Research Studies Approaching Cooperative

Games with New Methods

     The general area of “cooperative games” has been under attention as a topic for game theoretical studies since the time of the publication, by Von Neumann and Morgenstern, 

of their book “Theory of Games and Economic Behavior”. However it has been an area 

of difficulties as well as of some creative ideas.       

    Nash, in the earlier 50's (of last century), published three papers in Econometrica that were concerned with this area for studies. These specifically consider games of two persons in which cooperative optimization is the concern. First, “The Bargaining Problem” finds an axiomatic approach leading to a definite formula for, effectively, the canonical arbitration of a bargaining problem in which two players (or participants) have the possi-bility of gaining mutual benefits if they can agree on a formula for cooperation. Then “Two-Person Cooperative Games” reviews the bargaining theory in a more general context where the two players have a variety of actions that they can take, before they are cooperating at all, which can variously affect their welfare circumstances (or their “payoffs”). A fresh approach to the bargaining problem side of this total cooperative 

game problem shows how a “game of demands”, for the two players, has a natural equilibrium which leads to the previously inferred formula for the allocation of payoffs 

in the simpler “bargaining problem” topic that Nash earlier studied. And the other concept, that of “threats”, links the competitive/non-cooperative side of the general game of two parties with the cooperative side which is modulated through the “demands” of the players.

    And also a set of axioms is introduced that, as an alternative, leads to the same found cooperative game solution in a fashion parallel to the derivation of the normative bargaining solution found in “The Bargaining Problem”.

    The third early publication in Econometrica was published as a work by three co-authors, Mayberry, Nash, and Shubik. And it was called “A Comparison of Treatments 

of a Duopoly Problem”. This paper considers a concretely described situation where two producers are producing the same marketable commodity. The Cournot solution for that can be compared with this but the Cournot solution gives the producers less rewards 

than what they get when they can agree upon some effectively cartel-like or OPEC-like approach to their marketing challenges. The cooperative theory gives a model of how they can profit more, and this is studied both with or without their being able to use “side payments” in their cartel-like collaboration.

The Challenge of Games with More Than Two Players

     In recent years I have been pursuing a project of research that seeks to study 

the area of “cooperative games” through a process of reduction to games in the “non-cooperative” form where the seeking of equilibrium strategies and of consistent equilibrium behavior (of the players) is an effective approach.

   And this is also a general topic of studies in which a few notable researchers have been developing new ideas in more recent years. There are formulae, developed by Shapley and by Schmeidler, which lead to optional resolutions of the problem of “arbitrating”, 

by an imaginable arbitrator, of the payoff potentials of a game described by a “char-

acteristic function”. Thus “arbitration schemes” are available, should the players of 

a cooperative game (of CF type) conceivably agree to an arbitration. (This terminology “arbitration scheme” was originally introduced in the early book by Luce and Raiffa      (on game theory).)

   However, as soon as we consider all the ideal benefits which could derive from a good arbitration scheme which is regarded as acceptable by all of the parties in a situation having the form of a cooperative game, we can see that the existence of alternative schemes which differ in their suggestions for the putative evaluation of the game (or the recommended “imputation” for an acceptable arbitration of the values of the game) leads to a conflict which brings into question all of the non-equivalent schemes.

    So the theoretical question of finding a proper “evaluation theory” for general cooperative games appears not to be simple, UNLESS we can be persuaded to accept 

one of the existing evaluation proposals (for such games) as the sought solution.

Pro-Cooperative Games as a Concept

     When I began, in the more recent years of my life, to think again about game theory and about the challenge of cooperative games   (where Harsanyi and Shapley and I had earlier contributed some ideas) I started out by thinking that one should look for a theory that would be applicable to any game of this general category and in particular to any “CF game” (to introduce a terminology for games that are completely described by a ”charac-teristic function” as were the games considered in the book of Von Neumann and Morgen-stern).

    But as I studied the possible situations more freshly, and as I saw how these varying circumstances of possible games related to models in which equilibria of behavior would give rise to concepts of “solutions” for the games, I came to the realization that just like in games presented a priori as “non-cooperative games” there could be alternative and non-equivalent equilibria deriving from the idea of individually rational behavior of the players.

   In a “nutshell”, it could be like social behavior or politics where it seems natural that various nonequivalent arrangements of alliances of human “players” may be more or less equally consistent.

   (Effectively, this phenomenon of alternative modes of cooperation, for the players 

in a game, was noticed mathematically when the smooth graph describing the cooperative behavior of the players in a model for cooperation of three players via “agencies” and “acceptances” failed to be continuable when one or two of the coalitions having only two members became too strong in comparison with the “grand coalition” (of all three of the players in the game)).

When Three-Player Games Might be Pro-Cooperative

    If we consider, for simplicity, games of three players that are DEFINED by the specification of a “characteristic function” for the game then, in this familiar category 

of games, (we can ask) which of them should intrinsically favor that the players will 

be induced to cooperate similarly to how they might behave if they were in a simple (generalized) “bargaining problem game” with three players? Suppose that, for a “CF” 

game of three players, that v(1,2,3) = 1 and that v(1,2) = b3, and v(1,3) = b2, and v(2,3) = b1. (This is the cyclical notation of b1, b2, and b3 that was used in my paper 

in the IGTR journal.)  (Also, v(k), for any single player Pk alone, should be zero.)

    If b1, b2, and b3 are all much smaller than +1 then this is the zone where 

the nucleolus or also some of the evaluation suggestions derived through the “random proposals” models will assign to the game the evaluation of (1/3, 1/3, 1/3) while, on 

the other hand, the Shapley Value assigns an evaluation linearly dependent on the numbers b1, b2, and b3.

How Some Games Might Not Be Pro-Cooperative

    A specified game may also have intrinsic characteristics that make it plausible 

that, even though it is a “cooperative game” in that the players are regarded as free 

to undertake all sorts of cooperative acts of collaboration (outside of the formal structure of the presentation of the game), they might NATURALLY not act in a simple pattern 

of cooperation (and the sharing, somehow, of wealth and resources) but rather there might be various differing forms of behavior that might possibly emerge as the observable behavior of the players.

    This is analogous to the patterns observed in international politics and warfare, 

where shifting alliances and patterns of opposition have emerged regularly, for example, 

in European history.

   So the “stable sets” or “solutions” in the Von Neumann and Morgenstern theory do indeed seem (to me) to form a parallel with what I now find to be theoretically plausible for varieties of “cooperative games” that do not seem so structured as to naturally lead players to settle into a specific pattern of cooperation and the sharing of resources.

The stable sets can be extremely complex in structure (and perhaps difficult to use for any practical purposes (like for deriving a useful “arbitration scheme” so as to escape 

from avoidable conflict)).

    Consider the simple case of cooperative games of three persons. Let a characteristic function describe the game, with this normalized so that v(i)=0, v(1,2,3)=1, v(1,2)=b3, v(1,3)=b2, and v(2,3)=b1. Then, if all of b1, b2, and b3 are (comparatively) small, then probably the game is naturally “pro-cooperative”. Therefore, if this theme of general cooperation is realized, it is natural for the players to act cooperatively, more or less as if they all had to come to an unanimous agreement, so as to avoid the losses naturally deriving from failure to act well and to get mutual benefits. (Thus these cases can form

a natural extension of the “bargaining problem” class of two party games.)

                Can the Specific Mode of Cooperation be Predicted?

      Game theorists are getting closer to the objective, in relation to a game that 

could be classified as of “cooperative type”, of not only being able to classify it as being naturally promoting of cooperative compromises by the players but also being able to give to the players some good counsel about the specific variety of cooperation might be practically achieved.

   But, in principle, there can be a multitude of prescriptions for cooperation that might be created (as if) by a wide variety of various healers or therapists.       

   For example, a “Banzhaf value” might be prescribed to advise members of a legis-lative body how their powers in coalitions should be appraised. But, in competition with this, an approach based on the Shapley Value could give a different advisory perspective to the same legislators. Also, either the nucleolus, or possibly the “modified nucleolus”, might also be used for a generally applicable doctrine advising on the evaluation of games.

   For an “arbitration scheme” it may be needed only that the scheme should be accepted and followed, perhaps with an analogy to religious law. But private parties will tend to be most accepting of an opportunity for arbitration if they can feel that is provides an easier and more economical route to the sort of justice that they might expect to find, on the average, as the result of going through a more difficult process to ultimately reach a cooperative compromise.

Efforts to Reduce Cooperative Games

to Non-Cooperative Games

  I have been myself, in recent years, one of the game theorists who have sought to (somehow) reduce 3-person cooperative games to non-cooperative games so that equilibrium 

methods could be applied to these games. And the ultimate objective could be merely to estimate “values” for the players or to also, conceivably, obtain predictions as to which 

of the coalitions might tend to form in intermediate negotiations of the players. A group of these approaches depend on the device of “random proposers” to achieve the descent from the level of the difficulties suggested by three-party games in general to the level

of non-cooperative games of three players.

   The method is very effective as it works out in practice, it seems. And, in particular, with the approach of Armando Gomes, the outcomes, as “evaluations” for games, seem 

to lead either to equivalence with the Shapley value or with the nucleolus, with which of these cases being the result depending on the ratio (v(1,2)+v(1,3)+v(2,3))/v(1,2,3) which depends simply on the “characteristic function” relating to the game.

   And I have also, myself, had an idea which exploits a process for relating the chall-enge of the cooperative game of three persons to a non-cooperative game of the type 

of repeated games. This repeated game is designed to be analogous to the non-cooperative repeated games which, for example, can transform a game of hopelessly conflicted players (like  in a prisoners dilemma game) into a game in which a mutually favorable equilibrium 

of play can be found for the two players of the original dilemma game. My work became 

a project supported by the NSF and assisted by the aid of three students at Princeton University who were successively involved with the NSF project.

   The reference to the paper published on that study is that it was called “The Agencies Method for Modeling Coalitions and Cooperation in Games” and it appeared vol. 10 # 4 

of the issues for 2008 of the “International Game Theory Review”.

Plans for Further Study on the Computational Level

to Reduce Cooperative Games to Non-Cooperative Games

    The work I reported in the article in the IGTR journal led also to my involvement in 

a study of experimental games. In the experiments it was found that it was possible to preserve and utilize “the method of acceptances”, in a general sense, so that coalitions were formed always by a process in which one player or one leader of an established coalition (or alliance) would elect to “accept” the leadership of another player or coalition leader.

   In terms of the design of the experiments, the players of a game, as experimental subjects, were not told how they must or should react to the observed behavior of the other players with whom they were interacting repeatedly in the plays of the experimental repeated games. Of course the design idea was that, analogously to a repeated game derived from a stage game of “Prisoners’ Dilemma” form, it would be possible for the experimental player-subjects to interact among themselves, in the repeated play, so that each player would tend to encourage cooperativeness by rewarding behavior (of a reactive sort) that would have comparably cooperative values.

     The Related Studies of Cooperative Games through Experiments

   A group of four researchers designed and carried through a pro-gram of experiments that studied the behavior of subjects that were given the position to play of being in 

a 3-parties game with potential rewards specified by a characteristic function defined 

for the coalitions possible as a result of the play in the game (which proceeded by actions of acceptance and by actions of the specification of rewards, when final coalescence would be achieved). (Sometimes only a coalition of two players would result because of gambling tendencies of the players; and then each of the two players was, simply for simplicity, granted 1/2 of the value (according to the characteristic function) of that coalition 

of them as two coalition members.)  (I hope to move beyond this simplification in a more refined modeling for the repeated game.)

   The four researchers were Nagel, Rosemarie; Nash, J.; Ockenfels, Axel; and Selten, Reinhard. The actual experiments proceeded in a “lab” at the University of Cologne.

    I want to say that it is very valuable that the observations derived from one set

of experiments, possibly motivated by one theoretical model relating to bargaining or

cooperative play and negotiations, would naturally often shed light on other variously

differing theoretical models. So here the repeated game model leading to calculations with

69 variables was inspired by the results of experiments and their relations to a repeated

game model with 42 variables (for the calculations).

The Array of Variables Expected to be Interrelated

in Simultaneous Equations in a New Model for the

Repeated-Game Play with 3 Players

   In the model studied computationally in our paper in the IGTR journal of 2008 we had ultimately a system of 42 equations in 42 variables. There were effectively 39 dimensions of strategic choice by the players with a little redundancy in the representation of these choices through real-valued parameters.

   24 of these variables directly described the behavior of players under the circum-stances when, as elected leader of a coalition representing all three players, one leading player would have the position of allocating the payoffs to be made (from the resources of v(1,2,3) as defined by the game's characteristic function) to the two players other than himself/herself.

   These 24 parameters were described as:

 {u2b1r23, u3b1r23, u3b2r31, u1b2r31, u1b3r12, u2b3r12, u2b1r32, u3b1r32, u3b2r13, u1b2r13, u1b3r21, u2b3r21, u2b12r3, u3b12r3, u3b23r1, u1b23r1, u1b31r2, u2b31r2, u1b21r3, u3b21r3, u2b32r1, u1b32r1, u3b13r2, u2b13r2}

     And there were 18 other parameters to be solved for in the system of equations 

that related to the frequency (or probability) of specific acts of "acceptance".

These a-parameters were:

     {a1f2, a1f3, a2f3, a2f1, a3f1, a3f2, a1f23, a2f31, a3f12, a1f32, a2f31, 

                a3f21, a12f3, a23f1, a31f2, a13f2, a21f3, a32f1}

    We can well remark here that the earlier studied model had the convention that 

when P2 had "accepted" (the leadership of) P3 then that P1 would be immediately aware 

of this factual information. Therefore u2b1r23 and u2b1r32 could naturally be different. 

And a1f23 could differ from a1f32.

    But the projected model for our next study will have P1 ignorant, in this situation, 

of the identity of which of the two members of (2,3) had accepted the other so that 

that coalition had come into executive being.

   And here, above, for example, u2b1r23 represented "the amount of utility transferred by P1 to P2 when it happens that P1 was elected to be the final general agent by the vote of P2 with P2 happening to have (previously) been elected by P3 to become established 

as the captain of the (2,3) "sub-coalition". (The idea is that at an equilibrium of the repeated game that there would be an average or steady level of utility transfer (to P2 from the agency of P1 as "final agent") in this direction.)

    But our scheme for a new project of model game calculations involves the idea that when (as in the prior modeling, explained above in relation to u2b1r23) we would be concerned with actions taken by P1 (Player One) that are dependent on prior actions 

of P2 and P3; that in that situation that the circumstances are modified because 

of a change in the information presumptions.

   We plan to change information conventions and suppose that P1 is IGNORANT of exactly how the coalition (2,3) was formed (whenever it formed in the acceptance play 

of the players) but that P1 is simply informed of the formation of the (2,3) coalition but not of whom (within this coalition) is its leader (or executive agent) nor of whom (among P2 and P3) accepted whom (so that the coalition formed).

   If the agency that has the right to lead the coalition (2,3) is ACCEPTED by P1 then this means that the final coalescence has been realized and whichever of Players 2 and 3 had been indeed the elected leader of (2,3) would now (or thus) become elected to be the leader of (1,2,3) and therefore this player would acquire the position and right to dispense (among himself/herself and the other two players) all of the resources of (1,2,3).

   In this case it would be either that u1b23r1 and u3b23r1 would describe these final "disbursements", WERE PLAYER TWO THE HIDDEN LEADER (of the two person coalition (2,3) ) or that u1b32r1 and u2b32r1 would describe these payoff amounts WERE PLAYER THREE THE HIDDEN LEADER. (Here Player 1 has had to "blindly" accept the leadership of the elected leader of the coalition of the other two players, coalition (2,3).

   If, on the other hand, the (hidden) leadership of the (2,3) coalition happens to vote 

to accept Player 1 as the final coalition leader or "general agent" then u2b1rC23 and u3b1rC23 can be used to describe the final payments chosen by Player 1 (with Player 1 remaining in ignorance of who had been the chairperson/leader of (2,3) while (2,3) remained an independent coalition.

    (This IGNORANCE concept is natural and not unnatural, but the real advantage 

that the concept has is simply that of significantly reducing the number of the "strategy parameters" needed to be included for the description of all the natural strategic choices of the players.)

   So we plan to use another form of notation when Player 1 (for example) has to accept the leadership of (2,3) without actually knowing WHICH of P2 or P3 has, actually, been elected to that leadership r^ole. This notation can be like

                      u2b1rC23 and u3b1rC23,

describing the position of P1 as "final agent" when his/her leadership has been accepted by the coalition (2,3) although P1 remains ignorant of which of P2 and P3 had been the leader of two person coalition when that coalition's action to accept P1 as final agent 

(and thus as leader of the (1,2,3) coalition) was taken. The notation for a 2-player

coalition will conventionally list the members in cyclical index order, thus according to 

1 -> 2 -> 3 -> 1 -> 2, so that we can have u3b2rC31 but not u1b3rC21 since C31 

shows 3 and 1 in standard order while C21 has 1 and 2 in the wrong order.

   And there will be also a few other parameters describing utility allocation choices (strategies) made by the players. It can happen, in the modeling of the repeated game, that sometimes the final executive coalescence of all 3 of the players into a single final agent (who can dispose of all the resources assigned by the game definition to (1,2,3), 

the grand coalition) may fail and then either three solo players remain or there only forms a coalition of two players with a solo player remaining. If three solo players remain then they all get a payment of zero, that is v(1) = v(2) = v(3) = 0 for this incidence of the repeated game.

   But if a coalition of two players, like P1 and P2, remains, then the leader of that 

2-coalition has the occasion to make a settlement payment to the other member/player 

of that 2-coalition. Thus this process, which naturally utilizes the resources of the game's coalitions of only 2 players, gives us a reason for the quantities described by

                  u2b12, u3b23, u1b31, u3b13, u1b21, u2b32 .

   These are the final utility transfers that will occur if there was a first "acceptance" but when that was not completed by a second acceptance putting all resources of the players under a single executive.

Summary of All of the Parameter Symbols to be Used

    We can list all of the variables that will be used in our planned updated model for the projected repeated game derived from a general CF-type game of three players. And a general remark can be made noting that although the notation seems rather clumsy, it is good for enabling symmetry checking. Thus when we have derived the equilibrium condition relating to the strategic "demand" of D1fC23 from symmetry we will be able to infer what the equilibrium equation for D2fC31 and D3fC12 should be also. And ultimately, for the actual work on numerical computations we would have shifted into compacted notation and have like variables x1, x2, ..., x69 to be solutions of equations E1, E2, ..., E69. (And the numerical solutions of such a big system of equations would have been a hopeless challenge before the times of modern computers.)  (It is as if the "invisible hand" that would bring everything into equilibrium could have as many as 69 recognizable "fingers"!)  

   First there are the parameters which describe the probability of the ACCEPTANCE, 

by some player or agent, of another player or agent (taking into account that sometimes the accepting player may not know which of the members of a coalition of players is the elected leader there). (An accepting player must accept the leadership of the established leader of an already existing coalition.)

    {a1f2, a1f3, a2f3, a2f1, a3f1, a3f2, a1fC23, a2fC31, a3fC12,

             a12f3, a23f1, a31f2, a13f2, a21f3, a32f1}

    So here are the 15 symbols which describe the "rates of acceptance” that indicate 

the activities of the three players in coming into cooperative potentials (among themselves) through acts of acceptance (where one player "accepts" the executive leadership 

of another player and assigns to the latter all the executive rights of the former).

    We do not think of these "a-parameters" as corresponding to strategy parameters under the control of the players who are accepting (or declining acceptance). Rather, the probabilities of accepting actions are defined by equations which link each a-parameter with d- or D- parameters (demands) and also with a-parameters and u-parameters for other players. This becomes complex, and the a-quantities are indirectly determined. (Presuming that all goes well with our model.)

   And it is quite natural that, other things being equal, the more a player "demands", 

of other players, the less probable will it become for this more demanding player to choose to directly "accept" the player (or agent) in relation to which the demand is being made.

    The complete class of projected d-parameters and D-parameters (named for "demands") is:

  {d1f2, D1f2, d2f3, D2f3, d3f1, D3f1, d1f3, D1f3, d2f1, D2f1, d3f2, D3f2,

  d1fC23, D1fC23, d2fC31, D2fC31, d3fC12, D3fC12,

  d12f3, D12f3, d23f1, D23f1, d31f2, D31f2, d21f3, D21f3, d32f1, D32f1, 

   d13f2, D13f2}

   Thus it turns out that, by categories, there are 12 + 6 + 12 demand parameters 

by types here; or 30 of these parameters (which are of the nature of strategy choices) 

in all. We should point out here that a major part of the design scheme for the new
study is the plan to have two TYPES of “demand” strategies that the players will be

exercising. For example, d1fC23 indicates the level of the “demand” made by P1 in
relation to what payoff P1 should expect from the (existing) coalition (2,3) (of the other

two players) if P1 acts to “accept” the leadership of that coalition in the final resolution

of a stage of the game (of acceptance actions, etc.). And, dually, D1fC23 indicates the

level of a “demand” made by Player 1 concerning the frequency of the reciprocating action

of this coalition (as seen by P1) in accepting the final leadership of Player 1. (Here the

relevant quantity measuring this is a23f1 + a32f1 (since the accepting {2,3} coalition may
be actually led by either P2 or P3)).

   The class of symbols for the parameters describing actions of the pass-through 

or allocation of utility is quite more numerous than that for a-parameters. We have

   {u2b12r3, u3b12r3, u3b23r1, u1b23r1, u1b31r2, u2b31r2,

    u1b21r3, u3b21r3, u2b32r1, u1b32r1, u3b13r2, u2b13r2,   

    u2b1rC23, u3b1rC23, u3b2rC31, u1b2rC31, u1b3rC12, u2b3rC12,

    u2b12, u3b23, u1b31, u3b13, u1b21, u2b32}

which is a set of 24 variables, 12 of one type, 6 of another type (where the player allocating utility is affected by the ignorance phenomenon), and 6 of the type where 

one player has dropped out of the game. So this makes 24 u-parameters in toto.

   And then, counting the classes of symbols for the total number we find it to be 

15 + 30 + 24 = 69.

    This can be compared with the 42 symbols used in the equations of the model 

which was developed in our paper in the IGTR journal. 

    (We are hoping that providing the players with more dimensions (as it were) for their strategic choices of "demanding levels" will lead to improved results in the modeling.)
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