    Agencies and Coalitions, 

a Method for the Reduction of Formally Cooperative Games to Formally 

Non-Cooperative Games and Some Computational Research on a Project 

of Study Based on this Method

The ideal of achieving a theoretical understanding of cooperation in games is as old, clearly, as the book of Von Neumann 

and Morgenstern, “Theory of Games and Economic Behavior”. But since the time when their book first appeared (1944) and stimulated studies in game theory it has seemed to be found that it is easier to theorize in terms of games where the players are not expected to really closely cooperate and where they are not thought of as involved with forming coalitions or alliances. That is, rather, the study of games with players viewed as acting in a more 

non-cooperative fashion has led to easier tasks of theoretical analysis.

There have been some interesting 

or nice ideas which can be applied to cooperative games and particularly to such games in the form as studied by 

Von Neumann and Morgenstern. For  example, if a game is considered 

as given and defined by giving a “characteristic function” for it then 

a concept called the “Shapley value” 

of the game can be computed from the information given by the characteristic function. This CF information consists of an assignment of numbers to all of the possible coalitions or singlets 

of the players of the game. It is  essentially the total payoff (in terms of a transferable utility like money) that the members of that coalition 

could assure themselves of by playing cooperatively with an optimal strategy to assure that objective.

The Shapley value is derived from this information on assurable values associated to coalitions and it consists of a vector of numbers describing a payoff to each player 

of the game. It is inherently efficient in the sense called “Pareto efficiency” in that it is impossible for the players, no matter what they might do, to achieve any payoff outcome that would give any of them more pay (than that of the S.V.) while avoiding reducing the pay of any player. Moreover the S.V. can be derived as 

the consequence of a quite nice set 

of axioms.

Another concept also usable analogously as a value formula is the “nucleolus” which is also a vector of payoff numbers. The nucleolus has a family relation to a slightly older concept which is called the “bargaining set”. And like the Shapley value these concepts are defined in terms of a characteristic function for the game.

The bargaining set, the kernel and the

nucleolus have good relations to the

set called the core and the nucleolus

is the most studied value vector idea

other than the Shapley value.

So we have thought it should be rather instructive to compare any value

results for models of negotiating play

of players with the numbers prescribed

by the Shapley value or the nucleolus.

It is intrinsic to the context that whenever there is found a well regarded value formula for a cooperative game that that formula could be accepted as the basis of an “arbitration scheme” (using the phrase of Luce and Raiffa). So such a formula could lead to a well regarded and possibly popular arbitration scheme.

On the other hand, an adopted arbitration scheme might simply be ordained by authority, as if by an emperor like Justinian. And then the scheme would not necessarily have any justifying basis derived from game theory.

These remarks relate to the issue 

of practicality in connection with cooperative games and theoretical 

study of them. Arbitration can indeed 

be a means for reducing costs. And it 

is applicable, in principle, on any scale, including that of the disputes 

of states.

Therefore since a theory of cooperative games, if it can lead to consequences in terms of values, it 

can likely lead to a comparatively acceptable arbitration scheme. Or it

could provide a basis for a school 

of negotiation strategies.

An accepted arbitration scheme 

could reduce costs in the case of 

the problem of arranging the details 

of a deal involving three large corporations. In such a deal there 

is often the exchange of stock. What fraction of the stock of a surviving firm the stockholders of an absorbed firm are given is essentially the determinant of their game payoff.

Agencies

It was a few years ago that I 

got what seemed like an inspired idea 

that offered a means for studying cooperative (or “coalitional”) games 

in a manner with parallels to the ways 

by which theoretical biologists have studied the topic of “the evolution of cooperation” (Axelrod et al). The idea also offered an escape from all of the verbal complexities that might otherwise naturally attach to coalition possibilities because of the unlimited nature of the conceivable elaboration 

of verbal contracts.

In effect the concept allows the game to be transformed into a game 

that is in certain senses equivalent 

and which is to be considered in the  repeated game context that is directly

analogous to the repeated game context studied by theoretical biologists studying the possibility of cooperation evolving in the context of a repeated game of “Prisoners’ Dilemma” form.

Instead of there being unlimited means by which coalitions might actually be formed or form, dissolve, and reform, we have an election procedure through which any player may elect to accept any other player as his agent. And in the context of studying 

a repeated game we can afford to  prescribe that this election process 

is such that the agent is entirely uncommitted and his election is irrevocable for each specific playing of the game. (Of course election choices are expected to vary as the game is repeated.)

A set of rules can be devised so that there are election stages in each of which all of the players remaining independent (not represented by another player as agent) have, each of them, the option of electing another player as an accepted agent. It is natural 

for these rules to require convergence so that no more than (n-1) stages of election will ever be needed for a game of n players.

Election rules need to do something to resolve the impasse of a situation where A votes to accept B as his agent but B simultaneously also votes  similarly for A. It is not exactly 

clear which rule version handles these

situations in the most preferable fashion, we have worked with more than one variant.

We have some graphic transparencies prepared that illustrate some of the ideas involved with the rules for elections of agency powers.

However the specific numerical calculations that we have to report 

on at this time were done with a simplified model, for three players, where the first step of elections proceeds according to the general 

scheme but after that, when only two non-resigned players remain, then another procedure, known to be good 

for 2-person bargaining games, is used and this leads to a mathematically simpler model.

We also modified the general theme by introducing the idea that if no 

agent had been elected at the first stage (where we begin with the three independent players) that, with an adjustable probability (of 1 minus epsilon_sub4), that the players would 

be given another chance to get into cooperation by being given another opportunity to vote for the election 

of agencies!

Later, as we carried out   computations of equilibria (with e4, 

and e3 and e1, for epsilons sub, 4, 3, and 1, in notation usable in formulae used in MATHEMATICA) we found that the

effect of letting e4 get smaller and smaller was that the players would 

vote to accept an agent with less and less probability, but that because of the repeated voting the agencies would get elected with as little a chance of failure. And finally we succeeded in transforming the original form of the equations so that they represented this limiting result.

And a consequence of that was 

that in the limit it resulted that there would not be the problem of simultaneous election successes and the problem of how then to decide upon who had been elected to agency. (This is otherwise a technical problem and we had wanted to arrange that after a  first step of election then there would be two parties and that these could be considered in terms of a simplified scheme.)

If the more “purist” rules for elections would be followed then 

after the first step of elections in 

an n-person game, then any number of remaining players, from n to 1, might remain as active non-resigned players.

The Work as of Now

This text is prepared for use in the Summer of 2001.

Besides some general remarks (as 

in the text above) relating to the 

basic method of converting the study of a cooperative game to the study of an indefinitely repeated non-cooperative game relating to processes of  coalescence (for cooperation) the talk will feature illustrative presentations of the computational methods and  results which have been developed in the process of seeking to put theory into practice here.

There are also some descriptive

materials relating to the most basic

aspects of the election process which,

through the formation of agencies, leads to the game-theoretic coalescence. 

