λ(n)

([
X

n

]
− 2

[
X

2n

])

≥
∑

X/2<p≤X

log p

≥ log
(X

2

) ∑

X/2<p≤X

1

= log
(X

2

)(
π(X)− π

(X

2

))
(3.18)

Hence we obtain an upper bound for the number of primes betweenX
2

andX:

π(X)− π(X/2) ≤ X log 2

log(X
2
)

+ O(1) (3.19)

Now, if we write inequality (3.19) forX, X
2
, X

22 , . . . we get

π(X)− π(X/2) ≤ 2
X/2

log(X/2)

π(X/2)− π(X/22) ≤ 2
X/22

log(X/22)
...

π(X/2k−1)− π(X/2k) ≤ 2
X/2k

log(X/2k)
(3.20)
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as long asX
2k ≥ 1, i.e. k ≤ [log2 X] = k0. Summing the above inequalities we

get on the left hand side a telescoping sum. All the terms cancel, except for the
leading termπ(X) andπ(X/2k0) = 0.

Thus

π(X) ≤ 2

k0∑

k=1

X/2k

log(X/2k)
(3.21)

To evaluate the sum in the above inequality we split it into two parts,k "small"
andk "large". More precisely, letn0 = log2(X

1/10) so that2n0 = X1/10 and note
that:

2
∑

k>n0

X/2k

log(X/2k)
≤ 2

∑

k>n0

X

2k
≤ 2X

2n0
=

2X

X1/10
= 2X9/10. (3.22)

Hence the contribution fromk "large" is very small compared to what we
expect (i.e. order of magnitudeX

log X
), or we can say that the main term comes

from the sum overk small.
We now evaluate the contribution from smallk.

2

n0∑

k=1

X

2k

1

log(X/2k)
≤ 2X

log(X/2n0)

n0∑

k=1

1

2n0
≤ 2X

log(X9/10)
=

20

9

X

log X
(3.23)

Hence the right hand side of the equation (3.21) is made up of two parts,
a main term of sizeBX

log X
coming from equation (3.23), and a lower order term

coming from equation (3.22).
ForX sufficiently large,

π(X) ≤ BX

log X
(3.24)

whereB can be any constant strictly bigger than20
9

.
To obtain Chebyshev’s better constant we would have to work a little harder

along these lines, but it is the same method.
Gathering equations (3.17) and (3.24) we see we have proven

AX

log X
≤ π(X) ≤ BX

log X
. (3.25)
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While this is not an asymptotic forπ(X), it does give the right order of mag-
nitude forπ(X), namely X

log X
.

Exercise 3.2.9.Using Chebyshev’s Theorem, Prove Bertrand’s Postulate: for any
integern ≥ 1, there is always a prime number betweenn and2n.

3.3 Partial Summation

Lemma 3.3.1 (Partial Summation: Discrete Version).Let AN =
∑N

n=1 an.
then

N∑
n=M

anbn = ANbN − AM−1bM +
N−1∑
n=M

An(bn − bn+1) (3.26)

Proof. SinceAn − An1 = an,

N∑
n=M

anbn =
N∑

n=M

(An − An−1)bn

= (AN − AN−1)bN + (AN−1 − AN−2)bN−1 + · · ·+ (AM − AM−1)bM

= ANbN + (−AN−1bN + AN−1bN−1) + · · ·+ (−AMbM+1 + AMbM)− aM−1bM

= ANbN − aM1bM +
N−1∑
n=M

An(bn − bn+1). (3.27)

Lemma 3.3.2 (Abel’s Summation Formula - Integral Version).Let h(x) be a
continuously differentiable function. LetA(x) =

∑
n≤x an. Then

∑
n≤x

anh(n) = A(x)h(x)−
∫ x

1

A(u)h′(u)du (3.28)

See, for example, [Ru], page70.
Partial Summation allows us to take knowledge of one quantity and convert

that to knowledge of another.
For example, suppose we know that
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∑
p≤x

log p = x + O(x
1
2
+ε). (3.29)

We use this to glean information about
∑

p≤x 1.
Define

h(n) =
1

log n
and an =

{
log n if n is prime

0 otherwise.
(3.30)

Applying partial summation to
∑

p≤x anh(n) will give us knowledge about∑
p≤x 1. Note as long ash(n) = 1

log n
for n prime, it doesn’t matter how we define

h(n) elsewhere; however, to use the integral version of Partial Summation, we
needh to be a differentiable function.

Thus

∑
p≤x

1 =
∑
p≤x

anh(n)

=
(
x + O(x

1
2
+ε)

) 1

log x
−

∫ x

2

(
u + O(u

1
2
+ε)

)
h′(u)du. (3.31)

The main term (A(x)h(x)) equals x
log x

plus a significantly smaller error.
We now calculate the integral, notingh′(u) = − 1

u log2 u
. The error piece in the

integral gives a constant multiple of

∫ x

2

u
1
2
+ε

u log2 u
du. (3.32)

As 1
log2 u

≤ 1
log2 2

for 2 ≤ u ≤ x, the integral is bounded by

1

log2 2

∫ x

2

u−
1
2
+ε <

1

log2 2

1
1
2

+ ε
x

1
2
+ε, (3.33)

which is significantly less thanA(x)h(x) = x
log x

.
We now need to handle the other integral:

∫ x

2

u

u log2 u
du =

∫ x

2

1

log2 u
du. (3.34)
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The obvious approximation to try is 1
log2 u

≤ 1
log2 2

. Unfortunately, plugging
this in bounds the integral by x

log2 2
. This is larger than the expected main term,

A(x)h(x)!
As a rule of thumb, whenever you are trying to bound something, try the sim-

plest, most trivial bounds first. Only if they fail should you try to be clever.
Here, we need to be clever, as we are bounding the integral by something

larger than the observed terms.
We split the integral into two pieces:

∫ x

2

=

∫ √
x

2

+

∫ x

√
x

(3.35)

For the first piece, we use the trivial bound for1
log2 u

. Note the interval has

length
√

x− 2 <
√

x. Thus, the first piece contributes at mostx
1
2

log2 2
, significantly

less thanA(x)h(x).
The reason trivial bounds failed for the entire integral is the length was too

large (of sizex); there wasn’t enough decay in the function.
The advantage of splitting the integral in two is that in the second piece, even

though most of the length of the original interval is here (it is of lengthx−√x ≈
x), the function 1

log2 u
is small here. Instead of bounding it by a constant, we now

bound it by substituting in the smallest value ofu on this interval,
√

x. Thus,
the contribution from this integral is at mostx−

√
x

log2√x
< 4x

log2 x
. Note that this is

significantly less than the main termA(x)h(x) = x
log x

.
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Chapter 4

Fourier Analysis and the
Equi-Distribution of {nα}

4.1 Inner Product of Functions

We define the exponential function by means of the series

ex =
∞∑

n=0

xn

n!
, (4.1)

which converges everywhere. Given the Taylor series expansion ofsin x and
cos x, we can verify the identity

eix = cos x + i sin x. (4.2)

Exercise 4.1.1.Proveex converges for allx ∈ R (even better, for allx ∈ C. Show
the series forex also equals

lim
n→∞

(
1 +

x

n

)n

, (4.3)

which you may remember from compound interest problems.

Exercise 4.1.2.Prove, using the series definition, thatex+y = exey. Use this
fact to calculate the derivative ofex. If instead you try to differentiate the series
directly, you must justify the derivative of the infinite sum is the infinite sum of the
derivatives.

54



Remember the definition ofinner or dot product : for two vectors~v =
(v1, · · · , vn), ~w = (w1, · · · , wn), we take theinner product~v · ~w (also denoted
〈v, w〉) to mean

~v · ~w = 〈v, w〉 =
∑

i

viw̄i. (4.4)

Further, the length of a vectorv is

|v| = 〈v, v〉. (4.5)

We generalize this for functions. For definiteness, assumef andg are func-
tions from[0, 1] to C. Divide the interval[0, 1] into n equal pieces. Then we can
represent the functions by

f(x) ←→
(

f(0), f
( 1

n

)
, . . . , f

(n− 1

n

))
, (4.6)

and similarly forg. Call these vectorsfn andgn. As before, we consider

〈fn, gn〉 =
n−1∑
i=0

f
( i

n

)
· ḡ

( i

n

)
. (4.7)

In general, as we continue to divide the interval (n → ∞), the above sum
diverges. For example, iff andg are identically1, the above sum isn.

There is a natural rescaling: we multiply each term in the sum by1
n
, the size

of the sub-interval. Note for the constant function, the sum is now independent of
n.

Thus, for goodf andg we are led to

〈f, g〉 = lim
n→∞

n−1∑
i=0

f
( i

n

)
· ḡ

( i

n

) 1

n
=

∫ 1

0

f(x)g(x)dx. (4.8)

The last result follows by Riemann Integration.

Definition 4.1.3. We say two continuous functions on[0, 1] are orthogonal (or
perpendicular) if their dot product equals zero.

Exercise 4.1.4.Provexn andxm are not perpendicular on[0, 1] for n 6= m.
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We will see that the exponential function behaves very nicely under the inner
product. Define

en(x) = e2πinx for n ∈ Z. (4.9)

Then a straightforward calculation shows

〈en(x), em(x)〉 =

{
1 if n = m

0 otherwise.
(4.10)

Thuse0(x), e1(x), e2(x), · · · are anorthogonal setof functions, which means
they are pairwise perpendicular. As each function has length1, we say the func-
tionsen(x) are anorthonormal set of functions.

Exercise 4.1.5.Prove〈en(x), em(x)〉 is 1 if n = m and0 otherwise.

4.2 Fourier Series and{nα}
4.2.1 Fourier Series

Let f be continuous and periodic onR with period one. Define thenth Fourier
coefficient f̂(n) of f to be

f̂(n) = an = 〈f(x), en(x)〉 =

∫ 1

0

f(x)e−2πinxdx. (4.11)

Returning to the intuition ofRm, we can think of theen(x)’s as an infinite
set of perpendicular directions. The above is simply the projection off in the
direction ofen(x).

Exercise 4.2.1.Show

〈f(x)− f̂(n)en(x), en(x)〉 = 0. (4.12)

This agrees with our intuition, namely, that if you remove the projection in a cer-
tain direction, what is left is perpendicular to that direction.

TheN th partial Fourier series of f is

sN(x) =
N∑

n=−N

f̂(n)en(x). (4.13)
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Exercise 4.2.2.Prove

1. 〈f(x)− sN(x), en(x)〉 = 0 if |n| ≤ N .

2. |f̂(n)| ≤ ∫ 1

0
|f(x)|dx.

3. If 〈f, f〉 < ∞, then
∑∞

n=−∞ |f̂(n)|2 ≤ 〈f, f〉.

4. If 〈f, f〉 < ∞, thenlim|n|→∞ f̂(n) = 0.

As 〈f(x)− sN(x), en(x)〉 = 0 if |n| ≤ N , we might think that we just have to
let N go to infinity to obtain a seriess∞ such that

〈f(x)− s∞(x), en(x)〉 = 0. (4.14)

Assume that for a periodic functiong(x) to be orthogonal toen(x) for everyn
it must be zero for everyx. Thenf(x)− s∞(x) = 0, and hencef = s∞. Voilá –
an expression forf as a sum of exponentials! Be careful, however. We have just
glossed over the two central issues – completeness and, even worse, convergence.
We will now see a way of avoiding some of our problems.

4.2.2 Weighted partial sums

Define

DN(x) =
N∑

n=−N

en(x) =
sin((2N + 1)πx)

sin πx
,

FN(x) =
sin2(Nπx)

N sin2 πx
=

1

N

N−1∑
n=0

Dn(x).

(4.15)

Here F stands for Féjer,D for Dirichlet. In general, functions which we are
interested in taking their inner product againstf are calledkernels; thus, the
Dirichlet kernel, the Féjer kernel, etc.

Note that, no matter whatN is, FN(x) is positive for allx.
We say that a sequencef1(x), f2(x), f3(x), . . . of functions is anapproxima-

tion to the identity if

1. fN(x) ≥ 0 for all x and everyN ;

2.
∫ 1

0
fN(x)dx = 1;
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3. limN→∞
∫ 1−δ

δ
fN(x)dx = 0 if 0 < δ < 1

2
.

Theorem 4.2.3.The Féjer kernelsF1(x), F2(x), F3(x), . . . are an approximation
to the identity.

Proof: The first property is immediate. The second follows from the observa-
tion thatFN(x) can be written as

FN(x) = e0(x) +
N − 1

N

(
e−1(x) + e1(x)

)
+ · · · , (4.16)

and all integrals are zero but the first, which is1.
To prove the third property, note thatFN(x) ≤ 1

N sin2 πδ
for δ ≤ x ≤ 1− δ. 2

Let f be a continuous, periodic function onR with period one. Thus, we can
considerf as a function on just[0, 1], with f(0) = f(1). Define

TN(x) =

∫ 1

0

f(y)FN(x− y)dy. (4.17)

Recall the following definition and theorem:

Definition 4.2.4 (Uniform Continuity). A continuous function is uniformly con-
tinuous if given anε > 0, there exists aδ > 0 such that|x − y| < δ implies
|f(x)− f(y)| < ε. Note that the sameδ works for all points.

Theorem 4.2.5.Any continuous function on a closed, compact interval is uni-
formly continuous.

Exercise 4.2.6.Showxn is uniformly continuous on[a, b] for −∞ < a < b < ∞.

Theorem 4.2.7.Givenε > 0, there is anN such that

|f(x)− TN(x)| ≤ ε (4.18)

for everyx ∈ [0, 1].

Proof. For any positiveN ,
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TN(x)− f(x) =

∫ 1

0

f(x− y)FN(y)dy − f(x) · 1

=

∫ 1

0

f(x− y)FN(y)dy −
∫ 1

0

f(x)Fn(y)dy (property 2 ofFN)

=

∫ δ

0

(
f(x− y)− f(x)

)
FN(y)dy

+

∫ 1−δ

δ

(
f(x− y)− f(x)

)
FN(y)dy

+

∫ 1

1−δ

(
f(x− y)− f(x)

)
FN(y)dy.

(4.19)
Let δ ∈ (0, 1/2). Then, using the fact that theFN(x)’s are an approximation

to the identity, we find

∣∣∣∣
∫ 1−δ

δ

(
f(x− y)− f(x)

)
FN(y)dy

∣∣∣∣ ≤ 2 max |f(x)| ·
∫ 1−δ

δ

FN(y)dy. (4.20)

Since

lim
N→∞

∫ 1−δ

δ

FN(y)dy = 0, (4.21)

we obtain

lim
N→∞

∫ 1−δ

δ

(f(x− y)− f(x))FN(y)dy = 0. (4.22)

Thus, by choosingN large enough (where large depends onδ), we can insure
that this piece is at mostε

3
.

It remains to estimate what happens near zero. Sincef is continuous and[0, 1]
is compact,f is uniformly continuous. Thus, we can chooseδ small enough that
|f(x− y)− f(x)| < ε

3
for anyx and any positivey < δ. Then

∣∣∣∣
∫ δ

0

(
f(x− y)− f(x)

)
FN(y)dy

∣∣∣∣ ≤
∫ δ

0

ε

3
FN(y)dy ≤ ε

3

∫ 1

0

FN(y)dy ≤ ε

3
.

(4.23)
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Similarly
∣∣∣∣
∫ 1

1−δ

(
f(x− y)− f(x)

)
FN(y)dy

∣∣∣∣ ≤
ε

3
. (4.24)

Therefore
|TN(x)− f(x)| ≤ ε (4.25)

for all N sufficiently large.

Definition 4.2.8 (Trigonometric Polynomials). Any finite linear combination of
the functionsen(x) is called a trigonometric polynomial.

From Theorem 4.2.7 we immediately get the Stone-Weierstrass theorem:

Theorem 4.2.9 (Stone-Weierstrass).Any continuous period function can be uni-
formly approximated by trigonometric polynomials.

4.2.3 Equidistribution

We say that a sequence{xn}, xn ∈ [0, 1] is equidistributedif

lim
N→∞

1

2N + 1
#{n : |n| ≤ N, xn ∈ (a, b)} = b− a (4.26)

for all (a, b) ⊂ [0, 1].

Theorem 4.2.10 (Weyl).Letα be an irrational number in[0, 1]. Letxn = {nα},
where{y} denotes the fractional part ofy. Then the sequence{xn} is equidis-
tributed.

Proof. We will estimate 1
2N+1

∑N
−N χ(a,b)(xn) asN → ∞, whereχ(a,b) is the

function taking the value0 outside(a, b) and1 inside (a, b). We callχ(a,b) the
characteristic function of the interval(a, b).

Thus, we must show

lim
N→∞

1

2N + 1

N∑
n=−N

χ(a,b)(xn) = b− a. (4.27)

Considerek(x) = e2πikx. Sincexn = {nα} = nα − [nα] and ek(x) =
ek(x + m) for every integerm,

60



ek(xn) = e2πiknα. (4.28)

Hence

1

2N + 1

N∑
n=−N

ek(xn) =
1

2N + 1

N∑
n=−N

ek(nα)

=
1

2N + 1

N∑
n=−N

(e2πikα)n

=

{
1 if k = 0

1
2N+1

ek(−Nα)−ek((N+1)α)
1−ek(α)

if k > 0.

(4.29)

Now for a fixed irrationalα, |1− ek(α)| > 0. Therefore ifk 6= 0:

lim
N→∞

1

2N + 1

ek(−Nα)− ek((N + 1)α)

1− ek(α)
= 0. (4.30)

Let P (x) =
∑

k akek(x) be a finite sum (ie,P (x) is a trigonometric polyno-
mial). By possibly adding some zero coefficients, we can writeP (x) as a sum
over a symmetric range:P (x) =

∑K
k=−K akak(x).

Exercise 4.2.11.Show
∫ 1

0
P (x)dx = a0.

By the above arguments, we have shown that for any (finite) trigonometric
polynomialP (x):

lim
N→∞

1

2N + 1

N∑
n=−N

P (xn) → a0 =

∫ 1

0

P (x)dx. (4.31)

Consider two approximations to the characteristic functionχ(a,b):

1. f1m: f1m(x) = 1 if a + 1
m
≤ x ≤ b− 1

m
, drops linearly to0 ata andb, and

is zero elsewhere.

2. f2m: f1m(x) = 1 if a ≤ x ≤ b, drops linearly to0 ata− 1
m

andb + 1
m

, and
is zero elsewhere.
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Note there are trivial modifications ifa = 0 or b = 1. Clearly

f1m(x) ≤ χ(a,b)(x) ≤ f2m(x). (4.32)

Therefore

1

2N + 1

N∑
n=−N

f1m(xn) ≤ 1

2N + 1

N∑
n=−N

χ(a,b)(xn) ≤ 1

2N + 1

N∑
n=−N

f2m(xn).

(4.33)
By Theorem 4.2.7, for eachm, givenε > 0 we can find trigonometric poly-

nomialsP1m(x) andP2m(x) such that|P1m(x) − f1m(x)| < ε and |P2m(x) −
f2m(x)| < ε.

As f1m andf2m are continuous functions, we can replace

1

2N + 1

N∑
n=−N

fim(xn) with
1

2N + 1

N∑
n=−N

Pim(xn) (4.34)

at a cost of at mostε.
As N →∞,

1

2N + 1

N∑
n=−N

Pim(xn) →
∫ 1

0

Pim(x)dx. (4.35)

But
∫ 1

0
P1m(x)dx = (b− a)− 1

m
and

∫ 1

0
P2m(x)dx = (b− a) + 1

m
. Therefore,

givenm andε, we can chooseN large enough so that

(b− a)− 1

m
− ε ≤ 1

2N + 1

N∑
n=−N

χ(a,b)(xn) ≤ (b− a) +
1

m
+ ε. (4.36)

Letting m tend to∞ andε tend to0, we see 1
2N+1

∑N
n=−N χ(a,b)(xn) → b −

a.

Exercise 4.2.12.Rigorously do the necessary book-keeping to prove the previous
theorem.

Exercise 4.2.13.Prove

1. If α ∈ Q, then{nα} is periodic.

2. If α 6∈ Q, then no two{nα} are equal.
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Chapter 5

Introduction to Continued Fractions

5.1 Introduction

5.1.1 Example

Consider the equationx2 + y2 = 2. If we try to solve forx, y ∈ C, we quickly
find that, not only are there infinitely many solutions, but givenx we can easily
determiney. Namely,y =

√
2− x2.

Instead of looking for complex solutions, we could restrictx andy to be inR.
If |x| ≤ √

2, the same argument works.
If we restrictx andy to be integers, we find there are only four solutions:

(1, 1), (1,−1), (−1, 1) and(−1,−1). Once we add restrictions (such asx, y ∈ N
or x, y ∈ Z) we have aDiophantine equation.

Explicitly, a Diophantine equation is an equation with integer coefficients,
where the solutions are restricted to being integers or rationals. These equations
are named in honor of the Greek Mathematician Diophantus (approximately200
to 280 A.D.), who studied equations of this form.

Returning to our example, if instead we allowx, y ∈ Q, how many solutions
are there? Can we still parametrize them as easily as whenx, y were inR orC?

We know one rational solution,(x, y) = (1, 1). In turns out that, for quadratic
equations like this, knowing one rational solution is enough to find all rational
solutions.

The equationx2 + y2 = 2 is a circle centered at the origin with radius
√

2.
Consider the straight line passing through(1, 1) (which is on this circle) with
rational slopet.
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Exercise 5.1.1.Prove that the other point of intersection of the line with the circle
is also a rational solution. Further, show all rational solutions are obtained in this
way.

5.1.2 Goal of the Course

The main result we shall prove is

Theorem 5.1.2 (Roth’s Theorem).Letα be a real algebraic number (a root of a
polynomial equation with integer coefficients). Then, given anyε > 0, there are
only finitely many relatively prime pairs of integers(p, q) such that

∣∣∣∣∣α−
p

q

∣∣∣∣∣ <
1

q2+ε
; (5.1)

however, there are infinitely many pairs of relatively prime integers such that
∣∣∣∣∣α−

p

q

∣∣∣∣∣ <
1

q2
. (5.2)

This should be reminiscent ofp-series from calculus.
∑

1
np converges forp >

1 and diverges forp ≤ 1; ie, there is a sharp boundary where an infinitesimally
small change leads to wildly different behaviour. For example,

∑
n−1 diverges,

while
∑

n−(1+10−1000) converges.

5.2 Continued Fractions

5.2.1 Introduction

Idea: there are various ways of representing numbers. There are decimal expan-
sions, binary expansions, et cetera. If you have something complicated, one way
to express it is to write it in terms of something simpler. Continued fractions is an
example of this.

Decimal expansion is very simple:

x = xn10n + xn−110n−1 + · · ·+ x1101 + x0 + x−110−1 + x−210−2 + · · ·
xi ∈ {0, 1, . . . , 9}. (5.3)
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Exercise 5.2.1.Let x have a periodic decimal expansion. For example, assume
∃N0 ∈ N anda1, . . . , an ∈ {0, . . . , 9} such that

x = xmxm−1 · · ·x1x0.x−1 · · · xN0+1xN0a1 · · · ana1 · · · ana1 · · · an · · ·
= xmxm−1 · · ·x1x0.x−1 · · · xN0+1xN0a1 · · · an (5.4)

Prove thatx is rational, and bound the size of the denominator.

Continued Fractions is a much more sophisticated machine than decimal ex-
pansion. Any finite continued fraction (with integer components) will be a rational
number, and vice versa. This is a lot cleaner than something that goes on to in-
finity and is periodic. A periodic Continued Fraction is actually the solution of a
quadratic equation with integer coefficients, which is very different than a periodic
decimal expansion.

A lot of very complicated numbers (for example,e), have very simple Contin-
ued Fraction expansions.

Using Continued Fractions of numbers, you can get very interesting results on
how to approximate numbers by rationals. For example, if you have the decimal
expansion of a number, if you truncate the decimal expansion at some point, you
get a rational approximation (some integer divided by a power of ten).

You can do this with a continued fraction: you cancut it at some point and
get a rational number, and use that rational number to approximate the number
we started with. We will see thatthis is the best approximation you can have; we
will, of course, quantify what we mean by best approximation.

What does this remind us of? Fourier Series or Taylor Series: for a given
expansion, the firstn terms of a Fourier Series (or Taylor Series) give the best
approximation of a certain order to the given function.

A finite continued fraction has this type of power: it is a very sophisticated
machine.

5.2.2 Definition

A Finite Continued Fraction is a number of the form

a0 +
1

a1 + 1
a2+ 1

...+ 1
an

(5.5)
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One doesn’t want to write something like this every time, so we introduce the
following shorthand notations. The first is

a0 +
1

a1+

1

a2+
· · · 1

an

(5.6)

A better notation is

[a0, a1, . . . , an]. (5.7)

Exercise 5.2.2.Show[a0] = a0, [a0, a1] = a0 + 1
a1

= a0a1+1
a1

, and [a0, a1, a2] =
a0(a1a2+1)+a2)

a1a2+1
.

5.2.3 Elementary Properties of Continued Fractions

Lemma 5.2.3.Let [a0, . . . , an] be a Continued Fraction. Then

1.
[
a0, . . . , an

]
=

[
a0, . . . , an−2, an−1 + 1

an

]
.

2.
[
a0, . . . , an

]
=

[
a0, . . . , am−1, [am, . . . , an]

]
.

These are the most basic properties of Continued Fractions, and will be used
constantly below.

Exercise 5.2.4.Prove Lemma 5.2.3.

5.2.4 Convergence to a Continued Fraction

We saw that[a0] = a0, [a0, a1] = a0a1+1
a1

, and [a0, a1, a2] = a0(a1a2+1)+a2

a1a2+1
. In

general, when we simplify everything (if the continued fraction has finitely many
terms), we get the ratio of two numbers. We denote this bypn

qn
= pn(a0,...,an)

qn(a0,...,an)
, where

pn andqn are polynomials with integer coefficients ofa0, a1, . . . , an.

Theorem 5.2.5.For anym ∈ {2, . . . , n} we have

1. p0 = a0, p1 = a0a1 + 1, andpm = ampm−1 + pm−2.

2. q0 = 1, q1 = a1, andqm = amqm−1 + qm−2.
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We prove this by induction. First, we check a few cases.
By definition,[a0] = a0

1
, which is p0

q0
. [a0, a1] = a0a1+1

a1
, which agrees withp1

q1
.

[a0, a1, a2] should bea2p1+p0

a2q1+q0
. Asp1 = a0a1+1 andq1 = a1, direct substitution

gives a2(a0a1+1)+a0

a2a1+1
.

We have proved the basis case (and two others just for fun). We now show that
if

[a0, . . . , am] =
pm

qm

=
ampm−1 + pm−2

amqm−1 + qm−2

(5.8)

then

[a0, . . . , am+1] =
pm+1

qm+1

=
am+1pm + pm−1

am+1qm + qm−1

. (5.9)

We calculate the continued fraction ofx = [a0, . . . , am, am+1]. By Lemma
5.2.3, this is the same as the continued fraction ofy = [a0, . . . , am−1, am + 1

am+1
].

Note, of course, thatx = y; we use a different letter to emphasize thatx has a
continued fraction expansion withm + 2 terms, andy has a continued fraction
expansion withm + 1 terms (remember we start counting witha0).

We consider the Continued Fraction ofy; it will have its own expansion with
numeratorPm and denominatorQm. By induction (we are assuming we know the
theorem for all continued fractions withm terms),y = Pm

Qm
.

Therefore,

Pm

Qm

=

(
am + 1

am+1

)
Pm−1 + Pm−2(

am + 1
am+1

)
Qm−1 + Qm−2

. (5.10)

But the firstm terms terms ofy are the same as those ofx. Thus,Pm−1 =
pm−1, and similarly forQm−1, Pm−2, andQm−2.

Substituting gives

Pm

Qm

=

(
am + 1

am+1

)
pm−1 + pm−2(

am + 1
am+1

)
qm−1 + qm−2

. (5.11)

Standard algebra gives

Pm

Qm

=
(amam+1 + 1)pm−1 + pm−2am+1

(amam+1 + 1)qm−1 + qm−2am+1

. (5.12)
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This is the same as

am+1(ampm−1 + pm−2) + pm−1

am+1(amqm−1 + qm−2) + qm−1

=
am+1pm + pm−1

am+1qm + qm−1

, (5.13)

where the last step (substituting in withpm andqm) follows from the inductive
assumption. This completes the proof.2

A cute example is

[1, 1, . . . , 1] = 1 +
1

1 + 1
1+ 1

...+1
1

=
pn

qn

. (5.14)

where we haven + 1 ones. What are thepi’s and theqi’s? p0 = 1, p1 = 2,
pm = pm−1 + pm−2. Similarly, we getq0 = 1, q1 = 1, andqm = qm−1 + qm−2.

Let Fm be themth Fibonacci number:F0 = 1, F1 = 1, F2 = 2, F3 = 5, and
Fm = Fm−1 + Fm−2.

Thus,[1, 1, · · · , 1] = Fn+1

Fn
. As we let the number of ones go to infinity, we can

show this will converge to the golden ratio (also called the golden mean),1+
√

5
2

.
Notice how beautiful Continued Fractions are. A simple expression like this

captures the golden ratio, which has many deep, interesting properties. In base
ten,.111111 . . . is just 1

9
.

Exercise 5.2.6.Letrn = Fn+1

Fn
. Show that the even terms,r2m, are increasing and

the odd terms,r2m+1, are decreasing.

Exercise 5.2.7.Investigatelimn→∞(rn − rn−1) for the Fibonacci numbers. Show
rn converges to the golden ratio,1+

√
5

2
.

5.2.5 Observation

We know pn

qn
= anpn−1+pn−2

anqn−1+qn−2
. Consider the differencepnqn−1 − pn−1qn.

Using the recursion relations, this difference also equals

(anpn−1 + pn−2)qn−1 − pn−1(anqn−1 + qn−2). (5.15)

This is the same (expand and cancel) aspn−2qn−1 − pn−1qn−2.
The key observation is as follows:pnqn−1−pn−1qn = −(pn−1qn−2−pn−2qn−1).

The index has reduced by one, and there has been a sign change. Repeat, and we
getpn−2qn−3−pn−3qn−2. Doingn−1 times in total, we get(−1)n−1(p1q0−p0q1).
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Substitutingp1 = a0a1 + 1, q1 = a1, p0 = a0 andq0 = 1 gives

Lemma 5.2.8.
pnqn−1 − pn−1qn = (−1)n−1. (5.16)

So, even though a priori this difference should depend ona0 throughan, it is
in fact just−1 to a power.

Similarly, one can show

Lemma 5.2.9.
pnqn−2 − pn−2qn = (−1)nan. (5.17)

Notice that the consecutive convergents to the continued fraction,pn

qn
, pn−1

qn−1
and

pn−2

qn−2
, satisfy

Lemma 5.2.10.
pn

qn

− pn−1

qn−1

=
(−1)n−1

qnqn−1

(5.18)

and

pn

qn

− pn−2

qn−2

=
(−1)nan

qnqn−2

(5.19)

To prove this, divide the previous relations byqnqn−1 andqnqn−2.

5.2.6 Continued Fractions with Positive Terms

Let x = pn

qn
be the continued fraction of[a0, . . . , an]. We calla0, a1, . . . , an the

quotientsof the continued fraction. Letxm = pm

qm
.

Theorem 5.2.11.If the quotientsa0 to an are positive, then the sequencex2m is
an increasing sequence, the sequencex2m+1 is a decreasing sequence, and for
everym, x2m < x < x2m+1 (if n 6= 2m or 2m + 1).

Proof:x2m increasing meansx0 < x2 < x4 < . . . . By Lemma 5.2.10,

x2(m+1) − x2m =
(−1)2ma2m

q2mq2(m+1)

. (5.20)

Everything on the right hand side is positive, sox2(m+1) > x2m. The result for
the odd terms is proved similarly; there we will have(−1)2m+1 instead of(−1)2m,
and we will see the odd terms are decreasing.
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We knowx0 < x2 < x4 < . . . and· · · < x5 < x3 < x1. We knowxn, the
last guy, is either anx2m or anx2m+1 (depending on whethern is odd or even). It
must be sandwiched somewhere in the middle. We will verify thatx2m+1 − x2m

is positive. Thus,xn must be between the two.
We want to see howx2m, x2m+1, x2m+2 andx2m+3 should be ordered. We

claim the ordering should be

x2m < x2m+2 < x2m+3 < x2m+1 (5.21)

Clearly, as the even terms are increasing and the odd terms are decreasing,
x2m < x2m+2 andx2m+3 < x2m+1. Thus, we need only show thatx2m+3 is greater
thanx2m+2. This follows immediately from Lemma 5.2.10 (taken = 2m + 3 in
the lemma).

If n is even,xn is greater than all the other even terms; ifn is odd,xn is less
than all the other odd terms. Collecting the results now yields the theorem.
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Chapter 6

Second Lecture

6.1 Another Introduction

Givenx ∈ R, how does one calculate the continued fraction expansion? We first
describe the algorithm for determining the decimal expansion, and then we give
an algorithm for finding the continued fraction expansion.

6.1.1 Decimal Expansion

Recall[x] is the largest integer less than or equal tox.

Exercise 6.1.1.Find [x] for x = −2, 2.9, 3, 3.1, 3.14, π, 3.15 and 29
5

. Does[x +
y] = [x] + [y]? Does[xy] = [x] · [y]?

For example, we calculate the decimal expansion ofx = 9.75. [x] = [9.75] =
9. Call thisx1: x1 = [x].

How do we retrieve the next digit,7? Look atx − x1. This will be .75; if we
multiply by 10, we get7.5, and we note that the greatest integer less than or equal
to 7.5 is 7.

Thus, look at[10(x − x1)] = 7, and definex2 = 10(x − x1) = 7.5. Iterating
the above procedure yields the base ten expansion.

Exercise 6.1.2.Formally write down the procedure to find the base ten expansion
of a positive numberx. Discuss the modifications needed ifx is negative.
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6.1.2 Continued Fraction Expansion

We expect to get something like

x = a0 +
1

a1 + 1
a2+···

, (6.1)

where theai are positive integers.
Obviously,a0 = [x], the greatest integer at mostx. Then

x− [x] =
1

a1 + 1
a2+···

. (6.2)

and the inverse is

x1 =
1

x− [x]
= a1 +

1

a2 + 1
a3+···

. (6.3)

Therefore, the second digit of the continued fraction expansion is[x1] = a1.
Let x2 = 1

x1−[x1]
and iterate.

Exercise 6.1.3.Formally write down the procedure to find the continued frac-
tion expansion of a positive numberx. Discuss the modifications needed ifx is
negative.

Exercise 6.1.4.Find the first few terms in the continued fraction expansions of√
2,
√

3, π ande.

6.1.3 Dynamical Interpretation

We are defining a map

f(x) =
1

x− [x]
, x > 1. (6.4)

If x > 1, thenf(x) > 1 (and is infinite only ifx ∈ N). As f(x) > 1, we
can applyf to f(x) and getf(f(x)). As long as the initial value is greater than1,
we can keep iterating. The results will always be greater than one (and finite for
non-integer input).

If we start withx ∈ [0, 1), thenx − [x] = x. Thus, forx ∈ [0, 1), f(x) = 1
x
.

If x > 1, thenf(x) 6= 1
x
: it will be shifted.

Exercise 6.1.5.Graphf(x), f(f(x)), andf(f(f(x))) = (f ◦ f ◦ f)(x).
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Draw a diagonal mapg(x) = x. Givenx0, look atf(x0), and findx such that

g(x) = f(x0). Thus, go from
(
x0, f(x0)

)
to

(
f(x0), f(x0)

)
. Then, project this

point to
(
f(x0), f(f(x0))

)
, and continue the process indefinitely.

Exercise 6.1.6.Find all points in[0, 1] such that when you iterate infinitely often
the above, it converges to a fixed point on the curve. What are the conditions on
points in[0, 1] that lead to interesting behaviour? (Extremely hard!)

See the papers of S. Zakeri at the University of Pennsylvania.

Exercise 6.1.7.Fact: the continued fraction expansion of a rational number is
finite. Prove this implies that ifx ∈ Q, then eventually you must land on a singular
point (ie, you are eventually sent to infinity).

Observation: if you start with a rational number, there are finite numbers taken
before the process explodes; if you start with a numberx which statisfies a degree
2 equation, the process is periodic.

6.2 Positive, Simple Convergents

Definition 6.2.1 (Positive Continued Fraction).A continued fraction[a0, . . . , an]
is positive if eachai > 0.

Definition 6.2.2 (Simple Continued Fraction).A continued fraction is simple if
eachai is a positive integer.

Definition 6.2.3 (quotients or convergents).If xm = [a0, . . . , am] = pm

qm
, then

pm

qm
is themth quotient or convergent.

Recall Theorem 5.2.11:If the quotients are positive, thenx2n is an increasing
sequence,x2n+1 is a decreasing sequence, and for alln, x2n < x < x2n+1.

The proof followed from looking at successive quotients, Lemma 5.2.10.
What is the goal? A decimal expansion of a number converges to the given

number, even if the decimal expansion is infinite. We want to prove an analo-
gous property for continued fractions. We described a process which associates
a continued fraction to each number. We now show this process is well defined,
namely, that the continued fraction does equal the initial number.

Looking at Theorem 5.2.11, we show the even (odd) quotients converge tox
from below (above).
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Theorem 6.2.4.Let [a0, . . . , an] be a positive, simple continued fraction. Then

1. qn ≥ qn−1 ∀n ≥ 1, andqn > qn−1 if n > 1.

2. qn ≥ n, with strict inequality ifn > 3.

Proof: Recallq0 = 1, q1 = a1 ≥ 1, qn = anqn−1 + qn−2. Eachan > 0 and is
an integer. Thus,an ≥ 1 andanqn−1 +qn−2 ≥ qn−1, yieldingqn ≥ qn−1. If n > 1,
qn−2 > 0, giving a strict inequality.

We prove the other claim by induction. Supposeqn−1 ≥ n − 1. Thenqn =
anqn−1 + qn−2 ≥ qn−1 + qn−2 ≥ (n− 1) + 1 = n. If at one point the inequality is
strict, it is strict from that point onward.2

Exercise 6.2.5.What can one prove about thepns?

Theorem 6.2.6.Given a continued fraction expansion[a0, . . . , an] with quotient
pn

qn
. Thenpn

qn
is reduced.

Proof: assume not, and letd|pn andd|qn. Thend|(pnqn−1 − qnpn−1). By
Lemma 5.2.8,pnqn−1 − qnpn−1 = (−1)n−1. Thus,d|(−1)n−1, which implies
d = ±1 and pn

qn
is reduced.

6.3 Representation of Numbers by Continued Frac-
tions

Lemma 6.3.1. Givenx = [a0, . . . , aN ]. If N is odd, there is another continued
fraction which also equalsx, but with an even number of terms (and vice-versa).

This is equivalent to the non-uniqueness in decimal expansions. For example,
3.499999999 · · · = 3.50. We make theconvention that we throw away any dec-
imal expansion ending with all9s and replace it with the appropriate expansion
ending in0.

Where does the ambiguity come from? Assume we have two continued frac-
tions such that[a0, . . . , aN ] = [a0, . . . , aN − 1, 1]. For example,

a1 +
1

a2

= a1 +
1

(a2 − 1) + 1
1

. (6.5)

The only caveat is that we cannot have a zero in a continued fraction expan-
sion. Thus, the above is a correct proofonly if aN 6= 1; in the example given, we
needa2 6= 1.
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If aN = 1, we consider a slight modification. For example, ifa4 = 1, we have

a1 +
1

a2 + 1
a3+ 1

1

= a1 +
1

a2 + 1
a3+1

, (6.6)

which completes the proof.2
Consider[a0, a1, a2, . . . , aN ]. Definea′n = [an, . . . , aN ], the tail of the contin-

ued fraction. Then[a0, . . . , aN ] = [a0, . . . , an−1, a
′
n]; however, the second contin-

ued fraction is positive but not necessarily simple (asa′n need not be an integer).

Theorem 6.3.2.Suppose[a0, . . . , aN ] is positive and simple. Then[a′n] = an

except when bothn = N − 1 andaN = 1, in which caseaN−1 = [a′N−1] + 1.

Proof:a′n is a continued fraction given by

a′n = an +
1

an+1 + 1

...

. (6.7)

We just need to make sure that

1

an+1 + 1

...

< 1. (6.8)

How could this equal1 or more? The only possibility is ifan+1 = 1 and the
sum of the remaining terms is0. This happens only if bothn = N−1 andaN = 1,
proving the theorem.2

Uniqueness Assumption (Notation):whenever we write a finite continued
fraction, we assumeaN 6= 1, whereN corresponds to the last term. Again, this is
similar to notation from base ten expansion.
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Chapter 7

Third Lecture

7.1 Interesting Problem

Question 7.1.1.Is there a functionf : R+ → R+ such thatlimx→a f(x) = 0?

We will prove there is no such function.

Question 7.1.2.Is there anf : R+ → R+ such thatf(x)f(y) ≤ (x − y)2 for
x 6= y?

If such a function exists, the first problem has an affirmative answer. Fixa. As
f(a) 6= 0, we have

lim
x→a

f(x) = lim
x→a

(x− a)2

f(a)
= 0. (7.1)

Consider now

Question 7.1.3.Is there anf : Q+ → Q+ such thatf(x)f(y) ≤ (x − y)2 for
x 6= y?

Yes: definef(p
q
) = 1

q2 , (p, q) = 1.
We now show there is no function satisfying the conditions of Question 7.1.1.
Proof: for anya, the value isf(a). Form the circle with diameter from(a, 0)

to
(
a, f(a)

)
and center

(
a, f(a)

2

)
, and do the same atb. If a 6= b, we claim that

the two circles are disjoint.
If the sum of the radii of two circles is less than the distance between the two

centers, clearly the circles are disjoint.
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In our case, the radii aref(a)
2

and f(b)
2

. The distance between the centers is√
(a− b)2 +

(
f(a)−f(b)

2

)2

. Thus, it is enough to show that

f(a)

2
+

f(b)

2
≤

√
(a− b)2 +

(f(a)− f(b)

2

)2

. (7.2)

We square both sides, and show the≤ is correct iff is the function

(
f(a) + f(b)

2

)2

≤ (a− b)2 +

(
f(a)− f(b)

2

)2

f(a)2 − 2f(a)f(b) + f(b)2

4
≤ (a− b)2 +

f(a)2 + 2f(a)f(b) + f(b)2

4
f(a)f(b) ≤ (a− b)2 (7.3)

The worst scenario is if the two circles exactly touch (if we have= and not
<). We use the solution of Question 7.1.3.

Prove there are only countably many such circles that can be placed. Hint:
each circle contains a rational tuple. AsQ2 is countable, we can enumerate the
circles.

But there are uncountably many circles if we are studying a real-valued func-
tion! 2

7.2 Uniqueness of Continued Fraction Expansions

Theorem 7.2.1 (Uniqueness of Continued Fraction Expansion).Letx = [a0, . . . , aN ]
= [b0, . . . , bM ] be continued fractions withaN , bM > 1. ThenN = M andai = bi

for i = 0 to N = M .

We proceed by induction.a0 = [x], b0 = [x]. If [a0, . . . , aN ] = [b0, . . . , bN ],
then

[
[x], [a1, . . . , aN ]

]
=

[
[x], [b1, . . . , bM ]

]
. (7.4)

Then

[x] +
1

[a1, . . . , aN ]
= [x] +

1

[b1, . . . , bM ]
. (7.5)
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Thus,[a1, . . . , aN ] = [b1, . . . , bM ]. We now have one fewer component, and
the proof follows by induction.2

Givenx, we can associate a continued fraction tox. a0 = [x],

x = a0 +
1

a′1
= a0 +

1

a1 + 1
a′2

, (7.6)

and so on. We write a prime over the last component to signify it need not be an
integer; ie, it is the real number (greater than or equal to1) that gives an equality.
Note the previous components are integer, and the last is like a remainder.

If ξ0 6= 0, 1
ξ0

= a1 + ξ1. If ξ1 6= 0. 1
ξ1

= a2 + ξ2, et cetera, where in general

a′i = ξ−1
i .

If at some pointξi = 0, the process terminates. This means we have something
like

x = a0 +
1

a1 + 1
a2+ 1

...+ 1
aN

. (7.7)

Theorem 7.2.2.A number is rational if and only if its continued fraction expan-
sion is finite.

Proof: clearly, if the continued fraction expansion is finite, then the number is
rational. The other direction is much harder.

Let x = h
k
, (h, k) = 1, k > 0. Then

h

k
= a0 + ξ0, h = a0k + ξ0k, 0 ≤ ξ0 < k → 0 ≤ ξok < k. (7.8)

Basically,ξ0k is the remainder of the division ofh by k. We continue this
process.

k1 = ξ0k, and

a′0 =
1

ξ0

=
k

kξ0

=
k

k1

= a1 + ξ1 (7.9)

We now havek1ξ1 < k1, and we definek2 = k1ξ1. We started withk and now
havek1, k2, et cetera, a decreasing sequence of positive numbersk > k1 > k2 >
· · · . The sequence must eventually terminate, as each iteration gives us a smaller
non-negative number.
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We now have

1

ξ1

=
k1

k1ξ1

=
k1

k2

= a2 + ξ2, (7.10)

wherek2 > k2ξ2 = k3.

Exercise 7.2.3.Letx have a periodic decimal expansion. Prove thatx is rational.

Exercise 7.2.4.Letx be rational. What can you say about its decimal expansion?

7.3 Convergence

How well do continued fractions converge to the given number? Recallx =
[a0, a1, . . . , an, a′n+1]. Then

x =
a′n+1pn + pn−1

a′n+1qn + qn−1

. (7.11)

How large is
∣∣∣x− pn

qn

∣∣∣, the difference betweenx and thenth convergent?

∣∣∣∣∣x−
pn

qn

∣∣∣∣∣ =
a′n+1pn + pn−1

a′n+1qn + qn−1

− pn

qn

=
pn−1qn − pnqn−1

qn(a′n+1qn + qn−1)

=
(−1)n

qnq′n+1

(7.12)

asq′1 = a′1, q′n = a′nqn−1 + qn−2, and by Lemma 5.2.8,pn−1qn − pnqn−1 =
(−1)n.

How large canq′n+1 be? How small?
Notean+1 < a′n+1 < an+1 + 1. Well, they could be equal, but only if we have

a finite continued fraction.
For simplicity, we areassuming we have an infinite continued fraction, so

we don’t need to worry about trivial modifications at the last component.
Thus, we are assumingx 6∈ Q.

Notea′n is what we need totruncatean infinite continued fraction. Thus, we
initially havex = [a0, . . . , an, an+1, . . . ] = [a0, . . . , a

′
n].
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Thus,

q′n+1 = a′n+1qn + qn−1 > an+1qn + qn−1 = qn+1 (7.13)

and

q′n+1 < (an+1 + 1)qn + qn−1 = an+1qn + qn−1 + qn

= qn+1 + qn ≤ an+2qn+1 + qn = qn+2, (7.14)

asan+2 is a positive integer.
We have proven

Theorem 7.3.1.
1

qnqn+2

<

∣∣∣∣∣x−
pn

qn

∣∣∣∣∣ <
1

qnqn+1

, (7.15)

or

1

qn+2

<
∣∣∣pn − qnx

∣∣∣ <
1

qn+1

. (7.16)

For example, forx = [1, 1, 1, 1, . . . ], we get the Fibonacci numbers, and
Fn+1

Fn
→

(
1+
√

5
2

)n

.

Thus, even when multiplied by a huge number likeqn, these differences go to
zero exponentially fast!This is why continued fractions are so useful.
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Chapter 8

Fourth Lecture

8.1 Review

Definition 8.1.1. By [a0, a1, . . . ] we mean

lim
n→∞

[a0, a1, . . . , an]. (8.1)

Exercise 8.1.2.Prove

1. The even convergents are increasing and bounded.

2. The odd convergents are decreasing and bounded.

Theorem 8.1.3.The limit

lim
n→∞

[a0, a1, . . . , an] (8.2)

exists (forai non-negative integers.

By Exercise 8.1.2, the even convergentsp2n

q2n
converges (say toA), and the

odd convergentsp2n−1

q2n−1
converge (say toB). We need only showA = B, or,

equivalently,
∣∣∣∣∣
p2n

q2n

− p2n−1

q2n−1

∣∣∣∣∣ → 0. (8.3)

Recall Lemma 5.2.8, which statesp2nq2n−1 − p2n−1q2n = (−1)2n−1

Looking at

81



∣∣∣∣∣
p2n

q2n

− p2n−1

q2n−1

∣∣∣∣∣ =

∣∣∣∣∣
p2nq2n−1 − p2n−1q2n

q2nq2n−1

∣∣∣∣∣ =
1

q2nq2n−1

≤ 1

2n(2n− 1)
→ 0, (8.4)

as by Lemma 6.2.4,qn ≥ n. Thus,A = B. 2

Theorem 8.1.4.[Uniqueness Theorem] Letx have an infinite continued fraction
expansion. Ifx = [a0, a1, . . . ] = [b0, b1, . . . ], thenai = bi.

As there is no last digit, we do not need to worry about the ambiguity in the last
digit. This is markedly different than the slight non-uniqueness in finite continued
fraction expansions.

Exercise 8.1.5.Prove Theorem 8.1.4.

Remark 8.1.6. The continued fraction of a number is equal to that number.

Consider the Taylor Series of a function. For good functions, the Taylor Series
equals the function. If, however, we change the function away from the origin,
then the Taylor Series will no longer agree further on.

One can write down the continued fraction of a number. There is no reason
why this continued fraction should be equal to the given number. One mustprove
that these are the same.

Recall Theorem 7.3.1:
∣∣∣∣∣x−

pn

qn

∣∣∣∣∣ <
1

qnqn+1

<
1

q2
n

. (8.5)

8.2 Periodic Continued Fractions

Consider a periodic continue fraction

[a0, a1, . . . , ak, . . . , ak+m, ak, . . . , ak+m, ak, . . . , ak+m, . . . ]. (8.6)

For example,

[1, 2, 3, 4, 5, 6, 7, 8, 9, 7, 8, 9, 7, 8, 9, 7, 8, 9, . . . ]. (8.7)

Theorem 8.2.1.A numberx has a peroidic continued fraction if and only if it
satisfies a quadratic equation; ie,∃A,B,C ∈ Z such thatAx2 + Bx + C = 0.
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First Direction: If x has a periodic continued fraction, thenx satisfies a
quadratic equation with integer coefficients.

Let x have a periodic continued fraction:

x = [a0, a1, . . . , aL−1, aL, . . . , aL+k−1, aL, . . . , aL+k−1, aL, . . . ]

= [a0, a1, . . . , aL−1, a
′
L], (8.8)

where

a′L = [aL, aL+1, aL+2, . . . ]

= [aL, aL+1, . . . , aL+k−1, a
′
L] (8.9)

As

a′L =
p′a′L + p′′

q′a′L + q′′
, (8.10)

a′L solves the quadratic equation

q′(a′L)2 + (q′′ − q′)a′L − p′′ = 0. (8.11)

As

x = [a0, a1, . . . , aL−1, a
′
L] (8.12)

upon solving we obtain

x =
pL−1a

′
L + pL−2

qL−1a′L + qL−2

, (8.13)

which gives

a′L =
pL−2 − xqL−2

qL−1x− pL−1

. (8.14)

Substituting the above fora′L in Equation 8.11 yields

q′
(

pL−2 − xqL−2

qL−1x− pL−1

)2

+ (q′′ − q′)

(
pL−2 − xqL−2

qL−1x− pL−1

)
− p′′ = 0. (8.15)
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Multiplying through by(qL−1x − pL−1)
2, we find thatx solves a quadratic

equation with non-zero quadratic coefficient.

Second Direction: If x satisfies a quadratic equation with integer coeffi-
cients, thenx has a periodic continued fraction.

Assumex solves

ax2 + bx + c = 0. (8.16)

Further, we may assume the quadratic equation is irreducible overZ orQ (if
not, thenx would satisfy a linear equation). Thus, Equation 8.16 has no rational
roots.

We must showx has a periodic continued fraction expansion.
We writex = [a0, a1, . . . ]. We may writex = [a0, . . . , an−1, a

′
n] and we get

x =
pn−1a

′
n + pn−2

qn−1a′n + qn−2

. (8.17)

Substitutepn−1a′n+pn−2

qn−1a′n+qn−2
for x in Equation 8.16. Clear denominators by multi-

plying through by(qn−1a
′
n + qn−2)

2. We finda′n satisfied the following quadratic
equation

An(a′n)2 + Bna′n + Cn = 0, (8.18)

where a messy (but straightforward) calculation gives

An = ap2
n−1 + bpn−1qn−1 + cq2

n−1

Bn = 2apn−1qn−2 + b(pn−1qn−2 + pn−2qn−1) + 2cqn−1qn−2

Cn = ap2
n−2 + bpn−2qn−2 + cq2

n−2. (8.19)

Remark 8.2.2. An 6= 0.

Proof: If An = 0, then dividing the expression forAn by q2
n−1 gives pn−1

qn−1

satisfies Equation 8.16; however, Equation 8.16 has no rational solutions.
Thus, we have

Any
2 + Bny + Cn = 0, y = a′n is a solution, An 6= 0. (8.20)

The discriminant of the above quadratic is (another messy but straightforward
calculation)
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∆ = b2
n − 4AnCn = b2 − 4ac. (8.21)

By Theorem 7.3.1,

xqn−1 − pn =
δn−1

qn−1

, |δn−1| < 1. (8.22)

Thus,

An = a

(
xqn−1 +

δn−1

qn−1

)2

+ bqn−1

(
xqn−1 +

δn−1

qn−1

)
+ cq2

n−1. (8.23)

Taking absolute values and remembering thatax2 + bx + c = 0 gives

∣∣∣∣∣(ax2 + bx+ c)q2
n−1 +2axδn−1 +a

δ2
n−1

q2
n−1

+ bδn−1

∣∣∣∣∣ ≤ 2 · |a| · |x|+ |b|+ |a|. (8.24)

As Cn = An−1 we find that

|Cn| ≤ 2 · |a| · |x|+ |b|+ |a|
B2

n − 4AnCn = b2 − 4ac

Bn ≤
√
|4AnCn|+ |b2 − 4ac| <

√
4
(
2|a| · |x|+ |b|+ |a|

)2

+ |b2 − 4ac|.
(8.25)

We have shown

Lemma 8.2.3.There is anM such that, for alln,

|An|, |Bn|, |Cn| < M. (8.26)

Thus, by Dirichlet’s Box Principle, we can find three triples such that

(An1 , Bn1 , Cn1) = (An2 , Bn2 , Cn2) = (An3 , Bn3 , Cn3). (8.27)

We get three numbersa′n1
, a′n2

and a′n3
which all solve the same quadratic

equation (Equation 8.18), and the polynomialis not the zero polynomial asAn 6=
0.
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As any non-zero polynomial has at most two distinct roots, two of the three
ani

s are equal. Without loss of generality, assumea′n1
= a′n2

.
This implies periodicity. Why?

[an1 , an1+1, . . . , an2 , . . . ] = [an1 , an1+1, . . . , a
′
n2

]

= [an1 , an1+1, . . . , a
′
n1

]. (8.28)

Notice we haveno ideawhere the periodicity begins. The previous statement
usesa′n converts from an infinite continued fraction[a0, a1, . . . ] to a finite contin-
ued fraction[a0, a1, . . . , a

′
n].

Exercise 8.2.4.Show
√

2 = [1, 2, 2, 2, . . . ]. Hint:
√

2 = 1 + (
√

2− 1)

= 1 +
1

2 + (
√

2− 1)

= 1 +
1

2 + 1
2+(

√
2−1)

. (8.29)

Exercise 8.2.5.Show
√

3 = [1, 1, 2, 1, 2, 1, 2, . . . ].
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Chapter 9

Approximations to Irrational
Numbers

9.1 Convergents Give the Best Approximations

Theorem 9.1.1.Let x = [a0, . . . ] with convergentspn

qn
. Then for0 < q ≤ qn, if

p
q
6= pn

qn
, then ∣∣∣∣∣x−

pn

qn

∣∣∣∣∣ <

∣∣∣∣∣x−
p

q

∣∣∣∣∣. (9.1)

Among numbers with bounded denominator, the continued fraction is the best
approximation to the irrational.

The Theorem will follow from

Theorem 9.1.2.Under the same assumptions,

|pn − qnx| < |p− qx|. (9.2)

Proof: Supposep andq are relatively prime. By Theorem 7.3.1

|pn − qnx| < |pn−1 − qn−1x|. (9.3)

Thus, it is sufficient to investigateqn−1 < q ≤ qn.

Case 1:q = qn

If q = qn, we must havep 6= pn (otherwisep
q

= pn

qn
).

Therefore
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∣∣∣∣∣
pn

qn

− p

q

∣∣∣∣∣ ≥
1

qn

(9.4)

if p 6= pn (asq = qn, and|p− pn| ≥ 1). Thus,pn

qn
isn’t too close top

q
.

Again by Theorem 7.3.1,
∣∣∣∣∣
pn

qn

− x

∣∣∣∣∣ ≤
1

qnqn+1

≤ 1

3qn

. (9.5)

We are assumingn > 1. This will give qn+1 ≥ 3. Thus,pn

qn
is close tox.

Consider the ball of radius1
3qn

aboutpn

qn
. Thenx is within this ball; however,

p
q

is not within this ball. p
q

is at least1
qn

units from pn

qn
.

Therefore, the closestx can be top
q

is 2
3qn

, or |x− p
q
| ≥ 2

3qn
. But |x− pn

qn
| ≤ 1

3qn
.

Therefore,
∣∣∣∣∣x−

pn

qn

∣∣∣∣∣ <

∣∣∣∣∣x−
p

q

∣∣∣∣∣, (9.6)

as was to be proved.

Case 2:qn−1 < q < qn

By our assumptions onq, p
q
6= pn

qn
or pn−1

qn−1
.

We will find µ andν such that

µpn + νpn−1 = p, µqn + νqn−1 = q. (9.7)

Assume relations of the above form. Multiplying the first byqn−1 and the
second bypn−1 yields

µ(pnqn−1 − pn−1qn) = pqn−1 − qpn−1

µ = ±(pqn−1 − qpn−1). (9.8)

Similarly we find that

ν = ±(pqn − qpn−1), (9.9)

where we use Lemma 5.2.8 to getpnqn−1 − pn−1qn = ±1.
Thus, we can find integerµ andν such that Equation 9.7 is true.
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As q = µqn + νqn−1 < qn, µ andν must have opposite signs.
Further, we knowpn−qnx andpn−1−qn−1x have opposite signs (the even con-

vergents are increasing, the odd convergents are decreasing: see Exercise 8.1.2).
Therefore,µ(pn − qnx) andν(pn−1 − qn−1x) have the same sign. But

p− qx = µ(pn − qnx) + ν(pn−1 − qn−1x). (9.10)

Thus

|p− qx| > |pn−1 − qn−1x| > |pn − qnx|. (9.11)

The above is the desired inequality.2

Exercise 9.1.3.Show thatqn ≥ 3 for n ≥ 2.
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Chapter 10

Measure Theory, Sizes of
Well-Approximated Sets, and Height
Functions

10.1 Naive measure theory

10.1.1 Reconsidering length and area

What is the length ofQ? What is the area ofQ×Q? The answer is not intuitively
clear: on the one hand, bothQ andQ×Q are enumerable, and hence their elements
form small subsets of the line and plane; on the other hand,Q andQ × Q are
dense – you cannot have any open set outside it. Perhaps we should rephrase our
question: can we extend our concept of area from the sets on which we normally
use it to sets such asQ×Q?

Of course, this raises two further questions: what is our concept of area? To
what kind of sets do we usually apply it? As many of you must know from sad
personal experience, applying certain familiar concepts to objects that look per-
fectly reasonable can result in absurdities and contradictions (for example, Rus-
sell’s Paradox from set theory). Nevertheless, I think we may presume that we
can talk about the length of intervals and the area of triangles and rectangles with
a clean conscience. If you were taught geometry properly, you may have derived
the area of a polygon from the single postulate that
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Area

( ∞⋃
i=1

Si

)
=

∞∑
i=1

Area(Si) (10.1)

whenS1, S2, · · · are disjoint triangles or rectangles. Thus, starting with the
area of triangles and rectangles, we can extend and calculate the area of polygons.

What about the areas of more exotic sets than polygons? We try and generalize
the above construction, and see what the largest class of sets is where we can
determine the area.

The set – which we shall call the setR of measurable setsfrom now on – will
have to fulfill the following properties for proofs such as the one for the area of
the polygon to work:

1. A,B ∈ R ⇒ A ∩B ∈ R,

2. A,B ∈ R ⇒ A−B ∈ R,

3. A1, A2, · · · ∈ R ⇒ ⋃∞
i=1 Ai ∈ R.

We will assume furthermore thatR is a subset of the set of all subsets of a fixed
Euclidean spaceRn. Thus, for areas, we assume the elements ofR are subsets of
the plane.

Our area function will be any functionσ : R → R+
0 (R+

0 is the set of non-
negative numbers) satisfying the following properties:

1. σ(∅) = 0, where∅ is the empty set.

2. σ (
⋃∞

i=1 Ai) =
∑∞

i=1 Ai for A1, A2, · · · ∈ R disjoint.

Finally, we requireR to contain all traditional objects (intervals forn = 1, rect-
angles forn = 2, boxes forn = 3, etc.) and not to be so large that we obtain
contradictions. On the intervals, rectangles, etc., we will setσ to have the same
value as the standard corresponding notion.

Thus, forn = 1, we callσ the length, and ifI is the interval[a, b], [a, b), (a, b]
or (a, b), we defineσ(I) = b− a.

If n = 2, we callσ thearea, and ifR is a rectangle, with lengthl and width
w, we defineσ(R) = l · w.

If n = 3, we callσ thevolume, and if B is a box with lengthl and widthw
and heighth, we defineσ(B) = l · w · h.

And so on for higher dimensions. In general, we talk about themeasureof
a set, where in one-dimension measure is length, in two-dimensions measure is
area, and so on.
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Definition 10.1.1. [Lebesgue Measure] We call the measure derived from inter-
vals on the line, rectangles in the plane, boxes in three-space (and so on) the
Lebesgue Measure.

So what canR be? We refer the interested reader to more advanced texts.
We’ll just say that one can make it large enough to contain all sets we will actually
applyσ to. Don’t try this at home, though.

Exercise 10.1.2.Knowing the area of a rectangle, show one can determine the
area of an arbitrary triangle.

Exercise 10.1.3.Find the area of a regularn-gon, where each side has lengthx.

Exercise 10.1.4 (Russell’s Paradox).A set is not just a collection of all objects
satisfying a given property. Consider the potential setR defined by

R = {x : x ∈ R if and only ifx 6∈ x}. (10.2)

Most objects are not elements of themselves, thus most objects will be inR.
For example, the set of natural numberN is not a natural number, soN ∈ R.

If R were a set, we could ask, "IsR ∈ R? Show that bothR ∈ R andR 6∈ R
contradict the definition ofR. Thus,R is not a set.

10.1.2 Measure of the Rationals

Let
Q[0,1] = [0, 1] ∩Q. (10.3)

What is the measureσ(Q[0,1]) of Q[0,1]?
It follows from our postulates that, ifA ⊂ B, thenσ(A) ≤ σ(B). Now let

x1, x2, x3, . . . be the elements ofQ[0,1]. (As you know,Q is ennumerable, and
hence so isQ[0,1].) Forε > 0 arbitrary, define

Ui,ε =
(
xi − ε

2 · 2i
, xi +

ε

2 · 2i

)
. (10.4)

Then

Q[0,1] ⊂
∞⋃
i=1

Ui,ε

σ

( ∞⋃
i=1

Ui,ε

)
≤

∞∑
i=1

ε

2i
≤ ε. (10.5)
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We have shown that, given anyε > 0, we can find a union of intervals that
containsQ[0,1] and has measure less thanε. Thus,σ

(
Q[0,1]

)
= 0.

Exercise 10.1.5.Show thatQ[0,1] ×Q[0,1] has zero area.

In general, any countable set will have measure zero. (The argument above
works for all such sets.) However, not every set with measure zero will be count-
able. This allows us to distinguish between the sizes of different uncountable
subsets of the real line. You may remember from your distant past (last week)
that for any irrational numberx ∈ [0, 1] there are infinitely many integersp, q,
0 ≤ p ≤ q, q > 0, such that ∣∣∣∣x−

p

q

∣∣∣∣ ≤
1

q2
(10.6)

We will now see that the set of privileged points that can be approximated a great
deal more closely than every number can by (10.6) is actually rather small.

10.2 Measures of Sets with Given Continued Frac-
tion Approximations

10.2.1
∣∣∣x− p

q

∣∣∣ ≤ C
q2+ε Infinitely Often

Theorem 10.2.1.Let C, ε be positive constants. LetS be the set of all points
x ∈ [0, 1] such that there are infinitely many integersp, q with

∣∣∣∣x−
p

q

∣∣∣∣ ≤
C

q2+ε
. (10.7)

Thenσ(S) = 0.

Proof. Let N > 0. Let SN be the set of all pointsx ∈ [0, 1] such that there are
p, q ∈ Z, q > N , for which ∣∣∣∣x−

p

q

∣∣∣∣ ≤
C

q2+ε
. (10.8)

If x ∈ S, thenx ∈ SN for everyN . Thus, if we can show that the measure of
the setsSN becomes arbitrarily small asN →∞, then the measure ofS must be
zero.
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How big canSN be? For a givenq, there are at mostq choices forp. Given a
pair(p, q), how manyx’s are there within C

q2+ε of p
q
? Clearly, the set of such points

is the interval

Ip,q =
(p

q
− C

q2+ε
,
p

q
+

C

q2+ε

)
. (10.9)

Note that the measure ofIp,q is 2C
q2+ε . Let Iq be the set of allx in [0, 1] that are

within C
q2+ε of a rational number with denominatorq. Then

Iq ⊂
q⋃

p=0

Ip,q (10.10)

and therefore

σ(Iq) ≤
q∑

p=0

σ(Ip,q)

= (q + 1) · 2C

q2+ε

=
q + 1

q

2C

q1+ε
<

4C

q1+ε
. (10.11)

Then

σ(SN) ≤
∑
q>N

σ(Iq)

=
∑
q>N

4C

q1+ε

<
4C

1 + ε
N−ε. (10.12)

Thus, asN goes to infinity,σ(SN) goes to zero. AsS ⊂ SN , σ(S) = 0.

Exercise 10.2.2.Instead of working with
∣∣∣x− p

q

∣∣∣ ≤ C
q2+ε , show the same argument

works for
∣∣∣x− p

q

∣∣∣ ≤ C
f(q)

, where
∑ q

f(q)
< ∞.

We can, however, improve on (10.6) somewhat.
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10.2.2
∣∣∣x− p

q

∣∣∣ ≤ 1
q2
√

5

Theorem 10.2.3.Letx ∈ [0, 1] be an irrational number. Then there are infinitely
many integersp, q such that

∣∣∣∣x−
p

q

∣∣∣∣ ≤
1

q2
√

5
. (10.13)

Proof. Note that any finite continued fraction is rational, and any rational num-
ber can be represented as a finite continued fraction. Thus, we may assume our
numberx has an infinite continued fraction expansion.

We will show that, of any three consecutive approximationspn−1

qn−1
, pn

qn
, pn+1

qn+1
to x

coming from the continuous fraction expansion ofx, at least one satisfies (10.13).
Let

bi+1 =
qi−1

qi

. (10.14)

Then

∣∣∣∣
pi

qi

− x

∣∣∣∣ =
1

qiq′i+1

=
1

qi(a′i+1qi + qi−1)

=
1

qi(a′i+1qi + bi+1qi)

=
1

q2
i

1

a′i+1 + bi+1

. (10.15)

It is thus enough to prove that

a′i + bi >
√

5 (10.16)

for at least one of any three consecutive valuesm− 1, m, m + 1 of i. Assume

a′n−1 + bn−1 ≤
√

5,

a′n + bn ≤
√

5.

By definition

a′n−1 = an−1 +
1

a′n
(10.17)
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and

1

bn

=
qn−1

qn−2

=
an−1qn−2 + qn−3

qn−2

= an−1 +
qn−3

qn−2

= an−1 + bn−1. (10.18)

Hence

1

a′n
+

1

bn

= a′n−1 + bn−1 ≤
√

5. (10.19)

Therefore

1 = a′n
1

a′n
≤ a′n

(√
5− 1

bn

)
≤ (

√
5− bn)

(√
5− 1

bn

)

= 6−
√

5

(
bn +

1

bn

)
. (10.20)

In other words

bn +
1

bn

≤
√

5. (10.21)

Sincebn is rational, the inequality must be strict. Completing the square we obtain

bn >
1

2
(
√

5− 1). (10.22)

Now suppose

a′m−1 + bm−1 ≤
√

5

a′m + bm ≤
√

5

a′m+1 + bm+1 ≤
√

5. (10.23)

Applying the above reasoning ton = m, n = m + 1, we obtain

bm >
1

2
(
√

5− 1)

bm+1 >
1

2
(
√

5− 1). (10.24)

By (10.17) withn = m + 1 and (10.18) and (10.19) withn = m,
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am =
1

bm+1

− bm

<
1

bm+1

− 1

2
(
√

5− 1)

<
1

1
2
(
√

5− 1)
− 1

2
(
√

5− 1)

=
1

2
(
√

5 + 1)− 1

2
(
√

5− 1)

= 1. (10.25)

However,am is a positive integer, and there are no positive integers less than
1. Contradiction.

From the above, we see that the approximation is often better than1√
5q2 . For

example, if our continued fraction expansion has infinitely many3s in its expan-
sion, we can do at least as well as1

3q2 infinitely often.

Exercise 10.2.4.Show that 1√
5q2 is the best one can have for all irrationals by

studying the golden mean,1+
√

5
2

= [1, 1, 1, . . . ].

Exercise 10.2.5.Let x be any irrational other than the golden mean. How well
canx be approximated? See, for example, [HW].

10.3 Height Functions and Diophantine Equations

We will now discuss a standard technique for solving or obtaining descriptions of
the solutions to a diophantine equation (are there any? are there infinitely many?).
The technique consists in defining a function from the set of all solutions to the
integers (this is called aheight function) and examining the properties of the order-
ing of the solutions according to the values taken by the height function. As this
sounds rather abstract, we will examine what was historically the first example.

10.3.1 Fermat’s Equation

Lemma 10.3.1.Any positive integral solution to

x2 + y2 = z2 (10.26)
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with x, y coprime andx even must satisfy

x = 2ab, y = a2 − b2, z = a2 + b2 (10.27)

for some coprime positive integersa, b, one of them even.

Proof. Sincex is even andx andy are coprime,y must be odd. Hencez is odd.
Therefore1

2
(z − y) and 1

2
(z + y) are integral. By (10.26),

(x

2

)2

=

(
z + y

2

)(
z − y

2

)
. (10.28)

x andy coprime implies thaty andz are coprime as well. Hence1
2
(z− y) and

1
2
(z + y) are coprime. Therefore, as their product is a square, they must both be

squares:
z + y

2
= a2 z − y

2
= b2. (10.29)

Thena andb satisfy (10.27). Sincey is odd,a andb are of opposite parity.

Exercise 10.3.2.Assumex, y, z ∈ Z, x2 + y2 = z2 andx, y andz are co-prime
(thus, no two share a common factor). Prove exactly one ofx andy is even, and
exactly one is odd. Hint: clearlyx andy are not both even; if both were odd, what
is x2 + y2 congruent to mod4? Can you find az ∈ Z whose square is congruent
to this mod4?

Exercise 10.3.3.Prove that ifuv is a square andu, v have no factors in common,
thenu andv are both squares.

Theorem 10.3.4 (Fermat).There are no positive integral solutions to

x4 + y4 = z2 (10.30)

Proof. Suppose there are integral solutions to the given equation. Order all solu-
tions (x, y, z) according to the value ofz. (In the general framework, this is the
same as saying that we define our height function to be(x, y, z) 7→ z.) Now let
(x0, y0, z0) be the solution with the leastz0. (If there are several such solutions,
choose one among them.) Clearlyx0 andy0 will have to be coprime, as otherwise
we could dividex, y andz by gcd(x, y) and thereby obtain a smaller solution.

If x0 andy0 are both odd, then
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x4
0 ≡ 1( mod 4)

y4
0 ≡ 1( mod 4) (10.31)

and hence
z2
0 = x4

0 + y4
0 ≡ 2( mod 4). (10.32)

This cannot be, as no square can be congruent to2 modulo4.
Hence eitherx0 or y0 is even. We can assume without loss of generality that

x0 is even.
As we can writex4

0 + y4
0 = z2 as

(x2
0)

2 + (y2
0)

2 = z2
0 , (10.33)

by Lemma 10.3.1 we have

x2
0 = 2ab, y2

0 = a2 − b2, z0 = a2 + b2, (10.34)

with exactly one ofa, b odd. If a were even andb odd, theny2
0 would have

to be congruent to−1 modulo4, and this is impossible. Hencea is odd andb is
even. Writeb = 2c. Then

(x0

2

)2

=
x2

0

4
=

2ab

4
=

4ac

4
= ac. (10.35)

Sincea andb are coprime,a andc are coprime. Hencea andc must both be
squares. Write

a = d2, c = f 2. (10.36)

Then (rememberingb = 2c = 2f 2)

y2 = a2 − b2 = d4 − 4f 4, (10.37)

and so

(2f 2)2 + y2 = (d2)2. (10.38)

Applying Lemma 10.3.1 again, we obtain

2f 2 = 2lm, d2 = l2 + m2 (10.39)
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for some coprime positive integersl, m. Sincef 2 = lm, both l andm are
squares:

l = r2, m = s2. (10.40)

Therefore

d2 = l2 + m2 (10.41)

can be written as
d2 = r4 + s4. (10.42)

But

d ≤ d2 = a ≤ a2 < a2 + b2 = z0, (10.43)

and thus (10.42) is a solution to (10.30) with a value ofz0 smaller thanz. Contra-
diction.

We say a solution ofx4 + y4 = z2 is trivial if x, y or z is zero. The above
argument proves that there are no non-trivial integer solutions.

Exercise 10.3.5.Prove that the equationx4 + y4 = z2 has no non-trivial integer
solutions implies thatx4 + y4 = z4 has no non-trivial solutions.

Exercise 10.3.6 (Fermat’s Equation).Assumexm + ym = zm has no non-trivial
integer solutions for somem ∈ N . Prove that for anya ∈ N, xam + yam = zam

has no non-trivial integer solutions. Thus, it is enough to show there are no non-
trivial solutions to Fermat’s Equation for odd primes and form = 4 (note we
must dom = 4, as by Pythagoras therearesolutions whenm = 2).

10.3.2 Method of Descent

We sketch an alternate proof that there are no non-trivial solutions ofx4+y4 = z2.

Definition 10.3.7 (Height of a solution).Given an integer solution(x, y, z), we
define the height of the solution,h(x, y, z), by

h(x, y, z) = max
(
|x|, |y|

)
. (10.44)
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Exercise 10.3.8.Given anyC > 0, prove there are only finitely many integer so-
lutions ofx4+y4 = z2 with h(x, y, z) ≤ C. More generally, given any polynomial
with integer coefficientsp(x, y, z) = 0, prove there are only finitely many integer
solutions with height less thanC.

Let (x0, y0, z0) be a non-trivial solution ofx4+y4 = z2. An identical argument
as before leads to the existence of another non-trivial solution

r4 + s4 = d2. (10.45)

Exercise 10.3.9.Showr 6= 0, s 6= 0, which implies that(r, s, d) is a non-trivial
integer solution.

Exercise 10.3.10.Proveh(r, s, d) < h(x0, y0, z0). Hint: first prove

r < max
(
|x0|, |y0|

)
ands <

(
|x0|, |y0|

)
. (10.46)

Thus, given a non-trivial integer solution(x0, y0, z0) we can always find an-
other non-trivial integer solution with smaller height.

We now apply the above construction to the non-trivial integer solution(r, s, d)
and obtain another non-trivial integer solution(r2, s2, d2) with strictly smaller
height. We then apply the same construction to(r2, s,d2) and obtain another non-
trivial integer solution(r3, s3, d3) with strictly smaller height. And so on.

This is the Method of Descent. Starting with one non-trivial integer solution,
we construct an infinite sequence of non-trivial integer solutions, each solution
strictly smallerthan the previous. Here our concept ofsmallercomes from our
height function.

But as each solution has strictly smaller height, and the initial heighth(x0, y0, z0)
was finite, we cannot continue constructing smaller solutions indefinitely; in fact,
we can only proceed at mosth(x0, y0, z0) + 1 times.

Thus, as the Method of Descent gives infinitely many solutions, we reach a
contradiction. Our only assumption was that there existed a non-trivial integer
solution(x0, y0, z0); therefore, there are no non-trivial integer solutions ofx4 +
y4 = z2.
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Chapter 11

Fifth Lecture

11.1 Convergents are the Best Rational Approxima-
tions

Theorem 11.1.1.Let x = [a0, a1, . . . ] with nth convergentpn

qn
. Supposen > 1,

0 < q ≤ qn and p
q
6= pn

qn
. Then

∣∣∣pn

qn

− x
∣∣∣ <

∣∣∣p
q
− x

∣∣∣. (11.1)

Proof. Suppose(p, q) = 1; if p andq are not relatively prime, the proof is easier.
It is sufficient to show

|pn − qnx| < |pn−1 − qn−1x|. (11.2)

It will be sufficient to prove the above forqn−1 < q ≤ qn.

Case1: q = qn We handled this case last time.

Case2: qn−1 < q < qn

Thus,

p

q
6= pn

qn

,
pn−1

qn−1

. (11.3)

Findµ, ν such that
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µpn + νpn−1 = p

µqn + νqn−1 = q. (11.4)

As
∣∣∣∣

pn pn−1

qn qn−1

∣∣∣∣ = (−1)n−1, (11.5)

by Cramer’s rule we can find such aµ andν.
Thus,

µ = ±(pqn−1 − qpn−1)

ν = ±(pqn − qpn). (11.6)

Since

q = µqn + νqn−1 < qn, (11.7)

we find thatµ andν have opposite signs.
On the other hand,

pn − qnx, pn−1 − qn−1x (11.8)

have opposite signs; therefore,

µ(pn − qnx), ν(pn−1 − qn−1x) (11.9)

have the same signs.
This implies

p− qx = µ(pn − qnx) + ν(pn−1 − qnx), (11.10)

and there is no cancellation (as the two terms on the right have the same sign).
As ν is an integer, we find

∣∣∣p− qx
∣∣∣ >

∣∣∣ν(pn−1 − qn−1)
∣∣∣

≥
∣∣∣pn−1 − qn−1x

∣∣∣
>

∣∣∣pn − qnx
∣∣∣. (11.11)
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This completes the proof.

Thus, the convergents provide the best rational approximation to a given num-
ber. Now that we know the convergents are the best rational approximations, we
now investigatehow wellthey approximate.

11.2 Weaker Approximation Properties of Conver-
gents

In our proof that every irrational can be approximated (infinitely often) as well as
1√
5q2 , we proved

Theorem 11.2.1.Of any three consecutive convergents to a continued fraction, at
least one satisfies

∣∣∣x− p

q

∣∣∣ <
1√
5q2

. (11.12)

One can show

Theorem 11.2.2.If p
q

satisfies
∣∣∣x− p

q

∣∣∣ < 1
2q2 , thenp

q
is a convergent ofx.

Exercise 11.2.3.Prove the above theorem.

Theorem 11.2.4.Of any two consecutive convergents, one will satisfy

∣∣∣x− p

q

∣∣∣ <
1

2q2
. (11.13)

Proof. Let x be irrational. We can write

p

q
− x =

θε

q2
, ε = ±1, 0 < θ <

1

2
. (11.14)

Extendp
q

as a finite continued fraction[a0, . . . , an]. There is non-uniqueness in
finite continued fractions (can make it have either even or odd number of terms).
Chooseε = (−1)n−1. Findw such that

x =
wpn + pn−1

wqn + qn−1

,
pn

qn

=
p

q
. (11.15)

We will considerpn

qn
and pn−1

qn−1
.
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Claim 11.2.5. pn−1

qn−1
, pn

qn
are in fact convergents tox.

Choosew like this:

wqnx + qn−1x = wpn + pn−1

wqnx− wpn = pn−1 − qn−1

Thereforew =
pn−1 − qn−1x

qnx− pn

. (11.16)

Lemma 11.2.6. If x = Pζ+R
Qζ+S

with S > 1 andP, Q,R, S are integers such that

Q > S > 0 andPS −QR = ±1, thenR
S

and P
Q

are two consecutive convergents
to x.

How does Lemma 11.2.6 imply the Theorem? In order to use the lemma, we
need to show thatζ > 1, which translates to showingw > 1.

Now,

εθ

q2
=

εθ

q2
n

=
pn

qn

− x

=
pn

qn

− wpn + pn−1

wqn + qn−1

=
pnqn−1 − pn−1qn

qn(wqn + qn−1)

=
(−1)n−1

qn(wqn + qn−1)
. (11.17)

Therefore,

qn

wqn + qn−1

= θ (11.18)

which gives

w =
1

θ
− qn−1

qn

> 1, (11.19)

which completes the proof of the Theorem.
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We must now prove Lemma 11.2.6.

Proof. Let

P

Q
= [a0, . . . , an] =

pn

qn

. (11.20)

We must haveP = pn andQ = qn, as these are reduced fractions. Thus,
(P, Q) are relatively prime,Q > 0.

Choosen such thatPS −QR = ±1 = (−1)n−1. In particular, we have

pnS − qnR = (−1)n−1

= pnqn−1 − pn−1qn. (11.21)

Rewriting gives

pn(S − qn−1) = qn(R− pn−1). (11.22)

As qn|pn(S − qn−1), this impliesqn|S − qn−1.
As qn = Q > S > 0, qn > qn−1 > 0, we must have

|S − qn−1| < qn. (11.23)

As qn|S − qn−1, this forcesS = qn−1 andR = pn−1.
Hence

x =
pnζ + pn−1

qnζ + qn−1

(11.24)

which implies

x = [a0, . . . , an−1, ζ], (11.25)

proving the lemma.
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11.3 Exponent (or Order) of Approximation

Definition 11.3.1 (approximated to ordern). ξ is approximated by rationals to
ordern (n need not be an integer) if∃k = k(ξ) such that

∣∣∣p
q
− ξ

∣∣∣ <
k(ξ)

qn
(11.26)

has only finitely many solutions.

Equivalently,

Definition 11.3.2 (approximation exponent).ξ has order (or exponent)τ(ξ) if
τ(ξ) is the smallest number such that∀e > τ(ξ), the inequality

∣∣∣p
q
− ξ

∣∣∣ <
qe

(11.27)

has only finitely many solutions.

Example 11.3.3.A rational number has approximation exponent1 and no more.

Why? If ξ = a
b

andr = s
t
6= a

b
, thensb− at 6= 0. Thus,|sb− at| ≥ 1 (as it is

integral). This implies

∣∣∣ξ − s

t

∣∣∣ =
∣∣∣a
b
− s

t

∣∣∣

=
|sb− at|

bt

≥ 1

bt
. (11.28)

If the rationalξ had approximation exponente > 1 we would find

|ξ − r| <
1

te
, which implies

1

te
>

1

bt
. (11.29)

Therefore,te−1 < b. Sinceb is fixed, there are only finitely many sucht. 2

Example 11.3.4.An irrational number has approximation exponent at least2. We
did this using Dirichlet’s Box Principle (among other proofs).

Theorem 11.3.5 (Liouville). A real algebraic number of degreen is not approx-
imateable to order larger thann. In other words, ifα satisfies a polynomial
equation with integer coefficients of degreen, thenτ(α) ≤ n.

107



Corollary 11.3.6. A quadratic irrational numberξ has approximation exponent
exactly2.

Proof. We have previously shown every irrational hasτ(ξ) ≥ 2; however, by
Liouville’s Theorem,τ(ξ) ≤ 2. Therefore,τ(ξ) = 2.

We will show later that

Theorem 11.3.7 (Roth1955). For anyalgebraic numberα, τ(α) = 2.

Given bounds like 1
Mqe , there are two directions we can go. We can try and

improveM (Hurwitz), or we can try and improvee (Roth).
The largere or M , the better our number can be approximated by rationals. As

far as approximations go, a rational number is thesimplistnumber one can have.
Liouville’s Theorem says that algebraic numbers can’t be approximated by

rationals too quickly; transcendentals are numbers that can be approximated ex-
tremely rapidly.
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Chapter 12

Liouville’s Theorem Constructing
Transcendentals

12.1 Review of Approximating by Rationals

Definition 12.1.1 (Approximated by rationals to order n). A real numberx
is approximated by rationals to ordern if there exist a constantk(x) (possibly
depending onx) such that there are infinitely many rationalp

q
with

∣∣∣∣x−
p

q

∣∣∣∣ <
k(x)

qn
. (12.1)

Recall that Dirichlet’s Box Principle gives us:
∣∣∣∣x−

p

q

∣∣∣∣ <
1

q2
(12.2)

for infintely many fractionsp
q
. This was proved by choosing a large parameter

Q, and considering theQ + 1 fractionary parts{qx} ∈ [0, 1) for q ∈ {0, . . . , Q}.
The box principle ensures us that there must be two differentq’s, say:

0 ≤ q1 < q2 ≤ Q (12.3)

such that both{q1x} and{q2x} belong to the same interval[ a
Q
, a+1

Q
), for some

0 ≤ a ≤ Q − 1. Note that there are exactlyQ such intervals partitioning[0, 1),
andQ + 1 fractionary parts! Now, the length of such an interval is1

Q
so we get
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|{q2x} − {q1x}| < 1

Q
. (12.4)

There exist integersp1 andp2 such that

{q1x} = q1x− p, {q2x} = q2x− p. (12.5)

Lettingp = p2 − p1 we find

|(q2 − q1)x− p| ≤ 1

Q
(12.6)

Let q = q2 − q1, so1 ≤ q ≤ Q, and the previous equation can be rewriten as
∣∣∣∣x−

p

q

∣∣∣∣ <
1

qQ
≤ 1

q2
(12.7)

Now, letting Q → ∞, we get an infinite collection of rational fractionsp
q

satisfying the above equation. If this collection contains only finitely many dis-
tinct fractions, then one of these fractions, sayp0

q0
, would occur for infintely many

choicesQk of Q, thus giving us:
∣∣∣∣x−

p0

q0

∣∣∣∣ <
1

qQk

→ 0, (12.8)

ask → ∞. This implies thatx = p0

q0
∈ Q. So, unlesx is a rational number,

we can find infinitely manydistinct rational numbersp
q

satisfying Equation 12.7.
This means that any real, irrational number can be approximated to ordern = 2
by rational numbers.

12.2 Liouville’s Theorem

Theorem 12.2.1 (Liouville’s Theorem).Let x be a real algebraic number of
degreen. Thenx is approximated by rationals to order at mostn.

Proof. Let

f(X) = anX
n + · · · a1X + a0 (12.9)

be the polynomial with integer coefficients of smallest degree (minimal poly-
nomial) such thatx satisfies
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f(x) = 0. (12.10)

Note thatdeg x = deg f and the condition of minimality implies thatf(X)
is irreducible overZ. Further, a well known result from algebra states that a
polynomial irreducible overZ is also irreducible overQ.

In particular, asf(X) is irreducible overQ, f(X) does not have any rational
roots. If it did, thenf(X) would be divisible by a linear polynomial(X − a

b
). Let

G(X) = f(X)
X−a

b
. Clear denominators (multiply throughout byb), and letg(X) =

bG(X). Thendeg g = deg f − 1, andg(x) = 0. This contradicts the minimality
of f (we choosef to be a polynomial of smallest degree such thatf(x) = 0).
Therefore,f is non-zero at every rational.

Let

M = sup
|z−x|<1

|f ′(z)|. (12.11)

Let now p
q

be a rational such that
∣∣∣x− p

q

∣∣∣ < 1. The Mean Value Theorem gives

us that
∣∣∣∣f

(
p

q

)
− f(x)

∣∣∣∣ =

∣∣∣∣f ′(c)
(

x− p

q

)∣∣∣∣ ≤ M

∣∣∣∣x−
p

q

∣∣∣∣ (12.12)

wherec is some real number betweenx and p
q
; |c − x| < 1 for p

q
moderately

close tox.
Now we use the fact thatf(X) does not have any rational roots:

0 6= f

(
p

q

)
= an

(
p

q

)n

+ · · ·+ a0 =
anpn + · · · a1p

n−1q + a0q
n

qn
(12.13)

The numerator of the last term is a nonzero integer, hence it has absolute value
at least1. Since we also know thatf(x) = 0 it follows that

∣∣∣∣f
(

p

q

)
− f(x)

∣∣∣∣ =

∣∣∣∣f
(

p

q

)∣∣∣∣ =
|anp

n + · · · a1p
n−1q + a0q

n|
qn

≥ 1

qn
. (12.14)

Combining the equations 12.12 and 12.14, we get:

1

qn
≤ M

∣∣∣∣x−
p

q

∣∣∣∣ ⇒
1

Mqn
≤

∣∣∣∣x−
p

q

∣∣∣∣ (12.15)
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whenever|x− p
q
| < 1. This last equation shows us thatx can be approximated

by rationals to order at mostn. For assume it was otherwise, namely thatx can be
approximated to ordern + ε. Then we would have an infinite sequence of distinct
rational numbers{pi

qi
}i≥1 and a constantk(x) depending only onx such that

∣∣∣∣x−
pi

qi

∣∣∣∣ <
k(x)

qn+ε
i

. (12.16)

Since the numberspi

qi
converge tox we can assume that they already are in the

interval(x− 1, x + 1). Hence they also satisfy Equation 12.15:

1

qn
i

≤ M

∣∣∣∣x−
pi

qi

∣∣∣∣ . (12.17)

Combining the last two equations we get

1

Mqn
i

≤
∣∣∣∣x−

pi

qi

∣∣∣∣ <
k(x)

qn+ε
i

, (12.18)

hence

qε
i < M (12.19)

and this is clearly impossible for arbitrarily largeq sinceε > 0 andqi →∞.

Exercise 12.2.2.Justify the fact that if{pi

qi
}i≥1 is a rational approximation to

ordern ≥ 1 of x, thenqi →∞.

Remark 12.2.3.So far we have seen that the order to which an algebraic num-
ber can be approximated by rationals is bounded by its degree. Hence if a real,
irrational numberα /∈ Q can be approximated by rationals to an arbitrary large
order, thenα must be transcendental! This provides us with a recipe for construct-
ing transcendental numbers.

12.3 Constructing Transcendental Numbers

12.3.1
∑

m 10−m!

The following construction of transcendental numbers is due to Liouville.
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Theorem 12.3.1.The number

x =
∞∑

m=1

1

10m!
(12.20)

is transcendental.

Proof. The series definingx is convergent, since it is dominated by the geometric
series

∑
1

10m . In fact, the series converges very rapidly and it is this high rate of
convergence that will yieldx is transcendental.

Fix N large, and letn > N . Write

pn

qn

=
n∑

m=1

1

10m!
(12.21)

with pn, qn > 0 and(pn, qn) = 1. Then{pn

qn
}n≥1 is a monotone increasing

sequence converging tox. In particular, all these rational numbers are distinct.
Not also thatqn must divide10n!, which implies

qn ≤ 10n!. (12.22)

Using this, we get

0 < x− pn

qn

=
∑
m>n

1

10m!
=

1

10(n+1)!

(
1 +

1

10n+2
+

1

10(n+2)(n+3)
+ · · ·

)

<
2

10(n+1)!
=

2

(10n!)n+1

<
2

qn+1
n

≤ 2

qN
n

. (12.23)

This gives an approximation by rationals of orderN of x. SinceN can be
chosen arbitrarily large, this implies thatx can be approximated by rationals to
arbitrary order. We can conclude, in view of our precious remark 12.2.3 thatx is
transcendental.

12.3.2 [101!, 102!, . . . ]

Theorem 12.3.2.The number
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y = [101!, 102!, . . . ] (12.24)

is transcendental.

Proof. Let pn

qn
be the continued fraction of[101! · · · 10n!]. Then

∣∣∣∣y −
pn

qn

∣∣∣∣ =
1

qnq′n+1

=
1

qn(a′n+1qn + qn−1)

<
1

an+1

=
1

10(n+1)!
. (12.25)

Sinceqk = anqk−1 + qn−2, it implies thatqk > qk−1 Also, qk+1 = ak+1qn +
qk−1, so we get

qk+1

qk

= ak+1 +
qk−1

qk

< ak+1 + 1. (12.26)

Hence writing this inequality fork = 1, · · · , n− 1 we obtain

qn = q1
q2

q1

q3

q2

· · · qn

qn−1

< (a1 + 1)(a2 + 1) · · · (an + 1)

= (1 +
1

a1

) · · · (1 +
1

an

)a1 · · · an

< 2na1 · · · an = 2n101!+···+n!

< 102n! = a2
n (12.27)

Combining equations 12.25 and 12.27 we get:

∣∣∣∣y −
pn

qn

∣∣∣∣ <
1

an+1

=
1

an+1
n

<

(
1

a2
n

)n
2

<

(
1

q2
n

)n
2

=
1

q
n/2
n

. (12.28)

In this way we get, just as in the previous theorem, an approximation ofy by
rationals to arbitrary order. This proves thaty is transcendental.
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12.3.3 Buffon’s Needle andπ

Consider a collection of infinitely long parallel lines in the plane, where the
spacing between any two adjacent lines isd. Let the lines be located atx =
0,±d,±2d, . . . . Consider a rod of lengthl, where for convenience we assume
l < d.

If we were torandomlythrow the rod on the plane, what is the probability it
hits a line? This question was first asked by Buffon in1733.

Because of the vertical symmetry, we may assume the center of the rod lies on
the linex = 0, as shifting the rod (without rotating it) up or down will not alter the
number of intersections. By the horizontal symmetry, we may assume−d

2
≤ x <

d
2
. We posit that all values ofx are equally likely. Asx is continuous distributed,

we may add inx = d
2

without changing the probability. The probability density
function ofx is dx

d
.

Let θ be the angle the rod makes with thex-axis. As each angle is equally
likely, the probability density function ofθ is dθ

2π
.

We assume thatx andθ are chosen independently. Thus, the probability den-
sity for (x, θ) is dxdθ

d·2π
.

The projection of the rod (making an angle ofθ with the x-axis) along the
x-axis isl · | cos θ|. If |x| ≤ l · | cos θ|, then the rod hits exactly one vertical line
exactly once; ifx > l · | cos θ|, the rod does not hit a vertical line. Note that if
l > d, a rod could hit multiple lines, making the arguments more involved.

Thus, the probability a rod hits a line is

p =

∫ 2π

θ=0

∫ l·| cos θ|

x=−l·| cos θ|

dxdθ

d · 2π

=

∫ 2π

θ=0

l · | cos θ|
d

dθ

2π

=
2l

πd
. (12.29)

Exercise 12.3.3.Show
1

2π

∫ 2π

0

| cos θ|dθ =
2

π
. (12.30)

Let A be the random variable which is the number of intersections of a rod of
lengthl thrown against parallel vertical lines separated byd > l units. Then
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A =

{
1 with probability 2l

πd

0 with probability1− 2l
πd

. (12.31)

If we were to throwN rods independently, since the expected value of a sum
is the sum of the expected values (Lemma 1.4.8), we expect to observe

N · 2l

πd
(12.32)

intersections.
Turning this around, let us throwN rods, and letI be the number of observed

intersections of the rods with the vertical lines. Then

I ≈ N · 2l

πd
→ π ≈ N

I
· 2l

d
. (12.33)

The above is anexperimentalformula forπ!
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Chapter 13

Poissonian Behavior and{nkα}

13.1 Equidistribution

We say a sequence of numberxn ∈ [0, 1) is equidistributed if

lim
N→∞

#{n : 1 ≤ n ≤ N andxn ∈ [a, b]}
N

= b− a (13.1)

for any subinterval[a, b] of [0, 1].
Recall Weyl’s Result, Theorem 4.2.10: Ifα 6∈ Q, then the fractional parts

{nα} are equidistributed. Equivalently,nα mod1 is equidistributed.
Similarly, one can show that for any integerk, {nkα} is equidistributed. See

Robert Lipshitz’s paper for more details.

13.2 Point Masses and Induced Probability Measures

Recall from physics the concept of a unit point mass located atx = a. Such a point
mass has no length (or, in higher dimensions, width or height), but finite mass. As
mass is the integral of the density over space, a finite mass in zero volume (or zero
length on the line) implies an infinite density.

We can make this more precise by the notion of an Approximation to the
Identity. See also Theorem 4.2.3.

Definition 13.2.1 (Approximation to the Identity). A sequence of functionsgn(x)
is an approximation to the identity (at the origin) if

1. gn(x) ≥ 0.
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2.
∫

gn(x)dx = 1.

3. Givenε, δ > 0 there existsN > 0 such that for alln > N ,
∫
|x|>δ

gn(x)dx <
ε.

We represent the limit of any such family ofgn(x)s byδ(x).

If f(x) is a nice function (say near the origin its Taylor Series converges) then
∫

f(x)δ(x)dx = lim
n→∞

∫
f(x)gn(x) = f(0). (13.2)

Exercise 13.2.2.Prove Equation 13.2.

Thus, in the limit the functionsgn are acting like point masses. We can con-
sider the probability densitiesgn(x)dx and δ(x)dx. For gn(x)dx, asn → ∞,
almost all the probability is concentrated in a narrower and narrower band about
the origin;δ(x)dx is the limit with all the mass at one point. It is a discrete (as
opposed to continuous) probability measure.

Note thatδ(x− a) acts like a point mass; however, instead of having its mass
concentrated at the origin, it is now concentrated ata.

Exercise 13.2.3.Let

gn(x) =

{
n if |x| ≤ 1

2n

0 otherwise
(13.3)

Provegn(x) is an approximation to the identity at the origin.

Exercise 13.2.4.Let

gn(x) = c
1
n

1
n2 + x2

. (13.4)

Find c such that the above is an approximation to the identity at the origin.

Given N point masses located atx1, x2, . . . , xN , we can form a probability
measure

µN(x)dx =
1

N

N∑
n=1

δ(x− xn)dx. (13.5)

Note
∫

µN(x)dx = 1, and iff(x) is a nice function,

∫
f(x)µN(x)dx =

1

N

N∑
n=1

f(xn). (13.6)
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Exercise 13.2.5.Prove Equation 13.6 for nicef(x).

Note the right hand side of Equation 13.6 looks like a Riemann sum. Or it
would look like a Riemann sum if thexns were equidistributed. In general thexns
will not be equidistributed, but assume for any interval[a, b] that asN → ∞, the
fraction ofxns (1 ≤ n ≤ N ) in [a, b] goes to

∫ b

a
p(x)dx for some nice function

p(x):

lim
N→∞

#{n : 1 ≤ n ≤ N andxn ∈ [a, b]}
N

→
∫ b

a

p(x)dx. (13.7)

In this case, iff(x) is nice (say twice differentiable, with first derivative uni-
formly bounded), then

∫
f(x)µN(x)dx =

1

N

N∑
n=1

f(xn)

≈
∞∑

k=−∞
f
( k

N

)#{n : 1 ≤ n ≤ N andxn ∈
[

k
N

, k+1
N

]
}

N

→
∫

f(x)p(x)dx. (13.8)

Definition 13.2.6 (Convergence top(x)). If the sequence of pointsxn satis-
fies Equation 13.7 for some nice functionp(x), we say the probability measures
µN(x)dx converge top(x)dx.

13.3 Neighbor Spacings

We now consider finer questions. Letαn be a collection of points in[0, 1). We
order them by size:

0 ≤ ασ(1) ≤ ασ(2) ≤ · · · ≤ ασ(N), (13.9)

whereσ is a permutation of123 · · ·N . Note the ordering depends crucially on
N . Let βj = ασ(j).

We consider how the differencesβj+1 − βj are distributed. We will use a
slightly different definition of distance, however.
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Recall[0, 1) is equivalent to the unit circle under the mapx → e2πix. Thus, the
numbers.999 and.001 are actually very close; however, if we used the standard
definition of distance, then|.999 − .001| = .998, which is quite large. Wrapping
[0, 1) on itself (identifying0 and1), we see that.999 and .001 are separated by
.002.

Definition 13.3.1 (mod1 distance). Let x, y ∈ [0, 1). We define the mod1 dis-
tance fromx to y, ||x− y||, by

||x− y|| = min
{
|x− y|, 1− |x− y|

}
. (13.10)

Exercise 13.3.2.Show that the mod1 distance between any two numbers in[0, 1)
is at most1

2
.

In looking at spacings between theβjs, we haveN − 1 pairs of neighbors:

(β2, β1), (β3, β2), . . . , (βN , βN−1). (13.11)

These pairs give rise to spacingsβj+1 − βj ∈ [0, 1).
We can also consider the pair(β1, βN). This gives rise to the spacingβ1−βN ∈

[−1, 0); however, as we are studying this sequence mod1, this is equivalent to
β1 − βN + 1 ∈ [0, 1).

Henceforth, whenever we perform any arithmetic operation, we always
mean mod1; thus, our answers always live in[0, 1)

Definition 13.3.3 (Neighbor Spacings).Given a sequence of numbersαn in
[0, 1), fix anN and arrange the numbersαn (n ≤ N ) in increasing order. La-
bel the new sequenceβj; note the ordering will depend onN . Let β−j = βN−j

andβN+j = βj.

1. The nearest neighbor spacings are the numbersβj+1 − βj, j = 1 to N .

2. Thekth-neighbor spacings are the numbersβj+k − βj, j = 1 to N .

Remember to take the differencesβj+k − βj mod1.

Exercise 13.3.4.Letα =
√

2, and letαn = {nα} or {n2α}. Calculate the nearest
neighbor and the next-nearest neighbor spacings in each case forN = 10.

Definition 13.3.5 (wrapped unit interval). We call [0, 1), when all arithmetic
operations are done mod1, the wrapped unit interval.
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13.4 Poissonian Behavior

Let α 6∈ Q. Fix a positive integerk, and letαn = {nkα}. As N → ∞, look
at the orderedαns, denoted byβn. How are the nearest neighbor spacings ofβn

distributed? How does this depend onk? Onα? OnN?
Before discussing this problem, we consider a simpler case. FixN , and con-

siderN independent random variablesxn. Each random variable is chosen from
the uniform distribution on[0, 1); thus, the probability thatxn ∈ [a, b) is b− a.

Let yn be thexns arranged in increasing order. How do the neighbor spacings
behave?

First, we need to decide what is the correct scale to use for our investigations.
As we haveN objects on the wrapped unit interval, we haveN nearest neighbor
spacings. Thus, we expect the average spacing to be1

N
.

Definition 13.4.1 (Unfolding). Let zn = Nyn. The numberszn = Nyn have unit
mean spacing. Thus, while we expect the average spacing between adjacentyns
to be 1

N
units, we expect the average spacing between adjacentzns to be1 unit.

So, the probability of observing a spacing as large as1
2

between adjacentyns
becomes negligible asN → ∞. What we should ask is what is the probability
of observing a nearest neighbor spacing of adjacentyns that ishalf the average
spacing. In terms of thezns, this will correspond to a spacing between adjacent
zns of 1

2
a unit.

13.4.1 Nearest Neighbor Spacings

By symmetry, on the wrapped unit interval the expected nearest neighbor spacing
is independent ofj. Explicitly, we expectβj+1 − βj to have the same distribution
asβi+1 − βi.

What is the probability that, when we order thexns in increasing order, the
nextxn afterx1 is located betweent

N
and t+∆t

N
? Let thexns in increasing order

be labeledy1 ≤ y2 ≤ · · · ≤ yN , yn = xσ(n).
As we are choosing thexns independently, there are

(
N−1

1

)
choices of subscript

n such thatxn is nearest tox1. This can also be seen by symmetry, as eachxn is
equally likely to be the first to theright of x1 (where, of course,.001 is just a little
to the right of.999), and we haveN − 1 choices left forxn.

The probability thatxn ∈
[

t
N

, t+∆t
N

]
is ∆t

N
.
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For the remainingN − 2 of thexns, each must be further thant+∆t
N

from xn.
Thus, they mustall lie in an interval (or possibly two intervals if we wrap around)

of length1− t+∆t
N

. The probability that they all lie in this region is
(
1− t+∆t

N

)N−2

.

Thus, if x1 = yl, we want to calculate the probability that||yl+1 − yl|| ∈[
t
N

, t+∆t
N

]
. This is

Prob

(
||yl+1 − yl|| ∈

[ t

N
,
t + ∆t

N

])
=

(
N − 1

1

)
· ∆t

N
·
(
1− t + ∆t

N

)N−2

=
(
1− 1

N

)
·
(
1− t + ∆t

N

)N−2

∆t.

(13.12)

ForN enormous and∆t small,

(
1− 1

N

)
≈ 1

(
1− t + ∆t

N

)N−2

≈ e−(t+∆t) ≈ e−t. (13.13)

Thus

Prob

(
||yl+1 − yl|| ∈

[ t

N
,
t + ∆t

N

])
→ e−t∆t. (13.14)

Remark 13.4.2. The above argument is infinitesimally wrong. Once we’ve lo-
catedyl+1, the remainingxns do not need to be more thant+∆t

N
units to the right

of x1 = yl; they only need to be further to the right thanyl+1. As the incremental
gain in probabilities for the locations of the remainingxns is of order∆t, these
contributions will not influence the largeN , small ∆t limits. Thus, we ignore
these effects.

To rigorously derive the limiting behavior of the nearest neighbor spacings
using the above arguments, one would integrate overxm ranging from t

N
to t+∆t

N
,

and the remaining eventsxn would be in the a segment of length1− xm. As

∣∣∣
(
1− xm

)
−

(
1− t + ∆t

N

)∣∣∣ ≤ ∆t

N
, (13.15)

this will lead to corrections of higher order in∆t, hence negligible.
We can rigorously avoid this by instead considering the following:
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1. Calculate the probability that all the otherxns are at leastt
N

units to the
right of x1. This is

pt =
(
1− t

N

)N−1

→ e−t. (13.16)

2. Calculate the probability that all the otherxns are at leastt+∆t
N

units to the
right of x1. This is

pt+∆t =
(
1− t + ∆t

N

)N−1

→ e−(t+∆t). (13.17)

3. The probability that noxns are within t
N

units to the right ofx1 but at least
onexn is betweent

N
and t+∆t

N
units to the right ispt+∆t − pt:

pt − pt+∆t → e−t − e−(t+∆t)

= e−t
(
1− e−∆t

)

= e−t

(
1− 1 + ∆t + O

(
(∆t)2

)

→ e−t∆t. (13.18)

Definition 13.4.3 (Unfolding Spacings).If yl+1−yl ∈
[

t
N

, t+∆t
N

]
, thenN(yl+1−

yl) ∈ [t, t + ∆t]. The new spacingszl+1− zl have unit mean spacing. Thus, while
we expect the average spacing between adjacentyns to be 1

N
units, we expect the

average spacing between adjacentzns to be1 unit.

13.4.2 kth Neighbor Spacings

Similarly, one can easily analyze the distribution of thekth neighbor spacings
when eachxn is chosen independently from the uniform distribution on[0, 1).

Again, considerx1 = yl. Now we want to calculate the probability thatyl+k is
between t

N
and t+∆t

N
units to theright of yl.

Therefore, we need exactlyk−1 of thexns to lie between0 and t
N

units to the
right of x1, exactly onexn (which will beyl+k) to lie betweent

N
and t+∆t

N
units to

the right ofx1, and the remainingxns to lie at leastt+∆t
N

units to the right ofyl+k.
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Remark 13.4.4.We face the same problem discussed in Remark 13.4.2; a similar
argument will show that ignoring these affects will not alter the limiting behavior.
Therefore, we will make these simplifications.

There are
(

N−1
k−1

)
ways to choose thexns that are at mostt

N
units to the right of

x1; there is then
(
(N−1)−(k−1)

1

)
ways to choose thexn betweent

N
and t+∆t

N
units to

the right ofx1.
Thus,

Prob

(
||yl+k − yl|| ∈

[ t

N
,
t + ∆t

N

])
=

=

(
N − 1

k − 1

)( t

N

)k−1

·
(

(N − 1)− (k − 1)

1

)
∆t

N
·
(
1− t + ∆t

N

)N−(k+1)

=
(N − 1) · · · (N − 1− (k − 2))

Nk−1

(N − 1)− (k − 1)

N

tk−1

(k − 1)!

(
1− t + ∆t

N

)N−(k+1)

∆t

→ tk−1

(k − 1)!
e−t∆t. (13.19)

Again, one way to avoid the complications is to integrate overxm ranging
from t

N
to t+∆t

N
.

Or, similar to before, we can proceed more rigorously as follows:

1. Calculate the probability that exactlyk − 1 of the otherxns are at mostt
N

units to the right ofx1, and the remaining(N − 1)− (k − 1) of thexns are
at least t

N
units to the right ofx1. As there are

(
N−1
k−1

)
ways to choosek − 1

of thexns to be at mostt
N

units to the right ofx1, this probability is

pt =

(
N − 1

k − 1

)( t

N

)k−1(
1− t

N

)(N−1)−(k−1)

→ Nk−1

(k − 1)!

tk−1

Nk−1
e−t

→ tk−1

k − 1!
e−t. (13.20)
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2. Calculate the probability that exactlyk − 1 of the otherxns are at mostt
N

units to the right ofx1, and the remaining(N − 1)− (k − 1) of thexns are
at leastt+∆t

N
units to the right ofx1. Similar to the above, this gives

pt =

(
N − 1

k − 1

)( t

N

)k−1(
1− t + ∆t

N

)(N−1)−(k−1)

→ Nk−1

(k − 1)!

tk−1

Nk−1
e−(t+∆t)

→ tk−1

(k − 1)!
e−(t+∆t). (13.21)

3. The probability that exactlyk−1 of thexns are within t
N

units to the right of
x1 and at least onexn is betweent

N
and t+∆t

N
units to the right ispt+∆t−pt:

pt − pt+∆t → tk−1

(k − 1)!
e−t − tk−1

(k − 1)!
e−(t+∆t) → tk−1

(k − 1)!
e−t∆t.

(13.22)

Note that whenk = 1, we recover the nearest neighbor spacings.

13.5 Induced Probability Measures

We have proven the following:

Theorem 13.5.1.ConsiderN independent random variablesxn chosen from the
uniform distribution on the wrapped unit interval[0, 1). For fixedN , arrange the
xns in increase order, labeledy1 ≤ y2 ≤ · · · ≤ yN .

Form the induced probability measureµN,1 from the nearest neighbor spac-
ings. Then asN →∞ we have

µN,1(t)dt =
1

N

N∑
n=1

δ
(
t−N(yn − yn−1)

)
dt → e−tdt. (13.23)

Equivalently, usingzn = Nyn:
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µN,1(t)dt =
1

N

N∑
n=1

δ
(
t− (zn − zn−1)

)
dt → e−tdt. (13.24)

More generally, form the probability measure from thekth nearest neighbor
spacings. Then asN →∞ we have

µN,k(t)dt =
1

N

N∑
n=1

δ
(
t−N(yn − yn−k)

)
dt → tk−1

(k − 1)!
e−tdt. (13.25)

Equivalently, usingzn = Nyn:

µN,k(t)dt =
1

N

N∑
n=1

δ
(
t− (zn − zn−k)

)
dt → tk−1

(k − 1)!
e−tdt. (13.26)

Definition 13.5.2 (Poissonian Behavior).We say a sequence of pointsxn has
Poissonian Behavior if in the limit asN → ∞ the induced probability measures
µN,k(t)dt converge to tk−1

(k−1)!
e−tdt.

Exercise 13.5.3.Let α ∈ Q, and defineαn = {nmα} for some positive integer
m. Show the sequence of pointsαn does not have Poissonian Behavior.

Exercise 13.5.4.Let α 6∈ Q, and defineαn = {nα}. Show the sequence of
pointsαn does not have Poissonian Behavior. Hint: for eachN , show the nearest
neighbor spacings take on at most three distinct values (the three values depend
on N ). As only three values are ever assumed for a fixedN , µN,1(t)dt cannot
converge toe−tdt.

13.6 Non-Poissonian Behavior

Conjecture 13.6.1.With probability one (with respect to Lebesgue Measure, see
Definition 10.1.1), ifα 6∈ Q, if αn = {n2α} then the sequence of pointsαn is
Poissonian.

There are constructions which show certain irrationals give rise to non-Poissonian
behavior.
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Theorem 13.6.2.Let α 6∈ Q such that
∣∣∣α − pn

qn

∣∣∣ < an

q3
n

holds infinitely often, with

an → 0. Then there exist integersNj → ∞ such thatµNj ,1(t) does not converge
to e−tdt.

As an → 0, eventuallyan < 1
10

for all n large. LetNn = qn, wherepn

qn
is a

good rational approximation toα:
∣∣∣α− pn

qn

∣∣∣ <
an

q3
n

. (13.27)

Remember that all subtractions are performed on the wrapped unit interval.
Thus,||.999− .001|| = .002.

We look atαk = {k2α}, 1 ≤ k ≤ Nn = qn. Let theβks be theαks arranged
in increasing order, and let theγks be the numbers{k2 pn

qn
} arranged in increasing

order:

β1 ≤ β2 ≤ · · · ≤ βN

γ1 ≤ γ2 ≤ · · · ≤ γN . (13.28)

13.6.1 Preliminaries

Lemma 13.6.3.If βl = αk = {k2α}, thenγl = {k2 pn

qn
}. Thus, the same permuta-

tion orders both theαks and theγks.

Proof. Multiplying both sides of Equation 13.27 byk2 ≤ q2
n yields

∣∣∣k2α− k2pn

qn

∣∣∣ < k2an

q2
n

≤ an

qn

<
1

2qn

. (13.29)

Thus,k2α andk2 pn

qn
differ by at most 1

2qn
. Therefore

∣∣∣
∣∣∣
{

k2α
}
−

{
k2pn

qn

}∣∣∣
∣∣∣ <

1

2qn

. (13.30)

As the numbers{m2 pn

qn
} all have denominators of size at most1

qn
, we see that

{k2 pn

qn
} is the closest of the{m2 pn

qn
} to {k2α}.

This implies that ifβl = {k2α}, thenγl = {k2 pn

qn
}, completing the proof.

Exercise 13.6.4.Prove the ordering is as claimed. Hint: about eachβl = {k2α},
the closest number of the form{c2 pn

qn
} is {k2 pn

qn
}.
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13.6.2 Proof of Theorem 13.6.2

Exercise 13.6.5.Assume||a− b||, ||c− d|| < 1
10

. Show

||(a− b)− (c− d)|| < ||a− b||+ ||c− d||. (13.31)

Proof of Theorem 13.6.2: We have shown

||βl − γl|| <
an

qn

. (13.32)

Thus, asNn = qn:
∣∣∣
∣∣∣Nn(βl − γl)

∣∣∣
∣∣∣ < an, (13.33)

and the same result holds withl replaced byl − 1.
By Exercise 13.6.5,

∣∣∣
∣∣∣Nn(βl − γl)−Nn(βl−1 − γl−1)

∣∣∣
∣∣∣ < 2an. (13.34)

Rearranging gives
∣∣∣
∣∣∣Nn(βl − βl−1)−Nn(γl − γl−1)

∣∣∣
∣∣∣ < 2an. (13.35)

Asan → 0, this implies the difference between
∣∣∣
∣∣∣Nn(βl−βl−1)

∣∣∣
∣∣∣ and

∣∣∣
∣∣∣Nn(γl−

γl−1)
∣∣∣
∣∣∣ goes to zero.

The above distance calculations were done mod1. The actual differences will
differ by an integer. Thus,

µα
Nn,1(t)dt =

1

Nn

Nn∑

l=1

δ
(
t−Nn(βl − βl−1)

)
(13.36)

and

µ
pn
qn

Nn,1(t)dt =
1

Nn

Nn∑

l=1

δ
(
t−Nn(γl − γl−1)

)
(13.37)

are extremely close to one another; each point mass from the difference be-
tween adjacentβls is either withinan units of a point mass from the difference
between adjacentγls, or is withinan units of a point mass an integer number of
units from a point mass from the difference between adjacentγls. Further,an → 0.
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Note, however, that ifγl = {k2 pn

qn
}, then

Nnγl = qn

{
k2pn

qn

}
∈ N. (13.38)

Thus, the induced probability measureµ
pn
qn

Nn,1(t)dt formed from theγls is sup-

ported on the integers! Thus, it is impossible forµ
pn
qn

Nn,1(t)dt to converge toe−tdt.
As µα

Nn,1(t)dt, modulo some possible integer shifts, is arbitrarily close to

µ
pn
qn

Nn,1(t)dt, the sequence{k2α} is not Poissonian along the subsequence ofNs
given byNn, whereNn = qn, qn is a denominator in a good rational approxima-
tion toα. 2

13.6.3 Measure ofα 6∈ Q with Non-Poissonian Behavior along
a sequenceNn

What is the (Lebesgue) measure ofα 6∈ Q such that there are infinitely manyn
with

∣∣∣α− pn

qn

∣∣∣ <
an

q3
n

, an → 0. (13.39)

If the above holds, then for any constantk(α), for n large (large depends on
bothα andk(α)) we have

∣∣∣α− pn

qn

∣∣∣ <
k(α)

q2+ε
n

. (13.40)

By Theorem 10.2.1, this set has (Lebesgue) measure or size0. Thus, almost
no irrational numbers satisfy the conditions of Theorem 13.6.2, wherealmost no
is relative to the (Lebesgue) measure.

Exercise 13.6.6.In a topological sense, how many algebraic numbers satisfy the
conditions of Theorem 13.6.2? How many transcendental numbers satisfy the
conditions?

Exercise 13.6.7.Let α satisfy the conditions of Theorem 13.6.2. Consider the
sequenceNn, whereNn = qn, qn the denominator of a good approximation to

α. We know the induced probability measuresµ
pn
qn

Nn,1(t)dt andµα
Nn,1(t)dt do not

converge toe−tdt. Do these measures converge to anything?
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Remark 13.6.8. In [RSZ] it is shown that for mostα satisfying the conditions of
Theorem 13.6.2, thereis a sequenceNj along whichµα

Nn,1(t)dt doesconverge to
e−tdt.
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Chapter 14

Sixth Lecture: (The Start of the)
Proof of Roth’s Theorem

14.1 Statement of Roth’s Theorem

Theorem 14.1.1 (Roth’s Theorem).Letα be a real algebraic number (a root of
a polynomial equation with integer coefficients). Then, given anyε > 0, there are
only finitely many relatively prime pairs of integers(p, q) such that

∣∣∣∣∣α−
p

q

∣∣∣∣∣ <
1

q2+ε
; (14.1)

however, there are infinitely many pairs of relatively prime integers such that
∣∣∣∣∣α−

p

q

∣∣∣∣∣ <
1

q2
. (14.2)

Remark 14.1.2. Note that by replacingε with 2ε we can rewrite the above as:
there exists ac(α) such that

∣∣∣∣∣α−
p

q

∣∣∣∣∣ <
c(α)

q2
(14.3)

for infinitely manyp
q
.

Exercise 14.1.3.Prove the above remark.
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14.1.1 Application of Roth’s Theorem to Solving Diophantine
Equations

As an application to investigating solutions of Diophantine equations, we prove

Lemma 14.1.4.There are only finitely many integer solutions(x, y) ∈ Z2 to

x3 − 2y3 = a. (14.4)

Proof. Let ρ = e2πi/3 = (−1)1/3 = −1
2

+ i
√

3
2

. Then

x3 − 2y3 = (x− 21/3y)(x− ρ21/3y)(x− ρ221/3y), (14.5)

and therefore

∣∣∣∣
a

y3

∣∣∣∣ =

∣∣∣∣
x

y
− 21/3

∣∣∣∣
∣∣∣∣
x

y
− ρ21/3

∣∣∣∣
∣∣∣∣
x

y
− ρ221/3

∣∣∣∣
≥

∣∣∣x
y
− 21/3

∣∣∣
∣∣∣Im(ρ21/3)

∣∣∣
∣∣∣Im(ρ221/3)

∣∣∣

=
3

24/3

∣∣∣x
y
− 21/3

∣∣∣. (14.6)

Hence every solution(x, y) to x3 − 2y3 = a is a solution to

∣∣∣21/3 − x

y

∣∣∣ ≤ 3 · 2−4/3

|y|3 . (14.7)

By Roth’s Theorem there are only finitely many such solutions.

Note Liouville’s Theorem isnot strong enough to allow us to conclude there
are only finitely many integer solutions. As21/2 is an algebraic number of degree
3, Liouville’s Theorem says21/3 is approximable by rationals to at most order3.
Thus, the possibility that21/3 is approximable by rationals to order3 is not ruled
out by Liouville’s Theorem.

14.1.2 abc Conjecture and Roth’s Theorem

Conjecture 14.1.5 (abc Conjecture). Letε > 0. If a, b andc are coprime integers,
then

c ≤ kε

( ∏

p|abc

p
)1+ε

. (14.8)
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Theabc conjecture implies many great results in mathematics: Fermat’s Last
Theorem follows in a line, Roth’s Theorem in a page, Mordell’s conjecture in two
pages.

What makes theabc conjecture so difficult to test is that the constantk = kε;
so, if you find a counter-example, just bump upε!

Wewill prove Roth’s theorem (which does imply thatabc maybe true).
For more information on the relation ofabc to Fermat’s Last Theorem and

Roth’s Theorem, see [GT].

14.2 Review of Liouville’s Theorem

Given a real algebraic numberα of degreed > 1, Liouville showed that, except
for finitely many p

q
,

∣∣∣α− p

q

∣∣∣ ≥ 1

qd+ε
. (14.9)

In other words, a real algebraic number of degreed is approximatable by ra-
tionals to at most orderd. We quickly recall the proof of Liouville’s Theorem; we
will, however, slightly change the mechanics of the proof to emphasize concepts
which will be crucial for proving Roth’s Theorem.

1. We first constructf(x), the minimal irreducible polynomial ofα. By con-
struction,f(α) = 0.

2. We then prove this polynomial vanishes atp
q
; ie, f

(
p
q

)
= 0.

Exercise 14.2.1.Showf
(

p
q

)
= 0 contradicts the irreducibility off(x).

How do we provef vanishes atp
q
?

Let

f(x) = adx
d + ad−1x

d−1 + · · ·+ a0, ai ∈ Z. (14.10)

Substituting gives

f
(p

q

)
=

N

qd
, N ∈ Z. (14.11)
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We find an upper bound forf(p
q
) by using the Taylor Expansion about the

point x = α. As f(α) = 0, there is no constant term in the Taylor Expansions.
We may assumep

q
satisfied|α− p

q
| < 1.

f(x) =
d∑

i=1

1

i!

dif

dxi (α) · (x− α)i

∣∣∣f
(p

q

)∣∣∣ =
∣∣∣N
qd

∣∣∣ ≤
∣∣∣p
q
− α

∣∣∣ ·
d∑

i=1

∣∣∣ 1

i!

dif

dxi (α)
∣∣∣ ·

∣∣∣p
q
− α

∣∣∣
i−1

≤
∣∣∣p
q
− α

∣∣∣ · d ·max
i

∣∣∣ 1

i!

dif

dxi (α) · 1i−1
∣∣∣

≤
∣∣∣p
q
− α

∣∣∣ · A(α), (14.12)

whereA(α) = maxi

∣∣∣ 1
i!

dif
dxi (α)

∣∣∣.
If α were approximable by rationals to orderd + ε, then there would exist a

constantB(α) and infinitely manyp
q

such that

∣∣∣p
q
− α

∣∣∣ ≤ B(α)

qd+ε
. (14.13)

Combining yields

∣∣∣f
(p

q

)∣∣∣ ≤ A(α)B(α)

qd+ε
. (14.14)

If q is large,A(α)B(α)
qε < 1.

Therefore

|N | ≤ A(α)B(α)

qε
. (14.15)

As we may takeq arbitrarily large (because we are assumingα is approx-

imable by rationals to orderd + ε), this impliesN = 0. Thus,f
(

p
q

)
= 0. 2
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14.3 Generalizing Liouville’s Construction to get Roth’s
Theorem

We will need to construct a generalization of the polynomialf in order to prove
Roth’s Theorem.

Supposeβi = ri

si
satisfy the conditions of Roth’s Theorem fori = 1 to m.

Definition 14.3.1 (height). Assumep and q are relatively prime. We define the
height of the fractionp

q
to be

H
(p

q

)
= max

(
|p|, |q|

)
. (14.16)

We number theβis such that

H(β1) ≤ H(β2) ≤ · · · ≤ H(βm). (14.17)

We can makeH(β1) large, andH(βi) much larger thanH(βi−1), as we are
assuming we have infinitely many solutions giving good approximations. Thus,
we can find infinitely many rationalsβn = pn

qn
with qn →∞. Thus,H(βn) →∞.

We will construct a polynomialf(X1, . . . , Xm) with f(α, . . . , α) = 0 and
f(β1, . . . , βm) = 0, and get a contradiction from this.

A polynomial of one variable cannot have infinitely many zeros – this is where
we obtained the contradiction in Liouville’s Theorem.

Thinks are very different in higher dimensions.

Exercise 14.3.2.Consider the irreducible polynomial of four variablesxy − zw.
This polynomial is zero infinitely often; moreover, it is zero for infinitely many
rationals. Consider, for example,(0,m, 0, n), m,n ∈ Q.

14.4 Equivalent Formulation of Roth’s Theorem

Definition 14.4.1 (Ineq∗(α, β)). Let

α be a real algebraic number

β be a rational number with|β − α| ≤ 1

H(β) be the height ofβ. (14.18)
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If α andβ satisfy

|α− β| ≤ 1

H(β)2+ε
(14.19)

we writeIneq∗(α, β).

Remark 14.4.2. Note that by replacingε with 2ε we can rewrite the above as:
there exists ac(α) such that

|α− β| ≤ c(α)

H(β)2+ε
(14.20)

Exercise 14.4.3.Prove the above remark.

Lemma 14.4.4.Givenα 6∈ Q, Ineq∗(α, β) has finitely many solutions if and only
if Roth’s Theorem is true.

Proof: Assume Roth’s Theorem is true forα 6∈ Q:

∣∣∣α− p

q

∣∣∣ ≤ 1

q2+ε
. (14.21)

Then as

|p| ≤ |q| ·
(
|α|+ 1

)
, (14.22)

we have

∣∣∣α− p

q

∣∣∣ ≤ 1

q2+ε

≤ (|α|+ 1)2+ε

(|α|+ 1)2+εq2+ε

≤ (|α|+ 1)2+ε

|p|2+ε
. (14.23)

As
∣∣∣α− p

q

∣∣∣ < 1
q2+ε , combining the last two inequalities gives
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∣∣∣α− p

q

∣∣∣ ≤ (|α|+ 1)2+ε

max(|p|, |q|)2+ε

=
(|α|+ 1)2+ε

H
(

p
q

) . (14.24)

Thus, if Roth’s Theorem holds forα, Ineq∗(α, β) holds infinitely often.
Conversely, assumeIneq∗(α, β) holds infinitely often. Letβ = p

q
. If q > |p|,

thenH(β) = q, and the result of Roth’s Theorem immediately follows for thisβ.
Therefore, it is enough to consider the case whenIneq∗(α, β) holds and|p| >

q. Thus

∣∣∣α− p

q

∣∣∣ ≤ 1

|p|2+ε
. (14.25)

As |p| > q, this yields

|p| ≤ |q| ·
(
|α|+ 1

)
, (14.26)

which implies

1

H(β)
≥ 1

(|α|+ 1)q
. (14.27)

Therefore

∣∣∣α− p

q

∣∣∣ ≤ 1

H(β)2+ε
≤ 1

(|α|+ 1)2+ε

1

q2+ε
. (14.28)

By Remark 14.1.2 we are done.2

14.5 Algebraic Numbers and Integers

Definition 14.5.1 (algebraic numbers and integers).An algebraic integerα is
a numberα ∈ C which satisfies

adα
d + · · ·+ a0 = 0, ai ∈ Z, d ∈ N. (14.29)

An algebraic integer is an algebraic number whose equation hasad = 1.
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Exercise 14.5.2.Find a ∈ Z such thatα = 1+
√

5
2

satisfiesax2 − x − 1. Is α an
algebraic integer? Is1

α
an algebraic number or integer?

Lemma 14.5.3 (Reduction Lemma).If Ineq∗(α, β) has finitely many solutions
for all algebraic integersα, then it will have finitely many solutions for all alge-
braic numbers.

Proof: Supposeα is an algebraic number, and suppose Roth’s theorem fails
for α. We will find an algebraic integer for which Roth’s theorem fails.

Our assumption means there are infinitely manyβ such that

|β − α| ≤ 1

H(β)2+ε
. (14.30)

We find aD such thatDα is an algebraic integer. We have

adα
d + ad−1α

d−1 + ad−2α
d−2 + · · ·+ a0 = 0. (14.31)

Multiply the above equation byad−1
d . Regrouping we find

(adα)2 + ad−1(adα)d−1 + ad−2ad(adα)d−2 + · · ·+ a0a
d−1
d = 0. (14.32)

Hence,adα satisfies the equation

Xd + ad−1X
d−1 + ad−2adX

d−2 + · · ·+ a0a
d−1
d = 0. (14.33)

As all the coefficients are integers, we findadα is an algebraic integer. Note
D = ad ∈ Z.

Chooseβ such thatH(β) > H(D)1+ 6
ε . We can do this as we are assuming

there are infinitely manyβn giving good rational approximations.

Exercise 14.5.4.ProveH(Dβ) ≤ H(D)H(β).

We are assuming Roth’s Theorem fails for the algebraic numberα; we now
show Roth’s Theorem fails for the algebraic integerDα = adα. We have
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|Dα−Dβ| = |D| · |α− β|
≤ |D|

H(β)2+ε

≤ H(D)

H(β)2+ε

=
H(D)

H(β)2+ ε
2

· 1

H(β)
ε
2

≤ H(D)(
H(Dβ)
H(D)

)2+ ε
2

· 1(
H(D)1+ 6

ε

) ε
2

=
1

H(Dβ)2+ ε
2

. (14.34)

We have shown that, if Roth’s Theorem fails for an algebraic number, than it
also fails for an algebraic integer.2

14.6 Needed Preliminaries

Definition 14.6.1. P (X1, . . . , Xm) ∈ k[X1, . . . , Xm] meansP is a polynomial in
m variables with coefficients ink. We will often takek = Z or R.

Definition 14.6.2. Let P (X1, . . . , Xm) ∈ R[X1, . . . , Xm]. Let (i1, . . . , im) be an
m-tuple of non-negative integers. Define

|P | = maximum absolute value of coefficients ofP

∂i1,...,imP =
1

i1! · · · im!

∂i1+···+im

∂xi1
1 · · · ∂xim

m

P (14.35)

Lemma 14.6.3.LetP ∈ Z[X1, . . . , Xm]. Then

1. ∂i1,...,imP ∈ Z[X1, . . . , Xm].

2. If degXh
P ≤ rh for 1 ≤ h ≤ m, then|∂i1,...,imP | ≤ 2r1+···+rm|P |.
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Sketch of Proof:∂iX
j =

(
j
i

)
Xj−i, and

(
j
i

) ∈ N for i ≤ j if i, j ∈ N. This
gives the first statement.

For the second, recall the coefficients in the expansion of(x + y)j are
(

j
i

)
.

Thus, takingx = y = 1, we have2j ≥ (
j
i

)
. This will give the second statement.

Definition 14.6.4. Let

1. P (X1, . . . , Xm) ∈ k[X1, . . . , Xm],

2. (α1, . . . , αm) ∈ km be a point,

3. r1, . . . , rm are positive integers.

ThenIndex(P ) = Ind(P ) with respect to(α1, . . . , αm) andr1, . . . , rm is the
smallest value ofi1

r1
+ · · ·+ im

rm
such that∂i1,...,imP (α1, . . . , αm) 6= 0.

If P is the zero polynomial, we defineInd(P ) = ∞.

Lemma 14.6.5.Ind(P ) ≥ 0, and equals zero whenP (α1, . . . , αm) 6= 0.

Exercise 14.6.6.Prove the above lemma.

Lemma 14.6.7.Let P, P ′ be two polynomials ink[X1, . . . , Xm]. Given positive
integersr1, . . . , rm and a point(α1, . . . , αm) ∈ km, then

1. Ind(∂i1,...,imP ) ≥ Ind(P )−
(

11

r1
+ · · ·+ im

rm

)
.

2. Ind(P + P ′) ≥ min(Ind(P ), Ind(P ′)).

3. Ind(PP ′) = Ind(P ) + Ind(P ′).
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Chapter 15

Seventh Lecture: The Proof of
Roth’s Theorem

15.1 Wronskian

15.1.1 Standard Wronskian

Let φ0(x), . . . , φl−1(x) be a collection of polynomials. Consider the determinant
of the matrix

(
1

µ!

dµ

dxµ φν(x)

)

µ,ν=0,...,l−1

(15.1)

Thus, forl − 1 = 2 we have
∣∣∣∣∣∣

φ0(x) φ1(x) φ2(x)
φ′0(x) φ′1(x) φ′2(x)
1
2!
φ′′0(x) 1

2!
φ′′1(x) 1

2!
φ′′2(x)

∣∣∣∣∣∣
(15.2)

Lemma 15.1.1.Let φ0(x), . . . , φl−1(x) have rational coefficients. Then they are
linearly independent if and only if the Wronskian is non-zero.

Proof: see a course on differential equations.

15.1.2 Definition of Generalized Wronskian

We generalized the Wronskian to polynomials in more than one variable. Consider

141



∆ =
1

i1! · · · ip!
( ∂

∂x1

)i1 · · ·
( ∂

∂xp

)ip
, (15.3)

with i1 + · · · ip the order.
Let φ0(x1, . . . , xp), . . . , φl−1(x1, . . . , xp) be l polynomials inp variables. We

can have differential operators∆s (such as the∆ above) act on ourφνs.
By ∆ν we mean some operator with tuple(i1, . . . , ip) such thati1 + · · · ip = ν.

Thus, the order of∆ν ≤ ν. Often we do not care which tuple(i1, . . . , ip) we have;
we often only care about the order, which is at mosti1 + · · ·+ ip. For convenience,
we will write ∆ν for such an operator, although∆i1,...,ip would be more accurate.

Definition 15.1.2 (Generalized Wronskian).All quantities as above,

G(x1, . . . , xp) = det
(
∆µφν(x1, . . . , xp)

)
µ,ν=0,...,l−1

. (15.4)

Exercise 15.1.3.Verify that if φ0, . . . , φl−1 are linearly dependent overQ, then
all of their Wronskians are identically zero.

15.1.3 Properties of the Generalized Wronskian

Lemma 15.1.4.If φ0, . . . , φl−1 are linearly independent, then some Wronskian is
non-zero.

Proof. Let k ∈ N be larger than all the exponents of the individualxis, and con-
sider the followingl one-variable polynomials

Pν(t) = φν

(
t, tk, tk

2

, . . . , tk
p−1

)
. (15.5)

The polynomialsPν(t) are linearly independent. Why?

φν(x1, . . . , xp) =
k−1∑
s1=0

· · ·
k−1∑
sp=0

bν(s1, . . . , sp)x
s1
1 · · · xsp

p . (15.6)

Then if

l−1∑
ν=0

cνPν(t) (15.7)

is identically zero, we get
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l−1∑
ν=0

cν

k−1∑
s1=0

· · ·
k−1∑
sp=0

bν(s1 · · · sp)t
s1+ks2+···kp−1sp (15.8)

is identically zero.
As thesi ∈ {0, 1, . . . , k− 1}, for any integerm there is only one way to write

m ass1 + ks2 + · · ·+ kp−1sp. Therefore,

k−1∑
ν=0

cνφν(x1, . . . , xp) = 0, (15.9)

a contradiction.

Hence,P0(t), . . . , Pl−1(t) are linearly independent. Hence thestandard Wron-
skianwill be non-zero. The Wronskian is

W (t) = det
( 1

µ!

dµ

dtµ
φν(t, t

k, . . . , tk
p−1

)
)

0≤µ,ν≤l−1
. (15.10)

Now

d
dt

Pν =
∂

∂x1

φν

∣∣∣
x1=t

+ ktk−1 ∂

∂x2

φν

∣∣∣
x2=tk

+ · · ·+ kp−1tk
p−1−1 ∂

∂xp

φν

∣∣∣
xp=tk

p−1
.

(15.11)
Thus,

dµ

dtµ
(15.12)

is a linear combination of stuff, ie, there will be lots of∆s, and the order of
any∆ appearing indµ

dtµ will not exceedµ.
Example:

(
φ0 φ1

φ′0 φ′1

)
=

(
φ0 φ1

∆1φ0 + ∆2φ0 ∆1φ1 + ∆2φ1

)
(15.13)

Then this equals

(
φ0 φ1

∆1φ0 ∆1φ1

) ∣∣∣∣∣
x1=t,x2=tk

+

(
φ0 φ1

∆2φ0 ∆2φ1

) ∣∣∣∣∣
x1=t,x2=tk

(15.14)
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15.2 More Properties

Lemma 15.2.1.Let R(x1, . . . , xp) be a polynomial inp ≥ 2 variables with in-
tegral coefficients,R not identically zero. LetR be of degree at mostrj in the
variablexj, 1 ≤ j ≤ p. Then there exists an integerl satisfying1 ≤ l ≤ rp + 1
and differential operators∆0, . . . , ∆l−1 onx1, . . . , xp−1 (with order of∆ν at most
ν) such that if

F (x1, . . . , xp) = det
(
∆µ

1

ν!

∂ν

∂xν
p

R
)

0≤µ,ν≤l−1
, (15.15)

Then

1. F has integral coefficients andF is not identically zero.

2. We haveF (x1, . . . , xp) = u(x1, . . . , xp)v(xp), u andv have integral coeffi-
cients with the degree ofu at mostlrj (1 ≤ j ≤ p− 1) andv i of degree at
mostlrp.

Proof. Consider all representations ofR in the form

R(x1, . . . , xp) = φ0(xp)ψ0(x1, . . . , xp−1) + · · ·+ φl−1(xp)ψl−1(x1, . . . , xp−1)
(15.16)

in such a way that eachφi, ψi has rational coefficients and eachφnu is of
degree at mostrp andψν is of degree at mostrj in eachxj for 1 ≤ j ≤ p − 1.
Such a representation is possible. Collect common powers ofxp and factor out.
Considerφν(xp) = xν

p. In this case,l = rp + 1.
Choose the smallestl where we have such a representation.

Claim 15.2.2. φ0(xp), . . . , φl−1(xp) are linearly independent.

Assume the last can be written in terms of the others:

φl−1(xp) = d0φ0(xp) + · · ·+ dl−2φl−2(xp). (15.17)

Then

R = φ0(ψ0 + d0ψ1) + · · ·+ φl−2(ψl−2 + dl−2ψl−1). (15.18)

Similar arguments yield all are linearly independent.
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Let W (xp) be the Wronskian ofφ0(xp), . . . , φl−1(xp). This is non-zero, and
has rational coefficients.

LetG(x1, . . . , xp−1) be some non-vanishing generalized Wronskian ofψ0, . . . , ψl−1.
This is

det
(
∆µψnu(x1, . . . , xp−1)

)
. (15.19)

Then

G(x1, . . . , xp−1)W (xp) = det
( l−1∑

ρ=0

∆µ
1

ν!

∂ν

∂xν
p

φρ(xp)ψρ(x1, . . . , xp−1)
)

= det
(
∆µ

1

ν!

∂ν

∂xν
p

R
)
6≡ 0. (15.20)

SinceG(x1, . . . , xp−1)W (xp) is integral,∃q ∈ Q× such thatgG andg−1W
are integral – take out common denominators and multiply through. Let one of
them beu and the otherv.

The assertion about the degrees ofu andv follow by direct calculation.

Lemma 15.2.3.R as above, and suppose all the coefficients ofR have absolute
value bounded byB. Then all the coefficients ofF are bounded by

[
(r1 + 1) · · · (rp + 1)

]l

l!Bl2(r1+···+rp)l, l ≤ r + p + 1. (15.21)

Exercise 15.2.4.Prove the above lemma.
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Chapter 16

Lang-Trotter Construction for
Continued Fraction of α

16.1 Description of When the Method is Applicable

We give a construction to find the continued fraction expansion of many algebraic
numbers.

Theorem 16.1.1 (Lang-Trotter). Consider a positive real algebraic numberα of
degreed. LetP0(x) be its minimal polynomial. Assume

1. the leading coefficient ofP0(x) is positive;

2. P0(x) has exactly one positive simple root,α, andα > 1.

Then we can construct a continued-fraction expansion ofα just by looking at
a sequence of polynomials of degreed.

16.2 Proof of Lang-Trotter Method

We construct a sequence of polynomials by induction. Assume we have con-
structed polynomialsP0(x), P1(x), . . . , Pn(x) satisfying the above conditions.

By induction,Pn(x) has positive leading coefficient and only one positive root,
which is greater than one. We want to constructPn+1(x) with the same properties.

Let yn be the sole positive root ofPn(x). Let an = [yn], the greatest integer
less than or equal toyn. Since the leading coefficient ofPn is positive,Pn(x) →
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∞ asx →∞. Nowyn is the only positive root, and, in particular, is a simple root.
If Pn(an) > 0, thenPn(y + δ) < 0 for δ > 0 small. Thus we would get another
positive root by the Intermediate Value Theorem. HencePn(an) < 0.

Define

Qn(x) = Pn(x + an)

Pn+1(x) = −xdQn(x−1). (16.1)

ThenQn(x) has a root between0 and1, and no other positive roots. It follows
thatPn+1(x) has only one positive root,yn+1, satisfyingyn+1 > 1. The constant
term ofQn(x) is Pn(an) < 0. Hence−Pn(an), the leading coefficient ofPn+1(x),
is positive.

One can showyn+1 is a simple root ofPn+1(x); therefore,Pn+1(x) satisfies
the desired conditions.

We now show that theans give the continued fraction expansion ofα.
Recallan = [yn]. The rootyn+1 satisfiesQn(y−1

n+1) = 0.
Therefore

Pn(y−1
n+1 + an) = 0. (16.2)

Which implies

y−1
n+1 + an = yn

=⇒ yn+1 = (yn − an)−1

=⇒ an+1 = [yn − an]−1 = [yn − [yn]]−1. (16.3)

Recalling how we construct the continued fraction expansion of a number, we
see that theans are just the coefficients of the continued fraction expansion ofα.

16.3 Applying the Lang-Trotter Method

First, one must make sure that the given polynomial is irreducible, with exactly
one positive root (which is greater than1).

Let Pn(yn) = 0. In each iteration, we need to findan = bync. Thus, we need
a ballpark approximation foryn.
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One method is divide and conquer, looking for sign changes ofPn(x) for
x > 1.

Another approach is to apply Newton’s method to obtain a sequence of guesses
yn,k → yn.

Let yn,0 be our first guess toyn. It is unlikely, however, thatyn,0 is correct.

Looking at the graph ofPn(x), we have the point
(
yn,0, Pn(yn,0)

)
. The slope of

the tangent line atyn,0 is P ′
n(yn,0).

The tangent line atyn,0 has equation

z − P (yn,0) = P ′
n(yn,0) · (y − yn,0), (16.4)

where unfortunatelyy is the horizontal variable and we are usingz as the
vertical variable.

The horizontal intercept arises fromz = 0. Label the correspondingy by yn,1.
Thus,

yn,1 = yn,0 − Pn(yn,0)

Pn(yn,0)
. (16.5)

We continue by induction – givenyn,k, yn,k+1 is given by

yn,k+1 = yn,k − Pn(yn,k)

Pn(yn,k)
. (16.6)

One can show thatyn,k → yn. For more information see [Ru], exercises3.16,
3.18 and6.??.
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Chapter 17

Eighth Lecture: The Proof of Roth’s
Theorem

17.1 Review of Index

Definition 17.1.1 (Index). LetP (x1, . . . , xp) be a polynomial inp variables (not
identically zero). Letα1, . . . , αp be real numbers andr1, . . . , rp be positive inte-
gers. Theindexθ of p at (α1, . . . , αp) relative to(r1, . . . , rp) is the smallest value
of

i1
r1

+ · · ·+ ip
rp

(17.1)

such that

1

i1! · · · ip!
∂i1+···+ip

∂xi1
1 · · · ∂x

ip
p

P (α1, . . . , αp) 6= 0. (17.2)

Noteθ ≥ 0 andθ = 0 impliesP (α1, . . . , αp) = 0.

Lemma 17.1.2.LetP andQ be polynomials. Assume

1. ind(P, Q) ≥ min(ind(P ), ind(Q)).

2. ind(PQ) = ind(P ) + ind(Q).

3. F = det(above) = U(x1, . . . , xp−1))V (xp).
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Then

ind(F )(α1, . . . , αp, r1, . . . , rp) = ind(U)(α1, . . . , αp−1, r1, . . . , rp−1)+ind(V )(αp, rp).
(17.3)

17.2 Key Equations: Equations 17.6 through 17.14

We just need to prove Roth’s Theorem for algebraic integersα with

xn + a1x
n−1 + · · ·+ an−1x + an = 0, ai ∈ Z. (17.4)

Let

A = max
(
1, |a1|, . . . , |an|

)
. (17.5)

Let m, δ, q1, h1, . . . , qm, hm, r1, . . . , rm satisfy

0 < δ <
1

m
. (17.6)

10mδ
m
2 + 2(1 + 3δ)nm

1
2 <

m

2
. (17.7)

rm >
10

δ
,
rj−1

rj

>
1

δ
, j = 2, . . . , m. (17.8)

log q1 >
1

δ2

[
2m + 1 + 2m log(1 + A) + 2m log(1 + |α|)

]
. (17.9)

rj log qj ≥ r1 log q1. (17.10)

Defineλ, γ, m, B1 by

λ = 4(1 + 3δ)nm
1
2 . (17.11)

γ =
m− λ

2
. (17.12)

η = 10mδ
m
2 . (17.13)
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B1 =
[
qδr1
1

]
. (17.14)

Note Equation 17.7 is equivalent toη < γ.

Lemma 17.2.1.[Roth’s Lemma] Suppose Equations 17.6 through 17.11 are sat-
isfied. Leth1, . . . , hm be given with(hi, qi) = 1 for i = 1, . . . , m. Then there is
a polynomialQ(x1, . . . , xm) with integer coefficients. It is of degree at mostrj in
xj and it has the following properties:

1. ind(Q)(α, . . . , α) relative to(r1, . . . , rm) is at leastγ − η.

2. Q
(

n1

q1
, . . . , nm

qm

)
6= 0.

3.
∣∣∣∣

1

i1! · · · im!

( ∂

∂x1

)i1 · · ·
( ∂

∂xm

)im
Q(α, . . . , α)

∣∣∣∣ < B1+3δ
1 . (17.15)

Remark 17.2.2. If we have a polynomial of degree100, sayP (x), and the index
of P at α relative tor = 100 is high. Say the indexi

100
is a large number. Theni

is of size comparable to100. Thus the derivatives vanish to high order, and it is
like P (x) = (x− α)iQ(x).

17.3 Proof of Roth (Assuming Lemma 17.2.1)

Let k > 2 and assume
∣∣∣∣α−

h

q

∣∣∣∣ <
1

qk
(17.16)

has infinitely many solutions. Sinceα is irrational, there are infinitely many
solutions with(h, q) = 1. Choose anm such thatm > 4nm

1
2 , m > 16n2.

Also, choosem large so that

2m

m− 4nm
1
2

< k. (17.17)

Chooseδ small such that

m− 4(1 + 3δ)nm
1
2 − 2η > 0. (17.18)
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Recall Equation 17.13:η = 10mδ
m
2 . Thus, asδ → 0, η → 0.

We are doing a small perturbation.
After we chooseδ small enough to satisfy the above, we further chooseδ small

enough so that

2m(1 + 4δ)

m− 4(1 + 3δ)nm
1
2 − 2η

< k. (17.19)

This is possible ask < 2.
This gives

m(1 + 4δ)

γ − η
< k. (17.20)

Let (h1, q1) = 1 with q1 very large so that Equation 17.9 is satisfied. Choose
h2, q2, . . . , hm, qm, with (hj, qj) = 1 for j = 2, . . . , m such that log qj

log qj−1
> 2

δ
.

Choose

r1 >
10

δ

log qm

log q1

. (17.21)

Now chooser2, . . . , rm recursively such that

r1 log q1

log qj

≤ rj1 +
r1 log q1

qj

. (17.22)

Exercise 17.3.1.Show that the above choice leads to Equation 17.10 is satisfied.

Now we take

rj log qj

r1 log q1

< 1 +
log qj

r1 log q1

≤ 1 +
log qm

r1 log q1

< 1 +
δ

10
, (17.23)

where the last bit follows from Equation 17.21.
We now have

rm ≥ r1 log q1

log qm

≥ 10

δ

rj−1

rj

>
log qj

log qj−1

(
1 +

δ

10

)−1

>
1

δ
. (17.24)

Roth’s Lemma (Lemma 17.2.1) gives
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Q
(n1

q1

, . . . ,
nm

qm

)
6= 0. (17.25)

Q has integer coefficients and is of degree at mostrj in xj. We therefore have

∣∣∣∣Q
(n1

q1

, . . . ,
nm

qm

)∣∣∣∣ ≥ 1

qr1
1

· · · 1

qrm
m

>
1

q
mr1(1+δ)
1

, (17.26)

where the last follows from Equation 17.23. What we are saying is

r1 + · · ·+ rm < mr1(1 + δ). (17.27)

On the other hand,

Q
(h1

q1

, . . . ,
hm

qm

)
=

r1∑
i1=0

· · ·
rm∑

im=0

1

i1! · · · im!

∂i1+···+imQ

∂xi1
1 · · · ∂xim

m

×

×
(
α, . . . , α

)
·
(h1

q1

− α
)i1 · · ·

(hm

qm

− α
)im

.(17.28)

By the first part of Roth’s Lemma, we have that if

i1
r1

+ · · ·+ im
rm

< γ − η, (17.29)

then the coefficientQi1,...,im.
In every other term,

∣∣∣∣
(
α, . . . , α

)
·
(h1

q1

− α
)i1 · · ·

(hm

qm

− α
)im

∣∣∣∣ <
1

qki1
1 · · · qkim

m

=
1

(qi1
1 · · · qim

m )k

≤ 1

q
r1(γ−η)k
1

,(17.30)

whereqj ≥ q
r1
rj

1 as r1 log q1

log qj
≤ rj.

Thus
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1

qmr1(1+δ)
≤

∣∣∣∣Q
(h1

q1

, . . . ,
hm

qm

)∣∣∣∣
≤ q−r1(γ−η)k(1 + r1) · · · (1 + rm)B1+3δ

1

≤ B1+4δ
1 q

−r1(γ−η)k
1 (17.31)

because, asr1 is the largest,

(1 + r1) · · · (1 + rm) ≤ 2r1+···+rm < 2mr1 < Bδ
1. (17.32)

Therefore, we find

1

qmr1(1+δ)
< q(1+4δ)δr1−r1(γ−η)k, (17.33)

with

k <
m(1 + 4δ)

γ − η
. (17.34)

This proves there are only finitely many solutions.

Exercise 17.3.2.Try to bound what the largest solution to Roth’s Inequality is.
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Chapter 18

Ninth Lecture: The Proof of Roth’s
Theorem

18.1 Preliminaries

Fix r1, . . . , rm andB ≥ 1. We chooseR(x1, . . . , xm) such that

1. R has integral coefficients and isnot identically zero.

2. R is of degree at mostrj in xj, 1 ≤ j ≤ m.

3. The coefficients ofR have absolute value at mostB.

Definition 18.1.1 (Rm). Let

Rm = Rm(B; r1, . . . , rm) (18.1)

be the set of all such polynomials.

Let q1, . . . , qm be positive integers,h1, . . . , hm numbers relatively prime to
q1, . . . , qm respectively.

Let θ(R) denote the index ofR(x1, . . . , xm) at the point
(

h1

r1
, . . . , hm

qm

)
relative

to r1, . . . , rm.

Definition 18.1.2 (Index). The index is the supremum ofj1
r1

+ · · · + jm

rm
which

satisfy

1

j1! · · · jm!

( ∂

∂x1

)j1 · · ·
( ∂

∂xm

)jm

R
(h1

q1

, . . . ,
hm

qm

)
6= 0. (18.2)
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ΘM(B, q1, . . . , qm; r1, . . . , rm) is the supremum ofθ(R), with R ∈ Rm, over
all choices ofh1, . . . , hm.

18.2 Lemmas

Lemma 18.2.1.

Θ1(B; q1, r1) ≤ log B

r1! log q1

. (18.3)

Proof. The definition ofθ saysR(x1) vanishes atx1 = h1

q1
to orderθ(R)r1.

Therefore, as(h1, q1) = 1,

R(x1) =
(
x− h1

q1

)θ·r1

Q(x1)

= (q1x− h1)
θ·r1 · 1

qθr1
1

Q(x1)

= (qθr1xθr1 · · · ) · (· · · )∣∣qθr1
1 · · ·

∣∣ ≤ B thereforeqθr1
1 ≤ B. (18.4)

Lemma 18.2.2.Letp ≥ 2 be a positive integer. Letr1, . . . , rp be positive integers
satisfying

rp >
10

δ
,

rj−1

rj

>
1

δ
, j = 2, . . . , p, (18.5)

where0 < δ < 1, q1, . . . , qp are positive integers. Then

Θp(G; q1, . . . , qp; r1, . . . , rp) ≤ 2 max
l

(
Φ + Φ

1
2 + δ

1
2

)
(18.6)

where1 ≤ l ≤ rp + 1 and

Φ = Θ1(M ; qp; lrp) + Θp−1(M ; q1, . . . , qp−1; lr1, . . . , lrp−1)

M = (r1 + 1)pll!Bl2plr1 . (18.7)
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Idea: why should something like this hold? Start with a polynomial satisfy-
ing certain conditions. Some kind of mixed Wronskian. Calculate determinant,
get product of two polynomials, first polynomial of the firstp − 1 variables, last
polynomial in just the last (pth) variable.

Since starting polynomials have bounds on size of coefficients, so too will the
coefficients of these polynomials be bounded. What we get is the index of the big
determinant polynomial (relative to the strings of numbers) will be the index of the
polynomial of the first plus the index of the second (because they are independent
variables). This is the addition formula for indices.

Lemma 18.2.3 (Lemma7). Letm be a positive integer,0 < δ < m−1, r1, . . . , rm

integers withrm > 10
δ

, rj−1

rj
> 1

δ
for j = 2 to m, log q1 > m(2m+1)

δ
andrj log qj >

r1 log q1 for 2 ≤ j ≤ m then

Θm(δδr1
1 ; q1, . . . , qm; r1, . . . , rm) < 10mδ( 1

2
)m

. (18.8)

Lemma 18.2.4 (Lemma8 – The Main Lemma). Let r1, . . . , rm be any positive
integers,λ > 0. The the number of

0 ≤ j1 ≤ r1

0 ≤ j2 ≤ r2

...

0 ≤ jm ≤ rm (18.9)

satisfying

j1

r1

+ · · ·+ jm

rm

≤ m− λ

2
(18.10)

does notexceed

2
2
√

m

λ
(r1 + 1) · · · (rm + 1). (18.11)

18.3 Sketch of Proof

Recall the setup:α is an algebraic integer,f(x) = xn + a1x
n−1 + · · · + an,

f(α) = 0, A = max(1, |a1|, . . . , |an|), m, δ, q1, h1, . . . , qm, hm satisfy Equations
17.6 to 17.14.
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We have

Lemma 18.3.1 (Lemma9). h1, . . . , hm integers relatively prime toq1, . . . , qm

respectively,Q = Q(x1, . . . , xm) has integer coefficients,degxj
(Q) ≤ rj. Then

1. The index ofQ at (α, . . . , α) is at leastγ − η.

2. Q
(

h1

q1
, . . . , hm

qm

)
6= 0.

3. |Qi1,...,im(α, . . . , α)| < B1+3δ
1 .

Proof. Let

W (x1, . . . , xm) =

r1∑
s1=0

· · ·
rm∑

sm=0

c(s1, . . . , sm)xs1
1 · · ·xsm

m

0 ≤ c(s1, . . . , sm) ≤ B1. (18.12)

The number of such equals(1 + B1)
r, r = (r1 + 1) · · · (rm + 1).

Consider the derivatives

Wj1,...,jm(x1, . . . , xm) =
1

· · · (18.13)

Consider all of these derivatives where

0 ≤ ji ≤ ri,
j1

r1

+ · · ·+ jm

rm

≤ γ. (18.14)

The number of all such, by Lemma8, is D ≤ 2
√

m
λ

r.
We considerWj1,...,jm(x, . . . , x). Divide byf(x), and let

Tj1,...,jm(W ; x) (18.15)

be the remainder.
The coefficients ofW are bounded byB1, the coefficients ofWj1,...,jm(x1, . . . , xm)

are bounded by2r1+···rmB1 ≤ 2mr1B1, which is at mostB1+δ
1 . This follows from

Equation 17.9 (and possibly other equations.
Thus, the coefficients ofWj1,...,jm is at mostB1+δ

1 .
When we putx1 = x2 = · · · = xm = x, we have a bound ofrB1+δ

1 < B1+2δ
1

for the coefficients ofWj1,...,jm(x, . . . , x).
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Next, consider

Wj1,...,jm(x, . . . , x) = wsx
s + ws−1x

s−1 + · · ·+ w0 (18.16)

and divide byf(x). Rememberf(x) = xn+· · · , and assumes ≥ n (otherwise
nothing to do).

We get, on performing the division,

Wj1,...,jm(x, . . . , x)wsx
s−nf(x) (18.17)

plus stuff of the form eitherwν − as−νws or wν . Thus, the absolute values is
at mostB1+2δ

1 (1 + A).
We proceed by induction. Finally, we get the coefficients ofTj1,...,jm(W ; x)

are bounded by

(1 + A)s−n+1B1+2δ
1 . (18.18)

By our conditions, any such number is at mostB1+3δ
1 .

The coefficients ofTj1,...,jm(W ; x) are bounded byB1+3δ
1 . Thus, each coeffi-

cient has at most1 + 2B1+3δ
1 possibilities. We have a polynomial of degreen, so

we haven choices to make, giving
(
1 + 2B1+3δ

1

)n

. Further, remember we have

D choices forj1, . . . , jm, giving
(
1 + 2B1+3δ

1

)nD

. This is bounded by(1 + B1)
r,

which is the number of all possibleWs. We get

(
1 + 2B1+3δ

1

)nD

< (1 + B1)
r, (18.19)

where the left hand side is the number of all possibleD derivatives, and again
the right hand side is the number of possibleWs.

By the Pidgeon-Hole Principle, there are twoWs such that, after division by
f(x), all of their derivatives are equal.

Let these two polynomials beW1 andW2. Let W ∗ = W1 −W2. Then

f(x)|W ∗
j1,...,jm

(x, . . . , x), 0 ≤ ji ≤ ri,

m∑
i=1

ji

ri

≤ γ. (18.20)

Observation:W ∗ ∈ Rm(qδr1
1 ; r1, . . . , rm).

By Lemma7, we have a bound for the indices of everything inRm. We get
Θm at any point(h1

q1
, . . . , hm

qm
) is at mostη. We choose a polynomialQ such that
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Q(x1, . . . , xm) =
1

k1! · · · km!

( ∂

∂x1

)k1 · · ·
( ∂

∂xm

)km

W (18.21)

with

k1

r1

+ · · ·+ km

rm

< η (18.22)

such that

Q
(h1

q1

, . . . ,
hm

qm

)
6= 0. (18.23)

We check and show thatQ satisfies the necessary conditions.
By construction, the index ofW ∗ at the point(α, . . . , α), then the polynomial

vanishes, with
∑ ji

ri
< γ. By shifting the index at mostη, and the index is at most

γ, then the index is at leastγ − η.
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Chapter 19

Kuzmin’s Theorem

19.1 Introduction

Given α ∈ R, we calculate its continued fraction expansion. Without loss of
generality, we may assumeα ∈ (0, 1), as this shift changes only the zeroth digit.

Thus,

α = [0, a1, a2, a3, a4, . . . ] (19.1)

Given any sequence of positive integersai, we can construct a numberα with
these as its digits. However, for a genericα chosen randomly in(0, 1), how often
do we expect to observe digits in the continued fraction expansion equal to1? To
2? To3? And so on.

For a givenC, what is the measure of the set ofα ∈ (0, 1) such that
∣∣∣∣α−

p

q

∣∣∣∣ <
C

q2
(19.2)

holds only finitely often? More generally, instead ofC
q2 we could have 1

q2 log q

or any such expression.

19.2 Distribution of a1(α) = k

What is the measure ofα ∈ (0, 1) such thata1(α) = 7?
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α =
1

7 + 1
a2+ 1

...

(19.3)

Clearly, if α ≤ 1
8
, a1 ≥ 8. A little thought shows that if1

8
< α ≤ 1

7
, then

a1(α) = 7, becausea1 = b 1
α
c. Notebxc is the greatest integer less than or equal

to x.
So, the measure ofα ∈ (0, 1) such thata1 = 7 is 1

7
− 1

8
. This is 1

7·8 , which is
approximately1

72 .
More generally, we find that the measure ofα ∈ (0, 1) such thata1(α) = k is

1
k(k+1)

≈ 1
k2 .

19.3 Distribution of an(α) = k

Suppose one already has digitsa1, . . . , an−1. Theα ∈ (0, 1) whose firstn − 1
digits are these numbers is a segment of(0, 1).

We want the sub-interval wherean = k. Thus, we want to find

|{α ∈ (0, 1) : if i ≤ n− 1, ai(α) = ai; an(α) = k}|
|{α ∈ (0, 1) : if i ≤ n− 1, ai(α) = ai}| (19.4)

Lemma 19.3.1.The above is at least1
3k2 and at most2

k2 .

The calculation hinges on the fact that this interval is
[

pnk+pn−1

qnk+qn−1
, pn(k+1)+pn−1

qn(k+1)+qn−1

]

|pn−1qn − pnqn−1| = 1.
Forα ∈ (0, 1), by Lemma 19.3.1 we obtain

1

3k2
|{α : i ≤ n− 1, ai(α) = ai}| ≤ |{α : i ≤ n− 1, ai(α) = ai; an(α) = k}|

≤ 2

k2
|{α : i ≤ n− 1, ai(α) = ai}| (19.5)

and thus, summing over all possibleai, i ≤ n− 1,

1

3k2
≤ |{α : an(α) = k}| ≤ 2

k2
. (19.6)
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Corollary 19.3.2. There exist constants0 < C1 < C2 < ∞ such that

C1

k
< |{α ∈ (0, 1) : an(α) ≥ k}| <

C2

k
. (19.7)

Proof. The sum 1
k2 + 1

(k+1)2
+ · · · ≈ 1

k
.

19.4 Measure ofα with Bounded Digits in their Con-
tinued Fraction Expansion

Theorem 19.4.1.Consider allα ∈ (0, 1) such that for alln, an(α) ≤ K for some
fixed constantK. The set of suchα has measure0.

Proof. We look and see what percent of the sub-intervals we keep losing. Let
β = 1− C1

K
, whereC1 is as in Corollary 19.3.2. We can show that the probability

that the firstn digits are all at mostK is βn, as the requirement that eachai be at
mostK causes us to keep at mostβ of the sub-intervals we still have. Asn →∞,
βn tends to0.

If α hasai(α) > N , then
∣∣∣α− pn

qn

∣∣∣ ≤ 1
Nq2

n
. Letting ε = 1

N
, we see we can

approximate to withinε
q2
n
. As almost allα have infinitely manyi with ai(α) > N ,

for almost allα we can find infinitely manypn

qn
such that the approximation is as

good as ε
q2
n
.

19.5 Measure ofα with Digits in their Continued
Fraction Expansion Growing

Theorem 19.5.1.If
∞∑

n=1

1

kn

converges, the set{α ∈ (0, 1) : ai(α) ≤ ki} has positive measure.

Remark 19.5.2.Letki ≥ 2. An infinite product

(
1− 1

k1

)
·
(
1− 1

k2

)
·
(
1− 1

k3

)
· · · (19.8)
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converges to zero if and only if

∑ 1

ki

(19.9)

diverges.

For example,

∏
n

(
1− 1

n

)
→ 1

2

2

3

3

4
· · · → 0. (19.10)

Considerα with convergentspn

qn
. For almost allα ∈ (0, 1), theqns will grow

exponentially. Explicitly, there exist constantsB1 andB2 such that

eB1n ≤ qn ≤ eB2n. (19.11)

Usingqn+1 = anqn + qn−1, we show

a1 · · · an ≤ qn ≤ 2a1 · · · an. (19.12)

Thus, it is sufficient to bounda1 · · · an.
Sayx1 · · · xn = c; call this ann-dimensional hyperbola. Assume further that

c1 ≤ x1 · · · xn ≤ c2. Using that sizes of certain sub-intervals withan(α) = k is of
size 1

k2 , we are led to integrating
∫

V

1

x2
1 + · · ·+ x2

n

(19.13)

over a region of space trapped between twon-dimensional hyperbolas. This
is similar to the following: if we want to estimate the number of integer solutions
to 500 ≤ x2 + y2 ≤ 1000, the main term arises from an annulus with radii

√
500

and
√

1000.
We have a functionf(n) with f(n) ≤ c

n
. What is the measure of the set of all

α ∈ (0, 1) such that
∣∣∣∣α−

pn

qn

∣∣∣∣ <
f(qn)

qn

(19.14)

for infinitely manyn? If f(n) = 1
n log n

(or, in general, if
∑

f(n) diverges), the
measure is one. What if, instead,f(n) = 1

n log1+ε(n)
, for some small but positive

ε? The measure is then zero!
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The first of the two assertions is basically Theorem 19.5.1 strengthened by
information coming from (19.11). The second one can be proven as follows.
Suppose

∑
f(n) converges. LetEn = {α ∈ (0, 1) : |α − p

n
| < f(n)/n}. The

measure ofEn is approximatelyf(n). If the set of allα ∈ (0, 1) contained in
infinitely manyEqn ’s had positive measure,

∑
n µ(Eqn) couldn’t converge. Then∑

f(n) couldn’t converge. Contraditction. Therefore the set of allα ∈ (0, 1)
contained in infinitely manyEqn ’s has zero measure. This is the same as the set
of all α ∈ (0, 1) for which

∣∣∣∣α−
pn

qn

∣∣∣∣ <
f(qn)

qn

(19.15)

for infinitely manyn.

19.6 Needed Technical Results

Let zn(α) be the continued fraction from thenth digit onward:

α =
1

a1 + 1
a2+ 1

a3+···

zn(α) =
1

an+1 + 1
an+2+

1
an+3+···

(19.16)

As always, we assumeα ∈ (0, 1).
Define, forx ∈ (0, 1):

mn(x) = |{α ∈ (0, 1) : zn(α) < x}|. (19.17)

We have

mn+1 =
∞∑

k=1

mn

(1

k

)
−mn

( 1

k + x

)
. (19.18)

For example, if we wantz2(α) < .3, we have lots of different sets that work
(

1

1 + .3
,
1

1

)
,

(
1

2 + .3
+

1

2

)
,

(
1

3 + .3
,
1

3

)
, . . . (19.19)
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We find

m1(x) = x

m2(x) =
∞∑

k=1

1

k
− 1

k + x

=
∞∑

k=1

m1

(
1

k

)
−m1

(
1

k + x

)
. (19.20)

We expect it to converge to a functionφ(x) such that

φ(x) = φ

(
1

k

)
− φ

(
1

k + x

)
. (19.21)

A formula of typeφ(x) = C ln(1 + x) will satisfy the above. It turns out that
φ(x) is of this form, withC = 1

ln 2
.

Kuzmin showed that if a sequence of functions{fn} satisfies

fn+1(x) =
∞∑

k=1

1

(m + x)2
f

(
1

k + x

)
(19.22)

and we have some bounds onf1(x), say0 < f1(x) < B, f ′1(x) < B, we find

fn(x) =
a

1 + x
+ C1e

−C2
√

n, a =
1

ln 2

∫ 1

0

f1(x)dx. (19.23)

If {mn} satisfies (19.18), then{fn} = {m′
n(x)} satisfies (19.22). Setting

f1 = m′
1(x), we obtain

mn(x) = log2(1 + x) + C3e
−C2

√
n. (19.24)

19.7 Kuzmin’s Theorem

What is the probability thatan = 37? We know, asn →∞, that the probability is
at least 1

3·372 and at most 2
372 . We can do better now. The probability is
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mn

(
1

37

)
−mn

(
1

37 + 1

)
→ log2

(
1 +

1

37

)
− log2

(
1

37 + 1

)
.(19.25)

We can sharpen the above and incorporate an error bound.

Theorem 19.7.1.Letα be chosen uniformly in(0, 1). Then

Prob(an = k) = log2

(
1 +

1

k(k + 2)

)
+

C3

k(k + 1)
e−C2

√
n−1. (19.26)

Proof: the probability we want is simply

mn−1

(
1

k

)
− mn−1

(
1

k + 1

)
=

∫ 1
k

1
k+1

m′
n−1(x)dx. (19.27)

We notefn(x) = m′
(x) satisfied Equations 19.22 and 19.23, and the result

follows by integration.
Levy (see [Le]) proved the error term may be taken asAe−λn.

19.8 Strengthened Versions of Kuzmin’s Theorem

We can strengthen (19.24) further. Letf : Z+ → R be such thatf(n) < Cn
1
2
−ε.

For almost allα ∈ (0, 1) (ie, all α except for a set of measure zero),

lim
N→∞

∞∑
n=1

f (an(α)) =
∞∑

n=1

f(n) log2

(
1 +

1

n(n + 2)

)
. (19.28)

We can take

f(n) =

{
0 if n 6= k

1 if n = k
(19.29)

and regain Theorem 19.7.1. If we take

f(n) = ln n (19.30)

then

1

N

N∑
n=1

ln an = log N
√

a1 · · · aN . (19.31)
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Chapter 20

Kuzmin Experiments

20.1 Statement of Problem

Let p(an(x) = k) denote the probability that thenth digit of the continued fraction
expansion ofx is k. Kuzmin’s theorem states that, for almost any numberx ∈
(0, 1),

∣∣∣∣p(an(x) = k) − log2

(
1 +

1

k(k + 2)

)∣∣∣∣ ≤ A

k(k + 1)
· e−B

√
n−1, (20.1)

for some constantsA andB. As an aside: Levy proves a better bound, showing
the error is at mostCe−Dn.

Thus, forn large, the probability that thenth digit is k is approximately inde-
pendent ofn.

Fix a range of digits, sayn runs fromM to N − 1. What is the expected
number of digits equal tok? Is it approximately(N −M) log2(1 + 1

k(k+2)
)?

20.2 Direct Solution

We give a difficult, but direct, solution. We have a range of digits that we are
investigating. For definiteness, let us say we are looking at digits1 to 1000. Let
S1000 be the set of all strings of1000 numbers, where each digit is an integer.

Given a numberx ∈ (0, 1), there is a uniques(x) ∈ S1000 such that the first
1000 digits in the continued fraction expansion ofx are the same (and in the same
order) as those froms(x).
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Given x, let num1000(x) = num1000;1(x) be the number of ones in the first
1000 digits of its continued fraction expansion. By an abuse of notation, we will
write num1000(s(x)) for the number of ones in the first1000 digits ofs(x).

We sayx ≡ s(x) if the first1000 digits of the continued fraction ofx is s(x).
Thus, the expected number of ones in the first1000 digits of continued fraction

expansions of numbers in(0, 1) is

∑
s∈S1000

num1000(s(x)) · Prob(x : x ≡ s(x)). (20.2)

Thus, to solve the original question using this method, it is necessary to know
what is the measure of the sets{x : x ≡ s(x)} for eachs ∈ S1000.

This is a very complicated question. It can be computed by brute force, but
it is quite involved, and Kuzmin’s Theorem is not applicable. Obviously, there
is nothing special about the first1000 digits and looking at the number of occur-
rences of1; we could investigate the number of occurrences ofk from digitsM
to N − 1.

We now show a better way.

20.3 Solution via Linearity of Expected Values

Recallan(x) is thenth digit of the continued fraction expansion ofx. We define
the following indicator variables:

An,k(x) =

{
1 if an(x) = k

0 if an(x) 6= k
(20.3)

Thus,

numM,N ;k(x) =
N−1∑
n=M

An,k(x) (20.4)

is the number of digitsn of x which equalk with M ≤ n < N .

Let qk = log2

(
1 + 1

k(k+2)

)
. Kuzmin’s Theorem states that the probability

an(x) = k is, up to a small error (forn large),qk. Thus, eachAn,k(x) = 1 with
probability approximatelyqk and0 with probability approximately1− qk.

Hence, the expected value ofAn,k(x) is
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E[An,k(x)] = 1 · qk + 0 · (1− qk) = qk. (20.5)

The power of Kuzmin’s theorem is that the above expectation is, up to a very
small error, independent ofn. In other words, the main term of these expectations
is qk.

We now use the linearity of the expected value: the expected value of a sum is
the sum of the expected values. This simple observation allows us to avoid having
to calculate the measure of sets{x : x ≡M,N−1 s(x)} for eachs ∈ SM,N−1, where
the notation is an obvious generalization of before.

We have

E [numM,N ;k(x)] = E

[
N−1∑
n=M

An,k(x)

]

=
N−1∑
n=M

E [An,k(x)]

=
N−1∑
n=M

(qk + small error)

≈ (N −M)qk + (small error) · (N −M). (20.6)

In words, we have shown that if we look atN − M digits, we expect to see
(N −M)qk occurrences of the digitk. While the proof above is forconsecutive
digits, a similar proof works foranyset ofN −M digits.

Very concretely, if we were to look at digits50, 001 to digits 100, 000, the
number of ones we expect to see would be

50, 000 · log2

(
1 +

1

1(1 + 2)

)
≈ 50, 000 · .415. (20.7)

20.4 Generalization

Fix k1, k2,M andN − 1. What is the expected number of occurrences of the pair
(k1, k2) among digitsM to N − 1?

For example, let(k1, k2) = (1, 1). If we had a string of digits

1, 1, 1, 2, 3, 453, 1, 17, 5, 4, 1, 2, 10, 2, 1, 1, 19 (20.8)
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in the continued fraction expansion ofx, this would contribute three pairs of
(1, 1). Note that1, 1, 1 counts astwo pairs.

Using Kuzmin’s Theorem, one can show (forn large) that the probability that
an(x) = k1 and an+1(x) = k2 is qk1,k2 plus significantly smaller corrections.
Note, similar to Kuzmin (which looks at just one digit) that we have approximate
n-independence in the probabilitiesqk1,k2. Note (do the calculation!) thatqk1,k2 6=
qk1qk2.

We again define indicator variables:

Bn,k1,k2(x) =

{
1 if an(x) = k1 andan+1(x) = k2

0 otherwise
(20.9)

Similar to before, we have the expected value ofBn,k1,k2(x) is qk1,k2.
Let numM,N,k1,k2(x) equal the number ofn ∈ [M, N−1] such thatan(x) = k1

andan+1(x) = k2. We have

E [numM,N,k1,k2(x)] = E

[
N−1∑
n=M

Bn,k1,k2(x)

]

=
N−1∑
n=M

E [Bn,k1,k2(x)]

=
N−1∑
n=M

(qk1,k2 + small error)

= (N −M)qk1,k2 + (small error) · (N −M)

≈ (N −M)qk1,k2 . (20.10)

20.5 General Comments

Using binary indicator variables is an extremely useful and standard trick. Note
that we donothave the digits in a continued fraction expansion are independent of
each other. Fortunately, such a fact is not needed to calculate the expected number
of occurrences ofan(x) = k or an(x) = k1 andan+1(x) = k2 for n ∈ [M, N −1].

We can’t avoid having to do some averaging over allx ∈ (0, 1), but we don’t
want to have to deal with sets such asthe set ofx ∈ (0, 1) such that there are
exactly237 ones in the first1000 digits of the continued fraction expansion. It
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would be very difficult and time consuming to determine the measure of each
such set (for all the sets we would need).

Fortunately, using binary indicator variables, we can avoid such a subdivision.
Instead, we study significantly simpler sets such asthe set ofx ∈ (0, 1) such that
an(x) = k. This is much easier, and in fact the measure of such sets (forn large)
is Kuzmin’s theorem.
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Appendix A

Robert Lipshitz’s Junior Project:
Numerical results concerning the
distribution of {n2α}

The following is Robert Lipshitz’s paper from the2000 − 2001 Junior Research
Seminar / Undergraduate Mathematics Laboratory at Princeton. For a copy of his
programs, please go to

http : //www.math.princeton.edu/ ∼ mathlab/projects/n2alpha/main.html

A.1 Introduction

This paper presents numerical evidence concerning the following problem. Fix an
irrational numberα and an integerN > 0. By {x} we denote the fractional part
of x. Consider{n2α} for n from 1 toN . Write these numbers in increasing order
and letβj be thejth of them. The problem is concerned with the distribution of
the differences between consecutiveβj. Specifically, for almost allα the consec-
utive spacings are expected to behave as one would expect for numbers chosen at
random in[0, 1). We state the conjectures precisely below.

The question is of mathematical interest, but also of physical interest. It arises
in the study of certain quantum mechanical systems where one is concerned with
the onset of chaotic behavior. For example, the question arises in the study of the
“quantum kicked rotator” [CGI].
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A.2 Known Results

This section provides some background information about the problem. First we
prove that{n2α} is equidistributed, following the treatment in [Ca]. Then we
state and prove a few easy results about random numbers, for comparison with
our case, and finally describe a few of the results proved in [RSZ].

We begin with some preliminary definitions and then set up general machinery
which will make proving the equidistribution of{n2α} relatively easy.

Definition A.2.1. We say that a sequence{αk}∞k=1 in [0, 1] is equidistributedif
for any interval[a, b] ⊂ [0, 1],

lim
n→∞

1

n
(# {αk ∈ [a, b], 1 ≤ k ≤ n})

exists and is equal tob− a.

Notice that taking[a, b] ⊂ (0, 1) rather than[a, b] ⊂ [0, 1] in the above would
give an equivalent definition.

Definition A.2.2. We say a sequence of real numbers{αk}∞k=1 is equidistributed
mod 1if the sequences of fractional parts ofαk is equidistributed.

Theorem A.2.3. For 0 ≤ αn < 1, {αn} is equidistributed if and only if for any
C∞ functionf : [0, 1] → C it is true thatlimn→∞ 1

n

∑n
k=1 f(αk) =

∫ 1

0
f(x)dx.

Proof: Supposelimn→∞ 1
n

∑n
k=1 f(αk) =

∫ 1

0
f(x)dx for anyC∞ functionf :

[0, 1] → C. Fix [a, b] ⊂ (0, 1) and fix ε with 0 < ε < b − a. It is not hard to
construct aC∞ f : [0, 1] → R such that0 ≤ f(x) ≤ 1 for all x ∈ [0, 1] and:

f(x) =

{
0 if x < a− ε or x > b + ε
1 if a < x < b

Then,

b− a ≤
∫ 1

0

f(x)dx ≤ b− a + 2ε

Also,
∑n

k=1 f(αk) ≥ # {αk ∈ [a, b], 1 ≤ k ≤ n} so

lim
n→∞

1

n

∑

k=1

f(αk) ≥ lim sup
n→∞

1

n
(# {αk ∈ [a, b], 1 ≤ k ≤ n})
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Hence, since we assumed thatlimn→∞ 1
n

∑n
k=1 f(αk) =

∫ 1

0
f(x)dx for anyf , we

haveb − a + 2ε ≥ lim supn→∞
1
n

(# {αk ∈ [a, b], 1 ≤ k ≤ n}) and lettingε tend
to zero we obtain

b− a ≥ lim sup
n→∞

1

n
(# {αk ∈ [a, b], 1 ≤ k ≤ n}) .

Applying the symmetric argument to a functiong(x) with 0 ≤ g(x) ≤ 1 for all
x ∈ [0, 1] and

g(x) =

{
0 if x < a or x > b
1 if a + ε < x < b− ε

and lettingε → 0 yields the inequality

b− a ≤ lim inf
n→∞

1

n
(# {αk ∈ [a, b], 1 ≤ k ≤ n})

so in factlimn→∞ 1
n

(# {αk ∈ [a, b], 1 ≤ k ≤ n}) exists and is equal tob− a.
Conversely, suppose that for any interval[a, b] ⊂ [0, 1],

lim
n→∞

1

n
(# {αk ∈ [a, b], 1 ≤ k ≤ n}) = b− a.

Fix ε > 0 andf : [0, 1] → C. Sincef is continuous on a compact set and hence
uniformly continuous, there is anN ∈ N such that|x−y| ≤ 1

N
⇒ |f(x)−f(y)| <

ε. Consider the partition of[0, 1] into 0 < 1/N < 2/N < 3/N < ... < N/N = 1.
There is anM ∈ N such that form > M and anya between 1 andN − 1,

∣∣∣∣
#{αi ∈ [a/N, (a + 1)/N ], 1 ≤ i ≤ m}

m
− 1

N

∣∣∣∣ <
ε

N
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Fix m. Let Aj = #{αi ∈ [j/N, (j + 1)/N ] with 1 ≤ i ≤ m}. Now,

∣∣∣∣∣
1

m

m∑
i=1

f(αi)−
∫ 1

0

f(x)dx

∣∣∣∣∣ ≤
∣∣∣∣∣
1

m

m∑
i=1

f(αi)− 1

N

N−1∑
j=0

f(j/N)

∣∣∣∣∣

+

∣∣∣∣∣
1

N

N−1∑
j=0

f(j/N)−
∫ 1

0

f(x)dx

∣∣∣∣∣

<

∣∣∣∣∣∣

N−1∑
j=0





 ∑

αi∈[j/N,j+1/N ]

f(αi)

m


− f(j/N)

N




∣∣∣∣∣∣
+

Nε

N

≤
N−1∑
j=1

(
Aj

ε

m
+

∣∣∣∣
Aj

m
− 1

N

∣∣∣∣
)

+ ε

≤ ε +
N−1∑
j=0

ε

N
+ ε = 3ε

Thus, sinceε was arbitrary, this implies that
∣∣∣∣∣
1

m

m∑
i=1

f(αi)−
∫ 1

0

f(x)dx

∣∣∣∣∣ → 0

asm →∞, which completes the proof.2

Theorem A.2.4. A sequence{αn}∞n=1 is equidistributed mod 1 if and only if for
all t ∈ Z, t 6= 0, limn→∞ 1

n

∑n
k=1 e2πitαk = 0.

Proof: Observe that by periodicity ofe2πiz we may assume that allαn are
between 0 and 1 and replace “equidistributed mod 1” by simply “equidistributed.”

Suppose that for allt 6= 0, limn→∞ 1
n

∑n
k=1 e2πitαk = 0. Fix a C∞ function

f : [0, 1] → C. From elementary Fourier analysis, there is a sequence{an}∞n=−∞
with limn→∞ n2an = 0 such that

f(x) =
∞∑

n=−∞
ane

2πinx.

(Since limn→∞ n2an = 0, the series converges uniformly by the Weirstrass M
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test.)
∫ 1

0
f(x)dx = a0. Finally,

lim
n→∞

1

n

n∑

k=1

f(αk) = lim
n→∞

1

n

n∑

k=1

∞∑
t=−∞

ate
2πitαk

=
∞∑

t=−∞
lim

n→∞
at

n

n∑

k=1

e2πitαk

= a0,

where the change in the order of summation is justified by uniform convergence.
Thus,limn→∞ 1

n

∑n
k=1 f(αk) =

∫ 1

0
f(x)dx so by the previous theorem,{αn}∞n=1

is equidistributed.
The converse is an immediate corollary of the previous theorem.2

The following technical lemma is taken verbatim from [Ca] page 71.

Lemma A.2.5. Letu1, u2, ..., uQ be inC, and let1 ≤ H ≤ Q. Then,

H2

∣∣∣∣∣
∑

1≤q≤Q

uq

∣∣∣∣∣

2

≤ H(H + Q− 1)
∑

1≤q≤Q

|uq|2

+ 2(H + Q− 1)
∑

0<h<H

(H − h)
∑

1≤q≤Q−h

ūquq+h.

Proof: For convenience, setuq = 0 for q ≤ 0 or q > Q.

H
∑

1≤q≤Q

uq =
∑

0≤p≤H+Q

∑
0≤r≤H

up−r

so by the Schwartz inequality,

H2

∣∣∣∣∣
∑

1≤q≤Q

uq

∣∣∣∣∣

2

=

∣∣∣∣∣
∑

0<p<H+Q

∑
0≤r<H

up−r

∣∣∣∣∣

2

≤
∑

0<p<H+Q

∣∣∣∣∣
∑

0≤r<H

up−r

∣∣∣∣∣

2

= (H + 1− 1)
∑

0<p<H+Q

0≤r,s<H

up−rūp−s
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Now, |uq|2 occurs forr = s = p− q if p− q ≥ 0. p− q can be anything less than
H, so the term occursH times. uqūq+h or ūquq+h occurs if0 < h < H, H − h
times, and the result follows immediately.2

Corollary A.2.6. For a sequence{zq}∞q=1, suppose that for eachh > 0

1

Q

∑
1≤q≤Q

e2πi(zq+h−zq) → 0

asQ →∞. Then 1
Q

∑
1≤q≤Q e2πizq → 0 asQ →∞.

Proof: In the above, takinguq = e2πizq ,

∣∣∣∣∣
∑

1≤q≤Q

uq

Q

∣∣∣∣∣

2

≤ H + Q− 1

Q2H

∑
1≤q≤Q

1+2
H + Q− 1

QH

∑

0<h≤H

H − h

QH

∑

1≤q≤Q−h

e2πi(zq+h−zq).

The first term approaches1/H asQ →∞ while the second goes to zero. Letting
H tend to infinity then yields the result.2

Theorem A.2.7.Supposezq+h− zq is equidistributed mod 1 for allh ∈ Z, h > 0.
Then so iszq.

Proof: By assumption and theorem A.2.4, for anyt ∈ Z, t 6= 0,

1

Q

∑
1≤q≤Q

e2πit(zq+h−zq) → 0

asQ →∞. Hence, by the preceding corollary,1
Q

∑
1≤q≤Q e2πitzq → 0 asQ →∞.

Hence, by theorem A.2.4 again,{zq}∞q=1 is equidistributed mod 1.2 Now the
result we want follows quite easily.

Theorem A.2.8. For α irrational, {nα}∞n=0 is equidistributed mod 1.

Proof: Consider1
N

∑N
k=0 e2πiktα. The series is geometric, and equals1

N
1−e2πi(N+1)tα

1−e2πitα ,
which goes to 0 asN goes to infinity.2

Theorem A.2.9. For α irrational, {n2α}∞n=1 is equidistributed mod 1.

178



Proof: For any fixed integerh > 0, (n + h)2α − n2α = 2hα + h2 which
is equidistributed by the previous theorem. Thus, by Theorem A.2.7,{n2α} is
equidistributed mod 1.2

It is actually true that for any polynomialf with at least one coefficient (other
than the constant term) irrational,{f(n)}∞n=1 is equidistributed. This can be
proved in a manner analogous to the previous theorem, by induction on the de-
gree of the polynomial. See [Ca], page 73.

One way of interpreting the preceding result is that the sequence{n2α} be-
haves, in this respect, like a uniformly distributed sequence of independent ran-
dom numbers. The questions that this paper attempts to address numerically re-
late to how far this analogy can be pushed. We now state and prove a few easy
results about such sequences of random numbers, to be used for comparison later.
The main issue we are interested in is consecutive spacing of numbers in the se-
quences. For a more detailed (and more elegant) treatment, the reader is advised
to consult the first chapter of [Fe].

With probability 1, a sequenceX1, ..., Xn of uniformly distributed indepen-
dent random variables in[0, 1] partitions[0, 1] into n + 1 subintervals. We are
interested in the lengths of these subintervals.

Lemma A.2.10. The probability that the length of a given subinterval is at least
t is (1− t)n.

Proof: LetLi denote the length of theith interval. Observe that the distribution
of Li is independent ofi. To see this, imagine choosingn + 1 random points on a
circle instead ofn random points on a line. In this case, it is clear that the lengths
of the intervals all have the same distribution. Cutting the circle at the(n + 1)st

point yieldsn points chosen at random in the line, and thus in this case as well the
distribution ofLi is independent ofi.

Consider the left-most interval. It will have length at leastt if none of theXi

is less thant. This happens with probability(1− t)n. 2

Corollary A.2.11. LetX1, X2, ... be a sequence of independent random variables
in [0, 1]. For fixedn, X1, ..., Xn partition [0, 1] into n+1 subintervals. LetLn

denote the length of the first interval in this partition. Then, for fixedt, the proba-
bility that nLn > t approachese−t asn →∞.

Obviously there is nothing special about choosing the first interval in the
above corollary. This result leads us to the following definition. Given a se-
quence{αn}∞n=1 in [0, 1], for fixedN let β1,N , β2,N , ..., βN,N denote the sequence
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α1, α2, ..., αN reordered in increasing order. Define thefirst consecutive spacing
measureto be

µ(N) =
1

N − 1

N−1∑
j=1

δN(βj+1−βj)

whereδ is the Diracdelta-function. Note that this is normalized to be a probability
measure. From the above corollary, we expect that if theαn “behave like” random
numbers thenµ(N) → e−xdx asN →∞.

Slightly more generally, one can define thekth consecutive spacing measure
by

µk(N) =
1

N − k

N−k∑
j=1

δN(βj+k−βj).

With a little more work one sees that for random numbers one expects thatµk(N) →
xk

k!
e−xdx asN →∞.
We now restrict our attention to the sequences{n2α}. For such a sequence,

let µk(N,α) denote thekth consecutive spacing measure. It is conjectured in
[RSZ] that for almost allα (in the sense of Lebesgue),µk(N, α) → xk

k!
e−xdx.

(In fact, the authors make a slightly stronger claim, expressed in terms ofm-level
correlations. For computational reasons this claim is more difficult to test, and we
shall not discuss it further in this paper.)

We note that it is not true that for any irrationalα, µk(N, α) → xk

k!
e−xdx.

Problems arise forα with very good rational approximations. For example:

Proposition A.2.12. Let α be an irrational number such that there is a sequence
of rational numberspn/qn with |α− pn/qn| < an/q3

n, wherean → 0 asn → ∞.
Then, there is a sequence of integersNj → ∞ such thatµ1(Nj, α) does not
converge toe−xdx.

Proof: What we shall actually show is that eitherµ1(Nj, α) does not converge
or it converges to a measure supported on the integers.

Fix n with an < 1/2. We let Nn = qn and considerµ(α,Nn). For k <

Nn,
∣∣∣{k2α} − {k2 pn

qn
}
∣∣∣ ≤ an

qn
. Let β1, ..., βN be{12α}, {22α}, ..., {N2α} written

in increasing order, and letγ1, ..., γN be {12 pn

qn
}, {22 pn

qn
}, ..., {N2 pn

qn
} written in

increasing order. Then, forj < Nn, sincean < 1/2, if βj = αl thenγj = {l2 pn

qn
}.

Thus,|Nn(βj+1 − βj)−Nn(γj+1 − γj)| ≤ 2an. Since thean → 0, the result now
follows immediately.2
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We note that the set of irrationals which satisfy the conditions of the propo-
sition has measure zero. In fact, for anyε > 0, the set of irrationals with in-
finitely many rational approximationspn/qn with |α− pn/qn| < 1/q2+ε

n has mea-
sure zero; see [Ki].

(Unfortunately, in a topological sense, “almost all” irrationals have approxi-
mations better than1/qk for any k. That is, the set of irrationals that do not is
a countable union of nowhere dense sets. It is not hard to write down irrationals
with these properties; an example is

∑∞
n=1 10−n!. In numerical tests, such num-

bers behave just like rational numbers, so we ignore them below.)
Ironically, it is proved in [RSZ] that for most irrationals with approximations

as good as in the above proposition, there issomesequence of integersNj along
whichµk(Nj, α) → xk

k!
e−xdx.

It is interesting to compare the{n2α}, where behavior seems to be quite ran-
dom, to the{nα} case, where it is not. As we saw, the sequence{nα}∞n=1 is
equidistributed. However, in this case, for anyα, for fixedN , βi+1,N − βi,N takes
on at most three different values. The following table shows the three values of
βi+1,N − βi,N for α =

√
2 and a few differentN :

N values
5 .171573 .242641
10 .171573 .071068 .100505
15 .100505 .071068 .029437
20 .071068 .041631 .029437
30 .041631 .029437 .012193

The reason is that the consecutive spacings are determined by the “best ap-
proximations of the second kind” (in the language of [Ki]). (The rational number
p/q is a best approximation of the second kind toα if |qα− p| < |q′α− p′| for any
p′, q′ with q′ < q.) Writing down the proof thatβi+1,N − βi,N takes on only three
values is somewhat cumbersome, though not difficult. The valuesβi+1,N − βi,N

can take on are either of the form|qα− p|, wherep/q is a best approximation to
α or |α− p + q′α− p′| wherep/q andp′/q′ are successive best approximations
to α. All best approximations come from the continued fraction convergents to
α. The reader should compare the following table, of convergents to

√
2 with the
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previous one:

n pn/qn |qnα− pn| |qnα− pn + qn−1α− pn−1|
1 1 .414213
2 3/2 .171573 .242641
3 7/5 .071068 .100505
4 17/12 .029437 .041631
5 41/29 .012193 .017244

A.3 Computations

The new content of this paper consists of several computational tests of the con-
jectures in [RSZ]. Although some computational tests were performed in [CGI],
the emphasis in that paper was physical rather than mathematical, and tests were
not particularly extensive. The “idea” behind most of the computations that I
performed to test the conjectures is simply to compare cumulative distribution
function ofµk(α, N) with the expected result. (Very often I only considered the
casek = 1.) I worked primarily with the irrationals

√
2, e, andπ, as well as an

irrational, which we will callη, constructed in [RSZ] which is known to be poorly
behaved (not Poissonian in the stronger sense that they consider) but which seems,
somewhat surprisingly, to be well behaved in the contexts we consider.

Let us begin to get a sense of convergence by looking at graphs of expected
and actual cumulative distribution functions forµ1(α,N) for variousα andN .
Firstly, for

√
2, we notice relatively rapid convergence:
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Figure 1:α =
√

2, N = 1, 000
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Figure 2:α =
√

2, N = 10, 000

Notice that by 10,000 points the two graphs are essentially indistinguishable.
Forπ, convergence seems to be even faster:
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Figure 3:α = π, N = 1, 000
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Figure 4:α = π, N = 10, 000

Forη, the first few pictures make the issue a lot less clear. It is not until roughly
N = 50, 000 that it becomes relatively clear thatη is behaving as it ought.
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Figure 5:α = η, N = 1, 000
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Figure 6:α = η, N = 10, 000
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Figure 7:α = η, N = 100, 000

Of course, while looking at pictures is pleasant, one can only extract a certain
amount of information from them. In order to make more precise comparisons,
and to be able to take largerN , we define a numerical measure of discrepancy,
which we shall denotedisc(α,N). The idea is thatdisc should measure the dif-
ference between the cumulative distribution functions forµ1(α, N) ande−xdx.
For computational purposes, we definedisc to be the maximum difference be-
tween the two cumulative distribution functions that occurs at one of the points
N(βj+1 − βj). With this definition,disc can thus be calculated inN log N time,
but still captures the difference between the two cumulative distribution functions
to within at most1/N .

Following is a table ofdisc for variousα andN

35
17

√
2 e π η

1, 000 .991 .077813 .0392078 .029832 .68223
10, 000 .9991 .007698 .0119735 .007069 .74749
50, 000 .99982 .012865 .0068190 .007297 .093145
75, 000 .99988 .012728 .0078838 .005619 .041912
100, 000 .99991 .010729 .0070657 .004573 .021142

From the table, one notices several things. Firstly, in all cases except 35/17 (which
is just included for comparison), the discrepancy seems to be going to zero. For
η it seems to be doing so more slowly than for the other three. It might be worth-
while increasingN even further to make sure that in factdisc is going to zero.
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(Doing so is not feasible with my current computing resources.) Convergence
seems to be slightly faster fore andπ than for

√
2; that there is a difference is per-

haps not surprising, given thate andπ are very different kinds of numbers from√
2, but the author does not feel competent to speculate on the precise reason.

Secondly, one notices that the decrease is not monotone. One idea proposed
to explain this was that the jumps might be related to the continued fraction ex-
pansions. That is, forN near denominators of convergents, perhaps one finds that
disc is unexpectedly large. I tested for such patterns with

√
2. The first few con-

vergents of
√

2 are 1, 3/2, 7/5, 17/12, 41/29, 99/70, 239/169, 577/408, 1393/985,
3363/2378, 8119/5741, 19601/13860, 47321/33461, and 114243/80782. Here is
a data table for

√
2 with denominators of convergents in bold.

N disc
408 .1091138
552 .1298027
697 .1240015
841 .1018524
985 .0796401
1333 .0516779
1682 .0338395
2030 .0199573
2378 .0169253
3219 .0118520
4060 .0154372
4900 .0160554
5741 .0124257
7771 .0094704
9801 .0095135
11830 .0083271
13860 .0084538
18760 .0110632
23661 .0078211
28561 .0080084
33461 .0101271
45291 .0120665
57122 .0123425
68952 .0123332
80782 .0121800
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I find no particular relation between closeness to the denominator of a con-
vergent anddisc, suggesting that other factors, probably complicated and perhaps
figments of the definitions, are at work. Still, this might be worth looking at fur-
ther.

Another question of interest is whether theµk are independent for different
k. For example, one might consider whether the distribution of pairs(N(βk+1 −
βk), N(βk+2 − βk)) is, in the limit, the product of the two one dimensional dis-
tributions. (Equivalently, one might ask about the distribution of(N(βk+1 −
βk), N(βk+2 − βk+1)); this is actually what I investigated.) The same question
can be asked about correlations between more than two terms. The expectation is
that for almost all irrationals, the distribution should approach the product of the
one dimensional distributions, and my data appears to support this hypothesis in
all of the cases that I tested.

In higher dimensions I was, unfortunately, unable to be quite as clever with
definingdisc. The best way that I could think of to calculatedisc for dimensions
greater than 2 took on the order ofN2 computations, and theN log N algorithm
that I thought of for 2 dimensions was sufficiently complicated that it didn’t seem
worth implementing. Speed, thus, became an issue, and I used a combination of
Maple and C code. This worked satisfactorily.

Here is a data table ofdisc for the two dimensional case, forα =
√

2 and
α = η. √

2 η
1, 000 .091572 .650591
10, 000 .009135 .860561
15, 000 .012914 .762592
20, 000 .011899 .590495
30, 000 .008189 .307924
50, 000 .012719 .138787

The data is, unfortunately, not quite as convincing as before, and more experi-
ments would be in order.
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Here is another data table, for the five dimensional case.
√

2 η
1000 .072419 0.097487
5000 .015055 0.426626
10000 .010035 0.542570
15000 .011936 0.576099
20000 .008507 0.594172
25000 .010824 0.582399
30000 .010747 0.516590
35000 .008606 0.415605
40000 .010173 0.338313
45000 .009174 0.284612

This data actually looks a bit more convincing of convergence than the other, but
not a lot. It looks entirely possible thatdisc for

√
2 hovers around .01. More tests

would definitely be in order.

A.4 For Those Who Come After

The idea of the “undergraduate mathematics laboratory” is for students to do ex-
periments that other students will continue. This section of the paper, instead of
presenting results, discusses briefly the methods I used and difficulties I encoun-
tered, to help those who come after, and briefly mentions possible areas for further
study. More specific information about what programs I used and how they work
can be found in the electronic “readme” and the comments in the programs.

The first issue is always how many digits to keep. I kept 30. If one goes only up
to N = 100, 000 (105), N3 ≤ 1015, and thus 30 should certainly be enough. When
working with C instead of Maple, my variables were double precision floating
points. This might cause concern about digits, but I only used C after already
calculating theβn+1 − βn.

The rate limiting step in the calculations is calculatingdisc. This was not a
big problem for the one dimensional case, where running time withN = 100, 000
was a few minutes. (It was much longer until I realized that I should convertα
into a floating point number before doing the calculations in Maple.) For higher
dimensional cases, however, Maple became woefully inadequate, taking several
minutes forN = 5, 000 and forever for much higherN . I thus switched to C,
which was much, much faster. The largest cases I did (N = 45, 000) took a
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few minutes in C. The other limit is memory; forN = 100, 000 I was using 250
megabytes of memory to store the arrays. Going much further, thus, is not feasible
at the moment.

One thing the next person to work on this problem should do, of course, is to
fill in the data tables I presented a bit more. This should not be hard; the programs
are already in place. It would be nice to have the several variable discrepancy
for moreα and for higherN . In particular, it might be nice to compare several
algebraic numbers of various degrees, consideringe andπ throughout, and maybe
looking at several different possible choices ofη.

At the level at which I worked, not a lot of complicated programming was
required; this is nice. Unfortunately, the next thing to look at, I think, is what
are referred to in [RSZ] as “M-level correlations.” Computing these by brute
force requiresO(NM) computations, which is rather unfriendly. I am not sure
if this can be reduced. Probably to have a chance of the computations finishing
one should use C instead of Maple. Even if it is only possible to takeM a few
thousand, it would still be worthwhile, I think.

I wish my successors the best of luck, and hope that this paper has been of
some use.
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