LIMIT OF SOBOLEV INEQUALITY

SUN-YUNG ALICE CHANG AND FANG WANG

AsstrACT. We derive the Moser-Trudinger-Onofti inequalities on the 2-sphere and the 4-sphere as the lim-
iting cases of the fractional power Sobolev inequalities on the same spaces, and justify our approach as the
dimensional continuation argument initiated by Thomas P. Branson.

1. INTRODUCTION

In this paper, we will establish, in two cases, the log exponential type Sobolev inequalities as the limiting
case of the fractional power Sobolev inequalities. One such case is the Moser-Trudinger-Onofri inequality
on the 2-sphere, which we will establish as the limiting of the fractional power Sobolev inequalities on the
same 2-sphere.

Our approach is motivated by a dimensional continuation argument by T. Branson. In [Br] and in different
lectures, Branson often mentioned his way to ”guess” the correct formula or inequality on a borderline case
through a dimension continuation argument. We now illustrate one example of his approach. One looks at
the classical Sobolev embedding theorem for W!? —s L#> on the standard sphere (S", d6%) when n > 3. In
this case, the embedding can be expressed as the following sharp inequality:

n-2
(1.1) cn( |f|f”zde) < f IVof*d6 + c, f 76, Vfe WS,
Sn S}l SVL
where
. do -2
f ao- k40 nn-2)
sn [S™| 4
On the other hand, when n = 2, on S2, there is the famous Moser-Trudinger-Onofri inequality:
(1.2) In JE e*do < f IVow|*d6 + 2 JC wdl, Ywe WH(S?).
52 52 2

See [Mo], [On].

Traditionally, Moser-Trudinger-Onofri inequality (1.2) was derived from a method very different than the
derivation of Sobolev inequality (1.1). We now describe Branson’s heuristic argument to derive (1.2) from
(1.1) by a dimension continuation argument when n — 2. To do so, for a given function f € W!2(S") when
n > 3, we may assume it is nonnegative and write f = "7 Then we rewrite (1.1) as

n=2 2
; 2
(13) Cp |:(f enwde) _ fe(n—2)wd0:| < (n 5 ) JC e(n_z)w|ng|2d9.
S’l S’l

Divide both side of (1.3) by (%)2 and rewrite the left hand side, we get

n—

n nw 72_ _ (n-2)w _
(1.4) n_z[(ﬁne de) 1 Jg(e 1)de

We now observe that if we “formally” let n — 2 and apply L’Hoépital rule, we get the Moser-Trudinger-
Onofri inequality (1.2).

< f "0V 0|2 db.
Sn
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In this note we will replace the parameter n in the argument above by a “continuous” parameter, apply
some results developed in scattering theory and make above dimension continuation argument by Branson
rigorous. More specifically, on the 2-sphere, we consider the fractional power operator P, (as defined in
§2.1 below), with leading symbol [£[*¥ ([JS]), and the corresponding Sobolev embedding inequality for all
0<vy<1(Be):

(1.5) YY(S2)||f||il%(Sz) < ng fPxfdo, Vfe W72(S?),

where Yy(SZ) = ?Ei—Z;ISzly.

Our main result (Theorem 1 in Section 3) is that we can derive Moser-Trudinger-Onofri inequality (1.2)
as a limit of the fractional Sobolev inequality (1.5) when y — 1.

The main tool we will use comes from scattering theory consideration. That is, we will apply an extension
theorem to view any function f defined on S? as the boundary data of a solution U r of the Poisson equation
defined on the 3-ball B3; and view the function P>, f as the scattering matrix operating on the function f. In
this sense, the extension function U can be viewed as a function on B3 with weight p' =¥ (where p is some
distance function from S? to B3): there we can view U r as defined on a space of dimension n,, = 3+(1-2y).
In this sense, when y — 1, n, — 2; thus the fact (1.5) tends to Moser-Trudinger-Onofri inequality when y
tends to one can be viewed as a dimensional continuation argument of T. Branson.

It turns out above argument can be extended to operators of order higher than two. A second main result
in the paper is to show the same method can be applied to derive the corresponding Moser-Trudinger-Onofri
inequality on 4-sphere (Theorem 2 in Section 5 ) which corresponds to a sharp inequality with respect to
4-th order Paneitz operator on 4-sphere as the limiting case of the corresponding fractional power Sobolev
inequalities, like that of (1.5), with 1 < v < 2 defined on 4-sphere. The proof of this higher order case turns
out to be technically harder, mainly because we need to choose some suitable distance function p (which
depends on ) with sharp asymptotic estimates when the distance approaches the boundary.

This paper is organised as follows. In Section 2, we will first recall the definition of fractional operators
P,, on the sphere. It turns out this class of operators is a special case of a general class of fractional
order GIMS operator defined on the boundary of conformal compact Einstein manifolds (e.g. the sphere
as boundary of the hyperbolic space) as introduced in [GIMS] and [GZ]. As we have mentioned, the main
tool we will use in the proof of our theorems is some Sobolev trace type inequalities —which we will call
extension theorems. These extension theorems were first introduced by Caffarelli and Silvlestre [CS] for
functions defined on R”" with extensions on the upper half space R”*'and later generalized to functions
defined on the boundary of conformal compact Einstein manifolds ([CG], [CC]). We will briefly recall
some basic definitions and the statements of these extension theorems in section 2. We remark that for
readers only interest in the method to prove Theorem 1, one can skip read section 2.2.2, the result there
is only needed in the proof of Theorem 2. In Section 3, we derive Moser-Trudinger-Onofri inequality as a
limiting case of the fractional Sobolev inequality on 2-sphere. In Section 4, we derive some further estimates
for the special distance function which were called as the “adapted geodesic defining” function ([CC]) and
the corresponding weighted scalar curvature and Schouten tensors for adapted metrics on hyperbolic space
H>. Based on these estimates, we derive in section 5 a generalized Moser-Trudinger-Onofri type inequality
for functions defined on the 4-sphere, which were established earlier by [BCY] and [Be], again as the limit
of the fractional Sobolev inequality.

The authors are aware that in the literature there are other methods to derive Moser-Trudinger-Onofri
inequality on the two sphere as the limit of some other form of Sobolev type inequalities. For examples
in [BV], [Be] and [Fo]. The readers are also referred to the article [DEJ] for a survey and more recent
development of the subject.
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2. GEOMETRIC PRELIMINARY

2.1. P, Operators. We first recall ([Br], [Be]) that on the standard sphere (S", [d6?]), there is a class of
pseudo-differential operators P,, defined for y € (0, 5) as follows:

I'B+1+y) 2
2y = —?7’ where B = \/Ag+ (%) .
F(B + 5~ ’)/)
Associated with the operator, the fractional Q-curvature is defined as:
2 TG +y
= Py (1) = — -
Q27 n—2y 2)/( ) n—2yl"(§—)/)

P, is an operator with leading symbol €[> satisfies some conformal covariant property, for example when
y=1,Py=2A7g+ # is the conformal Laplace opertor on S", P is the 4-th order Paneitz operator ([Pa]).
The property of P>, which is relevant to us is the following sharp Sobolev inequality fory € (0, 5), ¢ = %,

@.1) VSN Ry < fs fP,,fd6, V f e HYES).
n _ n
» v I(5 +7) v TG+

See [GQ] [Be] [CT1] [CT2] where
n+1
2.2 Y, (SYY=2%n"n r =
*2 SRR yro: ( 2 ) G-y

It turns out P, on S" is a special case of a general class of fractional GIMS opertors defined on the boundary
(called conformal infinity) of some general conformal compact Einstein manifolds. Here we will recall some
basic background.

Fractional GIMS Operators are defined on any closed manifold M with a conformal class of metric [/]
such that (M, [h]) can be embedded as the conformal infinity of a Poincaré-Einstein manifold (X1, g+)-
More explicitly, (X"*!, g,) and (M, [h]) should satisfy

Ricg, = —ngy inX,
p*g+lrm € [h] on M,

2y
|s"|™ .

where p is a boundary defining function for X = M.

A special example is the Hyperbolic space H*! in the ball model:

4dx*  Adr? + ride?)
(I-RP? (-
where (r,0) are the polar coordinates on the unit ball B**!. Take 7 = d#?, the canonical spherical metric.

Then the geodesic normal defining function w.r.t. his p = 2(11;:). For p € (0,2),

(2.3) B! ={xeR"™ :|x|<1} and g, =

’

212
(2.4) g+ =p" (dp2 + (1 - %) dez], pglren = d6”.
Based on the study of boundary regularity in [CDLS] and the spectral and resolvent theorems for Lapla-
cian of g, in [MM] [Ma] [Gu], we can consider the following equation:
Ay —s(n—s5)u=0.

If Re(s) > 5, 5(n—s5) ¢ 0pp(Ay), 25 —n ¢ N, then given any f € C*(M) there is a unique solution satisfying
o Muly = f € C™(M). Moreover, u takes the form

u=p"F+p'G, F,GeC*X), Fly=f
We define the scattering operator S (s) by
S(s) : C(M) — C*(M), S(s)f =Glu.
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Here S (s) is a one parameter family of conformally invariant elliptic pseudo-differential operators or order
2s —n, which can be meromorphically extended to C\{ % — K —Np} where 2K is the order up to which g is
even in its boundary asymptotic expansion. If so > % is a pole satisfying 259 —n € N, so(n — s0) € 0pp(24),
then the order of this pole is at most 1 and the residue is a differential operator on M. In particular, if
2 k2 ¢ 0 pp(y) for k < min{2, K}, then

(D!
2%k (k- 1)
where Py is the GJIMS operator of order 2k on (M, [h]). See [JS], [GZ] for more details.
For simplicity, we define the renormalised scattering operators and the associated curvatures by

sz—dyS(2+y), sz_n—Zy [(—y)

While y ¢ N, P», is also called the fractional GIMS operators and Qy, is the fractional Q-curvature. From
the definition we see the fractional order GIMS operators P>, should also depend on the interior metric
(X"*1 g.), not only on (M, [h]). A special case is the Hyperbolic space H"*!, which has conformal infinity
(S", [d6?]). In this case, the rigidity theorems given in [ST] [DJ] and [LQS] tell us if (X1, g+) is Poincaré-
Einstein with conformal infinity (S", [d6?]), then (X"*!, g,) must be the Hyperbolic space H"*!. So the
fractional GJIMS operator on the standard sphere is uniquely defined.

Resg=5,S (8) = cxPok, Cx

n

Py(1);  dy=2%

2.2. Extension Formulas. The fractional GIMS operator was intensively studied by Case-Chang in [CC].
Here we recall some extension formulas given there. Let (X"*!, g,) be a Poinaré-Einstein manifold with
conformal infinity (M, [h]). We fix a representative & here.

Let y € (0, 3) be such that Spec(a,) > ’2—2 — 2 and p, be the adapted boundary defining function defined
as follows:

1
(2.5) P« = V., where
ALV — S(n - S)V* = 0, ps_nv*|M =1.

Notice that we always write s = 5 + 7.

22.1. y € (0,1). Setmg =1—-2y € (-1,1). Then for each f € C*(M), (see [CC], Lemma 7.2, equation
appeared in the proof of Theorem 7.3)

2 d
(2.6) f fPyy fdvol, - ==X f Oy, |fPdvol, = -~ f VU 20! ddvol,, .
M 2 M 2y Jx

Here g, = p2g,, and U ¢ 1s uniquely determined by the equation

Ag U =0, in X1
2.7) { %0 n

U =f, on M,

where Ag) = Ag, — mop; ! Vp, is the weighed Laplacian and V is the connection w.r.t. g.. The equation (2.7)
is equivalent to the following one:

(2.8) Aju—s(n—su=0, pi " uly=f,
via the transformation u = o’ *U.

Lemma 2.1. Let y € (0,1) and mg = 1 — 2y. If the boundary dimension n > 2 and the Yamabe invariant
of (M, [h]) is nonnegative, then for arbitrary f € C*(M), the function Uy defined in (2.7) is the unique
minimizer of the functional

Io(V) = f IVVPpl dvoly,, Ve VY.
xn+l
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Here (V?L. is the function space

V0 = {v e X"y N XY - iy = f}.
Ify € 0,1/2), then (@) = (0,2y); if'y € [1/2, 1), then (L, @) = (1,2y — 1).

Proof. Notice that U is a minimizer of Iy(V) if and only if U satisfies the equation (2.7), or equivalently,
u = p*U satisfies (2.8). The uniqueness comes from the uniqueness of solution to (2.8). Since the Yamabe
invariant of the conformal infinity is nonnegative, there is no Lz—eigenvalue for A,. See [Le]. Hence (2.8)
has a unique solution. O

222, ye(1,2). Setmy; =3 -2y € (—1,1). Then for each f € C*(M), (see [CC], Lemma 7.6, equation
(7.17))
f S P2y fdvol, — % f 02, f*dvol,
M M
__ Y
8y(y - 1)

Here Uy is uniquely determined by the equation

(2.9)
fX (186, UP + (n+ my = DIJINUSE = 4PV UV US) pll dvol, .

L U =0, inX,
(2.10) U-=f, on M,

: my U _
llmp*ﬁop* G_p* =0.

Here LZ’;I is the weighted GJMS operator of 4-th order w.r.t. g.; J:;' and P’;ll = P,, are the weighted scalar
curvature and weighted Schouten tensor of g.. Please refer to [CC] for explicit definitions. By conformal
transformation u = p~*U, equation (2.10) is equivalent to

[Ay = (s =2)(n—s+2D)][ar —s(n—95)]u=0,
2.11
@1 Pl = £ Py ol = 0.
See formulae (3.3) in [CC].

Lemma 2.2. Let y € (1,2) and m; = 3 — 2y. If the boundary dimension n > 4 and the Yamabe invariant
of (M, [h]) is nonnegative, then for arbitrary f € C*(M), the function Uy defined in (2.10) is the unique
minimizer of the functional

L(V) = f (186, U + (n+ my = DIJINUSE = 4PV UV Uf) pll dvol,
X

Here q/} is the function space

—n v
(V} = {V e Xy N A Vi = f, lim P — = 0}.
p«—0 (9,0*
Ify €(0,3/2), then (I, @) = (2,2y = 2); if y € [3/2,2), then (I,a) = (3,2y - 3).

Proof. According to [CC], the functional /1(V) is nonnegative for n > 4. The minimizer is a solution to
(2.10). When the boundary Yamabe type is nonnegative, the equation (2.10), or equivalently (2.11), has a
unique solution. This is because the second boundary condition implies that

Aru—sn—su=0, pi " uly = f.

It is obviously that this has a unique solution. O
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2.2.3. Some remarks on the adapted defining function. From the definition, p. depends on y. So while vy is
not fixed, we need some uniform control of this function. Here we give a global uniform value estimate of
px by a special boundary defining function p;. Define

-1

=v,, where
(2.12) PL= VL
by +n+1yp =1, pvily=1.

Recall that p is the geodesic normal defining function corresponding to boundary metic 4. This v, was first

introduced by Lee in [Le] to construct L>-test functions. Lee’s computation implies the following Lemma:

Lemma 2.3. If (M, [h]) is of nonnegative Yamabe type, then for s € (0,n) and py defined in (2.12), the
function = p7/™* is positive and satisfies

(A —s(n—s)) ¥ > 0.

Lemma 2.4. If (M, [h]) is of nonnegative Yamabe type, then for s € (0,n), the adapted boundary defining
function p. satisfies

0<&31.

PL
Proof. For (M, [h]) of nonnegative Yamabe type, Spec(A;) > ’2—2. So for all s € (0, n), the adapted defining
1
function is well defined, i.e. p, = v)~*, where

Ay —s(n=s5)ve =0, p vy =1

o) =5 (5)
oL yo\y

Direct computation shows that v, /i satisfies

(g o525 ()
v vo)\y ) v

Applying Lemma 2.3 and the maximum principle to above equation, we get

0<E§1 - 0<&$1.

PL
We finish the proof. O

Notice that if taking ¢ = p7 ™, then

Refined value and derivative estimates for p. on hyperbolic space will be given in Section 4 before we
get to the continuation argument on 4-sphere.

3. INEQUALITIES ON S2
In this section, we will establish the following Theorem:

Theorem 1. We can derive the Moser-Trudinger-Onofri inequality (1.2) as the limit of the Sobolev inequality
(1.5).

Proof. To do so, for a given function w € C®(S?), choose f = e!™¢  apply the inequality (1.5) to f and
rewrite the inequality as

2 =
on v [ s -a-ney [irtaws [ posao-a-nos, [ it
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Divide both side of (3.1) by (I —¥)?, and let y tends to 1. We will show that the left hand side of (3.1) tends
to 4 times In sz e2“=®dp, where @ is the average of w over S2, and the right side of (3.1) tends to 47 times

the energy term fsz |Vow|?d6 , which establishes the theorem.
To prove so, we first recall that
I'(l+vy)
(32) Yy(8%) = (1 =) Q0 IS = ———(4n)".
7 7 I'(l-v)

Denote mg = 1 — 2y € (-1, 1) and g, = p>g., where p, is the adapted boundary defining function. Let U f
be defined by equation (2.7). Then (2.6) (3.1) and Lemma 2.1 give the following:

I-y
D 4r )7( f |f|wde) - f |f|2de}
Sz

Ira-vy
fS (fPyf = L= 7)Q,1P) o

IA

3.3)
= -2 VU |2p %dvol
2’)/ B3 Flghs P

< - ;l—; st IVVizpi dvol,,, ¥V eV
Notice that (1 —y)Q, = I'(1 +vy)/I'(1 —y). Here V is the connection w.r.t. metric g..
Next, we extend w to a smooth function on the ball in the following way:
Q(r, 0) = x(rw(o),
where y is smooth and satisfies 0 < y < 1, y(r) = 1 forr € [%, 1] and y(r) = 0 for r € [O, %]. Define
V=179

SoV]ey =™ = fand V e (v(; for all ¥ € (0, 1). Then (3.3) implies that

1-y
(4r)Y ( f edea) - f 62(1_7)“’616’]
S2 S2

d
< -2 -y f VAL dvol,,.
2’}/ B3

For vy € (0, 1), divide both side of (3.4) by (1 — 7)2 and we get

rd+y 1 y(f 2w )H_f 2(1-y)w
Ap(y,w) = T(2- y)(l—y) {( ) SZe do Sze do

dy 2(1-y)Q 2
< - Z ‘fBS eV IVQIngOdvolg*
(3.5) ()
T T2-v)
Ly) o1 f 21-)Q 2
——= 227 =92 p"dvol
F(Z_ ) ( ) | | pL dVO 8L

= Bo(y, Q).
Here p; is Lee’s boundary defining function defined in (2.12) and g, = p%g+. Then

I'(d+vy
I'(l-y)

34

m0+l
22711 —y) (/’;—*) FIRNQLE pTdvoly,

2 3 -2
2 Px P 2 P &
c=p%gs =) g, dvol, = 2] dvol,, [V :(—) ¥, .
g pg+ (pL) gL g (pL) gL 2. pL gr

The connection V is w.r.t. metric gr. The last inequality in (3.5) is from Lemma 2.4. Then the theorem is
proved by Lemma 3.1 and Lemma 3.2. O



8 SUN-YUNG ALICE CHANG AND FANG WANG

Lemma 3.1. Fory € (0, 1) and Ag(y, Q) defined in (3.5),

1 _
lim Ay(y,w) = 47'rln(— f e2<w—w>de).
y—1- dr S2

Proof. Notices that

1-y 1—y
1
(3.6)  (4n) ( f ezwde) - f ez(l_y)wd9:47r((— f ez“’dG) —1]— f (1 ~1)do
S2 S2 471' S2 S2

Then by L’Hopital’s rule

1 1 _
(3.7) lim Aoy, w) = 47 1n(_ | edea) - [ 2040 = 4x m(_ [ ez(“"“’)da),
y—=1- 47 S2 S2 45 S2
We finish the proof. O

Lemma 3.2. Fory € (0, 1) and By(y, Q) defined in (3.5),
lim By(y, Q) = f IVow|>db.
y—1- S2

Proof. Split the integral in By(y, Q) into two parts:

I'(y) 51 f 21-9)Q1& 2
Bo(y,Q) = —2—-22r"1(1 = A=219Q2 p™dvol
0(’)/ ) r(z _ ,y) ( Y) B3 e | |ngL Vo 8L
I'(y) 21 21-9)Q &2 1-2
= 221 _y) A9 QL 7 dvol
(3.8) re-y x(1,2] sk o
TCy) 21 2= 2 -2
+ —222" N1 —y) el v/e] 7dvol
r2-vy $2x(2,1] gufL s

=1(y,Q) + 1(y,Q)

Notice that Q, pr, g7 are smooth on the ball which are independent of y. So there exists a constant ¢ > 0
such that
< L <c.
1-r
Therefore WQ@ , and 2172 gre uniformly bounded on the ball from above and below.
For I(r, Q2), since r < 2/3, there exists a constant ¢ > 0 independent of v € (0, 1) such that
c < pi_zy <G,

and hence a constant C independent of y € (0, 1) such that

2(1-9)Q 52 12y
jsgzx[l 2]e IVQIngL dvol,, | < C.

33

This implies that

3.9) lin} I(y,Q) = 0.
’y—)
For 11(y,Q), since 2/3 < r < 1, Q(r,0) = w(h) and
B 1= 2\2 4 2 2
VOl = %Weaﬂz, AR = 209w gyol, = [—PL_ | 2qrdp,
dpir (1-r9)

So the integral in /1 can be rewritten as
19, 20-7)

(3.10) 1(y,Q) = F(g(—f)y)zh—l(l -) [ ﬁ 1L— > dr] ( fs 2 e2<1—7>‘”|v9w|2d9).
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Obviously,
(3.11) lim | 09\VwPdo = f [Vowl|*do.
y—1-Js2 S2
The integral in variable r can be estimated as follows. First
2(1-y) 2(1-y) 2(1-y) 2(1-y)
2 2(1-y)
(3.12) PL__ _PL Pr :( PL ) (A-pl2r P
1-r2 1-r l+r 1-r L+r

The integration of each term above can be estimated by

1 1\ . fl ( oL )2(1—7) 1 V-2 gy < 1 (C)Z(l—y)
- = —-r r = 5
2(1 =y)\3c - 2 1-r T 2(1-y)\3

1 ,2(1=y)
0< f L dr <2 n 9 .
2 1+r 5

Take y — 1, the estimates in (3.13) give

(3.13)

1 2p2(1—7)
(3.14) lim 2(1 —y) f L dr|=1.
y—1- % 1-r2
Finally, (3.10) (3.11) and (3.14) give
(3.15) lim I1(y,Q) = f IVow|>db.
y—1- S2
By (3.9) and (3.15), we finish the proof. O

Remark 1. The proof of the sharp Moser-Trudinger-Onofri inequality above depends on the delicate choice
of the defining function p., other choice of p would derive an inequality with an added constant on the right
hand side—which is the original form of the inequality derived by J. Moser.

4. RerINED ESTIMATES ON THE HYPERBOLIC SPACE

In this section, we give some refined estimates for the adapted defining function p. and the curvatures for
adapted metric g, on the Hyperbolic space H"*!. Recall the ball model:
4dx*  Adr? + r’d6?)

Bn+1 — c Rn+1 . < l , — —
{x I <1}, g+ TErDE 1772

In this case, we have 4 boundary defining functions:
(1) The geodesic normal defining function
_2(1-r)
o1+

which is not globally smooth but gives good asymptotic expansion for the hyperbolic metric (2.3).
(2) Lee’s defining function

’

1= r?
T 1+

and g; = pi g+ 1s the (n + 1)-spherical metric on the half sphere S’}r“.
(3) The flat defining function

PL

1-r2

2 9
and go = ,o%gJr is the Euclidean metric on the unit disk.
(4) The adapted geodesic normal defining function p, defined in (2.5).

pPo =
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4.1. Uniform bounds and boundary expansion of p..
Lemma 4.1. On H"”,forn >2and s = % +ye€ [%,n),

PO < P« S PL-

Proof. By Lemma 2.4, we only need to show that pg < p.. For s € [%,n), let ¢ = py~*. Then direct
computation shows that

Avp—s(n—s)p=(n—s)n+1-25)pp*! <0.
Let v, = p~*. Then by (2.5),
Ay — s(n— s)ve = 0.

Consider the equation for ¢/v.,:

A, (f) _ (A+¢ —s(n— s)) (f) + 2V (f) Vv
Vs 0] Vi V] Vs

Comparison argument similar as Lemma 2.4 shows that ¢ < v, and hence py < p.. O

Lemma 4.2. On H"! | for s = 5+v € (5 +1,n) and n > 4, the adapted defining function p. has an
asymptotic expansion
1TG+y)
2 4 2y+1 2 2
p~+ 0@ ))+Py (——+0(p) :
dy F(% - 7)
4.2. Derivative estimates for p.. Since pg is fixed, we give the derivative estimates for adapted defining
function in terms of

n
c=pll-—2——
P p( 42s—n-2)

t:& and 7 =Inrt.

Lo
Notice that ¢t = #(r) and T = T(r) are both radial symmetric functions. Since ¢ and T are smooth in the
interior, we have

7(0)=T'(0) = 0.
On the boundary, the asymptotic expansion of p, gives the boundary values of # and T':
t()y=1, TA)=0.
Moreover, if s = 5 +y € (5 + 1,n) and n > 4, then
f)y=-1, T'(1)=-1.
3 n n+l-s
O=3 ey Ty

To get the derivative estimates for 7" and hence ¢, we deduce the ODE for T from

Avs —s(n—s)v, =0, where v, =p"" = pot = poel.
Direct computation shows that T satisfies the equation

2s—n—1 n) ,
e+ T+
Po r

2s—n—1

ST o
Lo

This is a first order nonlinear ODE for 7”. For simplicity, we denote F(r) = T’(r). Then F satisfies

4.1 T" +(n—s)(T')* + (

2s—n—1 n 2s—n—1
F+——=0,

F’ +(n—s)F2+(—r+ -
PO r Lo

F(0)=0, F()=-1.

4.2)

Lemma 4.3. Suppose s = 5 +vy € (5 + 1,n) and n > 4. Then for all r € [0, 1],
O<1+rF<1.
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Proof. Here F already exists and is C! up to boundary for every fixed s € (3 + 1,n). Let

.
O(r) = f (n — s)F(r)dr.

1

First, 2s —n — 1 > 0 and hence equation (4.2) gives

e Y 25 —n— Dr'e®”
(pZS—n—] Fl = _( ) <0
0

2s—n

Py

This shows that p,, @s=n=1)yn @M F ig decreasing. Since it is valued 0 at r = 0, we get F(r) < 0 for r € [0, 1].
Second, denote pg = po(r). Then

f (2s —n—1)ie D(7) g = fr ’—,n—le(I)(f)d( 1 )
0 po(F)F—n 0 po(Fy?sn-1

1) _f [(n = FF(F) + n — 1]F" 2
0

= r.
p%s n—1 pO(r)Zs n—1
This implies that
25 —n—1 L NET(E _ —n-2 _O(F)
Fr) = -1 + f [(n = s)FF(F) -_l‘ (n— 1] e JF
rneCD(r) po(r)Zs—n—l
And hence
2s -n—1 — = —n-2 _®(F)
[(m=s)1+7FF(#) + (s — D] e _
4.3) 1+rF(r) = 1 0 f e p— dr
reen po(P)=~"

Atr =0, we have 1 + rF(r) = 1 for every fixed s. Let
Rs;=sup{Re[0,1]: 1 +rF(r) >0,V r € [0,R]}.

By continuity Ry > 0 for every fixed s € (5 + 1,n). If Ry < 1, then 1 + rF(r)|,=g, = O and 1 + rF(r) > O for
all r € [0, R;). So the integral in (4.3) is strictly positive at r = R;. This gives a contradiction. Hence Ry = 1
for all 5 € (% + 1,n) and we finish the proof. O

Lemmad4.4. Fors=5+v € (5 +1,n) andn 2 4, there exists a constant C > 0 independent of s and r such
that for all r € [0, 1),
1+rF < C

0< < .
£0 2s—n—-2

Proof. First notice that from Lemma 4.3 we have for r € (0, 1),
0<dPn<-m-s)Inr = Oﬁeq)(r) < 5

Since py is strictly positive in the interior, we only need to show the constant exists for » € [%, 1). By 4.3),

L+rF() P07 (7 I = )1+ FF(P) + (s — D]F 220

00 0] 0 po(f)ZS—n—l

5 5 r 752
< Cipyt " f ————dr
0 0 po(F)>s!

- -

7

<C pZS n— 2f _ dr
0 po(HZ!

Cq
< —.
2s—n-—-2

Here C; > 0 is independent of s € (g +1,n)and r € [%, 1). O

0<
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Lemma 4.5. For s = % +vye€ (%, n)yandr € [%, 1), there exists a constant C > 0 independent of s and r
such that

‘ 1+7rF s—1 < Cpo
00 2s—=n—=2" 2s—-n-3
Proof. Again from (4.3) and integrating by parts, we get

L+ rF() P (7 (= )1+ FF(P) + (s — 1)];n—3ed><f>d ( |

po(r‘»)%-"-z) -

00 - ontle®) 2s—n-2
(=) +rF)+(s—1)

I :
Q2s—n-=2)r?
(4.4) s P2 f dl(n — s)(1 + FE(P)) + (s — 1)]73e2D
(2S —n-— 2)rn—lec1>(r) 0 po(,—,)Zx—n—z
o f AP
(Zs —n- 2)rn—le(1>(r) 0 po(,:)Zs—n—2 ’

Alr)=m - s)(rzF' +rF)+[(n—s)1+rF)+(s—D][(n-3)+(1n-s)rF.
For I, by Lemma 4.4 it is obviously that for r € [%, 1),

’1_ s—1 ‘S (n—s)C1+ 2(s—=1) 00 < Cap0 .
2s—n—-2 2s—=n—-2 (2s—-n-2)r? 2s—n-2

Here C; > 0,C;, > 0 are constants independent of r € [%, 1)and s € (”;—3, n). For I1, using equation (4.2),
Lemma 4.3 and Lemma 4.4, we get for all r € [0, 1),

1+rF
Lo

|r2F" — < Cs.

(n- s)(rF)2 +2s—n-— 1)r2( ) + nrF

Hence |A(r)| < C4. Here C3 > 0,C4 > 0 are constants independent of r € (0,1) and s € (%,n}. Thus for
rel, ),
?3—4

.
11| <C 2s—n—2f ——dr
i 3P0 0 po(F)?s—n=2

vsena 7 o4 " r
< Cepy™ ( f T + f —— df)
0 0 173 po(F)?s=2

LG
= 25—n-3""
Here Cs > 0,C¢ > 0,C7 > 0 are constants independent of r € [%, 1)and s € (%,n}. O

By Lemma 4.3-4.5 and equation (4.1), some direct computations show that

Lemma 4.6. For s = % +vye (#, n,n>4andr € [%, 1), there exists a constant C > 0 independent of s
and r such that

n+l-s < Cpo
2s—=n—=2|" 2s-n-3"
4.3. Curvature estimates of adapted metric g.. We consider the weighted scalar curvature and weighted
Schouten tensor for adapted metric g, = p2g.. Recall the formulae given in Lemma 3.2 of [CC]:

7= 2 (1),

1 R
Pl =P, = —— (Ricg* - ig*).
n

T +

I1+T'1<Cpo, ITI<Cpo, It—1]<Cpo.

&1 n
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Lemma 4.7. On H™!, for s = 5+vy € (%,n),n > 4andr € [%, 1), there exists a constant C > 0
independent of s and r such that

J.— < .
¢ 2s—n—-2|"2s—n-3

Proof. Here p, = ppe’ and
200 + T’
JZ“ =e 2T ((—r) - |T'|2).
' Po
Then applying the estimates given by Lemma 4.3-4.6 we get the estimate. O

To deal with the weighted Schouten tensor for adapted metric g., we first take the polar coordinates (7, 8)
for r € [%, 1). Atevery point § € S", take 8 = (64, ..., 6,) to be the normal coordinates on the sphere. Then
the conformal relation g, = €7 gy together with Lemma 4.3-4.6 gives the estimates of each component of
Ricg, and hence Py, .

Lemma 4.8. On H"! for s = 5+YE€ (%, n),n>4andr € [%, 1) there exists a constant C > 0 independent
of s and r such that
C 1 C
_ n < Lo , _6ij < ¢’
2Q2s-n-2)| " 2s-n-3 2 2s—n-3

Proof. In polar coordinat@s (r,6) where 6 = (64, ..., 6,) are normal coordinates on the sphere at some point
P, 80 = dr* + r*d6*. Let V be the covariant derivative w.r.t. go. Then at p,

[Pg.1rr

‘[Pg*]gigj‘ - [Pg*]ré)j = 0

VT =T", V,.9,T=0, V695,T =rT'6;j, 0T =-T" - gT’.

Since Ricg, = 0, we have
[Ricg1rr = =(n = D(T" = IT'") + (24,7 = (n = DIT'P),
[Ricg,1g0, = [-(n = DrT” + (g, T — (n = DIT')r?15y,
[Ricg, 116, = 0.

Applying the estimates of 7" in Lemma 4.3-4.6,

. n(s—l)‘ Cpo
R - < 9
Rice.Jrr 2s—n-2|1" 2s—-n-3
. n+1l-s Cpo
R 0 —|n+ —m8 ;| £ ————,
’[ icg. o, (n 2s—n—2) I T 2s-n-3

[[Ricg, 1,6, = 0.

Hence the scalar curvature of g. satisfies

n2s-n-1) Cpo
R, — < .
& 2s—-n—-2 | 2s—-n-3
Since P, = ﬁ(Ricg* - ﬁRg*g*), we finish the proof. O

5. INEQUALITIES ON S*
Consider S* as the conformal infinity of H**! and take the boundary metric to be the standard spherical
metric d6”. For y € (0, 2), the sharp fractional power Sobolev inequality on S$* is

5.1) BEWAR . < [ sPyrde vremE,
L (S%H sS4

4
2-y
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where

LC+9)

(5.2) Y, (8% = Ty

QMS“F

The generalised Moser-Trudinger-Onofri inequality on S* was given by the energy associated to the Paneitz
operator P4 on it:

(5.3) 31n f Y < f (|Agw|2 + 2|V9w|2)d0 +3 f do, Y weH'SH.
S4

This inequality was first established in [BCY] and [Be], and extended to general higher dimensions in [Be].

Theorem 2. We can derive the generalised Morser-Trudinger-Onofri inequality (5.3) as the limit of Sobolev
inequality (5.1).

Proof. On $*, for any w € C™(S*), take f = 2%, Apply the sharp Sobolev inequality (5.1) to f and
rewrite the inequality as

s vt [ao) " -y [ oitans [ reasao-cp [ oyirpan

Divide both side of (5.4) by (2 — y)>. Then by taking y — 2, the LHS of (5.4) tends to 3|S*| times
In fe““"“‘:’dé, where @ is the average of w over $*, and the RHS of (5.4) tends to [S*| times the high

energy 3%4 (lAgwl2 + 2|ng|2) d6. This establishes the theorem.
To prove this, we restricty € (1,2) and set m; = 3—2y € (-1, 1). Let p. be the adapted boundary defining
function and g, = p§g+. Let Uy be defined in (2.10). Then (2.9) (5.2) (5.4) and Lemma 2.2 imply that

s 4|z(f |f|2vd0)2y—fs4 |f|2d0]

< f [szyf—(Z—V)szfz]dG

Q2+ y)
Q2 -

5.5

_ A U+ n+ —IJmIVU —4P; VUV U /) p™ dvol
8W_1)f (g, UsP + (1 my = DIPVUSE, — 4PV U VI ) o dvoly,

Y B " ) ; . 1
8’)/()/ D f |A¢| V| +m+m 1).] 1|VV| 4P,]V 'YV V) ol 'dVOlg*, vV e (Vf-

Here V, Ay, Jl’;fll , P are all with respect to the adapted metric g..
Extend w to a smooth function on the ball:

Q(r, 6) = x(rw(9)
where y € C*([0, 1]) satisfies 0 < y < 1, y(r) = 0 for r € [0, %) and y(r) = 1fory e (%, 1]. Define
V = QR

Obviously, V|yy = fand V € ‘1/}. Then (5.5) implies

2—y
Ir2+vy)

2
IS“ﬁ( f e4“’d9) - f g
r2-vy s 4

d, 2

2 2(2-9)Q _ 2

S5V f 5 ([20.0- @-riveaL]
+Hn+my = 1Jy! IVQl; - 4P,-‘,~V"QVJ'Q) P dvoly,

(5.6)
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For y € (1,2), divide both side of (5.6) by (2 — y)? and we get

2-y
re+y)y 2 47(f A 202-y)
Ally,w) = [S*|2 evdol - e Vedo
AR YR Yo R ” "
22731 (y) 2

(5.7) <= _—"o- f 2(2_7)Q(A Q-2 -y)IVQL

<Ta) @ ").° |26, 2 -2 -yIvaL |

+(n+my = DIJVQL - 4P, V'QVIQ) p" dvol,,

= Bi(y, w).

Then the theorem is proved by Lemma 5.1 and Lemma 5.2 O

Lemma 5.1. Fory € (1,2) and A (y, w) defined in (5.7),
1 _
hm L Ai(y, ) = 3184 ln(|S T f e4“’_4‘”d9).

Proof. The proof is essentially the same as the proof of Lemma 3.1. O

Lemma 5.2. Fory € (1,2) and B(y, w) defined in (5.7),
lim Bi(y,w) = f (120wl +21Vgw]*) df.
y—2- s4

Proof. First by the definition of Q, we notice that A4, Q = 0 and VQ = 0 for r € [0, %). Hence we only need
to take the integration in By (y, Q) over r € [%, 1). Recall that t = p./pg and T = In¢. Then by the conformal
transformation g, = >’ gg, we get

26,2 = €T (8 Q = mi(VInpo, VQ)y, — (n+ my — 1XTT, VQ),,)
=T (B, Q= (n+my — IXTT,VQ)y )
IVQl; = e IVal,

Here V and A,, are the connection and the weighted Laplacian w.r.t. flat metric go. By Lemma 4.1-4.6 and
the smoothness of €, there exists a constant C; > 0 independent of y € [%, 2)and r € [%, 1] such that

18, Q < C1,  IVQf; < C1.

Hence considering the first part:
2
1(y,Q) =22 - y) f V2 ng, Q- 2= )V | P dvoly,

=22 -7) f 20RO ITR, Q = (n+my = ITT, VQ)g, — 2 = )ITQL; ] o dvoly,

e[ [ L S)

=5L(y,Q) + L(y, Q).
From the uniform bound of integrand, it is obviously that

lim I1(y,Q) =0
y—2—
While r € [%, 11, Q(r, 0) = w(6), 9,Q = 0, which imply that

1 Sy - - - 1
B0 Q = 000, (VT,¥Q)g = 0, (V1npo, VQ)q, =0, Vai = ﬁ'v“"'z‘
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Therefore, similar as the proof of Lemma 3.2, we have

1
lim L(y,Q) = lim 22 —y) ( f e2<2—7>Tp3‘27dr) ( f e2(2_7)‘“|A9w|2d9) = f |agw|*do.
y—2— y—2— % S4 4
Next, consider the second part:

1(y,Q) =22 - ) f P2 (n+ my = DIJIVQL, - 4P, V'QVIQ| ol dvol,,

=22 -7) f 22-1Q2Q-NT [(n +my = DX IO - 4PV QVJQ] P dvoly,

e[ L)

=11L(y,Q) + II5(y, Q).

For I1,(y, Q), Lemma 4.1-4.8 and the smoothness of Q give the uniform bound of the integrand for r € [%, %],
which implies that

lim I1,(y,Q) = 0
y—2-

For I15(y,Q), Lemma 4.7-4.8 shows that there exists a constant C, > 0 independent of y € [%,2) and
r € [3, 1] such that

_ i 8(2 -
(2 +my = DT IR - 4P, V'QVIQ) - (% + 2) IVowl? = E(y, Q)po;
|E(y, Q)| < Ca.
Thus
"o 202-97 (82 =) 2 3-2y 4
lim IL(y,Q) = lim 22 —7y) f f 22w 227 (— + 2) IVowl’py " r*drde
y—2— y—2— g4 % Y- 1
= f 2|Vow|?do.
S4
We finish the proof. O

Remark 2. It turns out when n is even, there is a generalisation of the Moser-Trudinger-Onofri inequality
(IBel) for functions defined on (S", d6?) with the role of Laplace operator on (S?,d6?) replaced by the n-th
order GJIMS operator. It is plausible the argument in this paper can be applied to derive these inequalities
as the limit of Sobolev embedding inequalities for the corresponding fractional 2vy-order GIMS operators
as y — n/2. But as the proof of our theorems (for n = 2 and n = 4 cases) indicate, the argument would
become increasingly delicate when n is large.
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