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Chapter 1

Preliminaries

1.1 Notation

. W : the set of whole numberg1,2,3.4,...}.
. N: the set of natural number$0,1,2,3,... }.
. Z : the set of integersf..., —2,—-1,0,1,2,... }.

. Q: the set of rational numbergzx : z = §,p, q € Z,q# 0}.

1
2
3
4
5. R: the set of real numbers.
6. C: the set of complex number$:z : z = = + iy, z,y € R}.
7. Z/nZ : the additive group of integers med
8. (Z/nZ)* : the multiplicative group of invertible elements mad
9. a|b: a dividesb, i.e.the remainder after integer divisicgnis 0.
10. (a,b) : greatest common divisor (gcd) efandb, often writtenged(a, b).
11. = = y( mod n) : there exists an integersuch thatr = y + an.
12. wlog : without loss of generality.

13. s.t. : such that.

14. V : for all.



15. 3: there exists.

16. big O notation : A(z) = O(B(x)), read “A(z) is of orderB(z)”, means
3C > 0 such thatvz, |A(z)| < C B(x).

17. | S| or #S : number of elements in the s&t
18. p : usually a prime number.

19. n : usually an integer.

1.2 Efficient Algorithms

For computational purposes, often having an algorithm to compute a quantity is
not enough; we need an algorithm which will compqgteckly. Below we study

three standard problems, and show how to either rearrange the operations more
efficiently, or give a more efficient algorithm than the obvious candidate.

1.2.1 Polynomial Evaluation

Let f(z) = apa™ + ap_12" 1 + - - - + ayx + ag. The obvious way to evaluate is to
calculatez™ and multiply bya,, (n multiplications), calculate”~* and multiply
by a,_1 (n — 1 multiplications) and add, et cetera. There aradditions and

> 1o k multiplications, for a total of. + @ operations. Thus, the standard
method leads t®(n?) computations.
Instead, consider the following:
(((anx—i—an_l)x—i—an_g)x—i----+a1>x—|—a0. (1.2)

For example,

7ot +4a® — 327 — 11lx +2 = (((7x +4)x — 3):10 — 11>x + 2. (1.2)

Evaluating the long way takdsl steps; cleverly rearranging takesteps.

Exercise 1.2.1.Prove that the second method takes at massteps to evaluate
anx™ + - - - ap.



1.2.2 Exponentiation

Considerz™. The obvious way to evaluate involves— 1 multiplications. By
writing n in base two, we can evaluaté in at most2 log, n steps.
Let k be the largest integer such t#4t< n. Thenda,; € {0, 1} such that

n = aka + CLk_12k_1 + -+ CL12 + ag. (13)

It costsk multiplications to evaluate?', i < k. How? Consider, = x2’,
yi=yo-yo=a" 2% =2 =y =2,y =y =0
Then
l,n — xakaJrak,12k’1+---+a12+a0
_ xak2k . xak_12k’l . xa12 . g0
ag _ Qg — al ao
= () ) ) ()
=yt w (1.4)

As eacha; € {0,1}, we have at most + 1 multiplications above (if;; = 1
we have the terny; in the product, ife; = 0 we don't).

Thus, it costs: multiplications to evaluate the?' (i < k), and at most another
k multiplications to finish calculating™. As k£ < log, n, we see that™ can be
determined in at mostlog, n steps.

Note, however, that we do need more storage space for this method, as we
need to store the valugs = 22, i < log, n.

Exercise 1.2.2.Instead of expanding in base two, expand in base three. How
many calculations are needed to evaluatethis way? Why is it preferable to
expand in base two rather than any other base?

1.2.3 Euclidean Algorithm

The Euclidean Algorithm is an efficient way to determine the greatest common
divisor of x andy, denotedzcd(x, y) or (x, y). Without loss of generality, assume
1<z <y.

The obvious way to determing:d(z, y) is to dividex andy by all positive
integers up ta:. This takes at mostr steps.

Let [z] denote the greatest integer less than or equal We write



y—[g x+r, 0<r <uwz. (1.5)
x

Exercise 1.2.3.Prove that; € {0,1,...,z — 1}.

T

Exercise 1.2.4.Proveged(x,y) = ged(ry, x). Hint: 1 =y — [3] -z,

We proceed in this manner unti]. equals zero or one. As each execution
results inr; < r;_1, we proceed at mosttimes (although later we prove we need
to apply these steps at masibg, = times).

T

r = |—| -r4+r, 0<rn<n
(A1
(1

r = 7“_ 'T2+T3,O§T3<T2
2
T2

Ty = 7“_ 'T3—|—T4,O§T4<T3
3
Tk—2

T2 = | Tp—1+ 7T 0 < rp <rp_1. (1.6)

k—1

Exercise 1.2.5.Prove that ifr, = 0, thenged(x,y) = r_1, while ifr, = 1, then
ged(z,y) = 1.

We now analyze how large can be. The key observation is the following:

Lemma 1.2.6.Consider three adjacent remainders in the expansigon;, r; and
rir1 (Wherey = r_; andx = ry). Thenged(r;,r;—1) = ged(ri1,r;), andr;y <

Ti—1
_2 .

Proof: We have the following relation:

<+ Tit1, 0 S Tig1 < 1. (17)

10



If r; < %52, then asr;; < r;, we immediately conclude that,, < ;. If

r; > "=, then we note that

Tit1 = Ti—1 — [T¢—1] " Ty (1.8)

T

But [rr—*l] = 1 (easy exercise). Thus_; < ;4. O
We count how often we apply Euclid’s Algorithm. Going frofm,y) =
(ro,r—1) to (ry,79) COSts one application. Every two applications leads to the
first entry in the last pair being at most half of the second entry of the first pair.
Thus, if & is the largest integer such thzlt < x, we see we apply Euclid’s
Algorithm at mostl + 2k < 1 + 2log, x times. Each application requires one
integer division, where the remainder is the input for the next step.
We have proven

Lemma 1.2.7.Euclid’s Algorithm requires at most+ 2 log, x divisions to find
the greatest common denominatorodindy.

Let us assume that = ged(z,y). Thus, the last equation before Euclid’s
Algorithm terminated was

Ti_9g = [Ti_2] “Tio1 + T, 0<r;, <ri_1. (19)
Ti—1

Therefore, we can find integetis ; andb; _, such that

Ty = Qi—1Ti—1 + bi_oTi_o. (1.10)

Looking at the second to last application of Euclid’s algorithm, we find that
there are integers,_, andb,_, such that

Tio1 = Q_yTi—2 + bj_gTis. (1.11)

Substituting forr;_; = r;_1(r;_2, r;_3) in the expansion of; yields that there
are integers,;_, andb;_s such that

Ti = Qi_2Ti—2 + bi_37;_3. (1.12)
Continuing by induction, and recalling = ged(z, y) yields

11



Lemma 1.2.8. There exist integers andb such thateed(z, y) = az + by. More-
over, Euclid’s Algorithm gives a constructive procedure to firehdb.

Exercise 1.2.9.Find ¢ andb such thata - 244 + b - 313 = ged (244, 313).

Exercise 1.2.10.Add details to complete an alternate proof of the existence of
andb with az + by = ged(z, y):

1. Letd be the smallest positive value attainedday+ by as we varyu, b € Z.
Such ad exists: considefa,b) = (1,0) or (0,1). Thus,d = ax + by. We
now show! = ged(x, y).

2. ged(z,y)|d.

3. Lete = Ax + By > 0. Thend|e. Therefore, for any choice of, B € Z,
d|(Az + By).

4. d|x and d|y (consider clever choices of and B; one choice givesd|z,
one givesd|y). Therefored| ged(z,y). As we've showmed(z,y)|d, this
completes the proof.

Note this is a non-constructive proof. By minimiziag + by, we obtain
ged(x,y), but we have no idea how many steps is required. Prove that a so-
lution will be found either among pairéa, b) with a« € {1,...,y — 1} and
—be{l,...,x—1},or—ac{l,...,y—1}andb e {1,...,xz — 1}.

1.3 Mean Value Theorem

We recall some notation:

la,b] = {z :a <z < b}. IE, [a,b] is all z betweerz andb, includinga and
b. (a,b) = {z:a <z <b}. IE, (a,b) is all z betweern: andb, not including the
endpoints: andb.

Theorem 1.3.1 (Mean Value Theorem)Leth(z) be differentiable orfu, b]. Then
Jc € [a, b] such that

h(b) — h(a) = K(c) - (b — a). (1.13)

12



What is the physical interpretation of the Mean Value Theorem? %l e}
represent the distance from the starting point at tim&he average speed from
to b is the distance traveled.(b) — h(a)) divided by the elapsed timé ¢ a). As
h'(x) represents the speed at timghe MVT says that there is some intermediate
time at which you are traveling at the average speed.

The MVT follows immediately from the Intermediate Value Theorem:

Theorem 1.3.2 (Intermediate Value Theorem).Let f be a continuous function
on [a,b]. VC betweenf(a) and f(b), Jc¢ € [a,b] such thatf(c) = C. In other
words, all intermediate values of a continuous function are obtained.

1.3.1 Sketch of Proof of the MVT
The MVT follows from Rolle’s Theorem:

Theorem 1.3.3 (Rolle’s Theorem).Let f be differentiable oria, |, and assume
f(a) = f(b) = 0. Then there existsac [a, b] such thatf’(c) = 0.

Why? Assume Rolle’s Theorem. Consider the function

e (rx—a)— f(a). (1.14)

Noteh(a) = f(a) — f(a) = 0 @andh(b) = f(b) — (f(b) — f(a)) — f(a) = 0.
Thus, the conditions of Rolle’s Theorem are satisfiedifar), and there is some
¢ € [a,b] such that'(c) = 0. But

J0) = Jla) (bg - (]: (a). (1.15)

Rewriting yieldsf(b) — f(a) = f'(c) - (b — a).

Thus, it is sufficient to prove Rolle’s Theorem to prove the MVT.

Without loss of generality, assunmf&a) and f’(b) are non-zero. If either were
zero, we would be done.

Multiplying f(x) by —1 if needed, we may assunmfé&a) > 0.

W) = o) -

Casel: f'(b) < 0: As f'(a) > 0 and f'(b) < 0, the Intermediate Value
Theorem, applied tg’(x), asserts that all intermediate values are attained. As

13



f'(b) <0 < f'(a), this implies the existence ofae (a, b) such thatf’(c) = 0.

Case2: f'(b) > 0: f(a) = f(b) = 0, and the functiory is increasing at and
b. If z is real close ta, thenf(z) > 0 becausef’(a) > 0.
This follows from the fact that

f(0) = lim fl@) = 1), (1.16)
z—0 xX

As f'(0) > 0, the limit is positive. As the denominator is positive for> 0,
the numerator must be positive. Thyf$z) must be greater thaf0) for smallz.

Similarly, f'(b) > 0 implies f(x) < f(b) = 0 for x nearb.

Therefore, the functiorf(z) is positive forz slightly greater tham and nega-
tive for z slightly less thar. If the first derivative were always positive, th¢f)
could never be negative as it start9aita. This can be seen by again using the
limit definition of the first derivative to show that jf' (x) > 0, then the function
is increasing near. See the next section for more details.

Thus, the first derivative cannot always be positive. Either there must be some
pointy € (a,b) such thatf’(y) = 0 (and we are then done!) ¢gf(y) < 0. By the
IVT, as0 is betweenf’(a) (which is positive) and’(y) (which is negative), there
is somec € (a,y) C [a,b] such thatf'(c) = 0.

1.3.2 Sign of the Derivative

As it is such an important concept, let us show tfidt:) > 0 implies f(x) is
increasing at. The definition of the derivative gives

oy — g AR @)

Jim A (1.17)

If Az > 0, the denominator is positive. As the limit is positive, fhr suffi-
ciently small, the numerator must be positive. Thivs,positive and small implies
flz+Az) > f(z).

If Az < 0, the denominator is negative. As the limit is positive, fog
sufficiently small, the numerator must be negative. Thus negative and small
implies f(z + Azx) < f(z).

Therefore, iff’(z) is positive, thery is increasing at. Similarly we can show
if f’(x) is negative therf is decreasing at.

14



1.3.3 Intermediate Value Theorem

We have reduced all our proofs to the intuitively plausible IVTCifis between
f(a) and f(b) for some continuous functiofi, thendc € (a,b) such thatf(c) =
C.

Here is a sketch of a proof using the method Divide and Conquer. Without
loss of generality, assumga) < C < f(b). Letx; be the midpoint ofa, b].

If f(z1) = C we are done. Iff(z;) < C, we look at the intervalz,,b]. If
f(z1) > C we look at the intervaja, z1].

In either case, we have a new interval, calkit, b;], such thatf(a;) < C' <
f(b1), and the interval has size half that @af 5]. Continuing in this manner,
constantly taking the midpoint and looking at the appropriate half-interval, we see
one of two things may happen.

First, we may be lucky and one of the midpoints may satf&ty,) = C. In
this case, we have found the desired point

Second, no midpoint works. Thus, we divide infinitely often, getting a se-
guence of points,,. This is where rigorous mathematical analysis is required.

We claim the sequence of pointg converge to some numbe¢ € (a,b).
Clearly it can’t be an endpoint. We keep getting smaller and smaller intervals (of
half the size of the previous and contained in the previous) where< C at the
left endpoint, andf(z) > C at the right endpoint. By continuity at the poift,
eventuallyf (xz) must be close tg'(X) for = close toX.

If f/(X) < C, then eventually the right endpoint cannot be greater thaif
f(X) > C, eventually the left endpoint cannot be less tharThus, f(X) = C.

1.3.4 Taylor Series

Using just the Mean Value Theorem, we prove tie Taylor Series Approxima-
tion. Namely, if f is differentiable at least + 1 times on[a, b], thenVz € [a, b],
fla) = Y0, 229 (2 — ) plus an error that is at mostax,<.<, | /™) (c)| -
|z — a’n—i—l_

Assumingf is differentiablen + 1 times on[a, b], we apply the MVT multiple
times to bound the error betweg(i:) and its Taylor Approximations.

Let

15



") (g
fu) = Dy

k=0 ’
h(z) = flz)— fulz). (1.18)

fn(z) is then'™ Taylor Series Approximation t@(x). Note f,,(z) is a polyno-
mial of degreen.

We want to boundh(z)| for = € [a, b]. Without loss of generality (basically,
for notational convenience), we may assume 0 andf(a) = 0.

Thus,h(0) = 0. Applying the MVT toh yields

h(z) = h(x)— h(0)
= N(c1)-(x—0)

= hi(a)z. (1.19)

We now apply the MVT tdv; (u). Note thath, (0) = 0. Therefore

hi(c1) = hi(er) — he(0)
1(c2) - (c1 —0)

1

h
= (@) - flle)a
(

no £k
f1e) =3 o D=0

- (e - Y e )

= hQ(Cl)Cl. (120)
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Therefore,

h(z) = f(x) — fulx) = ha(c2)er, ¢ € [0,¢1], ¢1 € [0, 2]. (1.21)

Proceeding in this way a total aftimes yields

h(z) = (f(”)(cn) - f(")(0)>cn,1cn,2 Cee 0. (1.22)

Applying the MVT to £ (c,,) — ™ (0) gives f™*Y(c,41) - (¢, — 0). Thus,

h(z) = f(x) — folz) = F" D epir)en - az, ¢ €[0,a]. (1.23)
Therefore

()] = |f(2) = fal@)| = Mygala"™, Myyr = max [F (). (1.24)

Thus, if f is differentiablen + 1 times, then'* Taylor Series Approximation
to f(z) is correct within a multiple ofz|"*!; further, the multiple is bounded by
the maximum value of "+ on [0, =].

1.4 Probabilities of Discrete Events

1.4.1 Introduction

Let Q = {w;,wq,ws, ...} be an at most countable set of events. We @Qathe
sample (or outcome) space We call the elements € () theevents Letx :
2 — R. That s, for each event € (2, we attach a real numbefw). We callz a
random variable.

Example 1.4.1.Flip a fair coin 3 times. The possible outcomes are

Q= {HHH ,HHT ,HTH,THH, HTT,THT, TTH, TTT}. (1.25)

One possible random variable igw) equals the number of headsin Thus,
¢(HHT) = 2 andz(TTT) = 0.

17



Example 1.4.2.Let(2 be the space of all flips of a fair coin where all but the last
flip are tails, and the lastis a head. Thé$~= {H,TH,TTH,TTTH,...}. One
possible random variable i8(w) is the number of tails; another is(w) equals
the number of the flip which is a head.

We sayp(w) is aprobability function on € if
1. 0 <p(w;) < 1forallw,; €.

2. plw) =0if w & Q.

3. 2 p(wi) =1.

We callp(w) the probability of event.

Often, we have a random variables whefe)) = w. In a convenient abuse of
notation, we writeX for 2 andzx for z(w) andw. For example, consider two rolls
of a fair die. LetX be the result of the first roll, and of the second. Then the
sample space & =Y = {1,2,3,4,5,6}.

In general, consideX andY with x; occurring with probabilityp(z;) and
y; occurring with probabilityy(y;). We analyze thgoint probability r(z,y) of
observingr andy.

X andY areindependentif Vz,y, r(z,y) = p(x)q(y). In the example of
rolling a fair die twice,r(z,y) = p(z)q(y) = 3 -t if 2,y € X =Y, and0
otherwise.

Exercise 1.4.3.Consider again two rolls of a fair die. Now, léf represent the
first roll, andY the sum of the first two rolls. Prov€ andY are not independent.

EventsX; throughXy areindependentif p(zy,...,zx) = p1(z1) - - - p(xN).

Exercise 1.4.4.Construct three events such that any two are independent, but all
three are not independent. Hint: roll a fair die twice.

1.4.2 Means

If z(w) = w, themean (or expected valuepf an eventr is defined by
T = Z xip(x;). (1.26)

More generally, for a sample spafewith eventsw and a random variable
z(w), we have
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I(w) = Z 2w )p(w;). (1.27)

For example, the mean of one roll of a fair die3is.

Exercise 1.4.5.Let X be the number of tosses of a fair coin needed before getting
the first head. ThusX = {1,2,...}. Calculatep(z;) andz. We could let2 be

the space of all tosses of a fair coin where all but the last toss are tails, and the
last toss is a head. Thef{w) is the number of tosses of

Instead of writingz, we often writeE[z] or E[X], read ashe expected value
of x or X. More generally, we would havg(w) and E [z (w)].
The k' moment of X is the expected value af':

Elz"] = ji::t?p(xi) (1.28)

or
Bt W) = > a*(wip(w). (1.29)

Lemma 1.4.6 (Additivity of the Means). Let X andY be two independent events
with joint probabilityr(x, y) = p(z)q(y). Letz = z+y. ThenE[z] = Elx+y| =
Elz] + Ely].

Proof:
Elz+yl = Y (i +y)r(z,y)
(i)
— Z Z(azi +y;)p(xi)q(y;)
:ZZWWMHZZWWM)
= D) Y aluy) + D p() D usalyy)

= FElz]-1+1-E[y] = E[z] + Ey. (1.30)
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The astute reader may notice that some care is needed to interchange the order
of summations. I, > |ziy;[r (i, y;) < oo, then Fubini’'s Theorem is applica-
ble, and we may interchange the summations at will.

We used the two events were independent to go fdom, @ (;, ;) to
>iwip(ri) Y25 q(y;) = Elz]. Lemma 1.4.6 is true even if the two events are
not independent.

If the events are not independent, we encounter sumsTke; (2, y;);
however,) . r(x;,y;) = p(x;). Why? By summing over all possiblg we are
asking what is the probability that = x;; we do not care whay is. Thus,
> i 2w (@i yy) = D, wip(w;) = Elz], and similarly for the other piece.

Exercise 1.4.7.Write out the proof of the generalization of Lemma 1.4.6, where
X andY are not assumed independent.

Given an outcome spack = {zi,x,,...} with probabilitiesp(z;), let aX
be shorthand for the eventtimes X with outcome spacéaz,, axs,...} and
probabilitiesp, (ax;) = p(z;).

Lemma 1.4.8. Let X; through Xy be a finite collection of independent events.
Leta, throughay be real constants. Then

Elayzy + -+ +ayen] = a1 Bl + -+ - + an Elzy]. (1.31)
Lemma 1.4.9.Let X andY be independent events. Thefry| = E[z|E[y].
Exercise 1.4.10.Prove Lemmas 1.4.8 and 1.4.9.

1.4.3 Variances

Thevariance ¢ (and its square-root, th&andard deviation o,) measure how
spread out a probability distribution is. Assumgv) = w. Given an evenfX
with meanz, we define the standard deviatiop by

— Z(wl —7)%p(z;). (1.32)
More generally, given a sample spaQe eventsw, and a random variable
z: 00— R,

2 = 2 (@) = 7)) p(w) (1.33)

7
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Exercise 1.4.111et X = {0, 25,50, 75,100} with probabilities{.2, .2, .2, .2, .2}.
LetY be the same outcome space, but with probabilifiés.25, .3,.25,.1}. Cal-
culate the means and the variancesoaindY’.

For computing variances, instead of equation 1.32 one often uses
Lemma 1.4.12.02 = E[z?] — E[z]*
Proof: Recallt = E[z]. Then

o = 3 (v~ Bl b

7

= Z(m‘f —22;E[z] + Ez])*)p(x;)
= Zx?p(gj —2E lep IL’l +E Zp xz

= E[z’] - 2E[z]* + Elx ] = E[2*] — E[z]. (1.34)
The main result on variances is

Lemma 1.4.13 (Variance of a Sum)Let X andY be two independent events.
Theno?,, = o} +0,.

Proof: We constantly use the expected value of a sum of independent events
is the sum of expected values (Lemma 1.4.6 and Lemma 1.4.8).

0rey = EBlle+y)? - Bl +y)

= El2*+2xy +y*] — < [z] + Ely ])

= (E[xQ] + 2E[zy] + Ely (E 2 4 2B [x]Ely ]+E[y]2>

= (BR? - ) + (Em — Bly?) +2(Eley] - El)Ely))

— 40’4 2<E[a;y] - E[:):]E[g]). (1.35)
By Lemma 1.4.9F[zy] = E[x]E[y], completing the proof.

Lemma 1.4.14.Consider independent copies of the same event (for example,
flips of a coin o rolls of a die). Ther,,, = \/no,.
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Exercise 1.4.15Prove Lemma 1.4.14.

Note that, if the even has units of meters, then the variangehas units
meters-squared, and the standard deviatipand the meam have units meters.
Thus, it is the standard deviation that gives a good measure of the deviations of an
event around the mean.

There are, of course, alternate measures one can use. For example, one could
consider

Z(Iz — T)p(zi). (1.36)
Unfortunately, this is a signed quantity, and large positive deviations can can-
cel with large negatives. This leads us to consider

>l — zlp(s). (1.37)

While this has the advantage of avoiding cancellation of errors (as well as
having the same units as the events), the absolute value function is not a good
function analytically. For example, it is not differentiable. This is primarily why
we consider the standard deviation (the square-root of the variance).

Exercise 1.4.16.Consider the following set of data: fare {1,...,n}, given
x; one observeg;. Believing thatX and Y are linearly related, find the best
fit straight line. Namely, determine constamatsand b that minimize the error
(calculated via the variance)

n

i (Z/i — (ax; + b))2 = Z (Observed— Predicteq)

i=1 =

2

(1.38)

Hint: use Multi-variable Calculus to find linear equations ferand b, and
then solve with Linear Algebra.

If instead of measuring total error by the squares of the individual error (for
example, using the absolute value), closed form expressionsdond b become
significantly harder.

If one requires that: = 0, show that theé leading to least error i$ = y =

%Zz Yi-
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1.4.4 Random Walks

Consider the classical problem of a drunk staggering home from a lamp post late
at night. We flip a fair coinV times. With probability% we get heads (tails).
For each head (tail) the drunk staggers one unit to the right (left). How far do we
expect the drunk to be?

It is very unlikely the drunk will be very far to the left or right.

Exercise 1.4.17 Letz be+1 if we flip a head—1 for a tail. For a fair coin, prove
Elx] =0,02=1,0, = 1.

Exercise 1.4.18 Letpy(y) be the probability that afteV flips of a fair coin, the
drunk isy units to the right of the origin (lamp post).

1. Provepy(y) = pn(—y)-
2. ConsiderN = 2M. Provepsy (2k) = (3V,) 52, where(?) = -

rl(n—r)!

3. Use Stirling’s formulaf! ~ n"e "v2mn = 27m”+%e*”) to approximate
pn(Y)-

Label the coin tossed&’; through Xy. Let X denote a generic toss of the
coin, andYy be the distance of the drunkard aft¥rtosses. By Lemma 1.4.8,
Elyn] = Elz1+ -+ + an] = E[x1] + - -+ + E[zn]. As eachE[x;] = Efz] =0,

Thus, we expect the drunkard to be at the lamp post. How spread out is his
expected position? By Lemma 1.4.14,

Oyy = ONg = VNo, = VN. (1.39)

This means that &pical distance from the origin i/ N. This is called a
diffusion procesand is very common in the real world.

1.4.5 Bernoulli Process

Recall (]TV) = T,(NLLT), is the number of ways to choosebjects from/NV objects
when order does not matter. Consideindependent repetitions of an event with
only two possible outcomes. We typically call one outcwuecessnd the other
failure, the event aBernoulli Trial , and a collection of independent Bernoulli
Trials aBernoulli Process

In each Bernoulli Trial, let there be probabilityof success angd = 1 — p of

failure. Often, we represent a success witnd a failure with.
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Exercise 1.4.19.For a Bernoulli Trial, showz = p, 02 = pq, ando, = ,/pq.

Let Yy be the number of successes\rtrials. Clearly, the possible values are
Yv ={0,1,--- ,N}. We analyzeoy (k). Rigorously, the sample spa€kis all
possible sequences 6f trials, and the random variablg; : 2 — R is given by
yn(w) equals the number of successesin

If £ € Yy, we needk successes any — £ failures. We don't care what
order we have them (ie, ¥ = 4 andN = 6 thenSSFSSF andFSSSSF both
contribute). Each such string éfsuccesses andl — & failures has probability of
p* - (1 —p)¥=*. There arg(}) such strings.

Thus,py(k) = (})p* - (1 —p)¥*if k€ {0,1,--- , N} and0 otherwise.

By clever algebraic manipulations, one can directly evaluate the meand
the varianceng; however, Lemmas 1.4.8 and 1.4.14 allow one to calculate both
guantities immediately, once one knows the mean and variance for one occur-
rence.

Lemma 1.4.20.For a Bernouilli Process withV trials, each having probability

p of success, the expected number of succesggs4s Np, and the variance is

02 = Npg.

YN

Exercise 1.4.21 Prove Lemma 1.4.20.

Consider the following problem: Let = {0, 1,2, ... } be the number of trials
before the first success. Whatigndo??

First, we determing(k), the probability that the first success occurs akter
trials. Clearly this probability is non-zero only féra positive integer, in which
case the string of results must be- 1 failures followed byl success. Therefore,

pk) = p-(1—p)" " if k€ {1,2,...}, and0 otherwise (1.40)

To determine the meahwe must evaluate

z = Y kp-(1-p*!
k=1

= py k" 0<g=1-p<L (1.41)
k=1

Consider the geometric series
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fla) = Sd = (142)
k=0 q

A careful analysis shows we can differentiate term by tertn<f ¢ < 1. Then

= 1

(q) = Y k¢* ' = : 1.43

f'(a) ;Oq Y (1.43)

Recallingg = 1 — p and substituting yields

z = kaqk_l

k=1
= p -1 (1.44)

(1 —(1 —p)) P

Differentiating under the summation sign is a powerful tool in Probability The-
ory.

Exercise 1.4.22 Calculates?. Hint: differentiatef(q) twice.

1.4.6 Poisson Distribution

Divide the unit interval intaV equal pieces. Considéy independent Bernoulli
Trials, one for each sub-interval. If the probability of a succes%,isthen by
Lemma 1.4.20 the expected number of success&s i% =\

We consider the limit as&v — oo. Obviously, we still expech successes in
each interval, but what is the probability &% successes? How long do we expect
to wait between successes?

We call this aPoisson process with parametel. For example, look at the
midpoints of the/V intervals. At each midpoint we have a Bernoulli Trial with
probability of succesg- and failurel — .

We determine théV — oo limits. For fixed NV, the probability oft successes
in a unit interval is
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= (3)H) (-5

! k N—k
k;!(NN— k)! % (1 a %)
SRR )

. N N
S ()03 (-3) "

For fixed, finitek, asN — oo, the firstk factors inpy (k) tend tol, (1 —

N
%) — e, and 1—% — 1.
Thus, we are led to thieoisson Distribution: Given a parametex (interpreted
as the expected number of occurrences per unit interval), the probability of

occurrences in a unit interval jgk) = 2—',“@‘A fork € {0,1,2,...}.

Exercise 1.4.23Check thap(k) given above is a probability distribution. Namely,
show)_, ., p(k) = 1.

Exercise 1.4.24.Show, for the Poisson Distribution, that the measa: \ and the
variances? = \. Hint: let

fO) =>° 7= (1.46)
k=0
Differentiate once to determine the mean, twice to determine the variance.

1.4.7 Continuous Poisson Distribution

We calculate a very important quantity related to the Poisson Distribution (with
parameten), namely, how long does one expect to wait between successes?
We've discussed that we expexcsuccesses per unit interval, and we've cal-
culated the probability of successes per unit interval.
Start counting a6, and assume the first success isaWhat isps(z)? As
before, we divide each unit interval infé equal pieces, and consider a Bernoulli
Trial at the midpoint of each sub-interval, with probabiliyof success.
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We have approximately/‘—]\? = Nz midpoints from0 to = (with N midpoints
per unit interval). Lety| be the smallest integer greater than or equal tdhen
we have[ Nz | midpoints, where the results of the Bernoulli Trials of the first
[ Nz — 1 midpoints are all failures and the last is a success.

Thus, the probability of the first success occuring in an interval of Iegi}gth
containingz (with NV divisions per unit interval) is

\ [Nz]—1 \ 1

For N large, the above convergeSetU\f”%.

We sayp(z) is acontinuous probability distribution on R if
1. p(z) > Oforall x € R.

2. [pp(x)dr = 1.

3. Probability(a < = < b) = [ p(z)da.

We callp(z) the probability density function .

Thus, asV — oo, we see the probability density functipg(z) = Ae=**. In
the special case of = 1, we get the standard exponential decay,

For instance, let (1) be the number of primes that are at mbst The Prime
Number Theorem stateg M) = 1024M plus lower order terms.

Thus, the average spacing between primes arddnd aboutlog M. We can
model the distribution of primes as a Poisson Process, with parametey,, =
@- While possible locations of primes (obviously) is discrete (it must be an
integer, and in fact the location of primes aren’t independent), a Poisson model
often gives very good heuristics.

We can often renormalize so that= 1. This is denotedinit mean spacing
For example, one can show tié" prime p,, is about) log M, and spacings
between primes aroung,, is aboutlog M. Then the normalized primesg;; ~

bm 1 H 1 —
T 17 will have unit mean spacing and= 1.
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1.4.8 Central Limit Theorem

X1, X, X3, ... are an infinite sequence of random variables such thakthere
independent identically distributed random variables (abbreviated i.i.d.r.v.) with
E[X;] = X; = 0 (can always renormalize by shifting) and variarceX ;| = 1.
LetSy =37, X;.

Theorem 1.4.25.Fix —oco < a < b < 0o. Then asV — oo,
SN
Prob( — € [a b /
(\/N [ \/27r

The probability function is called the Gaussian or the Normal distribution.
This is the universal curve of probability. Note how robust the Central Limit
Theorem is: it doesn’t depend on fine properties ofihe

(1.48)

1.5 Iteration of Functions

We first consider iterating a linear transformation, for definitene@sxa& map
from R? — R2. We see here that the limiting behaviour is extremely well con-
trolled by the initial conditions, and in general small changes in initial conditions
yield small changes in the limit.

The situation is very different for iterations of non-linear maps. We will dis-
cuss several well-known examples (Newton’s method, Mandelbrot sets), and dis-
cuss the barest beginning of chaotic behaviour.

1.5.1 Linear Functions

Rabbits eat grass. Foxes eat rabbits. You know the story.

Say that, at time:, there arer,, rabbits andy,, foxes. The more rabbits there
are, the more rabbits will be born now; the more foxes there are, the more rabbits
will die. Conversely, the more rabbits there are, the more foxes will be able to
survive; but the more foxes there are beyond a certain point, the more foxes will
die of starvation.

Notice that we are assuming that foxes can reproduce only after gorging them-
selves on rabbit. Leaving that aside, we will make the additional assumption that
all dependences are linear. (Here we are considering our own interests, not the
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foxes’ or the rabbits’.) In other words,

Lpt1 = QT — byna

Yn+1 = CTp — dyn'

We can write

- [T

iy = (y) .
Then

W1 = Ay,
where

By induction it follows that
W, = A™W.

This comes in quite handy if we want to get at a closed expression for the number
of foxes. How so? Let, v, be the eigenvectors of; let \; and A\, be the
corresponding eigenvalues. L8t = a7, + asvs. Then

lﬂn = Ozlez_fl + O@)\SUQ.

This expression is dominated by whichevergfand )\, has the largest absolute
value, if either.
You can see how this generalizes to arbitrarily many variables (species).

Exercise 1.5.1 (One-variable case).etz, ., = ax, + b. Give an expression for
z, In terms ofxy, a andb.

1.5.2 Newton’s method

Newton’s methodis an algorithm to find roots of equations. Lgbe a differen-
tiable function onR, and assume we want to find a solutionfier) = 0. Start
with xy such thatf(z,) is small (we callx, the initial guess). Draw the tangent to
the graph off atz(, which is given by the equation

y — flxo) = f'(20) - (x — w0). (1.49)
Let =, be thex-intercept of the tangent line;; is the next guess for the root.
Simple algebra gives
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f(xo)

e f'(x0) (1-50)
We now iterate, and apply the above procedure;tabtaining
f(z1)
To = X1 — . 151
If we letg(z) =z — % we notice we have the sequence
Zo, g(l’o), g(g(xo)), s (152)

This sequence will, we hope, converge to the rooflhat is in fact true for
xo close enough ta and for f good. How closer, has to be is a tricky matter.
If there are several roots ty which root the sequence converges to is something
that depends on the initial valug and the functionf. This dependence is a
very tricky matter. In fact its behaviour is what is known technicallyhsotic.
Informally, we can say that we haehaoswhen tiny changes in the initial value
give us very palpable changes in the output.

Exercise 1.5.2.Let f(x) be a degree: polynomial with complex coefficients. By
the Fundamental Theorem of Algebra, there agot necessarily distinct) roots.
Assume there aren distinct roots. Assignn colors, one to each root. Given

a pointz € C, we colorz with the color of the root that: approaches under
Newton’s method. Write a computer program to color such sets for some simple
polynomials, for example far® — 1 = 0 forn = 2,3 or 4.

Exercise 1.5.3.Assume/’(z) > 0. Show that ify(z) = z, thenf(xz) = 0. We say
such anz is afixed pointof g.

Exercise 1.5.4.Let f(x) = 2* — 3, and guess;, = 2. Investigate the sequence of
x,,’'s. What do they seem to converge to? How quickly do they seem to converge?

For good problems on Newton’s method, see [Ru], problgdmé, 3.18, and
5.25.

1.5.3 The Mandelbrot set

The Mandelbrot set is one of the best-known examples of chaos. Start with any
complex numbet,, and defing z,, } by
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Zngl = 22 + 2. (1.53)

We are iterating the quadratic mgipz) = 2% + 2. Thus, if we started withy,
we have the values

20, zg + 20, (zg + 20)2 + (zg + z20), ... (1.54)

Does the sequende,, } converge? The answer to this can be different:for
andz, + ¢, wheree is arbitrarily small. The set of complex numbegsfor which
the sequence convergence is called¥tandelbrot set. This is afractal, that is,
a set parts of which look much like the set as a whole.
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Chapter 2

Algebraic and Transcendental
Numbers

2.1 Definitions and Cardinalities of Sets

2.1.1 Definitions

A function f : A — B is one-to-oneif f(x) = f(y) impliesz = y; f is onto if
given anyb € B, da € A with f(a) = b. f is abijection if f is a one-to-one and
onto function.

We say two setsl and B have the same cardinality(ie, are the same size) if
there is a bijectiorf : A — B. We denote this byA| = |B|. If A has finitely
many elements (say elements)A is finite and|A| = n < .

Exercise 2.1.1.Show two finite sets have the same cardinality if and only if they
have the same number of elements.

Exercise 2.1.2.If f is a bijection fromA to B, prove there is a bijectiop = f~!
from B to A.

A is countableif there is a bijection betweeA and the integer&. A is at
most countableif A is either finite or countable.
Recall a binary relatioi? is anequivalence relationif

1. Reflexive: R(x, z) is true ( is equivalent tar).

2. Symmetric:R(z, y) true impliesR(y, =) is true (if x is equivalent tq, then
y IS equivalent tar).
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3. Transitive: R(x,y) andR(y, z) true imply R(z, z) is true (ifz is equivalent
to y andy is equivalent to:, thenz is equivalent to).

We often denote equivalence byor =.

Exercise 2.1.3.Letz,y, z € Z, and letn € Z be given. Defind(z, y) to be true
if n|(x —y) and false otherwise. Prov& is an equivalence relation. We denote it
byz =y.

Exercise 2.1.4.Let z,y, =z be subsets ok (for example, X = Q,R,C,R", et
cetera). DefineR(z,y) to be true if|z| = |y| (the two sets have the same cardi-
nality), and false otherwise. Prove is an equivalence relation.

2.1.2 Countable Sets

We show several sets are countable. Consider the set of non-negative iftegers
Definef : N — Z by f(2n) = n, f(2n+ 1) = —n — 1. By inspection, we se¢
gives the desired bijection.

ConsiderWv = {1,2, 3, ...} (the positive integers). Thef: W — Z defined
by f(2n) = n, f(2n + 1) = —n gives the desired bijection.

Thus, we have proved

Lemma 2.1.5.To show a se$ is countable, it is sufficient to find a bijection from
S to eitherZ, N or W.

We need the intuitively plausible
Lemma 2.1.6.I1f A C B, then|A| < |B|.
We can then prove

Lemma2.1.7.1f f : A — C'is a one-to-one function (not necessarily onto), then
|A| < |C|. Further, ifC C A, then|A| = |C]|.

Exercise 2.1.8.Prove Lemmas 2.1.6 and 2.1.7.
If AandB are sets, theartesian product A x Bis{(a,b):a € A,b € B}.
Theorem 2.1.9.1f A and B are countable, soigl U Band A x B.
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Proof: we have bijectiong : N — A andg : N — B. Thus, we can label the
elements ofdA and B by

A = {a07a17a27a37"'}
B == {bo,bl,bz,bg,...}. (21)
AssumeANnB is empty. Definé: : N — AUB by h(2n) = a, andh(2n+1) =

b,_1. We leave to the reader the case whtn B is not empty.
To prove the second claim, consider the following functioniV- — A x B:

h(n®+1) = (an, bo), h(n* +2) = (an,by-1), .-,
h(n? +n+1) = (an,by), h(n* +n+2) = (an_1,bp), .. .,
h((n+1)*) = (ao, by)
(2.2)
Basically, look at all pairs of integers in the first quadrant (including those on
the axes). Thus, we have pairs,, b,). The above functiorh starts at0, 0), and

then moves through the first quadrant, hitting each pair once and only once, by
going up and over. Draw the picturée!

Corollary 2.1.10. Let A; be countable/: € N. Then for anyn, A, U---U A,
and A; x --- x A, are countable, where the last set is altuples(ay, ..., a,),
a; € A;. Further, U2 A, is countable. If eacl¥; is at most countable, then
U2, A; is at most countable.

Exercise 2.1.11.Prove Corollary 2.1.10. Hint: fotu:°,A;, mimic the proof used
to showA x B is countable.

As the natural numbers, integers and rationals are countable, by taking each
A; = N, Z or Q we immediately obtain

Corollary 2.1.12. N*, Z" andQ" are countable. Hint: proceed by induction. For
example writeQ" ! asQ" x Q.

Exercise 2.1.13Prove there are countably many rationals in the interjall |.
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2.1.3 Algebraic Numbers

Consider a polynomiaf(x) = 0 with rational coefficients. By multiplying by
the least common multiple of the denominators, we can clear the fractions. Thus,
without loss of generality it is sufficient to consider polynomials with integer co-
efficients.
The algebraic numbers A, are the set of alk € C such that there is a
polynomial of finite degree and integer coefficients (depending,af course!)
such thatf (z) = 0. The remaining complex numbers are trenscendentals
Thealgebraic numbers of degreen, A,,, are the set of alt € A such that

1. there exists a polynomial with integer coefficients of degreguch that

f(z) =0

2. there is no polynomial with integer coefficients and degree less than
with g(z) = 0.

Thus, A, is the subset of algebraic numbersvhere for eachy € A, the
degree of the smallest polynomiglwith integer coefficients andi(z) = 0 is n.

Exercise 2.1.14.Show the following are algebgaic: any rational, the square-root
of any rational, the cube-root of any rationaly wherer,p,q € Q, i = v—1,

V3v2 —5.
Theorem 2.1.15.The Algebraic Numbers are countable.

Proof: If we show eacld,, is at most countable, then a& = US° | A, by
Corollary 2.1.104 is at most countable.

Recall theFundamental Theorem of Algebra (FTA): Let f(z) be a poly-
nomial of degree: with complex coefficients. Thelfi(xz) hasn (not necessarily
distinct) roots. Of course, we will only need a weaker version, namely that the
Fundamental Theorem of Algebra holds for polynomials with integer coefficients.

Fix ann € N. We now showA,, is at most countable. We can represent every
integral polynomialf(z) = a,a™ + --- + ao by an(n + 1)-tuple (aq, ..., a,).

By Corollary 2.1.12, the set of alh + 1)-tuples with integer coefficient&(*)
is countable. Thus, there is a bijection fra¥nto Z"*!, and we can index each
(n + 1)-tuplea € Z"*:

{a:acZ"'} = D{ai}, (2.3)
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where eachy; € Z" 1.

For each tupley; (or a € Z"1), there aren roots. LetR, be the roots of the
integer polynomial associated . The roots ink,,, need not be distinct, and the
roots may solve an integer polynomial of smaller degree. For exaryiple,=
(x2 —1)*is a degre® polynomial. It has two roots; = 1 with multiplicity 4 and
x = —1 with multiplicity 4, and each root is a root of a degrepolynomial.

Let R, = {x € C: zis aroot of a degree polynomiall. One can show that

R, = | JRa, D A, (2.4)
=1

By Lemma 2.1.10R,, is countable. Thus, by Lemma 2.1.6, &s is at most
countable A,, is at most countable.

Therefore, eactd,, is at most countable, so by Corollary 2.1 (s at most
countable. As4; D Q (given§ € Q, considergz — p = 0), A; is at least
countable. As we've showd, is at most countable, this implie4,; is countable.
Thus, A is countableD

2.1.4 Transcendental Numbers

A set isuncountableif there is no bijection between it and the rationals (or the
integers, or any countable set).

Theorem 2.1.16.The set of irrationals if0, 1] is uncountable.

Proof: Let/ =[0,1] —Q = {z: 0 <z < 1andz ¢ Q}. Assume thaf is
countable (the case whefas finite is even easier).

We can write every number ihin a base two expansion, sgy= .y1y2y3ys - - -,

y; € {0,1}, y = >, y:27'. Certain numbers can be written two different ways.
For example.010011111111111--- = .0101. As we are assuming is count-

able, including both representations of these numbers is equivalent to taking the
union of two countable sets, which by Theorem 2.1.9 is countable.

Further, we can add back all the rational$(inl |, as there are countably many
rationals in[0, 1]. Call this setS (the union of the irrationals, the alternate repre-
sentation of some of the irrationals, and the rationals) XAs contained in the
union of three at most countable sets (and two are counta¥léey,countable by
Theorem 2.1.9.

There is therefore a bijection betweBinand X. We can enumerate the ele-
ments by{xzq, x9, z3, ... }.
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For eachr;, let.x; x0mi3 - - - 4 - - - e its binary expansion. We list the count-
able members ok :

Ty = T11T12713%14 ° * -
To =  T21T22X23T24 " **
xr3 = T31L32X33L34 """
Ty = TplTn2Tn3Tng " Tpn """

(2.5)

We construct a real number < [0, 1] not in X. As this was supposed to be
(more than a) complete list of all reals|ih 1], this will contradict the assumption
that/ is countable.

Consider the number = .z12523--- 2, - - - defined byz, = 1 — z,,. Canz
be one of the numbers in our list? For example, cawd z,,?

No, as they differ in then!” digit. Thus, z is not on our list, violating the
assumption that we had a complete enumeration. Note we had to be careful and
make sure we included all equivalent ways of writing the same number. Thus,
while z disagrees with the base two expansiore@f it cannot be an equivalent
way of representing.,,,, as all equivalent ways of representing are in our list.

This is merely an annoying technical detalil.
Thus, the set of irrationals i), 1] is not countable.

The above proof is due to Cantar’(3 — 1874), and is known a£antor’s
Diagonalization Argument. Note Cantor’s proof shows thatostnumbers are
transcendental, though it doesn’t tell which numbers are transcendental. We

can easily show many numbers (such+a8 + 2§\/7) are algebraic. What of
other numbers, such asande?

Lambert (761), Legendre {794), Hermite (1873) and others proved irra-
tional; Legendre {794) also provedr irrational. In1882 Lindemann provedr
transcental.

What aboute? Euler (737) proved thate ande? are irrational, Liouville
(1844) provede is not an algebraic number of degiz@nd Hermite {873) proved
e Is transcendental.

Liouville (1851) showed transcendental numbers exist; we will discuss his
construction later.
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2.2 Properties ofe

Recall

Definition 2.2.1 (algebraic and transcendental numbers)A complex number
is algebraic if it satisfies a polynomial equation

fl@)=0 (2.6)

for some non zero polynomi@( X ) with integer coefficients. A real (complex)
number which is not algebraic is called transcendental.

The algebraic and transcendental numbers are complementary subsets of the
complex numbers.

Exercise 2.2.2.Show that if there is a polynomigl of degreen with rational
coefficients such that(x) = 0 then there is a polynomiaj of degreen with
integer coefficients such thg{z) = 0. Thus, it is sufficient to study roots of
polynomials with integer coefficients.

Exercise 2.2.3.Show thaty2 ¢ Q.
Examples:
1. ¢X — p = 0 = "every rational number is algebraic";
2. ¢X" — p =0 = "every root of a rational number is also algebraic";
3. X2 +1=0=1iis algebraic.

Question 2.2.4.How large is the subset of algebraic numbers inside the real line
(complex plane)?

Remark 2.2.5. the set of algebraic numbers is countable, and hence the set of
transcendentals is uncountable, so the algebraic number are very "sparse".

2.2.1 eis Irrational

One of the many ways to define the numbgthe base of the natural logarithm,
is to write it as the sum of the following infinite series:

=1
e=)Y_ ] (2.7)
n=1
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Now, let us denote the partial sums of the above series by

Sm = Z% (2.8)

n=1
Hencee is the limit of the convergent sequengg. This ideea will be the
main tool in analyzing the nature ef

Theorem 2.2.6 (Euler, 1737).The numbet is irrational.

Proof. Assume that € Q. Then we can writee = § wherep, ¢ are positive
integers.

Now,
=1
e —8n — Z E =
n+m-+1
S {1 SR : + }
~ (m+1)! m+1 (m+1)(m+2)
(2.9)
< L 1+ ! + ! + ! +
(m +1)! m+1 (m+12 (m+1)3
1 11
(m+1'— - mlm
Hence we obtain
1
0<e—s, < —. (2.10)
m!m
In particular, takingn = ¢ we get:
1
0 < e—-s, < ]
1
0 < qle—gqls, < - (2.11)
q

which is clearly impossible since the left hand side of the last equation, namely
q'e — q!s4, would have to be an integer between 0 and 1. This contradicts our
assumption that was rational. O
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2.2.2 e¢is Transcendental

Theorem 2.2.7 (Hermite,1873).The numbete is transcendental.

Proof. The proof is again by contradiction. Assume thas algebraic. Then it
must satisfy a polynomial equation

an X"+ ...+ a1 X +ay=0 (2.12)

whereayg, ay, .., a,, are integer numbers, and we can assume without loss of
generality thatg, a,, # 0.

Now consider a polynomigl(X) of degree-, and associate to it the following
linear combination of its derivatives:

F(X)=f(X)+ f(X)+ ... + fT(X) (2.13)
Now, the polynomialF’(X) has the property that
d —x R
e [e " F(z)] = e *f(x). (2.14)

As F'(X) is differentiable, applying the Mean Value Theorenzté 7'(X') on
the intervall0, k] for k& any integer gives
e "F(k) — F(0) = —ke * f(c;), forsome ¢ € (0,k), (2.15)
or, equivalently

F(k) — e"F(0) = —ke** f(cx) =: €. (2.16)

Now, if we plug in the previous equation the values- 0, 1, ..., n we get the
following system of equations:
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F(2) — 2F(0) = —2e* 2 f(cy) =: & (2.17)

We multiply the first equation by, the second by, ..., the(n + 1)* by
a,. Adding the resulting equations gives

z”: apF (k) — <z": akek) F(0) = z”: AK€ (2.18)

k=0 k=0 k=0

Notice that on the left hand side we have exactly the polynomial equation that
is satisfied bye:

Zakek =0; (2.19)
k=0
hence Equation 2.18 reduces to

n n

> arF(k) =) are. (2.20)
k=0 k=0
So far we had complete freedom in our choicg @ind its associatg, and the

previous equation always hold. In what follows we choose a special polynomial
f inorder to reach a contradiction.

Take a large prime, large enough such that> |ao| andp > n. Let f equal

f(X) = (p_l 1)!Xp71(1 —X)P2-X)P--(n—X)P
= 0 _1 0 ((n!)i"Xp*1 + higher order term)s (2.21)
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Though it plays no role in the proof, we note that the degregisf

deg(f) =r=n+1)p—1. (2.22)

In what follows we make a number of remarks which will help us finish the
proof. By pZ we mean the set of integer multiples;of

Remark 2.2.8.Fori > p, f®(j) € pZ,Vj € N.

Proof: Differentiate Equation 2.21> p times. The only terms which survive
bring down at least @!. As each term off (x) is an integer ovefp — 1)!, we see
that all surviving terms are multiplied Qy
Remark 2.2.9.For0 <i < p, f¥(j) =0,7 =1,2,..,n.

Proof: The multiplicity of a root of a polynomial gives the order of vanishing
of the polynomial at that particular root. As= 1, 2,...,n are roots of mul-
tiplicity p, differentiating f(z) less tharp times yields a polynomial which still
vanishes at thesg

Remark 2.2.10. (1), F'(2),...,F(n) € pZ.

Proof: Recall that”(j) = f(j) + f'(4) + .. + f"(j). By the first remark,
f@(4) is a multiple ofp for i > p and any integey. By the second remark,
f@@G)=0for0 <i<pandj=1,2,...,n. Thus,F(j) is a multiple ofp for
theseyj.

Remark 2.2.11.For0 <i < p— 2, f®(0) = 0.

Proof: Similar to the second remark, we note that(0) = 0for0 <i < p—2,
becausé is a root of f () of multiplicity p — 1.

Remark 2.2.12. F/(0) is not a multiple op.
Proof: By the first remark/(®(0) is a multiple ofp for i > p; by the fourth

remark,f®(0) = 0 for 0 <4 < p — 2. Since
F(0) = f(0)+f/(0)+- -+ fP2(0)+ fPD(0)+ f@(0)+- -+ f(0), (2.23)

to prove F'(0) is a not multiple ofp it is sufficient to provef®=1(0) is a not
multiple of p (as all other termare multiples ofp).
However, from the Taylor Series expansionfah Equation 2.21, we see that
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fPD0) = ()P + (terms that are multiples q»f). (2.24)

Since we chosg > n, n! is not divisible byp, proving the remark.

We resume the proof of the transcendence. of
We also chose such thata, is not divisible byp. This fact plus the above
remarks imply first thad , a, F'(k) is an integer, and second that

> " arF(k) = agF(0) # 0 modp. (2.25)
k=0

Thus,) ", aiF'(k) is a non-zero integer.

Let us recall equation 2.20:

D apF(k) = arer + - + anen. (2.26)
k=0

We have already proved that the left hand side is a non-zero integer. We ana-
lyze the sum on the right hand side. We have

——kek‘fkcifl(l — )P (n— )P

e = —keF % f(cp) = 1)1 (2.27)
As 0 < ¢, < k < n we obtain
ekkp(l- 2...m)P
lex| < —
(p— 1!
n [ P
e(p(ﬁ‘?;' —~0 as p— oo. (2.28)

Now recall thatr is fixed, and so are the constants- - - , a,, (they define the
polynomial equation supposedly satisfiedd)yand the only thing that varies in
our argument is the prime numberHence, by choosing a prime numbelarge
enough, we can make sure thatals are uniformly small, in particular we can
make them small enough such that the following holds:

n
E A€
k=1
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To be more precise, we only have to chopseich thap > n, |ay| and:

e"(nln)P - 1
(P=1!  Xieolaxl
In this way we reach a contradiction in the identity 2.20 where the left hand

side is a non-zero integer, while the right hand side is a real number of absolute
value< 1. O

(2.30)

Exercise 2.2.13.In the above proof, we assumegl a, # 0. Prove that if a
number is algebraic, one can always find a polynomial such that the leading term
and the constant term are both non-zero.

Exercise 2.2.14.For fixedn, prove that asp — oo, EZ'_"I); — 0. Hint: Let

C = nln. Choose > 2(2C)*. Then(p—1)! > (p—1)(p—2)--- (p— &) ~ (&)*.
Substitute and compare.

44



Chapter 3

Introduction to Number Theory

3.1 Dirichlet’'s Box Principle

Definition 3.1.1 (Dirichlet’'s Box Principle / Pidgeon Hole Principle). Consider
n boxes, and place + 1 objects in the: boxes. Then some box contains at least
two objects.

We will use Dirichlet’s Box Principle to find good rational approximations to
irrational numbers.

3.1.1 Approximation by Rationals

Leta € R — Q be an irrational number. We are looking for a rational numg)er
such thaﬁa - §

is small, so thagz is a good rational approximation ta

Lemma 3.1.2.Leta € R — Q. Then there exisi, g € Z, ¢ # 0 such that:

p
a__
q

<

=

(3.1)

Proof. It is enough to prove this forx € (0,1). Letg > 1 and divide the
interval [0, 1) into ¢ intervals(?, ’%1) of Iength%. Thena belongs to one of these
intervals. For somé < p < ¢ we then have:

(3.2)




To obtain a better approximation, we start with an irrational number(0, 1)
and an integer paramet@r > 1. As before, divide the intervdD, 1) into @ equal
pieces(, %1). Consider th&) + 1 numbers inside the intervé, 1):

{a}, {20}, ..., {(Q + 1)a}, (3.3)

where{z} denotes the fractional part of Letting [x] denote the greatest
integer less than or equal 19 we haver = [z] + {z}.

By Dirichlet’s Box Principle, at least two of these numbers, $ay} and
{q2cr}, belong to a common interval of Ienggl Without loss of generality, we
may takel < ¢; < ¢ < Q + 1.

Hence
1
(w0} ~ fmo}| < 5 (3.4)
and
1
(e — n2) — (v — )| < o M= [qic]. (3.5)
Nowletq=q1 — ¢2, 1 < g < Q andp =n; —ny € Z. Then
‘qa — p‘ <+ (3.6)
=0 .
and hence
1 1
a——| < =< = 3.7
’ q‘ TqQ T ¢ (3.7)
We have proven
Theorem 3.1.3.Givena € R, there exisp, g € Z, ¢ # 0, such that
1
‘a P2 (3.8)
q q

3.2 Counting the Number of Primes

3.2.1 Euclid

Lemma 3.2.1 (Euclid). There are infinitely many primes.
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Proof by contradiction: Assume there are only finitely many primes, say
P1, P2, - - -, Pn- CoONsider

T = p1pP2..Pn + 1. (39)

x cannot be prime, as we are assuminghroughp,, is a complete list of
primes. Thusg is composite, and divisible by a prime. Howevgrcannot divide
x, as it gives a remainder af Thus,z would have to be divisible by some prime
not in our list, again contradicting the assumption fhahroughp,, is a complete
enumeration of the primes]

Exercise 3.2.2.Try, using Euclid’s argument, to find an explicit lower bound (as
weak as you like) to the function:

m(X) = #{p:pisprimeand < X}. (3.10)

3.2.2 Dirichlet’'s Theorem

Theorem 3.2.3 (Primes in Arithmetic Progressions)Leta andb be relatively
prime integers. Then there are infinitely many primes in the progressiof b.
Further, for a fixedu, to first order all relatively primeé give progressions having
the same number of primes.

Notice that the conditioria, b)) = 1 is necessary. Igcd(a,b) > 1, an + b
can never be prime. Dirichlet's remarkable result is that this condition is also
sufficient.

Exercise 3.2.4.Dirichlet’'s theorem is not easy to prove, but try to prove it in the
particular casea = 4,b = —1, i.e. for the arithmetic progressioftr. — 1, using

an argument similar to Euclid’s. Proving there are infinitely many primes of the
form4n + 1 is a lot harder.

3.2.3 Prime Number Theorem
Theorem 3.2.5.(Prime Number Theorem or PNT) AS — o¢,

X
log X

7(X) (3.11)

47



The Prime Number Theorem was proved in 1896 by Jacques Hadamard and
Charles Jean Gustave Nicolas Baron de la Vallee Poussin. Of course, we need to
quantify whatr(X) ~ % means. Basically, there is an error functigif.X)

such thatr(X) — 2| < F(X), andE(X) grows slower than=

log X lo X
A weaker version was proved by Pafnuty Chebyshev (ardlsﬁd)

Theorem 3.2.6 (Chebyshev)There exist explicit positive constantsand B such
that, forn > 30:
AX _m(X) _ BX

< . 3.12
logX = X 7 logX ( )

1 1 1
Chebyshev showed one can take= log ( 22331% 921 andB = % ~

1.105, which are indeed very close to 1. To hlghllght the method, We will use
cruder arguments and prove the theorem for a smdllend a largei3.

Chebyshev’s argument uses an identity using von Mangoldt's Lambda func-
tion A(n), whereA(n) = log p if m = p* for some primep, ando otherwise.

Define the function

] (3.13)

0= 3 205 - T

1<n<X n>1
Exercise 3.2.7.Show thatl'(X) =, _  logn.

Now, it is easy to see (compare upper and lower sums) that

Zlogn—/ logtdt+ O(log X) = Xlog X — X + O(log X), (3.14)

giving a good approximation to the functidi{ X'). The trick is to look at

T(X) —2T<§> - ZA(n)([i—(] —2[% ) (3.15)

By the previous remarks, the LHS X log 2 + O(log X). Also,

log X
log p

RHS< ) "(logp) = 7(X)log X. (3.16)

p<X
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Hence we immediately obtain the lower bound:

S Xlog?2

m(X) ~ + O(log X) (3.17)

— log
Exercise 3.2.8.Prove the bound in Equation 3.16.

To obtain an upper bound for(X), we notice that, sinca] > 2[a], the
sum in equation (3.15) has only positive terms. By dropping terms we get a lower
bound.

rx)-or(3) = Y AW(H‘QI%D

X/2<n<X

> > logp

X/2<p<X

() 3

X/2<p<X

- w(P)(w(3) e

Hence we obtain an upper bound for the number of primes bet@mﬂX:

v

(X) - m(X/2) < 2182 | o) (3.19)
log(%)
Now, if we write inequality (3.19) forX, 5, %, ... we get
X/2
X/2?
m(X/2) - m(X/2?) < QW
1 X/2k
m(X/2F ) — m(X/2F) Toa(X/2) (3.20)
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as long agik > 1,i.e.k < [logy, X| = ko. Summing the above inequalities we
get on the left hand side a telescoping sum. All the terms cancel, except for the
leading termr(X) andr (X /2%) = 0.

Thus

k
<2 Z Toa( X2 (3.21)

To evaluate the sum in the above mequallty we split it into two pa&rtsmall”
andk "large". More precisely, let, = log,(X'/1?) so that2" = X'/1° and note
that:

X /2’“ 2X 9
_ /10
2 Z lo =2 Z ok — 2n0 X1/10 =2X7 (3.22)
k>ng
Hence the contribution fromt "large” is very small compared to what we
expect (i.e. order of magnitqugLX), or we can say that the main term comes
from the sum ovek small.

We now evaluate the contribution from small

no

X 1 2X 1 2X 20 X
2y < < == 3.23
21 2k log(X/2%) ~ log(X/2m0) Zl 2m0 = log(X9/10) 9 log X (3.23)

Hence the right hand side of the equation (3.21) is made up of two parts,
a main term of sizg_*; coming from equation (3.23), and a lower order term
coming from equation (3.22).

For X sufficiently large,

BX
X) <
m(X) = log X

whereB can be any constant strictly bigger th@n

To obtain Chebyshev’s better constant we would have to work a little harder
along these lines, but it is the same method.

Gathering equations (3.17) and (3.24) we see we have proven

(3.24)

AX BX
<

X) < )
logX_7T< )_logX

(3.25)
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While this is not an asymptotic for(X), it does give the right order of mag-

nitude forr(X), namely; .

Exercise 3.2.9.Using Chebyshev’s Theorem, Prove Bertrand’s Postulate: for any
integern > 1, there is always a prime number betweeand2n.

3.3 Partial Summation

Lemma 3.3.1 (Partial Summation: Discrete Version).Let Ay = ZN

n=1 Q.
then
N N-1
D anby = Axby — Ay—iby + D An(by — bosr) (3.26)
n=M n=M

Proof. SinceA,, — A,, = a,,

N N
Z anbn = Z (An - Anfl>bn
n=M n=M

= (Ay —An-1)by + (An—1 — Ay_2)by_1+ -+ (Am — Ap—1) b

= Anby + (—An_1by + An_1bn_1) + -+ (—Anbarir + Anbar) — anr—1bar
N-1

= Anby = anbar + Y An(by — bpsa). (3.27)
n=M

]

Lemma 3.3.2 (Abel's Summation Formula - Integral Version).Let h(x) be a
continuously differentiable function. Lét{x) = > __a,. Then

n<z

> anh(n) = A(z)h(z) - /1 ’ AP (u)du (3.28)

n<x

See, for example, [Ru], page.

Partial Summation allows us to take knowledge of one quantity and convert
that to knowledge of another.

For example, suppose we know that
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Zlogp = T+ O(ac%*e). (3.29)

We use this to glean information abayf,_, 1.
Define

h(n)

1 {logn if nis prime (3.30)

= and a, = _
logn 0 otherwise.

Applying partial summation t@_ _, a,h(n) will give us knowledge about
>_p<s 1. Note aslong as(n) = @ for n prime, it doesn’t matter how we define

h(n) elsewhere; however, to use the integral version of Partial Summation, we
needh to be a differentiable function.
Thus

Zl = Zanh(n)

p<w p<z
1 ]. r 1
= (x + O(ﬂ“)) o« —/2 (u + O(uf“))h’(u)du. (3.31)
The main term A (x)h(z)) equalslo‘gx plus a significantly smaller error.
We now calculate the integral, noting(u) = _u101g2u- The error piece in the
integral gives a constant multiple of
x l—‘,—e
/ L du. (3.32)
o ulog”u
As —— < 5 for 2 < u < z, the integral is bounded by
og-u log“ 2
1 v 1 1
. / uIt < — g7t (3.33)
log“2 Js log”25 +e€

which is significantly less thad (z)h(x) -

= logz*®

We now need to handle the other integral:

e
2 ulog”u 2 log”u
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The obvious approximation to try %gg—u < —5. Unfortunately, plugging

this in bounds the integral % This is larger than the expected main term,
A(x)h(z)!

As a rule of thumb, whenever you are trying to bound something, try the sim-
plest, most trivial bounds first. Only if they fail should you try to be clever.

Here, we need to be clever, as we are bounding the integral by something
larger than the observed terms.

We split the integral into two pieces:

[~ 035

For the first piece, we use the trivial bound ﬁ%*gbl_u Note the interval has

length/z — 2 < \/x. Thus, the first piece contributes at mg}%@, significantly
less thanA(z)h(x).

The reason trivial bounds failed for the entire integral is the length was too
large (of sizer); there wasn’t enough decay in the function.

The advantage of splitting the integral in two is that in the second piece, even
though most of the length of the original interval is here (it is of length/x ~
), the function—— is small here. Instead of bounding it by a constant, we now

log® u

bound it by substituting in the smallest valuewbn this interval,\/z. Thus,
the contribution from this integral is at mo%tg}izx < 4‘;”33. Note that this is

log
significantly less than the main ter(z)h(z) = ;7.
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Chapter 4

Fourier Analysis and the
Equi-Distribution of {na}

4.1 Inner Product of Functions

We define the exponential function by means of the series
T . xn
which converges everywhere. Given the Taylor series expansisin ofand
cos x, we can verify the identity
e = cosx +isinz. (4.2)
Exercise 4.1.1.Provee” converges for alk: € R (even better, for alk € C. Show
the series foe” also equals
lim (1 n f) , (4.3)
n—oo n

which you may remember from compound interest problems.

Exercise 4.1.2.Prove, using the series definition, th&t'? = e¢*e¥. Use this

fact to calculate the derivative ef. If instead you try to differentiate the series
directly, you must justify the derivative of the infinite sum is the infinite sum of the
derivatives.
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Remember the definition ahner or dot product: for two vectorsv =
(v1,++ , o), W = (wy, - ,w,), we take thenner productv - «w (also denoted
(v, w)) to mean

Ui = (v,w) =Y v (4.4)
Further, the length of a vectoris

lv| = (v,v). (4.5)

We generalize this for functions. For definiteness, assfiraad g are func-
tions from|[0, 1] to C. Divide the interval0, 1] into n equal pieces. Then we can
represent the functions by

fla) — (f(0)7f(%),---,f(n;1)>, (4.6)

and similarly forg. Call these vectorg, andg,. As before, we consider

{fs 9n) Zf() a(h). (.7)

In general, as we continue to divide the interval & oo), the above sum
diverges. For example, if andg are identicallyl, the above sum is.

There is a natural rescaling: we multiply each term in the sun};,hhe size
of the sub-interval. Note for the constant function, the sum is now independent of
n.

Thus, for goodf andg we are led to

(f.9) =nmgto( L= [ @9

The last result follows by Riemann Integration.

Definition 4.1.3. We say two continuous functions @ 1] are orthogonal (or
perpendicular) if their dot product equals zero.

Exercise 4.1.4.Provex™ andz™ are not perpendicular off, 1] for n # m.
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We will see that the exponential function behaves very nicely under the inner
product. Define

en(x) = ¥ forn € Z. (4.9)
Then a straightforward calculation shows
1 ifn=m
(n(®), €m(2)) {0 otherwise. ( )

Thuseg(z), e1(z), ea(x), - - - are anorthogonal setof functions, which means
they are pairwise perpendicular. As each function has lehgtie say the func-
tionse, (z) are anorthonormal set of functions.

Exercise 4.1.5.Prove(e,(z), e;,(x)) is 1 if n = m and0 otherwise.

4.2 Fourier Series and{na}

4.2.1 Fourier Series

Let f be continuous and periodic dawith period one. Define theth Fourier
coefficient f(n) of f to be

~

(1) = an = (f(2), enla)) = / f(@)e iy (4.11)

Returning to the intuition oR™, we can think of thes,,(x)’'s as an infinite
set of perpendicular directions. The above is simply the projectiofi iof the
direction ofe,,(z).

Exercise 4.2.1.Show

(f(z) = f(n)en(x), en(x)) = 0. (4.12)

This agrees with our intuition, namely, that if you remove the projection in a cer-
tain direction, what is left is perpendicular to that direction.

The N partial Fourier series of f is
N ~
sn(z) =Y f(n)en(x). (4.13)
n=—N
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Exercise 4.2.2.Prove
L. (f(x) — sn(2), ea(w)) = 0if |n| < N,
2. [f(n)] < [y If(x)lda.
3.1 (f, ) < oo, thend22|f(n)]* < (f, f).
4. 1f (f, f) < oo, thenlimy, ., f(n) =0,

As (f(x) —sn(x),e,(x)) = 0if |n| < N, we might think that we just have to
let N go to infinity to obtain a series,, such that

(f(x) = Soo(x),en(x)) = 0. (4.14)

Assume that for a periodic functigrix) to be orthogonal te,, () for everyn
it must be zero for every. Thenf(z) — so(x) = 0, and hence = s.,. Voila —
an expression fof as a sum of exponentials! Be careful, however. We have just
glossed over the two central issues — completeness and, even worse, convergence.
We will now see a way of avoiding some of our problems.

4.2.2 Weighted partial sums

Define
Z . _ sin((2N + 1)7z)
n(7) = sin Tx ’
(4.15)
Fa(z) = sin? (N7z) ZD
T = —— =
N N sin® mx

Here F' stands for FéjerD for Dirichlet. In general, functions which we are
interested in taking their inner product agairfsare calledkernels; thus, the
Dirichlet kernel, the Féjer kernel, etc.

Note that, no matter wha¥ is, Fy(z) is positive for allzx.

We say that a sequenge(z), fa(x), f3(x), ... of functions is arapproxima-
tion to the identity if

1. fx(z) > 0for all x and everyN;

2. fol fn(z)dr = 1;
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3. limy o [ f(@)de =0if 0 <6 < L.

Theorem 4.2.3.The Féjer kernels$’, (z), F»(z), F3(x), ... are an approximation
to the identity.

Proof: The first property is immediate. The second follows from the observa-
tion thatFiy(x) can be written as

N -1
Fn(x) = eg(x) + I (e_l(:v) + el(x)) +oee (4.16)
and all integrals are zero but the first, which is

To prove the third property, note thak (z) < t—=— ford <z <1-4.0

Let f be a continuous, periodic function @with period one. Thus, we can
considerf as a function on jugb, 1], with f(0) = f(1). Define
1
Tn(x) = / W) Fn(z —y)dy. (4.17)
0
Recall the following definition and theorem:

Definition 4.2.4 (Uniform Continuity). A continuous function is uniformly con-
tinuous if given are > 0, there exists @ > 0 such thatjz — y| < ¢ implies
|f(z) — f(y)| < e. Note that the sam&works for all points.

Theorem 4.2.5. Any continuous function on a closed, compact interval is uni-
formly continuous.

Exercise 4.2.6.Showz™ is uniformly continuous ofu, b] for —oco < a < b < oc.
Theorem 4.2.7.Givene > 0, there is an/V such that

[f(z) = Tn(z)| < e (4.18)
for everyz € [0, 1].

Proof. For any positiveV,
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(4.19)
Letd € (0,1/2). Then, using the fact that th€y (z)’s are an approximation
to the identity, we find

[ (1= - 1) Extis| < 2maxi ) [ Fvtay. @20

Since
1-6
lim Fn(y)dy =0, (4.21)
N—oo 5
we obtain
1-6
lim (f(z —y) — f(x))Fn(y)dy = 0. (4.22)

N—o0 )

Thus, by choosingV large enough (where large dependsidrnwe can insure
that this piece is at most

It remains to estimate what happens near zero. Sinseontinuous angD, 1]
is compact,f is uniformly continuous. Thus, we can choagssmall enough that
|f(z —y) — f(x)|] < § foranyx and any positivey < . Then

[ (==} = [ et < [ o< §
4.
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Similarly

[ (o= - 5@) Pty < 5. (4.2)
1-46
Therefore
Tn(z) — f(z)| <€ (4.25)
for all vV sufficiently large. ]

Definition 4.2.8 (Trigonometric Polynomials). Any finite linear combination of
the functions:,,(x) is called a trigonometric polynomial.

From Theorem 4.2.7 we immediately get the Stone-Weierstrass theorem:
Theorem 4.2.9 (Stone-Weierstrass)Any continuous period function can be uni-

formly approximated by trigonometric polynomials.

4.2.3 Equidistribution

We say that a sequenge,, }, x,, € [0, 1] is equidistributedf

;
NS 2N + 1

for all (a,b) C [0, 1].

#{n:|n| < N,z, € (a,0)} =b—a (4.26)

Theorem 4.2.10 (Weyl).Let« be an irrational number ino, 1]. Letz,, = {na},
where{y} denotes the fractional part af. Then the sequender,} is equidis-
tributed.

Proof. We will estimateﬁ+1 ZﬂVN X(ap)(Tn) @SN — 0o, wherexy(, is the
function taking the valu® outside(a, b) and1 inside (a,b). We call x(,; the
characteristic function of the interval(a, b).

Thus, we must show

N
. 1
A N1 n;N X(a)(Tn) = b —a. (4.27)

Considere,(z) = €™, Sincer, = {na} = na — [na] ande(r) =
ex(z + m) for every integern,
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ep(zy,) = e*mikne, (4.28)

Hence
1 N 1 N
IN + 1 D> exlmn) = ON + 1 Z na
n=—N —N
N
27rzlcoc n 429
- P (4.29)

1 if k=0
= 1 ex(=Na)—er(N+1)a) if k> 0.

2N+1 1—eg(a)
Now for a fixed irrationak, |1 — ex(«)| > 0. Therefore ifk # 0:
lim 1 ex(—Na)—ex((N+1)a)
N—o00 2N—|—1 l—ek(()é)

Let P(z) = >, arex(x) be a finite sum (ieP(z) is a trigonometric polyno-
mial). By possibly adding some zero coefficients, we can wFite) as a sum
over a symmetric rangd?(x) = Z,f:_K arag(z).

— 0. (4.30)

Exercise 4.2.11 Showf0 r)dx = ay.

By the above arguments, we have shown that for any (finite) trigonometric
polynomial P(x):

N 1
Z P(z,) — ap = / P(x)dx. (4.31)
0

I
Consider two approximations to the characteristic functign,:

1. fim: fim(x) =1if a+ % <z <b- =, drops linearly td) ata andb, and

is zero elsewhere.

L
m

2. fom! fim(z) = 1if a <z < b, drops linearly td) ata — L andb + L, and
is zero elsewhere.

61



Note there are trivial modificationsdif= 0 or b = 1. Clearly

Sim(@) < X@n(@) < fam(2). (4.32)
Therefore
1 N 1 N 1 N
< < )
IN +1 n:Z_N flm(xn) = 9N +1 n:Z_N X(a,b)(xn> = 9N 1 n:Z_N me(l'n)
(4.33)

By Theorem 4.2.7, for each, givene > 0 we can find trigonometric poly-
nomials Py,,,(xz) and Py, (x) such that| Py, (z) — fim(z)| < € and|Pop(x) —

fom ()] < €.
As f1,, and f,,, are continuous functions, we can replace

N N
2N1+ 1 n:Z:N fim(@y) with 2N1+ 1 n;N Pim () (4.34)
at a cost of at most
As N — 00,
1 N 1
ON +1 n:ZN Pin(@n) — /O P (2)dx. (4.35)

But [ Piu(x)dz = (b—a) — L and ] Py, (v)dz = (b—a) + L. Therefore,
givenm ande, we can choosé&/ large enough so that

N
1 1 1
—a)— — —¢€ < < — — . 4.
(b—a) — e < 2N+1n:E_NX(a7b)(xn) < (b a)+m+6 (4.36)

Letting m tend tooo ande tend to0, we seeﬁ fo}N X(ap) (L) — b —
a. O

Exercise 4.2.12 Rigorously do the necessary book-keeping to prove the previous
theorem.

Exercise 4.2.13 Prove
1. If a € Q, then{na} is periodic.

2. If a ¢ Q, then no two{na} are equal.
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Chapter 5

Introduction to Continued Fractions

5.1 Introduction

5.1.1 Example

Consider the equation® + y?> = 2. If we try to solve forz,y € C, we quickly
find that, not only are there infinitely many solutions, but givewe can easily
determiney. Namely,y = v/2 — z2.

Instead of looking for complex solutions, we could restri@ndy to be inRR.

If || < /2, the same argument works.

If we restrictz andy to be integers, we find there are only four solutions:
(1,1), (1,-1), (—1,1) and(—1, —1). Once we add restrictions (suchasg € N
orz,y € 7Z) we have éDiophantine equation

Explicitly, a Diophantine equation is an equation with integer coefficients,
where the solutions are restricted to being integers or rationals. These equations
are named in honor of the Greek Mathematician Diophantus (approxiniiely
to 280 A.D.), who studied equations of this form.

Returning to our example, if instead we allowy € @, how many solutions
are there? Can we still parametrize them as easily as whewere inR or C?

We know one rational solutioniz, y) = (1, 1). In turns out that, for quadratic
equations like this, knowing one rational solution is enough to find all rational
solutions.

The equation:®> + y?> = 2 is a circle centered at the origin with radiy&.
Consider the straight line passing throu@h1) (which is on this circle) with
rational slope.
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Exercise 5.1.1.Prove that the other point of intersection of the line with the circle
is also a rational solution. Further, show all rational solutions are obtained in this
way.

5.1.2 Goal of the Course

The main result we shall prove is

Theorem 5.1.2 (Roth’s Theorem).Let« be a real algebraic number (a root of a
polynomial equation with integer coefficients). Then, givenany0, there are
only finitely many relatively prime pairs of integgls ¢) such that

1

< q2+5; (5.1)

o — —

however, there are infinitely many pairs of relatively prime integers such that

< —. (5.2

This should be reminiscent pfseries from calculusy # converges fop >
1 and diverges fop < 1; ie, there is a sharp boundary where an infinitesimally
small change leads to wildly different behaviour. For example; ! diverges,
while 3" n=0+107") converges.

5.2 Continued Fractions

5.2.1 Introduction

Idea: there are various ways of representing numbers. There are decimal expan-
sions, binary expansions, et cetera. If you have something complicated, one way
to express it is to write it in terms of something simpler. Continued fractions is an
example of this.

Decimal expansion is very simple:

T = 210"+ 2, 110" 4+ 210" + 2o+ 21107 F 251072 4 - -
r; € {0,1,...,9}. (5.3)
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Exercise 5.2.1.Let x have a periodic decimal expansion. For example, assume
dNy € Nanday,...,a, € {0,...,9} such that

Tr = xmxmfl"‘ﬁlxowfl'"Z'N0+137N0C61“'anal"'anal"'an“'

= TpTym_1- T100.T_1 " TNy+1TN, A1 -~ O, (5.4)
Prove thatz is rational, and bound the size of the denominator.

Continued Fractions is a much more sophisticated machine than decimal ex-
pansion. Any finite continued fraction (with integer components) will be a rational
number, and vice versa. This is a lot cleaner than something that goes on to in-
finity and is periodic. A periodic Continued Fraction is actually the solution of a
guadratic equation with integer coefficients, which is very different than a periodic
decimal expansion.

A lot of very complicated numbers (for examptg, have very simple Contin-
ued Fraction expansions.

Using Continued Fractions of numbers, you can get very interesting results on
how to approximate numbers by rationals. For example, if you have the decimal
expansion of a number, if you truncate the decimal expansion at some point, you
get a rational approximation (some integer divided by a power of ten).

You can do this with a continued fraction: you ceut it at some point and
get a rational number, and use that rational number to approximate the number
we started with. We will see thd#his is the best approximation you can hawe
will, of course, quantify what we mean by best approximation.

What does this remind us of? Fourier Series or Taylor Series: for a given
expansion, the first terms of a Fourier Series (or Taylor Series) give the best
approximation of a certain order to the given function.

A finite continued fraction has this type of power: it is a very sophisticated
machine.

5.2.2 Definition

A Finite Continued Fraction is a number of the form

1
ap + 1 (55)

a
1+a2+
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One doesn’t want to write something like this every time, so we introduce the
following shorthand notations. The first is

g+ ———— - — (5.6)

A better notation is

[ag,a, ..., a,). (5.7)
Exercise 5.2.2.Show|ag| = ay, [ag,a1] = ap + a_ll — watl and[ag, a, as] =

ai
ap(a1az+1)+az)
araz+1 )

5.2.3 Elementary Properties of Continued Fractions

Lemma 5.2.3.Let[ao, . . . , a,] be a Continued Fraction. Then
1. [ao, e ,an} = [ao, e Oy, Ay + t]

2. [ao,...,an} = [ao,...,am_l,[am,...,an]].

These are the most basic properties of Continued Fractions, and will be used
constantly below.

Exercise 5.2.4.Prove Lemma 5.2.3.

5.2.4 Convergence to a Continued Fraction

We saw thal{ao] = ao, [a()’ al] — %ﬁ‘l and [a(b a, CLQ] _ ao(a1a2+1)+a2 In
general, when we simplify everythlng (if the continued fraction has flnltely many

terms), we get the ratio of two numbers. We denote th@bﬁ; ”“O—Zg where

(ag;---

pn @andg, are polynomials with integer coefficients@f, a1, . . ., a,.
Theorem 5.2.5.For anym € {2,...,n} we have
1. po = ag, p1 = apa1 + 1, andp,, = ampm-1 + Pm-2.

2. qo = 1, q1 = arg, ande = OmGm—-1 + Gm—2-
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We prove this by induction. First, we check a few cases.
By definition, [ao] = 4%, which is%. [ag, a1] = %11“ which agrees witt.
[ag, a1, as] should be‘w Asp; = apa;+1andg; = a,, direct substitution

a241+qo
az(aga1+1)+ao
gives “2eoL a0,

+
We have proved the basis case (and two others just for fun). We now show that
if

Pm AmPm—1 + Pm—2
lag, ... ,ay] =— = (5.8)
dm A dm—1 + dm—2
then
Pm+1 Am+1Pm +pm—1
[ao, N 7&m+1] = + = + . (59)
qm+1 Am+19m + dm-1
We calculate the continued fraction of = [ao, ..., am, ani1]. By Lemma

5.2.3, this is the same as the continued fraction of [ao, S B e ! -|.
Note, of course, that = y; we use a different letter to empha3|ze thatas a
continued fraction expansion witth + 2 terms, andy has a continued fraction
expansion withn + 1 terms (remember we start counting wit}).

We consider the Continued Fractiongfit will have its own expansion with
numeratorP,, and denominato®,,,. By induction (we are assuming we know the
theorem for all continued fractions with terms),y = gm

Therefore,

m

Pm _ <am + am1+1>P -1+ Pm_g
Qm (am )Qm 1 + Qm 2

But the firstm terms terms ofy are the same as those of Thus,P,,_; =
Pm—1, and Slmllarly foer 1, m 2y and@m 2-
Substituting gives

(5.10)

aAm+1

Pm <am + a )pm 1+ Pm—2
—m m (5.11)
Qm <am+ a +1)Qm 1 +Qm 2
Standard algebra gives
& o (amam-l—l + 1)pm—1 + Pm—20m+1 . (512)

Qm B (amam—l—l + ]->Qm—1 + dm—20m+1
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This is the same as

am am m— + m— + m— am m+ m—

+1(@mPm—1 + Pm-2) ¥ Pm-1 _ Gms1Pm + P L (5.13)
Am41 (aQO—l + Qm—2> + dm—1 Am+1G9m + gm—1

where the last step (substituting in with andg,,) follows from the inductive

assumption. This completes the proof.

A cute example is

1
L1, 1] =14—" =P (5.14)

L+ 7= n

1

where we haver + 1 ones. What are thg;,’s and theg;'s? py = 1, p1 = 2,
DPm = Pm—1 + Pm_2. Similarly, we getyy = 1, ¢; = 1, andq,, = ¢n—1 + Gm_o.

Let F,,, be them!" Fibonacci numberf, =1, F, =1, [, = 2, F; = 5, and
F,=F,_1+ F,_o.

Thus,[1,1,--- ;1] = Fl’;—zl As we let the number of ones go to infinity, we can
show this will converge to the golden ratio (also called the golden mé@@,

Notice how beautiful Continued Fractions are. A simple expression like this
captures the golden ratio, which has many deep, interesting properties. In base
ten,.111111... is justs.

Exercise 5.2.6.Letr, = % Show that the even terms,,,, are increasing and

the odd termsy,,,,, 1, are decreasing.

Exercise 5.2.7.Investigatdim,, ... (r, — r,_1) for the Fibonacci numbers. Show
r,, converges to the golden ratléﬂ

5.2.5 Observation

We knowp” = Z’;Z’zi—f’” Consider the difference,q¢,—1 — prn—_1qn.

Using the recursion relations, this difference also equals

(anpnfl + pan)anl - pnfl(@n%zfl + qn72)- (515)
This is the same (expand and cancelpasq¢,_1 — pn_1¢n_2.
The key observation is as follows;, ¢, 1—pn—1Gn = —(Pn_1Gn—2—DPn—2Gn—1)-

The index has reduced by one, and there has been a sign change. Repeat, and we
getp,_2qn_3—Pn_3q,_2. DOiNgn — 1 times in total, we get—1)""!(p1qo — poq1)-
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SUbStitUting[h = apay + 1, g1 = ai, po = Qg and(]() =1 gives

Lemma 5.2.8.
Prndn—-1 — Pn—1Gn = (_1)71—1‘ (516)

So, even though a priori this difference should dependgthrougha,,, it is
in fact just—1 to a power.
Similarly, one can show

Lemma 5.2.9.
Pndn—2 — Pn—2Gn = (_1)nan' (517)

Notice that the consecutive convergents to the continued frat%io@ﬁ and
Pn—2 H
e satisfy
Lemma 5.2.10.

dn qn—1 qndn—1

DPn _ Pn-1 o (_1)n_1 (518)

and

n n— _1nn
Do Poz _ (2D (5.19)

dn dn—2 dnqn—2
To prove this, divide the previous relations &yy,,—1 andg,q,_».

5.2.6 Continued Fractions with Positive Terms

Letr = p" be the continued fraction déy, . .., a,]. We callay, a4, ...,a, the
guotients of the continued fraction. Let,, = p:.

Theorem 5.2.11.If the quotientsy to a,, are positive, then the sequencg, is
an increasing sequence, the sequengg,; is a decreasing sequence, and for
everym, To, < & < Tomt (if n # 2mor 2m + 1).

Proof: z,,, increasing meansg, < =, < z4 < .... By Lemma 5.2.10,
—1 2ma m
xg(m+1) — Tom = ()—2 (520)
q2m42(m+1)

Everything on the right hand side is positive,1$,,11) > z2,. The result for
the odd terms is proved similarly; there we will hgvel )>" ! instead of —1)*™,
and we will see the odd terms are decreasing.
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We knowzg < 25 < 24 < ... and--- < x5 < r3 < z;. We knowz,,, the
last guy, is either am,,, or anzs,, ., (depending on whetheris odd or even). It
must be sandwiched somewhere in the middle. We will verify ihat.; — x2,,
is positive. Thusg,, must be between the two.

We want to see hows,,, To,11, Tomio andzsy, 3 should be ordered. We
claim the ordering should be

Tom < Tom42 < Toam+3 < Toam+1 (5.21)

Clearly, as the even terms are increasing and the odd terms are decreasing,
Tom < Tomao &NATo, 13 < Toma1. Thus, we need only show that,, . 5 is greater
thanxs,, . This follows immediately from Lemma 5.2.10 (take= 2m + 3 in
the lemma).

If n is even,z, is greater than all the other even termsiis odd,z,, is less
than all the other odd terms. Collecting the results now yields the theorem.
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Chapter 6

Second Lecture

6.1 Another Introduction

Givenx € R, how does one calculate the continued fraction expansion? We first
describe the algorithm for determining the decimal expansion, and then we give
an algorithm for finding the continued fraction expansion.

6.1.1 Decimal Expansion

Recall[x] is the largest integer less than or equatto

Exercise 6.1.1.Find [z] for z = —2,2.9,3,3.1,3.14, 7, 3.15 and 2. Does[z +
yl = [z] + [y]? Doeszy] = [z] - [y]?

For example, we calculate the decimal expansion ef9.75. [z] = [9.75] =
9. Call thiszy: z1 = [z].

How do we retrieve the next digiT;? Look atz — x;. This will be .75; if we
multiply by 10, we get7.5, and we note that the greatest integer less than or equal
to7.5is 7.

Thus, look af10(xz — z;)] = 7, and definer, = 10(z — z;) = 7.5. Iterating
the above procedure yields the base ten expansion.

Exercise 6.1.2.Formally write down the procedure to find the base ten expansion
of a positive number. Discuss the modifications needed i negative.
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6.1.2 Continued Fraction Expansion
We expect to get something like

1
r=ay+ ——r—, (6.1)
ay + a2+

where thez; are positive integers.
Obviously,ay = [z], the greatest integer at mastThen

1
— [z] = —m8M8—. 6.2
v — [z] PR (6.2)
and the inverse is
1 1
= = _— 6.3
o x — [7] a1+a2+ L (6-:3)

ag+--
Therefore, the second digit of the continued fraction expansipn jis= a;.
Letxy, = ml; and iterate.

—[z1]

Exercise 6.1.3.Formally write down the procedure to find the continued frac-
tion expansion of a positive number Discuss the modifications needed: ifs
negative.

Exercise 6.1.4.Find the first few terms in the continued fraction expansions of

V2,3, m ande.

6.1.3 Dynamical Interpretation
We are defining a map

1

r — [z]

fz) =

If z > 1, thenf(x) > 1 (and is infinite only ifz € N). As f(z) > 1, we
can applyf to f(x) and getf(f(x)). As long as the initial value is greater than
we can keep iterating. The results will always be greater than one (and finite for
non-integer input).
If we start withz € [0,1), thenz — [z] = . Thus, forz € [0,1), f(z) = L.
If 2 > 1, thenf(x) # <: it will be shifted.

Exercise 6.1.5.Graph f(z), f(f(z)), and f(f(f(z))) = (f o f o [)().

x> 1 (6.4)
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Draw a diagonal map(z) = z. Givenz,, look at f(z,), and findz such that
g(x) = f(zo). Thus, go from<x0,f(:p0)) to (f(xo),f(x0)>. Then, project this

point to (f(xo), f(f(xo))>, and continue the process indefinitely.

Exercise 6.1.6.Find all points in[0, 1] such that when you iterate infinitely often
the above, it converges to a fixed point on the curve. What are the conditions on
points in[0, 1] that lead to interesting behaviour? (Extremely hard!)

See the papers of S. Zakeri at the University of Pennsylvania.

Exercise 6.1.7.Fact: the continued fraction expansion of a rational number is
finite. Prove this implies thatif € Q, then eventually you must land on a singular
point (ie, you are eventually sent to infinity).

Observation: if you start with a rational number, there are finite numbers taken
before the process explodes; if you start with a numbehich statisfies a degree
2 equation, the process is periodic.

6.2 Positive, Simple Convergents

Definition 6.2.1 (Positive Continued Fraction).A continued fractionay, . . . , a,,]
is positive if eachu; > 0.

Definition 6.2.2 (Simple Continued Fraction). A continued fraction is simple if
eacha; is a positive integer.

Definition 6.2.3 (quotients or convergents)If z,, = [ao,. .., an] = Ex, then
g—m is them!™ quotient or convergent.

Recall Theorem 5.2.11f the quotients are positive, then,, is an increasing
sequenceyy, 1 IS a decreasing sequence, and for@all,, < r < x9,41.

The proof followed from looking at successive quotients, Lemma 5.2.10.

What is the goal? A decimal expansion of a number converges to the given
number, even if the decimal expansion is infinite. We want to prove an analo-
gous property for continued fractions. We described a process which associates
a continued fraction to each number. We now show this process is well defined,
namely, that the continued fraction does equal the initial number.

Looking at Theorem 5.2.11, we show the even (odd) quotients converge to
from below (above).
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Theorem 6.2.4.Let[ay, ..., a,] be a positive, simple continued fraction. Then
1. ¢, > qu1Vn>1,andq, > q,_1 ifn > 1.
2. g, > n, with strict inequality ifn > 3.

Proof: Recallyy =1, ¢1 = a1 > 1, ¢, = angn_1 + ¢n—o. Eacha, > 0 and is
an integer- ThU&Ln 2 1 andanQn—l +Qn—2 Z qn—1, yleldanQH Z qn—1- If n > 11
dn—2 > 0, giving a strict inequality.

We prove the other claim by induction. Suppaegse; > n — 1. Theng, =
nGn-1+ @n-2 > Gn-1+ qu—2 > (n — 1) + 1 = n. If at one point the inequality is
strict, it is strict from that point onwardJ

Exercise 6.2.5.What can one prove about thgs?

Theorem 6.2.6.Given a continued fraction expansitm, .. ., a,] with quotient
fe. ThenZ: is reduced.

Proof: assume not, and létp,, andd|q,. Thend|(p,¢,—1 — ¢upn—1). By
Lemma 5.2.8p,¢,-1 — Gupn_1 = (—=1)""L. Thus,d|(—1)""!, which implies
d==+1 andfg—z is reduced.

6.3 Representation of Numbers by Continued Frac-
tions

Lemma 6.3.1.Givenz = [ao,...,ay]. If N is odd, there is another continued
fraction which also equals, but with an even number of terms (and vice-versa).

This is equivalent to the non-uniqueness in decimal expansions. For example,
3.499999999 - - - = 3.50. We make theconventionthat we throw away any dec-
imal expansion ending with afls and replace it with the appropriate expansion
ending in0.

Where does the ambiguity come from? Assume we have two continued frac-

tions such thala, . ..,ayx| = [ao, . ..,anx — 1, 1]. For example,
1 1
a+—=a1+ —. 6.5
1 as 1 <a2 — 1) ‘l‘% ( )

The only caveat is that we cannot have a zero in a continued fraction expan-
sion. Thus, the above is a correct praoidy if o # 1; in the example given, we
needay # 1.
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If any = 1, we consider a slight modification. For exampleyjf= 1, we have

1 1
=ay+——, (6.6)

a + ————
1
az + as+1 az + az+1
1

which completes the proofl

Consideriag, a1, as, . .., ay|. Definea, = [a,, ..., ay], the tail of the contin-
ued fraction. Thefy, ..., ay] = [ag, ..., a,-1, al,]; however, the second contin-
ued fraction is positive but not necessarily simpledasieed not be an integer).

Theorem 6.3.2. Suppos€ay, . . ., ay] is positive and simple. Thea!,] = a,
except when both = N — 1 anday = 1, in which caseiy_; = [a}y_;] + 1.

Proof: a, is a continued fraction given by

1
a =a, + ——r. 6.7
" An41 + L ( )
We just need to make sure that
1
— <L (6.8)
ant1 + —

How could this equal or more? The only possibility is i, ; = 1 and the
sum of the remaining terms(s This happens only if both = N —1 anday = 1,
proving the theorem

Uniqueness Assumption (Notation):whenever we write a finite continued
fraction, we assumey # 1, whereN corresponds to the last term. Again, this is
similar to notation from base ten expansion.
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Chapter 7

Third Lecture

7.1 Interesting Problem

Question 7.1.1.Is there a functiory : R* — R* such thatim, ., f(z) = 0?
We will prove there is no such function.

Question 7.1.2.1s there anf : Rt — R* such thatf(z)f(y) < (z — y)? for
x #y?

If such a function exists, the first problem has an affirmative answer.Fs
f(a) # 0, we have

lim f(z) = lim (= f?ac)b) ~0. (7.1)

Consider now

Question 7.1.3.1s there anf : QT — QT such thatf(z)f(y) < (z — y)? for
x #y?

Yes: definef (%) = , (p,q) = 1,
We now show there is no function satisfying the conditions of Question 7.1.1.
Proof: for anya, the value isf(a). Form the circle with diameter frorfu, 0)

to (a, f(a) ) and center(a, @) and do the same &t If a # b, we claim that
the two circles are disjoint.
If the sum of the radii of two circles is less than the distance between the two

centers, clearly the circles are disjoint.
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In our case, the radii aré”) and /2. The distance between the centers is

2
\/(a — b2+ (M) . Thus, it is enough to show that
fla) | f(b) \/ fla) — f(b))2
SN SN~ _b)2 SN S
L E < yfa—bp+ (B (7.2)
We square both sides, and show thés correct if f is the function

(f@%+ﬂ®)2f§(a_w2+<fWW—ﬂ®)2

2 2
F@ =26 @I+ FOF e J@ 26 @I0) + 0
4 - 4
f@)f() < (a—0b) (7.3)

The worst scenario is if the two circles exactly touch (if we havand not
<). We use the solution of Question 7.1.3.

Prove there are only countably many such circles that can be placed. Hint:
each circle contains a rational tuple. @8 is countable, we can enumerate the
circles.

But there are uncountably many circles if we are studying a real-valued func-
tion! O

7.2 Uniqueness of Continued Fraction Expansions

Theorem 7.2.1 (Uniqueness of Continued Fraction Expansion).etz = [ao, . .., ay]
= [bo, - . ., bys] be continued fractions witty, by, > 1. ThenN = M anda; = b;
fori=0to N = M.

We proceed by inductioruy = [z], by = [z]. If [ag,...,an] = [bo,- ., bn],
then
(2], [ar, ]| = [[a], oy, bl (7.4)
Then
1 1
[z] + o an] [z] + b o] (7.5)



Thus,[ay,...,an] = [b1,...,by]. We now have one fewer component, and
the proof follows by inductiontd

Givenx, we can associate a continued fractionrta, = [x],

1
rT=ay+ — =ag+ —7 (7.6)

and so on. We write a prime over the last component to signify it need not be an
integer; ie, it is the real number (greater than or equa) that gives an equality.
Note the previous components are integer, and the last is like a remainder.

If & # 0, 5% =a;+&. 1f& #0. 5% = as + &, et cetera, where in general
al, = 5.71_

If at some point; = 0, the process terminates. This means we have something
like

Tr = ag+ i 1 . (77)

Theorem 7.2.2.A number is rational if and only if its continued fraction expan-
sion is finite.

Proof: clearly, if the continued fraction expansion is finite, then the number is
rational. The other direction is much harder.
Letz =2, (h,k) =1,k > 0. Then

h
E:CLO—F&),h:aok'—i-&)k',0§fo<k—>0§€0/{3<k. (78)

Basically, ok is the remainder of the division df by k. We continue this

process.
ki = &)k’, and

, 1 k k

adn — — —= — — —

O & kb ki

We now have: & < ki, and we definé, = k,&;. We started withk and now
havek,, k,, et cetera, a decreasing sequence of positive nuntberg, > ky >

---. The sequence must eventually terminate, as each iteration gives us a smaller
non-negative number.

=a1+& (7.9)
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We now have

1 k1 kq
=M 16, 7.10
& kb ke &2 (7.10)

Wherekg > k’gfg = ks.

Exercise 7.2.3 Letx have a periodic decimal expansion. Prove thas rational.

Exercise 7.2.4.Letx be rational. What can you say about its decimal expansion?

7.3 Convergence

How well do continued fractions converge to the given number? Recal
[CL(), A1y vy, CZ;LJrl]. Then

@;1 Dn +pn71
— ntfn T el (7.11)
an+1QTL + qTL—l

How large is‘x — Z—: , the difference betweenand then!" convergent?

a/n+1pn + Pn—1 _ Pn
Ui Gn + Q-1
Pn—14n — Pndn-1
qﬂ(a;H-lqﬂ + qn-1)

= —<_}) (7.12)
qnqn+1

asq; = ay, q, = a,Gn-1 + Gn_2, @nd by Lemma 5.2.8,,_1¢, — PnGn-1 =
(=)™

How large cany, ,, be? How small?

Notea, < a;,,; < an4+1 + 1. Well, they could be equal, but only if we have
a finite continued fraction.

For simplicity, we areassuming we have an infinite continued fraction, so
we don’t need to worry about trivial modifications at the last component
Thus, we are assuming¢ Q.

Notea;, is what we need téruncatean infinite continued fraction. Thus, we

initially havex = [ag, ..., an, i1, .. .| = |ag, ..., d].
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Thus,

Ghi1 = W1 Gn + Gne1 > Ans1Gn + Qo1 = Gni1 (7.13)

and

Gy1 < (g1 + D)o + oot = Gng1Gn + Gno1 + o
= Gn+1 T an < Ont2qn+1 + Qn = Qni2, (714)

asa, o IS a positive integer.
We have proven

Theorem 7.3.1.

1 n 1
<z =Pl < , (7.15)
AnGn+2 qn qndn+1
or
1 1
< |pn — qnx| < . (7.16)
Qn+2 n+1
For example, forr = [1,1,1,1,...], we get the Fibonacci numbers, and
Fupr _, (14v5)"
Fn 2

Thus, even when multiplied by a huge number likethese differences go to
zero exponentially fastThisis why continued fractions are so useful.
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Chapter 8

Fourth Lecture

8.1 Review
Definition 8.1.1. By [ao, a1, . . . | we mean

lim [ag, a1, . . ., Gp). (8.1)

Exercise 8.1.2.Prove
1. The even convergents are increasing and bounded.
2. The odd convergents are decreasing and bounded.

Theorem 8.1.3.The limit

lim [ag, ai, . .., ap,) (8.2)

n—oo
exists (fora; non-negative integers.

By Exercise 8.1.2, the even convergegg converges (say tal), and the
odd convergentéq’ﬁ converge (say td3). We need only showvA = B, or,
equivalently,

Don DPon—1

don don—1

— 0. (8.3)

Recall Lemma 5.2.8, which statgs, g2, 1 — pon_1q2, = (—1)"!
Looking at
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1 1
- < 0, (84
Qonlon—1 ~ 2n(2n —1) (6.4)

P2n Pan—1 Ponfon—1 — Pan—1G2n

q2n q2n—1 qonqon—1

as by Lemma 6.2.44, > n. Thus,A = B. O

Theorem 8.1.4.[Uniqueness Theorem] Let have an infinite continued fraction
expansion. Ifc = [ag, a1, ...] = [bo, b1, ... ], thena; = .

As there is no last digit, we do not need to worry about the ambiguity in the last
digit. This is markedly different than the slight non-uniqueness in finite continued
fraction expansions.

Exercise 8.1.5.Prove Theorem 8.1.4.
Remark 8.1.6. The continued fraction of a number is equal to that number.

Consider the Taylor Series of a function. For good functions, the Taylor Series
equals the function. If, however, we change the function away from the origin,
then the Taylor Series will no longer agree further on.

One can write down the continued fraction of a number. There is no reason
why this continued fraction should be equal to the given number. Oneprmst
that these are the same.

Recall Theorem 7.3.1:

1 1
nYn+1 n

8.2 Periodic Continued Fractions

Consider a periodic continue fraction
[0, @1y .oy Qg ooy Qg Qs - e vy Qs Gy« -+ y Qo - - |- (8.6)
For example,
1,2,3,4,5,6,7,8,9,7,8,9,7,8,9,7,89,...]. (8.7)

Theorem 8.2.1. A numberz has a peroidic continued fraction if and only if it
satisfies a quadratic equation; ig8A, B, C € Z such thatdz? + Bz + C = 0.
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First Direction: If x has a periodic continued fraction, thenzx satisfies a
guadratic equation with integer coefficients.
Let = have a periodic continued fraction:

T = [CLOaal:--~aaL—17aL7---7aL+k—17aL7-"aaL—&-k—laaLy-”]
= lag,a1,...,a5_1,a}], (8.8)
where
CLIL = [GL7CLL+1,@L+2,--~}
= [CZL,(IL_,_l,...,aL_i_k_l,CLIL] (89)
As
/(LI + /!
af = 2L TP (8.10)
qarp+q

a’; solves the quadratic equation

¢ (ar)* +(¢" = ¢)ay, —p" = 0. (8.11)
As

r = [ag,a1,...,ar_1,a}] (8.12)

upon solving we obtain

= Pr-10y + pr—2
qr—10y +qr—o’

(8.13)
which gives

_o — TqL—
ay = Pr—2 — T4r-2 (8.14)
dr—1%T — Pr-1

Substituting the above far; in Equation 8.11 yields

2
_9 — Xqr_ _o9 — Xqr_
q/ (pL 2 qrL 2) + (q// _q/) (pL 2 qrL 2) _p// — 0. (815)
qrL—1T — pPrL—1 qrL—1T — pPr—1
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Multiplying through by (¢;_1x — pr_1)?, we find thatx solves a quadratic
equation with non-zero quadratic coefficient.

Second Direction: If x satisfies a quadratic equation with integer coeffi-
cients, thenz has a periodic continued fraction.
Assumer solves

ar® +br +c=0. (8.16)

Further, we may assume the quadratic equation is irreducibleZbeer) (if
not, thenx would satisfy a linear equation). Thus, Equation 8.16 has no rational
roots.

We must show: has a periodic continued fraction expansion.

We writex = [ag, a1, ... ]. We may writex = [aq, . .., a,_1,al,] and we get
_ pn—la/n +pn—2 (8 17)
Qn—la;b + gn—2

Substitute% for 2 in Equation 8.16. Clear denominators by multi-
plying through by(q,,_1a!, + ¢,_2)*. We finda/, satisfied the following quadratic

equation
where a messy (but straightforward) calculation gives

An = ap?z—l + bpn—lQn—l + ng%—l

Bn = 2apn71Qn72 + b(pn71Qn72 + pananl) + 2CQn71Qn72

Cn = ap: o+ bpn_aGno+cq:_s. (8.19)
Remark 8.2.2. A,, # 0.

Proof: If A, = 0, then dividing the expression fot,, by ¢, gives =— Pnzt
satisfies Equation 8.16; however, Equation 8.16 has no rational solutions.
Thus, we have

A? + By +C, =0, y=ad, isasolution A, # 0. (8.20)

The discriminant of the above quadratic is (another messy but straightforward
calculation)
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A =02 —4A,C, = b* — 4ac. (8.21)
By Theorem 7.3.1,

Oy
T4n—1 — Pn = _17 |5n71| < 1. (822)
dn—1
Thus,
5ot ) 5
A, =a <an1 + qn_1> + bqn_1 (:anl + qn_l) + cqi,l. (8.23)
n—1 n—1

Taking absolute values and remembering thé&t+ bz + ¢ = 0 gives

52
(az® +bx +c)g>_| +2axd, 1 + aqg_l + 06,1

n—1

<2-la|-|z|+[b] + |a|. (8.24)

As C, = A,,_; we find that

Cnl < 2-fal - ] + 1b] + al

B2 —4A,C, = b —dac

By < VHAAC+ 0 — dac] < %(zmr o]+ 1Bl + [al) 4102 — dac]
(8.25)
We have shown
Lemma 8.2.3. There is anM such that, for alln,
| Anl, | Bnl, |Cpl < M. (8.26)
Thus, by Dirichlet’s Box Principle, we can find three triples such that

(Ama Bm ) Om) = (Anza Bmv Onz) = (Amv Bn37 C’”B)‘ (827)
We get three numbers, ,a;,, anda,, which all solve the same quadratic

mi1) Tng

equation (Equation 8.18), and the polynomsihotthe zero polynomial ad,, #
0.
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As any non-zero polynomial has at most two distinct roots, two of the three
a,,S are equal. Without loss of generality, assutfie= aj,. .
This implies periodicity. Why?

[y Q15 - Oy o] =[Gy Gyt - ]
= [@nys Gpygts -5 an, ] (8.28)
Notice we haveno ideawhere the periodicity begins. The previous statement
usesu,, converts from an infinite continued fractiom, a4, . . . ] to a finite contin-
ued fraction[ag, ay, . .., a,].
Exercise 8.2.4.Showy/2 = [1,2,2,2,...]. Hint:
V2 = 1+ (V2-1)
1
= 14 -
2+ (V2-1)
1
= 1+ DRI — (8.29)
+ 2+(v2-1)

Exercise 8.2.5.Showy/3 = [1,1,2,1,2,1,2,...].
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Chapter 9

Approximations to Irrational
Numbers

9.1 Convergents Give the Best Approximations

Theorem 9.1.1.Letx = [ay, ... ]| with convergent%. Then for0 < ¢ < g, If
B Pu then
q dn
PR L R S (9.1)
In q

Among numbers with bounded denominator, the continued fraction is the best
approximation to the irrational.
The Theorem will follow from

Theorem 9.1.2.Under the same assumptions,
|pn — quz] < |p— qx|. (9.2)
Proof: Suppose andq are relatively prime. By Theorem 7.3.1

Pn = @u| < |Pn1 — Gn17|. (9.3)
Thus, it is sufficient to investigaig, 1 < ¢ < ¢,.
Case l.q=q,
If ¢ = ¢., we must have # p, (otherwiseg = 7;—:).
Therefore
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> L (9.4)
an

if p # p, (@Sq = qn, and|p — p,,| > 1). Thus,z—: isn’t too close to;—’.
Again by Theorem 7.3.1,

Pn P

an g

1 1
<

< <
InGn+1 3qn

(9.5)

We are assuming > 1. This will give ¢,, ., > 3. Thus,?* is close tac.

Consider the ball of radiu% aboutf]’—z. Thenz is within this ball; however,

§ is not within this ball.g is at Ieastqi units fromg—".
Therefore, the closestcan be td? is -2, or [z — 2| > 2. But|z—22| < ;L.
q 3qn q 3qn qn 3qn
Therefore,

z- Dl < :L’—E, (9.6)
dn q
as was to be proved.
Case 2.q,_1 < q < qn,
By our assumptions o £ # Z—: or ’;”—j
We will find 1 andv such that
[Pn + VPn1 = Dy HGn + VGn-1 = q. (9.7)

Assume relations of the above form. Multiplying the first gy ; and the
second by, _; yields

W(PnGn-1 — Pn-1qn) = Pln—1 — qPn—1
:u - i(an—l - qpn—l)- (98)

Similarly we find that

v = £(pgn — qpn-1), (9.9)
where we use Lemma 5.2.8to ggly,,_1 — pn_1q, = 1.
Thus, we can find integer andv such that Equation 9.7 is true.
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As ¢ = uq, + vg,—1 < qn, i @ndr must have opposite signs.

Further, we know,, — ¢,z andp,,_1 —q,_1x have opposite signs (the even con-
vergents are increasing, the odd convergents are decreasing: see Exercise 8.1.2).

Thereforeu(p, — ¢,x) andv(p,—1 — ¢,—12) have the same sign. But

p—qr = [(Pn — @) + V(Pro1 — Gu_1T). (9.10)
Thus

lp—qz| > |pn-1— @2 > [pn — gu|. (9.11)
The above is the desired inequality.

Exercise 9.1.3.Show thay,, > 3 forn > 2.
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Chapter 10

Measure Theory, Sizes of
Well-Approximated Sets, and Height
Functions

10.1 Naive measure theory

10.1.1 Reconsidering length and area

What is the length of)? What is the area d x Q? The answer is not intuitively
clear: on the one hand, bathandQ x Q are enumerable, and hence their elements
form small subsets of the line and plane; on the other h@edndQ x Q are
dense — you cannot have any open set outside it. Perhaps we should rephrase our
guestion: can we extend our concept of area from the sets on which we normally
use it to sets such &3 x Q?

Of course, this raises two further questions: what is our concept of area? To
what kind of sets do we usually apply it? As many of you must know from sad
personal experience, applying certain familiar concepts to objects that look per-
fectly reasonable can result in absurdities and contradictions (for example, Rus-
sell's Paradox from set theory). Nevertheless, | think we may presume that we
can talk about the length of intervals and the area of triangles and rectangles with
a clean conscience. If you were taught geometry properly, you may have derived
the area of a polygon from the single postulate that
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Area (G Sl-) = i Area(s;) (10.1)

i=1

when Sy, S,, - - - are disjoint triangles or rectangles. Thus, starting with the
area of triangles and rectangles, we can extend and calculate the area of polygons.

What about the areas of more exotic sets than polygons? We try and generalize
the above construction, and see what the largest class of sets is where we can
determine the area.

The set — which we shall call the sBtof measurable setfsom now on — will
have to fulfill the following properties for proofs such as the one for the area of
the polygon to work:

1. ABER=ANBER,
2. ABeR=A—-BeR,
3. AhAQ,"'ERiU;.ilAZ‘ER.

We will assume furthermore th& is a subset of the set of all subsets of a fixed
Euclidean spacR”. Thus, for areas, we assume the element® afe subsets of
the plane.

Our area function will be any functiom : R — R} (R{ is the set of non-
negative numbers) satisfying the following properties:

1. o(0) = 0, where is the empty set.
2. o (U2, Ai) =222 A for Ay, Ay, - - € R disjoint.

Finally, we requireR to contain all traditional objects (intervals far= 1, rect-
angles forn = 2, boxes forn = 3, etc.) and not to be so large that we obtain
contradictions. On the intervals, rectangles, etc., we wilbstt have the same
value as the standard corresponding notion.

Thus, forn = 1, we callo thelength and if I is the intervala, b], [a, b), (a, b]
or (a,b), we definer (1) = b — a.

If n = 2, we callo thearea and if R is a rectangle, with lengthand width
w, we definer(R) =1 - w.

If n = 3, we callo thevolume and if B is a box with length and widthw
and heighth, we defines(B) =1 - w - h.

And so on for higher dimensions. In general, we talk aboutntieasure of
a set, where in one-dimension measure is length, in two-dimensions measure is
area, and so on.
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Definition 10.1.1. [Lebesgue Measure] We call the measure derived from inter-
vals on the line, rectangles in the plane, boxes in three-space (and so on) the
Lebesgue Measure.

So what carR be? We refer the interested reader to more advanced texts.
We’'ll just say that one can make it large enough to contain all sets we will actually
applyo to. Don't try this at home, though.

Exercise 10.1.2.Knowing the area of a rectangle, show one can determine the
area of an arbitrary triangle.

Exercise 10.1.3 Find the area of a regulan-gon, where each side has length

Exercise 10.1.4 (Russell's Paradox)A set is not just a collection of all objects
satisfying a given property. Consider the potentialRedefined by

R = {z:xeRifandonlyifz & x}. (10.2)
Most objects are not elements of themselves, thus most objects willbe in
For example, the set of natural numbB®iis not a natural number, si € R.
If R were a set, we could ask, "8 € R? Show that botlR € R andR ¢ R
contradict the definition oR. Thus,R is not a set.

10.1.2 Measure of the Rationals

Let
Q. = [0,1] N Q. (10.3)
What is the measure(Qy 1) of Qjo,17?
It follows from our postulates that, it C B, theno(A) < o(B). Now let
Ty, T2, T3,... be the elements djy;;. (As you know,Q is ennumerable, and
hence so i€) 1).) Fore > 0 arbitrary, define

€ €
Uie = (% - ﬁ,xz + 7 22.). (10.4)
Then
Q[O 1] - UUze

o <U ULE) < ; < e (10.5)



We have shown that, given amy> 0, we can find a union of intervals that
containsQy ;) and has measure less thaiThus,o (Qp1)) = 0.

Exercise 10.1.5.Show thatQy;; x Q0,1 has zero area.

In general, any countable set will have measure zero. (The argument above
works for all such sets.) However, not every set with measure zero will be count-
able. This allows us to distinguish between the sizes of different uncountable
subsets of the real line. You may remember from your distant past (last week)
that for any irrational numbet € [0, 1] there are infinitely many integeys g,
0<p<gq,q>0,suchthat
r — 9’ < iz (10.6)

q q
We will now see that the set of privileged points that can be approximated a great
deal more closely than every number can by (10.6) is actually rather small.

10.2 Measures of Sets with Given Continued Frac-
tion Approximations

10.2.1 |z — 2| < - Infinitely Often
q

q2
Theorem 10.2.1.Let ', ¢ be positive constants. Lét be the set of all points
x € |0, 1] such that there are infinitely many integexs; with

(10.7)

Theno(S) = 0.

Proof. Let N > 0. Let Sy be the set of all points € [0, 1] such that there are
p,q € Z,q > N, for which

(10.8)

x—]—9 < C.
q—q2+5

If x € S, thenx € Sy for everyN. Thus, if we can show that the measure of
the setsSy becomes arbitrarily small a8 — oo, then the measure ¢f must be
zero.
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How big canSy be? For a given, there are at most choices forp. Given a
pair (p, ¢), how manyz’s are there withinq% of §? Clearly, the set of such points
is the interval

_(w C p C
Ip,q - (5_q2+675+q2+6)- (109)

Note that the measure éf , is q%—f Let I, be the set of ali: in [0, 1] that are
within _ of a rational number with denominatgr Then

q
I, ¢ |JLg (10.10)
p=0
and therefore
q
U<Iq) < ‘7<Ipq)
p=0
2C
= (¢+1) e
_ogft2e 4Ac (10.11)

Then

q>N

4C
o q>ZN q1+e

4C
1+e€

N~ (10.12)

Thus, asV goes to infinityo(Sy) goes to zero. AS C Sy, o(S)=0. O

Exercise 10.2.2Instead of working Witﬂ\z — §

< qz(ie , show the same argument

works for‘x — %’

¢ _q_
< L where) 7 < oo

We can, however, improve on (10.6) somewhat.
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10.2.2 ‘:c _

2
Theorem 10.2.3.Letz € [0, 1] be an irrational number. Then there are infinitely
many integerg, ¢ such that

_pp 1
‘x q' SN (10.13)
Proof. Note that any finite continued fraction is rational, and any rational num-
ber can be represented as a finite continued fraction. Thus, we may assume our
numberz has an infinite continued fraction expansion.

We will show that, of any three consecutive apprommat@ﬁé Pn p““ tox
coming from the continuous fraction expansioncoht least one satlsfles (10 13).
Let

by = 81 (10.14)
qi
Then
i ‘ 1 1
— =X = / = /
¢ Gl Q@51 + ¢io1)
B 1
¢i(a) 1 G + biv1qs)
1 1
e — (10.15)

qi2 a;+1 + bit1
It is thus enough to prove that
a +b; > 5 (10.16)
for at least one of any three consecutive values 1, m, m + 1 of i. Assume

a;l_l + bnfl § \/ga

al, + b, < V5.
By definition
1
U = Upo1 + — (10.17)
Qa

n
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1 n— n—14n— n—4J n—2

— = dn-1 = n—19n-2 + Gn-3 = Ap—1 + dn-3 = Qp—1 + bn—l- (1018)

bn gn—2 gn—2 qn—2

Hence
11
Lolou vha<vs (10.19)
Qy, n
Therefore

= 6-5 (bn + i) . (10.20)

In other words )
b+ - < V5. (10.21)

Sinceb,, is rational, the inequality must be strict. Completing the square we obtain

by, > %(\/5 —1). (10.22)

Now suppose

afm_l + bm—l S \/5
a, +b, < V5
< V5. (10.23)

’
Ayt + bm+1

Applying the above reasoning to= m, n = m + 1, we obtain

by > %(\/5—1)

1
bpos1 > 5(\/E —1). (10.24)
By (10.17) withn = m + 1 and (10.18) and (10.19) with = m,
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Ay, = oo b
1 1
< bm+1_§(\/5_1)
1 1
DR
= SV - (VE-1)
= 1. (10.25)

However,a,, is a positive integer, and there are no positive integers less than
1. Contradiction. O

From the above, we see that the approximation is often betterﬁ(;fgn For
example, if our continued fraction expansion has infinitely masyn its expan-
sion, we can do at least as well %5 infinitely often.

Exercise 10.2.4.Show thatf%q2 is the best one can have for all irrationals by
studying the golden meahgig =[1,1,1,...].

Exercise 10.2.5.Let = be any irrational other than the golden mean. How well
canx be approximated? See, for example, [HW].

10.3 Height Functions and Diophantine Equations

We will now discuss a standard technique for solving or obtaining descriptions of
the solutions to a diophantine equation (are there any? are there infinitely many?).
The technique consists in defining a function from the set of all solutions to the
integers (this is calledlaeight functiof and examining the properties of the order-

ing of the solutions according to the values taken by the height function. As this
sounds rather abstract, we will examine what was historically the first example.

10.3.1 Fermat’s Equation

Lemma 10.3.1.Any positive integral solution to

vt 4yt =22 (10.26)
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with z, y coprime andr even must satisfy
r=2ab, y=a*> -0, z=a*+1? (10.27)
for some coprime positive integersb, one of them even.

Proof. Sincex is even andr andy are coprimey must be odd. Henceis odd.
Therefore%(z — ) and%(z + y) are integral. By (10.26),

(g)QZZ(Z;y) (Z;y). (10.28)

x andy coprime implies thay andz are coprime as well. Henéle{z —y) and
%(2 + y) are coprime. Therefore, as their product is a square, they must both be
squares:

24y . z2—y
=a
2 2
Thena andb satisfy (10.27). Since is odd,a andb are of opposite parity. [

= b2, (10.29)

Exercise 10.3.2 Assumer, y, z € Z, 2> + y*> = 22 andz, y and z are co-prime
(thus, no two share a common factor). Prove exactly onearidy is even, and
exactly one is odd. Hint: clearly andy are not both even; if both were odd, what
is 22 + y? congruent to mod? Can you find & € Z whose square is congruent
to this mod4?

Exercise 10.3.3Prove that ifuv is a square and:, v have no factors in common,
thenu andv are both squares.

Theorem 10.3.4 (Fermat).There are no positive integral solutions to
o'yt =22 (10.30)

Proof. Suppose there are integral solutions to the given equation. Order all solu-
tions (x, y, z) according to the value of. (In the general framework, this is the
same as saying that we define our height function téabe, z) — z.) Now let
(x0, Yo, 20) be the solution with the least. (If there are several such solutions,
choose one among them.) Clearlyandy, will have to be coprime, as otherwise
we could divider, y andz by ged(x, y) and thereby obtain a smaller solution.

If zo andy, are both odd, then
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5 = 1(mod4)
o 1(mod4) (10.31)

and hence
2

22 = x5 +ys = 2(mod 4). (10.32)
This cannot be, as no square can be congruehttodulo4.
Hence either or y, is even. We can assume without loss of generality that
T IS even.
As we can writerg + yi = 22 as
(25)* + ()" = 2, (10.33)
by Lemma 10.3.1 we have

x2 =2ab, yi=a® b, z =a*+ b, (10.34)

with exactly one ofa, b odd. If a were even and odd, theny2 would have
to be congruent te-1 modulo4, and this is impossible. Heneeis odd and is
even. Writeb = 2¢. Then

xo\2 x§ 2ab  dac

(2) - A (10.35)

Sincea andb are coprimeg andc are coprime. Hence andc must both be
squares. Write

a=d* c=f> (10.36)
Then (remembering = 2¢ = 2f?)

y2 — CL2 - b2 — d4 o 4—f47 (1037)

and so

(2f2)* +y* = (&°)". (10.38)
Applying Lemma 10.3.1 again, we obtain

2f2 = 2m, d?=12+m? (10.39)
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for some coprime positive integetsm. Since f? = Im, bothl andm are
squares:

=1 m=s (10.40)
Therefore
& =17 +m? (10.41)
can be written as
d? =1t + st (10.42)
But
d<d®=a<a?<a®+b =z, (10.43)
and thus (10.42) is a solution to (10.30) with a valuep$maller thar:. Contra-
diction. ]

We say a solution of* + y* = 22 is trivial if x, y or z is zero. The above
argument proves that there are no non-trivial integer solutions.

Exercise 10.3.5.Prove that the equation* + y* = 22 has no non-trivial integer
solutions implies that* + y* = 2% has no non-trivial solutions.

Exercise 10.3.6 (Fermat’s Equation) Assume:™ + y™ = 2™ has no non-trivial
integer solutions for some: € N. Prove that for any: € N, x4 + %™ = zom

has no non-trivial integer solutions. Thus, it is enough to show there are no non-
trivial solutions to Fermat’s Equation for odd primes and far = 4 (note we
must dom = 4, as by Pythagoras the@esolutions whemn = 2).

10.3.2 Method of Descent

We sketch an alternate proof that there are no non-trivial solutions-ef* = 22.

Definition 10.3.7 (Height of a solution).Given an integer solutiof, y, =), we
define the height of the solutioh(x, y, z), by

h(z,y, z) = max <]x|, ]y\) (10.44)
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Exercise 10.3.8.Given anyC' > 0, prove there are only finitely many integer so-
lutions ofz? +y* = 22 with h(x,y, 2) < C. More generally, given any polynomial

with integer coefficients(zx, y, z) = 0, prove there are only finitely many integer
solutions with height less thati.

Let (o, yo, 20) be a non-trivial solution of* +y* = 22. Anidentical argument
as before leads to the existence of another non-trivial solution

rt 4+ st = 2. (10.45)

Exercise 10.3.9.Showr # 0,s # 0, which implies tha{r, s, d) is a non-trivial
integer solution.

Exercise 10.3.10Proveh(r, s, d) < h(xo, yo, 2z0). Hint: first prove

7 < max <|a70|, |y0|> ands < <|x0|, |y0|>. (10.46)

Thus, given a non-trivial integer solutiqn, yo, 2o) we can always find an-
other non-trivial integer solution with smaller height.

We now apply the above construction to the non-trivial integer solytion d)
and obtain another non-trivial integer solutién, s, ds) with strictly smaller
height We then apply the same construction(tg, s d») and obtain another non-
trivial integer solution(rs, s3, ds) with strictly smaller height And so on.

This is the Method of Descent. Starting with one non-trivial integer solution,
we construct an infinite sequence of non-trivial integer solutions, each solution
strictly smallerthan the previous. Here our conceptsohallercomes from our
height function.

But as each solution has strictly smaller height, and the initial héight o, zo)
was finite, we cannot continue constructing smaller solutions indefinitely; in fact,
we can only proceed at mostx, yo, 29) + 1 times.

Thus, as the Method of Descent gives infinitely many solutions, we reach a
contradiction. Our only assumption was that there existed a non-trivial integer
solution (g, o, 20); therefore, there are no non-trivial integer solutions:bft-
yt = 2%
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Chapter 11

Fifth Lecture

11.1 Convergents are the Best Rational Approxima-

tions
Theorem 11.1.1.Letx = [ao, ay,...| with pth convergent;’—:. Supposer > 1,
0<q<qn and§ =+ fj—n Then
]ﬁ—x’ < Z—?—x‘. (11.1)
dn q

Proof. Supposép, q) = 1; if p andq are not relatively prime, the proof is easier.
It is sufficient to show

|pn - in" < |pn—1 - (]n_1.23|. (112)
It will be sufficient to prove the above faf, 1 < ¢ < g,,.

Casel: ¢ = ¢, We handled this case last time.

Case2: ¢,_1 < g < qy
Thus,

Py Bn Pni (11.3)
q qn dn-1

Find 1, v such that
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HPn + VDPn—1

HGn +VGpn—1 = ¢. (11.4)
As
Pn Pn-1 n—1
= (—1 , 11.5
dn 4n-1 ( ) ( )
by Cramer’s rule we can find suchueandv.
Thus,
o= £(Pgn-1— qPa-1)
v = F(pgn — qpn)- (11.6)
Since
q = HGn T Vqp—1 < Qn, (117)

we find that, andr have opposite signs.
On the other hand,

Pn — qn®, Pn—1 — Gn—1T (118)
have opposite signs; therefore,

,u(pn - an)a V(pnfl - anlm) (119)
have the same signs.
This implies
p—qr = p(pn — @u) + V(Pa-1 — Gu), (11.10)

and there is no cancellation (as the two terms on the right have the same sign).
As v is an integer, we find

‘p - qx) > |\v(pp-1 — Qn—l)’

v

Pn—1 — Gn—1T

> |Pn — QnT|. (11.112)
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This completes the proof. O

Thus, the convergents provide the best rational approximation to a given num-
ber. Now that we know the convergents are the best rational approximations, we
now investigatdhow wellthey approximate.

11.2 Weaker Approximation Properties of Conver-
gents

In our proof that every irrational can be approximated (infinitely often) as well as
ﬁqg, we proved

Theorem 11.2.1.0f any three consecutive convergents to a continued fraction, at
least one satisfies

r——| <

q V5g?2

1
‘ P (11.12)

One can show

Theorem 11.2.2.If § satisfies{a: — %) < # then§ IS a convergent of.

Exercise 11.2.3 Prove the above theorem.

Theorem 11.2.4.0f any two consecutive convergents, one will satisfy

1
’x—g <5 (11.13)

Proof. Let x be irrational. We can write

0 1
P e =Z e=+1,0<0<-. (11.14)
q q 2
Extend? as a finite continued fractidny, . . ., a,]. There is non-uniqueness in
finite continued fractions (can make it have either even or odd number of terms).
Choose: = (—1)""!. Findw such that

wgnp + gn—1 ’ dn
We will considerzﬁ and’%.

_ WPn T Poot Pn P (11.15)
q
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Claim 11.2.5. f;’"—j fl’—: are in fact convergents te.

Choosew like this:

WAL + Gn_1Z WPp, + Pn—1
WGt — WpPp = Pn—1 — Gn-1
Thereforew — 2ot n1t (11.16)
GnT — Pn
PC+R

Lemma 11.2.6.1f x = OcrS with S > 1 and P, Q, R, S are integers such that
Q>S>0andPS — QR = +1, then% andg are two consecutive convergents
to x.

How does Lemma 11.2.6 imply the Theorem? In order to use the lemma, we
need to show thag > 1, which translates to showing > 1.

Now,
1% et
R
Dn
= ——x
dn
_ Pn_ WPntPpa
qn wqp + qn—1
_ Pndn—1 — Pn—14n
qn(w%z + Qn—l)
-1 n—1
= (=1) : (11.17)
Qn(U)Qn + anl)
Therefore,
S L —; (11.18)
WAqn + qn—1
which gives
w=-— 1o (11.19)
0
which completes the proof of the Theorem.
O
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We must now prove Lemma 11.2.6.

Proof. Let

P n
— = [ag,...,a,] = D,

Q In

We must have” = p, and@ = ¢,, as these are reduced fractions. Thus,
(P, Q) are relatively primeg) > 0.
Chooser such thatPS — QR = +1 = (—1)"L. In particular, we have

(11.20)

an _ an — (_1)7171
= PnGn—1 — Pn—1Gn- (11.21)
Rewriting gives
Pu(S = Gn-1) = qu(R — pa-1)- (11.22)

AS ¢, |pn(S — ¢n_1), this impliesg, |S — ¢,—1.
Asq,=Q > S>0,q, > ¢g,—1 > 0, we must have

1S = Gn-1] < - (11.23)
As ¢,|S — ¢, this forcesS = ¢,,_; andR = p,,_;.
Hence
pnC + Pn—1
=" (11.24)
an + qn-1
which implies
x = |ag,...,an-1,(], (11.25)
proving the lemma.
L]
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11.3 Exponent (or Order) of Approximation

Definition 11.3.1 (approximated to ordern). £ is approximated by rationals to
ordern (n need not be an integer) #t = k() such that

k(€)
q'!L

L 5‘ < (11.26)
4q
has only finitely many solutions.
Equivalently,
Definition 11.3.2 (approximation exponent).£ has order (or exponent)(¢) if
7(€) is the smallest number such that > 7(¢), the inequality
)]3 —5‘ < — (11.27)
q q°
has only finitely many solutions.

Example 11.3.3.A rational number has approximation exponérgnd no more.

Why? If ¢ = £ andr = £ # ¢, thensb — at # 0. Thus,|sb — at| > 1 (as itis
integral). This implies

S a S
-3 = 53
~ |sb—at|
B bt
> 1 (11.28)
- ont '
If the rational¢ had approximation exponeat> 1 we would find
E—r| < ! which implies ! > ! (11.29)
" te’ PIeSs = '

Thereforet~! < b. Sinceb is fixed, there are only finitely many su¢hd

Example 11.3.4.An irrational number has approximation exponent at leastve
did this using Dirichlet’'s Box Principle (among other proofs).

Theorem 11.3.5 (Liouville). A real algebraic number of degreeis not approx-
imateable to order larger tham. In other words, ifa satisfies a polynomial
equation with integer coefficients of degreghenr(«) < n.
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Corollary 11.3.6. A quadratic irrational numbeg has approximation exponent
exactly2.

Proof. We have previously shown every irrational hag) > 2; however, by
Liouville’s Theorem,r(§) < 2. Therefore;s (&) = 2. N

We will show later that
Theorem 11.3.7 (Roth1955). For anyalgebraic numbery, 7(a) = 2.

Given bounds IikeMLqe, there are two directions we can go. We can try and
improve M (Hurwitz), or we can try and improve (Roth).
The larger or M, the better our number can be approximated by rationals. As
far as approximations go, a rational number isgmaplistnumber one can have.
Liouville’s Theorem says that algebraic numbers can’t be approximated by
rationals too quickly; transcendentals are numbers that can be approximated ex-

tremely rapidly.
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Chapter 12

Liouville’s Theorem Constructing
Transcendentals

12.1 Review of Approximating by Rationals

Definition 12.1.1 (Approximated by rationals to order n). A real numberz
is approximated by rationals to order if there exist a constant(x) (possibly
depending orr) such that there are infinitely many ration;%lk/vith

p| k=)

x — —‘ < . (12.1)
q q"
Recall that Dirichlet’s Box Principle gives us:
1
z— ]3’ <= (12.2)
q q

for infintely many fractionsg. This was proved by choosing a large parameter
@, and considering th@ + 1 fractionary partdqz} € [0,1) for ¢ € {0,...,Q}.
The box principle ensures us that there must be two diffefensay:

0<q1 <@ (12.3)

such that bot{ ¢,z } and{g,x} belong to the same intervg, %l), for some
0 < a < @ — 1. Note that there are exactly such intervals partitioning), 1),
and(@ + 1 fractionary parts! Now, the length of such an intervaéiso we get
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{ar} — ()] < ~. (12.4)

Q
There exist integerg, andp, such that
{az} = gz —p, {gr} = @ —p. (12.5)
Lettingp = p, — p; we find
1
(g2 — q1)x — p| < 0 (12.6)

Letq = ¢ — ¢1, S01 < ¢ < @, and the previous equation can be rewriten as

< —< = (12.7)

Now, letting @ — oo, we get an infinite collection of rational fractlo#s
satisfying the above equation. If this collection contains only finitely many dis-
tinct fractions, then one of these fractions, %?ywould occur for infintely many
choices); of @, thus giving us:

‘x Bl — (12.8)

ask — oo. This implies thatr = 2 € Q. So, unles is a rational number,
we can find infinitely manylistinct rational number§ satisfying Equation 12.7.
This means that any real, irrational number can be approximated toorde2
by rational numbers.

12.2 Liouville’s Theorem

Theorem 12.2.1 (Liouville’s Theorem).Let x be a real algebraic number of
degreen. Thenz is approximated by rationals to order at most

Proof. Let

f(X) = ap X"+ a1 X + ag (12.9)

be the polynomial with integer coefficients of smallest degree (minimal poly-
nomial) such that satisfies
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f(z) = 0. (12.10)

Note thatdegz = deg f and the condition of minimality implies that(X)
is irreducible overZ. Further, a well known result from algebra states that a
polynomial irreducible ove¥. is also irreducible oveQ.

In particular, asf(X) is irreducible overQ, f(.X) does not have any rational
roots. If it did, thenf(X') would be divisible by a linear polynomiak — ¢). Let

G(X) = f((ﬁ. Clear denominators (multiply throughout by and letg(X) =
bG(X). Thendeg g = deg f — 1, andg(x) = 0. This contradicts the minimality
of f (we choosef to be a polynomial of smallest degree such tfiat) = 0).
Therefore,f is non-zero at every rational.

Let

M = sup |f'(2)| (12.11)

|z—z|<1

Let now§ be a rational such th%& — § < 1. The Mean Value Theorem gives

us that
r(2) - = |7 (o- g)' <

wherec is some real number betweerand?; |c — x| < 1 for £ moderately
close toz.
Now we use the fact that(X') does not have any rational roots:

p
x__
q

(12.12)

q?’L
The numerator of the last term is a nonzero integer, hence it has absolute value
at leastl. Since we also know thgt(z) = 0 it follows that

n n n—1 n

’f (I—)) - f(fc)' = ‘f (73)‘ = |a”pn+'”alfnilq+a°qn| > in (12.14)
q q q q

Combining the equations 12.12 and 12.14, we get:
1
qn

<M

©— ]—" (12.15)
q



whenevelz — 2| < 1. This last equation shows us thatan be approximated
by rationals to order at most For assume it was otherwise, namely thaan be
approximated to order + ¢. Then we would have an infinite sequence of distinct
rational numberg£:};-, and a constark(xz) depending only ow such that

I iC)
qi qlme .

Since the number$ converge tar we can assume that they already are in the
interval (x — 1,z 4+ 1). Hence they also satisfy Equation 12.15:

(12.16)

1 i
— <M ‘g; N (12.17)

q; qi

Combining the last two equations we get

1 Di k(z)
<|lr—= — 12.18
v <[o- 2| < 52 (12.18)
hence

@ < M (12.19)

and this is clearly impossible for arbitrarily largesincee > 0 andg; — oc.
O

Exercise 12.2.2.Justify the fact that iff2 },>, is a rational approximation to
ordern > 1 of z, theng; — oc.

Remark 12.2.3. So far we have seen that the order to which an algebraic num-
ber can be approximated by rationals is bounded by its degree. Hence if a real,
irrational numbera ¢ Q can be approximated by rationals to an arbitrary large
order, themn must be transcendental! This provides us with a recipe for construct-
ing transcendental numbers.

12.3 Constructing Transcendental Numbers

1231 %, 107

The following construction of transcendental numbers is due to Liouville.

112



Theorem 12.3.1.The number

=1
— 12.20
g_j o (12.20)
is transcendental.

Proof. The series defining is convergent, since it is dominated by the geometric
series) | 10%” In fact, the series converges very rapidly and it is this high rate of
convergence that will yield is transcendental.

Fix N large, and lek, > N. Write

Pn ~ 1
— = — 12.21
Gn mzl 1om! ( )
with p,, ¢, > 0 and(p,,¢,) = 1. Then{f},., is a monotone increasing
sequence converging ta In particular, all these rational numbers are distinct.

Not also thaty,, must divide10™, which implies

g, < 10™. (12.22)
Using this, we get
Pn r 1 1 1

0<z-— q_n o Z 10™! o 10+t <1 + 10n+2 + 10(n+2)(n+3) o

m>n

2 2
< 10+ (1On!)n+1
2 2
s < ﬂ' (12.23)

This gives an approximation by rationals of ord€rof x. Since N can be
chosen arbitrarily large, this implies thatcan be approximated by rationals to
arbitrary order. We can conclude, in view of our precious remark 12.2.3:tisat
transcendental. O

12.3.2 [10%,10%,.. ]
Theorem 12.3.2.The number
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y = [10",10%,...] (12.24)
is transcendental.

Proof. Let 2= be the continued fraction ¢f0" - - - 10™]. Then

1 1

an;H-l B Qn(a;l_HQn + anl)
1 1
< o= T (12.25)

‘ Pn
y__
n

Sinceqy = a,qr_1 + qn_o, it implies thatg, > qx_1 AlSO, qx11 = ari1g, +
Jr—1, SO We get

Bt B 1 (12.26)
qk qk

Hence writing this inequality fok = 1,--- ,n — 1 we obtain

42 g3 dn
q1
q1 92 Gn—1

< (a1 +1)(ag+1)---(a, + 1)

1 1
= 1+=)(1+)ay--a,
(14 2) (4 mea

< 2%y - --a, = 2"10H

< 10* =a? (12.27)

n

Combining equations 12.25 and 12.27 we get:

Pn 1 1
—_ < —
’y dn An+1 CLZ—H
1\2 1) 2
< — < | =
(ﬁ) (%)
1

In this way we get, just as in the previous theorem, an approximatigrogf
rationals to arbitrary order. This proves thas transcendental.
O
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12.3.3 Buffon’s Needle andr

Consider a collection of infinitely long parallel lines in the plane, where the
spacing between any two adjacent lines/is Let the lines be located at =
0,+d,£2d,.... Consider a rod of length where for convenience we assume
[ <d.

If we were torandomlythrow the rod on the plane, what is the probability it
hits a line? This question was first asked by Buffon33.

Because of the vertical symmetry, we may assume the center of the rod lies on
the linex = 0, as shifting the rod (without rotating it) up or down will not alter the
number of intersections. By the horizontal symmetry, we may assugng x <
g. We posit that all values aof are equally likely. Ase is continuous distributed,
we may add int = g without changing the probability. The probability density
function ofz is 4.

Let 6 be the angle the rod makes with theaxis. As each angle is equally
likely, the probability density function of is ££.

We assume that andf are chosen independently. Thus, the probability den-
sity for (xz, 6) is 448,

The projection of the rod (making an angle éfvith the z-axis) along the
x-axisisl - | cosd|. If |z| < - |cosf|, then the rod hits exactly one vertical line
exactly once; ifr > [ - | cos#|, the rod does not hit a vertical line. Note that if
[ > d, arod could hit multiple lines, making the arguments more involved.

Thus, the probability a rod hits a line is

21 pl|cosf)| drdb
b= / / d-2
0=0 Jz=—1I-|cosg| & " 4T

B /2”l~|c080|ﬁ
9—=0 d 27

21
= —. 12.29
— ( )
Exercise 12.3.3.Show )
1 4 2
— |cos@|df = —. (12.30)
2m Jo s

Let A be the random variable which is the number of intersections of a rod of
length! thrown against parallel vertical lines separatediby [ units. Then
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R g l
A {1 with probability = (12.31)

0 with probability1 — 2 -

If we were to throw/NV rods independently, since the expected value of a sum
is the sum of the expected values (Lemma 1.4.8), we expect to observe

21
L= 12.32
— (12.32)

intersections.
Turning this around, let us throw rods, and lef be the number of observed
intersections of the rods with the vertical lines. Then
21 N 2i
I~ N-— — 7~ — —. (12.33)
wd d

The above is aexperimentaformula for !
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Chapter 13

Poissonian Behavior and{n*a}

13.1 Equidistribution

We say a sequence of numhber € [0, 1) is equidistributed if

lim #{n:1<n < N andz, € [a,b]}
N—oo N
for any subintervala, b] of [0, 1].
Recall Weyl's Result, Theorem 4.2.10: df ¢ Q, then the fractional parts
{na} are equidistributed. Equivalentlyn mod1 is equidistributed.
Similarly, one can show that for any integer{n*a} is equidistributed. See
Robert Lipshitz’'s paper for more details.

=b—a (13.1)

13.2 Point Masses and Induced Probability Measures

Recall from physics the concept of a unit point mass located-at:. Such a point
mass has no length (or, in higher dimensions, width or height), but finite mass. As
mass is the integral of the density over space, a finite mass in zero volume (or zero
length on the line) implies an infinite density.

We can make this more precise by the notion of an Approximation to the
Identity. See also Theorem 4.2.3.

Definition 13.2.1 (Approximation to the Identity). A sequence of functions(x)
iS an approximation to the identity (at the origin) if

1. gu(z) > 0.
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2. [ gn(z)dx =1.

3. Givene, o > 0there existsV > 0 such that for alln > NV, f|m|>5gn(a:)dx <
€.

We represent the limit of any such familygfz)s byd(z).

If f(x) is a nice function (say near the origin its Taylor Series converges) then

/ f@)b@)de = Tim | f(@)galx) = F(0). (13.2)

n—oo

Exercise 13.2.2 Prove Equation 13.2.

Thus, in the limit the functiong,, are acting like point masses. We can con-
sider the probability densitieg,(z)dx and§(x)dx. For g,(z)dz, asn — oo,
almost all the probability is concentrated in a narrower and narrower band about
the origin; d(z)dz is the limit with all the mass at one point. It is a discrete (as
opposed to continuous) probability measure.

Note thatd(x — a) acts like a point mass; however, instead of having its mass
concentrated at the origin, it is now concentrated. at

Exercise 13.2.3 Let

n o if|z] < 5
n = 2n 13.3
gn() {O otherwise ( )

Proveg,(z) is an approximation to the identity at the origin.

Exercise 13.2.4Let .

gn(r) = " (13.4)

_r
a2+’

Find ¢ such that the above is an approximation to the identity at the origin.

Given N point masses located at, -, ..., zy, We can form a probability
measure

pun(z)de = % Z 6(xr — x,)dx. (13.5)

Note [ pn(z)dz = 1, and if f(x) is a nice function,

1 N

[ t@ns@e = 53" () (136)

n=1
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Exercise 13.2.5.Prove Equation 13.6 for nicé(x).

Note the right hand side of Equation 13.6 looks like a Riemann sum. Or it
wouldlook like a Riemann sum if the,,s were equidistributed. In general thgs
will not be equidistributed, but assume for any interjvab| that asN — oo, the
fraction of x,s (I < n < N)in [a,b] goes toffp(x)dx for some nice function

p(x):

1 <n< b
lim #in:lsns %a”dm" €latly / p()dz. (13.7)

In this case, iff (x) is nice (say twice differentiable, with first derivative uni-
formly bounded), then

[t@ns@ar = 53 )

> #{n:1<n<Nandz, € |£ 1|}
ZN%) ! ! ;nxe[N N]

k=—o00

— / f(x)p(z)dz. (13.8)

Q

Definition 13.2.6 (Convergence tg(x)). If the sequence of points, satis-
fies Equation 13.7 for some nice functipfx), we say the probability measures
un (x)dz converge t(x)dzx.

13.3 Neighbor Spacings

We now consider finer questions. Lef be a collection of points if0, 1). We
order them by size:

0 < o) < Qo2 < -0 < oy, (13.9)

whereo is a permutation 0f23 - - - N. Note the ordering depends crucially on
N. Let3; = ayy;).

We consider how the differencef, — 3; are distributed. We will use a
slightly different definition of distance, however.
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Recall[0, 1) is equivalent to the unit circle under the map- ¢*™*. Thus, the
numbers 999 and.001 are actually very close; however, if we used the standard
definition of distance, theh999 — .001| = .998, which is quite large. Wrapping
[0,1) on itself (identifying0 and 1), we see that999 and.001 are separated by
.002.

Definition 13.3.1 (mod1 distance). Letx,y € [0,1). We define the mod dis-
tance frome to y, ||z — y||, by

|z —y[| = min{|$—y|, 1—|:B—y|}. (13.10)

Exercise 13.3.2.Show that the motl distance between any two number$ainl )
is at most;.

In looking at spacings between tf¥es, we haveV — 1 pairs of neighbors:

(B2,51), (Bs,B2), s (Bw, Bn-1)- (13.11)

These pairs give rise to spacings., — 5; € [0,1).

We can also consider the pait,, 5 ). This gives rise to the spacifiy—x €
[—1,0); however, as we are studying this sequence moaithis is equivalent to
B —PBn+1€]0,1).

Henceforth, whenever we perform any arithmetic operation, we always
mean mod1; thus, our answers always live in0, 1)

Definition 13.3.3 (Neighbor Spacings).Given a sequence of numbetg in
[0,1), fix an N and arrange the numbers, (n < N) in increasing order. La-
bel the new sequengg; note the ordering will depend oY. Let(3_;, = fn_;

andfn; = B;.
1. The nearest neighbor spacings are the numbers — 3,, j = 1 to N.
2. Thek™-neighbor spacings are the numbets , — 3;,j = 1to N.
Remember to take the differenggs; — 3; modl.

Exercise 13.3.4Leta = /2, and leta,, = {na} or {n’a}. Calculate the nearest
neighbor and the next-nearest neighbor spacings in each case ferl0.

Definition 13.3.5 (wrapped unit interval). We call [0, 1), when all arithmetic
operations are done mod the wrapped unit interval.
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13.4 Poissonian Behavior

Leta ¢ Q. Fix a positive integek, and leta,, = {n*a}. As N — oo, look
at the orderedy, s, denoted bys,,. How are the nearest neighbor spacings of
distributed? How does this depend oh Ona? OnN?

Before discussing this problem, we consider a simpler caseNFi&nd con-
sider N independent random variables. Each random variable is chosen from
the uniform distribution on0, 1); thus, the probability that,, € [a,b) iSb — a.

Lety, be thex,s arranged in increasing order. How do the neighbor spacings
behave?

First, we need to decide what is the correct scale to use for our investigations.
As we haveN objects on the wrapped unit interval, we havenearest neighbor
spacings. Thus, we expect the average spacing %J.be

Definition 13.4.1 (Unfolding). Let z, = Ny,. The numbers,, = Ny, have unit
mean spacing. Thus, while we expect the average spacing between agjacent
to be% units, we expect the average spacing between adjagernb bel unit.

So, the probability of observing a spacing as Iargé astween adjacent,s
becomes negligible a& — oo. What we should ask is what is the probability
of observing a nearest neighbor spacing of adjaggstthat ishalf the average
spacing. In terms of the,s, this will correspond to a spacing between adjacent
z,S of 3 a unit.

13.4.1 Nearest Neighbor Spacings

By symmetry, on the wrapped unit interval the expected nearest neighbor spacing
is independent of. Explicitly, we expects;,; — 3; to have the same distribution
asfiy1 — G

What is the probability that, when we order thgs in increasing order, the
nextz, afterx, is located betvveeﬁ; and %? Let thex,,s in increasing order
be labeled); < yo < -+ < yn, Yn = Tom)-

As we are choosing the,s independently, there a(é(l‘l) choices of subscript
n such thatr,, is nearest ta:;;. This can also be seen by symmetry, as eacls
equally likely to be the first to thaeght of x; (where, of course(01 is just a little
to the right 0f.999), and we haveV — 1 choices left forz,,.

The probability that, € |, 5524 is 4.
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For the remainingV — 2 of the x,,s, each must be further théﬁ% from z,,.
Thus, they musdll lie in an interval (or possibly two intervals if we wrap around)

of length1 — £t The probability that they all lie in this region (sl _ LA
Thus, ifz; = g, we want to calculate the probability thAt,,., — || €

|4 2], This is

t t+ At N -1 At t+ At\N-2
err{ o -l [ 52 ) = (V7))

- () (-

N
(13.12)
For N enormous and\t small,
(-5 o~
N ~~
t 4+ At\N-2
(1— +N > e WA ~ 7t (13.13)
Thus
t t+ At
Prob<||yl+1—yl|\ € [ﬁ’ j;V }) — e 'At. (13.14)

Remark 13.4.2. The above argument is infinitesimally wrong. Once we’ve lo-
catedy, 1, the remainingr,,s do not need to be more théb]% units to the right

of 1 = y;; they only need to be further to the right thgn ;. As the incremental
gain in probabilities for the locations of the remainings is of orderAt, these
contributions will not influence the larg®’, small At limits. Thus, we ignore
these effects.

To rigorously derive the limiting behavior of the nearest neighbor spacings
using the above arguments, one would integrate oyeranging from+ to %,
and the remaining evenis, would be in the a segment of length- x,,,. As

(-m)- (-5 <5 e

this will lead to corrections of higher order iht, hence negligible.
We can rigorously avoid this by instead considering the following:
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1. Calculate the probability that all the othefs are at Ieas% units to the
right of z;. This is

P = (1—%)N1 — e, (13.16)

2. Calculate the probability that all the othefs are at IeasﬁTAt units to the
right of z;. This is

— e (A, (13.17)

B (1 t+At>N—1
Pi+At = N

3. The probability that na:,,s are within£- units to the right ofz; but at least
onexz, is betweent. and2! units to the right i9,. a; — pi:

—t —
Pt — Pt+at — € —6(

= et (1 — 14+ At+ O((At)2)

— e 'At. (13.18)

Definition 13.4.3 (Unfolding Spacings)If y,.1 —y; € [%, %] , thenN (y,,1 —

y1) € [t,t + At]. The new spacings,; — z; have unit mean spacing. Thus, while
we expect the average spacing between adjageto be% units, we expect the
average spacing between adjaceps to bel unit.

13.4.2 k™ Neighbor Spacings

Similarly, one can easily analyze the distribution of @& neighbor spacings
when eacl,, is chosen independently from the uniform distribution[@n ).
Again, consider:;; = y;. Now we want to calculate the probability that ;. is
between% and”—NAt units to theright of y;.
Therefore, we need exactly— 1 of thex, s to lie betweer) and+ units to the
right of z;, exactly oner,, (which will bey, ;) to lie between: and”—]\,m units to
the right ofx,, and the remaining,,s to lie at Ieasf*TAt units to the right ofy, ;.
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Remark 13.4.4.We face the same problem discussed in Remark 13.4.2; a similar
argument will show that ignoring these affects will not alter the limiting behavior.
Therefore, we will make these simplifications.

There are( ) ways to choose the,s that are at most units to the right of

1. thereis ther( (k= 1)) ways to choose the, betweenﬁ andt+NAt units to
the right ofx;.
Thus,

t t+ At
Prob<||yl+k—yl||6 |:N N i|> =

O L G e A

(N=1)--(N=1—(k—=2)(N-1)—(k—1) t:! t + At N—(k+1)
NET N (k:—l)!(l ) A

eTIAL (13.19)

Again, one way to avoid the complications is to integrate awgrranging
from L to LL&¢,
Or, similar to before, we can proceed more rigorously as follows:

1. Calculate the probability that exactly— 1 of the otherz,, s are at most;
units to the right ofr;, and the remaining/V — 1) (k —1) of thex,s are
at Ieast— units to the right ofr;. As there ar ) ways to choosé — 1
of thexns to be at mos§ units to the right ofcl, this probability is

B N -1 (t)k—l(l t>(N—1)—(k—1)
e = \r-1)\W N

k— k—
NE=L k=l

T (k- 1)INkIC
tk*l .
- e (13.20)
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2. Calculate the probability that exactly— 1 of the otherz, s are at most;
units to the right ofr;, and the remainingV — 1) — (k — 1) of thez,,s are
at Ieast% units to the right ofr;. Similar to the above, this gives

B N —1 ( t >’f—1(1 t+ At)(N—l)—(k—l)
o= \r-1)\W N
LN T
G
Ay
—e . 13.21
BERTE (13.21)

3. The probability that exactly —1 of thexz,,s are Withiﬂ% units to the right of
z; and at least one,, is between!: and 2 units to the right i9; A — pi:

tk*l tk*l

—t

- S A,
Pebeest = TS T - 1) k—1)1°

(13.22)

Note that wherk = 1, we recover the nearest neighbor spacings.

13.5 Induced Probability Measures

We have proven the following:

Theorem 13.5.1.ConsiderN independent random variables chosen from the
uniform distribution on the wrapped unit interv@, 1). For fixed N, arrange the
x,S inincrease order, labelegh <y, < --- < yy.

Form the induced probability measurey; from the nearest neighbor spac-
ings. Then asV — oo we have

N
1 —t
pa(t)dt = ~ n§:1j5<t ~ N(yn — yn,1)>dt — eldt. (13.23)
Equivalently, using,, = Ny,,:
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N
1 —t
iy (t)dt = N;5<t— (2n —zn_1)>dt — e tdt. (13.24)

More generally, form the probability measure from € nearest neighbor
spacings. Then a& — oo we have

k—1

N
! e
v ()dt = N;:l:é(t—N(yn—ynk))dt - G e (1329

Equivalently, using,, = Ny,,:

k—1

N
1 5 t »

Definition 13.5.2 (Poissonian Behavior)We say a sequence of points has
Poissonian Behavior if in the limit a& — oo the induced probability measures
fiv i (t)dt converge to(,’;'i;f),e‘tdt.

Exercise 13.5.3Leta € Q, and definex,, = {n"a} for some positive integer
m. Show the sequence of points does not have Poissonian Behavior.

Exercise 13.5.4.Leta ¢ Q, and definen,, = {na}. Show the sequence of
pointsc,, does not have Poissonian Behavior. Hint: for ea¢hshow the nearest
neighbor spacings take on at most three distinct values (the three values depend
on N). As only three values are ever assumed for a fiXedu, 1 (t)dt cannot
converge ta"'dt.

13.6 Non-Poissonian Behavior

Conjecture 13.6.1.With probability one (with respect to Lebesgue Measure, see
Definition 10.1.1), if ¢ Q, if a,, = {n%a} then the sequence of points is
Poissonian.

There are constructions which show certain irrationals give rise to non-Poissonian
behavior.
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Theorem 13.6.2.Leta ¢ Q such that’a — z—: <& holds infinitely often, with

a, — 0. Then there exist integer§; — oo such thatuy, 1 (t) does not converge
to etdt.

As a,, — 0, eventuallya, < 1—10 for all n large. LetN,, = q,, Where% is a
good rational approximation to:

(13.27)

a
a— == <—§.
Qn Qn

Remember that all subtractions are performed on the wrapped unit interval.
Thus,||.999 — .001|| = .002.

We look atay, = {k%a}, 1 < k < N,, = ¢,. Let the,s be then;s arranged
in increasing order, and let thgs be the numberﬁkQZ—:} arranged in increasing
order:

‘ Pn

B
4!

Bo
72

BN
- (13.28)

IA A

IAIN
IAIA

13.6.1 Preliminaries

Lemma 13.6.3.1f 3, = o = {k*a}, theny, = {kQ%}. Thus, the same permuta-
tion orders both they,s and they;s.

Proof. Multiplying both sides of Equation 13.27 By < ¢2 yields

. A |
‘kza—kﬁp— <l O L (13.29)
In qar T 2Gn

Thus,k%a andk“;—: differ by at mostﬁ. Therefore

Hk2a} . {kQ%}H < % (13.30)

As the numbers{mzfq’—:} all have denominators of size at mq}%t we see that
{k?Le} is the closest of th¢m?22} to {k*a}.
This implies that if3; = {k*a}, theny;, = {kZ{;—Z}, completing the proof.
O

Exercise 13.6.4.Prove the ordering is as claimed. Hint: about eagh= {k?a},
the closest number of the forfn?2} is {222 }.
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13.6.2 Proof of Theorem 13.6.2
Exercise 13.6.5Assume|a — b||, [|c — d|| < 5. Show
(@ =0) = (c=d)|| < [la=Db|]+][lc—d] (13.31)
Proof of Theorem 13.6.2: We have shown

Qn
18—l < 0 (13.32)

n

Thus, asV,, = q,:

HNH(@—%)H < a, (13.33)

and the same result holds witheplaced by — 1.
By Exercise 13.6.5,

Nn(ﬁl - ’71) - Nn(ﬁl—l - %—1) < 2an~ (1334)

Rearranging gives

No(Br = Bi-1) = Nu(y = 7i-1) || < 2an. (13.35)

Asa, — 0, thisimplies the difference betweHrj\fn(ﬁl—ﬁl_l)‘ ) and‘ ’Nn(%—

%_I)H goes to zero.

The above distance calculations were done mobhe actual differences will
differ by an integer. Thus,

N7L

a0t = =3 6(t = Nulr— 61r)) (13.36)
=1
and
Pn 1 Nn,
pit a0t = 5 3 0(t = Naly = 21-0)) (13.37)

are extremely close to one another; each point mass from the difference be-
tween adjaceng;s is either withina,, units of a point mass from the difference
between adjaceny;s, or is withina,, units of a point mass an integer number of
units from a point mass from the difference between adjagsenturtherg,, — 0.
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Note, however, that if; = {%*£}, then

Ny = qn{kﬂ%} e N. (13.38)

Thus, the induced probability measur%l(t)dt formed from they;s is sup-

bn

ported on the integers! Thus, it is impossible }quwl(t)dt to converge t@'dt.
As gy, (t)dt, modulo some possible integer shifts, is arbitrarily close to

Pn

uﬁjhl(t)dt, the sequencék?a} is not Poissonian along the subsequence\Vaf
given by N,,, whereN,, = ¢,, ¢, IS a denominator in a good rational approxima-
tiontoo. O

13.6.3 Measure otx ¢ Q with Non-Poissonian Behavior along
a sequencev,

What is the (Lebesgue) measurecotZ Q such that there are infinitely many
with

Qn

< I a, — 0. (13.39)

o — — a2
n a

If the above holds, then for any constédity), for n large (large depends on
botha andk(«)) we have

’ Pn

k(o)

—.
qnte

‘a _ D (13.40)

dn

By Theorem 10.2.1, this set has (Lebesgue) measure of) sizhus, almost

no irrational numbers satisfy the conditions of Theorem 13.6.2, wdlenest no
is relative to the (Lebesgue) measure.

Exercise 13.6.6.In a topological sense, how many algebraic numbers satisfy the
conditions of Theorem 13.6.2? How many transcendental numbers satisfy the
conditions?

Exercise 13.6.7.Let « satisfy the conditions of Theorem 13.6.2. Consider the
sequenceV,,, whereN,, = ¢,, ¢, the denominator of a good approximation to

Pn
. We know the induced probability measuygg | (¢)dt and ug; (t)dt do not
converge ta:~'dt. Do these measures converge to anything?
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Remark 13.6.8.1n [RSZ] it is shown that for most satisfying the conditions of
Theorem 13.6.2, theiis a sequenceV; along whichyg, | (t)dt doesconverge to
e tdt.
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Chapter 14

Sixth Lecture: (The Start of the)
Proof of Roth’s Theorem

14.1 Statement of Roth’'s Theorem

Theorem 14.1.1 (Roth’s Theorem).Let« be a real algebraic number (a root of
a polynomial equation with integer coefficients). Then, giveneany, there are
only finitely many relatively prime pairs of integdls ¢) such that

1 .
q2+e )

p
a__

q

however, there are infinitely many pairs of relatively prime integers such that

< (14.1)

1

p
O{—_

q

Remark 14.1.2. Note that by replacing with 2¢ we can rewrite the above as:
there exists a(a) such that

< % (14.3)

for infinitely many§.

Exercise 14.1.3 Prove the above remark.
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14.1.1 Application of Roth’s Theorem to Solving Diophantine
Equations

As an application to investigating solutions of Diophantine equations, we prove
Lemma 14.1.4.There are only finitely many integer solutiofas y) € Z? to

2 — 2y = a. (14.4)
Proof. Letp = ¢>™/3 = (—1)V/3 = —1 + 42, Then

o — 2y® = (x — 2'3y)(z — p2'%y) (x — p*2'3y), (14.5)
and therefore

BN I LS VE p21/3 _ 2ol
y? y y y
> ‘$ 21/3‘ ’lm(p21/3)‘ ’lm(p221/3)’
3 |x 1/3
Hence every solutiofi, y) to 2% — 2y® = a is a solution to
3. 274/3
91/3 _ E‘ <t (14.7)
y ]
By Roth’s Theorem there are only finitely many such solutions. O

Note Liouville’s Theorem isot strong enough to allow us to conclude there
are only finitely many integer solutions. &%/ is an algebraic number of degree
3, Liouville’s Theorem say8'/? is approximable by rationals to at most order
Thus, the possibility tha?'/? is approximable by rationals to ordgiis not ruled
out by Liouville’s Theorem.

14.1.2 abc Conjecture and Roth’s Theorem

Conjecture 14.1.5 ¢bc Conjecture). Lete > 0. If a, b andc are coprime integers,
then

c<k(II») (14.8)



The abe conjecture implies many great results in mathematics: Fermat's Last
Theorem follows in a line, Roth’s Theorem in a page, Mordell’'s conjecture in two
pages.

What makes thebc conjecture so difficult to test is that the constant k,;
so, if you find a counter-example, just bumpdip

We will prove Roth’s theorem (which does imply thét maybe true).

For more information on the relation abc to Fermat’s Last Theorem and
Roth’s Theorem, see [GT].

14.2 Review of Liouville’s Theorem

Given a real algebraic numberof degreed > 1, Liouville showed that, except
for finitely manyg,

P 1
o - A (14.9)
In other words, a real algebraic number of degfaee approximatable by ra-

tionals to at most ordet. We quickly recall the proof of Liouville’s Theorem; we
will, however, slightly change the mechanics of the proof to emphasize concepts
which will be crucial for proving Roth’s Theorem.

1. We first constructf(x), the minimal irreducible polynomial af. By con-
struction, f(a) = 0.

2. We then prove this polynomial vanishesgaie, f(§> =0.

Exercise 14.2.1.Showf<§> = 0 contradicts the irreducibility off ().

How do we provef vanishes ag?
Let

f@) = agx® + ag12®™ + -+ ag, a; € Z. (14.10)
Substituting gives

f(g) = % N € Z. (14.11)
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We find an upper bound fof(g) by using the Taylor Expansion about the
pointz = «. As f(a) = 0, there is no constant term in the Taylor Expansions.
We may assumé satisfieda — £| < 1.

d

Ldf

@) = X g -o)
p\| _ |V p Lrdf p i1
@ =1Gl = G- Zlage@]-15 -
< P_w - d - max ,—'dlf,(a)-lz_l)
q i laldx
< g_a - A(a), (14.12)
whereA(«) = max; %%(a)‘.

If e were approximable by rationals to ordér- ¢, then there would exist a
constantB(«) and infinitely many§ such that

p B(a)

- —al < . :

y a‘ < (14.13)
Combining yields

p A() B()

‘f(g)‘ R (14.14)

If qis Iarge,% < 1.
Therefore

IN| < %. (14.15)

As we may takeg arbitrarily large (because we are assumings approx-
imable by rationals to ordef + ¢), this impliesN = 0. Thus,f(§> =0.0
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14.3 Generalizing Liouville’s Construction to get Roth’s
Theorem

We will need to construct a generalization of the polynonfidh order to prove
Roth’s Theorem.
Supposes; = ** satisfy the conditions of Roth's Theorem foe= 1 to m.

Definition 14.3.1 (height). Assumep and ¢ are relatively prime. We define the
height of the fractiorf to be

Py _
H<5) = max (|p|7 |q|) (14.16)
We number thej;s such that

H(B) < H(B2) < - < H(Bu): (14.17)

We can makeH (3,) large, andH (3;) much larger thar{(3;_;), as we are
assuming we have infinitely many solutions giving good approximations. Thus,
we can find infinitely many rationals, = Z—: with ¢, — oo. Thus,H (3,) — oc.

We will construct a polynomialf (X, ..., X,,) with f(«,...,a) = 0 and
f(B1,...,Bm) =0, and get a contradiction from this.

A polynomial of one variable cannot have infinitely many zeros — this is where
we obtained the contradiction in Liouville’s Theorem.

Thinks are very different in higher dimensions.

Exercise 14.3.2.Consider the irreducible polynomial of four variableg — zw.
This polynomial is zero infinitely often; moreover, it is zero for infinitely many
rationals. Consider, for exampl€), m,0,n), m,n € Q.

14.4 Equivalent Formulation of Roth’'s Theorem

Definition 14.4.1 ((neq.(a, 3)). Let

o be a real algebraic number
&) be a rational number withs — o < 1
H(B) be the height of. (14.18)
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If o and g satisfy

ja—p| < —H(;)M (14.19)

we write Ineq.(«, ).

Remark 14.4.2. Note that by replacing with 2¢ we can rewrite the above as:
there exists &(a) such that

o — ] < (14.20)
Exercise 14.4.3 Prove the above remark.

Lemma 14.4.4.Givena € Q, Ineq.(«, 5) has finitely many solutions if and only
if Roth’s Theorem is true.

Proof: Assume Roth’s Theorem is true torZ Q:

1
o - g < o (14.21)
Then as
pl < lal- (Jol +1), (14.22)
we have
D 1
‘O& o 6 - q2+e
(laf + 1)**
(Ja] + D2Fege
al + 1)t
% (14.23)
As ‘oz — § < qQ% combining the last two inequalities gives
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Pl - (Jaf + 1)
gl —  max(|p|,|q])**e
(Jaf + 1)t

1)

Thus, if Roth’s Theorem holds fer, Ineq.(«, 5) holds infinitely often.

Conversely, assumeeg,(«, 5) holds infinitely often. Lets = § If ¢ > |p|,
thenH(3) = ¢, and the result of Roth’s Theorem immediately follows for this

Therefore, it is enough to consider the case whety, («, #) holds andp| >
q. Thus

(14.24)

P 1

As |p| > ¢, this yields
pl < lal- (lal +1), (14.26)
which implies
1 1
> . 14.27
HG) © (al+ g (1427
Therefore
P 1 1 1
B < . 14.2
o= = mgEE S g (14:26)

By Remark 14.1.2 we are dong.

14.5 Algebraic Numbers and Integers

Definition 14.5.1 (algebraic numbers and integers)An algebraic integery is
a numbera € C which satisfies

ago? 4+ - +ap=0, a; € Z,d €N, (14.29)
An algebraic integer is an algebraic number whose equationdyas 1.
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Exercise 14.5.2Find a € Z such thate = £Y° satisfiesaz® — 2 — 1. Isa an
algebraic integer? I% an algebraic number or integer?

Lemma 14.5.3 (Reduction Lemma).If Ineq.(a, 3) has finitely many solutions
for all algebraic integersy, then it will have finitely many solutions for all alge-
braic numbers.

Proof: Supposer is an algebraic number, and suppose Roth’s theorem fails
for a. We will find an algebraic integer for which Roth’s theorem fails.
Our assumption means there are infinitely marguch that

6 —al < —(61)“6' (14.30)

We find aD such thatD« is an algebraic integer. We have
ag@® + ag_ 10 fag00t 4 4 ay = 0. (14.31)
Multiply the above equation by’ ~'. Regrouping we find

(aq@)? + ag_1(aq)™ + ag_saa(aga)** + - + agal™ = 0. (14.32)
Hence a4« satisfies the equation

X4 ag 1 X+ ag0ag X424+ aoag_l = 0. (14.33)

As all the coefficients are integers, we fingh is an algebraic integer. Note
D=q €.

Chooses such thatf (3) > H(D)'*<. We can do this as we are assuming
there are infinitely many, giving good rational approximations.

Exercise 14.5.4ProveH (Df) < H(D)H ().

We are assuming Roth’s Theorem fails for the algebraic numb&ve now
show Roth’s Theorem fails for the algebraic integgr = a,a. We have
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|Da— DB = |D|-|o— ]
Dl
H(ﬁ)2+e
H(D)
H(B)>+
HD) 1
H(BPE H(B):
H(D) |
() (o)
1

IN

IA

We have shown that, if Roth’s Theorem fails for an algebraic number, than it
also fails for an algebraic integer.

14.6 Needed Preliminaries

Definition 14.6.1. P(X4,..., X,,) € k[X4,...,X,,] meansP is a polynomial in
m variables with coefficients ih. We will often také: = Z or R.

Definition 14.6.2. Let P(X,, ..., X,,) € R[Xy,...,X,,]. Let(iy,...,i,) be an
m-tuple of non-negative integers. Define

maximum absolute value of coefficientdof
1 it Fim

o ,p = —— ¢ _p 14.35
' il i Q2 - - - Qi ( )

v
I

Lemma 14.6.3.Let P € Z[X,,..., X,,]. Then

.....

.....
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Sketch of Proof:0; X7 = (J)X’~%, and(]) € Nfori < jif i,j € N. This
gives the first statement.

For the second, recall the coefficients in the expansioqof y)’ are (7).
Thus, takingr = y = 1, we have2’ > (7). This will give the second statement.

Definition 14.6.4. Let
1. P(X1,..., X)) € k[X1, ..., Xnl,
2. (a1,...,q,) € K™ be a point,
3. ry,...,r, are positive integers.

Thenlndex(P) = Ind( ) with respect tqay, . .., ay,) @andry, ..., r,, is the
smallest value of— + -+ “n suchthaw;, ;. P(ai,...,am) #0.
If P is the zero polynomlal we defided(P) = co.

Lemma 14.6.5.Ind(P) > 0, and equals zero wheR(«ay, . .., a,,) # 0.
Exercise 14.6.6.Prove the above lemma.

Lemma 14.6.7.Let P, P’ be two polynomials ik[ X, ..., X,,]. Given positive
integersry, ..., r, and a point(ay, . .., a,,) € k™, then

L Ind(d,,.i,, P) > Ind(P) = (1 44 i),

2. Ind(P + P'") > min(Ind(P), Ind(P")).
3. Ind(PP') = Ind(P) + Ind(P').
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Chapter 15

Seventh Lecture: The Proof of
Roth’s Theorem

15.1 Wronskian

15.1.1 Standard Wronskian

Let ¢o(x),...,¢_1(x) be a collection of polynomials. Consider the determinant
of the matrix

1 o
(mw%(@) (15.1)
w,v=0,...,[—1
Thus, forl — 1 = 2 we have
po(z)  di(x)  Pa(x)
Po(x)  di(z)  Ph(x) (15.2)
5%0(x) i (x) Ho5(x)

Lemma 15.1.1.Let ¢y(x), ..., ¢;—1(x) have rational coefficients. Then they are
linearly independent if and only if the Wronskian is non-zero.

Proof: see a course on differential equations.

15.1.2 Definition of Generalized Wronskian

We generalized the Wronskian to polynomials in more than one variable. Consider
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A=t <a)(a> (15.3)

ZlL"ip! 0x1 8xp

with ¢, + - - -, the order.

Let po(x1,...,2p), ..., ¢1—1(z1,. .., xp) bel polynomials inp variables. We
can have differential operatorss (such as thé above) act on oup,s.

By A, we mean some operator with tugle, . . ., i,) such that, +- - - i, = v.
Thus, the order oA, < v. Often we do not care which tuplé,, . . ., i,) we have;
we often only care about the order, which is at mest- - - +i,. For convenience,
we will write A, for such an operator, althougky,  ; would be more accurate.

.....

Definition 15.1.2 (Generalized Wronskian).All guantities as above,

Glar, . omy) = det (Au0(w1,.. 1)) | . (15.4)

Exercise 15.1.3.Verify that if ¢g, ..., ¢;_; are linearly dependent ovep, then
all of their Wronskians are identically zero.

15.1.3 Properties of the Generalized Wronskian

Lemma 15.1.4.1f ¢, ..., ¢;_1 are linearly independent, then some Wronskian is
non-zero.

Proof. Let £ € N be larger than all the exponents of the individug, and con-
sider the following one-variable polynomials

P,(t) = ¢, (t,t’“, A ,t’f‘”). (15.5)
The polynomialsP, (¢) are linearly independent. Why?

k—1 k—1

G, my) = Y Y by(si,. . sp)ait o (15.6)

1=

w
o
»
bS]
o

Then if

> P(t) (15.7)

is identically zero, we get
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e > Y by (sy syt s (15.8)

is identically zero.
Asthes; € {0,1,...,k— 1}, for any integern there is only one way to write
m ass; + ksg + - - + kP~ 's,. Therefore,

k—1
Z (21, .., 2,) =0, (15.9)
v=0
a contradiction.
O
Hence,Py(t), ..., P_1(t) are linearly independent. Hence #tandard Wron-
skianwill be non-zero. The Wronskian is
1 d* & -1
W(t) = det <EW¢”W ot ))Mml. (15.10)
Now
d 0 0 1, 0
—P, = —¢, Kt —a, i Ay :
dt 8x1¢ r1=t + 8.1’2¢ To=tk + + 8:1:1,¢ zp:t’“IFl
(15.11)
Thus,
d#
T (15.12)

is a linear combination of stuff, ie, there will be lots Ak, and the order of
any A appearing in(j‘t—i will notexceedu.
Example:

0 91 _ %o o1
( ¢6 QS/1 ) B ( A1pg + Doy A1 + Aoy ) (15.13)

Then this equals

b o
(Alcbo A1¢1) (15.14)

b b
* ( Doty Mgy )
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15.2 More Properties

Lemma 15.2.1.Let R(xy,...,x,) be a polynomial inp > 2 variables with in-
tegral coefficients? not identically zero. LeRR be of degree at most; in the
variablez;, 1 < j < p. Then there exists an integésatisfyingl <! <r, +1
and differential operatorg\, ..., A;_; onzy, ..., x, 1 (with order ofA, at most
v) such that if

1 0
Flzy,... . z,) = (A - ) , 15.1
(21 ) det ol oy ) o<pw<i— (15.15)
Then
1. F has integral coefficients an#l is not identically zero.
2. We haveF(zq, ..., x,) = u(zy,...,2,)v(x,), v andv have integral coeffi-
cients with the degree afat mostlr; (1 < j < p — 1) andv i of degree at

mostlr,.

Proof. Consider all representations &fin the form

R(l‘l, Ce ,Ip) = ¢0(Z‘p)’¢0($1, c ,l’p_l) + -+ (bl_l(xp)l/q_l(l‘l, Cen ,Ip_l)
(15.16)

in such a way that each;, ; has rational coefficients and eaghu is of
degree at most, andv, is of degree at most; in eachz; for1 < 57 < p — 1.
Such a representation is possible. Collect common powers ahd factor out.
Considers, (z,) = z;. In this case] =, + 1.

Choose the smallestvhere we have such a representation.

Claim 15.2.2. ¢¢(z,), . . ., ¢1—1(x,) are linearly independent.
Assume the last can be written in terms of the others:

¢l,1($p) = d0¢0(l'p) + o+ d172¢l,2<£€p). (1517)
Then

R = ¢o(Yo + dotr) + - - + dr—a(thi—2 + di_athi—1). (15.18)
Similar arguments yield all are linearly independent.
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Let W(z,) be the Wronskian of,(x,), ..., ¢;—1(z,). This is non-zero, and
has rational coefficients.

LetG(zy,...,z,-1) be some non-vanishing generalized Wronskianof . . , ;.
This is
det (Au¢nu(x1, . ,xp_1)>. (15.19)
Then
-1 ] 6“
G(xy,...,zp-1)W(xp) = det ( A, ol 3x” Gp(xp)p(1, . .. ,xp_1)>
p=0
1 o
—  det (Auy_ o7 ) £ 0. (15.20)

SinceG(xy, ..., x,-1)W(x,) is integral,3¢ € Q* such thatyG andg—'W
are integral — take out common denominators and multiply through. Let one of
them beu and the other.
The assertion about the degrees.@ndv follow by direct calculation.
O

Lemma 15.2.3. R as above, and suppose all the coefficient&dfave absolute
value bounded bys. Then all the coefficients df are bounded by

!
(ro 4 1)+ (rp + 1)| B4l < 1. (15.21)

Exercise 15.2.4 Prove the above lemma.
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Chapter 16

Lang-Trotter Construction for
Continued Fraction of o

16.1 Description of When the Method is Applicable

We give a construction to find the continued fraction expansion of many algebraic
numbers.

Theorem 16.1.1 (Lang-Trotter). Consider a positive real algebraic numbeiof
degreed. Let Py(x) be its minimal polynomial. Assume

1. the leading coefficient afy(x) is positive;

2. Py(x) has exactly one positive simple root,anda > 1.

Then we can construct a continued-fraction expansiom jofst by looking at
a sequence of polynomials of degrée

16.2 Proof of Lang-Trotter Method

We construct a sequence of polynomials by induction. Assume we have con-
structed polynomial®y(x), P, (z), ..., P,(x) satisfying the above conditions.

By induction, P, (z) has positive leading coefficient and only one positive root,
which is greater than one. We want to constrBgt, (x) with the same properties.

Let y, be the sole positive root df,(x). Leta, = [y,], the greatest integer
less than or equal tg,. Since the leading coefficient @1, is positive,P,(z) —
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oo asx — oo. Nowy, is the only positive root, and, in particular, is a simple root.
If P,(a,) > 0,thenP,(y +d) < 0for ¢ > 0 small. Thus we would get another
positive root by the Intermediate Value Theorem. HeRgg:,,) < 0.

Define

Qn(z) = P(z+a,)
Poi(z) = —2'Qu™). (16.1)

Then@, (z) has a root betweehand1, and no other positive roots. It follows
that P, (x) has only one positive root, 1, satisfyingy,.; > 1. The constant
term of@,,(z) is P, (a,) < 0. Hence— P, (a,), the leading coefficient aP,,(x),
is positive.

One can show,,.; is a simple root ofP,,(x); therefore,P,(x) satisfies
the desired conditions.

We now show that the, s give the continued fraction expansioncof

Recalla,, = [y,]. The rooty,,., satisfiesQ,,(y,},) = 0.

Therefore
Pu(yptyi+an) = 0. (16.2)
Which implies
y;—il-l +an = UYn
= Ynt1 = (yn - CLN)_I
= ap41 = [yn - an]il = [yn - [ynﬂil (163)

Recalling how we construct the continued fraction expansion of a number, we
see that the,,s are just the coefficients of the continued fraction expansien of

16.3 Applying the Lang-Trotter Method

First, one must make sure that the given polynomial is irreducible, with exactly
one positive root (which is greater thahn

Let P,(y,) = 0. In each iteration, we need to fing = |y, |. Thus, we need
a ballpark approximation fay,,.
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One method is divide and conquer, looking for sign change#,0ft) for
x> 1.

Another approach is to apply Newton’s method to obtain a sequence of guesses
Ynk — Yn-

Let v, o be our first guess tg,. It is unlikely, however, thay, o is correct.

Looking at the graph oP,(z), we have the poin<yn,0, Pn(yn70)>- The slope of

the tangent line ag,, o iS P, (yn0)-
The tangent line aj,, o has equation

z— P(yno) = Pvll(yn,O) (Y = Uno), (16.4)

where unfortunately is the horizontal variable and we are usia@s the
vertical variable.

The horizontal intercept arises from= 0. Label the correspondingby ,, ;.
Thus,

Pn(yn 0)
w1l = Yno — . 16.5
Yn,1 Yn,0 Pn(yn,o) ( )
We continue by induction — givem, x., v x+1 IS given by
Pn<yn k)
= Ypr — ey 16.6

One can show that, ., — v,. For more information see [Ru], exercisg$6,
3.18 and6.77.
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Chapter 17

Eighth Lecture: The Proof of Roth’s
Theorem

17.1 Review of Index

Definition 17.1.1 (Index). Let P(xy, ..., x,) be a polynomial irp variables (not

identically zero). Lety, ..., a, be real numbers and,, ..., r, be positive inte-

gers. Thendexd of p at (v, . .., o) relative to(ry, . .., r,,) is the smallest value
of

T4 (17.1)
such that

1 Girttip

P(og,...,ap) #0. (17.2)

il iy 9t Oty
Noted > 0 andf = 0 implies P(ay, ..., a,) = 0.
Lemma 17.1.2.Let P and @ be polynomials. Assume
1. ind(P, Q) > min(ind(P),ind(Q)).
2. ind(PQ) = ind(P) + ind(Q).
3. F'=det(abovg = U(xy,...,x,-1))V(x)p).
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Then

iNd(F) (..o, ap, 11,y 1p) =INA(U) (0, . ooy ap1, 71, ooy Tpe1)FINA(V) (7).
(17.3)

17.2 Key Equations: Equations 17.6 through 17.14

We just need to prove Roth’s Theorem for algebraic integenssth

4 ax" 44 a,x+a, =0, a €Z. (17.4)
Let
A = max (1,|a1|,...,|an|>. (17.5)
Letm,d,q1,hi, ... G, oy 71, - .., Ty SALISTY
1
0<d<—. (17.6)
m
m 1 m
10™62 +2(1 4+ 30)nm?2 < 5} (17.7)
1 i 1
S N T (17.8)
(5 T’j (5
1
logq1 > 5 2m + 1+ 2mlog(l + A) + 2mlog(1 + |«)|. (17.9)
rjlogq; > rilogqi. (17.10)
Define\, v, m, By by
A = 4(1 + 30)nm?. (17.11)
v m=A (17.12)
2
n = 10m5%. (17.13)



B, = [qf”} . (17.14)
Note Equation 17.7 is equivalent o< ~.

Lemma 17.2.1.[Roth’s Lemma] Suppose Equations 17.6 through 17.11 are sat-
isfied. Lethy,...,h,, be given with(h;,¢;) = 1 fori = 1,...,m. Then there is

a polynomialQ(z1, . . ., z,,) with integer coefficients. Itis of degree at mpsin

x; and it has the following properties:

1. ind(Q)(c,...,«)relative to(ry, ..., r,) is at leasty — 7.

2 Q(%,...,Z—:)#O.
3.

< B, (17.15)

) () e

Remark 17.2.2.1f we have a polynomial of degrd®0, say P(z), and the index
of P at « relative tor = 100 is high. Say the indeﬁ% is a large number. Then
is of size comparable tb00. Thus the derivatives vanish to high order, and it is

like P(z) = (z — a)'Q(x).

17.3 Proof of Roth (Assuming Lemma 17.2.1)

Letk > 2 and assume

a—— < — (17.16)
q q
has infinitely many solutions. Singeis irrational, there are infinitely many
solutions with(h, ¢) = 1. Choose amn such thatn > 4nmz, m > 16n2.
Also, choosen large so that

h ‘ 1

2m

— < k. (17.17)
m — 4dnm2

Choose) small such that
m — A(1+ 38)nm= — 2 > 0. (17.18)
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Recall Equation 17.13; = 10™6=. Thus, a®) — 0,71 — 0.

We are doing a small perturbation.

After we choose@ small enough to satisfy the above, we further chaos®all
enough so that

2m(1 + 49)
m — 4(1 + 38)nm2 — 2n
This is possible ag < 2.
This gives

< k. (17.19)

m(1 + 40)
Y=
Let (h1,q1) = 1 with ¢; verylarge so that Equation 17.9 is satisfied. Choose
Doy G- s i, Gy With (B, q;) = 1for j = 2,...,m such that’22%_ > 2

< k. (17.20)

0g qj—1 0"
Choose
10 log ¢,
ro> ——8dm (17.21)
0 logq
Now chooser, ..., r,, recursively such that
1 1
nosqn < rjl+ nosq (17.22)
log g; qj

Exercise 17.3.1.Show that the above choice leads to Equation 17.10 is satisfied.

Now we take
. 4 . log ¢y,
rjlogd; oy, losq; o logg 12 (17.23)
r1log g rilog ¢ r1log g 10
where the last bit follows from Equation 17.21.
We now have
r r1log ¢ > E
loggn — 0
—1
Ti—1 log ¢; ) 1
-_— > —— |1+ — > - 17.24
T 10g qj—1 ( + 10) ) ( )

Roth’s Lemma (Lemma 17.2.1) gives
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Q(%Z—:) £ 0. (17.25)

@ has integer coefficients and is of degree at most =,. We therefore have

ny N 1 1
]@(_,...,_) LI
a1 dm q1 4y
1
q;

where the last follows from Equation 17.23. What we are saying is

i, < mr(1496). (17.27)
On the other hand,

Q(E ,Z—:) = Tzlrzm“‘ 1 gt X

@ is0 isontim! Oxy -+ Ouly:
h i P im
x(a,...,a) . (—1—a> (——a) (17.28)
a1 dm
By the first part of Roth’s Lemma, we have that if
1 Im
S+ <y, (17.29)
(&1 T'm
then the coefficien);, ;...
In every other term,
(2 (=) o ()] < :
a...,a) - |——a - |——« % o = T
QI qm qlfl fffrim (qll... %n)k
<

1
—oi30)
4

L

T rilogq
whereg; > ¢, as ogq, =i
Thus
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1 hy .
T R ‘Q<_’--->_)‘
q a1 dm

q—Tl(’Y—ﬁ)k(l + 7"1) R (1 + Tm)B%'HM
Bittg O (17.31)

IN A

because, as is the largest,

(1471)--- (147, <2nt-fm < gmn o pd (17.32)

Therefore, we find

1
(1446)0r1—r1(y—n)k
e <4 1= (k. (17.33)
with
144
< ML) (17.34)
=17

This proves there are only finitely many solutions.

Exercise 17.3.2.Try to bound what the largest solution to Roth’s Inequality is.
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Chapter 18

Ninth Lecture: The Proof of Roth’s
Theorem

18.1 Preliminaries

Fixry,...,rn» andB > 1. We choose&?(xy, ..., z,,) such that
1. R has integral coefficients andn®tidentically zero.
2. Ris of degree atmost; inz;, 1 < j < m.
3. The coefficients o have absolute value at maBt

Definition 18.1.1 (®,,,). Let

Ry = Ryn(B;ri, .., m) (18.1)
be the set of all such polynomials.
Let ¢1,...,q, be positive integersh, ..., h,, numbers relatively prime to
qi, - - -, ¢y respectively.

Letd(R) denote the index aRk(z4, . .., z,,) atthe point(ﬁ—ll, e Z—m) relative
tory, ..., Tm.

Definition 18.1.2 (Index). The index is the supremum réf + -+ f% which
satisfy

) ) R ) 40 e
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Onm(B,q1y- -y qm;T1,s - -+, ) IS the supremum of (R), with R € R,,, over
all choices ofhq, . . ., hy,.

18.2 Lemmas

Lemma 18.2.1.
log B

— (18.3)
ri!log ¢

©1(B;q1,m1) <
Proof. The definition of9 saysR(x;) vanishes at; = % to orderf(R)r;.
Therefore, a&1,¢;) = 1,

R = (2= Q)

q1
- 1
= (qz - hl)g b e Q(z1)

= (¢t ()

g/ -] < B thereforeq!" < B. (18.4)
L]
Lemma 18.2.2.Letp > 2 be a positive integer. Let, . .., r, be positive integers
satisfying
10 rj—l 1 .
> —, — > = =2,... 18.5
Tp 57 T] 57 j Y 7p7 ( )
where0 < 6 < 1, ¢1, ..., g, are positive integers. Then
O0,(Gq1, .. Qi1 1p) < 2mlax (CID 1+ P2+ (ﬁ) (18.6)

wherel <! <r,+1and

O1(M; qp; lrp) + Op 1 (M q1, -5 Gprslry, - lrp1)
M = (r,+1)PBlorm, (18.7)

o
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Idea: why should something like this hold? Start with a polynomial satisfy-
ing certain conditions. Some kind of mixed Wronskian. Calculate determinant,
get product of two polynomials, first polynomial of the figst- 1 variables, last
polynomial in just the last{") variable.

Since starting polynomials have bounds on size of coefficients, so too will the
coefficients of these polynomials be bounded. What we get is the index of the big
determinant polynomial (relative to the strings of numbers) will be the index of the
polynomial of the first plus the index of the second (because they are independent
variables). This is the addition formula for indices.

Lemma 18.2.3 (Lemma7). Letm be a positive integef) < 6 < m=t,r,..., 1,
integers withr,,, > £, ”7;1 > 1+ for j =2tom,logqs > w andr; log q; >
rilog ¢ for 2 < j < mthen

O (8 qry o Qi Ty ) < 1078 (18.8)

Lemma 18.2.4 (Lemma8 — The Main Lemma). Letr,...,r,, be any positive
integers,\ > 0. The the number of

0< 511 <n
0< Jo <y
0 < Jm <1y (18.9)
satisfying
jl ]m m — )\
R < (18.10)
r1 Tm 2
does noexceed
2
2 \/E(r1+1)---(rm+1). (18.11)

A

18.3 Sketch of Proof

Recall the setupx is an algebraic integerf(z) = 2" + a12™ ' + -+ + a,,
fla) =0, A =max(1,|a|,...,|an]), m,0,q1, h1, ..., qmn, hy, Satisfy Equations
17.6to 17.14.
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We have

Lemma 18.3.1 (Lemma9). hq,...,h,, integers relatively prime ta,...,qn,
respectively@) = Q(x, ..., x,,) has integer coefficientsl,eng(Q) <rj;. Then

1. Theindex of) at («, ..., «) is at leasty — 7.
h hm

2 Q(q—;,...,q—m) £ 0.

3. ’Qll 77777 im(OK,...,CY)’ < Bll+36.

Proof. Let

T1 ™m
Wi(zy,...,xm) = Z Z C(S1y .y Sm)ayt -

s1=0 Sm=0

0 S C(Sl, ey Sm) S Bl' (1812)

The number of such equal$ + B,)", r = (r; +1) -+« (rm + 1).
Consider the derivatives

1
Witrogm (@150 ) = — (18.13)
Consider all of these derivatives where
0<ji<ry, —+-+=—<1. (18.14)
T1 m

The number of all such, by Lemnsais D < 2™,
We consideiV;, . ; (x,...,z). Divide by f(x), and let

.....

Tj,cosjor (W ) (18.15)

be the remainder.

The coefficients ofV are bounded by, the coefficientsofV;, _; (z1,...,2,)
are bounded byt B, < 2™" By, which is at moslBll”. This follows from
Equation 17.9 (and possibly other equations.

When we putr; = x5, = --- = z,, = &, we have a bound ofB{ " < BI*%
for the coefficients ofV;, ; (z,...,z).
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Next, consider

Wi (T, 1) = wea® + we 12" 4 - 4w (18.16)

and divide byf(z). Remembelf(z) = 2"+- - -, and assume > n (otherwise
nothing to do).
We get, on performing the division,

Wi (25 @)Wz " f () (18.17)

plus stuff of the form eithew, — a,_,w, or w,. Thus, the absolute values is
at mostBIF%(1 + A).

-----

are bounded by

(1+ A Hipl+2, (18.18)

By our conditions, any such number is at mégt .

-----

cient has at most + 2B; ™ possibilities. We have a polynomial of degreeso
we haven choices to make, givin@ + 231“35> . Further, remember we have

nD
D choices forjy, . . ., jm, giving <1 + 231”35> . This is bounded byl + B;)",
which is the number of all possiblé’s. We get

nD
(1 + 2311+35) < 1+B), (18.19)

where the left hand side is the number of all possiblderivatives, and again
the right hand side is the number of possildfes.

By the Pidgeon-Hole Principle, there are tWds such that, after division by
f(x), all of their derivatives are equal.

Let these two polynomials bé; andW,. LetWW* = W; — W,. Then

F@)We o (.. x), 0< G <r, Zi— <. (18.20)

-----
; i
=1

ObservationiV* € R, (™71, ..., 7).
By Lemma?7, we have a bound for the indices of everythingAyp,. We get
0,, at any point(%, . Z—:) is at most). We choose a polynomi&) such that
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Qar,- o tm) = 7 ! ( J )kl--c(i)mw (18.21)

]{71' tee k?m' 81’1 8xm
with
k Ko,
LY (18.22)
T1 T'm
such that
h hom
Q(2.....2") #0, (18.23)
q1 dm

We check and show th&) satisfies the necessary conditions.

By construction, the index di/* at the point«, . . ., «), then the polynomial
vanishes, withp i— < 7. By shifting the index at mos{, and the index is at most
~, then the index is at least— 7.

O
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Chapter 19

Kuzmin’s Theorem

19.1 Introduction

Givena € R, we calculate its continued fraction expansion. Without loss of
generality, we may assumec (0, 1), as this shift changes only the zeroth digit.
Thus,

a =10,a1,as,as,ay4,...] (19.1)

Given any sequence of positive integeyswe can construct a numberwith
these as its digits. However, for a genetrichosen randomly if0, 1), how often
do we expect to observe digits in the continued fraction expansion equalTo
2? To3? And so on.

For a givenC, what is the measure of the setok (0, 1) such that

holds only finitely often? More generally, insteadq%fwe could havem
or any such expression.

p‘C

19.2 Distribution of a;(«) = k

What is the measure of € (0,1) such that; (a)) = 7?
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1
S p— (19.3)

T+ az+—+

Clearly, ifa < g, a; > 8. A little thought shows that it < o < 1, then
ai(o) = 7, because; = |1]. Note|z] is the greatest integer less than or equal
to z.

So, the measure ef € (0,1) such thaty; = 7is 2 — ;. Thisis-k, which is
approximately;.

More generally, we find that the measurenof (0, 1) such that,; (o) = k is
1

~ L
k(k+1) ~ K2°

19.3 Distribution of a,(«a) = k

Suppose one already has digits . ..,a,_ ;. Thea € (0,1) whose firstn — 1
digits are these numbers is a segmen{ot ).
We want the sub-interval wherg, = k. Thus, we want to find

Ha e (0,1):ifi <n—1,a;() = a;; an(c) = k}|
Ha e (0,1):ifi<n—1a(x) =a}|

(19.4)

Lemma 19.3.1.The above is at Iea% and at most>.

The calculation hinges on the fact that this interva{l%, %]

[Pn—1Gn — Pndn-1| = 1.
Fora € (0,1), by Lemma 19.3.1 we obtain

1

32 Ha:i<n—1a(a) =0} < Ha:i<n-—1a(a)=a;a,(a)=Fk}|

% {a:i<n—1a(a)=0a} (19.5)

and thus, summing over all possiblgi < n — 1,

(19.6)
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Corollary 19.3.2. There exist constants< C; < C5 < oo such that

% < Ha € (0,1):a,(a) >k} < % (19.7)

Proof. The sumy; + gy + -+ = 0

19.4 Measure ofr with Bounded Digits in their Con-
tinued Fraction Expansion

Theorem 19.4.1.Consider alla € (0, 1) such that for alln, a,,(«) < K for some
fixed constanf’. The set of such has measure.

Proof. We look and see what percent of the sub-intervals we keep losing. Let
f=1-— % where(; is as in Corollary 19.3.2. We can show that the probability
that the firstn digits are all at mosk is 3, as the requirement that eachbe at
mostK causes us to keep at mgsof the sub-intervals we still have. As— oo,

4™ tends taD. ]

If « hasa;(a) > N, then‘a ‘ < ﬁ Lettinge = <, we see we can

approximate to Wlthln— As almost allv have infinitely manyi Wlth a;(a) > N,

for almost alla we can find infinitely manyL such that the approximation is as
good as.;.

19.5 Measure ofa with Digits in their Continued
Fraction Expansion Growing

Theorem 19.5.1.If
— 1
converges, the sétv € (0, 1) : a;(«) < k;} has positive measure.

Remark 19.5.2. Letk; > 2. An infinite product

(1—%)-(1—%) (1—%) . (19.8)
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converges to zero if and only if

1
= 19.
> 5 (19.9)
diverges.
For example,
1 123
Hn (1 _ E> — 3570 (19.10)

Considera with convergentg®. For almost allx € (0, 1), theg,s will grow
exponentially. Explicitly, there exist constar®s and B, such that

ePin < g, < P (19.11)

Usinggni1 = @nGn + Gn-1, We show

ar -, < @ < 2aq---ay,. (19.12)

Thus, it is sufficient to bound, - - - a,,.
Sayz, - - -z, = ¢ call this ann-dimensional hyperbolaAssume further that
c <z x, < cg. Using that sizes of certain sub-intervals with(a) = & is of

size;, we are led to integrating

1
—_-— 19.13
/vx%+-~+x% (1919

over a region of space trapped between twdimensional hyperbolas. This
is similar to the following: if we want to estimate the number of integer solutions
to 500 < 22 + y? < 1000, the main term arises from an annulus with radiioo
and+/1000.

We have a functiorf (n) with f(n) < £. What is the measure of the set of all
« € (0,1) such that

ool o L@ (19.14)
dn dn
for infinitely manyn? If f(n) = m;gn (or,ingeneral, iy f(n) diverges), the

measure is one. What if, insteafin) = m, for some small but positive
€? The measure is then zero!
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The first of the two assertions is basically Theorem 19.5.1 strengthened by
information coming from (19.11). The second one can be proven as follows.
Suppose) |, f(n) converges. Let, = {a € (0,1) : |a — 2| < f(n)/n}. The
measure ofF,, is approximatelyf(n). If the set of alla € (0, 1) contained in
infinitely many E,,'s had positive measurg,., ;(E,,) couldn’t converge. Then
> f(n) couldn’t converge. Contraditction. Therefore the set ofcalke (0, 1)
contained in infinitely manyz,,'s has zero measure. This is the same as the set
of all @ € (0, 1) for which

D) (19.15)

for infinitely manyn.

19.6 Needed Technical Results

Let z,() be the continued fraction from thé" digit onward:

1
« = 1
ay + a2+a3_1~_...
1
zn(a) = n T (19.16)
G, LT
+1 a"+2+an+3+-~
As always, we assume € (0, 1).
Define, forz € (0, 1):
mp(x) = {a € (0,1): z,(a) < z}. (19.17)
We have
m im (1) m ( L ) (19.18)
n+l — n\7 )] — n\7 . _ |- .
— k k+x
For example, if we want,(«) < .3, we have lots of different sets that work
1 1 1 1 1 1
—— =), (==, |=—,= )], (19.19)
1+31 24+.3 2 3+.3 3
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We find

mi(z) = x

1
:k k;+x

_ i () <ﬁ) (19.20)

k=1

3
=
I
i~

We expect it to converge to a functienz) such that

p(z) = ¢ (%) —¢ (k Jlr x) : (19.21)

A formula of type¢(x) = Oln(l + x) will satisfy the above. It turns out that
¢(x) is of this form, withC' = .
Kuzmin showed that if a sequence of functidn$ } satisfies

- 1
19.22
Sl z; (m + z)? (k: + :17) ( )
and we have some bounds é1ix), say0 < fi(z) < B, fi(z) < B, we find
fulz) = 11 + Che~Cavn, a——/ fila (19.23)

If {mn} satisfies (19.18), thefif,} = {m/(z)} satisfies (19.22). Setting
fi =m)(x), we obtain

mp(z) = logy(1+x) + Cye™ @2V, (19.24)

19.7 Kuzmin’'s Theorem

What is the probability that,, = 37? We know, as — oo, that the probability is
at leastz-; 172 and at mosg— We can do better now. The probability is
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1 1 1 |
) o (1 1 1 19.25
" (37) " (37+1) - °g2< 37) Og2(37+1> )

We can sharpen the above and incorporate an error bound.
Theorem 19.7.1.Let« be chosen uniformly if0, 1). Then

N 1 Cs  _—covaT
Prob(a, = k) = log, (1+ k<k+2>) D . (19.26)

Proof: the probability we want is simply

1 1 ,
M1 (E) — My (k——|—1> = /1 m,,_(x)dx. (19.27)

k+1

We note f,(x) = m(z) satisfied Equations 19.22 and 19.23, and the result
follows by integration.

Levy (see [Le]) proved the error term may be takemas™".

Eall

19.8 Strengthened Versions of Kuzmin’s Theorem

We can strengthen (19.24) further. Lt Z* — R be such thaf(n) < Cnz~<.
For almost allv € (0, 1) (ie, all « except for a set of measure zero),

L - 1
]\}Lniogf an(a Zf 10g2( m) (19.28)
We can take
0 ifn#£k
- 19.29
fn) {1 if n = k (19.29)
and regain Theorem 19.7.1. If we take
f(n) = Inn (19.30)
then
1 N
N Zlnan = log ¥/a;---ay. (19.31)
n=1
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Chapter 20

Kuzmin Experiments

20.1 Statement of Problem

Letp(a,(z) = k) denote the probability that theé” digit of the continued fraction
expansion ofr is k. Kuzmin’s theorem states that, for almost any numbet

(0,1),

1 A —Bvn=1
k(k+2)>‘ < ween ¢ @D

plan(z) = k) — log, (1 +

for some constantd andB. As an aside: Levy proves a better bound, showing
the error is at most'e =",

Thus, forn large, the probability that the” digit is & is approximately inde-
pendent ofn.

Fix a range of digits, say runs fromM to N — 1. What is the expected

number of digits equal t6? Is it approximatelf N — M) log, (1 + 175)?

20.2 Direct Solution

We give a difficult, but direct, solution. We have a range of digits that we are
investigating. For definiteness, let us say we are looking at digits1000. Let
S1000 be the set of all strings dfd00 numbers, where each digit is an integer.

Given a number: € (0, 1), there is a uniqua(z) € Sy such that the first
1000 digits in the continued fraction expansionmoére the same (and in the same
order) as those from(x).
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Given z, let numgg(x) = NuMyg () be the number of ones in the first
1000 digits of its continued fraction expansion. By an abuse of notation, we will
write numygo(s(z)) for the number of ones in the firs000 digits of s(x).

We sayz = s(z) if the first 1000 digits of the continued fraction af is s(x).

Thus, the expected number of ones in the fit®l) digits of continued fraction
expansions of numbers {0, 1) is

D numyge(s(x)) - Prob(z : = s(x)). (20.2)
5€51000

Thus, to solve the original question using this method, it is necessary to know
what is the measure of the sdts: x = s(x)} for eachs € Syggo.

This is a very complicated question. It can be computed by brute force, but
it is quite involved, and Kuzmin’s Theorem is not applicable. Obviously, there
is nothing special about the firs000 digits and looking at the number of occur-
rences ofl; we could investigate the number of occurrences &fom digits M
toN — 1.

We now show a better way.

20.3 Solution via Linearity of Expected Values

Recalla, (z) is then' digit of the continued fraction expansion of We define
the following indicator variables:

App(z) = {(1) :; Z"g;;z (20.3)
Thus,
N—-1
numM,N;k({E) = Z Amk(fﬂ) (204)
n=M

is the number of digits of x which equak with M <n < N.
Let ¢z = log, <1 + m> Kuzmin’s Theorem states that the probability

an(z) = kis, up to a small error (fon large),qr. Thus, eact¥,, ,(z) = 1 with
probability approximately;, and0 with probability approximatelyt — gy.
Hence, the expected value 8f, ,(z) is
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EA (@) = 1 g +0-(1—q) = g (20.5)

The power of Kuzmin’s theorem is that the above expectation is, up to a very
small error, independent af In other words, the main term of these expectations

is qi-

We now use the linearity of the expected value: the expected value of a sum is
the sum of the expected values. This simple observation allows us to avoid having

to calculate the measure of s¢ts: © =), y_1 s(z)} for eachs € Sy n-1, Where
the notation is an obvious generalization of before.

We have
N-1
E [numM’N;k(.I)] = F An,k(l‘)]

n=M

N-1

= E A k(2)]
n=M
N-1

= (qx + small errop
n=M
~ (N —M)q,+ (smallerroy- (N — M). (20.6)

In words, we have shown that if we look At — M digits, we expect to see
(N — M)qy. occurrences of the digit. While the proof above is fotonsecutive
digits, a similar proof works foanyset of N — M digits.

Very concretely, if we were to look at digits), 001 to digits 100, 000, the
number of ones we expect to see would be

50,000 - log, <1+ ) ~ 50,000 - .415. (20.7)

1(1+2)

20.4 Generalization

Fix k1, ko, M and N — 1. What is the expected number of occurrences of the pair

(k1, k2) among digitsM to N — 1?
For example, letky, k2) = (1,1). If we had a string of digits

1,1,1,2,3,453,1,17,5,4,1,2,10,2,1,1,19 (20.8)
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in the continued fraction expansion ©f this would contribute three pairs of
(1,1). Note thatl, 1, 1 counts aswo pairs.

Using Kuzmin’s Theorem, one can show (fotarge) that the probability that
an(z) = ky anda,1(x) = ko IS qx, 1, Plus significantly smaller corrections.
Note, similar to Kuzmin (which looks at just one digit) that we have approximate
n-independence in the probabilities »,. Note (do the calculation!) tha,, «, #

Ak, Gk -
We again define indicator variables:

1 if a,(z) = ky anda,1(z) = ko

_ (20.9)
0 otherwise

Bm/ﬂ,l@ (CL’) = {
Similar to before, we have the expected valuegf;, «, () IS g, , -
Let numy n x, , () equal the number of € [M, N —1] such that,,(z) = k;
anda, 1 () = k. We have

N-1
Enumyng k(z)] = FE Z B iy s (15)]
n=M
N-1
= E By gy k()]
n=M
N-1
= (Qk, ko + small erroy
n=M
(N — M)qy, x, + (small erroy - (N — M)
(N - M)qm,lm' (2010)

20.5 General Comments

Using binary indicator variables is an extremely useful and standard trick. Note
that we danothave the digits in a continued fraction expansion are independent of
each other. Fortunately, such a fact is not needed to calculate the expected number
of occurrences ai,(z) = k ora,(z) = k; anda, ;1 (x) = ks forn € [M, N —1].

We can’t avoid having to do some averaging overadt (0, 1), but we don’t
want to have to deal with sets suchtae set ofr € (0,1) such that there are
exactly237 ones in the firstt000 digits of the continued fraction expansioit

171



would be very difficult and time consuming to determine the measure of each
such set (for all the sets we would need).

Fortunately, using binary indicator variables, we can avoid such a subdivision.
Instead, we study significantly simpler sets suckhasset ofr € (0, 1) such that

a,(x) = k. This is much easier, and in fact the measure of such sets (foge)
is Kuzmin’s theorem.
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Appendix A

Robert Lipshitz’s Junior Project:
Numerical results concerning the
distribution of {n’a}

The following is Robert Lipshitz’s paper from tf®00 — 2001 Junior Research
Seminar / Undergraduate Mathematics Laboratory at Princeton. For a copy of his
programs, please go to

http : | Jwww.math.princeton.edu/ ~ mathlab/projects/n2alpha/main.html

A.1 Introduction

This paper presents numerical evidence concerning the following problem. Fix an
irrational number and an integeV > 0. By {z} we denote the fractional part

of z. Consider{n?a} for n from 1 to N. Write these numbers in increasing order

and lets; be thej™ of them. The problem is concerned with the distribution of

the differences between consecuti¥e Specifically, for almost allv the consec-

utive spacings are expected to behave as one would expect for numbers chosen at
random in[0, 1). We state the conjectures precisely below.

The question is of mathematical interest, but also of physical interest. It arises
in the study of certain quantum mechanical systems where one is concerned with
the onset of chaotic behavior. For example, the question arises in the study of the
“quantum kicked rotator” [CGI].
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A.2 Known Results

This section provides some background information about the problem. First we
prove that{n?a} is equidistributed, following the treatment in [Ca]. Then we
state and prove a few easy results about random numbers, for comparison with
our case, and finally describe a few of the results proved in [RSZ].

We begin with some preliminary definitions and then set up general machinery
which will make proving the equidistribution d¢f2?a} relatively easy.

Definition A.2.1. We say that a sequendey. }7>, in [0, 1] is equidistributedif
for any intervalfa, b] C [0, 1],

lim & (# {ay € [a,b],1 < k < n})

n—oo M

exists and is equal tb— a.

Notice that takinda, b] C (0, 1) rather tharla, b C [0, 1] in the above would
give an equivalent definition.

Definition A.2.2. We say a sequence of real numbéaig }72 , is equidistributed
mod 1if the sequences of fractional parts®f is equidistributed.

Theorem A.2.3.For 0 < a,, < 1, {«,} is equidistributed if and only if for any
¢ functionf : [0, 1] — C itis true thatlim,, .. 1 S2r_ f(ax) = [ f(x)dx.

Proof: Suppostim, .., + S0, f(ax) = [ f(x)dx for anyC™ function f :

[0,1] — C. Fix [a,b] C (0,1) and fixe with 0 < ¢ < b — a. Itis not hard to
construct &> f : [0,1] — R such that < f(z) < 1forall z € [0,1] and:

fz) = 0 fz<a—eorz>b+c¢
11 ifa<ax<b

Then, )
b—aﬁ/ flz)de <b—a+2¢
0

Also, > 7, flag) > #{ay € [a,b],1 <k <n}so

1 ) 1
T}ggoﬁ;f(ak) > limsup — (# {ax € [a,b], 1 <k < n})

n—oo
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)dx for any f, we

Hence, since we assumed tﬂimn_,oo L Zk S f(x)
n}) and lettinge tend

o) =
haveb — a + 2¢ > limsup,,_,, + (# {ak € [a, b] <k
to zero we obtain

Iy
<

b—a>hmsupn(#{ozk€[a b,1 <k <n}).

Applying the symmetric argument to a functigfr) with 0 < g(x) < 1 for all
z € [0,1] and

(z) = 0 ifz<aorz>0
I =11 ifate<az<boe

and lettinge — 0 yields the inequality

b—a<hm1nf—(#{ak € [a,b],1 <k <n})
so in factlim, .o + (# {ou € [a,b],1 < k < n}) exists and is equal th— a.
Conversely, suppose that for any interjalb] C [0, 1],

1
lim — (#{ax € [a,b],1 <k <n})=b—a.
n—oo M,
Fixe > 0andf : [0,1] — C. Sincef is continuous on a compact set and hence
uniformly continuous, there is aN € Nsuchthatz—y| < + = [f(z)—f(y)| <
e. Consider the partition db, 1] into0 < 1/N <2/N <3/N < ... < N/N = 1.
There is anV/ € N such that forn > M and anya between 1 andv — 1,

#{o € [a/N,(a+1)/N],1 <i<m} 1 €

m N<N
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Fix m. Let A; = #{a; € [j/N,(j +1)/N]with 1 <7 < m}. Now,

(07 /N
([Z j&jﬂ%)

i€[J/N,j+1/N]

A 1
< (Aj%—F'EJ—ND—l—E

j=1

N-1
SE—I—Z%—FE:&E
j=0

Thus, since: was arbitrary, this implies that

> fta) = [ slayis

asm — oo, Which completes the proofl

— 0

Theorem A.2.4. A sequencda,, }5° , is equidistributed mod 1 if and only if for
allt e Z,t# 0, lim,,_ % ZZ:l 2mitar, _ ().

Proof: Observe that by periodicity ef™* we may assume that afl, are
between 0 and 1 and replace “equidistributed mod 1” by simply “equidistributed.”
Suppose that for all # 0, lim, o £ >°;_; €™ = 0. Fix aC*> function
f :10,1] — C. From elementary Fourier analysis, there is a sequéagg°
with lim,,_.., na,, = 0 such that

f(l'): i ane27rin:c‘

n=—oo

(Sincelim,,_.., n%a,, = 0, the series converges uniformly by the Weirstrass M
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test.)fo1 f(z)dx = ao. Finally,

1
lim — g flag) = lim — E g e’
n—oo N n—oo 1
k=1 k=1 t=—00
oo n
— E lim % E 627rztozk
n—oo N

where the change in the order of summation is justified by uniform convergence.
Thus,limy, .o = >0, f(ay) = fol f(z)dz so by the previous theorerig,, }2°
is equidistributed.

The converse is an immediate corollary of the previous theorgém.

The following technical lemma is taken verbatim from [Ca] page 71.

Lemma A.2.5. Letuy, uy, ..., ug be inC, and letl < H < Q. Then,

2

H [ Y ug| <HH+SQ-1) Y |uyf
1<¢<@Q 1<¢<@Q
F2AH+Q—1) Y (H=h) Y e
O<h<H 1<¢<Q—-h

Proof: For convenience, sef = 0 for¢g < 0orq > Q.
HY = 3w
1<q<Q 0<p<H+Q 0<r<H

so by the Schwartz inequality,

2

2 _
H E Ug| = g E Up—p
1<q<Q 0<p<H+Q 0<r<H
2
< E E Up—r
0<p<H+Q [0<r<H
=(H+1-1) g Up—pUp—s
0<p<H+Q
0<r,s<H
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Now, |u,|? occurs forr = s = p — ¢ if p— ¢ > 0. p — g can be anything less than
H, so the term occurél times. u,t 4 OF w u,.p, OCCUrs if0 < h < H, H — h
times, and the result follows immediately.

Corollary A.2.6. For a sequencéz,}°°

q:ll

E : 2mi(2g+h—2q) -0

1<q¢<@Q

suppose that for eadh > 0

asQ) — oo. Thené D oicgeq €7 — 0asQ — oo,

Proof: In the above, taking, = e*™*,

2
£l Il £ o ¢ ok 5

1<q<Q 1<¢<Q O<h<H 1<q<Q—h

The first term approachdg H as() — oo while the second goes to zero. Letting
H tend to infinity then yields the resul)

Theorem A.2.7. Suppose, ., — 2, is equidistributed mod 1 for all € Z, h > 0.
Then so is,.

Proof: By assumption and theorem A.2.4, for any Z, t # 0,

E 27rzt (2q+h—2q) -0

1<q<Q

as() — oo. Hence, by the preceding corolla@,zlgqgQ e?™za — () as@Q — oo.
Hence, by theorem A.2.4 agaifiz, }22, is equidistributed mod 1 Now the
result we want follows quite easily.

Theorem A.2.8. For « irrational, {na}5°, is equidistributed mod 1.

Proof: Consider; SV ¢*7*o. The series is geometric, and equals<
which goes to 0 a8/ goes to infinity.O

Theorem A.2.9. For « irrational, {n?a}>, is equidistributed mod 1.
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Proof: For any fixed integek > 0, (n + h)?a — n?a = 2ha + h* which
is equidistributed by the previous theorem. Thus, by Theorem A{2%y} is
equidistributed mod 13

It is actually true that for any polynomiglwith at least one coefficient (other
than the constant term) irrationa{,f(n)}°2, is equidistributed. This can be
proved in a manner analogous to the previous theorem, by induction on the de-
gree of the polynomial. See [Ca], page 73.

One way of interpreting the preceding result is that the sequénte} be-
haves, in this respect, like a uniformly distributed sequence of independent ran-
dom numbers. The questions that this paper attempts to address numerically re-
late to how far this analogy can be pushed. We now state and prove a few easy
results about such sequences of random numbers, to be used for comparison later.
The main issue we are interested in is consecutive spacing of numbers in the se-
guences. For a more detailed (and more elegant) treatment, the reader is advised
to consult the first chapter of [Fe].

With probability 1, a sequenc&, ..., X,, of uniformly distributed indepen-
dent random variables i, 1] partitions[0, 1] into » + 1 subintervals. We are
interested in the lengths of these subintervals.

Lemma A.2.10. The probability that the length of a given subinterval is at least
tis (1 —t)".

Proof: LetL; denote the length of thé&" interval. Observe that the distribution
of L, is independent of. To see this, imagine choosimgt 1 random points on a
circle instead of: random points on a line. In this case, it is clear that the lengths
of the intervals all have the same distribution. Cutting the circle afithe 1)
point yieldsn points chosen at random in the line, and thus in this case as well the
distribution of L; is independent of.

Consider the left-most interval. It will have length at leagtnone of theX;
is less thart. This happens with probabilityi — ¢)”. O

Corollary A.2.11. Let X4, X5, ... be a sequence of independent random variables
in [0,1]. For fixedn, X, ..., X,, partition [0, 1] into n+1 subintervals. Let,
denote the length of the first interval in this partition. Then, for fiketie proba-
bility thatnL,, > t approaches ' asn — oo.

Obviously there is nothing special about choosing the first interval in the
above corollary. This result leads us to the following definition. Given a se-
quence{a, }o2, in [0, 1], for fixed N let 51 v, Ban, ..., Bv.n denote the sequence
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a1, o, ..., any reordered in increasing order. Define firet consecutive spacing
measureto be

;| N
HiN) = N -1 ; 6N(ﬂj+1—ﬁj)

whered is the Diracdelta-function. Note that this is normalized to be a probability
measure. From the above corollary, we expect that itth&ehave like” random
numbers them(N) — e *dxr asN — oc.

Slightly more generally, one can define #i¢ consecutive spacing measure

by

1 N—k
pe(N) = N _% Z ON(B;41—B5)-
j=1

With a little more work one sees that for random numbers one expecis{hé) —
xk—lje_xdx asN — oc.

We now restrict our attention to the sequen¢esa}. For such a sequence,
let 1, (N, o) denote thek' consecutive spacing measure. It is conjectured in
[RSZ] that for almost alkv (in the sense of Lebesgug),(NV,a) — ”,”C—Te—xdx.
(In fact, the authors make a slightly stronger claim, expressed in termslevel
correlations. For computational reasons this claim is more difficult to test, and we
shall not discuss it further in this paper.)

We note that it is not true that for any irrationa) (N, o) — %e’xdx.
Problems arise fott with very good rational approximations. For example:

Proposition A.2.12. Let« be an irrational number such that there is a sequence
of rational number,, /¢, with |a — p,/q.| < a,/q>, wherea,, — 0 asn — oo.
Then, there is a sequence of integéfs — oo such thatu, (V;,«) does not
converge te "dx.

Proof: What we shall actually show is that eithg(/N;, o) does not converge
or it converges to a measure supported on the integers.

Fix n with a,, < 1/2. We letN,, = ¢, and considep(«, N,,). Fork <
Ny, [{F?a} — {k*E2}| < 2= Let B, ..., By be {1%a}, {2%a}, .., {N?a} written
in increasing order, and let;, ...,y be {1222}, {2222} {N2E=} written in
increasing order. Then, fgr< N,, sincea,, < 1/2, if 5; = a; theny; = {122—:}.
Thus,| N, (841 — B5) — Nu(vj41 — 7v5)| < 2a,. Since thes,, — 0, the result now
follows immediately.0
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We note that the set of irrationals which satisfy the conditions of the propo-
sition has measure zero. In fact, for any> 0, the set of irrationals with in-
finitely many rational approximations, /¢, with |o — p,./¢.| < 1/¢>T has mea-
sure zero; see [Ki].

(Unfortunately, in a topological sense, “almost all” irrationals have approxi-
mations better thaim/¢* for any k. That is, the set of irrationals that do not is
a countable union of nowhere dense sets. Itis not hard to write down irrationals
with these properties; an example)$™> , 10~™. In numerical tests, such num-
bers behave just like rational numbers, so we ignore them below.)

Ironically, it is proved in [RSZ] that for most irrationals with approximations
as good as in the above proposition, thersamesequence of integers; along
which p,(N;, a) — wk—Te_xdx.

It is interesting to compare thig:?a}, where behavior seems to be quite ran-
dom, to the{na} case, where it is not. As we saw, the sequefice}> , is
equidistributed. However, in this case, for amyfor fixed N, 3,11 v — (i v takes
on at most three different values. The following table shows the three values of
Bis1.n — Bin for a = v/2 and a few differentv:

N values

5 171573 .242641

10 .171573 .071068 .100505
15 .100505 .071068 .029437
20 .071068 .041631 .029437
30 .041631 .029437 .012193

The reason is that the consecutive spacings are determined by the “best ap-
proximations of the second kind” (in the language of [Ki]). (The rational number
p/qis a best approximation of the second kindwid |« — p| < |¢'a — p/| for any
p', ¢ with ¢ < ¢.) Writing down the proof thab, ., y — 3; v takes on only three
values is somewhat cumbersome, though not difficult. The vatuasy — 3 n
can take on are either of the forlgr — p|, wherep/q is a best approximation to
aor|la—p+qa—p| wherep/q andp’/q are successive best approximations
to a. All best approximations come from the continued fraction convergents to
a. The reader should compare the following table, of convergeni&twith the
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previous one:

pn/Qn |Qna/ - pn| |Qna — Pn + Gn—1¢¢ — pn—1|
1 414213

3/2 171573 242641
7/5 .071068 100505
17/12 .029437 .041631
41/29 .012193 017244

U W N~ S

A.3 Computations

The new content of this paper consists of several computational tests of the con-
jectures in [RSZ]. Although some computational tests were performed in [CGI],
the emphasis in that paper was physical rather than mathematical, and tests were
not particularly extensive. The “idea” behind most of the computations that |
performed to test the conjectures is simply to compare cumulative distribution
function of . («, N) with the expected result. (Very often | only considered the
casek = 1.) | worked primarily with the irrationals/2, e, andr, as well as an
irrational, which we will cally, constructed in [RSZ] which is known to be poorly
behaved (not Poissonian in the stronger sense that they consider) but which seems,
somewhat surprisingly, to be well behaved in the contexts we consider.

Let us begin to get a sense of convergence by looking at graphs of expected
and actual cumulative distribution functions fer(«, N) for variousa and V.
Firstly, for v/2, we notice relatively rapid convergence:
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Figure 1:a = v/2, N = 1,000
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Figure 2:a = v/2, N = 10, 000

Notice that by 10,000 points the two graphs are essentially indistinguishable.
Form, convergence seems to be even faster:
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Figure 3:a = 7w, N = 1,000
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Figure 4:a. = 7, N = 10,000

Forn, the first few pictures make the issue a lot less clear. It is not until roughly
N = 50,000 that it becomes relatively clear thais behaving as it ought.
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Figure 5:a = n, N = 1,000
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Figure 6:a. = n, N = 10,000
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Figure 7:a = n, N = 100, 000

Of course, while looking at pictures is pleasant, one can only extract a certain
amount of information from them. In order to make more precise comparisons,
and to be able to take largé¥, we define a numerical measure of discrepancy,
which we shall denotéisc(«, N). The idea is thatlisc should measure the dif-
ference between the cumulative distribution functionsfofa, N) ande *dzx.

For computational purposes, we defithigc to be the maximum difference be-
tween the two cumulative distribution functions that occurs at one of the points
N(Bj+1 — B;). With this definition,disc can thus be calculated iN log NV time,

but still captures the difference between the two cumulative distribution functions
to within at mostL/N.

Following is a table oflisc for variousa and NV

% V2 e 7 i
1,000 991 077813 .0392078 .029832 .68223
10,000 .9991 .007698 .0119735 .007069 .74749
50,000 .99982 .012865 .0068190 .007297 .093145
75,000 99988 .012728 .0078838 .005619 .041912
100,000 .99991 .010729 .0070657 .004573 .021142

From the table, one notices several things. Firstly, in all cases except 35/17 (which
is just included for comparison), the discrepancy seems to be going to zero. For
7 it seems to be doing so more slowly than for the other three. It might be worth-
while increasing/V even further to make sure that in fatisc is going to zero.
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(Doing so is not feasible with my current computing resources.) Convergence
seems to be slightly faster ferandr than forv/2; that there is a difference is per-
haps not surprising, given thatand = are very different kinds of numbers from
/2, but the author does not feel competent to speculate on the precise reason.
Secondly, one notices that the decrease is not monotone. One idea proposed
to explain this was that the jumps might be related to the continued fraction ex-
pansions. That is, faV near denominators of convergents, perhaps one finds that
disc is unexpectedly large. | tested for such patterns with The first few con-
vergents ofy/2 are 1, 3/2, 7/5, 17/12, 41/29, 99/70, 239/169, 577/408, 1393/985,
3363/2378, 8119/5741, 19601/13860, 47321/33461, and 114243/80782. Here is
a data table fox/2 with denominators of convergents in bold.

N disc
408 .1091138
552 1298027
697  .1240015
841  .1018524
985 .0796401
1333  .0516779
1682  .0338395
2030  .0199573
2378 .0169253
3219  .0118520
4060 .0154372
4900 .0160554
5741 .0124257
7771 .0094704
9801 .0095135
11830 .0083271
13860 .0084538
18760 .0110632
23661 .0078211
28561 .0080084
33461 .0101271
45291 .0120665
57122 .0123425
68952 .0123332
80782 .0121800
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| find no particular relation between closeness to the denominator of a con-
vergent andlisc, suggesting that other factors, probably complicated and perhaps
figments of the definitions, are at work. Still, this might be worth looking at fur-
ther.

Another question of interest is whether thg are independent for different
k. For example, one might consider whether the distribution of gaiiss, ., —

Br), N(Br+2 — Br)) is, in the limit, the product of the two one dimensional dis-
tributions. (Equivalently, one might ask about the distribution(df(,1 —

Br), N(Brs2 — Bri1)); this is actually what | investigated.) The same question
can be asked about correlations between more than two terms. The expectation is
that for almost all irrationals, the distribution should approach the product of the
one dimensional distributions, and my data appears to support this hypothesis in
all of the cases that | tested.

In higher dimensions | was, unfortunately, unable to be quite as clever with
definingdisc. The best way that | could think of to calculatésc for dimensions
greater than 2 took on the order &7 computations, and th& log N algorithm
that | thought of for 2 dimensions was sufficiently complicated that it didn’t seem
worth implementing. Speed, thus, became an issue, and | used a combination of
Maple and C code. This worked satisfactorily.

Here is a data table afisc for the two dimensional case, for = /2 and

a=r.
V2 "
1,000 .091572 .650591
10,000 .009135 .860561
15,000 .012914 .762592
20,000 .011899 .590495
30,000 .008189 .307924
50,000 .012719 .138787

The data is, unfortunately, not quite as convincing as before, and more experi-
ments would be in order.
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Here is another data table, for the five dimensional case.

V2 "
1000 .072419 0.097487
5000 015055 0.426626
10000 .010035 0.542570
15000 .011936 0.576099
20000 .008507 0.594172
25000 .010824 0.582399
30000 .010747 0.516590
35000 .008606 0.415605
40000 .010173 0.338313
45000 .009174 0.284612

This data actually looks a bit more convincing of convergence than the other, but
not a lot. It looks entirely possible thatsc for v/2 hovers around .01. More tests
would definitely be in order.

A.4 For Those Who Come After

The idea of the “undergraduate mathematics laboratory” is for students to do ex-
periments that other students will continue. This section of the paper, instead of
presenting results, discusses briefly the methods | used and difficulties | encoun-
tered, to help those who come after, and briefly mentions possible areas for further
study. More specific information about what programs | used and how they work
can be found in the electronic “readme” and the comments in the programs.

The firstissue is always how many digits to keep. | kept 30. If one goes only up
to N = 100, 000 (10°), N3 < 10'5, and thus 30 should certainly be enough. When
working with C instead of Maple, my variables were double precision floating
points. This might cause concern about digits, but | only used C after already
calculating thes,, ., — 3,..

The rate limiting step in the calculations is calculatiigc. This was not a
big problem for the one dimensional case, where running time &ith 100, 000
was a few minutes. (It was much longer until | realized that | should comnvert
into a floating point number before doing the calculations in Maple.) For higher
dimensional cases, however, Maple became woefully inadequate, taking several
minutes forN = 5,000 and forever for much higheW. | thus switched to C,
which was much, much faster. The largest cases | did=£ 45, 000) took a
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few minutes in C. The other limit is memory; fo¥ = 100, 000 | was using 250
megabytes of memory to store the arrays. Going much further, thus, is not feasible
at the moment.

One thing the next person to work on this problem should do, of course, is to
fill in the data tables | presented a bit more. This should not be hard; the programs
are already in place. It would be nice to have the several variable discrepancy
for more« and for higherN. In particular, it might be nice to compare several
algebraic numbers of various degrees, considerimgd~ throughout, and maybe
looking at several different possible choices;of

At the level at which | worked, not a lot of complicated programming was
required; this is nice. Unfortunately, the next thing to look at, | think, is what
are referred to in [RSZ] as “M-level correlations.” Computing these by brute
force requiresD(N™) computations, which is rather unfriendly. | am not sure
if this can be reduced. Probably to have a chance of the computations finishing
one should use C instead of Maple. Even if it is only possible to fdka few
thousand, it would still be worthwhile, | think.

| wish my successors the best of luck, and hope that this paper has been of
some use.
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