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0. INTRODUCTION

Fix m,n > 1. In [8], we studied the following problems:

Large Finite Problem: Given a finite set £ C R" and functions f : £ — R and
o : FE — [0,00), find the least M > 0 for which there exists F' € C™(R"), satisfying
|Fllem@ny < M, and |F(z) — f(z)] <M -o(x) forall x € E.

Infinite Problem: Given an arbitrary set £ C R" and functions f : £ — R and

0: E — [0,00), decide whether there exist a function F' € C"™ 1 (R") and a finite constant

M, satisfying
(1) |Fllem-11@ny < M, and |F(z) — f(x)| < M - o(x) for all v € E.

In the special case ¢ = 0, the Infinite Problem amounts to deciding whether a given
function f : £ — R extends to a C™ ! function on all of R". (As usual, C™ b1(R")
denotes the space of functions whose (m — 1)=t derivatives are Lipschitz 1.) This is a variant
of a classical problem of Whitney [18]. Important work on closely related questions was done
by Whitney [17,18,19], Glaeser [9], Brudnyi and Shvartsman [2,...,6,12,13,14], and Bierstone-
Milman-Pawlucki [1], as explained partially in [8].

In this paper, we will show that an essentially optimal M may be achieved for the two
problems above, by taking F' to depend linearly on f. More precisely, for the Large Finite

Problem, we have the following result.

Theorem 1. Let E C R"™ be finite, and let 0 : E — [0, 00) be given. Let C(E) be the vector
space of (real-valued) functions on E. Then there ezists a linear map T : C(E) — C™(R"),
with the following property:

Let f € C(E) be given. Assume there exists F' € C™(R"), with ||F||cmm@ny < 1 and with
|F(x) — f(z)] < o(x) for allz € E.

Then we have

1T £

cmmny <A, and |Tf(x) — f(x)| < A-o(x) forallz € E,
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for a constant A depending only on m and n.

For the Infinite Problem, we introduce a Banach space C™ 1(FE, o) associated to an
arbitrary set £ C R" and a function o : E — [0,00). This space consists of all functions
[+ E — R for which there exist ' € C™ M (R") and M < oo satisfying (1). The norm
| fllem-1.1(5,0) is defined as the infinum of all possible M in (1).

Our result for the Infinite Problem is as follows:

Theorem 2. Let E C R"™ be an arbitrary subset, and let o : E — [0,00) be given. Then
there exists a linear map T : C™ V(E o) — C™ M(R™), with the following property:

Let f € C™V(E,0) be gwen with || f|lcm-11(p) < 1.
Then we have
TS lomsaany < A, and [Tf() — f@)] < A-o(x) for alla € B

for a constant A depending only on m and n.

One of the conjectures of Brudnyi and Shvartsman in [4] is closely analogous to our
Theorems 1 and 2. One of their theorems [5] includes the case o = 0, m = 2 of our results
as a special case. I am grateful to Brudnyi and Shvartsman for raising with me the issue
of linear dependence of F' on f above, and also to E. Bierstone and P. Milman for valuable

discussions.

An interesting refinement of Theorem 1 concerns operators of “bounded depth.” We
say that an operator 7' : C(E) — C™(R") has “bounded depth” if every point of R™ has
a neighborhood U, for which 7T'f|y depends only on f|g for a subset S C E, with #(S5)
bounded a-priori in terms of m and n. (Here, #(S5) denotes the number of points in S.)
The operator T in the conclusion of Theorem 1 may be taken to have bounded depth. This

follows without difficulty from our proof of Theorem 1, but we omit the details.

Most of our proof of Theorem 1 repeats ideas in [8] with straightforward modifications.

However, we need one additional idea, which we now sketch.
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In [8], we introduced the sets
Ki(y; S,C) = {Jy(F) : F € C™"(R"), |[Fllem@ny < C, [F(z) = f(z)] < C-o(z) on S}

for y € R", S C E. Here, and throughout this paper, J,(F) denotes the (m — 1)-jet of F
at y.

A crucial point in [8] was to show that, for suitable k# depending only on m and n, there
is an (m — 1)=t degree polynomial P belonging to K;(y; S, C) for all S C E having at most
k* elements. The set of all such P was called K(y; k%, C) in [8].

Roughly speaking, any polynomial in K (y; k%, C) is a plausible guess for the (m —1) jet
at y of the function 7'f in Theorem 1.

To prove Theorem 1, we must not only show that K;(y; k%, C) is non-empty; we must
produce a P € K¢(y; k¥, C') that depends linearly on f. Once this is done, we can essentially
repeat the arguments in [8] for large finite sets E and strictly positive o, because all the
functions F' € C™(R") constructed in [8] depend linearly on f and P.

To find P € K (y; k*,C) depending linearly on f, we introduce the auxiliary convex sets

P(y,S) = {Jy(¢) : [ellemmn <1 and [o(z)] < oz) on S}

By using elementary properties of convex sets, reminiscent of our applications of Helly’s

theorem in [8], we show that there exists a subset S¥ C E, with the following properties:

(a)  The number of points in SY is bounded by a constant depending only on m and n; and

(b)  Any polynomial P € I'(y, SY) belongs also to C' - I'(y, .S), for any S C E with at most
k# points, where C' is a constant depending only on m and n. The set SY depends only

on the set E and the function o, not on f.

Because SY contains only a few points (property (a) above), it is easy to fit a function
F € C"™(R™) to f on SY, with F' depending linearly on f. We may then simply define P
to be the (m — 1)-jet of F' at y. Thus, P depends linearly on f. Thanks to property (b)

above, we can show also that P belongs to K;(y; k#,C). This argument appears in Section



INTERPOLATION AND EXTRAPOLATION OF SMOOTH FUNCTIONS 4

10 below, in a lightly disguised form that doesn’t explicitly mention F'. (The minimization
of the quadratic form in Section 10 is morally equivalent to finding F' as sketched above, as

we see from the standard Whitney extension theorem.)

Once Theorem 1 is established, it isn’t hard to deduce Theorem 2. We proceed by
applying Theorem 1 to arbitrarily large finite subsets of E, and then passing to a Banach

limit. (We recall Banach limits in Section 15 below.)
It is a pleasure to thank Gerree Pecht for expertly TeXing this paper.

We now begin the proofs of Theorems 1 and 2. Unfortunately, we assume from here on

that the reader is thoroughly familiar with [8].
1. NOTATION

Fix m,n > 1 throughout this paper.

C™(R™) denotes the space of functions F' : R” — R whose derivatives of order < m
are continuous and bounded on R". For F' € C™(R"), we define ||F||cmmn) = SUp,cpn
max|gj<,, |0°F(z)|, and |0™F||corn) = SUPyepn Max|gj=m [0°F(z)|. For F € C™(R") and
y € R”, we define J,(F') to be the (m — 1) jet of F' at y, i.e., the polynomial

L@ = Y &

siam P (O°F() - (=~ y)’.

Cm~L1(R") denotes the space of all functions F' : R™ — R, whose derivatives of order

< m — 1 are continuous, and for which the norm

IPF(z) — O°F
||F||Cm*1»1(Rn) = maxXx sup |8’6F(1’)| + sup | (I) (y)|
|B|<m—1 = x,yiR" |fE - y|
z#y

is finite.

Let P denote the vector space of polynomials of degree < m — 1 on R™ (with real

coefficients), and let D denote the dimension of P.

Let M denote the set of all multi-indices § = (44, ..., 3,) with |3 = f1+- - -+5, < m—1.
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Let M™ denote the set of multi-indices 5 = (51, ..., (,) with |5] < m.

If o and 3 are multi-indices, then dg, denotes the Kronecker delta, equal to 1 if § = «

and 0 otherwise.

We will be dealing with functions of z parametrized by y (z,y € R"™). We will often
denote these by ¢¥(z), or by PY(x) in case x — PY(x) is a polynomial for fixed y. When we
write 9° PY(y), we always mean the value of (a%)ﬂPy(:v) at = y; we never use 9°PY(y) to

denote the derivative of order 3 of the function y — PY(y).

We write B(x,r) to denote the ball with center z and radius r in R™. If @) is a cube in
R", then d¢g denotes the diameter of ); and @* denotes the cube whose center is that of @,

and whose diameter is 3 times that of Q).

If @ is a cube in R™, then to “bisect” () is to partition it into 2" congruent subcubes in
the obvious way. Later on, we will fix a cube Q° C R™, and define the class of “dyadic” cubes
to consist of Q)°, together with all the cubes arising from ° by repeated bisection. Each
dyadic cube @ other than ()° arises from bisecting a dyadic cube Q@ C Q°, with dg+ = 20.
We call Q" the dyadic “parent” of ). Note that QT C Q*.

For any finite set X, write #(X) to denote the number of elements of X. If X is infinite,
then we define #(X) = 0.

Let E CR" and 0 : E — [0,00) be given.

Then, as in the Introduction, C™ M(E o) denotes the space of all functions
f: E — R, for which there exist M > 0, F' € C™ LY{(R"), with

(a)  [[Fllem-11mny < M and

(b) |F(x)— f(z)] < Mo(x) for all z € E.

The norm || f||¢m-11(g,+) is defined as the infinum of the set of all M > 0 for which there
exists an F' satisfying (a) and (b).

Similarly, C™(E, o) denotes the space of all functions f : F — R, for which there exist
M >0, F e C"™(R"), with
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(©  Fllom@n < M and

(d) |F(x)— f(z)] < Mo(x) for all z € E.

The norm || f||cm(g,) is defined as inf of all M > 0 for which there exists F satisfying (c)
and (d).

Suppose E C R” (finite), 0 : E — (0,00), and 6 > 0 are given. If f : E — R, then the
norm || f{lem(g,e:s) is defined as the inf. of all M > 0 for which there exists F' € C™(R"),
with |0°F||cogny < M§~1Al for |8] < m, and

|F(x) — f(z)] < Mo ™o(x) forallx € E.

We write C™(E, 0;0) for the space of all functions f : E — R, equipped with the above

NOrm.
If § >0 and F € C™(R"), then we define
[Ellem@ns) = |%\13)ni S8 F | con -

We write C™(R™;§) for the space C™(R"), equipped with the norm ||F||cmgn.s).

If E C R" is finite, then C°(E) denotes the space of functions f : E — R, equipped with

the norm | fllcs(e) = mae | (@)
A subset K C R? is called symmetric if, for any z € R%, z € K implies —x € K.

If K C R?is symmetric, and if C' > 0 is given then CK denotes the set of all the points
Cx € R? with z € K.

2. SHARP WHITNEY

One of the main results of [8] is as follows.

Sharp Whitney Theorem for Finite Sets:

Given m,n > 1, there exist constants k% (m,n) and A(m,n), depending only on m and

n, for which the following holds.
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Let E C R™ be finite, and let f : £ — R, 0 : E — [0,00) be functions on F.
Assume that, given any S C E with #(S) < k¥, (m,n), there exists F° € C™(R"), with
| F¥]|em@ny < 1, and |F5(z) — f(z)| < o(x) for all z € S.

Then there exists F' € C™(R"), with
| Fllem@ny < A(m,n), and [F(x) — f(x)] < A(m,n)-o(z) forall z € E.
In terms of the spaces C"(FE, 0; ), we have the following

COROLLARY: Gliven m,n > 1, there exist constants k¥ (m,n) and A(m,n), depending only

on m and n, for which the following holds.
Let E C R" be finite, let f : E — R, let 0 : E — [0,00), and let § > 0. Then

1Fllem @00 < Alm, n) - max{|| fllemsolsa) : S C B, #(S) < kT, (m,n)}

Proof: The case § = 1 is immediate from Sharp Whitney for Finite Sets; the general case

follows by rescaling. [ |
3. A LEMMA ON CONVEX SETS

The following result is surely known (probably in sharper form) but I haven’t found it in the

literature.

Lemma on Convex Sets:

Let F be a finite collection of compact, convez, symmetric subsets of RP. Suppose 0 is an
interior point of each IC € F. Then, with Cp depending only on D, and with ¢ = D-(D+1),
there exist ICy,- -+ | ICp € F, with

mmmmmccy<ﬂm>.

KeF

Proof. We use the following standard results on convex sets.
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Helly’s Theorem [16]: Let F be any collection of compact, convexr subsets of RP. If the

intersection of all the sets KC € F is empty, then already the intersection of some (D + 1)
sets ICy, -+, Kpi1 € F is empty.

F. John Lemma (See the simple proof by A. Cordoba in [10]): Let K C R be any

bounded, symmetric, convex set with non-empty interior. Then there exists an ellipsoid

E C RP, centered at the origin, with E C K C CpE, where Cp depends only on D.

Proof of the Lemma on Convex Sets: Let K* be the intersection of all the sets K € F. Then
IC* is compact, convex, symmetric, and contains 0 as an interior point. Applying the Lemma
of F. John, we obtain an ellipsoid 2 C R”, centered at the origin, with £ C K* C Cp - E.

Applying a linear transformation to R”, we may assume without loss of generality that F

is the unit ball. Hence, for constants cp, C,, depending only on D, we have

(1) ¢pQ C K* C CphQ, with

Q={x = (z1,--,zp) € RP: |x;] < 1 for each j}.
Given K € F and 1 < j < D, we set
Cap(K,j) ={(x1,--- ,zp) € K:z; > Cp}.

Each Cap(K, j) is a compact, convex subset of R”. Moreover, since K* C C},Q, we know that
the intersection of all the sets Cap(K, 7) (K € F) is empty, for each fixed j. Applying Helly’s
Theorem to the Cap(/C,j), we obtain sets Ing), - ,Ingrl € F, for which the intersection

of Cap(/ng),j) over i = 1,--- ;D + 1 is empty. This means that every x = (z1,--- ,2p) €

KPneon ICglrl satisfies z; < C}. Since the ICZ(j) are symmetric, we have |z;| < C}, for
D+l D D1

all z = (z1,--- ,xp) € ﬂ ICZ@. Consequently, the intersection ﬂ ﬂICE] ) is contained in
i=1 j=1i=1

C'HQ, which in turn is contained in <C’b/CD> : ﬂ IC, thanks to (1). Thus, we have found
KeF

D - (D +1) sets ICZ(j ) € F, whose intersection is contained in cy - ﬂ IC. The proof of the

KeF
Lemma is complete. [ |
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4. STATEMENT OF THE MAIN LEMMAS

Fix A C M. We state two results involving A. For the second result, we use an order

relation between multi-indices, defined in [8] and denoted by >.

Weak Main Lemma for A. Given m,n > 1, there exist constants k¥, ag, depending only

on m and n, for which the following holds.

Suppose we are giwen a finite set E C R™ and a function 0 : E — (0,00). Suppose
we are also given a point y° € R™ and a family of polynomials P, € P, indezed by o € A.

Assume that the following conditions are satisfied:

(WL1) 0°P,(3°) = 0, for all 3,a € A.
(WL2) [0°P,(y°) — 0sa| < ap for all a € A, 3 € M.
(WL3) Given S C E with #(S) < k#, and given a € A, there exists ¢35 € C™(R"), with

(a)  [[0™@3]lcomn) < ao.
() |pd(x)] < Co(z) forallz € S.
(c) Jy0(90§> = F,.
Then there exists a linear operator £ : C™(FE, o) — C™(R™), satisfying the fol-
lowing conditions:
(WL4) €& has norm at most C’;
(WL5) |Ef(x)— f(x)] < C"-||fllem(E,e) - o(x) for all f € C™(E,0) and z € ENB(Y°, ).
Here, ¢ and C’ in (WL4,5) depend only on C,m,n in (WL1,2,3).
Strong Main Lemma for A. Given m,n > 1, there exists k¥, depending only on m and
n, for which the following holds.

Suppose we are given a finite set E C R", and a function o : E — (0, 00).

Suppose we are also given a point y° € R™, and a family of polynomials P, € P, indezed

by o € A. Assume that the following conditions are satisfied:
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(SL1) 9°P,(y°) = 65 for all a, 3 € A.
(SL2) |0°P,(y°)] < C for all a« € A, 8 € M with 8> a.
(SL3) Given S C E with #(S) < k¥, and given a € A, there exists ¢ € C™(R"), with

(a) 0" eglloo@n < C,
(b)  |@3(z)] < Co(z) for all z € S,

(€)  Jpl(ps) = Pa
Then there exists a linear operator £ : C"™(E,0) — C™(R"), satisfying the

following conditions:
(SL4) & has norm at most C’;
(SL5) |Ef(x) = f(2)| < C'||fllem(Ee) - o(x) for all f € C™(E, o) and all z € ENB(y°, ).
Here, ¢ and C’ in (SL4,5) depend only on C,m,n in (SL1,2,3).

5. PLAN OF THE PROOF

Recall from [8] that subsets of M are totally ordered by a relation denoted by <.

As in [8], we will establish the WEAK and STRONG MAIN LEMMAS for any A C M, by

proving the following results.

Lemma PP1: The WEAK and STRONG MAIN LEMMAS both hold for A= M.

Lemma PP2: Fix A C M, with A # M. Assume that the STRONG MAIN LEMMA
holds for each A < A. Then the WEAK MAIN LEMMA holds for A.

Lemma PP3: Fiz A C M, and assume that the WEAK MAIN LEMMA holds for all
A < A. Then the STRONG MAIN LEMMA holds for A.

Once we have established these three Lemmas, the two MAIN LEMMAS must hold for all
A, by induction on A. Taking A to be the empty set in (say) the WEAK MAIN LEMMA,
we see that hypotheses (WL1,2,3) hold vacuously; hence we obtain the following result.
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Local Theorem 1: Given m,n > 1, there exist A, ¢ > 0, depending only on m and n, for
which the following holds.

Let E C R™ be finite, and let 0 : E — (0,00) be given. Let y° € R™. Then there exists a

linear operator € : C™(E, o) — C™(R"), with norm at most A, and satisfying
Ef(z) — f(@)] < Alfllem@pe) - o(z) for all f € C™(E,0) and all x € EN B(y°, ).
We will then relax the hypothesis ¢ : F — (0,00) to ¢ : E — [0,00), and next

deduce Theorem 1 by using an obvious partition of unity. Finally, we deduce Theorem 2

from Theorem 1. These arguments are given in sections 14,...,17.
6. STARTING THE MAIN INDUCTION

In this section, we prove Lemma PP1. That is, we prove the two MAIN LEMMAS for
A = M. We simply take £ = 0, and assume either (WL1,2,3) or (SL1,2,3), for our given
E. 0.

Suppose || f|lcm e,y < 1. Then there exists F' € C™(R") with
|Fllem@ny < 2and |F(x) — f(z)| < 20(z) on E.

Hence, |f(z)| < 2+ 20(x) on E. On the other hand, the proof of (6.2) in Section 6 of [§]
applies here, and shows that o(z) > 55 for all z € E N B(y°, ), with C as in (WL1,2,3)
or (SL1,2,3), and with ¢ determined by C,m,n. Consequently,

Ef(x) — f(2)| = |f(x)] < 4C +2) - o(x) for all z in EN B(y°, ).

This holds provided || f|lcm (g, < 1. The conclusions of the two MAIN LEMMAS are now

obvious. [ ]
7. NON-MONOTONIC SETS

In this section, we prove Lemma PP2 for non-monotonic A.

Lemma NMS: Fiz a non-monotonic set A C M, and assume that the STRONG MAIN
LEMMA holds for all A < A. Then the WEAK MAIN LEMMA holds for A.




INTERPOLATION AND EXTRAPOLATION OF SMOOTH FUNCTIONS 12

Proof:  Let E,o satisfy (WL1,2,3) for A. Since A is not monotonic, there exist multi-
indices @,%, with @ € A, a+75 € M\A. Weset A = AU {a+7}. As in the proof of
Lemma 7.1 in [8], we see that A < A, and that the hypotheses (SL1,2,3) of the STRONG
MAIN LEMMA hold for A, with constants depending only on C,m,n in (WL1,2,3) for A.

Applying the STRONG MAIN LEMMA for A, we obtain a linear operator £ : C"™(E, o) —
C™(R™), satisfying (SL4,5), with constants C’, ¢ depending only on C,m,n in (WL1,2,3)
for A. However, (SL4,5) are the same as the conclusions (WL4,5) of the WEAK MAIN
LEMMA for A. The proof of Lemma NMS is complete. |

8. A Consequence of the MAIN INDUCTIVE ASSUMPTION

In this section, we establish the following result.

Lemma CMIA: Fix A C M, and assume that the STRONG MAIN LEMMA holds, for
all A < A. Then there exists kffd > k% (m,n), depending only on m and n, for which the

following holds.

Let A > 0 be given, let Q € R™ be a cube, E C R" a finite set, o : & — (0, 00)
a function. Suppose that, for each y € Q**, we are given a set AY < A and a family of
polynomials PY € P, indeved by o € AY. Assume that the following conditions are satisfied:
(G1) 0°PY(y) = dp, for all B,a € AY, y € Q**
(G2) [9°Py(y)| < A5y for all a € AY, B > a, y € Q™.
(G3) Civen S C E with #(S) < k¥, and given y € Q* and a € AY, there exists

25 € C™(R™), with

(a) [10"eSllco@ny < A'5|5|_m7

(b) [e3(x)] < A- 5‘5'77” ~o(z) for all x € S,

(c) Jy(pd) = PY

Then there exists £ : C™(E, o dg) — C™(R™; dq), with the following properties:
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(G4) €& has norm at most A’;

(G5) [Ef(x)=f(@)] < A6 fllom(p.0sy) -0 (@) for all f € C™(E,0;6g) and all w € ENQ*.

Here, A’ depends only on A, m,n.
Proof: As in Section 8 of [8], a rescaling reduces matters to the case dg = 1.

Let g = 1, and assume (G1,2,3). For each y € Q**, the hypotheses (SL1,2,3) of the
STRONG MAIN LEMMA for AY hold, with F,o,y, PY(a € AY), A in place of
E,o,y°, P,(a € A), C in (SL1,2,3). In fact, (SL1,2,3) are immediate from (G1,2,3),
provided we take kffd to be the max of k% (m,n) and the constants k# appearing in the
strong main lemma for all A < A. Hence, the STRONG MAIN LEMMA for AY produces
an operator &, : C"™(E, 0) — C™(R"), satisfying

(1) 1€l < A and
& f(x) = f@)] < A" [ fllem@z,o) - o(2)

(2)
for all f € C’m(E,a), zeEN B(y,d), y € Q**.

Here, A" and ¢ are determined by A, m,n in (G1,2,3).

Given f € Cm(E, o), we set Y = &, f for each y € Q**. We then define F' from the FY as
in (8.1)-(8.9) in [8]. Since F' € C™(R™) depends linearly on the FY, which depend linearly
on f, the map £ : f — F' is a linear operator from CW(E,J) to C™(R™). Moreover, if
[fllgm(p o) <1, then (1) and (2) show that

| FY||cm@ny < A" and |FY(z) — f(x)] < A"-o(z) for all z € EnN B(y,d),

Hence, the proof of (8.8) and (8.9) in [8] goes through here, and we have ||F||¢m@ny < C”
with C” determined by A,m,n; and |F(z) — f(z)| < A’ - o(z) for all z € E N Q*. That is,

3 NEflem@n < C"if [|fllgmpe < 15 and

(4) Ef(x) — f(z)] < A" - o(x) for all z € ENQ*, provided [fllempeo < 1.

From (3) and (4) we obtain trivially the desired conclusions (G4,5) in the case g = 1. The

proof of the Lemma is complete. [ |
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9. SET-UP FOR THE MAIN INDUCTION

In this section, we give the set-up for the proof of Lemma PP2 in the monotonic case. We
fix m,n > 1 and A C M. We let k7 be a large enough integer determined by m and n, to
be picked later. We suppose we are given E C R finite, 0 : F — (0,00), ¢’ € R*, P, € P
indexed by a € A. In addition, we suppose we are given a positive number a;. We fix k¥,

E, 0, 9% (Pa)aca, a; until the end of Section 12. We make the following assumptions.

(SUO0) A is monotonic, and A # M.

(SU1) The STRONG MAIN LEMMA holds for all A < A.

(SU2) 9°P,(y°) = dp, for all B,a € A.

(SU3) [0°Pa(y°) — 0pal < aq foralla € A, € M.

(SU4) ay is less than a small enough constant determined by m and n.

(SU5) Given S C E with #(S) < k%, and given o € A, there exists ¢35 € C™(R"), with

(@) 0mpallcomn) < ar,

(b) |¢S(z)] < o(z) forall x € S,

(c) Jyl(ea) = Pa.

Most of the effort of this paper goes into proving the following result.

Lemma SU.I: Assume (SUO,...,5). Then there exists a linear operator
E:C™(E,0) — C™(R"), satisfying

(a) |I€]| < A, and

(b) |Ef(x) = f(x)] < A|fllemEe) - o(x) for all f € C™(E, o) and all z € EN B(y°, a).
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Here, A and a are determined by ay, m,n.

Note that a; is not assumed to depend only on m and n, and that the constant C' in (WL3)
(b) has in effect been set equal to 1 in (SU5)(b).

The following result is trivial. (Compare with Lemma 9.2 in [8].)

Lemma SU.II: Lemma SU.I implies Lemma PP2.

10. APPLYING LEMMAS ON CONVEX SETS

We place ourselves in the setting of Section 9, and we assume (SUQO,..., 5). Recall that we
have fixed £ C R™ finite, and 0 : E — (0, 00).

For y € R" and S C E, we set
(1) I'(y,S) = {Jy(#) : l¢llemmn <1, and [p(z)] < o(z) on S} CP.

Each I'(y, S) is bounded, convex, symmetric, and contains 0 as an interior point. Moreover,
there are only finitely many subsets S C E. Hence, we may apply the LEMMA ON CONVEX
SETS to the closures of the I'(y, S) for any fixed y, and S C F arbitrary, subject to #(.5) <
k#. Thus, we obtain subsets Si, ..., Sp.py1) C E, with #(S;) < k¥ for each i, and satisfying

the following inclusion:

D(D+1)
ﬂ I'(y,S;) € Cp - ﬂ Closure (I'(y, 5)) .
=1 SCE

#(S)<k#

Moreover, Closure (I'(y, S)) C 2I'(y, S), since 0 is an interior point of the convex set I'(y, S).

Hence, with C, = 2Cp, we have

D-(D+1)
i=1 SCE

#(S) <k#

Here, C', depends only on D, and of course the S; depend on y. Let

(3) Sy - Sl U---u SD(D+1)'
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Then, obviously,

(4) SY CE

(5)  #(SY) < D-(D+1) -k,
and

[(y,SY) C I'(y,S;) fori=1,---,D(D + 1), so that (2) implies

(6) I(y,SY) C Cf - T'(y,S) for all S C E with #(S) < k¥ .
Next, using SY, we introduce a linear operator
(7) TY: C™(E,0) — P.

We proceed as follows. Let SY U {y} = {x1,...,zn}, with zx = y. We introduce the vector

space PV of all
(8) ﬁ = (PH>1§M§N with each PM eP.

Given a function f € C™(FE, o), we define a quadratic function Qi{ on PV, by setting

) aﬂP P)(z,)|?
9) () Z > PR+ 3 | Z, — @, P >(—ﬁ|))|

p=1|8|<m-1 p#Y |B|I<m—1

. |P“(I“>_f(x“>|2 or P asin
+ 21%@ o w)? for P (8).

Here, the characteristic function 1,,cp enters, since we don’t know whether y belongs to E.

The quadratic function Q% contains O™, 15, and 2" degree terms in P. The sum of the
second-degree terms is a strictly positive-definite quadratic form, independent of f. Also,
the first degree terms are lincar in f. It follows that P — Qi’c(ﬁ) achieves a minimum at a
point P(f,y) € PV that depends linearly on f for fixed . The components of f’( f,y) may
be denoted by P,(f,y) € P, for p=1,...,N. We define T% in (7) by setting

(10) TVf = Pn(f.y)-
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Thus, T is a linear operator from C™(E, o) to P. Note that

(11) TYf depends only on f|suwuqy if ¥ € E, and only on f|g if y ¢ E.
Next, we prove the following result.

Lemma 1: Giveny € R" and f € C"™(E, o), there exists F € C™(R"), with

(12) IFllom@ey < CIf]

Cm(E,0) »
(13)  |F(z) = f(2)| < C - o(x) - [[flempe) for all z € 57,
(14) J,(F) = TVf.

Here, C' depends only on m and n.

Proof.  Throughout the proof, let C' denote a constant determined by m and n. Without

loss of generality, we may suppose that
(15)  lfllomo) = 1.
By definition of the norm in (15), there exists F' € C™(R"), with

(16)  [[Fllem@n) < 2, and

(17)  |F(z) — f(x)] < 20(z) forallx € E.

Define P = (P,)i<u<n € PN by setting P, = J, (F). Thus, (16) and (17) imply the

following estimates:
|8ﬁpu(a:u)] <2for 1<pu<N,|Bl<m-1.
0°(Py— P)(@,)| < Clay — " for p# v, |8 < m—1.
Puen) — ()] < 20(z,) if 0, € B.

Hence, for this P, each summand in (9) is at most C'. Moreover, (5) shows that the number
of summands in (9) is at most C. Consequently, Q?(ﬁ) < C. Since P(f,y) was picked to
minimize Q%, we conclude that Qi’c(ﬁ( f,y)) < C. In particular, we have



INTERPOLATION AND EXTRAPOLATION OF SMOOTH FUNCTIONS 18

(18)  |°[Pu(fy)]l ()] < Clor 1 < p < N, |8 < m—1,
(19)  [0°[Pu(foy) — Po(foo)] (z)] < C -z —a|" VP or p# v, 18] < m—1,

(20) [Pu(f)l(n) = f@)] < Co(zy,) if , € E.

By the standard Whitney extension theorem (see [11] or [15]) and (18), (19), there exists a
function £ € C™(R"), with

(21)  |Fllgm@n < C, and

(22) un(ﬁ) = P,(f,y) foreachp=1,... N.

By (20), (22), and the definition of xy,--- ,zx, we have
(23) |F(z) — f(z)] < Co(z) forall z € SY.
Moreover, (10) and (22) yield

(24) Ay (F) = TVf,

since Ty = .

Under our assumption (15), results (21), (23), (24) are precisely the conclusions (12), (13),
(14) of Lemma 1.

The proof of the lemma is complete. [ |
Fory e R", f e C™(F,0), M > 0, we define
Ki(y,k*, M) ={P €P: Given S C F with #(5) < k¥, there exists ¥ € C"™(R"),

with || F¥ || gmgny < M, |F¥(x)—f(z)] < M -o(x) for allz € S, and J,(F¥) = P}, as in [8].

Lemma 2: Giveny € R" and f € C"™(E,0) with || f|lcmEe) < 1, we have

TVf € Ks(y, k%, C)
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for a large enough C' determined by m and n.

Proof Let F be as in Lemma 1. Since | fllemee) <1, we have

(25)  ||Fllen@s < C,

(26) |F(z) — f(z)] < C - o(x) on Y, and

(27) Jy(F) = Tf;

throughout the proof of Lemma 2, C,C’, ¢, etc. denote constants determined by m and n.
Also, since || f||em(g0) < 1, there exists F' € C™(R"), with

(28)  |[Fllom@n < € and

(29) |F(z) — f(z)] < C - o(x)on E.
From (25),...,(29), and (4), we see that

IF = Fllen@ny < C,
((F — F)(z)] < C-o(x)on SY,

Jy(F —F) = J,(F)—Tvf.
Comparing these results with definition (1), we see that
(80)  J(F)—T'feC - D(y,S").

Now let S C E, with #(S) < k#. By (6) and (30), we have J,(F)—TYf € C'-T'(y,S). This
means that there exists ¢ € C™(R"), with

(31)  Jy(¢%) = J,(F) = T"f,

(32)  l¢llom@n < €,
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(33)  |p¥(z)] < C" - o(z)on S.

We set F'¥ = F — 9. Then (31) gives

(34)  Jy(F%) = TVf;

and from (28) and (32) we see that

(35 FSlong < €

Also, (29) and (33) yield

(36)  [F¥(2) — f(x)] < C" - o(x) on S.

Thus, given S C E with #(S) < k¥, there exists F* € C™(R"), satisfying (34), (35), (36).
Thus TV f € K (y, k*,C""), which is the conclusion of Lemma 2. The proof of the lemma is
complete. ]

Lemma 2 above substitutes for Lemma 10.1 in [8]. The proofs of Lemmas 10.2, 10.3 and

10.4 in [8] remain valid here. In place of Lemma 10.5 in [8], we use the following result.

Lemma 3: Suppose k% > (D+1)-k¥ and kI > 1. Let y € B(y°,a1) be given. Then there
exists a linear map Tj :C"™(E,0) — P, with the following property:

If | fllempo) <1, then T} f € K?(y; k¥, C), with C depending only on m and n.

Recall that K?(y; k, M) consists of those polynomials P € K(y; k, M) for which 9°P(y) = 0
for all 5 € A.

Proof of Lemma 3 We follow the proof of Lemma 10.5 in [§].

By Lemma 10.3 in [8], there exist polynomials PY € P(« € A), satisfying (WL1)?,...,(WL3)¥
in [8]. We define
THf =TVf = (0*(T"f)(y)) - PY.
acA
As promised, T, is a linear map from C™(F,0) to P. Moreover, if || fllcm(gzq) < 1, then
Lemma 2 above gives TV f € K;(y; k*, C). Therefore, the proof of Lemma 10.5 in [8] applies,
with P =TYf and P = T#f. (The constant 2 in (10.27) in [8] has to be replaced by C, but
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that has no effect on the rest of the argument.) Thus, as in the proof of Lemma 10.5 in [8],
we find that P € Iij(y; k:fk, C"). This is the desired property of Ty#f. The proof of Lemma
3 is complete. [ |

11. GooDp NEwS

Again, we place ourselves in the setting of Section 9, and we assume (SUO,...,5).

We define the cube @° and its Calderén-Zygmund decomposition as in Section 11 of [8].
The good news is that all the arguments in Sections 11, ..., 14 of [8] work here as well. In
particular, we have the crucial Lemma 14.3 from [8], which we restate here in a slightly

weaker form than in [8].

Lemma GN: Lety € Q" and y € (Q')*, where Q and Q' are CZ cubes. Let f €
C™(E,o0), and let P € /C?(y; kﬁ, C) and P' € K?(y’; kj, C) be given, where C' depends only

on m,n; and assume

(1) k#*>(D+1) k% and k% > (D +1)2 - k7.
If the cubes Q and Q' abut, then we have

(2) |9°(P' — P)(y)| < C" (a1) ™D 557 for all € M.
Here, C" depends only on m and n.

12. PrROOF OF LEMMAS SU.I AND PP2

In this section, we prove Lemma SU.I. By Lemma SU.II, this will prove Lemma PP2 as well.

We place ourselves in the setting of Section 9, and assume (SUO,...,5). In particular,

(1) FE is a given, finite subset of R",
(2) o0:FE — (0,00) is given, and

(3) A C M is given.
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We use the Calderén-Zygmund decomposition from Section 11 of [8]. Let Q,(1 < v < thyax)
be the C'Z cubes, and let 9, = g, = diameter of @),, y,= center of (),. Recall that

(4) 0, <ay <1 for each v,

thanks to (11.3) in [§].

We take
(5) k* = (D+1)%- k%,

Let éy(l < v < Unmax) be a cut-off function, with the following properties.
6) 0<6,<1onR" 6, =1onQ* supph, C Q™

(1) 10%,| < C - 8, for B € M.

Throughout this section, we write ¢, C, C’, etc. to denote constants determined by m and n.
Fix v(1 < v < Vpax)-

Recall that, since @, is a C'Z cube, it is OK. (See section 11 of [8] for the notion of an OK
cube.) Thus,

(8)  For each y € QF*, we are given AY < A, and polynomials P?Y € P(a € AY) satisfying
(OK1), (OK2), (OK3) in [8].

The following result is straightforward.

Lemma 1: The hypotheses of Lemma CMIA in Section 8 hold here, with A = (a;)~ "V,
for the set E, the function o, the cube Q,, the sets of multi-indices A and AY(y € Q**), and
the polynomials PY(y € Q%*, a € AY).

| 2]

Proof.  The hypotheses of Lemma CMIA are as follows:

e The STRONG MAIN LEMMA holds for all A < A. (That’s just (SU1), which we are

assuming here.)

e E C R" is finite, and 0 : E — (0,00). (That’s contained in (1) and (2).)



INTERPOLATION AND EXTRAPOLATION OF SMOOTH FUNCTIONS 23

e For each y € Q**, we are given AY < A and PY(a € AY). (That’s immediate from (8).)

e Conditions (G1), (G2), (G3) hold, with A = (a;)~™*V. (That’s immediate from
(OK1), (OK2), (OK3) for @,; these conditions hold, thanks to (8).)

The proof of Lemma 1 is complete. |

From Lemma 1 and Lemma CMIA, we obtain a linear operator

9) &, :C™E,0;0,) — C™(R™;0,), satisfying

(9a) &) <A, and

Ef(z) = f(@)] < A - [[fllemEes,) -0, - o)
(10)
for all f € C"™(FE,0;0,) and all x € EN Q5.

Here, and throughout this section, A’, A”, A, a, etc., denote constants determined by ai, m, n.

Next, we bring in Lemma 3 from Section 10, applied with ki = (D + 1)2 - kzﬁd, Y =1,
(Note that y, € B(y°, a1) as required in Lemma 3, since y, € Q, C Q° C B(y°,a1).) Thus,

we obtain a linear map

(11) T#:C™E,0) — P,

satisfying the following:

(12) I [fllom(me < 1, then T f € KF (i (D +1)2 - Ky C).

Using the map T# and the cut-off function 8, (see (6), (7)), we define a linear map
(13) L,:C™(E,0) — C™(FE,0;4,)

by setting

(14) (Lf)@) = (f(z) = (TF () - 0,(x) for all 2 € R

Lemma 2: The norm of L, from C™(E, o) to C™(E,0;6,), is at most C" - 0]
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Proof: Suppose || f||¢m(go) < 1. Then (12) and the definition of Iij yield the following.

(15) Let S C E, with #(S) < k. Then there exists F* € C™(R"), with
(16) 1F 5 lem ey < C,

(17) |F®(z) — f(z)] < C - o(z)on S, and

(18) Ty (F%) = TFf.

From (16), (18), and Taylor’s theorem, we have

0°(F —T#f)| < Cor on Qi , for |B] < m.

Together with properties (6), (7) of 6,, this implies that
(19) 940, - (FS=T#f)} < Co™ Pl onR™, for |B] < m.
On the other hand, (6), (14) and (17) show that
{0, - (F5 = T# )} (x) = Lo f(2)| = 18,(x) - (F5(x) = f(x))]
< |F5(x)— f(x)| £ C - o(x) for all z € S. Together with (19), this shows the following:
(20) Given S C E with #(S5) < k7, there exists F¥ € C™(R"), with
18 F || cony < C80 " for |8] < m and
|FS(z) — L, f(z)] < C-o(z) forallz € S.
Comparing (20) with the definition of the C™(E, 0;0) norm, we learn that
(21) Ly fllem(s.olgs) < C - 6™ for all S C E with #(S) < k7.

We recall from Lemma CMIA that k%, > k# (m,n). Consequently, (21) and the Corollary
in section 2 together imply that

HLZ/fHCm(E,U;é,,) < C - 5;’1
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This holds whenever || f||c¢mg,q) < 1.

This proof of Lemma 2 is complete.

Next, we introduce a partition of unity on Q°. We no longer fix v. For each v(1 < v <

Vmax ), We introduce a cut-off function él,, satisfying

(22) 0<6,< 1lonR"f, =1on Ql,,é,,(x) = 0 for dist(z, Q,) > ¢d,,
and
(23) 18%0,] < €51 for |8] < m.

Taking ¢ small enough in (22), and recalling Lemma 11.2 in [8], we obtain the following.

(24) If @, contains a point of supp 0, then @, and @, coincide or abut.

Define 0, = él,/ (Z éu) on Q°. From (22) , (23), (24), the Corollary to Lemma 11.1 in
I

8], and Lemma 11.2 in [8], we obtain:

(25) Z 0, = 1onQ".

1<v<vmax

(26) 0<46,< lon@°.
27)  10°0,| < €618 for |B] < m.
(28) 6, = 0 outside @ .

(29) If x € Q,, then 6, = 0 in a neighborhood of z, unless ), and @, coincide or abut.

Now we define

(30) Ef = Y. 60, [TFf+ &E(Lf) on Q.

1<v<vmax

Note that 6, and £f are defined only on Q°. Since T#, &,, and L, are linear, (30) shows
that

(31) £ is a linear map from C™(E, o) to C™(Q°).
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Suppose that f is given with

(32)  |fllemEe < 1.

Then, for each v, we have

(33) N LufllemEes,) < C8)

by Lemma 2. Hence, (9), (9a), (10) yield the estimates

(34) & (Luf)llemmns,)y < A" -6,

(35)  |&(Luf)(x) = Lyf(x)] < A" - o(x) forallz € ENQ;.

For all z € N Q°, we have
0, - [T7f + E(Luf))(x) =0, - f(2)] =
0,(x) - |T7 f(z) + [E(Luf)(x) — Lo f(2)] + Luf(z) - f(z)| =
Ou(x) - [TF () + [E(Luf) (@) = Lf(@)] + 0,(x) - [f(x) = T f(x)] - f(2)]
= 0,(z) - [T} f(z) + [E(Lof)(z) — Luf(2)] + [f(x) = TF f(2)] — f(=)]
(because 6, = 1 on supp 6,; see (6) and (28))

= 0,(z) - [&(Lof)(x) = Ly f(2)] < 0,(x) - A" - o(x)

(thanks to (35) when = € @QF, and thanks to (28) when = ¢ Q7). Summing over v, and
recalling (25) and (30), we find that

(36) Ef(z) — f(z)] < A” - o(x) forallz € ENQ°.
We prepare to estimate the derivatives of £f. To do so, we note that ( 12) and (32) yield
°(TEF) ()| < Cfor [B] <m—1,

since we may take S=empty set in the definition of K?(yy; (D+1)%-k%,,C). For |8] =m,
we have 9°(T# f) = 0, since T/ f € P. Thus,

(37) 10U H)y)l < Cfor |B] < m.
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Since T# f € P, (37) and (4) show that

(38) 0U(TF M)l < Con @y, for 8] < m.

We need to compare T f with Tf f when @, and @,, abut.
From (12) and (32), we have

T#f € K¥(y; (D+1)? -k}, C), and

T#f € Kf(y (D+1)% - k5. C).
Hence, we may apply Lemma GN (in section 11), with k% = (D+1)? - k% ,. (See (5).) Thus,

(T f = TF )y)| < A- o~ for [B] < m—1.
Recalling Lemma 11.2 in [8], and recalling that T f, T;* f € P, we conclude that
ON(TFf - T < A - o on QU Q;, for 8] <m,

(39)
whenever @), and @, abut.

We are almost ready to estimate the derivatives of £f. It is convenient to set

PV :Ty#f7 Fl/ ZSV(LVf)7F:gf

Thus,

P, € P, F, € C™(R"), and we have the following estimates.

0°P,| < C on Q%, for |B] < m. (See (38).)

0°(P,—P,)| < A" - 5ZL_IB| on Q5 U Q; for [3| < m, whenever @, and @, abut. (See
(39).)
0°F,| < A" - 507" on R™, for |8] < m (See (34).)

Moreover,

o« F= > 0, [P,+F)] (See (30).)

1<v<vmax
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Thanks to the above bullets and properties (25),...,(29) of the 6,’s, the discussion in Section
15 of [8], starting at (15.32) and ending at (15.40) there, applies here as well. (The idea goes
back to Whitney.) In particular, estimate (15.40) there yields here the estimate

(40)  |0%(Ef) (@) < A" forall z € Q°, B < m.

The extension operator has the good property that (36) and (40) hold whenever f satisfies
(32). However, £f is only defined on Q°.

To remedy this, we pick a cut-off function #° € C™(R"), with
0°=1on B(y’,cay), suppf° C Q°,0 <#° < 1 on R", and
10%6°| < Ca;"™ for |B] < m.

Setting £f = 6 - (£f), we obtain a linear operator

(41) E:C"(E,0) — C™(R").

From (40) and the defining properties of °, we see that

42) e fllem@ny < Asif [[fllompe < 1.

From (36) and the defining properties of 6°, we see that

(43) |Ef(x) — f(x)] < A” - o(x) for all z € EN B(y",da1), provided ||f|lcmmo < 1.
The conclusions, (a) and (b), of Lemma SU.I, are immediate from (42) and (43). (We
may take a = ca;.) The proofs of Lemmas SU.I and PP2 are complete. |

13. Proor or LEMMmA PP3

In this section, we prove Lemma PP3. We fix A C M, and assume that the WEAK MAIN
LEMMA holds for all A < A. We must show that the STRONG MAIN LEMMA holds for
A. We may assume that the WEAK MAIN LEMMA holds for all A < A, with &% and ag
independent of A. (Although each A < A gives rise to its own k¥ and ag, we may simply
use the maximum of all the £, and the minimum of all the ag, arising in the WEAK MAIN
LEMMA for all A < A.) Fix k* and qg as in the WEAK MAIN LEMMA for A < A.
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Let E,0,9y°, P.(a € A) satisfy the hypotheses of the STRONG MAIN LEMMA for A.

Without loss of generality, we may suppose

(1) ¥’ =0

We want to find a linear operator £ : C™(E, o) — C™(R"), satisfying (SL4,5).

In this section, we say that a constant is “controlled” if it is determined by C,m,n in the
hypotheses (SL1,2,3) of the STRONG MAIN LEMMA for A. We write ¢, C, C’, Ci,
etc. to denote controlled constants. Also, we introduce a small constant a to be picked later.
Initially, we do not assume that a is a controlled constant. We say that a constant is “weakly
controlled” if it is determined by a, together with C,m,n in (SL1,2,3). We write c(a), C(a),

C'(a), etc., to denote weakly controlled constants. Note that the constants k% and ag are

controlled. We assume that
(2) a is less than a small enough controlled constant.

We proceed as in Sections 16 and 17 of [8]. Section 16 of [8] goes through unchanged

here. We introduce the linear map

3) T : (Z1,...,%p) — (MZ1,..., A\apn), with Ay,..., A, > 0 picked as in Section 17 of

We define
(4) E=TYE),6 =00T.

As in Section 17 of [8], we may construct a set of multi-indices

(5) A < A,

for which the following result is valid.
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Lemma 1: (WL1), (WL2), (WL3) hold for the set E, the function &, the set A of multi-
indices, the base point y° = 0, and for some family of polynomials Py(a € A). Moreover, the
constant called C in hypothesis (WL3) for A, E, 6, y° = 0, (Ps)ac4, is weakly controlled.

To prove Lemma 1, we just repeat the argument from (17.4a) through(17.27), of [8] omitting

the discussion of F$ and FS.

Since we are assuming that the WEAK MAIN LEMMA holds for all A < A, we obtain from

(5) and Lemma 1 that there exists a linear operator

6) &:C™(E,6) — C™(R"), satisfying

(7) €Il < Ci(a), and

5 EF(#) = f@)] < @) - | fllomps) - 6(F)
8
for all f € C™(E,6), and for all # € EN B(0,c,(a))

Now, given f € C™(E, o), we define f = f o T on E, then set

(9) &f = (Ef) o T

Thus, £ is a linear operator from C™(F, o) to C™(R™). Since Ay,..., A, in (3) satisfy
(10) cl@) <\ <1(i=1,...,n)

(see [8] estimate (17.7) ), the operator f — f has norm at most C(a) as a map from
C™(E, o) to C™(E, ). Similarly, (9) shows that

IEFllem@n < C@) - 1€ lom@n)-
Together with (7), this shows that the operator
(11) &£ :C™(E,0) — C™(R™) has norm at most Cs(a).

Also, from (8), (9), (10), we see that
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(12) [Ef(z) — f(x)] < Ci(a) - HJEHCm(E,&) - o(z) whenever x € E and T~ 'x € B(0,c(a)).
Another application of (10) shows that

(13) x € B(0,c3(a)) implies T~'z € B(0,¢,(a)), for a suitable weakly controlled constant

63(&).

Again using the fact that the operator f — f has norm at most C'(a) as a map from C™(E, o)

to C"™(E, &), we derive from (12) and (13) the following conclusion.

(14) |Ef(x) — f(x)] < Cs(a) - |[fllempe) - o(x), whenever f € C™(E,o) and
r € ENB(0,c3(a)).

Thus, if @ satisfies (2), then the operator £ satisfies (11) and (14). We now take a to be
a controlled constant, small enough to satisfy (2). Then the constants Cy(a), C3(a), c3(a)
are determined entirely by C,m,n in hypotheses (SL1,2,3). Hence, (11) and (14) are the
desired properties (SL4,5) for the linear operator £. Thus, the STRONG MAIN LEMMA
holds for A.

The proof of Lemma PP3 is complete. |
14. PROOF OF THEOREM 1

By now, we have proven Lemmas PP1, PP2 and PP3. Consequently, we have established
the Local Theorem 1 in Section 5. To pass to Theorem 1, we first prove the following simple

result.

Lemma 1: In the Local Theorem 1, the hypothesis o : E — [0,00) may be relaxed to

o:E—0,00).

Proof. Let E C R" be finite, let 0 : E — [0,00), and let y° € R™. Since E is finite there

exists a linear operator

(1) gtrivial . CY(E) — C™(R"), with
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(2) gmvialf(z) = f(z) for all z € E.
We have

(3) [E fllom@n < T(E) - || fllcogs)
for all f, with T'(E) a finite constant depending on E.

We write

(5) Ey={r€FE:o(x)=0}and £, ={x € E:0(z) > 0}.

For a small enough € > 0 to be picked below, define
o(x) if zeF

€ if LCGEO

Thus, o, : E — (0, 00), so the Local Theorem 1 applies to F,o.. Let £ be the operator
provided by the Local Theorem 1 for F, .. Note that

(7) N fllemgoy < |fllempe) for any f, simply because o > o.

Thus, for any function f: E — R, we have

&) [[Efllem@ny < Allfllem@o.), and

9) [€f(x) = f(@)] < Alfllemzon - oc(x)
for all z € EN B(y°, ).

Here A and ¢’ depend only on m and n. From (5), (6), (9), we have

(10) [€f(x) = f(x)] < Ae - [|fllom@zo
for all f, and for all x € Ey N B(y°, ).
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We define a linear operator L : C™(E, 0.) — C°(E) by setting
{ f(x)—Ef(x) forx e Eyn B(y°,¢) }

0 for all other x € F

(11) Lf(x) =
We then define the linear operator £ : C™(E, o) — C™(R"), by setting

(12) Ef = & + EW (L)
for all f.

Note that

(13) [[€fllem@n < IE€flem@n) + T(E) - [Lflleogs) (see (3))
< AllfllemEey + T(E) - [ILfllcogm) (see (8))
< AllfllemEen + T(E) - [Ae - [[fllemzeo] (see (10), (11))
<24 - [fllemEon,

provided we take

(14) ¢ < 1/F(E).

Let z € By N B(y°, ). Then we have Lf(x) = 0 by definition (11), hence E™al(Lf)(x) = 0
by (2). Consequently, (9) and (12) show that

Ef(x) = f(2)] = [Ef(z) = f(@)] < Allflomza - ocl@)
— A||fllcm(pon - o(x). (See (6).) Thus,

(15) |Ef(x) = f(@)] < Allfllom(zoy - o(x)
for all f, and for all x € £y N B(y°,¢).

On the other hand, suppose x € EgNB(y°, ). Then (11) gives Lf(z) = f(x)—& f(x), hence
(2) yields E¥Val(Lf)(x) = f(x) — Ef(z); and therefore (12) implies £ f(z) = f(z). Thus, we

have
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(16) |Ef(x) — f(2)] < A|fllom(zo. - o(x) (both sides vanish)
for all f, and for all x € Ey N B(y°, ).
From (4), (15), (16), we conclude that

(17) [Ef(2) = f(@)] < Allfllenzey - olx)
for all f, and for all x € EN B(y°, ).
From (7), (13), (17), we obtain the following:

(18) HngCm(Rn) < 24| fllem e,
for all f; and

(19) [Ef(z) = f(2)] < Allfllem@pe) - o)

for all f, and for all x € E N B(y°, ).
Since A and ¢ depend only on m and n, the conclusions of the Local Theorem 1 are immediate
from (18) and (19).

The proof of the Lemma is complete. [ |

It is now easy to finish the proof of Theorem 1.
Let £ C R" be finite, and let 0 : E — [0, 00) be given.
For each y € R”, we obtain from Lemma 1 above a linear operator

EY:C™(E,0) — C™R"), satisfying for each f € C™(F, o) the estimates

(20) |IEYfllem@mny < A|lflleme,s) and
(21) [&vf(x) = f(@)] < Allfllemme) - o(x)

for all x € B(y,d)NE.

Here A, depend only on m and n. For the rest of this section, we use ¢, C, (', etc., to

denote constants depending only on m and n.

We introduce a partition of unity
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(22) Z@V(:E) =1 for all x € R", where

(22&) ||0V||Cm(]Rn) § O,
(23) 0 <46, <1lonR"
(24) supp 0, C B(yy, 3 ¢) with ¢ as in (21), and

(25) No point of R" belongs to more than C' of the balls B(y,, ).

For f € C™(FE, 0), we define
(26) Ef =) 0, -(E")).
We have

27) [[Efllem@ny < C - sup, [|6, - (E¥ ) [lemn)
(by (24), (25), (26))
C'sup, [|E¥ fllemmn)  (see (22a))

<
< C"|[fllempey  (see (20)).

Also, for x € EN B(y,, ), we have

(28) [0, ()€™ f(x) = Ou(2) f(2)] < AllfllemEo) - Ou(z)o(2),

thanks to (21) and (23). On the other hand, for x € F \ B(y,, ), (28) still holds, since
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both sides are zero, thanks to (24). Thus (28) holds for all x € E. Summing (28) over v,

and recalling (22) and (26), we find that

(29) |Ef(z) — f(x)] < A|fllemEe) - o(x) for all f e C™(E,0) and all z € E.

Since C” and A depend only on m and n, estimates (27) and (29) are the conclusions of

Theorem 1.

The proof of Theorem 1 is complete.
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15. BanacH LiMITS

In this section, we recall the basic properties of Banach limits.

A directed set is a set D with a partial order >, with the property that, given any E1, Ey € D,
there exists F € D, with £ > F, and E > Fj.

Let D be a directed set. A D-sequence is a function from D to the real numbers. We denote

D sequences by 52 (€E)Eep-

We write C°(D) to denote the vector space of bounded D-sequences, equipped with the sup

norm.

From a well-known application of the Hahn-Banach theorem (see, eg. [7]), there exists a

linear functional ¢p : C°(D) — R, satisfying the estimate

ljiEminf &g < ED(E) < limsup &g for all 5: (€g)pep € C°(D).

E—o
Here, liminf g = sup (inf &g), and limsup £ = inf (sup &g).
E—soco Eep E>E E—oc0 EeD p>f

The functional ¢p is far from unique, but we fix some ¢p as above, and call it a Banach limit.

16. EQUIVALENCE OF NORMS FOR FINITE SETS

In this section, we prove the following straightforward result.

Lemma ENFS: Let E C R" be finite, and let 0 : E — [0,00). Then, for each
f: E— R, we have

(1) clfllemEe < Ifllem11Ee < Cllfllem@Ee)

with ¢ and C' depending only on m and n.

Proof: The second estimate is immediate from the definitions and the fact that || F'||cm-11@ny <
C||F||¢mmny for any F' € C™(R").
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Here and throughout this proof, ¢, C, etc. stand for constants determined by m and n.

To prove the first estimate in (1), we may assume that

@) fllem-r1ze) = 1.

We must then show that

3) Wfllemee < C.
In view of (2), there exists F' € C™ L1(R"™), with

<4) ||F||C'm71,1(Rn) S C, and

(5) |F(x)— f(z)| < Co(x) for all z € E.

By convolving F' with an approximate identity, we obtain a family of functions F5 € C™(R"™),

parametrized by d > 0, with the following properties:

(6) HF(;HCm(Rn) < CHFHCm—l,1(Rn) < C’ (see (4)),

(7) Fs — F pointwise, as 6 — 0.

Let € > 0 be small enough, to be picked later. Since (7) holds and F is finite, we may pick

0 > 0 small enough so that we have
(8) |Fs(z) — F(z)| < eforallz € E.

From now on, we fix § satisfying (8) (and depending on ¢, of course). From (5) and (8), we

get
(9) |Fs(z)— f(z)| < Co(z)+e€forall z € E.
On the other hand, since E is finite, we have the following trivial remark.

(10) Given a function g € C(E), there exists G € C™(R"), with
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(a) G(x)=g(z) for all x € E, and

(b) 1Gllem@ny < T(E) - [lgllcoe),

for a finite constant I'(E£) depending on F.
In view of (9), there exists a function g : £ — R, with

(11) |g(z)| < efor all z € E, and

(12) |(Fs(z) — f(z)) — g(x)] < Co(x) for all x € E.

Applying (10) to the function ¢ in (11), (12), we obtain a function G € C™(R"), with the

following properties:

(13) [|Gllem@y < T(E) - ¢ and

(14) |Fs(x) — f(z) — G(x)| < Co(x) for all z € E.

We pick € < 1/T'(E), and set F = Fy — G. From (6) and (13), we see that

(15) [[Fllon@e < C"

From (14) we have

(16) |EF(z) — f(z)] < Col(z) for all z € E.

Estimates (15) and (16) prove (3), thus completing the proof of the Lemma. |
17. PROOF OF THEOREM 2

We assume here that m > 2, leaving to the reader the task of modifying our arguments for

the case m = 1.

Let E C R", and let 0 : E — [0, 00) be given.
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Let D denote the set of all finite subsets £y C FE, partially ordered by inclusion: F; < F,
if and only if £y C FE,. Thus D is a directed set. For each E; € D, we apply The-

orem 1, together with Lemma ENFS in Section 16, to obtain a linear operator E[F;] :
Cm YUY Ey, o|g ) — C™(R™), with

() lEEN llem@n < Clfllom—11E01s,)

and

() [(EMEIN)@) ~ f@)] < Co() - |Flem-siprals,) on By, for all f.
Here, and throughout this section, ¢, C, C’, etc., denote constants depending only on m and
n.

Note that (1) shows in particular that

(3) supg,ep [07(E[EL]f)(@)] < Cllfllom-115,0) for all f € C"HYE, o), |] < m, z € R™.

—

We define an element £(f, 3, z) € C°(D), by setting

—

(4) &(f,8,2) = (P (EE]f)(2))pep-

—

In view of (3), we have &(f, 5, x) € C°(D), and

—

(5) 1€/, 58, 2)|

C°(D) < CHfHCm—l’l(E,aﬁ for f € Cm_l,l(an-% ’ﬁ’ Sm, T € R™.

—

Applying the Banach limit ¢p to £(f, 5, x), we obtain functions Fp(x), defined by

—

(6) Fs(x) =lp(&(f,B,2)) for |B] < m, x € R", with f € C™ Y (FE, o) given. Note that the
map
(7) &:f— Fyis linear.

(Here, 0 denotes the zero multi-index.) We will show that & satisfies the conclusions of

Theorem 2.
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First, we establish the smoothness of Fj. Immediately from (5), (6) and the properties of

the Banach limit, we have
(8) supzern|Fp(x)| < C||fllem-11(p,0) for |B] < m.

Moreover, for z,y € R", || < m — 1, and E; € D, estimate (1) gives

07 (E[Bf)(2) = O (E[Ef) ()] < Clo =yl - [Ifllom-r1z0) -

Together with (4), this shows that

— —

1€Cf, 8, 2) = £(F, B, 9)lle

o0) < Clz =yl - [[fllom-r11(m.0)

Taking the Banach limit, and recalling (6), we see that
9) [Fa(x) = Fa(y)| < Cle =yl - [|fllem-11p0) for [6] < m—1, 2,y € R".

Similarly, suppose x,y € R"(y = (y1,...,yn)), and let |3| < m —2. For j =1,...,n, let 5[j]
denote the sum of 8 and the j® unit multi-index. Then (1) and Taylor’s theorem show that

n

O (E[B ) (@ +y) = (LB f)(x) = Y [0"VNEEf) ()] sl <

j=1
Clyl? I fllem-11(2,0) forall £, €D.
That is,
|| (f7ﬁ,$+y) Z ||C’° S
=1
Clyl I fllem—115.0) (see (4)).

Applying the Banach limit and recalling (6), we find that

|Fs(x +y) = Z%FM )| < Clyl [ fllen-11(z.0)

forr eR", y=(y1,...,yn) ER", fe C™" VY E, o), 3] <m—2.

This shows that
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(10) Fjp is differentiable, and ai Fg = Fgy), for || <m—2and j=1,...,n.

Lj

From (8), (9), (10), we conclude that Fy € C"~H1(R™), and

(11) ||F0||Cm71,l(Rn) S C||f||Cm71,1(E7U).
Thus, we have established the smoothness of Fj.

Next, we estimate |Fy(x) — f(x)| for z € E.

For # € E, and let £y = {#} € D. If E; € D and E; > F), then & € F}, hence (2) implies
that

((E[EAN) (@) = f(@)] < Co(@) - [ fllem-—r10) -

Consequently, we have

(12) limsup(E[E]f)(@) < F(F) + Co(@) - || flom1a(sq, and

Fi1—0o0

(13) liminf (E[E]f)(@) > (@) — Co(@) - | fllom 1m0,

E1 —00

Also, from (4), (6) with 8 = 0, and from the properties of the Banach limit, we have

(14) lminf (E[B])(#) < Fo(@) < limsup (E[E]f)(@).

E1—>(X> E1—>OO

Inequalities (12), (13), (14) show that

(15) [Fo(z) = f(2)] < Co(Z) - |[fllem—11E.0):
We have proven (15) for all # € E and f € C"™ YY(E, o).

Our estimates (11) and (15) show that the linear operator £ in (7) maps C™ YY(E, o) to

C™=LY(R™), and satisfies the conclusions of Theorem 2. The proof of Theorem 2 is complete.
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