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0 Introduction

Fix m,n > 1. We compute the least possible (infimum) C™-norm of a function F: R™ — R
having prescribed mt" order Taylor polynomials at N given points. Also, given € > 0, we
compute such an F, whose C™-norm is within € percent of least possible. Our computation
consists of an algorithm, to be implemented on an (idealized) digital computer. Given € and
N as above, our computation uses at most exp(C/e)Nlog N computer operations, where C

is a “controlled constant” (see below).

We also present preliminary results on the more difficult problem of computing the least
possible (infimum) C™norm of a function F taking prescribed values at N given points.
Again, given € > 0, we compute such an F, whose C™-norm is within € percent of the least
possible. This time, our computation uses exp(C/e)N>(log N)? operations. Surely this result

is not optimal; we look forward to future improvements.

In previous work [FK1,FK2], Fefferman-Klartag computed functions F having prescribed
values, or prescribed Taylor polynomials, at N given points, with the C™-norm of F having
the least possible “order of magnitude”. Our goal here is to gain precision, by passing from

“orders of magnitude” to errors of at most € percent, for an arbitrarily small given €.

To state our results precisely, we must say exactly what we mean by “the C™-norm”, an

“idealized digital computer”, and “computing a function”. Let us start with the C™-norm.

If O C R™is open, then C™(Q) denotes the space of functions F : Q — R, whose
derivatives through order m are continuous and bounded on Q. For F € C™(Q) and x € Q,
we write J(F) (the “jet” of F at x) to denote the mt! order Taylor polynomial of F at x.
Thus, J,(F) belongs to P, the vector space of all (real) m™ degree polynomials on R™.

There are many equivalent norms on C™(Q), e.g.,

(1) [ F |l = sup max [9*F(x]],

xeQ lod<m

or

1/2
(2) [IF[I= SUp< > %!8“F(x)]2> _

xeQ lal<m
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To fix a particular norm on C™, we assume throughout this paper that, for each x € R™,
we are given a norm | - |, on the vector space P. These norms are subject to restrictions, to
be spelled out in Section 3 below. We then define

(3) || Fllem) = sup [Jx(F)lx.
xeQ

For instance, the norms (1) and (2) arise by taking

(4) [Pl = max [0%P(x)|

[o<m

or

1/2
(5) IPl = (z %ﬁ|a“P(x)|2> ,

loj<m

respectively, for P € P, x € R™
Throughout this paper, we assume that the C™-norm is given by (3).

In Section 3 below, we introduce the notion of a “controlled constant”. In this introduc-
tion, it is enough to note that a controlled constant may depend only on m,n and the choice
of the family of norms | - [ (x € R™) in (3). Throughout this paper, we write ¢, C, C’, etc.
to denote controlled constants. These letters may denote different controlled constants in

different occurrences.

If X, Y > 0 are real numbers computed from input data (such as prescribed Taylor poly-
nomials at N given points), then we say that X and Y have “the same order of magnitude”,
provided we have ¢cX <Y < CX for controlled constants ¢ and C. To “compute the order
of magnitude of X” is to compute some Y > 0 such that X and Y have the same order of

magnitude.

Next, we discuss our “idealized digital computer”. Our computer has standard Von
Neumann architecture (see, e.g., [vN]), but we assume here that the computer can store, and

perform elementary operations, on exact real numbers, without roundoff error.
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The elementary operations include addition, multiplication, comparison (deciding whether
two given numbers x and y satisfy x < y), exponentiation and logarithms, and the “greatest
integer” function. Each of these elementary operations takes one unit of “work”. See Section

2 below, for a more careful discussion of this model of computation and its pitfalls.

Our computer will need to acquire information on the family of norms | - |, on P, which
we used in (3) to define the C™-norm. We assume that our computer has access to an Oracle.
Given P € P, x € R™, and € > 0, the Oracle returns a real number N¢(P,x), guaranteed to
satisfy (14 €)7"Ne(P,x) < [Plx < (14 €)N(P,x).

Each time our computer obtains an answer N¢(P,x) from the Oracle, we are charged

exp(C/€) units of “work”.

Note that our assumptions regarding the Oracle are quite conservative. For instance, for
the norms given by (4) or (5), we can compute |P|, exactly in at most C operations, for any

given P € P, x € R™
This concludes our introductory remarks on the “idealized digital computer”.

We still need to explain what we mean by “computing a function”. We have in mind
the following dialogue with the computer. First, we enter the input data for our problem
(e.g., a number € > 0, points x1,...,xn € R™ and polynomials Py,...,PNn € P; we will
be “computing a function” F € C™(R™), such that J, (F) = P; for each i =1,...,N). The
computer then executes an algorithm, performing Ly elementary operations (the “one-time
work”). When it has finished the one-time work, the machine signals that it is ready to

)

accept further input. We may then address “queries” to the computer. A “query” consists
of a point x € R™, and the computer responds to each query x by executing an algorithm (the
“query work”, entailing L; elementary operations) and returning a polynomial P, € P. We
say that our algorithms “compute the function” F € C™(R"), provided we have P, = J«(F)
for any query point x € R™ Here, we demand that F be uniquely determined by the input
data. We do not allow “adaptive algorithms” in which query work performed in computing
Py is stored and used subsequently to compute Py for another query point y. We allow the
computer to access the Oracle during the one-time work, but not at query time. The work

charged by the Oracle is part of the one-time work L.
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The computer resources used in “computing a function” F are the one-time work Lo;
the query work L;; and the “space” or “storage”, i.e., the number of memory cells in the

random-access memory (RAM).

We will be working with algorithms that compute a function F as well as other data (e.g.,
a real number). We regard any work done in computing the “other data” to be part of the

one-time work.
This concludes our explanation of “computing a function”.

It will be convenient to introduce the following definitions and notation. A “Whitney
field” is a family P = (P*)xcE of polynomials P* € P, indexed by the points x in a finite set
E C R™ We say that P = (P*)xcE is a Whitney field “on E”, and we write Wh(E) for the
vector space of all Whitney fields on E. If Pisa Whitney field on E, and if S C E, then we

define the “restriction” P|s € WHh(S) in an obvious way.

IfP = (P*)yce is a Whitney field, Q D E is an open set, and F € C™(Q), then we say
that “F agrees with ﬁ”, or “F is an extending function for 13”, provided J«(F) = P* for each

x € E.

We define a C™ norm on Whitney fields. If Pe Wh(E), and if Q D E is an open set,

then we define
| P llemiay= inf{]| F ||em: F € C™(Q), F agrees with P}.

Elementary examples show that this infimum need not be a minimum. For a constant A > 1,
we say that an extending function F € C™(R™) for a Whitney field Pis “A-optimal”, provided
I'Fllem@mny < AP llom @)

Similarly, if f : E — R and F € C™(Q), with E C R™ finite and Q D E open, then we
say that “F agrees with 7, or “F is an extending function for f”, provided we have F = f on

E. We define a C™-norm on functions f : E — R, by setting

| fllem@=inf{|| F||cmq: F€ C™Q), F agrees with f}.

Again, this infimum needn’t be a minimum. For a constant A > 1, we say that an

extending function F € C™(R™) for f : E — R is “A-optimal”, provided

[ Fllemen < A || flemEn -
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Note that an A-optimal extending function is always defined on the full R™.

We are now ready to state the main results of this paper. We write #(E) for the number

of elements of a finite set E.

Theorem 1. Given 0 < € < 1/2, and given a Whitney field P ¢ WHh(E), with
#(E) = N > 1, an algorithm to be specified below computes a (1 + €)-optimal extending

function for 13, as well as a number Ne(l;), such that

(14 )" Ne(P) <[P lemem) < (14 €) Ne(P).
Our algorithm wuses one-time work at most exp(C/e€)Nlog(N + 1), query work at most
Clog(N/e), and storage at most exp(C/€)N.

Theorem 2. Given 0 < € < 1/2, and given a function f : E — R, with E C R™ and
#(E) = N > 1, an algorithm to be specified below computes a (1 + €)-optimal extending

function for f, as well a number N¢(f), such that

(T+e) " Ne(f) <[ flemmn) < (1 4 €) Ne(f).
Our algorithm uses one-time work at most exp(C/e) N>(log(N + 1))2, query work at most
Clog(N/e), and storage at most exp(C/e)N2.

We would prefer a power of 1/€ in place of exp(C/€) in Theorem 1, but the N-dependence

seems optimal.
The algorithm promised in Theorem 2 is presumably far from optimal.

To set the stage for discussion of the proofs of Theorems 1 and 2, we first recall the

previous work of Fefferman-Klartag [FK1,FK2]. There, we proved the following results.

Theorem 3. (Easy) Given a Whitney field Pe WHh(E), with #(E) =N > 1, an algorithm
presented in [FK1, FK2] computes a C-optimal extending function for 13, and a number N(ﬁ)
such that

CN(P) <|| P |lem@n) < CN(P).

Our algorithm uses one-time work at most CNlog(N + 1), query work at most Clog(N+1),

and storage at most CN.
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Theorem 4. (Hard) Given a function f: E — R, with E C R™ and #(E) =N > 1, an
algorithm presented in [FK1, FK2 | computes a C-optimal extending function for f, and a
number N(f) such that

Our algorithm uses one-time work at most CNlog(N 4+ 1), query work at most Clog(N+1),
and storage at most CN.

The proofs of Theorems 3 and 4 are based on “finiteness principles”. A “finiteness
principle” for f : E — R asserts that

(6) || fllemmny < C - max{|| (fls) [[em@ny: S CE,#(S) < k#},

with k# depending only on m and n.

For Whitney fields Pe WHh(E), a finiteness principle asserts that
(1) | P llemmn) < C - max{]| (Pls) [lem@n): S € E,#(S) < k#}.

In fact, (7), with k# = 2, is immediate from the classical Whitney extension theorem, which

we now recall in the case of finite sets.

Theorem 5. (Whitney) Let P = (P¥)yck be a Whitney field, and let M > 0 be the smallest

real number such that:
[0%P*(x)] < M for|a] < m and x € E; and
0%(P* —PY)(x)| < Mpx—y|™ ™ for jof < m—1,x,y€cE.
Then

cM <|| P [|en@mn) < CM.

See, e.g., [Ma,St,Wh1].

Estimate (6) lies deeper. It was conjectured by Y. Brudnyi and P. Shvartsman [BS1...BS5],
and proven by them [BS3] in the case m = 2, with an optimal constant k#. (The case m = 1
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is trivial.) The general case was proven in [F2]. Related results on “Whitney’s extension
problem” and its variants appear in Whitney [Wh1,Wh2 Wh3], Glaeser [G], Y. Brudnyi and
P. Shvartsman [B,BS1...BS5, Sh1...Sh3|; E. Bierstone, P. Milman and W. Pawlucki [BiMP1,
BiMP2]; N. Zobin [Z1,Z2] ; and C. Fefferman and B. Klartag [F1...F8, FK1,FK2]. It would

be interesting to find an easy proof of Theorem 4 or estimate (6).

Estimate (6) allows us to compute the order of magnitude of || f ||cm(gn), as in Theorem
4, because the order of magnitude of || (fls) ||cmrn) for #(S) < k# may be easily computed
by linear algebra. (See [F2] for details.) Hence, in effect, we may take N(f) in Theorem 4 to
be the right-hand side of (6).

—

As for Theorem 3, we can take N(P) to be the number M in Theorem 5 (which is compa-
rable to the right-hand side of (7), with k¥ = 2). A glance at Theorem 5 suggests that it takes
work N? to compute the number M. In fact, the work to compute the order of magnitude of
M can be cut down to N log N, by using the “Well-Separated Pairs Decomposition”, and the
“Balanced Box Decomposition Tree” from computer science. (See Callahan-Kosaraju [CK]
and Arya et al [AMNSW].) These ideas from computer science are clearly related to our
problems, since, e.g., they allow an efficient computation of the Lipschitz norm of a function
f:E— R, up to a factor (14 €). See Har-Peled and Mendel [H-PM].

These results from computer science play a key role in our work, here and in [FK1,FK2].

The proofs of Theorem 5, and of (6), (7), are constructive. Thus, once we know how
to compute the order of magnitude of || f ||cm®gn) or || P |cm@®n), we can also compute

C-optimal extending functions.
This concludes our discussion of Theorems 3 and 4.

To continue our preparation for the proofs of Theorems 1 and 2, we next discuss a result

from our previous paper [F9)].

There, we gave a version of Whitney’s theorem (Theorem 5), in which the C™-norm of
the extending function is controlled up to a factor (14 €). To state the result, we introduce

the notion of an “e-testing set”:

Let € > 0 be given. A finite set S C R™ is an “e-testing set”, provided there exists an
open ball B(x, ) C R™, such that
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(8) S C B(xp,1), and

—2/€

(9) ly—vy'| > cee¢r for any two distinct points y,y’ € S.

An e-testing set has simple geometry; roughly speaking, it has only one relevant length-

scale. Note that any e-testing set S satisfies

(10) #(S) < exp(C/e),

and that any singleton or pair, S = {x} or S ={x,y}, is an e-testing set.
The main result of [F9] is as follows.

Theorem 6. Let P = (P*)yece be a Whitney field. Then, for 0 < € < ¢, we have
(11) || P |lem@n) < (14 Ce) - max{|| (Pls) |[em@n): S C E is an e-testing set}

In view of (10), Theorem 6 is a “(1 + €)-finiteness principle”, with k# = k#(e) = exp(C/e).

We comment on the proof of Theorem 6. Recall that Whitney’s classical proof of Theorem
5 is based on a “Whitney partition of unity”, adapted to a decomposition of R™ into “Whitney
cubes”. Our proof of Theorem 6 patches together (1 + €)-optimal extending functions for
Pl (for suitable e-testing sets S), by means of a “gentle partition of unity”. (See Sections 5

and 6 below.)

The proof of Theorem 6 is constructive. We refine it here, bringing in computer-science

ideas from [CK], to prove the following result, analogous to the main result in [F8].

Theorem 7. Let E C R™ be given, with #(E) =N > 1. Let 0 < € < c. Then there exists a

list S1,S2,...,Sy of e-testing sets contained in E, with the following properties.

(A) L <

oo

N.
(B) | P lem@n < (1 + Ce) - max{|| (Pls,) [[en@ny: £ = 1,...,L} for any P € Wh(E).

(C) Thelist Sy, ...,St can be computed from € and €, using work at most exp(C/e)Nlog N,
and storage at most exp(C/e)N.
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Moreover, given a (1 + €)-optimal extending function F for P| s, foreach £ =1,... L, the
proof of Theorem 7 constructs a (1 + Ce)-optimal extending function for P. (We patch
together the Fy, using a gentle partition of unity.)

We are now ready to discuss the proof of Theorem 1.

Once we have established Theorem 7, our task in proving Theorem 1 reduces to the following

extension problem.

Problem 1: Given 0 < € < ¢, and giwen a Whitney field P on an e-testing set, compute a

(1 + Ce)-optimal extending function for P, and compute a number Ne(P), such that
(12) (14 Ce) "™We(P) <[ P [[em@n) < (14 Ce)N(P).

This is unfortunately not trivial, even for a Whitney field on a single point. (Recall that
the analogous computation in the setting of Theorems 3 and 4 required nothing more than

trivial linear algebra.)

To explain our solution to Problem 1, we confine our discussion to the computation of a

number N (P) satisfying (12). Once we can do this, we can also compute a (14 Ce)-optimal

extending function, since our methods are constructive.
To simplify further, we replace Problem 1 by the following easier version.

Problem 2: Let 0 < € < c, and let S C B(xo,1) be an e-testing set, as in (8), (9). As-
sume v < €. Given a Whitney field P e WHh(S), compute a number Ne(ﬁ) such that
(14+Ce) [ P flem@om < Ne(P) < (1+Ce) [| P [[em(Bixg 20))-

Problem 2 is easier than Problem 1, since it is enough to construct a nearly optimal
extending function on the ball B(xo, 1), as opposed to the whole R™. We will see, in Sections
14...20 below, that the solution of Problem 2 is in fact one step in our solution of Problem 1.
We omit details here, and confine our discussion to Problem 2. Our introductory discussion

of Problem 2 is oversimplified; see Section 14 for correct statements.
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A crucial step in our solution of Problem 2 is the following

Smoothing Lemma: Let S C B(xo, 1) be an e-testing set, as in (8), (9) where 0 < € < c.
Then, for any function F € C™(B(xo,2r)), there exists a function F € C™(B(xo,T)), with
the following properties:

(A)  Jy(F) = J,(F) for all y €S.
(B) || f: HCm(B(XO,T)) < (] + Ce) || F HCm(B(xo,ZT)) .

(C) 0%F(x)| < Cexp (4%1) T | FllemBg.2r)) Jor lal =m+1, x € B(xo, 7).

Thus, F inherits the good properties of F, and its (m 4 1)t derivatives are under control.

Let us first discuss the proof of the Smoothing Lemma, and then see how it applies to
Problem 2.

It is natural to try to prove the Smoothing Lemma by convolving F with an approximate
identity. This produces a function Fo that satisfies (B) and (C) but not (A). In fact, for
y € S, we expect that ]y(f:o) will be nowhere near J(F), since we have no control over the
modulus of continuity of the mth derivatives of F. Our problem is to “correct” Fo, to achieve
(A), without spoiling (B) and (C).

To do so, we let PY = Jy(F) € P, for each y € S. The function PY satisfies (A), (B),
(C) locally on a tiny ball BY about y; but it makes no sense to use PY as an extending
function outside BY. We patch together our functions Fo and PY (all y € S), by using a
gentle partition of unity, to produce a function F that satisfies (A), (B) and (C).

This concludes our summary of the proof of the Smoothing Lemma.

We prepare to apply the Smoothing Lemma to Problem 2. To do so, we extend our

testing set S to a “fine net”, i.e., a finite set ST with the following properties.

(13) S € ST C B(xo, ).
(14) For any x € B(xo, 1), there exists y € ST such that [x —y| < exp (—2)r.

(15) #(S7) < exp(C/e).
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It is trivial to construct such an S™.

To solve Problem 2 using the Smoothing Lemma, we now pose a

Linear Programming Problem:

Find a real number M, and polynomials P; € P for all y € §*, satisfying the following

constraints, with M as small as possible.

The Constraints:

(16) [P{ly < M for each y € S™.
(17) [0%(P§ = PL)(y)| < Crlexp () [y —y/|™" ™M for | < m, y,y’ € ST

(18) P = PY for each y € S, where P= (PY)yee is the given Whitney field in Problem 2.

Using the Oracle, we can replace (16) by a family of linear constraints, without signif-
icantly changing the problem. Thus, the above minimization problem is indeed a linear
programming problem. This linear programming problem involves at most exp(C/€) linear

constraints in a vector space of dimension at most exp(C/€).
Let (M, (Pg)y€s+) be a solution of the above linear programming problem. Using the
Smoothing Lemma, we will show that

(19) (1+Ce)™" || P llem o < Mo < (T+Ce)- || P [[em(Bixo,20))-

Once we know (19), we can just take N¢( 13) = My, and we will have solved Problem 2.

To see (19), we argue as follows. By definition of the C™-norm of a Whitney field, there
exists F € C™(B(xo,2r)), such that

(20) Jy(F) = PY for each y € S,

and

(21) [ FllemBxo,2 < (T4€) - || P [lomBixg,2m)-
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Applying the Smoothing Lemma, we obtain a function F € C™(B(xo,T)), satisfying

(22) ]y(f:) = Jy(F) for each y € S,
(23) | FllemBiom < (14 Ce)- || P [lempixe,2m), and

(24) |6°‘?(x)| < C exp (%) T_] . || ]_5 HCm(B(xo,Zr)) for ’OC| = m-+ 1, X € B(Xo,T).
Let us set

(25) M = (14 Ce)- || P ||cm(Bixo 2r)) and

(26) PJ = Jy(F) for all y € S

Then the constraints (16), (17), (18) hold. In fact, (16) follows from (23), (25) and (26),
by definition (3) of the C™-norm. Moreover, (17) follows from (24), (25), (26) and Taylor’s
theorem; while (18) is immediate from (20), (22), (26).

Thus, the above (M, (P;)yes+) satisfies the constraints (16), (17), (18), whereas
(MO, (Pg)yeer) is a minimizer. Consequently, My < M. That is,

Mo < (14 Ce)- || P [lem i 2
which is half of the desired estimate (19).

To establish the other half of (19), we recall that (M, (Pg)y€5+) satisfies the constraints
(16), (17), (18). Thus,
(27) [PSly < Mg fory € ST,

(28) [0%(PS—PS)(Y)l < Crtexp (*2) [y —y/|™"1¥Mo for [l < m, y,y' € ST

and
(29) Py = PY for each y € S.

From (27) we obtain the estimates
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(30) [0*P(y)l < CMy for ol <m,ye ST

(This step uses the “Bounded Distortion Property”, which is one of the assumptions made in

Section 3 on the family of norms | - | in (3).)

1

In the statement of Problem 2, we assume that r < e’ and € < c. Hence, (30) trivially

implies
(31) |6°‘P8(y)| < Cr'exp (4%‘) M, for |&] <m,y e ST,

Thanks to (28), (31) and the classical Whitney extension theorem (Theorem 5 with m + 1

in place of m), there exists a function F € C™(R"™), such that
(32) Jy(F) = PJ for ally € ST,

and

(33) [0°F(x)] < Cr" exp (™) M, for [l = m + 1 and x € R™
In view of (29) and (32), we have

(34) Jy(F) = PYfory € S.

We will show that

(35) [ F llem B < (14 Ce)Mo.

Once we establish (35), we obtain from (34), (35) and the definition of the C™-norm of a
Whitney field that
| P lem Bixe ) < (14 Ce)My,

which is the remaining half of our desired estimate (19).

Thus, to prove (19) and thereby solve Problem 2, it remains only to prove (35). By

definition (3), estimate (35) is equivalent to the estimate
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(36) Jx(F)lx < (14 Ce)M, for all x € B(xo, ).

So our task is to prove (36). To do so, we start with the points of the fine net S*. From (27)

and (32), we see at once that
(37) Jy(F)ly < Mo for ally € S*.

Moreover, whenever |[x —y| < exp (—%) T and |&| < m, estimate (33) and Taylor’s theorem

give

(38) [0%[Jx(F) = Jy(F)l(x)| <
Crt exp (2) [x — ™R M, <

Cr ' exp (4m) [exp (—6%1) - My < eM,,

€

since 1 < €' in Problem 2. Thus, the jets Jx(F) and J,(F) are “close”. From (38) and the

properties of the norms | - |, assumed in Section 3, we conclude that
(39) Jx(F)lx < (1 4+ Ce)lJy(F)ly + CeMy, whenever [x —y| < exp (—6%1) T.
The desired estimate (36) now follows at once from (37) and (39), together with property

(14) of the fine net ST.

This completes our summary of the solution of Problem 2, as well as our discussion of

the proof of Theorem 1. We pass to the proof of Theorem 2.

A fundamental difference between Theorems 1 and 2 is that the natural “finiteness prin-
ciple” analogous to Theorem 6 is false in the context of Theorem 2. In fact, the following
negative result is proven in Fefferman-Klartag [FK3], for the case of C*(R?), equipped with
the norm (1) or (2).

Theorem 8. There exists a universal constant €9 > 0, for which the following holds.
Given any k¥, there exists a function f : E — R on a finite set E C R?, such that

max{|| (fls) |22y SCE, #(S) < k#} < 1, but || f |c2gzy> 1 + €o.
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Thus, an efficient algorithm to compute || f ||cmgn) up to a factor (1 + €) will require

new ideas. Our Theorem 2 provides a (presumably) inefficient solution to this problem.

To explain the ideas in the proof of Theorem 2, we again confine ourselves to the com-
putation of the norm, leaving the construction of a nearly optional extending function to
Sections 26...29 below.

Let us say that a Whitney field P = (P¥)xce “agrees” with a function f : E — R,
provided (P*)(x) = f(x) for each x € E.

Immediately from the relevant definitions, we then have
| f|lcm@ny= inf{|| P ||cm@n): P € Wh(E), P agrees with f}.
Together with Theorem 1, this yields

(40) (1 + Ce)™" || f [[eman) <

inf{Ne(ﬁ) : 13 € Wh(E), p agrees with f}
< (T4 Ce) | fllemmn,

with N¢( ﬁ) as in Theorem 1.

To exploit (40), we review the proof of Theorem 1 to see how N¢(P) depends on
P € Wh(E). We find that there exist a finite-dimensional vector space W, and (real-valued)
linear functionals Aq,...,Ax on Wh(E) ® W, such that

(41) Ne(P) = min max A(P, W)l

Moreover, W and Aq,...,Ax may be computed efficiently from € and E.

Combining (40) and (41), we now see that

(42) (1 + Ce) ™' || fllemmn) <

min{ max Ac(P,w)|: (P,w) € Wh(E) ® W, P agrees with f}

.....

< (14 Ce) || fllemmn -
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Consequently, we may take N¢(f) to be the “minimax” in (42), and we have
(T4 Ce) " Ne(f) <[ f lem@mn) < (14 Ce)Ne(f),

as in Theorem 2. The computation of N¢(f) is a linear programming problem, involving at

most exp(C/€) - N constraints, in a vector space of dimension at most exp(C/€) - N.

We solve this linear programming problem using the “ellipsoid method” from computer
science. (See [Kh].) The one-time work and storage given in Theorem 2 arise from the
ellipsoid method. More efficient linear programming algorithms will surely sharpen Theorem
2, but are unlikely to yield an efficient computation of || f ||cmgn) up to a factor (1 + €)

without further ideas.

Note that the computation for Theorem 1 entails solving ~ N /e “little” linear program-
ming problems, each having “size” ~ exp(C/€). On the other hand, our computation for
Theorem 2 involves a single “big” linear programming problem, of “size” ~ exp(C/€) - N. Of

course, the “big problem” requires much more work than all the “little problems” combined.

This completes our introductory remarks on the proof of Theorem 2. Again, we stress
that our discussion of the proofs of Theorems 1 and 2 is oversimplified. (For instance, the
proof of Theorem 7 actually comes after that of Theorem 1.) We refer the reader to Sections

1...29 below, for the real story.

Let us briefly explain what happens in each of the sections to follow.

Section 1 gives notation and elementary definitions.
Section 2 specifies our model of computation in more detail than in this introduction.

Section 3 gives our assumptions on the norms | - |, in (3), defines “controlled constants”,

and shows how to replace (16) by a family of linear constraints, using the Oracle.
Section 4 recalls well-known results from computer science.

Section 5 recalls the basic lemma from [F9] on “gentle partitions of unity”, and gives a

few simple corollaries.

Section 6 states the “Main Patching Lemma”, which is a constructive version of Theo-

rem 6. Given a list of useful inputs, the Main Patching Lemma constructs a
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Section 7

Section 8

Section 9

Section 10

Section 11

Section 12

Section 13

Section 14

Sections 15...

Sections 21...

Section 25

(1 4+ Ce)-optimal extending function for a given Whitney field P.

The task of computing the “useful inputs” for the Main Patching Lemma oc-

cupies Sections 8...20 below.
proves the Main Patching Lemma, along the lines of [F9].

uses the Well-Separated-Pairs Decomposition to compute efficiently the order

of magnitude of the number M in Theorem 5.

computes the “regularized distance”, a smooth function comparable to the
distance to a given finite set E C R™. See [Ma,St,Wh1] for this notion.

gives routine algorithms to compute some cutoff functions appearing in the

Main Patching Lemma.
computes the list of testing sets used by the Main Patching Lemma.

states and proves the Smoothing Lemma, which we have stated (not quite

correctly) in this introduction.
implements our discussion of (27)...(39) above, as an algorithm.

(roughly speaking) applies the Smoothing Lemma to solve Problem 2 (local
extension from a Whitney field on a testing set), as explained earlier in this

introduction.

20 pass from our solution of Problem 2 (local extension) to a solution of Prob-
lem 1 (global extension). Section 15 treats the case of a Whitney field on a
single point, while Sections 16...20 combine our results from Sections 14 and 15
to treat the general case. More precisely, we subdivide the general case into sev-
eral subcases, depending essentially on the diameter of the given e-testing set.

Sections 16...19 treat the various subcases, and Section 20 puts them together.

24 present the proof of Theorem 1. The algorithm promised in Theorem 1
uses the results of Sections 8 through 20, in order to apply the Main Patching

Lemma.

proves Theorem 7, and also records some observations on the algorithm in

Theorem 1. These observations will be used in the proof of Theorem 2.
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Sections 26...29 give the proof of Theorem 2. In Section 26, we introduce “minimax func-
tions”, similar to the minmax in (41) above. We prove in Sections 27 and 28
that the quantity Ne(ﬁ) in Theorem 1 is a minimax function of ﬁ, thus estab-
lishing (41). Finally, Section 29 exploits (41), as explained in our introduction,
to compute an almost-optimal Whitney field Pec Wh(E) agreeing with a given
function f : E — R. This reduces Theorem 2 to Theorem 1.

In the sections below, we present algorithms in the following format.

Algorithm [Name]: Given [data] satisfying [assumptions], we compute [stuff] such that
[some properties hold).

The algorithm requires work at most [W] and storage at most [S].

Explanation: [Here, we specify the algorithm and prove that it performs as asserted.]

If the above [assumptions| are not satisfied, then we make no claim as to what our
algorithm does, or even whether it terminates. Our algorithm need not check whether the
[assumptions] are satisfied.

Many of our algorithms compute a function F € C™(R™), and possibly other data as well

(e.g., a number N.(P) or a ball B(xo,)). In this case, instead of saying that our algorithm

“requires work at most [W] and storage at most [S]”, we say the following:

The algorithm requires one-time work at most [Lo/, query work at most [L1], and storage
at most [S].

Recall that any work used to compute answers other than the function F is counted as

part of the one-time work.

For a few algorithms, which are either well-known or discussed in [FK2], we provide a

reference to the literature in place of an Explanation.
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We conclude this introduction with a trivial remark about our labeling of equations. Let
k, k', £ be integers, and suppose we are in Section k/. Then we write (k.£) to denote equation

(£) in Section k. In the case k' = k, we simply write ({).

Let us get to work.

1 Notation and Preliminaries

Recall that we have fixed m,n > 1, and that P denotes the vector space of all (real)

polynomials of degree at most m on R™

For QO C R™ open, we write C-(Q) for the space of real-valued locally C™ functions

on Q, and we write C™(Q) for the space of all F € C[-(Q) such that F and its derivatives
through mt" order are bounded on Q. We define C™"(Q) and C™"(Q) similarly. For

loc

Fe C™(Q) and x € Q, we write J4(F) for the mt order Taylor polynomial of F at x. Thus,

loc

J«(F) belongs to P.

For P{,P, € P and x € R™, we write Py ®, P, to denote the product of P; and P, as
m-jets at x; i.e., P; ®y P2 is the unique polynomial in P that satisfies

6"‘([P1 Ox Pz] — P]Pz) (X) = 0 for |O(’ S m.
If F],Fz S Chx (Q) and x € Q> then ]X(F]FZ) - IX(F1) ®x IX(FZ)

loc

For F € C[™ (Q), we write suppF to denote the set of all points x € Q such that F is not

loc

identically zero on any neighborhood of x. When QO = R™, we write supp F for suppsF.

Recall that a Whitney field on a finite set S C R™ is a family of polynomials

(1) P = (PY)yes
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indexed by S, with each PY € P. If S C Q (with Q open), and if F € CJIL(Q), then we say
that F agrees with P as in (1) if we have J,(F) = PY for ally € S.

If P as in (1) is a Whitney field on S, and if S C S is a subset, then we write P|s for the
Whitney field (PY),ecs, and we call Pls the “restriction” of P to S'.

If F agrees with ﬁ]s/, then we say that F “agrees with PonS. IfS = {yo} is a singleton,
then we say that F “agrees with P at Yo’

We write Wh(S) for the vector space of Whitney fields on a given set S C R™.

Let x € R™ and r > 0. Then B(x, r) denotes the open ball in R™ with center x and radius r.
A dyadic cube in R™ is a Cartesian product of the form

Q = 2'my,25(my+ 1)) x -+ x 2'my, 24ma+ 1))

where £, m4,..., m, are integers. More generally, a “cube” in R™ is a Cartesian product of

half-open intervals
Q = [a1,b1) x [az,b2) x -+ x [an, bn) C R,
Withb1—a1 = bz—az = . = bn—an.

We write 8¢ to denote the sidelength of a cube Q, and we write cent(Q) to denote the center

of Q.

We define Q* to be the unique cube satisfying cent(Q*) = cent(Q) and 6o« = 38g. Also,
we write Q** to denote (Q*)*, and Q*** to denote (Q**)* . Note that if Q is a dyadic cube,
then Q*, Q™ and Q** may be trivially partitioned into dyadic cubes .

For any set E C R™, we write E™ and E¢ for the interior and closure of E, respectively.

For any set S, we write #(S) to denote the number of elements of S. If S is infinite, then
we define #(S) = + co.

We write ¢ to denote the empty set.

For E C R™, we write diam(E) to denote the diameter of E, i.e., sup{|x — x| : x,x’ € E}.
Also, for E,E' € R™, we write dist(E, E’) to denote inf{lx — x| : x € E, X’ € F'}. If E = ¢,
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then diam(E) = 0, and if E = ¢ or £/ = ¢, then dist(E,E') = + 0co. We write dist(x, E’) to
denote inf{|x — x| : X’ € E’}. If £/ = ¢, then dist(x, E') = + co.

2 The Model of Computation

Our model of computation (called “real RAM” in the computer science literature) differs
from a standard Von Neumann computer [vN] in that we assume that the computer can
store, retrieve from memory, and manipulate exact real numbers , without roundoff errors.
Our computer includes several registers, and finitely many memory cells labeled by integers
1,2,..., Memory-Size. Each memory cell and each register is capable of storing either an
integer or a real number. The machine can perform the following operations, each of which

costs one unit of “work”.

e Retrieve the contents of memory cell k, and write it to one of the registers.
(1 < k < Memory-Size).

e Write the contents of a register to memory cell k (1 < k < Memory-Size).
e Write the number O or 1 to one of the registers.

e Given two real numbers x and y appearing in the registers, compute x +y, x —y, Xy,

and (if y # 0) x/y. Also, decide whether x <y, x >y, or x =y.

e Given a real number x appearing in a register, compute exp(x); and, if x > 0, compute

log(x).
e Given a real number x appearing in a register, compute |x], the greatest integer < x.
e Retrieve a real number entered by the user, and place it in a register.

e Output to the user a real number or integer appearing as the contents of a register.

We assume that the above operations can be carried out perfectly, without roundoff error.

Also, as mentioned in the introduction, we assume that our computer is capable of com-

municating with an Oracle, which will be used to convey to the computer (an approximation
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to)|P|x for a given P € P and x € R™ Thus, we assume that the computer can do the

following;:

e Output the contents of a register to the Oracle.

e Wait for the Oracle to communicate a real number S; once the Oracle speaks, the

number S is placed in one of the registers of our machine.

To output a number to the Oracle costs us one unit of “work”. However, when the Oracle
speaks to our machine, then she decides how many units of “work” to charge us. For more

about the Oracle, see Section 3.

The flow of control in our computer proceeds as for a standard Von Neumann machine
[vN].

This concludes our brief description of the model of computation used in this paper.

It is well-known to computer scientists that the above “real RAM” model of computation
(even without an Oracle) leads to some suspiciously efficient algorithms that make crucial
use of the complete absence of roundoff errors. See, e.g., [Sc]. This issue can be dealt with
in various ways. In Fefferman-Klartag [FK2], we made a rigorous analysis of the effect of
roundoff errors on the algorithms presented there. We believe that the algorithms in this
paper can be analyzed in a somewhat similar spirit, but we have not put in the hard work
required to decide the issue. The best we can say now is that it is natural to guess that our

algorithms will survive in the presence of small enough roundoff errors.

3 C™ Norm

Suppose we are given a norm | - |, on the vector space P, for each x € R™. We assume that

these norms satisfy the following conditions, for certain given constants ¢o, Co, C1.

Bounded Distortion Property: We have

60 s MaX|g<m |a“P(X)‘ S |P’x S (_:0 © MaX|x<m |a“P(X)‘

forallx € R" and P € P.
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Approximate Translation-Invariance Property: Let P € P and x,y € R™ be given. Define a

polynomial Py, € P by setting Py(z) = P(z —y) for all z€ R™. Then we have

Pylery < exp(Cilyl) - [Ply.

Throughout this paper, we assume that we are given the family of norms | - |,, and the
constants Co, Co, C1, such that the above properties hold. We say that a constant is controlled

if it is determined by m,n, ¢y, Co and C;.

We write ¢, C, C/, etc., to denote controlled constants. Unless otherwise specified, these
constants may change from one occurrence to the next. We recall the following definitions

from the introduction.
For F € C™(Q), we define || F ||cmq) = supyea 1Tx(F)lx-

Also, for any Whitney field 13, we define || p ||cm®n) to denote the infimum of || F ||cmgn)
over all F € C™(R™) that agree with P.

We need to specify the norms | - |, to our computer. Therefore, we assume we have access
to an Oracle, as follows. We query the Oracle by specifying a point x € R™, a polynomial
P € P, and a number €, with 0 < € < 1. The Oracle responds by producing a number
Ne(P,x), such that

(1 + €)' Ne(P,x) < [Pl < (T + €)Ne(Px).
We are charged exp(C/e) units of work for each query (P, x, €) addressed to the Oracle.

We may suppose that N¢(P,x) = N¢(—P,x), for any P,x,e. (In fact, we may replace
Ne(P,x) by max{N¢(P,x), Ne(—P, x)} without harm.)

The following algorithm gives us a close approximation to the unit ball for the norm | - |,.
Algorithm 3.1. (“Find-Unit-Ball”).

Given a number €, with 0 < € < 1, and given a point x € R™; we compute a finite set
O(e,x) of linear functionals on P, with the following properties.
(Oo) For any A € O(e,x), we have also —\ € O(€,x).

(07) (1+¢€) Pl < max{A(P): A € O(e,x)} < (14 ¢€)|Ply for all P € P.



The C™ Norm of a Function with Prescribed Jets Il 27

(02) #(0(e,x)) < exp(C/e).

Moreover,

(O3)  The work and storage used for the computation are at most exp(C/€).

Explanation: We introduce some definitions and prove a few elementary facts, then we give
the algorithm and prove (Op)...(03). Fix x € R™ For P € P, let [P| = max|q<m [0*P(x)].
Thus,

(1) c|P| < [Plx < C|P] for P € P, by the Bounded Distortion Property.

Let P* be the dual vector space to P, and let | - [* and | - [ be the norms dual to | - |, | - |x,

respectively. Thus (1) implies
(2) cAI* < AL < CIAJ* for A € P~
Let A, € > 0 be real numbers. Assume that

(3) A exceeds a large enough controlled constant, and

(4) 0<e<A™2
Later, we will pick A to be a controlled constant, large enough to satisfy (3). For now,
however, we just assume (3) and (4).

We introduce two finite sets I' C P and A* C P*, with the following properties.

(5) Every Py € T satisfies |Po| < 2A.
(6) For any P € P with |P| < A, there exists Py € ' such that [P — Py < €.
(7) Every Ao € A* satisfies [Ao|* < 2A.

(8) For any A € P* with [A[* < A, there exists Ay € A* such that A —Ao|* < €.
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(We can easily construct such A* and I'. For instance, we can take I" to be the ball of radius
2A about O for the norm | - |, intersected with a fine enough cubic lattice in P. We can define

A* similarly.)
Now, we define sets I'(e) C T" and O*(e,x) C A*, as follows:
(9) T(e) = {Po €T : N(Po,x) < 1+ Ae}, where N¢(Py,x) is the number computed by
the Oracle for the query Py, x, €; and

(10) O*(e,x) = fAo € A*: Ao(Po) < 1 + 2Ae for all Py € T'(e)}.

We will prove two elementary propositions regarding O*(e, x).

Proposition 1. Let Ay € O*(e,x), and let P € P. Then Ao(P) < (1 + 10A€) - |Ply.

Proof. We may assume that [P, = 1. Then |[P| < C by (1). Hence, (3) and (6) show that
there exists Py € ' such that |P — Po| < e. Fix such a Py. By (1), we have [P — Py|, < Ce.
Hence, |Polx < [Plx + |Po— Plx < 1 4+ Ce. The defining property of N¢(P,x) then yields

Ne(Po,x) < (1+C'e) < 1+ Ae by (3).

Thus, Py € T and N¢(Po,x) < 1 + Ae. By definition (9), we have Py € T'(e). Since also
Ao € O*(€,x), it follows from (10) that

Moreover, we have Ay € O*(e,x) C A*, hence [Ao|* < 2A by (7). Consequently,
(12) [Ao(P —Po)l < [Aol* - [P —Po| < 2Ae.

From (11) and (12), we obtain Ag(P) < 1 4 4Ae, proving Proposition 1. O

Proposition 2. Let P € 7. Then there exists Ao € O*(e,x) such that
Ao(P) = (1 —Ce) - [Plk.

Proof. There exists A € P* such that

(13) Az =1 and
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(14) A(P) = [Plx.

By (13) and (2), we have ]A|* < C. Hence, by (3) and (8), there exists Ay € A* such that

By (2), we therefore have

(16) A —Aols < Ce.

From (13) and (16), we obtain

(17) Mol < 1 + Ce.

Let Py € T'(e). Then N¢ (Po,x) < 1 4+ Ae by (9); hence, [Polx < (1 + Ce) - (1 + Ae) by
defining property of N¢(P,x). Consequently, we have

Ao(Po) < Aoz - [Polx < (T+Ce) - [(1+Ce) - (1+ Ae)] (see (17)).
Thanks to (3) and (4), it follows that A(Py) < 1 4 2Ae.

Thus, Ao € A*, and Ag(Py) < 1 + 2Ae for all Py € T(e). By definition (10), we have

(18) Ao € O*(€,x).

Moreover, (14) and (16) yield the inequality

(19) Ao(P) = A(P) = (A =Ao)(P) = [Plx —[A = Aol; - [Plx = (1 —Ce) - [Pl

The conclusion of Proposition 2 is immediate from (18) and (19). O

Let us now take A to be a controlled constant, large enough that (3) holds. We have also

(4), provided € > 0 is less than a small enough controlled constant.

Since A is now a controlled constant, the two Propositions above tell us that

(20) (1 —Ce) - [Plx < max{A(P): A € O*(e,x)} < (1 4+ Ce) - [Py for P € P.

Estimate (20) holds if € is less than a small enough controlled constant.
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Now we can explain how to carry out Algorithm 3.1. First suppose that € is less than

a small enough controlled constant. With A as above, we compute sets A* and I satisfying

(5)...(8).

This elementary computation takes work and storage at most Ce P, where D = dim P.

Moreover, we can take our A* and I" to satisfy also
(21) #(A%), #(I') < Ce™P.

(Details of the computation of I' and A* are left to the reader.) We then compute the set
I'(e) from (9). This requires #(I") queries to the Oracle, to learn the numbers N¢(Po, x) for
all Py € T. Thus, the work to compute I'(€) is at most exp(C/e), thanks to (21) and our

assumption on the work to query the Oracle.

Having computed I'(e), we can then compute O*(e,x) from (10). The work needed for
this step is at most C - #(A*) - #(I') < C - €?P, while the storage needed is at most
C-eP.

Thus, we have computed O*(e,x) using total work and storage at most exp(C/€). The
set O*(e,x) satisfies (20), and also

(22) #(0%*(e,x)) < #(A*) < Ce™P < exp(C/e).

We have achieved (20) and (22), using work and storage at most exp(C/e€), provided e

is less than a small enough controlled constant.

We now drop our assumption that € is less than a small enough controlled constant. We

assume merely that 0 < e < 1.

To compute O(€,x) satisfying (O1), (03), (O3) in Algorithm 3.1, it is enough to replace
€ by €' = ce for a small enough controlled constant ¢; we then compute O*(€’, x), and we just
set
O(e,x) = O*(€,x). Properties (O4), (03), (O3) are immediate from the corresponding prop-

erties of O*(€’,x).

By taking the sets A* and I in (5)...(8) to be symmetric about the origin, we obtain from

the above construction that A € O(e, x) if and only if —A € O(e, x), for any given functional
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A on P. Thus, property (Op) holds as well.
This concludes our explanation of Algorithm 3.1.

We close this section by noting an elementary consequence of the Bounded Distortion and

Approximate-Translation Invariance properties.

Lemma 1. Let P e P, x € R, 1 € B(0,1). If|Pl, < 1, then |[Ply.x < 1 + Cl1].

Proof. Define the translate P € P, by setting P.(z) = P(z— 1) for all z € R™. We have

(23) [Pelxie < 1 + Cl1l,

by the Approximate-Translation Invariance property. On the other hand, by the Bounded
Distortion Property, we have [0°P(x)| < C for |&| < m, which implies the estimate

[0%(P —Po)(x +7)| < Clt| for |of < m.

Another application of the Bounded Distortion Property now gives
(24) [P — Palxyr < Cl7l.

The desired conclusion is immediate from (23) and (24). O

4 Background from Computer Science

In this section, we recall some standard results from computer science. We start with the

“Ellipsoid Algorithm” for linear programming.

Let us work in RP. We write v, V', vy, etc., for vectors in RP, and we write A, X', A, etc.,
to denote linear functionals on RP. We denote a positive-definite quadratic form on RP by

q(-). An “ellipsoid” is a subset E C RP, given by

(1) E={veRP: qv—vy) < 1}
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for a positive-definite quadratic form q and a vector vy.

A “linear constraint” in RP is an inequality of the form A(v) > b (with A € (RP)* and
b € R given), for an unknown vector v € RP. Given a list of linear constraints A¢(v) > by

for £ =1,... L, the “feasible region” is defined as
K={veRP: A(v) > bgfort =1,...,L.

Now suppose we are given a list of linear constraints, and a linear functional Ae (RP)*.
We would like to find a vector v € K, with A(v) as small as possible, or nearly so. Of course,

this makes sense only if K is non-empty and A is bounded below on K.

For the “ellipsoid algorithm”, we assume that K is roughly comparable to a given ellipsoid
E, in the sense that

(2) K C E, and vol K > APvol E for given real number A > 0.

(In (2), A does not denote a linear functional. We trust that no confusion will result.)

The idea of the ellipsoid method is that either the center of E belongs to K, or else one
can trivially produce another ellipsoid E’, such that K C E’ and vol (E') < (1 —c¢/D)vol (E)

for a universal constant c.
This allows us to perform the following algorithm.

Ellipsoid Algorithm: Given positive real numbers €, \, with0 < e < 1/2 and0 < A < 1/2;
and given an ellipsoid E with center vo; and given a list of L linear constraints on RP, whose

feasible region K satisfies

(a) K C E and

(b) volK > APvol E;
and given a linear functional/f\ € (RP)*;
we compute a vector vi € K, such that
A(v1) < min{A(v): v e K} + e - max{A(v—vo)|: v € E}.

The computation requires work at most CD*L log (%) log (%),
and storage at most C - (D + L)2.
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The following special case will be used below. We write

31) :{(V],...,VD) € RDZ ‘Vi| < 1 fori= 1,,D}

Special Ellipsoid Algorithm: Given positive real numbers €,/\,\, assumed to satisfy
0<e<1/2and 2\ < A\;

and given a list of L linear constraints in RP, whose feasible region K is assumed to satisfy

(a) K € ABp and

(b) K 2 ABp + Vv for an (unknown) vector v € RP;
we compute a vector (V9,...,vY) € K, such that
V0 < min{vy: (vy,...,vp) € K} + €.

The work required is at most CD*L log (/\—)P) log (%), and the storage required is at most
C- (D + L)%
See [Kh]. Also, see [Ka,Me| as a sample of the extensive literature on linear programming.

Next, we give some standard results from computational geometry. We start this discus-
sion with the Well-Separated Pairs Decomposition due to Callahan and Kosaraju [CK]. The
results below are significantly weaker than those of [CK]. We state here only what we will

need below.

Let E C R™, with #(E) = N < o0; and let 0 < k < 1 be given. (We assume N > 2.)
We write A(k), A’(k), etc., to denote constants determined by k and n. Then there exists
a finite list of Cartesian products, B, x EJ, v =1, ... Vinax, with the following properties:

e Each E/, and E” is a non-empty subset of E.

o {(x',x") € E x E:x" # x"} is the disjoint union of the B, x EY, v =1,... Viax.

82

e diam(E), diam(EY) < «k - dist(E}, EY) for each v.

e The number of E/, x EZ is Viax < A(k)N.
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e There is an algorithm, called Algorithm WSPD, that accepts as input (E, k), and

produces as output a list of “representatives” (x/,x”) € B, x EZ, v =1,..., Viax.

Algorithm WSPD consumes work at most A’(k)Nlog N, and storage at most A”(k)N.
Later, we will take k to be a small enough controlled constant. The quantities A(k), A’(k),
A" (k) will then also be controlled constants.

We pass to the “Balanced Box Decomposition Tree” or “BBD Tree”, due to Arya, Mount,
Netanyahu, Silverman and Wu [AMNSW]. Again, we state only what we will need below,
which is significantly weaker than the full results in [AMNSW].

BBD Tree Algorithm: There is an algorithm with the following properties.

e The input for the algorithm consists of a non-empty finite set E C R™, with #(E) = N.
e The algorithm performs one-time work, and then responds to queries as follows.

o A query consists of a point x € R™ or a dyadic cube Q in R™.

e The response to a query x € R™ is a point y € E such that [x —y| < 2dist(x, E).

o The response to a query Q is a “representative” xq € E N Q, or a message indicating
that EN Q s empty.

e The one-time work is at most CNlog(N + 1) using storage at most CN.

o The work to answer a query is at most Clog(N +1).

See also Sections 23 and 27 in [FK2|, where the query algorithm for Q is spelled out in detail.

As an obvious consequence of the above, we have the following algorithm.

Algorithm Find-Representative: Given a non-empty set E C R™, with #(E) = N < oo,
we can perform one-time work CNlog(N + 1) in space CN, after which we can respond to

queries as follows:

o A query consists of a dyadic cube Q C R™.
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o The response to a query Q is a “representative” xq € ENQ™, or a message indicating
that E N Q** is empty.

e The work to answer a query is at most Clog(N + 1)
In fact, we have only to partition Q** into dyadic cubes {Q~}, and apply the BBD Tree
query algorithm to each Q..

There is an analogue of Algorithm Find-Representative, with Q** replaced by Q*. We
again give this algorithm the name “Find-Representative”. Similarly, we may take Q*** in
place of Q**.

9 Gentle Partitions of Unity

We recall a result from our previous paper [F9], and give two corollaries and a simple variant.

Lemma GPU: Let {U,} be an open cover of an open set Q C R™, and let d(x) > 0 be
defined for all x € Q. Suppose that, for each v, we are given functions F, € C™(U,) and
Xv € C™(Q). Let €,A9,A1,A2 >0 and M > 0 be real numbers. Assume that the following

conditions are satisfied.

(GPU1) Any given x € Q belongs to suppaX~ for at most Ay distinct v.

(GPU2) > xv =1 o0nQ.

(GPU3) xv > 0 on Q for eachv.

(GPU4) suppg X~ C Wy for each v.

(GPU5) [0%x(x)| < Aje - (8(x))7™ for 0 < |of <m, x € Q, and for each v.
(GPU6) [Jx(Fy)lx < M for x € suppo X~ (any v).

(GPUT7) [0%(Fy — F)(x)| < AsM - (8(x))™ ™ for |af < m —1, x € suppn Xy N SUPPo Xu
(any w,v).
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Then the function F =Y xy Fy belongs to C™(Q), and

H F ||Cm(Q)S (] + A’e)M,

where A’ depends only on Ao, Aq, Az, m, M, and on o, Co in the Bounded Distortion Property.
(See Section 3.)

The above differs from “Lemma GPU” in [F9] only in the most trivial details.

Corollary 1. Let yo € R™; let A > 0,M>0,08>0,0< € <1 be real numbers; and
let 8o € C™(R™). Assume that 0 < 0y < 1 on R™; 8y(x) = 1 for [x — yo| < e'/16e)¢;
suppBo C B(yo, e8¢ 8); and

10%9,(x)| < Aelx —yol ™ for 0 < |af < m,x € R™~ {yo}.

Also, let Fo € C™(B(yo, e'/®¢)§)), F; € C™(R™). Assume that

H FO ||Cm(B(yoye]/(Se) 5) S M’

| Fillem@n) < M, and

Jyo (Fo) = Ty, (F1).

Then the function F = 0oFo + (1 — 00)F;y belongs to C™(R™), and
| Fllemmn < (1 4+ Ae)M,

with A’ depending only on A,m,n and the constants o, Co in the Bounded Distortion
Property.

Proof. We write A’,A”, etc., to denote constants determined by A,m,n, Co, Co as in the
conclusion of our Corollary.
We apply Lemma GPU with

Q= Rn’ uO - B(UO) 61/(86] 6)7 u1 - Rn? Xo = 607 X1 = 11— 907 6(X) =0 + ‘X—Uo‘, FO and F]
as in the hypotheses of Corollary 1, Ag = 2, A; = 2™A, and A,= large enough constant of
the form A’.
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All the hypotheses of Lemma GPU are immediate here, except for (GPU5) and (GPUT).
To check these, we argue as follows.
For 0 < |af < m and |x —yo| > d, we have

0%0(x)] = [0%1(x)| = [0%0p(x)| < Aelx —yol 1 < (2™A)e - (5 + Ix —yol) .

On the other hand, for 0 < |x| < m and |x — yo| < 8, we have

10°%o(x)| = [0%x1(x)| = 0O, since 8p = 1 on B(yo, d).

(GPUb) is immediate from the above observations. To check (GPUT), we first note that
0%(Fo — Ty, (Fo)) ()| < A’M[x —yo/™ ¥ for |of < m —1, x € B(yo, e"/38); and
[0%(F1 — Ty, (F1))(x)] < A'M [x —yo|™ ™ for |af < m —1, x € B(yo,e'/®)3),

thanks to our hypotheses on the C™ norms of Fy and Fy together with Taylor’s theorem
and the Bounded Distortion Property. Combining these last two estimates, and recalling that
Jyo (Fo) = Jy, (F1), we find that

0%(Fo — F1) ()| < A"Mx —yol™ ' for |l <m —1, x € B(yo, e'/*9),

from which (GPUT7) follows at once. Thus Lemma GPU applies, and it yields the conclusion
of Corollary 1. m

Corollary 2. Let 0 < €9 < 1 and M > 0 be real numbers, let Qo C R™ be a cube, let
00 € C™(R™), and let Fo € C™(QY). Assume that

0 <0 <1 onR" supp8y C QIM; [9%0y(x)| < €o for 0 < |af <m, x € R"; and
H F0 ”Cm(Qi(;\t) S M. Then

F = 0y - Fo belongs to C™(R™), and

| Fllem@y < (1 4 Ceo)M.
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Proof. Immediate from Lemma GPU, with Q = R™ Uy, = QIFf, Uy = R™, xo = 0,
X1 =1—00, 6(x) =1 for all x € R™, Fy as given, F; = 0, € = €, Ag = 2, A; = 1,
A, =1/Cp, with ¢y from the Bounded Distortion Property. O

The next result is an easier variant of Lemma GPU.

Lemma LGPU: Let 0 < e <1, A >1, M > 0 be real numbers. Let QV be pairwise
disjoint dyadic cubes of sidelength 8, where A=Ve™" < § < e7'. Let 8, € C™(R"), and

assume that

0, >0 on R™ (eachv), 5 0, <1 on R™, supp6, C (Q*)™ (eachv), and
0%0y(x)] < A€ for 0 <|a] <m, x € R™ (eachv).

Let Fy € C™((Q)™), with || Fy ||em (g ym) < M (each V).

Then F =) 0yFy belongs to C™(R™), and

| Fllemmn) < (14+Ae)M,

where A’ depends only on A, m,n and o, Co in the Bounded Distortion Property.

Proof. Obviously, F € C™(R™). Our task is to estimate || F ||cm®n). We write A/, A", etc.,

to denote constants determined by A, m,n, ¢o, Co.

Fix x € R™, and note that

(1) Jx(F) = > 0.(x)]x(Fy) + 2~ &, where

v

(2) E'V = ]x(evFv) _ev(X)IX(FV) - P.

By hypothesis, we have |J«(Fy)lx < M for each v; and > 0,(x) < 1 with each 6,(x) > 0.

Since | - |x is a norm, it follows that

(3) 122 0+(x)]x(Fy)lx < M.

v
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We turn to the €,. From (2) we have

(4) 9%€,(x) = X B%!afﬂev(x) - Yy (x).

For 0 < |B] < m, we have [0P0,(x)| < Ae; and, for |y] < m, we have [3YF,(x)] < A’M,
thanks to our hypothesis on || Fy ||cm and the Bounded Distortion Property. Putting these
remarks into (4), we find that

(5) [0%Ey(x)] < A”eM for || < m (each v).

Since x belongs to at most A” distinct Q, and since supp 8, C Q% , we see from (2) that &

is nonzero for at most A" distinct v. Hence, (5) implies
|0% {Z &,} (x)] < A’eM for | < m.

Another application of the Bounded Distortion Property now yields

6) |3 &k < A”eM.

From (1), (3), (6), we see that [Jx(F)lx < (1+A”e)M. Since x € R™ was arbitrary, it follows
that || F ||cm@n) < (1 + A”€)M, proving Lemma LGPU. O

6 The Main Patching Lemma

In this section and the next, we adapt to our purposes the arguments from Section 5 in [F9].

Here, we give the set-up and state a result. The next section proves that result.

Our set-up is as follows. We are given real numbers € > 0 and M > 0, and positive

constants Ag---Az. In addition, we suppose we are given the following objects.

Whitney Field: We suppose we are given a Whitney field P= (PY)yee on a finite set E C R™
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We assume that

(1) P¥(P*—PY)(x)| < AoM - [x —y|™ ™ for |d| < m, x,y € E, x £ .

Regularized Distance: We suppose we are given a function 8(-) in C-(R™ \ E).

We assume that

(2) A7'dist (x,E) < 8(x) < Aqdist (x,E) for all x € R™ \ E, and

(3) [0%6(x)| < Az - (8(x))'" ™ for [df < m, x € R™\ E.

Partitions of Unity: We suppose we are given a C™ partition of unity

4 1= 2 Xlt)omR

—o00 <{ < o0

We assume for each { that

(5) xe(t) >0for t € R; suppxe C (£ —T1,L+1); | (%)k xe(t)] < Asfork<m, teR.
For each £ € Z, we suppose we are given a C™ partition of unity

6) 1 =5 0% onR™
We assume, for each £,~v, that

(7) 88 > 0 on R™, and 6! is supported in the interior of a cube QY, of sidelength &, where

(8) A'e Texp((L+1)/€) < & < Aze exp((L+1)/e).
Also, for each £,v, we assume that

(9) 0204 (x)| < As - [e" exp((t+1)/€)] 7™ for o < m, x € R™



The C™ Norm of a Function with Prescribed Jets Il 41

Regarding the cubes QY, we assume that

(10) For fixed { € Z and x € R™, there are at most Ag distinct v for which x € Q¥.

Testing Sets: For each {,v, we suppose we are given a set
(1) S& € E N (QY)".
We assume that

(12) dist (y,SY) < A; - exp(({ —1)/¢€) for ally € EN (QY)*.

Local Extending Functions: For each £,v, we suppose we are given a function F$, € C™(R™).

We assume that

(13) F¢ agrees with P on S, and

(14) | F flomen < M.
For each x € E, we suppose we are given a function F* € C™(R"™). We assume that

(15) Jx(F*) = P*for x € E, and
(16) For each £ and v, if S%, = {x}, then F{, = F*.
We call a constant “weakly controlled” if it is determined by Ay, ..., A7 above, together with

m,n and ¢y, Co, C; from Section 3. We write A;, A’,A”, etc., to denote weakly controlled

constants.

We patch together the F¢ into a single function F on R™, by setting

(17) F(x) = P*(x) for x € E, and

(18) F(x) = 3 xelelogd(x)) - 84 (x) - Fi(x) for x € R™ \ E.
v
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Under the above assumptions, we have the following result.

Main Patching Lemma: Suppose € is less than a small enough weakly controlled constant.
Then F belongs to C™(R™), agrees with P, and satisfies | Fllem@n < (1+Ae)M for a weakly

controlled constant A.

The proof of this lemma will be given in the next section.

7 Proof of the Main Patching Lemma

In this section, we prove the Main Patching Lemma, using ideas from Section 5 of [F9]. We
adopt the convention that, for k > 1, the label (k) refers to equation (k) in Section 6 of our
present paper. Also, we retain the assumptions and conventions of Section 6. In particular,

A, A" A" etc., denote “weakly controlled constants”.

We adapt the arguments in Section 5 of [F9], using the hypotheses of the Main Patching
Lemma in place of equations (6), (8)...(13), (18)...(22), and (34), (35) in Section 5 of [F9].

Let

(1) Q = R*\E.
For each £,v, define

(2) X4(x) = 0%(x) - xelelog(x)) for x € O.
From (4) ---(7) and (10), we see that

(3) Any given x € Q belongs to suppg X, for at most A distinct ({,v);

(4) > x4 = 1onQ;and
[RY

(5) x4 >0on Q.
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Setting

(6) US = Q for each {,v, we have

v

(7) suppaxy C U,

by definition of suppg.
We prepare to estimate the derivatives of x¢.

As in Section 5 of | |, we first note that 0%[x,(elogd(-))](x) is a sum of terms of the form

[T 3% [elog5(-)1(x) - x™(elog 5(x)),

v=1

where Xér) denotes the 1" derivative of X, and where B; + --- + B+ = o and each B is

non-zero. Moreover, each 0P [e log 8(x)] is a sum of terms of the form

Y1 8(x) -+ 0Ysv §(x)
(8(x))sv ’

with vy +- -+ vs, = B~. Consequently, for 0 < || < m, the quantity 0*[x,(€ logd(-))](x)

is a sum of terms

oY1 5(x)--- dYs b (1)
e’ (Ecé)(x))s S Xfr (€10g6(X)),

with T <r<mandvy; +---+vs = « Thanks to (3) and (5), it follows that
(8) 10%xe(elog 8(-NI(x)] < Ae - (8(x)) ™ for 0 < Jof < m, x € Q.
We note also that
(9) exp((£—T1)/e) < d(x) < exp((L+ 1)/€) for x € suppy Xc(€logd(+)),
as we see at once from (5). Hence, for x € suppoXx’, = suppq (0% - xe(€logd(-))), we have
(10) 10708 (x)| < A€ (5(x)) " for la < m (see (9)).

Since 0 < x¢(elogd(x)) < T (see (4), (5)), it follows from (8), (10) and our definition (2) of
i
X~ that
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(11) [9%x%(x)] < Ae - (8(x)) ™ for 0 < [ < m, x € Q, each .

Thus, we have succeeded in estimating the derivatives of x%.

We next turn to the extending functions F!, in (13), (14). Since F{, € C™(R™), we have

in particular that

(12) FL e C™(U).

From (14), we have

(13) T (F)x < M for all x € suppox’, (any £,v).

We prepare to estimate the derivatives of F$ — Ff:, at a point

(14) x € suppax’, N suppaxy-

For x as in (14), we have x € suppn0!, C QY; and also x € suppx(elogd(-)), hence &(x)
is estimated by (9). Comparing (9) with (7), (8), we see that §(x) < Ae sidelength (Q%);
hence (2) yields a point

(15) y et

such that

(16) [x —y| < A8(x) < A’e sidelength (Q%).

Since x € Q! and ¢ is less than a small enough weakly controlled constant, we learn from
(15), (16) that §y € EN (QY)*. Consequently, (12) applies and we obtain a point

(17) y €8,

such that
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(18) ly—uyl < A - exp((£—1)/e) < Ad(x), thanks to (9).
From (16), (17), (18), we conclude that

(19) There exists y € S, such that [x —y| < Ad(x).
Similarly,

(20) There exists y' € sﬁ’,, such that [x —y’| < Ad(x).

Fix y,y’ as in (19), (20), and note that

(21) ly—y'l < As(x).

From (13) and (19), we have

(22) Jy(Fy) = P,

and from (13) and (20), we have

(23) Jy(FY) = PY.

From (14), the Bounded Distortion Property, and Taylor’s theorem, we obtain the estimate
[0%(FS, = Ty(F) (%) < AMIx —y|™ ™ for o < m.

In view of (19) and (22), this implies that
(24) [0%(F8 — PY)(x)] < AM(8(x))™ ¥ for || < m.
Similarly,

(25) [0%(FE, — PY)(x)] < AM(8(x))™ ™ for |« < m.
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Next, invoking (1), we see that

0%(PY —PY)(y)| < AMJy —y/|™ ™ for o] < m,ify #y'"
Since [y — V'], [x —y| < Ad(x) (see (19) and (21)), it follows that
0%(PY — PY)(y)l < AM(8(x))™ ™ for |af < m,

and hence
(26) [0%(PY —PY)(x)| < AM(8(x))™ ™ for |« < m, since PY—PY € P.
From (24), (25), (26), we obtain our desired estimate,

(27) [0X(F, — FE)(x) < AM(8(x))™ ™ for |of < m, x € suppaxy N suppox’
(any (€,v), (¢',v")).

We can now apply Lemma GPU to the open set Q, the open cover {U!}, the function §(x),
the partition of unity {x!}, and the functions F{, € C™(U%).

The hypotheses of Lemma GPU are immediate from our present results (3), (4), (5), (7),
(11), (13), (27).

Thus, we learn from Lemma GPU that the function F, defined in (17), (18), satisfies
(28) F€ C™R™\E), and || F |[[em@nag) < (1+Ae)M.

Next, we investigate how F behaves on R™ \ E near a point of E. Fix
(29) xo € E,
let A be a small enough positive number to be fixed later, and suppose

(30) x € R*\ E, with

(31) |x —xol < A.
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Recall that E is finite; hence, we may suppose that
(32) 2A < dist(xo, E ~ {xo}).

For y € E \ {xo}, we then have

Ix —yl > Ixo—yl—Ixo— x| > 2A—A = A > |x —xo|. Consequently,

(33) [x —xo| = dist(x, E).

Let (£,v) be such that

(34) suppaxy 2 x.

Then x € suppnXe(€logd(-)); hence (9) applies. From (9) and (2), we obtain
(35) AT exp((€—1)/€e) < [x —xo| < A exp((L+1)/€).

Also, (34) yields

(36) x € suppn0t C QY.

Recall from (7), (8) that sidelength (Q%) = &, < Ae ™! exp(({ + 1)/€); together with (35)
and (31), this yields

(37) sidelength (QY) < Ae™' exp(2/€) - [x —xo| < Ae T exp(2/e€) - A.
On the other hand, (7) and (8) yield also
(38) sidelength (QY) = 8¢ > A 'e T exp((L+1)/e) > A e x — xo,

thanks to (35). Since € is less than a small enough weakly controlled constant, it follows
from (29), (36) and (38) that
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(39) xo € (Q4)" N E.

We next show that E N (QY)* consists of the single point xo. In fact, if y € EN (QY)* with
Y # Xo, then from (37) and (39) we would have

(40) [y —xo| < A- sidelength (QY) < Ae™' exp(2/e) - A.

v

If A is small enough, then (40) cannot hold for two distinct points y,Xo in the finite set E.
We assume that A is small enough that (32) holds and (40) is impossible. We then obtain

E N (QY)" = {xoh

Together with (11) and (12), this shows that S = {xc}. Therefore, from (16), we obtain
the equality

(41) FY = Fr.

We have proven (41) for every (£,v) satisfying (34).

Consequently, for xo,x as in (29), (30), (31), the definition (18) and (2) yield
F(x) = BZ Xv(x) - Filx) = EZ Xv(x) - X (x).

Recalling (4), we conclude that
(42) F(x) = P(x) for all x € R™~ E such that [x —xo| < A.

Here, x¢ is an arbitrary point of E, and A is a small enough positive number.

We note that
(43) Fo € C™R"M), and || P [[cm@n) < M, for xo € E,

thanks to (41) and (14).

Also, we recall from (15) that
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(44) Jx, (F*) = P* for any x¢ € E.
We now define a function F on R™, by setting
(45) F= Fon R"E, and F = F* on B(xo, A) for each xq € E.

Note that (45) provides a consistent definition of a function F, since the balls B(xo, A)
(xo € E) are pairwise disjoint for A small enough, and thanks to (42). Since Fe C(R™\E)
and F* € C™(B(xo,A)) for each xo € E, it follows from (45) that

(46) F € C™(R™).

(We can now pick A to be any positive number small enough that the above arguments
work.) Moreover, (44) and (45) show that

(47) Jx, (F) = P* for all xo € E.
We estimate the C™ norm of F, by checking that
(48) Jx(F)lx < (1 + Ae)M for all x € R™

Indeed, for x € R™\ Ey, (48) follows from (28) and (45); while, for x € Eo, (48) follows from
(43) and (45). Thus, (48) holds in all cases, and consequently,

(49) [ Fllem@my < (1 + Ae)M.
We note that, in fact,
(50) F = Fon R™

In fact, (50) holds on R™ \( E, thanks to (45). For xo € E, we have

F(xo) = P*(xo) = F(xo)



The C™ Norm of a Function with Prescribed Jets Il 50

by (47) and (17). Thus (50) holds also on E.

In view of (50), our results (46), (47), (49) show that F € C™(R™), F agrees with P, and
| Fllem@n) < (1 4+ Ae)M. These are the conclusions of the Main Patching Lemma.

The proof of that Lemma is complete. O

8 Comparing Polynomials at Representative Points

Let E C R™ be a finite set, and let 0 < k < 1 be a real number. Recall the representatives

(xL,x2) (1 <v < Vpay) arising from the Well-Separated Pairs Decomposition from Section 4,

for the parameter k. As an application of the Well-Separated Pairs Decomposition, we recall
the following lemma from [F8]. (See also Har-Peled and Mendel [H-PM].)

Lemma 8.1. Suppose we are given an (m — 1)t degree polynomial P* on R™, for each
x € E. Let M > 0, and assume that

(P — P (X < M - I, =X for o] < m—T,T < v < V.

Assume also that k is less than a small enough constant determined by m,n. Then, for any

X,y € E, we have

0%(P*—PY)(x)] < CM - [x —y|™ ™ for |a| < m —1, with C depending only on m and n.

In order to check efficiently that estimate (1) in Section 6 is satisfied, we will use the

following variant of Lemma 8.1.

Lemma 8.2. Let P = (PX)ycr be a Whitney field on E, and let M > 0. Assume that x is

less than a small enough constant determined by m,n. Assume also that

(1) [0*P¥(y)| < M for |&| =m, y € E; and that

(2) (P —PX) ()l < M - I, —xX2™ 1 forfod < m—1,T <V < Vi
Then

(3) [0X(P*—PY)(x)] < CM - [x —y|™ ™ for [al < m, x,y € E, x #v,
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with C depending only on m,mn.

Proof. We reduce matters to Lemma 8.1. We write ¢, C, C’; etc. (in this proof) to denote

constants depending only on m,n.
Let

Pz) = Y A -(z—x)*for x € E, z€ R™ Then (1) yields

o <m

(4) A% < CM for |of = m.

Define

PXz) = Y AL (z—x)*forx €E,z€R™

[of <m—1

Thus, each PXis an (m — 1)t degree polynomial on R™. Also, for x,y € E and |«] < m—1,

we have

0*PY(x) = *PY(x) — Y c(a,) Aoty - (x —y)Y, which implies that

Iyl =m—|«f
(5) [0%PY(x) — 0%*PY(x)| < CM[x —y[™ 1 thanks to (4).

In view of (5), our hypothesis (2) implies the estimate

/

(P% — P ()| < CMIX, —x2™ 1 for [ < m—1,1 < v < Vyas.

Therefore, Lemma 8.1 tells us that
(6) 10%(P* — P¥)(x)| < C'MIx —yI™ = for o] < m—1, %,y € E, x £v.

The conclusion (3) of Lemma 9.2 follows from (5) and (6), for [ < m — 1.
For |a] = m, conclusion (3) follows from (1), since %P> and 9PV are constant polynomials.

The proof of the lemma is complete. O]
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9 Computing a Regularized Distance

Suppose E C R™ and #(E) = N < oo, with N > 2. In this section we show how to compute
a function 8(x) > 0, defined on R™ ~\ E, and satisfying estimates (2) and (3) in Section 6.
The idea goes back to Whitney [Wh1]. To give an efficient algorithm, we bring in the BBD

Tree from Section 4.

We define Q to be the set of all dyadic cubes Q C R™, such that

but (1) fails for any dyadic cube strictly containing Q. For fixed x € R™ \( E, one checks
easily that any sufficiently small dyadic cube containing x satisfies (1), while any sufficiently
large dyadic cube containing x fails to satisfy (1). Consequently, x € Q for some Q € Q.
Thus Q is a covering of R™ ~. E. Also, the cubes in Q are pairwise disjoint, since any two

distinct dyadic cubes Q, Q' satisfy one of the three conditions QNQ' =¢, Qc Q’, Q' Q.

Moreover, each Q € Q is obviously contained in R™ ~\ E. The above remarks show that

(2) The cubes of Q form a partition of R™ \ E.

Next, suppose Q, Q" € Q, and Q* N (Q")* # .

Then
(3) 180 < 8o < 280.

In fact, suppose (3) fails. Since Q, Q’ are dyadic cubes, their sidelengths are powers of two.
Therefore, dq and 0o must differ by at least a factor of 4. Without loss of generality, we
may assume that dq < %SQ/. Let Q" be the dyadic “parent” of Q, i.e., the dyadic cube
for which Q* D Q, dg+ = 28g. Then we have 6o+ < %SQI and (QY)* N (Q")* # ¢.
Consequently, (Q*)** C (Q')***. Therefore, (1) holds for the cube QT since it holds for
Q' eq.

This contradicts our assumption that Q € Q, completing the proof of (3).

For any dyadic cube Q, we introduce a function @q € C™(R™), with the properties:
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(4) g > 0on R™ 9o =1 on Q; supp 9o C QF; and

(5) 10%pql < C85™ on R™, for [af < m.
By taking @ to be an appropriate spline, we can satisfy (4), (5), and give a query algorithm
as follows.

Algorithm 9.1. (“Find-jet-of @q”): Given a dyadic cube Q and a pointx € R™, we compute
the jet Jx(@q) with work at most C.

We now define the “regularized distance” by Whitney’s formula

(6) d(x) = X dqg - @qlx) for x € R*\ E.
QeQ

Using the definition of Q and properties (2), (3), one checks easily that

(7) cdist(x,E) < dg < Cdist(x, E) for x € Q*, Q € Q,
and therefore the function 8(x) in (6) satisfies

(8) cdist(x,E) < &(x) < Cdist(x,E) for x € R\ E and

(9) [0%8(x)| < C - (8(x)) 1 for |af < m, x € R\ E.

Thus, the properties (2), (3) in Section 6 hold for our function d(x).
We prepare to compute the function 6(x).

Given x € R™ \ E, we define
(10) Q(x) = {Q e Q: x e Q*}
Since supp @ C Q* for any Q, a glance at (6) gives

(11) Jx(8()) = X 0o - Jx(@gq), for x € R™ N E.
QeQ(x)
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Moreover, (7) shows that
(12) cdist(x,E) < 8g < Cdist(x,E) for x € R*\ E, Q € Q(x).

Our computation of &(x) proceeds as follows

Algorithm 9.2. (“Compute-Regularized-Distance”): After one-time work at most CNlog N
in space CN, we can answer queries as follows. Given x € R\ E, we compute J(0(+)) with

work at most Clog N.

Explanation: We perform the one-time work of the BBD Tree, and of Algorithm “Find-
Repepresentative”, as in Section 4. Recall that this one-time work is at most CN log N, and

requires space at most CN.

Suppose we have done the above one-time work, and suppose we are given a query point
x € R™ \ E. Then, using the BBD Tree Query algorithm, we can compute a number d > 0
such that

(13) %dist (x,BE) < d < 2dist(x, E).
The computation of d requires work at most Clog N. From (10), (12) and (13), we have
(14) cd < dg < Cd and Q* 3 x for each Q € Q(x).

There are at most C dyadic cubes Q satisfying (14) for given x, d; and it takes work at
most C to list them. Let Qg,...,Qr be a list of all the dyadic cubes satisfying (14).

Next, we test each Q¢(1 < ¢ <L), to decide whether Q, € Q. To do so, we let Q] be the
dyadic “parent” of Qg, i.e., the dyadic cube containing Qg, with sidelength twice that of Q,.
Then, by definition of Q, we have Q, € Q if and only if

(15) EN Q™ = ¢ but EN (Q)™ # ¢.

We can test whether (15) holds, thanks to Algorithm “Find-Representative” from Section
4, applied to the two dyadic cubes Qg and Qf. For each Qq, this requires work at most
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Clog N, and there are at most C distinct Q. Thus, it takes work at most Clog N to decide
which of the cubes Qq,..., Qr belong to Q.

However, one checks easily that Q(x) is precisely the set of all the cubes Q,(1 < € <L)
that belong to Q.

Thus, we have produced a list of all the cubes in Q(x). There are at most C such cubes.
We can now trivially compute J,(8(+)), using equation (11) and Algorithm 9.1. The work of
this last step is at most C. This completes our explanation of Algorithm 9.2.

10 Computing Partitions of Unity

¢

In this section, we compute cutoff functions x,(t), 0%(x), as well as cubes Q¢,

satisfying
conditions (4)...(10) in Section 6. We also compute additional cutoff functions that will be

used later.

By taking xo(t) to be an appropriate spline on R, and then defining x,(t) = xo(t —£) for

{ € Z, we can arrange that
(1) x¢ € C™(R) for each { € Z,
and that for each { € Z, we have

(2) xe>0onR; suppxe C (E— 1,0+ 1); (L)  xe(t)] < Cfor [k < m, t€R;

and that

(3) > xe(t) = 1forall t € R,

LeZ

moreover, we can answer queries as follows.

Algorithm 10.1. (“Compute-x,”): Givenl € Z, t € R, 0 < k < m, we compute (%)k Xe(t)

with work at most C.
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In view of (1),(2),(3), the x, form a C™ partition of unity satisfying (4) and (5) in

Section 6.

Next, we prepare to define and compute cubes QY, and cutoff functions 6%, as in (6)...(10)

in Section 6.

For s € Z, and for any lattice point v = (vy,...,vys) € Z™, we let Q@ denote the dyadic
cube Q§,5> =25 -v,2% (vi+ 1)) x -+ X [2% v, 25 - (v + 1)) C R™

Thus, for fixed s € Z, the Q<VS> (v € Z™) partition R™ into dyadic cubes of sidelength 2°.
By taking @é()) € C™(R™) to be an appropriate spline, and then defining
@ﬁ(x) = é\é@(z_sx —v) for s € Z and v € Z™, we can arrange that, for each s,v, we have:

A A A A *7int
0F e cmmrmy; 8 > 0 oon R BY > 1 on QY5 suppd? < [(QV)]

(recall, “int” denotes the interior); yaoc@@(x)y < C .2 for [l < m, x € R™ and

we can answer queries as follows.

Algorithm 10.2. Given s € Z, v € Z™, x € R™, we compute the jet ]X(/G\ﬁf’)) with work at

most C.

We now define

0l (x) = 8% (%) /Z /9\§f,>(x) for x € R™, s € Z, v € Z". Here, we may restrict the sum
to run over only thgseezv’ € Z™ such that x € (Q$>)*

From the properties of the /9\§,S>, we see that the 05 satisfy the following.

o e C™(R™); 08 > 0 on R™; supp 0 C [(QV)]™;

S 0¥ =1 on R™;

vezr

19%0% (x)] < C - 275 for |¢] < m, x € R™

and we can answer queries as follows.

Algorithm 10.3. Given s € Z, v € Z™, x € R™, we compute ]X(9<VS>) with work at most C.

Now suppose we are given 0 < € < 1 and £ € Z. With work at most C, we can compute
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an s € 7, such that
(4) Feexp((L+1)/e) < 25 < fel exp((L+1)/e),

Fix s as in (4).
For any v € Z™, we then define

Q€ — (Q§/5>)* ! — e§/3> QK _ Qi/5>
Also, we define 6, = 3 - 25.

The properties of the Gi,s> and Q§,5> then yield the following.

(5) Each 0% belongs to C™(R™).

6) > ©Y=1onRm for each £ € Z.

veL™

For each £,v,

(7) 8%, > 0 on R™, and 0% is supported in the interior of the cube Q%;
(8) the sidelength of Q! is &;; and

(9) 55 exp((t+1)/e) < 8 < e 'exp((L+1)/e).
Also, for each £,v, we have
(10) [0%0%(x)| < C - [e T exp((£+1)/€)]7™ for |&f < m, x € R™

Moreover,

(11) For fixed { € Z and x € R™, we have x € Q!, for at most C distinct v.

Furthermore, we can answer queries as follows.

57
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Algorithm 10.4. (“Compute 047): Given 0 < e <1, L€ Z, v € Z™, x € R™, we compute
the jet J«(0%), as well as the cubes Qi, QY. The work of this algorithm is at most C.

Note that, by definition,

AL

(12) Each QY is a dyadic cube, and Q% = (Q%)*.
In view of (5)...(12), the 8% form a C™ partition of unity, satisfying conditions (6)...(10) in
Section 6.

This concludes our discussion of the 0%. Regarding the QY, we note that it is trivial to

answer queries as follows.

Algorithm 10.5. (“Find-Relevant-Cubes”): Given { € Z and x € R™, we produce a list of
all the v € Z™ such that x € (Q%)*. There are at most C such v € Z™, and the work of the

algorithm is at most C.
Next, we compute a cutoff function that will be used later in computing local extending
functions as in (13)...(16) in Section 6.

Algorithm 10.6. Given a point yo € R™ and numbers 6 >0 and 0 < € < 1, we compute a
function 8y € C™T(R™), with the following properties:

(a) 0 <0 <1 onR™

(b) Bo(x) = 1 for [x —yo| < e'/(16<)5;

(c) supp 8o C B(yo, '/®)8); and

(d) 10%00(x)] < Ce - x —yol ™ for0<|of < m+1,x€ R {yo}

The one-time work to compute g is zero, the storage used is at most C, and the work to

answer a query (by computing Jx(0o) at a query point x) is at most C.

Explanation: By taking x € C™(R) to be an appropriate spline, we can arrange the follow-

ing.
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(13) 0<x < T1;x(t) =T1fort < 1/16; suppx C (—o0, 1/8); [x(t)] < Cfor0 <r < m+1,
t € R (where X denotes the ™ derivative of x); and,

(14) given 0 <1 < m, t € R, we can compute X7 (t) with work at most C.

We then define

[x—yo|

0o(x) = x(elog =5*) for x # yo, Oo(yo) = 1.

Evidently, 8o € C™(R™), and (a), (b), (c¢) hold for 8y. Also, evidently, J4(8o) can be
computed with work at most C. It remains to check properly (d) for the function 8.
Suppose x € R™ \ {yo}. Then, for 0 < || < m + 1, the quantity 0%0,(x) is a sum of terms

of the form

T

(15) T] (8" [elog b(_sfy"']) " (elog |X_6y0|)'

v=I1

with B+ --- + By = «, and with each B, non-zero. Since [x(t)] < C for all t € R, and

since
0P~ [elog X2l)| < Cefx —yo ! for 0 < [Bo] < m+1,

it follows that each term (15) is less than or equal in absolute value to Ce"[x — yo/ ™, with
0 <r <m+ 1. This immediately implies (d), since 0 < € < 1. Thus, our function 6y has

all the required properties.

11 Computing Testing Sets

The goal of this section is to compute suitable “testing sets” S! satisfying conditions (11)
and (12) in Section 6.

Algorithm 11.1. (“Find-Testing-Set”): Given 0 < € < 1; given E C R™ with
#(E) = N < o0; and given a dyadic cube Q C R™; we compute a finite set

S(Q) € E N Q*, such that

—2/€

(a) ly—vy'| > cee dq for any two distinct points y,y' € S(Q); and such that
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(b) dist(y,S(Q)) < Cee €8¢ for anyy € E N Q**.
After the one-time work of the BBD Tree Algorithm (See Section 4), the work to compute
S(Q) is at most exp(C/€) - log(N +1).

The storage needed is at most CN + exp(C/e).

Explanation: Recall that 0o denotes the sidelength of Q. With work at most exp(C/e), we
partition Q** into dyadic cubes Q~ (1 <V < Vpax) of common sidelength 8¢, , such that

(1) cee™€8g < 8q, < Cee ¥€8q, and Vi < exp(C/e).
For each Q., we check whether E N Q. is empty; and, if E N Q. # ¢, then we compute a
point yy € EN Q.

To do so, we use the BBD Tree Algorithm. After the one-time work of the BBD Tree
Algorithm, the work to examine a single Q. is at most Clog(N + 1). Hence, the work to
produce the set

(2) S(Q) = {yv: ENQ. # d}

is at most Clog(N 4+ 1) + Viax < exp (C’/€) log(N + 1). Obviously, the set S(Q) in (2)

satisfies

(3) S(Q) € En Q™

and also

(4) dist (y,S(Q)) < Cee <8¢ for any y € E N Q*.

Unfortunately, S(Q) may fail to satisfy condition (a) above. Therefore, we proceed as follows.

By induction on v, we decide whether or not to discard y., according to the “Vitali rule”:

(5) We discard y. if and only if there exists v/ < v, such that y, was not discarded, and
lyv —yvl < ee < 8q.
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Let S(Q) be the set of all the points y- € S(Q) that were not discarded. We can compute
S(Q) from S(Q) with work at most C(vma)?: < exp(C/e). Note that
S(Q) C S(Q) C EN Q*. Moreover, we cannot have

(6) lyy —yv| < ee <8¢ for two distinct points yv,y+ € S(Q).

In fact, suppose (6) holds. Without loss of generality, we may assume v/ < ~v. Since
Yy € S$(Q), the point Yy € S(Q) was not discarded. Consequently, (5) and (6) tell us that
Y is discarded, contradicting the assumption from (6) that y, € S(Q).

Thus, as claimed, (6) cannot hold. The set S(Q) therefore satisfies condition (a). Let us
check that S(Q) also satisfies condition (b).

Thus, let y € EN Q**. From (4), we have
(7) ly —y'| < Cee ¥¢€8q for some y’ € 5(Q).
Fix y" asin (7). If y’ belongs to S(Q), then (7) shows at once that
(8) dist(y,S(Q)) < Cee ¥¢dq.
On the other hand, if y’ does not belong to S(Q), then, according to our rule (5), there exists
y” € S(Q) such that [y’ —y"| < ee %¢3,.
Together with (7), this shows that
dist(y,S(Q)) < ly —y"l < y—y'| + v —y"| < Cee ¥¢3q,

and hence again (8) holds. Thus, (8) holds in all cases, completing the proof of (b).

We have computed a set S(Q) C EN Q**, satisfying (a) and (b). After the one-time work
of the BBD Tree Algorithm, the total work to compute S(Q) is at most exp (C/€) - log N.

Regarding the storage needed for Algorithm 11.1, we first recall that we need space CN
to allow us to use the BBD Tree. We then generate the cubes Q. and the points y, one
at a time. We need to store S(Q) from (2), which requires at most space exp(C/e). In

a crude implementation, we can mark each of the y, to indicate whether it is discarded
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according to (5); and then we generate and store the set S(Q). The space needed for these
last steps is at most exp(C/e). Thus, the total storage required for Algorithm 11.1 is at
most CN + exp(C/e).

The explanation of Algorithm 11.1 is complete.

For most dyadic cubes Q, the set S(Q) produced by Algorithm 11.1 will be empty or a

singleton. This fact will be clear from the following algorithm.

Algorithm 11.2. (“Find-Interesting-Cubes”): Given 0 < € < 1, and given E C R™ with
#(E) =N, 2 <N < 00, we produce a list of dyadic cubes, Q... QWM with the following

properties.

(a) For 1 <A <L, the set S(Q™) computed from €, E, QW by Algorithm 11.1 has cardi-

nality at least two.

(b) For any dyadic cube Q other than QU, ..., QWD the set S(Q) computed from €,E,Q
by Algorithm 11.1 has cardinality at most one.

(¢c) No cube appears more than once in the list QM ... QWM.
(@) L<(C/e) - N.
(e) The work to compute QM ... QW is at most exp(C/e) - NlogN and the storage

needed 1s at most %N + exp(C/e€).

Explanation: First we discuss the properties of dyadic cubes Q such that #(S(Q)) > 2.

Then we give the algorithm to compute the list QM ... QM.

Let Q be a dyadic cube such that the set S(Q) computed from €,E, Q by Algorithm
11.1 has cardinality at least 2. Let y’,y” be two distinct points in S(Q). By the defining
properties of S(Q), we have

(9) U,,y” c E m Q**’
and

—2/€

(10) ' —y"| > cee € dq.
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Let x,,x”, EL E” (1 < v < Vpax) be as in our discussion of the Well-Separated Pairs

vy v 22"

Decomposition in Section 4, with k less than a small enough controlled constant. Since

y’,y” are two distinct points of E, we have
(11) vy’ € E,, and y” € E for some v.
Fix v as in (11). We recall from Section 4 that also

(12) x, € E,, x” € EZ, and

(13) diam(E,), diam(E%) < «dist(E., EY).

From (9), (11), (12), (13), we learn that

(14) ¥, — I, X2 —y| < k' —y"| < Kb,

and consequently,

(15) xi, x5, € Q™

by another application of (9). Returning to (14), and applying (10), we see also that

(16) b, = x4 > Ly —y"| > clee /< 5q,

From (15), (16), we have learned the following:

For any dyadic cube Q such that #(S(Q)) > 2, there exists v (1 < v < Vy.), such that

*kk —1,2
(17) x,,x2 € Q**, and 8 < Ce'e¥¢x!, —x/|.

vy v

Now we can describe how to carry out Algorithm 11.2.

Step 1:  First, we do the one-time work of the BBD Tree and the WSPD (for a small

enough controlled constant ).
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In particular, we produce the “representatives” x., x4, (1 < v < vy.y) from the
WSPD. Recall that v, < CN, and that the above one-time work is at most
CNlog N, using storage CN.

Step 2 Next, for each v (1 < v < vp.), we list all the dyadic cubes Q such that (17)
holds. For a given v there are at most C/e such cubes, and we can compute them

with work at most C/e.

Step 3: For each dyadic cube Q produced in Step 2, we use Algorithm 11.1 to compute
S(Q), and we check whether #(S(Q)) > 2. If #(S(Q)) > 2, then we add Q to a

list £ of “interesting cubes”.

Because v, < CN, the number of cubes in our list £ at the end of Step 3 is at most
(C/€e) - N. Since Vpax < CN and Algorithm 11.1 computes a single S(Q) with work at
most exp(C/€)log N, in space CN + exp(C/€), we see that the total work needed for Steps
2 and 3 is at most exp(C/e)Nlog N, and the storage required for these steps is at most
%N + exp(C/e).

Thanks to our result (17), we know that any dyadic cube Q for which Algorithm 11.1
produces a set S(Q) with #(S(Q)) > 2 must appear on the list £. On the other hand,
every cube Q appearing on our list £ is such that Algorithm 11.1 produces a set S(Q) with
#(S(Q)) > 2. (That’s immediate from inspection of Step 3.)

Step 4: Finally, we sort our list £, and remove duplicates, to guarantee that no cube Q
appears more than once in our final list £°. Since the length of L is at most % N,
the work of Step 4 is at most %N - log (%N), which is less than exp(C/e)N log N.

The space required for Step 4 is at most %N.

The list £° consists precisely of all the dyadic cubes Q such that the set S(Q) produced from
Q by Algorithm 11.1 satisfies #(S(Q)) > 2. Moreover, no cube Q appears more than once
in the list £°. Also, the length of the list £L° is at most that of £, which is at most %N.

Thus, our list L° satisfies (a), (b), (c), (d).

Remark 11.1. Note also that the cubes in L° appear sorted.
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Let us estimate the work and storage used by the above algorithm. We have seen that
Step 1 requires work at most CNlog N in space CN. We have seen also that Steps 2 and 3
require work at most exp(C/€)Nlog N in space %N + exp (C/e).

Finally, we have seen that Step 4 requires work (much) less than exp(C/e)Nlog N, in

C
space =N.

Altogether, then, Algorithm 11.2 consumes work at most exp(C/e)NlogN in space
%N + exp(C/e), as claimed in (e) above.

Thus, we have verified (a)...(e), completing our explanation of Algorithm 11.2.

The next algorithm will be used to construct local extending functions as in (13)...(16)

in Section 6.

Algorithm 11.3. (“Produce-Fine-Net”): Given a number 0 <n < 1, a ball B(xo, 1) C R™,
and a set S C B(xo, 1) such that

(WS) ly —V'| > 557 for any two distinct points y,y' € S,
we produce a set ST C R™, with the following properties:

(a) S C ST C B(xo,7);
(b) dist(x,S*) < nr for any x € B(xo,T); and
(¢) y —V'| > 155 for any two distinct y,y" € S*.
Moreover,
(d) The work of the algorithm is at most Cn™2", and the storage needed is at most
Cn™.
Explanation: First, we define the set S*; next, we show that S* satisfies (a), (b), (c); and

finally, we check (d).

To define ST, we set

(18) § = [(%:) 2] 1 Blxo,7).

and then put
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(19) §* =S U {yeS: dist(y,S) > 55}
To prove (a), (b), (c), we first check the following property of S.

(20) dist(x, S) < 75 for any x € B(xo, 7).

In fact, let x € B(xo,1). We pick x’ € B(xq, (1 — 25)r) such that [x —x/| < 2; and then we

50 50°
pick y € 3=7Z" such that [x' —y| < . Since X' € B(xo, (1 — 25)r) and X' —y| < %,
we have y € B(xo, (1 — 555)7) C B(xo,7), and thus y € S by definition (18). Since also

=yl < =¥+ -yl < T < T

< 35+ 105 < 15 the proof of (20) is complete.

Now we can check (a), (b), (c) for our set S*. In fact, (a) is obvious from (18), (19), since
S C B(xo,1). To check (b), let x € B(xo, ). If dist(x,S) < nr, then (b) is obvious. Suppose
dist(x,S) > nr. Thanks to (20), there exists y € S with [x —y| < 5. For this y, we have
dist(y,S) > dist(x,S) — [x —y| > nr — 1§, and therefore y € ST according to (19). Thus,
dist(x,S*) < [x —y| < {5 <nr, completing the proof of (b).

To check (c), let y,y’ € ST be two distinct points.

If y,y' €S, then [y —y'| > 155-, by our assumption (WS).

Ify ¢ S,y ¢ S, then by (18), (19), we have y,y’ € A-7Z" y # Y/, and therefore

100n
! nr

Ify ¢S,y €8, then since y € ST, we learn from (19) that [y —y'| > dist(y,S) > 355

IfyeS,y ¢S, then since y’ € ST, we learn from (19) that [y —y’| > dist(y’,S) > %1.

Thus, (c) holds in all cases.

Let us estimate the work and storage needed to compute S from (18), (19). Since

S C B(xo, 1), it follows from our assumption (WS) that
#(S) < Cn ™

Also, a glance at (18) shows that
#(S) < Cnm,

and that the work and storage required to compute and store S are at most Cr ™.
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To compute ST from (19), we compute the distance from each point of S to each point
of S. This requires work at most Cn—2™. Also, we want to store the set ST, which requires

space C - #(S*) < C + [#(S) + #(S)] (see (19)) < Cn™

Thus, the work and storage for Algorithm 11.3 are as given in (d). This completes our

explanation of Algorithm 11.3.

Remark 11.2. In a model of computation that includes round-off errors, there may be points

Y € 1p0- 4" such that we cannot determine whether y € B(xo,1). In such delicate cases, we
decide not to place y in the set S. Similarly, there may exist points y € S for which we

cannot determine whether or not dist(y,S) > 5-. We decide to omit such points from the

700n *
set S.

With the above modifications, our discussion of Algorithm 11.3 carries over to a model

of computation with small enough roundoff errors.

Let €,E,Q be as in Algorithm 11.1, and let Q" ..., Q™ be the list of cubes produced by

applying Algorithm 11.2 with inputs €, E. If Q does not appear in the list Q... QM)

then we know that the set S(Q) computed by Algorithm 11.1 satisfies #(S(Q)) < 1. This
will allow us to compute S(Q) with less work than that of Algorithm 11.1, thanks to the

following observation:
(21) If #(S(Q)) < 1, then EN Q** has diameter at most Cee2/¢ dq.
This follows at once from the defining property (b) of the set S(Q) in Algorithm 11.1.

Exploiting (21), we present the following algorithm.

Algorithm 11.4. Given 0 < € < 1; given E C R™ with #(E) = N < oo; and given a dyadic
cube Q C R™; we compute a set Scheap(Q) C R™ with the following property:

Let S(Q) be the set computed from €,E,Q by Algorithm 11.1.

[f#(S(Q)) < ]; then S(Q) - Scheap(Q)'

After the one-time work of the BBD Tree Algorithm (see Section 4), the work to compute
Scheap(Q) s at most Clog N, and the storage required is at most CN.
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Explanation: First, we perform the algorithm Find-Representative from Section 4. With work
at most Clog N, either we learn that E N Q™ = ¢ (in which case S(Q) = ¢, and we may
return the set Scheap(Q) = ), or else we obtain a point xq € ENQ**. If #(S(Q)) < 1, then

(22) EN Q™ C B(xq,2Cee%¢54), by (21).

Let Q+(1 <v <Vpax) be as in the explanation of Algorithm 11.1.

If dist(xq, Qv) > 2Cee?/c dqg, then ENQy = ¢ by (22). Consequently, if #(S(Q)) < 1,
then the only cubes Q- that may contribute to S(Q) in (2) are those that satisfy

(23) dist(xqg, Q) < 2Cee ¥¢5.

Thanks to (1), there are at most C such cubes, and we can list them with work at most C.

Whether or not #(S(Q)) < 1, we now proceed as in the explanation of Algorithm 11.1,
except that instead of examining all the cubes Q.,, we now examine only those satisfying (23).

In place of S(Q), S(Q), we thus compute “cheap versions”, which we call Scheap(Q), Scheap(Q),
respectively. If #(S(Q)) < 1, then we have gcheap(Q) — S(Q) and Scheap(Q) = S(Q).

Whether or not #(S(Q)) < 1, the work to examine a single Q. as in our explanation of

Algorithm 11.1 is at most Clog N, and we are now examining at most C cubes Q..

Thus, the work to compute gcheap(Q) is at most ClogN. Moreover, since
#(gcheap(Q)) < C, the work to compute Scheap(Q) from §Cheap(Q) is at most C.

Thus, the total work to compute Scheap(Q) is at most Clog N. If #(S(Q)) < 1, then we
know that Scheap(Q) = S(Q). This completes our explanation of Algorithm 11.4.

12 Smoothing Lemmas

In this section, we show that any given F € C™(B(xo, 1)) can be closely approximated on a
slightly smaller ball B(xo, ") by a function F € C™(B(xo, 1)) with controlled C™"'-norm.

Our main result here is Lemma 12.2 below.

Lemma 12.1. Assume that € > 0 is less than a small enough controlled constant, and let
0<r<1/e.



The C™ Norm of a Function with Prescribed Jets Il 69

Let F € C™(B(xo, 1)), with || F HCm(B(XO,T)) < 1.
Let 0 <f < min(r, e™").

Then there exists F € C™(B(xo, T — 1)), with the following properties:

(a) || F lemBro ) < 1 + Ce;
(b) PX(F=F)(x)| < C - (A/r) - 7™ for || < m—1, x € B(xo, 7 —1);

(c) !6"‘?(X)| < C-n'forlal = m+1, x € B(xo, 7 —1).
Proof. Let

(1) Po = Jx(F) € P,
and let
(2) Fy = F—Po.
Since || F ||cm(B(xy 1)) < 1, the Bounded Distortion Property and Taylor’s theorem yield
(3) 19*Po(xo)l < C for o < m,
and
(4) [0%F1(x)] < Cr™ 1 for [ < m, x € B(xo,T).

Let @ € C™1(R™) be a function with the following properties.

(5) @ > 0 on R™ suppe C B(0,7n); J(p(’r)d’r =1, ¢(t) < Cp™for T € R™ and

RTL
Ve(T)] < C - (/)™ for T € R™

We define

(6) F=Po+ @ *Fy on B(xo, T — 1), where * denotes convolution.

Note that the right-hand side of (6) is well-defined on B(xe,7 — 1), since
suppe C B(0,1]) and F; € C™(B(xo,7)). Since @ € C™'(R"), one sees at once from
(6) that F € C™(B(xo, 1 —1)).
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Let us check (a), (b), (c) for F.  We begin with (b). From (2) and (6), we have
F—F = ¢ *F; — Fy. Hence, for |a/ <m —1 and x € B(xo, r —1j), we have

0%(F—F)(x)| = [(¢@ % 0°F1 — 3°Fy)(x)| =

IN

‘ J @(7) [0%F1(x — 1) — 0%F1(x)] dt

T€B(0,1)

j o) {rrsupyegm,ﬂva“ﬁ(y) ar <

TeB(0,n)

Crm-lod—T J @(T)|tldT < C- (2) Syl

T€B(0,1)

thanks to (4), (5). Thus, (b) holds for F.

Next, we establish (c). For [B| =m, |y| =1, x € B(xo,T — 1), we have 0PTYPy = 0 since
Po € P. Hence, (6) yields 9P*YF(x) = 9Y ¢ * 0PF;(x), and therefore

PFFYF(X)| < supyepuy,n | 9PF1(Y)] - J @Y @(T)ldT < Cn,

TER™

thanks to (4) and (5). Thus, (c) holds for F.

It remains to establish (a). To do so, we first note that
(7) F = @*F + (Po— @ *Po) on B(xo, 7 — 1),

thanks to (2) and (6). Regarding the term ¢ * F in (7), we note that

(8) @ *F = J @(T)F+ dt on Blxo,T — 1),

TeB(0,A)

where F. € C™(B(xo, 7 — 7)) is the translate,

(9) Fo(x) = F(x — ) for x € B(xo, T — 7).
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Since || F ||em(Bxe 1)) < 1, the Approximate Translation-Invariance property and (9) yield
| Fr llem oo - < exp(Cltl) < 1 + C'nfor T € B(0,71),

and therefore (8) gives

(10) | @ *F lemBxormn < 1+ C,

thanks to (5). Regarding the term Py — ¢ * Po in (7), we note that
Po—@xPye P,

and that

[0%(Po — @ * Po)(x0)| < Cn for |&f < m,

thanks to (3) and (5). Consequently, for x € B(xo,7) C B(xo, e "), we have
[0%(Po — @ * Po)(x)| < Cne™™, for [of < m.

The Bounded Distortion Property therefore gives |Jx(Po — @ * Po)lx < Cmne ™ for x €

B(xo, 1), which in turn gives the estimate

(11) || Po— @ * Po [lcm (Bixo,r—mp < C'e™

From (7), (10), (11), we see that
I Fllem@rorman < T+ CH + C'Re ™ < 1+ C",
since§ < €™ and e < 1. Thus, (a) holds for F.
The proof of Lemma 12.1 is complete. O]

Lemma 12.2. Let € > 0 be less than a small enough controlled constant, and let B(xo,T) be

an open ball with radius
(1) r < e

Suppose that
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(12) 0 < m < e?e /e

Let

(t3) S C Blxo, (1 =m)r),

and assume that

(t4) ly — 'l > 2neVr for any two distinct points, y,y’ € S.
Let M > 0, and let

(t5) F e C™(B(xo, 7)), with || FllcmBuom < M.

Then there exists F* € C™1(B(xo, (1 —m)7)), with the following properties.

(A) || F* [[om Bixo,(1-mm < (14 Ce)M.
(B) Jy(F#) = Jy(F) for ally €S.

(C) [0%F#(x)] < Cn ™1™ for |&| = m+ 1, x € B(xo, (1 —n)7).
Proof. Without loss of generality, we may suppose M = 1. We apply Lemma 12.1, with
(12) 7 =n™r.

Let us check the hypotheses of Lemma 12.1. From our present hypotheses (with M = 1),

we know that:

€ > 0 is less than a small enough controlled constant; 0 < v < e~': F € C™(B(xo,1)); and

H F ”Cm(B(Xo,r)) <1

Also, since 1 < 1, we have . = n™r < 1; moreover, since T < €', we have

A=n"r<nme ! < e?™ e ™e < et because € is less than a small enough controlled
constant, and thanks to (12). Thus 0 < 7} < min(r, e™""), completing our verification of the

hypotheses of Lemma 12.1. Applying that result, we obtain a function
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(13) Fe C™(B(xo, (1 —1™)1)),

with the following properties.
(14) || F llem @xo 1—nmimy < 1+ Ce.
(15) [0%(F —F)(x)| < Cn™r™ ™ for |6l < m—1,x € B(xo, (1 —n™)r).

(16) [0%F(x)| < Cn~™r " for |« = m + 1, x € B(xo, (1 —™)7).

The function F needn’t satisfy (B). We prepare to correct it, using Lemma GPU.

We set

(17) Q = U = B(xo, (1 —m™)r).

For each y € S, we define

(18) PY = Jy(F) € 2,

and
(19) WY = B(y,me'/*r).

(20) The UY(y € S) are pairwise disjoint, thanks to (f4).

We estimate the C™ norm of PY on UY, and we compare F with PY on UNUY. To do so,

we first note that

(21) [PY]y < 1fory eSS,
thanks to (18) and (f5) (with M =1).

We have also
(22) nel/er < (e2e71/¢) - el/e . (e71) = e < 1, by (f1) and (12).
From (19), (21), (22), and Lemma 1 in Section 3, we obtain the estimate

(23) |PY, < 14 Ceforxe Uy, yeS.
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Next, fix y € S and x € UY N U (see (17), (19)). From (14), the Bounded Distortion

Property, and Taylor’s theorem, we have
(24) [9%(F — Iy(fz))(XN < Clx —y|™ ™ for |af < m.

(In the degenerate case x =y, |a| = m, we define the right-hand side of (24) to be zero.)

We will check that
(25) [0*(F—F)(y)l < C - (mr)™ 1 for [of < m.

In fact, for x| < m —1, estimate (25) is immediate from (15), since n < 1. For |&| = m,
estimate (25) follows from (f5) (with M = 1) and (14), thanks to the Bounded Distortion
Property (and the fact that y € B(xo, (1 —m™)r) by (3)). Thus, (25) holds in all cases.

From (25), we deduce the weaker estimate

|6“(]y(]~:) —Ty(M W) < C- Mr+|x —y[™ ™ for |«| < m, which in turn yields

(26) [%(Jy(F) = Ty (M)l < C - v+ [x —ylI™ 1 for | < m, since J,(F) —Jy(F) € .
Combining (24) and (26), and recalling (18), we find that

(27) 0X(F—PY)(x)] < C - nr + |[x —y[™ ™ for |6l <m, x e UYNU, y €S.

Estimates (23) and (27) are our main results on the PY and F — PY.

Next, given y € S, we define x¥ to be the function 8y, computed by applying Algorithm
10.6, with yo =y, and with 6 =nr. We are not concerned here with computing the function
XY, but we recall the properties (a)...(d) in Algorithm 10.6. Thus,

(28) x¥ € C™(R™),
(29) 0 < x¥ < 1onRmM

(30) x¥(x) =1 for [x —y| < e/,
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(31) suppx¥ C B(y,e'/®nr) c UY (see (19)), and

(32) 19%¥(x)| < Celx —y[T™¥for 0 < |of < m+1,x € R*\ {yh

Properties (28)...(32) hold for each y € S.

From (30) and (32), we obtain the estimate
(33) [0%Y(x)] < Ce - Mr+x—yll ™ for0< | <m+1, xR, yeS.
In addition to the functions x¥(y € S), we define a function ¥, by setting

(34) x=1-— ny on R™.

yes

(Recall that S is finite; see (13) and (14).)

Thanks to (20) and (28)...(33), the function x has the following properties.

(35) % € C™H(RM).
(36) 0<% <1onR™
(37) x(x) =0 for [x —y| < /%Iy y € S.

(38) X =1 in a neighborhood of x, for x ¢ U uv.
ye

(39) 0%x(x)] < Ce-Mr+x—yl™for0<|af <m+1,x€cUY, yeS.
We now define
(40) 8(x) = mr +dist(x,S) > 0 for x € R™
We now check the hypotheses of Lemma GPU from Section 5, for the following data:

e The open cover {UY (ally € S), U} of the open set Q, as in (17), (19);
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e The function 8(x) > 0, as in (40);
e The functions PY (all y € S) and F, as in (18), (13)...(16);

The functions x¥ (all y € S) and X, as in (28)...(34);

The constants Ag = Ay = A, = C for a large enough controlled constant C.

The constant called M in Lemma GPU will be taken here to be 1 4+ Ce for a large

enough controlled constant C.

The verification of the hypotheses of Lemma GPU for the above data proceeds as follows.

First of all, {UY(ally € S), U} is an open cover of an open set Q C R™. Also, §(x) > 0 for
all x € Q, thanks to (40). For each y € S, we have PY € C™(UVY), since PY € P. Moreover,
F e C™(U), as we see from (13) and (17). We have x¥ € C™(Q) fory € S, and X € C™(Q);
see (28) and (35). We have €,Ao,Aq,A; >0 and M > 0.

We now check hypotheses (GPUL...7).
(GPU1) asserts here that any given point of Q can belong to at most C of the sets suppyx?

(y € S), and suppnyX. That assertion holds, thanks to (20) and (31); note that
suppo@ C supp@ for any function ¢ on R™

(GPU2) asserts here that ) x¥Y+ X =1 on Q, which is immediate from (34).
yesS

(GPU3) asserts here that x¥ > 0 on Q for each y € S, and that x > 0 on Q. These assertions
are immediate from (29), (36).

(GPU4) asserts here that suppox? C UY for y € S, and that
(41) suppax C u.

The assertion regarding the xV is immediate from (31), since suppox¥ C suppx?. Assertion
(41) holds trivially, since U = Q (see (17)), and suppoX is defined to be a subset of Q.

(GPU5) asserts here that
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(42) [9%¥(x)| < Ce- T + dist(x,S)]7* for 0 < |af <m, x € Q,y €S, and that

(43) 19%x(x)| < Ce - 1 + dist(x,S)] 7 for 0 < |of < m, x € Q.

We establish (42) and (43) by cases. If x ¢ USUU, then the left-hand sides of (42), (43)
ye
are both zero, thanks to (31) and (38). Thus, we may assume that x € UY for some y € S.

In this case, we have dist(x,S) = [x —y|, by (19), (20). Consequently, (43) now follows
from (39), and (42) for y =y follows from (33). For y € S ~\ {y}, (42) holds thanks to (20)
and (31), since here x € UY. Thus, (42), (43) hold in all cases, proving (GPU5).

(GPUG) asserts here that

(44) [Jx(PY)lx < 1+ Ce for x € supppx?, y € S,
and that

(45) [Jx(F)lx < 14 Ce for x € suppoX.
Estimate (45) is immediate from (14) and (17). To check (44), we recall that PY € P,

hence J,(PY) = PY for y € S, x € UY. Consequently, (44) follows from (23) and (31), since
suppaX? C suppx?. Thus, (GPU6) holds.

(GPUT) here asserts that
(46) IG“(?—PU)(X)I < Cr + dist(x, S)I™ ™ for 6] < m—1, x € suppox? NsuppaX,y € S.

(See (20), (31), (40).)

To check (46), we recall that x € suppoXY NsuppaX, Yy € S imply x € UY N U by (17),
(31); hence dist(x, S) = [x —y| thanks to (20). Thus, (46) follows from (27), proving (GPUT).

This completes the verification of the hypotheses of Lemma GPU for the above data.
Applying that lemma, we learn the following.

Define a function F# on B(xo, (1 —1n™)r), by setting
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(47) F#(x) = ZSXU(X) - PY(x) + X(x) - F(x) for x € B(xo, (1 =1™)r).

Then
(48) F# € Cm(B(Xo, (] —T]m)T')), and || F# ||Cm(B(Xo,(1fnm)r)) S 1 + C€.

We investigate J,(F#) for y € S. From (18), (20), (30), (31), we learn that, for each
y € S, we have

(49) Jy(PY) = PY = J,(F), Jy(x¥) = 1, and J,(x¥) = 0 for § € S ~ {y}.
Also, (37) yields

(50) Jy(x) = Ofory €S.

Substituting (49), (50) into (47), we learn that

(51) Jy(F#) = Jy(F) fory € S.

Next, we study the (m -+ 1)t derivatives of F#. We recall that each PY belongs to P, and
that x¥(y € S), X, and F all belong to C™(B(xo, (1 —m™)1)). (See (13), (18), (28), (35).)

Since S is finite (see (13), (14)), it follows that
(52) F# € C™(B(xo, (1 —m™)1)) (see (47)).

Let |6 =m+ 1, and let x € Q = B(xo, (1 —m™)r).

We estimate [0%F (x)|. We proceed by cases.

Case 1: Suppose x € Q ~\ US UY. Then (31), (38), (47) show that F# = F in a neighborhood
ye

of x. Therefore, (16) gives

(53) [0%F#(x)] < Cn ™1 ! in Case 1.
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Case 2: Suppose x € UY for some gy € S. From (20), (31), (34), we see that x¥ = 0 on UY for
y €S~ {y}, and x =1—xY on UY. Hence, (47) gives

(54) F# =xY - PY + (1 —xY) - Fon UV.
Since || = m 4+ 1 and PY € P, we have 0*PY = 0. Hence, from (54), we obtain

(55) 9°F#(x) = (1 —xY(x)) - SZ Waﬁ (x) - 3(F=PY)(x).
IBI#0

We estimate the terms on the right in (55).

Recalling (16) and (29), we see that
(56) (1 —x¥(x)) - 3°F(x)] < Cn-™r 1.
Also, for  +v = «, |B] # 0, estimates (27) and (33) yield

(57) [2FX¥(x)| - [QY(F=PY)(x)| < Ce - Ir + x =yl 7P - C - Ir + x—yI™
=Cle-r+ K-yl < ™,

since [B|+y] = ¢l = m+1,and e,n < 1.

Putting (56) and (57) into (55), we learn that
(58) [0%F#(x)] < Cn ™r ! in Case 2.
In view of (53) and (58), we now have
(59) [0%F#(x)| < Cn ™1 ! for [d| = m+ 1, x € B(xoq, (1 —m™)r).

The conclusions of Lemma 12.2 are immediate from (52), (48), (51), and (59), since here
M = 1. The proof of Lemma 12.2 is complete. O
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13 Extending a Whitney Field from a Fine Net

The next several sections give algorithms that will allow us to compute functions F¢ as in
(13)...(16) in Section 6. The algorithm of this section is as follows.

Algorithm 13.1. Suppose we are given the following data.

o A real number € > 0, assumed to be less than a small enough controlled constant.

o A real number 0 <1 < €2.

A real number A, assumed to be greater than a large enough controlled constant.

An open ball B(xo, 1), withr < €.

A Whitney field P = (PY)yes+, where ST is assumed to satisfy:

(10) S* C Blxo,1);
(1) ly —v'l = A7nr for any two distinct points y,y’ € ST; and

(12) dist(x,S*) < nr for all x € B(xo,T).
Given the above data, we compute a function F € C™(R™), with the following properties.

(A) F agrees with P.

(B) Suppose M > 0 is a real number, and suppose that

(13) [PY]y < M for ally € ST, and
(t4) 10*(PY =PY)(y)| < eM - (nr)7" - fy —y/[™" 1 for [a] <m, y,y’ € ST
Then ” F HCm(B(Xo,T)) S (1 + CAmG) - M.

The computation of F uses one-time work at most C - (An~')?", storage at most

C - (An "™, and query work at most C.
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Explanation: Our plan is as follows. We start by discussing the geometry of the ball B(xg, )
and the set ST. Next, we recall a relevant partition of unity from Section 10. We then define
a function F on R™, and prove that it satisfies (A) and (B). Finally, we show how to compute

F, and we estimate the work and storage of the computation.

We begin with some trivial geometry. It is convenient to regard B(xo, 1) as a subset of a
cube Q, which we will partition into dyadic cubes. To do so, we proceed as follows. First,
we fix an integer s, satisfying

(1) A ™r < yn - 28 < LA,
and then fix an integer L > 0, satisfying
(2) 100r < 25 - L < 1000r.
Note that

(3) cAn' < L < CAn.

Next, let (x9,...,x%) be the coordinates of xo. For each j(1 < j < n), we produce an

integer m;, such that
(4) X —2r, x9 + 2r) C [2° - my, 2° - (m; + L)) for each j.

We can find such m;, thanks to (2). From (4), we have

B(xo,1) C H[x?—r,x?—l—r) C H[zs -m;, 25 - (my + L)).

j=1 j=1

Thus, setting
5) Q =]J2 my 25 (m+1)),
=1

we note that Q is a cube, and that
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(6) B(xo,1) C Q, and

(7) 8 = 25 - L < 1000r,

thanks to (2).
From Section 10, we recall the dyadic cubes

8) Q¥ =TJ12® v, 2° - (vj + 1)) for v = (vi,...,vs) € Z™,

j=1

Comparing (5) with (8), we see that

(9) Q is partitioned into dyadic cubes Q§,5> (v € G), where

(10) S={v=(v1,...,vo) €Z":m; <v;<my+Lforj=1,...,nk
We check the following property of the cubes Q<VS>.
(11) Let v € Z™ If (Q{)* N B(xo,7) # &, then~v € G.

In fact, let v. .= (vy,...,vn) € Z", and suppose (x1,...,Xn) € (QQS))* N B(xo, ).

From (8), we have ( H , 2% - (vj+2)), and therefore

x5 €25 (vi—1),2°- (v;+2))N [x?—r,x?—l—r) for each j.

In particular, 2° - v; lies within distance 2 - 2% of the interval [x -, x + r).  Since
2-2° < r by (1), it follows that 2°-v; € [x
25 -v; € [2°-my, 2°(my + L)), thanks to (4
v =(vi,...,vn) € G, completing the proof of (11).

? 2r, x + 2r) for each j, and consequently
). Thus, m; < v; < m; + L for each j, i.e,

Let us now bring in the set ST. For each v € G, let

(12) x, = center of Q'Y
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and let
(13) y, = a point of S as close as possible to x,.

Note that (13) makes sense, since S* is finite. In fact, our assumptions (0), (1) show
that

(14) #(S1) < C - (An ")
We next establish the following properties of the points y..

(15) Let x € B(xo,7) N (Q))*. Then v € G and |x —y+| < Cnr-.
(16) Let v € G. If (Q{)* N ST # ¢, then (Q{)* N S+ = {y4).

To see (15), let x € B(xo,1) N (Qi,s>)* Then v € G, by (11). Since x,x, € (Q<$>)*, and
since (QY)* has diameter 3y/n - 25 < TATnr (see (1)), we have [x —x,| < JA Tnr <nr.

Also, by assumption (12), there exists y € ST with [x —y| < nr. Moreover, by definition

(13), we have [xy —y+| < |xy —yl|. In view of the above remarks, we have
x—yvl < Ix=xy + [}y =y < x=xy[ 4+ Ixv =yl < Ix—x3[ + Ix—x| + [x—y| < 3nr,
proving (15).

To see (16), let y € (Qﬁs))* N S*. Since x, and y belong to (Q<VS>)*, a cube with di-
ameter < %A_]m‘, we have [x, —y| < %A_]nr. Hence, by definition (13), we have also
Xy — Y| < %Aan. Consequently, [y — y-| < %Aqm‘. Since also y,y, € ST, it now
follows from assumption (11) that y = y,.

This proves that y, is the one and only point belonging to (Qi,s>)* N S*, which is our

desired conclusion (16).

Next, from Section 10, we recall the partition of unity

1) 1= Y o onR™,

veL™



The C™ Norm of a Function with Prescribed Jets Il 84

where

(18) 6 € C™(RM) for v € Z™,

(19) supp o ¢ (Q§,5>)* for each v € Z™,
and
(20) 10205 (x)] < C - 279% for |a < m, x € R™, v € Z™
Thanks to (1), our estimate (20) is equivalent to
(21) 2% (x)] < C - (A~"qr) 7™ < CA™ - (1)~ for |af < m, x € R™, v € Z™

We want to restrict the sum in (17) to v € G. In view of (11) and (19), we have v € G for
every v € Z™ such that suppeg,s> N B(xo,7) # ¢. Hence, (17) yields

(22) 3 6% = 1 on B(xo, 7).

veS

We are now ready to define our function F. We set

(23) F= 5 8% . Pv on R™

veg
Note that
(24) F € C™R™),
and F is of compact support. (See (18), (19), and recall that G is finite and each PY¥ is a
polynomial.)
Next, we show that F satisfies (A) and (B). We first establish (A):

Fixy € S*. Ifve Gandy € supp0y, then y € ST N (QY)* by (19), and therefore
Yy = U, by (16). Consequently, (23) gives J,(F) = >_ ]y(6§,8> - PY) = PY, thanks to (22)

vesg
and (10).
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Thus, F agrees with P, proving (A).

We pass to (B). Suppose M > 0 is a real number, and suppose the PY(y € S*) satisfy
(13) and (14). Fix x € B(xo, 1), and then fix v € G such that x € (Qi—f))*. (Such a v exists,
by (19), (22).) From (22) and (23), we have

(25) F = P¥ + Y 0% . (P¥ — P¥) on B(xo,1).

ves§g

We estimate the terms on the right in (25).

To do so, we note first that any v € G such that x € (Qi,s>)* satisfies [x —y,| < Cnr,
thanks to (15). In particular,

(26) |X_yﬂ_/| S CT]T'a
and
(27) |x —y~| < Cnr for any v € G such that x € supp 0l (See (19).)

From (26), (27), we obtain at once [y, —ys| < Cnr for any v € G such that x € supp 0l
Therefore, (14) yields

3%(PY — P¥)(y5)| < CeM - (qm)™ ¥ for |af < m, v € G such that x € supp 0.
Together with (26), this gives
QX(PY — PY)(x)| < C'eM - (1)™ ™ for &l < m, v € G such that x € supp 0.

Recalling (21), we deduce that
(28) 2204 - (P¥ —PW)}(x)] < A™CeM - (r)™ ™ for o] < m,v € Gs.t. x € supp 65.

Moreover, there are at most C distinct v € G such that x € supp 6<VS>, as we see from (19).

Consequently, (28) yields

(29) yacx{ ool . (Pw —Pyv)} (x)] < CA™eM - (n1)™ ™ for | < m.

veS
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1

We are assuming here that n < €2, v < €', and therefore

(30) nr < e.

From (29), (30), and the Bounded Distortion Property, we conclude that

(31) IIX(Z ol . (P —va)) lx < CA™eM.

ve§g

Thus, we have estimated the sum in (25). Regarding the term PY¥ in (25), we recall from

(13) that
(32) [PY],, < M.

Also, from (26), (30), we have [x —yy| < Cnr < Ce < 1. Hence, (32) and Lemma 1 in
Section 3 yield the estimate [P¥Y|, < (1 + Ce)M.

Substituting this estimate and (31) into (25), and recalling that A > 1, we obtain the
estimate [J(F)lx < (1 + CA™e)M.

Since x is an arbitrary point in B(xo, 1), it follows that || F ||cm B, ) < (1 + CA™e)M.
This completes the proof of (B).

It remains to compute the function F in (23), and to estimate the work and storage
needed for the computation. We begin with the one-time work. We compute the integers
s, L, my,...,my in (1)...(4), with work at most C. Note that the set § in (10) is then an
n-dimensional box in an integer lattice; hence, any quantity indexed by G may be stored as

an n-dimensional array, consisting of L™ entries. Recall from (3) that L™ < C - (An~")™

Next, for each v € G, we compute crudely the point y, in (13), by examining eachy € S*.
We then store the polynomial P¥ in an n-dimensional array indexed by v € §. The work
to compute a single PY¥ is at most C - #(ST) < C' - (An~)™; see (14).

The memory consumed in storing the P¥ (all v € §) is at most C - (An~')™ This com-
pletes the one-time work. Note that the total one-time work is at most
C'- (An)™ - #(G) < C" - (Anh)™
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We pass to the query algorithm, which computes J(F) for a given query point x € R™

We assume we have done the above one-time work.
Let x € R™ be given, and let G(x) = {v € G: x € (Q{Y)*}. Note that #(G(x)) < C,

and that G(x) can be computed with work at most C. From (19) and (23), we have

(33) Ju(F) = X JL(6%) o) P

ve§(x)

For each v € G(x), we compute ]E(6<VS>) by Algorithm 10.3, look up P¥ from the array

created by our one-time work, and then compute the product ]X(G@) Oy PYY.

Summing on v € §(x), we obtain J4(F) from formula (33). Since Algorithm 10.3 takes work

at most C, and since #(G(x)) < C, it follows that J(F) is computed using work at most C.

Thus, F is computed using one-time work at most C - (An~')?™ and storage at most

C - (An~")™ and the query work is at most C.

This completes our explanation of Algorithm 13.1.

14 Local Extension of a Whitney Field from a Testing Set

In this section, we continue preparing to compute functions F$ as in (13)...(16) of
Section 6. We will use Algorithm 3.1 (“Find-Unit-Ball”), and the Special Ellipsoid Algorithm

for linear programming.
Algorithm 14.1. Given a real number € > 0, assumed to be less than a small enough

controlled constant; and given a dyadic cube Q, whose sidelength dq is assumed to satisfy

(1) 8q < €e™! for a small enough controlled constant ¢;

and given a Whitney field P= (PY)yes, where the set S is assumed to satisfy

(2) S c Q™

and

(3) ly —y'| > e 3¢8q for any two distinct points y,y’' € S;
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we compute a ball B(xo, 1), a real number Ne(l;, Q) >0, and a function F € C™(R"),
with the following properties.

(A) Q* C B(xo,1), and r < Cdq.

(B) F agrees with P.

(C) IIF lem@mom < (1 + Ce) - Ne(P,Q).

(D) Ne(P,Q) < (1 + Ce)- || P [lcm(Bixo 2v)-

The storage and the one-time work needed for the computation are at most exp(C/€), and
the work to answer a query is at most C.

Explanation: Our algorithm consists of seven steps.

First, we present Steps 1...4. Then we introduce a family of linear constraints in a
finite-dimensional vector space, and prove several lemmas on the feasible region. Next, we
present Steps 5,6,7, in which we solve a linear programming problem and use the result to

compute N (P, Q) and F. Finally, we prove (A)...(D), and analyze the work and storage of

our algorithm.

The first four steps of our algorithm are as follows.
Step 1:  We compute a ball B(xo, ) such that
(4) Q™ C B(xo,7) and r < Coq.
From (1) and (4), we obtain
(5) 2r < e
Note that

(6) S C B(xp, 1), and
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(7) ly—1'l > ¢ - e ¥¢r for any two distinct points y,y’ € S,
thanks to (2), (3), (4).

Step 2 We apply Algorithm 11.3 (“Produce-Fine-Net”) to the set S, the ball B(xo,1),

and the number
(8) 1 = e *me,

Thanks to (6), (7), (8), the data S, B(xo, 1), n satisfy the assumptions of Algorithm 11.3.

Thus, that algorithm computes a set ST, with the following properties.

(9) S C ST C B(xo,7)
(10) dist(x,S™) < nr for any x € B(xo,1).
(11) |y —vy'| > &= for any two distinct points y,y’ € ST.

T00n

Note that (9) and (11) yield
(12) #(S) < #(S7) < C-m™

Step 3:  For eachy € S, we apply Algorithm 3.1 (“Find-Unit-Ball”), to compute a family

O(€,y) of linear functionals on P, such that

(13) (1+€e)7" - [Pl, < max{A(P):A € O(e,y)} < (1+¢€) - [P, forall PePandy € ST;

and

(14) #(0O(e,y)) < exp(C/e) for eachy € ST.
Step 4: We compute the smallest real number M > 0 such that

(15) [9%PY(y)] < M for @l < m, y € S; and
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(16) [0%(PY—PY)(y)| < M - [y —y/|™ ™ for |« < m, y,y' €S,y # Y.
Before passing to Steps 5, 6, 7, we study the feasible region for a family of linear constraints,

which we now introduce.

Let A be a constant, to be picked later. Assume that

(17) A exceeds a large enough controlled constant, and

(18) e < A1

Later, we will take A to be a controlled constant large enough to satisfy (17). Our assumption
(18) will then hold, since we assume that € is less than a small enough controlled constant.

For the moment, however, we do not fix A; we simply assume (17) and (18).

Now let X denote the vector space of all
(19) & = [M, (Py)yes+], with M € R and each P, € P.

Note that Py in (19) is indexed by a subscript y € S*, while our given Whitney field p
is equal to (PY)yes, with PY indexed by a superscript y € S.

We will study the following family of constraints on a vector & € X as in (19).

The Basic Constraints

(2000 <M < A . N

(21) A(Py) < (1 + A€) - M for each A € O(e,y) and each y € S™.

(22) [0%(Py, — Py )(y)| < A - e*™er Ty —y/ ™% . M for || < m andy,y’ € S+.
(23) Py, = PYforeachy € S.

We write X(e, Q, 13) to denote the set of all & € X that satisfy the above constraints. We

will prove the following results about this feasible region.



The C™ Norm of a Function with Prescribed Jets Il 91

Lemma 14.1. For any [M, (Py)yes+] € X(e, Q,P), we have

(24) c M <M < A - M,
with M as in Step 4.

Lemma 14.2. Fizyo € S. Then every [M, (Py)yes+] € X(€, Q, ﬁ) satisfies

(25) [0%(P, — P¥)(y)| < CAe*™ermIaM, for |¢] <m, y e ST.

Lemma 14.3. There exists £ = [M7, (P#)yey] € X, with the following properties.

(26) M# < (14 Ce)- || P [lem(Brxo,2r))-
(27) Let & = [M/, (P,)yes+] € X, with
(a) IM'| < exp(—A/e)M#;
(b) [9*Py(y)| < exp(—A/e)r™ MM# for || <m,y € S*; and
(c) P, =0 forally €S.
Then
(d) &* + & € X(e,Q,P).

Proof of Lemma 14.1: Let [M, (Py)yes+] satisfy (20) ...(23). Immediately from (20), we have
M < AM. Our desired result (24) thus amounts to saying that

(28) M < CM.

Let us prove (28).

From (21) and the defining property (13) of Of(e,y), we obtain the estimate
Pyly, < (1 4+ Ce) - (14 Ae)M for each y € ST. Hence, by (17), (18), and the Bounded

Distortion Property, we have
(29) [0*P,(y)| < CM for || < m,y € S™.

Since v < ¢e !, we know that A - e*™/¢r~1 > 1. Hence, (22), (29) and the classical Whitney

extension theorem for finite sets tell us that there exists
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(30) F e C™(RM),

such that

(31) Jy(F) = Py for each y € S,

and

(32) [0*F(x)] < CA - e*™er M for jaf < m+1,x € R™

Here, J,(F) denotes an mth order Taylor polynomial as usual, even though F € C™H(R™).

Let x € B(xo,T) be given. By (8) and (10), there exists y € S*, such that
(33) [x —y| < e *™er,
Note that y € B(xo, 1) as well; see (9). For | < m, we have

0%F(x) ~0"F(y)] < [x—y| - max [V O%F < (e™/er). (CAe*™/¢r=TM) by (32) and (33).

(x0,7

Thus,
(34) [0%F(x) — d%F(y)| < CAe2™eM < M for o < m,

thanks to (17) and (18).

On the other hand, (29) and (31) give
(35) [0°F(y)| < CM for o] < m,

sincey € S*.
From (34) and (35), we see that [0*F(x)| < CM for || < m, x € B(xo, 7).

Hence, Taylor’s theorem gives
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(36) [0%(Jy(F) =Ty (F(W)l < CMJy —y/|™ ™ for |«f <m, y,y" € B(xo,1), y #Y'.
From (31), (36) and (9), we conclude that
(37) [0%(Py = Py)(y)l < CM - Jy —y/|™* for |of < m, y,y" € S*, y#Y"
Now, recalling (23), and comparing (29) and (37) with the definition of M in Step 4, we
see that
M < CM.
This is precisely our desired inequality (28).

The proof of Lemma 14.1 is complete. U

Proof of Lemma 14.2: Note that Py, = PY by (23), and that [y —yo| < 2r, by (9). Hence,
for || < m, (22) gives

0%(Py — P¥)(y)] < Aet™erTly —yom M

< 2AeMVely —yom M,

which immediately implies the desired conclusion (25). O

Proof of Lemma 14.3: We start by relating || p | cm (B(xg 21)) tO M (as in Step 4). By definition

of M, and by the classical Whitney extension theorem, there exists a function
(38) F € C™(R™),

such that

(39) Jy(F) = PYforally €S,

and

(40) [0*F(x)] < CM for |a] <m, x € R™
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By (40) and the Bounded Distortion Property, we have || F ||cm @) < C'M.

Together with (39) and the definition of the C™-norm of a Whitney field, this yields
(41) || P [lemBixo,2r < I P llemn) < C'ML

Next, again using the definition of the C™-norm of the Whitney field P = (PY)yes, we

see that there exists

(42) F e C™(B(xo,21))

with

(43) Jy(F) = PYfory €S,

and

(44) || P llem@iozm < (14 €) - [P [lem (B 2n)-
We now apply Lemma 12.2 to the following data.

(45) e Our e > 0.
The ball B(xq, 21).

The number fi = ¢e~*€ for a small enough controlled constant €.

The set S.

The number M = (1 + €) . H ]3 HCm[B(XO,Zr)]-

The function F.

Here, fi in (45) plays the role of n in Lemma 12.2.
Let us check the hypotheses of that Lemma for the data (45).

We are assuming that € > 0 is less than a small enough controlled constant. We must
check (f1)...(15) from Lemma 12.2, for the data (45).
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(11) here asserts that 2r < €', which we know from (5).
(12) here asserts that 0 < €e ¢ < e?e~ /¢, which holds since ¢ < 1 and e < 1.

(13) here asserts that S C B(xo, (1 —€e~*€) - 2r), which follows from (6), since ¢ < 1 and
e<l.

(f4) here asserts that [y—y’| > 2- (€e ¥€) - e'/¢. (2r) for any two distinct points y,y’ € S;
this holds (for € a small enough controlled constant), thanks to (7).

(15) here asserts that F € C™(B(xo,27)), and that || F ||cm B2 < (14€) - || P | cm (B(xg 21))-

These assertions are precisely our results (42) and (44).

Thus, the hypotheses of Lemma 12.2 hold for the data (45). Applying that result, we

learn that there exists
(46) F#* € C™1(B(xo, 1)),
with the following properties.

(47) || F# lempio,m< (T4 Ce) - || P llem (Bixo 20
(48) T, (F#) = J,(F) for all y € S.

(49) [0°F#(x)] < Ce*™ 1™ || P ||cmBix.2ry for [l = m + 1, x € B(xo,7).
Let us now define

(50) M# =] P || e (Bxo 2m)

and also

(51) P# = Jy(F#) for each y € S™.

Thus,
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(52) &F = [M*#, (P#)yey] belongs to X.

We derive some basic properties of £7.

First of all, (47), (51) and (13) yield the inequalities

(53) A(PE) = AJy(F#)) < (1+Ce)- || P [lcm(Bixo,2r) for A € O(e,y) and y € S*.
Secondly, (49) and (51) yield the estimate

(54) [0%(P —P%)(y)l < Ce™™ ey —y/|™ =% || P [|cm(p(xy 20 for o] < m, y,y € ST,

by Taylor’s theorem.

Thirdly, (43), (48) and (51) show that
(55) Pf = PV fory €S,

Finally, (41) and (50) give
(56) 0 < M# < CN.

The basic properties of £# are (53)...(56).

Now let us show that the conclusions (26), (27) hold for &#. First of all, (26) is immediate
from (50). To prove (27), let

E = (M, (P)yes-] € X

satisfy (27)(a), (b), (¢). We must show that

EF+ & = [M#*+ M, (PF +Py)yes+]

satisfies (27)(d), i.e., &7 + & satisfies the Basic Constraints (20)...(23).

From (27)(a) and (17), we have

(57) (1 —e)M#* < M# + M’ < (14 e)M*,
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since exp(—A/e) < exp(—1/€) < e. Immediately from (56) and (57), we have
0< M#*4+M < CM < AN,
since A exceeds a large enough controlled constant.
Thus, constraint (20) is satisfied by the point &# + &’
Next, note that (27)(b) and the Bounded Distortion Property show that
PLly < Cexp(—A/e) - e ™M¥*, fory € S,
since T < €' (see (5)). By property (13) of the O(e,y), it follows that
A(Py) < C exp(—A/e) e ™M¥# for A € O(e,y), y € ST

Together with (53) and (50), this implies that
(58) A(P¥ + P,) < (1+C"e)M# for A € O(e,y), y € ST,

since exp(—A/e) e ™ < exp(—1/€) - e ™ < €.

From (57) and (58), we obtain the estimate

(59) A(P¥ + P,) < (1 4+ C") - IM* + M] < (1 + Ae) - IM* + M/] for
A€ O(ey),yeSH,

since A exceeds a large enough controlled constant.
In view of (59), the constraint (21) is satisfied by the vector &# + &/

We pass to constraint (22). Let y,y’ € ST be distinct points. Then by (9), we have
(60) ly —y'l < 2r.
From (27)(b), we have

(61) [2%Py(y)l < exp(—A/e)r™®M?* for | < m,
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and
(62) [2%PL, (y) < exp(—A/e)T™ ®M#* for |of < m.

From (60) and (62), we obtain [0%P{,(y)| < C exp(—A/e) T™MM# for | < m.

Together with (61), this yields
(63) [0%(P, —Py)(y)l < C exp(~A/e) ™ *M# for [a] < m.

We have also
ly—y'l > ceomer,
thanks to (8) and (11); consequently,

(64) ymled = p=1 . pmal—lal < Cp 1. ey — y ™ for |of < m.

We substitute (64) into (63), and recall that A > 6m(m + 1) by (17). This tells us that
(65) [0%(P, — P, )(y)l < Cr "y —y/ ™ 1M# for || < m.

From (50), (54) and (65) we now learn that
P([PF + Pyl — [PZ + PLD ()l < Ce™er 'y —y/™=¥M# for |af < m.
Together with (57), this yields

(66) [X([P# + P — [P¥ 4+ PL1)(y)| < Cetm/er—Tjy —y/|™H-io. [M# 4 M) <

Za

< A - etVerTly —y Mt L M#F 4 M for |« < m,

by (17).

In view of (66), the constraints (22) hold for the vector &% + &/

Finally, from (55) and (27)(c), we have
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[P# + Pl = P = PVfory€S.
Thus, the constraints (23) are satisfied by &# + &’

We have shown that all the constraints (20)...(23) are satisfied by the vector &% + &'
Thus, by definition, £# + & € X(e, Q, P).

This is precisely conclusion (27)(d). Thus, (27)(a), (b), (c) imply (27)(d).
This proves (27), and completes the proof of Lemma 14.3. O

We now pick A to be a controlled constant, large enough to satisfy (17). As mentioned
before, it follows that e satisfies (18), since we are assuming that € is less than a small

enough controlled constant.

We note a simple consequence of Lemmas 14.1 and 14.3. Let & be as in Lemma 15.3.

Then the point & = 0 satisfies (27)(a), (b), (c), and therefore we learn from (27)(d) that &#
belongs to X(e€, Q, ]3) Consequently, Lemma 14.1 tells us that

(67) cM < M# < CM,

with M* as in Lemma 14.1. Here, we have used the fact that we have picked A to be a

controlled constant.

We prepare to use the Special Ellipsoid Algorithm from Section 4, to compute a point
(MO, (Pg)y€g+] € X(e, Q,IS), with MO nearly as small as possible. We have to check that
the assumptions of that algorithm are satisfied. For this verification, we introduce rescaled

(affine) coordinates as follows. We suppose for the moment that M £ 0. (See Step 5 below.)

Fix yo € S. Given & = [M, (Py)yest+] € X, we define

(68) 'Y(E») = [VO>(Vy,oc)yeS+\s] S RD, where

la] <m

(69) vo = M/M,

(70) vy = (3%(Py — P¥)(y))/(Mr™ 1) for y € S* S, |of < m,
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and
(71) D =1 + #Ho: Jaf < m} - #(STNS).

Note that the restriction of y to the affine space of all [M, (Py)yes+] € X satisfying (23) is
an isomorphism; moreover, the inverse of this isomorphism is trivial to compute. We denote

this inverse y~'.

The image y(X(e, Q, P)) C RP is the feasible region for a list of constraints that may be
read off trivially from (20)...(23).

The number of constraints is

(72) L=1+ X #0(e,y) + 2[H#(S"))? - #{oa: |af < m},

yest
as we see from (20)...(22); the constraints (23) do not contribute to L.

Recall that A is a controlled constant, and recall the estimate (67), with M# as in Lemma
14.3. By comparing Lemmas 14.1, 14.2 and 14.3 with definitions (68), (69), (70), we see that
the set y(X(e, Q, 13)) has the following properties.

(73) For any Vo, (Vya)yest-s] € ¥(X(e,Q,P)), we have ¢ < vo < C and |v, o < Ce*m/e

Joel <m

forye ST\S, Jof < m.

(74) Some translate of the set

{[VO> (vy,oc)y65+\5] S RD : |VO‘>|Vy,cx‘ < exp(—C/e) (all Y € St N S7 ‘(X| < TTL)} is

|| <m

contained in y(X(e, Q, 13)).

Consequently, the feasible region y(X(e, Q, 13)) C RP satisfies the assumptions (a) and (b)
of the Special Ellipsoid Algorithm, with

(75) A = CeM€and A = e /¢

(See Section 4.) Thus, the Special Ellipsoid Algorithm applies here.

We are now ready to describe the remaining steps in Algorithm 14.1.
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Step b:

Using the Special Ellipsoid Algorithm, we compute a point
[V, (V) a)vest 5] € v(X(e,Q,P)), with

lx|<m

Vg < inflvo : vo, (vya)uess] € Y(X(e, QP + e

Applying Y~ to [vg, (V] o) yes+~s], we obtain a point

lx] <m

(76) £2=[MO, (P9)yes+] € X(e,Q,P),

such that

(77) MO < inf(M : [M, (P,)yes:] € X(e,Q,P)} + eM.

(See (69).)

101

In the degenerate case M = 0, we can check easily that (76), (77) hold for £° = 0. Thus,
(76) and (77) hold in all cases.

Step 6:

(78) N

Step 7:

(79)

With &2 and M? as in (76), we set

(P,Q) = M°.

We apply Algorithm 13.1 (extending a Whitney field from a fine net) to the follow-

ing data.

e Our given € > 0.

The number n from (8).

A = a large enough controlled constant.

The open ball B(xq, 1) from (4).
e The Whitney field P° = (P9)ycs+ from (76).

Let us check that the data (79) satisfy the assumptions of Algorithm 13.1. We know that
€ > 0 is less than a small enough controlled constant, and that 0 <1 < €2 (see (8)). Also,
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A exceeds a large enough controlled constant, as assumed in Algorithm 13.1, since in (79)

we make take A to be an even larger controlled constant. Recall from (5) that v < e

We now verify conditions (10), (11), (2) of Algorithm 13.1, for the data (79). In fact,
(10) is immediate from (9); (11) follows from (11), since we may take A > 100n in (79); and
(12) is immediate from (10).

Thus, as claimed, all the assumptions of Algorithm 13.1 hold for the data (79). Applying

that algorithm, we compute a function
(80) Fe C™(R™),
with the following properties.

(81) F agrees with P°.
(82) Let M > 0 be a real number, such that

(a) [PSly < M for ally € ST, and

(b) [0%(P§ =PI (W) < eM - (nr) " - [y —y/[™ ¥ for |of < m,y,y’ €S
Then

(©) [IFllem@om < (1+Ce) - M.

Thus, we have computed a ball B(x, 1) (see Step 1), a number N(P, Q) (see Step 6),
and a function F € C™(R"™) (see Step 7).

This completes our description of Algorithm 14.1.

Next, we prove (A)...(D) for the ball B(x, ), the number N.(P, Q), and the function F
computed above. First of all, (A) is simply (4). To check (B), note first that [M?, (P))yes+]
satisfies constraints (20)...(23), thanks to (76). In particular, we have PJ = PY for y € S.
Therefore, (B) follows from (81).

To establish (C), we again note that constraints (20)...(23) are satisfied by £° = [M°, (PJ)yes+],
thanks to (76). Applying (21) and (13), and recalling that A is a controlled constant, we

learn that
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(83) [Py < (1 +¢€) - (1+Ae)M° < (1+Ce)MC for y € S+

Also, applying (22) for £° and recalling (8), we find that
|a°‘(P8 _ PS’)(U)’ < Ae4m/€r_]‘y _y/’mﬂ—lcx\ . MO

=A-e?™e. (mr)7 -y —y/ ™ MO for o < m,y, Yyl e ST

Since A is a controlled constant, and since € is less than a small enough controlled constant,

we have A e 2™¢ < ¢, and thus
84) 10(PJ—PY)(W)l < eM® - ()7 - [y —y/|™ ¥ for |of < mand y,y’ € ST,
y y

Estimates (83) and (84) show that conditions (82)(a) and (b) hold for M = (1 + Ce)M°.
Consequently, (82) tells us that

(85) || FllemBixg.sy < (14 C'e)MO.

Since we set N¢(P, Q) = M in Step 6, the estimate (85) is precisely our desired conclusion

(©).

To prove (D), let £# = [M#, (P#)ycs+] be as in Lemma 14.3. Thus, (26) and (27) hold.
Taking & = 0 in (27), we conclude (as before) that &7 € X(e, Q,P). Consequently, (26)
implies that

inf{M : [M, (Py)yes-] € X(€,Q,P)} < (1+Ce)- || P llen(Bg.2r

and therefore (77) yields

(86) M® < (14 Ce)- || P [lem(Bixo.2ry + €M
Also, (76) and Lemma 14.1 show that

(87) M < CM°.

Substituting (87) into (86), we find that
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MO S (1 + Ce) . H ]3 Hcm(B(Xo,ZT‘)) —|—C€MO,

and therefore
(88) M < (1 + C'e)- || P ||cm(Bixg.2r)-

Again recalling that Ne(ﬁ, Q) = MUO by Step 6, we see that (88) is precisely our desired

conclusion (D).

Thus, (A)...(D) hold for the ball B(xo,r), the number Ne(ﬁ,Q), and the function F
computed by Algorithm 14.1.

It remains to estimate the work and storage needed for Algorithm 14.1. Let us go over

each of our seven steps.
Obviously, Step 1 requires work and storage at most C.

Step 2 requires work at most Cn—2" and storage at most Cn™™. (See our description of

Algorithm 11.3.) Since 1 is given by (8), the work and storage for Step 2 are at most
exp(C/e).

Step 3 requires work and storage at most exp(C/¢€) for each y € S*. (See our description of
Algorithm 3.1.) Thanks to (8) and (12), it follows that the work and storage for Step 3 are
at most exp(C'/e).

Step 4 requires storage at most C (aside from the space used to hold our input 13) The work
required for Step 4 is at most C - (#(S))?, which is at most exp(C/e), thanks to (8) and
(12).

Step 5 entails setting up and solving a linear programming problem. To set up and store the
constraints (20)...(23) requires work and storage at most exp(C/€), as we see from (8), (12),
(14) and from (20)...(23). To pass from (20)...(23) to the constraints defining y(X(¢, Q, P))
as in (68)...(70) also requires work at most exp(C/e).

From (71), (72) and (8), (12), (14), we see that the dimension D, and the number of
constraints L for our linear programming problem are both at most exp(C/€). Also, the
numbers /A and A appearing in the assumptions (a), (b) of the Special Ellipsoid Algorithm
are given by (75). Thus, A\ < exp(C/e) and A > exp(—C/e€).
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Moreover, the quantity that plays the role of the “€” in the Special Ellipsoid Algorithm
is equal to € = eA™! > exp(—C'/e).

Consequently, the work and storage needed to apply the Ellipsoid Algorithm here are
at most CD*Llog (DT/\) log (g) (see Section 4), which is at most exp(C/e), thanks to the

above estimates for D, L, A\ A, €.

0

yy(x) yES+\S] tO

lax|<m

Finally, it takes work at most exp(C/€) to apply Y~ to the vector Mg, (v
obtain &% = [M®, (P))yes+].

Thus, the work and storage needed for Step 5 are at most exp(C/e€).

Obviously, Step 6 requires work and storage at most C.

™ storage at most C - ™™, and

Finally, Step 7 entails one-time work at most C - 172
query work at most C; this follows from our description of Algorithm 13.1, since we took
A to be a controlled constant in (79). Since n is given by (8), we see that Step 7 requires

storage and one-time work at most exp(C/€), and query work at most C.

Note that all the work of Steps 1...6 is one-time work. The only query work performed
by Algorithm 14.1 occurs in Step 7. Consequently, the above estimates for the work and

storage requirements of Steps 1...7 tell us the following:

Algorithm 14.1 requires storage and one-time work at most exp(C/€), and its query work

is at most C.

Thus, Algorithm 14.1 performs as claimed. This completes our explanation of that algo-

rithm.

For future reference, we record the following simple observations on the internal workings
of Algorithm 14.1.

Proposition 14.1. Let €, Q, P= (PY)yes be as assumed in Algorithm 14.1. Then Algorithm

14.1 performs the following actions.

(a) Using only Q (not € or ]3), it computes xo, 7 such that Q** C B(xo, 1), and v < Cdq.

(b) Using only €,Q,S (not the PY), it computes a set ST, such that S C ST C B(xo,r) and
#(S) < exp(C/e).
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(c) Using only € and S*, it computes for each y € ST a finite family O(e,y) of (real)
linear functionals on P, symmetric about the origin, with #(0(e,y)) < exp(C/€).

(d) It computes E° = [M°, (Pg)y€5+] eR @ > @P, with the following properties.

yeSt

o The vector &E° satisfies the constraints
- PO _ .
P, = PY foryesS;
A(PS) < (1 + Ae) - M for cach A € O(e,y), y € S*;

|a(X(PS—P8,)(y)| < /@\ . e4m/e1.—1|y _y/|m+17|04 . MO

forlal < m andy,y €S*. |

Here A denotes a particular controlled constant.

o Suppose EF = [MT,(P)yes+] is another vector satisfying the constraints (1).
Then M° < (1 4+ Ce)M™.

(e) It returns the number N¢(P, Q) = MO, with M® as in (d).

(f) The work and storage used to compute xo, v, ST and all the O(e,y) are at most exp(C/€).
Proof. Assertions (a), (b), (c¢) are obvious from inspection of Steps 1,2,3 in Algorithm 14.1,
together with property (Op) of the sets O(e,y) (see Section 3).

To check (d), we first note that the constraints (f) in (d) differ from the Basic Constraints
(20)...(23), only in that (20) is missing from (f). However, omitting (20) has no effect on the
infimum of all M* such that some [M™*, (P{)ycs+] satisfies (20)...(23).

(To see this, note that the £° = [M?, (P))yes+] in (76) satisfies (20)...(23), with M® < AM.
If &7 = [MT, (P)yes+] satisfies (21)...(23) but not (20), then we have M* > AN > MO,

Consequently, omitting such &+ leaves the infimum in question unchanged.)

Thus, (d) follows, once we show that the £° computed in (Step 5) belongs to X(e, Q, P)

and satisfies

(1) M® < (14 Ce) - inf{M*: [M*, (P}),es:] € X(e,Q,P)}
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Let Q = inf{M*: [M*, (P})yes+] € X(e,Q,P)}.
From (76), (77), we learn that £° € X(e, Q, P),
and that Q < M° < Q + eM.
Moreover, (76) and Lemma 14.1 yield M < CMO.
Consequently,
Q <M°and M°® < Q4 CeM?,
from which (f1) follows trivially. This completes the proof of (d).

Next, note that (e) holds, by inspection of Step 6. Finally, (f) holds, since all the
computations referred to in (f) are part of the one-time work of Algorithm 14.1, which is at

most exp(C/¢€).

The proof of Proposition 14.1 is complete. O

15 Singletons

In this section, we give the algorithm that will be used later to compute the functions F* in
(15), (16) of Section 6.

Algorithm 15.1. (“Singleton”)

Given € > 0, assumed to be less than a small enough controlled constant; and given a
Whitney field P = (PY)yes on a singleton S = {yo}, we compute a number Ne(ﬁ) >0, and
a function F € C™(R™), such that:

(A) F agrees with P:
(B) || Fllem@n) < (1 4+ Ce) - Ne(P); and

(C) Ne(P) < (14 Ce)- || P flomn.

The storage and the one-time work needed for the computation are at most exp(C/€);

and the work to answer a query is at most C.
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Explanation: First we define F and N¢(P) and check (A), (B), (C). Then we explain how to
compute our F and Ne(ﬁ). We compute a dyadic cube Q containing yo, such that

ce ! < 8g < ce !, with € as in Algorithm 14.1.

(1)

ol —

(The work and storage needed to compute Q are at most C.)

Then €, Q, P satisfy conditions (1), (2), (3) in Section 14, and therefore Algorithm 14.1
applies. That algorithm computes a ball B(xq, ), a number N (P, Q) > 0, and a function
Fo € C™(R™), with the following properties.

(2) Q™ C B(xo,1) and r < Cdq.
(3) Fo agrees with P.
(4) || Fo llemBion < (14 Ce) - Ne(P, Q).

(5) Ne(P,Q) < (14+Cé)- || P llem (Bix.2m)-

Moreover, the storage and one-time work used by Algorithm 14.1 are at most exp(C/€), and

the work at query time is at most C.

We now take 8o € C™(R™) to be a cutoff function, such that

(6) 0 < 8o < 1 on RY 68 = 1 on Q suppBy C (Q)™; [9°0p(x)| < Ce for
0<|x| <m, xeR™

This is possible thanks to (1). Moreover, we may take 8y to be an appropriate spline, so

that we can answer queries as follows.
(7) Given a query point x € R™, we can compute J4(0o) with work and storage at most C.

There is no one-time work involved in computing 0.

We also take €y = Ce, so that (6) yields

(8) 10%0o(x)] < €p for 0 < |a] < m, x € R™
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Since € is assumed to be less than a small enough controlled constant, we have
(9) 0 < e < 1.
We take Qo = Q** and M = (1+ Ce) - Nc(P,Q), with C as in (4). Thus (2), (4), (6) yield

(10) supp 6o C (Qo)™, and
(11) Fo € C™QEY), || Fo llem(qp< M.

Thanks to (6), (8), (9), (10), (11), the hypotheses of Corollary 2 in Section 5 hold for
€0, 00, Fo, Qo. Applying that corollary, we see that the function

(12) F = 90 : Fo on R™
satisfies

(13) F € C™R™), and

(14) | F len@n) < (1 4+ Ce)Ne(P, Q).
We define

(15) Ne(P) = N(P,Q) >0,

—

and we check that N¢(P), F satisfy (A), (B), (C). In fact, since 0o =1 on Q and S = {yo}
with yo € Q, we have Jy,, (F) = Jy, (80 - Fo) = Jy, (Fo) = P¥°, thanks to (3). Thus, (A) holds.
Also, (B) is immediate from (14), (15); and (C) follows from (5), since

| Pllem@Bxo.2n< I P llemn) -

It remains to show how to compute the above Ne(ﬁ) and F, and to estimate the work

and storage of the computation.

This is easy. The one-time work is as follows.
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e Compute Q.
e Perform the one-time work of Algorithm 14.1.

e Set Ne(ﬁ) = Ne(ﬁ, Q). (The right-hand side has been computed as part of the one-time
work of Algorithm 14.1)

After we have done the one-time work, we can answer queries as follows. Given a query
point x € R™,

e We compute Jx(Fo) by the query algorithm in Algorithm 14.1.

e We compute J4(6o) as in (7).

e We return the polynomial Jx(F) = Jx(0o) O Jx(Fo)-

One checks easily that the storage and one-time work here are at most exp(C/€), and
the query work is at most C.

This completes our explanation of Algorithm 15.1.

For future reference, we record a few remarks on the inner workings of Algorithm 15.1.

Proposition 15.1. Let (—:,l3 = (PY)yes, S ={yo} be as assumed in Algorithm 15.1. Then
Algorithm 15.1 performs as follows.

(a) It computes a dyadic cube Q containing Yyo. The cube Q is computed from € and yo,
without using the polynomial PYo. The work and storage used to compute Q are at

most C.

(b) The number Ne(ﬁ) returned by Algorithm 15.1 is equal to the number Ne(l;, Q) returned
by Algorithm 14.1 for the input data €, Q, P. (In particular, €,Q, P are as assumed in
Algorithm 14.1).

Proof. Assertion (a) is immediate from the first paragraph of our explanation of Algorithm
15.1.
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Regarding (b), we recall from the second paragraph of our explanation of Algorithm 15.1
that €, Q, P are as assumed in Algorithm 14.1. The assertion in (b) regarding N (P) is simply
equation (15). O

16 Extending a Whitney Field from a Testing Set I

The next few sections provide the algorithms that compute the functions F} in (13)...(16)
of Section 6. We treat Whitney fields P = (PY)yes, with S € Q** for a dyadic cube Q. We
distinguish several cases, depending on the size of Q. This section deals with the case in

which Q is quite small.

Algorithm 16.1. Given € > 0, assumed to be less than a small enough controlled constant;

and given a dyadic cube Q whose sidelength satisfies

(1) 6Q S e—1/(4e);

and given a Whitney field P= (PY)yes, where the set S is assumed to satisfy
(2) S C Q™, and

(3) ly —y'| > e?e?/¢8q for any two distinct points y,y' € S;

we compute a number Ne(ﬁ) and a function F € C™(R™), such that
(A) F agrees with 13;
(B) I Fllen@n) < (1 + Ce) - Ne(P); and
(C) Ne(P) < (14 Ce)- || P [lemgan).

The storage and the one-time work needed for the computation are at most exp(C/e€),

and the work to answer a query is at most C.

Explanation: We first define N¢(P), F and prove (A), (B), (C); then, we explain how to

—

compute our N¢(P), F. Fix a point
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(4) yo €S.

Applying Algorithm 10.6, we obtain a function
(5) 8o € C™(RM),

with the following properties.

(6) 0 < 0y < 1onR™
(7) supp 8o C B(yo,e®984), and 8y =1 on B(yo, e'/16€)58q).

(8) [0%0o(x)] < Ce - x —yo/ ™ for 0 < | < m+1,x € R™~ {yoh

Moreover, we can answer queries as follows.

(9) Given x € R™, we can compute J,(6o) with work and storage at most C.

We fix a dyadic cube Qqo, such that

(10) B(yo,2-e'®85) C Qg

and

(11) eV/Bq < 8g,, < C - e/Be5q.

Note that (1) and (11) yield

(12) 8q, < Ce V/Be) < 1.

Note also that, since yo € Q™ by (2) and (4), we have

(13) ScC Q** C B(yo, CéQ) C B(y0,€1/“6€)6Q) C B(yo,Z . e]/(se)éQ) C QZO’

112
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thanks to (2) and (10).

Moreover, if y and y’ are distinct points of S, then (3) and (11) yield

(149) ly— | > e > 2 - e/ - ce VBN, > e b,

00

—

We apply Algorithm 14.1 to the data €, Qqp, P. (Note that the assumptions (1), (2), (3) of
Algorithm 14.1 follow at once from our present results (12), (13), (14).) Thus, we obtain
a ball B(xp, ), a number Ne(ls, Qoo) > 0, and a function Fy € C™(R™), with the following
properties.

(15) Q%S C B(xo,7) and m < Cdq,,-

(16) Fo agrees with P.

(17) || Fo llem B, < (1+ C'e) - Ne(P, Qoo)-

(18) Ne(P,Qoo) < (14 Ce)- || P [lem o 2r)-

(19) Moreover, we can compute Ne(ls, Qoo) and Fy, with storage and one-time work at most

exp(C/e) and with query work at most C.

Also, by applying Algorithm 15.1 (“Singleton”), we compute a number Ne(ﬁ,yo) > 0, and
a function F; € C™(R"), with the following properties.

(20) Fy agrees with P at yo.
(21) || Fi lem@ny < (14 C”e) - Ne(P,yo).
(22) Ne(P,yo) < (T+Ce) - || (Pligy)) llemny.

(23) Moreover, we can compute Ne(ﬁ,yo) and Fq, with storage and one-time work at most

exp(C/e€), and with query work at most C.

We prepare to apply Corollary 1 in Section 5 to the above yo, Fo, F1, 00, 8, taking A to

be a large enough controlled constant, and taking

(24) M = (1 + Ce) max(Ne(P, Qoo), Ne(P,yo)), with C = max(C’, C");
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here, C' and C” are as in (17) and (21).

The hypotheses of that corollary regarding 0y hold here, thanks to our present results
(5)...(8). Also, (10) and (15) yield B(yo,2 - e'/89)85) C B(xo,7), and therefore (17) and
(24) give

I Fo HC”‘(B(yo,e‘/(SeJéQ)) < M.
Since furthermore
[ Fillem@ny < M

by (21) and (24), the hypotheses of Corollary 1 in Section 5 concerning the C™-norms of Fy

and F; are satisfied here.

Finally, (16) and (20) show that

]yo(FO) - ]yo (F1)>

completing our verification of the hypotheses of Corollary 1 in Section 5. Applying that

Corollary, we now learn that the function
(25) F =00 Fo+(1—0p) - Fy on R™
satisfies

(26) F e C™(R™),

and

| Fllem@n) < (1+ Ce) - M; hence
(27) | Fllengen < (14 Ce) - max[Ne(P, Qoo), Ne(P, yo)l:
We take F as in (25), and set

(28) Ne(P) = max[Ne(P, Qoo), Ne(P,yo)l.
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We check that (A), (B), (C) hold for the above F and N¢(P). From (7) and (13), we have
J4(00) =1 for y € S, and therefore (25), (16) yield

]y(F) - Iy(FOJ = PV fOrU € S»

proving (A). Also, (B) is immediate from (27) and (28). Finally, (C) follows from (18), (22)
and (28), since || P [lem Bxo 2r) <[ P [lem@n), and || (Pliyg)) lemgn) <[P [lemn) -

Thus, (A), (B), (C) hold for our F and N¢(P).

—

It remains to compute F and N¢(P), and to estimate the work and storage needed for the

computation. This is straightforward. The one-time work is as follows.

e Find a point yg in S.

e Compute a dyadic cube Qg satisfying (10) and (11).

Perform the one-time work associated with Algorithm 14.1 for the input data (€, Qoo, ﬁ).

Perform the one-time work associated with Algorithm 15.1 for the input data (€, ﬁ|{yo DB

Compute N(P) from (28).

Thanks to (19) and (23), one-time work and storage consumed in carrying out the above
steps are at most exp(C/€)

The query algorithm proceeds as follows.

Given a query point x € R™, we compute J(00), Jx(Fo), Jx(F1) from (9), (19), (23), respec-
tively. We then return the polynomial

]&(F) - ]5(90) ®§ ]&(FO) + (1 - ]&(90)) ®1 IX(FI)
(See (25)). The work involved here is at most C, as we see from (9), (19), (23).

Thus, the storage and one-time work to compute Ne(ﬁ) and F are at most exp(C/e€), and

the work to answer a query is at most C.
This concludes our explanation of Algorithm 16.1.

For future reference, we record a few remarks on the inner workings of Algorithm 16.1.
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Proposition 16.1. Let €,Q, P= (PY)yes be as assumed in Algorithm 16.1.
Then Algorithm 16.1 performs as follows.
(a) It computes a point yo € S and a dyadic cube Qoo. The point yo and the cube Qoo

are computed from €,Q,S, without using the polynomials PY(y € S). The work and

storage used to compute yo and Qoo are at most C.

(b) It applies Algorithm 14.1 to the input data €, Qoo, 13, to compute a number Ne(ﬁ, Qoo).
(In particular, the input data €, Qoo, P are as assumed for Algorithm 14.1.)

(c) It applies Algorithm 15.1 to the input data €, ﬁl{yo}, to compute a number Ne(P,yo).
(In particular, the input data €, ﬁ|{y0} are as assumed for Algorithm 15.1.)

(d) It returns the number Ne(l;) = maX[Ne(ﬁ, Qoo), Ne(ﬁ,yo)].

Proof. Immediate from our explanation of Algorithm 16.1. O

17 Extending a Whitney Field from a Testing Set 11

In this section, we present the analogue of Algorithm 16.1 in the case of a cube Q that is

neither very big nor very small.
Algorithm 17.1. Given € > 0, assumed to be less than a small enough controlled constant;
and given a dyadic cube Q whose sidelength satisfies
(1) e /28 < 8q < c#e! for a small enough controlled constant c#;
and given a Whitney field P = (PY)yes, where the set S is assumed to satisfy
(2) Sc Q™, and

(3) ly —y'| > €*e %0q for any two distinct points y,y’' € S;

we compute a number Ne(ﬁ) and a function F € C™(R™), such that

(A) F agrees with P;
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(B) || Fllen@m < (1 + Ce) - Ne(P); and

(C) Ne(P) < (14 Ce)- || P llomn.

The storage and the one-time work needed for the computation are at most exp(C/e€),

and the work to answer a query is at most C.

—

Explanation: First, we define N¢(P) and F, and prove that they satisfy (A), (B), (C); then we

discuss the computation of our Ne(ﬁ) and F.

We fix a dyadic cube Qgp, such that

(4) Q™ C Qgo, and

with € as in equation (1) in Section 14.

Such a cube Qg exists, thanks to our assumption (1).
Next, we fix a cutoff function 8y € C™(R"™), with the following properties:

(6) 0 < 0y < TonR™ 0y=1o0n Qfy; suppBp C (Qp5)"; and

(7) 10%00(x)| < Cogo for |af < m, x € R™
By taking 0y to be an appropriate spline, we can answer queries as follows.
(8) Given a point x € R™, we compute Jx(0o) with work and storage at most C.
In view of (5) and (7), we have
(9) 10%0o(x)] < Ce for 0 < || < m, x € R™, since € < 1.

We prepare to apply Algorithm 14.1 to the data €, Qqo, P. Let us check that these data
satisfy the assumptions of that algorithm. We are assuming here that € is less than a small
enough controlled constant. Also, Qg is a dyadic cube, whose sidelength dq,, satisfies
equation (1) in Section 14, thanks to our present equation (5). Also, our Whitney field

P = (PY)yes satisfies
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(10) S <€ Q™ C Qg € Q%

thanks to (2) and (4). Consequently, inclusion (2) in Section 14 holds for the data €, Qo, P.
Next, note that 8q > e /(29 > cee V29 §4 , by (1) and (5). Therefore, (3) yields
‘U _y/| Z €2 e—Z/e 6Q 2 c €3 e—2.5/e 6Q > e—3/€ 6Qoo

00

for any two distinct points y,y’ € S, since € is less than a small enough controlled constant.
Thus, equation (3) in Section 14 holds for the data €, Qgo, P. This completes the verification
of the assumptions of Algorithm 14.1 for the data €, Qqp, P.

Applying Algorithm 14.1 to €, Qqo, P, we compute a ball B(xg,T), a number N(P, Qoo),
and a function Fy € C™(R™), with the following properties.

(11) (Qoo)™ C B(xo,1).
(12) Fo agrees with P.
(13) || Follem B < (1 + Ce) - Ne(P, Qoo).

(14) N(P,Qoo) < (1+Ce)- || P [lcm (Bixg,2r)-
Moreover,

(15) The storage and one-time work to compute B(x,, r),Ne(ﬁ, Qoo), Fo are

at most exp(C/e€); and the work to answer a query is at most C.
We now define
(16) Ne(P) = Ne(P, Qoo
and

(17) F =00 Fy € C(R").
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Let us check that (A), (B), (C) hold for Ne(P) and F as in (16), (17). First of all, let
y € S. Then y € Qf, by (10), hence J,(89) = 1 by (6). Consequently, J,(F) = J,(Fo) by
(17), and therefore J(F) = PY by (12). Thus, our F satisfies (A).

Next, we estimate the norm of F in C™(R™), in order to check (B).

We will apply Corollary 2 in Section 5 to the following data:

(18)

The number €y = Ce for a large enough controlled constant C.

The number M = || Fo ||Cm(B(xo,r))-
The cube Qo = Q-
The cutoff function 684 from (6)...(9).

The function Fy from (11)...(15).

Let us check that the hypotheses of that corollary are satisfied by the data (18). In fact,
we have 0 < €9 < 1, since € is less than a small enough controlled constant. Also, M > 0,

Qo is a cube, 8p € C™(R™), and Fy € C™(Qf'"). We have

0 <00<1onR™ suppfy C QIF; and [0%0,(x)| < € for 0 < |af < m, x € R™; all thanks
to (6), (9) and (18). Also,

| Fo llem(qiry =1l Fo llem(i@zs i) < | Fo llem®xom= M,

thanks to (11) and (18). This completes the verification of the hypotheses of Corollary 2 in
Section 5 for the data (18).

Applying that corollary, and recalling (17), we learn that
I'F lfem@ny < (T4 Ce)- [ Fo llemixom) -
Together with (13), this yields
| Fllen@s)< (14 Ce) - Ne(P, Qoo),
which is our desired conclusion (B), in view of definition (16).

Next, note that conclusion (C) follows at once from (14) and (16). Thus, conclusions

—

(A), (B), (C) hold for N.(P), F as in (16), (17).
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We turn to the computation of Ne(ﬁ) and F. The one-time work is as follows.

Step 1. We compute a dyadic cube Qo satisfying (4) and (5).
Step 2: We perform the one-time work of Algorithm 14.1 for the data €, Qqp, P.

Step 3:  We set Ne(ﬁ) = Ne(ﬁ, Qoo), where the right-hand side has been computed in
Step 2.

Given a query point x € R™, the query algorithm proceeds as follows.

Step Q1l:  We compute J4(Fo) by the query algorithm of Algorithm 14.1, applied to the data
€, QOO) ﬁ

Step Q2:  We compute J4(6) as in (8).
Step Q3:  We return the polynomial Ji(F) = Jx(00) ®x Jx(Fo). (See (17).)

From (8) and (15), one sees trivially that the storage and one-time work of the above

algorithm are at most exp(C/€), and the work to answer a query is at most C.
This completes our explanation of Algorithm 17.1.

For future reference, we record a few observations on the inner workings of Algorithm
17.1.

Proposition 17.1. Let €, Q,ﬁ be as assumed in Algorithm 17.1.

Then the Algorithm 17.1 performs as follows.
(a) It computes a dyadic cube Quo, using only € and Q (but not using P). The work and
storage used to compute Qoo are at most C.

(b) It applies Algorithm 14.1 to the input data €, Qoo, 13, to compute a number Ne(ﬁ, Qoo).
(In particular, the input data €, Qoo, P are as assumed in Algorithm 14.1.)

(c) It returns the number

Ne(P) = Ne(P, Qoo) -

Proof. Immediate from our explanation of Algorithm 17.1. O
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18 Extending a Whitney Field from a Testing Set III

In this section, we provide the analogue of Algorithms 16.1 and 17.1 in the case of a rather

large cube Q.
Algorithm 18.1. Given € > 0, assumed to be less than a small enough controlled constant;

and given a dyadic cube Q whose sidelength satisfies

(1) %c#e_1 < 8q < e'%e with c¢# as in Algorithm 17.1;

and given a Whitney field P = (PY)yes, where the set S is assumed to satisfy

(2) Sc Q*, and

(3) ly —y'| > e*e ¥¢8q for any two distinct points y,y’ € S;
we compute a number Ne(ﬁ) and a function F € C™(R"), such that

(A) F agrees with P;
(B) || Fllcn@n) < (14 Ce) - Ne(P); and
(C) Ne(P) < (1 + Ce)- || P [lenmn):

The storage and the one-time work needed for the computation are at most exp(C/€), and

the work to answer a query is at most C.

Explanation: We will reduce matters to Algorithm 17.1 by a partition of unity. We begin by

introducing that partition of unity. Next, we define N¢(P) and F, and check (A), (B), (C).

Then we show how to compute our Ne(ﬁ) and F, and estimate the work and storage needed.
Recall the cubes Qi,s> and cutoff functions 6§f>, v = (vi,...,vn) € Z", defined in

Section 10. We fix s € Z, such that

1 -1 1 1
(4) qogc?e’ <28 < gsefe
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Thanks to (1) and (4), the cube Q** is partitioned into dyadic subcubes QY. for

v = (Vv1,...,Vn) € Z" varying over the set

5)9 = {(vi,...,vn) € 2Z™ v?‘in < vy < v for each i}, for suitable

yimax ymin (4= 1 n).

Also from (1) and (4), we see that

(6) #(G) < e/~

Note that, for any v € Z™, we have 0% = Oona neighborhood of Q**, unless v € G.

(To see this, we recall that supp 0 ¢ (Q§,5>)*; see Section 10.) Consequently, the Gi,s>,v €g,

have the following properties.

(7) 0¥ ¢ C™R™), 0! > 0on R™, supp 0¥ ¢ [(Q@)*]i”t, |a°‘e<j>y < Cel® on R™ for

|| < m; and also

8) ¥ 6% < TonR"™ and 3 6% =1 on Q™.

ves§ veg

Moreover, we can answer queries as follows.
(9) Given x € R™ and v € G, we can compute IE(G@) with work and storage at most C.

Note also that

(10) Given x € R™, we can compute the set of v € G such that x € (Q<VS>)*. This computa-

tion takes work and storage at most C. There are at most C such v.
For each v € G, we define
(11) Sy = S N (Q{).

We will show that the data
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(12) (e,Q%, Ps,)

satisfy the assumptions of Algorithm 17.1, for each v € G.

To see this, fix v € G. We know that € is less than a small enough controlled constant.
Also, thanks to (4), the sidelength of QY satisfies

e 1/2¢) < Syt < c”e 1. (Recall that ol = 25)
Next, note that S, C (Q@)**, thanks to (11).
Finally, for any two distinct points y,y’ € S, we learn from (1), (3), (4) that
ly—vy'| > e?e ¥¢8q > e?e /¢ 6Q§s> .
This completes our verification of the assumptions of Algorithm 17.1 for the data (12).

For each v € G, let Ne(ﬁ! s,) and F, € C™(R™) be the number and function computed by
applying Algorithm 17.1 to the data (12). Then the following hold.

(13) F, agrees with P|g, for each v € G.
(14) || Fy [lem@mn) < (1 + Ce) - Ne(Pls,) for each v € §.
(15) Ne(Pls,) < (1 4 Ce)- || (Pls,) llem@n) for each v € G.

(16) For each v € G, the storage and the one-time work to compute Ne(lsl s, ) and F, (given

the data (12)) are at most exp(C/e), and the work to answer a query is at most C.
We now define Ne(ls) and F. We set
(17) Ne(P) = max{Ne(Pls,) : v € G}
and we define

(18) F= 5 oy . F, € C™(RM).

ve§g

Let us check that (A), (B), (C) hold for our N¢(P) and F. We begin with (A). Fix y € S.
We have y € Q** by (2), hence
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(19) 3 Jy(65) =1,

ves§g

by (8). For each v € G such that y € supp 9§,S>, we have y € (Qi,s>)* by (7), hence y € Sy by
(11), and therefore Jy(Fy) = PY by (13). Thus,

(20) J,(Fy) = PY for each v € G such that y € supp (04,

From (18), (19), (20), we see that

Ty(F) = D Ty(08) oy Ty(Fy) = > T,y(885)) @, PY = PY,

veg ve§

proving (A).

We pass to (B). We apply Lemma LGPU from Section 5, taking

(21) A = Large enough controlled constant,
Q. = QY for each v € G,
6 =12,

<

= (1 + Ce) - max{N(Pls,): v € G\

(The hypotheses of that lemma hold for the data (21), thanks to (4), (7), (8), (14).) From
Lemma LGPU, we learn that the function F in (18) satisfies

| Fllem@n < (1 4+ Ce) - max{Nc(Pls,): v e Gl

Together with (17), this proves conclusion (B).

Next, we establish (C). From (15), we have N¢(Pls,) < (1 + Ce)- || P ||cm g for each
veg.

Consequently, (C) follows trivially from (17). Thus, (A), (B), (C) hold for our N(P) and F.

—

We turn to the computation of N¢(P) and F. The one-time work is as follows.
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min

Mand v (1 =1,...,n)

i

Step 1:  Compute s € Z satisfying (4), and then compute the v
as in (5).

Step 2: For each v € G, we compute Q<Vs>, S, =Sn (Q<Vs>)**, and IS\SV.

Step 3: For each v € G, we perform the one-time work of Algorithm 17.1 for the data
(e, Qi,s>, P| s, ). This produces the number N(P| s, ) for each v € G, and prepares us

to answer queries on J4(Fy) for any given x € R™ and v € G.

Step 4:  We set Ne(ls) = maX{Ne(ﬁ!sv) :ve gl

Given x € R™, the query algorithm proceeds as follows

Step Ql:  Find §(x) = {ve §: x € (QV)}
Step Q2:  For each v € §(x), compute ]5(9@) and J(F).

Step Q3:  Return the polynomial J(F) = > ]E(e@) Ox Jx(Fvy).

ve§(x)

Since ]X(e<j>) = 0 for v € G\ §G(x), our query algorithm correctly calculates Jx(F), with F
as in (18).

Also, we note that #(S) < e“/¢, thanks to (2) and (3). Consequently, (6) and (16) show
that the one-time work and storage required for our algorithm are at most exp(C/€). From

(9), (10), (16), we see that our query algorithm requires work at most C.
This completes our explanation of Algorithm 18.1.
For future reference, we record a few remarks on the inner working of Algorithm 18.1.
Proposition 18.1. Let €,Q, P = (PY)yes be as assumed in Algorithm 18.1.
Then the Algorithm 18.1 performs as follows
(a) It computes an integer s and a finite subset § C Z™, using only €,Q (and not using

13) The set G satisfies #(G) < exp(C/€). The work and storage used to compute s, G

are at most exp(C/e).
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(b) For eachv € G, it computes the set S, = SN (Qi,s>)**, with Q§,5> as in Section 10. The

work and storage to compute and store all the sets S, (v € G) are at most exp(C/e).

(¢c) For each v € G, it applies Algorithm 17.1 to the input data €, QQS), ﬁ\sw to compute a
number Ne(];’sv ).

(In particular, these input data are as assumed in Algorithm 17.1.)

(d) It returns the number

Ne(P) = max{N(Pls,): v € Gl.

Proof. Obvious from our explanation of Algorithm 18.1. [

19 Extending a Whitney Field from a Testing Set IV.

In this section, we give an analogue of Algorithms 16.1, 17.1 and 18.1 for the case of a huge
cube Q.

Algorithm 19.1. Given € > 0, assumed to be less than a small enough controlled constant;

and given a dyadic cube Q whose sidelength satisfies
(1) 6Q > 65/€;
and given a Whitney field P = (PY)yes, where the set S is assumed to satisfy

(2) S C Q*™, and

(3) ly —y'| > e*e %0q for any two distinct points y,y’' € S;
we compute a number Ne(ﬁ) and a function F € C™(R"™), such that

(A) F agrees with P;
(B) [| Fllem@n) < (1 + Ce) - Ne(P); and

(C) Ne(P) < (14 Ce)- || P llomn.
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The storage and the one-time work needed for the computation are at most exp(C/e€),

and the work to answer a query is at most C.

Explanation: By a partition of unity, we reduce matters to Algorithm 15.1. Our discussion

is close to that of Section 18. Fix an integer s, such that

(4) %0673/6 5Q < 25 < e 3/e 6Q.

Recall from Section 10 the dyadic cubes Q§,S> and cutoff functions 6<VS>, for

v =(Vvi,...,Vn) € Z™

Thanks to (4), the cube Q** is partitioned into dyadic subcubes Q§,3>, for

v = (Vi,...,Vn) € Z™ varying over the set

5) G = {(vi,...,va) € Z™ : v < v; < VI for each i}, for suitable

min
Vi

v (i =1...,n).

1

Also thanks to (4), we have

(6) #(G) < e/~

Note that, for any v € Z™, we have 0% =0ona neighborhood of Q**, unless v € G. (To see
this, recall that supp ol (Qi,s>)*; see Section 10.) Consequently, the o' (v € Z") have

the following properties.
(7) 0% € C™(R™), 08 > 0 on R™, supp 0 < [(QV)]™;

(8) el < C - (e73/¢8q) ¥ on R™, for |«| < m;

9) ¥ 8 =1onR" and

veznr

(10) 3 6% =1 on Q.

veg

Moreover, we can answer queries as follows.
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(11) Given x € R™ and v € Z", we can compute ]E(G@) with work and storage at most C.

(12) Given x € R™, we can compute {v € §:x € ( §,S>)*} with work and storage at most C.
In particular, there are at most C such v € G.

For each v € G, we define

(13) Sy = SN (QV)™.

We will check that

(14) #(Sy) < 1 for each v € G.

To see this, we fix v € G, and suppose that y,y’ are two distinct points of S,,. We will derive

a contradiction. In fact, since y,y’ both belong to (Q<Vs>)**, we have

(15) ly —y| < Coy = C - 28,

Ql®

On the other hand, (3) and (4) yield
(16) ly —y'| > e?e - 8qg = (e - e'/¢) - (e7/8q) > (e%e"/€) - (c - 2°).

Since (15) contradicts (16), there cannot be two distinct points in S, completing the proof
of (14).

For each v € G, we now define Ne‘v(ﬁ) > 0 and F, € C™(R™), as follows.

Let v € G. Then S, is empty or a singleton, by (14). If S, is empty, then we set
Ney(P) = 0 and F, = 0.

—

If #(Sy) = 1, then we define N, (P) and F, € C™(R™) to be the number and the function
computed by Algorithm 15.1 applied to the data (e, ]3| s, ). (Note that the assumptions of
Algorithm 15.1 hold here, since € is less than a small enough controlled constant, and l3| Sv

is a Whitney field on a singleton.)

In either case (#(S) = 0 or #(Sy) = 1), the following properties hold.
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(17) F, agrees with P on Sy, for each v € G.

(18) || Fy lem@n) < (1 + Ce) - Neo(P), for each v € §.

(19) Nen(P) < (1 4 Ce)- || P ||en@n) for each v € .

(20) Given v € G, and given the data (e, 1_5|5V)7 the storage and one-time work to compute

Ne,\,(]s’) and F, are at most exp(C/e), and the work to answer a query is at most C.

In fact, if Sy is non-empty, then (17)...(20) are immediate from the basic assertions of
Algorithm 15.1. If S, is empty, then (17)...(20) hold trivially.

We now define Ne(ﬁ) and F. We set
(21) Ne(P) = max{Ne(P):v e G,
and we define

22) F= Y o - F, € C(R").

veS

Let us check that (A), (B), (C) hold for the above N¢(P) and F. We begin with (A). Fix
y € S. We have y € Q™ by (2), hence

(23) X Ju(08) =1,

vesg
by (10).

For each v € G such that y € supp 0%, we have y € (Q!)* by (7), hence y € S, by (13),
and therefore J,(F,) = PY by (17). Thus,

(24) J,(Fy) = PY for each v € G such that y € supp 0l

From (22), (23), (24), we see that

To(F) = 3 14(08) 0y Ty(F) = 3 1,(08) @, PY = PY,

ve§ veS
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proving (A).

We pass to (B). Our plan is to apply Lemma LGPU to the following data.

§ =12
€ = 275 in place of € in Lemma LGPU.

A = Large enough controlled constant.
(25)

—

M = (1 4+ Ce) - max{N,(P): v e G}.

The functions 05 and F,,veg§

| The cubes Q<VS>, veg

Let us check the hypotheses of Lemma LGPU for the data (25). We have 0 < € < 1, by (1)
and (4). Also, A > 1 and M > 0. Moreover, A~ '¢~" < §<e ' infact, 5 =2¢"".

The desired properties of the 65 are immediate from (7), (8), (9). Finally, the desired

properties of the F, are immediate from (18), and from our definition of M in (25).
Thus, the hypotheses of Lemma LGPU all hold for the data (25).
Applying that lemma, we see that the function F in (22) satisfies
| Fllem@n < (1 4+ C'e) - max{Ne~(P):v e §}.
Together with (21), this yields conclusion (B).

Note also that conclusion (C) follows trivially from (19) and (21). Thus, (A) , (B) and

(C) hold for our N¢(P) and F.

—

We turn to the computation of our N¢(P) and F. The one-time work is as follows.

min max
v

Step 1:  We compute s € Z satisfying (4), and then we compute v{"™™, v**(1 =1,...,n) as
in (5).

Step 2: For each v € G, we compute S, =S N (Q§,5>)** and ﬁ’sv-

Step 3:  For each v € G, we set /A(v) = 1if S, is non-empty, A(v) = 0 otherwise.
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Step 4. For each v € G such that /A(v) = 1, we perform the one-time work of Algorithm
15.1 for the data (e,P|sy). This produces a number Ne‘y(ﬁ), and allows us to

answer queries regarding a function F,,.

Step 5:  We set Ne(ﬁ) = maX{Ne,V(l;): all v € G such that A(v) = 1}.
Given x € R™, our query algorithm proceeds as follows.

Step Ql: Find G(x) = {v e G:x € (Q{¥)* and A(v) = 1.
Step Q2: For each v € G(x), compute 15(9@) and Jy(F.).

Step Q3: Return J,(F) = X 15(99) Ox Jx(Fvy).

veS(x)

Since ]E(GS’)) =0forve g x¢&( §,5>)*, and since F, = 0 for v € G, A(v) = 0, it follows
that our query algorithm correctly computes J,(F), with F as in (22).

Also, we note that #(S) < e“/¢, thanks to (2) and (3). Consequently, (6) and (20) show
that the storage and one-time work of our algorithm are at most exp(C/e). From (11), (12)

and (20), we see that the work to answer a query is at most C.
This completes our explanation of Algorithm 19.1.

For future reference, we give a simple proposition concerning the output of Algorithm
19.1.

Proposition 19.1. Let e,Q,l3 = (PY)yes be as assumed in Algorithm 19.1. Then the
following hold.

(a) #(S) < exp(C/e).

(b) For each yo € S, the input data €, ﬁ|{y0} are as assumed in Algorithm 15.1

(c) For each yo € S, let Ne(ﬁ!{yo}) be the number computed by applying Algorithm 15.1 to
the input data €, l3|{y0}.

—

Then the number N¢(P) returned by Algorithm 15.1 is equal to

max{Ne(Pliyo1) : Yo € S).
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Proof. Assertion (a) follows trivially from (2) and (3). Assertion (b) holds, since the only
assumptions for Algorithm 15.1. are that € is less than a small enough controlled constant,
and that the input Whitney field is defined on a singleton.

We turn to assertion (c). We refer to our explanation of Algorithm 19.1.

For any v € G such that A(v) =1, the set S, is a singleton, and thus New(ls) is among
the numbers Ne(ﬁl{yo}), Yo € S. Consequently,

(26) max(Ne(P):ve§, Alv) =1} < max{Nc(Ply,)) : yo € S).

On the other hand, let yo € S. Then yo € Q** C Q**, hence yg € Q%S> for some v € §. Fix
such av. Then since yo € SN (Qi—f))** = S5, we have A\(v) = 1. Recalling (14), we conclude
that S5 = {yo}. Consequently, in Step 4, we set Neﬂ—,(ﬁ) = Ne(ﬁhyo}). Hence,

Ne(Plyy)) < max{Ney(P): ve§, Alv) = 1}.
Since Yo € S was arbitrary, it follows that

max{Ne(Pliyo1) : Yo € S} < max{Ne~(P):ve G, A(v) = 1).
Together with (26), this yields the equality
(27) max{Ne(Ply,)) : Yo € S} = max(Neo(P): v e G A(V) =11

The desired conclusion (c¢) now follows from (27) and Step 5 above. O

20 Extending a Whitney Field from a Testing Set V

In this section, we combine the results of the last several sections.

Algorithm 20.1. Given € > 0, assumed to be less than a small enough controlled constant;
and given a dyadic cube Q; and given a Whitney field P= (PY)yes, where the set S is assumed
to satisfy
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(1) S c Q*, and

2

(2) ly —y'| > e’e¥8q for any two distinct points y,y’ € S;

we compute a number Ne(ﬁ) > 0 and a function F € C™(R"™), such that

(A) F agrees with P:
(B) || Fllem@n) < (1+ Ce) - Ne(P); and
(C) Ne(P) < (1+Ce)- || P [|emn).

The storage and the one-time work needed for the computation are at most exp(C/e€),

and the work to answer a query is at most C.
Explanation: The sidelength 65 must satisfy at least one of the following.

Case 1: 8g < e 1/4e),
Case 2: e V/[2¢) < dg < c?e~!, with ¢ as in Algorithm 17.1.
Case 3: %c#e_1 < 8q < e'%¢ with ¢# as in Algorithm 17.1.

Case 4: 5g > e%/¢.

With work and storage at most C, we can identify one of the above cases that holds for
our given Q. In cases 1,2,3,4, we can find N¢(P) and F satisfying (A), (B), (C) by applying
Algorithm 16.1, 17.1, 18.1 or 19.1, respectively. The work and storage of our computation
are as asserted above.

This completes our explanation of Algorithm 20.1.

21 The Main Extension Algorithm

In the next several sections, we present the following algorithm.
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Algorithm 21.1. (“Main Extension Algorithm”): Given € > 0, assumed to be less than a
small enough controlled constant; and given a Whitney field P = (P*)yce, with #(E) = N,
2 < N < oo; we compute a real number Ne(ﬁ) > 0 and a function F € C™(R™), such that:

(A) F agrees with P:
(B) || Fllen@n) < (1 + Ce) - Ne(P); and
(C) Ne(P) < (14 Ce)- || P flemgan.

The storage and one-time work of the algorithm are at most exp(C/e)N and

exp(C/e) Nlog N, respectively.

The work to answer a query is at most C - log(N/¢€).

Theorem 1 (from the Introduction) is an obvious consequence of Algorithms 21.1 and
15.1.

The explanation of the above algorithm occurs in the next three sections.

In Section 22, we present the one-time work of Algorithm 21.1. This one-time work
computes the number Ne(ls) and allows us to answer queries. In Section 23, we define a
function F € C™(R™), and we prove that our Ne(P) and F satisfy conditions (A), (B), (C)
above. Finally, in Section 24, we present the query algorithm that computes J(F) for any

given x € R™.

22 The One-Time Work

In this section, we carry out the one-time work of Algorithm 21.1. We let k > 0 be a small

enough controlled constant. Let €, 13, E, N be as in Section 21. We proceed as follows.

Step 1:  We perform the one-time work of the BBD Tree, and we carry out Algorithm WSPD
with input (E, k). (See Section 4.) Let (x,x}) € EXE (v =1,...,Vpax) be the
“representatives” produced by Algorithm WSPD, as explained in Section 4.

This step takes work at most CN log N in space CN, since K is a controlled constant.
Also, we have v, < CN.
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Step 2. We compute the smallest real number M > 0 such that

(1) [0*P¥| < M for |al < m, x € E; and

(2) (P — PX)()l < KL+ I, — X" for o < m—T,1 <V < Vypas.

Note that Lemma 8.2 assures us that

(3) P¥(P*—PY)(x)| < CM - [x —y[™ ™ for o] < m,x,y€E, x#y.

The work involved in Step 2 is at most CN, and the storage needed (once we have already

stored the input P and the representatives x.,, X2 (v =1,...,Vmax)) is at most C.

Thanks to (3), we will be able to prove assumption (1) in Section 6 for a suitable M to

be picked later.

In addition to (3), we will use the following estimate.
(4) M < C* || P ||cm@n), for a large enough controlled constant C*.

To prove (4), let M* be any real number greater than || P ||cm@»). Then, by definition of
the C™norm of a Whitney field, there exists Ft € C™(R™) such that F* agrees with P, and
" fem @my< MY

The Bounded Distortion Property gives
(5) [0%FF(x)] < CMT for |af < m, x € R™,
which in turn yields
(6) RT(F) = Ty(FN () < C'MFx —y[™ 1 for |of <m, x,y € RY, x #y,

by Taylor’s theorem.
Since F* agrees with P, (5) and (6) imply

[0°P*(x)] < CM™ for & <m, x €E,
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and
[P¥(P*—PY)(x)| < C'M*thx —y/™ ™ for |6l <m, x,y € E, x #y.

Comparing these estimates with the definition of M, we learn that M < C*M™*. Since M*

is any real number greater than || P ||cm @n), the proof of (4) is complete.

For this section and the next, we fix C* as in (4).

Step 3:  We perform the one-time work of Algorithm 9.2 (“Compute-Regularized-Distance”).

This requires work at most CNlog N in space CN. After this step, we can answer

queries regarding a certain function () € Ct (R™ N E).

The function d(-) satisfies

(7) cdist (x,E) < 8(x) < Cdist(x,E) for x € R*\ E, and

(8) 10%8(x)| < C - (8(x))" ™ for |&f < m, x € R*\ E.
The query algorithm regarding 6(-) performs as follows.

(9) Given x € R™\ E, we can compute J(8(-)) with work at most Clog N, in space CN.

For (7), (8), (9), see estimates (8), (9) in Section 9, as well as Algorithm 9.2.
Note that our present estimates (7) and (8) give us assumptions (2) and (3) in Section 6.
Step 4:  We carry out Algorithm 11.2 (“Find-Interesting-Cubes”), to compute a list Q... Q[
of dyadic cubes, with the following properties.
(10) The cubes Q... QM are all distinct.
(11) L < (C/e) - N.

(12) For any given dyadic cube Q, the set S(Q) computed from €, E, Q by Algorithm 11.1
has cardinality > 2 if and only if Q is one of the QW, A=1,... L.
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The work of Step 4 is at most exp(C/e) - Nlog N, and the storage needed is at most
%N + exp(C/e).

Step 5:  We introduce any convenient ordering on the set of dyadic cubes. (Say, we use
lexicographic order in terms of the sidelength and coordinates of the center point

of a given cube.) We then sort our list Q" ... QW with respect to that order.

This takes work at most CLlIogL < %N . log(%N) in space CL < C?’N; see (11).
Thus, (10), (11), (12) hold, and we can perform binary searches as follows.

(13) Given a dyadic cube Q, we can decide whether Q = Q™ for some A, with work at
most Clog(N/e).

If Q = QW for some A, then we can compute that A, again with work at most

Clog(N/e).

Step 6: For each A = 1,...,L, we apply Algorithm 11.1 to €, E,QW), to compute a finite
set SN, with the following properties.

(14) SW c EnN (QW)*,
(15) [y — | > cee ¥<§qn for any two distinct points y,y’ € SM.
(16) dist (y,S™) < Cee #<dqn for any y € EN (QW)*.

(17) #(S™) > 2, as we see from (12).

The work to compute a single S is at most exp(C/e€) - log N, and the storage needed
is at most CN + exp(C/e€).

As we loop over A, we can re-use the above storage, but we want to store all the sets
S ... s,

From (14), (15) we see that #(S™) < exp(C/e) for each A.

Along with (11), the above remarks show that Step 6 consumes altogether at most

exp(C’/e)Nlog N work, and at most exp(C’/€e)N storage.
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The sets S® computed in this step will be used as the sets S, in Section 6, for certain £
and v. In particular, assumptions (11) and (12) in Section 6 will be proven using (14) and
(16) here.

Step 7:  For each A = 1,... L, we perform the one-time work of Algorithm 20.1 for the
inputs €, QO\), ]3’5(7\).

Note that these inputs satisfy the assumptions of Algorithm 20.1 since € > 0 is less than a
small enough controlled constant, and thanks to (14) and (15).

From this step, we obtain for each A a number N(e)‘)(ﬁ) > 0, and we are able to answer
queries as follows, regarding a function FN € C™(R™).
(18) Given A(1 < A < L), and given x € R™, we can compute J(F) with work at most C.

The number N(g‘)(ﬁ) and the function FN satisfy the following conditions.

(19) F™ agrees with P on S™.
(20) || FY [[em@n< (1 + Ce) - NO(P).

(21) NVP) < (1 4 Ce)- || (Plsm) llemmn)-

_|_

For each A, Step 7 requires work and storage at most exp(C/e). Hence, by (11), the total
work and storage of Step 7 are at most exp(C’/€) - N.

The functions F) computed in this step will be used as the functions F!, in Section 6, for

certain £ and v. Compare our present (19), (20) with assumptions (13), (14) in Section 6.

Step 8: For each yo € E, we carry out the one-time work of Algorithm 15.1 for the inputs
&, Pliyo -

After this step, we have computed numbers NS"O)(I;) > 0, and we can answer queries regard-
ing functions F¥%) € C™(R™). These numbers and functions have the following properties,

for each yo € E.
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(22) F¥o) agrees with P at yo.
(23) || F%) [l emen)< (14 Ce) - N&(P).

(24) N&'(B) < (14 Ce) - || (Plyy)) llem iz
The relevant query algorithm is as follows.
(25) Given yo € E and x € R™, we can compute J,(F¥)) with work at most C.

Step 8 requires work and storage at most exp(C/e) for each yo € E. Hence, the total work

and storage required for Step 8 are at most exp(C/€e)N.
The functions F¥)(y, € E) will be used as the functions F¥(x € E) in Section 6.

Compare our present (22) with assumption (15) in Section 6.
Step 9:  We compute
(26) Ne(P) = maxNE(F) fall A = 1., 1), NV(P) (all yo € B), 5¢)

where C* is the controlled constant in estimate (4).

Here, we are simply computing the maximum of a list of numbers that were already

computed in Steps 1...8 above. The work of this step is thus at most
C-(N+L+1) < EN (see (11)),

and we need storage at most C (aside from the storage already used to hold the numbers
NE(P), N (P), K.

This completes our description of the one-time work of Algorithm 21.1. Thanks to our
estimates for the work and storage of each particular step, we now see that the one-time
work of Algorithm 21.1 is at most exp(C/€)Nlog N, and the storage required is at most
exp(C/e)N. These are as asserted in Section 21.

We have computed the number Ne(ﬁ) in Step 9. In the next section, we will define a
function F € C™(R™), and show that N¢(P), F satisfy conditions (A), (B), (C) from Section
21. In Section 24, we give the query algorithm to compute J4(F) for any given x € R™.
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23 The Main Extending Function

In this section, we retain the notation and conventions of Sections 21 and 22. We recall the

convention that (k.£) refers to equation £ in Section k. Our goal here is to define a function

—

F € C™(R"™), which, together with N¢(P) from (22.26), satisfies (A), (B), (C) of Section 21.
We apply the Main Patching Lemma from Section 6, along with the results of our one-time

work from Section 22. We proceed as follows. We define

(1) M = (1 + Ce) - N(P) for a large enough controlled constant C, with N.(P) as in
(22.26).

From (1) and (22.26), we have M < 2C*M, with M as in (22.1) and (22.2). Therefore,
estimate (22.3) shows that assumption (6.1) holds here, where we may take Ay to be a

controlled constant.

Let 8(-) € CL(R™ \ E) be as in Step 3 in Section 22. Then (22.7) and (22.8) tell us

loc

that assumptions (6.2) and (6.3) hold here, where we may take A; and A, to be controlled

constants.

For £ € Z, let x, € C™R) be as in (10.1), (10.2), (10.3). From those equations and
estmates, we learn that assumptions (6.4) and (6.5) hold here, where we may take As to be

a controlled constant.

For each { € Z and v € Z™, let 0%, and QY be as in (10.5)...(10.11). Those results show
that assumptions (6.6)...(6.10) hold here, where we may take A4, As, Ag to be controlled

constants.

We recall from (10.4) and the remarks just after it, that

2) Q% = (Q¥))* for a suitable dyadic cube Q. where
(2) Qy y
(3) sidelength (QY) = 25, and & e " - exp((£4+1)/e) < 25 < £ exp((L+1)/€). Thus,

(4) cexp((E—1)/e) < ee 8,6 < Cexp((t—1)/e).

v

Let £ € Z, v € Z™ be given; and let QY be as in (2), (3).
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We define

to be the set obtained by applying Algorithm 11.1 to the input €, E, Qi,s>. The following are
among the defining properties of Algorithm 11.1.

(5) SL CEN(QY)™ = EN(QY)" (see (2)).

(6) [y —vy'| > cee €5 > ¢’ exp(({ —1)/¢€) for any two distinct y,y’ € S¢, (see (4)).

QY
(7) dist (y,S%) < Cee %€ e < C' exp((L—1)/€) for any y € E N (Q%)* (see (2) and
(4))-

Thus, assumptions (6.11) and (6.12) hold here, where we may take A; to be a controlled

constant.

Comparing our present definition of S¢ with that of S in Step 6 of Section 22, we learn

the following.

8) Let e Z,veZ 1 <A<L
If the cube Q@ in (2) satisfies
Q¥ = QW,

then S¢, = S™.

Also, comparing our present definition of S¢ with (22.12), we learn the following.

(9) Let € € Z, v € Z™, and let QY be as in (2).
If the cube Q<vS> does not appear in the list Q" ..., Q™ then #(S¢) < 1.

Next, let { € Z, v € Z™, and let Q§,5> be as in (2). We will define a function F$, € C™(R"™),

proceeding by cases as follows.

Case 1:  Suppose Q<vS> appears in the list Q... , QM. Say, Q<VS> = QW. Then we define
FC = FN with F as in (22.19)...(22.21). From (22.19) and (8), we learn that
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(10) F agrees with P on S

moreover, (22.20), (22.26) and (1) show that

(11) | F flen@n)< (1 + CONS(P) < (1 + Ce)N(P) < M,
provided we take C in (1) to be larger than C in (11).

Case 2:  Suppose Q<Vs> does not appear in the list QM ... QM.

Then #(S%) < 1, by (9). Thus, either S¢ = ¢, or else S¢, = {yo} for some y, € E.
(See (5).)

Subcase 2a: If S = ¢, then we set F, = 0. Trivially,

(12) F¢ agrees with P on S, and

(13) || FS llem@n) < M.

Subcase 2b: If S¢, = {yo} with yo € E, then we set F$, = FVo) with F¥o) as in (22.22)...(22.24).
From (22.22), we see that

(14) F¢ agrees with P on St
Moreover, (22.23), (22.26) and (1) show that
(15) | FS [lem@ny < (1 + Ce) - N&(P) < (1 + Ce) - Ne(P) < M,

provided we take C in (1) to be larger than C in (15).

We now pick C to be a controlled constant, large enough to guarantee (11) and (15). Thus,
F, € C™(R"M) is defined for all £ € Z, v € Z™. From (10)...(15), we see that assumptions
(6.13) and (6.14) hold here in all cases.

Next, for each yo € E, let F¥) € C™(R") be as in (22.22)...(22.24). From (22.22),
we see that assumption (6.15) holds here. Moreover, let £ € Z, v € Z™, and assume that
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S¢ = {yo} for some yo € E. Then we cannot be in Case 1 above, since we would then have
#(S8) = #(S™) > 2 for some A, by (8) and (22.17). Evidently, we cannot be in Subcase 2a
either. Thus, we are in Subcase 2b, and consequently F¢ = F¥) by definition. This shows
that assumption (6.16) holds here.

We have now shown that (6.1)...(6.16) hold for the e, M, 13, 5(-), xe(+), 85, Q%, St FL and

v v

FYo) given above, where we may take Ay, ..., A7 to be controlled constants. Consequently,

the Main Patching Lemma from Section 6 applies, and it tells us the following.

We define a function F on R™, by setting

(16) F(x) = (P*)(x) for x € E, and

(17) F(x) = > xe(elogd(x)) - 0% (x) - F&(x) for x € R™ \ E.

v

Then

(18) F e C™(R™),
(19) F agrees with P, and

(20) || Fllem@n) < (1 + Ce) - Ne(P). (See (1).)

—

Thus, the number N¢(P) in (22.26) and the function F in (16), (17), together satisfy (A)
and (B) in Section 21. We now show that (C) holds as well.

Estimates (22.21) and (22.24) show at once that
(21) NV (P) < (1 + Ce)- || P ||em@n) for all A,
and that
(22) N¥)(P) < (1 + Ce)- || P ||en@n) for all yo € E.

Also, from estimate (22.4), we have
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m —
(23) & <[P llem@En.

(Recall that the constant C* has been fixed as in (22.4); it does not vary from one occurrence
to the next.)

From estimates (21), (22), (23) and the definition (22.26) of N¢(P), we see that
Ne(P) < (14 Ce) || P llomgan),
which is the desired conclusion (C).

Thus, we have shown that our N¢(P) and F satisfy conditions (A), (B), (C) from Section
21.

In the next section, we give the query algorithm to compute J«(F) for a given query point
x € R™

24 The Query Algorithm

In this section, we adopt the notation and assumptions of Sections 21, 22, and 23. Our goal
is to give the query algorithm within Algorithm 21.1. We assume here that we have already

carried out the one-time work in Section 22. We begin with the following query algorithm.

Algorithm 24.1. (“Compute F\"): Given { € Z, v € Z™ and x € R™, we compute J,(F.),
using work at most Clog(N/€).

Explanation: We first compute Qi,s> from (23.2). Recall that Q<VS> is a dyadic cube, and
QY = (QY)*. We then perform a binary search as in (22.13), to determine whether QY

appears in the list QM ..., QM.

If Q% does appear in the list Q. ..., QU, then the binary search (22.13) returns a A such
that Qi,‘c’) = Q™. We find ourselves in Case 1 from Section 23, and therefore, we have
FC = FA. We compute J(F) by applying (22.18), and we return J,(FS) = J(FV).

If Q@ does not appear in the list Q" ..., Q. then we find ourselves in Case 2 from Sec-
tion 23. We defined S! by applying Algorithm 11.1 to the inputs €, E, Q<vS> (as explained
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in Section 23, just after (23.4)). We are guaranteed that S% is empty or a singleton. (See
(23.9)). Consequently, we may compute the set S by applying Algorithm 11.4.

o If S¢ = ¢, then we are in Subcase 2a from Section 23.
In that subcase, we defined F, = 0. We return J,(F%) = 0.

o If SY = {yo}, then we are in Subcase 2b from Section 23.
In that subcase, we defined F$, = F0). We compute J,(F¥%)) by applying (22.25), and
we return J(F) = J,(Fvo)).

Thus, in all cases, we have succeeded in computing J,(F}).

Let us estimate the work of the above computation.

The computation of Q§,S> takes work at most C.

The binary search using (22.13) takes work at most Clog(N/e).
The computation of J,(FM) using (22.18) takes work at most C.

The computation of S¢ using Algorithm 11.4 ( not Algorithm 11.1) takes work at most
Clog N.

The computation of ]K(F(UO)) using (22.25) requires work at most C.

Consequently, the total work to compute J(F}) is at most Clog(N/e). This completes

our explanation of Algorithm 24.1.

We are almost ready to present the query algorithm within Algorithm 21.1. We prepare

the way by making a few remarks.

We recall that F is given by (23.16), (23.17), and that the cutoff functions appearing
there satisfy

suppX¢ C (£— 1,04 1), and supp 8’ C QY; see (10.2) and (10.7).

Consequently, for x € R™ \ E it is natural to define

(1) Ax) ={LeZ:elogd(x) € ((—1,0+1)}.

Also, for x € R™ \ E and for £ € A(x), we define
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(2) V(x,0) = (veZ": QY 3.

We then have

since F agrees with P (as shown in Section 23).
Our query algorithm for J,(F) makes straightforward use of formulas (3) and (4).

Algorithm 24.2 (Query Algorithm within Algorithm 21.1): Given x € R™, we compute
J«(F), using work at most Clog(N/e).

Explanation: First, we perform a binary search to decide whether x € E.
If x € E, then we return the polynomial PX, which is the correct answer, thanks to (4).
If x € E, then we proceed as follows.

We compute J(8(+)), using (22.9). In particular, this gives us the value 8(x), from which
we can compute the set A(x) in (1). Note that #(A(x)) =1 or 2. For each { € A(x), we
compute (d%)k)(g(t) at t = elogd(x), for k =0,..., m, by Algorithm 10.1. From the data

already computed, we can now compute Jy(X¢(€logd(-))) for each £ € A(x).

Next, for each £ € A(x), we compute the set V(x,{) in (2), using Algorithm 10.5 (“Find-
Relevant-Cubes”). Note that #(V(x,£)) < C, as mentioned in our statement of Algorithm
10.5.

For each { € A(x), and for each v € V(x,{), we now compute J(6%) by Algorithm 10.4,
and J(F%) by Algorithm 24.1.

We then return the polynomial J(F), which we compute from (3).

Thus, we have succeeded in computing J«(F).
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Let us estimate the work required for the above computation.

The binary search requires work at most Clog N.

The application of (22.9) to compute J5(8(-)) also takes work at most Clog N.
The computation of A(x) from d(x) takes work at most C.

The computation of (d%)k Xe(t) at t = elogd(x) for k = 0,...,m and all { € A(x) takes

work at most C.
The computation of Jy(x¢(€logd(-))) for all £ € A(x) then takes work at most C.
The applications of Algorithm 10.5 take total work at most C.

For each £ € A(x) and v € V(x,{), the application of Algorithm 10.4 takes work at most
C, and the application of Algorithm 24.1 takes work at most Clog(N/e).

Since there are at most C such ({£,v), the total work of all the applications of Algorithms
10.4 and 24.1 is at most Clog(N/¢€).

The evaluation of the right-hand side of (3) then requires work at most C.
Altogether, the work of Algorithm 24.2 is at most Clog(N/e€).
This agrees with what we claimed for the work at query time in Section 21.

Our explanations of Algorithms 24.2 and 21.1 are complete.

25 Remarks on the One-Time Work

In this section, we return to the setting of Section 22. For future reference, we set down
several remarks on the one-time work of that section, and we show that the one-time work
can be simplified a bit. We then prove Theorem 7 (from the Introduction), one of our main

results.

Proposition 25.1. Let e,P = (P*)xce, N = #(E) be as in Section 22. Then the algorithm

given in Section 22 performs as follows.
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()

(2)

It computes the representatives x.,, X (v =1,...,Viuax) from the WSPD for E, with

vy v

a small enough controlled constant.

The x.,,x” depend only on E, and not on € or on the polynomials P*(x € E). We have

vy v

Vmax < CN.

It computes the least W > 0 such that
10%P*(x)] < M forlal < m,x€E
and

(P — PY) ()] < Ix, —x™d KL for o < m—T1, 1<V < Via.

It computes a list of cubes QW and sets SV CE (A=1,...,L), withL < % - N. This
list is computed from € and E, without using the polynomials P*(x € E). For each A,
the set SN arises by applying Algorithm 11.1 to the input data €, Q™ E.

For each AN(1 < N < L), it applies Algorithm 20.1 to the input data e, QW 13|3m,
to compute a number N(e)\)(ﬁ). (In particular, these input data are as assumed in
Algorithm 20.1.) We have

NY(P) < (14 Ce)- || (Plson) llemzn) for each M.

For eachyo € E, it applies Algorithm 15.1 to the input data €, ﬁl{yo}, to compute a num-
ber Ne(ﬁ,yo). (In particular, these input data are as assumed in Algorithm 15.1.) We
have

Ne(P,yo) < (1+Ce)- || (Plyy) llemen). for each yo € E.

It returns the number

Ne(P) = max { 2%, NY(P) (1 < A < 1), Nel(P o) (yo € )}

where C* is the controlled constant fixed in Section 22.

The work and storage to compute all the Q™ SN for X = 1,...,L, are at most
exp(C/e)Nlog N, and exp(C/e)N, respectively.

Proof. Everything asserted in the above Proposition was shown in Section 22. O]
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Let N¢(P ) be as above. In Section 23, we exhibited a function F € C™(R™), and proved the
following properties of N¢(P) and F.

(A) F agrees with P.
(B) || Fllemmn < (14 Ce)N(P).

(C) Ne(P) < (1 + Ce)- || P |lemn).
From (A) and (B), we conclude that
(1) P flemmn < (1 + CeINe(P),

by definition of the C™-norm of a Whitney field. On the other hand, from (22.4), we recall
that

Since € is less than a small enough controlled constant, we have ”CE < 1

Hence, comparing (3) with conclusion (f) of Proposition 25.1, we find that
() Ne(P) = max{NI(P) (1 < A < 1), Ne(P,uo) (uo € E)).

In other words, we can delete the term 2’2‘* from the maximum in (f). Consequently, we

needn’t bother to compute M at all; we may simply omit Step 2 from the algorithm described

in Section 22.
From Proposition 25.1 (d) and (e), we recall that

Ng‘)(ﬁ) < (1+Ce) | (ﬁlsm) ||cm®n) for each A, and
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Ne(P,yo) < (1 + Ce)- || (Pliyoy) llem@n), for each yo € E.
Consequently, (f') implies the estimate
Ne(P) < (1+Ce) - max{|| (Plsn) [lem@any (1 <A <L), (Pl llem@n) (o € )]

Together with (1), this yields

(4) | P llem@n)< (14 Ce) - max{]| (Plsin) lem@n) (1 <A< L),

| (ﬁ’{yo}) lem@n) (Yo € E)}.

We recall that each SV arises from the input €, E, Q™ by Algorithm 11.1. By the defining
properties of that algorithm, we have, for 1 <A < L, that

(5) SM € (QM)* N E, and

(6) [y —y'| > cee /¢ dqmn for any two distinct points y,y’ € S,
Recall that the Q™ and S™ are defined for 1 <A < L, with
(7) L < &N = #(E).

It is convenient to define Q™ and S™ for L+1 < A < L+N, as follows. Let {yi,...,yn}
be an enumeration of E. Fori=1,2,..., N, we define SV = [y}, and we take Q™ to

be a dyadic cube of side 1 (say), containing y;.

Then (5), (6) hold also for L4+1 <A <L+ N. Our estimate (4) may be restated as follows.
(8) || P [lem@n< (14 Ce) - max{|| (Plsin) [lemny: 1 <A <L+ N

Let us estimate the work and storage needed to compute (and store) all the QW and
SM A=1,...,L+N.

Trivially, we can compute and store all the Q™ and S™ for L+ 1 < A < L + N with
work and storage at most CN. Hence, Proposition 25.1(g) implies the following.
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(9) The cubes Q™ and the sets SW, for all A = 1,...,L+N, can be computed and stored,
with at most exp(C/e)N log N operations, in space at most exp(C/e)N.

Theorem 7 from the introduction now follows at once from (5)...(9).

26 Minimax Functions

Let V, W be (real) finite-dimensional vector spaces, and let A; : VW — R (i =1,...,])

be linear functionals.

Then we can define a function A : V — R, by setting

(1) Alv) = min irzr%??iIIAi(v,w)I forveV.

(It is an elementary exercise to check that the minimum over all w € W is attained.)

We call
(2)n = (VW Ay, )

a “V-descriptor”, with V asin (1), (2). Also, we call A(v) the “minimax function arising from

1”7, and we write this function as A(v,n). For brevity, we may say that 1 is a “descriptor”

(omitting the V), or that A is a “minimax function” (omitting the n).

Here, we allow degenerate cases. If I = 0, then (1) simply means that A(v) = 0 for all
v € V. If W is a single point {0}, then (1) reduces to

Alv) = max, Ai(v)], for linear functionals Aj,...,A;: V — R.

.....

We define the “dimension” of the descriptor 1 in (2) to be the dimension of the vector space
W. Also, we define the “length” of the descriptor (2) to be the number of linear functionals
appearing in (2), i.e., the integer I.

Given a vector v € V, we would like to compute a vector w € W that nearly achieves

the minimum in (1). Therefore, we make the following definition.
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Let v eV, w® € W, let T > 1 be a real number, and let A, i be given by (1) and (2).

We say that w° is a “T-optimal” vector for v,1, provided

max [A(v,w%)] < T - min max (v, w)|.
N WEW i=1,...1

i=1,...,

(Compare with Algorithm 26.3 below.)

Suppose that V and W in (1), (2) are identified with Euclidean spaces RP and R9,
respectively. Then, for i = 1,... I, the functional A; is specified by (D + d) coordinates
(Al,...,APTd).

Thus, the descriptor 1 can be stored in memory, and it occupies storage at most
(3) C - (dimV + dimn) - length(n) + C.
In this section, we perform a few elementary operations involving descriptors and minimax
functions. For our algorithms involving descriptors, we suppose that V and W are identified

with RP and R? (respectively), and that any given descriptor 1 is specified by its coordinates

as above.

Proposition 26.1. Let T : Vi — V5 be a linear map, and let
(4) n = (Vo, W, A1, ..., A1) be a Vy-descriptor.

Define the Vy-descriptor
T]OT _= (V])V\/))\] O (T@Id),...,)\IO(T@Id)))
where Id denotes the identity map on W.

Then we have
(5) AlviynoT) = A(Tvy,m) for all vi € V;.
Moreover,

(6) dim(moT) = dim(n) and length(n o T) = length (1).
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Finally, if w is a T'-optimal vector for Tv,n, then w is also a I'-optimal vector for vinoT.
Proof. Trivial. O

Thus, if T : Vi — V5 is linear, and if A is a minimax function on V5, then Ao T is a

minmax function on Vj.

Proposition 26.2. Fora=1,... A, let
(7) na = (V\Wa,Af,y. . A{y) be a V-descriptor.
Let

(8) W =W; @ ® Wy,
and, fora = 1,... A, let

(9) Ma: VOEW = VW,

be the natural projection.

Let A1, ..., A1 be an enumeration of the family of linear functionals
(10) Mfomg: VEW—-R(1<a<A, 1<i<](a)).
Define a V-descriptor niv---vna, by setting

(11) Mmv:--vha = (\/)V\/)i\h---)xl)}

with W and A; as in (8) and (10).

Then, for allv € V, we have

(12) /\(Vﬂh Vo VT]A) = maXA A(Vana)'

-----
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Moreover,

(13) length (nyv---vna) = length (1) +--- + length (na),

and

(14) dim(myv---vna) = dim(ny) +--- + dim(na).

Finally, let v € V, and suppose that wq € W is T-optimal for ving (a=1,...

Then (Wi,...,wa) € Wi @ --- @B Wy is [-optimal for viniv:---vna.

Thus, if Aq,...,Aa are minimax functions on V, then the function
AV) = max{A;(v),...,Aa(V)}(vE V)

is again a minimax function.

154

A).

If Ny, @ € A} is a finite collection of V-descriptors indexed by « € A, then we sometimes

write

V 1N« to denote Ny, V- - VMg,, where (ot,..., xa) is an enumeration of A.

xeA

Proof of Proposition 26.2. Fixv € V. Foreach a=1,...,A, let w, be a minimizer for the
function

w —  max [Afv,w)l(we W,).
i=1,...,I(a)

Then, for any w = (wq,...,wa) € W = W@ --- @ Wax, and for any a (1 < a < A),

we have
max [A{ o (v, w)| = max [Af(v,wq)l > Alv,nd),
1<i<I(a) 1<i<I(a)

with equality in case wa = Wq.
Consequently, for any w = (wq,...,wa) € W, we have

max max |A? o (v, w)| > max A(v
jax, | max AS v, wjl > max, (V1)

with equality in case w = (Wq,...,Wa). Thus,
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(15) mi\x/lv max{/Al omg(v,w)l: 1 <a <A T <1< I(a)}
we

= max{A(v,nd): 1 < a < A}.

In view of the definition (11) of nyv---vna, the equality (15) tells us that
Alv,mive-vna) = max{A(v,m),..., Alv,nal},
completing the proof of (12). Conclusions (13) and (14) are obvious.
Finally, suppose w, is I'-optimal for v,n, for each a =1,...,A. Then
nilzzxp\f‘ o Ta(v, (W1,...,wWa))| = max mgx!?x?(v,wa)\
< max - Alvwneg =T - Alv,niv---vna) by (12).

Thus, (wq,...,wa) is T-optimal for v,nyv---vna.

To implement the above propositions, we set down the following algorithms.

155

Algorithm 26.1. Given T : RP" — RP2 (specified as a matriz), and given an RP?-descriptor

N, we compute the RP1-descriptor noT.

We recall that dim(n o T) = dim(n) and length (no T) = length (n).

The work required for the computation is at most C+C - length (1) - [dim V; - dim V3 + dim(n)].

The storage required for the computation (aside from that required to hold the inputsn,T)

15 at most

C + C - (dimV; + dim(n)) - length(n).

Algorithm 26.2. Given a listn,...,ma of RP-descriptors, we compute the RP-descriptor

NIV VA,
Recall that
dim(myv---vna) = dim(ny) + -+ dim(na), and
length (7v---vna) = length (ny) + -+ length (a) .

The work and storage required for the computation are at most

C+C-[D+ f dim(ng)] - [f length (a)] .

a=1 a=1
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We omit the straightforward explanation of Algorithms 26.1 and 26.2.

Given a minimax function A(-) in the form (1), and given a vector v € V, we would like
to find a vector w that nearly achieves the minimum in (1). Under favorable circumstances,

we can find such a w, thanks to the following application of the Ellipsoid Algorithm.

Algorithm 26.3. Given a list A\i(-) — by (1 = 1,...,1) of affine functions on RP (with
A € (RP)* and by € R); given a real number T' > 1 and a vector wy € RP such that

(1) max_[Ai(wo) —bi] < T - min max_ |Ai(w)—byl;
i=1,...,1 WeRD i=1,...,1
and given € > 0;
we compute a vector wy € RP, such that

(t1) max [A{(wq) —bi < (1 + €) - min max |[Ai(w) —byl.

i=1,...,1 weRD i=1,.../1

The work of the computation is at most C(D +1)° (log1) (log %r) and the storage is at most
C - (D+1)2

Explanation: Let W be a vector subspace of RP, complementary to W, :=
nullspace (A1) N --- N nullspace (A1), and let m : R® — W be the natural projection aris-

ing from the direct sum decomposition RP = W & W,

Note that Aj(7tw) = Ay(w) for any w € RP and i =1,...,1. Hence, in (), we may replace
Wo by mwy; and then, in the statement of our problem, we may pass from RP to the subspace
W. Consequently, ~we may assume without loss of generality that
nullspace (A7) N --- N nullspace (A1) = {0}.

1
Thus, the quadratic form Y (Ai(w))? on RP may be assumed to be strictly positive-
i

definite.

Now let

.....

and let

(17) K = {M,w) e R&RP: A(w)—by] < Mfori=1,...,I, T "M <M < 10M)}.



The C™ Norm of a Function with Prescribed Jets Il 157

Note that

(M,w) € R&ERP: \(w) —by] < Mfori=1,....,1, M < I "M}
is empty, by hypothesis (f). Note also that on

{(M,w) € R&RP: A\(w)—by] < Mfori=1,....,1, M > 10M}

we evidently have M > 1070[, whereas the point (m,wo) belongs to K. The above remarks
show that

(18) min max, Ai(w) —bi] = min{M : (M, w) € K}.

weRD i=1,...,

For any (M, w) € K, we have 0 < M < 10M, and
Ai(w —wo)l < Ai(w) —bil + Aiwo) = byl < M+ M < 1M fori = 1,...,1;

and therefore

(19) K c {(M,w) € R® RP: M? + _ZI(M(W—WO))Z < (100 +121T) M2} = E.

i=1

I
On the other hand, suppose (M, w) € RGRP, with (M—3M)2 + 5 (Ai(w—wp))? < M2

i=1

Then M — 3M| < 101; and for i=1,...,1, we have |A{(w —wp)| < 7(7[, hence
Ai(w) — byl < Ai(wo) — byl + M < 2M < M (since [M —3M| < K1).
Consequently,

(20) {(M,w) € R&RP: (M —3M)% + i (A(w —wp))? < M2} C K.

i=1
Trivially, we have

(21) T-'M < M < 10 M for (M, w) € K, and

(22) M| < (100 + 1211)"/2M for (M, w) € E (see (19)).
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Thanks to (19), (20), (22), the Ellipsoid Algorithm produces a point

(23) (My,w;) € K,

such that

(24) My < min M + el "ML

T (Mw)ek

From (17) we obtain trivially

(25) M < T min M.
(M,w)eK

Combining (24) and (25), we find that

M; < (1 4+ €) - min{M: (M,w) € K}.

We have also [Ai{(wq) —bi] < My fori=1,...,1, thanks to (23). Therefore,

.....

= (T4 €) min max [A(w)— by,
weRD i=1,....1

thanks to (18). Thus, wy satisfies (T1).

Let us review how we computed wy.

I

i=1

We computed M from formula (16).

We defined the convex set K in (17).

(M],W]) e K.

By linear algebra, we reduced matters to the case () nullspace (A;) = {0}.
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Using the ellipsoid method, starting with (17), (19), (20), (22), we computed the point
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This gives wy.

We can easily estimate the work and storage used in the above computation. We may

assume that D,I > 1, since our problem is trivial otherwise.

e The linear algebra in our computation takes space at most CDI and work at most
CDI - (D + 1).

e The computation of M from (16) requires work at most CDI and space at most C

(aside from the space used to hold the input data).
e Exhibiting the constraints defining K in (17) requires work and space at most CDI.

e Exhibiting the ellipsoids in (19), (20) requires work at most CD?I in space at most
CD2.

e The quantities playing the roles of €,A,D,L in the Ellipsoid Algorithm here are
€ =cel (100 +1211)"V2 N = (100 +1211)7"2, D + 1, and 2I + 1, respectively.

Consequently, our application of the ellipsoid method uses work at most

CD*I log(100 + 1211) log (£ - D - (100 + 1211)) in space at most CDIL.

Altogether, the work and storage used by Algorithm 26.3 are at most

C- (D 4+ I)>(ogI) (log “21) and C - (D + I)?, respectively.

€

The explanation of Algorithm 26.3 is complete.

27 Minimax Functions of Whitney Fields

In this section, we study the quantities Ne(ﬁ), N (P, Q), computed by Algorithms 14.1...20.1,
as functions of the Whitney field P. We shall see that these functions are all well-approximated
by minimax functions, and we will provide algorithms to compute the descriptors 1 of those
minimax functions. Moreover, given a Whitney field 13, we compute a (1 + Ce)-optimal

vector for ﬁ,n, with n as above.

We begin with some notation, definitions and remarks.
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Recall that, for E C R™, Wh(E) denotes the vector space of Whitney fields on E. If E is the
disjoint union of two sets E; and E;, then we identify Wh(E) with Wh(E;) & Wh(E;) in the

obvious way, and we write
(1) ﬂEl : Wh(E) — Wh(E,)

to denote the obvious projection.

We identify Wh(E) with RP, D = dim[Wh(E)], by identifying P = (P¥)ycr with the
coordinates 0%P*(x) (o] < m,x € E). In all our algorithms involving Wh(E)-descriptors,

we assume that this identification has been made.

We recall from the preceding section that P /\(ﬁ,n) (P € Wh(S)) is the minimax

function arising from a given Wh(S)-descriptor 1.

As usual, given two real numbers X, Y > 0 and a real number I' > 1, we say that X and
Y “differ by at most a factor of I provided T7'X < Y < TX.

The following algorithms accomplish the goals of this section.

Algorithm 27.1. Given € > 0, assumed to be less than a small enough controlled constant;

and given a dyadic cube Q, assumed to satisfy
(2) 8q < ¢e !, with € as in Algorithm 14.1;
and given a set
(3) S c Qv
assumed to satisfy
(4) ly —y'| > e ¥¢8q for any two distinct points y,y’' € S;
we compute a Wh(S)-descriptor v, with the following properties.

(5) For any P € Wh(S), the number N<(P,Q) computed from €,Q,P by Algorithm 14.1
differs by at most a factor (1 + Ce) from /\(13,1]).
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(6) The length and dimension of n are at most exp(C/e).

The work and storage used to compute n are at most exp(C/€).

Explanation: We recall Proposition 14.1. Let B(xo, 1), ST, O(€,y) (y € ST) be as in that
proposition. We can compute these objects with work and storage at most exp(C/€), by
Proposition 14.1 (f). We set

(7) n = (VVh'(S)aVVh'(S+\S)) }\h"')}\l)a

where (A7,...,A;) is an enumeration of the following family of linear functionals on
Wh(S) @ Wh(ST . S) = Wh(S™).

(8) The functionals P = (P¥)yes+ +— (14 Ae)™" - A(PY) for y € ST, A € O(e, y);
together with

(9) The functionals P = (P¥)yes+ +— [A etm/e 1 ly — /)™ 9% (PY — PY)(y) for
lof <m,y,y €St y#£Y.

Here, A is as in Proposition 14.1; recall that A is a controlled constant.

We will check that the descriptor n satisfies (5) and (6), and that it is computed from
€, Q, S using work and storage at most exp(C/e€). In fact, both (6) and the desired estimate
for work and storage are obvious by inspection of (7), (8), (9), since #(S*) < exp(C/e) and
#(0O(e,y)) < exp(C/e) for each y € S*. (See Proposition 14.1 (b), (c).)

It remains only to check (5). Let P = (PY)yes € Wh(S) be given. We recall that
each O(e,y) (y € S*) is symmetric about the origin. (See Proposition 14.1 (c).) Let
£0 = [MO, (Pg)y€5+] be in Proposition 14.1 (d), (e); and let P = (P8)963+\5 € Wh(ST\S).

Comparing (7), (8), (9) with Proposition 14.1 (d), we learn that

(10) max (P, P)| < MO,

.....
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and that

(11) M® < (1 + Ce) - m

-----

Comparing (10), (11) with the definition of /\(13,11), we see that

(12) MO differs from A(P,n) by at most a factor of (14 Ce),

and also

(13) P’ is a (1 + Ce)-optimal vector for P, 1.

Conclusion (5) is now immediate from (12), together with Proposition 14.1(e). This com-

pletes our explanation of Algorithm 27.1.

Algorithm 27.2. Given €,Q,S as in Algorithm 27.1; and given Pc WHh(S); we compute a
(14 Ce)-optimal vector w° for ﬁ,n, where n is the Wh(S)-descriptor computed from €,Q, S
by Algorithm 27.1.

The work and storage used to compute w® are at most exp(C/€).

Explanation: We compute £° = [M°, (Pg)yngr] as in Proposition 14.1 (d), and we set
W = P’ = (P)yesr s € Wh(S*\S).

According to (13), the vector wP is (1 4 Ce)-optimal for P .

0

Thanks to Proposition 14.1 (f), the work and storage used to compute w° are at most

exp(C/e).
This completes our explanation of Algorithm 27.2.
Algorithm 27.3. Given € > 0, assumed to be less than a small enough controlled constant;

and given a point yo € R™; we compute a Wh({yo})-descriptor n, such that:

(a) For any Pe Wh({yo}), the number N.(P) computed from €, p by Algorithm 15.1 differs
by at most a factor of (14 Ce) from /\(ﬁ,n);
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and
(b) The length and dimension of n are at most exp(C/€).
The work and storage used to compute n are at most exp(C/€).

Explanation Let Q be the cube computed as in Proposition 15.1, and let n be the descriptor
computed from €, Q,{yo} by Algorithm 27.1. For any P e Wh({yo}), Proposition 15.1
shows that the number Ne(ls) computed by Algorithm 15.1 is equal to the number Ne(]s, Q)
computed from €, Q, P byAlgorithm 14.1. Hence (a) follows from (5). Evidently, (b) follows
from (6).

The work and storage used to compute Q are at most C, by Proposition 15.1; and the
work and storage used to compute 1 from €, Q,{yo} are at most exp(C/€), as we see from
Algorithm 27.1.

This completes our explanation of Algorithm 27.3.

Algorithm 27.4. Given €,yo as in Algorithm 27.3, and given P e Wh({yo}), we compute
a (14 Ce)-optimal vector w° for ﬁ,n, where M s the descriptor computed from €,yo by
Algorithm 27.3.

O are at most exp(C/e).

The work and storage used to compute w
Explanation: Let Q be the cube computed from €,yo as in Proposition 15.1, let n be the
Wh({yo})-descriptor computed from €, Q,{yo} by Algorithm 27.1, and let w°® be the vector
computed from €, Q, {yo}, P by Algorithm 27.2. Thus, W° is a (1+Ce)-optimal vector for 1_5,11,
by the defining property of W in Algorithm 27.2. Recall from our explanation of Algorithm
27.3 that our present 1 is precisely the descriptor computed from €,y by Algorithm 27.3.
Thus, WP has the required property. Moreover, the estimates for work and storage given in
Proposition 15.1 and Algorithm 27.2 show that our present computation of w° from e, yo, p

uses work and storage at most exp(C/¢€).

This completes our explanation of Algorithm 27.4.

Algorithm 27.5. Given € > 0, assumed to be less than a small enough controlled constant;

and given a dyadic cube, assumed to satisfy
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(14) 8q < e /1),

and given a set

(15) S € Q™,

assumed to satisfy

(16) [y —y'| > e2e €8¢ for any two distinct points y,y’' € S;
we compute a Wh(S)-descriptor n, with the following properties.

(17) For any P € Wh(S), the number N¢(P) computed from €,Q, p by Algorithm 16.1 differs
by at most a factor of (14 Ce) from /\(ﬁ,n).

(18) The length and dimension of n are at most exp(C/¢€).

The work and storage used to compute n are at most exp(C/€).

Explanation: We recall Proposition 16.1. Let ygo, Qoo be as in that proposition. In particular,
we can compute Yo, Qoo with work and storage at most C. For any Pe WHh(S), the number
N(P) computed from e, Q, p by Algorithm 16.1 is given by

(19) Ne(P) = max(Ne(P, Qoo); NelPliye1 Yo)),

where Ne(ﬁ, Qoo) is the number computed from €, Qqo, p by Algorithm 14.1, and Ne(ﬁ’,yo)
is the number computed from e, P’ by Algorithm 15.1 (with P = 13|{y0} here).

By applying Algorithm 27.1 to €, Qqp, S, we obtain a Wh(S)-descriptor 1y, such that:

(20) N.(P, Qoo) differs from A(P,m7) by at most a factor (1+ Ce), for any P € Wh(S);
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and
(21) length (n), dim(n;) < exp(C/e).

The work and storage used to compute 17 are at most exp(C/€).

Also, by applying Algorithm 27.3 to €, Yo, we obtain a Wh({yo})-descriptor 12, such that:
(22) Ne(ﬁ’,yo) differs from /\(ﬁ’,ﬁz) by at most a factor (14 Ce), for any P e Wh({yo});
and

(23) length (712), dim(R,) < exp(C/e).

The work and storage used to compute 1, are at most exp(C/e). In (22), Ne(ﬁ’,yo)

denotes the number computed from e, P! by Algorithm 15.1.

Note that

(24) #(S) < exp(C/e),

thanks to (15), (16).

By applying Algorithm 26.1 to the Wh({yo})-descriptor N, and the linear map
T, 0 Wh(S) — Whi{yo}), we compute a Wh(S)-descriptor 1z, given by

(25> N2 =M20 7'({590}-

The work and storage used to apply Algorithm 26.1 are at most exp(C/e€), thanks to
(23), (24). Moreover, we have

(26) length (n2) = length (n2) < exp(C/€) and dim(nz) = dim(nz) < exp(C/e),

as we see from Algorithm 26.1 and (23).

Proposition 26.1 and (22) yield
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(27) Ne(ﬁ!{yo},yo) differs from /\(13,112) by at most a factor (1 + Ce), for any P € Wh(S).

From (19), (20), (27), we obtain the following result.

—

(28) Ne(ﬁ) differs from max(A(P,1;), A(ﬁ,nz)) by at most a factor (1 + Ce), for any
P € Wh(S).

In (28), Ne(ls) denotes the number computed from €, Q, P by Algorithm 16.1.

We now compute the Wh(S)-descriptor
(29) m =m V na,
by applying Algorithm 26.2. We have
(30) length (n) = length (1) + length (n2) < exp(C/e)
and
(31) dim(n) = dim(n1) + dim(nz) < exp(C/e),

thanks to (21), (26) and Algorithm 26.2.
Moreover, Proposition 26.2 gives

—

(32) A(P,n1Vn2) = max(A(P,m), A(P,n2)), for any P € Wh(S).
The work and storage used by Algorithm 26.2 are at most exp(C/€), thanks to (21), (26)
and (24).

Comparing (28) with (32), we see that (17) holds for the descriptor n in (29). Moreover,
(18) holds for that descriptor, as we see in (30), (31). Thus, n has the desired properties.

Finally, the total work and storage used in all the above steps are at most exp(C/€).

This completes our explanation of Algorithm 27.5.
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Algorithm 27.6. Given €,Q,S as in Algorithm 27.5, and given Pe Wh(S), we compute
a (1 + Ce)-optimal vector w° for ﬁ,n, where 1 is the descriptor computed from €,Q,S by
Algorithm 27.5.

The work and storage used to compute w° are at most exp(C/€).

Explanation: We repeat the explanation of Algorithm 27.5, and then continue as follows.
Applying Algorithm 27.2 to €, Q, S, P, we compute a (14 Ce)-optimal vector w' for ﬁ,m.
The work and storage used to compute w' are at most exp(C/e).

Next, applying Algorithm 27.4 to €,yo, ﬁI{yo}, we compute a (1 + Ce)-optimal vector w?
for P’{yo},ﬁz.

The work and storage used to compute w? are at most exp(C/e).

By Proposition 26.1, w? is also a (1 4+ Ce)-optimal vector for ﬁ,nz, thanks to (25). Now
Proposition 26.2 shows that w® = (w' w?) is a (1 + Ce)-optimal vector for ]3,111 V1;y In
view of (29), our vector w® is a (1 4+ Ce)-optimal vector for 13,11, where 1 is the descriptor
computed from €, Q,S by Algorithm 27.5. We have seen that the work and storage used to

compute W° are at most exp(C/e).
This concludes our explanation of Algorithm 27.6.

Algorithm 27.7. Given € > 0, assumed to be less than a small enough controlled constant;

and given a cube Q, assumed to satisfy

(33) e /28] < 8g < ce ! with c* as in Algorithm 17.1;
and given a set

(34) S € Q™,

assumed to satisfy

(35) [y — /| > e?e<8q for any two distinct points y,y’ € S;
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we compute a Wh(S)-descriptor 1, such that:

(36) For any P € Wh(S), the number Ne(P) computed from €, Q, P by Algorithm 17.1 differs
by at most a factor of (14 Ce) from /\(ﬁ,n);

and
(37) length (), dim(n) < exp(C/e).
The work and storage used to compute n are at most exp(C/e).

Explanation: Obvious from Proposition 17.1 and Algorithm 27.1.

Algorithm 27.8. Given €,Q, S as in Algorithm 27.7, and given a Whitney field Pe Wh(S),
we compute a (1+ Ce)-optimal vector w° for ﬁ,n, where M is the descriptor computed from

€,Q,S by Algorithm 27.7.

The work and storage used to compute w° are at most exp(C/e).

Explanation: Obvious from Proposition 17.1 and Algorithm 27.2.

Algorithm 27.9. Given € > 0, assumed to be less than a small enough controlled constant;

and given a dyadic cube Q, assumed to satisfy

(38) Jct e < 8q < €'Y with ¢* as in Algorithm 17.1;

and given a set

(39) S € Q™,

assumed to satisfy

(40) [y —y'| > e2e¥€8q for any two distinct points y,y’' € S;

we compute a Wh(S)-descriptor n, with the following properties.
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(41) For any Pe WHh(S), the number Ne(l;) computed from €, Q, p by Algorithm 18.1 differs
by at most a factor of (1+ Ce) from /\(13,11).

(42) The length and dimension of n are at most exp(C/€).

The work and storage used to compute | are at most exp(C/€).

Explanation: From (39), (40), we have

(43) #(S) < exp(C/e).

We recall Proposition 18.1. Let s, G, Q% (all v € G) and Sy (all v € G) be as in that
proposition. In particular, we can compute these objects using work and storage at most

exp(C/e€), using only €,Q, S (not 13)
According to Proposition 18.1, for any Pe WHh(S), the number Ne(ﬁ) computed from
€,Q, p by Algorithm 18.1 is given by

(44) N¢(P) = max Ne(Plsy),

veg

where Ne(ﬁ| s, ) denotes the number computed from e, QS,S>, l3| sv by Algorithm 17.1.

For each v € G, we apply Algorithm 27.7 to €, QS,S>, S., to compute a Wh(S, )-descriptor
v, with the following properties.

45) For any P’ € WHh(S,), the number Ne(ﬁ’) computed from e, i,s>, P’ by Algorithm 17.1
( y p y Alg
differs by at most a factor (1 + Ce) from AP Tiy).

(46) The length and dimension of 1}, are at most exp(C/e).

The work and storage used to compute a single 1, are at most exp(C/¢€).

Since #(9G) < exp(C/e€) by Proposition 18.1, we conclude that the total work and storage
used to compute all the 1, (v € G) are at most exp(C/e).

Next, for each v € G, we apply Algorithm 26.1 to the Wh(S,)-descriptor 11, and the
linear map ﬂgv : Wh(S) — Wh(S,), to compute a Wh(S)-descriptor 1., with the following

properties.
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(47) A(P,n,) = A(Pls,, ) for any P € Wh(S).

(48) The length and dimension of 1, are at most exp(C/e).

(To derive (48), we use (46) and refer to Algorithm 26.1.)

For each v € G, the application of Algorithm 26.1 uses work and storage at most exp(C/€),
thanks to (43) and (46). Since #(G) < exp(C/e), it follows that the total work and storage

used to compute all the 1, (v € G) from the corresponding 1, are at most exp(C/¢€).

From (44), (45), (47), we conclude that

(49) Ne(l;) differs by at most a factor (1 + Ce) from mag( A(ﬁ,nv), for any Pc Wh(S);
ve

where again Ne(ﬁ) denotes the number computed from €, Q, p by Algorithm 18.1.

We now apply Algorithm 26.2 to the family of Wh(S)-descriptors (v € G). Thus, we
compute the Wh(S) descriptor

(50) n = V N,

veS
using work and storage at most exp(C/e€), as we see from (43), (48) and the fact that
#(9) < exp(C/e).
By Proposition 26.2, the descriptor 1 in (50) has the following properties.

(51) A(P,m) = max /\(ls,nv) for any P € Wh(S).

veS

(52) length (n) = > length (ny) < exp(C/e).

veSg

(53) dim(n) = ¥ dim(ny) < exp(C/e).

ves§g
(Here again, we use (48) and the fact that #(G) < exp(C/e).)

Comparing (49) with (51), we learn that
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(54) N(P) differs by at most a factor (1 + Ce) from A(P,7), for any P € Wh(S).

Again in (54), Ne(ﬁ) denotes the number computed from €, Q, p by Algorithm 18.1.

The desired properties (41), (42) of our descriptor n are equivalent to our results (52),
(53), (54). Moreover, we have seen that the total work and storage used to compute 1 from
€,Q, S are at most exp(C/e).

This concludes our explanation of Algorithm 27.9.

Algorithm 27.10. Given €,Q,S as in Algorithm 27.9, and given a Whitney field
P e Wh(S), we compute a (1 + Ce)-optimal vector w° for ﬁ,n, where M is the descrip-
tor computed from €,Q,S by Algorithm 27.9.

The work and storage used to compute w° are at most exp(C/€).

Explanation: We repeat the explanation of Algorithm 27.9, and then continue as follows.

Applying Algorithm 27.8 to €, Q§,3>, Sy, ]3|sw we obtain, for eachv € G, a (1+Ce)-optimal

vector wY for ]3| s,s v, with 1, as in the explanation of Algorithm 27.9.

The work and storage used to compute a single w" are at most exp(C/€) (see Algorithm
27.8), and we know that #(G) < exp(C/e). Hence, the total work and storage used to
compute all the wY(v € G) are at most exp(C/€).

For each v € G, Proposition 26.1 and the definition of 1, together show that w" is a
(1 4 Ce)-optimal vector for P, 1. Consequently, Proposition 26.2 shows that the vector

Wo - (WV)VGS

is a (14 Ce)-optimal vector forn = \/ 1y. (See (50).)
veg

The work and storage used to compute W° are at most exp(C/e).

This completes our explanation of Algorithm 27.10.

Algorithm 27.11. Given € > 0, assumed to be less than a small enough controlled constant;

and given a dyadic cube Q, assumed to satisfy

(55) 5o > €5/¢;
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and given a set

(56) S cQ™,

assumed to satisfy

(57) [y — /| > e2e¥<8q for any two distinct points y,y’ € S;
we compute a Wh(S)-descriptor n, with the following properties.

(58) For any Pe Wh(S), the number Ne(];) computed from €, Q, p by Algorithm 19.1 differs
by at most a factor of (1+ Ce) from /\(13,11).

(59) The length and dimension of n are at most exp(C/e).
The work and storage used to compute 1 are at most exp(C/€).
Explanation: By (56) and (57), we have
(60) #(S) < exp(C/e).
Recall Proposition 19.1. Thus,

(61) For any P € Wh(S), the number N(P) computed from e, Q, P by Algorithm 19.1 is

equal to

max{Ne(Plyyy) : yo € S},
where
(62) Ne(Plyy,)) is the number computed from €, Pl by Algorithm 15.1.

For each yo € S, we apply Algorithm 27.3 to €,yo, to compute a Wh({yo})-descriptor
Ty, With the following properties.
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(63) For any P’ € Wh({yo}), the number N¢(P') computed from e, P’ by Algorithm 15.1
differs by at most a factor of (1 + Ce) from A(ﬁ’,ﬁyo).

(64) The length and dimension of 1, are at most exp(C/e€).

The work and storage used to compute a single 7, are at most exp(C/e). Hence, by (60),
the total work and storage used to compute all the i, (Uo € S) are at most exp(C/e).

Next, for each yo € S, we apply Algorithm 26.1 to the Wh({yo})-descriptor 1],,, and the
linear map ﬂfyo}: Wh(S) — Wh({yo}).

Thus, for each yo € S, we obtain a Wh(S)-descriptor n,, with the following properties.

(65) For any P € Wh(S), we have A(Ply,), fiy,) = AP, My, ).

(66) The length and dimension of 1, are at most exp(C/e).

The work and storage used to compute a single 1,,, are at most exp(C/e), thanks to (60),
(64), and our estimate for the work and storage used by Algorithm 26.1. Hence, by (60), the

total work and storage used to compute all the 1y, (yo € S) are at most exp(C/e).

From (61), (62), (63), (65) we obtain the following result.

(67) For any P € Wh(S), the number N¢(P) computed from €,Q,P by Algorithm 19.1
differs by at most a factor of (1 + Ce) from max{/\(]s,nyo) t Yo € Sh

We now apply Algorithm 26.2 to the family of Wh(S)-descriptors {ny, : yo € S}. Thus,

we compute the descriptor

68) n =V My,

Yo €S

and we know from Proposition 26.2 that

(69) max{A(P,ny,): Yo € S} = A(P,n) for any P € Wh(S).
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Moreover,
(70) m has length and dimension at most exp(C/e),

thanks to (60), (66) and our formulas for the length and dimension of nyv---vna in Algo-
rithm 26.2. From (60), (66) and Algorithm 26.2, we learn also that the work and storage

used to compute 1 are at most exp(C/e).

The desired properties (58), (59) of n are immediate from (67), (69) and (70). We have

seen that the above computation uses work and storage at most exp(C/€).

This completes our explanation of Algorithm 27.11.

Algorithm 27.12. Given €,Q,S as in Algorithm 27.11, and given a Whiney field
P e WHh(S), we compute a (1 + Ce)- optimal vector w°® for 13,1], where 1 is the Wh(S)-
descriptor computed from €,Q,S by Algorithm 27.11.

The work and storage used to compute w® are at most exp(C/€).

Explanation: We repeat the explanation of Algorithm 27.11, and then add the following.

For each yo € S, we apply Algorithm 27.4 to €,yo, ﬁ!{yo}, to compute a (1+ Ce)-optimal
vector w¥° for ﬁ!{yo}, My, (With 1y, as in the explanation of Algorithm 27.11).

According to our estimate for the work and storage of Algorithm 27.4, we can compute
a single w¥° using work and storage at most exp(C/e). Hence, by (60), the total work and

storage used to compute all the wY (yo € S) are at most exp(C/e).

Recall from our explanation of Algorithm 27.11 that ny, =1, © T[{Syo , for each yo € S.
Hence, Proposition 26.1 shows that w¥ is a (1 + Ce)-optimal vector for ]37 My, for any
Yo € S.

Also, recall from our explanation of Algorithm 27.11 that 1 = \/ 1y, where 1 is the

YoES
descriptor computed from €, Q, S by that algorithm. Proposition 26.2 therefore shows that

WO = (WUO )yoGS

is a (1+ Ce)-optimal vector for 13,11. We have computed W° using work and storage at most
exp(C/e).
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This completes our explanation of Algorithm 27.12.

Algorithm 27.13. Given € > 0, assumed to be less than a small enough controlled constant;

and given a dyadic cube Q; and given a set

(71) S € Q™,

assumed to satisfy

(72) [y — /| > e?e¥<8q for any two distinct points y,y' € Q;
we compute a Wh(S)-descriptor n, with the following properties.

(73) For any Pe WHh(S), the number N(P) computed from €, Q, p by Algorithm 20.1 differs
by at most a factor of (1 + Ce) from /\(ﬁ,n).

(74) The length and dimension of n are at most exp(C/¢€).
The work and storage used to compute n are at most exp(C/e).

Explanation: We proceed by cases, depending on the size of dq, as in our explanation of
Algorithm 20.1.

This reduces matters to Algorithms 27.5, 27.7, 27.9, and 27.11.

Algorithm 27.14. Given €,Q,S as in Algorithm 27.13, and given a Whitney field
P e Wh(S), we compute a (1 + Ce)-optimal vector w° for 13,11, where 1 is the Wh(S)-
descriptor computed from €,Q,S by Algorithm 27.13.

The work and storage used to compute w° are at most exp(C/e).

Explanation: We proceed by cases, depending on the size of dq, as in our explanations of
Algorithms 20.1. and 27.13.

This reduces matters to Algorithms 27.6, 27.8, 27.10, and 27.12.
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28 Minmax Functions and the Main Algorithm

In this section, we will see that the number N (P) computed by the Main Algorithm (Al-
gorithm 21.1) is well-approximated by a minimax function. In addition, we compute a

(1 4+ Ce)-optimal vector for 13,11, where 1 is the descriptor of that minimax function.

Algorithm 28.1. Given € > 0, assumed to be less than a small enough controlled constant,
and given a set E C R™, with #(E) = N, 2 < N < oo; we compute a Wh(E)-descriptor n,
with the following properties.

(1) For any P € Wh(E), the number Ne(P) computed from €, p by Algorithm 21.1 differs
by at most a factor of (14 Ce) from /\(ﬁ,n).

(2) The length and dimension of n are at most exp(C/€) - N.
Moreover, the computation of  uses work and storage at most exp(C/e)N?2.

Explanation: We make some preliminary remarks. Recall from Section 26 that a V-descriptor
n with length L and dimension D is stored as a matrix, requiring storage C+C - [dimV + D] -
L. In view of (2), it will take storage exp(C/e)N? simply to hold the matrix representing 1.
Hence, it is natural to expect that the work and storage of our algorithm will be comparable
to exp(C/e)N2. In fact, the matrix representing 1 is sparse, and almost all the work of
Algorithm 28.1 consists of repeatedly writing the number zero. Unfortunately, it is not clear

how to take advantage of this fact, once we apply Algorithm 28.1 below.

Let us begin our explanation of Algorithm 28.1. We recall Proposition 25.1, with con-

clusion (f) there replaced by the sharper conclusion (f'), as explained in Section 25.
We compute the list of cubes and sets QW, SN A =1 ... L, as in that proposition.
Thus, the following hold.
3) L < EN.

(4) The total work and storage to compute all the Q™ and SW (A =1,...,L) are at most
exp(C/e) Nlog N and exp(C/e)N, respectively.
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(5) For each A =1,...,L, the set S C E arises by applying Algorithm 11.1 to the input
data e, QW E.

(6) For any P € Wh(E), the number N(P) computed from €, P by Algorithm 21.1 is given
by

(7) Ne(P) = max{Ne(Plson) (T <A <T), Ne(Ply,)) (Yo € E)}, where
(8) Ne(ﬁlsm) is the number computed from e, QW ﬁ!sm by Algorithm 20.1, and

9) Ne(ﬁI{yo}) is the number computed from e, ﬁ’{yo} by Algorithm 15.1.
By (5) and the defining properties of Algorithm 11.1, we know that, for each A =1,... L.

(10) SW C E N (QW)*, and
(11) [y —y'| > cee ¢ 0o for any distinct points y,y’ € S,
Hence, S and QW satisfy conditions (71) and (72) in Section 27. Consequently, we may

apply Algorithm 27.13 to €,QW, SW  to compute a Wh(S™)-descriptor 1", with the

following properties.
(12) For any P e Wh(S™), the number Ne(ﬁ’) computed from e, QW P’ by Algorithm
20.1 differs by at most a factor of (1 + Ce) from A(ﬁ’,ﬁm).

(13) The length and dimension of 1 are at most exp(C/e).

We compute descriptors M satisfying (12) and (13), for each A =1,..., L.

The work and storage used to compute a single 1 are at most exp(C/e), as we see
from Algorithm 27.13. Hence, the total work and storage used to compute all the 7
(A=1,...,L) (given the SN and QW) are at most exp(C/e)N; see (3).

Next, for each A =1,..., L, we apply Algorithm 26.1 to Wh(S™)-descriptor 1 and the
linear map 75, : Wh(E) — Wh(S™). Thus, for each A, we obtain a Wh(E)-descriptor n™,

with the following properties.

(14) For any P € Wh(E), A(Plsn,7M) = A(P,nM).
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(15) The length and dimension of N are at most exp(C/e).

Moreover, the work and storage used to compute a single n¥) from the corresponding 7j»)

are at most exp(C/e) - N. Hence, by (3), the total work and storage used to compute

N L)

M, ..o on® from 7V, ..., 4V are at most exp(C/e) - N2.

Comparing (7), (8) with (12), (14), we learn that

(16) For any P € Wh(E), the number Ne(ﬁlsm) in (7) differs by at most a factor of (14 Ce)
from /\(ﬁ,no‘)).
Property (16) holds for each A = 1,... L.

Next, for each yo € E, we apply Algorithm 27.3 (to e and yo), to compute a Wh({yo})-
descriptor 1), with the following properties.
(17) For any P e Wh({yo}), the number N(P') computed from e, P by Algorithm 15.1
differs by at most a factor (1 + Ce) from /\(ﬁ’,ﬁ(y‘))).
(18) The length and dimension of %) are at most exp(C/e).
For each yo € E, the work and storage used to compute 1Y) are at most exp(C/e). Hence,

the total work and storage used to compute all the %) (yo € E) are at most exp(C/e)N.

For each yo € E, we now apply Algorithm 26.1 to the Wh({yo})-descriptor f1%) and the
linear map Tt{EyO} : Wh(E) — Wh({yo}).

Thus, for each yo € E, we compute a Wh(E)-descriptor n(¥), with the following proper-

ties.

(19) For any P € Wh(E), A(Ply,;, 7)) = A(P,nv0)).
(20) The length and dimension of n¥) are at most exp(C/e).
Moreover, for each fixed yo € E, the work and storage used to compute V) from %) are

at most exp(C/e)N. Consequently, the total work and storage used to compute all the n(vo)
(yo € E) from the %) (yo € E) are at most exp(C/e) - N2.
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Comparing (7), (9) with (17), (19), we see that the following holds, for each yo € E.

(21) For any Pc WHh(E), the number Ne(ﬁl{yo}) in (7) differs by at most a factor of (14 Ce)
from A(ﬁ,n(yO)).

From (6), (7), (16) and (21), we learn that

(22) For any Pe WHh(E), the number N(P) computed from €, p by Algorithm 21.1 differs by
at most a factor of (14 Ce) from max{A(P,n™) (A =1,...,L), A(P,n%)) (yo € E)}.

We now apply Algorithm 26.2 to compute the Wh(E)-descriptor

yo€E

According to Proposition 26.2, we have
(24) A(P,m) = max{A(P, ™) (A = 1,...,L), A(P,n®)) (yo € E)} for any P € Wh(E).

Moreover, that same proposition gives

L
length (M) = > lengthM™) + Y length (n¥)) and
AT YoeE

dim(n) = }\i] dimm®) + > dim(nv)).

yo€E

Thanks to (15), (20) and (3), it follows that
(25) The length and dimension of n are at most exp(C/e)N.

Also, the estimate for work and storage given in Algorithm 26.2 shows that it takes work

and storage at most exp(C/e)N? to compute 1 from (23).

The desired properties (1) and (2) of the descriptor n are now immediate from (22), (24),
(25). We have computed 1 using total work and storage at most exp(C/e)N2.

This completes our explanation of Algorithm 28.1.
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Algorithm 28.2. Given €,E, N as in Algorithm 28.1, and given a Whitney field Pe Wh(E),
we compute a (1 + Ce)-optimal vector w® for 13,11, wheren is the Wh(E)-descriptor computed
from €, E by Algorithm 28.1.

The work and storage used to compute w° are at most exp(C/e)N2.

Explanation: We repeat our explanation of Algorithm 28.1, and then continue as follows.

For each A = 1,...,L, we apply Algorithm 27.14 to e, Q®™, SW, ﬁlsm. This produces
a (14 Ce)-optimal vector w for ﬁ\gm, 7™, with 1™ as in the explanation of Algorithm
28.1.

A)

The work and storage used to compute a single W are at most exp(C/e), as we see

from Algorithm 27.14. Hence, by (3), the total work and storage used to compute all the
wM (A=1,...,L) are at most exp(C/e)N.

For each A = 1,...,L, we recall that n™ =/® o ﬂgw. Consequently, Proposition 26.1
shows that

(26) For each A=1,...,L, w® is a (1 4 Ce)-optimal vector for P, .

Next, for each yo € E, we apply Algorithm 27.4 to €,yo, ISI{yO}. This produces a (1+ Ce)-

optimal vector w¥) for ﬁ!{yo}, 7)) with f1¥%) as in the explanation of Algorithm 28.1.

The work and storage used to compute a single w¥) are at most exp(C/e), as we see
from Algorithm 27.4. Hence, the total work and storage used to compute all the w(Vo)
(yo € E) are at most exp(C/e) - N.

For each yo € E, we recall that nV) = f{(vo) o 71&0}. Consequently, Proposition 26.1
shows that

(27) For each yo € E, w¥) is a (1 + Ce)-optimal vector for ]3, n o),

Now (23), (26), (27) and Proposition 26.2 together show that
wo = (W(” Yty W(L) ) (W(yO))yer)

is a (1 + Ce)-optimal vector for ﬁ,n, with 1 as in Algorithm 28.1.
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We have seen that the work and storage used to compute w° are most exp(C/€e)N, plus
the work and storage needed to repeat Algorithm 28.1. Thus, our algorithm uses total work

and storage at most exp(C/e)N?2.
This completes our explanation of Algorithm 28.2.

Remark: To carry out Algorithm 28.2, we needn’t repeat all the steps in Algorithm 28.1.
This allows us easily to reduce the work and storage of Algorithm 28.2 to exp(C/e)Nlog N
and exp(C/e)N, respectively. Unfortunately, these improvements will not help us when we

apply Algorithm 28.2 in the next section.

29 From Whitney Fields to Functions

In this section, we pass from Whitney fields to functions, and give the proof of Theorem 2.

We begin by introducing some definitions and notation.

Given a finite set E C R™, we write Fns(E) to denote the vector space of all functions
f: E — R. We identify f € Fns(E) with the Whitney field [f] = (P¥)yce, where for each
x € E, P* denotes the constant polynomial P*(y) = f(x) (all y € R™). Thus, Fns(E) is
identified with a subspace of Wh(E). Also, we write Whgo(E) to denote the space of all
Whitney fields P = (P*)xcg € Wh(E) such that P*(x) = 0 for all x € E.

Thus,
(1) Wh(E) = Fns(E) & Why(E).

In this section we write P to denote an element of Why(E), f to denote an element of Fns(E),
and (f,P) to denote an element of Wh(E), as in (1).

Let us record some of our earlier definitions and results using the above notation.

Let (f, 13) € Wh(E), with P = (P)xce € Who(E). Then the C™-norm of (f,P) is given
by

2) || (,P) [lem@n) = inf{|| F [lon@n):
Fe C™R™), F = fonE, 9%F(x) = 9%PX(x) for 0 < |af < m, x € EJ.
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For f € Fns(E), the C™-norm is given by

(3) || fllem@n)= Inf{|| F||cm@n): F€ C™R"), F = f on E}.
Comparing (2) and (3), we see that

(4) |l fllememy = inf (|| (£, P) lemeny: P € Who(E),

for any f € Fns(E).
In terms of our new notation, Algorithm 21.1 takes the following form.

Algorithm 29.1. Given € > 0, assumed to be less than a small enough controlled constant;
and given a Whitney field (f, P) € Wh(E), with P = (P¥)yce € Who(E), and with #(E) = N,
2 < N < oo; we compute a number N(f, P) > 0, and a function F € C™R"™), with the
following properties.

(5) F=fonE.

(6) 0%F(x) = 0%P*(x) for 0 < |af < m, x € E.

(7) | Fllem@n) < (14 Ce) - Ne(f, P).

(8) Ne(f,P) < (1 4+ Ce) || (f,P) [lem@n)-
Moreover,

(9) The one-time work of the algorithm is at most exp(C/e) Nlog N, the query work is at
most Clog(N/e), and the storage used is at most exp(C/e)N.

Note that (5)...(8) and (2) imply

(10) (1—Ce) || (£,P) [lem@mn) < Ne(f,P) < (14 Ce) || (f,P) ||cm@n),
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and
(1) | Fllem@n, < (14 Ce)- || (f,P) [lem@n).

Next, we prepare to express Algorithms 28.1 and 28.2 in our new notation. A Wh(E)-

descriptor 1 takes the form
(12) n= (FTLS(E) S WhO(E)a W7 Ah e )AI)7

where W is a finite-dimensional vector space, and Aq,...,A1: Fns(E) & Who(E) & W — R
are linear functionals. We write (f, ﬁ,w) to denote an element of Fns(E) & Who(E) & W,

and we write A¢(f, ﬁ,w) to denote the value of the linear functional A; applied to the vector
(f, P, w).

Let 1 be a Wh(E)-descriptor in the form (12).

Then, for (f,P) € Fns(E) & Whe(E), we have

(13) A((f,P),n) = min max_[A;(f,P,w)|.

WEW i=1,....I

Some of our computations will involve Fns(E)-descriptors 1. We identify Fns(E) with RN
(N = #(E)), by taking the co-ordinates of f € Fns(E) to be the function values f(x)
(all x € E). Thus, a Fns(E)-descriptor 11 can be stored in the computer as a matrix, as

described in Section 26.
The reformulations of Algorithms 28.1 and 28.2 in our new notation are as follows.

Algorithm 29.2. Given € > 0, assumed to be less than a small enough controlled constant;
and given a set E C R™, with #(E) =N, 2 < N < oo; we compute a Wh(E)-descriptor n in
the form (12), with the following properties.

(14) Let (f,ﬁ) € Wh(E). Then the number Ne(f,ls) computed from €, (f,ﬁ) by Algorithm
29.1 differs by at most a factor of (1+ Ce) from /\((f,ﬁ),n); see (13).

(15) In (12), we have I < exp(C/€e)N and dimW < exp(C/e)N.
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Moreover,

(16) The work and storage used to compute n are at most exp(C/e) - N2,

Algorithm 29.3. Given €,E,N as in Algorithm 29.2, and given a Whitney field
(f,ﬁ) € Wh(E), we compute a (1 + Ce)-optimal vector w® € W for (f,l;) and 1, where
n is the Wh(E)-descriptor computed from €, E by Algorithm 29.2.

The work and storage used to compute w® are at most exp(C/e) - N2.

As a simple consequence of Theorem 4 from the introduction (see Fefferman-Klartag
[FK1,FK2]), we have the following algorithm.
Algorithm 29.4. Given f € Fns(E), with E C R™, #(E) = N, 2 < N < 0o, we compute
P# € Why(E) such that
(17) | (£,P#) [em@n) < C | f [|eman).

The computation of P# uses work at most CN log N, and storage at most CN.

Explanation: By Theorem 4, we can compute a function F € C™(R"), such that F = f on
E,and || F [[emn@gn) < C || f ||cm@gn). The computation of F involves one-time work at most
CNlog N, storage at most CN, and query work at most Clog N.

We take

P# = (P#),ce, where P¥ =T, (F) —f(x) for x € E.

Thus, P# ¢ Whyo(E), and the Whitney field (f,ﬁ#) agrees with F, in the sense that
F(x) = f(x) for x € E, and

0%F(x) = 0°P#(x) for 0 < || < m,x€E.

Hence, (2) yields || (f, P#) lem@en) <|| F |lem@ny< C || f [[cm@n). This proves (17). The

work and storage of our algorithm are as asserted.

This completes our explanation of Algorithm 29.4.
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Algorithm 29.5. Given € > 0, assumed to be less than a small enough controlled constant;
and giwen f € Fns(E), with E C R™, #(E) = N, 2 < N < oo; we compute a number
Nc(f) > 0 and a function F € C™R™), with the following properties.

(18) F = f on E.
(19) [| Fllem@ny < (1 4 Ce) - Ne(f).

(20) Ne(f) < (14 Ce)- || f [emn).

The algorithm uses one-time work at most exp(C/e)N>(log N)?, query work at most
Clog(N/e), and storage at most exp(C/e)N2.

Explanation: The algorithm proceeds in several steps.

Step 1: Applying Algorithm 29.2 to €, E, we compute a Wh(E)-descriptor
(21) n= (FT'LS(E) D VVhO(E)>W }\h soe )AI))

satisfying (14) and (15).
The work and storage of Step 1 are at most exp(C/€)N?, by (16).

In (21), each A; is a linear functional on [Fns(E) & Why(E)] & W. We may instead
regard A; as a linear functional on Fns(E) & [Who(E) & W].

This allows us to carry out the next step below.

Step 2: We compute the Fns(E)-descriptor 1], defined by
(22) 11 = (Fns(E), Who(E) @ WAy, ..., Ar).

Thanks to (15), we see easily that

(23) The length and dimension of 17 are at most exp(C/e)N.
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Moreover, the task of computing 1 from 7 is trivial; it requires work and storage at most
exp(C/e)N2.

Let us discuss the relationship of 1 and 1 to C™-norms.

For any P € Why(E), (10) and (14) together show that

(24) (1=Ce) | (£,P) [emen) € min max [Ai(f,P,w)| < (14 Ce) || (f,P) [lcmmn) -

(Here we have also used (13).)

Taking the infimum over P in (24), and recalling (4), we see that

(25) (1—=Ce) [ f[[cm@ny< . inf max A(f,P,w)| < (14 Ce) 1 F flomgen) -
(P,w) € Why (E)ow i=1,....1

That is,
(26) (1—=Ce) [ fllemmn) < A(f,1) < (14 Ce) || f [[em@n),

thanks to (22) and the definition of A(f,1]).

In view of (26), we would like to compute A(f, 1) up to a factor (1 4 Ce), using Algorithm
26.3.

One of the inputs to that algorithm is a vector, assumed to satisfy condition (t) in Section

26. To produce such a vector, we proceed as follows.
Step 3: Applying Algorithm 29.4 to f, we compute P# ¢ Why(E) such that
27) || (£,P#) em@zn) < C | f [[emmn)-
The work and storage used for Step 3 are at most CNlog N and CN, respectively.

Step 4: Applying Algorithm 29.3 to €, E, N and (f,ﬁ#), we compute a (1 4 Ce)-optimal
vector w# € W for (f,P#), 1. Thus,
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(28) max_ Ai(f, P#,w#)| < (1+ Ce) - min max |7\ (f, P#, w)|.

wew i=1,.

.....

The work and storage used for Step 4 are at most exp(C/e)N?

Observe that

(29) max, A, P#,w#)| < (1+ Ce) - vIgél\l/’\l/ max, A(f, P W) (by (28))
< (14+Ce) || (f,P#) ||cm@n) (by (24))
< C | fllemmn (by (27)).

On the other hand, for any P € Why(E), we have

| £ lemmm < I (F,P) omen) (by (4))
< (1+Ce) - Inl\I/lV Jmax IM(F, P, w) (by (24)).
we i=1,...,
Consequently,
(30) || fllem@ny< (14+Ce) - min max_ [Ay(f, P, w)l.

(Pw)eWhy (E)aw =11

(The minimum is achieved, thanks to an elementary remark from Section 26.)

Combining (29) and (30), we learn that

(31) nax Ai(f, P# w#)| < C min max_ |Ai(f, P, w)|.
=1,..,, (Pw)EWhy (E)pw 1=1,....1

Let us compare (22) and (31) with condition (f) in the statement of Algorithm 26.3. We
find that the vector (13 #) satisfies (f) for the list of affine functions
Who(E) @ W 3 (P,w) — Ai(f,P,w) (i=1,...,1), with T in (1) equal to C in (31).

Thus, we are in position to apply Algorithm 26.3.
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Step 5: We apply Algorithm 26.3 to the list of affine functions (ﬁ,w) — ?\i(f,ﬁ,w)
i=1,...,1), with (P# w#) here playing the role of the vector w® in Algorithm
26.3. We recall that we can take I' = C in Algorithm 26.3.

Thus, we compute a vector
(32) (PO, w°) € Who(E) & W,

such that

(33) max_ |A(f, PO, wO)| < (14 Ce) - min max_ |Ai(f, P, w)|.
i=1,...,1 [IS,W)EWI’I()(E)@W i=1,...,I

Thanks to (23), we have [, D < exp(C/e)N in Algorithm 26.3. Therefore, the work
consumed by Step 4 is at most exp(C/e)N>(log N)?, while the storage used is at most
exp(C/e)N2. (These quantities dominate the work and storage used in Algorithm 29.5.

Thus, virtually all the work goes into solving one big linear programming problem.)
We now observe that
£ llem@ny < | (£, PO) flemgn) (by (4))

< . mi (f, PO
< (1 + Ce) - min max, Ai(f, PO w)] (by (24))

.....

< (1 4+ Cle) - min max_ [Ai(f, P, w)| (by (33))
(Pw)€Why (E)ow 1=1,...1

< (T +C%)- | fllemEn (by (25)).

In particular,
(34) || flleman) <[ (£,P°) [lemmn) < (1 4 C”€)- || £ [[cman).
This reduces matters to Algorithm 29.1. We proceed as follows.

Step 6: We apply Algorithm 29.1 to € and (f, ]5’0)'



The C™ Norm of a Function with Prescribed Jets Il 189

Thus, we compute a number N(f, Po) > 0, and a function F € C™(R"), with the
following properties.
(35) F = fonE.
(36) 9%F(x) = 9*P%X(x) for 0 < |&| < m, x € E; where PO = (PO, .
(37) || Fllem@n) < (1 + Ce) N(f, PO).
(38) Ne(f,P%) < (1 + Ce) || (,P°) || cmrn).

The one-time work of Step 6 is at most exp(C/e)N log N, while the query work is at most
Clog(N/e), and the storage used is at most exp(C/€) - N. Finally, we mop up as follows.

Step 7: We set N(f) = Ne(f,ﬁo), and take F as in Step 6. Let us check that N¢(f) and F
have the desired properties (18), (19), (20). In fact, we have already proven (18); see
(35). Also, (19) is immediate from (37), since we have just set N¢(f) = N (f, PO).
To check (20), we note that

Ne(f) = Ne(f,PO) < (1 4 Cé) || (f,P%) lem@ny < (1 4 C"€) || f [lem@n),
by (38) and (34). Thus, (18), (19), (20) hold.

We have seen that the one-time work of Steps 1...7 above is at most exp(C/e)N>(log N)?,

while the query work (which occurs only in Step 6) is at most Clog(N/e), and the storage
used is at most exp(C/e)N2.

This completes our explanation of Algorithm 29.5.

Note that (18), (19), (20) and the definition of || f ||cmgn) show that
(39) (1 — C€) H f HCm(R“)S Ne(f) < (1 + CE) H f HC“‘(R“),
and

(40) || F ||Cm(Rn) S (] + C€) . || f ||Cm(Rn), F = f on E
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Thus, (39) and (40) hold for the number N¢(f) and the function F € C™(R™) computed
by Algorithm 29.5.

Theorem 2 from the introduction is now obvious; in the case #(E) > 2, we just apply

Algorithm 29.5 to €, f, with ¢ = ¢ - min(e, 1) for a small enough c.

The case #(E) = 1 follows; details are left to the reader.
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