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§1. Introduction

Generalizing [10,12], we obtain here a result used in [11] as a key step in solving the

following problem.

Whitney's Extension Problem: Let m > 1, and let ¢ : © — R, with £/ C R"” compact. How

can we tell whether ¢ extends to a C"™ function on R"?

We start by recalling the result of [12], and then discuss the main theorem of this paper.
We next recall from [11] the solution of Whitney’s extension problem. Our introduction ends
with a brief historical discussion, touching on the work of Whitney [20,21,22], Glaeser [13],
Brudnyi-Shvartsman [3,...,8 and 15,16,17], Zobin [23,24], and Bierstone-Milman-Pawlucki
[1,2].

The result of [12] deals with C™*(R™), the space of functions F' : R* — R whose
derivatives through order m are bounded and have modulus of continuity w. We assume
that w is a “regular modulus of continuity” as defined in Section 2 below. This is a very mild
assumption. We seek a function F' € C™*“(R") whose restriction to a given set E agrees

with a given function f to a given tolerance o. The main theorem of [12] is as follows.

Theorem 1: Given m,n > 1, there exists k%, depending only on m and n, for which the

following holds.

Let w be a reqular modulus of continuity, let E CR"; and let f: E — R and o : £ —
[0,00) be given functions on E. Suppose that, given S C E with cardinality at most k¥,
there exists F'° € C™(R"), satisfying

| F¥ ||omw@n < 1, and
|F5(z) — f(z)| < o(z) forallz € S.
Then there ezists F' € C™*(R"), satisfying
| F' |ememny < A, and |F(z) — f(z)] < Ao(x) for all x € E.
Here, A is a constant depending only on m and n.

Thus, to decide whether there exist a function F' € C™“(R™) and a finite constant M, such
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that |F(z) — f(z)] < M -o(z) for all z € FE, it is enough to examine finite subsets S C F
with cardinality at most k7.

Our goal here is to prove a version of Theorem 1 in which the condition |F(x) — f(z)| <
o(x) is replaced by the requirement that the m-jet of I at x belong to a prescribed convex
set. We write R, for the ring of m-jets of smooth, real-valued functions at € R™; and we
write J,(F) for the m-jet of I at x.

Now suppose that, for each point x € E, we are given an m-jet f(x) € R,, and a closed,
symmetric convex subset o(x) C R,. Let w be a regular modulus of continuity. We ask:
How can we decide whether there exist F' € C"™“(R") and a constant A < oo such that
Jo(F)— f(z) € A-o(x) for all z € E?

We want to prove an analogue of Theorem 1 for this problem. We will need some
restriction on the set o(x), or else the desired analogue of Theorem 1 will be obviously false.
(For instance, any linear PDE LF = g has the form J,(F) — f(x) € o(z) for a suitable jet
f(z) and linear subspace o(z) C R,.)

Two natural questions come to mind:

e Which hypotheses on o(z) allow us to carry over the proof of Theorem 1 from [12] to

our present setting?

e Which hypotheses on o(z) allow us to apply the analogue of Theorem 1 to solve

Whitney’s extension problem as in [11]?

Interestingly, these two questions have very similar answers.

The correct hypothesis on o(x) is “Whitney w-convexity”. To define this notion, we

introduce a bit more notation.

We fix m,n > 1, and let P denote the vector space of all (real-valued) m'™ degree

polynomials on R"™. For functions F', we identify the m-jet J,(F') with the Taylor polynomial
1

Y — Z —‘(GQF(Q:)) - (y — x)®. Thus, the ring R, of m-jets at x is identified with P as a
al

o] <m
vector space; and we regard elements of R, as polynomials P € P.

We can now define the notion of “Whitney w-convexity”.
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Let w be a regular modulus of continuity, let ¢ C R,, be a set of m-jets at xy, and let A

be a positive number.

We say that ¢ is “Whitney w-convex, with Whitney constant A”, if the following condi-
tions are satisfied:

e 0 is closed, convex, and symmetric (i.e., P € ¢ if and only if —P € o).

e Suppose P € 0, Q € R,,, and § € (0,1]. Assume that P and @ satisfy the estimates
10°P(x0)| < w(0) - 6™ P and [0°Q(x0)| < 6718 for 5] < m.

Then P - @ € Ao, where the dot denotes multiplication in R, .

If we omit the factor w(d) in the above estimates, then we arrive at the closely related
notion of “Whitney convexity”. (See [11], and Section 2 below.) Note that, if o is Whitney
convex, then o is also Whitney w-convex, for any regular modulus of continuity w. (This
follows at once from the above definitions, since w(d) < 1 for 6 € (0,1] and w a regular

modulus of continuity; see Section 2.)
Our analogue of Theorem 1 for Whitney w-convex sets is as follows.

Theorem 2: Given m,n > 1, there exists k¥, depending only on m and n, for which the

following holds.

Let w be a reqular modulus of continuity, let E C R", and let A > 0. For each v € E,
suppose we are given an m-jet f(x) € R,, and a Whitney w-convex subset o(x) C R, with
Whitney constant A. Suppose that, given S C E with cardinality at most k¥, there exists
FS € O™ (R"), satisfying

| FS ||gmw@ny < 1, and J,(F®) — f(z) € o(z) for all x € S.
Then there ezists F' € C™*(R"), satisfying
| F ||ememny < A and J,(F) — f(x) € A" - o(x) for allz € E.

Here, A" depends only on m,n, and on the Whitney constant A.
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The purpose of this paper is to prove Theorem 2, by carrying over the proof of Theorem
1 from [12]. We make a few remarks about Theorem 2, and about the notions of Whitney

w-convexity and Whitney convexity.

First of all, note that Theorem 2 immediately implies Theorem 1. (In fact, given a
function ¢ : E — [0,00), we define a set 6(zg) of m-jets, for each xy € E, by setting
d(zg) ={P € P :|P(z0)| < o(xg)}. One checks trivially that ¢(zo) is Whitney convex with
Whitney constant 1, and that Theorem 2 for ¢ is equivalent to Theorem 1 for ¢.) Since the
proof of Theorem 2 is close to that of Theorem 1, and is presented here in detail, we will not
be publishing [12].

Next, note that Theorem 2 yields the following corollary.

Theorem 3: Let m,n > 1. Then there exists a constant k¥, depending only on m and n,
for which the following holds:

Let w be a reqular modulus of continuity, and let E C R™ be an arbitrary subset. Suppose

that for each x € E we are given an m-jet f(x) € R, and subset o(x) C R,.
Assume that each o(x) is Whitney convex, with a Whitney constant Ay independent of x.

Assume also that, given any subset S C E with cardinality at most k¥, there exists a

map x — P* from S into P, with

(a) P*e f(z) + o(z) forallz € S;

(b) |8°P(x)] < 1 for allx € S,|3| <m; and

(c) 10°(P" = P)(y)l < w(lz—yl) - Jo—y" W for |B] < m, |z —y| <1, 2,y€S.
Then there exists F' € C™%(R"), with || F ||cme@n) < A1, and Jo(F) € f(x) + Ayo(z)

forall x € E.

Here, Ay depends only on m,n and the Whitney constant Ay.

To deduce Theorem 3 from Theorem 2, we simply recall that Whitney convexity implies

Whitney w-convexity, and we invoke Lemma 2.1 from Section 2 below.
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Theorem 3 is a crucial step in our paper [11] solving Whitney’s extension problem for
cm.

The notions of Whitney convexity and Whitney w-convexity are somewhat mysterious.

On the one hand, there are interesting examples of Whitney convex sets.

For instance, let £ C R"™ be given, and let xy be a point of R™, possibly in or close to E.
Then the closure of the set

6(x0) = {Jxo(F) || F Hcm(Rn) S land FF = 0 on E} Q Rzg

is easily seen to be Whitney convex, with a Whitney constant depending only on m and n.
(See the proof of Lemma 5.3 in [11].)

On the other hand, I don’t know how to decide efficiently whether a given set 0 C R,,
is Whitney convex, or Whitney w-convex; or how to compute the order of magnitude of the

best Whitney constant for o.
It would be interesting to understand these issues.
Next, we recall our solution of Whitney’s extension problem from [11].

Let ¢ : E — R be given, with £/ C R" compact, as in Whitney’s problem. By induction
on ¢ > 0, we define an affine subspace H,(xy) C P for each point zg € E. We start with

Ho(xg) = {P €P: P(xg) = p(xg)} for zg € E.

The induction step is as follows. Fix ¢ > 0, and suppose we have defined Hy(z) for all
x € E. We will define an affine subspace Hyy1(xg) € Hy(xg) for each g € E. To do so,
let k be a large enough constant, depending only on m and n. Let B(x,r) denote the open
ball of radius r about x in R". We say that a given Py € H,(z¢) belongs to Hy1(zg) if the

following condition holds:

Given € > 0 there exists 6 > 0 such that, for any xy,...,x; € E N B(xg,9), there exist
P e Hg([L’l), ., Pre Hg(d],’c), with

0P — P)(a)| < ey — ™ for [a] < m, 0 < ij < k.

Note that Hyyq(zo) may be empty. By convention, we allow the empty set as an affine

subspace of P.
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In principle, the Hy(zq) are computable from ¢ : E — R.

The significance of the subspaces Hy(zg) is that, whenever F' € C™(R™) with F = ¢ on
E, then J,,(F) € Hy(zo) for any ¢ > 0 and zy € E. (This follows from an easy induction
on ¢ using Taylor’s theorem.) In particular, if any Hy(z) is empty, then obviously ¢ cannot
admit a C™ extension F. Conversely, [11] uses Theorem 3 to demonstrate the following

result.

Theorem 4: Let ¢ =2 -dimP + 1.

(A)  If Hy(xo) is non-empty for every xy € E, then ¢ extends to a C™ function F' on R".

(B)  Suppose ¢ extends to a C™ function on R™. Let xy € E. Then, given Py € Hy(xo),
there exists F € C™(R™) with F = ¢ on E and J,,(F) = F.

Theorem 4 solves Whitney’s problem, and also computes the space of all possible m-jets at
a given xy € F of functions F' € C™(R") with F' = ¢ on E. See Bierstone-Milman-Pawlucki
[1,2].

Our proof of Theorem 4 in [11] uses Theorem 3 from this paper, which is called the
“Generalized Sharp Whitney Theorem” in [11].

We give a brief historical discussion of Whitney’s extension problem.

Whitney began the subject in [20,21,22] in 1934, by settling the extension problem for

the case of C™(R!), and by proving the classical Whitney extension theorem.

In 1958, G. Glaeser [13] solved Whitney’s problem for C'(R") by introducing a geomet-
rical object called the “iterated paratangent space”. Glaeser’s work influenced all later work
on the subject. A series of papers [3,...,.8 and 15,16,17] by Y. Brudnyi and P. Shvartsman
studied the analogue of Whitney’s problem for C"“(R") and other function spaces. Among
their conjectures is the case ¢ = 0 of Theorem 1. Among their results is the case o = 0,
m = 1 of Theorem 1, with the sharp constant k¥ = 3-2"~1, proven by the elegant method of
“Lipschitz selection”, which has independent interest. See also [8], which characterizes the
(m — 1)-jet of a C™* function on a set £ C R"™. This may be viewed as an instance of our
Theorem 2. We refer the reader to [3,...,8 and 15,16,17] for these and other related results
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and conjectures. See also N. Zobin [23,24], for the solution of a problem that may prove to

be closely related to the ones discussed here.

The next progress on Whitney’s problem was the work of Bierstone-Milman-Pawlucki [1].
They introduced an analogue of Glaeser’s iterated paratangent space relevant to C™(R™).
The conjectured a complete solution of Whitney’s extension problem based on their paratan-
gent space, and they found supporting evidence for their conjecture. (A version of their con-
jecture holds for sub-analytic sets F.) Theorem 4 is equivalent by duality to the Bierstone-
Milman-Pawlucki conjectures [1] with their paratangent space replaced by a natural variant.

(See [2].) It would be very interesting to settle the conjectures of [1] in their original form.

It is a pleasure to thank E. Bierstone and P. Milman for very useful conversations and to
acknowledge the influence of [1], as well as to thank the Courant Institute of Mathematical

Sciences where this work was carried out.

I am particularly grateful to Gerree Pecht for making special efforts to TEX this paper

quickly and accurately.

We now begin the work of proving Theorem 2.

§2. Notation and Preliminaries

A “regular modulus of continuity” is a function w(t), defined for 0 < ¢ < 1, and satisfying

the following conditions:

(1)  w(0)= tlir&w(t) =0, and w(l) = 1.
(2)  w(t) is increasing (not necessarily strictly) on [0, 1].

(3)  w(t)/t is decreasing (not necessarily strictly) on (0, 1].

Note the obvious estimates:
w(t) >t for t € [0, 1];

w(t) <w(Cit) < Cw(t) for Cy > 1, Cit < 1; and
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w(t) > w(eit) > cw(t) for 0 < ep <1, t €0, 1].
These estimates are immediate from (1), (2), (3).

Suppose w is a regular modulus of continuity, and suppose m > 0. We define C™*(R")
as the space of all C"™ functions F' : R" — R for which the norm || F' |¢me@n= max

6 |0°F(2)—0°F(y)| : .
max sup |0”F(x)|, max sup /i —-—} is finite.
e xew‘ @) e Joper, W }

T—Y|S

Note that we get an equivalent norm by allowing all 5 with |3| < m in the second sup.

We also define C;*(R") as the space of all functions F that agree with some
Fyx € C"™“(R") on any given compact set K C R™. As usual, C}.(R") denotes the space of
functions F' with m continuous derivatives, without any global boundedness assumption on

F or its derivatives.

We apply repeatedly the following obvious consequence of Taylor’s Theorem: Let w be a

regular modulus continuity:.

Suppose F € C}"

e (R™), with |0°F(z) — 0°F(y)| < M - w(|z — y|) for |8] =m, z,y € R",
|z —y| < 1.

Then for |5] < m, |z —y| <1, we have
1 .
0°F(y) - Y S (@ F(@) - (y—a)| < CM|z —y[" P w(|z - y))
fri<m-18]
with C' depending only on m and n. In particular,
1 .
°Fy)— > ;((95”1?(90)) (Y —a)| S CO| F |lomwgn [z —y[™ P w(lz —y]).

y|<m—|8] *

for [x —y| < 1, |6] < m.

We fix m,n > 1 throughout this paper. We recall the following from the Introduction.

We let P denote the vector space of all real-valued polynomials of degree < m on R™ and
we let D = dim P.

If F e Cl(R") and y € R", then we write J,(F) for the m-jet of F' at y, i.e., the

polynomial x +— Z % (0°F(y)) - (v —y)°.

[B]<m
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We write R, for the ring of jets at y. More precisely, R, = P, with the multiplication
operator that gives P-Q = S (P,Q,S € P) if and only if 9°(PQ — S)(y) = 0 for || < m,
where P() denotes the ordinary product of polynomials.

Fix y € R",; A > 0, and let €2 be a subset of R,. Then, as in the Introduction, we say
that 2 is “Whitney convex at y with Whitney constant A” if the following conditions are
satisfied.

(a) ) is closed, convex, and symmetric about the origin. (That is, P € € if and only if
—-PeQ)
(b) Let PeQ, Qe P,0<0<1begiven. Assume that
0°P(y)] < 6™l and [0°Q(y)| < 671, for |af < m.
Let @ - P denote the product of () and P in R,.
Then @ - P belongs to A - €.

Note that if instead we have |0%P(y)| < My6™~ 1l and [0°Q(y)| < My~ for |a| < m, with
M; > 1, then we obtain @) - P € AM; M.

Similarly, suppose y € R", A >0, 2 C R, and let w be a regular modulus of continuity.
Then we say that € is “Whitney w-convex at y with Whitney constant A” if the following

conditions are satisfied.

(a) € is closed, convex, and symmetric about the origin.

(b) Let PeQ,QeP,0<d<1be given. Assume that
10°P(y)| < w(0) - 6™ Pl and [0°Q(y)| < 61, for |B] < m.
Let @ - P denote the product of ) and P in R,.
Then @ - P belongs to A - €.

Note that if ¢ C R, is Whitney convex, (with Whitney constant A), then it is Whitney

w-convex for any regular modulus of continuity, again with Whitney constant A.
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If 3, are multi-indices, then dg, denotes the Kronecker delta, equal to 1 if § = «, and

equal to zero otherwise.
We let M denote the set of multi-indices § = (81,...,5,) of order |B| = 1 + -+ + B < m.
We write M™ for the set of all multi-indices of order < m + 1.

A subset A C M is called “monotonic” if, for any o € A and v € M, a + v € M implies
a+ve A

We write B(z,r) for the open ball of radius r, centered at = € R™.

A cube @ is defined as a Cartesian product [a1,b1) X -+ X [ap, b,) C R", with b; —a; =
by —ay = --- = b, — a,. The diameter of a cube ) is denoted by d¢g. If @) is a cube, then
(" denotes the cube concentric with (), and having diameter 3dgy. To “bisect” a cube is to
subdivide it into 2" congruent sub-cubes in the obvious way. Later on (in Section 11), we
will fix a cube ° C R™. Once ° is fixed, the collection of “dyadic” cubes consists of Q°,
together with all the cubes arising from )° by bisecting &k times, for any £ > 1. Note that,
by this definition, every dyadic cube is contained in )°. Moreover, any dyadic cube () other

than @Q° arises by bisecting a “dyadic parent” QF, with dg+ = 2d¢.

We will often be dealing with functions of x € R", parametrized by y € R™. We denote
these by ¢¥(x), or by PY(x) if x +— PY(z) is a polynomial for each fixed y. When we write
9P P¥(y), we mean (%)ﬂP?/(m) evaluated at ¥ = y. We never use 9°PY(y) to denote the
derivative of order [ of the function y — PY(y).

If S is any finite set, then we write #(S) for the number of elements of S. For S infinite,
we define #(5) = 0.

We close this section with the following result.
Lemma 2.1: Let w be a reqular modulus of continuity, and let S C R™ be a finite set.
Suppose we are given an m-jet P* € P associated to each point x € S. Assume that
(a)  [0°P*(x)| < 1 for|B] < m,x€S; and that

(b)  [0°(P* = P)(y)| < w(lz—yl) - |z —y[™ VW for || <m, |x—y| <1, 2,y€8.
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Then there exists ¥ € C™*(R"), with
J.(F®) = P® for allx € S, and with

| ES flomw@ny < C.

Here, C' depends only on m and n.

This result follows from the usual proof of the standard Whitney extension theorem. (See
[14,18].)

Using Lemma 2.1, one sees that our present Theorem 2 trivially implies the “Generalized

Sharp Whitney Theorem” stated in [11] i.e., our present Theorem 3.
§3. Order Relations on Multi-Indices

We introduce order relations on multi-indices, and on subsets of M as in [10]. Let us

recall these relations.
Suppose o = (a,...,a,) and = (y,...,[,) are distinct multi-indices.

Then we must have a; + -+ +ay # 31 + - -+ + B for some k. Let k denote the largest
such k. Then we say that a < 3 if and only if ay +--- + af < B1 + -+ + [z. One checks
easily that this defines an order relation. Next, suppose A and B are distinct subsets of M.
Then the symmetric difference AAB = (A N B) U (B \ A) is non-empty. Let a denote the
least element of AAB, under the above ordering on multi-indices. Then we say that A < B
if and only if o belongs to A. Again, one checks easily that this defines an order relation.

As in [10], we have the following elementary results.
Lemma 3.1: If a, 3 are multi-indices, and if |a| < |G|, then o < 3.
Lemma 3.2: I[fAC ACM, then A< A.

Lemma 3.3.: Let A C M, and let ¢ : A — M. Suppose that

(1) ola) <a foralae A, and

(2)  for each a € A, either ¢(a) = a or ¢(a) ¢ A.
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Then ¢(A) < A, with equality if and only if ¢ is the identity map.

64. Statement of Two Main Lemmas

Fix A C M. We state two results involving A.

Weak Main Lemma for A:  There exists k¥, depending only on m and n, for which the fol-

lowing holds.

Suppose we are given constants C,ag; a reqular modulus of continuity w; a finite set
E C R"™; a point y° € R™; and a family of polynomials P, € P, indexed by o € A. Suppose
also that for each x € E, we are given an m-jet f(x) € R, and a subset o(r) C R.

Assume that the following conditions are satisfied.

(WL0) For each x € E, the set o(z) is Whitney w-convex at x with Whitney constant C'.
(WL1) 9°P,(y°) = 00 for all B,a € A.
(WL2) [0°Pa(y®) — 0gal < ao for all € A, 8 € M.
(WL3) Given a € A and S C E with #(S) < k%, there exists @5 € Cpu’(R™), with
(a) 107¢i(x) = 0% (y)| < ao - w(lz —yl) for [B =m, x,y €R", |z —y| < 1;
(b) J.(¢3) € Co(x) for all x € S; and
(c) Jy(e2) = Pa.
(WL4) Given S C E with #(S) < k¥, there exists F¥ € C™“(R"™), with

(@) || Fllgme@n< C; and
(b) J.(F®) € f(x)+ Co(x) for allx € S.

(WL5) ag is less than a small enough positive constant determined by C,m,n.
Then there ezists F' € C"™*(R™), with

(WL6) || F'|

C"L’W(R")S C/, and
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(WL7) J.(F) € f(x) + C'o(z) for allz € EN B(y°, ).
Here, C" and ¢ in (WL6,7) depend only on C,m,n.

Strong Main Lemma for A:  There exists k%, depending only on m and n, for which the

following holds.

Suppose we are given constants C,ay; a reqular modulus of continuity w; a finite set
E C R"; a point y° € R"; and a family of polynomials P, € P, indexed by oo € A. Suppose
also that, for each x € E, we are given an m-jet f(x) € R, and a subset o(x) C R,.

Assume that the following conditions are satisfied.

(SLO)  For each x € E, the set o(x) is Whitney w-convex at x, with Whitney constant C'.
(SL1)  9°P.(y°) = 0 for all B,a € A.
(SL2) |0°P,(y*)| < C for all 3 € M, a € A with > «a.
(SL3) Given a € A and S C E with #(S) < k*, there exists o5 € Cpu(R™), with
(a) 107¢5(2) 0% (y)| < aow(|z—yl) + Cle—y| for [B] = m, z,y €R", lx—y| < 1;
(b) J.(¢3) € Co(z) for allz € S; and
(c) Jp(92) = Pa
(SL4)  Given S C E with #(S) < k¥, there exists F'® € C™*(R"), with

(@) || F¥ |lgmew@n< C, and
(b) J.(F%) € f(z)+ Co(x) for allz € S.

(SL5)  ag is less than a small enough positive constant determined by C,m,n.
Then there ezists F' € C™*(R™), with

(SL6) || F [lgmew@n< C', and

(SL7) J.(F) € f(z) + C'o(x) for allz € ENB(y", ).
Here, C" and ¢ in (SL6,7) depend only on C,m,n.
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§5. Plan of the Proof

We will establish the following results.
Lemma 5.1: The Weak Main Lemma and the Strong Main Lemma both hold for A = M.
(Note that A = M is minimal for the order relation <.)

Lemma 5.2: Fiz A C M with A # M. Assume that the Strong Main Lemma holds for
each A < A. Then the Weak Main Lemma holds for A.

Lemma 5.3: Fiz A C M, and assume that the Weak Main Lemma holds for each A < A.
Then the Strong Main Lemma holds for A.

Once we establish these lemmas, the two Main Lemmas must hold for all A C M, by
induction on A. In particular, taking A to be the empty set in, say, the Weak Main Lemma,
we see that hypotheses (WL1,2,3) hold vacuously, and that the constant ag appears only in
hypothesis (WL5). Hence, we obtain the following result.

Local Theorem: There exists k7, depending only on m and n, for which the following
holds.

Suppose we are given a reqular modulus of continwity w; a finite set E C R"; and, for

each x € E, an m-jet f(z) € R, and a subset o(z) C R,.

Assume that the following conditions are satisfied.

(1) For each x € E, the set o(z) is Whitney w-convex at x, with Whitney constant C'.

(I)  Given S C E with #(S) < k*, there exists F° € C™*(R"), with || F* ||cmw@n< C,
and J(F) € f(x) 4+ C-o(x) for each x € S.

Let y° € R™ be given. Then there exists F € C™“(R"™), with || F |cme@n< C', and
J.(F) € f(z) +C" - a(x) for each x € EN B(y°,); here, C' and ¢ depend only on C,m,n
in (I) and (II).

Once we have the above Local Theorem, we may remove the restriction to finite sets F,

by a compactness argument using Ascoli’s Theorem. We may then use a partition of unity
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to pass from a local to a global result, completing the proof of Theorem 2.
§6. Starting the Main Induction

In this section, we give the proof of Lemma 5.1. We will show that the Strong Main
Lemma holds for A = M. The Weak Main Lemma for A = M then follows at once.

Let C,dg,w, E, f,0,9°, (Pa)acsm satisfy (SLO,...,5) with A = M and k% = 1. We must
produce F' € C™(R") satisfying (SL6,7). We will show that (SL6,7) hold with FF = 0. To

see this we argue as follows.

We write ¢1,Cy,C’, ete., to denote constants determined by C,m,n in (SLO,...,5). We

introduce a small enough constant o > 0, to be picked later, and we assume that
(1) ap <.

Now suppose we are given
(2) 2 € ENnB(Y,0).

Taking S = {2’} in (SL3), we obtain, for each a € M, a function ¢, € C;*(R™), with

Loc

(3)  [0%a(w) = 0%pa(y)| < agw(lz —yl) + Clz —y| for [B] =m, 2,y €R", |x —y| < 1;
(4)  Jw(pa) € Co(a'); and
) Jp(pa) = Fa-

From (SL1) with A = M, we see that P,(z) = & (z — y°)*, hence (5) gives

(6) P00 (y°) = 854 for B,a € M.

Since w(t) <1 for t € [0, 1], we obtain from (1), (3) that
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(7)  10%¢a(z) = %pa(y’)| < C16 for all z € B(y°,9), if [ = m.

By downward induction on ||, we show that (7) holds for |3|] < m. We have just
proven (7) for |3| = m. For the induction step, suppose |3| < m, and suppose (7) holds for

multi-indices of order |3| + 1.

Then we have
(8) V0P 0o () — VOPpa(y®)| < Oy for all & € B(y°,6).

On the other hand, for x € B(y",6), the mean value theorem produces an Z on the line

segment joining y° to x, for which we have
9)  Ppa(r) = 0%paly’) = VO%pa(@) - (x — ")

= [V0?¢a() = V00a(y)] - (z = 9°) + V 070u(y”) - (x = 3").
From (6) we have at once
(10)  [VO%ea(y")] < Cs.

Putting (8) and (10) into (9), and recalling that |z — ¢°| < 6, we find that |0°p,(z) —
0P 0 (y°)] < C96% + C35 < C46, provided § < 1. This completes the downward induction,
proving (7) with a constant that may depend on |3|. Since 0 < || < m, we conclude that
(7) holds with a constant depending only on C,m,n in (SLO,...,5).

From (2), (6), (7), we have
(11)  |0%pa(x") — 3| < C56 for all 3, a € M.

Together with (4), and the fact that o(z’) is convex and symmetric about 0, (11) shows
that

(12)  Given any P € P, if [0°P(z2')| < 1 for |3] <m, then P € Cg - o(2'),

provided we take
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(13) 0 < c.

Next, we apply hypothesis (SL4), with S = {z'}. Thus, we obtain F¥ € C™(R")
satisfying in particular
(14) |07F%(a")| < C (|8] < m) and

(15)  J.(F%) € f(2') + Co(2).
From (12) and (14), we see that J, (F) € Cg - o(2'), and therefore (15) shows that
(16) f(2') € Cy - o(a').

(We have again used the hypothesis that o(z’) is convex and symmetric about 0). Thus,
if assumption (1) holds, and if ¢ is taken small enough that the above arguments work, then

we have shown that every 2/ € E N B(y°, ) satisfies (16).

We may take ¢ to be a small enough constant ¢, determined by C,m,n in (SLO,...,5).
If ¢ is taken small enough, then the above arguments work. Moreover, with § = ¢, our
assumption (1) follows from hypothesis (SL5). Thus, we have (16) for all 2’ € B(y°,¢) N E.
This implies immediately that the function F' = 0 satisfies (SL6,7). The proof of Lemma 5.1

is complete.

§7. Non-Monotonic Sets

In this section, we prove Lemma 5.2 in the easy case of non-monotonic A.

Lemma 7.1: Fiz a non-monotonic set A C M, and assume that the Strong Main Lemma
holds for all A < A. Then the Weak Main Lemma holds for A.

Proof: Suppose A is non-monotonic, and let C, ag,w, E, f,7,4°, (Pa)aca satisfy (WLO,...,5).

We must show that there exist C’,¢ depending only on C,m,n, and that there exists
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F € ¢"™“(R") satisfying (WL6,7) for those C” and ¢. We write ¢, Cs, etc., for constants

depending only on C, m,n. We call ¢, Cs, etc. “controlled constants”.

Since A is not monotonic, there exist multi-indices &, 7, with
(1) acA a+ye M~ A

We set
2) A=Au{a+7},

and take k7 as in the Strong Main Lemma for A.
Note that A < A, by Lemma 3.2 and (1).

Define

B Pl = oy X (F0R00) -

1B1<m—1¥]

Thus, P, € P is defined for all a € A.
From (3) we obtain easily that

(o’zi!"y)! _ (ﬂgﬁ)l - (9P P5(y0)) if B = B+ 7 for some [3

0" Pars(y’) = _ _
0 if 8 doesn’t have the form (4 % for a multi — index

Consequently, (WL2) gives
(4) |aﬁP@+,fy(y0) — 6575[+7}/| S Clao for all ﬁ € M .

From (4) and another application of (WL2), we see that

(5) |0PPo(y°) — 8a| < Chag for all « € A, 8 € M.
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From (5) and (WL5), we see that the matrix (0° P, (y°))3.ac.1 is invertible, and its inverse

matrix (Mara)o ac.a Satisfies
(6) |Muo| < Cs for all o, a € A.
By definition of (M), we have

(7)) Opa = Z 9 Por(y°) - My for all 8, € A.

o’'€A

We define

(8) P, = Z P, - My, for all a € A.

a’eA
Thus, P, € P for a € A, and, from (7), (8) we have
(9)  9°P,(y°) = s, for all 3,a € A.
Also, from (5), (6), (8) and (WL5), we have
(10)  |0°P,(y°)] < O3 for all B € M, a € A.

Next, let S C E be given, with #(5) < k#. For a € A, we let p5 € Cy2’(R™) be as in
(WL3). We define also

(11) <p§+,-y(x) = (ai—%)' (x — ") x(x —9°) - p3(x) on R", where
(12) X oz < Ca, x = 1 on B(0,1/20), supp x € B(0,1/10).
We prepare to estimate the derivatives of ¢3 , 5. From (WL3)(a) and the fact that w(t) < 1

for t € [0,1] (since w is a regular modulus of continuity), we have

|6’690§(x) — Oﬁcpg(yoﬂ < qg for z € B(yo, 1) and |B| =m.
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Also, from (WL2) , (WL3)(c), (WL5), we have
0703 (y°)| < Cs for 5] < m.

Consequently,

(13)  [0793(x)| < Cs for x € B(y°,1) and |B| < m.
From (11), (12), (13), we see that

(14)  |0°¢3, <(x)] < Cr for z € R, |3] < m.

Next, we prepare to estimate the modulus of continuity of 8°¢3 - for |3

- x(z —y°). Thus, (11), (12) give

Set )Z(:E) = (df—"y) (LU - yO)'y

(15) (ngr’y = X" ‘P; and
(16) || X llgm+1mny < Cs, supp x C B(y°,1/10).

Since ¥, 92 € O (R"), we know that, for |3] = m, we have

(7)) 0%93 ()= 07655 () = D e, 8)[07 X (2)-07 p3(x) = 0" X(y)- 07 p3(y)] =
G+8"=0

= X(2) - [0%93(z) = %p3(y)] + [X(=) —X(y)] - 7¢i(y)

n Z (07 %(x)) - 107 p3(x) — 07 03 (y)]
n Z B [0 % () = 0" (W) - (073 (y)) .

Suppose z,y € B(y°,1) and |x — y| < 1/2. Then, by virtue of (13) and (16), the last two
sums on the right in (17) have absolute values less than or equal to Cy - |z — y|. Also, from
(13) and (16), we have |[x(z) — x(v)] - 9°03(y)| < Cio - |z — y|. Hence, (17) shows that
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(18) 0705, 5 (x)—=0%03 5 (y)| < |X(2)-[0°05(x) =03 (y)]| + Cur-|z—yl for z,y € B(y°, 1),
|z —y| < 1/2.

Putting (WL3)(a) and (16) into (18), we learn that

(19) 0765, (x) — 0%3 - ()] < Craaqw(|z —y|) + Cralz —y|
for z,y € B(y’, 1), |z —y| <1/2, 8] = m.

On the other hand, if |z — y| < 1/2 and z or y lies outside B(y°, 1), then we have
|z —4°, ly — 4°| > 1/2, and therefore 9°¢3 - (x) = 0°¢5,~(y) = 0, by (15), (16). Hence,
the hypothesis z,y € B(y",1) may be dropped from (19). Thus, we have

(20) 0795 5(x) = 0705 5 (y)] < Cra aw(|z —yl) + Cra|z — yl for z,y € R*, [z —y[ < 1/2,
18] = m.

Also, for 1/2 < [z—y| < 1, we see from (14) that [0°¢3 - (2) =03 - (y)| < 10%3 - (x)| +
0805, < ()] < Ci3 < 2C1s|lw — yl.

Together with (20), this implies that
(21)  10%035(2) = 07935 ()] < Cuagw(lz —yl) + Culz —y| for 2,y €R", [z —y| < 1,

|8] = m. In particular, ¢35, 5 € C™*(R"), thanks to (14), (21), and the estimate

t < w(t) valid on [0, 1] for a regular modulus of continuity.
From (WL3)(a) and (21), we conclude that
(22) [0°¢i(x) = 0%0a(y)] < Csagw(|z —y|) + Cis|z —y| for |z —y| <1, a € A, |B] = m.

At last, we have estimated the modulus of continuity of the m™ derivatives of the ¢3
(a € A). In particular, we have > € C“(R"?) for a € A.

Loc

Next, suppose x € S N B(y°, 1).

From (13), (16) and (WL3)(b), we have |0°(cisp05) ()|, |0°(c16 X)(z)] < 1 for |3] < m;
and J,(c16¢5) € o(x). Taking P = c16J.(pa), @ = c16J:(X), and § = 1 in the definition of
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Whitney w-convexity, we conclude that J,(X) - J.(¢a) € Ci7o(x), where the multiplication

is taken in R.
Together, with (15), this shows that
Jz(cpgﬂ) € Cyro(x) for x € SN B(y°,1).
On the other hand, for z € S~ B(y°, 1), we have J,(¢5,5) = 0 by (15) , (16); and
therefore J,(¢3, ) € Ci7o(x) since o(z) is convex and symmetric about the origin. Thus,
Jo(p5.5) € Crro(x) forallz € S

Together with (WL3)(b), this shows that
(23)  J.(p3) € Cigo(z) forall z € S, a € A.

Also, from (11), (12), and (WL3)(c), we have
al

T ) Pal@) = olle gl s o —

90§+«7 (z) —

On the other hand, (3) shows that
a!

(a+9)! (x —y°) Pa(a) = of|lz — y°I™) as v — 3"

Psis(x) —
Hence, @3, (x) — Pays(2) = o[z — ¢°|™) as © — 3.

Since also Payy € P and @3, € C™(R"), we have Jyo(p3, ) = Pais-

Together with (WL3)(c), this shows that
(24)  Jp(pS) = P, for all a € A.

Thus, the (¢2)a.c.a satisfy (22), (23), (24).

Next, given S C E with #(S) < k%, let the ¢J (a € A) be as above, and define

(25) @S = Z @03 - My, for all a € A.

o’'€A
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Thus, @5 € Cj?(R™), for all a € A.
From (6), (22), (23), we have

(26) 07@5(x) —07@5(y)| < Chg agw(|z —yl) +Ciglz —y| for z,y € R™, [z —y| < 1, || = m,
a € /i.

and
(27)  J(@3) € Cy-o(x) forallz € S, a € A.

(We use the fact that o(x) is convex and symmetric about the origin to prove (27).)

Also, comparing (8) with (25), and recalling (24), we see that
(28)  Jyp(p3) =P, for all a € A.

Next, we check that the hypotheses of the Strong Main Lemma for A are satisfied by Ca;,
ao, B, f,0,y°,w, P, (a € A), provided Cy, is a large enough controlled constant, and ag is
a small enough constant determined by Cs;,m,n. In fact, Cs and ay are constants; w is a
regular modulus of continuity; £ C R" is a finite set; y° € R™; and P, € P for all a € A.

Also, for each z € E, f(z) € R, is an m-jet, and o(x) is Whitney w-convex with Whitney
constant C' (hence also with Whitney constant Cy; > C).

Thus, (SLO) holds. From (9) we see that (SL1) holds.

Taking Cy > C5, we see from (10) that (SL2) holds, even without the restriction to
B > a. To see that (SL3) holds, we let a € A and S C E, with #(S) < k#. Let @ be as
in (26),...,(28). Thus, ¢5 € Cy’(R™), and (26) ,...,(28) imply (SL3)(a),(b),(c), provided we

take 021 > 019, 021 > 020, and provided we have
(29) Clg cag < ag.

However, (29) follows from hypothesis (WL5), since we are taking a, to be a small enough

constant determined by Cy; and m,n. (In fact, since Cy; is a controlled constant, so is ag,
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and therefore, (29) just says that ag is less than a certain controlled constant.) This shows

that (SL3) holds.

Also,(SL4) follows from our hypothesis (WL4), provided we take Cy; > C. Finally, (SL5)

holds here, since we picked ag to be a small enough constant, determined by Cy;, m,n.

This completes the verification of the hypotheses of the Strong Main Lemma for A, for
C(217 aOa w, Ea f7 g, yO’ (pa)aefl'
Since A < A, we are assuming that the Strong Main Lemma holds for .A. Applying that

Lemma, we obtain F' € C™*(R"), with

30) [ F lleme@m< €’

and

(31)  J.(F) € f(x)+ C'o(x) for all z € EN B(y°, );
with

(32) (" and ¢ determined by Cayy, m,n.

Since Cy; is a controlled constant, (32) shows that C’ and ¢ are also controlled constants.

Hence, (30), (31) are the conclusions (WL6,7) of the Weak Main Lemma.
Thus, the Weak Lemma holds for A.

The proof of Lemma 7.1 is complete. |
68. A Consequence of the Main Inductive Assumption

In this section, we establish the following result.

Lemma 8.1 Fiz A C M, and assume that the Strong Main Lemma holds for all A < A.
Then there exists kﬁd, depending only on m and n, and there exists a function A — ag'(A)

mapping (0,00) — (0,00), for which the following holds.

Let A > 0 be given. Let Q C R™ be a cube of diameter < 1,w a reqular modulus of
continuity, F a finite subset of R™. Suppose that, for each x € E, we are given an m-jet

f(z) € R, and a subset o(x) C R,.
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Suppose also that, for each y € Q**, we are given a set Av < A, and a family of
polynomials PY € P, indexed by o € AY.

Assume that the following conditions are satisfied.

(GO) For each x € E, the set o(x) is Whitney w-convez, with Whitney constant A.
(G1) 9°PY(y) = 04 for all B,a € AY, y € Q**.
(G2) |0°Py(y)| < A" for all 6 € M,a € A, y € Q™ with § > a.

(G3) Given S C E with #(S) < /{;ﬁd, and given y € Q** and o € AY, there exists
03 € O (R™), with
(a) ‘aﬁgﬁg(f) _ 85g0§(x”)| < Aégl—m—l ) ‘CL’/ _ IH‘ —l—agld<A) . 5\5|—m . “’(EET*Q:”)D
for |z —2"| < d¢g and |B] =m;

6|&\7m

(b) J.(3) € Ay ola) forallx € S;
(c) Jy(e2) = P
(G4) Given S C E with #(S) < k¥ there exists F* € C™<(R"), with

(a) [| 07F lloony < A+ w(dg) - g~ for 5] < m;
(b) |0°FS(a') — OPFS(2")] < A-w(|2’ — 2"|) for |B] = m,2’, 2" € R", |2’ — 2"| < dg;
(c) J.(F%) € f(x)+A-o(z) forallz € S.

Then there ezists F' € C"™*(R™), with

(G3) || 0°F |commy< A"~ w(dg) - 5g—|ﬁ| for |B] < m;
(G6) 0P (&) — ()| < A -wolla’ —a”]) for [3] = m, o', € R, &' —a”]| < by

(G7) J(F) € f(x)+ A -o(x) forallz € ENQ*.

Here, A’ is determined by A, m,n.

Proof: By a rescaling, we may reduce matters to the case dg = 1. We spell out the details.
Let A,Q,w, E, f,0,AY, (PY),c4v be as in the hypotheses of Lemma 8.1. We set
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(2)  S= 05" S for S CE;
3) E=06'E;

(4) w (t) = (w(dg)) tw(dgt) for t € [0, 1];

(5) Y= 0olyforye Q™

(6) EZ (@) = 6, - P¥(3g @) for y € Q™" 7€ R", o € AY;
(7) ZS (@) = 6, ¢S (5 ) for T R”, o € AV, y € Q™
(8) () =(w(dq)-8)" - [(f(6q 7)) o 7], for TEE where
9) 71(x')=6gx forallz’eR"

(10) 0 (z) = {(w(dq) - 65)"L-[Por]: P € o(dq 7)} for T€E;

(11)  F (2) = (w(bq) - 63)~" - F5(5q ) for z€ R™.

E = %k

(12) A = Av = A%V for yeq .

Note that (4) makes sense, since we have assumed that g < 1, and w is defined on [0, 1].

We check in detail that

AQ,w,E,f,0,A , (P,) _s satisfy the hypotheses of Lemma 8.1, with 55 = 1. The

) —
acA

verification is as follows:

Evidently, A > 0; E)C R™ is a cube of diameter < 1 (in fact 55 = 1; see (1)); w is a
regular modulus of continuity (see (4) and the definition of a regular modulus of continuity);
and FE is a finite subset of R" (see (3)). Also, for each z€E, we have oo T€ E (see (3)),
hence f(0g ) € R5Q f
(see (8)).

= RT(;) (see (9)), hence [f(dg :?) o 7] € R-, and thus f (E) € R-

z
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Similarly, for each Z€E, we have 5o 7€ E (see (3)), hence o(dg =) C R(SQ; =R, )
hence

{Por: Pco(dpa)}C R-, hence o (1) C R~ (see (10)).

= = =y - -
For ye@ , we have 4 = A°Y < A since dg y€ Q** (see (1), (12)).
v y
(see (1), (5), (6),

= =k :y =
Also, for ye@ , the family of polynomials P_ & P is indexed by o € A4

(12)).

We check that A, g),f}, L:C, ?, g,:{ satisfy hypotheses (G0),...,(G4).

We begin with (G0). We note first that, given EEE, the set o (7) is closed, convex, and
symmetric about the origin. This is obvious from (10) and the corresponding property of

<l

o(x), where z = 6o 2€ E.
Next, suppose we are given

E, Q€ R=, PE€s (T) C R=, and §< 1, with

—

=
S
Mm
&
Qll
&\.

melel e Q (7)] <6 'l for |a| < m.

Then by definition (10), we have

(15)  P=(w(dg)-05)~" - [P o],

with
(16) P € o(x), where

For a suitable polynomial () € R, we have

(18) Q=[Qor]
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Let us estimate the derivatives of P and ). From (15), (18), we have
P = (w(60) - 03) - [Por '], and Q =[Qor Y],

Therefore, (17) and (14) show that

(19)  [0°P(x)] = (w(dq) - 05) - 165" 0 P ()] < w(dg) - 657 & (5)

=m—|a] = =

= w(0g) - a5 (W) wded)] 8 = wl(dq d) - (g &)

and

(20)  10°Q(x)] = 6| 9° Q (B)] < (69 0)7 1.

We have ¢ §< 1, since we assumed that 6o < 1, §< 1. Moreover, o(z) is Whitney

w-convex, with Whitney constant A, by hypothesis (G0) for A,Q,w, E, f, 0, A, (PY),civ-

Therefore, (16), (19), (20) imply that
(21) Q- -P e Ao(v),

where the multiplication in (21) is taken in R,.

On the other hand, (15) and (18) show that
(22) Q- P=(w(0) - 35)" - [(@- P)or]

Here, @ - P is as in (21), and the multiplication 5 . P is taken in R-.

From (21) and (22), we see that

ATHQ P) € {(w(dg) - 05) "+ [SoT] :Sea(a)}.

Comparing this with the definition (10) of o (z), and recalling (17), we see that
Q- P)eo ().
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Thus, we have shown that (13), (14) imply é . Pe Ad (x), with the multiplication

(
taken in R-. This shows that o (E) is Whitney w-convex, with Whitney constant A.

Thus, (GO0) holds for A,E),f), etc.
Next, we check that (G1) holds for A, E),u:), etc.

Suppose we are given 3, « Ejli, 2?6622** Then, with y = d¢g ?7, we have 3,0 € AY, y € Q*
(see (1), (12)). Hence, (G1) for A, Q,w, E, f, 0, etc. tells us that

(23)  97PY(y) = dpa-
Moreover, (6) gives
(24)  9° Pi(y) = ol 9P Py(y).

From (23) and (24) we obtain

~y i
QL w

0" PU(Y) = bpa
which proves (G1) for A,E),u:), [:?, etc.
Next, we check that (G2) holds for A, Z),c:u, E, etc.
Suppose we have § € M, « 6./245, ZGE)**, with G > .
Taking y = dg ?j, we then have

BeM,ae A yeQ™,B>a,

thanks to (1), (12). Hence, (G2) for A, Q,w, E, f, 0, etc. tells us that
(25) 10°Py(y)] < Asg "

On the other hand, (6) gives

0" PLw) = 35 "0 Ry,
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as in (24), and therefore (25) implies

0 Py(y) < A = AT (see (1)).

Thus, (G2) holds for A, g),uzj, j}:?, etc.

Next, we check that (G3) holds for A, E),i}, Lz?, etc

Al

Suppose we are given SCE with #(5) < kﬁd, together with 56@2** and o € ;l Then

we set S = g SC E (see (2), (3)), y = dg ye Q (see (1), (5)). We have

S C E with #(S) < k¥ ,y € Q™ and a € AY.  (See (12).)

Loc

conditions (G3)(a),(b),(c). We define 9205 as in (7). We will check that (G3)(a),(b),(c) hold
for @S E, etc.

Hence, hypothesis (G3) for A, Q, w, E, etc., produces a function 02 € OV (R™), satisfying

"
)

K

First, we check (G3)(a). Suppose we are given 3,7,
with
8= m, 7, 3 e RO, | 5= 5] < o =
Then, setting 2/ = dp 2/, " = dg =", we have |2/ — 2| < dg, and
0° P3) - aéi ) = 8 N0% i) — 078 ") (see (7)

o “0°pla) = 075" <
w(la’ — ")
w(dq)
(thanks to hypothesis (G3)(a) for A, Q,w, E, etc. and the fact that |2" — 2" < dg)

Aéél |.Z'/ //l 4+ aOld(A) .

- o w(dg - |z'~z"))
= Alz'—= 2" 4+ ad(A) - 2(30)
= Az’ = 2" + ad(A)- w (| 2'—2"]) (see (4)).

This shows that (G3)(a) holds for 80§, E, etc.; and also that 9205 C’mw(R”)

Loc

Next, we check (G3)(b) for ZE, E, etc
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Suppose 7€S. Then z = o T belongs to S, and therefore (G3)(b) tells us that

jal-m
Ay

S
Jz(gpa) S w(é‘Q)

- o(x).

Consequently,

(26)  J=(¢5oT) € {Aj%;l@)m -[Port]: P€ a(ac)}.

On the other hand (7) and (9) show that ZE = 53(1‘ - (¢5 o 7), and therefore (26) gives

J-(25) € {A- (w(dg) - 63) ™ - [Por]: P e a(dg )}

Comparing this to the definition (10) of o (z), we find that

o (7).

N
Il
&1
m
I

Since (55 = 1, and hence also w (55) =1 (because w is a regular modulus of continuity),

it follows that
Aglot=m
Q

)

o (7).

50
This shows that (G3)(b) holds for 9205, E, etc.

Next, we check that (G3)(c) holds for SZOE, E, etc. Hypothesis (G3)(c) for ¢S, E, etc., tells
us that J,(p3) = PY. From the definitions (7) and (6), we see that J;(@f_y) = 65‘Q|Jy(cp§) oT

and ;z = (53&']503{ o7, with 7 as in (9). (Here, we use also (5)).

Therefore,
J;(2%) =Pl
This proves (G3)(c) for SZOE, E, etc.
We have now checked (G3)(a),(b),(c) for ZS, E, cte
Thus, (G3) holds for A,é, o, E, J:‘", o, :ti, (Ez)aei;
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Next, we check that (G4) holds for A, E),a:), E, etc.
Suppose SCE with #(5) < k.. We define S = ¢, - S (see (2)).

Thus, S C E with #(S) < k7. (See (3).) Applying hypothesis (G4) for A, Q,w, E, etc.,
we obtain a function F¥ € C™*(R"), satisfying (G4)(a),(b),(c).

We then define £ by (11). Thus, FSe C’m’i(R”).

We check that (G4)(a),(b),(c) hold for ]?E, A, CZQ, E, etc.

We first check (G4)(a) for ;’g, A, g), etc. From (11), we have

197 FS [leomm = ((bg) - 05) -85 || 97FS || cogeny for |B] < m.

Therefore, (G4)(a) for F°, A, Q,w, E, etc., implies

1 0° FS |l con< A for 5] < m.
Since 55 =w (55) = 1, this is equivalent to

| 0° F5 ovm < A (8

5) : (5%‘7%' for |[B] <m.

Thus, (G4)(a) holds for F‘E,A,E), etc.

Next, we check (G4)(b) for Eg,A,é, etc. From (11), we have, for |3| = m, that

27)  [0° FS(@') — °FS(@")] = (w(dg)) MO FS(2/) — 9P F5(a"),

with 2/ = 5Q;’ and 7" = 5@?”.

If |[v/ —2"| < 55, i.e., if |z/ —2"| <1 (see (1)), then we have |2’ — 2| < dg, and therefore
(G4)(b) for F¥, A, Q, etc. applies. From (27) and (G4)(b) for F¥, A, Q, etc., we find that
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0 F5(@') — P F5(@")] < Alw(5g)) ™ - w(le’ — "))

—A. w(dq - EI_;”D —A-w(|z'—z"]) (see
=4 20 ST A D) (e ()

Thus, for |3| = m, 2/, " € R" with | z'— z"| < 65, we have

This means that (G4)(b) holds for ]T“:q, A, Q, etc.
Next, we check that (G4)(c) holds for ;E, A, CZQ, etc.
Suppose 7€S. We set = = 9o ze S (see (2)), and apply (G4)(c) for ¥, A, Q, etc. Thus,

J(F%) € f(x) + A-o(x).

Consequently,
T (@(50)53)™ - [F o)) € (w(60)03) " [f(x) o 7

—I—m -{Por: Peco(x)}.

Comparing this with (8), (10), (11), we see that

J(FS) €f (@) + A 7 (3).
This shows that (G4)(c) holds for }:7’5, A, 63, etc.
We have now checked (G4)(a), (b), (c) for }ZWE, A, EZ, etc.
Thus, (G4) holds for A, E),i), E, etc.

At last, we have checked (GO ), ..., (G4) for A, E),a:u, ;7, etc.

Thus, A,Q,E,E,?,a ;l? (

diameter 1.

g)aeﬁ satisfy the hypotheses of Lemma 8.1, with E) having

el
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If Lemma 8.1 holds for cubes of diameter 1, then we obtain for A, E),a:), etc., a function
Fe O™ (R™), satisfying (G5), (G6), (G7) for A, Q,w, etc. Since (552 =W (55) = 1, this

means that

(28) || 0 EHCO(R") < A for |5 < m;

(29) |0°F () —° F (&) < A'- & (|7 — Z"|) for || = m, T/, " € R, [T/ — 2| < 1:

(30) J-(F) €f (z) + A" 0 (2) for all ZEE NQ*.

Here, A’ is determined by A, m,n.

We now define F' on R”, by setting

(31) F = (w(dg) - 63)- For,iec.,

(32)  F(z) = (w(dq) - 63)- F (05').

Since Fe C™#(R"), we have F € C™<(R").

We will check that the function F' satisfies conclusions (G5), (G6), (G7) for A, Q,w, E, f, o,
etc., with the same constant A’ as in (28),...,(30).

First, we check (Gb) for F, A, Q,w, etc.

Immediately from (28), (32), we have

| 9°F [lcomny = (w(3q) - 03) - 557 || 9° Flleon) < A'w(d)op ™" for 5] < m.

Thus, (G5) holds for F, A, Q,w, etc.
Next, we check (G6) for F, A, Q,w, etc.

Suppose |B] = m, 2/, 2" € R", |2’ — 2"| < dg. Setting T = (56_31:16’, " = (5{211”, we have
| 2'— 2"| < 1, hence (29) applies. From (29), (32) we obtain

P F(2') — 8°F (a")] = (w(d)0t)o"" 0% F (2') — &° F (a")]



A Generalized Sharp Whitney Theorem for Jets

< Aw(Bq)- & (| 7'~ &) (recall, |5 = m) = Aw(3q)- w((SQLgcz_)”D

(see (4)) = Aw(dg| z'— 2"]) = A'w(|z’ — 2"|).
Thus, (G6) holds for F, A, Q,w, etc.

Next, we check that (G7) holds for F), A, Q,w, etc.

Suppose = € E N Q*. Setting r= 6521% we have 7€ N E)*, hence (30) applies. Thus,

J=(F) € f () + A" o (). Consequently,

(83)  Ju(w(0q) - 0 - [F or]) € w(dg)0g - [(f (@) 0 7]

+ A {w(éQ)5g‘ . [f) 07'71] - PEo (;)}

We have from (8) that

Together with (31), this yields

(34)  JL(F) € f(z) + A - {w(60)8y - [P or '] :P€T (T)}.

From (10), we see that

{w(6)8m - [P o7 :P€T (T)} =

{w(00)05 - [(w(09)0p) [P o] o 77! : P € a(6q )}

Hence, (34) shows that

35
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J(F) € f(x) + A" - o(z).
Thus, (G7) holds for F, A, Q,w, etc.

We have now shown that Lemma 8.1 holds, provided it holds in the case 6 = 1. For
the rest of the proof of Lemma 8.1, we suppose that g = 1. We take kffd to be a constant

determined by m and n, satisfying

(35) K%, > 1,

and
(36) k%, > k#, with k# as in the Strong Main Lemma for any A < A.
(Note that (36) makes sense, since one of the hypotheses of Lemma 8.1 is that the Strong
Main Lemma holds for each A < A.)

We will take ad'd(A) to be a small enough constant, depending only on A, m,n, to be

picked below.

Now suppose A, Q,w, E, f,0, A% (y € Q*), and P/(a € AY, y € Q*) are as in the
hypotheses of Lemma 8.1, with 6o = 1, and with k%, and ag‘(A) as described above.

We must show that there exists F' € C™“(R"), satisfying (G5), (G6), (G7).

The first step is to correct f, as follows.

Given z € E, we let S = {z}. Thus, S C E and #(S) < k7, by (35).

Applying (G4), we obtain a function F'¥ € C™«(R"), satisfying in particular |0’ F¥(z)| < A
for | 3] < m, and J,(F®) € f(z) + Ao(z). Setting f(z) = J,(F®), we have

(37)  0°[f(2)] (2)| < Afor |8] <m, and f(z) — f(z) € Ao(z), for each z € E.

(In (37), note that since f(z) € R,, the expression 0°[f(z)](z) makes sense; it means
B~
() F@)(y) evaluated at y = z.)

In view of (37) and (G4), we have the following property of f.
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38 Given S C E with #(5) < k., there exists F'S € C™«(R"), with
old
(@) | 9°F% ||cowny < A for |B] < my
(b) |0°F5(2") —0°F3(2")| < A - w(|a’ —a"|) for |B| = m, o/, 2" € R, |2/ —2"| < 1;
(c) J.(F®%) € f(z) + 2A - o(z) for all z € S.

(Recall that dg = 1, hence also w(dg) = 1 since w is a regular modulus of continuity.)

We now check the following.

(39) Claim: For each y € Q**, the hypotheses of the Strong Main Lemma for AY are satisfied,

with our present
24, a’gld (A)7 w, £, vy, (py)aeﬂyv JF7O->

in place of
07 aOv W, E7 yov (Pa)oze.AL fv o

in the statement of the Strong Main Lemma for 4Y.

In fact, 2A and ad4(A) are positive constants; w is a regular modulus of continuity and
E C R" is finite (by hypothesis of Lemma 8.1); y € R"; PY € P is indexed by o € AY (again,
by hypothesis of Lemma 8.1); and, for each x € FE, we have f(x) € R, and o(z) C R,
(yet again by hypothesis of Lemma 8.1). To check (39), we must show that conditions
(SLO),...,(SL5) hold for 24, ad4(A), w, E, etc.

Condition (SLO) for 2A4,ad'd(A), etc., says that, for each z € E, the set o(z) is Whitney
w-convex x, with Whitney constant 2A. This follows at once from our present hypothesis

(GO).

Condition (SL1) for 24, ad(A), etc., says that 0° PY(y) = s, for 3,a € AY. Since y € Q**,

this is immediate from our present hypothesis (G1).

Condition (SL2) for 24, a8!d(A), etc., says that |[0°PY(y)| < 24 for B € M,a € AY with
B> a.
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Since dg = w(dg) = 1 and y € Q**, this follows at once from our present hypothesis (G2).

Condition (SL3) for 24, agd(A), etc., says the following.

(40)  Given o € AY and S C E with #(S) < k¥, there exists 5 € C;»“(R"), with

Loc

(a) [0%p5(x")—0%5(a")| < 242" —a"|+af(A)-w(|z'—2"|) for |B] = m, 2’ 2" € R,
’x/ _ .CL'”’ <1,

(b) J.(¢3) € 2A0(x) for all x € S; and
(c) Jyle2) =Py

Here k% is as in the Strong Main Lemma for 4Y.

We recall from the hypotheses of Lemma 8.1 that AY < A, since y € Q**. Hence, (36)
gives kﬁd > k#. Also, we again recall that dg = w(dg) = 1. In view of the above remarks,

(40) follows at once from our present hypothesis (G3). Thus, (SL3) holds for 24, ag'd(A),
ete.

Condition (SL4) for 24, agd(A), etc., says the following.

(41)  Given S C E with #(S) < k#, there exists F® € C™*(R"), with

(8) || F¥ flomoan < 24; and
(b) J.(F%) € f(z) 4 2A0(x) for all z € S.

Here again, k% is as in the Strong Main Lemma for AY, hence k% < kﬁd, by (36). Conse-
quently, (41) follows at once from (38).

(Here, we use the precise definition of the C"*“-norm from the section on Notation and
Preliminaries.) Thus, (SL4) holds for 24, ad“(A), etc.

Condition (SL5) for 24, agd(A), etc., says that

(42)  ad?(A) is less than a small enough constant determined by 2A, m, n.



A Generalized Sharp Whitney Theorem for Jets 39

We now specify ag'4(A), which so far was “to be picked later”.

We simply pick a5'd(A) to be a positive number, determined by A, m, n, and small enough
to satisfy (42). Thus, (SL5) holds for 24, ag'4(A), etc.

The verification of our claim (39) is complete.

We now recall two hypotheses of Lemma 8.1:

For y € Q**, we have AY < A; and the Strong Main Lemma holds for A < A.
Consequently, from (39), we may draw the following conclusion.

(43) Given y € @, there exists F' € C™*(R"), with || F |cmemy< A, and
Jo(F) e f(z) 4+ Alo(z) for all 2 € EN By, d).

Here, A’ and o’ depend only on A, m,n. We fix A" and d’ for the rest of our proof of
Lemma 8.1.
We write Aq, Ag, - - for constants depending only on A, m,n.

To exploit (43), we use a partition of unity

(45) || (9V ||Cm+l(]Rn)§ Al,
(46) supp 0, C B(y,,d') with y, € Q*™; and

(47) Vmax S AQ .

We can find {6,} as in (44),...,(47), since dg = 1.
Since each y, belongs to @™, we may apply (43).

Thus, for each v(1 < v < Vyay), we obtain F, € C™*(R"), with
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(48) || B llomegn< A', and

Jo(F,)) € f(x) + A" o(x) forall z € E N B(y,,d’).
In particular, we have

(49)  J.(F,) = f(x)+ A - P* for all z € EN B(y,,d),

with

(50) P?eo(x), foral xe ENB(y,,ad).

From (48), we have |0°F,(z)| < A’ for |8] < m, » € R™.
From (37), we have |0°(f(z))(z)| < A for |3| < m, z € E.

Together with (49), these estimates show that
(51) |0°P%(x)| < Az for |B] <m, x € EN B(y,,d).

If we hadn’t taken the trouble to pass from f(x) to f(x) as above, then we would not
have been able to obtain (51).

We now define

Vmax

(52) F =Y 6, F € C"™(R").
v=1

From (45), (47), (48), we conclude that
(53) | F [lome@m< As.

Next, fix r € Q*NE and let Q ={v: 1 <v < vy and z € B(y,,d)}.

Then, with “” denoting multiplication in R,, we may argue as follows. We have
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(54)  Ju(F) = 1<Z: T.(0,) - Ju(F) (see (52))
- %JI(O,,) - Jo(F,) (see (46))
- ;Jx(ﬁy) - fx) + %Jz(é’y) L A'PY (see (49))
_ 1<; 1.(6,) - f(z) + %Jx(éy) L A'PT (see (46))
- f_@_) + A %Jw(%) - P?.

We note that

(55) |0° %Z”) (x)] < 1 for || < m, thanks to (45),

and also

(56) |0° (i—i) ()] <1 for |B] <m, v € Q, thanks to (51).

We may take Ag > 1 in (56). Hence, we have also

(57) (j—) € o(x) for v € Q, thanks to (50).
(Recall that o(x) is convex and symmetric about 0.)

From (55),(56),(57), and from hypothesis (GO) of Lemma 8.1, we conclude that
(58)  J.(0,) - P? € Aso(x) for all v € Q.

(Here, we take 6 = 1 in the definition of Whitney w-convexity.)

From (47), (58), and the fact that o(z) is convex and symmetric about 0, we conclude
that

ZJJJ<0V) : Pux € ASO-(‘T))

veQ

and consequently (54) implies that
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(59)  J.(F) € f(z) + Ago(z).

From (37) we recall that f(z) — f(z) € Ao(z). Hence, (59) yields
Jo(F) € f(z) + Awo(z).

Thus, we have shown that
(60) J.(F) € f(x) + Ajpo(z) for all x € EN Q™.

In particular, we have produced a function F' € C™*(R™), satisfying (53) and (60). Since
the constants Ay and Ajq in (53) and (60) are determined by A, m,n, we see that F' satisfies
the conclusions (G5), (G6), (G7), and that the constant called A’ in (G5), (G6), (G7) may

be taken to depend only on A, m,n.

Thus, we have proven Lemma 8.1 in the case of 69 = 1. Since we already reduced the
general case to the case dg = 1, the proof of Lemma 8.1 is complete. [ |
§9. Set-Up for the Main Induction

In this section, we give the set-up for the proof of Lemma 5.2 in the monotonic case. We
fix m,n>1, and A C M.

We let k% be a large enough integer, determined by m and n, to be picked later. We

suppose we are given the following data:

Constants Cy, a1, as > 0.

A regular modulus of continuity w.

A finite set £ C R™.

For each = € E, an m-jet f(x) € R, and a set o(z) C R,.

A point 3° € R™.

A family of polynomials P, € P, indexed by a € A.
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We fix Cy, a1, a0, w, E, f,0,9°, (Py)aca until the end of Section 16.

We make the following assumptions.

(SU0)
(SU1)

(SU2)

(SU3)
(SU4)
(SU5)

(SU6)

(SUT)

(SU8)

A is monotonic, and A # M.
The Strong Main Lemma holds for all A < A.

For each x € F, the set o(x) C R, is Whitney w-convex at z, with Whitney constant
Co.

PP, (y°) = 6p, for all B,a € A.
10° P, (4°) — 00| < ay for all 3 € M, a € A.
ay is less than a small enough constant determined by Cy, m and n.

Given o € A and S C E with #(S) < k#, there exists ¢S € C,*(R"), with

Loc

(a) |0°p3 (") —0PpS (a")| < ag-w(|a’ —2"|) for all B3, z,a', with |3] = m, 2’2" € R",

2" — 2" < 1
(b) J.(¢5) € Cyo(z) for all z € S; and
() Jyp(pa) = Pa.
as is less than a small enough constant determined by aq, Cy, m, and n.
Given S C E with #(S) < k¥, there exists F'¥ € C™“(R"), with

(a) H FS ”Cm,w(Rn)S CQ, and
(b) J.(F®) € f(x) + Coo(x) for all z € S.

The main effort of this paper goes into proving the following result.

Lemma 9.1 Assume (SUO),...,(SUS).

Then there ezists ' € C™*(R™), with

(@) || F |lememny < A, and
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(b) J.(F) € f(z) + Ao(z) for allz € EN B(y°, a);

here, A and a are determined by ay,as, m,n,Cy.
In this section, we prove the following result.
Lemma 9.2 Lemma 9.1 tmplies Lemma 5.2.

Proof: Assume that Lemma 9.1 holds. To establish Lemma 5.2, we fix A C M, with
A # M, and we assume that the Strong Main Lemma holds for all 4 < A. We must prove
the Weak Main Lemma for A under the above assumptions. We may assume also that A is

monotonic, thanks to Lemma 7.1.

Let C,ag,w, E, f,0,9°, (Ps)aca be as in the hypotheses of the Weak Main Lemma for A,
with the “small enough constant” in (WL5) to be picked below. We take k% as in (SUO),...,
(SUB).

We then pick the constants Cy, aq, as as follows.

First, we take Cy = C.

Next, we pick a; > 0, depending only on C, m and n, and small enough to satisfy (SU5).
Finally, we pick as > 0, depending only on C,m, n, and small enough to satisfy (SU7).
(This can be done, since our a; depends only on C,m and n.)

We now take the “small enough constant determined by C,m,n” in (WL5) to be small
enough that (WL5) implies ag < min(ay, as).

With the constants picked as explained above, we have satisfied (SU5) and (SU7), and

we have ensured that
ap < min (ay, as) ,
since we are assuming (WL5).
We now check that Cy, a1, as,w, E, f,0,y°, (P.)aca satisfy conditions (SUO),..., (SUS).

In fact, we have assumed (SUO) and (SU1), and we have picked the constants a;,as to
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satisfy (SU5) and (SUT).

Conditions (SU2), (SU3), (SU4) are immediate from hypotheses (WL0), (WL1), (WL2),

since C' = Cy and ag < a;.

Similarly, conditions (SU6) and (SU8) are immediate from hypotheses (WL3), (WL4),

since C' = Cy and ag < as.
Thus, as claimed, Cy, a1, as,w, E, f,0,9°, (Py)aca satisfy (SUO) ,..., (SUS).

Since we are assuming Lemma 9.1, it follows that there exists F' € C™*(R"), with
(1) || F |lememn < A, and with J,(F) € f(z) 4+ Ao(z) for all z € EN B(y°, a),

where A and a are determined by Cy, m,n,ay,as. However, we picked Cy, a1, as above, so

that Cy = C', and a; and ay are determined by C, m, n.

Consequently, A and a in (1) are also determined by C,m,n. Hence, (1) is equivalent to
the conclusions (WL6), (WL7) of the Weak Main Lemma for A.

Thus, we have proven that Lemma 9.1, together with the Strong Main Lemma for all
A < A, implies the Weak Main Lemma for A. This shows that Lemma 9.1 implies Lemma
5.2. The proof of Lemma 9.2 is complete. [

We begin the work of proving Lemma 9.1. Until the end of Section 16, we fix Cy, aq, as, w,
E, f,0,9° (Pa)aca, and we assume that (SUO) ..., (SU8) are satisfied. Also, until the end
of Section 16, except in Section 15, we write ¢, C, C’, etc., to denote constants determined by
Co,m,n in (SUO) ,..., (SU8); and we call such constants “controlled”. However, in Section

15, ¢, C, ", etc. will denote constants depending only on m and n.

Also, until the end of Section 16, we fix a constant k:ffd, depending only on m and n, as

in Lemma 8.1.
§10. Applying Helly’'s Theorem on Convex Sets

In this section, we start the proof of Lemma 9.1 by applying repeatedly the following

well-known result (Helly’s theorem; see [19]).
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Lemma 10.0: Let F be a family of compact, convex subsets of RY.
Suppose that any (d+ 1) of the sets in F have non-empty intersection.
Then the whole family F has non-empty intersection.

We assume (SUO ,..., 8), and adopt the conventions of Section 9.
For M >0, S C E, y € R", we define

(1) Kply, S, M) = {Jy(F) : FF e C"(R"), || F [lgme@n < M, J.(F) € f(z) + Mo(z)
on S}.

For M >0,k > 1, y € R, we then define
(2)  Kply.k, M) = ({Ky(y, S, M) : S C E, #(5) < k}.

Note that Ks(y,S,M) is a convex subset of P. Moreover, if F; € C™¢(R") with
| Fi [[ememn< M and J,(F;) € f(z) + Mo(x) for all z € S, for i = 1, ..., then by Ascoli’s
theorem, we may pick out a subsequence of {F;} that converges in C™-norm on compact
sets in R™. The limit F' of that subsequence will satisfy F' € C"™“(R"), || F ||gme@n)< M,
and J,(F) € f(z) + Mo(z) for all x € S. (Here, we recall that o(z) is closed, since it is
Whitney w-convex.) Consequently, ICr(y, S, M) is a compact, convex subset of P. Hence,
also, Kr(y, k, M) is compact and convex.

Lemma 10.1: Suppose we are given ki, with k# > (D +1)- k¥, and kI > 1.
Let Cy be as in (SUQ) ..., (SUS). Then K;(y, k¥, Cy) is non-empty, for eachy € R" .
Proof: Fix y € R, and let Sy,...,Spy1 C E, with #(5;) < k,‘# for each 1.

Let S = Sy U---USpyi. Thus, S C E with #(S) < k#. Applying (SU8) to S, and
setting P = J,(F®) with F° as in (SUS8), we have P € K;(y, S;,Co) for i = 1,...,D + 1.
Consequently, any (D + 1) of the sets Kf(y,S,Co) (S C E,#(S) < k) have non-empty
intersection. Hence, Lemma 10.1 follows from Helly’s theorem and (2). |

Lemma 10.2:  Suppose k:f > (D+1) - k#, let A > 0, and suppose we are given
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P € Ky, ki, A). Then, for |y —y| <1, there exists P' € K;(y', ki, A), with

0°(P — P)(y)], 10°(P — P(¥)| < CAw(ly—¥|) - ly—y'|™ " for |B] <m.

Proof: For S C FE, define

Kiemp(S) = {Jy(F) : F € C™(R"), | F [leme@n< A, Jo(F) € f(z) + Ao(z) on
S, J,(F) = P}.

Each Kiemp(S) is a compact convex subset of P, as we see from Ascoli’s theorem,
just as above for K¢(y, S, M). Let Si,...,Spp1 C E, with #(5;) < k# for each 7. Set
S =S, U---USpyy; note that S € E, with #(S) < k. Since P € Ks(y, k], A), there
exists F' € C™¥(R") with | F' ||eme@n< A, J.(F) € f(z) + Ao(x) on S, and J,(F) = P.
In particular, J,/ (F) belongs to Kiemp(S;) for each i. Thus, any (D + 1) of the sets Kiemp(S)
(S C E,#(9) < k‘f ) have non-empty intersection. By Helly’s theorem, the intersection of
all the sets Kiemp(S) (S C E,#(S) < k¥) is non-empty. Let P’ belong to this intersection.
Thus, by definition, P’ has the following property.

(3)  Given S C E with #(S) < k¥, there exists F € C™*(R"), with
| F leme@mm< A, Jo(F) € f(x) + Ao(zx) for all z € S, J,(F) = P, Jy(F) = P'.

In particular, we have P" € ICs(y, k¥, A). Also, taking F as in (3) with S = empty set,

we have from Taylor’s theorem that

PP =] Y % @P(y)) - (f —y) — PP
y|<m—|8] "

1 / / / /\'m—
=1 2. S@F@) - (¢ -y - FW) < CAwlly —y'l) - ly "
l<m—|pl

and similarly for |0°(P — P")(v')|.
The proof of Lemma 10.2 is complete. [
Lemma 10.3: Suppose k# > (D +1) - k¥, and let y € B(y°, ay) be given.

Then there exist polynomials PY € P, indeved by o € A, with the following properties:
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(WL1)Y 9°PY(y) = pa for B,a € A.
(WL2)¥ |0°PY(y) — 6pal < Cay foralla € A, 3 € M.

(WL3)Y Given o € A and S C E with #(S) < k', there exists ¢35 € C;"“(R™), with

Loc
(a) [0°%pS (2") = 3PS (2")| < Cayw(|z' —2"]) for |B| = m, o', 2" € R, |2/ —z"| < 1;
(b) J.(¢3) € Co(x) for all z € S; and
(C) Jy(@i) = PY.

Proof: We may assume y # y°, since otherwise the lemma is immediate from (SU3,4,6).
For o € A, S C F, we define

Ka(S) = {Jy(p) : ¢ € Cr(R™), Jyo(p) = Po, Ju(p) € Coo(z) for all z € S,

Loc
and |0%p(z') — 0Pp(2")] < asw(|2’ — 2"|) for |B| = m, 2’,2" € R", |2/ — 2" < 1}
(Here, ay and Cy are as in (SUO,...,8).)

Each K, (5) is a convex subset of P. We check that KC,(S) is also compact. In fact,
suppose P; € K, (S) fori =1,2,....

Then there exist ¢; € C)°(R™), with Jy(@;) = B, Jyo(p;) = Pa, Jo(pi) € Coo(z) for all

Loc

r €S, and [0°%p;(2") — Ppi(z")| < agw(|z’ — 2”|) for |B| =m, 2/, 2" € R™, |2/ — 2"] < 1.

In particular, since Jyo(p;) is fixed and the 0°¢; (|| = m) have a common modulus
of continuity, Ascoli’s theorem picks out a subsequence {¢;,} that converges in C™ norm
on compact subsets of R”. The limit ¢ will then satisfy p € C*(R"), Jo(p) = Pa,
J: () € Coo(x) for all z € S, and

10°p(2") — 0%p(2")| < agw(|z’ — 2")) for || =m, 2/, 2" € R", |2’ —2"| < 1.
(Here, we use the fact that o(x) is closed, since it is Whitney w-convex.)

It follows that J,(¢) belongs to K (.5).

On the other hand, since ¢;, — ¢ in C™-norm on compact sets, we have P, = J,(¢;,) —
Jy(¢) in P. Thus, any sequence {F;} of points of I, (S5) has a subsequence that converges
to a point of I, (S). Hence, as claimed, IC,(S) is compact.
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Next, suppose Si,...,Spi1 C E, with #(S;) < kfﬁ for each 7. Set S =S, U---USpiq;
note that S C E with #(9) < k¥.

Applying (SU6), and letting 5 be as in (SU6), we see that J,(¢3) belongs to K, (S;)
for each i. Thus, any (D + 1) of the sets Ko(S) (S C E,#(S) < k¥) have non-empty

intersection.

Consequently, by Helly’s theorem, there exists PY € P, belonging to each K,(S)(SCE,
#S) < k).

By definition, the P¥ have the following property.

(4)  Given S C E with #(S) < k¥, and given « € A, there exists @5 € C7“(R"), with

toc
(a) [0°p5(x") — 0°@5(a")] < agw(|a’ — 2"|) for |B] = m, o',2" € R", o’ — 2| < 11
(b) J.(¢3) € Coo(z) for all z € S;
(c) Jp(@2) = Pa;
(d) J,(#2) = P

In particular, taking S= empty set in (4), we find that, for |G| < m, we have

65 1P - Y = (@R (y— ) =

[yI<m—|8|

1 .
°eSw) = Y 5 @G - (v =) < Cagw(ly — o)) - ly =y
lyl<m—|8]
S CCLQ.

(Recall that w is a regular modulus of continuity and that y € B(y°, a;), with a; < 1 by
(SU5).)

From (SU4,5), we have |07 P,(y°)| < 2 for all o« € A, 3’ € M.

Since also y € B(y°,a;) with ay < a; < 1 (see (SU5,7)), we have |07P P, (y°)|-|(y—y°)| <
Cay for v # 0, and therefore (5) implies

10°PY(y) — °Pa(y°)| < Cay for a € A, B € M.
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In view of (SU4), we therefore have
(6) |0PPY(y) — 8pa| < Cay for a € A, 3 € M.

From (6) and (SU5), we see that the matrix (9°PY(y))s.aca is invertible, and its inverse

matrix (Mya)o aca satisfies
(7) My, — bara| < Cayg for ;a0 € A.
For each a € A, we now define

8) P => P/My, € P.

a’'eA

By definition of M., we have

(9)  9°PUy) = Y ("Pl(y)Maa = 8pa for f,a € A,

a’'eA

Also, from (6), (7), (8), we see that
(10)  |0°PY(y) — dpa| < Cay for all B € M, a € A.

Next, suppose we are given S C E, with #(S5) < kfﬁ

For each a € A, let ¢5 € C;*(R") be as in (4), and then define

Loc

(11) @5 = Z @5, My for each a € A.
o’'eA
Thus, ¢35 € C/2?(R"). From (4)(a), (7), (SU5), and (11), we see that

Loc

10905 (2") — 0°0S (2")] < Cagw(|a’ — 2"|) for |B] = m, 2/, 2" € R, |2/ —2"| < 1.

From (4)(b), (7), (SU5), and (11), we see that
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(12)

J.(¢2) € Co(x) for all z € S.
(Here, we also use (SU2).)

From (4)(d), (8), (11), we obtain
J,(p3) = PY for a € A.

Thus, we have proven the following.

Given a € A and S C E with #(5) < k¥, there exists ¢S € C7“(R), with

Loc
(a) [0%p5 (a") — 355 (2")| < Cagw(|a’ — 2"|) for |B] = m, o', 2" € R", |2/ — 2" < 1;
(b) J.(¢3) € Co(x) for all z € S; and

(c) Jylez) = PL.

The conclusions of Lemma 10.3 are (9), (10) and (12).

The proof of Lemma 10.3 is complete. [

Lemma 10.4: Suppose k# > k¥ - (D +1) and k¥ > k¥ - (D + 1).

Let y € B(y°,a1), and let (PY)aea satisfy conclusions (WL1)Y, (WL2)V, (WLS), as in

the conclusion of Lemma 10.53. Let y' € R™ be given.

Then there exist polynomials ]53,(04 € A), with the following property:

Given o € A and S C E with #(S) < k¥, there exists ¢5 € CI™*(R"), with

Loc

(a) [0°%p3 (a") — 0%pS (2")| < Cagw(|z’ — 2"|) for |B| = m, o', 2" € R, |2/ — 2| < 1;

(b) J.(¢5) € Co(z) for all x € S;

(c) Jy(@g) = PY; and

(d) Jy(pd) = PY.

Proof: The lemma is trivial for ¢ = y; we just set ]503;" = P, and apply (WL3)Y.
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Suppose i’ #y. For a € A, S C F, we set

Kll(s) = {Jy(@) = ¢ € C(R™); 10Pp(z") — 0Pp(z")| < Cayw(|lz’ — 2"])
for |Bl=m,2,2" €R" |2/ —2"| < 1;J.(p3) € Co(x) for all z € S; J,(¢) = PV},

with C as in (WL1)Y, (WL2)Y, (WL3)V.

As in the proof of Lemma 10.3, we see that Kl%(S) is a compact, convex subset of P.
Suppose Si,...,Spy1 C E, with #(5;) < kf for each 1.

Set S =S, U---USpsy; note that S C E, with #(S) < k.
Taking ¢2 € C¥(R") as in (WL3)Y, we see that J,(¢3) belongs to Kl(S;) for each 1.

Thus, Kll(S))N---n KA (Spyy) is non-empty.

Applying Helly’s theorem, we see that, for each o € A, there exists PY € P, belonging
to K(S) for each S C E with #(S) < k¥ .

Properties (a),...,(d) for PY now follow from the definition of K(S).
The proof of Lemma 10.4 is complete. [ |

Next, fory € R*, k> 1, M > 0, we define

/Cj?(y, k,M) = {P e Ks(y,k,M): 3°P(y) =0 for all € A}.

Lemma 10.5: Suppose k# > (D + 1) - kfﬁ and kfﬁ > 1 Then, for a large enough controlled
constant C, the set IC;?E(y, k7 C) is non-empty for each y € B(y°, ay).

Proof: Fix y € B(y° a;). By Lemma 10.1, there exists P € K(y, k¥, Cy). Thus, P € P,

and

(13) given S C E with #(S) < kI, there exists FS € C;"*(R"), with

Loc
(@) [ F* flome@n< Co;
(b) J.(F%) € f(z) + Coo(x) for all z € S; and
(c) Jy(F®)=P.
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By Lemma 10.3, there exist PY € P (all « € A), with properties (WL1)Y, (WL2)Y,
(WL3)¥. We define

(14) P=P-> (0"P(y) - P €P.

acA

For g € A, we have

(15)  9°P(y) = 9°P(y) — > _ (9"P(y)) - (°Pily)) = 0,
acA

thanks to (WL1)Y.

Taking S =empty set in (13), we see that
(16) |0°P(y)| < C for all B € M.
We introduce a cutoff function # on R", with
(17) |8 |lemr@n< C, 0 =1 on B(y,1/20), supp § C B(y,1/10).

Now, let S C E, with #(S) < k#. We let I’° be as in (13), and for each o € A, we let
©2 be as in (WL3)Y.

We then define

(18) FS = F5 =Y [0°P(y)] - 05 € C"™(R")

acA

(Note that F'¥ € C™«(R"), 5 € C;2"(R"), § € C™(R"), and supp 6 C B(y,1/10). Hence,

Loc

FS € C™#(R™), as asserted in (18).)

Let us estimate the derivatives of F'S. From (WL2)¥ and (WL3)? (a), (c), we have

(19)  |0%p5(2")] < C for |B] < m and 2’ € B(y, 1).
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(Recall that a; < 1, by (SU5).)

From (19), (WL3)(a), and (17), we see that
(20) ]| 095 llcmsqan< C for a € A.

From (13)(a), (16), (18), (20), we conclude that
1) | PS lomean < C.

Next, suppose # € SN B(y, 1). Then (WL3)(b) and (19) show that J,(c¢?) € o(x), and
|07[To(cpe)](@)] < 1 for [B] < m.
Also, (17) gives |0°[J,(c8)] (x)| < 1 for |B] < m.

Recalling our assumption (SU2), and taking § = 1 in the definition of Whitney w-

convexity, we see that
Jo(0p5) € Co(z) for x € SN B(y,1).

On the other hand, if z € S\ B(y, 1), then from (17) we see that J,(0¢3) =0 € Co(z).

Thus, we have proven that
(22)  J.(0p5) € Co(x) forallz € S, a € A.
Hence, from (13)(b), (16), (18), (22), we obtain
(23)  J.(F®) € f(x) + Co(z) for all z € S.
Next, note that (13)(c), (14), (WL3)(c), (17), (18) show that

(24) Sy (F) = J(FS) =) [0°P(y)] - J,(6¢7)
acA

= Jy(F%) =Y [0"P(y)] - J,(¢3) = P =) [0"P(y)] - PL = P.
acA acA
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In view of (21), (23), (24), we have proven the following result.
Given S C E with #(S) < k¥, there exists FS € C™(R"), with
| F5 ||omew@ny < C, J(FS) € f(x) + Co(x) for all z € S, and J,(F¥) = P.
By definition, this means that P € Ky (y, k:f, C). This, in turn, implies P € IC?E(y, k#, ),
thanks to (15).
Thus, K?(y, k:,f, (') is non-empty.

The proof of Lemma 10.5 is complete. |
§11. A Calderén-Zygmund Decomposition

In this section, we again place ourselves in the setting of Section 9, and we assume
(SUO,...,8). We fix a cube Q° C R", with the following properties.

(1) Q" is centered at 7°.
(2) (@)™ C By’ a1).
(3) ca; < dgo < as.
Recall that a subcube Q C QU is called “dyadic” if Q = QU or else Q arises from Q° by
successive “bisection”. A dyadic cube @ # Q" arises by bisecting its dyadic “parent” QT,

which is again a dyadic cube, with dg+ = 2dg. Only Q° and subcubes of Q° may be called
“dyadic”, according to the above definition.

Two distinct dyadic cubes will be said to “abut” if their closures have non-empty inter-
section.

We say that a dyadic cube @ is “OK” if it satisfies the following condition:

(OK)  For every y € Q**, there exist AY < A, and polynomials P¢Y € P(a € AY), with the
following properties:
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(OK1) 9°P¥(y) = dp, for all B,a € AY.
OK2) sf=1el 98 py y)| < (a1)""*2 for all € AY, B € M with 5> .
Q e
OK3) Given a € AY and S C E with #(S) < k7, there exists ©5% € C7*(R"), with
old « Loc

(a) [07pSY(a") —0%p5¥(x")| < (1)~ 650 " — 2| 4 (ar) ") g -0

)
w(dq)
(b) Jo(¢S¥) € (a)~™ - 551 - (w(d))™" - o(2) for all w € S;

(c) Jy(@i’y) = B}

for |8l =m, 2’2" e R" |2/ —2"| <{g;

Here, k(ﬁd is as in Lemma 8.1 and Section 9.

We say that a dyadic cube @ is “almost OK” if either () is OK or Q** contains at most

one element of F.

We say that a dyadic cube @ is a “CZ” or “Calderén-Zygmund” cube, if @) is almost
OK, but no dyadic cube @’ properly containing @ is almost OK. Recall that, given any two
dyadic cubes @)1, ()2, we always have one of the three alternatives: Q1 C @2, Q2 C Q1,
(1 and ); disjoint. Consequently, any two distinct CZ cubes are disjoint. Moreover, since
E C R" is finite, any sufficiently small cube () can contain at most one element of £. Hence,

any sufficiently small dyadic cube @) is almost OK, and is therefore contained in a CZ cube.
Thus, we have the following easy result.

Lemma 11.1: The CZ cubes form a partition of Q° into finitely many dyadic subcubes.
Next, we prove that the CZ cubes have “good geometry”.

Lemma 11.2: If two CZ cubes Q, Q' abut, then %562 < Oy < 20q.

Proof: Suppose not. Without loss of generality, we may assume that dg < d¢.

Since 6o = 27 %50 and 6o = 27¥ 650 for some integers k, k' (because @, Q' are dyadic),
Q Q Q Q

we must have dg < 14¢.

Hence, @ # Q°, and the dyadic parent Q* abuts Q" and satisfies
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(4) O+ < 30¢-
Consequently, we have
(5)  (@F)™ (@)

We know that @' is almost OK, since it is a CZ cube. We will show that Q" is almost
OK. In fact, if (Q')** contains at most one element of F, then the same is true of (Q)** by
(5), and hence Q7 is almost OK, as claimed. If instead (Q')** contains at least two distinct
elements of E, then, since )’ is almost OK, we know that )’ is OK. In this case, we will

show that Q% is also OK. This will complete the proof that Q% is almost OK.

To see that Q* is OK whenever @' is OK, we let AY, PY (a € AY) be as in (OK1,2,3) for

Thus, AY, PY(a € AY) are defined for each y € (Q')**, and so, in particular, for each
y € (Q)**, thanks to (5).

Moreover, conditions (OK1,2,3) for QT follow from (OK1,2,3) for @', thanks to (5) and
the following inequalities:

oo < a1 for B> a,

These inequalities are immediate from (4) and the fact that w is a regular modulus of

continuity.

Thus, (OK1,2,3) hold for Q*, AY, PY(a € AY), completing the proof that QT is OK in
this case.

This also completes the proof of our claim that Q% is almost OK.
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However, Q" cannot be almost OK, since it is a dyadic cube properly containing the CZ

cube (). This contradiction completes the proof of Lemma 11.2. [ |
As an easy consequence of Lemma 11.2, we have the following.

Lemma 11.3: For a small enough constant c; > 0 depending only on the dimension n, the

following holds:

Suppose x € Q, ' € Q', for CZ cubes Q and Q'.

If the balls B(z,c1g) and B(x',c10¢) intersect, then the cubes Q, Q" coincide or abut.
Proof: Without loss of generality, we may suppose d¢gr < 0.

If B(x,c16g) intersects B(a',c1dq), then |z — 2'| < 169 + c1dgr < 2¢10¢g hence
¥ € {y € R™ distance (y,Q) < 2c19g} = Q. However, if ¢; is a small enough con-
stant depending only on the dimension n, then the set Q N Q° is covered by @ and the CZ
cubes that abut it, thanks to Lemma 11.2.

Consequently, ’ € Q”, where )" is some CZ cube that coincides with or abuts (). Since
also ' € @', the cubes @', Q)" cannot be disjoint. Since two CZ cubes are either equal or

disjoint, we must have Q' = Q)”. Hence, Q" and () coincide or abut.
The proof of the lemma is complete. [ |

Until the end of Section 16, we fix the cube Q" and the collection of CZ cubes.
§12. Controlling Auxiliary Polynomials I

We again place ourselves in the setting of Section 9, and we assume (SUO ,..., 8).

In this section only, we fix an integer kf& , a dyadic cube @), a point y € R", and a family

of polynomials PY € P, indexed by a € A; and we make the following assumptions.

(CAP1) k#*>(D+1)-kf, and k¥ > (D +1)- k7.
(CAP2) ye€ Q™.

(CAP3) @ is properly contained in Q°.
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(CAP4) The PY(a € A) satisfy conditions (WL1)¥, (WL2)¥, (WL3)¥. (See Lemma 10.3.)

(CAP5) (a1)~™*Y) < maxpem 5'5‘_“1' 10°PY(y)| < 2m*1 - (ap)~(mHD),

acA

Note that A is non-empty, since the max in (CAP5) cannot be zero.
Our goal in this section is to show that the dyadic cube Q" is OK.
Let
1) ye@)
be given.
Then y,y € Q™ C (Q°)™* C B(y°,ay), by (11.2).
Applying Lemma 10.4, with kf = kﬁd, we obtain a family of polynomials 1501{' e P,
indexed by a € A, with the following property.
(2)  Given a € Aand S C E with #(S) < k7, there exists ¢S € C7*(R"), with
(a) |0PpS(2") — 3PS (2")| < Cagw(|z’ — 2"|) for |B] =m, o', 2" € R, |2/ — 2| < 1;

(67

(b) J.(¢3) € Co(z) for all z € S;
(c) Jyles) = PY;and
(d) Jy(ya) = FY.

We fix polynomials PY satisfying (2).
The basic properties of the PY', aside from (2), are as follows

Lemma 12.1: We have

(3) ¢+ (a1)” ™) < maxpem 55‘7|a|‘3ﬁ]5g(y')‘ < C - (ay)~m+D;

acA

4) 8 T NPRY ()| < Cay forae A, BEM, B> a;

(5) |aa15§'/(y/) -1 <C-ay forae A; and
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6) 0P PY ()| < C for fa € A.
Proof: We apply (2), with S = empty set. Thus, for each o € A, we obtain ¢, € C;.(R"),
with J,(¢a) = PY, Jy(pa) = P, and
0% (') = 0Ppa(2")| < Cagw(|z’ — 2"|) for |B] = m, 2’ 2" € R™, |2’ —2"| < 1.
For 8 € M, Taylor’s theorem implies

1

o (@ PYy)) - (f —y)| =

(1) PP ()~ )

Iv|<m—|B]

/ 1 / / / m—
%0ay) = Y = (0 pa() - (V' —y)' < Cas(ly —yl) - [y —y[™ ! and

[y|<m—|B]

() 0P - S %(Wﬁg W) - (y—y)| =
ly|<m—|8] '
1

%0ay) = D S0 Peay)) - (y—y)| < Cagwlly —yl) - [y — ™.

lyl<m—|8] "

In view of (CAP2) and (1), we have
9) |y —y| < Cég < Cdgo < Cay < 1.

(We have also used the fact that @ is dyadic, hence Q C Q°; as well as (11.3) and (SU5).)

From (CAP5), we have
(10) [0 PP(y)| < 2+ - (@)~ - 55 for ace A, B e M, [y <m —|8].
Putting (9) and (10) into (7), we find that

(11) |85]5§/'(y’)! < C . (al)_(m+1) . 5\5|*|5\ + Ca25gh|m < C - (al)—(m+1) . (554\*|[3|
fora e A, f € M.
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(Here, we use the fact that dg < dgo < 1, by virtue of (11.1)---(11.3), and also the fact
that w(|y’ — y|) < 1 since |y —y| < 1 and w is a regular modulus of continuity. See also

(SU5,7).)

On the other hand, if we put

(12) Q= maxsen 35| O7PY ()]
then we have

(13)  [PY ()] < Qo M for a e A, Be M, |y <m— 5.
Putting (9) and (13) into (8), we find that

(14) |0°PY(y)| < CQ(S'SHB' + Caz(;gz—\ﬁl <C-[Q+1]- 55%\—\@
fora e A, g € M.

Comparing (14) with (CAP5), we see that C-[Q4-1] > (a;)~™*Y hence Q > c¢-(a;)~ ™Y,
Together with (11) and (12), this proves conclusion (3).
Next, suppose o € A, f € M and # > a. From (WL2)? and Lemma 3.1, we have

0 PU(y)l < Cay for [y <m —13].

Putting this and (9) into (7), and recalling (SU7), we have

10°PY (1) < Cay + Cay < C'ay .

Since also dg < 1, and |3]| > |a| for § > a, we conclude that

o5 NP PY (y)| < C'ay for a € A, fEM, B> 0.

Thus, we have proven conclusion (4).

Next, suppose a € A, and take 3 = . By (SU0), we have v+ 3 € A for |y| < m —|3].
Hence, (WL1)Y gives 9" P¥(y) = 6,150 = 0,0, and therefore (7) yields
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|0°PY (y') — 1] < Cay < Cay, thanks to (SU7).

This proves conclusion (5).

Next, suppose «, 3 € A. Then, again (SUO) gives v + 5 € A for |y| < m — |3|; hence,
(WL1)Y gives 0°"PY(y) = 051+.a-

In particular, we have

7Py (y)| < 657 for |y < m — 18]

Putting this and (9) into (7), we find that

Dy’ [Rle] m—|B] 1 gl —|8]
0°PY ()| < Co57 " + Cazogy ™ < 65

This proves conclusion (6).
The proof of Lemma 12.1 is complete [

Define a matrix M = (Mp,)g.aca by setting
(15) Mg, = 85 1P PY(y) for B,a € A.
From (4), (5), (6) we see that

(16) )
(Mg, < Cay for > a (B,a€ A,

|Maa—1] < Cay for a € A,

|Mso| < C forall B,ac A.

That is, M lies within distance Ca; of a triangular matrix with 1’s on the main diagonal,
and with entries bounded by C'.

It follows that the inverse matrix M = (Myq)a’.aca satisfies the same property, i.e.,
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(17)  |[Muyo| < Cay if o/ > a (o, € A);
(18)  |Myo — 1| < Cay if @ € A; and

(19)  |Myo| < Cforall o, a € A.
By definition, we have

(20) Z Mﬁa’Ma’a = 5604 for all 5, € A.

a’eA

That is,

21) > oSO RY () - My = 650 for all Ba € A,

a’eA

We define the polynomials PY" € P by setting

(22) PV =05 > 6, PY - Mg for all a € A.

a’'e A

The basic properties of the Pg’ are as follows.

Lemma 12.2: We have

(23)  O°PY(y) = 6pa for all B,a € A;

(24) C- (al)—(m—l—l) < %%55|7|a|’aﬁpg/(y,)| < C . (al)_(m+1);'
acA

(25) 65 NPY ()| < C - (a) ™™ foralla € A, B € M with > a;

26 Given a € A and S C E with #(S) < k™., there ezists »3 e CTVC(R™), with
old «

Loc

80 N _ A8 jal-m | w(s—s")
(a) (0735 (x") — 073 (a")] < Cayd w(3Q)

for |Bl =m, 2/, 2" € R", |2/ — 2" < 1000¢;
(b) J.(¢3) € Cégl_m (w(dg))to(x) for allz € S; and
() Jy(p3) = PY.
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Proof: Conclusion (23) is immediate from (21) and (22).
From (22), we have

(27) [5gl—|a\ aﬁPg’(yr)} -y [5g|—\a/|aﬁpg;<y,)] Mufor BEMacA

a’eA

Since M and M are inverse matrices, (27) implies

(28) |5 o7 Pr )] = D0 [a8 0P RY ()| - M for B e M, a € A

a’eA

From (16), (19), (27), (28), we conclude that

e - o M1OPL W] < masx [p5 R W] < € - e |35 10°RY )
a€E aE aec

Together with (3), this proves conclusion (24).

Next, suppose 3 € M, a € A, with 8 > «. Then, for each o € A, we have either 3 > o/
or o > a. If f>d, then (4) and (19) yield

1657V 0P PY ()] - Mua| < Cay < C(ar)™™ by (SUS).

If instead o > a, then (3) and (17) yield

15 P PY (W) Muva| < €+ (a) "0 - C - (a1) = € (ar) ™™
Consequently, (27) implies conclusion (25).

Finally, let S C E, with #(S) < k. For each a € A, let ¢3 € C;»(R") be as in (2).
We define

(29) @g = 58' Z 53&,‘ ¢§/Ma'a for o € A.

a’'eA
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Thus, @5 € C,(R™). Also, for |3| = m, 2/,2” € R", |2/ — 2] < 10050, (2)(a) and (19)
show that

0955 (a") — 05 (a") < 051 Y 85 1075 (2) — S (a")] - | Muval

a’'eA

< Z (55"_'&/‘ - Cagw(|z’ —2"|)-C <’ 5S‘|_ma2w(|$' —2"|)
a’'eA
m w(|z’— "))

1 slol—
=Cnle T TG0

which shows that the @2 satisfy (26)(a).

From (2)(b), (19), (29) we see that for = € S we have

To(25) € 6513 65 Mool -Co(a) € Y €o57lo(2) € Co5 "o () C w(% ) o(z).
aleA aeA Q

This shows that the @2 satisfy condition (26)(b).
For each a € A, (2)(d), (22), (29) together show that the ¢2 satisfy condition (26)(c).

Thus, given o € A, S C E with #(S) < k7 |, we have exhibited a function @5 € C}*(R™)
satisfying (26)(a),(b),(c).

This completes the proof of conclusion (26), hence also that of Lemma 12.2. [
Next, we pick 3 € M and & € A to maximize 55‘4&'\63?&’,@’)\.
By definition of 3, @, and by (24), we have

(30) e (a) 0 < 6 TNORY ()] < € - an) 0

(31) a5 PY (y)| < S5O PY (y)] for all B € M, a € A;

(32) BeM,ac A

If 3 € A, then (23) gives 55“'@'|65Pg'(y/)| = 055 < 1, contradicting (30) thanks to
(SU5). Hence,

(33) B¢A
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In particular, 3 # a. If 3 > a, then (30) contradicts (25). Hence,

Now define

(35) A = (A~{a}h)u{B},

ow
|

= Pg' for all « € AN {a},

Aok e

R

= PY J(0°PY ().
The denominator in (37) is non-zero, thanks to (30). We have defined fvg’ € P for all
a € AV as we see from (35), (36), (37).

In view of (32),.. ., (35), the least element of the symmetric difference AY AA is /3, which

lies in AY". Hence, by definition of our ordering on sets of multi-indices, we have
(38)  AY < A.

t
The basic properties of the PY are as follows.

Lemma 12.3: We have

(39) 0° ;’ = 0pg for all B € AV

y/

B

(40) 0° ji—r’g(y') = 0o for all B,a € AY ~ {3}

(41) SN0 By ()] < € - (@) "D for all B e M, a € AV
181—18l| 28 +y’ ' .

(42)  og V0" PR(y) <1 forall B € M; and

(43)  Givena € AY and S C E with #(S) < k7, there exists S;g € Cm?(R™), with

Loc

+ + al—m w(lz —z'"
(a) |0% ¢5(a") 0% ¢5(2")| < Cazdyy (el for 8] = m, ', " € R", |/ —2"| <
1005Q;
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+ g ool
(b) J.(¢2) € m o(x) for all x € S; and

(c) Jy(#3) = PY.

Proof: To check (39), we note that for 3 € AY \ {3} = A~ {a}, we have from (37) that

/

& PU(y) = 9°PY(y)/(0°FY (/) = 0, thanks to (23).
On the other hand, (37) gives also that

0" PYy) = 0P ()@ PY () = 1.

This proves conclusion (39). Conclusion (40) is immediate from (23) and (36), since
AV {3} = A~ {a}.
Similarly, conclusion (41) for a € AY ~\ {3} = A~ {a} follows at once from (24) and

(36).

On the other hand, (31) and (37) show that

_IR + . —|a v ! 3l_ & >~
5\£| |ﬂ\|36 P% ()| = |[5|£| | |3’6P§ (y/)]/[(;g\ | |36Pg ]| <1
for all 5 € M. This proves conclusion (42), and also shows that conclusion (41) holds for
= (3. The proof of (41) is complete.

For a € A \ {3} = A~ {a}, conclusion (43) is immediate from (26) and (36). It

remains to prove (43) in the case a = 3.

Suppose o = 3, and let S C E, with #(5) < k*,. We let ¢S € C*(R") be as in (26),

Loc

and we define
+ Sy
(44) ¢35 = &/(O°PL(Y))

From (26)(a) and (30), we have, for |3 =m, 2/, 2" € R™ with |2/ — 2”| < 10004, that

) an
+ / + " B Y 1N — . / v "
07 ¢ 5(2") = 0" ¢ 5(a")| = [0°FY ()| - |0°@5(a") — 975 (2")] <

2R
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(m+1) c|B|~laly ja-m w(|z" = z"])
[Cay"og ] - [Cazdg —w(5Q)

This proves conclusion (43)(a) for a = 3.
From (26)(b) and (30), we have for z € S that

J(®5) = [0RY ()] u(g8) € [0PPY W) - €0 (wloq)) o (a)
C (O (an)™ - 6571 - 08l (w(0g)) o (x)
C CoY " (w(0g)) Mo ().
This proves conclusion (43)(b) for 3 = a.

Finally, comparing (37) with (44), and recalling (26)(c), we obtain conclusion (43)(c) for
3—a.
Thus, (43) holds for § = a.

The proof of Lemma 12.3 is complete. |

Next, we define polynomials PY € P(a € AY), by setting

(46) Py =PY —[0° PY()]- PY for alla € A~ {a).

The basic properties of these polynomials are as follows.

Lemma 12.4: We have

(47)  9°PY(y') = 6po for all B, € AV
(48) 6'5"“”'|aﬁpg'(y’)| < C-(a) D forall e M, ac AV ; and
(49)  Givena € AY and S C E with #(S) < k7, there exists @5 € C;»*(R") with

Loc

(a) 10°@5(x") — 0°@S (") < C - (ar)~ ™+ . ay - 5I5l—m , w(f((;@w) D
for |8l =m, o', 2" € R, |2' — 2"| < 1000¢;
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6|a\—m

(b) J.(¢3) € C-(a))~ M) . 2~ o(x) for all x € S; and

w(dq)
(c) Jy(g5) = PY.

Proof: For a = 3, conclusion (47) is immediate from (39) and (45).

For a € AV \ {5} = A~ {a}, (46) gives

!

(50)  OPPY(y) = 0" PY(y) —10° PY(y)] - 9 PYL(y) forall € M.

If 3 € A~ {a}, then (39), (40) give 9° ;g’(y’) = 0o and 0° jDry—/(y’) = 0; hence (50)

gives conclusion (47) in this case.

=@

— + . -,
If instead, 8 = 3, then from (39) we have 9° P% (y') = 1; hence (50) gives 0°PY (i) =

0 = 0ga, so again (47) holds in this case.
Thus, conclusion (47) holds in all cases.

Next, conclusion (48) holds for a = 3, by (41) and (45). Suppose a € AY~ {5} = A~{a},
and let 8 € M. Then (41), (42), (46) show that

o o P ()] <
—lo + , Bl—|a 3 +. ’ 13 + . ,
3-es Bl + [08-F0 x| - [ 1* Bl
< € @) ] + [0 (@) ) 1] S € ay) )

Hence, conclusion (48) holds in all cases.

Next, conclusion (49) holds for a = 3, thanks to (43), (45), and (SU5). It remains to
check conclusion (49) for a € AY \ {3} = A~ {a}.

Suppose a € A~ {a}, and let S C E, with #(5) < kfﬁd. We apply (43) (for the given a,

and for [3), and we define

2 +
(51) @S =05 — [0° PY(W)]- P € Cp (™).
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From (43)(a) and (41), we learn that whenever |G| = m, 2/,2" € R", |2/ — 2"| < 1006,

we have
0735 (') — 075 ()] <

_mw(lz’ —=2"|)
w(dq)

w(]z’ = ")

ol
Caxdy w(dq)

:| + [C-(al)_(m+1) ‘5|$|—\5|} . |:C«a25|ﬁ—m

w(|z’ = ")

, thanks to (SU5).
o) )

<O (a) ™ g, 55”*’” :
This proves conclusion (49)(a) for the given a.

Also, for z € S, we obtain from (41), (43)(b), (51) that

|| —m Bl—m
Cog C§8l

Jo(5) € T;Q)U(m) + [C’ : (al)—(m+1)5\5|—\6\] —w((SQ) o(x)
o] =m
C C' - (ay)” D iQ(m o(z), again thanks to (SU5).

This proves conclusion (49)(b) for the given a.

Finally, comparing (46) with (51), and applying (43)(c), we obtain conclusion (49)(c) for

the given a.
Thus, conclusion (49) holds also for a € A \ {a}.
The proof of Lemma 12.4 is complete [ |

We are ready to give the main result of this section.
Lemma 12.5: The cube Q" is OK.

Proof: For every ¢/ € (Q+)** (see (1)), we have constructed AY < A (sce (38)) and PY € P
for a € A, satisfying (47), (48), (49).

We will check that the AY" and PY satisfy (OK1,2,3) for the cube Q.

In fact, (OK1) for QF is just (47).
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Condition (OK2) for Q" says that

S AT PY ()| < (@)™ for all a € AY, B € M with 8 > a.
This estimate, without the restriction to § > «, is immediate from (48) and (SU5), since
do+ = 20¢.

Condition (OK3) for Q* says that, given a € AY and S C E with #(5) < k‘ffd, there
exists ¢S € C*(R"), with

Loc
(52)(a) [0°55() — DPES()] < () 35 ol — ot

w(]z’ = ")

—(m+2) . slal=-m
) 0t )

for 8] = m, o/, 2" € R™, o/ — 2"| < dgr;

(52)(b) Jo(@5) € (1)~ 051" - (w(dg+)) ™t - o(x) for all w € S; and

We check that these conditions follow from (49). To do so, we recall that w is a regular
modulus of continuity, and that dg+ = 259 < 1. Hence, w(dg) < w(dg+) < 2w(dg).

In view of these remarks and (SU5), assertions (52)(a),(b),(c) are immediate from (49)(a),(b),(c),

respectively.

Thus, conditions (OK1,2,3) hold for the cube Q*, the sets of multi-indices AY (v €
(Q*)*), and the polynomials P¥ (o € AV, 3/ € (Q+)**).

This shows that the cube Q" is OK. The proof of Lemma 12.5 is complete. [
§13. Controlling Auxiliary Polynomials Il

In this section, we again place ourselves in the setting of Section 9, and we assume
(SUO,...,8). The result of this section is as follows.
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Lemma 13.1: Fix an integer kf&, satisfying
(1) k#*>D+1) -k K >D+1) - k%,
Suppose that
(2)  Q is a CZ cube,
and
B) ye™.
Let PY € P be a family of polynomials, indexed by o € A, and assume that
(4) Conditions (WL1)Y, (WL2)¥, (WL3)¥ hold for the PY.

(See Lemma 10.3.)

Then we have the estimate
(5) a5 MPY(y)| < (@) Y for alla € A, B € M.

Proof: Suppose (5) fails. There are finitely many dyadic cubes Q containing ) (since,
according to our definition, only subcubes of Q° are allowed as dyadic cubes). For such Q,
define

6)  ®(Q) = maxpen 5'5'—"“ 09 PY(y)|.

acA

Since (5) fails, we have ®(Q) > (a1)~™*Y. Let Q be the maximal dyadic cube containing
Q with ®(Q) > (a;)~*V. Thus,
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(9)  either Q@ = Q°, or else ®(Q1) < (a;)~ (™D,

We can easily check that Q # Q°. In fact, (11.3), (WL2)¥ and (SU5) show that

g PRI < Cog " < O3 < Ol(a) ™ < (an) Y
for all « € A, B € M. Thus, ®(Q°) < (a;)~™*Y, and hence Q # Q° by (7).

From (9) we now see that ®(QF) < (a;)~™*+1. A glance at the definition of ® shows that
®(Q) and ®(Q*) can differ at most by a factor of 2™. Therefore, ®(Q) < 2™ - (a;)~ ™+,

Together with (6) and (7), this implies that
(10) (@)~ < Max se 55\—|al 08Py (y)| < 2mF1 . (qp)~(m D),

Note also that

(1) yeQ™,

thanks to (3) and (8).

We prepare to apply the results of Section 12 to the cube Q. Let us check that the
assumptions (CAP1,...,5), made in that section, hold here for Q. In fact, (CAP1) is merely
our present hypothesis (1); (CAP2) for Q is our present observation (11); (CAP3) holds for
Q, since we showed above that Q # Q°; (CAP4) is our present hypothesis (4); and (CAP5)

for Q is precisely our present result (10).

Hence, the results of Section 12 apply to the cube Q. In particular, Lemma 12.5 shows
that the cube Q% is OK. Consequently, Q* is almost OK. On the other hand, (8) shows
that Q1 properly contains the CZ cube (). Hence, by definition of a CZ cube, the cube QF

cannot be almost OK. This contradiction proves that (5) cannot fail.

The proof of Lemma 13.1 is complete. [
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§14. Controlling the Main Polynomials

In this section, we again place ourselves in the setting of Section 9, and we assume (SUO
yeery 8). Our goal is to control the polynomials in IC}#(y, k#, M) in terms of the CZ cubes @,
for suitable k# and M.

Lemma 14.1: Let QQ, Q' be CZ cubes that abut or coincide. Suppose we are given
1) ye@™, ye(@)
and
(2)  PeKfhf.0)
with
(3) E*>(D+1) -kl k> (D+1) -k, and ki > k7.
Then there exists
(4) P eKily. K, C),
with
(5)  [0°(P' = P)(y)| < C" - (ar) " - w(dq) - & for all B € M.
Proof: By Lemma 10.2, there exists
(6) P ekyy,k,0),
with

(1) |0%(P — P)(y)| < C'w(dg) - 05 " for B e M.
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(Here, we use the fact that |y — /| < C'dg. This follows from (1) and Lemma 11.2, since @

and @)’ are CZ cubes that abut or coincide.

Note also that w(|ly — ¢'|) < C'w(dg), since w is a regular modulus of continuity. We note
also the fact that y € Q** C (Q°)** C B(y°,a1) by (11.2), and similarly y’ € (Q")** C
(@)™ C B(y",m).)

From (6) and the definition of s, we have the following.

(8)  Given S C E with #(S5) < k¥, there exists F'$ € C"*(R"), with

| E ||ome@n< C, J.(F®) € f(z) + Co(x) for all z € S, and J,(FS) = P.
In particular, taking S =empty set in (8), we learn that
(9)  |0°P(y)| < C for all B € M.

Also, (2) and the definition of Iijé give 9°P(y) = 0 for all 3 € A.

Applying (SU0), we see that 9P P(y) =0 for all B € A, |y| < m —|3|.

Since °P is a polynomial of degree at most m — |3|, it follows that 9°P is the zero
polynomial, for all § € A. Hence, (7) implies

(10)  [°P(y)| < C'w(dg) - 65" for all B € A.

Next, since iy’ € B(y",a;) as noted above, Lemma 10.3 applies, with ¢ in place of y.
Thus, we obtain polynomials PY € P(a € A), satisfying conditions (WL1)¥', (WL2)¥',
(WL3)Y'.

We now check that the hypotheses of Lemma 13.1 hold here, with our present @', v/, Pg/
(a € A) in place of Q,y, PY(a € A).

In fact, hypothesis (1) of Lemma 13.1 is immediate from our present hypothesis (3); and
hypothesis (2) of Lemma 13.1 (with " in place of @) is a hypothesis of the Lemma we are
now proving. Hypothesis (3) of Lemma 13.1 (with @',y in place of @Q,y) is contained in
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our present hypothesis (1). Finally, hypothesis (4) of Lemma 13.1 (with @', ¢/, P¥ in place
of Q,y, PY) says that (WL1)Y, (WL2)¥, (WL3)¥ hold for the P¥ (o € A); this is precisely
the defining property of the Pg'. Thus, as claimed, the hypotheses of Lemma 13.1 hold for

@,y (PY)aeca. Applying that lemma, we conclude that
(11) 05N PY ()] < (ar) ("D for all a € A, B € M.
We now define

(12) P'=P-) [0°P(y)] - P! €P.
acA

Note that

(13)  9°P'(y) = O°P(y') = Y _[0°P(y)] - °PY(y') = 0 for all B € A,
acA

thanks to (WL1)Y'.

Note also that, for any o € A and § € M, we have
0°{[0*P(y)] - PYY()| = [0°P(y)| - [0°PY ()] <
(C'lde) - 0" - [la) " Dog ] < C"a) ™" uw(dg) - "

thanks to (10), (11), and Lemma 11.2. Hence (12) shows that
(14)  [9°(P' = P)(y)] < C"(ar) ™ Dw(dg) - 657 for all g € M.

Together with (7) and (SU5), (14) implies
0°(P' — P)(y/)| < C" - (a1)” "™ Dw(dg)dp " for all g e M,

which is conclusion (5).

Moreover, suppose S C E with #(S) < k¥ ( and hence also #(S) < kI see (3)).

Let F'S be as in (8), and, for each a € A, let ¢S € C“(R") be as in (WL3)'.

introduce a cutoff function ¢ on R", with
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(15) || 0 ||[¢mtr@ny< C', 0 =1 on B(y',1/20), supp 6 C B(y',1/10),
and we define

(16) F5 = FS = "[0°P(y)) 0y}
acA

Thus, FS € C™¥(R™), since FS € C™*(R"), ¢S5 € C"*(R"), § € C™(R"), and supp

Loc

0 C B(y',1/10). We prepare to estimate the C™*“-norm of F°.

From (WL2)¥', (WL3)¥ (c), and (SU5), we have
(17)  [07p5(y)| < C" for [B] <m, a € A.
Hence, (WL3)¥'(a) shows that
(18)  0°pS(2")| < C' for |8l =m, a € A, ' € B(y/,1).
From (17) and (18), we obtain
(19) 0705 < C" on B(y',1), for |8] < m, a € A.

From (15), (19), and (WL3)¥ (a), together with (SU7), we obtain

| 05 [|omew@ny < C for all a € A.
Together with (9), this yields
(20) || [0°P(y)] - 08 lomequny < € for all a € A
Putting (8) and (20) into (16), we learn that

(21) || FS Jlomeqen < C.
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Next, suppose x € S N B(y',1). Then from (WL3)¥' (b) and (19), we have
(22)  Jo(c195) € o(x) and |0°[J,(c10)](x)] < 1for |B] <m, a € A,

for a small enough controlled constant ¢; > 0.

From (15), we have also
(23) 0% e(ext)](2)] < 1 for |] < m,

for a small enough controlled constant c; > 0.

From (22), (23), and the Whitney w-convexity assumption (SU2), we see that
(24)  J.(0¢5) € C'o(x) for all a € A.

(Here, we take § = 1 in the definition of Whitney w-convexity.)

We have proven (24) for z € SNB(y/, 1), but of course it holds also for z € S,z ¢ B(y/, 1),
since then (15) gives J,(6¢3) = 0.

Thus, (24) holds for all z € S. From (9), (24) we obtain

(25) JI(Z[aaﬁ(g/’)] - 0p%) € C'o(x) for all z € S.

acA

Also, from (8), we have
(26)  J(FS) € f(x) + Co(z) forall z € S.
Putting (25), (26) into (16), we find that
(27)  J.(F®) € f(z) + C'o(z) for all z € S.

Moreover, (8), (12), (15), (16), and (WL3) (c) show that
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(28)  Jy(FS) = Jyp(F9) = Y [0°Py)] Iy (692)

acA
= Jy(F5) = > [0"PW)] Jy(#5)
acA
= P= Y PP =P
acA

In view of (21), (27), (28), we have proven the following:

Given S C E with #(S) < k¥, there exists F¥ € C™<(R"), with || F*¥ ||gmew@n< C',
J.(F°) € f(z) + C'o(x) for all x € S, and J,(F®) = P

By definition, this means that P’ € Ks(y/, k¥, C"). Since also P’ satisfies (13), we have
P eKiy K .C",

which is conclusion (4). Thus, we have proven that P’ € P satisfies (4) and (5). The proof

of Lemma 14.1 is complete. [

Lemma 14.2: Fiz k¥, with
(29) E*>(D+1) -kl andk¥ > (D+1) - k%,
Suppose that

(30) @ is a CZ cube,
(31) yeQ*, and

(32) P, PeKi(y.kf,C).
Then
(33)  [0%(Py — Py)(y)] < (a1)~"V - agt - w(dq) - 65 for [B] < m.

Proof: Suppose (33) fails. Under this assumption, we will show that
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(34) @ is a proper subcube of Q°, and

(35)  QF is OK.

This will lead to a contradiction, since Q" is a dyadic cube that properly contains a CZ

cube, and therefore Q" cannot be almost OK.

Consequently, the proof of Lemma 14.2 is reduced to showing (34) and (35) under the
assumption that (33) fails.

In view of (32), we know that

(36) 9°Py(y) = 0°Py(y) = 0 for all 3 € A, and

(37)  Given S C E with #(S) < &k}, there exist FS, Fy € C™(R"), with || F¥ [|gme@n <
C, J.(F?) € f(x) + Co(x) for all z € S, and J,(F°) = P,(i = 1,2).

In particular, taking S =empty set in (37), we find that
(38) |0°Pi(y)l, |0°Pa(y)| < C for 5] < m.

It is now easy to check (34). Since @ is dyadic, it is enough to show that Q # Q°.

We have ca; < dgo < ay (see (11.3)), hence also w(dgo) > w(car) > caq since w is a

regular modulus of continuity. Hence, for || < m, we have

(39)  (a1)~Y - axt - w(dgo) - 522"00—\5| > - (a)” M) Laytcay el = dayt
Also, for |B] < m, (38) gives

(40)  [0°%(Pr = Py)(y)| < C".

From (39), (40) and (SUT), we have

07(PL = Py)(y)| < (a1)™ " az w(dgo)d " for |5 < m.
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On the other hand, we are assuming that (33) fails. Hence, Q # Q°, proving (34).
We start the proof of (35). We are assuming that (33) fails.

Let
(41) ¢ e (Q@")”
be given.
Then y,y € Q**, and P, Py € K} (y,k{",C). Also, k* > (D + 1) k{ and k{ >
(D+1)- kffd. Applying Lemma 14.1, with k;& = kffd, we obtain polynomials
(42) P, Py eKi(y, kb, C"),
with
(43)  [0%(P = P)(y)| < C" - (ar) ™D - w(dg) - o for [B] < m.

From (43), we see that

(44)  maxsenmw(d)og Tt - 02(PL - Po)(y)| <
2C" - (a1)~ ™D + maxgep[w(d0)dp M - 10°(PL— Po)(y)] .

Also, for § € M we have

PP =P)w) =1 ) L@ - P - (-]

|
yl<m—la |
< Cmaxyjem_j5 05 - |07 (P — Po)(y')| (since y,y' € Q™))

< C’éélm - maxgen 071109 (P — P)(y/)|, and therefore,

(45)  maxsemlw(dq) - 55 M7 - 197(PL — Py)(y)| <

< - max w(8g)ig T - |0°(P ~ Py)(w)].
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Also, since we are assuming that (33) fails, we have
(46) (@)~ ! < maxgem [w(0g)oy T 0%(P— Po)(y)]:

Combining (44), (45), (46), we learn that
(a1)~0m D gzt < O (ar) 0D 4 O maxgen [w(3)05 Y - 10%(PL — By)(y)] -

Consequently, by (SU7), we have

(47)  maxgemlw(g) - op ML [0°(P = P)(y)] > ¢ - (@)D - at,
From (42) and the definition of IC}#, we have

(48)  O°Pi(y) = 9°Py(y') = 0 for B € A;
and also

(49) Given S C E with #(S) < k7, there exist F°, Fy € C™(R"), with

| B2 ||omw@ny < C, J(FP) € f(z) + C'o(z) forallz € S, J,(FY) = Bi(i=1,2).
Immediately from (49), we obtain

(50)  Given S C E with #(5) < k(ﬁd, there exists F'S € C™*(R"), with || FS [| cmoe (mny <
C', J.(F%) € C'o(x) for all x € S, and J, (F®) = P, — P,.

Now pick 3 € M to maximize [w(g) -53_@]*1 - |8%(P, — Py)(y')|, and define
(1) Q= 86(}51 - -f)2)(y/)-
By definition, and by (47), we have

(52)  |0°(Py — Po) ()| < 19| - 657 for all g€ M,
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and

(53) Q] = ¢ (a)" "™V - ay" - w(dg) -

(o9
O3
|

=

In particular, €2 # 0. We define
(54) P = (P —P)/Q2 e P.
From (51), (52) we have
(55) |0°P(y)| < 85717 for all 5 € M,

and

From (48) we have
(57)  9°P(y") = 0 for all B € A.
Comparing (56) to (57), we see that

(58) B¢ A

Also, from (50), (53), (54), we learn the following.

(59)  Given S C E with #(S) < k¥, there exists F° € C™*(R"), with

@) || F [lememy < & < C7- (a)™F - ay - [w(éQ)-ég_w]

] =

83

(b) J.(FS) e &o(z) CC" - (a)™" - as - [w(dq) - o5 """  o(x) for all z € S; and

€2
(c) J,(FS) = P.

In view of (59)(a), the function F¥ in (59) satisfies
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(60) |9PFS (') —dPFS(2")| < c"-(al)m+1.a2-5g'—m-wﬁf —2'D for |8] = m, o/, 2" € R",

w(dg)
|o/ — 2" < 1.

Recall that ¥/ € (Q1)™ C Q** C (Q°)** C B(y°, a1) (see 11.2).

Hence, Lemma 10.3 shows that there exist polynomials P¥ (a € A), for which
(61) (WL1)Y', (WL2)¥', (WL3)¥ hold for the P (a € A).
We now define

(62) AV = Au{p},

(63) P3 = P, and

(64) P, = PY —[0°PY(y)] - P for all a € A.

Thus, we have defined Ps € P for all 3 € AY. Note that (63) and (64) do not conflict,

and moreover A is a proper subset of AY, thanks to (58). Hence, Lemma 3.2 shows that

(65) AY < A
We will check that
(66) O°P.(y') = dpa for all 3,a € AV

In fact, (66) holds for a = /3, thanks to (56), (57), (63).
For o, 8 € A, we have
O Pulyf) = L)~ 0"PL ()] - O°P(Y) = b3a
by (WL1)Y" and (57). Hence, (66) holds for a, 5 € A.
Finally, for a € A, 8 = /3, we have

O Paly) = ORI () — [0°PL ()] - 9"P(y) = 0,
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thanks to (56). Hence, (66) holds also for o € A, 8 = .
Thus, (66) holds in all cases.

Next, we apply Lemma 13.1, with ¢y’ and Pg/ in place of y and PY. We check that
the hypotheses of that lemma are satisfied. In fact, we have k# > (D + 1) - k¥ and k7 >
(D+1)- kfﬁd, by our present hypothesis (29). Also, @ is a CZ cube, by our present hypothesis
(30).

We have y' € Q™**, thanks to (41).
Finally, (WL1)¥', (WL2)¥', (WL3)¥" hold for the PY (o € A); see (61).

Thus, as claimed, the hypotheses of Lemma 13.1 are satisfied, with our present 3’ and

PY" in place of y, PY. Applying that lemma, we learn that
(67) 8 NP RY ()] < (a1) ™V for all e € A, f € M.
Using (67), we can check that

(68) |0°P,(y)| < C - (a))~ M+ . 55“_%' for all « € AY', B € M.

In fact, for a = [, (68) is immediate from (55), (63), and (SU5).
For a € A, € M, we learn from (55), (64), (67) that
07 Paly)| < 10°PY ()] + [0°PY (y)] - [0°P(y)]
< [(a1>—(m+1)5‘5|*|5\] 4 [<a1)—(m+1)5|5\*|5|] ) wg%lﬁl]
< C - (ap)"mHD) . (%ll—lﬂ\, so again (68) holds.
Thus (68) holds in both cases.

Let S C E be given, with #(5) < k7. Let F$ € C™*(R") be as in (59), and, for o € A,
let 5 € C7"“(R™) be as in (WL3)Y. (Note that (WL3)¥" applies, since ki > k%) We
define

=S _ S
(69) Y5 = E
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and
(70) @5 = @5 —[0°PY ()] - FS for all a € A.

Thus @3 € O (R™) for all o € AV

Loc

We will check that

(1) 1076 = G| < Caz- 86" - Syt for a € AV, |5 = m. o'a” € R,
|2" — 2| < 508q.

In fact, for a = 3, (71) is immediate from (60), (69), and (SU5).
Suppose a € A. Then, for |5| =m, 2/, 2" € R", |2’ — 2"| < 1, we have
07 @(x') — 7G5 (x")| < [P p() — eS| + |07 PY (y)] - [07F (') — D7 FS ()|

_mw(lz’ = 2"|)

w(dg) |

< [Cago(fa’ = )] + [Ca; VeGP - [ @)™ a3
(see (WL3)Y (a), (67), (59))
_mw(le = 2")

w(9q)
since |a] <m and d¢g, w(dg) < 1. So, again (71) holds.

_mw(|2 = 2"|)

= Casw(|z’ —2"]) + C’agégl 0o

< Claysy
Thus, (71) holds in all cases.

Next, we check that

72)  J(75) € OO (w(8g)) to(x) forall z € S, a € AV
« Q Q

In fact, for « = 3, (72) is immediate from (59)(b), (69), (SU5) and (SUT7).
Suppose a € A. Then, for z € S, we have

Jo(@2) = Jul9l) = [0°RY ()] - Jo(F¥) (see (70))
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€ [Co@)] + [07PY (y)] - [C"+ (a)™ - s - (w(dQ)) ™ - 0 " ()
(see (WL3)¥ (b) and (59)(b))
C [Co(@)] + g ™05 - Cma{™ ™ - ay - 35T (w(dg)) ()]
(see (67))
C Co(x) + C"axdy " (w(dg)) Lo (z) C €05 ™ (w(dg)) to(x),
since 0g,w(dg) < 1, |a] < m, and ay < 1 (see (SUT)). Hence, again (72) holds.
Thus, (72) holds in all cases.

We also check that

(73)  Jy(p5) = P, foralla € AY.

In fact, for a = (3, (73) is immediate from (59)(c), (63), (69).
Suppose a € A. Then

Ty (@) = Jy(03) = [0°PY (y)] - Jy(F5)  (see (70))

= PY —[0°PY(y)] - P (see (WL3)¥(c) and (59)(c))

= P, (see (64)). So, again (73) holds.

Thus, (73) holds in all cases.

Given 3 € (Q1)* (see (41)), we have constructed AY < A (see (65)), along with
P, € P(a € AY) (see (63), (64)), satisfying (66) and (68). Moreover, given a € AY and
S C E with #(S) < k7%, we have exhibited @5 € C}“(R"), satisfying (71), (72), (73).

Loc

We will now check that AY and P,(a € AY) satisfy conditions (OK1,2,3) for the cube
Q.

In fact, (OK1) for AY, P,,Q% says simply that 9°P,(y') = 04 for 8,a € AY', which is
precisely (66).

Condition (OK2) for AY', P,, Q" says that
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(60+)1P110P P, (y)| < (a1)~*2 for all @ € AY', 3 € M with 8 > a.

This assertion, without the restriction to 5 > «, is immediate from (68) and (SU5), since

Condition (OK3) for AY', P,, Q" says that,

(74)  given a € A and S C E with #(S) < k7, there exists @5 € C)2*(R"), with

(a) 1075 (x') — D@5 < ar " DHGT T = a7+ (a) D g S5

w(lz'—="]) _ ’oon no|a ol .
Tolgr) for |5] = m, o/,2" € R", |2’ — 2"| < dg+;
(b) Jo(5) € (a)" D65 ™ (w(dg+)) ™" - o(x) for all z € S; and

(c) Jy’(@i) = P,.

We use the ¢ € C)“(R"™) that satisfy (71), (72), (73).

Loc

Since g+ = 2d¢ and w is a regular modulus of continuity, we have w(dg) < w(dg+) <
2w(dg). Hence, (74)(a) is immediate from (71) and (SU5); and (74)(b) is immediate from
(72) and (SU5).

Also, (74)(c) is precisely (73).

Thus, as claimed, (OK1,2,3) hold for Q*, AY, P,(aw € AY'), for any given / € (QF)*.
By definition, this tells us that QT is OK.

The proof of (35) is complete. Hence, also, the proof of Lemma 14.2 is complete. [ |
Lemma 14.3: Suppose y € Q** and y' € (Q')*, where Q and Q' are CZ cubes that abut. Let

Pe K?(ya k%, C) and P' € K?(y’,kj,@) be given, where
(75) K* > (D+1)-k% and k% > (D +1)2 - k7.
Then we have

(76)  [0°(P' = P)(y)| < C" - (@)~ - (a5)™" - w(dq) - 5~ for 8] < m.
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Proof: Let kf; = (D +1) - k7. Then, by Lemma 14.1, there exists
P e K¥(y, kE,C"), with

77 |19%(P — P)()| < C" - (ay)" ™ . w(dp) - 67 for |3] < m.

( Y Q) " %
In particular, both P and P’ belong to le(y’, kﬁ, C"), with y' € (Q')**.
Thus, Lemma 14.2 shows that

(78)  [0°(P' = P)(y/)| < (a1)" ™D - (a5)"" - w(br) 6 for |8] < m.

By Lemma 11.2, we have %549 < g < 20q. Since w is a regular modulus of continuity, it
follows that § w(dg) < w(dg ) < 2w(dg).

Putting these remarks into (78), we find that

(19)  [0°(P' = P)(y)] < C - ()™ - (an)7" - w(dq) - 5 for [B] < m.

Adding (77) and (79), and recalling (SUT), we obtain the conclusion (76) of Lemma 14.3.
The proof of the lemma is complete. |

We shall need analogues of Lemmas 14.1 and 14.3 in which the cubes @, Q" need not
abut.

Lemma 14.4: Let QQ, Q' be distinct CZ cubes, with centers y, 1y’ respectively.

Let
(80) PeKi(y.ki. C),
with

(81) K*>(D+1)-kf',kf > (D+1)- kJ and kI > k7.
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Then there ezists
(82) P eKi(y .k, C),
with
(83) [0°(P'=P)(y)| < C" (a)" "™V - wlly —y/1) - ly —y/I" " for [B] < m.

Proof: We have y,3 € Q° C B(y°,ay), hence |y — ¢/| < 2a; < 1.

Hence, Lemma 10.2 shows that there exists

(84) Peksy,k,0),
with

(85) [0°(P = P)(y) < C'w(ly —y/|) - ly — /"1 for [5] < m.
From (84), we have

(86)  Given S C E with #(S) < k¥, there exists 5 € O™« (R"), with || F'* ||gmw@n)< O,
Jo(F%) € f(x) + Co(z) for all z € S, J, (F%) = P.

In particular, taking S = empty set in (86), we obtain
(87) |9°P(y)| < C for [B] < m.

Also, (80) gives 9°P(y) = 0 for all 3 € A. Hence, by (SU0), we have also 97 P(y) = 0
for all 3 € A, |y| < m — |B|. Since 3PP is a polynomial of degree of most m — |3, it follows

that 9°P is the zero polynomial, for all 3 € A. Hence, (85) implies

(88) |90°P(y)| < C'w(ly—y|) - |y —¢/|" P for B € A
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Next, since 3 € B(y°,a;), Lemma 10.3 applies, with ¢/ in place of y.

Let PY € P(a € A) satisfy (WL1)Y', (WL2)¥', (WL3)Y'.

From (WL2)¥" and (SU5), we have
(89) |0°PY (y)| < C' for a € A, || < m.

We next check that the hypotheses of Lemma 13.1 hold for the cube @', the point 3/, and
the polynomials PY (o € A).

In fact, (81) shows that k# > (D +1)- k¥ > (D +1) - k7.

We are assuming in Lemma 14.4 that Q' is a CZ cube, and that ¢’ is the center of ()’, hence
y € (Q")**. The defining property of the PY" € P is that they satisfy (WL1)¥,...,(WL3)¥'.
Thus, as claimed, the hypotheses of Lemma 13.1 hold for @', %/, (PY )aca. Applying that

lemma, we learn that
(90) 65 NP PY ()] < (a1)™HY for all a € A, |8] < m.
Now define
(91) P'=P- > [0"P(y)] - P! €P.
acA
Note that

(92)  O°P'(y) = O°P(y) = > [0°P(y)] - 9’PY(y) = 0 for § € A,
acA

thanks to (WL1)Y'.
We check that P’ € K;(y/, k¥, C"). In fact, let S C E, with #(S) < k.

Then also #(S) < k. Let F'S € C™*(R") be as in (86), and, for each o € A, let
@S € O (R™) be as in (WL3)Y'.

Loc

We introduce a cutoff function 6 on R”, satisfying
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93) |10 |lemirmny < C', 0 =1o0n B(y',1/20), suppd C B(y',1/10).
We then define

(94) = 5 — Z - 0pS on R™,
cA

Note that FS € C™¢(R"), since FS € C™(R"), ¢35 € C;“(R"), § € C™(R"), and
suppf C B(y',1/10). Let us estimate the derivatives of .

From (WL2)¥', (WL3)¥ (c), and (SU5), we have
(95)  [07p5(y)| < C" for a € A, [B] < m.

Hence, (WL3)¥' (a) and (SU7) show that
(96) |9%¢%] < C' on B(y/, 1), for a € A, |3] =

(Here, we use the fact that w is a regular modulus of continuity, hence w(t) < 1 for
0<t<1)

From (95), (96), it follows that

(97)  10%¢3] < C"on B(y',1), for a € A, |3] < m.
Again using (WL3)¥'(a) and (SUT7), we see that

(98)  |0%pS(2') — 9PpS(2")] < w(|a’ —2"|) for a € A, |B] =m, o', 2" € R, |2/ — 2] < 1.
From (93), (97), (98), we conclude that

(99) || @30 |lemwmn < C" for all a € A.

Putting (86), (87), (99) into (94), we see that
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(100) || F¥ flomequn < C.
Next, suppose a € A and z € SN B(y,1). Then J.(¢3) € Co(x) by (WL3)Y (b) and
also [0°(J,(¢2))(z)] < C" for |B] < m, by (97). Moreover, we have |9°(.J,(0))(x)| < C’ for

18] < m, by (93). Hence, our Whitney w-convexity assumption (SU2) shows that

(101) J.(0¢5) € C'o(x).

(Here, we take § = 1 in the definition of Whitney w-convexity.)

We have proven (101) for o« € A, x € SN B(y/,1).

However, for « € A, x € S~ B(y/,1), (101) holds trivially, since then J,(0¢3) = 0 by
(93). Thus (101) holds for all « € A, z € S.

Putting (86), (87), (101) into (94), we find that

(102) J(FS) € J,(F%) + C'o(z) C f(z) + C"o(x) for all z € S.

Next, note that

(103) J, (F5) = - > [ Jy(003) (see (94))
acA
Z Jy () (see (93))
cA
= P- [0 ( ] - g’ (see (86) and (WLB)@/(C))
acA

= P’ (see (91)).

Thus, given S C E with #(S) < k¥, we have exhibited FS € C™*(R"), satisfying (100),
(102), (103). By definition, we therefore have

P' € K;(y',k¥,C"). Since also (92) holds, we conclude that

(104) P €Kiy k5. C").



A Generalized Sharp Whitney Theorem for Jets 94

Next, we estimate the derivatives of P’ — P at ¢'. From (19) we have

(105) [9°(P' = P)()| < Y _[0°P(y)| - 10°PY ()], for |B] < m.
acA

If |8 > |a|, @ € A, then (88) and (89) yield

(106) [0°P(y)|-[0°FY ()] < C'w(ly —y']) - ly = /[T < Cwlly —y/l) |y —y/ ™.
If instead |3] < |al, a € A, then (88) and (90) imply

(107) [9*P(y)] - |0°FY (v)] < C'u(ly —¢/) - ly — /|10 - (@) =m0 5517

Moreover, since y and 7' are centers of the distinct CZ cubes Q,Q’, we have

dgr < C'ly — /|, hence, with |5| < |a|, (107) implies

(108) [0°P(y)| - [0°PY (y)] < C"- ()~ - w(ly —y/|) - |y — ¢/ 7.
Putting (106) and (108) into (105), and recalling (SU5), we have

(109) %P = PY)] < C' - (a)) ™) - wo(ly — /1) - Iy — y/I" 7, for |8] < m.
From (85), (109), and (SU5), we conclude that

(110) [9°(P' = P)(y)| < C" - (a))”"* - w(ly = /|) - ly — /"1 for |B] < m.

Our results (104) and (110) are the conclusions of Lemma 14.4.
The proof of the lemma is complete. |
Lemma 14.5: Let QQ, Q' be distinct CZ cubes, with centers y,y’, respectively.

Let

(111) P e Kf(y.k%.C) and P' € KF (Y, k%, C)
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be given, with
(112) k#* > (D+1)-k% | and k% > (D +1)? - k%,
Then we have
(113) [0°(P" = P)(y)| < C" + (a)~ " - ay' - w(ly —y'l) - ly —y/ "V for |B] < m.
Proof: Let kf; = (D + 1) - k%,. Then, by Lemma 14.4, there exists
(114) PeKf(y kE.C").
with
(115) [0%(P = P)(y)| < C" - (a1)™ ™D - w(ly —y/']) - |y — /" for |5 < m.

By (111) and (114), both P’ and P belong to lef(y’, k%, C"), with 3/ the center of the
CZ cube Q'.

Hence, Lemma 14.2 gives
(116) [0°(P' = P)(y)| < (a2)" "D - 03" - w(Sgr) - gy for [6] < m.
Since y and y’ are the centers of distinct CZ cubes @, Q)’, we have cdgy < |y — ¢/|, hence

also cw(dg) < w(cdg) < w(ly — ¢|) since w is a regular modulus of continuity. (Here, we

may suppose ¢ < 1.)

Putting these remarks into (116), we find that
(117) |9°(P' = P)(y)] < O~ (a)™" ) - ayt - wly — o)) - ly — /"7 for 5] < m.

Adding (115) and (117), and recalling (SUT7), we obtain the conclusion (113) of Lemma
14.5. The proof of the lemma is complete. [ |
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§15. Patching Local Solutions

Let Q1,..., Q.. be the CZ cubes. For 1 < p < fiyax, we define y, = center (Q,),
b, = 0¢g, = diameter (Q,), and

(1) Qu = {y € R" : dist(y,Q,) < 16} C @y, with ¢; > 0 a small enough constant
depending only on the dimension n. Note that Q“ is not a cube. From the proof of

Lemma 11.3, we have the following geometric fact.
(2) If v € Q, and B(z,c19,) meets QM, then @, and @), abut or coincide, and, moreover
B(I‘, Cl(;V) - QZ
We fix the constant ¢; as in (1), (2) throughout this section.

We suppose that for each pu(1 < g < pmax), we are given functions 6, € C™(Q°) and
F, € C™(R"), and a polynomial P, € P. For a constant A > 0, not assumed to be a

controlled constant, we make the following assumptions.

(PLS1) > Gu=1onQ"

1<p<pimax

(PLS2) Ifze@°~ Qm then 6, = 0 on a neighborhood of z in Q°.

(PLS3)  |0°0,(x)| < A8, for |B| <m+1and z € Q°.

(PLS4)  [0°Pu(y,)| < A for [B] < m.

(PLS5)  [0%(P, — P)(y,)| < A-w(8,) - 6; " for |8 < m, if Q, and Q, abut.
(PLS6)  [0°(P, — P)(yy)| < Aw(lyu — wul) - [y — w7 for [B] < m, p # v.
(PLS7)  |0°F,(x)| < Aw(s,) 67" for |B] < m,x € Q.

(PLS8)  [0°F,(2) — 0°Fu(9)] < Aw(|z — g]) for |B] = m, 2,9 € Qj.

Throughout this section, we assume (PLS1,...,8). In this section only, we write A", A”,

etc., to denote constants determined by A, m,n in (PLS1,...,8). In this section only, we write
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¢, C,C'", etc. for constants depending only on m and n. We reserve the name ¢; for the
constant in (1) and (2).

We define a function F on Q°, by setting

3 F= > 6,-[P.+F]onQ"

1<p<pimax

The goal of this section is to control the derivatives of F. We begin with a few remarks on

the polynomials P, and the modulus of continuity w. First of all, we have
(4) 0%(P,—P)(z)| < Aw(8,) 60 " for |8 <m, z € Q;, if Q, and Q,, coincide or abut.

In fact, when @, and @, abut, then (4) follows from (PLS5) and Taylor’s theorem for
polynomials, since |z —y,| < C9, for z € Q. When @, and @, coincide, then P, = P, and
(4) is obvious.

Also,

(5) [9°(P,— B,)(&) — (P, — P,)(@)] < Aw(8,) - 00 i — | for 2,5 € Q3. 18] < m,
if @, and @, abut or coincide.

In fact, when @, and @, abut and || < m, then (5) follows from (PLS5). When || =m
or @, and @, coincide, then the left-hand side of (5) equals zero, so (5) is obvious. (Recall
that P, — P, is a polynomial of degree < m.)

Similarly,

(6) 07 Fu(2) — 0°Fu(@)| < A'w(8,) - 0511 | — ] for &, € Qg 8] < m—1, as follows
at once from (PLS7).

We recall that any regular modulus of continuity w has the following property.

(7) If0<t<d<1,withd>0then L. ¢ <w(t).
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Now we start studying the derivatives of F. From the definition (3) of £, and from our

assumptions on 0, F,, P,, we see that F belongs to C™(Q°), and we have

8) 9F= > B 8 (070, (0" [P,+ F)) for |3| <m,

G+8"=p "

¢(0,8) = 1. We have also Y (9”6,) = dgo on Q°, by (PLS1).
nw

Hence, (8) implies

(9) 9°F=0"P,+ Y B8 (076,)- (0" [P.— P+

BI+5"=B "

+ Z o', 8") Y _(076,)(0" F,),

+3"= i

for |3| < m, and for any v (1 < v < fpay). Our estimates below for the derivatives of

F" are all based on formula (9).

Lemma 15.1: We have
(10)  |0°F(2) = 0°Py(2)| < A'w(8,)- & for [B] < m, z € Q,.
Proof: Fix x € (), and suppose 8’3/9M(a:) # 0. Then (PLS2) gives
(11) z€Q,,

hence (2) shows that
(12) @, and @, abut or coincide.

Consequently, Lemma 11.2 implies

(13) 0, <0, <20,

and
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(14)  There are at most C distinct u for which 9%'8,,(z) # 0, for fixed z.

Since w is a regular modulus of continuity, (13) implies

(14a) fw(s,) < w(6,) < 2w(d,).

2 p—

With p as in (11),...,(14), we estimate the summands in (9). We have
(15)  [070,()| - [07"[P, = P)(2)] < (A~ 6,71) - (A w(s,) - )

(by (PLS3), (4), (12)) < A" w(s,) - 60 %! (by (13)).

Similarly,
(16) 070, ()] - 107 Fu(w)| < (A5, - (Aw(s,) - o517

(by (PSL3), (PLST), (1), (11)) < A w(d,) - 1ol (by (13) and (14a)).

Putting (14), (15), (16) into (9), we obtain the conclusion (10) of Lemma 15.1.

The proof of the Lemma is complete. [ |
Lemma 15.2: Suppose x € Q,, ' € Q,r, |x — 2| > 10, |x — 2| > ¢10,.

Then we have
(17)  |0°F(x) — 0°F (/)| < A'w(|z — &|) for |6] =m.
Proof: First of all, note that x € @, C Q° and 2’ € @), C @°, hence
(18) |z —a'| <dge < ay (see (11.3)).

In particular, |z — 2’| <1 by (SU4), so w(|x — 2'|) is well-defined.

Next, note that 9°P, and 0°P,, are constant functions on R", when |3| = m, since

P,, P, € P. Consequently, (PLS6) and Lemma 15.1 yield
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|85PV — aBPV/| S AW(‘yy - yl/’|)’
0°F(x) —0°P,)| < A'w(s,), and
07 F () — 9P| < Au(s,)

for |B] =m, z € Q,, 2’ € Q,. Hence, for such 3, z, 2, we have
(19)  [0°F(x) = 9°F ()] < Aw(lyy — yur]) + A w(8,) + A w(b,).

Since x,y, € @, and 2,y € Q,/, we have |z —y,| <, |2/ — /| <y,

and therefore
(20) |y — Y| < |2 — 2| 40, + b0

Suppose |x — 2’| > ¢16, and |z — 2| > ¢19,,. Then, in view of (20), we have
(21) 0y, 00, |y — Y| < Clz —2/| < 15

where the last inequality follows from (18) and (SU5). From (21) and the fact that w is a

regular modulus of continuity, we obtain the estimates
(22)  w(by),w(0n), w(lyy = yw|) < Cw(lz —a]).

The desired conclusion (17) is immediate from (19) and (22).
The proof of Lemma 15.2 is complete. |

Lemma 15.3: Suppose € Q,, ' € Q,, and |x — 2’| < ¢15,. Then we have
(23) |85F(:17)—8ﬂ15(x/)\ < Aw(lz —2'|) for |B] =m.

Proof: Fixz € Q,, ' € Q,, 3 with |3] = m. Two applications of (9) yield
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(24) O F(z) — 0P F (') =
[0°P,(z) — 0°P,(2')] +

N (8,803 (07 0u(x) — 070,(«) - (0[P, — P(x)) +

B+p"=p "
S (8.8 (0%0,(")) - (97 [P, — PJ(x) — 0% [P, — P)(a")) +
B+p"=p "

3 (8,003 (070,(x) — 07 0,(x")) - (07 Fulx)) +

B+p"=p "

S (8,803 (070,(")) - (07 Fulw) — 0% Fo(a'))

B+p"=p "

Suppose 9%'0,,(z) or 070,(z') is non-zero. Then, since z,2' € B(x,c16,), we see from

(PLS2) that B(z,c10,) N Qu # ¢, with € Q,. Hence, by (2),

(25) @, and @, abut or coincide, and

(26) x,2" € Q.
From (25) and Lemma 11.2, we see that

(27) 16, <90, <26,

(28)  For our fixed z, 2’ there are at most C distinct p for which 976, (x) or 8%0,,(z") # 0.

With g as in (25),...,(28), and with || 4+ |5”| = m, we estimate the terms on the right
in (24).

First of all,

(29) [0°P,(z) — 0°B,(2')] = 0, since P, € P and |3| = m.
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Next, (PLS3), (4), (25), (26), and (7) imply the estimates

(30) 107 0u(x) — 070,(a")| - 107" [P — PJ(2)] <

(A0, o = 2l) - (A (@) 05 = AT ER ] < A (| — ).

Similarly, (PLS3), (5), (25) , (26), and (7) imply the estimates

(81) 107 6u(«")] - 0[Py = P)(x) = 9" [P, = BJ(«)] <
(A5 ) (A w8 - 5T e =) = A o — ') < A (e — 2)).

Also, (PLS3), (PLS7), (26), and (7) imply the estimates

(32)  [070,(x) — 070,(a")| - 107" Fu(a)| <
(A5 o — o)) - (Aw(@,) - 1) = A o

-2 <A w(|lx —2']).
If |3"] < m, then (PLS3), (6), (26), and (7) imply the estimate
1076, (a")] - 107" Fy () — 07 Fu(2')] <

A(S_Wq (A w(S _5m—\5”|—1. T — :A/’M. T — 1 SA”W x—7'l).
w © K Ou

If instead |3”| = m, then 5’ = 0, and (PLS3), (PLS8), (26) yield
09 0,(a")| - 10 F(w) — 0 Fy(@!)] < (A) - (Aw(fz — 2']).

Hence, in either case, we have

(83)  [076,(a")] - |07 Fyu(x) — 07 Fu(a')] < A"w(la — o).

102

Putting (29), ..., (33) into (24), and recalling (28), we obtain the desired conclusion (23).

The proof of Lemma 15.3 is complete.

Similarly, we have
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Lemma 15.4:  Suppose = € Q,, ' € @, and |v — 2| < 6. Then we have
09 F(z) — P F()] < A wllz — 2')) for |8 = m.

Proof: This is just Lemma 15.3, with the roles of x, v interchanged with those of z’,v/. R

The main result of this section is as follows.

Lemma 15.5: Let Q,(1 < ft < fimax) be the CZ cubes, with centers y,, and diameters 0, and
let Qu ={y € R": dist(y,Q,) < c16,}, with ¢; as in Lemma 11.3. Suppose we are given
functions 6, € C™H(Q°), F, € C™(R™), and polynomials P, € P (1 < p1 < fimax). Assume
that (PLS1,...,8) are satisfied, for a given constant A. Define

F= Z 6, [P,+ F,] on Q°.

1§/Uf§llmax

Then we have

(34) |9°F(z)] < A’ for |8] < m, x € Q°; and
(35)  |0°F(z) —°F(2')| < A - w(|z — 2'|) for |8] = m, z,2’ € Q°; with A’ depending only

on A,m,n.

Proof: Suppose z € Q,. Then |0°P,(x)| < A’ for |3] < m, by (PLS4) and Taylor’s theorem

for polynomials. Hence, (34) follows from Lemma 15.1.

Next, suppose = € Q,, ' € Q. If |x — 2| < 10, or |[x — 2| < ¢10,/, then (35) follows
from Lemma 15.3 or Lemma 15.4. If instead |z — 2’| > ¢10, and |z — 2| > ¢1d,/, then (35)

follows from Lemma 15.2.

The proof of Lemma 15.5 is complete. |

In spirit, the results of this section go back to Whitney [20] and Glaeser [13].
§16. Proof of Lemmas 5.2 and 9.1

In this section, we give the proof of Lemma 9.1. This will also complete the proof of

Lemma 5.2, thanks to Lemma 9.2.
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We are in the setting of Section 9, and we assume (SUO),..., (SUS).

As in the previous section, we let Q1, ..., Q.. be the CZ cubes, and we set §, = 0g, =

diameter (Q,), y, = center (Q,).

Recall that
(1) 0, < a; <1 for each v,

thanks to (11.3).

We take
(2) K =(D+1)* k%,

Lemma 10.5 shows that le(y,,, (D+1)%- kffd, (') is non-empty for each v, where C'is a

large enough controlled constant. For each v, fix
(8) P eKf(y,(D+1) - ki, ).
Applying Lemmas 14.3 and 14.5, we see that
4) 0P, = P)(y)| < C" - (@)™ - aytw(s,) - 607 for 8] < m, if Q,, Q, abut;

and

(5) 0P = P)(yu)| < C" - (a1)" ™ - (a2)™" - w(lyu — wo) - [y — w717 for B < m,
[

Lemma 16.1: Fiz v. For each S C E N Q* with #(S) < k%, there exists S € O™ (R™),
with

6) |OPES(a)| < C'w(8,)- 60" for |8 < m, o € R

(7)  |9PES(2)) — OPES(2")| < C'w(|! — 2"|) for |B] = m, ', 2" € R*, |2/ — 2| < 6,; and
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(8)  J(ES) € (f(x)—P,)+Clo(z) for all x € S.

(In (8), we regard P, = J,(P,) as a jet at x.)
Proof: Let (| be a large enough controlled constant, to be fixed in a moment, and let 0 be
a cutoff function on R", with
9) 6=1onQ;
(10) suppf C B(y,, (Cy—1)-6,)

(11)  10%0(2")| < €6, for 18] < m+1, 2/ € R™.

In view of (10), we see that

~

(12)  If |2’ —2"] <, and at least one of 2/, " fails to belong to B(y,, C16,), then J,.(8) = 0,

Jor(B) = 0.

We pick Cy large enough that there exists  satisfying (9), (10), (11), and we pick 0

satisfying these conditions.

Now let S € ENQ%, with #(S) < k% ,. By (3), there exists ¥ € C™*(R"), with

(13) | FS omegn < C.
(14)  J.(F®) € f(z) + Co(z) for all z € S, and

(15)  J,, (F®) =B,
By (13), we have

(16) [0°[F® = P)(z') = 0°[F® = P)(2")] < Cw(|2’ — 2"]) < Cw(d,)

for |5] =m, ',2" € R", |2/ —2"| <4,.

We have also
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(A7) T (FS ~ P,) =0,

by (15).

From (16) and (17), we see that

(18) |0%(FS — P) ()| < C'w(3,) - 60 for || < m, 2’ € B(y,,C16,), with C; as in
9) ,..., (12).

Also, (14) gives
(19)  J.(F°—=P,) e (f(x)—P,)+Co(z) forallz € S.
We set

(20) ES=40.(F5—P,).

v

Since F$ € C™#(R"), P, € P, § € C"*(R"), and suppd C B(y,, (C; — 1)d,), we have
FS € 0™ (R™). We estimate the derivatives of F'5.

Immediately from (11), (18), (20), we obtain
P S (2)| < C'w(5,)8, 7 for |B] < m, 2’ € B(y,,C1é,).

Since also FS is supported in B(y,, C1d,) (see (10), (20)), we have
(21) |0PES(2))| < C'w(s,) - 60 for |B] < m, 2’ € R™.

We estimate |9°FS (') — 0P FS(2")| for |B| = m, o', 2" € R™, |2/ — 2| < 6,

If either of z/,2" fails to belong to B(y,,C1d,), then (12) and (20) give d°F5(z') =
9°E,(2") = 0. Suppose 2, 2" € B(y,, Cid,).

Then (11), (16), (18), (20), and the fact that w is a regular modulus of continuity show
that
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(22) |OPFJ (') = 9°F7(a")] < Clw(l2’ — 2")).
To see (22), we write

(23) OOFS=0-0°[FS—P)+ Y ofB.8")-0"0-0"[F°-P)]

B'+6"=p
BI#0

0-0°F°—P)+G.
By (11) and (18), we have |[VG| < C'w(d,) - 65" ") = C'w(5,) - 6;7, so (23) implies

(24)  [0OFY(a!) = O°F)(a")] <
0()°[FS — B)(a') = (a")O°[FS — P,](«")
+C'w(6,)8, ' — 2.

Moreover,

(25)  |0(x")0°[F® - P,)(«') - 0(z")0°[F5 — P)(«")] <
()] - [0°[FS = P,](a') = 8°[F% = P,)(a")| + |6(«') — (z")| - |0°[F¥ — B,)(2")|
< C'w(|r’ —2"|) + C'6; a' — 2"] - w(6,) thanks to (11), (16), (18).

(Recall that we have here 2/, 2" € B(y,,C16,) and |3 = m.)

From (24) and (25), we have
(26) |OPFS (') — PFS (") < C'w(|z’ — 2”]) + C'w(d,)d; ' — "]

Since |2’ —2”| < ¢, and w is a regular modulus of continuity, we have w(4,)d, |z’ —z”| <

w(|a" — 2"]), and therefore, (26) implies (22). The proof of (22) is complete.

Thus, we have shown that

(27)  |9PES(2) — OPFS(2")| < C'w(|a! — 2)) for |B] = m, 2/, 2" € R", |2/ — 2"| < §,.
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Next, suppose x € S. Then we have also z € @} (we assumed S C ENQ}), hence (9)

A~

gives J,(0) = 1, and therefore (19), (20) show that
Jo(FS) = L(FS = P)) € (f(z) = ) + Cola).

Thus,

(28)  J(EFS) e (f(z)—P,) + Co(z) forall z € S.

v

We have exhibited F5 € C™(R") satisfying (21), (27), (28).
These conditions are precisely the conclusions of Lemma 16.1.
The proof of the lemma is complete. [ |

Since @), is a CZ cube, it is almost OK|, i.e., either it is OK or @)}* contains at most one

point of E.

Lemma 16.2: Fiz v, and assume that Q, is OK. For each y € Q**, let AY < A and PY € P
(o € AY) be as in (OK1,2,3) for the cube Q,.

Then the hypotheses of Lemma 8.1 are satisfied for the following data:

o The constant A = (a;)~"m*?);

e The cube Q,;

e The reqular modulus of continuity w;

o The finite set ENQ%;

o The map x — f(xr) — P, € R, for v € ENQ};
e The subset o(x) C R, for x € ENQZ;

o The set AY < A fory € Q*;

o The polynomials PY € P(a € AY) fory € Q**.
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Proof: The hypotheses of Lemma 8.1 are that the Strong Main Lemma holds for all A < A,
and that (GO),..., (G4) hold.

We are already assuming that the Strong Main Lemma holds for all A < A. (See (SU1).)
We check that (GO0),..., (G4) hold for our data (as in the statement of Lemma 16.2).

In fact, (GO) for our data says that, for each x € E N @7, the set o(z) is Whitney
w-convex, with Whitney constant (a;)~(™+2). This follows at once from (SU2) and (SU5).

Next, (G1) for our data says that 9°PY(y) = ds, for 3,a € AY, y € Q%*. This is precisely
condition (OK1) for the cube @,.

Similarly, (G2) for our data says that

7P (y)] < (ar) "6 for fe M ae A,y e QB> a.
This is precisely condition (OK2) for the cube Q,.

Next, (G3) for our data says the following.

(29) Given S C ENQz, with #(5) < kﬁd, and given y € Q** and a € AY, there exists
02 € C)VY(R™), with

Loc

(a) 9705 () — 8PS ()| < (ar)" 6T M — ) 4 agd((ar)" M) - g

AN for |5 = m, of,a" € R", |2’ — 2| < b,;

(b) Jo(¢5) € (a))~ ™5™ (w(5,)) o (z) for all z € S; and
(c) Jy(p3) = PL.

This condition follows at once from (OK3) for @, provided we have
(30)  (a1)"" - ay < ag((ar) ).

However, (30) holds, thanks to our assumption (SU7).
Thus, (29) holds as well, and therefore our data satisfy (G3).

Finally, (G4) for our data says the following.
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(31) Given S C ENQ; with #(S) < k7, there exists F$ € O™« (R"), with

@) || °FS |lco@m < (a1)~™2 - w(3,) - 60" for |5 < m;

(b) |0°F5(a) = °F%(2")] < (a1)""*® - w(|a’ — a”|) for [B] = m, o’,2" € R",
|z’ — 2"| < §,; and

(c) J.(F%) e (f(x)—P) + (a1) " o(z) for all z € S.
However, (31) follows at once from Lemma 16.1 and our assumption (SU5).
Thus (GO),..., (G4) hold for our data.
The proof of Lemma 16.2 is complete. [ |

Lemma 16.3: For each v (1 < v < limay), there exists F,, € C™“(R™), with

(32) || 9°F, |lco@m< A'w(8,) - 6, for 18] < m;
(33) |0°F,(z") — 0°F, (") < Alw(|a’ —2"]) for |B| =m, 2/,2" € R* |2/ —2"| < §,; and

(34)  J(F) € (f(x)—P) + Ao(x) forallz € ENQ;.

Here, A" depends only on ay,m,n, and the constant Cy in (SUO,..., 8).
Proof: Fix v. Either ), is OK, or £ N @)} contains at most one point.

If @, is OK, then the conclusion of Lemma 16.3 is immediate from Lemmas 16.2 and

8.1. If instead there is at most one point in £ N Q7, then the conclusion of Lemma 16.3 is
immediate from Lemma 16.1, with S = EN Q5.

Thus, the lemma holds in all cases. [ |
For each v, we fix F), as in Lemma 16.3.

For the rest of this section, we write A, A’, A”, etc. to denote constants determined by
ay, az, m,n,Cy in (SUO),..., (SU8).

We prove a slight variant of (33), namely

(35) |0°F,(2') — 0°F,(z")| < Aw(|z’ — a"|) for |B] = m, 2/, 2" € Q7.
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To see this, recall that Q% has diameter 36,. Hence,, if 2/, 2" € @7, then by subdividing
the line segment from 2’ to 2” into 3 equal parts, we obtain points xg, z1, T2, r3, With zy = 2/,

xg=12" |r; — xiq| = % |/ — 2" < 9,.
For |B| = m, we apply (33) to z;, x;11, to obtain

|0PF,(x;) — OPF,(2i11)| < A'w(|lz; — i41]) < A'w(|lz — 2']) for i = 0,1,2. Summing

over i, we obtain (35).

Next, we introduce a partition of unity on QY. With a small constant ¢; > 0 as in
Section 15 (on Patching Local Solutions), we introduce a cutoff function 0, on R" for each v

(1 < v < fmax), With

(36) 0 <6, <1onR"
(37) 6,=1o0nQ,,
(38) supp B, C Q, = {y e R": dist (y,Q,) < ¢10,} C Q* (note that Q,, is not a cube),

(39) 106, < '8, for |B] < m + 1.

We then define
0, = 92,/2@ on Q°.
m

Note that 6, is defined only on Q°. In view of (36),..., (39), we have the following properties
of the 0,.

(40) Z 6, =1 on Q"

1<p<pimax

(41) Ifx € Q" Q,, then 0, = 0 on a neighborhood of z in Q.

(42) |00, ()| < €6, for 18] < m+1, z € Q°,

thanks to Lemma 11.2 and the proof of Lemma 11.3.

We note also a simple consequence of (3), namely
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(43)  10°P,(y,)| < C for 8] < m, all v.

In fact, (43) follows from (3) by taking S =empty set in the definition of Iy (etc.).

Next, we note that the functions 6, on Q°, F,, on R", and the polynomials P, satisfy con-
ditions (PLS1,..., 8) in the section on Patching Local Solutions, with a constant A determined
by m,n, Cy, ay,ay in (SUO,..., 8).

In fact, (PLS1,2,3) are immediate from (40), (41), (42).

Also, (PLS4,5,6) are immediate from (43), (4), (5) and Lemma 11.2.
Finally, (PLS7,8) are immediate from (32) and (35).

Thus, (PLS1,..., 8) hold for the 0,, F,,, P,, as claimed.

Therefore, Lemma 15.5 applies to our 6, F,,, P,.

We define

44 F= > 6,-[P+ FJonQ"

1<v<pmax

From Lemma 15.5, we have

(45) |9°F(z)| < A’ for |8] < m, = € Q% and

46) |9PF(x') — O°F(a")| < Aw(|z’ — ")) for |5 = m, o', 2" € Q.

Note that F is defined only on Q°.
Next, suppose r € ENQ°. We pick v(1 < v < pimay), with @, containing .

Note that, for any p with z € Q7,, we have
(47)  J (P, +F,) € f(z)+ Ao(z),

by (34). In particular, (47) holds whenever = € Q, (see (38)).
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For our given z, let 2 be the set of all (1 < 1 < fiax) With z € Q”.

Then (41) and (44) give

(48) Jx<F> = ZJ36<9M) ) Jx(Pu+Fu)7

HEQ

with the multiplication in (48) performed in R,.

We rewrite (48) in the form

(49)  Jo(F) = J(P,+F) + > Ju(0,) - [Jo(Pu+ F,) — Jo(P, + F,)].

neQ

(This holds, thanks to (40).)

We study the summands in (49). Recall that if € Q, and also z € Q,, then @, and

@, abut or coincide.

Hence, we have

(50) %5V < 6, < 20, for p € Q, by Lemma 11.2; and

(51)  |0%(P, — P,)(y,)| < Aw(8,)80 " for |8] <m, € Q, by (4).

(Of course, (51) holds trivially if @, and @, coincide.)
Since z,y, € Qu for p € Q, we have also |z —y,| < Co, < C'S, by (50).

Hence, (51) implies that
(52) |9%(P, — B,)(z)] < A'w(8,)00 " for |8] < m, p e Q.
Also, we have

53)  |0°F,(x)| < A'w(s,) - om P < A7w(5,) - o for 18] < m, we Q.
B © B
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thanks to (32), (50), and the fact that w is a regular modulus of continuity. In particular,
since z € Q, C Q,, we have v € Q, hence (53) implies

(54)  |9°F,(z)| < A"w(8,)60 " for |8 < m.
Estimates (52), (53), (54) show that
(55)  |0°[Jo(Py+ F,) — Jo(P, + F)] (z)] < Aw(s,) - 67" for |8] <m, u e Q.

We have also

Jo(P,+ F,), J.(P,+ F,) € f(x) + Ao(x), for p € Q, by (47) and the fact that v € Q.

Hence,

(66) [Jo(Pu+ F,) — Jo(P,— F,)] € Alo(x) for all € Q.
From (42), (50) we have also

(57)  10°[Ja(0,))(2)] < €6, for |B] <m, p € Q.

Our Whitney w-convexity assumption (SU2), together with (55), (56), (57), now shows
that

(58)  Ju(0,) - [Jo(Pu+ F.) — Jo(P, + F,)] € A'o(x) for all ji € Q.

For each pu € €, we have x € QM C @, and %51, <0, <26,
Hence, there are at most C' distinct p in the set €.

Consequently, we may sum (58) over all u € 2. We find that

(59) Y Jo(0,) - [Jo(Bu+F,) — Jo(P, + F,)] € Ao(x).

HEQ

From (47), we have also
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(60) J.(P,+F,)) € f(x) + Ao(x),

since v € Q. Putting (59), (60) into (49), we find that J,(F) € f(z)+ A’o(z). Since we took

x to be an arbitrary point of £ N Q°, we have proven that
(61)  J.(F) € f(z)+ A'o(x) for all z € ENQ°.

Our function F has the good properties (45), (46), (61), but it is defined only on Q°.
To remedy this, we multiply £ by a cutoff function. We recall(see (11.1), (11.3)) that Q° is

centered at 1° and has diameter ca; < dgo < ay.

We introduce a cutoff function 6 on R”, with
(62) || 0 lemrrwny < A, 0 =10n B(y°,cayr), supp 6 C Q.
We then define F = - F on R™. From (45), (46), (62), we obtain F € C"™(R"), with

63) [l F|

comemn) < A’
and from (61), (62), we have
(64)  J.(F) € f(z) + Ao(z) for all x € EN B(y°, day).

Since the constants A’ and ’a; in (63), (64) are determined by m, n, Cy, a;, ay in (SUO,...,
8), our results (63), (64) immediately imply the conclusion of Lemma 9.1.

The proof of Lemma 9.1 is complete.

In view of Lemma 9.2, the proof of Lemma 5.2 is also complete. [
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§17. Rescaling Lemmas

Lemma 17.1: Let 7 : R® — R"™ be the linear map (T1,...,%,) — (A1, T1, ..., \nZn), with
(1) co<)\1§1(z:1,,n)

Let w be a reqular modulus of continuity.

Let & € R™, and let x = 7(T).

Suppose o C R, is Whitney w-convex, with Whitney constant Cy.

Define d C Rz byd = {APot1: P € o}, where A is a given positive number.

If A exceeds a large enough constant determined by cy, m,n, then & is Whitney w-convex
with Whitney constant Cy.

Proof: We know that & is closed, convex, and symmetric about the origin, since ¢ has these

properties.

Suppose we are given P, Q,J, with

(5)  [0°P(@)] < w(8) - 5" for 8] < m,

6)  [0°Q@)] < 67 for 5] < m.

IN

We must show that
(7) P - Q € Cyo, where the multiplication is performed in R;.

We set



A Generalized Sharp Whitney Theorem for Jets 117

We have also

(10) |Q(x)| <1, and |0°Q(z)| < C5 V¥ for 1 < |B] < m; and

(1) |0°P(@)] < CA w(5) - 5719,

with C'in (10), (11) determined by ¢y, m, n.
In fact, (10) and (11) follow from (1), (5), (6), (8) and the definition of 7.

In view of (10), we may find a small constant ¢, determined by ¢y, m,n, for which we

have
(12)  10°Q(z)| < (e8) 1! for |B] < m,
and

(13) 0<e<1.

Since w is a regular modulus of continuity, we have w(d) < (¢)~'w(ed). This estimate
and (11) together yield

(14) |0°P(x)| < w(ed) - (e8)™ 18 for |3| < m, with ¢ as in (12), (13),

provided A exceeds a large enough constant determined by cq, m, n.

In view of (4), (13), we have also

(15) 0<es < 1.
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From (9), (12), (14), (15) and the Whitney w-convexity of o, we see that
P - @Q € Cyo, where the multiplication is performed in R,.

Hence, by definition of &, we have A[P - Q] o1 € Cya.

On the other hand, from (8) we have APo7 = Pand Qo7 = Q.

Hence, A[P-Q]o7 = P - Q (where, on the right, the multiplication is performed in
Rz). Thus, P - Q € Cya, which is the desired conclusion (7). The proof of Lemma 17.1 is
complete. [ |

The next lemma is copied from [10,12], and its proof appears in [10].

Recall that M is the set of multi-indices 8 = (04, ...,3,) of order |G| =1+ -+ 5, <
m + 1, while M is the set of multi-indices 3 of order |5]| < m.

Lemma 17.2: Let A C M, and let C1,a be positive numbers.
Suppose we are given real numbers F, 5, indexed by o € A and € MT.

Assume that the following conditions are satisfied.

(16)  Fon #0 forall a € A.
(17)  |Fap| < Ci|Fpul forall a € A, B € MY with 5> «a.
(18) Fop=0 forall o, € Awith a # (.
Then there exist positive numbers Ay, ..., \, and a map ¢ : A — M, with the following
properties.
(19) ¢ < A; <1, where ¢ is a positive constant determined by Cy,a, m,n.
(20)  ¢(a) < aforall a € A.
(21)  For each a € A, either ¢(a) = a or ¢(a) ¢ A.

(22)  Suppose we define Faﬁ forae A, = (f1,...,0,) € MT, by
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(2) Fop = A" - N Fop.
Then we have

(b) |Fopl < @1|Fppl for all a € A, B € MT with 3 # 6(«).
§18. Proof of Lemma 5.3

In this section, we give the proof of Lemma 5.3. We fix A C M, and assume that the
Weak Main Lemma holds for all A < A. We must show that the Strong Main Lemma holds for
A. We may assume that the constant k7 in the Weak Main Lemma for A < A is independent
of A. (In fact, we may just replace k% the value of k# in the Weak Main Lemma for A, by

max g< 4 kj—é)
Fix k# as in the Weak Lemma for any A < A.

Let C,ag be positive constants; let w be a regular modulus of continuity; let £ C R" be
a finite set; let 1° be a point of R"; and let P, € P be a family of polynomials indexed by
ac A

Also, suppose that for each x € E we are given an m-jet f(z) € R, and a subset
o(x) C R,. Assume that these data satisfy conditions (SLO,..., 5). We must show that there
exists F' € C"™“(R"), satisfying (SL6,7) with a constant C’ determined by C,m, n.

This will tell us that the Strong Main Lemma holds for A.

Without loss of generality, we may suppose that

(1) y'=0.

It will be convenient to introduce two positive constants a and A, which are assumed to

satisfy the following conditions.

(2) a is less than a small enough positive constant determined by C, m,n.

(3) A exceeds a large enough positive constant determined by a, C, m, n.
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(4) ag is less than a small enough positive constant determined by A, a, C, m,n.
Assumptions (2), (3), (4) are not hypotheses of the Strong Lemma for A. At the end of
our proof, we will remove these assumptions.

We say that a constant is “controlled” if it is determined by C,m,n in (SLO,..., 5). We
write ¢, C,C’, etc., to denote controlled constants. Similarly, we say that a constant is
“controlled by a” if it is determined by a, together with C,m,n in (SLO,..., 5). We write
c(a),C(a),C"(a), etc., to denote constants controlled by a. Finally, we say that a constant is
“controlled by a and A” if it is determined by A,a and by C,m,n in (SLO,..., 5). We write
c(a,A), C(a, A), C'(a, A), etc., to denote constants controlled by a and A.

Our plan is simply to rescale the problem, using the linear map 7 : R* — R", given by
(B) T (T1,. ., Tn) = (NT, e AT,
for Ay,..., A, > 0 to be picked below. We define

(6) E=7YE),P,=P,o1,i° =0,

(8) &(z) = {APor:Peco(r(z))} C R, forz € E.

(Note that (7) makes sense, since f(7(z)) is an m-jet at 7(z).)
We keep w unchanged.

Thus, w is a regular modulus of continuity, E is a finite subset of R™, y9 is point of
R™, P, € P is a polynomial indexed by a € A; and for each Z € E, f(z) € R; is an m-jet
and ¢(z) C Rs.

Evidently,
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(9) PP, (y0) = AN AR (Y for a € A, B=(By,....5,) € M
To pick Aq,..., \,, we appeal to Lemma 17.2, with

(10)  F,p = 0°P,(y°) for a € A, 3 € M,
and

(11) F,g=1forac A, |f|l=m+1.

Note that the hypotheses of Lemma 17.2 are satisfied here, with a as in (2), (3), (4); and
with Cy a controlled constant. In fact, (SL1) shows that F,, # 0 for all « € A. Also,
(SL1,2) and (10), (11) show that |F,, 5| < C1|F, .| fora € A, € M*, 5> .

Finally, F,,3 =0 if a, f € A and a # (3, thanks to (SL1) and (10).
Thus, the hypotheses of Lemma 17.2 are satisfied by a, (i, F, 3 as claimed.

Applying that lemma, we obtain positive numbers \q,...,\, and a map ¢ : A — M,
with the following properties.
(12) c(a) <A\ <1lforeachi=1,...,n.
(13)  ¢(a) < a for each a € A.
(14)  For each a € A, either ¢(a) = a or ¢(a) ¢ A.

(15)  For any a € A, f € M with § # ¢(«), we have
0°Po(5°)] < @ - |07 P,(°)].

(16)  For any «a € A, we have
NN < g |02 By ()] for By 4 -+ By =m+ 1.

Here, (15) and (16) follows from the conclusions of Lemma 17.2, together with (9), (10),
(11).

Let S C E be given, with #(S) < k#. Set S = 7(S), and apply (SL3). Let ¢ (a € A)
be as in (SL3), and define
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(17) @3 = Sor, for a € A

Thus, g2 € Cp?(R™), since ¢35 € C;07(R™).

Loc

For B = (f4,...,0,) with || = m, and for &’ = (%},...,2,), @ = (Z],...,Z)) in R™ with
|z" — z"| <1, we have |7(Z') — 7(Z")| <1 (see (5) and (12)), hence

0°55(&') = %G| = A AR PRI(r(&)) — 9Ppl(r(2”))]

< XA - faow(|7(@) = (@) + Clr(@') = (2")]] by ((SL3)(a))

<aow(|# —2"|) + CAY" - Aﬂ"ZA @, — 2| (by (5), (12))

IA

agw(|¥ — z"|) + Calo*@ P, Z|x — 2] (by (16))

IA
<]

ow(|7' = 7"|) + C"al* @ Po ()] - 7' — 3|

<aw(]?’ = 3")) + C'alo @ P (i°)] - w(|z' - 7)),

since w is a regular modulus of continuity, and hence @) > @ =1for 0 <t <1 (also

t
w(0) = 0). Thus,

(18) for || =m, @, 2" € R, |7’ — z"| < 1, we have

07@3(7) — 0°53(z")| < [ao + C'alo* ™ Pa(y)]] - w(lz' —2")).
Also, from (9), (15), (SL1), (12), we have, for a = (o, ..., a,) € A, that
(19) [0/ Pu(@)] 2 [0*Pa(@)] = AT* - A3 [0°Pa(y)] = AT - A0 > (@)
From (18), (19), we have the following.

(20) 10°3(7') = 0°p(z")| < [C(a)-ao + C'-a) - [9*Pu()] - w(lz’ — 7))

forae A, |B|=m, 2,72" e R", |7/ —Z"| < 1.
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Also, (SL3)(b), together with (17) and (8), shows that, for z € S, we have
Ja(25) = [Jy@)(@5)] o T€{Por: PeCo(r(z))} = CA™'5().

Thus,
(21)  Ja(@3) € CA'5(z) foralla € A, Z € S.

From (SL3)(c), (17), (6), we have

Jp(@5) = [Jp(@3)] o7 = Py o1 = P,

[0

(22)  Jp(@3) = P, forall a € A.
Since @2 satisfies (20), (21), (22), we have proven the following.

(23)  Given S C E with #(5) < k#, and given a € A, there exists @5 € C;*(R"), with

(a) |0°¢3(x) — 0°¢5(2")| < [C(a) - ag + C'a] - |09 Pa(y”)] - w(|7' —2"))
for |6 =m, @, 2" e R, |7/ — 2" < 1;

(b) Jz(@5) € CA~'5(z) for all € S; and

(c) Jp(@3) = Pa

Similarly, let S C E be given, with #(S) < k*. Again, we set S = 7(S), and we apply
(SL4). Let S be as in (SL4), and define

(24) FS5 = FSor.

Thus, F¥ € C™(R"), since ¥ € C™¥(R").

For B = (f1,...,0,) with |8 < m, (SL4)(a) and (112) give

(25) || O°FS |lcomny = A+ Mo || 9°FS || oy < C.
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Also, for 5 = (04, ..., B,) with || = m, and with 2/, 2" € R™ with |z’ — 2”| < 1, we have

|7(z") — 7(z")] < 1 by (12), hence (SL4)(a) and (12) give

(26) |85F_‘5(j;/) _ 8ﬁF§(i’”)| _ )\?1 . )\gnmﬂFS(T(j/)) o 8ﬂFS(7‘(f”))|

<N AR Cu(|r(@) = r(@)]) < Cw(lT —2)).
From (25), (26), we see that
@7) 1| FS lomegn < C.

Suppose T € S. Then (24), (SL4)(b), (7), (8) give

Jo(F%) = [Jr@)(F%)]oT €
[f(7(2)) + Co(r(z))]oT =
f(r(Z))oT + {CPoT: Peo(r(z)} =
= f(z) + CA '5(z).

Thus,
(28)  Je(F®) € f(T) + CA'5(7) forall T € S.
Since F° satisfies (27) and (28), we have proven the following.

(29) Given S C E with #(5) < k#, there exists F'S € C™*(R"), with

| S flomequn < €, and Jo(F5) € J(z) + CA™'o(z) forall € 5.

Now define

and let ¢ : A — A satisfy
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(31)  é(p(a)) = aforall ac A
Note that

(32) A< A,

by (13), (14), (30), and Lemma 3.3.

For each & € A, define
(83)  Pa = Pya)/(0°Pyw) () € P,

Note that, with o = ¥ (&), we have

(31)  |0°Pyy(@)] = 10%@ Po(5°)| = c(a) for a € A, by (19).

Hence, the denominator in (33) is non-zero.

We derive the basic properties of the P; for @ € A.

From (15), with o = (@), we have, for a € A, 8 € M, 3 # a, that

(09 Pa(5°)] = 107 Pu(3")] / 109 Pa(y)] <

Also, for & € A, we have

O*Pa(°) = (0°Py@a)(@°))/ (0P (i°)) = 1.

Hence,

(35)  |9°Px(7°) — 0pal < Gforallac A, € M.

a (since a = ¢(a)).

Also, from (23) (with a = ¢(@)), (19) and (33), we obtain the following.

(36) Given @ € Aand S C E with #(S) < k#, there exists @2

E Cm,w

Loc

(R™), with

125



A Generalized Sharp Whitney Theorem for Jets 126

(a) 0733(x") — 0°@3(z")| < [C(a) - ao + C'a] - w(|@' — 2"))
for || =m, 2,7" e R", |7/ = 7"| < 1;
(b) J:(35) € C(a) - A '5(z) for all z € S; and

(c) Jp(23) = Pa.

(In fact, we just set @3 = @g/ (0% Pyay(7°)) with a = (@) and @S as in (23).)

a

From (35) and (2), we see that the matrix (9°P5(7°))sac4 has an inverse (M a) o ac s
with

(37)  |Mya —dwal < Cafor o/,a € A.
We now define

(38) Pa= Y Pu - Myg ePlorallac A

ao’'€A

From (37), (38), we have

(39) 9% Ps (5°) = 64 for B,a € A. Also, from (35), (30), and (2), we have

(40) 0% Pa (%) — 65s| < Caforac A, B e M.

Given S C E with #(5) < k#, we let ¢ be as in (36) for each a € A.

We then define

(41) @5 = S @5 My foralla e A

From (36)(a), (37), (2), and (41), we have, for each & € A, that

(42) |9° PS(a) — 0% PS(a")| < [C'(a) -do + C - a] - w(|@ — 7))

for |5 =m, @', 2" e R", |2/ —z"| < 1.
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Similarly, from (36)(b), (37), (2), and (41), we have, for each & € A, that

(43)  Jy(¢3) e C'(@A'5(z) forall 7 € S.

Also, comparing (38) with (41), and recalling (36)(c), we have, for each @ € A, that

Since (42), (43), (44) hold for the s:0§, we have proven the following.

(45)  Given @ € A and S C E with #(S) < k#, there exists Zg € C,(R™), with

Loc
(a) 0% 25(@) — 0% ¥5(z")| < [C'(@) - ao + C"a] - w(|7' — "))
for 2/, 7" e R", |7/ = Z"| < 1, |B| = m;
(b) J:(¢5) € [C'(a) - A™Y]5(z) for all 7 € S; and
(c) Jyp(?5) = Pa.

Next, we establish the Whitney w-convexity of 6(Z), and estimate its Whitney constant.

We check that the hypotheses of Lemma 17.1 are satisfied by the sets o(7(Z)), 6(Z), with
co and Cp in Lemma 17.1 taken here to be ¢(a) and C, respectively. In fact, the hypothesis
co < A; < 1in Lemma 17.1 holds here, thanks to (12). The hypothesis “o(7(z)) is Whitney
w-convex, with Whitney constant Cy” in Lemma 17.1 holds here, thanks to (SL0). We note
that ¢(7) is defined from o(7(Z)) as in Lemma 17.1, thanks to (8). Finally, the hypothesis “A
exceeds a large enough constant determined by ¢y, m,n” in Lemma 17.1 holds here, thanks

to our assumption (3).

Thus, all the hypotheses of Lemma 17.1 hold here, as claimed. Applying that lemma, we

now see that the following holds.

(46)  For any Z € E, the set 6(Z) C Rz is Whitney w-convex at Z, with Whitney constant
C.

In view of (29) (45), (46), (40), and (39), we can pick a controlled constant C for which
the following hold:
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(47)  For each 7 € E, the set 5(7) is Whitney w-convex at Z, with Whitney constant C.
(48) 9% Ps (3°) = 63 for B,a € A.
(49) |07 Py (%) — 6sa] < Caforalla e A, §e M.

(50) Given & € A and S C E with #(S) < k¥, there exists 9:0§ e C,»(R"™), with

Loc
(a) |0° 95(@) — 0% 23" < [C'(a) - G0+ C"-a) - w(|& — &"|)
for |8l =m, ¥, 2" e R", |7/ —2"| < 1;
(b) J(¢5) € [C'(@) - A~V (z) for all T € S; and
(c) Jp(#5) = Pa.
(51) Given S C E with #(5) < k#, there exists F'S € C™*(R"), with

(a) || FS' ||Cm,w(Rn) S Cl, and
(b) J:(F®) e f(z) + CA'5(z) forall Z € S.

We prepare to invoke the Weak Main Lemma for A. (Recall A < A; (see (32)).)

We now pick a small constant ag, for use in the hypotheses of the Weak Main Lemma for
A. In fact, we take ay to be a controlled constant, small enough to satisfy (WL5) in the
Weak Main Lemma for any A" < A, with C' in (WLO,...,5) taken here to be C; as in (47)
and (51). We can achieve this with a small enough controlled constant ag, because C; is a

controlled constant.

We now check that the hypotheses of the Weak Main Lemma for A are satisfied by the

following data:

e The constants C (as in (47) and (51)) and ag (as just discussed).

The regular modulus of continuity w.

The finite set £ C R”™.

The point 7° € R™.

The family of polynomials ;@e P, indexed by & € A.
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e The m-jet f(Z) associated to each z € E.

e The subset 5(z) C Rz associated to each 7 € E.

In fact, for these data, hypothesis (WL5) holds, thanks to our choice of ay.

Comparing hypotheses (WLO0,...,4) with our results (47),..., (51) we see the following.

(WLO0) for our data is precisely (47).
(WL1) for our data is precisely (48).

(WL2) for our data follows from (49), provided we have

(52) Ca S ag.

(WL3) for our data follows from (50), provided we have

(53)  [C"@@) - G + C"a] < ag

and

(54) [C'(a) - A < C).

(WL4) for our data follows from (51), provided we have

(55) [CA™Y < O,

Hence, to check the hypotheses of the Weak Main Lemma for A for our data, it is enough
to check that conditions (52),..., (55) hold. However, (52) holds, thanks to (2), since we
picked ag to be a controlled constant. (In fact, C' and ay in (52) are both determined by

C,m,n in (SLO,..., 5); see the definition of “controlled constants”.)
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Similarly, to check (53), we note that C"a < 3ao, thanks to (2); and C'(a) - ap < 3ao,
thanks to (4). (Here again, we use the fact that ay is a controlled constant.) Hence, (53)
holds.

Finally, (54) and (55) hold, thanks to (3).

This completes the verification of the hypotheses of the Weak Main Lemma for A, for the

above data.

We recall that we are assuming that the Weak Main Lemma holds for A, since 4 < A.

Applying that lemma to our data, we learn the following.

There exists F' € C™“(R"), with

(56) || F lomeq < €, and
(57)  Jz(F) € f(z) + C'5(z) for all z € EN B(y°, ).
We fix F as above, and define

(58) F = For L

Thus, F' € C"™“(R"). We estimate its norm. By definition of 7, and by (12), we have
from (56) that

(59) || O°F llcomm = AT™ -+ A% || O°F |lcom < C(@), for [B] <m, 8= (B, ..., Ba)-
Also, for |8 =m, B = (B1,...,0,), 2’2" € R", |[771(2') — 77 1(2”)] < 1, we have

(60) [0°F(a!) = 8PF(a")] = A™ - A5 [0PF(r7 (o) = 0°F(r ! (@")] <
C(a) - w(lr=(@) =77 (@")]).

Recall that w is a regular modulus of continuity, and note that |77(z) — 771(2")| <

C(a) - |2’ — 2"], by (12). Consequently, for a suitable constant ¢;(a), we find that
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|2" — 2"] < ¢1(a) implies |77 (') — 771(2")| < 1 and w(|77}(2") — 77 1(2")|) < C(a) -

ol — 7).
Together with (60), this yields
(61) |0°F(2') —9°F(2")| < C(a) - w(|z' —2"|) for |B] =m, |2/ — 2"| < ¢1(a).
On the other hand, if | 5| = m, ¢1(a) < |2'—2"| < 1, then we have w(|z'—z"|) > ¢ (a) since
w is a regular modulus of continuity, and [9°F(2') — 0°F(2")| < |0°F(2')| + |0°F(2")] <
C(a). Hence,

(62) |0°F(2') —9°F(2")| < C(a) -w(|z’ —2"|) if er(a) < |2/ — 2"| < 1, |B] = m.

From (61) and (62), we have
0P F(2") — 0°F(2")| < C(a) - w(|]a’ — 2"|) for |B] =m, 2/, 2" € R", |2/ — 2| < 1.

Together with (59), this shows that
©3) || F omem < C().
Next, suppose
(64) =z € EnB(1y° ca)),
and set
(65) = =r71"1(x).
If we take co(a) small enough in (64), then we will have

(66) z€ En B ), with ¢ as in (57);
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this follows from (6) and (12), and from the definition of .

From (57) and (66) we obtain

J:(F) € f(z) + C'a(z).

Composing with 771, we obtain
67) J(ForHe(f(z)ort +{C'Port:Pcs(x)}
From (7), we obtain

68) (f@)ort =[(f(r(@) orlor™ = f(7(z)) = f(x) (see (65)).
From (8), we have

(69) {C'Por™l:Pea(x)} = {C'|[APort]orl: Pco(r(z))}
= {C'AP: Peco(1(z))} = C'Ao(7(z)) = C"Ao(x) (see (65) again).

Substituting (58), (68), (69) into (67), we learn that
(70)  J.(F) € f(z) + C'"Ac(z) for all z € EN B(y°, ca(a)).

Our results (63) and (70) look a lot like the conclusions of the Strong Main Lemma for A.
However, the constants in (63), (70) depend on a and A, which do not appear in the Strong
Main Lemma. Also, we recall that we are assuming conditions (2), (3), (4) on the additional
constants a and A. We now remove the assumptions (2), (3), (4), and complete the proof of
the Strong Main Lemma for A.

We take a to be a controlled constant (ie., determined by C,m,n in (SLO,..., 5)), small
enough to satisfy (2). Next, since a is controlled, we may take A to be a controlled constant,
large enough to satisfy (3). Finally, since A and a are controlled, (4) says merely that ag
is less than a small enough constant determined by C,m,n in (SLO),...,(S15). Consequently,
(4) follows at once from hypothesis (SL5). Thus, we have taken A and a to be controlled

constants, for which assumptions (2), (3), (4) are satisfied.
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With our A and a, results (63) and (70) are valid, since assumptions (2), (3), (4) hold.
Moreover, since A and a are controlled, the quantities C'(a), C'A, and co(a) are controlled
constants. Therefore, (63) and (70) show that I € C™*(R"™) satisfies

(71) || F |lemw@n< €', and J,(F) € f(z) + C'o(z) for all z € EN B(y°, ),

with C" and ¢ determined by C,m,n in (SLO,..., 5).
However, (71) is precisely the conclusion of the Strong Main Lemma for A.

Thus, assuming the Weak Main Lemma for all 4 < A, we have proven the Strong Main

Lemma for A.

The proof of Lemma 5.3 is complete. [
§19. Proof of the Main Result

In this section, we prove Theorem 2 from the Introduction.

We have proven Lemmas 5.1, 5.2, 5.3. Consequently, we have proven the Local Theorem

stated in Section 5 (“Plan of the Proof”).

That result applies to finite sets E. We now remove the finiteness assumption on F, by

Ascoli’s theorem.
Lemma 19.1: There exists k¥, depending only on m and n, for which the following holds.

Suppose we are given a reqular modulus of continuity w; an arbitrary set E C R™; and,
for each v € E an m-jet f(z) € R, and a subset o(x) C R,.

Assume that the following conditions are satisfied.

(1) For each x € E, the set o(z) is Whitney w-convez at x, with Whitney constant C'.

(2) Given S C E with #(S) < k*, there exists 'S € C™*(R"), with
| F¥ |l gme@n< C, and J,(F®) € f(z) + Co(z) for each x € S.
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Then, for any y° € R", there exists F € C™*(R"), with
| F ||gmemny < C', and J,(F) € f(z)+ C'o(z) for allz € EN By, ).
Here, C" and ¢ depend only on C,m,n in (1) and (2).

Proof: Let k#,C’, ¢ be as in the Local Theorem, suppose w, E, f, o satisfy (1) and (2), and
let y° € R™.

Applying the Local Theorem, we learn the following.

(3)  Given a finite subset E; C F, there exists F' € C"™“(R"), with
| F lgmegny < C', and J,(F) € f(z) + C'o(x) for all z € E; N B(y°, ).

Now set
where B denotes the closed ball with center y° and radius ¢, and

B (2! _aﬁF( //)‘
B 5 |0° F(z') x
I mem) = max{max [0 F(@Lﬁg@i s ol —27))

z€B o<|z!—a’|<1

.

We equip X with the C™-topology. Thus, X is compact, by Ascoli’s theorem.

For each x € E N B, we define

Fo={FeX: J(F) e fx) + Co(z)}.

Each F, is a closed subset of X, since the set o(z) is closed.
(Recall that, by definition, a Whitney w-convex set is closed.)

From (3), we see that any finite list F,,, ..., F,, (z; € ENB) has non-empty intersection.
Since X is compact, it follows that the intersection of all the F, (z € E'N B) is non-empty.

Letting F belong to this intersection, we see that

(4)  FeCm™(B),|| F ||cnwm<C’, and J,(F) € f(z) + C'o(z) for all 2 € EN B.
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Unfortunately, F' is defined only on B. To remedy this, we introduce a cutoff function 6

on R", satisfying
0 =1on B(y°,/2), suppf C B(y°,¢) and
| 0 [[cme@ny< C" determined by m and n and the Whitney constant.
We then define F' =6 - F on R™.

From (4) and the defining properties of 8, we deduce easily that F' € C"™“(R"),
(5) | F lleme@n< C”, and J,(F) € f(z) + C"o(x) for all z € EN B(y°,/2).

Here, C" depends only on C,m,n in (1) and (2).
Our result (5) is the conclusion of Lemma 19.1.
The proof of the lemma is complete. |

Proof of Theorem 2:

Let k7 be as in Lemma 19.1, and let w, E, A, f,0 be as in the hypotheses of Theorem
2. We write a, A’, A”, etc. to denote constants determined by A, m,n. Lemma 19.1 tells us

that, for suitable constants A’, @', the following holds.

Given y € R", there exists F¥ € C™“(R"™), with

(6) || FY ||Cm,w(Rn)§ A/, and

(7) J(FY) € f(x) 4+ Alo(z) for all z € EN B(y,d).
To exploit this, we introduce a partition of unity,
8) 1 =) 6,onR" with

9) suppf, C B(y,,,%a’),

(10) || HV ||Cm+1(Rn) S A//,
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We may suppose also that

(11)  Any ball of radius 1 in R™ intersects at most A” of the balls B(y,,a’).
We then define
(12) F=)> 6,F",

with F¥ asin (6), (7). From (6), (9), (10), we see easily that

Ccm,w (Rn) S A

0,Fv € C™«(R"™), with || 6,F¥ |
Together with (11), this shows that F' € C"“(R"), with

Next, suppose = € E. We fix p with « € B(y,, 5a').

(There must exist p with this property, thanks to (8) and (9).)
Suppose we have any v, for which © € B(y,, 5a').

Then (7) gives

(14)  J.(F¥%), J(F%) € f(x) + Ao(x).

Also, (8), (12) imply that
F =Y 0,F"+> 0, (F"—FW) =F%+Y 0, (F" — F")

on R™, hence

(15) Ja:(F) = Jx(FyM) + ZJUU<6V) ’ Jz(FyV _Fyu)’

with the multiplication performed in R,.

From (14), we see that
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(16)  J.(F» — Fu) € 2A'0(x) if B(yy, 1a') contains z.
From (6), we have that

(17)  [PLI(F» — Fo)(2)| < [09F%(2)| + [0°Fo(x)| < 24" for |8 < m.
From (10), we have

(18)  [0°[1.(6.)](x)] < A” for |5] < m.

In view of the hypothesis of Theorem 2, to the effect that o(z) is Whitney w-convex with
Whitney constant A, we learn from (16), (17), (18) that

(19)  Ju(6,) - J.(F% — Fu) € A*o(x) if B(y,, 3a’) contains .

Also, if © ¢ B(yy,5a’), then J,(6,) = 0, by (9).
Therefore, (14), (15), (19) together imply that

To(F) = J(Fo) + Y J(6,) - Jo(F¥ — F)

Bly,.a'/3)>a

€ (flx) + Ao(x)) + Y Ao(x).

B(yv,a’/3)>x

This in turn implies
Jo(F) € f(z) + A%o(x),
thanks to (11). Thus, we have proven that

(20)  J,(F) € f(z) + A%0(x) for all z € E.

We have exhibited a function F' € C™<(R"), satisfying (13) and (20). The constants A%
in (13) and A™ in (20) are determined in A, m,n in the hypotheses of Theorem 2.

Thus, (13) and (20) are the conclusions of Theorem 2.

The proof of the theorem is complete. [ |
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