SOME HIGHER ORDER ISOPERIMETRIC INEQUALITIES
VIA THE METHOD OF OPTIMAL TRANSPORT

SUN-YUNG A. CHANG AND YI WANG

ABSTRACT. In this paper, we establish some sharp inequalities between
the volume and the integral of the k-th mean curvature for k + 1-convex
domains in the Euclidean space. The results generalize the classical
Alexandrov-Fenchel inequalities for convex domains. Our proof utilizes
the method of optimal transportation.

1. INTRODUCTION

Classical isoperimetric inequality for domains in Euclidean space was rig-
orously established by H. A. Schwartz [Ech84](1884) using the method of
symmetrization. Later De Giorgi [DGH8] gave a simpler proof based on an
early argument of Steiner. In [GraXH|, Gromov established the inequality
by constructing a map from the domain to the unit ball and applying the
divergence theorem. Inspired by Gromov’s idea, it became well-known that
optimal transport method is effective in establishing various sharp geometric
inequalities. See for example [McCU7|, [CENVO|, [EMPTM] etc..

In this paper, we apply optimal transport method to establish some sharp
higher order isoperimetric inequalities of Alexandrov-Flenchel type for a
class of domains which includes the convex domains.

Suppose 2 C R™ is a bounded convex set. Consider the set

N +1tB:={z+tylx € Q,y € B}

where B is the unit ball and ¢ > 0. By a theorem of Minkowski [MInTT]|, the
volume of the set is a polynomial of degree m, whose expansion is given by

Vol(Q + tB) = i <’Z> Wi (Q)EF.

k=0
Here Wi(Q2), k = 0,...,m are coefficients determined by the set €2, and

(7:) = k,(lek), The k-th quermassintegral V; is defined as a multiple of the

coefficient W, ().
A ) (L.1)

m
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Here wj denotes the volume of the unit k-ball; for an arbitrary domain (2,
Vin(Q) = vol(2) denotes the volume of €.

If the boundary 02 is smooth, the quermassintegrals can also be repre-
sented as the integrals of invariants of the second fundamental form: Let L,g
be the second fundamental form on 0%, and let oy(L) with [ = 0,...,m — 1
be the [-th elementary symmetric function of the eigenvalues of L. (Define
oo(L) =1.) Then

Vo) o= PERERE [ o a0

m! Wm

where du is the surface area of 0€2. From the above definition, one can see
that V5(Q2) = 1, and V,,,—1(Q) = %Araa(@ﬁ). As a consequence of the
Alexandrov-Fenchel inequalities [BIe3q|, one obtains the following family of
inequalities: if €2 is a convex domain in R™ with smooth boundary, then for

0<l<m-—1,
()" = (53 a3

For 0 <1 <m — 2, (Z3) is equivalent to, due to the identity ([22),

</m Uk—l(L)du> " <C (/m ak(L)du> e , (1.4)

where k = m —1—1. Here C' = C(k, m) denotes the (sharp) constant which
is obtained only when € is a ball in R™. When | = m — 1, (I33) is the
well-known isoperimetric inequality

m—1 ].
m

< —Area(0%). (1.5)

mwyn

vol(2)

An open question in the field is if (IA) holds when the domain is only
k-convex in the sense that o;(L)(xz) > 0 for all [ < k and all z € 99Q. (In
the following, we denote the condition of k-convexity by L € F,j) This is
indeed the case under the additional assumption that 2 is star-shaped, as
established by Guan-Li [[GIY]. In the work of Huisken [Hi], he has proved
that () holds for £ = 1 when one assumes in addition that the domain
is outward minimizing. Inequalities of the type () were also discussed by
Trudinger [[mY4]. In [CasTd], Castillon has applied the method of optimal
transport to give a new proof of the Michael-Simon inequality, which in
particular implies (IA) for £ = 1 with some constant C'(m). In [C3VTT, T3],
we have established inequalities of the type () for all [ < k with some
(non-sharp) constant C'(k,m) when € is (k + 1)-convex.

In this note, we apply the method of optimal transport to establish the
following “end version” of the sharp inequalities in (I2).
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Theorem 1.1. Let Q be a domain in R™ with smooth boundary. Suppose
Q is 2-conver, i.e. L € F;r. Then

m—2 1.2 1
m S ( )7"/

vol () o 7m(m—1) -

Hdy, (1.6)

where H = o1(L) is the mean curvature of 02 and du is the surface area of
0. The constant in the inequality is sharp and equality holds only when
s a ball in R™.

We also prove the inequality between the volume of €2 and the integral of
o9(L) with the sharp constant.

Theorem 1.2. Let 2 be a domain in R™ with smooth boundary. Suppose
Q is 8-convezx, i.e. L € F;‘. Then

m—3 1 1
= < am | ealtyan (1.7)

Wm 3

The constant in the inequality is sharp and equality holds only when  is a
ball in R™.

Slee

vol (€2)

We remark that our proof indicates that the sharp version of these in-
equalities for (k 4 1)-convex domains are likely to be derived by optimal
transport method for all k; but the proof would be algebraically challeng-
ing. It also remains an open question if the additional one level of convexity
assumption (that is we assume Q is (k + 1)-convex instead of k-convex) in
our proof is necessary—but the proof we present here heavily depends on this
assumption.

The main difference of Theorem I, and T2 from our previous work in
[CW] is that we have applied the optimal transport map from a measure
on {2 to the unit m-ball, instead of applying the optimal transport map
from the projections of the measure on 9 to the unit (m — 1)-balls on
hyperplanes of R™. Also, in order to obtain the sharp constants, we study
the delicate interplays between terms involving the tangential and normal
directions of the optimal transport map. We apply the Taylor expansion
and derive recursive inequalities in order to estimate each individual term
in the expansion.

Finally we would like to clarify that although an optimal transport map
V¢ from € to the unit ball in R™ is smooth up to the boundary if Q is
strictly convex by the results of Caffarelli ([Cald2d,Cafdd]), the proof of our
main theorems still work if we only assume € is 2 or 3-convex respectively
by an approximation argument. This type of approximation process is quite
standard and has been explained in detail for example in [C3] and in many
other articles in this research field. We will not emphasize this point later
in our argument and will take for granted that we can integrate by parts for
derivatives of ¢ on 0f.

Acknowledgments: The authors wish to thank Alessio Figalli for his valu-
able comments and earlier discussions about the subject in the paper. They



4 SUN-YUNG A. CHANG AND YI WANG

are also very grateful to the referees who read the manuscript very carefully
and gave many helpful suggestions.

2. PRELIMINARIES

2.1. Optimal Transport. We begin with a similar set-up that Gromov has
used in establishing the classical isoperimetric inequality.

By the result of Brenier [Breddl] on optimal transportation, given a prob-
ability measure f(z)dx on €, there exists a convex potential function ¢ :
R™ — R, such that V¢ is the unique optimal transport map from Q to
B(0,1) (the unit m-ball centered at the origin) which pushes forward the
probability measure f(z)dz, to the probability measure ¢(y)dy = wimdy on

B(0,1). We adopt the convention to denote by V¢, V?jgb the gradient and
the Hessian of ¢ with respect to the ambient Euclidean metric, in order to
distinguish them from V¢, Viﬁqb (or ¢ap)-the gradient and the Hessian of
¢ with respect to the metric of 9. We remark that in our notation, both
the coordinate of the form and the coordinate the vector are denoted using
the lower index ¢, (or ¢g etc.). For simplicity, we denote the boundary 052
by M from now on.
Since V¢ preserves the measure, we have the equation

=2 _ fl@) e
det(V'¢)(x) = o) mf (). (2.1)

The function f(x) will be specified later. Also V¢ is the optimal transport
map from Q to B(0,1). Therefore [V¢| < 1. Thus

Vo> + ¢2 < 1. (2.2)

Here n denotes the outward unit normal to M, and ¢,, denotes the directional
derivative of ¢ in this direction. This is a fact that will be frequently used
later in the argument.

Now the convexity of ¢ implies ﬁ% is nonnegative definite. Therefore by the
geometric-arithmetic inequality (det(ﬁ%b))% < ﬁo’k+1(ﬁ2¢). Thus we
k41

obtain, by integrating over €2, that

[ ontla) 5 de = [ @et(@6)'+ do
Q Q

1 =2
— 01 (V ¢)dx
S/Q(kill) k1(V79) (2.3)

Vi 0Ty (Vo ¢) da.

1
/Q (k+1)(,7)
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Here [T}];; is the Newton transformation tensor, defined by [T}];;(A) =
k

——
[Tk]z‘j(A, veny A) and

[Teli (A oo Ar) = 570757775 ()i - (Ak)igie (24)

For example
[TI]’L](A) = T?”(A)(S” — Aija

where Tr(A) is the trace of A. We used in the last line of (233) that
op+1(4) = ﬁAij[Tk]ij(A). For more properties of [T}];;, we refer the

readers to [[CWT, section 5.1]. Using the fact 0; (ﬁ%d)) =0; (ﬁijqﬁ), one can
easily show that Bj([Tk]ij)(VQ@ = 0. Here 0; is the coordinate derivative

on R™. Hence we have by the divergence theorem that

1 .
/szwﬂwvij¢[Tk]ij(V ¢)da
iy Jo? (4T 0) 25)

1 / =2
=~ [ Tklij (V' ¢)dinsdp,
(k+1) (k—i—l) M ’ ’
where n; is the coordinate of the outward unit normal on M. If we combine
(E3) and (EZ3) and specify the probability measure f(z)dz := #(Q)dx on

Q, we then get
k41 1 k41

_k+1 k+1 2
wall @) H < (% e [ BT Oomn (26)

Comparing the constants in (28) (for £ = 1 and 2 respectively) with the
constants in (CA) and () of Theorem [ and T2 respectively, we notice
that to prove these theorems it suffices to establish inequalities (EZ4) and
(E8) below.

[ w0 orsmsan < [ g, (2.7)
M M

[ B (P oomidn < [ oxLydn (2.8)
M M

In the following, we will in fact prove two inequalities which are slightly
stronger than (E70) and (E3).

Theorem 2.1. Let ¢ be a smooth convex function on 2, and |V¢| < 1.
Suppose M = 02 is smooth and the second fundamental form L € F;‘.
Then

[ BT opmians [ 1 Mla@outpdn (29
M M
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Theorem 2.2. Let ¢ be a smooth convex function on , and |Vé| < 1.
Suppose M = 0 is smooth and the second fundamental form L € I’;".
Then

[ 1205 0pomidn < [ oaw) =7 [ [Blas(Dibasad. (210)

Note for L € I's, [T1]ap(L) > 0; and for L € T'§, [T2]as(L) > 0. In section
3 and 4, we will prove these two theorems.

We remark that although by our optimal transport method with approxi-
mation argument, ¢ is smooth on M, it is enough to assume ¢ is C, since in
the proof we will only take covariant derivatives of ¢ up to the third order.
Also, the assumption that M is smooth can be much weaker. In fact, one
only needs to assume M is C? (so that the second fundamental form is well
defined) and apply an approximation argument. In this paper, however, we
do not want to focus on the problem of looking for the weakest regularity
assumption, thus we simply assume ¢ and M are smooth.

Proof of Theorem I3 and IA: 1t is clear that inequality (EX) implies
(272), which in turn implies ([); similarly, inequality (E0) implies (E3),
which in turn implies (IC2). Now we will show that equalities in (@) and
(22) hold only when € is a ball. In fact we first claim ([C3) attains the
equality only if

Vi(x) = A(x)Id. (2.11)
The proof of this claim is given in the next paragraph. The same argument
applies when () becomes an equality.

We can approximate €2 by a sequence of subsets {€2;}7°, such that {; € Q
and 9€); — 9Q in C'°° norm. Since §2; is contained in the interior of €2, and
thus ¢ on Q; is a smooth function up to the boundary [CafdZH|, we can
apply Theorem 2.1 on each €2; and derive

w2 Mvol () vol () ~2/™ :/ detQ/m(ﬁab)d:v
9
2
m(m — 1)
1
“m(m—1) Joo,

/ 02(V>¢)dx (2.12)
Q

Hagq, dpy.

Here Hpg, denotes the mean curvature of boundary of €);; and y; denotes
the area form of the boundary of ;. We then take [ — co. By dominating
convergence theorem, we derive the same inequalities for 2. Namely,

w2 Mol (Q)1=2/m :/ det2/m(§2¢)dx
Q

2
m(m — 1)
b
m(m —1) Joq

/ oo (V) dx (2.13)
Q

Hdpu.
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Hence equality is attained only if det?/ m(?%ﬁ) = m(n2z—1)02 (vqu), and thus

ﬁQQb(SL‘) = A(z)Id. This gives the proof of (EZ10).

Now, by our choice f(z) = ﬁ(Q) as well as the equation (E), we see
that A(x) must be a constant A on each connected component of 2, possibly
with different values of A on different components. Thus the unique solution
V¢ to the optimal transport problem is a dilation map V¢é(x) = Az on each
connected component of 2. Hence each connected component of € is a ball.
However, if €2 is the union of two or more balls, we can compute directly
that it does not attain the equality in (Z9). Therefore 2 is a ball.

2.2. Elementary facts. By Taylor expansion

(1— 8212 = chs% (2.14)
where C = (Qkk) 22k(21k N = (22;)” > 0. In the following, we always take

= |V¢|, and ¢ := /1 —|V9¢[?. By (£2), 0 < s < 1. Formally, the

convergence holds umformly only if |s| < 1. In the proof of Proposition B33,
we will assume 0 < s < 1 and apply the Taylor expansion. Later in the
proof of Theorem 1, we will use an approximation argument to derive the
theorem for general 0 < s < 1. For 0 < s < 1, we have the following facts.
Fact (a):

p=1-Y CilVe|*. (2.15)
k=1
Fact (b):
> 2kCi|VoPF Ny = 1. (2.16)
k=1

Proof. If we take derivative on both sides of (EId), then

— =) 2kCsP L (2.17)
—2\1/2 Z k
Q-2
Let s = |V¢|. It then deduces (E13). O
Define
— k 2(k—1)
F(a) =) 7 Cel Vo@D,
k=1
and
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F and G will appear in the proof of Theorem E2. If we multiply s on both
sides of (EI4)) and integrate over [0, s], then we derive

Fact (c): 3G|V¢|> =1 — 3.

By a simple calculation, we also have
Fact (d): 2G = + F|V¢|?.

Fact (e): Fyp < 1.

Proof of Fact (e): Slnce (k+1) < gfork>1,
00 k ~
Fy =3 1 Cel Vol )y
k=1

R - (2.18)
_ 1
1 ZQka|V¢\2(k 1)¢ = 4’

where the last equality uses Fact (b).

3. PROOF OoF THEOREM P

Consider the isometric embedding i : M — R™, where M := 0f). For
x € M, one can write the Hessian of ¢ in coordinates of tangential derivatives
and normal derivatives of T, M. Let indices «, 8 with o, = 1,....m — 1
be the tangential directions, n be the outward unit normal direction on M,
and let ¢,j with 4,7 = 1,...,m be the coordinates of R™. It is well known
that )

vaﬁ¢ - ¢O¢,B =+ Laﬁ¢n7

and

=2
vom¢ = Va(¢n) - Laﬂ¢,8-
Thus we can decompose ﬁng = A+ B, where

\' Valdn) | Vo )
and
| Logtn - Lofﬂ¢,81 ) (3.2)
\ —Logdp - 0 /
Define
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The inequality in Theorem P is equivalent to
Ly < /MH - %[Tl]aﬁ(L)%%dw (3.4)
To prove this, we write Ly = Lo 1 + Lo 2, where
Loy = /M[Tl]ij(A)qujd%

and
Loy = / (T11i; (B)dinjdp.
M

Proposition 3.1.

Ly1=2 /M Adbndp. (3.5)

Los = / HE? + Lasbadsdp. (3.6)
M

Proof. Recall
[T1]i5(A) = Tr(A)dij — Aijs
where Tr(A) denotes the trace of A.

Loy = /M(A¢ 1 bun)bn — (Va(bn)da + Gundn)di
- /M Abdn — Va(bn)dady (3.7)

- / 2AGudy.
M
Lo = /M(TmB)ai ~ Bin)did

_ / (Tr(B)un — Bun)badyi + / (Tr(B)on — Bun)bmdy (3.8)
M M

- /M HO? + Logbadsdp.

We now define My 1, and M 2 the analogous expressions of L1, L2 in
(B3) and (BM), with ¢, replaced by v:

Definition 3.2. Define
My, =2 / Agdy, (3.9)
M

and

My := / H? + Lagdadsdp. (3.10)
M
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Proposition 3.3. Suppose ¢ in addition satisfies |[Vo| < 1. Then

2
M, <2 / (Hb0s — Lag)dadsdn
M

(3.11)
=2 /M[ s (L) Gadadis
My = /MH — [T1]ap(L)padpdp. (3.12)

We now assert the inequality (E79) in Theorem BT follows the inequalities
in the above proposition. To see this, we have

Lo=Lo1+ Lao

Moy + Mys + /M 20G(6n — ) + H(62 — ) du

We claim that

(3.13)

/M 2AG(fn — ) + H(62 — )yt < 0. (3.14)

To see (BI), we re-write A¢ as Ap = Alr,pd — Hoy, where Alr, y¢

denotes the trace of V%b restricted on T, M. Since 62¢ is nonnegative,
Alr, ¢ > 0. Therefore, we obtain

/M IS — ) + H(62 — )dy
- /M A1, 210(n — ) — 2Hbn (b — )+ H(GZ — 62)dp (3.15)

- /M A7 (b — ) — Hdn — )%

Using (23), ¢, < ¥ = /1 — |V¢|?; we also have A|r,p¢ > 0 and H > 0.
Thus (BT4) holds.
We now deduce from (B13), (B1d) and Proposition B3 that for ¢ satis-
fying |Vo| < 1,
Lo <M1+ M3 2

1
< [ H = Milas(D)ouosd

This finishes the proof of Theorem P for ¢ satisfying |V¢| < 1.

If [Vé| < 1, then we can apply the above argument to the function ¢s :=
(1 —9)-¢. It is obvious that ¢s is a smooth convex function on 2, and
V5| < 1. Therefore, Theorem 20 holds for each individual ¢s5. Namely

/ [Tl]ij(v2¢6)(d)5)injd,u</ H — E[Tl]aﬁ(L)(qb&)a(Cbé)ﬁdﬂ'
M M

(3.16)

3

When § — 0, ¢5 converges to ¢ in C* on M. Thus the above inequality is
also valid for ¢. This finishes the proof of Theorem B for general |V¢| < 1.
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We now begin the proof of Proposition B33. The strategy we will apply
is to expand 1 by the Taylor series and to derive a recursive inequality for
each individual term [}, A¢|V¢|?*dy in the Taylor series. Let us begin with
the following lemma.

Lemma 3.4. Define
Ji ::/ Ap|Vo|*dp.
M

Then
2k

Tk +1

Ji /M[Tl]aﬂ(v2¢)¢a¢ﬁV¢|2(k_1)dﬂ' (3.17)

Proof. By integration by parts

Ty ::/ Ap|Vo|*du
M

(3.18)
= [ ~2k6udi60sITOP V.
M
By the definition of [T1], ¢ag = Addas — [T1]as(VZ¢). Then
D= [ —2kndlvoPdy
M
+ / 2k[T1] o (V2$)$adhs| V| ** D (3.19)
M
=~ 2kt [ 2HTaa(720)000 (V0P V.
M
Thus ok
_ 2 2(k—1)
D= gt [ sV 0)0u0al VP Vi (3:20)
This finishes the proof of Lemma B3. ([
Proof of Proposition B3: First, by Taylor expansion
My, = / 2Nty
M
(3.21)

=2 [ A 1—Oocv2kd.
/M o ;k\ 62)dp

Notice that [,, A¢du = 0 and for [V¢| < 1 the convergence in the Taylor
expansion is uniform. Thus

My, = -2 Z CrJk,
k=1
where Jj, := [}, A¢|V¢|?*dy. Using Lemma B4, we get

[e.9]

2k
Myq = —2 T 20)ba 2k=1) qy,.
R == | [B1laa((920) 0005l VoV
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Since Vi5¢ = ﬁiﬁqb — Lagn,

4k _
Mo =- Z Sk 1Ck /M[Tl]aﬁ(vzqﬁ)qbasbﬁ\vebIQ(’“”d

(3.22)

+Z% ) / [Ti)as (L) énGadsVo[**~du

Since [Tl]ag(ﬁ ¢) > 0, the first sum in (B=22) is non-positive. Also, in the
second sum, we notice QkQﬁ < % for any k > 1. Therefore

My <5 [ [Tlap(E)ds(3 2OV )i (3.23)
k=1

Now by Fact (b),

szckyw\“ N, < szckyws\“ Dy = 1.

k=1 k=1
Also we have [T1]o3(L)pa¢s > 0. Therefore

2 > 2
/M[Tl]aB(L)¢a¢5(Z 2kck|v¢’2(k_1))¢ndﬂ < 3/M[T1}aﬁ(L)¢oz¢,6’d:u'

3 k=1

This completes the proof for Ms ;.
For the term My o, it is straightforward to see that

Magi= [ HU+ Logbadudu
M
— [ H~ HIVOP + Lustadudn (3.24)
= [ H =~ Das(D)ndsd
This finishes the proof of Proposition B33.

4. PROOF OF THEOREM P2

In this section, we will prove

L= [ [T osman< [ oot) - [ [FelaaLious s

To prove this, we first decompose L3, using the multi-linearity of [T5];;(-),
into L3 = L3 + L3 2 + L33, where

Losi= [ [Ba)y(A A)ounsd
M

Lo = 2/ [T5]ij (A, B)pinjdp,
M
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and
L373 ::/ [TQ]U(B,B)QZ)and,U,
M
A and B are as defined in (B) and (B3).

Proposition 4.1.

L31=3 /M 02(V2¢) pndps — /M Ricopdadppndp. (4.1)

Loz = [ 2aV20.0ddn+ [ Mlap(V0)Louddu. (42

Las = /M oo (L) + /M[Tl]aﬁ(L)Lm%Wﬁndu- (4.3)

Here ¥5(A, B) := Tr(A)Tr(B) — Tr(AB) for any two tensors A and B.
It is the linear polarization of o2(-) (up to a multiplicative constant) in the
sense that ¥9(A, A) = 209(A), and it is symmetric and linear with respect
to A and B. For polarization of oy, we refer to [C3I, C3]. The proof of
Proposition B is by direct computation. Thus we omit it here. Now as
what we did in the previous section, we define M3 1, M3 o, M3 3, simply by
substituting ¢, by ¥ in the formulas of Proposition B

Definition 4.2.
My =3 / 02 (V26 )iyt — / Ricasbadsibd. (4.4)
M M

My =2 / S2(V26, Ly du + / (T1]0s(V20) Loy batndis.  (4.5)
2 Ju M
And
My — /M oo (L)Pdp + /M[Tl]a@@)%%wdu. (4.6)

We first simplify the formula of M3 .
Proposition 4.3.

Mzs = —2 /M[Tg]aﬁ(v%, L)¢pagpdp. (4.7)
Proof. Since 9?> = 1 — |V¢|?, applying integration by parts we have

/ $5(V26, L)¢2dy

M

- / (AGH — $asLap)(1 — [Vo[2)du
M (4.8)

- /M GaHa(l — V) + daH(~26a)dn

+ / boLap (1 — [VOI2) + doLas(—20y6,5)du
M
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By Codazzi equation H, = L,g . Hence the first term and the third term

in the last equality above are canceled. So we have
[ =9 Ly
M
=2 /M(¢aH¢'y¢'ya - ¢aLaﬁ¢w¢wﬁ)dﬂ
=2 [ 600, [Tilasl )0

Substituting % Jor Y9(V2¢, L)Yp?du by formula () in Ms 2, we have

Maa=(1+3) [ (V20,000 + [ [Tlas(V6) L0t

/.
/M 5(V2¢, L)(1 — [VS[2) + bads|Tilas(L)dsy

+ [T]as(V?0) Loy badydp.

By the Codazzi equation again,
| 22(9%. Ly = [ 6o~ buLas i
M M
p— O,

Therefore (E10) implies

Mys — /M $5(V26, L) (= [V6]?) + baty[Tilas(L)dsy

+ [T1]ap(V29) Ly Gadydp.

Using the fact that for tensors A,g, Bag
2[To]ay (A, B) = Xa(A, B)day — [Tilap(A) Bay — [T]as(B)Asy,

we have

M3o = -2 /M[TQ]aB(v2¢7 L)padpdp.

Proposition 4.4. Define

Ay = /M 02(V26)| V| dp.

S2(V2, L)¢? + datn[Ti]as(L)dpy + [T1]ap(V>0) Ly daddu

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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Then
k

k1 )y
N 1

2(k+1)

Proof. Applying properties of 77 and the integration by parts, we have

Ay = /M 02 (V26)| Vo[ du

Ay, [T2]0p(V20, V20) b0 s Vo * Dy

(4.15)
| RicasadsI Vol an

= | 50uslTilas(V20)| Vi

:/M _%¢a([T1]a5(v2¢))5|v¢’2k o %Qboc[Tl]aﬁ(v2¢)(|v¢‘2k)5d'u"
(4.16)

(M)ap(V?0))s = (Apdas — dap)s = —Ricasdp, (4.17)
where Ric,s denotes the Ricci curvature of M. Therefore (EI8) becomes

Ay :/M %¢a¢5Ricaﬂ|V¢|2k — kd’a[Tl]aﬁ(V%)%qSWg|V¢\2(’“*1)dﬂ_ (4.18)
We now notice that [Tl]aﬁ(v2(f))¢)75 — 02(V2¢)5a7—[TQ]M(V2¢, V26). Thus
1 :
Ay, :/M[2¢a¢ﬁcha5!V¢y%
= ki (02(V?6)00r = [Tl (V26, V20)) 6| Vo[ **]dp
= /M %d’a@bﬁRicaﬂv@% — kA + k¢a[Tg]a7(V2¢’ V2¢)¢7|v¢|2(k—1)du'

(4.19)
Therefore
k _
Av =7 [ [Dlas(V?0,V20)dads|Vo[** Dy
kE+1 )y
: (4.20)
——— | Ricapdads|Ve|*dpu.
e RN
([l
We will now assume |V¢| < 1 as in the previous section.
Corollary 4.5. Suppose ¢ in addition satisfies |V¢| < 1. Then
Mis =3 [ oa(VP0)sdu~ [ Ricarbutsuds
M M
=3 [ [Tas(V76, V200005 F i (421)

+3 [ RicapatsGin— [ Ricastatpidp,
M M
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where
o) k -
o) =2 =g Ol Vo,
k=1
Ga)= oS Lo g
YT gyt '

Proof. By Fact (a),

Mas =3 [ ox(V2o)dn— | Ricasoussvdn

=3 [ (V01— 3" CUVOP )~ [ Ricantasii

k=1

=3 /M 02(V2¢)dp — 3 " CrAy, — / Ricappadpibdp.

k=1 M

(4.22)

Substituting the formula of A in Proposition B4 and the equality that

[ a6 = [ 0us(8dbas— o)
M M
1
:Q /M _¢a ((Ad))a - d)aﬁ,/a’) d:u
1 .
=3 | Ricasoudsin

in (I=22), we derive (E=Z0).

Applying Proposition B33 and Corollary B3, we get
M3q + M3 o+ Mz 3

~ 3 / T3]as(V26, V20)datds Fdpt + 3 / RicasdadsGi
M M
—2 [ Balos(V20, L)badad+ [ oalLyd
M M

+ / Ricasbadsibdy — / (T1]03(L) Ly byt
M M

By the Gauss equation,
Ricapg = [T1]ary(L)Lyp-
Thus the last two terms in (E224) are canceled. Therefore

M3+ M3 o+ M3 3

—_3 / (T3]as(V26, V20)daos Fdpi + 3 / RicasbadsGap
M M

s / (T (V26, L)badsdu + / oo (L),
M M

(4.23)

(4.24)

(4.25)

(4.26)
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We now apply Fact (c): 3G|Vé|? = 1 — 43 to combine the second and the
last term in (E=2B)

3 /M RicoptadpsGdu + /M oo (L)p3dp

(4.27)
=3 [ RicastatpGlu+ [ oa(L)(1 = 3GIT0P )
M M
By (EZ3) and the fact that
[Tl]a’y(L>L’y,3 - 02(L)5o¢,8 = [TQ]aﬁ(L7L)7 (428)
(B=22) is equal to
3 [ (Bl (D)Lyp6udsGln + [ o)1 = 3GIT0P )
M M (4.29)
- / os(L)dpi — 3 / (T)as(L, L)badsGp.
M M
In conclusion (E=28) is deduced to
Msi+ Mz + M3z = / oy(L)dp + E1 + B3 + E3, (4.30)
M
where
B =3 [ [Pas(V26, 90}t P
Ey=—2 /M[TQ]QB(V2¢, L)padpdu (4.31)
E3 = — 3/ [Tg]aﬁ(L, L)gbaqbﬁGd#.
M
In the following we will prove
Proposition 4.6. If ¢ in addition satisfies |V¢| < 1, then
1
Ey+ By + B3 < —4/ [To]as(L)Padpdp. (4.32)
M

From this, it is obvious that for ¢ satisfying |[Vo| < 1,

1
M3 1+ M3zo + Ms 3 S/ oo (L)dp — 4/ [TQ]QB(L)(ba(Z)gdu. (4.33)
M M
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Proof. By Viﬁqb = ﬁiﬂgb — Logdn, we obtain
=2 =2
By =3 [ [elas(V°6 = Lou V6 = Lon)badFdy

——3 / (T3)0s(V26, V2 0)dass Fdp
M

+0 /M [T2)as(V°6, L)dnadsFdp (4.34)

-3 /M [Tolas (L, L)$ndadsFdp
=B+ Eip+FE3
Since ¢ is a convex function, ﬁ2¢) is nonnegative. Therefore
(Tolas(V'6,V") = 0. (4.35)

This together with F' > 0 implies that El,l <0. So E; < ELQ + E1’3.
For Ey, using V2,6 = Vagd — Lagdn, we get

By=—2 /M Tolas(V26, L) dadrady

+ 2/M[T2]aB(L7L)¢n¢a¢Bd,U« (4.36)
=Fy1 + Ea.
We next observe that
Lemma 4.7.
Erg+ Eay < —% /M[Tz]aﬁ(v%, L)padsdp < 0. (4.37)
Proof.
Bro+ By = [ [Blaa(9°6.L)6u0s(6P0, — 2. (438)

On the one hand, 6F ¢, —2 < —% because F'¢,, < F1, and Fip < i (Fact
(e)); on the other hand, since L,g € I'j and ﬁ2¢ > 0, we have

[T3)as(V6, L) > 0. (4.39)
Therefore
1 _
Eip+ Eyy < —2/ [To)as (V' 6, L)adgdp < 0. (4.40)
M
O

We continue the proof of Proposition E@. Applying Lemma BZ0, we have
Ei1+ FEy+ E3 <E13+ FEo2+ E3

~ [ Bdas(L)6udaP )i (4.41)
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where P(z) := —3F¢? + 2¢,, — 3G. By Fact (d), 2G = v + F|V¢|?. Thus

P = —3F¢} + 2¢, — gw - S\V¢|2.
It is not hard to show P < —%. In fact,

3 3
P =—3F¢], +2pn — St — SFIVo[

— k 2(k—1) ;2 3. 3¢ k 2%
=-33 Uy — -0y .
3k:1k+10k|v¢\ O+ 20 2¢ 2k=1k+10k’v¢‘

(4.42)
To estimate —3> ;- kLHC’k\VdQ(k*l)qbi in (E232), we observe Cj > 0, and
C) = % So we drop the sum over k > 2 and get

3 2

o (4.43)

— k 2(k—1) 42
_ E < _

And to estimate —3 >°7° %C’MVM% in (E232), we use the fact that ﬁ >
1 for all k > 1, and Fact (a): 1 =1 — 3%, Cx|Ve|* to get

3vwn K T w3
—— < —= =——(1—-1). 4.44
kalkﬂckw < 4;@% L1=v). (44
Applying (E23) and (I24) to (E22), we have
3 3 3
P<—"on 4200 — s~ T(1—9)
4 204 (4.45)
3 5 5 3 3 '
<_ = _ 4 =
due to the fact that ¢,, < 1. Now
3 5 3 3 1 1 1
—— n— —@p —— = —— n—2)(pnp —1) — - < ——, 4.46
for ¢, < 1. Thus we obtain P < —%. By (EZ1), it concludes that
1
Ei+FEy+ Ey < —4/ [Tg]ag(L)d)oﬂSﬁdu <0. (4.47)
M
This completes the proof of Proposition B4 U

Finally, we are ready to give the proof of Theorem B using Proposition
4.

Proof. By Proposition B and Definition B2
Ly=L31+ L3>+ L33

=M3 1+ M3zo+ M33+ /M 302(V?¢)(¢n — 1) (4.48)

+S52(V6, 1)(8 — 47) + oa(L) (6 — )
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We will prove

|| 302(T20) (60 =) + SEVE6, L) = %) + a(L)(h — ) < .

(4.49)
Recall that ¥9(A, B) :=Tr(A)Tr(B) — Tr(AB). This immediately implies
that

oo (A) = %EZ(A, A).

Using Vgﬁ(l) = viﬁqb — Logn and the linearity of ¥a(-,-), first of all

3 [ na(V20)0 = )

3 S J—
=5 /M 22(Vi,8¢ — Loapg®n, Viﬁgb — Logtn)(dn — 0)dp
= /M 305(V°9)(6n — ) = 352(V 6, L)bu(9n — ¥) + 302(L)6 (6 — )

(4.50)

Since 0—2(?%) > 0 and ¢, < 9, the first term in the above line is non-
positive. Thus

3 [ 02(526)(0n — )
M (4.51)

< /M 35(V%6, L)bu(dn — ) + 30a(L) 62 (6n — 0)dp,
Secondly,

SS5(V2, 1)(8% — v?)
s (4.52)
=552(V 6, D) (¢, — ¥*) = 302(L) (07 — %),

Using (E51) and (E532), we have
|| 30T 0n = ) + (T, L)~ %) + oa(L) (6 — v
<=3 [ 5a(@00) (0000 =) - 562~ 07))

+ /M o2(L) (365 (dn — ¥) — 3 (o2 — ¥°) + (¢ — %)) du

3

=2
-3 /M So(V°6, L) (6 — v)2dp

+ /M o2(L)(¢y — ¥)3dp.
(4.53)
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This is less or equal than 0, due to the fact that Eg(ﬁng, L)>0,09(L) >0
and ¢, <. Thus (E23) is proved.

Plugging (E29) into (EZ8) and applying Proposition B8, we conclude
that for ¢ satistying |V¢| < 1,

L3 <M31 + M32 + M33

< /M os(L)dp — /M T3l (L) badadp.

As in the previous section, if |V¢| < 1, then we can apply the above ar-
gument to ¢5 := (1 — J) - ¢ and take § — 0. This completes the proof of
Theorem 2. O

(4.54)
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