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SOBOLEV EXTENSION BY LINEAR OPERATORS
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ABSTRACT. Let L™P(R™) be the Sobolev space of functions with mth derivatives lying
in LP(R™). Assume thatn < p < oco. For E C R", let L™P(E) denote the space of re-
strictions to E of functions in L™P(R™). We show that there exists a bounded linear map
T:L™P(E) — L™P(R™) such that, for any f € L™P(E), we have Tf = f on E. We also give

a formula for the order of magnitude of |/f||; m.»(¢) for a given f : E — R when E is finite.
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1. INTRODUCTION

Fix positive integers m,n and let f be a real-valued function defined on an (arbitrary)
given subset E C R™. How can we tell whether f extends to a C™ function F on the whole
R™? If such an F exists, then how small can we take its C™ norm? What can we say about

the derivatives 0*F(x) at a given point x? Can we take F to depend linearly on f?

Suppose E is finite. Can we compute an extension F whose C™ norm has the least

possible order of magnitude? How many computer operations does it take?

The above questions were answered in [8, 9, 10, 11, 12, 14, 15], building on earlier work
of H. Whitney, G. Glaeser, Y. Brudnyi, P. Shvartsman, E. Bierstone, P. Milman and W.
Pawtucki [2, 3, 4, 16, 25, 26, 27].

Now we want to address the analogous questions for Sobolev spaces in place of C™.
Important first steps were taken by P. Shvartsman [20, 21, 22] and A. Israel [17]; we discuss
these papers later in the introduction.

To state our results, we set up notation. We work in the Sobolev space X = L™P(R")

(n < p < o0) with seminorm

1/p
|IFllx = ‘max (J Ia“F(x)lpdx) ,
RT\.

«l=m

or else in X = C™(R") with norm

|F|lcm®rn) = max sup [0°F(x)].
ld]<m xeRrn

Given E C R", we write X(E) for the space of restrictions to E of functions in X. The

space X(E) has a natural seminorm

| fllx@E) = inf{||Fl|x : Fe X, F=fon E}.
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When X = L™P(R"), our standing assumption n < p < oo guarantees by the Sobolev
theorem that any F € X has continuous derivatives up to order (m — 1). Consequently, F

may be restricted to E and our definition of X(E) makes sense.

When X = L™P(R"), then c¢,C,C’ etc. denote constants depending only on m,n,p.
Similarly, when X = C™(R"), then c, C, C’ etc. denote constants depending only on m,n.

These symbols may denote different constants in different occurrences.

The simplest form of our results is as follows. Let X = L™P(R") until further notice.

Theorem 1 (Existence of Linear Extension Operators). Given E C R", there exists a linear
map T: X(E) — X such that

Tf=fonE and |Tf||x < C||f||xe forall fe X(E).

Theorem 2 (Computation of the norm). Suppose E C R" is finite; let N = #(E) be the number
of points in E. Then there exist linear functionals &;,...,& : X(E) — R, such that L < CN and

L L
¢ &P < [fl%, < CD &P forall feX(E).
(=1

(=1

For finite E C R™, we can say more about the linear map T in Theorem 1 and the linear
functionals &, ..., & in Theorem 2 ; they have “assisted bounded depth”, a notion that we
explain below. We expect that this will be useful when we look for algorithms analogous
to those in [14, 15].

To motivate the idea of assisted bounded depth, let us compute the variance of N given

real numbers x4, ..., xyn. Two standard formulas are

N
1
(Var 1) o’ = N2 Z(Xi — xj)2 and

Lj=1

1 o 1 ¢
2 _ 2 -
(Var 2) 0" = N;(xi—x) where X = N;Xj.
Note that it takes ~ N? computer operations to apply formula (Var 1), but only ~ N oper-
ations to apply (Var 2). By precomputing X, we save a lot of work. We will return later to

the problem of computing a variance.

Now we explain the notion of assisted bounded depth. Let E C R™ be finite, and let

N = #(E). Any linear functional w on the space X(E) can be written in the form
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w(f) = Z A(x)f(x), for coefficients A(x) independent of f. (1)
x€E
We write dp(w) (the “depth” of w) to denote the number of nonzero coefficients A(x).

A collection of functionals QO = {wy,...,ws} on X(E) will be said to be a set of “assists”

provided we have
S
> dp(w,) < CN.
s=1

The significance of this condition is that for any given f € X(E), it takes at most CN
computer operations to calculate all the values w;(f),...,ws(f). The assists w(f) (s =
1,...,S) will play the role of the mean X from our earlier remarks on computing a vari-

ance.

Let Q = {wy,...,ws}be a collection of assists for X(E). A linear functional & : X(E) — R

is said to have “()-assisted bounded depth” if it can be expressed in the form

S
Ef) =) AMy)f(y)+ ) mw(f), forall f € X(E), )
s=1

yet
where the A(y), us € R are independent of f, and at most C of the coefficients A(y), ps are

nonzero.

Similarly, a linear map T : X(E) — X is said to have Q-assisted bounded depth if it can
be expressed in the form

S
Tf(x) = > A u)f(y)+ ) mx)ws(f), forall f € X(E), x € R, (3)
s=1

yek
where A(x,y), us(x) € R are independent of f, and for each x € R", at most C of the

A(x,y), us(x) are nonzero.

An operator or functional is said to have “bounded depth” if it has )-assisted bounded

depth with O equal to the empty set (no assists). See [11, 18].

We will prove the following result.

Theorem 3. Suppose E C R™ is finite. Then there exist assists QO = {w,...,ws} such that
the operator T in Theorem 1 , and the functionals &, ..., & in Theorem 2 can be taken to have
Q-assisted bounded depth.
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If an oracle told us the coefficients in (1) for the assists wy,...,ws, and in (3) for the
operator T in Theorems 1 and 3, then we could efficiently compute Tf for any given f €
X(E). We could first precompute the assists w;(f),..., ws(f) using at most CN computer
operations by applying (1). After that we could compute Tf(x) at any given point x € R"
using at most C operations, by applying (3).

Similarly, if an oracle told us the coefficients in (1) for the assists wy, ..., ws, and in (2)
for the functionals &, ..., & in Theorems 2 and 3, then we could compute the order of
magnitude of ||f||x) for any given f by first computing the assists w;(f),...,ws(f) and
then computing &;(f),..., & (f) in Theorems 2 and 3 . This would require at most CN

computer operations.

We hope that the coefficients arising in our formula for the assists wy,...,ws and the
functionals &, ..., & can be computed using at most CN log N operations; and that after
one-time work CN log N we can compute the coefficients relevant to Tf(x) at a given query
point x using at most Clog N operations. This would provide an efficient algorithm for
interpolation of data in the Sobolev space X = L™P(R") (n < p < 00), analogous to the
algorithms in Fefferman-Klartag [14, 15] for C™(RR™).

Let us compare our present results to what we know about C™(RR"). Switching over to
X = C™(R"), we recall the following results [10, 12, 14].

Theorem 4. For any E C R", there exists a linear map T : X(E) — X, such that
Tf=font and |Tf||x < C|f||xw forall fe X(E).
Moreover, if E is finite, then T has bounded depth.

Theorem 5. Let E C R™ be finite, and let N = #(E).

Then there exist subsets Sy, ...,Sx C E, with K < CN, and with #(Sx) < C for each k, such
that
[fllxE < C- nax | (fls, ) |[xz(s,)  forall £ € X(E).

Corollary 1. Let E C R™ be finite, and let N = #(E). Then there exist linear functionals
&1y-. oy &L X(E) = R, such that L < CN, each &, has bounded depth, and

- max [&(f)] < [flxe) < C - max &) forall f € X(E).

1<¢

For the rest of the introduction, we again take X = L™P(R") (n < p < 00). Motivated

by Theorems 4, 5 and Corollary 1, one might wonder whether we can dispense with the
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assists in Theorem 3, and take T, &;,..., & to have bounded depth. An optimist might
even conjecture that |||} ;, is comparable to S Ace|l(fls,) %5, for subsets Sy,...,S. C E
and coefficients A, ..., A independent of f, with L < CN and #(S;) < C for each (.

In fact, a counterexample [13] shows that the extension operator T in Theorem 3 cannot
be taken to have bounded depth. On the other hand, the remarkable work of Batson-
Spielman-Srivastava [1] on “sparsification” gives hope that bounded-depth &’s may ex-

ist. We illustrate the result of [1] by returning to the computation of the variance of real

numbers X1, ...,XN.
Given € > 0, there exist coefficients A,...,Ar > 0 and integers i;,...,1L, j1,...,jL €
{1,...,N}such that L < C(e)N, and such that the variance of x;, ..., xn differs by at most

a factor of (1 + €) from

L
Z Ae(xi, —%5,)%,
=1

for any real numbers x,...,xy. Here, C(e) depends only on €. Thus, one can compute

a variance to within, say, a one percent error by using O(N) functionals without assists.

This is merely a special case of [1]. See also [23, 24].

Dealing with sums of pth powers (p > 2) is more difficult than dealing with sums of
squares. We don’t know whether sparsification applies to our problems, or whether the

functionals &g, ..., & in Theorems 2 and 3 can be taken to have bounded depth.

Theorems 1,2,3 deal with the homogeneous Sobolev space L™P(R"). It is easy to pass
from these results to analogous theorems for the inhomogeneous Sobolev space W™P (R");

see section 18.

So far, we have looked for functions F € L™P(R") that agree perfectly with a given
f : E — R. More generally, we can look for functions F that agree approximately with a
given f. To do so (for E finite), we specify a weight function u : E — (0, 00) along with
our usual f : E — R. We then look for F € L™P(R") and M > 0 such that

D u)[F(x) = f(x)[P < MP and |[Fl|impes < M,

x€E
with M having the smallest possible order of magnitude.
We believe that Theorems 1,2,3, and the algorithms to which (we hope) they give rise,

can be extended to solve this more general problem. Analogous results for C™(R") are
givenin [8, 12, 14, 15].
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Let us sketch the proof of Theorem 1 for the case of finite sets E. The general case
(infinite E) follows by taking a Banach limit, and the proofs of Theorems 2 and 3 arise by
examining carefully our proof of Theorem 1. We will oversimplify the discussion, so that

the spirit of the ideas comes through.

We first set up a bit more notation. We will write Q, Q’, etc. to denote cubes in R™ (with
sides parallel to the coordinate axes). We write 6 to denote the sidelength of the cube Q.
For any real number A > 0, we write AQ to denote the cube having the same center as Q,
and having sidelength A - 8. If Fisa C™! function on a neighborhood of a point x € R",
then we write J,(F) (the “jet” of F at x) to denote the (m — 1)™! degree Taylor polynomial
of F at x. Thus, J«(F) belongs to P, the vector space of real (m — 1)t degree polynomials
on R™ (“jets”).

Next, we introduce a local variant of the problem addressed by Theorem 1 . Suppose

we are given the following data:

e A cube Q.

e A finite set E C 3Q.

e A functionf:E — R.
e A point x € E.

e AjetP € P.

The local interpolation problem LIP(Q, E, f,x, P) is the problem of finding a function
F € X(3Q), such that

F=fonkE, J,(F) =P 4)

and
|Fllx3q) is as small as possible, up to a factor C. ®)

To prove Theorem 1, we will solve an arbitrary local interpolation problem LIP(Q, E, f, x, P)
in such a way that the interpolant F depends linearly on the data (f, P) for fixed Q, E, x.

Once we give such a linear solution, then Theorem 1 for finite E follows easily by taking

Q to be a large enough cube containing E.

We will measure the difficulty of a local interpolation problem by assigning to it a “la-
bel” A. Here, A is any subset of the set M of all multi-indices « = (a4, ..., «,) of order
lo| = 1+ - -+, < m—1. Labels .A come with a (total) order relation <. Roughly speak-
ing, whenever A < A’, alocal interpolation problem that carries the label A is easier than

one that carries the label .A’. In our ordering, the empty set () is maximal, and the set M
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is minimal. Accordingly, () labels the hardest interpolation problems, and M labels the

easiest problems.

To assign a label A to a local interpolation problem, we introduce the convex set
o(x,EB)={Jx(F):FeX, ||F|lx <1, F=0onE}C P. (6)

This set is clearly relevant to the problem of finding F € X such that F = f on E; it measures

our freedom of action in assigning J(F) for such an interpolant.

Roughly speaking, a local interpolation problem LIP(Q, E, f, x, P) carries a label A C M
if for each & € A, the monomial

P.(y) = 687‘“‘711/10 (y—x)* belongsto o(x,E). (7)

(Recall that 84 is the sidelength of Q, and that X = L™P(R").)

Thus, we have defined the notion of a local interpolation problem that carries a given

label A. We list a few relevant properties of labels.

(8) Any problem that carries a label A also carries the label A’ for any A" C A. If
A" C A, then A < A’, where < is the order relation used to rate the difficulty of a
local interpolation problem.

(9) Every local interpolation problem carries the label ), since we then make no re-
quirement that any monomial P, belongs to o(x, E).

(10) On the other hand, a local interpolation problem carries the label M only when E
is the empty set.

(11) The assignment of a label to LIP(Q, E, f,x, P) depends only on (Q, E, x); the func-
tion f and the jet P play no rdle.

For each label A, we will prove the following

MAIN LEMMA FOR A: Any local interpolation problem LIP(Q, E, f,x, P) that carries
the label A has a solution F that depends linearly on the data (f, P).

In particular, the MAIN LEMMA FOR A = {) tells us that every local interpolation
problem admits a solution F depending linearly on the data (f, P). (See (9).) Consequently,
the proof of Theorem 1 reduces to the task of proving the MAIN LEMMA for every label
A. We proceed by induction on A, with respect to the order <.

In the BASE CASE, we take A = M, the smallest possible label under <. The MAIN
LEMMA FOR M holds trivially. For any local interpolation problem LIP(Q,E,f,x, P)
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with label M, we simply take our interpolant to be F = P. We have F = f on E vacuously,
since E is empty; and ||F||x = 0. (See (10).)

For the INDUCTION STEP, we fix a label A # M, and make the following inductive

assumption:

The MAIN LEMMA FOR A’ holds for all A" < A. (12)
Under this assumption we will prove the MAIN LEMMA FOR A.
Thus, let

LIP° = LIP(Q° E°, f°, x° P°) be a local interpolation problem
that carries the label A. (13)
Our task is to find an interpolant F € X(3Q°) that solves the interpolation problem LIP°
and depends linearly on the data (f°, P°). To do so, we proceed in several steps, as follows.

STEP 1: We partition 3Q° into “Calderén-Zygmund” subcubes Q, (v = 1,...,Vpax).
Each Q, is such that E, := E N 3Q, is non-empty. We pick a point x, € E, for each v.

STEP 2: For each v, we pick a jet P, depending linearly on the data (f°, P°). We then set

fy := flg,, and consider the local interpolation problem

LIP, = LIP(Q,, Ev, fy, Xy, P3). (14)

STEP 3: The partition of 3Q° into Calderén-Zygmund cubes Q. has been defined to
guarantee that each local interpolation problem LIP, carries a label A’ < A (except in the
trivial case in which E, contains at most one point). Hence, by our inductive assumption
(12), we can solve each problem LIP,, obtaining an interpolant F, € X(3Q-) that depends
linearly on (fy, Py). Since also f, and P, depend linearly on (f°, P°) (see STEP 2), it follows
that each F, depends linearly on (f°, P°).

STEP 4: We introduce a partition of unity

1= Z 0, on 3Q°, with each 6, supported in 3Q,.

Using that partition of unity, we patch together the local interpolants F, into a single

F=) 0.F.

interpolant F, by taking
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Thus, we obtain a function F € X(3Q°) that satisfies F = f° on E°, and J,.(F) = P°. It
remains to show that the seminorm of F in X(3Q°) is as small as possible up to a factor C.

This has a chance only if the jets P, in STEP 2 are carefully picked to be mutually consis-
tent. Arranging this consistency is the hardest part of our proof, and the main difference

between our arguments here and those in [8, 9, 10, 11] for C™(RR") interpolation.

To assign the jets P, in STEP 2 and achieve their needed mutual consistency, we first

pick out from among the Calderén-Zygmund cubes Q. the subcollection of keystone cubes.

A given Q) is a keystone cube if every Q. that meets 100Q is at least as big as Q..

We carry out STEP 2 by first assigning jets P, to the keystone cubes. Each keystone
cube may be treated separately, without worrying about mutual consistency. For any
Calderé6n-Zygmund cube Q. other than a keystone cube, we carefully select a nearby

keystone cube Q,(), and then simply set
P, = P«); the right-hand side has already been defined.

The above procedure associates jets P, to all the Calderén Zygmund cubes Q,, in such a

way that the required mutual consistency is guaranteed.

This concludes our sketch of the proof of Theorem 1. We again warn the reader that it is
oversimplified. Even the notation and definitions in the subsequent sections differ from

those presented in the introduction.

Throughout this paper, we study L™P(R") only for n < p < oo. It would be natural to
investigate the more general case ;- < p < oo, since then any F € L™P(R") is continuous,

and may therefore be restricted to an arbitrary subset E C R™.

We briefly review the earlier work on Sobolev extensions. The first breakthrough was
the discovery by P. Shvartsman [20] that Theorem 1 for the Sobolev space L'?(R") (i.e.,
m = 1) holds with T given by the classical proof of the Whitney extension theorem [25].
Shvartsman gave a formula [20] for the order of magnitude of the seminorm ||f||x&) when
X = L'"P(R") and E C R" is arbitrary (possibly infinite). See also [21]. The proof of
Theorem 1 for the Sobolev space L™P(R) (i.e., n = 1) was given by G.K. Luli [19] when
E C Ris finite and by P. Shvartsman [21] in the general case.

The next significant progress was the proof by A. Israel of Theorems 1 and 2 for the
case X = L*P(R?) (with the bound L < CN? in place of L < CN in Theorem 2). See [17].

The proof in [17] makes explicit use of the keystone cubes.
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Our main technical achievement here is to combine the ideas used previously for inter-
polation problems with labels, and those used to exploit keystone cubes. In particular, we
have to dispense with the convex sets called I'(x, M) in [14, 15]; these sets played a crucial

role in our earlier analysis of C™(R™).

P. Shvartsman has lectured at several workshops on results and ideas that appear closely
related to ours. He is now writing up his results, and we look forward to studying them;
see also [22]. It would be interesting to study the relationship between our keystone cubes

and the “important” cubes from [22].
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2. NOTATION AND PRELIMINARIES

2.1. Notation. Fix integers m,n > 1 and a real number p > n. Unless we say otherwise,
constants written c, ¢/, C, C’, etc. depend only on m, n, and p. They are called “universal”
constants. The lower case letters denote small (universal) constants while the upper case

letters denote large (universal) constants.

For non-negative quantities A, B, we write A ~ B, A < B, or A 2 B to indicate (respec-
tively) that cB < A < CB, A < CB, or A > cB.

This paper is divided into sections. The label (p.q) refers to formula (q) in section p.
Within section p, we abbreviate (p.q) to (q).

A cube Q C R"is any subset of the form:
Q={a}+(-8,8]" (a€R" 5>0).

The sidelength of Q is denoted 6q = 25, while the center of Q is the point a. For A > 0 let
AQ denote the cube having the same center as Q but with sidelength Abq. A dyadic cube
Q C R"is any cube of the form:

Q= (1-25 (Gi+1)- 2% (52-25 (124 1)- 2 - % (1n-25, (Gu+ 12 (1,32 Imy K € Z),
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To bisect a cube Q C R™ is to partition it into 2™ disjoint subcubes of sidelength 184. These
subcubes are called the children of Q. If Q C Q' are dyadic cubes we say that Q' is an
ancestor of Q. Every dyadic cube Q has a smallest ancestor called its parent, which we
denote by Q™.

We use the following notation:

IX| := [X|loo = max{|x1],...,|xnl} (x = (X1,...,%,) € R");
dist(x, Q) :=inf{|x —y| : y € Q} (Q CR"Y x € R"Y);
dist(Q', Q) :=inf{lx —y| : x € Q';y € O} (Q,Q" Cc RY);

B(Q,R) :={x € R": dist(x, Q) < R} (QCcRY R>0); and
diam(S) := max{|x —y|: x,y € S} (S C R™ finite).

The analogous objects defined with respect to the Euclidean norm |x|; = (|xq* +--- +
[xn|?)"/? are denoted by dist,(x, Q), dist,(Q’, Q), B2(Q, R) and diam,(S).

We write M for the collection of all multi-indices « of order |&| < m — 1. If «x and (3 are

multi-indices, then 6,5 denotes the Kronecker delta.

If Fisa C™! function on a neighborhood of a pointy € R", then we write J,(F) (the
“jet” of F aty) for the (m — 1)t degree Taylor polynomial of F at y.

Let U C R™ be a domain. The homogeneous Sobolev space L™P(U) consists' of all
functions F : U — R with finite seminorm

1/p
[Fllum ) i= max (J Ia"‘F(x)!pdx> :
u

lol=m

Similarly, the inhomogenous Sobolev space W™P(U) consists of all functions with finite

norm

1/p
I[F|lwmop(u) := max (J \a“F(x)!pdx) :
u

o] <m
For 0 < s < 1, the homogeneous Holder space C™1s(U) consists of all functions F: U —

R with finite seminorm

IFllemrsqy =

. { 9°F(x) — 9°F(y)

x—uF 'x,y € U, !ocI:m—1}.

Here, the derivatives 0*F are defined as distributions. Strictly speaking, F € L™P is defined only up to

a set of measure zero. Under our assumption n < p < oo, the Sobolev theorem allows us to regard any
m—1,1T-n/p

loc . For a discussion of these technicalities, see [7].

F € L™P as a function in C
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Likewise, the inhomogeneous Holder space C™ "¢ (U) consists of all functions with finite

norm

o) — oY)
F m—1,s = max
[Pl e

+ max{[0*F(x)| : x € U, |af <m —1}.

%,y € U, |oc|=m—1}

Let P denote the space of real-valued (m — 1)™! degree polynomials on R™. Then P is
a vector space of dimension D := dim(P). For each x € R", the multiplication ® on P is
defined by

PoQ:=]x(P-Q) (P,Q € P).
Given a finite subset E’ C R", the space of Whitney fields on E’ is denoted
WHh(E') := {(Px)xee' : Px € P forall x € E'}.

For every function F that is C™' on a neighborhood of E’, we define the Whitney field
Je (F) := (Jx(F))xeer € Wh(E’) (the “jet” of Fon E).

Given an arbitrary subset E C R™ and a finite subset E’ C R", we define the trace space
L™P(E:E') = {(f, P):P e Wh(E'), f:E =R, 3F ¢ L™ (R") with Fl¢ = f and Je/ (F) = 13} .
This space comes equipped with the natural seminorm

(f, P)|lumo ey == nf{ | Fl[mw(en) : Fle = f and Je (F) = P}.

If E’ is empty, then L™P(E; E') is simply L™ (E), and we take P = 0. Similarly, if E is empty,
then L™P(E; E’) = Wh(E') (equipped with the obvious seminorm), and we take f = 0. For
z € R", we often write L™P(E; z) in place of L™P(E;{z}).

A function F € L™P(RR") is called an extension of (f, 13) e L™P(E; ') if
F=fonE and Jg/(F) = P.

By a near optimal extension of (f, P), we mean an extension that satisfies

[F|ltmr@n) < C|(f, P)||tmr (e, for some universal constant C.
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An extension operator is a linear map T : L™P(E;E’) — L™P(R"), such that T(f, 13) is an
extension of (f, 13) for every (f, 13) € L™P(E;E’). We say that T is bounded if

ITI = sup {ITCF Pl ) £ 16, Pllumoeen <1} < C.

Let A be a linear map from L™P(E;E’) into either V = R or V. = P. The depth of A
(denoted by dp(A)) is the smallest non-negative integer d, such that there exist points
X1y.--yX € Eand yi,...,ys € B with r + s = d, multi-indices o,..., s € M and
elements vy,...,vq € V, such that

—

7\(f> P) = f(X]) Vit f(xr) "V + o™ Py1 (y1) “Vpp e+ a(xspys (ys) *Vrgs
for all (f,P) € L™P(E; E').

We now introduce the notion of “assisted bounded depth” linear maps on L™P(E;E’).

Definition 1. Let V = R or V = P. Given a collection of linear functionals O C [L™P(E)]*
and an integer d > 0, we say that a linear map A : L™P(E;E’) — V has Q-assisted depth d if
there exist wy,...,wq € Q, elements vy,...,vq € V and a linear map A:L™P(E;E') — V with
dp(A) < d, such that

A(f,P) = wi(f) - vi+ -+ wa(f) - va + A(f, P) forall (f,P) € L™P(E; E').
Let U C R™ be a domain. We say that a linear map T : L™P(E; E’) — L™P(U) has Q-assisted
depth d if the linear map
(f, P) € L™P(E;E/) — Jx (T(f, P)) € P has Q-assisted depth d, forall x € U.

If T (resp. A) has Q-assisted depth d for some constant d that depends only on m, nand p, then
we say that T (resp. A) has Q-assisted bounded depth.

For a finite subset E C R™ and E’ empty, we have introduced the notion of an Q-assisted
bounded depth map T : L™P(E) — L™P(U) above and also in the introduction. It is not
very difficult to see that these definitions are equivalent; we leave this as an exercise for

the reader.

Let E C R™ and x € R"™. Then we define
o(x,E) = {P €eP:3¢ e L™P(R") with [x¢ =P, ¢lg =0, and ||p||tmrrn) < 1}.

Thus, o(x, E) is a centrally-symmetric (P € P = —P € P ) convex subset of P.
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2.2. Preliminaries. For each x € R", 8 > 0, we define a norm on P by

Plo=( X epropsmien) T pep). 1)

o <m~—1

For x’ € R", we have the Taylor expansion

IP(x) = ) %amp(x’)-(x—ﬂ)y (lof <m—1).

hyl<m—1—|«|
Thus, the norms defined in (1) satisfy the inequality
Ples < C'IPL. s (x,x" € R™, |x —x/| < C§). )

We will consider the following result in several settings.

The Sobolev Inequality for U: For every F € L™P(U), we have

Q*(JyF—F)(x)| < C- [x —y[™ ™™ |[Fllimewy (y €U, ladl <m—1). (3

For the appropriate class of domains U, the constant C in (3) will be universal. The usual
proof of the Sobolev Inequality for U = R" establishes (3) when U is any cube Q C R™. By
applying a linear transformation, we obtain (3) also when U is an axis-parallel rectangular
box that is non-degenerate (i.e., whose sidelengths differ at most by a universal constant

factor).

Finally, we consider the case when U = R; U R; is the union of two such rectangular
boxes; we assume that R; and R, have an interior point in common. Take x,y € U and
fix some function F € L™P(U). If x and y lie in the same box R; then (3) follows from the
Sobolev Inequality for R;. Thus, we may assume that x and y lie in different boxes. Let
z € Ry N R, be any point that satisfies

Ix —z| <|x —y| and [y —z| < [x —yl.

(Here, we exploit the axis-parallel structure of Ry and R;.) For any « with |« < m —1,

since |&| + n/p — m < 0, we have
10%(JyF = JxF)(2)] - Ix — ylekme—m < 0%(J,F — I.F)(2)] - Iy — Z|akn/p—m
+o*(JxF — I.F)(2)] - [x — z[=H+n/pmm)

which is bounded by C’||F||im»(r,ur,), thanks to the Sobolev Inequality for R; (i = 1,2).
Inserting this inequality on the right-hand side of (2), where we have set P = J,F — J,F,
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d =[x —yl and x’ = z, we obtain (3). This completes the proof of the Sobolev Inequality
for U = R; UR,.

3. PLAN FOR THE PROOF

Let E C R" (finite) and z € R"™ be given. Our main goal is to prove the following
theorem.

Extension Theorem for (E,z). There exist a linear map T : L™P(E;z) — L™P(R"), a map
M : L™P(E;z) — R, and a collection of linear functionals QO C [L™P(E)]*, that satisfy the
following properties:

(E1) T is an extension operator.
(B2) [|(f, P)lemr ez < [ITCF PYflime@ny < C- [[(Fy P)[imr(ez), and
(E3) C"- M(f,P) < ||IT(f,P)||mprn) < C - M(f,P), foreach (f,P) € L™P(E;z).

(E4) ) dp(w) < C-#(E).

we

(E5) T has Q-assisted bounded depth.
(E6) There exists a collection of linear functionals = C [L™P(E; z)]*, such that

(a) each functional in = has Q-assisted bounded depth,
(b) #(Z) < C - #(E), and

1/p
(c) M(f,P) = (Z |E,(f,P)|P> for each (f,P) € L™P(E;z).

ez

Here, C depends only on m, n and p.

Theorem 1 (for finite E) and Theorems 2, 3 follow easily from the above extension the-

orem. (See section 18.)

3.1. Order Relation on Labels. To prove the Extension Theorem for (E, z) we proceed by
induction on the “shape” of the convex subsets o(x, E) C P, where x ranges over E. The
shape of a single convex subset 0 C P will be defined in terms of a label A C M. We use

the following order relation on labels.
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Definition 2. Given distinct elements « = (x1,...,n), B = (B1y...,Pn) € M, let k €
{0, ...,m} be maximal subject to the condition ZL & # Z]f:] Bi. We write oc < 3 if

k k
Z o< Z ﬁi.
i=1 i=1

Given distinct labels A, A C M, we write A < A if the minimal element of the symmetric
difference AAA (under the order < on elements) lies in A.

The next lemma is immediate from the definition.

Lemma 3.1. The following properties hold:

o Ifx,p € Mand || < |B| then & < 3.
o IfAC AC Mthen A< A. In particular, the empty set is maximal and the whole set M
is minimal under the order on labels.

3.2. Polynomial Bases. In this section, we define the notion of a labeled basis for a sym-

metric convex subset o C P.

Definition 3. Given A C M, x € R", € > 0and § > 0, we say that (Py)aca C P forms an
(A, x, €,8)-basis for o if

(B1) P, € € - §V/PHl—m . for oc € A,

(B2) PP, (x) = Sap, for o, B € A; and

(B3) [0PP(x)| < e - 8P forac A, B € Muwith p > «.
Remark 1. The above definition is monotone in the parameters (€,8) in the following sense:

Suppose that (Py)aeca forms an (A, x, €, d)-basis for some convex subset o C P. If €’ > € and
0 <& < dthen (Py)xeca forms an (A, x,€’,d")-basis for o.

3.3. The Main Lemma. Fix a collection of multi-indices A C M. We prove the following
by induction with respect to the label A.

Main Lemma for A. There exists a constant € = €(.A), depending only on A, m, n and p, such
that the following holds. Let E C R™ and z € R" satisfy 2 < #(E U{z}) < oo, and assume that

o(x, E) contains an (A, x, €, d¢ ;)-basis for every x € E,

where Og , := 10 - diam(E U{z}). (1)
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Then the Extension Theorem for (E, z) holds.

Note that condition (1) in the Main Lemma for () holds vacuously. Thus the Main
Lemma for A = () implies the Extension Theorem for (E,z), whenever #(E U {z}) > 2.
The Extension Theorem for (E, z) is obvious when #(E U{z}) < 1 (e.g., see Lemma 3.2 in
the next section). Thus we have reduced the proof of the Extension Theorem for (E, z) to
the task of proving the Main Lemma for A, for each A C M.

We proceed by induction and establish the following.
Base Case: The Main Lemma for M holds.

Induction Step: Let A C M with A # M. Suppose that the Main Lemma for .A” holds for
each A’ < A. Then the Main Lemma for A holds.

To prove the Main Lemma for M, we define ¢(M) = 1 and take o = 3 = 0 in (B2) from
the definition of (M, x, 1, 8)-basis. Thus, for x € E, we have P§(x) = 1. On the other hand,
from (B1) we have P§(x) = 0. This contradiction shows that E is empty, hence we cannot
have #(E U{z}) > 2. Consequently, the Main Lemma for M holds vacuously.

3.4. Small Extension Problems.

Lemma 3.2. Suppose that #(E U{z}) < 2. Then the Extension Theorem for (E,z) holds.

Proof. If E is empty then the Extension Theorem for (E, z) holds with (T, M, 3, Z) defined
by
T(P)=Pand M(P) =0 foreachPcP; Q=0and==0.

Suppose that E is non-empty. Since the Extension Theorem for (E,z) is equivalent to
the Extension Theorem for (E \ {z}, z), it suffices to assume that E = {X} for some X € R"
and that z € R™ \ E.

Fix data f : E = {x} — R and P € P. Define the polynomial R € P that satisfies

R(X) = f(x); and 9*R(X) = 0%P(x) for all « € M\ {0}. (2)
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(Note that R is determined uniquely and linearly from (f, P).) Take a cutoff function 6 &
C°(IR™) that satisfies

0 is supported on B(x,A/2), where A := |z —X]|/2; 3)
0 = 1 in a neighborhood of X; and 4)
0%0] < Clz —x|'* when |a| < m. (5)

(Note that 0 necessarily vanishes in a neighborhood of the point z.) Define the linear map
T:L™P(E;z) —» L™P(R") by

T(f,P) =P+ 06(R—P), foreach (f,P).

Then (2), (3) and (4) imply that T is an extension operator, i.e., that (E1) holds.

Since T(f, P) agrees with an (m — 1)t degree polynomial outside of B(X, |z — X|/2), the
Leibniz rule and (5) show that

T Py = T P ey S D 1°(P = RIRIP - [z — R o6-m

o <m
ZPR) = FR)P - |z = X" ™. (6)
From the Sobolev inequality, we have
[P(X) — ()P - [z =X[""™ < C- [[F[[{mpgn), forevery F e L™ (R") that satisfies
F(x) = f(x) and J.(F) = P. (7)

Taking the infimum with respect to F in (7), yields
IP(X) = )P - [z =X"™ < C- [ (f, P es2)-
Since T is an extension operator, the definition of the trace seminorm shows that
1, PYl[Lmorez) < ITCE P [mr -

The last two inequalities and (6) suffice to prove (E2). If we define M(f, P) = [P(x) —f(X)|-
|z — X|"/P~™ then the same inequalities establish (E3). Finally, (E4), (E5) and (E6) follow
easily by taking Q = @ and = = {&: &(f,P) = [P(X) — f(X)] - |z — ?I%*m}. This concludes
the proof of Lemma 3.2. |

3.5. Technical Lemmas. In this section we present two technical lemmas used in our

proof of the Induction Step; their proofs involve nothing but the most elementary linear
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algebra, though they are a bit involved (the reader may wish to omit the proofs of Lem-
mas 3.3 and 3.4 on first reading). Recall that D stands for the dimension of the space of

polynomials P.

Lemma 3.3. There exist universal constants c¢; € (0,1) and Cy > 1 so that the following holds.
Suppose we are given the following data:

e Real numbers e; € (0,c¢;] and €, € (0, et *2].

o A lengthscale & > 0.

e A collection of multi-indices A C M.

e Two finite subsets ) # £y C E; C R, with diam(E;) < 109.

o A family of polynomials (PY)aea that form an (A, x, €,,8)-basis for o(x,Ey), for each
x € E,, and satisfy

max{|0PPX(x)[8P": x € By a€ A, B e M} > P (8)
Then there exists A < A so that o(x, Ey) contains an (A, x, Cy - €1, 8)-basis for every x € E,.
Proof. By rescaling it suffices to assume that 5 = 1. Let c; be a sufficiently small constant,

to be determined later. Our hypothesis tells us that €; < ¢y, €, < e%D” and that (ﬁ;‘c)ae A
forms an (A, x, €3, 1)-basis for o(x, E;), for each x € E,. That s,

PX € e a(x, Ey); )
PP (x) = 8ap (&, B € A); and (10)
10PPX(x)| < e, (e A BeM, p>a. (11)

For each « € A, we define Z, = max {yaﬁﬁg(xn :x€e by B e /\/l} Then hypothesis (8) is
equivalent to max{Z,, : « € A} > €;°7'. Let @ € A be the minimal index with Z5 > ¢,;°~".
Thus,

Zy < e P forall @ € Awith x < %, (12)

and there exist xo € E; and 3o € M with
€07 < Zg = [0POPX(xo). (13)

Thus, (10) and (11) imply that 3o # & and By < «, respectively. Therefore, 3o < &. By

definition of Z5, we also have

10PPY(y)| < [0P°PX(x,)|, forally € E; and p € M. (14)
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Let the elements of M between 3, and & be ordered as follows:
Po<Pr < <Pr=1
Note that k + 1 < #M = D. Define
a; = [0PPX(xo)], fori=0,...,k.

Then, (10) and (13) imply that a, = 1 and ap > €;°'. Choose r € {0,...,k} with a,e;” =
max{alefl : 0 <1< k}. Note that ag > efD’l > akefk which implies 1 # k. Moreover, we
have

a,>ePay and a, > e;'a; fori=r+1,...,k. (15)
Define p = B, € M. Then, (15) states that
P (xo)] = €P0PPR (xo)] = €. (16)
Also, (11) and (16) imply that
PR (x0)l € &2 <1< ealdPPR(xo)l (B EM, B>).
Meanwhile, for B < B < &, (15) implies that |aﬁi5;° (x0)| < €4 |635;° (x0)|. Thus, we have
8PP (x0)l < €1[0PPs(xo)l (B €M, B>B). (17)
By (16) we have IE)Eﬁ%O (x0)| > 1. Hence, (10) and (11) imply that
B<wxand B ¢ A. (18)

Define ﬁ%" = 15%0 / aﬁﬁg (x0), which satisfies

5%0 € e, - 0(xo, Ey), thanks to (9) and [3PPX (xo)| > T; (19)
’aﬁﬁ%‘)(xoﬂ < e (BeM,pB>pB), thanks to (17); (20)
|aﬁﬁ%°(xo)| <eP (BeM), thanks to (14) and (16); and (21)

aﬁ’ﬁg (xo) = 1. (22)
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By (19), there exists g € L™P(R") with

Jo®p = P (23)
@gle, = 0; and (24)
logllmr@n) < €. (25)

Fix an arbitrary point y € E, and define 5% := Jy@g- Then (24)-(25) and the definition of
o(,-) imply that

5% € e - 0(y, ). (26)
Since ﬁ% = Jy @5, we have
0P PY(y) — 8l < 0P eg(y) — PP (y)] (27)
1 DX
H| X PRy ) b (BeM).
yl<m—1-1g| *

Since x0,y € E; and diam(E;) < 106 = 10 we have |xo — y| < 10. Therefore, the first term
on the right-hand side of (27) is bounded by C||@g]|Lm»®n); this uses (23) and the Sobolev
inequality (2.3) . In turn this is bounded by Ce,, thanks to (25). If 3 > B then B +v >
for each multi-index vy with |y| < m — 1 — [B]. In this case (20) and [|xo — y| < 10 imply
that the second term on the right-hand side of (27) is controlled by Ce;. If = {3 then (22)

implies that the second term from (27) equals

1 -
> —7OPYPR (x0) - (y — x0)Y

' )
O<ly|[<m—1-|B] Y

which is bounded by Ce;, again by (20) and [x; — y| < 10. Thus we have argued that
0°PY(y) — 8yl < Cer (B €M, B> B). (28)

Finally, if § € M then (21) and [x; —y| < 10 imply that the second term on the right-hand
side of (27) is controlled by Ce;". Therefore,

0P PY(y)| < [9PPY(Y) — 851 + 1
<Ce+CeP+1<Cei®  (BeM). (29)

Define A = {« € A: a < B}U{B}. Then (18) implies that the minimal element of AAA
is 3. Thus, we have A < A. For each « € A\ {B}, we have a < 3; hence, (18) implies that
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o < o. Thus, (12) and the definition of Z, imply that
0PPY(Y) < &P (e A\{B), B e M). (30)
Define
Yy._py__ YPY(1,)PY
PYi=PY Zi 0"P3(y)Py.
yeA\(B}
Notice that A\ {B} C A4; thus (10) implies that

P(Y) = Ph(y) =} OPRY)Be =0 (xe A\{B)).
YEA\(B}
Also, (26),(29) and (9) imply that

P% € (e + Ce(Dez) -o(y,Eq) C Ce(Dez -o(y, Eq).

Since B is the maximal element of .4, it follows that for any 3 > 3 and any y € A\ {B}, we
have 3 > +y. Thus, (28), (29) and (11) imply that

0PPY(y) — 85l < Cler +&Per) (B EM, p=B). (31)
Finally, (29) and (30) imply that
0PPR(Y)l < Cer?™ ! (B e M),
Recall that €, < e?” and ¢; < ¢;. We now fix c¢; to be a small universal constant, so

that (31) yields GEP%(y) € [1/2,2]. We then define ﬁ% = P%/ aEP%(y). The above four lines
give that

PYe CerPer - oly, Er); (32)
(P (y) =85 (B €A (33)
OPPY(y)l < Cler + 7)) (B €M, B>p); and (34)
OPPE(Y)I < Cei™P " (B e M. (35)

For each o € A\ {B} we define Py = PY — [aﬁ('ﬁg)(y)] ﬁ% Note that & < f, and hence
|aﬁ(ﬁg)(y)| < €; < 1, thanks to (11). From (9) and (32), we now obtain

ﬁ}i € C'e;Pe; oy, Ey). (36)
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From (11) and (35), we have
(P ()| < [ P ()| + [P (PH ()| - [P (P (W) < 2 + €2+ Cey !
<C'e™ e, (BeEM, B> (37)

Recall that A ={x € A: « < p}U{B}. From (10) and (33), we have

~

2PP(y) = 0 (PL)(y) — [ (PLI(v)| @ (PY) (y)

| b= [PPU)| 85 =8 forBe A B<B
P (P)(y) — [P(PY()| 855 =0 forp=P
= dap (B € A). (38)

By now varying the point y € E,, we deduce from (32)-(34) and (36)-(38) that o(y, E;)

—2D—1

contains an (A,y,C - [e1 + €; €,], 1)-basis for each y € E,. Since €, < efDH, the

conclusion of Lemma 3.3 is immediate. [ |

Definition 4 (Near-triangular matrices). Let S > 1, € € (0, 1) and A C M be given. A matrix
B = (Bup)ua,pea is called (S, €) near-triangular if
Bap — Oap| <€ (0, €A, o <B); and

|B0€f5|§8 (OC,BGA).

Lemma 3.4. Given R > 1, there exist constants ¢c; > 0, C; > 1 depending only on R, m, n, so
that the following holds. Suppose we are given €, € (0,c,], x € R", a symmetric convex subset

o C P and a family of polynomials (Py)xea C P, such that

P, €e€er-0 (x € A); (39a)
0PPa(x) — 8ap| < €2 (x€ AR EM,B > ); and (39b)
|0PP,(x)] <R (xe A, B e M). (39¢)

Then there exists a (C, C,€;) near-triangular matrix B = (Byp)a,pea, S0 that

/ﬁa = Z B(xﬁpﬁ (OC € ./4) (40)
peA

forms an (A, x, Cyez,1)-basis for o. Furthermore, 10BP,(x)| < C, for every « € A and every
B e M.
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Proof. Letc; € (0,1) and C; > 1 be constants depending only on R, m and n, that will be
determined later. Define the matrix D by setting Dop = 0PP,(x) for all &, B € A. From
(39b) and (39c) it is immediate that D is (R, €,) near-triangular. Since €, < c,, by fixing a
small enough constant ¢, determined by R, m, n, we can ensure that D is invertible and
that B := D' = (Byp)apea is (C’, C’'ey) near-triangular, for some constant C’ determined

by R, m, n.
For each o € A we define ﬁ(x as in (40). Since o is a symmetric convex set, from [B,g| <
C’ and (39a) we deduce that
P, € C’¢ -0, whereC”=C"(R,m,n).

Since B = D', we have

MPu(x) =Y BugDpy =08ay (v €A.
BeA

Finally, for each y € M with y > «, we write

197P(x)] < § B Pa(x)| + § B0 Pg(x)|.
peA peA
B<a B>o

From (39b), (39¢) and the fact that B is (C’, C’e,) near-triangular, it follows that each sum-

mand is dominated by C’ - R - €,. Hence,
|aVﬁ“(x)| <Ce (yeM,v>«), whereC=C[R,mn).

Taking a large enough constant C, determined by R, m, n, we have shown that (ﬁx)cxe A
forms an (A, x, C,€,, 1)-basis for . Finally, (39¢c) and [B,g| < C’ imply the last conclusion

of the lemma. [}

4. THE INDUCTIVE HYPOTHESIS

Let A C M. Here, we start on the proof of the Induction Step. We make the inductive
assumption that the Main Lemma for A’ holds for each A’ < A. Put

eo =min{e(A") : A" < A},

with €(A’) as in the Main Lemma for A’. From the remark in section 3.2, we have:
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(IH) Let A < A. LetE c R"and Z € R™ satisfy 2 < #(E U{z}) < 0o, and assume that

~

o(x, E) contains an (ﬁ, X, €0, 6E’2)—basis for every x € E, (1)

where &g =10~ diam(E U {z}).
Then the Extension Theorem for (E, z) holds.

Let us start on the proof of the Main Lemma for A. The value of the universal constant
€(A) is determined later in the paper. We now assume that € = €(.A) is less than a small

enough universal constant (the “small e assumption”).
Fix E C R" and z € R™ with 2 < #(E U{z}) < oo, and such that condition (3.1) from the
Main Lemma for A holds. By rescaling and translating E and {z}, we can arrange that
d¢, =10 -diam(EU{z}) =1 and
1
EU{z} C gQO where Q° := (0,1]" . (2)

(Note that Q° is a dyadic cube as per our notation.)

Suppose that there exists A < A such that o(x, E) contains an (A, x, €, 1)-basis for every
x € E. Then the Extension Theorem for (E, z) holds in view of (IH). Having reached the
conclusion of the Main Lemma for A in this case, we now assume that

for every A < A, there exists x € E,

such that o(x, E) does not contain an (4, x, €y, 1)-basis. (3)

If #(E) < 1 then the Extension Theorem for (E, z) holds (see Lemma 3.2). Thus, we may

assume that

#(E) = 2. (4)

The assumptions (2)-(4) on (E, z) will remain in place until the end of section 18, when

we prove Theorem 1 for finite E, and establish Theorems 2, 3.

4.1. Auxiliary Polynomials. Placing 8¢, = 1 into condition (3.1) from the Main Lemma
for A, we obtain (5§)a€ 4 that forms an (A, x, €, 1)-basis for o(x, E), for every x € E. The

goal of this subsection is to exhibit a similar basis for o(x, E) at every other point x € Q°.

As a consequence of (3), we will show that

0PPX(x)| < C  (x€E, ac A peM). (5)
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To prove (5), we fix a universal constant €; < min{c;, €0/C;}, where ¢; and C; are the
constants from Lemma 3.3. For the sake of contradiction, suppose that (5) fails to hold
with C = ;27"

max{[3PPX(x)|: x € B, € A, B € M} > ;P (6)

We may assume that € < e7°*2. Then the hypotheses of Lemma 3.3 hold with parameters

<€1a €2, 6» »A> E1 ) E2> (’lsz)oceA,be) = <€1) €, 1 ) A> E) E) (ﬁz)aeA,er> .

(Here, the left-hand side denotes the local parameters of Lemma 3.3, and the right-hand
side is defined as in the paragraph above. Notice that diam(E) < 10 and E # 0 follow from
(2) and (4), respectively.) Thus we find A < A so that o(x, E) contains an (A, x, Cyeq, 1)-
basis for each x € E. Since Cie; < €, this contradicts (3), which concludes our proof of
(5).

Fix xo € E and « € A. Since 'ﬁgo € € - 0(xo, E), there exists @, € L™P(R") with

@« =0o0nE; (7)
Jvo(@a) = PX; and 8)
|@ullimp@ny < €. )

In view of (5) and (B2),(B3) from the definition of (131;0 )Jac.a being an (A, xo, €, 1)-basis, we

have
0P pulxo)| = [0PPR(xo)| < C  for B e M; (10)
0%y (xo) = 0*PX(xo) = 1; and (11)
0P @ (xo)| = [0FFYPR(x0)| < € for B>, [yl <m—1—]p|, and
forp=o, O0<lyl<m—1—|B] (12)

(since in either case we have p +v > «).

For each x € Q°, define §§ = Jx(@«). Then (7) and (9) yield

PX € e-o(x, E). (13)
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For each 3 € M, by the Sobolev inequality (notice that |x) — x| < diam(Q°) = 1), we have

aﬁﬁé(x) o 50(6’ = ’aﬁ(poc(x) - 6043‘ < ‘aﬁlxo((poc)(x) - 60([5‘ + |aB Uxo((poc) - (poc] (X)‘

1
S| X e (xxa)” — S| | @l
[y|<m—1—[B]
Thus, (9),(11),(12) show that
0PPL(x) — 8ap| < Ce (B € M,B > a), (14)
while (9),(10) imply that
0PPY(x)| < [0PPX(x) —8apl +1<Cre+1  (BeM). (15)

It follows from (13),(14),(15) that (3.39a),(3.39b),(3.39¢) hold for (ﬁg)ae 4, with R equal to
a universal constant, €, = Ceand 0 = o(x, E). We may assume that Ce < ¢,, with the
constant c; as in Lemma 3.4. We have verified the hypotheses of Lemma 3.4; hence for
each x € Q° there exists a (C’, C'e) near-triangular matrix A* = (A}z)q e, such that
Py = Z A - Jx(@p) satisfies:
peA
(PX)aea is an (A, x, C'e, 1)-basis for o(x, E), and (16)

19PPX(x)| < C', forevery p € M.

That is,
P € C'e-o(x,E) (xeQ° axe A (17a)
OPPX(x) = dup (x € Q° «,p e A (17b)
19PPX(x)| < C'e (xe Q% ae A peM, B>«);and (17¢)
19PPX(x)| < C’ (xe€Q° e A peM). (17d)

Here and elsewhere, 0P P%(x) denotes the value of 98 P%(y) aty = x, not the ™ derivative
of the function x — P}(x).

4.2. Reduction to Monotonic .4. The notion of monotonic labels played a key rdle in the

study of C™ extension problems. It continues to be crucial for us here.

Definition 5 (Monotonic labels). A collection of multi-indices A C M is monotonic if

xeAand |[y|<m—-1—|a«f = a+vyeA
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If the above property fails, we say that A is non-monotonic.

In this section we deduce the monotonicity of A using assumption (3) and condition
(3.1) from the Main Lemma for A.

We proceed by contradiction and assume that .4 is non-monotonic. In this setting, we

prove
® There exists A < A so that o(x, E) contains an (A, x, €y, 1)-basis for each x € E.

This contradicts (3); thus, our proof of the Induction Step will be reduced to the case of

monotonic A.

In order to construct A, we exploit the non-monotonicity of .A and choose &, € A and
Y € M with
O<ly|<m—1—]a| and x:=ap+7vy € M\ A. (18)

We then define A = A U {&}. Note that the minimal (only) element of AAA is &, which is
a member of A. Hence, A < A by definition of the order. Also, note that oy < .

For eachy € Q°, we have defined (PY)4c4 that satisfy (16)—(17d). For each y € E, we

now define |

PY =Py ©yq’, where ¢¥(x):= OCT(X —y). (19)
o

Expanding out this product, we have

X! 1 .0 ©
Pix)=— ) OUPLy)(x—y)t.
wl<m—T—Ry|
Note that w = « arises in the sum above, thanks to (18). Also, the terms with w + vy >
® = o + v correspond precisely to w > «y, by definition of the order. The following

properties are now immediate.

0%PZ(y) =1, thanksto (17b) with o = B = . (20a)

0PPY(y)| < C’e (B € M,B >x), thanks to (17c) with « = . (20b)

PPY(y)| < C’ (B €M), thanksto (17d). (20¢)
Next, we establish that

P2 e C'e-oly,E). (20d)
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From (17a) (with & = &), we find a function ¢ € L™P(R") with

@ =0on E; (21)
Jyl@) =Pg,; and (22)
||(p||]_m,p(Rn] S C€. (23)

Consider x € Q° and 3 € M with 3 > . Since x and y belong to the unit cube Q°, we
have [x —y| < 8o = 1. Thus, (22) and the Sobolev inequality yield

0P @(x)] < [0PPY, (x)| + (0P @ (x) — 8PPY (x)| < [0PPY, (x)] + Cll@|[mnn)

1
:‘ > gaﬁ”%o(y)(x—yw+C\|<p\|Lm,p(Rn),

ly|<m—1—|B]

Note that B > xp = B + v > . Thus, (17¢),(23) imply that

Pe(x)| <Ce  (x€ Q% BeM,B > ) (24)

Choose a cutoff function 8 € C3°(Q°) with

0 = 1 in a neighborhood of E, and (25)

|0%0] < 1 when || < m. (26)
(This cutoff exists in view of (2).) Define
G = PL+0(q"p — PY).
Sincey € E, by (21),(22),(25), we have
Jy@ =Py, ©yq?=P% and @l =0. (27)

Because 0 is compactly supported on Q°, the function ¢ agrees with an (m — 1)™t degree
polynomial outside supp(8) C Q°. Also, since the m'" order derivatives of PY € P vanish,
we find that

1@ ][tmr@n) = [|@]lmre) = 110+ (Y0 — PL)[limpge) "2 18- (q¥¢ — Jy [qY@)) [[Lmr(ge)-

Thus, by (26) and the Sobolev inequality, we have

1@llmoen S Y 10%(a%0 — Ty [q @D lrige) S ¥ @llmrger- (28)

lo]<m
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Consider x € Q° and some multi-index (3 with [3] = m. Since q¥ is a polynomial of

degree |y|, we have

' / ! /
P latel )= Y P oeqeteg = Y Porqat e, (29)
wtw’=p 7 wtw'=p
lw|<lvl

If w+ w’ = p and |w| < |y| then |w’/| > || — [y| = m — |y|. Thus, from (18), we have
lw’| > [otg|. By definition of the order on M, either [w = 0 and w’ = B] or [w’ € M and
w’ > ao]. Using either ||qY||1~(qe) < C (see the definition of gV in (19)) or (24) to bound

the corresponding summand from (29), we obtain
0P [qY@l(x)] < C"-[P@(x)| +C"-e (x € Q% IBl =m).

Taking p'" powers, integrating over Q° and maximizing with respect to the multi-indices
B with || = m, we obtain
o (8 . . @)
”@HLWP(R“) S qu(P”me(Qo) S H(p”[_m,p(Qo) + e S €.

Together with (27), this proves (20d).

Now (17a)-(17d) and (20a)-(20d) imply that (PY) . satisfies (3.39a)-(3.39c) with R equal
to a universal constant, €, = C’e and o = o(y, E). We may assume that C’'e < c,, where
the constant ¢, comes from Lemma 3.4. Then the hypotheses of Lemma 3.4 hold, hence

o(y, E) contains an (A4,y, C"e, 1)-basis for some universal constant C" > 1.

Finally, we may assume that € < €,/C”, in which case o(y, E) contains an (A, y, €, 1)-
basis. Since y € E was arbitrary this concludes the proof of ®. As mentioned already, this
contradicts (3). Thus we may assume that A C M is a monotonic set. This property will

be called upon much later to prove Proposition 3 (but nowhere else).

5. THE CZ DECOMPOSITION

To start, we make two definitions.

Definition 6 (OK cubes). A dyadic cube Q C Q° is OK if either #(3Q N E) < 1 or there exists
A < Asuch that o(x,E N 3Q) contains an (A, x, €9,308q)-basis for every x € EN 3Q.

Definition 7 (Calderén-Zygmund cubes). A dyadic cube Q C Q° is CZ if Q is OK and all
dyadic cubes Q' C Q° that properly contain Q are not OK.
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The collection of CZ cubes will be denoted by
CZ° ={Q1,y..., Qv .. -

Lemma 5.1. The Calderén-Zygmund cubes CZ° form a non-trivial finite partition of Q° into
dyadic cubes. In particular, each Q € CZ° has a (unique) dyadic parent Q" C Q°.
Proof. Recall our assumption that E C R" is finite with #(E) > 2 (see (4.4)). Therefore,

o :=inf{|jx —y|: x,y € E distinct} € (0, c0).

Let Q C Q° be some dyadic cube with sidelength 6o < /4. It follows that #(E N 3Q) <
1, hence Q is OK. Since there are finitely many dyadic subcubes of Q° with sidelength
greater or equal to §/4, it follows that CZ° is a finite partition of Q°.

Suppose that Q° is OK. Since E C Q°, this means that either

(a) #(E) <1lor
(b) o(x, E) contains an (A’ x, €9,300q- )-basis for each x € E and some A" < A.

Since 8o = 1, we can replace 308q- by 1in (b), while retaining validity (see the remark in
section 3.2). Therefore, (a) contradicts #(E) > 2, while (b) contradicts (4.3).

It follows that Q° is not OK. Therefore, CZ° is not the trivial partition {Q°}. [ |

Two cubes Q-, Q. € CZ° are called “neighbors” if their closures satisfy cl(Q~)Ncl(Q./) #
(. (In particular, any CZ cube is neighbors with itself.) We denote this relation by Q. <

Qv orve v

Suppose that #(EN3Q*) < 1 for some Q € CZ°. Then by definition Q™ is OK, which
contradicts Q € CZ°. Thus, we have

#(EN9Q) > #(EN3QT) > 2 foreach Q € CZ°. (1)

(Here, we are using the fact that Q™ C 3Q for any cube Q C R™))
Lemma 5.2 (Good Geometry). If Q, Q' € CZ° satisfy Q «» Q’, then 18q < 8¢ < 28q.
Proof. For the sake of contradiction, suppose that Q, Q" € CZ° satisfy

cl(Q) Necl(Q’) # 0 and 48q < 8q-.

Since Q*,Q’ are dyadic cubes, it follows that 3Q" C 3Q’. Since Q’ is OK, either
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(@ #(3Q'NE) < 1lor
(b) o(x,E N 3Q’) contains an (A, x, €y,308q/)-basis for each x € 3Q’ N E and some
A< A

Note that (a) implies that #(3Q* N E) < 1, which contradicts (1). Thus it remains to
consider (b).

By definition of of(,-), we have o(x,E N 3Q’) C o(x,EN3Q™") for every x € EN3Q™.
Therefore, (b) implies that o(x,E N 3Q") contains an (A, x, €0,308q)-basis for each x €
3Q" NE. Since 6o+ < dg/, we may replace dq by 8¢+ in the previous statement, while
retaining validity. It follows that Q™ is OK, which contradicts Q € CZ°. |

Lemma 5.3 (More Good Geometry). For each Q € CZ°, the following properties hold.

e IfQ' € CZ°is such that (1.3)Q’ N (1.3)Q # 0 then Q « Q. Consequently, each point
x € R™ belongs to at most C(n) of the cubes (1.3)Q with Q € CZ°.

o If Q' € CZ° is such that (1.1)Q' N 10Q # 0 then dq: < 5084.

o If Q' € CZ° is such that (1.1)Q' N 100Q # () then 8o < 10°8q.

o Ifcl(Q)NAQ° # 0 then 8q > 558qe.

Proof. Let Q € CZ° be fixed. We start with the first bullet point. Suppose that Q' €
CZ° does not neighbor Q. Put 6 = max{8q/2,0q//2}. Then Lemma 5.2 implies that
dist(Q, Q') > & (the CZ cubes that neighbor the larger cube have sidelength at least 5,
providing a buffer between Q and Q' of this width). Thus,

(1.3)QN (1.3)Q" € B(Q, (0.3)8) N B(Q,(0.3)3) = 0.
This completes the proof of the first statement of the first bullet point. The second state-
ment is immediate from Lemma 5.2. We pass to the second bullet point.
For the sake of contradiction, suppose that there exists Q' € CZ° with (1.1)Q'N10Q # 0
and 0g/ > 508q. Note that
(1.1)Q'N10Q # 0 = dist(Q, Q") < (0.05)dq’ + (4.5)d¢.

Since 8q: > 500 it follows that dist(Q, Q') < (0.05 4 .09)8q: < (0.15)8q-. Therefore,
(1.3)QN(1.3)Q’ # (. However, this contradicts 8g: > 508 in view of the first bullet point
and Lemma 5.2. This completes the proof of the second bullet point.

The proof of the third bullet point is analogous to the above.
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Finally, we prove the fourth bullet point. For the sake of contradiction, suppose that
cl(Q)NoQ° # 0 and dg < 8q-/20. Therefore, 2Q C R™\ (1/8)Q°. Because E C (1/8)Q°,
we have 9Q N E = ). However, this contradicts (1). This proves the fourth bullet point,

and completes the proof of Lemma 5.3 |

6. PATHS TO KEYSTONE CUBES I

In this section, constants called cg,c,c’,C, C’, etc. depend only on the dimension n.
They are “controlled” constants. The lower case letters denote small (controlled) con-
stants while the upper case letters denote large (controlled) constants. A is a constant to
be picked later. We assume A is greater than a large enough controlled constant (“large A

assumption”).

We derive our main proposition in the following setting.

e We are given a CZ decomposition: R" is partitioned into a collection CZ of dyadic
cubes, such that Q, Q' € CZ and (1+10¢g)QN (14+10c6)Q’ # 0 = L8q < 8¢ <
648q (“good geometry”).

e We are given a finite set E C R™ with cardinality N = #(E) > 2.

e The CZ cubes are related to the set E as follows: #(E N 92Q) > 2 for each Q € CZ.

Definition 8. A cube Q € CZ is called a keystone cube if for any Q' € CZ with Q' N100Q # 0,
we have 5o > dq.

This section is devoted to a proof of the following proposition:

Proposition 1. We can find a subset CZgyeiqy C CZ, and an assignment to each Q € CZ of a
finite sequence Sq = (Q1, Qay..., Q) of CZ cubes (with length L depending on Q), such that
the following properties hold.

(i) CLgpeciar contains at most C - N distinct cubes.
(i) Q1 = Q, Qu is a keystone cube; (1 +cg)QiN (14 ¢cg)Qui1 # 0 forevery 1 <1< L, and

80, < C-(1—¢)"'0g, for1<1<k<L.

(iii) Let Q, Q/ S CZ\CZspeciul/ and let SQ = (Qh . --aQL)/ SQ’ = (Q4>3Q/L')
If(1+c6)QN(1+cc)Q" # 0, then QL = Q..

We begin the proof of Proposition 1.
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Definition 9 (Clusters). A subset S C E is a cluster if it satisfies #(S) > 2 and dist(S,E\ S) >
Addiam(S), where the left-hand side = co if E\ S = (.

Definition 10 (Representatives). For each cluster S we pick a representative x(S) € S. We write
Q(S) to denote the CZ cube containing x(S).

Definition 11 (Halos). For each cluster S, we define the halo of S to be
H(S) = {x e R": A - diam(S) < |[x —x(S)| < A~ 'dist(S,E\ S)}.
Again, dist(S,E\ S) =00 if S =E.

Definition 12 (Interstellar cubes). Q € CZ is interstellar if diam(A'°Q N E) < A71%8q and
(143cc)QNE = 0.

We recall the Well Separated Pairs Decomposition [5].

Theorem 6 (Well Separated Pairs Decomposition). Let E C R™ be finite. There exists a
list of non-empty Cartesian products By x EY, B x BEj,...,E, X EJ , each contained in

*) TVmax

E x E\{(x,x) : x € E}, such that the following properties hold.

e Foreachv = 1,..., Viay, we have diam(E',) + diam(E") < 10-°dist(E’,, E").

o Each pair (x',x") € E x Ewith x" # x" belongs to precisely one E, x EJ.
® Vinax < CN.

Fix a representative (x, x/

wX)) € B, x EJ foreach v = 1,..., Vpax. Then for any (x/,x") €

E x E with x’ # x”, we have (x/,x”) € E/, x E? for some v. For that v, we have
Ix, — x| + [xi —x"| < diam(E},) + diam(E})
< 10 °dist(E,, EY) < 107°|x' —x"|,

and similarly

=X =X <1070, = X[
Using the Well Separated Pairs Decomposition, we prove the following.

Lemma 6.1. The number of non-interstellar cubes Q € CZ is at most C(A) - N; here, C(A)
depends only on A and on the dimension n.

Lemma 6.2. The number of distinct clusters is at most CN.
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Proof of Lemma 6.1. The non-interstellar cubes are Q € CZ such that (1+3cg)QNE # () or
diam(AQ N E) > A%,

For each x € E, there are at most C distinct CZ cubes Q such that x € (1 + 3¢g)Q.
Therefore, there are at most CN distinct CZ cubes Q such that (1 + 3¢cg)Q N E # 0.

Next, we consider Q € CZ such that diam(A'°Q N E) > A7'%q. For such Q, we can
find X', x” € EN A°Q such that [x' — x"| > A7'%84. For some v, we have

X, — x|+ X —x"| <107°[x — x| < CA%,.

Hence, [x, — x| > 1A%, yet X/, X, € CAQ.

vy Ny

Therefore, the number of Q € CZ such that diam(AQ N E) > A7% is at most the

sumoverall v=1,..., vy, of

vy by

1
the number of distinct dyadic cubes Q such that x/,,x € CA'°Q and |}, — x| > EA’MSQ.

For each fixed v, the quantity in the square brackets is at most C(A); and the number

of distinct v =1,..., V. is at most CN.
Thus, there are at most C(A)N distinct Q € CZ such that diam(A'°Q N E) > A7'98,.

The proof of Lemma 6.1 is complete. [ |

Proof of Lemma 6.2. Let S be a cluster. Fix ', x” € S such that [x' —x"| = diam(S). Then any
pointy € E\ S satisfies |x' —y| > A3|x’ — x”|. Fix v such that

X, — x|+ X —x"] <107 X — x|
and

X! — x|+ X —x"| <1078, — x|
Then

(T—=107°)x —x"| < ¥, = x| < (1+107°) |x' —x"|.
Any y € S satisfies
ly—x| <y —x|+ X — x| < diam(S) + 107°|x’ — X"

=[x — x| +107°x" —x"| <2, —X/|.
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On the other hand, any y € E \ S satisfies
ly—x\| >y = =[x, = x| > A’ = x| = 107" —x"
> Alxl, — x|
Consequently, S = E N B(x}, 10|x], — x/|) for some v.

Thus, every cluster S arises as E N B(x}, 10|x,, — x{|) for some v = 1,..., Vpax. Since
Vimax < CN, there can be at most CN distinct clusters. The proof of Lemma 6.2 is complete.
[ |

Lemma 6.3. If Q is an interstellar cube, then (14 cg)Q C H(S) for some cluster S.

Proof. Let S = EN AQ. Then #(S) > #(EN9Q) > 2; also diam(S) < A7'%. Since S
intersects 9Q, it follows that S C 13Q. On the other hand, E\S C R“\A]OQ. Consequently,
dist(S, E\S) > dist(13Q,R"\A°Q) > cA'%8q. Thus, dist(S, E\S) > cA*diam(S), proving
that S is a cluster.

Next, let x € (1 4 ¢g)Q. We know that (1 4+ 3¢g)Q N E = () since Q is interstellar.
Hence, [x — x(S)| > c8q since x(S) € S C E. Therefore, [x — x(S)| > cA'diam(S). On
the other hand, x(S) € S € 13Q, and x € (1 + c¢)Q. It follows that |x — x(S)| < Cdq <
C'A"0dist(S, E \ S).

Thus, cA'diam(S) < |x — x(S)| < C’A7"°dist(S,E \ S). We have shown that each
x € (14 cg)Q belongs to H(S). [ |

Lemma 6.4. Let S be a cluster. Let Q € CZ, and let x € (1 + ¢g)Q NH(S). Then

%A“ [|x—x(5)! n 6Q(S):| <8 < A[|x—x(S)| + 5Q(S)]

Proof. We know that A - diam(S) < |x —x(S)| < A7 'dist(S,E \ S). In particular,
S C B(x, [x —x(S)| +diam(S)) C B (x,[1 + A7"] - [x —x(S)|) C B(x,2[x —x(S)])

and ]
dist(x, S) > |x — x(S)| — diam(S) > [1 —A7'] - |x —x(S)| > z]x—x(3)|.

Also,

dist(x, E\'S) > dist(x(S),E\S) — [x —x(S)| > dist(S, E\S) — |[x —x(S)| > [A—1]- [x—x(S)].
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In particular,
dist(x,E\S) > [A —1] - |x —x(S)| > 2|x — x(S)| > dist(x, S).

Therefore, dist(x,E) = dist(x,S) > %|x — x(S)]. On the other hand, E N 9Q # () since
Q € CZ; and x € (1 + cg)Q. Therefore, dist(x,E) < Cdq. It follows that [x — x(S)| <
2dist(x, E) < C'5q.

Next, we check that 6q(s) < Adg. In fact, suppose that dq(s) > Adqg. Then also dqs) >
cAlx —x(S)|. Since x(S) € Q(S) by definition, it follows that x € (1 + cg)Q(S). On the
other hand, x € (1 + c¢)Q. Therefore, dq(s) and dq differ by at most a factor of 64, thanks
to the good geometry of the CZ cubes. This contradicts our assumption that dq(s) > Adq,
completing the proof that dq(s) < Adg.

We now know that JA ™" [8q(s) + [x —x(S)|] < 8¢.
Next, we show that §q < A [dq(s) + [x — x(S)|]. Indeed, suppose that

5Q > A[EQ(s) + ‘X — X(S)H .

Since x € (14+¢g)Q and A7'8g > [x—x(S)|, it follows that x(S) € (14 2¢cg)Q. On the other
hand, x(S) € Q(S). By the good geometry of the CZ cubes, the side lengths 5q and 6¢s)
can differ at most by a factor of 64. This contradicts our assumption that 5o > Adq(s),
completing the proof that 5o < A[8q(s) + [x — x(S)]]. u

Lemma 6.5. For any two distinct clusters S, S’, the halos H(S), H(S') are disjoint.

Proof. Suppose x € H(S) N H(S'), with S and S’ distinct clusters. Then
A - diam(S) < |x —x(S)| < A”'dist(S,E\ S).
Let Rs = 2|x — x(S)|. Then
S C B(x, [x — x(S)| +diam(S)) C B (x,[1 + A~ - |x —x(S)|) C B(x,Rs).
Fory € E\ S, we have

ly — x| > dist(y, S) — dist(x,S) > dist(E \ S, S) — dist(x,S) > dist(E\ S, S) — |x — x(S)|
> [A—=1]|x—=x(S)| > 2|x —x(S)| = Rs.

Therefore, (E\ S) N B(x, Rs) = (). Since we observed that S C B(x,Rs) and since S C E, we
conclude that S = B(x, Rg) N E.
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Similarly, S’ = B(x,Rs/) N E, where Ry = 2|x — x(S')]. It follows that S ¢ S"or §’ C S.
Without loss of generality, we may suppose S C §'. Since S and S’ are distinct, we can find
yeS'\SCE\S.

Note that diam(S’) > |y — x(S)| > dist(E \ S, S). Since x € H(S'), we have |x —x(S')| >
A - diam(S’), hence

Ix —x(S)| > A-diam(S’)— [x(S) —x(S")| > A - diam(S’) — diam(S’)
(since x(S) € S ¢ S"and x(S') € §')

> %A -diam(S').

On the other hand, since x € H(S), we have

Ix —x(S)] < A'dist(S,E\ S) < A~'dist(S,S'\ S) < A”'diam(S").

Thus, [x—x(S)| > %A-diam(S’), and [x—x(S)| < A~'diam(S'). This contradiction shows
that we cannot have x € H(S) N H(S'). [ |

Lemma 6.6. Let S be a cluster. Let x,x" € H(S), and let Q,Q’ € CZ, withx € Q and X' € Q'.
If[x —x'| < A72[x —x(S)|, then (1 +¢c)Q N (1 +¢c)Q’ # 0.

Proof. By Lemma 6.4, we have |[x' —x| < A% [[x — x(S)| 4+ 8q(s)] < 2A7"8q. Since x € Q, it
follows that x’ € (14 ¢g)Q. Alsox’ € Q" C (1 4+¢g)Q’. [

Lemma 6.7. Fix a cluster S. Let x,x’ € H(S), with |x — x(S)| > |x' — x(S)|. Then there exist
a finite sequence of points x1,%,,...,x € H(S), and a positive integer L., with the following
properties:

e X =xandx; =x.

o X111 —x(S)| < |xi —x(S)| forl=1,...;,L—1.

o i — x| KA —x(S)|forl=1,...,L—1.

o [xi, —x(S)| < (1T—A3)|xy —x(S)|for1 <1< L—L.
o [, < A3

Proof. Define a point X € R™ such that
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Then x € H(S) since |[x — x(S)| = |x — x(S)| and x € H(S). We have
x—x(8)=T- X —x(S)] forsomeT > 1. (1)
We pick points x1, ..., xi, in 9B (x(S), |x — x(S)|) such that
X1 =% X, =X
2)

1
i — x| KA —x(S)| =A% xi —x(S)| for1 <1< Ly;and L; < z/1\3.

We then pick positive real numbers Ti,, Ty, 41, ..., Ti_1, TL with the properties:
T,=Tasin(1); =1, Tly=(1—-A)T for[; <1<L-2; and
(I—A)T <T < T

Define the points x{,41,...,%x; € R" by setting
x1—x(S) =T, - [xX —x(S)] forl=1L;+1,...,L. 3)
Note that (3) holds for 1 = L; also, and that [x; —x(S)| = Ty - [’ —x(S)|. Wehave 1 < T, < T
foreach 1 = Ly,...,L; therefore |x' — x(S)| < |x; — x(S)| < |x — x(S)| for each such 1. Since
x,x" € H(S), it follows that each x; also belongs to H(S).
We have
i — x| S A —x(S)| for L <1< L—T; (4)

Ixii1 —x(S)] < |xi = x(S)| for; <1< L—1; and

X1 —x(S) = (1—A3)|xy —x(S)| for; <1< L-—2.

We have now defined x4,...,x;. Note that x; = x and x; = x/, which is the first bullet

point in Lemma 6.7.

We know that [x; 1 —x(S)| = [x; —x(S)| for 1 <1< L;—1,and |[x;;1 —x(S)| < |xi —x(S)]
for L; <1< L —1; therefore |x;.1 —x(S)| < |[x1 —x(S)| for T <1 < L — 1. This establishes
the second bullet point of Lemma 6.7. Also, |x;11 — x(S)| < (1 — A73)|x; — x(S)] for [; <
1 < L—2. The last two estimates together show that |xi; (1,3 —x(S)|< (1 — A7) [x; —x(S)]
for1 <1< L-—(L;+3). Here, [; +3 < %A3 + 3 < A3. Thus, we have proven the last
two bullet points of Lemma 6.7. The third bullet point in Lemma 6.7 is immediate from

(2) and (4). We have verified all the conclusions of Lemma 6.7. |
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Lemma 6.8. Fix a cluster S. Let Q, Q" € CZ, and let x,x" € H(S), withx € Q, x' € Q'. Assume

X —x(S)| > [x" —x(S)| > dqs)-

Then there exist cubes Q1, Q., ..., Qi € CZ, with the following properties.

e Q1 =Qand QL =Q".

o (1+ce)QN(1+cg)Quuy #0foralll =1,2,...,L—1.

e dq, < C(A)(1 —c(A))* g, for 1 <1<k < L; here, 0 < c(A) < 1and C(A) > 0 are
constants depending only on A and on the dimension n.

Proof. Pick a sequence x1,x;,...,%x; € H(S) and an integer L,, as in Lemma 6.7. For each [,
let Q, be the CZ cube containing x;. In particular, Q; = Q and Q; = Q/, since x; =x € Q
and x; =x' € Q. Foreach1=1,2,...,L — 1, we have |x;.1 — x| < A7%|x; — x(S)|. Since
also x; € Qq and xi;1 € Quy1, Lemma 6.6 tells us that (T + c¢g)Qi N (1 4+ ¢cg)Qrq # 0. In
particular, 8q,,, and 8¢, differ by at most a factor of 64.

Lemma 6.7 gives |x141 — x(S)| < [x —x(S)| for 1l =1,2,...,L —1; hence, |x; — x(S)| >
X" —x(S)| > dq(s)- Hence, by Lemma 6.4 (and the fact that x; € Q1), 8¢, differs by at most
a factor of 2A from dqs) + [x1 — x(S)|, which in turn differs by at most a factor of 2 from
Ix1 — x(S)].

Therefore,

%A‘l X1 —x(S)| < 8q, <4A|xy —x(S)|, foreachl=1,2,...,L.
The fourth bullet point of Lemma 6.7 now gives

S, < (4A)- (1 =AY 8, for1 <Li<Lj<L

Since also 8q,,, and 8¢, differ by at most a factor of 64 (1 < 1 < L — 1), and since
1 < L, < A3, it follows that

8g, < C(A)- (1 —c(A))18q, for1 <1< k<L
[ |
Fix a cluster S. For each Q € CZ such that QNH(S) # @ we fix a pointx(Q, S) € QNH(S).

Lemma 6.9. Given R > 8qs), there are at most CA*™ (R/8qs))" distinct cubes Q € CZ such
that Q NH(S) # 0 and [x(Q, S) — x(S)| < R.
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Proof. For each Q as in the statement of the lemma, we know from Lemma 6.4 that
5o < A [[X(Q,S) —x(S)| + dgrs)] < A - [2R],

and therefore Q C B(x(Q,S), CAR) C B(x(S), C’AR).

On the other hand, the CZ cubes are pairwise disjoint, and each CZ cube such that
Q NH(S) # 0 has volume at least (2A)™" 65(5), by Lemma 6.4. The conclusion of Lemma
6.9 follows at once. |

We say that Q € CZ is privileged for the cluster S (or S-privileged), provided that Q N
H(S) # 0 and [x(Q,S) — x(S)| < dq(s). According to Lemma 6.9, there are at most CA™

privileged cubes for a given cluster S.

Moreover, Lemma 6.9 shows that, if there are CZ cubes Q such that
QNH(S) # 0 and [x(Q,S) —x(S)| > dq(s), )
then there exists Qg € CZ such that QSOH(S) £, \X(Qg, S)—x(S)| > dqs), and |X(Qg, S)—
x(S)] < [x(Q,S) —x(S)| for any Q € CZ for which (5) holds.

For each such cluster S, we pick such a Qs.

Lemma 6.10. Let S be a cluster, and let Q € CZ. Suppose Q N H(S) # 0, and suppose Q is
not privileged for S. Then there exists a finite sequence of cubes Q1,Qz,...,Qr € CZ with the
following properties:

e Qi =Quand Q. = Qs.
e (1+ca)QN(1+c¢g)Qua #Dforalll=1,2,...;,L—1.
e 5o, < C(A)-(1—c(A))8q, for 1 <1<k <L here,0 < c(A) < 1and C(A) > Oare

constants depending only on A and on the dimension n.

Proof. Lemma 6.8 applies, with Q as in the present lemma, Q' = Qs, x = x(Q,S), X' =
x(Qs,9). u

Lemma 6.11. Let Q, Q" € CZ be interstellar cubes, and suppose (1 + cg)Q N (14 cg)Q’ # 0.
Then there exists a cluster S such that: (1 + cg)Q C H(S) and (1 + cg)Q’ C H(S); and for any
cluster S" # S, the cubes (14 cg)Q and (1 + cg)Q’ are both disjoint from H(S').

Proof. Immediate from Lemmas 6.3 and 6.5. |
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Lemma 6.12. Let Q € CZ. Then there exists a finite sequence Q1, Qa, ..., Qr of CZ cubes, such
that

o Q= Qand Q is a keystone cube.
[ ] (1 —FCG)QIm (1 +CG)Q1+1 7& @fOTl: 132»--->L_ 1.
e 5o, < C(A)-(1—c(A)* g for1 <1<k <L

Proof. Let x € R™, and let Q* be the CZ cube containing x. Then any CZ cube that meets
(14+c¢)Q*is a dyadic cube of sidelength at least 5o~ /64. Hence, x has a neighborhood that
meets only finitely many CZ cubes. Consequently, every compact set meets only finitely

many CZ cubes.
If Q is a keystone cube, then the conclusion of the lemma holds with L = 1and Q; = Q.
Suppose Q is not a keystone cube. Then there exist cubes Q" € CZ with

Ql N 1OOQ 7£ @ and 6Ql S %SQ (6)

There are only finitely many such Q’. Pick Q' € CZ that satisfies (6) and has minimal
distance to Q among cubes satisfying (6). Let s : [0, 1] — R™ be an affine map with

5(0) € cl(Q), s(1) € cl(Q") and |s(1) —5(0)| = dist(Q", Q). (7)

Since Q' meets 100Q and the point 5(1) € cl(Q') has a minimal distance to Q, it follows
that s(1) € cl(100Q). Also, since s(0) € cl(Q), we have s((0,1)) C 100Q.

The bounded set s((0, 1)) meets only finitely many CZ cubes Q"',..., Q"¥. Thus,
Q"N 100Q # 0, and (8)
dist(Q"*, Q) < dist(Q', Q) fork =1,...,K. 9)
(Here, we use (7) to prove (9).) Reordering the cubes Q"',..., Q"X if necessary, we can

arrange that
(1+cg)Q"N(14+¢cg)Q#0Band (1+¢cg)Q" N (14 ¢c6)Q' #0; and

(1+cg)Q" N1+ bkt = — 10
G Cg)Q %@fork-],...,K 1.

From (9) and the definition of Q', each Q"* must not satisfy (6), hence 541« > 8¢,
thanks to (8). Since each Q"* meets 100Q, good geometry shows that 51« < C'8q, as in
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the proof of Lemma 5.3. Therefore,

dgik ~8g fork=1,...,K, and K < C. (11)

We call the cube Q' € CZ a junior partner of Q; any sequence (Q"',..., Q") of CZ
cubes that satisfies (10) and (11) is said to join Q with Q'. Since Q' meets 100Q and
satisfies dg1 < %6Q, we have

C”-Q' c C”-Q whenever Q' is a junior partner to Q.

Now, either Q' is a keystone cube or it has a junior partner Q2. In the latter case, either
Q? is a keystone cube or it has a junior partner Q*. Continue in this way, either forever, or
until we arrive at a keystone cube.

If the above process continued indefinitely, then we would have a sequence of CZ cubes
Q', Q% Q% ... with each Q"' being a junior partner to Q'. That would imply that ;1 <
18gand C”- Q1! c C”- Q' for each j. Thus, the cubes Q' would shrink to a single point as
j — oo; however, this contradicts the fact that every point has a neighborhood that meets
only finitely many CZ cubes. Thus, the above process of successively passing to junior
partners must stop after finitely many steps. Accordingly, starting from any Q € CZ, we
obtain a finite sequence Q', Q?,..., Q) of CZ cubes such that Q'*! is a junior partner of
Q for1 <j <J—1,and Q is a keystone cube. We now join each Q' with Q'*! through
a sequence of CZ cubes. Concatenating these sequences, we obtain a sequence satisfying
the conclusions of Lemma 6.12. |

Lemma 6.13. There exists a set CZgpeciq, consisting of at most C(A) - N distinct CZ cubes, for
which the following holds. We can associate to each Q € CZ a finite sequence Sq = (Q1, Q2,..., Qr)
of CZ cubes, with the following properties.

e Qi = Qand Qy is a keystone cube.

e (1+cc)QN(1+cg)Qu #0fort=1,2,...,L—1.

® dg, < C(A)-(1—c(A)* g for1 <1<k <L

o Let Q,Q" € CZ\ CZgpeciar, and suppose (1 + cc)Q N (1 +¢c6)Q" # 0. Let Sq =
(Q1,...,Qu) and Sq = (Q), ..., Q1) be the finite sequences of CZ cubes associated to Q
and to Q', respectively. Then Qp = Q1.

Proof. First, we define the collection CZgpecia1- It consists of all non-interstellar cubes Q €
CZ, together with all Q € CZ that are privileged for some cluster S. If Q € CZgpecial, then
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we say that Q is “special.” We have seen that there are at most C(A)N non-interstellar
cubes and at most CN distinct clusters (see Lemmas 6.1, 6.2). Since there are at most C(A)
privileged cubes for each given cluster, it follows that CZgpecia consists of at most C(A)N
distinct CZ cubes.

Next, we define the sequence Sq = (Q1, Qz, ... Q1) foreach CZ cube Q. If Q € CZgpecial,
we just pick any finite sequence as in Lemma 6.12. Then Sy, satisfies the first three bullet
points in the statement of Lemma 6.13. It remains to define the Sg for all Q € CZ\
CZspecial, and to prove that our Sq and CZgpecia have the properties asserted in Lemma
6.13.

For each cluster S such that there exist cubes Q € CZ that are not privileged for S but
that meet H(S), we have picked out a cube Qg in the discussion following Lemma 6.9.
Applying Lemma 6.12 to Qs, we obtain a finite sequence Q1, 2, ..., Q5® of CZ cubes
such that

e QL = Qs, Q1" is a keystone cube.
e (T4+¢ce)QLN(14ce)QL T #0fort=1,2,...,L(S)—1.
® 5oy < C(A)-(1 —c(A))V*%Qg for1 <u<v<IL(S).

For each Q € CZ that is not privileged for S but that meets H(S), we define a sequence

Q1,Qy,...,0Q as in Lemma 6.10. Thus, Q; = Q, QL = Qs, (1 +¢)Q N (1 +¢g)Quy # 0
for1<1<L—1;and dg, < C(A)-(1—c(A))*'6q, for1 <1<k <L

Unless Q is special (in which case we have already defined S(Q)), we then define S(Q)

to be the sequence

S(Q) — <Q1)Q2>-°°)QL)Q%)Q%)“-»QIS_(S)) .

This is well-defined, since each Q € CZ\CZgpeia is as above for one and only one S (see
Lemma 6.11 with Q" = Q).

Since Q; = Qs = Q]S, one checks easily that S(Q) satisfies the first three bullet points in

the statement of Lemma 6.13.

Moreover, if Q and Q' are any two non-special CZ cubes that meet H(S), then the fi-
nite sequences S(Q) and S(Q’) both end with the finite sequence Q}, Ql,..., QE(S). In
particular, the sequences S(Q) and S(Q’) both end with the same cube, namely QE(S).

The above observation applies to any Q,Q" € CZ \ CZgpecial such that (1 +¢6)Q N
(14 c6)Q’ # 0. Indeed, Lemma 6.11 gives a cluster S such that (1 + c¢)Q, (1 +¢g)Q’ C



46 CHARLES L. FEFFERMAN, ARIE ISRAEL, AND GARVING K. LULI

H(S). The cluster S admits non-special cubes Q” that intersect H(S); indeed, we may take
Q" = Qor Q. Hence §(Q) and S(Q’) end with the same cube, by the observation in the
preceding paragraph.

The conclusions of Lemma 6.13 are now obvious. [ |

Proof of Proposition 1. We simply take A in Lemma 6.13 to be a large enough constant de-
termined by the dimension n. u

7. PATHS TO KEYSTONE CUBES 11

We place ourselves back in the setting of section 5. In particular, CZ° is a dyadic de-

composition of the cube Q° = (0, 1]". We define the collection of keystone cubes for CZ°

by
CZg, = {Q € CZ°: 8q/ > 8q for every Q' € CZ° that meets 100Q}, (1)

which will also be denoted by
CZyey = 1Q),.., QL)

Lemma 7.1. For each @ = 1,..., Wmax, there are at most C' indices w' € {1,..., Wmax} With

10Q%, N 10Q%, # 0.

Proof. Suppose that Q% Q! € CZg,, satisfy 10Q% N 10Q* # . Without loss of generality,
we may assume that 8q: > 85;. Therefore, 100Q% N Qu # (). By the definition of keystone
cubes, we have 55, > 8q:. Thus, 8q: = 65, whenever 10Q%N 10@ﬁ # (). The conclusion of
Lemma 7.1 follows immediately. |

By applying Proposition 1 to the current setting we prove the following.

Proposition 2. To each cube Qy € CZ° (v = 1,..., Vmax), We can assign a finite sequence
Sy = (Qv,1, Qv2y .-+, Qv ) of cubes from CZ°, such that the following properties hold.

(K1) Q.1 = Qyand Qy, is a keystone cube for CZ°; Qy1 <3 Qyi1 (1 <1< L,—1);and
8q < C-(1-¢)"8g,, (1<1<Kk<L).
(K2) Let K : CZ° — CZ° be defined by K(Q) = Qv,1,. Then
#{(v,v) {1, Vimat : Qv & Qv and K(Q) #K(Qy/)} < C-N.

(K3) £(Qy) = Qy forany Q- € CZ,‘zey.
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Proof. First we embed CZ° (a dyadic decomposition of Q°) into a dyadic decomposition
CZ" of the whole R™.

Define the collection of dyadic cubes
CZ=[{Q c R*dyadic: 8¢ =1, 3Q" > Q°}
U{Q C R™dyadic: 8 >2, 3Q" > Q° 3Q 7 Q°}] \{Q°}

We establish the following claims.

(2)

Claim 1: CZ partitions R™ \ Q° into dyadic cubes.

Claim 2: If Q € CZ then 9Q D Q°.

Claim 3: If Q, Q' € CZ satisfy cl(Q) Ncl(Q’) # 0, then 1/2 < 8q/8q/ < 2.

Claim 4: If Q C R" is dyadic and satisfies 5qg = 1, cl(Q) N 0Q° # ® and Q # Q°, then
Qe CZ

Proof of Claim 1: For each x € R™ \ Q°, let Q C R™ be the smallest dyadic cube with
x € Q,3Q" D Q°and 8¢ > 1. Then Q # Q°, since x ¢ Q°. If 59 = 1, then Q € CZ. On
the other hand, if 5q > 2, then 3Q 7 Q° since Q is minimal, hence also Q € CZ. In either
case, Q € CZand x € Q. Thus, CZ covers R™ \ Q°.

We now prove that the collection CZ is pairwise disjoint. For the sake of contradiction,
suppose that Q,Q’ € CZ are distinct with Q N Q' # . Since Q,Q’ are dyadic, either
Q € Q'or Q" C Q. Without loss of generality, Q C Q’. Therefore, Q" C Q’. It follows
that 8/ > 28q > 2. Also, since Q € CZ, we have 3Q* D Q°, hence 3Q’ O Q°. Thus,
Q’ ¢ CZ, yielding the desired contradiction.

Obviously, each Q € CZ is disjoint from Q°, which completes the proof of Claim 1.
Proof of Claim 2: Let Q € CZ. Then 9Q > 3Q* D Q°.

Proof of Claim 3: For the sake of contradiction, suppose that Q, Q’ € CZ satisfy cl(Q) N
cl(Q’) # 0 and dg: > 48q. It follows that 3Q™ C 3Q’. Therefore, since Q° C 3Q*, we have
Q° € 3Q’. Note that g+ > 4. Therefore, Q' ¢ CZ, yielding the desired contradiction.

Proof of Claim 4: For any cube Q that satisfies c1(Q) N 0Q° # () and & > 1, we have
3Q" D Q°. If Q is also dyadic with 8 = 1 and Q # Q°, then we have Q € CZ by

definition.

Let us define
CZt=CzZ°UCLZ.
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From Claim 1 and the fact that CZ° is a dyadic decomposition of Q°, it follows that CZ™*

is a dyadic decomposition of R™.
The following is immediate from Claims 3,4, the Good Geometry of CZ° (Lemma 5.2)
and the last bullet point in Lemma 5.3.
If Q,Q’ € CZ" satisfy cl(Q) Ncl(Q’) # 0, then §q/8q: € [1/64,64].
Therefore,
if Q,Q’ € CZ" satisfy (1+107°)Q N (1+107°)Q’ # (), then cl(Q)Ncl(Q) #0.  (3)
Thus, by the last two lines,
if Q,Q" € CZ" satisfy (1+107°)Q N (1+107°)Q’ # 0, then 5q/8q: € [1/64,64].  (4)
It follows that CZ™ satisfies the first bullet point at the beginning of section 6 with cg :=
107°.
From (5.1), we have #(EN9Q) > 2 for every Q € CZ°. Also, from Claim 3 and E C Q°
we have #(E N 9Q) = #(E) > 2 for every Q € CZ. Thus, CZ*" and E C R" satisfy the

second and third bullet points at the beginning of section 6.

Define the keystone cubes for CZ" as in section 6:

CzZ;

key = ={Q € CZ": 84 > 8¢ forevery Q' € CZ" that meets 100Q}.

Since each Q € CZ satisfies o > 1 and 3Q* D Q°, there must exist cubes Q' € CZ° with
Q’'N100Q # P and dq: < %SQ. (Here, we also use the fact that CZ° partitions Q° into cubes
of sidelength < 1.) Consequently,

Cz}

fey C CZiey. (5)

From Proposition 1, we find a subcollection CZsp ecia] € CZ7, and an assignment to each

Qv € CZ° (v = 1,...,Vmax) Of a sequence SV QVJ, ceey (AQV,LV) of cubes, such that the
following properties hold.

(a) CZSP ecia] CONtains at most C - N distinct cubes.
(b) QVJ =Q, and QV,LV € CZi(*ey each ka belongs to CZ*;

(14+10°%)Qyi N (14+10°¢)Qyu1 # 0 forevery 1 <1< L,; and (6)

o~

0, SC- (1= c)k—lééml for1 <1<k<L,. (7)
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(©) Tf Qu, Qv € CZ°\ CZ{, y, satisfy (1+107)Q, N (1+1074)Qys # 0, then Qy,r, =
QV’,LV/'

Suppose that Q, € CZ°\ Cziey is such that S, contains at least one cube from CZ. In
this case, we define a(v) to be the first index a € {1,...,L,} such that Qm € CZ, and
define b(v) to be the lastindex b € {1,...,L,} such that Qv,b e CZ.

Note that QVJ = Q, € CZ° and QV,LV € CZ°, thanks to (b) and (5). Therefore, 1 <

a(v) < b(v) < L. Since Qy q(v € CZ and Qv 411 € CZ°, by (3) and (6) it follows that the
cube QV a(v)—1 must touch the boundary of Q°. L1kew1se Q\, bv)+1 € CZ° must touch the
boundary of Qe.

In view of the last bullet point in Lemma 5.3, we may choose a sequence of CZ° cubes
(Qva ..y Qv s(v)+1) of bounded length (i.e., s(v) — a(v) < C) that connects
QV a(v)—1 with QV b(v)+1 such that each of the Q. x touches the boundary of Q°. That is,

we can arrange for

Quav1 = Quaw-1 and Quivyi1 = Qupiv; ®)
(1+1079Q N (1+10° )QV,H] # () forall a(v) —1 <k < s(v); )
Qvx € CZ° foreach k = a(v) —1,...,s(v) +1; and (10)
s(v) —a(v) < C. (11)

Define the sequence of CZ° cubes

Sv — (Qv,h QV,Z) ey Qv,a(v)fZ) Qv,a(v]fh ey Qv,s(v)Jr]) Qv,b(v)JrZ» ey QV,LV)'

Note that the starting cube (AQVJ and the terminating cube QV,LV of the sequence S, have
not been changed, thanks to (8). Also, note that consecutive cubes from S, are neighbors
(they have intersecting closures), due to (3),(6),(8),(9). Thanks to (7),(11) and the Good
Geometry of the CZ° cubes, the sequence S, satisfies the inequality from (K1). Thus, we
have defined S, for each Q, € CZ°\ CZliey such that §V contains cubes from CZ, and we
have proven that S, satisfies (K1).

For any cube Q, € CZ°\ CZliey such that the path gy contains no cubes from CZ, we
simply take S, = S,. Then (K1) holds in view of (b).

For any cube Q, € CZ;_  ,wetake L, = 1and S, = (Q.1) = (Q,). Clearly, (K1) holds

key”’
in this case.
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Thus, we have defined S, for each v, and established (K1) in all cases. Also, (K3) clearly
holds. Thanks to Proposition 1 and the fact that each Q. has boundedly many neighbors,

we obtain
2
# {(Qw Q.)€ [CZO \ CZiey] 0 Qv Qvy Qur, # QV’,LV'} <C- #(CZ:pecial)'
Note that #(CZ:p ecial) < C - N by definition. Similarly, we have

# {(Qv) Qv’) € CZliey x CZ%: QV = QV/} <C: #(Cziey).

Thanks to (5.1), to each Q € CZy,, we may assign a point yo € EN10Q. Lemma 7.1

shows that the preimage of each y € E has cardinality at most a universal constant. Thus,

#(CZy

key) < C - N, which together with the previous two lines establishes (K2).

This completes the proof of Proposition 2. |

Recall that {Q}, ..., Q¢ ... 1 denotes the keystone cubes. Using the map K : CZ° — C Liey

from Proposition 2 we produce a map on indices k : {1,..., Viax} = {1, ..., lmax} defined

by ’C(Qv) = Q?((v)'

8. REPRESENTATIVES

Since Q. is OK, the subset E N 3Q, lies on the zero set of a nondegenerate smooth

function with small norm. Using this fact we prove the next result.

Lemma 8.1. Foreach v =1,..., Vi, there exists X, € %QV, such that dist(X,, E) > ¢'q,.

Proof. Fix v € {1,..., Vimax). If EN (1/4)Q, = 0, then we take X, to be the center of Q,
and reach the desired conclusion. Thus, we may assume that E N (1/4)Q, # 0. Let
yy € EN(1/4)Q, be fixed.

If #(E N 3Qy) < 1 then the conclusion of the lemma is obvious. Thus we may assume
that #(E N 3Q,) > 2. Thus, because Q, is OK there exists an (A, Yy, €, 308, )-basis for
o(yv, EN3Q, ), for some A < A. Since A < A and the empty set is maximal under the order
<, we may choose a multi-index &, € A. From the definition of an (A, yv, €9, 3084, )-basis

(see (B1),(B2)), we have a polynomial

Py € Ceoby ™™ . o(y,, EN3Q,) with 3%Py,(y,) = 1.
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Choose o’ € M with
0% Pay ()85, > [0°Po, (yy)[85, forall p € M.
Placing 3 = «, in the inequality above, we obtain
[0 Py ()] > [0 P (9855 = 835"
Define P = [0%' Py, (yy)] ' - Pay- Then the above three lines imply that
Pe Ceoég/vpﬂo‘/‘*m - 0(yy, EN3Q,); 3¥P(yy) = 1; and
0PP(y,)| < 85 ' forall € M.

By definition of o(y, E N 3Qy), there exists ¢ € L™P(R") with

0P (y,) < 85 forall B € M; and o
[ @lmran) < Ceosg” ™. (10)

Applying Bernstein’s inequality to the polynomial P € P, we have

max [0%'P| < 67! max |P| (5> 0).
B(yv,d) B

Vy]

Since a“'P(yv) = 1, the left-hand side is bounded from below by 1. Therefore, for every
& > 0 there exists x5 € B(y,,8) with [P(xs)| > ¢ - §/*l. By the Sobolev inequality,

!((P - P)(Xs)’ = (e — va(@))(xs)\ S H@HL“»P(R“)’XZS —yv!m_“/p
< 6g/vp+|“,‘_m6m_“/p, thanks to (1c) and [x; —y+| < 8.
Thus,

[@(xs)| = P(xs)] — (@ — P (xg)| > ¢ - 8 — C&Y/PHIxImmgm—/p

m—|«/|-n/p
_ g [c_c(i) ]
5q.

We now set 8 = cydq,, for some small universal constant ¢, < 1/8, so that |¢@(xs)| > ¢”- 6‘5‘3

and
x5 € B(yv,0) C B(y+,0q,/8) C (1/2)Q,, since y, € (1/4)Q,.
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Also, (1b), (1c) and the Sobolev inequality imply that |[Ve| < Cé‘SLH on 3Q,. Since
¢ =0on EN3Q,, we have

¢’ 6'53 <|oxs)| =|exs) — @(x)|< C(SB‘VIH - |xs — x|, foreveryx € EN3Q,.

Hence, dist(xs, E N 3Q+) > ¢’ - 8q,. Thus the conclusion of Lemma 8.1 holds with Xy =
X5 [ |

We have indexed the CZ cubes CZ° and the subcollection of keystone cubes in an ar-
bitrary manner. Without loss of generality, we may put in place several new indexing
assumptions. First, we may assume that Q; contains the pointz € (1/8)Q°. If Q; happens

to be keystone, we also assume that Q% = Q;. To summarize, we have
z € Qp and if Q; is keystone, then Q; = Qg. (2)

We make no further assumptions on the indexing of Qfl or Q,. We now define ;, = 2 if
Q; is keystone and fL,, = 1 otherwise. Thus, {Q%_,..., Q% }={Qj,..., QL I\ {Qi}.

Foreach v =1,..., Vi, We define the representative basepoint for the CZ cube Q,:
x1 =z, andx, =X, for v=2 ..., Viax-
Similarly, foreach u = 1,.. ., tyax, We define the representative basepoint for the keystone
cube Qi:
xﬁ =Xy, Where v € {1,..., V. is such that QEL =Q,.
Denote the collection of basepoints E := {x1,...,Xy,,.}, and denote the collection of key-
stone basepoints E* := {x},...,x} _}.

Lemma 8.2. The following properties hold.

o x1 € Qrandx, € (1/2)Q, forv=2,..., Viax.

o dist(xy,E) 2 dq, forv=2,..., Viax.
e x, € 0.99Q° forv =1 ..., Viax.
o [xy — x| > 0q,/8 forv,v' =1,..., Viax.

Proof. The first and second bullet points follow immediately from Lemma 8.1. Now we
pass to the third bullet point. From Lemma 5.3, we have 6g, > 0q-/20 for any Q, that
touches the boundary of Q°, and hence (1/2)Q, C 0.99Q° for such cubes.
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On the other hand, if c1(Q,/) N 0Q° = 0 then dist(Q./,0Q°) > 8q-/20. (The cubes Q,
that touch the boundary of Q° provide a buffer between Q. and Q° of width 84./20.)
Therefore, Q. C 0.99Q° for such cubes. Thus, x, € (1/2)Q, C 0.99Q° for each v =
2, .y Vmax. Since x; = z € (1/8)Q° by definition, we have established the third bullet
point.

Finally, the fourth bullet point is an easy consequence of the first bullet point and the

Good Geometry of CZ°. This concludes the proof of Lemma 8.2. u

Henceforth a polynomial written P,, Ry, etc., will always denote a jet at x,. Similarly, for
any subcollection E” = {x,,,...,x,,} C E’, we naturally identify tuplets of polynomials
(Pyv,y--+y Pv.), (Ry,, ..., Ry, ), etc.,, with Whitney fields on E”.

For P € P, recall the norm defined in (2.1):

1/p
IPls = ( > PP 5n+(“m)v) (x e R™, &> 0).

lod<m~—1

Foreachv =1,...,Vv,., we denote

Pl :

v ’ |><V,2SQV °

Note that Iqu(v) —%xy| < C'8q,, since x, € Qy, XﬁKM € QﬁK(V) and (K1) from Proposition 2

holds (recall that K£(Q,) = Q). Thus, (2.2) yields

IPl, =~ |P|X’i<v>»5Qv - ( Z ‘a“P(Xi(v)Hp : ‘5&('“'%)1))

lo]<m—1

1/p

(3)

Similarly, if v/ € {1,..., Viax} is such that [x,, — xy| < C8q, and 8q,/8q_, € [C', C], then
by (2.2) we have
[Pl, ~ [P, . (4)

In particular, (4) holds if v < v'.

9. A PARTITION OF UNITY

Thanks to the properties of Qy,...,Q.,.. and x;,...,Xy,,.. established in Lemmas 5.2,
5.3 and 8.2, there exists a partition of unity {6,},* C C*(Q°) that satisfies the following

v=1
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properties. (We leave the construction as an exercise for the interested reader.)

(POUL)0<0O, <.

)

(POU2) 0, vanishes on Q° \ (1.1)Q,.

(POU3) [0%0,| < C5, ‘“‘ whenever |« < m.
) 0

(POU4) 0, = 1 near x,, and 0, =0 near {xy' : v/ =T1,..., Vipax, V' # V}.

(POU5) » 0,=10nQ".

v=1

Lemma 9.1 (Patching Estimate). Let G, € L™P(1.1Qy) be given foreach v =1,..., Viax, and
define

Vmax

=Y G(x)6y(x) (x€Q).
v=1

Then

Vmax

IGIIEmp(ge) < Z G w11 T 2_ T (G =T, (G}

vev!

Proof. Fix v/ € {1,..., Viax}. Since }_ 0, =1 on Q°, for each x € Q. we have

G(x) = G(x) — Gulx) [Z 0. (x)
v=1

For each x € Q,: there are at most a bounded number of 0, that do not vanish in a

Vmax

(X) = Z(Gv - GV/)(X)GV(X) + Gv’(x)-

v=1

neighborhood of x (because supp(0,) C (1.1)Q+ and from the Good Geometry of the CZ
cubes). Thus, by taking m'" derivatives and integrating p'" powers over Q,/, we obtain

Vmax

1GIT g,y S NGv IPmrigy + D ZJ 10F(Gy — Gy ) (X) [P 18%0y ()PP dx. (1)

lot-pl=m v=1 7 Qv’

First we consider a term from the sum in (1) when v is fixed, || = m and « = 0. Since

10y] < 1and 6, is supported in (1.1)Q,, we have

| 19%16, = 800 18P 4% S IGulmsrsqn) + G s, @

v/
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The remaining terms in the sum arise when || < m — 1 and || = m — |3| > 1. Since

020, < 5% and 0%0, is supported in (1.1)Q,, the sum of these terms is controlled b
= 9, pp y

C Z Z sup ‘aﬁ(GV — Gy/)(x) ‘p 5Q(vm P 3)
1<V <Vmax _[pl<m—1 ¥ETQvNQy/
1.1QvNQ,, /#0

Because [x — x,| < 8¢, whenever x € (1.1)Q,, and [x — x,/| < 8¢, whenever x € Q., the

Sobolev inequality (2.3) implies that

108(Gy — Gy )(¥)| £ 880 (Gy) = T, (Gv)) (X)] + [[Gullimr 1100 8, P77
+ HGV’HL‘“p 68\,_/“3‘ n/p (B e M). (4)

Now summing (4) over all v with v < v/, and using Good Geometry of the CZ cubes, we
tind that (3) is bounded by

C’ Z Sup Z 5 (m—IBl)p ‘aﬁ T (Gy) — JXV/(GV’))(X)lp + ||GV||Em»P(1,]QV)

1<v<vmax | XETTQYOQ a1y
vev!

(Recall that v/ < v’ and thus the term from (4) that contains ||G,/||im»(1.10.,) appears
(1.1Q,,) app

above as is required.) Applying (2.2) (recall that |-|,

by
S N || (R S M (cw]

1<v<Vmax
vesv!

= [, 5o, ), we may bound the above

J . )

Hence, by inserting the bounds (2) and (5) in (1), and using that each CZ cube has bound-
edly many neighbors, we have

IFloiq) S Y [Ia(G) =T (G)]]

v/

|- 6)

We now sum (6) over v/ = 1,..., Vya. Since the CZ cubes partition Q°, and every CZ

]

cube has a bounded number of neighbors, we have

[FlPne S D [ (G =T, (6

vev!

S (G =Tk,

vev!

Vmax

as required. |
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Lemma 9.2. Let 0 < a < 1,a cube Q C R"and F € L™P(Q) be given. Then there exists
G € L™P(R™) which depends linearly on F and satisfies

G — F on ClQ lZTld HGH]_m,p(Rn) S C * (1 - a)_m * HFHLm,p(Q].

Moreover, suppose that F = T(f, 13) for some linear map T : L™P(E; E;) — L™P(Q) with Q-
assisted bounded depth, for some QO C [L™P(E;)]*. Then one may take G = T'(f, P) for some
linear map T' : L™P(Ey; E;) — L™P(R™) with Q-assisted bounded depth.

Proof. Lety denote the center of Q, and fix a cutoff function 8 € C*(Q) that satisfies
0 =1onaQ, and (7)
|0%0] < ((1— a)éQ)""“ when || < m. (8)

Define G = 0F+(1—0) - J,(F) € L™P(R™). Then G depends linearly on F, while (7) implies
that G = Fon aQ.

Since G matches an (m — 1)t degree polynomial on the complement of Q, we have

G mpn) = G Pmp ) S IFllmn gy + 11— 6) - F) [T ()
SIF i+ D 98- ((1—a)dq) mwpsgmﬂ — Ty (P ()PP
Bl<m—1 xe

(In the last inequality, the mth order derivatives that fall on (Jy(F) —F) have been raised to
the pt" power and integrated over Q; these terms are mcorporated into [|F[|fmp( o)) Thus,
using the Sobolev inequality, we have ||G||imr@n) S (1 —a)™ - [|Fl|tmr(q). It remains to

analyze this construction from the perspective of asmsted bounded depth linear maps.

Suppose that F = T(f, 13) depends linearly on some data (f, 13) € L™P(E; Ey), where T
has )-assisted bounded depth for some () C [L™P(E;)]*. Then the function G is given by
the linear map T'(f, P) = OT(f, P) (1—=0) - Jy(T(f, )). Thus, for each point x € R" there
exist linear maps Py, ¢, : P — P, such that

VLT P + duJy[T(F, P)]) 2 x € Q.
d)x(ly T( ) ) X Q Q
These maps are defined by 1V, (P) = Jx[6P] and ¢, (P) = Jx[(1 — 0)P] for each P € P. Note
that (9) follows from the containment supp(6) C Q and the observation that J,[0H] =
P (JxH) and J<[(1 — 0)H] = ¢, (JH) for each function H that is C™' on a neighborhood

of x.

'Ul 'Ul

Jgrmﬁn:{ 9)
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Because T has Q-assisted bounded depth, (9) implies that T’ has ()-assisted bounded
depth. This concludes the proof of Lemma 9.2. |

10. LOCAL EXTENSION OPERATORS

In this section we apply the inductive hypothesis (IH) to construct local extension op-

erators for functions defined on subsets of E N 3Q,.
Fix v € {1,...,VmaJ and E, C EN 3Q,.
Suppose that #(E,U{x,}) > 3. Since E, C 3Q, and x, € Q, we have 10-diam(E,U{x,}) <

308q,. Also, #(E N 3Q,) > #(E,) > 2. By definition, since Q. is OK and #(EN3Q,) > 2,
there exists A, < A such that for all x € E N1 3Q, we have that

o(x, EN3Q,) contains an (A, x, €9,300q, )-basis = (from o(x,EN3Q,) C o(x,E,))

o(x, Ey) contains an (A, x, €y, 308q,)-basis = (from the remark in section 3.2)

o(x, Ey) contains an (A, x, €g, 10 - diam(E,, U {x,}))-basis.

Thus (4.1) holds with = E,, X = xy and A= A,. From the inductive hypothesis (IH), it
follows that the Extension Theorem for (E,,x,) holds, as long as #(E, U {x,}) > 3.

On the other hand, if #(E, U {x,}) < 2 then Lemma 3.2 implies the Extension Theorem
for (Ey, %y ).

In any case, for each v = 1,..., V., and each E, C EN3Q,, there exists (T,, M,, Q,)
with the following properties:
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(L1) T, : L™P(Ey;x,) — L™P(R™) is a linear extension operator.
L2) ||(fV>Pv)||Lm»P(E,xV) < ||Tv(fV>Pv)||Lm‘p(R“) < CH(fWPv)”Lm‘P(E,xVP and

(L3) C'"M,(fy, Py) < || T (fyy Py)[lump@n) < CM,(fy, Py) for each (f,, P,).
(L4) ) dp(w) < C-#[E).
(,UGQV

(L5) T, has Q,-assisted bounded depth.
(L6) There exists a collection of linear functionals =, C [L™P(E,;x,)]*, so that

(a) each functional in =, has Q,-assisted bounded depth,
(b) #(Zy) < C- #(E,), and

1/p
(c) M,(f,,P,) (Z IE(fy, Py) ) for each (f,,P,).

€Sy

We now outline the content of sections 11-19. In section 11, we compute the jet RY of
a near optimal extension of ﬂEmQﬁ that is suitably consistent with the polynomial P. We
can arrange that RY, depends linearly on the local data and P. We then define R; = P and
R, = Ri(v) foreachv =2,..., Vyux.

We must show that R = (Ry,...,R,. ) is the jet on E’ of some near optimal extension
of (f,P). To do so we proceed by several steps. In section 12, we produce some new local
estimates on the coefficients of the auxiliary polynomials P}. (Recall that the P are Taylor
polynomials of linear combinations of the ¢, which vanish on E and have small L™P(R")
seminorm.) These new estimates complement the unit-scale estimates on P} from section

4, and are localized to the lengthscale 6 for the cube Q € CZ° that contains x.

In section 13, through an estimate on the size of o(x}, E N 9Q%) (or dually, through an
estimate on the appropriate trace semi-norm), we bound the error between our guess R, €
En9Qk, Thus, we establish

that Rf € P was almost uniquely determined from its constraints and near minimality.

P and any hypothetical jet R’ of a near optimal extension of f]

In section 14, we prove a certain Sobolev inequality that bounds the variance of the
derivatives of an F € L™P(R") along the paths introduced in section 7. This inequality
and our assumption that the approximate monomials {¢@4}«c4 Vanish on E are then used

to prove the existence of a near optimal extension of (f, P) whose jet on E’ satisfies two
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additional constraints, termed Constancy Along Paths and Coherence with P. It will be
the case that R is Constant Along Paths and Coherent with P.

In section 15, we patch together the local extension operators to build an extension
operator T : L™P(E; E’) — L™P(R"); along the way we develop a formula for the L™P(E; E’)
trace seminorm. In section 16, we use the results from sections 13 and 14, and the formula
for the trace seminorm from section 15, to prove that R is the jet on E’ of some near optimal

extension. At this point, we are ready to tackle the main theorems.

In section 17, we prove the Extension Theorem for (E, z). In section 18, we prove The-
orem 1 for finite E, as well as Theorems 2 and 3; we also prove an extension theorem for
the inhomogeneous Sobolev space. Finally, in section 19 we use a Banach limit to deduce

Theorem 1 for infinite sets from the finite case.

Until the end of section 18, we fix some (arbitrary) data (f,P) € L™P(E;z).

11. EXTENSION NEAR THE KEYSTONE CUBES

We begin with a simple lemma concerning the minimization of the {P-norm subject to
linear constraints. We will work in RN** and denote a vector in RNo™* by (w,w’) with
w e RNo, w’ € R¥,

Lemma 11.1. Given integers No, k > 0 and linear functionals Ay, ..., A on RNo™* there exists

a linear map & : RNo — R¥, so that for each w € RN we have

L L
S Aw, Ew)P < C int {Zm(w,w’w}, with C = C(k, p).
i=1 i=1

w’€ERk

Proof. It suffices to assume that k = 1, for by iteratively applying this result we obtain the
full version of the lemma. Write A;(w,w') = ?\i(w) — a;w’, where /Xi :RNe — R is a linear
functional and a; € R for each i =1,..., L. The expression to be minimized is

L

i=1

P

~

AMw) — aw’

By removing those terms that are independent of w’, we may assume that a; # 0 for all
i=1,...,L, and rewrite the expression as

P
|aslP. (1)

L

>
Z

!/
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If L # 0, then a standard application of Holder’s inequality shows that

AMWailP/ar + -+ ALw)laclP /ag
jarfP + - +far P

w = §E(w) =

minimizes (1) to within a factor of 2P*'. If L = 0, we simply take w’ = 0. |

Lemma 11.2. Let QY be a given keystone cube. Set % = ﬂEerﬁ . There exists a polynomial
RE € P with the following properties :

Rﬁ depends linearly on fﬁ and P; (2)
a“Rﬁ(xﬁ) = a“P(xﬁ)for every « € A, (3)

and
H (ffw Rﬁ) “[_m,p(Em9Qﬁ;X€L) < (4)

C inf {||(ffl, R limp ensqindy * R € P, O%R(x}) = 0*P(xL,) for every « € A} :

Proof. The main content of the proof consists of showing that the trace seminorm

H (fﬁm R,) HLm,p(EWQﬁ;X{l) (5)

is given up to a universal constant factor by an expression of the type

(MR 4+ et RO, ©)

where Ay, ..., A; are some linear functionals.

Denote by CZ! the collection of cubes Q € CZ° such that Q N 100Q% # (. We write
CZ, ={Q.,,..., Qv ), where Q,, = Q. Hence also x,, = x!. By definition of the keystone

cubes and Lemma 5.3, we have

S, < 8q., < 1035% foreachi=1,...,K, and hence K < C’. (7)

LetR" € P, P,, € P (i = 2,...,K) be arbitrary polynomials. Set P,, = R’. For each

i=1,...,K, we define the following objects:

e The subset S,, = EN9Qf N 3Q,, and the function f,, = fls, .
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e The map M,, : L™P(S,;xy,) — R, that satisfies (L1-6) for the subset S,, C EN3Q,,
and the representative x,, € Q,, (together with some linear map T,, : L™P(S,;x,,) —
L™P(R™) and some collection of linear functionals Q.. C [L™P(S,,)]*).

From (L2), (L3), (L6), for any i = 1,...K, we have:

L 1/p
Mvi (fvi) Pvi) = <Z |)\]i(fvi) Pvi”p) = H (fvi) Pvi)HLm’P(SVi;xvi) (8)
j=1
for some linear functionals A!, ..., Al € [L™P(S,;x,,)]".

Thus, there exists F,, € L™P(R") with
Fy, =f,, on S, and J, (Fy,) =P,,; and 9)
HFViHL’“‘P(R“J = ”(fVUPVi)H = Mvi(fvi>PVi)' (10)

Suppose that Q € CZ° satisfies Q N 100Q% = () and (1.1)Q N 9Q% # 0. Hence, ¢ >
1005Qﬁ . However, this contradicts the second bullet point in Lemma 5.3. Therefore, Q ¢
CZ, = (1.1)Q c R™\ 9Q%. Thus, by (POU2) we have

6, =0 on 9Q5NQ° forv e {1,..., Vima \ {V1,..., vk} (11)

Define F° € L™P(Q°) by

FPx)=) R0+ ) R (xeQ).

i=1 VE{V1,..yVK}
From (POU2), (9) and the definition of S,,, we have F,, = f, on supp(6,,) N E N 9Q%.
Hence, from (POUS5) and (11), we have F° = f! on E N 9Q/, (recall that E C (1/8)Q°).
From (POU4) and (9), we find that ], (F°) = P,, for each i = 1,...,K. To summarize,

we have
F° = fﬁ on EN 9Q'ﬁL and Jy, (F°) =Py, foreachi=1,... K. (12)

We prepare to estimate the seminorm ||F°||;m»(qe) using Lemma 9.1.
Take G, = F, when v € {vy,...,v¢},and G, = R"when v € {1,..., Vinax \ {V1,..., vk}
Lemma 9.1 provides the estimate:

Vmax

P Tmp ey S Z 1GPmr a0y + D2 T (G3) = Tx, (G2

vesv!
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The terms with v & {vy,...,vi}and v, v’ & {vy,..., vk} in the first and second sum van-
ish, respectively. In view of (9), the remaining terms in the second sum are of the form
[Py — Py, and [Py, — R'] (v, Vv’ € {v1,...,Vk}). (Here, we also use (8.4).) Thus,

K

PP ey S Z FullPmr (1104 +Z}Pvl— vl

1= v]‘

K
Z (fv, Py )P + Z Py, — Py, ‘1 (thanks to (10)).

Lj=1
Lemma 9.2 yields F € L™P(R") such that F = F° on 0.99Q° and ||F||tm»@n) < C|[F°||tmp(qe)-

Therefore,
K

Il ) S ZMW fuy Py, )P +Z|Pvl Pyl (13)
Lj=1
Recall that EUE’ C 0.99Q° (see (4.2) and Lemma 8.2). Thus, (12) yields

F= fﬁ on EN ‘?QfL and J, (F) =P, foreachi=1,... K. (14)

Let H € L™P(R™) be an arbitrary function that satisfies
® H= fﬁ on Eﬁ9Q§L and Jx, (H) =Py, foreachi=1,...,K.
From (10) and the definition of the trace seminorm, we have
My, (fvi, Py )P 2 [[(Fyiy Py)IP < IH[ITwpgnyy foreachi=1,...,K,
while the Sobolev inequality implies that

[ )
Pve = Py |5 = [T, (H) = Ty, ()| S HI[Pmpgnyy foreachi,j=1,...,K.

i

(Here, we use (7) and x,, € Q,,.) Summing these two estimates over i,j € {1,...,K}, and
using (7), provides a bound on the right-hand side of (13) by C|[H|[{ g~ We now take
E, = {Xy;y...y Xy }. Taking the infimum in this estimate, with respect to H € L™P(R™)
that satisfty ®, we have

K

K
Z MVi(fVi’PVi)p + Z |PV1 o PVJ" H( Vr i= 1)”me Em?Qﬁ BT

i=1 i,j=1
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Together with (13) and (14), this tells us that

K

K
Z Mvi(fvi) Pvi)p + Z |Pvi -
i=1

i,j=1

P~ 1
PVJ’ vi H(fw (Pvt)l 1)||Lmv (EN9QLEL)
For every R’ € P, the definition of the trace seminorm gives

H(f )Hme (En9Q%ix) inf{H(fﬁ, Vl)l 1)HLmv (EN9Q%EL) : (P"i)le < Wh(E:l)’ Py, = R/}'

Thus, by the last two lines and (8), we have

H( )HLmP Eﬁ‘?Q Hlf{ZZD\) ‘(:\/,L)PVL |P+Z |PV1 ij‘p . yl i= ] € Vth(E ), Py] :R/} .

i=1 j=I1 i,j=1

By an application of Lemma 11.1, we can solve for (Py,)f, that depends linearly on
(fﬁ, R’) and minimizes the expression inside the infimum to within the multiplicative fac-
tor C(p, k); note that we are solving for k = dim(P) - (K — 1) real variables. In view of (7),

the constant C(k, p) from the lemma is universal and we have shown that

H(fﬁ HimpEmQu ) NZD\ fﬁ RO (15)

for some integer L and some linear functionals A;,...,A.

We apply Lemma 11.1 once more to solve for R" = R% € P that depends linearly on
(fﬁ, P), and minimizes the right-hand side of (15) to within a multiplicative factor C(p, k),
subject to the condition [3*R(x%) = 9*P(x}) for all « € A]. In this case, we solve for
the remaining k = dim(P) — #(.A) coefficients of the polynomial Rﬁ. Again, the constant
C(k,p) is universal. It follows that Rﬁ satisfies (3) and (4). This concludes the proof of
Lemma 11.2. [

12. ESTIMATES FOR AUXILIARY POLYNOMIALS
Recall that for each x € Q° we defined polynomials (PY)qc 4 that satisfy (4.16)-(4.17d).
Lemma 12.1. Let Q € CZ° be fixed. Then, the following estimate holds:
0PPY(Y) < C85 P (aed, peM, yeQ).

Proof. Define E* := (EN3Q") U{y}, and let x € E* be arbitrary. From (4.17a)-(4.17d), it
follows that the collection (P})c4 forms an (A, x, Ce, 1)-basis for o(x, E). Set C' = 30™C.
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Then, by the definition of (A,x, Ce, 1)-bases, (P})xca forms an (A,x, C’e,30)-basis for
o(x, E). Since the dyadic cube Q" C Q° satisfies 0o+ < 8o = 1, by the remark in section
3.2, (PX)aea forms an (A, x, C'e, 308+ )-basis for o(x, E), hence also for o(x, E N 3Q").

Define €; = min{cy, €9/C;}, where c¢; and C; are the constants from Lemma 3.3. For the

sake of contradiction, suppose that
max{|PPY(Y)] - 3050+ )P § € By € A, B € M} > &P

We assume that e < €3P™2/C’. Then the hypotheses of Lemma 3.3 hold with the parame-

ters
(eh €2, 6) A) Eh E2> (’ﬁi)aeA,xE&) = (61, C/€> 3OéQ*) A) EN 3Q+) E+> (Pz)oceA,erJr) .

Thus, there exists A < A, such that o(x, E N 3Q™") contains an (A, x, Cy€1,308q+)-basis for
all x € ET. Since Cie; < €p, we deduce that Q7 is OK. This contradicts Q € CZ°, and
completes the proof of Lemma 12.1. |

13. ESTIMATES FOR LOCAL EXTENSIONS

Lemma 13.1. Let Q € CZ°\ {Qq} and let xq be the representative point for Q. Then for every
P € P, we have

[1(0en11Qs PYllmr entiqig) < IH(01es P llLmr Exg) S Pleg s - (1)
Moreover, if P € P satisfies 0%P(xq) = 0 for all o« € A, then
| (Olenoqy P llLmr (eroQixg) = Pleg.so - (2)

Proof. Since Q # Q; we have that xo # x; = z. Thus, by the properties of the representa-
tive points listed in Lemma 8.2, there exists 0 € C3°(Q) with

0 = 0 in a neighborhood of E; 3)
0 = 1 in a neighborhood of xq; and 4)

0%0] < 5o when |of < m. (5)
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Define H := OP. By a straightforward calculation using supp(0) C Q and (5), we have

x n—(m—|«f P
H o, S 5 [0%P(xg)P8y ™17 — [|P|XQyéq]

lod<m—1

Moreover, (3) and (4) show that H is a competitor in the infimum that defines
[10le, P)|[tmer (i) := inf {[|Gllimpmn) : Gle = 0, JxoG = P},

and therefore
[[(Ole, PY[lmw (exg) < [IH[[tmr mn) S [P

xQydq
Finally, by definition of the trace seminorm we have
[ (Olen(1.1)Qs P ltmw Ent1qig) < 1(Oleroqs P)l[mw(Enoqug) < I1(Oley P {|Lme (exg)- (6)
This completes the proof of (1).
To prove (2), we let P € P be given with
0%P(xq) =0 forall x € A, (7)
and establish the reverse inequality
| (Oleroqs P llLmr (en9qig) = € |P|XQ@Q . (8)
From the definition of o(-, -) and the definition of the trace seminorm, we have
{P € P :[[(0lenoq, P)lltmr Ensgig) < 1/2} C o(xq, ENIQ). )

Let € > 0 be some small universal constant, to be determined by the end of the proof.
For the sake of contradiction, suppose that (8) fails with ¢ = eP™, for some P € P that

satisfies (7). Upon rescaling P and using (9), we see that

P e Cel" 0(xq, EN9Q); and (10)
B n/pHpl-m | __
gé%c{\a Plxq)| 857 }_ 1. (11)

For each integer { > 0, we define
A = {oc € M:[0*P(xq)iy ™ " € (e, 1]} .

Note that A; C Ay for each £ > 0 and that A, # 0 for £ > 1 by (11). Since M contains
D elements, there exists 0 < {, < D with A;, = Ay, ;1 # 0. Let & € M be the maximal
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element of A,,. Thus,

0P (xq)I8G PN ™ > el

Moreover, for every 3 € M with § > &, we have 3 ¢ A, = A, 41, and hence

8PP (xq)Ioy "™ < el (B e M, B > ).

Thanks to (12), we may define Px := [0%P(xq)] ~'P. Hence,

while (10),(12) and {. < D imply that

aaPa(XQ) =1 ,

Pz € Cerdg ™7™ - a(xq, EN9Q).

Thus, there exists @z € L™P(R") with

¢z =0on EN2Q;

IxQ((Pa) = Pg; and

H (paHLm\P(Rn) S C€1 6‘g|+n/P*m‘

From (11),(12) and (12),(13), we obtain

0PPx(xq)l < €785 P (B € M), and
0P Px(xq)l < €185 ' (B eM,B>T),

while (7) and (12) yield

o ¢ A

Let x € EN 9Q be arbitrary. Define P% = J(¢@x). Thus,

PP~ Y

ly|<m—1—[B]

1
v!

P Py(xq) - (x— x| = [0PPE(x) — 9P Pa(x)|

= 0P p(x) — 8P (@) (x)] < Cleq - 5 P ™ [x — xg ™ /PP

S C”€1 A 6‘5‘7”5‘

(B € M).

(12)

(13)

(14)

(15)
(16)
(17)

(18)
(19)

(20)

(21)
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(Here, we have used (16); (17) and the standard Sobolev inequality; and [x — xq| < Cdq.)
By (15),(17); inserting (14),(19) into (21); and inserting (18) into (21), we have

PX € Czeq - 6'3‘“/"7“1 -o(x,EN9Q); (22)
|0PPX(x) — 8ga| < Cser -85 (B eM,p >x); and (23)
0PPE(x)| < CseyP -85 P (B e M). (24)

We recall the defining properties (4.17a)-(4.17d) of the polynomials P:

Py e C'e-o(x,E) (x € A); (25a)
PP (x) = 8up (¢, B € A); (25b)
19PPX(x)| < C'e (€ A, B €M, B>a);and (25¢)
19PPX(x)| < C’ (e A, peM). (25d)

Let Q' € CZ° be such that x € Q’. Then 9Q N Q’ # (), since x € 9Q. Thus dg: < 508,

thanks to the second bullet point in Lemma 5.3. Also, [9PPX(x)| < CS‘Q“‘f‘ﬁ‘ for x € A,

B € M, thanks to Lemma 12.1. Thus, we have [0FPX(x)| < C’ZSB'"*W for every o € A and
B € M with [3] < |«|. In combination with (25d) this gives
0PPE(x)] < C'55 P (e A, B e M). (26)

(Here, we use that 6o < 1since Q € Q° = (0,1]™.)

Define the polynomial

From (22),(24),(25a), we obtain

PX e [C3€1 : élglm/p*m + Z [CgefD : 6‘5‘7‘“‘] : C'e] -o(x, EN9Q)

€A, x<x

C Cyfer+eer®] -85 ™ o(x, EN9Q). (27)

(Here, we have also used o(x,E) C o(x,EN9Q)and [l <m—1<m—n/p.)
For each 3 € A, B < &, by (25b) we have

OPPX(x) = 0PPL(x) — 0PPX(x) = 0. (28)
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Let B € M with 3 > «be given. Note that if x € Aand & < &, then o« < 3. We estimate

0°Px(x) — Bpal < [0PPX(x) — Bgal + D [9%PE(x)] - [9PP(x)|

aeA,x<x
<Cer 83 4+ Y [cge;D 5579 . C’e (thanks to (23), (24), (25¢))
axEA,x<x
-D [od—IBI :
< Ciler+e7e] - 83 (since x < B = || < |BI). (29)

On the other hand, consider 3 € M arbitrary. We estimate

PPL < PP+ Y [P [P

aeA,a<x

< Coe PSP Y [Cse;D-zs‘g‘*'“‘] . C'58 ™ (thanks to (24), (26))
aeA,x<x

< Cyer? 55 P (30)

Define A = {x € A: « < &} U {&}. From (20) and the definition of the order on multi-

index sets, we have

A< A. (31)

For small enough € and e; such that € < eP™', by (29) we have !aaﬁ§(X)! > 1/2. Thus,
the following polynomial is well-defined:
- . 1
px — [a“Pg(x)] P,

Thanks to (27)-(30), these properties are immediate:

PL€2Cs - [e1+e;P] - 85 P Ma(x, EN9Q); (32a)
PP (x) = 8px (B € A (32b)
0PPL(x)] < 2C4 - [e1 + €7 €] -85 P (BeM, B>n); and (32¢)
0FPL(x)| < 2C4 - €77 - 55" (B e M. (32d)

For each « € A\ {«}, we define the polynomial
Py =Py — [0°Pi(x)] - P

Then, we have

a&ﬁz(x) _ aapz(x) _ [aapz(x)] . aaﬁg(x) =0 (thanks to (32b)). (33)
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For § € A\ {«}, we have
OPPX(x) = 0PPX(x) — [0%PX(x)] - 0PPX(x) = 8o (thanks to (25b), (32b)).  (34)
Note that « < &, because « € A\ {&}. Thus, for each p € M with B > «, we obtain
8PPX(x)] < C'e +[C’el - 2C4e;° - 53 ' (thanks to (25¢), (32d))
< Cse-e;” -85 " (since |of < [al, |l < IB]). (35)
Finally, from (25a), (25d), (32a), we obtain
Px e [c'e +[C-2C, - (e1 + e€;P) - 5'5'*“/19—‘“] - o(x, EN9Q).
We may assume that € < e;. Note that |x| < [&], |x| +n/p —m < 0and §g < 1. Therefore,

Pl e Cs- [er+eerP] -85 ™" ™ o(x, EN9Q). (36)

Recall that x € EN9Q was arbitrary. Thus, from (32a),(32b),(32¢c) and (33)-(36), it follows
that (ﬁ;)aez forms an (A, x, C¢- [e1+ €, 7€, dq+)-basis for o(x, EN9Q) for each x € EN9Q,
hence for o(x,EN3Q") for each x € EN3Q*. (Here, we use that EN3Q" C EN9Q.)

Fix €; small enough so that the preceding arguments hold, and so that e; < €0/2Cs.
We may assume that € < eP*'. Therefore, o(x,E N 3Q") contains an (A, x, €o, dq+)-basis
for each x € EN3Q". Since A< A, by definition the cube Q* is OK, which contradicts
the hypothesis that Q € CZ°. This completes the proof of (8), which was the unverified
inequality in (2). The proof of Lemma 13.1 is now complete. |

14. THE JET OF A NEAR OPTIMAL EXTENSION I

14.1. Another Sobolev Inequality. Proposition 2 produces for each Q. an associated
keystone cube (Q.) = Qi(v) and a finite sequence of CZ cubes S, = (Qv,1,...,Q+1.),

such that ﬁ
Qy = QV,] A AR QV,LV = QK(V)) with

8q,, < C(1— c)k’jéQV)j forall 1 <j <k <L,, where (1)

C > 0and 0 < ¢ < 1 are universal constants.

Lemma 14.1. Let F € L™P(Q°). Then

Vmax

>

v=1

P
o) =T (P TP
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Proof. By applying (8.3), we have

Vmax Vmax

=) =g B s Y -t P] )

v=1 v=1 |a|<m—1

P

68:(711—\04)19. 2)

Let x, x denote the representative point for Q. We fix some universal constant €’ €
(0,1 —n/p). Note that x, 1, = xﬁ(v), since Qy1, = Qﬁ(v). Thus the right-hand side of (2) is
given by

Vmax

AP

v=1 |a|<m—1

Vmax o Ly —1 , . }
SZ Z 6Qv(m oo Z 0" va,k(F)_va,k+l(F)] (Xi(v)) .SQV,(;TL o P]

v=1 |a|<m—1 | k=1

Ly—1
(m—|al)+e’ _—Z+(m—|al)—e’

30" e = T () () 88,7 8]

’

Z 6ka

1T 1
(by Holder'’s inequality; here, p’ is the dual exponent to p, so that o + - = 1) .

MLu—1 p/P
A fi+m l«)p e’p’]

From (1), we have 8¢, < C(T — c)kéQv. Thus, using €’ < T —n/p, we obtain

Vmax Ly—1
o n al)p—e Pon—(m— e’
X < Z Z 5 (m—laflp 5= v+(m |l)p—e’p [Z o va,k(F) T (F)} (XﬁK(v)) .5Qv,(1:n lo)p-+ p]

v=1 |a/<m-—1 —
Vinax Ly—1
B Z Ol S S ) 15 M G
k=1 Jof<m~—T
Vinax Ly—1
B Z . Z 3¢ pk Z 0% va,k(F) — Jxvient (F)} (xﬁK(v)) " 55:‘(?—\04]13 ] 3)

lo]<m—1

Thanks to (1) it follows that |x, x — xﬁ(v)\ < Cdq,,, (recall that x,) € Qv and xﬂ(v) € Qim).
Therefore, continuing from (3) and applying (2.2), we have

Vmax Ly—1
XY 857 Y 87 8 D 0% s (F) = Jrs (F)] (x| 8,10
v=1 k=1 o <m—1
Vmax Lv—1
— Z Z Z 5-¢ P6€ P va ) Ix— ( )’XvaéQ HQV:Qv,k/\Qv/:Qv,kﬂ' (4)

vy v=1 k=1
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Thanks to (1), any given Qv can arise as Q. (for fixed v) for at most C distinct k. Thus,
from (4) we obtain

Vmax

XS D D (8ae/8.) " [Txs(F) =T, (F N sa, * 135t Qe=Qui A Qur=Quiin-

Vv v=1

If there exists k such that Qv = Q. , then 8g, > cdq, and Qy C CQ,, as follows from (1).
Therefore, we obtain

0.\ 7P ,
X < Z UXV — Jxo BN M. Z { (%) : dyadic Q s.t. 8 > ¢dqg, and Qv C CQ} .

Ve v!

The inner sum is at most C, for each fixed ¥v; hence,
XS D (P =Ju, (F s, 5Q, < D IFlEmag (111QvU1.1Q5/1NQ°)
Vev! Ve v/

(thanks to (2.3); we also use xy € Qy, x5 € Q5 and the Good Geometry of the CZ cubes)

S FlE e (o)
(thanks to the first bullet point in Lemma 5.3 and Good Geometry of the CZ cubes).

This completes the proof of Lemma 14.1. |

14.2. New Constraints on Extensions. Every Whitney field P € Wh(E’) has a natural
restriction, denoted P¥ € Wh(E?), to the keystone representative points Ef = {x} : p =
1,..., lmax}- Thatis,

P =Py, where v € {1,..., Vinax} is such that Q, = Q. (5)
Definition 13. Let P = (Py)yma € Wh(E') and P € P. We say that P is Coherent with P

v

provided that
Py =P, and 3*Pi(x}) = 0°P(x%) for p=1T,..., tpax, and o € A.
We say that P is Constant Along Paths provided that
P, = Pim forv=2,..., Viax.

Similarly, we say that a function F € L™P(R"™) is Coherent with P when Jg/(F) is Coherent with
P, while we say that F is Constant Along Paths when Jg.(F) is Constant Along Paths.

The main result of this section states that there always exist near optimal extensions of
the data (f, P) that are Coherent with P and Constant Along Paths.
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Proposition 3. Given (f,P) € L™P(E;z), there exists Felmp (R™) with the following properties:

(i) T extends the data (f,P).

(it) [[Fl[Lmp @) < C - [[(f, P)[Lmr (k).
(iii) F is Coherent with P.
(iv) F is Constant Along Paths.

Proof. By subtracting P|¢ from f and subtracting P from the F that we seek, we may assume
that P = 0. For the remainder of the proof of Proposition 3, ||(,-)|| denotes the trace

seminorm on L™P(E;z).

First we draw some immediate conclusions from subsection 4.1. Denote the (C, Ce)
near-triangular matrix AY = A* from (4.16) for each v = 1,..., Viax. Then (4.7)-(4.9) and
(4.16)-(4.17d) imply that the following properties are satisfied by the function

Py i= Z Ay @y (e A): (6)
yeEA
@vo =0o0nE, (7)
Jxv((Pv,oc) = P;V» and (8)
aB(pv,oc(Xv) - 60([3 ([3 € A) (9)
Note that (4.9) states that
[oyllimprn) <€ (v €A). (10)

From (8) and Lemma 12.1, we also have
0P @ua(x)| = [0PPY (1) < C8G. P (e ABEMVv=T1,10 V). (11)

Since the inverse of a near-triangular matrix is near-triangular with comparable parame-

ters, by (6) we have

Oyia = Z wZ(E/(PV,ﬁ, where Iw;’}gll < Cforo,peA v,v e{l,..., Vinax}- (12)
peA

Let F € L™P(R") satisfy
F=fonkE and J,(F) =0; and (13)
[Fllime @ny < 2[[(F, 0. (14)
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We first modify F to a function T that is Coherent with 0 € P. Since J.(F) =0and [z—x,| <

1for v =1,..., Vinax the Sobolev inequality (2.3) yields a basic estimate on the size of the

derivatives:
[0°F(xy)| = [0%(F = J.(F)) (%) S [[Flltmprn)  (x € My v =T1,000 Viga). (15)

We define
F, =F— Z 0“F(xy)@yn foreachv =1,..., Vyax. (16)

xcA
Therefore,

F, ™ fonE and 9PF,(x,) 20 forall B € A. (17)

Note that x; = z. Thanks to (13) and (16), it follows that F; = F.
Recall the partition of unity {8,}/=* that satisfies (POU1-5). We define F € L™(Q°) by

Vmax

Fix) =) F(x)ey(x) (x€Q).

v=I1

The following properties hold:
F=fonE (thanks to (POUS5) and (17)).
JLF=]F=JFi=],F=0  (thanksto (POU4) and (13)). (18)
OPF(xy) = 0PFy(xy) =0 forv=1,...,Viax, p €A (thanks to (POU4) and (17)).
Thus, F extends the data (f,0) and F is Coherent with 0 € . We now turn to estimating

the seminorm ”FHLm,p(QO). A straightforward application of Lemma 9.1 shows that

Vmax

P cn+([Bl-m)
IFlTnige S 2 IFlEnriicn + 3 3 [P (Fy — Ji Fu x| 855 P,
vesv! BGM
B P nt(Bl-m
S Y s niguniou +Z’aﬁ(FV—FVI)(xV) sy | (1)
vev! BeM

thanks to the Sobolev inequality (2.3). (Here, (2.3) applies because x, € Qy, xy» € Qs and

v e vl
Let v, v’ € {1,..., Vmax) satisfy v & v'. To start, we bound the terms from the innermost
sum on the right-hand side of (19). Using (12) and (16), we write

Foo=F— > 3%F(xy/ )Wy} @ (20)
o,BEA
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Since A is monotonic, if y € Aand |[y/| < m—1—|y|, theny +v' € A, and hence
"Y' (F,)(xys) = 0, thanks to (17). Thus by a Taylor expansion, we have

aY]XV/(Fv/)(XV) = Z Coeff(y,y’) : ay—wva’(Xv’) : (Xv _Xv’)yl =0 (Y S -A) (21)

y/[<m—1—|yl

For each B € M, we may now bound

07 (Fy — Fu) ()] = | 3 0PF()0P up(xy) = 3 0%Fxy )iy 0% g (x)
peA o,BEA

(from (16) and (20))

< Z ‘ag(pv,ﬁ (Xv)

peA

= Z ‘agq)v,ﬁ(xv)

peA
(from (9) and (20))

= [ euplx)

peA

[)aﬁF x) }% O%F(xy/) ]

[[0°Fur ()

[0 (Fy =7 (Fu) ()

|

(from (21))

N Z 6|£L7|B|68:n/pi‘m HFV’ ||Lmvp(1.1Qvu1.1QV/)
peA

(from (11) and the Sobolev inequality (2.3))
S 58V_n/p_ml||Fv'||Lm»p(1.1Qvu1.1Qv/)- (22)

Next, we use |A} | < C, (6), (15), (16), the first bullet point in Lemma 5.3 and the Good
Geometry of the CZ cubes, to obtain

Z ”F Hme 1.1QvU1.1Q,,/) ~ Z ‘FHme (1.1Q+U1.1Q,, /) + Z H(pV“LmP 1.1Q+vU1.1Q,,/) ”FHEm»p(Rn)

visv/ vev! yeA
SF o gy + Iy D 1@y [P en) < IF I mp () (23)
veA

Finally, inserting (22) and (23) into (19), we have

[Fllime ey S IIFllimp mn). (24)
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Next we modify F to be Constant Along Paths, without ruining (18) or the control on
the seminorm. For each v = 2, ..., Vi.y, there exists 0, € C(Qy) that satisfies

0y = 1 in a neighborhood of x.; (25)
0, = 0in a neighborhood of EU{x,/ : v/ € {1,2,..., Vinay}, v’ # v}; and (26)

10%0,| < 66'5" when | < m. (27)

(Here, the conditions on E’ from Lemma 8.2 are used.) We define F € L™P(Q°) by

Fed 8 [l (I-1u(F)].
v=2

el
||

It is simple to check that

(@) F= F + 0 = f on E; this follows from (18) and (26).

(b) F is Coherent with 0 € P; in particular, J,F = 0; this follows from (18), (26) and
(K3) from Proposition 2, which implies that xi(v) = xy when Q, is keystone.

(c) Ju (F) = ]XuK . (F) for v = 2,..., Vi, this follows from (25) and (26) together with
(K3) from Proposition 2.

We now estimate the seminorm

Vmax

- ~ — ~ ~ P
IFlTsiqr % [FlEmsie + 3 sup | 3 0000l [0 (1 (1= Ty (1) ]| 5,

[x+pl=m

(from supp(6,) C Q,)

Vmax

P migey + D sup | 3 85" [P (1, (F) =T (F)) (x)]|

v=2 *€Qv | |gj<m

(from (27))
Py + Y[ =T, (]
v=2

(from (2.2); recall that [P|, = IPva@QV and [x, — x| < Cdq, for any x € Q)
S FI e

(from Lemma 14.1).
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By Lemma 9.2, there exists a function F € L™P(R™) with F = F on 0.99Q° and with
HFHLm,p(Rn) S ||?||Lm,p(QO). Thus, we haVe

—~ _ ~ (24) (14)
[Fllime @ny S IFllime ey S [[Fllime@e) S [IFllime@ny < 2[|(f, 0)]].

It follows from EUE’ C 0.99Q° and (a)-(c) that F extends the data (f,0), F is Coherent with
0 € P and F is Constant Along Paths. This concludes the proof of Proposition 3. u

15. A CONSTRAINED PROBLEM

Foreach v = 1,..., Vi, we define E, = EN (1.1)Q,. For a given function f : E — R,

we denote f, = flg, here and throughout.

Proposition 4. There exist a linear operator T : L™P(E;E’) — L™P(R") and a collection of linear
functionals Q' C [L™P(E)]*, such that the following hold.

o T is an extension operator.

e T is bounded.

o Y {dp(w'):w’ € Q'} < C-#(E).
o T has )'-assisted bounded depth.

Moreover,

Vmax

fP||P~ZH fu, PP+ Y [Py —Py]]. (1)

vev!
Above, ||(fy, P,)|| denotes the trace seminorm ||(fy, Py)||Lms (£, and ||(f, P)|| denotes the trace

seminorm ||(f, P) |l Lo (E:E7)-

Proof. For each v = 1,..., Viax, we apply (L1-6) from section 10 to the subset E, = E,.
Thus there exist linear functionals Q, C [L™P(E,)]* and a linear map T, : L™P(E,;x,) —
L™P(R") (with Q,-assisted bounded depth), such that

T,(fy,Py) =f,on E, and J,, (T,(fy,Py)) = P,; and (2)
HTv(fWPV)HLm»P(HQV) S HTv(fV)Pv)HL‘“vP(R“) ~ H(fva)H (3)

Using the partition of unity {0,} that satisfies (POU1-5), we define

Vmax

=T°(f, P) ZT (fy,Py)
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Of course, T° : L™P(E; E') — L™P(Q°) is a linear map. From (POU2) and (2), we have that
T, (fy, Py) = f on supp(6,) NE. Hence, by (POUS5), we have F° = f on E. From (POU4) and

(2), we also have J¢/ F° = P. To summarize, we have
F° = fonE and Jz/ F° = P. (4)

From (2), (3) and a straightforward application of Lemma 9.1, we have

Vmax

HFOHEmm(Qo) 5 Z H(fva Pv)Hp + Z ’PV - PV’|3 . (5)
v=1 v/
We identify [L™P(E,)]* with a subspace of [L™P(E)]* through the natural restriction from
L™P(E) to L™P(E,), and define

Q' = U Q, C [L™P(E)]*.

v=1
Since Q. satisfies (L4) (for the subset E, = EN (1.1)Q,), we obtain

Vmax Vmax

> dplw)< ) > dplw)< Yy C-#EN(LNQ), (6)
v=I

we’ v=1 wel,
which is bounded by C’ - #(E) due to the first bullet point in Lemma 5.3. This proves the
third bullet point of Proposition 4.

Using (POU2), for each fixed x € Q° we obtain a list of cubes Q.,,...,Q,, € CZ° and
linear maps W1 x, ..., Prx : P — P, such that

]x [To(fv ﬁ)] = q)l,x (]x [T\n (fw ) Pw )}) + e+ d)L,x (Ix [T\/L (fvp PVL)] ) . (7)

Thelist Q.,, ..., Qy, is composed of the CZ cubes for which x € (1.1)Q,, (thus, 6,,,...,6,
include those cutoff functions which do not vanish in a neighborhood of x), and we de-
fine Pix(P) = Jx(6,,P) @ = 1,...,L). The first bullet point in Lemma 5.3 shows that L
is controlled by a universal constant. Thus, by (7) and the fact that T,, has Q,. -assisted
bounded depth, the linear map J,T°(-,-) : L™P(E; E’) — P has Q)'-assisted bounded depth.
Therefore, T° has ()’-assisted bounded depth.

Next, we apply Lemma 9.2 to the function F° = T°(f, 13) € L™P(Q°). This gives a linear
map T : L™P(E;E') — L™P(R") with Q’-assisted bounded depth, for which F = T(f, 13)
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satisfies F = F° on 0.99Q° and

Vmax

[Pz S 17 s S 2 1R PAIP + 3 [Py =Pu?. ®

vev!

From EUE’ C 0.99Q° and (4), we have
F=fonE and Je (F) = P. )

Thus the first and fourth bullet points in Proposition 4 hold.

Finally, we must establish (1) and prove that ||F|| m.»&n) lies within a universal constant
factor of the trace seminorm ||(f, P)|

tme(eey. Let H € L™P(R™) be an arbitrary function
that satisfies
®H=fonE and ]E/Hzﬁ.

From the Sobolev inequality (2.3) and J¢/H = P, we have Py — Py > S [H|T s (11QvUT.1Qu 1)

Hence, by the Good Geometry of the CZ cubes, we have

D Py=Pul S Y [HIwsii0uonion S IHI s @n- (10)

Note that E, = (1.1)Q,NE C (0.9)(1.3)Q and x, € Q- C (0.9)(1.3)Q~. Applying Lemma
9.2 with Q = (1.3)Qy and a = 0.1 we deduce that ||(fy, Py)|| < ||H|[tmr(130,)- Hence, by
Good Geometry of the CZ cubes, we have

Vmax Vmax

Z [(fv, PV)IIP S Z HITms(1.30,) S THITmp gy (11)

Adding together (10) and (11) shows that the right-hand side of (8) is bounded by C||H|[?...., (®M)-
Taking the infimum with respect to those H satisfying ®, we obtain

Vmax

Z 1 POIP + > [Py = Puld S NI, PP

The reverse inequality holds as well, thanks to (8) and (9). Thus, (1) holds. Together,
(1) and (8) imply that ||F||imp@n) < C'||(f, P)||tmr(ee,). Thus the second bullet point in
Proposition 4 holds. This concludes the proof of Proposition 4. |

16. THE JET OF A NEAR OPTIMAL EXTENSION II

Recall our notation and assumptions on indexing in the text surrounding (8.2). For each

I = Humin - - - y Hmax, Lemma 11.2 provides a jet R’fl that depends linearly on ( P) and

f|Em9Qﬁ’
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satisfies
G“Rﬁ(xfl) = 6"‘P(xﬁ) forevery o« € A (1)

and
H (fﬁn Ri) ||Lm,p(Em9Qfl;xfi) < (2)

Cinf { (£, R)

HLm‘p(EWQﬁ;Xﬁ) :R' e P, a“R'(xﬁ) = a"‘P(xﬁ) for every « € A} .

In the case that Q; is keystone, we also define R¥ = P. Finally, we define R; = P and
R, = RﬁK(V) foreach v =2,..., Viyax.

It is immediate that R = (R, )yma € Wh(E’) is Constant Along Paths, Coherent with P
and depends linearly on (f, P). The main result of this section states that R is the jet on E’

of a near optimal extension of (f, P).

Lemma 16.1. Given (f,P) € L™P(E;z), let R € Wh(E') be defined as above. Then,

(£, R)[[tmer ez S [1(F, P)|[mr (£0)-

Proof. By Proposition 3, it suffices to establish the bound
I1(F, R) limor ey S Iy P)|[imor (gi27) 3)
for each P = (P,)¥=»* € Wh(E') that is

Constant Along Paths: P, = Pﬁm foreach v=2,..., vy, and
Coherent with P : P; = P and G“Pﬁ(xﬁ) = a“P(xﬁ) foreach u =1,..., tnax, & € A.
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LetP € WHh(E’) be fixed as above. Then, we have

Vmax

(£, R)|[P =~ Z I(F ROIP+ > Ry =Ry

v/

(from (15.1) in Proposition 4)

Vmax

S 2 I, POIP + 110k, Py — R

v=1
+ Z [|Rv - Pv|s + |P\/ - Pv/ls + |PV’ - RV’P\),}
veosv!

(from subadditivity of the seminorms)

Vmax

S Z [H(f\/) PV)HP + ||(O|EV> PV - R\/)Hp + |Rv - Pvls] + Z |Pv - PV’P\J,

v=1 verv!
(from (8.4) and the Good Geometry of the CZ cubes)

~ (6, PP+ Y [0y, Ry = PY)|P + [Ry — P[]

v=1
(from (15.1))

Vmax

SNIEPIP+ D IRy =P 4)
v=2
(from P; = P = Ry and Lemma 13.1).

Define X as the second term on the right-hand side of (4). From the fact that P and R are
Constant Along Paths and (8.3), we have

Vmax anax
_ P _ il #
X= 3 Re—Pl =3 [Ri, — Py,
v=2 v=2

Hmax

<> Z Y PR =P 8G P (5)

p=1 k(v)=p|Bl<m~1

P

Next, we estimate the dyadic sum of lengthscales arising above.

If Q% is the keystone cube arising from Q,, then 5o, > cdy; and Q! c CQ, for alarge

enough universal constant C and a small enough universal constant c. Hence, for each p
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and T > 0, we have

Y 5o T < Clnmnp)- Y {[5Q]—T :Q C R" dyadic with [8q > ¢5; and Q, C CQ}}

K(v)=p

< C"(t,m,n,p) [6%]4.

Plugging this inequality into (5), we have

Hmax Hmax

n+(|pl—m)p
XSE T P i) =X Rl
u=T |g|<m—1 Qk,
umax
=2 IR-Fills, ©
H=HKmin H

since when Q is keystone we have P! = P; = P = R; = R} by Coherence with P. (Recall
the indexing assumption (8.2).)

Note that 0%(R%)(x4) = 0*P(x}) = 0%(P%)(x}) for each W = Hmin, - - -y Hmax and & € A.
(This follows from Coherence with P.) Next, from Lemma 13.1 and (6), we obtain

Hmax Hmax

X S Z ||(O|EQ9Q€L) REL - Pﬁ) ||p 5 Z [H(ﬂEm}Qﬁ) REL)HP + ”(ﬂEmgQﬁ) PEL)HP

H=Hmin H=Hmin
}‘Lmax

< Y (flepggr PRI, thanks to (2). @)
H=Hmin

(The seminorms above are taken in the space L™P(E N 9Qﬁ xﬁ ).)

Let F € L™P(R") be arbitrary with F = f on E and J¢/(F) = P. Applying Lemma 9.2 with
Q =10Q! and a = 0.1, we deduce that 1 (flenoqs» PO < IFllim 10z, - Thus, (7) yields

Hmax

X3 Z IF Hme (10Q5)’

which is bounded by C-|[F[[{ s zn, thanks to Lemma 7.1. Taking the infimum with respect
toF € L™P(R") as above, we obtain X < ||(f, P) ||P. Thus (3) holds (see (4) and the definition
of X that follows), which completes the proof of Lemma 16.1. |
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17. THE EXTENSION OPERATOR

In this section we complete the proof of the Extension Theorem for (E;z). We now fix a

sufficiently small universal constant €(.4) = ¢, so that the results from previous sections
hold.

Proposition 4 provides a bounded linear extension operator T: L™P(E;E') —» L™P(R™)
and assists Q C [L™P(E)]*, so that T has Q-assisted bounded depth, and such that

Y dp(w) < C-#(E). (1)

weh
Let R € Wh(E') be as defined in the previous section. In particular, R depends linearly
on (f,P), R is Constant Along Paths and R is Coherent with P.

We define
T(f,P) = T(f, R).

Since R depends linearly on (f, P) and the map T is linear, the map T is clearly linear. Also,
since T is an extension operator and R; = P (by Coherence of R with P), we have

T(f,P) =T(f,R) =fon E and J.(T(f,P)) =TJ\, ( T(f,R)) =R; =P.
Thus, T is an extension operator and we have established (E1) in the statement of the
Extension Theorem for (E, z).

We now prove (E2). The first inequality in (E2) follows trivially from (E1) and the
definition of the trace seminorm. Thanks to Lemma 16.1 and the fact that T : L™ (E;E') —

L™P(R") is bounded, we have
T, P lemrgen) = 1T R lumeen) S 1 R [ e S 10 PY[[ms sz (2)

Since also ||(f, P)||tmp (k) < ||T(f, P)||Lmp®n), we may replace every < with o~ in the above.
This proves that T is bounded, and finishes the proof of (E2).

Next we estimate the seminorm || T(f, P)||.m»&n) and define M(f, P) in order to establish

conclusion (E3). Let us define

Z:={(v,v) €{2,..., Vima}*: v v and «(v) # «(v')}; and

Th = {(k(v),k(¥v)): (v,¥v") € I}.
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From (K2) in Proposition 2, we learn that
#(T') < #(I) < C-#(E). (3)

Recall that E, = EN (1.1)Qy and f, = flg, . It follows from the comment following (2) and
from Proposition 4 that

Vmax

ITCE P IEmpeny = I1(FR) HPNZH RO+ D IRy = Ry[?
=Y I RIP+ D[R, R, —R[} @
V=l (V,V’]EI 2<v<Vmax

(since R is Constant Along Paths).

(Here, ||(fy, Ry)|| denotes the trace seminorm on L™P(E,;x,).) From (8.3), we deduce that

Z |R?<(v) Z Z}a“ Rﬁ _Rﬁ )( }P gt (la—mp

(vyv)eT (v,v')eT M

D D (R —RL) (X[ Al 1P,

(1,p') €Tt xeM

where A, (u, )P = Z {égt(lalfm)p (v, v) e, k(v) =u, k(v) = u’}.
Plugging into (4) this formula, the definition for the norm |-, and the formula M, (f,, P,) =

(3 ez, [E(fy, PY)P) "7 that approximates the trace semi-norm ||(f, P,)|| (see (L1-6) in sec-
tion 10), we have

Vmax

TP ) = > > & RIP+ Y Y [0%(RE =R ) (x4) [P An (i, )P

v=1 &€=y (w,u’)eTt aeM

+ Y Y Jo%RE, — R (x)[Tg,

2<v<Vmax XM
vl

(5)

We record here the fact (also following from (L1-6)), that there exist assists (O, C [L™P(E,)]*,

such that
each functional in =, has Q,-assisted bounded depth,

#(2,) < C-#(E,) and Z dp(w) < C - #(E,). (6)

wey

We now simply take

M(f, P)P := the right-hand side of (5). (7)
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Thus, ||T(f, P)|| =~ M(f, P), which establishes (E3).

17.1. Assisted Bounded Depth. First, we define the collection of linear functionals Q C
[L™P(E)]* that satisfies (E4), (E5) and (E6). Recall that Rﬁ € P depends linearly on (f IEWQﬁ , P)
for each it = 1,..., ttmax. Since R is Coherent with P and R is Constant Along Paths, we
have

Ry =P, and R, = Ri(v) foreach v =2,..., Viax. (8)

In this subsection, REL and R, should be considered as P-valued linear maps on L™P(E, z).

Consider the decomposition
Rﬁ = ﬁ’fﬂ—ﬁﬂ, where ﬁﬁ € P depends only on ﬂEm9Qﬁ and ﬁ’fl € P depends only on P. (9)
First we define linear functionals wg, : L™P(E) = R, for p =1,..., tmax and B € M, by
wpu(f) = 0P [ﬁﬁ] (x£).
Therefore, dp(wp ) < #(E N 9Q%). We define

Onew = {Wpp =T, tnay B € M} C [L™P(E)]".

Recall the definition of Q and Q. in the text surrounding (1) and (6), respectively. Note
that Q, C [L™P(E,)]* is included in [L™P(E)]* through the natural restriction from L™P (E)
onto L™P(E, ). Let us define

v=1

Thus, from (1) and (6), we have

> dp(w)<) > dp(w) + ) dp(w)+ ) dplws,)

wen v wey we By 1

SY H#ENLIQ)+ #(B) +) #(EN9QY),

which is bounded by C - #(E) thanks to Lemma 5.3 and Lemma 7.1. This proves (E4).

Since T has Q-assisted bounded depth, there exists a universal constant r € N such that,
for each point x € R" there exist assists wy,...,w, € ﬁ, polynomials ﬁ‘, ceey PrePanda
linear map A L™ (E;E') — P with dp (7\) < 1, such that

TP =T [T R)| = @i (P! 4 -+ + @, (P + A, R). (11)
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Thanks to (8), (9), and a change of basis, we obtain

p=1

~ ~ — ~ ~ Hmax
[T, P)] = wi(f)P 4 + @, ()P + X (f, PR+ R > ,

where dp(A) < C - dp (A) < C-r. Thus, by placing aside those terms from A that depend
on ﬁﬁ (which depends solely on f), we have

Je [T PY] = Wi (AP + - 4 W, (AP + Wt (HP™ 4+ + o (P +A(F, P),
where W, 1,...,Wres € Qnew, /PST“, ey Prs € P are independent of (f,P),and s < C -,
dp ) < dp(A) < C- 1. Thus, T has Q-assisted bounded depth, which establishes (E5).

Finally, we define = C [L™P(E;z)]* as
= = {linear functionals arising on the right-hand side of (5), counted with repetition}.

By “counted with repetition,” we mean that if some linear functional & : L™P(E;z) — R
appears t times on the right-hand side of (5), then we include t'/P§ in =.

From the definition of M in (7), we find that

1/p

Ee=

Thus, (E6c) holds.
From (3),(6) and the Good Geometry of the CZ cubes, we have

Vmax Vmax

#E) <Y HE)FCHT)+C-#1 SVE Vi v o 11 C Y #(E,) +C - #(E),
v=1

v=1
which is controlled by C” - #(E), thanks to Lemma 5.3. Thus, (E6b) holds.

One verifies that each functional & € = (appearing on the right-hand side of (5)) has
Q-assisted bounded depth using (6), (9) and (10). Thus, (E6a) holds.

We have completed the induction step indicated in section 3, thus completing the proof
of the Main Lemma for all labels A. Taking .A = (), we obtain the Extension Theorem for

(E, z) whenever E C R" is finite.

18. PROOFS OF THE MAIN THEOREMS FOR FINITE E

Let E C R" be a finite subset with cardinality #(E) = N. Pick z € R™\E that satisfies
d(z,E) < 1. The Extension Theorem for (E,z) produces (T, M, ), =) that satisfy (E1-6).
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Thus, T is a bounded extension operator:

T(f,P) =fon E and J,(T(f,P)) = P; and (1a)
IT(f, P)||tmp(®n) = [|(f, P)||Lmp (e for any data (f,P). (1b)
We also have a formula
1/p
M(f,P) := (Da(f,mv’) with #(Z) < C- #(E), (2)
&€=
such that
H(fap)HLm’p(E;Z) ~ M(f, P). 3)
Moreover, T and the functionals in = have Q-assisted bounded depth, while the assists QO
satisfy
> dp(w) < C- #(E). 4)
weQ

18.1. Theorems 1, 2 and 3 for finite sets. By definition of the trace seminorm, we have
[Fllemsey = nf{[[(F, P)[cmr ey : P € P} 5)
We use Lemma 11.1 to choose R € P depending linearly on f, with
M(f,R) < C-inf{M(f,P): P € P}.

Define /7\/\l(f) = M(f,R) and ?(f) := T(f,R). Since T is an extension operator we have
T(f ) = T(f,R) = f on E. Therefore, T is an extension operator. From (3) and (5), we have

GRS (6)

Moreover,

(1b),(3) o

T [emrn) = [ITCE R [megn) 7 M(£,R) = M(£) = [[f][imege),

which completes the proof of Theorem 1.

We now define the collections of linear functionals

o)

= QU {f— d*R(f)](z) : x € M}; and

~
—
—

:= {linear functionals f — &(f, R(f)) with & € Z, counted with repetition}.

(For the definition of “counted with repetition,” see the proof of (E6c) in the preceding
section.)
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From (2), we have #(é) < #(Z) < CN, and also
1/p

M(f) = M(f,R) = [ ) _IE(F)P

1355
Together with (6), this yields the conclusion of Theorem 2.
By standard arguments (e.g., see the previous section), the extension operator T and the

linear functionals belonging to = have Q-assisted bounded depth. Since Q consists of the
assists () along with #(M) = D (possibly) new linear functionals, it follows that

Y dp(w) < Y dp(w)+D-#(E) < C-#(E),

we we

which proves Theorem 3. |

18.2. Inhomogeneous Sobolev Spaces. Denote W™P(E) for the space of real-valued func-

tions on some finite subset E C R", equipped with the norm
Hf”wm,p(E) = inf{HFHWm‘p(Rn] :F=fon E}

Here, we consider a variant of the problem solved in the previous section.

WmP(R") Extension Problem: Let f : E — R be defined on a finite subset E C R™. Find
G € W™P(R") that depends linearly on f, with Glg = f and ||G|lwm.rrn) < C||f||jwmr(g).

We solve this problem, thereby proving the analogue of Theorem 1 for W™P and finite
E. The obvious analogues of Theorems 2,3 for W™P also hold; we leave their consideration

to the reader.

Let Q', Q% ... be a tiling of R™ by unit cubes. If FF € W™P(1.3Q") is a near optimal

extension of flg; 1t for eachi=1,2,... it is easy to verify that

G= Z 0'F' € W™P(RR™) is a near optimal extension of f, where

i=1

0',0% ... form a smooth partition of unity on R", with 6' supported on 1.1Q".

Thus, we may assume that E C (0.9)Q for some cube with sidelength 63 ~ 1, and solve
for an F that depends linearly on f, such that F = f on E and ||F|lwmr(q) is nearly minimal.
If we could do this, we could take the F' to depend linearly on f, and ultimately we could
take G to depend linearly on f.
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Fix some z € 0.9Q with 0 < d(z,E) < 1. We use the linear operator T : L™P(E;z) —
L™P(R"™) that satisfies (1a) and (1b). Let P € P be arbitrary. By the Sobolev inequality and
(1a), we have

TP gy S ITE P Tmpny = ) R¥P(2)P

Jol<m—1

~ || (F, P[Py + D 1%P(2)IP  (thanks to (1b)). 7)

ol <m—1

On the other hand, let H € W™P(Q) be arbitrary with H = f on E and J,H = P. Choose
0 € C3°(Q) with 8 = 1 on a neighborhood of E U {z}, and [0*6] < 1 when |« < m.
Therefore, OH € W™P(RR") satisfies

eH — f on E, ]Z(GH) - P) and HeHHWm,p(Rn) 5 ”H“Wm,p(Q)
Thus, by definition of the trace seminorm and the Sobolev inequality, we have

(P Iy + D 10°PIP S N8HI gy S IHymnqy (8)

Jo <m—1

Thus, T(f,P) € W™P(Q) is a near optimal extension of (f, P). Moreover, from (7),(8) and
(2),(3), we have

TP By i) = 6P Empey + 3 10°P(2)P = Y IE(F PP+ Y [0°P(2)lP
lo]<m—1 &€= lof <m—1

Choose a polynomial R € P that depends linearly on f, for which P = R minimizes the
right-hand side above to within a universal constant factor. (This is possible thanks to
Lemma 11.1.) Thus, T(f,R) € W™P(Q) is a near optimal extension of f. This also yields a
solution to the W™P(RR") extension problem, as mentioned before.

19. PASSAGE TO INFINITE E

In this section, we deduce Theorem 1 from the known case of finite E. Our plan is as

follows.

Let E C R™ be infinite. Pick a countable subset

E° = {x¢, X1, X2, ...} C E, whose closure contains E. (1)

For each N > 0, define
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EN :{XO>X1>°'->XN}- (2)

The known case of Theorem 1 produces a linear map Ty : L™P(Ex) — L™P(R"), such
that
Tnf = fon En 3)
and
[TNFl[mr @) < ClIfflmren) (4)
forall f € L™P(Ey).

We hope to pass from Ty to T by taking a Banach limit as N — oo. Recall that a Banach
limit is a linear map that carries an arbitrary bounded sequence (tn)n>o of real numbers

to a real number denoted Iélim tn; the defining properties of a Banach limit are
—00

Blimty = lim ty  whenever lim ty exists, and 5)
N—oo N—oo N—oo

| Blim tn| < lim sup [tn]. (6)
N—oo N—oo

The existence of Banach limits is immediate from the Hahn-Banach theorem. See [6].

Thus, for f € L™P(E), we hope to define
Tf(x) := ]T\3llim [Mn(fley)(x)] forx € R™ (7)

and then prove that T is an extension operator as in Theorem 1.

Unfortunately, without further ideas, the above plan is doomed. For instance, suppose
E C {Py = 0} for some polynomial Py € P. If Ty is an extension operator for L™P(Ey ), then
SO is
TEF(x) = Tnf(x) + unf(xo)Po(x)  (x € RM),
where X is as in (1), and py is any real number. In fact, (3) and (4) hold for the Tﬁj, with

the same constant as for Ty.

Since the sequence (L )n>o is arbitrary, there is no way to guarantee that the sequence
(TN (fley ) (x) )n>0 will be bounded for fixed x. Consequently, we cannot guarantee that the
Banach limit (7) exists. This problem arises because L™P(IR™) carries a seminorm, not a

norm.

To overcome this difficulty, we normalize the extension operators Ty as follows. Among

all finite subsets S C E, we pick Sy to minimize the dimension of the vector space P(S) =
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{P € P:P =0onS} Suchan S, exists, since any non-empty set of non-negative integers
has a minimum.

For any y € E, the subspace P(Sy U {y}) C P(So) has dimension no less than that of
P(So). Therefore, P(So U{y}) = P(So). That is, any P € P that vanishes on S, must also
vanish aty. Thus,

Sy C E is finite (8)

and
Any polynomial P € P that vanishes on Sy must also vanish on E. )
Let So = {yo, Y1, ..., yr). Without loss of generality, we may pick our xo,x;,...in (1) so

that x; = y; fori =0,..., L. Therefore,

So C En forall N > L. (10)

We pick any projection 7o : P — P(So). We will establish the following results.

Lemma 19.1. For N > L, the extension operators Ty in (3),(4) can be picked to satisfy the addi-
tional condition

ToJxo [INfl =0 forall f € L™P(EN), with xq as in (1). (11)

Lemma 19.2. Suppose that Ty satisfy (11) for N > L. Then, for any f € L™P(E) and for every
cube Q, the functions Ty (fle, ) are bounded in W™P(Q).

If the Ty satisfy (11) then [TN(ﬂEN)(X)]NZO is thus a bounded sequence for each fixed
x € R"and f € L™P(E). Therefore, the Banach limit in (7) is well-defined. Clearly, T is
a linear map, taking functions f € W™P(E) to functions Tf defined on R™. Moreover, for

each k > 0, we have
Tf(xy) = ]Elim Tn(fley ) (xk) = f(xx) with xi asin (1),

simply because x, € Ey for N > k, hence Ty (fle ) (xk) = f(xx) for N > k; see (3) and (5).
Thus,
Tf =fonE° forany fe L™P(R"), with E° C Easin (1). (12)

We do not yet know that Tf € L™P(R™). Therefore, we prove the following result.
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Lemma 19.3. Let Q C R™ be a cube, and let Fy, Fy, ... be a bounded sequence in W™P(Q). Then
the function F, defined by
F(x) =BlimFy(x) (x € Q) (13)

N—oo

belongs to W™P(Q), and we have

||F||Lm,p(Q) S hm sup ”FNHL“%P(Q)-

N—oo

We apply the above lemma to Fy = Tn(flg, ) for f € L™P(E). Then F = Tf is given by
(13). Since ||(fle)||tmeen) < ||f||Lmp(e), estimate (4) and Lemmas 19.2, 19.3 together imply
that Tf belongs to L™P(Q) for any cube Q, and moreover

[ Tf[[tmr (@) < Cllf][Lmre)-

Here we assume the Ty satisfy (11). Since Q C R" is an arbitrary cube, it follows that
Tf € L™P(R"), and that

HTfH]_m,p(]Rn) < CHfH]_m,p(E) forall f € Lm’p(E). (14:)

Also, since the subset E° in (1) is dense in E, we conclude from (12) that
Tf =fonE, forall f € L™P(E). (15)

Thus, our extension operator T maps L™P(E) to L™P(R"™) and satisfies (14), (15). We there-
fore obtain Theorem 1, once we have Lemmas 19.1, 19.2, 19.3.

19.1. Proof of Lemma 19.1. To prove Lemma 19.1, let Ty : L™P(En) — L™P(R") satisfy (3)
and (4). For f € L™P(Ey), define

Taf = Taf — 7o), (Taf) € L™P(R™) since 7o)y, (Tnf) € P.

Note that ﬂo]XO(T—N f) = 1o [Jx, (TNT) — T0Jx, (Tnf)] = O, where we have used the fact that
Jxo (TnT) € P (and the fact that 7§ = 7). Also, since o]y, (Tnf) € P, we have ||7], (Tnf) [[Lmp@n) =
0, hence

[Tafllimsen) = [Tafllima e < Cllfllimaey by (@).

Finally, since 7], (Tnf) € P(So), we have o]y, (Tnf) = 0 on Sy, hence also on E, by (9).
Therefore,
Tnf = f on E, by (3).
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Thus, Ty : L™P(Ex) — L™P(R™M) is a linear map that satisfies (3), (4) and (11). The proof of
Lemma 19.1 is complete.

19.2. Proof of Lemma 19.2. To establish Lemma 19.2, we use the following result.

Lemma 19.4. For any cube Q containing x, there exist constants A;(Q), A2(Q) > 0 such that
forall F € W™P(Q) with 7], (F) = 0, we have the estimate

5 0°Fl < A(Q) [[Flmrie + max F 16)
o <m—1 °
and therefore
[Flhvesio) < Ax(Q) | [Flumniq + max Fy 17)

Proof. Fix a cube Q containing X, and suppose (16) fails. Then there exists a sequence of
functions Fy € W™P(Q) (N > 0) such that

> Fn(xo)l =1 (18)
o <m—1

and
TloJxo (Fn) =0 (19)

but
|Fn]limp (@) = 0 @as N — oo and (20)
max |[Fn(y)] — 0as N — oo. (21)

Y€ESo

By (18), (20), the functions Fy are bounded in W™P(Q), hence in C™ (Q) with s =
1—n/p € (0,1). By Ascoli’s theorem, a subsequence of the (Fy) converges in C™'(Q) to
a function F € C™(Q). From (18)-(21), we obtain the following properties of F:

3 10%F(xo) = 14 (22)
lo<m~—1
Moo (F) = 0; (23)

HFHCmfhs(Q) < limsup ||FNHC“1*1»S(Q) < Climsup |[Fn|[tmr(q) = 0; and (24)

N—oo N—oo

F=0o0onS,. (25)

From (24) we see that F is a polynomial, F € P. By (25), we have F € P(Sy), hence
Ty Jx, (F) = moF = F. Therefore, F = 0 by (23). This contradicts (22).



SOBOLEV EXTENSION BY LINEAR OPERATORS 93

The above contradiction shows that (16) cannot fail. Conclusion (17) follows at once
from (16) and the Sobolev inequality. The proof of Lemma 19.4 is complete. |

To prove Lemma 19.2, we fix a cube Q C R". Without loss of generality, we may

suppose that Q contains x,.

For fixed f € L™P(E), and for any N > L, we apply Lemma 19.4 to Fn = Tn(flg, ). Note
that Fy € W™P(Q), and 7y, (Fn) = 0 by (11). Hence, Lemma 19.4 applies, and we learn
that

IEN[lwmeiq) < A2(Q) - |[[Fnllmeiq) + max [ (y)l] - (26)

On the other hand (4) yields the estimates
[Fnllime@) < [Fnlleme@n) < Cl[(fleg ) limeen) < Cllf[lime ). (27)
Also, since Sy C Ey, (3) yields Fy = flg, on Sy, i.e.,

Fny =fon S,. (28)
Putting (27) and (28) into (26), we find that
IFnllwrri) < CA2(Q) |Ifllmrce) + max[f(y)l| - for N > L.

Therefore, the functions Fy, Fi, F,, ... form a bounded subset of W™P(Q), completing the
proof of Lemma 19.2.

19.3. Proof of Lemma 19.3. The proof of Lemma 19.3 uses the following simple observa-
tion. As before, we takes =1—n/p € (0,1).

Lemma 19.5. Let A > 0 be a constant, and let Q C R™ be a cube.

For each multi-index « of order |x| < m — 1, let (™) be a function on Q. Assume the following

estimates.
[ (x +h) — £ Z ot (x)hy| < AR (29)
for |« Sm—Z, x€Q, h=(hy...,hy), x+heqQ.
1) (x) — f("‘)(y)l < Alx—yl* for|af <m-—1, x,y,€ Q. (30)

(Here, 1; denotes the j' unit multi-index, so that 9% = aixj.)

Then f© € C™15(Q), and £ = 9%f% on Q for each o of order |of < m — 1.



94 CHARLES L. FEFFERMAN, ARIE ISRAEL, AND GARVING K. LULI

Proof. Hypotheses (29),(30) show that, for || < m — 2, the function fled belongs to C'(Q),
and 0,,f!® = %), Thus, f© € C™'(Q) and 9*f® = (% for [a| < m — 1. Hypothesis
(30) now shows that the derivatives of f° up to order m — 1 are Lipschitz-s. Hence,

0 e Cm=15(Q), completing the proof of Lemma 19.5. |

Proof of Lemma 19.3: Let Q,Fo, Fy,...,F be as in the hypotheses of Lemma 19.3. For
x| <m—1,N >0, let
F](\Ioc) _ aocFN e Cm71f\oc\,5(Q).

Since the Fy are bounded in W™P(Q), the following estimates hold for some constant
A.

FYX)| <A forxe Q. (31)
[F(x + h) — Z P 0| < Al (32)

for |« gm—z, x€Q, h=(hy...,h), x+heqQ.
FOx) —FY () < Ax—yl forla <m—1, x,y € Q. (33)

Thanks to (31), the Banach limit

Fl¥(x) = EhmF 'x) (xeQ) (34)
is well-defined. Note that
FO(x) = ]]\3jlim Fn(x) = F(x), with F as in the statement of Lemma 19.3. (35)

Applying (6), we may pass to the Banach limit and deduce from (31),(32),(33) for F](\,“) the
corresponding estimates for the F(*). Lemma 19.5 now shows that F = F® € C™1$(Q),
and that 0°F = F% for each |o| < m — 1.

Hence, to prove that F € W™P(Q), and that |[F|[tme @) < limsupy_,o [[Fnllime (), it is
enough to prove that

< limsup [[Fn|ltme(q) - [0l () (36)

N—oo

U Ox; @ - F*dx
Q
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for any test function ¢ € C5°(Q) and any |6 = m —1,j € {1,...,n}. Here, p’is the dual

exponent to p, and we use the definition of the L™P-seminorm :

IFIEen ) = o | RO ax

lot|=
Thus, Lemma 19.3 reduces to the task of proving (36) for any given ¢ € CF(Q),
ol = m—1,j € {1,...,n}. Fixsuch @, «,j, and let M be any real number greater than
lim supy o0 [[FnlLmr(q)-

For N large enough we have ||Fn||imr(q) < M, hence

U 0y @ - Fidx| < M|@]lLr () (37)
Q

since Fi& = 9Fy.

We will derive (36) by passing to the Banach limit in (37). To do so, we simply approxi-

mate the integrals in (36),(37) by Riemann sums.

We know that
P’ (%) = F () < Alx —yl* and [F¥(x) — F¥(y)| < Ajx —yf (38)

for x,y € Q, with A independent of N.

Let > 0 be a small number (later, we will take 6 — 07); let {Q,} be a partition of Q into
subcubes with center(Q~) = z,, and with sidelength 6o, < 8. Then (31) and (38) together
imply the estimates

UQ Oy, @ - Fiyldx — m; 0y @(z.) - F(2,) - 85, | < CAS® - 8% (39)
and .

JQ Oy, - F¥adx — m; Oy, @(zy) - F¥(z,) - 83, | < CAS® - 8, (40)
with C independent of N.

In particular, (39) shows that the sequence <j Q0% @ F](\]cx) dX> oo is bounded.



96 CHARLES L. FEFFERMAN, ARIE ISRAEL, AND GARVING K. LULI

Since F¥(z,) = Blimn_,e0 Fg\,“) (zy) for each v, property (6) of the Banach limit, together
with (39), implies that

Vmax

{Blim JQ A, - Fy dx} — > 3,¢(z) - F¥(z,) - 87, | < CAS* - 53, (41)
v=1

N—oo

(In (41), the Banach limit in square brackets in well-defined, thanks to (37).)

Comparing (40) and (41), we see that

(x : (o) s n
U Oy, ¢ - Fl¥dx — |:]N31_1)£I01J Oy, @ - Fy dx} < 2CAb" - 8.
Q Q
Since 6 > 0 is arbitrarily small, we conclude that
J 0@ - F¥dx = lélimj 3y @ - Fdx. (42)
Q —JQ

From (37), (42) and property (6) of the Banach limit, we obtain the estimate

U Oy, @ - F¥ax| < MJl@]lp(q)- (43)
Q

This implies the desired estimate (36), since M in (43) is an arbitrary real number greater

than lim supy_, [|[Fn|lime(q)-

We reduced the proof of Lemma 19.3 to (36), and we have now proven (36). This com-
pletes the proof of Lemma 19.3, and with it, the proof of Theorem 1.

19.4. Epilogue. Given E C R™ (possibly infinite), we can also “construct” a linear exten-
sion operator T : W™P(E) — W™P(R") by applying the case of finite E and passing to a
Banach limit. This exercise is a much easier version of the argument we just explained for
L™P. Since || - ||wmp(gn) is @ norm (rather than a seminorm), the pitfalls that we worked to

avoid will no longer arise. We leave the details to the reader.

By using a Banach limit, we have sacrificed all knowledge of the structure of our linear
extension operator T. It would be very interesting to gain some understanding of that
structure. Such an understanding is achieved for the C™ case in [11], and for the deeper

case of C™* and related spaces in [18].
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