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§1 Introduction

This manuscript is the second part in a series of papers tackling the problem of interpo-
lation of finite data, in any dimension and for any degree of smoothness. Here, and in [20],
we give detailed proofs of the results announced in [19]. Let us briefly remind the reader of

the problems and results presented in [19].

We fix positive integers m and n. Suppose we are given a finite set E C R™, and a function
f: E — R. We are interested in constructing a function F: R™ — R, that extends the given

function f, and whose C™(R™) norm is of the smallest possible order of magnitude.

As in [19], here the “construction of a function” is interpreted from the viewpoint of
theoretical computer science. That is, we give algorithms for computing smooth extensions
of functions, and we try to minimize the time and storage required by an (idealized) computer

when executing these algorithms.

Let us define the problem more precisely. Suppose that E C R™ is a finite set, and let
f:E— R, o0:E — [0,00) be functions. We denote by || f ||cm(e,e) the infimum over all
M > 0, for which there exists a function F € C™(R™) such that

(1) || Fllemmn) < M and [F(x) — f(x)] < Mo(x) for each x € E.

We pay particular attention to the case 0 = 0, and hence we set || f ||[cme):=|| T ||cm(e,0)-

Two numbers X, Y > 0 determined by E,f, o, m,n are said to have “the same order of
magnitude” if cX <Y < CX, with constants ¢ and C depending only on m and n. To
“compute the order of magnitude of X” is to compute some Y such that X and Y have the

same order of magnitude. The main result proved in [19] can be summarized as follows:

Theorem 1: The algorithm that was presented in [19] receives as input a set E C R™ of
cardinality N, and two functions f : E - R, 0 : E — [0,00). The algorithm computes the
order of magnitude of || f ||cm(e.0), using work that is at most CNlog N and storage that is

at most CN, where C is a constant depending only on m and n.

The algorithm mentioned in Theorem 1 runs on an (idealized) von Neumann computer

[34] that is able to add, subtract, multiply and divide exact real numbers, and also to detect
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their sign. We assume in addition that a real number can be stored at a single memory

address.

In this follow-up paper, we deal with the problem of actually computing a near-optimal

function F that satisfies (1) with M having the order of magnitude of || f ||cm (g 0)-

As was described in [19], to “compute a function F’ means the following: First, we enter
the data E,f, o into a computer. The computer runs for a while, performing Ly machine
operations. It then signals that it is ready to accept further input. Whenever we enter a
point x € R™, the computer responds by producing an mth degree polynomial P, on R™, using
L; machine operations to perform the computation. We say that our algorithm “computes
the function F” if, for each x € R™, the polynomial P, produced by that algorithm is precisely
the mt™ order Taylor polynomial of F at x.

We call Ly the “one-time work” and L; the “work to answer a query”. Our main result

here is the following theorem, announced in [19].

Theorem 2: The algorithm we present below computes a function F € C™(R™) that satisfies
(1), with M having the same order of magnitude as || T ||cm(e,09. The one-time work of our
algorithm is at most CNlog N, the storage is at most CN, and the work to answer a query

1s at most Clog N. Here, C depends only on m and n.

In addition to the algorithm of Theorem 2, we provide algorithms for related and gen-
eralized problems. First, we claim that the function F we compute depends linearly on f.
Furthermore, for any x € R™ the polynomial P, actually depends (linearly) only on at most
C parameters among (f(x))xeg, where C > 0 is a constant depending only on m and n. We
may modify our algorithm, to respond to a query by returning the coefficients of this short

linear dependence (see the exact formulation in Section 35).

Second, rather than specifying the function value at any point x € E, we might want to
provide input of different types; for example, we might also want to specify the gradient of
the function at some points. Permissible types of input are discussed in Section 36. Third,
we would also like to gather some information regarding all possible smooth extensions with
a bounded C™(R™) norm. Simple variants of the algorithm from Theorem 2 yield solutions

to these problems (and others). These will be described in Section 34 and Section 35.
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We would like to remark here that our model of computation for Theorem 2 is slightly
different from the one used in [19]; in addition to comparisons and arithmetic operations on
real numbers, we also require the operations of logarithm, exponent, and of rounding a real
number to the closest integer. In the Appendix we analyze the performance of the algorithm
of Theorem 2, on an (idealized) digital computer, that is unable to work with exact real
numbers. That is, we assume that a real number is represented in a digital computer, to a
certain accuracy, using S bits. We prove that the output of the algorithm from Theorem 2,
is exact to a degree of accuracy of S bits. A precise statement and analysis are given in the

Appendix.

Theorem 2 is essentially proved by rewriting the proof from [16] in an algorithmic way.
Let us explain here the basic notions that are relevant to the proof, and at the same time
review the structure of this manuscript. We denote by P* the space of all polynomials of
degree at most m on R™, and let P C P* be the space of all polynomials of degree at most
m—1. For x € R™, & > 0 we define

(2) Bt (x,8) = {PeP":|aPfP(x)] < 6™ B for [B| < m}.
We also set
B(x,8) = PNB*(x,8) = {PeP:[0PP(x)] < 6™ Bl for [B| <m —1}.

Given M > 0 and a subset o in a linear space V we abbreviate M - 0 = {Mv : v € o}. For
a function F € C™(R™) and x € R™ we denote by J;(F) the m-jet of F at x, that is the m&
order Taylor polynomial of F at x. We write J,(F) for the (m — 1)-jet of F at x. By Taylor’s
theorem, if F € C™(R™) with || F ||cm@®n)< M, then for any x,y € R™,

(3)  Jx(F)=TJy(F) € CM-B(x, [x —yl),

where C > 0 is a constant depending only on m and n. Conversely, suppose S C R™ is a

finite set, and for each x € S suppose we are given a polynomial P, € M - B(x, 1) such that
(4)  P,—Py&€M-B(x,[x—yl) for all x,y € S.

According to the classical Whitney Theorem (see [35] or [32, Section VI]), under condition
(4), there exists a C™ function F: R™ — R with || F ||cm®n) < CM such that
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(5)  Jx(F) = Py forall x € S.

Thus, the “balls” MB(x, d) capture the exact essence of having a bounded C™ norm. This
family of balls will play a central role in this paper. We say that B(x,d) = (MB(x, 0))m=0

is a “blob” in P, that is, an increasing family of convex sets in P.

We will need to represent various “blobs” in the computer, to a certain degree of approxi-
mation. To that end, we present in Chapter I a detailed discussion of the relevant algorithmic
issues. Readers who are familiar with computer programming, might choose at first reading,

to begin at Section 2 and then, perhaps, skip to Section 6 or Section 7.

We will make use of some standard algorithms from theoretical computer science. In
Section 9 we survey the Callahan-Kosaraju decomposition that was previously used in [19].
Using the Callahan-Kosaraju decomposition, we compute and discuss in Sections 10,...,13
the basic blobs that will accompany us throughout the paper. We think of these blobs, that
are denoted by I'(xo, £) = (I'(x0, £, M))p1=0; fOr X0 € E and € > 0, as representing candidate
Taylor polynomials of our desired C™ function at xo. To help understand the meaning of
these basic blobs, it might be useful to consider the following set: Fix xo € E,£ >0, M > 0.
Consider all polynomials Py € P for which

(6)  Vx1,...,x¢ € E, IP;,...,Pp € P such that for any i,j =0,..., L,
[Pi(xi) —f(xi)] < Mo(xi), Pi € M- B(xy,1) and Py — P; € M - B(xy, [xi — x51).

We would like to emphasize that (6) is similar only in spirit to the actual set I'(xo, £, M), and
that the actual definition of I'(xq, £, M) will be different. However, both (6) and T'(x¢, £, M)
share two important characteristics. First, when M > C || f ||cm (g,0), the Taylor polynomials
of all admissible extensions belong to our set, as follows from (3). Second, and somewhat
more exciting, is that these blobs stabilize very quickly; for some constant £, depending only
on m and n, we have that (I'(xo, s, M))m=o is a good approximation of (I'(xg, £, M))m=o for
all £ > ¢, (and any xo € E).

Having constructed the basic blobs, we continue along the lines of [16]. In Section 18,
we attach, to each xp € E a family of small, positive numbers we call “lengthscales”. Very
roughly, these numbers represent sizes of neighborhoods of xo in which we know how to

solve various partial extension problems. These length scales are used in Sections 19,...,24
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to create certain nested Calderén-Zygmund decompositions on R™ Our desired extending
function will be constructed recursively, from a very fine scale to a mesoscopic one. The
nested Calderon-Zygmund decompositions, and the corresponding partitions of unity, are

used to “glue” together different patches of the extending function.

We move to Section 23, where our second algorithmic ingredient is exposed: the so-called
“BBD tree”, due to Arya, Mount, Netanyahu, Silverman and Wu [1]. The results of that
paper are summarized in Section 23, and later applied in Sections 25,26,27 to aid several

computations related to the above Calderéon-Zygmund decompositions.

Our Main Algorithm recursively constructs extension functions defined on certain cubes in
R™. The Main Algorithm is presented in Section 29, along with the Main Lemma. The Main
Lemmoa states, more or less, that the Main Algorithm works. The proof of the Main Lemma
is inductive, and is dealt with in Sections 30,...,33. The proof is similar to the proof in [16].
The Appendix contains a discussion of various issues related to the implementation of our
algorithm in an (idealized) digital computer in which real numbers are represented only with
finite precision. The mathematical issues involved here are minor; readers unconcerned with

the rigorous treatment of roundoff errors may wish to omit the Appendix.

This paper is part of a literature on the problem of extending a given function f: E — R,
defined on an arbitrary subset E C R™, to a function F € C™(R™). The question goes back
to Whitney [35,36,37], with contributions by Glaeser [21], Brudnyi-Shvartsman [5,...,10 and
29,30,31], Zobin [38,39], Bierstone-Milman-Pawtucki [2,3], Fefferman [12,...,18] and A. and
Y. Brudnyi [4].
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fitting a smooth surface to N given points. We would like to thank A. Razborov for helpful
discussions pertaining to the model of computation, and A. Naor for pointing us to the
relevant computer science literature. We also benefitted from a short letter by J. Ericksson,
posted in a computational geometry internet forum, regarding models of computation. We

are grateful to Gerree Pecht for accurately and artistically I TEXing our long manuscript.



Chapter I - Blobs and ALPs

§2  Blobs and ALPs: Definitions

In the next several sections we introduce the data structures that are used to describe
families of convex sets, and we explain some basic algorithms to manipulate those data

structures.

Let V be a finite-dimensional vector space. A “blob” in V is a family X = (Km)m=o of
(possibly empty) convex subsets Kyy C V, parametrized by M € (0, 00), such that M < M/
implies Kp € Kyp. The “onset” of a blob K = (Km)m=o is defined as the infimum of all the
M > 0 for which Ky # 0. (If all Kyq are empty, then onset X = +00.)

Let X = (Km)m=o be a blob in V, let v € V be a vector, and let C > 1 be a constant.
Then we call v a “C-original vector” for X if we have v € Ky, for all M > C- onset K. (By

definition, we cannot have v € Ky for any M < onset X.)

Suppose K = (Km)m=o0 and K" = (Ky,)m=o0 are blobs in V, and let C > 1 be a number.
We say that K and K’ are “C-equivalent” if they satisfy Kyp C Koy and Kiy, € Kep for all
M € (0, 00).

Note that, if X and X' are Ci-equivalent, and if X' and X” are Cs-equivalent, then
X and X" are (C; - Cy)-equivalent. Note also that, if X and X' are C-equivalent, then
(1/C) - onset X < onset X' < C - onset K.

In addition, suppose K and X’ are Cy-equivalent, and suppose v is a Cy-original vector for
K. Then v is a Cs-original vector for X', where Cj is determined by C; and C,. (We can

take C3 = C% - C,, as the reader may easily verify.)

We describe a few elementary operations on blobs. First, suppose V = V; @V, is a direct
sum of vector spaces, and let X' = (K{,)m=0 be a blob in V; for i = 1,2. Then we write
K" x K? for the blob (K}, x KX mso in V. If K}, = V; for all M € (0, 00), then we write
Vi x K2 for K' x K?; and similarly for K' x V5.

Next, suppose T : Vi — V5 is a linear map of finite-dimensional vector spaces, and let
K = (Km)m=o be a blob in V3. Then we write TX to denote the blob (TKy)m=o in V>. Note
that T,(T:K) = (T/T):K if T V1 — Vz and T': Vz — V3.
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Now suppose that X' = (K},)m=o are blobs in a vector space V, for i =1,2,...,T. Then
we define their intersection X' N ---NXT to be the blob (K}, N+ N KL ) m=o-

Finally, suppose X' = (K}\;)m=0 and X? = (KZ,)m=o are blobs in V. Then we define their
Minkowski sum X'+ K? to be the blob (K}, + K%,)m=0 in V, where K}, + K%, = {v! +v?:
vl e Kl v? e Ki )

This concludes our list of elementary operations on blobs. Note that the above operations

behave well with respect to C-equivalence. More precisely:

o If X' and X" are C-equivalent blobs in V;, and if 2 and K2 are C-equivalent blobs
in V,, then X' x X2 and K x K2 are C-equivalent blobs in V; & V5;

o If K and X are C-equivalent blobs in Vi, and if T : V; — V5 is linear, then TX and
TX are C-equivalent blobs in V.

o If X' and X' are C-equivalent blobs in V for each i = 1,...,T, then X' n--- N KT
and X'N---NKT are again C-equivalent.

e Finally, if XK' and K! are C-equivalent blobs in V, for i = 1,2, then X' + X2 and
K + K2 are again C-equivalent.

Among all blobs in a finite-dimensional vector space V, we focus attention on those given
by “Approximate Linear Algebra Problems”, or “ALPs”. To define these, let Ay,..., AL be
(real) linear functionals on V| let by, ..., by be real numbers, let oy, ..., o be non-negative

real numbers, and let M, € [0, +00]. We call

(1) A=I[M,...,A), (by,...by), (07,...,01),M,] an “ALP” in V.

With A given by (1), we define a blob

(2) K(A) = (Km(A))mso in V, by setting

(3) KmA)={peV:iAv)—b < Mo, for £ =1,...,L} when M > M,; and

(A)
(4)  Km(A) =0 for M < M,

Our definition (3) motivates the use of the phrase “approximate linear algebra problem.”
We allow L =0 in (1), in which case (3) says simply that Kp(A) =V for M > M,..
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We call X(A) “the blob arising from the ALP A”. Unlike an arbitrary blob, an ALP
is specified by finitely many (real) parameters, and may therefore be manipulated by algo-

rithms.

We call L and M, in (1), respectively, the “length” and “threshold” of the ALP A; and
we call Aq,... AL, by,...,br and 07,..., 0L, respectively, the “functionals”, “targets”, and
“tolerances” of A. Note that the onset of the blob X(A) is greater than or equal to the
threshold of A, thanks to (4). The onset may be strictly greater than the threshold, since
the set Kypi(A) described by (3) may be empty for some M > M,.

We say that two ALPs A, A" are C-equivalent, provided the blobs K(A), X(A’) arising

from A, A" are C-equivalent.

In the next several sections, we exhibit algorithms to perform the following tasks:

e Given an ALP A in a vector space V, compute the order of magnitude of onset K(A).

e Given an ALP A in a vector space V, compute a C-original vector for J(A).

e Let A be an ALP in a vector space V. Compute an ALP A’ of length at most dimV,
such that K(A’) and K(A) are C-equivalent.

o Let A', A? be ALPs in vector spaces Vi, Vs, respectively. Compute an ALP A in
Vi @ V; such that K(A) = K(A") x K(A?).

e Let A be an ALP in a vector space V7, and let T : V; — V; be a linear map. Compute
an ALP A’ in V; such that K(A') is C-equivalent to T(XK(A)).

o Let A' ... AT be ALPs in a vector space V. Compute an ALP A’ such that K(A') =
KANYN---NK(AT).

o Let A, A% be ALPs in a vector space V. Compute an ALP A such that K(A) is
C-equivalent to K(A") + K(A?).

Here, C denotes a constant depending only on the dimensions of the relevant vector spaces.
To “compute the order of magnitude” of onset K(A) is to compute a number X such that

cX < onset K(A) < CX for positive constants ¢, C depending only on dimV.

In the next two sections, we describe some elementary linear algebra on ALPs, including
the reduction of an ALP to “echelon form”. In the following sections, we apply our result on
echelon form, to carry out the tasks set down in the preceding paragraphs. We also study

what happens when our ALPs depend on parameters.
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To close this section, we discuss “homogeneous ALPs”. An ALP A as in (1) is called
“homogeneous” if we have by = --- = by = 0 and M, = 0. Thus, for all M € (0,00), (3)

gives

(5) Km(A) = Mo(A), with
6) oA)=MveV:NWV)| <o fort=1,... L.

In other words, a homogeneous ALP really describes a convex, centrally symmetric poly-
hedron o(A) in V, given by finitely many linear inequalities. (Recall that a convex set K
in a vector space V is called centrally symmetric if x € K implies —x € K. Often, we say

“symmetric” instead of “centrally symmetric”.)

Moreover, two blobs K(A) and K(A) given by homogeneous ALPs A, A are C-equivalent

if and only if the polyhedra o(A) and o(A) defined by (6) satisfy

(7) o(A) € Co(A) and o(A) C Co(A).

If (7) holds, then we say that “o(A) and o(A) are C-equivalent”.

By specializing to the case of homogeneous ALPs, we see that the tasks we set ourselves

above include, for instance, the following:

Given two convex symmetric polyhedra o(A') and o(A?) in the form (6), compute a homo-
geneous ALP A for which o(A) is C-equivalent to the Minkowski sum o(A') + o(A?).

Details are left to the reader, but we provide an elementary remark that helps with the
verifications:
Suppose A and A’ are ALPs, and suppose that X(A) is C-equivalent to X(A’). Then A

is homogeneous if and only if A’ is homogeneous.

83  Elementary Row Operations

In this section, we show how to perform elementary row operations on ALPs, analogous
to the elementary processes of linear algebra. This will be used in the next section to

place an ALP into “echelon form”. When we implement linear algebra computations in a



12

finite precision digital computer, certain accuracy issues arise. These are discussed in the

Appendix.

Our row operations are of three types. To describe the first row operation, let
(1) A= [(}\h'- -))\L)) (b]w- wa)a (O-M'- wO-L) ) M*]

be an ALP in a vector space V, and let 7t: {1,...,L} = {1,...,L} be a permutation. Then
AT = [(}\7'[1)' ")AT[L) ) (bT[])" ’)bT[L)7 (Gﬂ])' ")GﬂL) )M*]

is again an ALP in V, and, evidently, K(A) = K(A™). We say that A™ arises from A

by “permuting rows”. (In the next section, we will regard each A, as a row vector.)

Our second type of row operation arises for an ALP (1) in case there is some L < L such that
Afy1 = At = -- = AL = 0. In that case, for L < £ < L, the estimate [A¢(v) — b, < Moy,
appearing in the definition of K(A), reduces to [by] < Moy, which is equivalent to M > M,
for an M € [0, +oo] determined trivially by by and o;. Consequently, we have K(A) = K(A),

where

A = [(A,...,At), (by,...,br), (01,...,00), max(M,, M{ ,,...,M{)].
We say that A arises from A by “stripping away zeros” .

Our third row operation on an ALP (1) arises by adding a multiple of one of the functionals
A1, ..., AL to each of the other A’s. More precisely, let A be the ALP given by (1), and let
1 < {p, < L. Suppose we are given real coefficients B4,..., 3, with 3,, = 0. We define a
new ALP A in V by setting

AN

[(Ar,..., A, (b1,...,B0), (o4,...,00), M,], where

b SN
Il

(2)
(3) Ae=A¢+ Behy, and by =by+ Beby, for =1,... L.

The blobs K(A) and K(A) are then related by the following simple result.

Proposition: Assume that [Be - oo, < 0 for £ =1,2,...,L. Then the blobs K(A) and
CK(J‘AL) are 2-equivalent.
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Proof: Fix M > M,, andletv € Kpm(A). Then, for£ =1,...,L, we have [A;(v)—b¢ < Moy,
and consequently
Ae(v)=bel = [Ae(v)=bel + BelAg, (V)—bg, ]| < Mo+ B - Moy, < 2May, since |Beog, < 0.

This shows that
(4)  Km(A) C Kaml(A),

for all M > M,. On the other hand, (4) is obvious for M < M,, since Ky (A) is empty in
that case. Thus, (4) holds for all M > 0. Moreover, since Bg, = 0, (3) implies A¢ = A¢— BeAg,
and by = b, — BEB% for £ =1,...,L. Hence, we may repeat the proof of (4), with the roles
of A and A interchanged, to conclude that

(5)  Km(A) € Kam(A) for all M > 0.

Inclusions (4), (5) tell us that the blobs K(A) and K (A) are 2-equivalent. The proof of the

proposition is complete. [ |

When A and A are related as in (1), (2), (3) with Bg, = 0, then we say that A arises
from A by “row addition”. If also |B¢o, < o¢ for each £ = 1,... L, so that the above
Proposition applies, then we say that A arises from A by “stable row addition”. Note that
the tolerances o7, ..., 0r and the threshold M, remain unchanged when we pass from A to
A by row addition.

84 Echelon Form

In this section, we use the elementary row operations from the preceding section to place a
given ALP A into “echelon form”, somewhat like the standard echelon form in linear algebra.
In the next section, we use our echelon form to exhibit algorithms to carry out the tasks we

set ourselves in Section 2.

We take our vector space V to be RP, for some positive integer D. Let
(1) A=I[A,...,A), (by,...,by), (01,...,01), M,] be an ALP in V.

Each functional A; may be identified with a row vector A = (Ag, ..., Ap) € RP. Thus, the
ALP A may be rewritten in the form
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(2) A=I[Ag) 1=z, (be)i<e<t, (O0)1<e<r, M.
152D

For 0 < I <L, we say that an ALP A as in (2) is in “echelon form through row I”, with

“pivots” p1,...,p1 if the following conditions are satisfied.

EF0); The p; are integers, and 1 <p; <p2<---<pr<D.
1)\ipi§£0f01"i:1,...,1.
I}\ij:OfOI']Sj<pi,i:],...,1.
EFSI}\U:OfOI']S]SDI,I>I

See Figure 1 for a matrix in echelon form through row I.

*
x,,pl
,,,,,,,,,,,,,,,,,,,,,,,,,,,, *
0
Figure 1

We adopt the convention that every ALP is in echelon form through row zero. On the
other hand, an ALP (2) can never be in echelon form through row I with I > D, as one
sees at once from (EF0);. An ALP A as in (2), which is in echelon form through row
L= length (A), is said to be in “echelon form”. Note that an ALP in RP in echelon form

has length at most D.

To place a given ALP into echelon form by row operations, we repeatedly apply the

following result.
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Lemma 1: Let A be an ALP as in (2), and suppose A is in echelon form through row 1.

Then one of the following alternatives holds.
Alternative 1: Ay =0 forall ¢ >1,1<j<D.

Alternative 2: There exists an ALP A in echelon form through row 1+ 1, such that the blobs

K(A) and K(A) are 2-equivalent, and length (A) = length (A). Moreover, we can compute
A from A by an algorithm that uses at most CD(L+ 1) computer operations, where C is a

universal constant.

Proof: Let py,...,p1 be the pivots for A. Suppose Alternative 1 doesn’t hold. We take
P41 to be the least j for which there exists £ > I with A¢; # 0. Thus,

(3)  Agp;., # 0 for some £ > I, and
(4) }\e‘jZOfOl"]. <ppn{l{>1L

Also, if I # 0, then we have
(5) pr<pry <D, as we see by comparing (3) with (EF3);.

Among all £ > 1 with A¢p,,, # 0, we pick £ to minimize oo/ [Aep,. |-

Once we have picked £, we can act on A by permuting rows, to reduce matters to the case
in which { = I+ 1. Thus,

(6) }\I+1‘P1+1 # 0, and
(7) P\E,p1+1/)\1+l »PI+1’ © O+1 < 0oy for all £ > 1.

We now perform “addition of rows” on the ALP A, as in the previous section, taking

lo =1+ 1, and using coefficients

(8) Be=—Aep /Aii1.p,, forall £>1+1,
(9) Be=0forL<I+1.

Note that B¢, = B111 =0, as required for addition of rows.



16

Note also that |3, - o, < oy for all £, as we see from (7), (8), (9). Hence, the Proposition
from the preceding section applies. Thus, from A, we obtain by “stable addition of rows”
an ALP,

(10) A =1(Ag) 1St ('543)@ZSL y (0¢)1<e<t, M.], such that

(11)  The blobs X(A) and X(A) are 2-equivalent, and

(12) Ay = Agj + BeAgyj for all £,3.
From (8), (9), (12), we see that

(13) Ay =Agfor £<I1+1,1<j<D;and
(14) A=Ay — (Aepres Are1,p11) - A for £>1+1,1<j<D.

In particular, (4) and (13), (14) give
(15) ng:Oforj<p1+1,€21+1.

Another application of (14) gives Agp,,, =0 for £ > 1+ 1.

Together with (15), this yields
(16) Ay =0forj <prg, {>1+1.
It is now easy to check, using (6), (13), (15) and (16), that

(17) A is in echelon form through row I+ 1.

In view of (11), (17), and the obvious remark length (A) = length (A), we find ourselves in
Alternative 2. Moreover, the above argument produced A from A by an algorithm that uses
at most CD(L + 1) operations, as the reader may easily check. Here, C denotes a universal

constant.

The proof of Lemma 1 is complete. [ |

Repeatedly applying Lemma 1, we can easily derive the main result of this section.
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Lemma 2: Let A be an ALP in RP, as in (2). Then there exists an ALP A% in echelon
form in RP, such that the blobs K(A) and K(A*) are 2P-equivalent, and such that length
(A#) < min{length(A), D}. Moreover, we can compute A% from A in at most CD?*(L+ 1)

operations, where C is a universal constant.

Proof: Starting at A° = A, which is in echelon form through row zero, we repeatedly apply
Lemma 1, until we find ourselves in Alternative 1 in the statement of that lemma. Thus,
we obtain a sequence of ALPs A = A% A" A% ..., with A!in echelon form through row I,
and such that the blobs K(A") and K(A™') are 2-equivalent. An ALP in RP can never be
in echelon form through row I > D, and therefore our sequence terminates at some A’ with
] <D. Thus, X(A) and K(A’) are 2P-equivalent, A’ is in echelon form through row J, and

AJ satisfies Alternative 1, i.e.,

Al = [(7\21')11 ¢ é,(52)1gsz,(Ge)1gsz,M*]>

INIA
INIA

with Ay =0 for J<¢<L,1<j<D.

Stripping away zeros from A’, we obtain an ALP A% in echelon form, with
K(A)) = K(A#). Thus, K(A) and K(A¥) are 2P-equivalent. Moreover, the above ar-
gument produces A* from A by an algorithm that uses at most CD?(L + 1) operations,

since we apply Lemma 1 at most D times. Here C denotes a universal constant.

It remains only to check that length (A#) < min{length(A), D}. Recall from Lemma 1
that length (A™") = length (A!) for each I. This yields length (A) = length (A°) = length
(A’). Since A* arises from A’ by stripping away zeros, we have length (A#) < length (A)) =
length (A). Also, since A% is an ALP in RP in echelon form, we have length (A#) < D.

Thus, length (A#) < min{ length (A), D}, completing the proof of Lemma 2. [ |

85 Applications of Echelon Form

In this section, we apply our results on echelon form, to carry out the tasks we set ourselves

in Section 2.

Algorithm ALP1: Given an ALP A of length L in RP, we exhibit an ALP A% in RP, in
echelon form, such that the blobs K(A) and K(A#) are 2P-equivalent. The ALP A# has
length at most min(L, D).
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Explanation: This is the main result in Section 4. The work and storage used by this

algorithm are at most CD?(L + 1), where C is a universal constant.

Algorithm ALP2: Given an ALP A of length L in RP, we compute a number X > 0 such that
27PX < onset K(A) < 2PX.

Explanation: Using Algorithm ALP1, we compute an ALP

Ly (O¢)1<o<t, M.,] in echelon form, with L < D, and

< y
and K(A?) are 2P-equivalent.

We then return X = M,. This algorithm uses work and storage at most CD?(L + 1) for a

universal constant C.

We check that 27PX < onset K(A) < 2PX. In fact, since K(A#) and K(A) are 2P-
equivalent, we have 27P. onset K(A#) < onset K(A) < 2P. onset K(A#). Hence, it is
enough to check that onset K(A#) = M,. This amounts to saying that

(2)  KmlA#)£0 for M > M.,

as we see from the definitions of “onset” and “threshold”. Recall that, for M > M., we have
D

(3) Km(A#*)={ (vi,...,vp) €RP: [} Ayvj—b| < Mogfor t=1,...,L }.
=1

The ALP A¥ is in echelon form. Let 1 < p; < --- < p; < D be the pivots of A#. Then by

the definition of “echelon form”, we have
(4) Ay, #O0for {=1,...,;and Ay =0for 1 <j<p, l=1,...,L

We will define a vector v = (vq,...,vp) € RP as follows. The entries vp,vp_1,...,V; are
determined successively by the rule:
(4a) vy =0 if i is not one of the p,; and

D

(4b) Vpe:}\a;l : [BZ_ Z xgjvj}fOI“f:I__,I__—L...,].

j=pe+1
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(When p, = D the sum in (4b) is zero.) From (4) and (4b), we see that the vector
D

v = (v1,...,vp) € RP satisfies Z Aiv; = by for € = 1,...,L. Consequently,
j=1

(5) v € Km(A#) for M > M,, as we see from (3).
This completes the proof of (2), which shows that 27PX < onset K(A) < 2PX; as claimed.

Note that (5) shows that v is a 1-original vector for K(A%*).

Algorithm ALP3: Given an ALP A of length L in RP, we exhibit a 2?P-original vector v for
K(A).

Explanation: Using Algorithm ALP1, we exhibit an ALP A# in echelon form, such that the
blobs K(A) and K(A¥) are 2P-equivalent. We then determine a 1-original vector v for
K(A#), as in our explanation of Algorithm ALP2. Since K(A) and K(A*) are 2P-equivalent,

ZZD

it follows that v is a 2”-original vector for K(A).

The work and storage to compute A# are at most CD?(L + 1), and the length of A¥ is
L < min(D,L) < D.

The work and storage needed to compute v by (4a) and (4b) are at most CD(L+1) < C'D2.
Hence, altogether, the work and storage used by Algorithm ALP3 are at most CD?(L + 1),

for a universal constant C.

Algorithm ALP4: Given ALPs A' A? in vector spaces V' V2 respectively, we exhibit an
ALP A in V' ®V?, such that K(A) = K(A'") x K(A?). We have length (A) = length (A")+
length (A?).

(Lack of) Explanation: We leave the trivial algorithm for the reader. The work and storage
used are at most C - (dim V'+4dim V?2) - (14length A"+ length A?), for a universal constant
C.

Algorithm ALP5: Given an ALP A in a vector space V, and given a linear map T:V — V/,
we compute an ALP A’ in V’, of length at most dim V’, such that the blobs T(X(A)) and
K(A') are 2P-equivalent, where D = dim V.
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Explanation: We consider three basic special cases, and then pass to the general case. The

special cases are as follows.

Case 1: T:V — V' is an isomorphism.
Case 2: T:RP — R is the injection (vi,...,vp) — (v1,...,vp,0,...,0).

Case 3: T:RP — R is the projection (vi,...,vp) — (Vb_or41,--.,VD).

In Case 1, it is obvious how to produce an ALP A’, of the same length as A, such that
TK(A) = KA.

The work and storage used to produce A’ in Case 1 are at most
C(dim V')? 4+ C(dim V’)? length (A),

since we must compute T~' and then compose each functional A (appearing in A) with T~

Here, C is a universal constant.

In Case 2, it is obvious how to produce an ALP A’, of length equal to L = (D' — D) +
length (A), such that TK(A) = K(A').

The work and storage used to produce A’ in Case 2 are at most CD’(L + 1), for a universal

constant C.

In Case 3, we proceed as follows. Using Algorithm ALP1, we produce an ALP A# in
echelon form in RP, such that the blobs K(A) and K(A#) are 2P-equivalent, and such
that length (A#) < min(D, length (A)). We will exhibit an ALP A’, of length at most
[’ = min{D’, length (A)}, such that TK(A*) = K(A’). Since TK(A#) and TK(A) are
2P-equivalent, it follows that K(A’) will be 2P-equivalent to TK(A). To compute A’, let

(7)  A* =[Ag) 1<e<t, (Be)gegia (O¢)1<e<ts M.,

15D

and let 1 <pj < --- < p; <D be the pivots for A#. As before, we have
(8) 7\gm #0forl=1,....,Land Ay =0for 1 <j<pg,=1,...,L

Recall that K(A#) = (Km(A™))m=o, with
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9) Km(A#) = {(v1,...,vp) € RP : \er,v] be| < Moy for ¢ =1,...,L} when

M > M,; and
(10) Km(A#) =0 when M < M,.

We define a blob X' = (K},)m=0, by setting

D
(11) Kl]\/l = {(\)D,Dur],...,\)D) S RD/ : }Zj\ej\)j —Bg < Ma'g for Pe > D — D/} when
J=pe

M > l\_/l*; and
(12) K, =0 when M < M,

Then X' = K(A') for an obvious ALP A’ in echelon form in RY. In particular,
length (A’) < D’. We check that

(13) Ky = TKm(A#) for all M > 0.

For M < M,, (13) is obvious from (10) and (12). Suppose M > M,. From (9), (11) and the
definition of T, we obtain T Kp(A#) C K},

On the other hand, let V' = (vp_pr41,...,vp) belong to Kj,. We define vp_p,...,vs
successively, by the rule:
(13a) v; =0if i < D — D’ is not among the p (£ =1,...,L); and
(13b) vp, =Ag[be— ) Agvilif pp <D —D".

J>Pe

This yields v = (v1,...,vp) € RP satisfying Z Av; — by = 0 for p; < D — D/, thanks
jZpe
o (13b); and !Z?\g,-v]— — b < Moy for p, > D — D/, since v € Ky,. Consequently,

e

!Z Agv; — bl < Moy for £ = 1,...,L, thanks to (8). That is, v € Kpm(A#). Since also
j=1

Tv = v/, we conclude that vV € TKm(A#). This shows that Ky, € TKpm(A¥), completing
the proof of (13).
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Thus, in Case 3, we have computed an ALP A’ of length at most min{D’, length (A)},
such that the blobs TK(A) and K(A’) are 2P-equivalent.

The work and storage used to produce A’ are at most CD? - (1 + length (A)), for a

universal constant C. This concludes our discussion of Cases 1,2,3 above.

We now discuss Algorithm ALP5 in the general case. Suppose we are given a linear map
T:V — V), and an ALP A in V. We factor T as the composition of the projection
7.V — V/ker(T), the isomorphism [T]: V/ker(T) — Im(T), and the injection1: Im (T) — V'
Here, of course, ker(T) stands for the kernel of T and Im(T) stands for the image of T. By
picking bases in the relevant vector spaces, and by using the known Cases 1,2,3 above, we
can exhibit ALPs A4, A, A’ such that:

o K(A;) is 2P-equivalent to mK(A) (where D = dim V), and length (A7) < rank T;
e X(A;) =[T]X(A;) and length (A;) = length (Aq); and
e X(A') =1X(A;) and length (A’) = length (A;) + (dim V' — rank T).

Thus, K(A') is 2P-equivalent to TK(A), and length (A’) < dimV’. This completes the
implementation of Algorithm ALP5.

It is straightforward to verify that the work and storage needed for Algorithm ALP5 are at

most
C - (dimV + dimV')?® + C - (dimV)? - length (A),
for a universal constant C.

Algorithm ALP6: Given ALPs A' A? ..., AT in a vector space V, we compute an ALP A
in V| such that

KA = KA N KA N--- N K(AT), and
length (A) = length (A') + --- 4 length (AT).
Explanation: This algorithm is trivial. To form A’ from A', ..., AT, we concatenate the lists

of Ag, by, o¢ from the individual A% and we take the maximum of the thresholds over all the
At
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The total work and storage used by Algorithm ALP6 are at most

T
C: (dimV) - (1 + Z length (Ai)> for a universal constant C.

i=1

Remark: For large T, the length of the ALP A produced by the above algorithm will be
large. Hence, it is prudent to apply Algorithm ALP1, immediately after applying Algorithm
ALP6 with a large T.

Algorithm ALP7: Given ALPs A', A? in a vector space V, we compute an ALP A of length
at most dim V, such that the blobs K(A) and K(A') + K(A?) are 2P-equivalent.

Explanation: Let T: V&V — V be given by (vy,v2) — vi +v,. Then
KA + K(A%) = TIKA") x K(A%)].

Hence, we may carry out Algorithm ALP7, by applying our previous Algorithms ALP4 and
ALP5.

The total work and storage needed by Algorithm ALP7 are at most

C - (dimV)*+ C - (dimV)? - (length (A') + length (A?)), for a universal constant C .

Next, we recall from Section 2 the notion of a “homogeneous ALP”. By applying Algo-
rithms ALP1, ALP6 and ALP7 in the case of “homogeneous ALPs”, we obtain the following

algorithms to manipulate convex symmetric polyhedra.

Algorithm ALP8: Let V be a finite-dimensional vector space. Fori=1,..., T, let

ot ={v e V: AWV <opfort =1,... 1,

where the A} are (real) linear functionals on V, and the o} belong to [0,00). Given the A}

and o}, we compute functionals A1, ..., A, and non-negative numbers 61, ..., 61, such that
L <dimV, andc = {ve V: |A(v)] < 6o for £ = 1,..., L)} satisfies
zf(dim\/](—)_ g 0_] N--N O-T g 2+(dim\/]6_.

Algorithm ALP9: Let V be a finite-dimensional vector space. For i = 1,2, let

ot ={veV: AW <ojfort=1,...19
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where the A} are (real) linear functionals on V, and the o} belong to [0,00). Given the A}
and o}, we compute functionals A1, ..., A, and non-negative numbers o7, ..., 61, such that

L < dimV and
Gd=1{veV:AV)|<ocfort=1,...L}
satisfies
2-dmV) G C ol 4 g2 C 2HdmV) G

The work and storage needed for Algorithm ALP8 are at most C(dim V)?- (14+L"+---+LT);
for Algorithm ALP9 we need work and storage at most C(dim V)3 + C(dim V)2 - (1+L" + L?).

Here C denotes a universal constant.

In summary, we have carried out all the tasks we set ourselves in Section 2. As long
as we keep the length of our ALPs from growing, we retain good control of the work and
storage used by our algorithms. We can prevent the length of our ALPs from growing, by
applying Algorithm ALP1 as needed. When we intersect blobs arising from T ALPs (with T
large), the work and storage are proportional to T, but the intersection is computed up to
C-equivalence, with C independent of T. We can apply our algorithms to compute (up to

C-equivalence) the intersection and Minkowski sum of convex, symmetric polyhedra.

§6 Linear Dependence on Parameters

We want to discuss the linear dependence of some of the ALP algorithms in the previous
section on the targets (bg)i<¢<r of the input ALPs. To do so conveniently, we introduce
another data structure called a “PALP”.

Let N be a large integer, to be fixed much later. (N will have the order of magnitude of
the size of our input set E.) A (real) linear functional on RN is said to have “depth k” if it

has the form

(1) RN > (&,..., Ex) — & + -+ unén, with g # 0 for at most k distinet values of
i.

Note that a linear combination of p functionals of depth k has depth pk. We represent the

functional (1) by keeping only the nonzero p, along with the (increasing) sequence of 1’s for
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which p; # 0. We make here the assumption, to be justified in all applications (see Section
35), that

(2)  An integer index i in the range [1,N] can be stored in at most C memory words.

Thus, a depth k functional on RN can be held with storage C(k + 1); and two depth k
functionals can be added with work and storage C(k + 1). Here and below, C denotes a

universal constant.

We will work with vector spaces V,V’, of dimension D and D’, respectively. We write
cp, Cp, Cp, etc. to denote constants depending only on D. Similarly, cpp, Cp o, ete.
denote constants depending only on D and D’. These constants need not be the same from

one occurrence to the next.

A “parametrized ALP” or “PALP” in V is an object of the form

(3) 'A = [(A])”’)ALL (b])"')b[_)a (gh'--agl_)]a Where:

e Each A, is a linear functional on V;
e FEach b, is a linear functional on RN and

e Fach o, belongs to [0, o).

We say that a PALP (3) has “depth k” if each of the functionals b, on RN has depth k.

As for ALPs, we call Ay, ..., A; the “functionals” of the PALP (3), even though b,,..., b
are now linear functionals as well. Similarly, we call b,,...,b; and o,,..., 0y, respectively,
the “targets” and “tolerances” of the PALP (3). Also, we call L the “length” of the PALP
(3). Observe that, unlike an ALP, a PALP has no threshold.

When V = RP, then (as for ALPs), we may regard each A, in (3) as a row vector, and

thus rewrite our PALP in the form

(4) A= [(Ag;); y (bg)1§€§L> (Qg)1§€§L],

where the A, 0, are real numbers, and each b, is a linear functional on RN,

<e<L
<j<D

We may view A as an object of either form (3) or (4). Let A be a PALP as in (3), and let
A= [()\h' . '))\L)) (blv' . -abL)) (G1>- . -GL))M*]
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be an ALP of the same length as A.

For a given & € RN, we say that A and A “agree at &7 if we have:

e Aj=A,foreach { =1,...,L;
e by=D,(&) foreach £ =1,...,L; and

e oy=o0,foreach{=1,... L

There is no condition here on the threshold M., since the PALP A has no threshold.

We can make elementary row operations on PALPs, just as on ALPs. In fact, if A is as in
(3), and if w: {1,...,L} = {1,..., L} is a permutation, then by “permuting rows”, we obtain
the PALP

AT[ = [(Anh L )Anl_) ) (hnla L )hnl_) ) (gTﬂ) .. wgnl_)] .
If A is as in (3), and if A, = O for all £ in the range L < ¢ < L, then by “stripping away
zeros”, we obtain the PALP
[(A]) e )Af_)) (b]) . . -abf_)) (g]) s )gf_)] .
Finally, if A is as in (3), and if B4,..., L € R with 3¢, = 0, then by “addition of rows”, we
obtain the PALP

(A1 +B1-Aggy oo AL+ B Ay ), (By + B Dby, b+ Br-byy), (09,00, 0]

Suppose A has depth k. Then by “permuting rows” or “stripping away zeros”, we again
obtain a PALP of depth k. However, by “addition of rows”, we obtain from A a PALP of
depth 2k.

Our row operations on PALPs may be implemented on a computer in an obvious way. A
PALP in RP of length L and depth k takes up storage CD(k+1)(L+1), and a row operation
on such a PALP takes work and storage CD(k+ 1)(L+1).

The usefulness of row operations on PALPs lies in the following observation.

(5) Remark: Suppose A is a PALP, A is an ALP, and & € RN. Assume that A and A
agree at &. Let A" and A’ arise from A and A, respectively, either by permuting rows

with respect to the same permutation, by stripping away the same zero rows, or by
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addition of rows with respect to the same parameters. Then again A" and A’ agree at

E.

Thanks to the above remark, we can carry out the following algorithms on PALPs.

Algorithm PALP1: Given a PALP A of depth k and length L in RP, we produce a PALP
A7 of depth 2Pk and length < min(L, D), with the following property:

Let A be an ALP in RP, let & € RN, and let A# be the ALP produced from A by Algorithm
ALP1. If A and A agree at &, then A% and A# also agree at &.

Explanation: Starting with A, we perform exactly the same elementary row operations as
in Algorithm ALP1 (only now they act on PALPs instead of ALPs). We obtain a PALP of
depth 2Pk, since we perform “addition of rows” at most D times. The desired properties
of A follow easily from Remark (5). The work and storage in a row operation on a PALP
of depth 2Pk is at most C2P(k + 1) larger than the corresponding work and storage for an
ALP. Hence, the work and storage of Algorithm PALP1 are at most Cp(k+ 1)(L+1).

There is no analogue of Algorithm ALP2 for PALPs, since for that algorithm the threshold

plays an essential role.

Algorithm PALP3: Given a PALP A of length L and depth k in RP, we produce functionals
vi(&),...,vp(&) of depth Cpk on RN, with the following property:

Let A be an ALP in RP, let & € RN, and let (vq,...,vp) € RP be the vector produced from
A by Algorithm ALP3. If A and A agree at &, then

(vi(&),...vp(&)) = (vi,...,vD).

Explanation: First we apply Algorithm PALP1, and then we follow the same recursive proce-
dure as in Algorithm ALP3 to determine vp,vp_1,...,Vv; (only now the b, and v, are to be
regarded as linear functionals on RN). It is straightforward to check that the resulting func-
tionals v1(&),...,vp(§&) are of depth Cpk and have the desired property, thanks to Remark
(5). As in the discussion of Algorithm PALP1, the work and storage needed for Algorithm
PALP3 are at most Cp(k+ 1) times what is required for Algorithm ALP3, since the b, and v,
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are now functionals of depth Cpk instead of numbers. Hence, the work and storage required
for Algorithm PALP3 are at most Cp(k + 1)(L+1).

Let A be a PALP on RP, C > 1 and let (v1(&),...,vp(&)) be a vector of linear functionals
on RN. Suppose that for any ALP A on RP and & € RN such that A and A agree at &, we
have that (v1(§),...,vp(§)) is a C-original vector for A. Then we say that (v{(&),...,vp(&))
is a “C-original parametrized vector for the PALP A”.

Note that Algorithm PALP3 computes a Cp-original parametrized vector for the PALP A.

Algorithm PALP4: Given PALPs A', A% of depth k in vector spaces V', V2, respectively, we
produce a PALP A of depth k in V' ® V2, with the following property: Let A' A? be ALPs
in V', V2 respectively; let & € RN; and let A be the ALP in V' @ V? produced by Algorithm
ALP4. If A' and A agree at & for i = 1,2, then also A and A agree at &,

(Lack of) Explanation: We perform the same trivial manipulation as for Algorithm ALP4.

The work and storage needed for this algorithm are at most
Ck+1) - (dimV" + dimV?) - (1 +length A' + length A?).
Algorithm PALP5: Let V,V’ be vector spaces of dimension D, D’ respectively. Given a PALP

A of length L and depth k in V, and given a linear map T : V — V’, we produce a PALP A’
of length < D’ and depth Cp pk in V', with the following property:

Let A be an ALP in V, let & € RN, and let A’ be the ALP produced from A and T by
Algorithm ALP5. If A and A agree at &, then also A’ and A’ agree at &,

Explanation: We follow the same procedure as for Algorithm ALP5, but with the targets b, of
every relevant ALP being regarded now as linear functionals on RN of depth Cp ok rather
than real numbers. The work and storage needed are at most Cp (k4 1)(L+1). We omit
the details.

Algorithm PALP6: Given PALPs A' ... AT of depth k in a vector space V, we compute a
PALP A of depth k in V, with the following property:




29

Let A" ..., AT be ALPs in V; let & € RN; and let A be the ALP in V produced from
A ... AT by Algorithm ALP6. If A" and A" agree at & for each i = 1,...,T, then also A
and A agree at &,

(Lack of) Explanation: Trivial. The work and storage used are at most

.
Clk+1)(dim V) - (1 + Y length (@) .
i=1

Algorithm PALP7: Given PALPs A' A? of depth k in a vector space V of dimension D, we
produce a PALP A of depth Cpk in V, with the following property:

Let A", A2 be ALPs in V: let & € RN; and let A be the ALP in V produced from A', A2 by
Algorithm ALP7. If A" and A! agree at & for i = 1,2, then also A and A agree at &.

Explanation: We follow the same procedure as for Algorithm ALP7, but with the targets of
the relevant ALPs being regarded now as linear functionals of depth Cpk on RV, instead
of real numbers. The work and storage used by this algorithm are at most Cp(k + 1) -
(length (A") + length (A%) +1).

§7 A Lemma on Rational Functions

The following elementary result on rational functions will be used in the next section.

Lemma 1: Let R(t) = p(t)/q(t) on (0,00), where p and q are non-zero, real polynomials
of degree at most d. Then there exists a partition of (0,00) into finitely many intervals
Liy oo oy Lo (the “hard” intervals), and J1, ..., Jvn.. (the “easy” intervals), with the following

properties.

(a) For each “easy” interval ], there exists a monomial a,t™ with 0 # a, € R, m, € Z,
m,| < d, such that

_ 1 _
R(t) — a, t™] < 7 lay[t™ for all t € J,.

(b)  Each “hard” interval 1, has the form (yu,y,), with y /y, < C and y, € Jyy for
some v(u). Here, C depends only on d.
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(c) The “hard” intervals are open; the “easy” intervals are relatively closed in (0,00).
Some of the ], may consist of a single point. Additionally, Umax < C and Viyax < C
for a constant C depending only on d.

(d) Given p(-) and q(-), we can compute the 1., ], ay, My, and v(u), with work and

storage bounded by a constant depending only on d.

Proof: We write ¢, C,C/, etc., to denote constants depending only on d. For each pair of
distinct non-zero monomials bt* and b’t¥, both appearing in p(t) or both appearing in q(t),

we introduce the interval
I(k, k) = {te (0,00): (5d)7"|btX| < [b't¥| < (5d)|btr]}.

Then I(k, k') has the form (tiow, thigh), With thigh/tiow < C. Hence, the union U of all the

above intervals is a finite union of open intervals, and we have

(1) Judt/t <c

We take the “hard” intervals I, to be the component intervals of U, and we take the “easy”
intervals J, to be the component intervals of (0,00) ~ U. Note that each I,, has the form

(Y y,0) with y,, € Jy(y for some v(p). From (1) we obtain the bound y,{/y, < C.

Properties (b), (c¢) are obvious for the above intervals I, J,. It remains to check properties
(a) and (d).

Fix one of the “easy” intervals J,. Thus, J, is one of the component intervals of
(0,00) ~ U.

Let bt* and b't¥ be two distinct non-zero monomials, both appearing in p(t). Then either

(i) bt > (5d) - [b't¥|forall t €J,;
(ii) b’ t¥| > (5d) - |bt¥ for all t € J,; or
(iii)  (5d)7'btM < b't¥| < (5d)[bt¥ for some t € J,.

In case (i), we say that bt* “dominates” b't; in case (ii) we say that b’t¥ “dominates”
bt*. Case (iii) cannot occur, since otherwise J, would contain some point in an I(k, k') C U.
Consequently, “domination” is a linear order relation between non-zero monomials appearing

in p(t). Since there are only finitely many such monomials, it follows that some non-zero
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monomial a;t*® appearing in p(t) dominates all the others. Thus, p(t) = aqt® + --- + a,,
with |axt¥ < (5d)"agtH for all k # k, t € J,. This implies that

(2)  Ip(t) — agth < %!apta for all t € ],

since there are at most d non-zero monomials other than a];tE appearing in p(t).
A similar argument for q(t) shows that

(3) lq(t) — byt < Lbgtd for all t € J,,

where b@tE is the dominating monomial in q(t). In (2) and (3), we have ag # 0, by # 0, and
also 0 < k < d,0 < € < d since p(t) and q(t) have degree at most d.

The desired conclusion (a) for ], is now obvious from (2) and (3). Also, conclusion (d) is

now obvious. The proof of the lemma is complete. |

§8 Non-linear Parameters

In this section, we ask for the largest & > 0 for which there exists v € V such that
(0) D\g(\)) —be’ < g6 fOl"QZ],...,I_.

Here, as usual, V is a finite-dimensional vector space, each A, is a functional on V, each b,
is a real number, each o, belongs to [0, 00). Each m, is a non-negative integer. In principle,
we could decide this question using Tarski’s decision procedure for real-closed fields [33].
However, we will content ourselves with solving an easier version of the problem, and will

need no tools beyond the Lemma in the preceding section.

Throughout this section, we write ¢, C, C’, etc. to denote constants depending only on L,

dim V, and max m,. Our result on (0) is as follows.

1<e<L
Lemma 1: Let V be a finite-dimensional vector space, let A, ..., AL be linear functionals on
V, let by, ..., by be real numbers, let o1, ..., 0L be non-negative real numbers, and suppose that

my, ..., My are non-negative integers.

Then, with work and storage at most C, we can compute a number dox € [0, 0o], satisfying

the following properties.



(a) If 0 < 6 < bpk, then there exists v € V, such that
A(v) — byl < Cogd™ for€=1,... L.
(b)  Let & > 0. Suppose there exists v € V, such that
IAe(v) — bg] < copd™ ford=1,...,L. Then 0 < d < dok.

Proof: Let Ag={l:0,=0}, Ay ={{: 0, # 0}, and
H={MeV:|Av) — by <opd ™ forle Ay} ={veV:A(v) = bgforle Ay}

Then H is a (possibly empty) affine subspace of V. If H is empty, then we can detect the
fact that H is empty by elementary linear algebra; we then have conclusions (a) and (b) with

dok = 0. Hence, we may assume from now on that H is non-empty. We define

2
(1) Qw8 = ) (M) for veH, § > 0, and

te A oo™
(2)  R(5) = min{Q(v,5): v € H).

By elementary linear algebra, the minimum in (2) is attained, and R(8) is a rational function
of 9,

0a 84+ + ag

) RE) = gin e,

Here, d is an integer constant determined by L, dim V, and max m,.

We can compute the coefficients o, ..., xq and Po,...,q with work and storage at most
C, again by elementary linear algebra . The coefficients (o, ..., 4 are not all zero.
It may happen that «o,...,xq are all zero, i.e., R(d) = 0 for all 6. In that case, there

exists a vector v € H with Q(v,3) = 0 (thanks to (2)), hence A¢(v) — b, = 0 for £ € A4
(thanks to (1)), and for £ € Ao (since v € H). Thus,

Ae(\))—b¢:0f01”€:1,...,1_,

and consequently the inequalities (0) admit a solution v € V for any & > 0. Therefore, after
checking that oo = &7 = - - - = ag = 0, we may just set dox = +00, and conclusions (a) and
(b) will hold. Hence, we may assume from now on that o, ..., xq are not all zero. With

d = max(my,..., m), we have
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4 Q38 < QW &) < (£)*Q(v,8) forve Vand 0 <5< &,

as we see easily from the definition (1). (Recall that my,..., my > 0.) Consequently,

)za

(5) 0 < R() <RE) < (5)"R(B) for0<d<?,

)

by definition (2). In particular, (5) shows that R(8) cannot vanish for any & > 0, since we

are assuming that R(d) doesn’t vanish identically.

We now apply the lemma from the preceding section to the rational function R(6). Let

Ly, Jv, av, My, V(K), Y, y,; be as in that lemma.
For each “easy” interval ], we have
6) IR(§) —ay6™ | < 1la,8™ | for all § € J, with ay # 0 and [m,| < d.

Since R(d) > 0 by definition, and since R(8) never vanishes, it follows that a, > 0. Also,
each “hard” interval I, has the form (y,,y ;) withy, € Jy(and 1 <y, /y, < C. Applying
(5) with & =y, we learn that

(7)  Rlyu) < R(§) < CR(y,) for all § € I,.

Let Th 1 be an enumeration of the I, and J,; these intervals form a partition of

* ) “Smax

(0,00). For s =1,..., Smax, we define a monomial y 0", as follows:
If TS = J,, then we set ys = a, and puy = m,,.
If1, = I,,, then we set ys = R(y,) and us = 0.
Thanks to (6) and (7), we have
(8) cys Ot < R(8) < Crygd¥s for ETS, s =1,..., Smax-

For each s = 1,...,Spmax, we can trivially apply (8) to produce one of the following three

AN
outcomes, relevant to Ig:

(01)s:  We guarantee that R(8) < C for all 5 € 1.
(02)s:  We guarantee that R(d) > ¢ for all 6 € T..
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(03)s:  We produce & € T, satisfying ¢/ < R(8s) < C.

Thanks to (5), it then follows that we can produce one of the following three outcomes,

relevant to (0, 00):

(0q): We guarantee that R(6) < C for all & € (0,00); and we define 6ok := o0o.
(02): We guarantee that R(8) > ¢ for all 6 € (0, 00); and we define ok := 0.
(03): We produce dox € (0, 00) satisfying ¢’ < R(dok) < C'.

The work and storage used to arrive at an outcome (04), (O2) or (03), and to compute
dok € [0, 00], are at most C.
It remains to check that ok satisfies properties (a) and (b) in the statement of Lemma 1.

We begin with (a). Suppose 0 < 8 < dok. Then (O;) cannot hold, and we have
(9)  R(§) < C".

Indeed (9) holds trivially in case (O7), and it follows from (5) in case (O3). From (9)
and (2), we conclude that Q(v,8) < C” for some v € H. Thanks to (1), this v satisfies
Ag(v) — by < C"gd™ for £ € Ay. Moreover, A¢(v) —by =0 for £ € Ay, since v € H. Thus,
Ae(v) — byl < C"od ™ for all £ =1,...,L, completing the proof of (a).

We turn to (b). Suppose 6 € (0,00) satisfies & > dok. Then (O) cannot hold, and we

have

(10) R(8) > ¢”.

Indeed, (10) holds trivially in case (O), and it follows from (5) in case (O3). From (10) and
(2), we conclude that Q(v,8) > ¢” for all v € H. Recalling (1) and the definition of H, we
conclude that for all v € V we cannot have

Ae(v) — byl < ”od™ for £=1,...,L.

This proves (b), completing the proof of Lemma 1. [
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We were helped greatly by the fact that the constants in Lemma 1 are allowed to depend
on L, a luxury we were denied in our earlier sections on blobs and ALPs. A major point in

our proof of Lemma 1 is that, thanks to (5), the “hard” intervals I,, are not so hard after all.
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Chapter II - The Basic Families of Convex sets

§9 The Callahan-Kosaraju Decomposition

In this section, we recall the results of Callahan-Kosaraju [11], together with some obvious

consequences of their work, spelled out in our earlier paper [19].

Let E € R™with #(E) = N, and let »c € (0,1). We write ¢, C, C’, etc. to denote constants
depending only on n and s. A “s-well-separated pairs decomposition”, or “WSPD” is a

finite sequence of Cartesian products,
(0) By xE] ...,ELxE
each contained in E x E, and having the following properties:

(1) Each pair (x',x"”) € E x E with x’ # x” belongs to precisely one of the sets Ej x Ef
(€=1,...,L). Moreover, E;NE; =0 for £ =1,...,L.
(2)  Foreach £=1,... L, we have diam (E}), diam (E}) < s - dist (E}, E}).

Here, of course,
diam (A) = max |x —y| and dist(A,B) = min [x —y|
X,YEA x€A,YEB

for finite sets A, B C R™. It is convenient to introduce also

diamy(A) = n'? . max max |xi — i .
(x1,-.xn) €A 1<i<n
(Y10 yn) EA

Note that n"?diamy(A) < diam(A) < diamy (A).

Callahan and Kosaraju show in [11] that there exists a WSPD (0), with L < CN; in
fact, they construct one by an algorithm that uses storage at most CN, and work at most
CNlogN.

Moreover, the WSPD whose construction is described in [19] has additional structure,
that allows us to perform efficiently certain computational tasks. The sets Ej, E{ in (0) are

defined in terms of two auxiliary objects 7 and L, which we now describe.
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e T is a collection of subsets of E. We write A or B to denote elements of T. The sets
A € T form a tree under inclusion.
e [ is a collection of pairs (A7, As), with Ay and A, subsets of 7.

Each (Aq,/A;) € L gives rise to a Cartesian product

(3) (UA7) x (UA3) C E x E, where
UAN ={xeE:xeAforsome AcA} for A CT.

The WSPD (0) constructed in [19] consists of all the Cartesian products (3), for (Aq, A;) € L.

In addition to T and £, the algorithms in [19] allow us to compute and store the following

auxiliary data:

e For each A € T, a point x5 belonging to A.

e For each A € T, the quantity diamy, (A).

e For each (Ay,A2) € L, two points X}y , Xj,, with x),, € UA; and X, € UA,.
e For each (Aq,/A;) € L, the quantities diam,, (UA7) and diamg, (UA3).

We can describe any given A € T or (A,Az) € L in a “compressed form” that uses
storage at most C. In fact, the set E may be ordered in such a way that each A € T and
each UA{ i = 1 or 2,(Aq,Az) € L] is an interval. Moreover, we can efficiently recover
(Aq1,/A2) € L from the intervals UA; and UA,. Hence, it is enough to store the endpoints of
the relevant intervals. Whenever we store or specify A € T or (Aq,Az) € L, we always use

the “compressed form”.

Using the above (and additional) properties of T and L, we can perform the following

computations of lists.
(a)  Given an A € T, we compute a list of all the elements of A.
This takes work Wa (to be discussed below), and storage at most CN.

(b)  Given a (Aq,A;) € L, we compute a list of all the elements A € Ay, and a list of all
the elements B € A,.

This takes work W(A4,A;) (to be discussed below), and storage at most CN.
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(c) Given an A € 7, we compute a list of all the (A7, A,) € L for which A; 3 A.
This takes work W/, (to be discussed below), and storage at most CN.
(d)  Given an x € E, we compute a list of all the A € T for which A > x.

This takes work W, (to be discussed below), and storage at most CN.

Regarding the work of the above computations, we have

4 > Wa+ ) WALA)+ Y Wi+ ) W, < CNlogN.

AET (A1,A2)EL AET x€E

The Callahan-Kosaraju decomposition constructed in [19] is shown there to satisfy

(5)  #{nodes in T} < CN, #{(A1,A) € L} < CN,

(6) > #(A) < CNlogN, and )  [#(A) + #(A)] < CNIogN.

AET (A1, A2)EL

In the next section, we use the above “Callahan-Kosaraju decomposition” to construct a

family of blobs and ALPs that plays a basic role in our work.

§10 The Basic Blobs and ALPs: Definitions and Computations

In this section, we recall from [19] an important family of blobs and ALPs. We work in

P, the vector space of (real) (m — 1)™ degree polynomials on R™. Let D = dim P.

For x € R™ and r > 0, we recall from Section 1 the useful blob

(0)  B(x,1) = (M:B(x,1))m>0 in P, where
(1) M B(x,7) = {PeP: [0*P(x)] < Mr™ ™ for [« < m—1}.

This blob arises from an obvious ALP of length D in P. Recall that we are given a finite
subset E C R™ and functions 0: E — [0,00) and f: E — R. We use the Callahan-Kosaraju
decomposition for E, with s = 1/2. We retain the notation of the previous section, except
that in this section C denotes a constant depending only on m and n. Also, for £ > 0, we

write cg, Cy, Cj, etc., to denote constants depending only on ¢, m and n.
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We now construct from E, f, o a family of blobs I'(x, £) = (T'(x, £, M))m=oin P, parametrized
by x € E and £ > 0. This is exactly the same family of blobs that was constructed in [19].
For the convenience of the reader, we provide here a detailed exposition of the construction.

We proceed by induction on £.

For £ = 0, we define
(2) T(x,0,M) ={PeP:[0°P(x)] < M for || < m—1, and [P(x)—f(x)| < Mo(x)}

for all x € E.

For the inductive step, fix £ > 0, and suppose we have defined the blobs I'(x, £) for all x € E.
We will define the blob I'(x, £+ 1) for all x € E.

To do so, we use the Callahan-Kosaraju decomposition, and proceed in five steps, as

follows.

Step 1: For each A € T, we form the blob

(3)  T(A L) = () [F(x,0) + Blx, diams, (A))].

XEA

Step 2: For each (A, A>) € £, and for i = 1,2, we form the blob

(4 TALY = () T(A8) + Blxa, diame (UAL))].

AEN{

Step 3: For each (A, Az) € L, we form the blob

(5) r(/\-h/\Z)e) - r](/\])e) N [FZ(/\-Z)Q) + B(XA1)’XA1 _X/\ZD]'

Step 4: For each A € T, we form the blob

6) T(AL+1) = [) TAL,ALL.

(A1,Ap)EL
A13A
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Step 5: For each x € E, we define the blob

(1) T, t+1) =T0x,0 N (T(AL+1).

AET
A>Sx

This completes the inductive definition of the blobs I'(x, {).

By following the above induction on £, we can compute ALPs A(x,{) for each x € E and
€ > 0, such that I'(x, £) is Ce-equivalent to K(A(x,{)), the blob arising from A(x,{). In fact,
for £ = 0, the blob I'(x, 0) is already given by an obvious ALP of length D + 1.

For the inductive step, fix £ > 0, and suppose we have already computed A(x, £) for all x € E.
Then, by using Algorithms ALP1, ALP6, ALP7 from Section 5, we may follow our five steps
to produce ALPs as follows.

Step 1: For each A € T, we compute an ALP A(A,{) of length < D, such that K(A(A,{))

is Cg-equivalent to

[IK(A(x, ) + Blx, diamg, (A))].

XEA

Step 2':  For each (Aq,A;) € L, and for i = 1,2, we compute an ALP A;i(Ay, £) of length
< D, such that K(Ai(Ay,£)) is Ce-equivalent to

() K(AA, D) + Blxa, diame (UA))].

AEN;

Step 3': For each (Aq,Az) € L, we compute an ALP A(A1, Ay, €) of length < D, such that

K(A(A7, A2 L)) is Ce-equivalent to

K(A1 (A1, ) N IK(A2(A2,0) + Blxa,, xa, —xa,l)].
Step 4: For each A € T, we compute an ALP A'(A,€ + 1) of length < D, such that
K(A'(A, L+ 1)) is Ce-equivalent to

m K(A(A1, A2 0)).

(A1, AZ) €L
A1 DA
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Step 5:  For each x € E, we compute an ALP A(x,{ + 1) of length < D, such that
K(A(x, L4 1)) is Ce-equivalent to

K(A(x,0) N [ KA(AL+1)).

AET
ADx

This completes our description of the computation of the ALPs A(x,{). We will need the
A(x, ) only for £ =0,1,...,L,, with £, depending only on m and n.

Note that all the ALPs computed above have length < D, except for A(x,0), which has
length D + 1.

Comparing Steps 1',...,5 with Steps 1,...,5, we see that
(8) K(A(x, £+ 1)) is Cj-equivalent to I'(x, €+ 1), for all x € E;
provided
(9)  K(A(x,L)) is Ce-equivalent to I'(x, ), for all x € E.

Since also K(A(x,0)) = I'(x,0) for all x € E, an obvious induction on £ shows that (9) holds
for all £ > 0. Thus, we can compute the I'(x,£) up to Ce-equivalence. In [19], we showed
that the computation of the ALPs A(x,{) for all x € E and £ = 0,...,{, requires work at
most CN log N and storage at most CN. This is a straightforward application of our results
on the basic ALP algorithms, together with the estimate (4) from the preceding section.
(In [19] we computed with “ellipsoidal blobs” rather than ALPs. This has no effect on our

estimates for the work or storage used by our algorithms.)

Starting from E, o, f, we have defined the blobs I'(x,£) and computed them up to Ce-
equivalence. Next, we introduce a variant. Suppose we repeat our construction of the
I'(x, {), starting from E, 0,0 in place of E, o, f. Then, in place of the I'(x, {), we will obtain a
new family of blobs I(x, £) = (I'°(x, {, M))m=o in P, determined by E and o. Also, in place
of the ALPs A(x, £), we will obtain a family of ALPs A°(x, £) of length < D + 1, such that

(10)  The blob X(A°(x, {)) is C-equivalent to '(x, £) for each x € E, £ > 0.

We can compute the A°(x,¢) (for all x € E, £ =0,...,L,) using work at most CN log N and

storage at most CN.
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An easy induction on { shows that the I'(x, £, M) have the form I(x,{, M) = Mo(x, £)
for a convex, symmetric set o(x,£) C P, and that A°(x,{) is a “homogeneous ALP”; see

Section 2. Consequently, the blob
K(A(x,0)) = (Km(A°(%,8))) m=0
has the form

Km(A°(x,£)) = Mo(A%(x, 1))

for a convex, centrally symmetric polyhedron o(A°(x,£)) C P, arising from A°(x,£) as in
(5), (6) in Section 2.

The blob equivalence (10) therefore becomes
(11)  ceo(A°x,0)) C o(x,8) C Cro(A°(x,¢)) for all x € E, £ > 0.

Thus, we have computed the convex sets o(x, £) up to Cp-equivalence. (See also Section 13

below for more details regarding the construction of the o(x,{).)

§11 The Basic Blobs and ALPs: Linear Dependence on Parameters

In the preceding section, we associated to E, o, f a family of blobs I'(x, £) and ALPs A(x, {)
(x € E,£>0).

In this section, we suppose that E and o are held fixed, while f = f¢ depends linearly on

a parameter & € RN. We assume that
(1) & — fg(x) is a depth k linear functional on RN, for each fixed x € E.

We will also use the notation F(x, &) = f:(x), mostly in later sections. Here, k and N are
given, and N is assumed to satisfy (2) of Section 6. We ask how the ALPs A(x,{) depend

on the parameter &. To answer this question, we bring in our results on PALPs.

We start with a few preliminary remarks. In this section, we write C, C’, etc. for constants
depending only on m and n; while Cy, C}, etc. denote constants depending only on £, m,n.
We set D = dimP. Recall the definition of the blobs B(x,r). Recall from the preceding

section that the blob B(x,r) arises from an obvious ALP in P, which we shall call Agy ).
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Since the targets in Agp(x ) are all zero, it is trivial to construct a PALP Ag, . of depth zero

in P, such that Ag(, ) and Ap(xr) agree at every & € RN,

We now discuss the &-dependence of the ALPs A(x, £) constructed from E, o, f when f = f;.
Let us call these ALPs Ag(x,£).

By induction on £ > 0, we can construct a family of PALPs A(x,{) (for x € E,£ > 0), of
depth C¢k and length < D + 1 in P, with the following property:

(2)¢ LetxeEandic€ RN. Then A(x, () agrees with Ag(x, ) at &.
To see this, we first recall that
(3) MNx,0,M) ={PeP:[0*P(x)] < Mfor|a| < m—1,and [P(x)—f(x)] < Mo(x)},

and that A(x, 0) is the obvious ALP giving rise to the blob (3). Thus, for £ =0, (2), holds for
the PALP A(x,0) in P, defined as follows: The functionals for A(x,0) are Ay : P — 0%*P(x)
for |l < m —1, and Agera : P — P(x).

The targets corresponding to these functionals are O for the A, and fg(x) for Aera-

The tolerances corresponding to the above functionals are 1 for the Ay, and o(x) for Aegra-
Note that A(x,0) has depth k.

Thus, we have constructed A(x,0) having the desired properties.

Next, fix £ > 0, and suppose we have already constructed PALPs A(x,{) of depth C¢k
and length < D + 1 in P, for each x € E, satisfying property (2),. We will construct PALPs
A(x, €+ 1) of depth Cjk and length < D in P, for each x € E, satisfying (2)¢1. To do
so, we recall Steps 1’,...,5" in the preceding section. We used these five steps to pass from
the A(x,2) (x € E) to the A(x,£+ 1) (x € E). To implement Steps 1’,...,5, we used our
Algorithms ALP1, ALP6, ALP7 in an obvious way. We can now carry out the analogous
five steps to pass from the PALPs A(x,{) (x € E) to the PALPs A(x,{+ 1) (x € E). We
simply use Algorithms PALP1, PALP6, PALP7 in place of ALP1, ALP6, ALP7. ;From (2), and
the defining properties of Algorithms PALP1, PALP6, PALP7, we obtain the desired property
(2)¢s1 for the PALPs A(x,L+ 1) (x € E), and we see also that the A(x,{+ 1) have depth
Cik.
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This completes the induction on £.

Thus we can compute the A(x, £), by an analogue of our earlier computation of the A(x, {).
We shall need the A(x, £) only for 0 < £ < {,; as before, {, is an integer constant, depending

only on m and n.

The work and storage needed to compute the PALPs A(x,{) (x € E,;0 < { < {,) are at
most C(k+1) times the corresponding work and storage for the A(x,£). (The factor C(k+1)
arises, because we work with targets that are depth-Ck functionals instead of real numbers.)
Thus, the A(x,{) (x € E,0 < { < {,) can be computed using work at most C(k+ 1)Nlog N,
and storage at most C(k + 1)N.

§12 Whitney t-Convexity

In this section we start by proving some properties of the useful blob B(x,r) = (MB(x, T))m=0
defined in Section 1. Recall that for x € R™ r > 0 we set

(1) B(x,1) = {P € P:[0PP(x)| < v™ Bl for B| <m —1},

and for y € R™ we define B(x,y) = B(x, |x —y|). From (1) we immediately conclude that
forx e R"and r,A > 0,

(2) B(x,Ar) C max{A™ A} - B(x,1).

In this section ¢, C,C etc. stand for constants depending only on m and n. For two
polynomials P,Q € P, we denote by P ®, Q the product of P and Q as (m — 1)-jets at x.
That is, P ®, Q is the one and only S € P such that

0%S(x) = 0%(PQ)(x) for |a/|<m—T1.
For O, Q, C P and x € R™ we also write

Q10xQ;={PO,Q:Pe0,Q €Oy}
Lemma 1: Let x,y € R", vt > 0. Then,

(3)  Blx,7) € CB(y,m+[x—yl),

and in particular B(x,y) is C-equivalent to B(y,x).
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Suppose v < 1. Then,
(4) B(x,r) ® B(x,7) C Cr™B(x,1).

Let P,Q € B(x, 1), and suppose |x —y| < r. Then,
(5)  (POyQ)—(Po.Q) € Cr™B(y,x).

Proof: Start with verifying (3). Let P € B(x, 1) be a polynomial. Then, for any |&] < m—1

we have
0P (x)] < ¥

By Taylor’s theorem

B
!a"‘P(y)!: Z aT]T(X)(y_X)ﬁ SCZrmf(\od#—lﬁ\)yx_y’\ﬁlgcl(r_i_yx_y’)mf\cx\
IBlI<m—1—|e ' B

and (3) follows from the definition of B(y,r + [x — y|). Next, we establish (4). Let P €
B(x,1),Q € B(x, 7). Then, for any |« < 2(m —1),

6)  [PHPQIX)| =

— Z 'L!'(aﬁp)(x) . (ao‘fﬁQ)(x) <C Z I BlEm—lod-+B| < CFmym—i«d
B,a—BEM pi{oc—B)! B,x—BeM

since 1 < T. Here, M denotes the set of all multi-indices 'y of order |y| < m — 1. On the
other hand,

(7)  3%(PQ)(x) =0%(P®, Q)(x) for|a/ <m—1.

From (6) and (7) we conclude (4). It remains to prove (5). To that end, let P,Q € B(x,r)
and y € R™ be such that [x —y| < r. By (6) for any || <2(m —1),

108(PQ)(x)| < Cr2m~IBl,

Note also that 9B(PQ — P ®x Q)(x) = 0 for || < m — 1. Therefore, for any |of < m — 1,
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8)  PXPQ-Po Q) = |3 ~0¥#(PQ—P o, Q)(x)(y—x)°

|
B B!
1 s B
_ Y g0t PQK) - (u—x)
m<|BlHa<2(m—1)
S C Z 1‘2111,(|(x|-|-\[3|]’y _ X’lﬁ‘ S C/T’m|y — x|m*\(x\

m<[BH[<2(m—T)

since 1 > [y — x|. According to the definition of P ®, Q, the inequality (8) implies that for
any |ol <m —1,

0°[(P ©y Q) — (P ©x Q)] (y)] < Cr™Mx —y[™ 1.
Hence (5) follows. [
Remark: For P,Q € P* and x € R™, we write P ®; Q to denote the unique polynomial in

P for which 08 (P®} Q —PQ)(x) = 0 for all || < m. We will also make use of the following
fact, whose proof is completely analogous to that of (4). Suppose x € R™ and r < 7. Then,

(9)  Bf(x,7)®f Bt (x,7) C CF™- B*(x,1).

We will need the following

Definition: Let x € R™, A > 1 and let 0 be a convex, symmetric, non-empty subset of P.

We say that “o is Whitney t-convex at x, with Whitney constant A” if for any r > 0,
(10)  [oNB(x,1)] ©x B(x,r) C Ar™o.

The above definition is an instance of “Whitney w-convexity”; see [14, 16]. (However,
[14, 16] require (10) or its variants, only for r < 1.) A basic example of a Whitney t-convex
set is B(x, r); for any x € R™ r > 0 the set B(x, 1) is Whitney t-convex at x with Whitney
constant C > 0, depending only on m and n. This follows from (4).

Also, if 07, 0, are Whitney t-convex at x with Whitney constants A1, A, respectively, then
01N 03 is Whitney t-convex at x with Whitney constant max{A, A,}. We thus conclude the

following lemma.
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Lemma 2: Leto C P, x € RM A > 1,vr > 0. Suppose that o is Whitney t-convezr at x with
Whitney constant A. Then

oNB(x,r)

1s Whitney t-convex at x with Whitney constant CA, where C is a constant depending only

on m and n.

Another useful observation is as follows. Let 0,0’ C P be convex symmetric sets, and
let a,b > 0 and A > 1 be constants. Suppose %10‘ C ¢’ C bo, and suppose o is Whitney
t-convex at x with Whitney constant A. Then, as may be easily verified from the definition

(10), the set o’ is also Whitney t-convex at x, with Whitney constant a max{1,b}- A.

We view Whitney convex sets as quantitative analogues of ideals in P with respect to
®y. For instance, ideals with respect to ®y are always Whitney t-convex at x with Whitney

constant A, for any A > 1.

In the proof of the next lemma we will use the following elementary observation. Suppose

that A, K, T are symmetric convex sets in a vector space V. Then,
(11) K<CT = (A+K)NTC(AN2T)+K.

Indeed, if x € (A + K)NT, then for some k € K we have that x —k € A. Also, x —k €
T—K C 2T, and hence x € (AN 2T) + K.

Lemma 3: Let x,y € R" A > 1, and assume that o C P is Whitney t-convexr at y with
Whitney constant A. Then, for any d > |x —y|,

o+ B(y,9)

1s Whitney t-convez at x with Whitney constant CA, where C depends solely on m and n.

Proof: Let r > 0. According to (10) we need to show that
(12)  {lo+B(y,8)NB(x,1)} ©x B(x,7) € CAT™ [0+ B(y,3)].
Assume first that r < 8. Then as [x —y| < 8, (3) gives

(13)  B(x,1) € B(x,8) C CB(y,8) C Clo+ B(y, )],
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since 0 € o as 0 is non-empty, convex and centrally-symmetric. Combining (4) with (13) we
get that,

{lo+B(y, )] NB(x,1)} ©x B(x,1)
C B(x,7) ©x B(x,7) € C'r™B(x,r) C Cr™[o + B(y, d)]
and (12) follows for the case v < §. Suppose now that
r>9.
Then,
(14) [0+ B(x,8)] NB(x,1) C [0N2B(x,1)] + B(x, ).

Indeed, (14) follows from (11) since B(x,8) C B(x,r). The sets B(x,0) and B(y,d) are
C-equivalent by (3), since [x —y| < 8. Therefore, (14) implies

(15) [0+ B(y,8)]NnB(x,7) € CloNB(x,r)] + C'B(y, d).

We will deal separately with each summand in the right-hand side of (15). Since r > & >
Ix —yl|, we know by (3) that B(x,r) and B(y,r) are C-equivalent. We use (5) and then the

aforementioned equivalence to get that

(16) [oNB(x,1)] Ox B(x,r) C [0 N B(x,1)] ®y B(x, 1) + C't™B(x,y)
C CloNB(y,1)] ©y By, )+ Cr™B(x,y) .

Recall that o is assumed to be Whitney t-convex at y with Whitney constant A. Hence,
from (16) and (10) we obtain

(17)  [oNB(x,7)] ©x B(x,7) € CAr™0c + Cr™B(x,y) € CAr™o + C'r™B(y, d),

since B(x,y) C CB(y,d) by (3). Next, we once more use the fact that B(x,d) and B(y, 8)

are C-equivalent. Thus,
(18)  B(y,8) ©x B(x,1) C CB(x,8) ©x B(x,1).
By (18) and (4), since r > 9,

(19)  B(y,8) ®x B(x,r) € C't™B(x,8) € Cr™B(y, ).
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By combining (15), (17) and (19), we see that
{lo+B(y,8)]NB(x,1)} @« B(x,7) € C[AT™0 +1™B(y, 8)] + C'™B(y, ),

and thus,
{lo+B(y,8) N B(x,71)} ©x B(x,7) € CAT™ [0+ B(y, d)].

This is precisely our desired inclusion (12). The proof is complete. [

§13 Properties of the I's and ¢'s

In this section we establish the basic mathematical properties of the blobs I'(x, £) and the
convex sets o(x, ). Those properties are as follows. We write C, for a constant depending

only on £, m, n.
Property 0:

(a)  Let Fe C™(R™) and M > 0 be given. Assume that
| Fllem@®n) < M and [F(x) —f(x)] < Mo(x) for all x € E.
Then J.(F) € T(x, ¢, C;M) for all x € E, £ > 0.

(b)  Let Fe C™(R™) be such that
| Fllemmn) < 1 and [F(x)] < o(x) for all x € E.

Then J(F) € Cyo(x,£) for all x € E, £ > 0.

Property 1: For any x € E, £ > 0, M > 0, we have

(a)  T(x,6M) + Ma(x,{)
(b) F(X,E, M) - F(X>€> M)

I'(x, ¢, CiM), and

-
- CeMG(X, E)

Here, A 4+ B and A — B denote the Minkowski sum and difference, i.e.,
A+4B={P+Q:PecAQeBlandA—B={P—Q:PeA, Q€ B}

Property 2:

(a)  Letx,y€E ¢>1,M>0. Then,
r(x,ﬂ, M) C r(yye_ ]ach) + CKMB(va)
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(b)  Let x,y € E, £ > 1. Then,
o(x,£) € Celo(y,£— 1)+ B(x,y)].
Property 3: For each x € E, £ > 0, the set o(x,{) is Whitney t-convex at x, with Whitney
constant C,.
Property 4: For each x € E;£ > 0, M > 0, we have
Mx,¢,M) C T'(x,£—1,CM),
o(x,?) C Ceo(x,€—1).

Property 0(a) was proven in Lemma 2 of Section 7 in [19]. Property 2(a) was also proven in
[19]; see (5) and (8) of Section 7 in [19]. In order to establish Property 0(b) and Property
2(b), recall from Section 10 that T°(x, £, M) = Mo(x, () and T°(x, £) is the blob that arises
when f = 0. Thus, Property 0(b) is a particular case of Property 0(a), and Property 2(b) is
a particular case of Property 2(a). It remains to establish Properties 1, 3 and 4. Property
4 is trivial, as will be explained below. Properties 1 and 3 will follow by a straightforward
induction on £, making use of Lemma 3 from the preceding section for the proof of Property

3. We supply details.

Recalling our construction of the I'(x,{) and o(x,{), we see that the o(x,{) arise by the

following induction on {.
For £ =0, we set o(x,0) ={P € P:|P(x)] < o(x) and |[9FP(x)| <1 V|| <m—1}.

For the inductive step, fix £ > 0, and suppose we have defined o(x,{) for each x € E. We

will define o(x,{+ 1) for each x € E. To do so, we use the Callahan-Kosaraju decomposition
for E, with ¢ = 1/2. We retain the notation of Section 9 (except that C here denotes a

constant depending only on m and n). We construct the sets o(x,{+ 1) in five steps:

Step 1°: For each A € T, we define
o(A,0) = [ lo(x,0) + B(x, diamx(A))].

XEA

Step 2°: For each (Aq,Az) € L, and for i = 1,2, we define
0i(A0) = [ [0(A, ) + B(xa, diame, (UAL))].

AEN;
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Step 3°: For each (Ay,Az) € L, we define
(A1, A2 0) = 01(A1,€) N [02(A2€0) + Blxa,, xa,)]-
Step 4°: For each A € T, we define

G/(A>€+]) = 6(A1)A2>€)-

Step 5°: For each x € E, we define

o(x, 0+ 1) = olx,0) N (] (A L+]1).

AeT
ADx

This completes the induction defining the convex symmetric sets o(x,{) (x € E, £ > 0).

Property 4 is now obvious from inspection of Step 5°, and also of Step 5 from Section 10.

Now we will give the induction on { proving Properties 1 and 3.

For £ = 0, we denote ad-hoc,

Mx,0,M) ={P € P:|P(x) — f(x)] < Mo(x)}and o(x,0) ={P € P: |P(x)] < o(x)}.
Then,

(1) T(x,0,M)=T(x,0,M)NMB(x,1) and o(x,0) = &(x,0) N B(x, 1).

Property 1 is obvious for { = 0. It is also straightforward to verify that &(x,0) is Whitney
t-convex at x with Whitney constant 1. Using (1) and Lemma 2 from the preceding section,
we conclude that o(x,0) is Whitney t-convex at x with Whitney constant C. Thus Property
3 holds for £ = 0.

For the induction step, fix £ > 0, and suppose Properties 1 and 3 hold for £. We will prove
those properties for £ + 1. We begin with Property 1. It is elementary to see that for any

sets Aq, ..., Ax, By, ..., B in a vector space V we have

k k k
() (A« (B € [) (A + By).
i1 i1 i1

Since Property 1 holds for £, inspection of (x) and of Steps 1 and 1° in the definitions of I} &
shows that we have an obvious analogue of Property 1 for the blob I'(A,{£) and the convex
set 0(A,1L).
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Similarly, inspection of () and Steps 2 and 2° shows that the obvious analogue of Property
1 holds for Fi(/\i,f) and Gi(/\i) E)

Then, inspecting Steps 3 and 3°, followed by inspecting Steps 4 and 4° and finally Steps 5
and 5°, yields that the obvious analogues of Property 1 hold for [(A;, Az, £) and 6(Aq, A, {),
and then for I"(A, £+ 1) and o’(A,{+ 1), and finally for the blob I'(x,{+ 1) and the convex
set o(x, L+ 1).

This completes the inductive step, and establishes Property 1.

For the inductive step in the proof of Property 3, we bring in Lemma 3 from the preceding
section. (We call it “the t-convexity lemma” here.) Since o(x,{) is Whitney t-convex at x
with Whitney constant C,, the t-convexity lemma shows that o(x,{) + B(x, diamy (A)) is
Whitney t-convex at any y € A, with Whitney constant C,, whenever x € A.

Taking the intersection over all x € A and comparing with Step 1°, we see that o(A,{) is
Whitney t-convex at each y € A, with Whitney constant C,.

So, another application of the t-convexity lemma shows that o(A,{)+B(xa, diamy (UA}))
is Whitney t-convex at any y € UA;, with Whitney constant C,, whenever (Aq,A;) € L,
i=1or 2, and A € A;. Taking the intersection over all A € A;, and comparing with Step

2°, we see that
(2) 0i(A4, £) is Whitney t-convex at each y € UA;, with Whitney constant C,.

Again, using the t-convexity lemma, as well as the fact that UA; and UA, are s-separated
with s = 1/2, we learn from (2) that

(3) 02(A2,8) + B(xa,, xa,) is Whitney t-convex at each point of UA;, with Whitney
constant C,, whenever (A7, A;) € L.

Since 02(A2,0) + B(xa,, %A, ) and 02(A2, £) + B(xa,, XA, ) are C-equivalent with C depending

only on m and n, it follows from (3) that

(4) 02(A2,8) + B(xna,,xn,) is Whitney t-convex at each point of UA;, with Whitney
constant C,, whenever (A7, A;) € L.
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(See the observation immediately after Lemma 2 in the preceding section.)

Comparing (2) and (4) with Step 3°, we see that

(5) 0(A1, A2, L) is Whitney t-convex at each point of UA;, with Whitney constant C,
whenever (A7,A,) € L.

Thanks to (5) and our induction hypothesis (Whitney t-convexity of o(x,{)), we learn
by inspection of Steps 4° and 5° that o(x,£ + 1) is Whitney t-convex at x, with Whitney

constant Cy 1, for each x € E.
This completes the inductive step in the proof of Property 3.

We have established Properties 0 ..., 4.

§14 On Sets of Multi-indices

We introduce and recall some notation, to be used for the rest of this paper. For multi-
indices «, 3, we denote by 8, the Kronecker delta, equal to 1 if « = 3, and O otherwise. We
write M for the set of all multi-indices & = (y,..., xn) of order || = o1 ++ - -+ ¢, < m—1.

We define an order relation on M, as follows.

Let o = (0¢1,...,,) and B = (B1,..., Pn) be distinct elements of M. Then we cannot
have ;7 + -+ ox =PB1+ -+ P forall k =1,...,n. Let k be the largest k for which
o+ +ax # P14 - -+Pk. Then we say that « < {3 if and only if oty +- - -+ < P14+ - -+ Pk

It is easy to check that < is a linear order relation.

We also define an order relation between subsets of M. Let A, B be two distinct subsets of
M, and let & denote the least element of the symmetric difference (A~ B) U (B A), with
respect to our order relation on M. Then we say that A < B if and only if « belongs to A.
Again, one checks easily that this defines a linear order relation. Note that M is minimal,

and the empty set () is maximal under this order. Note also that A C B implies B < A.
For A C M, we define
LA) =1 +4 - #HA e M: A < A},

where #S denotes the number of elements in the set S. Also, we set
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Thus, 1 < {(A) < L, for each A C M. Clearly, {, is a constant depending only on m and mn.
We will make use of the following elementary result from [13].

Lemma 1: Let A C M and let ¢ : A — M be a map with the following properties:

(1) () <« for all x € A; and
(2)  For each a € A, either (a) = & or d(a) & A.

Then ¢(A) < A, with equality if and only if & is the identity map.

§15 Finding Neighbors

In this section, we write ¢, C, C’, etc. to denote constants depending only on m and n.
Unfortunately, in this section A will denote a subset of M, while A(x, {) and A# will denote
ALPs in P.

Suppose we are given Py € P, A C M, x € E. We want to compute a polynomial P € P
with the following property.

(I) Let P’ € P and M > 0 be given. Suppose P’ and M satisfy:

() OP(P'—Ppy)(x) =0 for all B € A; and
(b)Y P eT(x,{(A)—1,M).

Then P and M satisfy:

(a) 0P(P —Py)(x) =0 for all B € A; and
(b)  PeT(x,{A)—1,CM).

(Recall that C depends only on m and n.)

We will give an algorithm, called Find-Neighbor(Py, A, x), that returns such a polynomial P,
with work and storage at most C'. We assume that we have already performed the one-time
work of finding an ALP A(x,£(A)— 1) in P, such that
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(1) The blobs T'(x, £(A) — 1) and X(A(x, £(A) — 1)) are C-equivalent.

See Section 10 for the computation of the A(x, £). Recall in particular from that section, that
length (A(x,{(A)—1)) < D+1, where D = dim P. Thanks to (1), we can replace I'(x, £(A) —
1,M) and I'(x,£(A) —1,CM) in (I) by Km(A(x,£(A) — 1)) and Kem(A(x,L(A) — 1)), re-
spectively, without affecting the validity of (I). In dealing with (I), we will assume this

substitution has been made.

We have already computed A(x, £(A) —1). Thus,
(2) ‘A(Xa Q(A) - ]) = [()\1) cee )}\LL (bla cee )bL)v (G1> ) O-L)a M*L

with known Ag, by, 0¢, M., and with L < D + 1. Here, the A; are (real) linear functionals on
P. Recall that P" € Ky (A(x, £(A) — 1)) is equivalent to the assertions

Ae(P)) —byl < Mogfor£=1,...,L;and M > M,.

The condition P € Kcem(A(x,L(A) — 1)) may be similarly expressed in terms of the

Ag, by, 0¢, M. Hence, our desired property (I) is equivalent to the following:

(I)  Let P € P and M > 0 be given. Suppose P’ and M satisfy:

(3) 0B(P" —Py)(x) =0 for B € A;
(4) A(P)—by] < Mogforl=1,...,L; and
(5) M > M,.

Then P and M satisty:

(3")  OP(P—Py)(x) =0 for B € A;
(4)  [A(P)—Dbg < CMogfor{=1,...,L; and
5y CM > M..

In view of (3),...,(5), it is natural to define an auxiliary blob X# = (K#,l);vbo in P, by
setting

(6)  K#, = {P' € P :Conditions (3) and (4) hold } for M > M,, and
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(7) K&, =0for M < M,.

We can then rewrite condition (II) in terms of the blob X#. In fact, (II) asserts that,
whenever P’ € K#A, we must have P € KﬁM. That is, (II) asserts that P is a C-original vector
for the blob K#.

On the other hand, a glance at (3), (4) and (6), (7) shows that K# has the form JK(A%)
for an obvious ALP A%,

The ALP A¥ may be easily read off from known data (Po,.A,x, and the Ag, b, o¢, M,).
Note also that length (A#) = #(A)+L < C.

Thus, the task of finding P € P satisfying (I) amounts to finding a C-original vector for
the blob K(A#) arising from a known ALP A* of length < C. This task may be performed
with work and storage at most C’, by using Algorithm ALP3 from Section 5.

This completes our discussion of the algorithm Find-Neighbor (Py, A, x).

§16 Neighbors Depending Linearly on Parameters

The polynomial P returned by the algorithm Find-Neighbor (Py, A, x) from the preceding
section depends not only on Py, A, x, but also on E, o, and f. In this section, we investigate

the linear dependence of P on Py and f, with the remaining inputs held fixed.
Again, we write ¢, C, C’, etc. to denote constants depending only on m and n.

We suppose we are given a map f ExRN & R, such that & — F(x, &) is a depth k linear
functional on RN, for each fixed x € E. For fixed & ¢ RN, we write fg to denote the function

x — f(x, &) on E. We suppose that N satisfies (2) from Section 6.

It is convenient to introduce the following definition. Let P: RN — P be a linear map.
We say that P has “depth k” if for each linear functional A : P — R, the functional A o P on
RN has depth k. We call such a Pa “depth k parametrized polynomial”. Note that a depth
k parametrized polynomial takes up storage at most C(k + 1).

Recall from Section 11 that we have constructed PALPs A(x,{) for x € E, 0 < { < (,.
The PALPs A(x, {) depend on f. We assume here that the PALPs A(x, £) have already been

computed.
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Our goal here is to exhibit an algorithm

(0) Find-Parametrized-Neighbor (ﬁo,A, x) with the following properties.

(1) The inputs of algorithm (0) are a depth-k parametrized polynomial 130, a subset
A C M and a point x € E.

(2)  The output of algorithm (0) is a depth-Ck parametrized polynomial P.

(3)  Let P be the parametrized polynomial returned by algorithm (0) for inputs Po, A, x.
Let & € RN be given. Set Py = ﬁo(é), P = ﬁ(i), and f = fg. Then P is the polynomial
returned by the algorithm Find-Neighbor (Py, A, x) with initial data E, o, f.

(4)  The algorithm (0) uses the PALP A(x, £(A) — 1) arising from f. Once A(x, L(A)—1)

is known, the algorithm (0) uses work and storage at most C(k + 1).

Thanks to (3), the algorithm Find-Parametrized-Neighbor captures the &-dependence of the
output of Find-Neighbor, when the inputs Py and f depend linearly (with depth k) on a
parameter & € RN,

To exhibit the algorithm (0), we just carry over our previous algorithm Find-Neighbor into
the setting of PALPs. Where we used the ALP A(x,{(A) — 1) in the preceding section, we
now use the PALP A(x,{(A) — 1). For & € RN, consider the ALP A(x,£(A) — 1) that is
constructed from E, o, f when f = fz. Recall from Section 11 that this ALP is denoted by
Ae(x, L(A)—1). Recall from (2), of Section 11 that A(x,{(A)—1) agrees with Ag(x, £(A)—1)
at &, for any & € R™

Whereas A(x,L(A) —1) = [(Aq,..., A1), (by,...,b1), (0o1,...,0L), M,], we now have

A(X,Q(A) _]) = [(Ah-'-)AL)) (h])'-'ahL)v (glv'-'agL)]-

The Ay and A, are linear functionals on P, and the o, and o, are non-negative numbers.
The by are real numbers, whereas the b, are depth-Ck linear functionals on RN. Note that
A(x,£(A) — 1) contains no “threshold” analogous to M,

Where we used the A, by, 0¢, M, to define the ALP A# in the preceding section, we now
use the A, by, 0, to define an analogous PALP A#, whose detailed construction we leave to

the reader.

Where we applied Algorithm ALP3 to the ALP A# in the preceding section, we now apply
Algorithm PALP3 to obtain the depth C'k parametrized polynomial P. (See Section 6.)
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Thus, we have exhibited the algorithm (0). The verification of properties (1),...,(4) is
routine. In particular, property (3) follows easily, once we recall the defining property of
Algorithm PALP3, together with (2), from Section 11.
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Chapter III - Lengthscales and Calderon-Zygmund
decompositions

§17 Picking Constants

In the sequel, we will make use of two large constants, Ao, px > 1, that depend solely on
m and n. The constant py will be an integer, and we will choose Ay to be an integer power

of two.

These constants, Ay and p, will not be specified right now; instead, throughout the
manuscript, we will stipulate some lower bounds on Ap, px. These lower bounds are always
by constants depending only on m and n. These bounds will appear later in the text,
specifically in (23), (31) and (41) in Section 31, in (9), (15), (25) and (34) in Section 32
and in (9), (14), (19), (25), (71) and (81) from Section 33. (In the Appendix, we specify
additional, similar lower bounds for Ay and p4.) For concreteness, we set Ay and p4 to be

the minimal integer powers of two that satisfy the aforementioned lower bounds.

For () # A C M we write A to denote the successor of A in our order relation on sets of
multi-indices, that was defined in Section 14. Similarly, for A C M, we write A~ to denote
the predecessor of A in our order relation. (Recall that () is maximal and M is minimal with

respect to our order.) Next, we will define for each A C M a constant A;(A) as follows:
(1) A1(0) = Af*, and Aq(A) = (AZA(AT))"* for A C M, A # 0.
Once the constants A1(A) are defined for all A C M, we set
(2) Az = (AoAq(M))P#.
Note that Ag, Aj(A) (A C M) and A, are all integer powers of two.
Finally, we will define constants A3(A), for A C M, as follows:
(3) A3(M) = AZA; (M), and A3(A) = AgAT'A3(A ") for A C M, A # M.

The constants Az(A) will be used only much later, in Section 29 and Section 33. This

finishes the specifications of all constants we need in the sequel.
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§18 The Basic Lengthscales

Fix A C M, and let A;(A) be the constant from the preceding section. We recall the
integer £(A) =1+4 - #A T M : A’ < A}, satisfying 1 < £(A) < £,. Also, from Section
10, we recall the convex symmetric set o(x,{) C P and the homogeneous ALPs A°(x, {) in
P, defined for x € E, £ > 0. From (11) in that section, we have

(1) ceo(A%(x,0)) C o(x,€) C Ceo(A°(x,L)) for all x € E, £ >0,

with cg, C; depending only on £, m,n. Recall that A°(x, £) has the following form, since it is

a homogeneous ALP:
(2) AO(X)Q) - [()\]) o )AL)a (O> .. 'vo)v (O—]) L) O—L))O]'

Here, each A; is a linear functional on P, and each o is a non-negative real number. The A;

and o, and the length L, may all depend on x and {. By definition, we have
(3)  o(A%x,0)) ={PeP: A(P)] < oyfori=1,...,1}
with A°(x, £) given by (2). Recall that L = length A°x,£) < D + 1, where D = dim .

In Section 10, we saw that the homogeneous ALPs A°(x, ) (for all x € E, 0 < € < (,)
can be computed with work CN log N and storage CN, with C depending only on m,n.
We assume here that these homogeneous ALPs have been computed as part of the one-time

work.

The goal of this section is to compute, for each x € E, a lengthscale 8(x, A) € [0, oo], with

the following properties:

(OK1) Let & be given, with 0 < 6 < 8(x,A). Then there exist Py € P, indexed by o € A,
such that:
(a)  0PP4(x) = dpq for B, x € A;
(b)  [9FP4(x)] < CA(A)S*Bl for x € A, B € M, B > «; and
() §™IP, € CA(A) - alx,LA)) for a € A.

(OK2) Let 6 > 0 be given, and suppose there exist P, € P, indexed by « € A, such that:
(a)  0PP4(x) = dpq for B, x € A;



61
(b)  [0PP4(x)] < cA(A)SIBl for € A, B € M, B > «; and
(c) ™ ¥P, € cAi(A) - o(x,L(A)) for & € A.
Then 0 < 6 < 8(x,A).

In (OK1), (OK2), and for the rest of this section, ¢ and C denote constants depending only

on m and n.

We will compute all the 6(x,A) (x € E,A C M) with work and storage at most CN
(once we know the A°(x, {(A))). We begin by applying (1), (2), (3) with £ = £(A). Since
0 < {(A) < L, the constants ¢, and C; in (1) may be taken to depend only on m and n,
once we set { = {(A). Hence (1) shows that o(x, {(A)) may be replaced by o(A°x,£(A))) in
(OK1) and (OK2) without affecting their validity. Applying (3), with { = £(A), we see that
our desired properties (OK1) and (OK2) are equivalent to the following.

(OK1’) Let & be given, with 0 < & < 8(x,A). Then there exist P, € P, indexed by « € A,
such that
[0PP(x) — 8pal < Ofor B,x € A;

9BP,(x)] < CA;(A) 8Bl for x e A, B €M, B > «;
Ae(Po)| < CAq(A)oy - dld=m for x € A, 1<I<L.
(OK2') Let & > 0 be given, and suppose there exist P, € P, indexed by « € A, such that
[0PP(x) — 8pal < O for B,x € A;
0FP(x)] < cA1(A)S Bl for x € A, B € M, B > «;
Ae(Po)l < cAq(A)og - 8 ¥ ™ for x e A,1 < € <L.
Then 0 < 6 < d8(x,A).

We already know the A; and o, and we have L < D + 1. Also, on the right-hand sides of
(OK1’) and (OK2'), the powers of & all involve exponents between —m and 0. Consequently,
the task of finding 6(x, A) with properties (OK1’) and (OK2') is a special case of the problem
solved in Section 8. Applying Lemma 1 from that section, we see that a single d(x, A) with

properties (OK1’) and (OK2') may be computed using work and storage at most C. Hence,

we obtain the following result.
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Lemma 1: Let x € E, A C M, and A:(A) be given. Assuming we already know the
homogeneous ALP A°(x,L(A)), we can compute a number §(x, A) € [0, oo, satisfying (OK1)
and (OK2). The computation takes work and storage less than a constant C depending only

on m and n.

The lengthscales 8(x,.A) provided by Lemma 1 belong to [0, c0], and conclusion (OK1)
applies to 0 < & < 8(x,A). However, if d(x,A) € (0,00), then (OK1) applies also to
b = 8(x,A). To see this, we simply apply (OK1) for & = %5()(,./4).

From now on, we assume that the lengthscales 6(x,.A) have already been computed and
stored, as part of the one-time work. The total work and storage required for the computation
are at most CN, given that we have precomputed the ALPs A°(x, {(A)).

§19 Dyadic Cubes: Notation

A “dyadic cube” in R™ is a Cartesian product Q = Iy x --- x I, C R"™, where each I has
the form [2°t,2°%(t 4+ 1)) for integers s,t, and where the I; all have the same length.

To “bisect” a dyadic cube Q C R™ is to partition it into 2™ congruent subcubes in the
obvious way. For each dyadic cube Q, there is a unique dyadic cube Q" such that Q is
among the cubes obtained by bisecting Q*. We call Q" the dyadic “parent” of Q.

Let Q = 1; x--- x I, C R™ be a dyadic cube, with each I; written in the form

[a; — %,a]- + %). Then we write g = sidelength (Q) for h; and, for r > 1, we write

n

rQ to denote H [a; —r%, aj+ %‘) C R™, the enlargement of Q by factor r. There is a slight
=1

inconsistency problem with this notation; recall that for r > 0 and QO C P we have used the

notation rQQ = {rP : P € Q}. As a rule, whenever writing rQQ we mean {rP : P € Q}, unless
QO = Q is a dyadic cube. When Q is a dyadic cube, 1Q stands for the enlargement of Q by

factor r, as defined above.
We write Q* to denote 5Q, Q** to denote 25Q and Q*** to denote 125Q.

There is a constant cg > 0 (say, cg = 1/32), with the following property:

(0) Let Q, Q' be dyadic cubes, with (1+2cg)Q N (14 2¢cg) Q' # 0.
Then:
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(a) If 0 < %SQ, then (Q')* C Q¥
(b) If 8 < 28q, then Q' C Q*; and
(c) If 38q < g < 284, then the closures of Q and Q’ contain a point in common.

For the rest of this paper, cg denotes the above constant even if ¢, C, C’ etc. denote constants

that may change from one occurrence to the next. We take cg to be a power of 2.

§20 Calderén-Zygmund Cubes: Definitions

Recall that for x € E and A € M, we have defined a “lengthscale” 6(x,A) € [0, co].
Here, we will use the 6(x,.A), and the constant A,, to partition R™ into “Calderén-Zygmund
cubes”. The constant A, was defined in Section 17. The only property of A, that will be

used in this section is that
(0)  Az>11isapower of 2.

We write D(A;) to denote the collection of all dyadic cubes Q such that 5o < A;"'. Note
that, if Q € D(A3), then either Q* € D(A,) or 5o = A"

In the next few sections, except for Lemma 5 in Section 21 below, we make no use of the

properties of the 6(x,.A). We may regard them simply as arbitrary given numbers in [0, co].
Let Q € D(A3) (i.e., let Q be a dyadic cube of sidelength < A;"), and let A C M be given.

We say that Q is “OK(A)” if we have
(1)  Axdg <d(x,A) for all x € Q*NE.
Also, for Q € D(A;) and A C M, we say that Q is “almost OK(A)” if we have either

(2)  #(ENQY) < T,or
(3) Q is OK(A') for some A’ < A.

Note that Q can be OK(A) or almost OK(A), only if 8q < A;l. Also, note that every
almost OK(A) cube Q is contained in some maximal almost OK(A) cube Q’. (This follows
from the observation that there are only finitely many Q" € D(A;) containing Q.)
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Finally, for Q € D(A;) and A C M, we say that Q € CZ(A) (Q is a “Calderén-Zygmund”
or “CZ” cube) if the following hold:

(4) Q is almost OK(A); but
(5)  No cube Q" € D(A;) that properly contains Q is almost OK(A).

Again note that Q cannot be a CZ cube unless dq < Ag‘.

§21 Calderén-Zygmund Cubes: Basic Properties

In this section, we give the basic properties of the CZ cubes defined in the preceding
section. We write ¢, C, C’, etc., to denote constants depending only on the dimension n. We

recall the constant cg from Section 19.

Lemma 1: For each A C M, the collection CZ(A) forms a locally finite partition of R™

into dyadic cubes.

Proof: Fix A C M, and recall that any two dyadic cubes Q, Q' satisfy either Q C Q’,
Q' C Q,or QN Q' = 0. Immediately from the definition, we see that one cube from CZ(A)
cannot be properly contained in another cube from CZ(A). Consequently, the cubes in

CZ(A) are pairwise disjoint.

On the other hand, any sufficiently small dyadic cube Q C R™ is almost OK(A), since
Q € D(A3) and #(EN Q*) < 1. Such a cube Q must therefore be contained in a maximal
almost OK(A)-cube Q’. The cube Q' belongs to CZ(A). It follows that CZ(A) forms a
covering of R™, and that the sidelengths of the cubes in CZ(A) are bounded from below.

The proof of the lemma is complete. [ |

Lemma 2 (“Good Geometry”): IfQ,Q’ € CZ(A), with (1+2cg)QN(1+2cs)Q" #0,
then 160 < 8q < 28q.

Proof: Suppose not. Without loss of generality, we may suppose g < d¢. Since dg and

dq are powers of 2, it follows that

Since Q" € CZ(A) C D(A;), it follows from (1) that
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(2) QT e D(A,), and
(3) 5Q+ S %5Ql.

We have also (14 2¢cg)Q N (14 2cg)Q’ D (1+2¢c5)Q N (14 2cg)Q’ # 0. Together with
(3), this yields

(4)  (Q7) c (Q),

thanks to the defining property of cg (see (0)(a) in Section 19). Now, Q' is almost OK(A),
since it belongs to CZ(A). Hence, either

(5)  #ENQ)) <1,

or there exists A" < A such that

(6) Ay <d(x,A) forall x € (Q)*NE.
It follows from (3) and (4), that (5) implies
(1) #ENQT) < T

and (6) implies

(8)  Azdgr <d(x,A) forall x € (Q)*NE.

Hence, QV satisfies either (7) or (8) (with A" < A). That is, Q" is almost OK(A), thanks
also to (2).

On the other hand, (2) shows that Q" is a cube in D(A,) properly containing Q. Since
Q € CZ(A), the definition of CZ(A) shows that QT cannot be almost OK(A).

This contradiction completes the proof of Lemma 2. [ |

Corollary: Fiz A C M. Then any given x € R™ can belong to at most C of the cubes
(1+c¢g)Q for Q e CZ(A).

Proof: Let Q be the cube in CZ(A) that contains x. If Q € CZ(A) and x € (1 + ¢¢)Q,

then by Lemma 2, we have
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(9)

52 < 5Q < Zég and x € (1+¢g)Q.

NI—

There are at most C dyadic cubes Q satisfying (9). [ |

Lemma 3: The cover CZ(A’) refines the cover CZ(A) if A’ < A. That is, whenever
Q' € CZ(A") and Q € CZ(A) with Q' N Q # 0, we have Q' C Q.

Proof: Let A, A’,Q,Q’ be as in the hypotheses of Lemma 3. Then Q’ is almost OK(A'),
which implies trivially that Q’ is almost OK(A). Hence, Q’ is contained in a maximal
almost OK(A)-cube Q”. By definition, we have Q” € CZ(A). Also, Q € CZ(A), and
Q"NQ 2 Q' NQ # 0. Therefore, Q = Q”, by Lemma 1. Thus, Q' € Q” = Q, proving
Lemma 3. [ |

Lemma 4: Let Q € CZ(A). Then either 5 = A" or Q** N E # .

Proof: Suppose g # A, ' and Q*NE = (). We have Q € CZ(A) C D(A;), and 5q # A5
Hence, Q* € D(A,). Also, (Q")*NE C Q* NE = (. Hence, by definition, Q™ is almost
OK(A). On the other hand, Q* € D(A;) and Q" properly contains Q. Since Q € CZ(A), it
follows from the definition of CZ(A) that QT cannot be almost OK(A). This contradiction

completes the proof of Lemma 4. [ |
Lemma 5: CZ(()) consists of all dyadic cubes of sidelength AS".

Proof: Let x € E. By Property (OK2) in Section 18, we have §(x, ) = oo, because the
hypotheses (a), (b), (¢) of (OK2) hold vacuously for A = {).

It follows that every dyadic cube Q € D(A;) is OK(()), and hence almost OK(()). Conse-
quently, the cubes of CZ(()) are precisely the maximal cubes in D(A;). These are precisely
the dyadic cubes of sidelength AZ’], since A is a power of 2. |

Lemma 6: Let Q € CZ(A) and Q" € CZ(A"), with A’ < A.

If (T+¢cg) Q' NQ*™ # 0, then dg < Cdq, where C depends only on n.

Proof: If not, then for a large enough constant C depending only on n, we have
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(10) 6Q/ > CéQ

Since (14 ¢g)Q’ N Q** # (), it follows that Q C (14 2cg)Q’. Also, since Q' € CZ(A’) with
A’ < A, there exists Q € CZ(A) with Q' C Q. (See Lemma 3.) We have Q,Q € CZ(A),
with

(14 2c6)QN (1 4+ 2c6) Q2 (1 +2c6)Q'NQ = Q # 0.
Consequently, Lemma 2 yields

(11) 38q < 8y < 28q.
On the other hand, (10) gives 85 > 8¢ > Cdq, contradicting (11). [ |
Lemma 7: Let Q € CZ(A) and Q' € CZ(A'), with A’ < A and (14+¢cg)QN(1+cg)Q’ # 0.
Then Q" C Q*.

Proof: By Lemma 3, there exists Q € CZ(A) with Q' ¢ Q. We have Q,Q € CZ(A), and
(1+c¢g)QN(14+¢cg)Q # (). Hence Lemma 2 gives %5Q < 85 < 28q, and consequently
dq < 28q. Since also (14+¢g)Q N (14 ¢g)Q" # 0, it follows from (0)(b) of Section 19 that
Q' c Q~ [ |

Lemma 8: Let Qo € CZ(Ao) and Q € CZ(fl), with A < Ao. Suppose that 6 = A" and
(1+¢6)QoN (1T+cg)Q # 0.

Then there exists Q € CZ(A), such that Q C Qo and (1 +¢g)QN (1 +¢g)Q # ().

Proof: Lemma 3 shows that Q € CZ(Ao), since dp = Af is already the largest possible
sidelength for any cube in CZ(Ap). Consequently, Lemma 2 gives %SQO < by < 20q,, and
therefore the closures of Qo and Q contain a point in common. (See (0)(c) in Section 19.) Tt
follows that there exists a point xo € QoM (1 —I—CG)Q. Let Q be the cube in CZ(A) containing
xo. Then Q C Qo by Lemma 3, and xo € (1 +¢g)Q N (1+¢g)0. [ |
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§22 Calderén-Zygmund Cubes: Sidelengths |

In this section, we prove a few lemmas on the sidelengths of the Calderéon-Zygmund cubes.
In a later section, these lemmas will be used to give an efficient computation of the CZ cube

containing a given point.

We write ¢, C, C’ here, to denote constants depending only on the dimension n. We recall

the constant cg from Section 19.

We use the following definitions.

e For x € R™, let dnpr(x) = inf{r > 0: At least two distinct elements of E lie within
distance 1 of x}.

e For x € R™ and A C M, let d(x, A) = eig{max(yx—yy,Aglé(y,A))}.
Y

e For x e R and A C M, let 67 (x, A) = max{Snpr(X), %gﬁé(x,ﬂ’)}.
e For x € R* and A C M, let dcz(x,A) = 8q for the cube Q € CZ(A) that

contains x.

The quantity 5(x,.A) is related to the definition of OK(A), while §#(x,A) is more con-
nected with the definition of almost OK(A). Our goal here is to compute the order of
magnitude of dcz(x,A).

Lemma 1: Forx € R™ and A C M, we have

cminf{A;", 8% (x, A)} < dcz(x,A) < C minfA;", §%(x, A)}.
Proof: First we show that
(1) dcz(x,A) < C min{A;", 8% (x,A)}.

Let Q € CZ(A) with x € Q. We must show that dq < Cmin{Af,é#(x,A)}. Since
Q € CZ(A) € D(A,), we know that 8o < A;'. Hence, to prove (1), it is enough to show
that

(2) 8o < C%(x,A).

We know that Q is almost OK(A). Hence, either
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(3)  #(ENQ") =1,
or else, for some A" < A, we have
(4)  A;'8(y,A’) > dqg forally € ENQ*.

Recall that x € Q. If (3) holds, then by definition of dnpr(x), we have dnpr(x) > cdq, which
implies (2), by the definition of ¥ (x,.A).

On the other hand, suppose (4) holds for some given A’ < A.
For y € EN Q*, we have max{|x—y!,A£]6(y,A’)} > dq by (4).
For y € E . Q*, we have max{|x —y|, A5'8(y, A)} > |x —y| > cdq.

Hence, mig{max(!x —y!,Az’]é(y,A’))} > cdq, le, 5(x, A) > cdq with A < A. Conse-
ye

quently, (2) holds, by definition of % (x,.A).

We have shown that (2) holds in either of the two cases (3), (4). This completes the proof

of (1).

Next, we show that
(5)  Scz(x,A) >c - min{A;" 6% (x, A}

To see this, let w be a small positive constant to be picked later, and let Q be a dyadic

cube containing x, with
(6) %u - min{A;", §%(x,A)} < 8o < p - min{A;", §%(x, A)}.

(Note that 8% (x,A) # 0.) Under certain assumptions on w, to be specified below, we will
show that

(7)  Q is almost OK(A).
To prove (7), we require that

8) wpu<1.
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Then, note that (6) implies dq < A" hence Q € D(A;). Consequently, our desired result

(7) is equivalent to the following assertion:
(9)  #(EnQ7) <1,
or else, for some A" < A, we have
(10)  A5'8(y,A)) > 8qg forally € EN Q™.
From (6), we obtain 8q < wd#(x,.A). By definition of 8#(x,A), this means that either
(11)  dq < Hdnbr(x),
or else, for some A" < A, we have
(12) bqg < wd(x, A).

Under a suitable assumption on p, we will show that (11) implies (9), and that (12) implies
(10). Since we know that either (11) or (12) holds, this will tell us that either (9) or (10) is
satisfied, completing the proof of (7).

To see that (11) implies (9), we assume that
(13)  wu < c for a small enough constant ¢ depending only on the dimension n.

Assuming (11), we see that at most one point of E lies inside a ball of radius 0o/ centered at
x. By (13), and since x € Q, we conclude that #(E N Q*) < 1. Thus, under the assumption
(13), indeed (11) implies (9).

Next we check that (12) implies (10), under the assumption that p satisfies (13). In fact,
(12) tells us that

(14)  8g < p - max(jx —yl, A;' 8(y,A")) for any y € E.
In particular, for y € EN Q*, we have [x —y| < Cdq, and hence (14) implies that

6Q S maX(CuéQ) A21 6(y>‘A/)) S maX(% 6Q> A21 6(y>‘A/)) )
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which immediately yields (10). Thus, as claimed, (11) implies (9), and (12) implies (10).
This completes the proof of (7), under the assumptions (8) and (13) on p.

We now take p to be a constant, depending only on n, and small enough to satisfy (8)
and (13). Then (7) holds. Consequently, Q is contained in a maximal almost OK(A)-cube
Q’. By definition, Q" € CZ(A), and therefore 0q < dgy = dcz(x,A). Together with (6),
this yields

(15)  Scz(x,A) = 1 - minfA;", 5% (x, A)).

Since p now depends only on the dimension n, (15) is equivalent to the desired estimate (5).

The proof of (5) is complete.
Lemma 1 is now proven, since its conclusions are our known results (1) and (5). [

We will apply Lemma 1 for x € E. To find the order of magnitude of dcz(x,A) when

x ¢ E, we will use Lemmas 2,3,4 below.

Lemma 2: For a large enough Cq, depending only on the dimension n, the following holds.
Let x € R™ andy € E, with |x —y| < 2dist(x,E). Fix A C M. If
dcz(y, A) > Cilx —yl,
then
28¢cz(y, A) < Scz(x, A) < 28¢z(y,A).
Proof: Let Q,Q’ be the cubes in CZ(A) containing y, x, respectively. Then
dcz(x, A) = dg and dcz(y, A) = dg.

Our hypothesis gives dg > Cilx —yl, with y € Q. If we take C; large enough (depending
only on n), this implies that x € (14 ¢g)Q. Since also x € Q’, we have

(T+cg)Q N (1+cg)Q #0, with Q,Q" € CZ(A).
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Lemma 2 from the preceding section gives %SQ < gy < 20, which is the conclusion of

the present Lemma. [ |

Fix the constant C; from Lemma 2.

Lemma 3: Letx € R", y € E, with 0 < |x —y| < 2dist(x,E). Fir A C M. If
Scz(y, A) < 2Cylx —yl and [x —y| < A5,

then

(16) chx—yl < dcz(x,A) < Clx—yl.

Proof: Let 0 < p < 1/2 be a small constant depending only on n, and let Q be a dyadic
cube containing x, with sidelength pjx —y| < 84 < 2ux—yl. (Note that |x —y| # 0.)

As [x —y| < Af we have dg < Agl, ie., O € D(A). Also, no points of E lie inside a
ball of radius [x —y|/4 centered at x. Since 0y < 2pu/x —y| and x € Q, then Q*NE =0,
provided that p is a sufficiently small constant depending only on n. This shows that Q is
almost OK(A). Consequently, Q C @’ for a maximal almost OK(A)-cube Q’. By definition,
Q' € CZ(A), and also Q' D Q 3 x; hence, 5cz(x,A) = 8o > 8g > Wlx —yl, proving half of
(16). We establish the other half by contradiction. Thus, suppose

(17)  dcz(x,A) > C'lx —y|

for a large enough C’ (depending only on n).

Let Q,Q’ be the cubes in CZ(A) that contain y,x, respectively. Then dcz(x,A) = dq,
6cz(y,.A) = 6Q, and (17) giVQS

(18) dqg > C'lx —yl, with x € Q".

If C' is large enough, then (18) implies that y € (1 4+ cg)Q’. On the other hand, y € Q.

Hence,
(T+c6)Q N (1+cc) Q' #0, with Q,Q" € CZ(A).

Lemma 2 from the preceding section now gives %SQ < dq < 28q, and therefore,
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(19)  8cz(y,A) = 8q > 3C'x—l,
by (18). If C' is large enough, then (19) contradicts our hypothesis that
dcz(y,A) < 2Cqlx — y|. Hence, if we take C’ large enough, depending only on n (say,

C’ = 4C,), then (17) cannot hold. This proves the remaining half of (16), completing the
proof of Lemma 3. |

Lemma 4: Let x € R™, y € E, with [x —y| < 2dist(x, E). If [x —y| > A", then
cA;" < dez(x,A) < AT
Proof: The hypothesis immediately implies that dist(x,E) > %Az’]. Hence, there is a
dyadic cube Q containing x, with
(20) cAy!' < 8g < Ay and ENQ* = 0.

;From (20) we have Q € D(A;) and #(E N Q*) =0, hence Q is almost OK(A). Therefore
Q is contained in a maximal almost OK(A) cube Q’. By definition, we have Q" € CZ(A).
Since also Q" 2 Q 3 x, it follows that dcz(x,A) = dq > 8g > cA5', by (20). On the
other hand, since Q" € CZ(A) C D(A;), we have dcz(x, A) = o < A,

The proof of Lemma 4 is complete. |

Lemmas 2,3,4 reduce the computation of the order of magnitude of dcz(x, A) for x € R™\E
to the computation of an “approximate nearest neighbor” y € E, and the determination of

the order of magnitude of 6cz(y,A) for y € E.

§23 BBD Trees

In this section, we recall some of the results of Arya, Mount, Netanyahu, Silverman and
Wu from [1].

We work with a subset
(1) E C R™ with #(E) = N > 2.

We write ¢, C, C/, etc. to denote constants depending only on the dimension n, and we write
X = O(Y) to denote the inequality |X| < CY.
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Given E as in (1), and given x € R™, we can enumerate the points of E as xq,Xx2,...,Xn;,
in such a way that |[x —x7] < [x — %3] < -+ < |x —xn|. We then write dyi(x, E) to denote

Ix —x|. Thus, di(x, E) is the distance from x to its k™ nearest neighbor in the set E.
The following result is contained in [1].

Theorem BBD1: There exists an algorithm with the following properties:

e The initial input consists of the set E.

o After receiving the initial input E, the algorithm performs one-time work O(N log N)
using storage O(N).

e After the one-time work is done, the algorithm answers queries, with work O(log N)
per query.

o A query consists of a point x € R™

o The answer to a query x consists of two distinct points X1,Xx2 € E, with
Ix — %1 < 2d4(x, E) and |x — X2| < 2d,(x, E).

Here, we have stated merely what we need; the algorithm in [1] is more general and more
precise than Theorem BBDI1.

The proof of (the stronger version of) Theorem BBD1 in [1] is based on a data structure
called a “balanced box decomposition tree”, or “BBD tree”. We will need to use BBD trees

of a certain kind. Let us recall their definition.

A “dyadic cuboid” is a subset of R™, of the form
(2) 2% ([(11,01 +1) x - x [a,a; + 1) x [ag, ain + %) X X [an,an—i—%))

for integers k,1i, ay, ..., a;i; and integers or half-integers aiiq,...,an. (Here, 1 <i <n. If
i = n, then (2) means simply 2%([aj,a; +1) X --+ x [an, an + 1)), which is an arbitrary
dyadic cube.)

Dyadic cuboids have the following useful properties:

e Given dyadic cuboids Q, Q" C R™, we have either Q C Q’, Q' C Q,or QNQ’ = 0.
e Any dyadic cuboid Q may be partitioned into two congruent dyadic cuboids Q1, Qz;
if Q is given by (2), then we form Q; and Q; by bisecting [ai, a; + 1). We say that
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Q; and Q; arise by “bisecting” Q. This differs from our use of the word “bisecting”
for dyadic cubes.

Given E C R™ asin (1), a “BBD Tree” for E is a tree T with the following properties.

BBD1: Each node of T other than the root is either a dyadic cuboid, or otherwise a set of
the form Q ~ Q’, where Q' C Q, and Q, Q' are dyadic cuboids. The latter set is
called a “punctured dyadic cuboid”.

BBD2: Any node other than the root has either two children (“an internal node”), or zero
children (“a leaf”). An internal node is the disjoint union of its two children.

BBD3: The root of T is a disjoint union of at most 2™ dyadic cubes that contains the entire
set E. The root has at most 2™ children, that are all dyadic cubes. The root is the
disjoint union of its children.

BBD4: A node A € T is a leaf if and only if #(A NE) < 1. For any leaf A, we mark
whether A N E is empty or not.

BBDb5: Each node A € T is marked with a “representative” xa € E that satisfies xao € A
in case ANE # (.

BBD6: The tree has height O(log N), and the number of nodes is O(N).

BBD7: Let A € T be a node other than the root. Assume that A is an internal node. Then

the children of A arise as follows:

(I)  If Ais a dyadic cuboid Q, then either
e The children of A are the two dyadic cuboids Qq, Q> that arise by “bisecting” Q
(a “split”); or
e There exists a dyadic cuboid Q C Q, such that the children of A are (3 and
Q~ 6 (a “puncture”).
(Formally, it is possible to view a split as a puncture. We choose not to do so.
Whenever we say “a puncture”, we mean one which is not a split.)
(II)  If A is a punctured cuboid Q ~ Q’, then either
e The children of A are Q7 ~ Q" and Q;, where Q7 and Q; arise by “bisecting” Q,
and Q" C Q (a “split”); or
e There exists a dyadic cuboid (5, with Q' C 6 C Q, such that the children of A
are Q ~ Q and (3 ~ Q' (“enlarging the hole”).
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(Again, whenever we say that the children of A arise by “enlarging the hole”, we mean

in particular that they do not arise by a “split”.)

Note that it may happen that the entire set E is not contained in a single dyadic cube;
this is the reason why we allow the root to be a disjoint union of dyadic cubes. (To avoid

trivalities, the set E is assumed in [1] to be contained in a single large dyadic cube.)

The main result in [1], and the main step in the proof of Theorem BBDI, is as follows.

Theorem BBD2: There exists an algorithm that computes a BBD tree for a given E C R™
as in (1), with work O(NlogN) and storage O(N).

The differences between our definition of the BBD tree and the definition in [1] are minor

and non-essential. We will compute a BBD tree for E, as part of our one-time work.

Remark: Formally, any dyadic cuboid may be viewed as Q \ Q' where Q, Q' are non-
empty dyadic cuboids. We would like to emphasize that whenever we say that A C R™ is
a punctured dyadic cuboid, we mean in particular that A is not a dyadic cuboid. Thus, a

(non-empty) punctured dyadic cuboid is uniquely represented as Q \ Q' for dyadic cuboids
Q Q"

§24 Calderéon-Zygmund Cubes: Sidelengths Il

Our goal in this section is to give an algorithm to compute, for each A C M and x € E,
the order of magnitude of dcz(x,A). Recall that dcz(x, A) was defined in Section 22 as 8¢,
where Q is the cube in CZ(A) that contains x.

Note that in this section, we compute the order of magnitude of 6cz(x,.A) only for x € E.

In a later section, we will deal with general x € R™.

We assume here that the lengthscales 6(x,A) € [0, 00] have already been computed, for
allx e E, A C M.

We recall from Section 22 the definitions of &npr(x), d(x,A), 6% (x,A), dcz(x, A). We will
compute the orders of magnitude of these quantities, for all x € E, A C M.

We write C, C’, etc., here to denote constants depending only on m and mn.
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First of all, by applying Theorem BBD1 from Section 23, we can compute numbers 0,,,,.(X)

for all x € E, satisfying

énbr(x) < dnr(x) < énbr(x) for all x € E;

NI—

(1)

the computation of the 8, ,.(x) for all x € E uses work at most CN log N and storage at most
CN.

Next, we turn our attention to the numbers 5(x,.A) for x € E, A C M. We fix a Callahan-
Kosaraju decomposition (T, L), with parameter > = 1/2. (See Section 9 for the notation.)
Recall that it takes work at most CNlog N and storage at most CN to compute (T,L).

Recall also that, for each (A, A;) € L, we have computed and stored “representatives”

x’/\] € UA; and x’/’\z € UA,. Fix A € M. We perform the following computations.

Step 1: For each A” € T, we compute d"(A”) := m'}{l oy, A).
_— ye "

Step 2: For each (A, Az) € L, we compute d(Aq,Az) ;== min 8"(A”).

AEN,

Step 3: For each A’ € T, we compute &'(A’) := (AII/l\iI} N {max([x, — x4, I, Aglé(/\h A2))}
— 1,A2)€
Aqp3A!

Step 4. For each x € E, we compute d,,;,(x) := min & (A’).
- AleT
A’3x

The properties of the Callahan-Kosaraju decomposition guarantee that we can carry out
the above computations, with total work at most CNlog N, and storage at most CN. (See
(4), (5), (6) in Section 9.)

By inspection of Steps 1 and 2 above, we have

(2)  8(A4,Az) = min b8(y,A), for each (A, A7) € L.

YEUA,

We recall the definition

(3) 5(x, A) = mig{max(!x —yl,A;'8(y,A))} for any x € R™
ye
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The next lemma shows that the order of magnitude of 5(x,A) is known, for all x € E,

once we have computed the dnin(x) (x € E).

Lemma 1: For all x € E, we have

(4) 3 min{8uin(x), A7'8(x,A)} < 8(x,A) < 2min{dum(x), A;'8(x,A)).
Proof: By definition of &,,;,(x), we have

(5)  Omin(x) = &(A’) for an A’ € T with x € A"

Fix such an A’. By definition of &(A’), we have

(6)  O(A') = max{[x,y, —x,l, AS'8(A1,A)}, for some (A, Az) € L with A’ € Ay,
Fix such a (A4, /A;). Combining (2), (5), (6), we see that

(7)  Odmin(x) = max{|xy, —x,l, A;'8(g,A)}, for some § € UA,.

We have now x, Xy, € UA;j and y,x)y, € UA,, with (A1, A) € L. Since (T, L) is a Callahan-
Kosaraju decomposition with » = 1/2, it follows that [x,,, —x4,| > %!x —yl, and therefore
(7) yields

(8)  Sumin(x) > 3 max(lx —gl, A;'8(7,A)), with § € UA, C E.

Comparing (8) with (3), we see that

From (3) we also obtain (trivially)
(10)  A5'8(x,A) > d(x,A).

Estimates (9), (10) together imply the upper bound for 5(x,.A) in (4).

We turn our attention to the lower bound. Fix § € E to achieve the minimum in (3).
Thus,



79

(11)  8(x,A) = max{lx — gl,A;'8(y,A)}.

If § = x, then (11) gives d(x,A) = A;'5(x,A), in which case the lower bound for 5(x, A)
in (4) is obvious. Suppose instead that y # x. By the defining property of the Callahan-
Kosaraju decomposition, there exists (A1, A;) € L with x € UA; and §y € UA,. Fix such a
(A1, /A2), and fix also A/, A" € T, withx € A/, A’ € Ay, y € A”, A” € A, (Such A’; A’ exist,
since x € UAy and y € UA;,.) We have x,x),, € UA;, and y, X4, € UA,, with (Ay,A2) €
L. Another appeal to the defining properties of a Callahan-Kosaraju decomposition (with
» =1/2) yields

(12) I, — XA, < 2k —yl.

We inspect the algorithm for the computation of &, (x):

(13) By Step 4, dmin(x) < & (A’);

(14) By Step 3, &' (A’) < max([xy, —x4,1, A;16(/\1,/\2));
(15) By Step 2, 8(Aq,Az) < §"(A”); and

(16) By Step 1, 8"(A”) < 8(3,A).

(Here, we use the fact that x € A’, A’ € Ay, (A, A) € L, A" € Ay, andy € A”))

Combining (13),..., (16), we obtain dmiy(x) < max (X, — x|, A5'8(y, A)). Together
with (12), this implies that 8., (x) < 2max(|x —gl, A5'8(y,A)), and therefore (11) yields
%6min(x) < S(X)'A)

This immediately implies the lower bound for 8(x,.A) in (4). Thus, that lower bound holds

in all cases. The proof of Lemma 1 is complete. |

We now let A C M vary, and we write d.,in(%,A) in place of d,in(x). We can compute
all the &, (x, A) for x € E;, A € M with work at most CN log N and storage at most CN.

Lemma 1 tells us that
1. §
(17) zzs(x,A) < min{8pin(x, A), A5'8(x, A)} < 25(x,A).

for all x € E, A C M.

Recall that, for any x € E and A C M, we defined
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# — < /
(18) 8% (x,A) = max{Buer(x), 1max (x4}
Let us define

19) 5% (x,A) = max< 8,4 (x), max [min{dmin(x, A’), A5'5(x,A)}| ¢, for x € E, A C M.
nbr <A 2

For each given x, A, we can compute 87 (x, A) from the known quantities Orpr(X)s Omin(x, A'),
5(x,A’") (A’ < A), with work at most C. Hence, we may compute and store all the 57 (x,.A)
(x € E,A C M) with work and storage at most CN. Moreover, comparing (18) with (19),
and applying (1) and (17), we learn that

(20)  18%(x,A) < 8%(x,A) < 28%(x,A) for all x € E, A C M.
Finally, we set

(21)  dcz(x,A) = min{A;],é#(x,A)} forx e E, A C M.

Thus,

(22)  We can compute all the quantities (21) starting from the set E, and the lengthscales
d(x,A) (x € E, A C M), with work at most CNlog N, and storage at most CN.

Moreover, by comparing (20) and (21) with Lemma 1 from Section 22, we discover that
(23) by, A) < Bez(x,A) < Coeylx, A) for all x € E, A C M.

We record (21), (22), (23) as a lemma.
Lemma 2: With work at most CN log N and storage at most CN, we can compute numbers
Sdcz(x, A) (for allx € E, A C M), having the following property:

Let x € E and A C M be given, and let Q be the cube in CZ(A) that contains x. Then

CéCZ(XwA) S 6CZ(X>'A) S CéCZ(X)'A)'

Here, ¢ and C depend only on m and n.
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Thus, we have succeeded in computing the order of magnitude of the sidelengths of the

CZ cubes containing points of E.

§25 Recognizing a CZ Cube

The goal of this section is to give an efficient algorithm to recognize whether a given dyadic
cube Q belongs to CZ(A) for a given subset A C M. We use the BBD tree for the set E.
Let us keep the notation from the Section 23, except that in this section C, C’ etc. stand for

constants depending only on m and n.

We suppose that we have already precomputed the lengthscales 6(x,.A) € [0, oo, for all
x € Eand A C M. We are given the constant A,.

For any subsets A C M and Q C R™, we write d,i,(Q,A) to denote the minimum of
5(x,A) over allx e ENQ. (IfENQ = (@, then we set dyin(Q, A) = 00.)

Note that, if Q) is partitioned into Q;,..., Qg, then

(1) dmin(Q,A) = iEninS dmin (Q4, A).

Recall that the leaves of our BBD tree T are marked. In particular, for each leaf A, either
ENA = 0 or #(ENA) = 1. The leaf A is marked to show whether E N A is empty, and
to exhibit the (unique) element x4 € EN A, in case E N A is non-empty. Recall also that
each internal node A other than the root is the disjoint union of its two children A; and A,.
The root is the disjoint union of its children, and it has at most 2™ children. Consequently,

a trivial “bottom-up” recursive algorithm (using (1)) allows us to compute the quantities
(2) Omin(A, A) for all A C M, and also #(ENA),

for each node A of the BBD tree. The work used to carry out the trivial algorithm, and thus
to mark each node A € T with the information (2), is at most C - #{nodes of T} < C'N. We

assume from now on that the nodes of T are marked with the information (2).

We introduce the notion of the “hull” of a node A. If A is a cuboid Q, then we define hull
(A) = Q. Otherwise, A is a punctured cuboid Q ~ Q' and we define
hull (A) = Q.
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We will base our algorithms on the following elementary result.

Proposition 1: Let A € T be an internal node other than the root, let Q be a dyadic cuboid,
and suppose that Q C hull (A). Then the set {Aq, A3}, consisting of the children of A, may

be partitioned into three subsets Xin, Xout, Xnard, With the following properties:

All A’ € X, satisfy A’ C Q.
All A’ € Xoue satisfy AN Q = 0.
All A" € Xpara satisfy Q C hull (A”).

Xhard 8 empty or consists of a single node A”.

o
~—

A/(?/—\A
NSARC)

=

Proof: The node A is an internal node, and is nor the root neither a leaf. Therefore, A
is non-empty, and is either a dyadic cuboid or else a punctured dyadic cuboid. Let Q =
hull(A). We will define a set Q' as follows. If A is a cuboid, we set Q" = (). Otherwise, A is
a punctured cuboid and we define Q' so that A = Q ~ Q’. In both cases, A = Q \ Q’, and
Q’ is properly contained in Q = hull (A). We proceed by cases.

Case 1: Suppose A is split. Let Q; and Q> be the two dyadic cuboids obtained by “bisect-
ing” Q. Then Q’ is contained in either Qq or Q. Without loss of generality, say Q" C Qj.
Then the children of A are A; = Q; ~ Q" and A, = Q3. The hull of the cuboid A, is Q;.

Since Q C hull (A) = Q, we have either Q = Q, Q C Q,, or Q C Q.

o If Q = Q, then we take Xin = {A1, A2}, Xout = 0, Xpara = 0.
o If § C Q,, then we take Xin = 0, Xour = {A1}, Xhara = {A2).
e If O C Q; and hull(A;) = Q4, then we take Xin = 0, Xour = {A2}, Xpara = {A1}.

In each of the three sub-cases above, properties (a),. . .,(d) hold. We still need to handle the
case where Q C Q; but hull(A;) # Q7. In this case, necessarily A; = hull(A;) = Q;\ Q' is
actually a cuboid (see Figure 2). Therefore Q; = A;UQ’, a disjoint union of cuboids. Since
O C Q; then either 0 = Q1,0 CA;or Q C Q.

o If Q = Qq, then we take Xin = {A1}, Xou = {A2} and Xparg = 0.
o If Q C Ay, then we take Xin = 0, Xour = {A2} and Xnarg = {A1}.
e If Q C Q/, then we take Xin = 0, Xour = {A1, A2} and Xnarg = 0.
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In each of the three sub-cases above, properties (a),...,(d) hold. Thus the Proposition holds

in Case 1.

Qq Qy=A

Aq Q

QI

Figure 2

Case 2: Suppose A is punctured, or else its hole is enlarged. Then there is a dyadic cuboid
Q, such that Q' ¢ Q C Q, and the children of A are A1 = Q ~ Q, A, = Q < Q’. Since the
operation here is not a split, then hull(A;) = Q. Recall that Q ¢ Q = hull(A). We have

either Q€ Q,QNQ=0or Q CQ.

o If Q g Qa then we take Xin - {Az}, Xout - (Z), Xhard - {Al}
e If QN Q =0, then we take Xin = 0, Xowr = {A2}, Xnara = {A1}).
e If Q C Q and hull(A,) = Q, then we take Xin = 0, Xour = {A1}, Xnara = [A2).

In each of the three sub-cases above, properties (a),...,(d) hold. We still need to consider
the case where Q C Q and hull(A,) # Q (see Figure 3). In this case A; = hull(A;) = Q\ Q’
is a cuboid. Hence Q = A, U Q' is a disjoint union of cuboids. Since Q C Q then either

Q=Q,0cA,or Q.

o If Q = Q, then we take Xi, = {Az}, Xou = {A1} and Xparg = 0.
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o If Q C A,, then we take Xin = 0, Xour = {A1} and Xpara = {A2).
o If Q C Q/, then we take Xin = 0, Xour = {A1, A2} and Xnarg = 0.

In each of the three sub-cases above, properties (a),. . .,(d) hold. Thus, the Proposition holds

also in Case 2. We conclude that the Proposition is proven in all cases. |

Figure 3

Given an internal node A € T other than the root, and a dyadic cuboid Q C hull (A),
the computation of Xi,, Xout and Xparq as in Proposition 1 is straightforward, and requires no

more than C computer operations. We exploit Proposition 1 in the following algorithm.

Algorithm RCZ0: Given a node A € T other than the root and a dyadic cuboid Q C hull (A),

we compute the quantities

3)  #(ENQNA), and duin(Q N A, A) for all A C M.

Explanation: If A is a leaf, then ENA is empty or a singleton {x}; the marking of A indicates
which case occurs, as well as x5 (in case EN A # (). Hence, it is trivial to compute the

quantities (3) when A is a leaf.



85

Suppose A is an internal node that is not the root. Recall that A is the disjoint union of its

children. We partition the set of children of A into X;,, Xou: and Xyarg, as in Proposition 1.

Either Xparg is empty, or Xpaq = {A”} for a single node A”, with Q C hull (A").

If Xharg is empty, then Q N A is the disjoint union of the A’ in X;,. Consequently,

(4)  #ENQNA) = ) #(ENA'), and
A’eXin

(5)  Smm(QNAA) = min  8min(A’,A) for all A C M,

A’eXin

thanks to (1). The right-hand sides of (4), (5) may be trivially computed from our markings
(2) for the nodes A’ € X;,. Hence, (4) and (5) yield the desired information (3), in case Xnard
is empty.

If Xparg = {A”}, then Q NA is the disjoint union of Q NA” and all the A" in X;,. Consequently,

6)  #ENQNA)=#ENQNAM+ ) #(ENA), and

A’ E€Xin

(7)) Smm(QNA,A) = min {5mm(Q NA” A), min 6min(A’,A)} for all A C M.

A’GXin

As with (4) and (5), the right-hand sides of (6) and (7) may be computed easily from the

markings (2) for A’ € X;,, once we know the quantities
(8)  #(ENQNA"), and 8,(Q N A", A), for all A C M.

To compute the quantities (8), we apply Algorithm RCZ0 recursively, to the node A” and the
dyadic cuboid Q. Note that A” is a child of A, and that Q C hull (A”), since A” € Xparg.- (See
conclusion (c¢) of Proposition 1.) Thus, if the recursive call to Algorithm RCZ0 terminates,
then we obtain the quantities (8), and substitute them into (6) and (7) to obtain the desired
information (3). Apart from recursing, the amount of work we perform while inspecting the
node A and the cuboid Q is clearly bounded by C.

This completes our description of Algorithm RCZ0.

Note that Algorithm RCZ0 terminates, and takes work at most Clog N. To see this, suppose
we apply Algorithm RCZ0 to a given node A, different from the root, and a given cuboid
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Q. Then the algorithm recursively calls itself, with Ay replaced successively by Aq, Ao, ...
where A is a child of A, _; for each v. Since the tree T has height at most Clog N, it follows
that the algorithm terminates after at most Clog N recursive calls. This implies easily that
the work of Algorithm RCZ0 is at most Clog N, as claimed.

The next step is as follows.

Algorithm RCZ1: Given a dyadic cuboid Q, we compute

(9)  #(EN Q) and 8, (Q,A) = min@é(x,fl) for each A C M.

x€EN
Explanation: The root of the BBD tree T is a disjoint union of dyadic cuboids A', ..., At with
L < 2™ The set E is contained in A'U...UAF. For eachi=1,...,L, we will compute

(10) #(ENQNAY and 8,,,(Q N AL A) for each A C M.

The cubes A' are disjoint and their union contains E. Hence, once the quantities in (10)
are obtained, the computation of the information in (9) is obvious. For each i = 1,...,L,
either At C Q, Q NA'= 0, or Q C A' The information (10) is obtained trivially in the
first two cases. In the third case, we have Q C A = hull (AY), and Al is a node in T that
is not the root. Hence, the desired information (10) may be read off from Algorithm RCZ0
(with A = A') in the non-trivial case. The work of the algorithm is at most ClogN. This

concludes our description and analysis of Algorithm RCZ1.

Let Q C R™ be a dyadic cube, and let A C M be given. The cube Q* is a disjoint union
of 5™ dyadic cubes Q., in an obvious way. Applying Algorithm RCZ1 to each of the Q, we

can easily compute the quantities
#(EN Q*), and min{6(x,A’) : x € EN Q*} for all A’ < A.
This allows us to decide whether Q is almost OK(A), with work at most Clog N.

It follows easily from the definitions of “CZ(A)” and “almost OK(A)” that a dyadic cube
Q C R™ belongs to CZ(A) if and only if Q is almost OK(A), but Q% is not almost OK(A).

(Here, Q" is the dyadic parent of Q. In particular, if 5 = A5, then Q* cannot be almost
OK(A), since Q" ¢ D(A3).)
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Hence, we have proven the following result.

Lemma 1: After performing CNlogN one-time work, with storage CN, we can answer

queries as follows:

Given a dyadic cube Q C R™ and a subset A C M, we can decide with work ClogN
whether Q € CZ(A). Here, C is a constant depending only on m and n.

Thus, we have carried out the goal of this section.

§26 Computing CZ Cubes

In this section, we write ¢, C, C’, etc. to denote constants depending only on m and n.

Our goal here is to establish the following result.

CZ Computation Lemma: After performing one-time work at most CNlog N, and using

storage at most CN, we can answer queries in Clog N time as follows:

Given a subset A C M and a point x € R™, we exhibit a list of all the cubes Q € CZ(A)
such that (1+ ¢g)Q contains x.

Proof: We combine the results of several previous sections.

We begin by computing the CZ cubes containing the points of E. Recall from Section 24
(specifically, Lemma 2 in that section), that we can compute and store numbers 8-,(x,A)
for all x € E, A C M, such that

(1) cbes(x,A) < Sczlx,A) < Coeylx,A) for all x € E, A C M.

The work and storage to produce all the 6-,(x,.A) are at most CNlogN and CN, respec-
tively. We recall that, for each x € R™ and A C M, we have

(2)  dcz(x, A) =dg for the Q € CZ(A) that contains x.

Next, we perform the one-time work associated with Theorem BBD1 in Section 23, as well
as that associated with Lemma 1 in Section 25. This one-time work is at most CN log N,

and the storage it uses is at most CN.
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Fix x € E and A C M. There are at most C" dyadic cubes Q such that
(3)  Q>3xandcdey(x,A) <dg < Coeylx,A).

Among these is the Q € CZ(A) that contains x, as we see from (1), (2). According to
Lemma 1 in Section 25, we can test each dyadic cube Q satisfying (3), to decide whether
Q € CZ(A). The one and only survivor will be the cube Q € CZ(A) containing x, and the
total work for the testing is at most Clog N.

Looping over all x € E and A C M, we compute (and store), for each such x and A, the
cube Q € CZ(A) containing x. The total work needed is at most CN log N, and the storage
needed is at most CN.

Thus, we may suppose that we have precomputed the cube Q € CZ(A) containing x and
the number d¢z(x,A) = 8¢ for each x € E, A C M.

Next, we drop our assumption that x € E. Let x € R™ and A C M be given. We explain
how to compute the CZ(A) cube that contains x. Using Theorem BBD1 (from Section 23),
we compute, with work at most ClogN, a point y € E such that |[x —y| < 2dist(x, E). If
x =y, then x € E and the cube Q € CZ(A) containing x has already been computed and
stored in the one-time work. In that case, we may simply retrieve from memory the cube
Q € CZ(A) that contains x. Assume now that x # y. We look up the value of 6cz(y,A),

which has been precomputed above.

We are in position to invoke Lemmas 2, 3, 4 from Section 22. With C; as in those Lemmas,

we obtain the following results:

(4)  If 8cz(y, A) > Cilx —yl, then 38cz(y, A) < dcz(x, A) < 28cz(y, A).
(5)  Ifdcz(y,A) <2Cilx—yland 0 < [x—y| < A", then c[x—y| < dcz(x,A) < Chx—yl.
(6) Iffx—yl> 1A5" then cA;' < dcz(x,A) < AL

At least one of (4), (5), (6) applies, since x # y. Hence, with work at most C, we can

compute a number d-,(x,A), such that
(7) CéCZ(Xy‘A) S 6CZ(X>‘A) S CQCZ(XPA)'

There are at most C’' dyadic cubes Q such that
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Among these is the cube Q € CZ(A) containing x, as we see from (7) and (2). Using Lemma
1 from Section 25, we can test each Q satisfying (8), to decide whether Q € CZ(A). The
one and only survivor will be the cube Q € CZ(A) containing x. The work of all the testing
is at most Clog N.

Thus, given x € R™ and A C M, we can find, with work at most ClogN, the cube
Q € CZ(A) containing x.

Finally, let x € R™ and A C M be given, as before. As above, we find the cube
Q € CZ(A) containing x. Now suppose that Q' € CZ(A), with (1 4+ cg)Q’ > x. Ac-
cording to Lemma 2 (“Good Geometry”) in Section 21, we must have %6Q < by < 28q.
Consequently, to exhibit all the Q" € CZ(A) such that (1+cg)Q’ 3 x, it is enough to search
among the dyadic cubes Q’ such that

(9)  (1+¢cg)Q 3%, and 38 < 8o < 280

There are at most C such dyadic cubes Q’. Using Lemma 1 in Section 25, we can test
each of these Q’, to see whether Q" € CZ(A).

Thus, we can output a list of all the Q" € CZ(A) such that (1 + cg)Q’ 2 x. The work of
all the testing is at most ClogN.

The proof of the CZ Computation Lemma is complete. [ |

Remark: For x = (x1,...,xn) € R™ we write [x|,,, = max;[xi|. Recall Theorem BBD1 from
Section 23. Suppose we replace in that theorem the Euclidean norm with the {,, norm.
That is, suppose that we modify Theorem BBD1, such that the answer to a query would
now consist of two distinct points X1,X2 € E, with |[x — X1[¢,, < 2minyee [x — yle,,, and
similarly, |x — X[, satisfies the obvious {,, analog of the condition from Theorem BBD1.
Then it is straightforward to adapt the proof of the CZ computation lemma, including the
results it relies on from the preceding sections, to the case where Theorem BBD1 uses the £,
metric. The key observation is that x|, < [x| < v/Nx|e,, for all x € R™, and that this /n
factor does not matter much, since our constants are allowed to depend on the dimension.

We omit the details. This remark will be used only in the Appendix.
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§27 Finding Representatives

The goal of this section is to give an algorithm to produce a point in EN Q, where Q is a
given dyadic cube satisfying ENQ # (). Recall that we can compute #(EN Q) by algorithm
RCZ1 from Section 25.

We write ¢, C, C’, etc. here to denote constants depending only the dimension n, and we
write X = O(Y) to indicate that |X| < CY.

We proceed as in Section 25, using the BBD tree T. We retain the notation of that section.
Recall (from Section 23) that each node A € T is marked to indicate whether ANE is empty
or not. Additionally, recall that with any node A € T we store a “representative” xa € E
that satisfies xa € ENA in case EN A # (). We will use the x5 below.

Algorithm REPO: Given a node A € T other than the root, and a dyadic cuboid Q C hull
(A) such that

0 QONANE=£D,

we produce a “representative” xg 5 € Q NnANE.

Explanation: Note that our algorithm does not check whether (0) holds; it simply runs,

exhibiting a representative in case (0) holds, and doing who-knows-what otherwise.

If A is a leaf, then A NE is either empty (which cannot occur here, thanks to (0)), or else

the singleton {xa}. Hence, we may simply return xg 5 = xa in case A is a leaf.

Suppose A is an internal node other than the root. We partition the set of children of A
into subsets Xi,, Xout, Xhard, @s in Proposition 1 in Section 25. According to Proposition 1,

we have either

(1) Xhard 18 empty, and Q N A is the union of the A’ in X;,, or else
(2)  Xpara = {A"} for a node A” (a child of A), and Q N A is the union of § N A” with the
nodes A’ in X;,.
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We check whether there exists an A’ € X;, with EN A’ # (). If so, then we simply return
x@.a = xa for such an A’. We then have xg € ENA’ = QONA'NEC QNANE, thanks
to the defining properties of xa/, A, and X;,.

Otherwise (that is, if EN A’ = () for all A’ € X;,) then, by (0), we cannot be in case (1)
above; we must be in case (2), and, moreover, Q NENA = Q NENA” # (. In this case,
since A” € Xpara, we have Q C hull (A”), by conclusion (c) of Proposition 1 in Section 25.

Hence, we may find a point xp 5 € Q N EN A by recursively calling Algorithm REPO for the
node A” and the cuboid Q.

This concludes our description of Algorithm REPO. Since A” is a child of A above, and
since the BBD tree has height O(log N), it follows that Algorithm REPO terminates, and that
the work of the algorithm is O(log N), once we have constructed the BBD tree.

Algorithm REP1: Given a dyadic cuboid Q, we decide whether EN Q =(; and if EN Q # 0,
then we exhibit a “representative” xg € EN Q

Explanation: The root of the BBD tree T is a disjoint union of dyadic cuboids A', ..., AL with
L < 2™ The set E is contained in J;_, Al. For each dyadic cuboid Af, we detect whether
Al intersects Q. Since A' and Q are dyadic cuboids, then also Q N Al is a dyadic cuboid,
whenever non-empty. For each i such that Q N Al is non-empty, we apply Algorithm RCZ1
for the dyadic cuboid Q N A® to compute #(ENQNAY. If #(ENQNAY =0 for all i, we
conclude that EN Q = ). Otherwise, for some i we have EN Q N A # 0 with Q N Al being
a dyadic cuboid contained in At = hull(A!). Hence, we may exhibit a point in EN Q by
running Algorithm REPO for the node Al € T and the dyadic cuboid Q N AL After one-time
work O(N log N) with storage O(N), Algorithm REP1 requires work O(log N).

Let Q be a dyadic cube. Then Q* is a disjoint union of 5™ obvious dyadic cubes, and Q**
is a disjoint union of 25™ obvious dyadic cubes. Hence, by applying Algorithm REP1, we can

perform the following computations.

Algorithm Is-Cube-Empty(Q): Given a dyadic cube Q, we decide whether E N Q** = (). We

return “yes” if EN Q* = () and “no” otherwise.
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Algorithm Find-Representative(Q): Given a dyadic cube Q such that E N Q** # (), we return
a point xq € EN Q**, with the property that xq € EN Q* if EN Q* # 0.

The algorithm Find-Representative(Q) is guaranteed to function properly only when its
input Q is a dyadic cube such that E N Q** # (. We make no claim regarding Find-
Representative(Q) when its input fails to be a dyadic cube with EN Q** # (). After one-time
work O(Nlog N) with storage O(N), the execution of the algorithms Is-Cube-Empty(Q) and
Find-Representative( Q) requires work O(log N).

§28 Partitions of Unity

In this section, C,c stand for constants depending only on m and n. Recall that J}(F)
denotes the m-jet of the function F: R™ — R at the point x € R™. Let Q be a dyadic cube
in R™. Let éQ € C™(R"™) be a function such that

(1) 0<08o<1onRmM

(2) 6g=conQ,

(3) éQ~:OOutside (1+)Q,

(4)  [8PBg(x)| < C8" for x € R™,|B| < m.

It is easy to satisfy conditions (1),...,(4), e.g., by taking éQ to be an appropriate spline.
(See, e.g., (3) of Section 54.) Furthermore, we assume that éQ is picked so that the following

query can be answered in work at most C:

Algorithm PU1l: (“Find jet of éQ”) Given a dyadic cube Q, and a point x € R™, compute
the m-jet ];L(éQ).

Given A C M, the Calderén-Zygmund decomposition CZ(A) is a cover of the entire R™.
Consequently (2) implies that

(5) Z 0o > con R™
QeCZ(A)

For any x € R™, there are at most C cubes Q € CZ(A) such that x € Supp(éQ), according
to (3) and to the Corollary to Lemma 2 in Section 21. We conclude that the left-hand side
of (5) is finite everywhere. For Q € CZ(A), we define
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A = .
05=00 / > 05.
Qecz(A)

The function Gé € C™(R™) is well defined, non-negative and finite by (5), and
(6)  85(x) =0 forx & (14 c¢c/2)Q.

We also have

(7) Z 05 =1onR™

QeCZ(A)

Therefore, the collection Gé (Q € CZ(A)) constitutes a partition of unity on R™. Let x € R™,
and let Q € CZ(A) be such that x € (14 cg)Q. According to Lemma 2 from Section 21,

(8) If Qe Cz(A),x € (1+cg)Q then necessarily %SQ <dg < 20q.

Recall that by the Corollary to Lemma 2 in Section 21, there are at most C cubes Q e CZ(A)
such that x € (14 c¢g)Q. We conclude from (3), (4) and (8), that for any |B| < m,

9) [F| Y 8| | < X C8yf <y

Qecz(A)
QeCZ(A) xe(l+eg)O

Combining (9) with (5), we see that for any Q € CZ(A),

(10)  |aPOBA(X)| < C'8oP for all x € R™, [B] < m.

Note that (6), (7) and (10) are the standard properties of partitions of unity that are usually

used in C™-extension problems.

Algorithm PU2:  (“Find jet of 65”) Given A C M, a dyadic cube Q € CZ(A) and a point
x € R™, compute J(63).

Explanation: First, we apply the CZ computation lemma from Section 26. According to that
lemma, presuming a one-time work, we can produce in ClogN time, the list of all cubes
Q € CZ(A) such that x € (1+ cg)Q. Denote this list by L. By the Corollary to Lemma 2
in Section 21, §(L) < C. According to (3),
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L D 8a) =D Ji6y).

Qecz(A) QcL

Thus, using Algorithm PU1, we can compute both ]j{(éQ) and J Z éQ within C
Qecz(A)
computer operations. ;From these two m-jets, we can read off J; (Gé). This algorithm uses

at most Clog N work and storage. The one-time work required is CN log N operations and

CN storage. Here, C is a constant depending only on m and n.

In the special case A = ), we can produce the above list L within C computer operations,

thanks to Lemma 5 in Section 21. Hence, it takes only C operations to execute Algorithm
PU2 when A = 0.
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Chapter IV - Main Algorithm

§29 The Main Algorithm and the Main Lemma

In this section we present the main procedure of our algorithm. Recall that J;(F) denotes
the m-jet of the function F at the point x and that Pt is the space of all polynomials of
degree m on R™ Recall that for two polynomials P,Q € Pt and x € R™, we denote by
P ©f Q the unique polynomial in P* for which 9P(P ©] Q — PQ)(x) = 0 for |B] < m. In

this section we denote by C, C’' constants depending only on m and n.

In Section 14, we introduced an order relation < on subsets of M, the set of multi-indices
of order at most m—1. The minimal subset of M under < is M itself. For any proper subset
A C M, recall that we write A~ to denote the predecessor of A under the order <.

Next, we will present a procedure for the computation of a certain polynomial, to be
denoted by fy(Ao, Qo, X0, Po). A standard convention in computer programming, is that text
between /x ... */isnot part of the actual algorithm, but rather serves to ease the reading

of the algorithm.
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The Main Algorithm Procedure fy (Ao, Qo, X0, Po).

/* Returns a polynomial in P*, to be viewed as a jet at x.
Defined for Ay C M, Qo€ CZ(Ap),x0 € ENQF,Poe P x e (1+cc)Qo.

*/

Line
Line
Line
Line
Line
Line
Line
Line
Line
Line
Line
Line
Line
Line

Line

Line

Line

Line

10:

11:

12:

13:

14:

15:

16:

17:

18:

If Ao =M then define f (Ao, Qo,Xo, Po) :=Po, else
{ Let A’ be the least A C M such that Qo€ CZ(A').
If A’ <Ap, then define fy(Ao, Qo, X0, Po) := fx(A’, Qo, X0, Po)
else
{ Produce a list Qj,...,Qy,., of all the cubes
Q € CZ(A,) such that x € (1+cg)Q.
For each k=1,...,kiax do the following:
{ If ENQ} =0, then set fy:=Py, else
{ If xo € Q}, then set xx:=xXp and Py : =Py, else
{ Define xy := Find-Representative(Qy).
Define Py := Find-Neighbor(Py, Ao, xk).
} /* Now we have found xy,Px in all cases */
Define fy :=fy(Ay, Qx, X, Px).
} /* Now we have found fy in all cases */

} /* End of the k-loop starting in line 7 */

kmax

Define fy(Ao, Qo, X0, Po) := Z ]z <eéi) Q;r fi.
k=1
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Thanks to the algorithms from the previous sections, we can carry out the above algorithm
for computing fy(Ao, Qo, X0, Po). Let us elaborate on the execution of the Main Algorithm.

Recall that the letters C, C’, C stand for various constants depending only on m and n.

We can execute Line 2, thanks to Lemma 1 from Section 25. The amount of work needed

here is Clog N, presuming one-time work of CNlog N time and CN storage.

We can execute Line 3 since, recursively, we can evaluate fy(A’, Qo, X0, Po) when A" < Ap
and Qg € CZ(.A,),X() eEN Qg*,Po eP,xe (1+ C(;)Qo.

We can execute Lines 5-6 according to the CZ Computation Lemma from Section 26.
The work needed here is Clog N, presuming one-time work of time CNlog N and storage
CN.

Note that kinmax < C according to the Corollary to Lemma 2 from Section 21. Hence the

loop in Lines 8-15 is executed at most a constant number of times.

We can execute Lines 8-10 by applying the algorithms Is-Cube-Empty and Find-Representative
from Section 27. We need Clog N operations for the execution of Lines 8-10, presuming
the standard CN log N one-time work.

Regarding Line 11, the algorithm Find-Neighbor is discussed in Section 15, and requires

C operations, given CN log N one-time work.

We can execute Line 13 since, recursively, we can evaluate f,(Ay, Qu, Xk, Px) as Ay < Ao
and Qy € CZ(.AE),Xk eEN QT(*, PoeP xe(1+ CG)Qk-

We can execute Line 16 thanks to Algorithm PU2 from Section 28. This takes Clog N
computer operations. (As a matter of fact, C computer operations suffice here as the cubes
Qe CZ(Ay) with x € (1 + cg)O were already computed. )

By an easy induction on A (with respect to our order relation <), it follows that the
number of operations needed to execute fy(Ao, Qo, X0, Po), once we have done the one-time

work, is at most ClogN. Let us summarize the above discussion.
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Proposition: For any Ao C M, Qo € CZ(Ap),x0 € ENQF,Po € P,x € (14 ¢c¢)Qo, we
can compute the polynomial fx(Ao, Qo, X0, Po) with work at most Clog N, given that we have

previously done one-time work of CNlog N operations and CN storage.

So far we have shown that the procedure for the computation of fy(Ao, Qo,Xo,Po) is
efficient. Next, we explain why this procedure may actually be useful. The properties of
fx(Ao, Qo, X0, Po) are stated in the following lemma, whose proof occupies Sections 30....,33.
Recall that for x € R™ 8 > 0, we have set

B (x,8) ={P e P": [0FP(x)| < 8™ Pl for [B| < ml.

Recall from Section 10 the basic blobs I'(x,{£) (x € E,£ > 0), and recall the constants £(Ag)
and A3z(Ap) from Section 14 and Section 17, respectively.

Let Ag C M be a given subset of M.

Main Lemma for Ay:

Suppose that

(1) Qo€ CZ(Ao),

(2)  x0€ ENQY with xo € ENQf when EN QY # 0,
(3)  Mo>0,

(4) Py € I'(xo, L(Ao), Mo).

Then, there exists F € C™((1 4+ cg)Qo), with the following properties:

J3(F—Po) € A3(Ap) - Mo - BT (x,0q,) for all x € (14 cg)Qo.
Jx(F) € T'(x,0,A3(Aq) - Mg)  forallx € EN(1+ cg)Qo.
JE(F) = fx(Ao, Qo, X0, Po)  for all x € (1 +cg)Qo.

If xo € (14 ¢cg)Qo, then also Jx, (F) = Po.
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Chapter V - Proofs

§30 Preparation for the Proof: Collections of Polynomials

This is the first in a sequence of four sections that are dedicated to the proof of the Main
Lemmoa from the preceding section. In this section we collect some results, to be used in the
next sections, on certain sets of polynomials. In these four sections, the letters c, C, ¢/, C etc.
denote some positive constants depending only on m and n; also, p,p,p etc. will denote
positive integer constants depending only on m and n. The values of these constants are

not necessarily the same in different appearances.
We will work in the space R¥) for non-empty subsets A C M. For a € R¥ we use

a = (ay)aea as coordinates in R

For x € R™ and () # A C M, let 4, : P — R*™ be the following linear map:

(1) max(P) = (0%P(x))

xeA -
For ) # A C M, 6 > 0 we also set

(2) Ba(d) = {(aa)aeﬂ ) slMa,) < 1} C R¥A),

xeA

Recall the definition of B(x,d) from Section 1. It is straightforward to verify that for any
x € R™,

(3) Ba(d) is C-equivalent to 7t4{B(x,0)}.

Let x € R, P € P, A C M. If there exists &« € A with 0*P(x) # 0, then we set,
(4) oax(P) =max{x € A : 0%P(x) # 0},

where the maximum in (4) is taken with respect to our order < on multi-indices (see Section
14). In the case where 0*P(x) = 0 for all « € A, we will set &4 x(P) to be the zero multi-index,
the minimal element in M. Thus &, x(P) is defined in all cases. For x € R () #A C M
and & > 0 denote
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(5) Ralx,8) = {P € P : VB > an(P), [0PP(x)| < 6™ P!}
The set R4(x,d) is centrally-symmetric, but it is not necessarily convex. It clearly satisfies
(6) B(x,8) € Ralx,8),

for any non-empty A C M.

Lemma 1: Let Q C P be a centrally-symmetric convex set, ) # A C M,x € R™, & >
0,K > 1. Then the following are equivalent:

(A)  Ba(d) C Kmuyx{QNRa(x,8)}

(B) There exist polynomials {Py}aca with the following properties: For any « € A,
(i) OPPL(x) = 8ap for any B € A,
(i) [0PP4(x)| < K&IM=Bl for any B € M with B > «,
(iii)) o™ P, € KQ.

Proof: For o € A, denote as() = (6“1*‘“‘5%(3) Bea € R¥A) - According to (2),
(7) Ba(d) = conv{tas(a) : o € A},

where conv denotes convex hull. Suppose (A) holds. By (7), for each o« € A there exists
P € KIQNRA(x,8)] such that ma«(P,) = as(«). That is,

PP/ (x) = 8™ ™5, for B € A.

In particular, aq,(P,) = o Since P, € KRu(x,8), then [3PP. (x)| < K™ Bl for any
B > o. We denote Py = 8/*=™P’ . Then [0PP,(x)| < K&I*¥Bl for & € A, > «, and also
PP, (x) = 84 When «, B € A. Additionally, 5™ *P, € KQ for a € A. Consequently, the
polynomials {Py}xea satisfy (i), (ii) and (iii). Thus we proved that (A) implies (B).

To obtain the other direction, suppose that (B) holds. Then there exist polynomials
P (o € A) that satisfy (i), (ii) and (iii). Denote P’ = 8™ 1¥P,. Then by (i), (ii), (iii) we
know that P, € K[Q N Ra(x,d)], and (i) also implies that 74 (PL) = as(o). Let (Ax)xeca
be any real numbers with ) _ [A < 1. Let
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P=> APl

xeA

If P =0, clearly P € K[Q N R4(x,d)]. Suppose now that P £ 0. Since KQ is convex and
symmetric, we know that P € KQ. In addition, o4 «(P) = max{ax € A : Ay # 0}, and for
any B > oeax(P),

RPP(x)I < ) INGl@PPL(x)] < ) AoJKE™ BT < Ko™ 1P,

xeA xeA

since P, € KR4(x,0) and o g x(P,) = . Hence, P € KRy(x,8). To summarize, for any real
numbers (Ay)aca With )} [A4l < 1, we have

D APl € KIQN Ralx, 8)].

xeA

Therefore, conv{+P,, : o« € A} C K[Q N R4(x,8)]. Projecting, we obtain that
conv{tas(x) : « € A} = conv{£max(P,) : &« € A} C Kriax{Q NRA(x,8)},

and (A) follows from (7). ]

Consider condition (B) from Lemma 1; when & gets smaller, the condition just becomes
easier to satisfy. Thus, if 6 < & and (B) holds for §, then (B) also holds for §. By Lemma 1,
condition (A) enjoys the same property; if & < & then

(8) BA(S) - KTCA’X {Q ﬂfRA(x,S)} = BA(é) C KWA’X{Q N fRA(X,é)}.

An important property of the sets we consider is related to scaling. Fix 6 > 0, and let

Ts : P — P be the map
T5(P)(x) = d™P (éflx) .
It is straightforward to check that for any () £ .A C M,
(9) B(0,8) =Ts{B(0, 1)},

(10) Ra(0,8) = t5{Ra(0,1)}; and
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(11) VP ¢ iP, WA’O(T(SP) € BA(S) & WA’O(P) € BA”)

Also, (T5P) @0 (15Q) = 8™ - 15(P ©®p Q). From the definition (10) of Section 12, it is
straightforward to conclude that QO C P is Whitney t-convex at 0 with Whitney constant A,
if and only if 150 is Whitney t-convex at 0 with Whitney constant A.

Thus, when we study B(0,6),R4(0,8) or B4(d), it is usually enough to focus on the case
db=1.

Lemma 2: Let QO C P be a centrally-symmetric convez set, x € R™, ) £ A C M, & > 0,
K > 1. Assume that,

(12) Ba(d) C Kmax{Q NRalx,d)},
(13) Ba(5) ¢ Kma {Q N B(x, )}

Then there exists A C M such that A < A and
(14) B4(8) € CKPmry {Q N B(x,3)},

where C,p > 0 are constants that depend solely on m and n.

Proof: By translating, we may assume that x = 0. Furthermore, in view of the scaling
relations (9), (10) and (11), it is clear that our assumptions (12), (13), the convexity of Q
and our conclusion (14) are all invariant under the scaling P(x) — 6™P (5*1X) (P e P).

Therefore is is enough to treat the case d = 1.

We will split the proof into two parts. Part I of the proof uses only the assumption (12),
while (13) is exploited in the second part.

Part I: Fix o € A (the set A is non-empty by assumption). Let a(x) € R¥“) be the unit

vector a(o) = (du,p) Then a(a) € B4(1), according to (2). By (12), there exists some

BEA’
polynomial

(15) Po € KIQ N RA(0,1)]

such that 74 o(Py) = a(a). That is, for any 3 € A,
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(16) 0PP4(0) = 8ap-
For 3 € M we define

1Bl =) (m+1) (Zﬁk).
k=1

=1

It is trivial to verify that for B, 3 € M, if p < {3, then ||B|| < ||B]|. Let x € A and B,B € M
be such that p # p and dPP4(0) # 0, 3PP, (0) # 0. Define

1 2KIBIIRBP (0)
Ingas=<keZ: = 2Km!dim®P ;.
6P { €7 IKmldim® | 29RI9BP,(0)| ST
Since B # 3, then ||B|| — |||l is a non-zero integer. Consequently,

HTopp) < 1+ log, [(ZKm! dim fp)z} < Clog(K +1).

The number of different sets of the form I, 5 3 is bounded by a constant depending only m

and n. Hence,

# U Tepp | < Clog(K+1).

. xEABHABEM
3B P& (0)#0,0BPx(0)£0

Therefore, there exists an integer ko < 0, with 0 < [ko| < [C'log(K 4 1)] + 1, such that
ko & 1 g p for any relevant «, 3, B. Denote A = 2% Then,

(17) (R)" <A<

for some constants ¢, p depending only on m and n. In addition, for any & € A, B, p € M
such that B # B, 9PPy(0) # 0, 3PP, (0) # 0 we have ko & I, 5 5 and thus

(18) | Norreeist| # (s 2Km! dim ).

ATBTOP Py (0) 2Km!dim P’

Next, for @ € A, consider the quantity

(19) My = max AlBl[aPP(0)].
BeM
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For any o € A we have 0*P,(0) =1 by (16), and thus,
(20) M > Alledljgep, (0)] = All*l > 0.

The numbers whose maximum is considered in (19) are well separated from one another
(except for zeros); this is the content of (18). Let ¢p(a) € M be such that § = ¢(«) achieves
the maximum in (19). According to (18), for any 3 # ¢d(«),

(21) (2Km! dim P)AIBIREP,(0)] < Al*(@lijgél«p (0)].

If B € A but B # «, then AIPIQPP,(0) =0 < Mg, by (16) and (20). Thus the maximum in
(19) cannot be obtained by f € A with 3 # «. Consequently,

(22) p(x) eA = Pla) =0

Next, we use the fact that Py € KR4(0, 1), which we know from (15). Recall the definition
(5) of the set R4(0,1). From (16) we have that

(23) o = atao(Pa).

Since Py € KR4(0,1) then [9PP,(0)] < K for all B > & = o40(Py). Combining with (16),
we find that for all 3 > «,

(24) AIBIRAP(0)] < KAIRI < KAI*IgP(0)]

because ||B] > ||«|| and 0 < A < 1. Suppose for a moment that ¢(«) = 3 for some 3 > .
Then (24) implies that

Ale(@ll|gdlep (0)] < KAIX*P,(0)],
in contradiction with (21). Thus our momentary assumption was false, and hence,
(25) Vae A, ¢(x) < a.

Denote A = ¢(A). According to (22), (25) and Lemma 1 from Section 14, we have that
A< A. Let P : A — A be such that ¢p(\p(«)) = « for all o« € A. By (21), for any « € A

and 3 # «,
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(26) AIPIRPPy o (0)] < (2m!dimP) " - AN [Q*P ) (0)].
According to (20) and (17), for all « € A,
(27) A @P (4 (0)] = Mo > AW WP |1 (0)] = AWl > AP > T

for some constants C,p,p > 0 depending only on m and n. The left hand side of (27) is

thus non-zero, and for o« € A we may define

= —1
(28) Py = (AII3*P 59 (0)) " - Pyp(an)-

Then by (26) and (28),

(29) Al*Igep (0) =1, and for B # &, AIPI[3PP,(0)] < (2m!dimP) .
Next, (15), (27) and (28) imply that for any o € A,

(30) P4 € CKPQ.

Consider the matrix A = (?\”5”651506(0))“(3621.
diagonal. Furthermore, since (A) < dim P, then according to (29) the sum of the absolute

By (29), the matrix A has ones on the main

values of the off-diagonal elements in any row of A does not exceed % Hence A is invertible,
and the norm of A~ as an operator on l, (R™) is not larger than 2. Denote the elements of
A by A7l = (aap)apea- Then,

(31) lagpl <2 forall o, B € A.

Next, we set, for o € A

(32) Pl =A% a,.P,.

yeA

By the definition of the inverse matrix A", for any «, p € A,

(33) 9PP’(0) = AllxI-lIAl Z ay o APIOPP,(0) = 84 p.

YyeA

Furthermore, by (29), (31) and (32), for any B & A,
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_ 1
Bp/ Il B [l o [lod |11 Bl
(34) [2PPL(0)] < 2AI0 ) [2PP,(0) < A1 )~ —r < €A .

yeA yeA

According to (33) and (34), for any & € A,
(35) P, € s=B(0,1) C C'’KPB(0, 1),

where the second inclusion follows from (17). Recall that Q is convex and centrally-
symmetric. By (17), (30), (31) and (32), we get that for any o € A,

(36) P, € CKPQ.
Since Q and B(0, 1) are convex and centrally-symmetric, (35) and (36) imply that
conv{£P.},c1 € CKP[Q N B(0, 1)].
Projecting, we get that
(37) mapiconv{£P,}cat € CKPriz o {Q NB(O,1)}.
However, B 4(1) = 74 o {conv{#P,},c 4} by (33). Therefore (37) implies that
(38) Ba(1) € CKPrrgo{QNB(O,1)}.

It only remains to show that A < A; once we have that, (38) implies the conclusion of the
lemma. Note that up to now, we did not use our assumption (13). It will play a réle in the
proof that A < A.

Part Il: We begin with proving that there exists & € A with (&) & A. Assume the opposite,

ie.,
(39) d(x) € A for all x € A.

By (22) we have that ¢(x) = « for all x € A. Let x € A and < d(x) = . According to
(21) and (16),

(40) AlBI[DBP,(0)] < (2K dimP) " - Al [9*P,(0)] = (2K dim P) " - Al < KAIIBI
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since K> 1,0 <A <1 and ||| < |[|«]|. Therefore (40) implies that for any 3 < «,
(41) [9PP,(0)] < K.

Recall that Py, € KR4(0,1) by (15). According to (5) and (23), also for any 3 > «,
(42) [0PP,(0)] < K.

Combining (41) and (42) we get that P, € KB(0, 1) for all @ € A. By (15), we conclude that
(43) conv{£Pylaca € KQNKB(0,1) =K[QNB(0,1)].

(Recall that Q,B(0, 1) are convex and centrally-symmetric.) However, putting 6 = 1 in (2)

and using (16) we obtain
(44) Ba(1) = map{conv{£Py)uacal -
According to (43) and (44) we have that
(45) Ba(1) € Kmao{Q N B(0,1)},

in contradiction with (13). Therefore, our assumption (39) was false, and consequently there
exists & € A with ¢(R&) € A. In particular, b(&) # &, and hence ¢ is not the identity map.
The relations (22) and (25) are exactly the assumptions of Lemma 1 from Section 14. By
the conclusion of that lemma, we know that A = ¢(A) < A, as ¢ is not the identity map.
This completes the proof. [ |

A set A C M is called a “monotonic set”, if for any multi-indices « and f3,
xeA Ipl<m—-T1—|o« = a+pecA

Suppose A C M is a monotonic set. The fundamental property of A is that for any P € P
and x,y € R™,

(46) Tax(P) =0 = may(P)=0.

Indeed, (46) follows at once, since for any o € A,
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o+B
Py = Y PNy gp o,

|
BlI<m—1—|«f !
where the sum vanishes because o + 3 is always in A.
Recall that for two subsets (3, Q, C P and x € R™, we denote
Q160xQ={POxQ : P€Q;,Q € Qi)

As before, we write conv(Q) to denote the convex hull of a set Q C P.

Lemma 3: Let Q C B(0,1) be a centrally-symmetric convex set, and let K > 1. Assume
that ) # A C M, and that

(47) Ba(1) € Kra ol Q.
Then there exists a monotonic set A" C M, with A’ < A, and
B (1) € CKPrrg o{conv[Q ©p B(O, 1)]}

where C,p are constants depending only on m and n.

Proof: Our assumptions (47), and Q C B(0,1) C R4(0,1) imply that
(48) BA(1) C Krta of Q N R4(0, 1))

Now, (48) is precisely the assumption (12) of Lemma 2, in the case x = 0,5 = 1. Most of
the proof of Lemma 2 used only this assumption, namely Part I of that proof. In particular,
the construction of 0 < A < 1, the set A < A and the polynomials P4 in the proof of Lemma
2, was based on (12) only.

We may thus repeat the reasoning from Part I of Lemma 2, based on (48). Therefore we
obtain 0 < A < 1 that satisfies (17), a set A < A, and polynomials P, (o« € A) that satisfy
(28),..., (30). This means that,

(49) ey <A<T,
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(50) Py € CKPQ  for any o € A,
and for all « € A,

(51) Alig*p,(0) =1, and for B # &, AlBI3RP,(0) <

Next, we denote
A ={aty:ach yl<m—1—laf},
and let
o) F V1 e & Ve, (G €A yd <m—T—]aif for t =1,..., tmax)

be an enumeration of A’. The set A’ is clearly monotonic, and satisfies that A’ < A (since
A C A'). Since A < A, then by transitivity we also have A’ < A. Fory € M we will consider
the polynomial x — x¥ on R™. With a slight abuse of notation, we denote this polynomial
by xY; for example, we write that x¥ € P. We define polynomials P{ for t = 1, ..., tiax as

follows:

(52) Py = 5" @ Py
The polynomial x¥* belongs to CB(0,1). According to (50) and (52), we conclude that
(53) P, € CKP[Q @0 B(0, 1)1.
From (51) and (52) we obtain that for any € M,
(54) ’)\Ilﬁllafswtpi(o) — 56,04} < m,
and that

(55) 0PPL(0) =0 whenever f —vy, & M

(i.e., whenever 3 — vy contains negative coordinates). Note that (54) and (55) together
provide bounds for dPP}(0) for all B € M.
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Consider now the matrix A = (Alsllgestys P;(O))ts:] """" i, According to (54) and (55),
the matrix A is very close to the identity matrix; the norm of A—Id on 1l (R™) is bounded by
%. Consequently, the matrix A is invertible, and the inverse matrix A~" = (@)t s
satisfies that

----- tmax

(56) |ars <2 forallt,s=1,..., tmae

and that for all t,s =1, ..., tmax,

thlX
(57) > Alslgeetpl(0)a,, = 8.
r=1
Next, we define polynomials P, for @ € A" as follows:
tTTLClX
(58) Pogsy, = AIGI Y a0, P
r=1
By (58) and (57), for any o, f € A, o= &} + v, B = & + Vs,
thKX
(59) 3PPL(0) = 3TV Py 1, (0) = ) AIXIRt¥ePl(0)a, = 8,4 = Bop.

r=1

The set conv[Q ©¢B(0, 1)] is convex, by definition, and it is also centrally-symmetric. Thus
(49), (53), (56) and the definition (58) imply that for any o € A’,

(60) Py € 2timax - CKP - conv[Q © B(0,1)] C C'KPconv [Q &y B(0,1)].
Combining (60) and the convexity and central-symmetry of conv[Q ®¢ B(0, 1)] we get that
(61) ma p{conv{£Pylaca} € CKPm4 o{conv[Q ©o B(0, 1)]}.
According to (59), we know that Ba/(1) = ma o {conw{£Py}aca}. Hence by (61),
Ba(1) C CKPrg o {conv[Q ®y B(0, 1)]}.

Since A’ is monotonic and A’ < A, the lemma is proven. [
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Lemma 4: Let Q C P be a centrally-symmetric convex set, ) # A C M,x € R,
o> 0,K > 1. Assume that Q is Whitney t-convex at x with Whitney constant A > 1.

Assume also that
(62) Ba(8) C K {Q N B(x,8)}.

Then, there exists A C M, such that A is monotonic, A < A, and
(63) B4(d) € CAKPm 4, {QNB(x,d)},

where C,p > 0 are constants that depend solely on m and n.

Proof: By translating and rescaling, according to (9), (10), (11) and the discussion around
them, we may assume that x = 0,0 = 1. Denote Q' = QN B(0,1). Based on (62), we may
invoke Lemma 3 for the set Q’. By the conclusion of that lemma, we find A C M, such that
A is monotonic, A < A, and

(64) B4(1) € CKPrgo{conv[Q)’ ®o B(0, 1)]}.

From our assumptions, the set QO is Whitney t-convex at 0 with Whitney constant A. Ac-
cording to Lemma 2 from Section 12, also Q' = Q N B(0, 1) is Whitney t-convex at 0 with
Whitney constant CA. This implies that

(65) Q" ®pB(0,1) =[Q'NB(0,1)] ® B(0,1) C CAQ.
By using (64) and (65), we get that
(66) B4(1) € C'AKP; o{conv(Q')} = C'AKPm;,{Q N B(0,1)},
since conv(Q)’) = Q' = QN B(0,1), and the lemma is proven. [ |

We would like our treatment to include also the degenerate case where A = (). Thus, we
will also consider the ridiculous space R¥A) for A = (); here the space R¥® (= R°) simply
means the singleton {0}. We also define the (trivial) projection 7y, : P — R*® by setting

TC(Z“X(P) =0

for all x € R™, P € P. Also, By(d) ={0} for all & > 0.
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Lemma 5: Let Q C P be a centrally-symmetric convex set, x € RN A CM, 6 >0, K> 1

be given. Assume that
(67) Ba(d) C Kmax{QNB(x,38)}, and
(68) 0 € max {Q\K'B(x,8)}.
Then there exists A C M with A < A such that

(69) B4(8) C 2K, {Q N B(x, ).

Proof: As before, we will translate and rescale, according to (9), (10) and (11). Thus we
may assume that x = 0,8 = 1. Let P € Q\ K7'B(0,1) be such that 74 (P) = 0. The

existence of such a polynomial P is guaranteed by (68). Then,
(70) oPP(0) =0 for B € A.

Let & € M be chosen such that
(71) [2%P(0) = r[?eaf{daﬁP(O)y.

Since P ¢ K~'B(0, 1), necessarily [0%P(0)| > K~! > 0. Also, & ¢ A because of (70). Set
(72) Pa = 5ep7P € KQ,

where Pg € KQ because P € Q and ’#(0)’ < K. Denote A = AU{&). Then A C A and
A # A, hence A < A. By (70), (72)

(73) 9PP4(0) =854 for B € A.

In addition, since & was chosen to maximize in (71), we deduce from (72) that [0PP&(0)] < 1
for all § € M. Therefore,

(74) Pa € B(0, 1).
Next, by (67) there exist polynomials

(75) P, e KIQNB(0,1)] for x € A
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with
(76) 3PPL(0) = Sup for o, B € AL
Since P, € KB(0,1) by (75), then for any o € A,
(77) VB € M, [9PP’(0)] <K, and in particular [9%P/(0)] < K.
Denote, for o € A,
(78) Py =P, —3%P’(0) - P4.
By (73), (76) and (78),
(79) 9PPL(0) = 8,5 for o, B € A.
According to (78), (72), (75) and (77) we know that
(80) Py € (K+K-K)Q C 2K2Q  for & € A.
Additionally, for any o« € A, 3 € M, by (74), (77) and (78)
0PPL(0)] < [0PPL(0)] +[0%P,(0)] - [9PP&(0)] < K+ K- 1 = 2K.
Thus P, € 2KB(0, 1) for any & € A. Together with (80) and (74), this gives
(81) P, € 2K2[QNB(0,1)] for o € A.

Note that (79) implies that B4(1) = conv{®mso(Pa)iaci- By convexity and central-
symmetry, (81) gives

B;l“) g ZKZTEJZL,O {Q N B(()) 1 )}a
which is exactly the desired inclusion (69). This finishes the proof. [

In the proof of the next lemma we will make use of the following simple fact. Suppose K, T

are centrally-symmetric, bounded convex sets in a finite dimensional vector space V. Then,

(82) KCT+1K = JKCT

1
2
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This is easily seen: The left hand side of (82) implies that for any functional f € V* we have
%supxer(x) < sup,7f(x). Hence K C %T C 2T, where T is the closure of T.

Lemma 6: There exists a constant Co > 1 depending only on m and n for which the follow-
ing holds: Let Q C P be a centrally-symmetric convexr set, x € RMA C M,
d>0,K>1. Assume that Q C B(x, ), and that

(83) Ba(5) C Kma Q).

Lety € R™ be such that |x —y| < %(. Then,

Proof: Pick P € Q. Then P € B(x, ) and hence [3PP(x)| < 6™ Bl for all B € M. By

Taylor’s theorem, for any o € A,

o+B
(3) PPy — %Pl = | Y L e

|
1<IBl<m—1—|a B!

<Y sl y Bl < C,,Ix—ylém,|“|)

)
1<BI<KM—~1—|«f

since [x —y| < & < 6. The inequality (85) implies that, for any P € Q,

(86) Tax(P) —Tay(P) € CEYBL(8) € S Bald).

We set Co = 3C > 1, where C is the constant from (86). By combining (83) with (86) we
get that

(87) %B.a(8) C max{Q} C ma {Q} + 5k Ba(d).

Since all the sets in (87) are bounded, convex and centrally-symmetric, then (82) entails

1
RBA(‘S) C may{Q},

and the lemma is proven. |
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§31 Preparation for the Proof: Properties of the Basic Lengthscales

Recall the definition of o(x, £), '(x, £, M) from Section 10. Recall also Properties 0,...,4 of

these blobs, from Section 13, and the definition of the constant £, from Section 14.

Properties 0,...,4 from Section 13 are the only properties of the I'’s and o’s that are relevant
to the proof of the Main Lemma. In particular, one may replace the blobs I' and the sets o
with any other family of blobs and sets, as long as these five properties still hold. The Main
Algorithm and the proof of the Main Lemma would remain valid, even with this new family
of blobs (see [16] for a different family of blobs that satisfy these crucial five properties). We
will make use of o(x,€),T'(x,¢,M) for x € E,M > 0 and 0 < £ < {,. Since {, is a constant
depending only on m and n, and we use £ only in the range 0 < { < {,, then we may view
the constants c¢, C¢ in Properties 0,1,2,3,4 from Section 13, as constants depending only on

m and n.

Lemma 1: There exist constants C,Cy > 1 depending only on m and n for which the
following holds: Let A C M,x,y € E,K > 1,1 < { < {,. Assume that & > CoK|x — yl.
Suppose that

(1) Ba(8) C Kma{o(x,0) N B(x,8)}.
Then,

(2) Ba(8) € CKmyy{oly,&—1)NB(y,d)}.

Proof: We choose Cy > 1 to be larger than the constant Cy from Lemma 6 from the

preceding section. Set Q = o(x,{) N B(x,d). The fact that |x —y| < & and (1) are the

assumptions of Lemma 6 from the preceding section. By the conclusion of that lemma,

(3) Ba(8) C 2Ky, {Q} = 2Km 4 {0(x, £) N B(x,0)}.

Since |x —y| < %( < 0, then the sets B(x,d) and B(y,d) are C-equivalent, by (3) from

Section 12. Therefore (3) translates to

(4) 2gBal(d) C maylo(x,0) NB(y,d)}.
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Next, we use Property 2 from Section 13 and the fact that |[x —y| < &, to obtain that

(5) o(x,0) € Clofy,t—1)+B(x,y)l € C [o(y,t—1) +B (y, ) |
Since CoK > 1, the relation (2) from Section 12, gives

6) B (v, %) € B, 9).
Thus (4), (5) and (6) imply that

(7) SxBa(8) € 7y { [0y, €= 1)+ cxB(y,8)| NB(y,8)}.

Recall (11) from Section 12, and note that CoK > 1. According to (11) from Section 12 and

(7),
(8) oxBuald) C may {[o(y,e— 1)N2B(y, 8)] + COLKB(y,é)} :

The sets B4(8) and 74 {B(y, 0)} are C-equivalent, by (3) from Section 30. Then (8) trans-

lates into
(9) ogBa(d) C may{loly, €—1)N2B(y, )]} + S£xBald).

We further stipulate that Co > 3C'C”, for C’, C” the constants from (9). Thus, (9) implies
that

(10) @gBal(d) C may{o(y,&—1)N2B(y,8)} + sgBald).

All the involved sets are bounded, convex and centrally-symmetric. Recall the elementary
fact (82) from Section 30. Therefore from (10) we deduce that,

1
2C'K

Ba(d) € may{oly,—1)N2B(y,d)} € 2muy{o(y,t—1) N B(y,d)}
and the lemma follows, with Cy a large enough constant depending solely on m and n. W

Lemma 2: Let A CM,x € E,6 >0 and K;,K; > 0. Suppose that 0 < { < L, satisfies

(11) Ba(8) C Kiman{o(x, &) N B(x,5)}.
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Let M > 0,P € P be such that
(12) P e T'(x,£, M) + K;MB(x, d).
Then there exists P € T'(x, £, 11M) such that

(13) max(P—P) =0, P—Per,MB(x,5),

where r1 = C(K1K3 4+ 1) and v, = C(Ky 4+ 1)K,. Here C is a constant depending only on m

and mn.

Proof: According to (12), there exists
(14) P’ € T'(x,¢, M) such that P —P’ € K;MB(x, ).

Since 714 ,{B(x, d)} is C-equivalent to B4(8) by (3) from Section 30, we conclude from (14)
that

(15) Tax(P — P') € CKaMB4(S).
Combining (11) and (15), we see that
(16) max(P—P") € CKiKaMmg{o(x,£) N B(x,d)}.
In view of (16) there exists
(17) P” € CKyK;M[o(x,£) N B(x, d)]
such that 704 (P — P') = 74,(P"). Set P =P’ 4 P”. Then,
(18) max(P—P) =0.
Furthermore, by (14) and (17),
(19) P =P +P” € T(x,{, M) + CK;K:Ma(x, {) C T(x,£,11M)
for r1 = C(1+K;K3), according to Property 1 from Section 13. Also, again by (14) and (17),

(20) P—P = (P —P') — P” € K;MB(x, 8) + CK;K:MB(x,8) C ,MB(x, 8),
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for r; = C(1 4+ Ky)K,. The statements (19), (18) and (20) are exactly the conclusions of the

lemma. The lemma is thus proven. [ |

Recall the definition (OK1) and (OK2) of the basic lengthscales 8(x,A) € [0,00] (A C
M, x € E) from Section 18. Recall also Lemma 1 from Section 30. Let ) # A C M and x € E.
By Lemma 1 from Section 30, the basic property of &(x,.A) is equivalent to the following: If
0<bd<b(x,A) then

(21) Ba(8) € CAq(A)max{o(x, L(A)) NRa(x,d)},
and if &6 > 0(x,A), then
(22) Ba(®) Z cAq(A)maxiolx, L(A)) N Ra(x,d)}.

According to the remark following Lemma 1 in Section 18, inclusion (21) holds also for
d =208(x,A), provided 0 < 5(x,A) < co. By the definition of the constant Ay in Section 17,

we may assume that
(23) Ao >max{C,c™'} where C,c areasin (21), (22), respectively.

Therefore (21) and (22) imply the following. Fix x € E,;) # A C M, 0 < & < oo. If
0< b <54(x,A), then

(24) Ba(8) € AoA (A)ta{o(x, {(A)) NRalx,d)},
and if &6 > 0(x,A), then
(25) Ba(d) Z Ag'A1(A)max{o(x, L(A)) N Ra(x,d)}.

Recall also that for a dyadic cube Q with 6g < AE] and a subset A C M, we say that Q
is OK(A) if for all x € EN Q*,

(26) AzéQ S 6(X,.A) .

If A =0, then 6(x, () = +oo for all x € E, and thus Q is always OK(0). A cube Q is almost
OK(A) if
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27) ENQ*) <1 or Qis OK(A) for some A < A.

In order to show that a dyadic cube Q with 8o < A" is OK(A), for ) # A C M, it is
sufficient to prove that for all x € Q* N E,

(28) Ba(A200) C Ay'A (A)ma{o(x, L(A)) N Ralx,A200)},

as follows from (25) and (26).

Lemma 3: There exists a constant 0 < ¢c; < 1, depending only on m. and n, for which the
following holds: Let ) # A C M, Q a dyadic cube with §q < A5, x € ENQ**. Suppose that

(29) BA(AzéQ) - C]A(;]A](.A) ﬂA,X{O'(X, E(.A) + ]) N B(X, AzéQ)}

Then the cube Q is OK(A).

Proof: According to (28) and to (6) from Section 30, it is sufficient to show that for any
yeknQs,

(30) Ba(A28q) C ALAI(A) tay{o(y,L(A)) N By, Azdq)}.

Let y € EN Q*. We will show that y satisfies (30). Note that x,y € Q**, and hence
Ix —y| < /ndg++ = 25y/MNdq. According to the definition of p; and Ao from Section 17, we

may suppose that
(31) py > 2 and Ay > 25y/nmax{C, Co}, for C, Co from Lemma 1.

From (2) of Section 17 and from (31) we know that A, > A3A;(M) > 25ynCoA, A (A).
Consequently |,

_ 1 1
(32) ’X—y’ S \/HéQ** = 25\/T_15Q < mAzéQ < mAzéQ,

since ¢1 < 1. We now select the constant ¢y such that Ccy = 1, where C > 1 is the constant
from Lemma 1. Then by (31) and by (1) from Section 17,

(33) 1AL AT(A) > 1A A (D) > AT A > 1.
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In view of (29), (32) and (33), we may apply Lemma 1 (for § = A8q,K = c1A;TA(A) > 1
and { = £(A) 4 1; note that £ < £,). We conclude that

(34) Ba(A280) C CcrAy Aq(A)Ttay{o(y, L(A)) NB(y,Adq)}
= Ay At (A)ay(o(y, L(A)) N B(y, Axdq)).

Now (30) follows from (34). The lemma is proven. [ |

Lemma 4: Let ) # A C M, Q a dyadic cube with dq < A?, x € EN Q™. Let also
1 <K < A3A(A). Suppose that v € {0,1} satisfies

(35) BA(AzéQ) - KTCA’X{O'(X, B(A) —'V) N fRA(X,AzéQ)} N and
(36) BA(AzéQ) ¢ KTCA’X{O'(X, B(A) —'V) N B(X, AzéQ)}

Then there exists A < A such that the cube Q is OK(A).

Proof: Our assumptions (35) and (36) are precisely the requirements of Lemma 2 from the

preceding section. By the conclusion of that lemma, there exists A < A, such that
(37) Bz (A28q) € CKP -7z, {o(x,(A) —v) NB(x,A20q)}.

We have K < AZA;(A) by assumption. Hence (37) implies that
(38) B4 (A28q) € C (AZA1(A))" - ma,{o(x,L(A) —v) N B(x,A28q)}.

Since A < A, then £(A) +1 < ((A) —1 < £(A) —~v. By Property 4 from Section 13,
(39) o(x,L(A) —v) C C'o(x, L(A) +1).

According to (1) from Section 17,
(40) A1(A) > (A2A(A))™ |

From the definition of Ay and py in Section 17, we may assume that

(41) Ay is larger than CC—? and pyg>p+1
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where C,p are the constants from (38), C’ is the constant from (39) and c; is the constant
from Lemma 3. Then (42) and (41) imply that

(42) CC' (AZA1(A))Y < 1A A (A).
From (38), (39) and (40) we conclude that
(43) Bz (A28q) C c1Ay A (A) 1, {o(x, £(A) + 1) N B(x,Az0q) } -

The estimate (43) and the fact that x € EN Q* are the assumptions of Lemma 3. (Note
also that A # ) since A < A.) By that lemma, we conclude that Q is OK(A). Since A < A,

the lemma is proven. [ ]

§32 Preparation for the Proof: Analysis of Find-Neighbor

Recall from Section 20 the definition of the Calderén-Zygmund decomposition CZ(A),
associated with any subset A C M. Throughout this section, assume that we are given a
subset Ao C M with Ay # M, a dyadic cube Qo with dq, < A?, a polynomial Py € P,
M, > 0 and xp € R™ that satisfy:

(FN1) xo € EN Q% If EN Q4 # 0, then xo € E N Q3.
(FN2) Qo € CZ(Ap), and Qo & CZ(A) for any A < Ao.
(FN3) Po c F(Xo, B(Ao), Mo)

Recall the procedure Find-Neighbor from Section 15. In the current section we analyze the
outcome of the procedure Find-Neighbor, assuming that (FN1), (FN2) and (FN3) hold.

Lemma 1: We have

(FN1') xo € EN Q3.
(FN2') The cube Qo is OK(Ayp).
For any A < Ay, the cube Qg is not almost OK(A).

Proof: Assume on the contrary that Qg is almost OK(A) for some A < Ag. Then Qg is
contained in a maximal almost OK(A)-cube Q. Hence Q € CZ(A). According to Lemma
3 from Section 21, we know that CZ(A) is a refinement of CZ(Ay). Since Qo € CZ(Ap) by



122

(FN2), it is impossible for Q strictly to contain Qo. Hence necessarily Qo = Q € CZ(A),
contradicting the assumption (FN2). Therefore

(1) Qo is not almost OK(A) for any A < Ap.

This establishes the second part of (FN2'). Recall that Ay # M and that M is the minimal
element in our order relation <. Therefore M < Ap and (1) states that in particular Qg is
in not almost OK(M). By the definition of almost OK(M) from Section 20,

(2) #(ENQY > 1T,

and by (FN1) we conclude (FN1’). Next, according to (FN2) we know that Qo € CZ(Ao),
and hence Qg is almost OK(Ap). By (1) and (2), necessarily Qo is OK(Ap). This finishes
the proof. [ |

Lemma 2: For all x € EN QG

(3) By (A20q,) € AoA1(Ao)Tia, x{o(x,£(Ao)) N B(x,Adq,)} .

Proof: If Ay = () then (3) trivially holds. Assume Ao # (. By (FN2'), the cube Q is
OK(Ap). Since x € EN QF, then (26) from the preceding section yields,

A2dq, < 8(x,Aop).
Consequently, (24) from the preceding section implies that
(4) Ba, (A20q,) € AoA1(Ao) Tta, x10(x, €(Ao)) N Ry (x, A20q,)} -
Assume on the contrary that (3) does not hold. That is,
(5) By (A20q,) Z AoA1(Ao) T, x{o(x,£(Ao)) NB(x, A20q,)} .

The relations (4) and (5) are precisely the assumptions of Lemma 4 of the preceding section,
for v =0,A = Ao and K = ApA1(Ag) < A3A1(Ao). The conclusion of that lemma implies
that Qo is OK(A), for some A < Apy. This contradicts (FN2'). Therefore, our assumption

(5) was false. Consequently, (3) holds and the lemma is proven. |
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Lemma 3: For all x € EN Qg™
(6) By (A20q,) € CAoA(Ag)Tta, x{o(x, £(Ao) — 1) N B(x,A20q,)} .
where C > 0 is a constant depending only on m and n.
Proof: By (FN1') we know that xo € EN QJ. According to Lemma 2,
(7) By (A20q,) € AoA1(Ao)Ta, x, 10(X0, £(Ao)) N B(xo, A20q, )]} -

Let x € EN Qj*. Then since x,xo € QF™,

_ CAAI(Ay) | _A28g
(8) Ix—xol < v/Mbgz+ < Cdqy = "5 A (A -

Assume, as we may (see Section 17), that,
(9) Ap > CCp and py > 2

where C, Cy are the constants from (8) and from Lemma 1 of Section 31, respectively. Recall
from (2) of Section 17 that A, > (AoA1(Ao))% Therefore (8) and (9) entail that

1 A26Q0

(10) x —xol < Co " AcAi(Ag)

The statements (7) and (10) are the assumptions of Lemma 1 from Section 31 (for K =
AoA(Ao) > 1, £ =1{(Ap) and & = A8¢,). By the conclusion of that lemma,

B, (A20q,) € CAoA(Ao)Ta, x1o(x, £(Ao) — 1) N B(x,A2q,)},
and the lemma is proven. |
Lemma 4: The set Ay 18 monotonic.
Proof: According to (FN1'), we know that xo € EN Q}. By Lemma 2,
(11) B, (A200q,) € AoA1(Ao)Ta, x, 10(X0, L(Ao)) N B(xo, A20q, )]} -

Assume on the contrary that the set Ag is not monotonic. In particular, Ag # (). According

to Property 3 from Section 13 the set o(xo, {(Ap)) is Whitney t-convex at xo with Whitney
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constant C > 1. Thus, based on (11), we may apply Lemma 4 from Section 30 for Q =
o(xo, {(Aop)),d = A2dq,, K= ApA;(Ap) > 1). By the conclusion of that lemma, there exists

a monotonic set A < Ay such that
(12) Ba(A28q,) € CC(AA1(A0))P - Ttax, {0(x0, £(Ao)) N B(x0, A280,)} -

Since A is monotonic and Ay is not monotonic, evidently A < Ap. Hence £(A) + 1 < £(Aop),
and by Property 4 from Section 13,

(13) o(xo,£(Ao)) C C'o(x0,L(A) +1).

Recall from (1), Section 17 that
(14) A(A) > (AZA1(A)T*.

By the definition of Ap, p4 from Section 17, we may assume that
(15) Ay is larger than %}Cl and px>p+1

where C, C, p are the constants from (12), C’ is the constant from (13) and ¢y is the constant
from Lemma 3 of Section 31. Then (12), (13) and (15) imply that

(16) Ba(A280,) C c1A5TAT(A) - Ttax, {0(x0, L(A) + 1) N B(x0, A200,)] -

Since xp € E N QF, we may invoke Lemma 3 from Section 31, based on (16). That Lemma
implies that Qq is OK(A). Since A < Ay, this contradicts (FN2'). Hence our assumption,

that Ay is not monotonic, is absurd. The lemma is proven. |

Recall that A, is the predecessor of Ay in our order relation on subsets of multi-indices.
The decomposition CZ(A) is a refinement of CZ(Ap), by Lemma 3 from Section 21. Cubes
in CZ(A,) may be much smaller than their containers in CZ(Ap). Nevertheless, based on
Lemma 2 from Section 30, we will show that these smaller cubes satisfy the same conditions

as their containers in CZ(A).

Lemma 5: Let Q € CZ(Ay) be such that (1 + cc)ON(1+¢g)Qo#0. Let x € EN Q™.
Then,
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(17) By (A2845) © CA0A (Ao)Tra,x {0(x,L(Ao) — 1) N B(x, Azdg)}

where C is a constant depending only on m and n.

Proof: First, note that A, makes sense, as Ay # M; and that we may suppose Ay # 0,
since (17) holds trivially for Ay = ). Second, by Lemma 7 from Section 21, we know that
Q C Qg. Therefore, x € E N Qg™ and by Lemma 3,

(18) B, (A20q,) € CAQA(Ao)Ta, x10(x, £(Ao) — 1) N B(x,A20q,)} -
According to Lemma 6 from Section 21, we have
8 < Coq,-
Suppose first that 64 > SQTO. Then,
(19) % < 84 < Cdq, -

Consequently, the sets Bu,(A20q,),B(x,A20q,) are C'-equivalent to the sets
B, (A284), B(x, A204), respectively, because of (19). From (18) we conclude (17). This

completes the proof, for the case dp > 5("7".

We may thus restrict our attention to the case where
(20) 84 < "%

From (6) of Section 30 we have B(x,d) C Ry, (x, d). Hence the inclusion (18) implies that
(21) B, (A20q,) € rmra, x{o(x, €(Ao) — 1) N R4, (x, A20q,) ],

for r = C1A0A1(Ap), where C; is a constant depending only on m and n. By (20) we know
that 0+ = 204 < 8q,. According to (21) and to (8) from Section 30, we get that

(22) B.Ao (A26Q+) - TTCay,x {G(Xv B(‘AO) —1 ) M R.Ao (X) A26Q+ )} )

for r = C1A0A1(Ao). The sets B(x, A284),Ba,(A20g) are Cr-equivalent to B(x, A2dq-:),

B, (A204+ ), Tespectively, for some constant C; depending only on m and n. Assume on the



126

contrary that (17) does not hold, with constant C = C;C3. That is, assume on the contrary
that

(23) Bay(A20q) & C1C3A0A1(Ag) Tas x {0o(x, L(Ao) — 1) N B(x, AZSQ)} .
The definition of the constant C, implies that
(24) Bay(A20p+) & 1740 x {o(x, {(Ao) — 1) N B(x, A26Q+)} .
for r = C1A0A1(Aop), the same 1 as in (22). We assume, as we may, that
(25) Ap > C; where Cy is the constant from (22) and (24).

Consequently, K := C1ApA1(Ao) satisfies K < A3A;(Ap). Note also that x € EN Q** C
EN(Q*)*. Using (22) and (24), we may apply Lemma 4 of Section 31 with v =1,Q =Q*
and K as just defined. According to that lemma, we obtain A < Ag such that O is OK(A).
The fact that A < Ao implies that A < A, and by the definition of almost OK from Section
20, the cube Q7 is almost OK(Ay). On the other hand, Qe CZ(Ay), 85 < 5%" < A" and
thus Q+ cannot be almost OK(A,). Thus we arrive at a contradiction, and (23) is false.

This proves the lemma. |
For x € R™, A C M and a point a € R{W we put
ﬂﬁ?x(a) ={P e P :myu(P)=al
The set ﬂﬁ?x(a) is an affine subspace in P.
Lemma 6: Let Q and x be as in Lemma 5. Then,
(26) 7! (0) No(x, L(Ao) —2) C CB(x,Azd4),
where C is a constant depending only on m and n.

Proof: We consider first the case where b4 < AE]. In this case, we prove the stronger

statement,

(27) 7! L (0) No(x, L(Ao) —3) C CB(x, Azdq).
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Indeed (27) implies (26), since o(x, £(Ao)—2) € Co(x, £(Ao) —3) by Property 4 from Section
13. We focus on proving (27). According to Lemma 5,

By (A28g) C 1704y x { 0(x, L(Ao) — 1) N B(x, A2dq) }

for T = C'ApA1(Ao). Since o(x,{(Ao) — 1) C Co(x, {(Ao) — 3) by Property 4 from Section
13, we deduce that

(28) BAO (Azé@) - TTT Ay x {O'(X, E(.Ao) - 3) N B(X, Azéé)} .
for r = CApA1(Ap). Let us assume by contradiction that,
(29) 0 € g x {0(x,8(A0) —3) \ T 'B(x, Azdp) }

for the same 1 = CApA1(Ao), as in (28). We will show that (29) cannot hold. The
statements (28) and (29) are precisely the assumptions of Lemma 5 from Section 30 (for
Q = o(x,£(Ao) —3),0 = A20p, K =1 = CApA;(Ao) > 1). That lemma implies that for
some A < Ay,

(30) Bal(A28g) C r7iax {0(x,L(Ao) —3) N B(x,Ax84)},

for 1 = 2(CAoA1(Ap))%. Note that €(A) +1 < €(Ay) —3 as A < Ag. We conclude from
Property 4 of Section 13 that o(x, £(Ag) — 3) C Co(x, {(A) + 1). Consequently, (30) implies
that

(31) Ba(A20p) C tax {o(x,L(A) +1)NB(x,Ax%a)} ,

for 1 = C'(AoA1(Ag))%.  The sets Ba(A284), Blx,A28q) are C-equivalent to the sets
Ba(A284+), B(x, A20n+ ), respectively. Therefore, by (31),

(32) Ba(Axdgs:) C rman {o(x, L(A) + 1) NB(x, A5 )},
for T = C(AoA1(Ag))2 Recall that A < Ao, and that by (1) from Section 17,
(33) Ar(A) > (AZA;(Ao))P# |

We stipulate, as we may, that
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(34) Ay > g, and Py > 3,

where C is the constant from (32) and ¢; is the constant from Lemma 3 of Section 31. Then,
(33) and (34) give

(35) C(ApA1(A))% < c1A;'A (A).
From (32) and (35) we get,
(36) Ba(A20p+) C c1Ag A (A) max {o(x, {(A) + 1) NB(x, Adai)}.

Recall that 84 < Af, and thus dg. < A;]. Also, note that A # (), since A < Ap. Since
x € ENQ™ C EN(QH)*™, by (36) the requirements of Lemma 3 from Section 31 are
fulfilled, for Q = Q*. The conclusion of that lemma asserts that the cube Q+ is OK(A).
Since A < Ao, the cube QF is almost OK(Ay) by the definition of almost OK(A,). This
contradicts the fact that Q is in CZ(Ay). Thus, our assumption (29) is false. That is,

7-[;{(1)0((0) N O-(X) e(-AO) - 3) C rilB(X, Azé@),

for 1 = CAoA1(A). Since r > 1, we conclude (27). In particular, the lemma is proven for

the case where 6@ < Af.

Suppose now that 65 = A;]. According to Lemma 3 from Section 21, the Calderdn-
Zygmund decomposition CZ(Ay) is a refinement of CZ(Ap). Since Qo € CZ(Ap) and
(14¢g)QoN(1+¢g)D # 0, by Lemma 8 from Section 21 we may pick a cube Q € CZ(Ay)
such that

QC Qo and (T4+cg)QN(1+cg)Q #£0.

By (FN2), we know that Q # Qo. Since dg, < Ag‘, we conclude that dg < %]. Since
6 = A" and (1 + cc)QN(1+¢g)Q # (), Lemma 2 from Section 21 implies that

(37) b5 = 3A7".

Lemma 4 from Section 21, based on (37), yields that Q*NE #£0. Pickx € Q* NE. We
know that 85 < A;',Q € CZ(Ag), x € Q* NE and (1+¢c)Q N (T +cc)Qo # 0. Thus, we
are in the case already treated, and hence by (27),
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(38) 74 2(0) N (%, L(Ao) —3) C CB(X, A28g) C CB(x, 1),

where the last inclusion follows since A285 < 1. Recall that (1+ cg)QN(14+¢g)Q # 0 with
op = Af, 05 < Af and X € Q**,x € Q** Consequently,

(39) [x — x| < CA;".
Let us pick any
(40) P e, (0)Nolx, L(Ao) —2).
To obtain (26), it is sufficient to show that
(41) P € CB(x,A20p) = CB(x,1).
From (40) and Property 2 of Section 13, there exists P € P such that
(42) P € Co(x,0(Ap) —3), and P—P e CB(x,%) C C'B(X,A;"),

where the last inclusion follows from (39). According to (40), we know that 74, x(P) =
0. Lemma 4 tells us that Ay is monotonic. By (46) from Section 30, also 74, x(P) = 0.
Projecting the right hand side of (42), we get that

(43) 04y x(P) = T4, x(P — P) € 74, {C'B(X, A1)} C ma, (CA;'B(X,1)} € CA; "By, (1),

where the last two inclusions follow from (2) of Section 12 and (3) from Section 30, respec-
tively. Since x € ENQ*™, Q € CZ(Ay) and (1 + cc)Q N (1 +cg)Qo # 0, we may apply

Lemma 5. By the conclusion of that lemma,
B, (A205) © CAAL(Ao)Tia, x {0(X, 8(Ao) — 1) N B(X, Azds) },
and hence,

(44) mBAO(U C 1y, x10(x, €(Ao) —3) N B(x, 1)},

where we have used (37), as well as Property 4 from Section 13. Recall that A; > A¢A;(Ao)
according to Section 17. Using (43) and (44) we deduce that there exists
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(45) P’ € Clo(x, L(Ao) — 3) N B(, 1)]

such that

(46) 74, x(P") = 704, 2(P).
According to (42), (45) and (46), we have that
P'—P e m,! 4(0)N Col(x, L(Ao) — 3).
With the help of (38), we conclude that
(47) P —P € CB(x,1).
Combining (42) with (47) and (45), we see that

P=(P—-P)+(P—P)+P e CB(x,A,") + CB(x,1)+ CB(x,1) C CB(x,1).

From (39), we get that P € C”"B(x, 1) and thus (41) is proven. Therefore, we have proved
that (40) implies (41) under the assumption that 84 = A" Equivalently,

T (0) N o(x, (Ag) —2) C CB(x, Azdg)
also in the case by = A;]. The lemma is thus proven in all cases. |
We set, for any x € E,Py € P and M > 0,

(48) T (x,Po, M) = T(x, £(Ag) — 1, M) N7, | (74, x(Po)).

Lemma 7: Let x € E be such that x € Q** for some cube Q € CZ(Ay) with (14 Cg)Q N
(1 + CG)QO # @ Then7

(49) T% (x, Po, CMy) # 0.
Moreover, for any A > 1 and P € rﬁlo (x, Po, AMy),

(50) P—Pye CAM()B(X, AzéQo).
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Here C is a constant depending only on m and n.

Proof: By (FN3), we know that
(51) Po € T'(x0, £(Ao), Mo) C T'(x,£(Ao) — 1, CMyo) + CMB(xo, %)

where the inclusion follows from Property 2 of Section 13. By Lemma 7 from Section 21, we
have x,%xp € Q§™*, and hence [xo — x| < \/T_LéQ(*)** < Cdq,- Therefore (51), with the help of
(3) from Section 12, implies that

(52) Py € F(X, B(Ao) — 1, CM()) + CMQB(X, 6Q0).

Recall that A, > 1 by (2) from Section 17. Thus (2) from Section 12 entails that B(x, dq,) C
A%B(x, A20q,). Together with (52), this gives

(53) Po € r(X, E(.Ao) — 1, CMo) + A—CzMoB(X,AzéQO).
Since x € EN QF™, Lemma 3 implies that
(54) Bay(A20q,) € CAoA(Ao)Tayx1o(x, £(Ao) — 1) N B(x,A20q,)}.

The inclusions (54) and (53) are the assumptions of Lemma 2 from Section 31 (with K; =
CALA1(Ap), Ky = A%, d = Az0q,,L ={(Ao) —1). By the conclusion of that lemma, with the
help of the definition (48), there exists P € P such that

(55) P S Fﬁo (x, Py, 11Mo) N [Py + 12MoB(x, A26Q0 )]

for 1p = C (1 n O"ﬁijﬂo)) ;12 = C(1+ CAoA;(Ao)). Note that 1y < C’ and 13 < C' since

Az > AoAq(Ap) by (2) from Section 17. The statement (55) implies, in particular, that,
(56) T, (x, Po, C'Mo) # 0.

We thus conclude (49), the first part of the lemma. We move to the second part of the
lemma. According to (55),

(57) P— Py € CMoB(x, A28q,) -

Pick
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(58) P € T (x,Po, AMo) C T(x,{(Ao) — 1,AMy),
where the inclusion is justified by (48). Then by (55), (58), and the definition (48) of T¥,

(59) P—P e T(x, L(Ao) — T,AMo) — T'(x, £L(Ao) — 1, CM,)

- CAMOO-(Xy E(‘AO) - 1) - C/AMOO-(X) e(‘AO) - 2))

where we used Property 1 and Property 4 from Section 13. Note also that by (55) and (58)

we have

(60) 714, x(P —P) =0.

According to the assumptions of the present lemma, there exists Q € CZ(A,) with x €
ENQ* and (1+ CG)Q N(14+cg)Qo # 0. We may thus apply Lemma 6, based on (59) and
(60). We get that

(61) P—P € CAMoB(x, A2d4).
According to Lemma 6 from Section 21, 84 < Cdq,. Consequently, (61) implies that
(62) P—P € C'AMB(x, A28q,).

Combining (57) and (62), we obtain the desired estimate (50). The lemma is thus proven.
n

Lemma 8: Let Q,Q € CZ(Ay) be two cubes, such that (1+cg)Qo intersects both (1 —i—cG)Q
and (1+¢g)Q. Assume also that (1 —|—CG)QH(1 +c6)Q # 0. Let x; € Eﬂ@**,xz e ENQ*.
Let also P1,Py € P and A > 1. Assume that,

(63) Py €T (x1,Po,AMy), P2 €Th (x2,Po, AMy).
Then,
(64) P] — Pz c CAMoB(X],Azéé),

where C > 0 is a constant depending only on m and n.
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Proof: By (63), P> € T (x2,Po, AMo). According to the definition (48) of I'#,
(65) TCAy X2 (Pz — Po) =0.

Lemma 4 entails that Ay is monotonic. We will now use the basic property of monotonic

sets; according to (46) from Section 30, also
(66) T4y, (P2—Po) =0.
Next, (48) and (63), followed by Property 2 from Section 13, imply that,
(67) P2 € T'(x2,L(Ao) —1,AMo) C T'(x1,L(Ao) — 2, CAM,y) + CAMB(x2,%x1) .

By our assumptions, (1 +cg)Q N (1 +¢cg)Q # 0, and Q,Q € CZ(Ay). By Lemma 2
from Section 21 we know that 64 and b5 are comparable. Recall that xq € Q**,xz e Q*.

Therefore,
(68) |x1 —xz| < Cég -

Consequently B(xz,x1) € CB(x1,84) and by (67) we can assert that
(69) P2 € T'(x1,L(Ao) —2,CAM,) + CAMB(x1, 04) .

Recall that A; > 1 by (2) of Section 17. Thus (2) from Section 12 implies that B(x1,0¢4) C
A%B(thzéQ). Using (69) we deduce that

(70) Pz - r(X],E(.Ao) — 2, CAM()) + A—CZAM()B (X] , Azé@) .

Note that x; and Q satisfy the requirements of Lemma 5; indeed, x; € Q** N E by our
assumptions, and (1 +c¢g)Q N (14 cg)Qo # 0. By the conclusion of Lemma 5,

(71) Bay(A20g) € CAoA1(Ao)TAy x {G(Xl,e(ﬂo) —-1)nN B(Xl,AzéQ)}

C C'AGAI(A0)Ttag xy {0(x1,8(A0) —2) NB(x1,A204)},

where the second inclusion is correct since o(x1,4(Ag) — 1) C C'o(x, £(Ag) — 2) by Property

4 from Section 13. The inclusions (71) and (70) are precisely the assumptions of Lemma 2
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from Section 31 (Ky = C'ApA1(Aop), Kz = A_C27 6 = Ax0p,t = {(Ag) —2,M = CAM,). By

the conclusion of that lemma, there exists

(72) P e T (x1,0(A0) — 2, CAM, (1 + SAutl))
such that

(73) P, — P e 4N (14 AGA4(Ao)) - Blx1, Asdg)
and

(74) T4, x, (ﬁ —P;)=0.

Recall that Py € T (x1,Po, AMo) by (63). The definition (48) of I’ , together with (66)
and (74) imply that

(75) ﬂAopq (ﬁ — P]) =0.
Furthermore, since Py € Fﬁo(tho,AMo) by (63), the definition (48) entails that
(76) Py € T'(x1,{(Ao) — 1,AMo) C T'(x1,£(Ao) — 2, CAM,)

where the last inclusion follows from Property 4 from Section 13. Using Property 1 from
that section, together with (72), (76) we get that

(77) P — P, € CAM, (1 n CA%;W) o(x1, £(Ao) — 2) € CAMoo(x1, £(Ao) —2) |
since Ay > ApA1(Ap) by (2) from Section 17. Given (75) and (77), Lemma 6 tells us that
(78) P — Py € CAMoB(x1,A284) .

(We may invoke Lemma 6 since xq € ENQ*, Q CZ(Ay) and (1 +c5)0N(14¢cg)Qo # 0.)
Now, (73), (78) and the fact that A, > ApA;(Ap), imply that

(79) P] — Pz S CAMoB(X],Azéé) .

The statement (79) is the conclusion of the lemma. ]
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Recall the definition of the procedure “Find-Neighbor” from Section 15. Let 150 e PAC
M, x € E. Then,

P = Find-Neighbor(Po, A, x)
is a polynomial in P that satisfies the following: For any M > 0,
(80) rﬁ{(x, ]5(), M) # @ = Pec rﬁ{(x) ]50) CM))

where C > 0 is a constant depending only on m and n. We will conclude this section with

the following lemma, which is a reformulation of Lemma 8.

Lemma 9: Let Q,Q € CZ(Ay) be two cubes such that (1 +c6)QN(14cg)Q # 0. Assume
also that both (1+¢g)Q and (1+c¢g)Q intersect (14+cg)Qo. Suppose that x; € ENQ*™, x, €
ENQ*, and that forv =1,2,

(81) Either x, = xo and P, = Py, or else P, = Find-Neighbor(Py, Ao, X+) .
Then,

(82) P1— P2 € CMoB(x1,A284)
where C is a constant depending only on m and M.
Proof: Fix v € {1,2}. We will show that

(83) Py € T (xv,Po, CMo) .

We split the proof of (83) to two cases, corresponding to the two cases in our assumption
(81). Suppose first that x, = xo and P, = Po. Then P, = Py € I'(x,, £(Ao), My) by (FN3).
Using Property 1 from Section 13, we deduce that

(84) P, =Py € F(xv, L(Ao) —1,CMy).
Then (84) and the definition (48) of I'# imply that

P, = Po c Fﬁlo (Xv, Po, CMo)
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Therefore (83) is proven in the case where x, = xo and P, = Py.

It remains to handle the second case of our assumption (81); that is, when
P, = Find-Neighbor(Py, Ao, xv). According to Lemma 7, the sets Fﬁlo(tho, CM,y) and
Fﬁo (x2, Po, CMy) are non-empty. Therefore, the basic property (80) of Find-Neighbor im-
plies that

Pv € rﬁlo (va PO) C,MO)-

Hence (83) is proven also in the case where P, = Find-Neighbor(Py, Ao, X+).

Thus (83) holds in all cases. We may thus apply Lemma 8, based on (83) for v =1, 2.

Lemma 8 implies (82) and the lemma is proven. [ |

Remark: Suppose that x € Q** NE for some cube Q € CZ(A,) such that (1 —I—CG)Q N(T+
cg)Qo # (. Suppose also that either x = xo, P = Py or else P = Find-Neighbor(Py, Ao, x).
Then we actually proved in Lemma 9 (see (83)) that

(85) P € rﬁlo (X> PO) CMO) .

We will use the last remark, as well as Lemma 7 and Lemma 9, in the next section. Recall
that (FN1), (FN2) and (FN3) were the fundamental assumptions in the present section.
Thus, when we apply Lemma 7, Lemma 9 or other results from the current section, we have
to make sure that (FN1), (FN2) and (FN3) hold.

§33 The proof of the Main Lemma

Recall that Pt stands for the space of all polynomials of degree m in R™. The space P, of
all polynomials of degree m — 1 in R™, embeds naturally in P*. Recall also that we denote,
for x € R™, & > 0,

BT(x,8) ={P € P : [0PP(x)| < 6™ P for all |B| < ml}.

Clearly, for P € P, we have P € B*(x, 8) if and only if P € B(x, ). Recall that J}(F) stands
for the m-jet at x of a function F: R™ — R.
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We will prove the Main Lemma for Aoy by induction on the set Ay with respect to the
order relation <. The minimal set in the order is M. Next, we establish the Main Lemma

for M, the base of our induction.

§33.1 The case Ap =M

Recall the assumptions of the Main Lemma for M from Section 29. Thus, assume that
we are given a dyadic cube Qo with dq, < Ag‘, a polynomial Py € P, My > 0 and xo € R™
that satisfy:

(AM1) xo € ENQ. If ENQj # 0, then xo € EN Q3.
(AM2) Qo € CZ(M).
(AM3) Py € T'(x0, £(M), M) = T(x0, 1, Mo).
To establish the lemma, we need to exhibit a function F € C™ ((1 + cg)Qo) such that:
(1) TH(F) = f(M, Qo, X0, Po) for all x € (1 +¢cg)Qo,
where (M, Qoq, X0, Po) is defined in the Main Algorithm from Section 29,
(2) JTH(F—Po) € A3(M)Mo - BF(x,0q,) for all x € (1+cc)Qo,
(3) Jx(F) € T'(x,0, A3(M)My) for all x € EN (1 4+ ¢g)Qo,

(4) If Xo € (1 + Cg)Qo then ]Xo (F) =Py.

To that end, we set
(5) F(x) = Po(x) forall x € (1+¢cg)Qo,
a polynomial on (14 ¢g)Qp. Thus,
(6) JH(F) =Py forallx € (1+cg)Qo,

and therefore (2) and (4) trivially hold. According to Line 1 of the Main Algorithm, we
know that
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PO - fX(M) QO)XO) PO)) for all x € (1 + CG)QO)

and consequently (1) holds.

It remains to establish (3). According to (6), we need to prove that
(7) Po € T(x,0, As(M)Mo) for all x € (1 +cg)QoNE.

By (AM2) we know that Qo € CZ(M), and hence the cube Qg is almost OK(M). Recall the
definition of “almost OK(M)” from Section 20. Since Qg is almost OK (M), then either

Case 1: #(ENQF) <1,
or

Case 2: Qo is OK(A) for some A <M and #(EN Q3p) > 1.

Suppose we are in Case 1. If EN Qf = 0 then (7) holds vacuously as EN (1 4+ ¢cg)Qo C
ENQ§ = 0. Otherwise, #(EN QJ) = 1. According to (AM1), the point X is the unique
element in E N Qf. According to (AM3), we know that

(8) PO € F(XO) 1) MO) g F(XO) O) CMO)

where the inclusion follows by Property 4 from Section 13. The definitions of A3z(M) and
Ao in Section 17 imply that

(9) Az(M) = AA(M) > Ap > C,

where C is the constant from (8). Since (1 4+ cg)Qo € Qf, and x¢ is the unique point in
E N Qg, then (8) and (9) imply (7). This finishes Case 1.

We move our attention to Case 2. Then #(E N Qf) > 1 and Qo is OK(A), for some
A <M. As M is minimal, Qg is OK(M). Let us pick

(10) XEEﬂ(]-f—C(;)QogEng.

Recall the definition of OK(M), that is (1) from Section 20. Since Q is OK(M) and x €
E N Qg, then according to (1) from Section 20,
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A25Q0 < 6(X>M)>
and from the definition of d(x, M) (e.g., (24) of Section 31) we know that
(11) By(A200,) € AoA1 (M)t {o(x, 1)} .

Recall that 7, as defined in (1) from Section 30, is an isomorphism of P and R¥™. Thus,

applying ﬂﬂ)x to both sides in (11) we get that
(12) WJT,[]‘X{BM(A&QO)} C AoA1(M)o(x,1).

According to (3) from Section 30, the left hand side of (12) is C-equivalent to B(x, A20q,).

Therefore,
(13) B(x,A200,) € CAA{(M)o(x,1).

Both x and xo belong to Q3*, by (AM1) and (10). Thus
(14) [x —xol < Mgy < Cdqy < Aodq, < A2dq,,

according to the definition of Ay, A, from Section 17. By (13) and (14),
(15) B(x,x0) C B(x,A20q,) € CAAI(M)o(x,1).

Next, according to (AM3) followed by Property 2 from Section 13,
(16) Py € T'(xo, T, Mp) C T'(x,0,CMo) + CM,B(x, x0) -

Combining (15) with (16), we see that
(17) Py € T'(x,0,CM,) + CALA; (M)Moo(x, 1) .

By applying Property 4 and Property 1 from Section 13 to (17), we conclude that
(18) Py € T (x,0, CAoA;(M)M,) .

Assume, as we may, that

(19) Ao > C where C is the constant from (18).
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According to (3) from Section 17, we have that A3(M) = AZA;(M) > CAoA1(M), where C
is the constant from (18). From (18) we thus conclude that

Po el (X, O,A3(M)Mo) .

The point x € (1+cg)QoNE is arbitrary, and hence (7) is proven. This completes the proof
of the Main Lemma for M.

§33.2 The Main Lemma in an easy case

We have established the base of the induction. Let Ay C M be such that Ay # M. Assume
that the Main Lemma was proven for all A < Ay. Let us now prove the Main Lemma for
Aop.

Thus, suppose we are given a dyadic cube Qo with dg, < A;l, a polynomial Py € P,
M, > 0 and xp € R™ that satisfy:

(ML1) %0 € EN Q3. If EN Q% # 0, then xo € EN Q5.
(ML2) Qo € CZ(Ay).
(ML3) Po c F(Xo, B(Ao), Mo)

To establish the Main Lemma for Ay, we need to exhibit a function F € C™ ((1 4+ ¢g)Qo)
such that:

(MLC1) JH(F) = fx(Ao, Qo, X0, Po) for all x € (1 +¢cg)Qo,

where fy (Ao, Qo, X0, Po) is defined in the Main Algorithm from Section 29,
(MLC2) JE(F—Po) € A3(Ao)Mo - BT (x,dq,) for all x € (1+ cg)Qo,
(MLC3) J«(F) € T(x,0,A3(Ao)Mo) for all x € EN (1 + ¢s)Qo,

(MLC4) If xo € (1 + cg)Qo then Jy, (F) = Po.

We split the proof into two cases, according to whether there exists A < Ay such that
Qo € CZ(A), or whether there is no such A. We will next treat the first, easy, case.
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Thus, suppose there exists A < Ap such that Qo € CZ(A). We may assume that A < Ay

is the minimal subset of M, with respect to our order relation, such that
(ML2") Qo € CZ(A).
In particular £(A) < £(Ap) and hence (ML3) and Property 4 from Section 13 imply that
(ML3') Py € T'(x0,£(A), CMo) = I'(x0, {(A), M)
where

(20) My =CMo,.
Note that (ML1), (ML2’) and (ML3') are precisely the assumptions of the Main Lemma for
A, with Mj in place of My. Since A < Ao, we may apply the induction hypothesis, to get a
function F € C™ ((1 4+ cg)Qo) such that:

(21) JH(F) = fx(A, Qo, X0, Po) for all x € (14 ¢g)Qo,

(22) JH(F—Po) € A3(A)MG - BT (x,8q,) for all x € (14 cg)Qo,

(23) Jx(F) € T(x,0,A3(A)My) for all x € EN (1 + ¢6)Qo),

(24) If xo € (1 +¢cg)Qp then Jy, (F) = Po.

We will show that the function F satisfies the conclusions of the Main Lemma for Ao. That
is, we will establish (MLC1), (MLC2), (MLC3) and (MLC4).

First, (MLC4) holds, because of (24). Since A < Ao, then by the definitions of A3z(Ao)
and Ao from Section 17, we have that

(25) A3(Ao) > ApAs3(A) > CA3(A) where C is the constant from (20).

According to (20) and (25), we immediately conclude that (22) implies (MLC2), and that
(23) implies (MLC3). It remains to prove (MLC1).
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Recall the Main Algorithm from Section 29. According to Lines 2-3 in the Main Algo-
rithm, since A is the minimal subset of M such that Qo € CZ(A), then

(26) fx(Ao, Qo, X0, Po) = fx(A, Qo, X0, Po) .

Now (21) and (26) imply (MLC1). We have thus proven that the function F satisfies the
conclusions (MLC1), (MLC2), (MLC3) and (MLC4). Therefore the Main Lemma for Ay is
proven in the case where there exists A < Ap such that Qo € CZ(A).

§33.3 The Main Lemma in the non-trivial case

In this section we prove the Main Lemma for Ay in the remaining case, where there is no
A < Ao with Qo € CZ(A). Therefore, we assume here, in addition to (ML1), (ML2) and
(ML3), that

(ML4) Aog # M, and for all A < Ay, we have that Qo ¢ CZ(A).

Our goal is to prove the conclusions of the Main Lemma for Ay, i.e., the existence of a
function F € C™((1 + ¢g)Qo) that satisfies (MLC1), (MLC2), (MLC3) and (MLC4) from
Section 33.2.

Let Q1, ..., Qo be an enumeration of all cubes Q € CZ(Ay) such that (14+cg)QN(1+
cG)Qo # 0. For each cube Qy, we will define a point x, € Q}* and a polynomial Py € P.
Later on, we will apply the induction hypothesis for the cubes Qy, the points xi and the
polynomials Py. Fix 1 < k < kpax. To define xy and Py in the case where Qi* NE = 0, we
simply set

(27) xy = center of Qx and Py = Po.

Clearly x € Qf* in this case. We still need to define x; and Py when Q3* NE # (). Thus,
suppose that QF* NE # 0. If xo € Q3, then we set

(28) Xk = Xo and Pk = Po.
(Obviously xx =xp € QN E C Qf here.) In the case where xo € Q}, we define

(29) xi =Find-Representative(Qy) and Py =Find-Neighbor(Pg, Ao, xx),
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where Algorithm Find-Representative is described in Section 27, and Algorithm Find-Neighbor
is presented in Section 15. The defining property of Find-Representative from Section 27 shows

that x,c € Qy*. This completes the definition of x and Py in all cases.

Thus, for each T < k < kyqx We have defined a representative x, € Qi and a polynomial
Py € P. The representative xy satisfies that x, € E whenever Q3* N E # (); this follows at
once by (28), (29) and the defining property of Find-Representative from Section 27.

In the next two lemmas, we will make use of Lemma 7, Lemma 9 and property (85) from
Section 32. Note that the basic assumptions (FN1), (FN2) and (FN3) from Section 32 hold,
in view of (ML1), (ML2), (ML3) and (ML4). Therefore we may safely use results from
Section 32 (see also the last paragraph in Section 32).

Lemma 1: Let 1 < k < kynax. Then,
(30) Px— Py € CMoB(xy, Azdq,) -
Furthermore, if Q2 NE # 0, then
(31) Py € I'(xy, £(Ay), CMy).
Here, C is a constant depending only on m and n.

Proof: Suppose first that E N Q3 = (). Then Py = Py according to (27), and hence (30)
trivially holds. Therefore the lemma is proven for the case where E N Q}* = (), and we may
thus confine our attention to the case where E N Q3" # (). Consequently, xx € Q3* N E, and
the cube Qx € CZ(A,) satisfies (14 c¢g)Qr N (14 ¢cg)Qo # 0. According to (28), (29) we
either have that xi = xo, Px = Py, or else Py =Find-Neighbor(Py, Ao, xx). We may thus invoke
(85) from Section 32, and conclude that

(32) Pk - Fﬁo (Xk, Po, CMo) .

Since Qx € CZ(Ay),xk € QF NE and (1+¢cg)Qr N (14 cg)Qo # 0, then the requirements
of Lemma 7 from Section 32 are satisfied. From (32) and from the conclusion of that lemma

(the “Moreover” part), we deduce that

(33) P — Py € C/M()B(Xk, AzéQo) .
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Therefore (30) is proven. We move to the proof of (31). Recall the definition of I'#, that
appears in (48) from Section 32. According to (32),

(34) Py € F(xk, E(.Ao) — 1, CM()) .

Since {(A,) < £(Ap) — 1, then by combining (34) with Property 4 from Section 13, we get
that

(35) Py € I'(xx, L(Ay), C'My) .
This completes the proof of (31). The lemma is thus proven. [ |
Lemma 2: Let 1 < 1, v < kiax be such that (1+¢g)QuN (1+cg)Qy # 0. Then,

(36) Py — Py € CMoB(x,, Axbg, ) ,
where C is a constant depending only on m and n.
Proof: Suppose first that EN Q3" = () and EN Q% = . In this case, by (27),

P.=Po, Py=P

and (36) trivially holds.

Next, suppose that E N Q}" = 0 but EN Q% #£ (. Since EN Q= (0, then P, = Py by
(27). Additionally, by Lemma 4 from Section 21, we know that

(37) 6Qu = A£1 ¢
According to Lemma 1,
(38) Py — Py € CMoB(xy, A2dq,) € CMoB(xy, Azdq, ),

since 0q, = A? > dq,- Recall that x, € Q3 x, € Q) and that the dyadic cubes Q,, Q+
satisfy (14 ¢g)QuN (14 ¢6)Qv # 0. Since g, = A;' > 8q, then |xy — x| < Cdq,.
Consequently, (38) translates, with the help of (3) from Section 12, to

(39) Py —Pu=Py—Po € CMoB(x, A2dq, ),
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and (36) is established, in the case where EN Q}F =0, EN Q% # 0.

Note that since (1 +¢cg)QuN (1 +¢cg)Qv # 0, and Q,, Qv € CZ(A;), then Lemma 2
of Section 21 implies that the sidelengths 6, and 8g, have the same order of magnitude.

Furthermore, since x,, € Q},xy € Q, then

(40) [xyu—xy| < Coq, -

We conclude that B(x,, A20q,) and B(x,, A8q, ) are C-equivalent. Therefore, (36) is actu-
ally symmetric in p and v; reversing their roles merely changes the constant C in (36). By

this symmetry, the lemma is also proven for the case where E N Q7 # 0, EN QX =1.

It remains to consider the case where both E N Qj and E N QY are non-empty. Let us
verify the requirements of Lemma 9 from Section 32, with Q, Q~, xy, X+, P,, Py in place of
0, Q,x1,x2, P, Po. By their definition, Q. and Q- belong to CZ(A,). One of the assump-
tions of the present lemma was that (14 cg)QuN (1 +cg)Qy # 0. Note also that the list
Q1, ..., Qi 18 defined to consist of all cubes Q € CZ(A) such that (1+cg)QN(T+cg)Qo #
(). Consequently, (14 cg)Qo intersects both (14 c¢g)Qy and (14 cg)Q~. In addition, we
know that x,, € ENQ} and x, € ENQY’. Hence, Qy, Qv, xy, and x satisty the requirements
of Lemma 9 from Section 32. Thanks to (28), (29), also the polynomials P, and P, satisfy
the assumptions of Lemma 9 from Section 32. Therefore, we may apply that lemma, and

conclude that,
Pu — Py € CM()B(XH, A26Qp)-

Thus (36) is established, and the lemma is proven. |

We have defined the cubes Qq, ..., Q... € CZ(A,), and to each cube we have associated
a point xx € Qi and a polynomial Py € P. Next, we will construct certain functions
Fr € C™((1 4+ ¢g)Qu). Fix 1T < k < Kpax- Suppose first that Qf* NE = (). In this case we
simply set

(41) Ty = Po.
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We obviously have that F,, € C™((1 + ¢g)Qx). In order to define Fy in the case where
Y NE # 0, we will invoke the induction hypothesis, the Main Lemma for Ay. Thus,
suppose that QF* N E # (. We know that

(42) Qe CZ(Ay).
Next, we claim that
(43) xx € ENQ3*, with xi € EN Qf whenever EN QL # 0.

Indeed, if xo € Qf then xx = xo € Q} by (28), and (43) obviously holds. If xo ¢ Qf,
then (43) follows from (29) and the defining property of Find-Representative from Section 27.

Thus, we have proved (43) in all cases.

Let us set
(44) Mjy=CMy >0

where C is the constant from (31). According to (42), (43), (44) and (31), the cube Qy,
the point xy, the polynomial Py and the positive number My satisfy the requirements of
the Main Lemma for A,. Since A; < Ao, by the induction hypothesis we may apply the
Main Lemma for Ay. According to the conclusion of the Main Lemma for Ay, there exists

a function F. € C™((1 + ¢g)Qy) with the following properties:
(45) T (Fe —Py) € Az(Ay)MG BT (x, 8q, ) for all x € (14 ¢¢)Qx,
(46) Jx(Fy) € T(x,0,A3(A5)Mp) for all x € EN (1 + ¢g)Qx,
(47) JH(F) = fx(Ag, Qi Xk, Px)  for all x € (1 + ¢g)Qx,

where fy(Agy, Qx, Xk, Px) is defined by the Main Algorithm, and
(48) If xx € (14 cg)Qx then Jy, (Fx) = Px.

This completes the definition of the function Fr, € C™((1+cg)Qx) in the case where Q3*NE #
(). Therefore, F, € C™((1 4 ¢g)Qx) is defined for all T < k < Kjax. We summarize the

properties of the functions Fy in the following lemma.
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Lemma 3: Let 1 <k < kinax. Then,

(FK1) JE(Fk — Py) € CA3(Ay)MoB™(x,0q,) for allx € (1 + cg)Qx,
(FK2) Jx(Fy) € T(x,0, CA3(Ay)Mo) for allx € EN (1 + cg)Qx,
(FK3) Ifxo € (14 cg)Qx then Jx, (Fx) = Po.

Furthermore, if Q3* NE # 0, then,

(FK4) JH(F) = fx(Ay, Qi Xk, Px)  for all x € (1 + ¢g)Qx,

where T (Agy, Qx, Xk, Px) is defined by the Main Algorithm. Here C is a constant depending

only on m and n.

Proof: Suppose first that QF* NE # (. Recall that My = CM,, according to (44). Then
(FK1), (FK2) and (FK4) follow from (45), (46) and (47), respectively. It remains to prove
FK3). Suppose xo € (1 + cg)Qx € Q. According to the definition (28), we have that
xx = X and Py = Po. Therefore xy € (14 ¢g)Qy, and by (48) necessarily

—~

Ixo (Fk) = ]xk(Fk) =Py = P07

and (FK3) follows. The lemma is thus proven in the case where Q}* N E # (). Suppose now
that Qi* NE = (. Then (FK2) vacuously holds. Additionally, Fx = P, = Py by (41) and
(27), and hence (FK1), (FK3) trivially hold. This completes the proof. [

Recall the functions egi (k =1, ..., Kmax) from Section 28. Fix 1 < k < Kynax. According
to the discussion in Section 28, the function eéi is a C™-function whose support is contained
in (14 cg/2)Q. Since F, € C™((1 + ¢cg)Qx), then Géi (x)Fy(x) is a C™-function on the
entire R™. Next, for any x € (1 4+ 2¢cg)Qo, we set

kTTL(lX

(49) F(x) = Y 05 (x)Fu(x).
k=1

Then F is a C™-function on (14 cg)Qo, since it is a finite sum of C™-functions. We will see
that F satisfies (MLC1),...,(MLC4) from Section 33.2. Note that it follows from (49) that for
any x € (14 cg)Qo,
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kTTL(lX

(50) T4 (F Z ]*( )@Ui(Fk).

Lemma 4: Let x € (14 c¢cg)Qo. Then,

(MLC]'/) ];r(F) = fx(-AO) QO) X0, PO):
where T, (Ao, Qo, X0, Po) is defined by the Main Algorithm in Section 29.

(MLCQ’) ];r(F — Po) - Ag(.Ao) Mo B+(X, 6Qo)'
(MLC3')  If x € E then J(F) € T'(x,0, A3z(Ao)Mo).
(MLC4/) If x = X0 then ]X(F) = Po.

Proof: We start with establishing (MLC1’). Recall the Main Algorithm. Recall also our
assumption (ML4). Since Ay # M, according to (ML4), then in the computation of
fx(Ao, Qo, X0, Po), the Main Algorithm reaches the execution of Line 2. According to (ML4),
for all A < Ay we have Qo & CZ(A). Thus, the Main Algorithm reaches the execution of

Line 5.

Denote by L the list of the cubes that are being produced in Lines 5-6 of the Main
Algorithm in the course of computing f,(Ap, Qo, X0, Po). According to Lines 5-6 of the
Main Algorithm, we know that

(51) L={Q € CZ(Ay) : x € (1 +cg)QM

Since x € (1 + ¢g)Qo, we conclude from (51) that (1 + cg)Qo intersects (1 + cg)Q for all
Q € L. Consequently, all cubes in L appear in the list Qy, ..., Q... (Recall the definition
of Qj, ..., Qx,.., from the beginning of Section 33.3.) Furthermore, we claim that for any
1 <k < Kmax

(52) If x € Supp (e ) then Qy € L,

where, as usual, for any function g, we write Supp(g) to denote the closure of the set {x €
R™: g(x) # 0}. Indeed, if x € Supp <egi) then x € (14c¢g)Qy according to the discussion in
Section 28. Since Qi € CZ(A,), then (52) follows from (51). The cubes in L are enumerated
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in Lines 5-6 of the Main Algorithm in the course of computing f(Ag, Qo, X0, Po). Let
Q-+ Qxy,. ., be an enumeration of the cubes in L, that corresponds to the enumeration in
Lines 5-6 of the Main Algorithm. We conclude from (50) and (52) that

imax

(53) J; (F Z]*( L) @l TR,

Indeed, if Qi & L then eéﬁ vanishes in a neighborhood of x, and hence (50) reduces to
(53). Note that Lines 8-15 of the Main Algorithm are being executed exactly once for each
cube Qy, (1 =1,...,1;max), during the computation of (Ao, Qo, X0, Po). Fix T <1 < ijax-
Consider the it" execution of the loop in Lines 8-15 of the Main Algorithm. In this execution
of the loop, the Main Algorithm deals with the cube Qy,, and computes a a certain polynomial
fi, € P*. (The indexing in Lines 8-15 is slightly different from here. The polynomial fy,
is referred to as fy in the Main Algorithm.) We claim that, for 1 <1 < iy,

(54) If Qi NE = 0 then fy, = Py, and otherwise i, = fx(Ag, Qu, Xk, Pi)-

Indeed, consider first the case where Qi N E = (). Then (54) holds according to Line 8 of
the Main Algorithm. Suppose now that Qi NE # (). Observe that the definition of xy, Py,

n (28), (29) agrees with the computation of xy, Py in Lines 9-11 of the Main Algorithm.
In view of Line 13 of the Main Algorithm, (54) holds also in the case where Qi NE # 0.
Therefore (54) holds in all cases.

Recall the definition of the functions Fy, for k = 1, ..., knae Fix 1T < 1 < 10 If
Qi NE =0, then Fy, = Py according to (41), and consequently JH(Fy,) = Po = fx, by (54).
If Q NE # 0, then (FK4) and (54) show that J}(Fy,) = fy,. We conclude that

(55) ])—’c_(Fkl) = fki for any 1 <i< i‘max-

Therefore, by (53) and (55),

imax

(56) J:(F ZJ*( i)@ifh.

Inspection of Line 16 of the Main Algorithm shows that the right hand side of (56) equals
fx(Ao, Qo, X0, Po). We conclude from (56) that
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JE(F) = fx(Ao, Qo, X0, Po).

Thus (MLC1’) is proven.

Next, we will prove (MLC2'). Recall that L = {Qy,, ..., Q. } satisfies (51). By the

Corollary to Lemma 2 from Section 21 we deduce that
(57) imax < C.

Also, by (51), clearly i;max = #(L) > 1, since CZ(Ay) is a tiling of R™. Set § = 8@y, - Since
x € (T+¢ce)Qi,N(14+cg)Qy, fori=1,...,imax, then Lemma 2 from Section 21 implies that
(58) 38 < g, <26 foranyi=1, ..., imax.

kokk

According to the assumption of the present lemma, x € (1 +cg)Qo € Q™. Since x €
(14 cc)Qx, and Qy, € CZ(A,) then Lemma 6 from Section 21 implies that

(59) & =q,, < Cdq, -

Next, we use property (10) from Section 28, pertaining to the functions eg‘i. According to

that property, for any i =1, ..., ey

(60) T (04, ) € COGB*(x,8q,,) € C'8 ™B(x,8),
where the last inclusion follows from (58). Since the 8’s are a partition of unity, their sum
is one, and (53) implies that

(61) JE(F) =Py + Y JE (031, ) 5 U (Fu) =Pl -
i=1

Recall that x € (14 ¢g)Qy, for each i = 1,...;ijqax. According to (FK1), for any i =

]>--->imaX7
(62) JE(Fy, — Pi,) € CA3(A; )Mo B+(x,6Qki) C C'A3(Ay)MoB™(x, ),

where the last inclusion follows from (58). Furthermore, for all i = 1, ..., i;,ax We have that
(1 +¢ce)Qx, N (T +cg)Qx, # 0, since both cubes contain x. Lemma 2 implies that for

1= 13--->1maxa
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(63) Pkl — P]q € CMO B(X]q ,AzéQk] ) = CMO B(X]q ,Azé) .

Since xi,,x € Q, we know that [x — x| < C8. Consequently, (63) together with (2) ,(3)

from Section 12 entail that for any 1 =1, ..., timax,
(64) P, — Pr, € C'Mo B(x,A28) € CAT'M(B(x,8) € CAT'MoB*(x, 8).
Using (62) and (64), we may state that, for any i =1, ..., ijax,
(65) Ji(Fi) — Py, € CATA3(A5)MoBT(x,5).
From (60) and (65), with the help of (9) from Section 12, we get that for any i =1, ..., iimax,
(66) 17 (0%, ) @3 U (Fi) = Piy] € CARAS(Ag)MoB* (x, ).
Combining (57), (61) and (66), we obtain
(67) JE(F) € Py, + CATA3(A,; )MoB*(x,5) .
Next, according to Lemma 1, we know that,
(68) Py, —Po € CMoB(xy,,A200,) € CAT'MoB(x,,0q,),

where we used (2) from Section 12. Since x, %y, € Qi then [x, —x| < Cé < C'dq, by (59).
Consequently, (68), together with (3) from Section 12, imply that

(69) Py, —Po € C'AT"MB(x,0q,) € C'AT*MB*(x, 0q,) -

By combining (59), (67) and (69) we conclude that,
(70) JH(F) —Po € CATA3(A;)MoB™(x,dq,) -

Assume, as we may from the discussion in Section 17, that the constant A, satisfies
(71) Ao > C where C is the constant from (70).

According to (3) of Section 17, we know that Az(Ao) = AgAT*A3(Ay). Thus (70) and (71)
imply that
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(72) ];{(F — Po) c A3(.A0)Mo B+(X, 6Qo) ,

since J§(Po) = Py, and (MLC?2') is proven.

Next, we will establish (MLC3’). Suppose that x € E. According to (FK2), for any

1= 13--->1maxa

(73) Jx(Fx,) € T (x,0, CA3(Ay)Mo),

since x € (14 ¢g)Qx NE. By (73) and Property 1 from Section 13, for alli =1, ...,1

(74) ]x(Fk-l) - ]x(qu) € C,AS(AS)MO -0 (X, O).

We apply (65) twice, and deduce that for i =1, ..., 1inax,

(75) Tu(Fie — Fiy ) = J(Fie — Piy) + Jx(Pry — Fiy ) € 2CATA3(A5)MoB(x, 8) .

According to (74) and (75), for any i =1, ..., imax,

(76) Jx(Fi, — Fi) € CATA3(A; )Mo [o(x,0) N B(x, 8)].

1’Tl’l.CIX?

Recall that o(x,0) is Whitney t-convex at x with Whitney constant C, by Property 3 from
Section 13. The definition of Whitney t-convexity (10) from Section 12, together with (60)

and (76), implies that for any 1 =1, ..., imax,
(77) Tx (03, ) ©x DulFi, = Fi )] € CARAS(A) Mo - o(x, 0).

Next, we rewrite (53), discarding some information, as

imax

(78) Tx(F) = Jx(Fiy) +ZJX( ) @ Dl P = Fi ).

Recall that i;max < C, by (57). Therefore (77) and (78) lead to

(79) Jx(F) € Jo(Fy,) + CATA3(AZ)Mo - o(x,0).

Next we apply (73) for i = 1, together with (79) and Property 1 from Section 13. We

conclude that
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(80) Jx(F) € T'(x,0, CATA3(Ay)My).
Assume, as we may, that
(81) Ao > C where C is the constant from (80).

According to (3) from Section 17 we know that A3(Ag) = AoAT*A3(A,), and hence (80),
(81) imply

]X(F) € r(X> 0) A3('AO)M0)

Therefore (MLC3') is proven.

It remains to prove (MLC4’). Next, suppose that x = x. By restricting (53) to (m — 1)-

jets, we get

lmax

(82) Ju(F) = o (F ZJXO( ) O Tro(Fio):

For each i =1, ..., 1;hax We have that x =xo € (1 4+ ¢g)Qy,, and hence, according to (FK3),
we know that Jy, (Fy,) = Po. Thus (82) entails that

imax

Jo F ZJXO( ) ©x Po =P,

since the 0’s are partition of unity and their sum is one. Therefore (MLC4') is established.

This completes the proof of the lemma. |

According to Lemma 4, each x € (14 c¢g)Qo satisfies (MLC1'),...,(MLC4'). By comparing
(MLC1T'),...,(MLC4") with (MLC1),...,(MLC4) from Section 33.2, we see that the conclusions
of the Main Lemma for Ao hold true. Thus, we have proven the conclusions of the Main
Lemma for Ao under the assumptions (ML1),...,(ML4). Consequently, the Main Lemma for
Ay is proven also in the non-trivial case. This finishes the proof of the Main Lemma for Ag

in all cases.

The Main Lemma for Ag is therefore established, for all Ay C M.
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Remark: Note that we actually used only Properties 1,2,3,4 from Section 13 in order to
prove the Main Lemma. Property O will be used only when applying the Main Lemma in

the next section.

§34 Applications of the Main Lemma

In this section, we will apply the Main Lemma for (), whose proof was completed in the
previous section. Recall from Section 29 the formulation of the Main Lemma for (). Recall
from Section 14 and Section 17, that £, = €(@) + 1, A;, A3(0) are constants depending only
on m and n. According to Lemma 5 of Section 21, the tiling CZ(()) consists of all dyadic
cubes of sidelength A;]. In the particular case where xo € E N Q§, the Main Lemma for ()

from Section 29 reads as follows:

Lemma 1: Suppose that Qo C R™ is a dyadic cube of sidelength A?, xo € EN Qg and
My > 0. Let Py € P be such that

Po € T(x0, & — 1, My).
Then, there exists F € C™((1 4 cg)Qo), with the following properties:
(1) [9PF(F—Po)(x)] < CMy Jor all 1Bl <m,x € (14 cg)Qo.
(2) Jx(F) € T'(x,0,CM,) for all x € EN (14 cg)Qo.
(3) JH(F) =1x(0,Qo,%0,Po)  for all x € (14 ¢cg)Qo.
(4) Ifxo € (1+¢cc)Qo, then also  Jx, (F) = Po.

Here, C > 0 is a constant depending only on m and n.

The polynomial (0, Qo, X0, Po) in (3) was computed by the Main Algorithm in Section

29. As a first application of Lemma 1, we will prove the following theorem.

Theorem 3: Suppose we are given the following data:

o A finite set E C R™ of size N.
e For each x € E, two real numbers f(x) € R and o(x) > 0.
e A point xo € E and a polynomial Py € P.
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Then, there exists F € C™(R™) with Jy, (F) = Po such that the following hold:

(I) Suppose M > 0 satisfies that Py € T'(xo, {s, M). Then,

| Fllemmgn)< CM and  |F(x) —f(x)] < CMo(x) for all x € E.

(IT) The algorithm to be described below, receives the given data, performs one-time work,

and then responds to queries.
A query consists of a point x € R™, and the response to the query is the jet J3(F).

The one-time work takes CNlog N operations, and CN storage. The time to answer

a query is Clog N.

Here, C is a constant depending only on m and n.
We start with describing the relevant algorithm.

The algorithm promised in Theorem 3

As in (2) from Section 10, we will consider the blobs,
(5) T(x,0,M) ={P € P:[P(x) — f(x)] < Mo(x), [0PP(x)] <M for [B] <m — 1}

In the one-time work, as is described in Section 10, we will construct from (I'(x,0, M)) et
the ALPs that give rise to blobs that are C-equivalent to I'(x,{, M) for x € E,0 < { < {,.
We will also perform the one-time work that is described in Section 9, in Section 23 and in
Sections 24,...,26.

Next, we subdivide R™ into dyadic cubes of sidelength A;]. Let Qg be the set all dyadic
cubes Q of sidelength AE], such that ENQ* # (). For each x € E, there are at most 5™ cubes
Q € Qp such that x € Q*. These cubes may be calculated in a straightforward manner,
using C operations (for a fixed x € E). By inspecting all points x € E, we may find all the
cubes of Qg using CN computer operations. Note that #(Qy) < CN.
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Let us fix a linear order < on the cubes of Q,, say, lexicographic order on the centers of
the cubes (lexicographic order with respect to the standard coordinates). Within CN log N

computer operations, we may sort )y according to the order <. To summarize,

(6) At the one-time work, we compute and store the ordered list Qg, consuming CN log N

computer operations and CN storage.
For each Q € Q,, we compute a representative xq € EN Q*, as follows.
(7) If xo € EN Q* then xq = X0, and otherwise xq := Find-Representative(Q).

The computation of those representatives requires CNlog N operations, and may be per-
formed during the process of computing the list Qy. (As a matter of fact, this task may be
carried out using only CN operations, in the course of the computation of Q5. We will not

use this fact.)

Next, with each Q € O, we will associate a polynomial Pg. Fix Q € Q. If xg = xo we

will simply set Pg := Po. Otherwise, we compute a polynomial Pq such that
(8) Pg is a C-original vector of the blob I'(xq, £« — 1),

where C-original vectors are defined in Section 2. The computation of Pg as in (8) is done
using Algorithm ALP3 from Section 5. For a fixed Q € Qg the computation of Pg requires C
operations, once we have precomputed the I''s. During the one-time work, we also compute
and store xqg, Pg (Q € Qp). The total time required for the computation of the points xq
and the polynomials Pqg does not exceed CNlog N, and the amount of storage needed is no
more than CN.

This completes the description of the one-time work of our algorithm. The resources being
spent for the one-time work are bounded by CN log N computer operations and CN storage,

for C depending only on m and n.

We move to the implementation of the query-algorithm. Thus, suppose we are given a
point x € R™. We define Qy(x) ={Q € Qp:x € (14 cg)Q}. Note that #(Qp(x)) < C.



157

It is straightforward to compute, say, the centers of all dyadic cubes Q of sidelength Az’]
such that x € (1+ cg)Q. This computation requires C computer operations, and produces
the centers of all the cubes in Qy(x). We still need to locate these cubes in Qg (i.e., to
identify their indices in the list Qg); this is done using C binary searches in the ordered list

Qy, each consuming C'log N work. Therefore Qy(x) is recovered within Clog N operations.

Once Qp(x) is obtained, the algorithm computes and returns the polynomial

(9) Pei= Y JH(0%) Of fx(0,Q,xq, Po).
Qe (x)

Thanks to Algorithm PU2 from Section 28, we may compute all the jets J (9%) within
Clog N operations. (As a matter of fact, C operations suffice here; see the last paragraph
in Section 28. We will not make use of this improvement here.) The computation of the
polynomials fy(0, Q,xq, Pq) is described in the Main Algorithm, Section 29, and requires no

more than Clog N computer operations, given our one-time work.

This completes the description of the query-algorithm. The query-algorithm clearly ter-

minates within Clog N operations.

Next we will prove that the polynomials Py, as defined in (9), are the m-jets of a function
F that satisfies (I) from Theorem 3.

Lemma 2: Let E, f, 0,x0,Po be as in Theorem 3. Then, there exists F € C™(R™) for which
the following holds: Suppose M > 0 satisfies that

(10) Po € F(Xo,e*, M)

Then,
(11) |F( (x)] < CMo(x) for all x € E,
(12) | F ||cm ry< CM,
(13) JH(F) = Py for all x € R™, where Py is defined in (9); and
(14) ]x - PO

Here, C > 0 denotes a constant depending only on m and n.



158

Proof: We begin with analyzing the definition (8) of the polynomials Po. Let Q € Q,. If
XQ 7 Xo, then according to the defining property of a “C-original vector” from Section 2,

the polynomial Pq satisfies the following:
(15) Let M’ > 0 and assume that '(xq, & — 1, M’) # 0. Then Pq € I'(xq, & — 1,CM’).
In the case where xqg = X0, we know from (10) that
(16) Pq = Po € T'(xq, {, M).
Fix a cube Q € Q. According to Property 2 from Section 13,
(17) T'(x0,£s, M) C T'(xq, & —1,CM) + CMB(x0, Xq)-
In particular, from (10) and (17) we see that
(18) T'(xq, £ —1,CM) # 0.
Thus, if xg # X0, then (15), (18) imply that
(19) Pg € T'(xqg, L. —1,CM) C C'MB(xq, 1),

where the last inclusion follows from (5) and Property 4 of Section 13. (Note that in (19) we
use a trivial property of the I'’s, the fact that I'(x, 0, M) C MB(x, 1), which is not included in
Properties 0,...,4 from Section 13.) If xg = %o, then (19) follows from (16). Thus, (19) holds
in all cases. Now (19), together with (3) of Section 12, implies that for all x € (1 + ¢g)Q,

(20) [0BPq(x)] < CM for all |B] < m.

(Recall that [x —xg| < Cdq < C for all x € (14 ¢g)Q.) We will now invoke Lemma 1, for
the cube Q, the point xg € EN Q*, the polynomial Po and My = CM, based on (19). By
the conclusion of the lemma, there exists Fqg € C™((14c¢g)Q), with the following properties:

(21) [0B(Fq — Po)(x)| < CM for all [B] < m,x € (1 +¢g)Q.
(22) To(Fo) € T(x,0,CM)  for all x € EN (1 +¢c6)Q,

(23) JH(Fq) = fx(0,Q,xq,Pq) forall x € (14 ¢g)Q,
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where (0, Q,xq, Pq) is defined by the Main Algorithm from Section 29, and
(24) If XQ € (] + Cg)Q, then ]XQ (FQ) = PQ.

The cube Q € Q) is arbitrary, hence a function Fg € C™((1+cg)Q) that satisfies (21),...,(24)
exists for all Q € Qp. We define a function F: R™ — R by setting

(25) Flx) = Y 04(x)Fq(x).
Q

€Qy

Since Supp(@%) C (1 4+c¢c/2)Q and Fq € C™((1 + c¢)Q), then each summand in the
right-hand side of (25) is a well-defined C™(R™)-function. The sum in (25) is finite, since
#(Qp) < co. Hence F is a C™(R")-function. For any x € R™, we have that x € Supp(@%)
only for Q € Qp(x). Therefore (25) implies that

(26) JE(F) =Y Ji(0%) oF Jf(Fq).

Qe (x)

For any Q € Qo we have g = A", and by (10) of Section 28,
(27) [3P(0%)(x) < C for all || < m and x € R™,

Our estimates (20),(21) and (27) imply that for any Q € Q,,
(28) [08(8%Fq)(x)| < CM for all [B] < m and x € R™,

as Supp(@%) C (T+c¢g/2) Q. In view of the fact that #(Qy(x)) < C for any x € R™, we
deduce from (26) and (28) that

(29) [9PF(x)] < CM for all |B] < m,x € R™
Thus, (12) is proven. Furthermore, from (23) and (26) we conclude that,

(30) JEH(F) = ) T4 (8%) @ fx(P, Q,xq, Pg) for all x € R™
Qep (x)

By comparing (30) with (9), we arrive at (13). Next, we focus on proving (11). Fix x € E.
We need to show that
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(31) J(F) € T(x,0,CM).

Let us also fix a cube Q € Qgy(x). Then, since the 0’s are a partition of unity,

Fo, —F
(32) J(F) = (FQ) + M Y h(*’w%)'
QVGQO(X]

According to (20), (21) we know that for any Q- € Qq(x),

(33) Jx(Fq, —Fq) € CMB(x, 1),

since x € (1 +¢g)Q N (1 + cg)Qy. By applying (22) twice, we conclude that for any
Qv € Qo(x),

(34) Jx(Fq, —Fq) € T'(x,0,CM) —T'(x,0,CM) C C'Mo(x,0),

where the inclusion follows from Property 1 of Section 13. Next, we invoke the Whitney
t-Convexity of o(x,0), according to Property 3 from Section 13. The Whitney t-Convexity,
based on (33), (34) and (27), entails that for any Q- € Qo(x),

(35) Tx (0%, - 2572 ) =T (0%, ) @ T (T2 ) € Colx,0).
Recall that #(Qo(x)) < C. From (32), (35) and (22), we obtain that
(36) Jy(F) € T(x,0,CM) + C'Ma(x,0) C T'(x,0,CM),

where the last inclusion follows from Property 1 of Section 13. The inclusion (36) is precisely
the desired estimate (31). Hence (11) is proven. It remains to prove (14). By the definition
of xq, Pq, for any cube Q € Qo(xo) we have xq = Xo, Po = Po. According to (24) and (26),

we have

JoF)=" ) Jx (85,) ®x Po=Po,
Qvey(xo)

since the 0’s constitute a partition of unity. Thus (14) follows and the lemma is proven. W
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Lemma 2 implies that the output of our query-algorithm, that is, the polynomials Py
defined in (9), are the m-jets of a function that satisfies (I) from Theorem 3. This completes
the proof of Theorem 3. [ |

Remark: In Theorem 3, we prescribe the (m — 1)-jet of F at a given point xo. We would
like to mention without proof, that it is equally easy to prescribe the m-jet of F at the given
point xo. Denote by 7t,, : P™ — P the linear map that satisfies 9P (7, P)(x0) = 0PP(x) for

all B <m —1and P € P*. Suppose we alter the formulation of Theorem 3 as follows:

e Replace “Pg € P with “Py € P17,
e Replace “T, (F) = Po” with I}, (F) = P,
e Replace “Py € T'(xo, £y, M)” with “Py € MBT(xo,1) and 7y, (Py) € T'(xo, £, M)”.

Then the modified theorem holds true. We invite the reader to fill in the proof.

We are now in a position to prove Theorem 2 from Section 1. Theorem 2 follows from the

following theorem.

Theorem 4: Suppose we are given the following data:
o A finite set E C R™
e For each x € E, two real numbers f(x) € R and o(x) > 0.

Assume that #(E) = N. Then, there exists F € C™(R™) with the following properties:

(A) IfFe C™Y(R") and M > 0 satisfy

(37) || F|lem@n)< M and [F(x) — f(x)] < Mo(x) forx € E,
then

(38) || F [|cm@®n)< CM and |F(x) — f(x)| < CMo(x) for x € E.

(B)  There is an algorithm, that receives the given data, performs one-time work, and then
responds to queries.

o A query consists of a point x € R™, and the response to the query is the jet ]} (F).
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o The one-time work takes CNlogN operations, and CN storage. The work to
answer a query is Clog N.

Here, C is a constant depending only on m and n.

Proof: Let us pick xo € E, and let Py € P be such that
(39) Py is a C-original vector of the blob I'(xg, £,).

We will compute the ALPs that give rise to blobs that are C-equivalent to the I'’s in the one-
time work, using CNlog N operations and CN storage. Having already constructed those
ALPs, we may compute the polynomial Py using Algorithm ALP3 from Section 5, using no

more than C operations.

We will now invoke Theorem 3, for E, f, o and xo, Po. By the conclusion of that theorem,
we obtain a certain function F. We will show that F satisfies (A) and (B). Note that (B)
follows from (II) of Theorem 3. We still need to prove (A). Suppose that F e C™(R"™) and
M > 0 are such that

(40) || F [|em@n)< M and [F(x) — f(x)| < Mo(x) for x € E.
We will show that
(41) || F ||cm@®n)< CM and [F(x) — f(x)| < CMo(x) for x € E.
To that end, note that Property 0 from Section 13 and (40) imply that

(42) Jx, (F) € T(xo, £, CM).

In particular I'(xo, £, CM) # (). By (39), and by the defining property of “C-original vectors”

from Section 2,
(43) Py € T'(x0, Ls, C'M).

From (43), and according to (I) of Theorem 3, we conclude (41). Thus, given (40) we deduce
(41). This is exactly the content of (A). The proof is thus complete. [ |
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Remark: An alternative implementation for Theorem 4 moves work from the query algo-
rithm into the one-time work. The idea is as follows. Let F € C™(R™) be as in Theorem 4.
For x € E, let P* = J!(F).

The algorithm given above for Theorem 4 allows us to compute (and store) all the jets

P* (x € E), with work CN log N and storage CN. We view this as part of the one-time work.

The proof of the classical Whitney extension theorem produces a function F e C™(RM),
with J7(F) = P* for every x € E, and with || F [|en@ < C || F ||cm@n. (Here, C depends
only on m and n.) Thus, F serves as well as F in Theorem 4. The methods of this paper
allow us easily to answer queries as follows: Given a query point x € R™, we produce the jet
]Z(]E). We omit the details.

For x € R™ and M > 0 we define the blob Z(x) = (Z(x, M))m=0 by setting

Z(x,M) = {IX(F) N Fllemeny< M, and Vx € E, [F(x) —f(x)| < MG(X)}.

The set X(x, M) is convex and increasing with M, hence X(x) is a blob.

Lemma 3: Let xo € E. Then the blobs L(xo) and T'(xo, L) are C-equivalent, for a constant

C depending only on m and n.

Proof: Fix M > 0, and let Py € Z(xo, M). According to Property 0 from Section 13, we
have that

Po € T'(xo, £+, CM).

Since Py € X(xp, M) is arbitrary, we conclude that X(xo, M) C T'(xg, {,, CM). Next, suppose
Po € T'(xo, £, M). We will apply Theorem 3, for E, f, 0 and for xq, Ps. According to (I) from
Theorem 3, there exists a function F € C™(R"™) with Py = J, (F) such that

| Fllem®gn)< CM, and Vx € E, [F(x) —f(x)] < CMo(x).

Therefore, Py € X(xo, CM). Hence I'(xg, s, M) C Z(xo9, CM). This completes the proof. W
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Lemma 4: Let x € R™ be such that x € E, and let xo € E be such that
Ix —xo| < ZIynelg Ix —y| = 2dist(x, E).

Then, X(x) is C-equivalent to the blob
(%0, &) + B(x, |[x —x0|)] N B(x, 1).

Here, C is a constant depending only on m and mn.

Proof: Fix M > 0, and let P € X(x,M). By the definition of X(x, M), there exists a
function F € C™(R™) such that

(44) Jx(F) =P,
(45) || F llem my< M, and
(46) [F(y) — f(y)I < Mo(y) for ally € E.
According to (44) and (45),
(47) P € MB(x, 1).
Furthermore, by (45), (46) and Property 0 from Section 13,
(48) Jxo (F) € T'(x0, Ly CM).

The function F satisfies (45). By Taylor’s theorem, J,,(F) — J.(F) € CMB(z,w) for any
z,w € R™ (see also (3) from Section 1). From (44) we thus conclude that,

(49) P —Jx, (F) = Jx(F) = J (F) € CMB(x, %o).
According to (48) and (49),
(50) P € I'(xq, £x, CM) + CMB(x, x0)-
Since P is an arbitrary polynomial in £(x, M), then (50) and (47) tell us that for any M > 0,

(51) X(x,M) C [T(x0, &, CM) + CMB(x, x0)] N CMB(x, 1).
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This proves half of the conclusion of the lemma. We now focus on proving the second half.
Let M > 0 and let

(52) P € [I'(xg,£s, M) + MB(x,x0)] " MB(x, 1).
Then there exists Py € T'(xg, {x, M) such that
(53) P — Py € MB(x,x0) € CMB(x,dist(x, E)),

since, by our assumptions, [x — xo| < 2dist(x, E). Since Py € T'(xo, £y, M), then according
to Lemma 3, we have that Py € Z(xo, CM). By the definition of X(xo, CM), there exists
F e C™(R) with Jy, (F') = Py such that

(54) | F' ||lememy< C'M, and VX' € E, [F(x') — f(x')] < CMo(x').
Next, fix y € E. Then, by (54), (53) and the definition of F/,

(55) Jy(F) =P = (Jy(F) = Jx, (F)) + (Po — P) € CMB(x0,y) + CMB(x, dist(x, E)).
However, according to (3) of Section 12,

(56) B(x0,y) = B(xo, [y —xol) € CB(x, [y — %ol + Ix —xol).
Furthermore, since |x — x| < 2dist(x, E) < 2|x — y| then,

(57) Ty —xol + Ix —xol < (ly — x|+ Ix —xol) + x — xo0l < 5y —x|.

From (56) and (57) we deduce that B(xo,y) € C'B(x,5ly —x|) € CB(x,y). By combining
the last inclusion with (55), we conclude that for any y € E,

(58) Jy(F) — P € C'MB(x,y) + CMB(x, dist(x, E)) € CMB(x,y),

as dist(x, E) < |x —y|. Denote E = EU{x}. To any y € E we associate a polynomial lsy S
as follows: P, = J,(F) ify € E, and P, = P if y = x. Note that x ¢ E, and hence the P’s
are well-defined. We would like to apply Whitney’s theorem, as described in Section 1 (see
also [35] or [32, Section VI]). According to (54), we have that

(59) Py — P, = J,(F) —J.(F) € CMB(y,z) for any y,z € E.
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We use (54) for the case y € E, and we use (52) for the case y = x, to obtain that
(60) P, € CMB(y,1) for all y € E.

Based on (58), (59) and (60) we may invoke Whitney’s theorem, for the set E and the
polynomials {lsy}yeg. By the conclusion of Whitney’s theorem, there exists F : R™ — R with
| Fllemmn)< CM such that

(61) ]y(f:) = lsy =J,(F) for all y € E, and also J.(F) =P, =P.

According to (61) and (54), the function F witnesses that P € £(x,CM). Since P is an
arbitrary polynomial in [I'(xg, £, M) + MB(x, xo)] N MB(x, 1), we conclude that for any
M > 0,

(62) [I"(xo, £, M) + MB(x,x0)] " MB(x,1) C Z(x,CM).

The lemma follows from (62) and (51). |

Theorem 5: Suppose we are given the following data:
o A finite set E C R™
e For each x € E, two real numbers f(x) € R and o(x) > 0.

Assume that #(E) = N. Then there is an algorithm, that gets the given data, performs
one-time work, and then responds to queries. A query consists of a point x € R™, and the
response to the query is an ALP A (of length at most dim P ) such that K(A) is C-equivalent
to the blob Z(x) = (X(x, M))m=o defined by,

Z(x,M) = {Jx(F) | Fllecn )< M, and Yy € E, [F(y)—f(y)| < Mo(y)}.

The one-time work requires CNlog N operations and CN storage. The time to answer a

query is ClogN. Here, C is a constant depending only on m and n.

Proof: Let us describe the relevant algorithm. First, we perform all the one-time work of the

algorithm from Theorem 3, and also all the one-time work related to Theorem BBD1 from
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Section 23. This one-time work requires CN log N operations, and CN storage, as stated in
Theorem 3 and in Theorem BBD1.

We will now present the query-algorithm. Suppose we are given a point x € R™ We
need to produce an ALP A, such that X(A) is C-equivalent to Z(x). To that end, note that
according to Theorem BBD1 from Section 23, we may compute within ClogN operations,

a point xo € E such that
(63) Ix — x| < 2dist(x, E).

Note also that the ALPs that give rise to blobs that are C-equivalent to the I'’s are computed
in the one-time work of our algorithm. According to (63), we may easily detect whether x € E
or x ¢ E. In case where x € E, our query-algorithm returns an ALP A of length dim P such
that K(A) is C-equivalent to I'(x, £,). Such an ALP was already computed in the one-time
work (see Section 10), and by Lemma 3 we have that K(A) is C-equivalent to X(x).

In the case where x € E, we compute, within C computer operations, an ALP A such that
the blob X(A) is C-equivalent to

(64) [F(xo, &) + Blx,x0)] NB(x,1).

Indeed, we simply need to apply Algorithm ALP6 and Algorithm ALP7 from Section 5. From
the explanation in Section 5 we know that the ALP returned by Algorithm ALP6 has length
at most dim P. Lemma 4 tells us that the blob in (64) is C-equivalent to X(x). Our query

algorithm clearly uses at most Clog N computer operations. The proof is complete. |

In the following two sections, we will discuss several variants of the theorems and algo-
rithms presented in this section. These variants will be formulated precisely, in Theorem
6, Theorem 7 and Theorem 8, but we will not supply full details pertaining their proofs.
Instead, we will indicate the necessary modifications of the above arguments, that lead to
the proofs of Theorems 6,7,8. Filling in the missing details is quite routine, given the proofs
of Theorem 3, Theorem 4 and Theorem 5 on which we have elaborated throughout this

manuscript.
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§35 Linear Dependence on Input

In this section, we strengthen Theorem 4 from Section 34, by producing an extension
function F that depends linearly on the given f. We write ¢, C, C’, etc., to denote constants

depending only on m and n.

Let us recall from Section 16 the concept of a linear map of depth k. Suppose
L:RN — P+ is a depth k linear map, given by a D x N matrix L'. (Here, D" = dim P*.)
Then at most Ck of the entries of L’ are non-zero. In order to specify the depth k linear map
L, it is sufficient to indicate which entries of L’ are non-zero, and then specify the values of
those non-zero entries. By using this representation, we may hold a depth k linear map using
C-(k+1) storage (see Section 16). We call this representation the “compact representation”
of L.

Theorem 6: Suppose we are given the following data:
o A finite set E C R™
e A number o(x) > 0 for each x € E.

Assume that #(E) = N.

Then, there exists a collection of linear maps {L, : x € R™}, where L, : R#*® — P+ for
each x € R™, such that the following hold.

(A) For each x € R™, the linear map L, : R*®) — P+ is of depth C (and thus depends

only on at most C' among the N coordinates of its input).

(B) Suppose f := (f(y))yee, where f(y) € R for ally € E (i.e., f € R*®). Then there
exists a function Fr € C™(R™) such that:

(B1) J}(F¢) = Lo [f] for all x € R™.

(B2) If F € C™(R™) and M > 0 satisfy
| Fllem@n)< M and [F(x) — f(x)| < Mo(x) forx € E,
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then
| Fe|lem@mn)< CM and [Fe(x) — f(x)| < CMo(x) forx € E.

(C) There is an algorithm, that takes the given data, performs one-time work, and then
responds to queries.
A query consists of a point x € R™, and the response to the query is the depth-C
linear map Ly, given in its compact representation.
The one-time work takes CN log N operations, and CN storage. The time to answer

a query is Clog N.

Here, C is a constant depending only on m and mn.

The proof of this theorem is identical to the proof given in the previous sections, with a
few obvious modifications. The main modification, is that rather than computing I'(x, £, M)
and o(x, £, M) using ALPs, we bring in the PALPs described in Section 6, Section 11 and
Section 16. We supply details.

We define N = N. We suppose that the index of an input point, an integer between 1
and N, may be stored in a single memory word. Thus assumption (2) from Section 6 is
verified. We formally think of (f(x))xer as depending linearly on & € R¥E) = RN and we
write f = f¢ to denote this formal linear dependence. For a fixed x € E, the linear projection
£ fe(x) from RN to R is (trivially) of depth 1. Therefore (1) from Section 11 holds, with
k = 1. Recall from Section 11 that we are able to compute PALPs A(x, {) with the following

properties.

(1) For each x € E,0 < { < {,, the PALP A(x,{) and the ALP A(x,{) constructed from
E, 0, f¢ in Section 10 agree at &, for every & € RN,

(2) For each x € E,0 < € < {, the PALP A(x,{) is of depth at most C'.

(3) The computation of the PALPs A(x,{), for x € E,;0 < { < {,, requires no more than
CN log N operations and CN storage.

Next, based on the construction of the PALPs A(x,{), we were able to describe in Sec-
tion 16 the procedure, Find—Parametrized—Neighbor(ﬁo,A,x), defined for A C M,x € E

and a depth-k parametrized polynomial Po. (Recall from Section 16 the concept of a
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depth-k parametrized polynomial.) The output of Find-Parametrized-Neighbor is a depth-
Ck parametrized polynomial P with the following property:

(4) Fix § € RN. Set Py = 130(5), P= ﬁ(&) and f = fg. Then P is the polynomial returned
by Find-Neighbor(Py, A, x) with initial data E, o, f.

Assuming we have already computed the PALPs A(x,{), the procedure Find-Parametrized-

Neighbor terminates within C’ computer operations.

Next, we describe the (trivial) modifications needed, to adapt the Main Algorithm to the
new situation. The first change, is that all the polynomials in the Main Algorithm (except
for the jets of the 0’s), are now being replaced with parametrized polynomials. In particular,
fx (Ao, Qo, X0, Po) is replaced by f;(flo, Qo,xo,ﬁo) where Py is a parametrized polynomial.
The second change is that Line 11 is replaced by

Line 11’: Define Py := Find—Parametrized—Neighbor(ﬁo,Ao,xk).

Suppose that ﬁo is a parametrized polynomial of depth C, for some constant C depending
only on m and n, and denote P = f;(Ao, Qo, xo, Po). By an easy induction on Ay C M we
obtain that for any Qo € CZ(Ao),xo € ENQF,x € (14 cs)Qo, the following hold:

(5) Pisa parametrized polynomial of depth C’.

(6) Fix & € RN and set Py = P?;(E),P = ﬁ(E) and f = fg. Then P is the polynomial
returned by (Ao, Qo, X0, Po) with initial data E, o, f.

(7) The computation of FX(AO,QO,XO,I;O) requires Clog N computer operations, given

one-time work of at most CN log N operations and CN storage.

We may now move to the proof of Theorem 4 in Section 34. Again, only obvious modifi-

cations are needed. We just need to replace (8), (9) and (39) from Section 34 with

(8 ﬁQ is a parametrized C-original vector for the PALP A(xq, {.).
Px = Z ];r (e%v) @;r fx(@y va XQV) PQ«/)

. QVGQO (X]
(39') Py is a parametrized C-original vector for the PALP A(xo, £.).
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We compute Py in (39) and Pg in (8') with the help of Algorithm PALP3 from Section 6.
Since the PALPs A(x, {,) (x € E) are of depth C, it follows from the defining properties of
Algorithm PALP3 that Po and ﬁQ are parametrized polynomials of depth C'. By using (5),
(6) and (7), it is straightforward to obtain the following result: For any x € R™,

(8) The polynomial P, is a parametrized polynomial of depth C.
(9) The polynomial P, computed in (9) of Section 34 with initial data E, o, f¢, %o, Po(£)
equals the polynomial ﬁx(i) from (9') with initial data E, o, xo, Po.
(10) The computation of P, requires Clog N computer operations, given one-time work of

at most CN log N operations and CN storage.

It is now easy to deduce the conclusions of Theorem 6. Indeed, conclusion (A) follows
from (8), conclusion (B) follows from (9) and Theorem 4 from Section 34, and (C) follows

from (10). The proof of Theorem 6 is complete.

836 Different Types of Input

So far in this manuscript, we were mainly concerned with an efficient computation of a
function F : R™ — R, having a nearly minimal C™-norm under certain restrictions on the

values that the function F may attain on a given set E C R™.

In this section we will consider more general types of constraints on the desired function F.
Rather than restricting the values that F may attain on the set E, we will impose conditions on
the full jets J(F) (x € E). In particular, we will discuss algorithms for efficiently computing
a function F: R™ — R, having prescribed jets of various orders at the points of E, such that

| F||cm@®n) has the smallest possible order of magnitude.
Recall the definition of Whitney t-convex sets, from Section 12.

Theorem 7: Suppose we are given the following data:
o A finite set E C R™

e For each x € E, an (m — 1)-jet f(x) € P, and a centrally-symmetric convexr set

o(x) C P, defined by at most, say, 2dim P linear inequalities.
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Assume that #(E) = N, and that for each x € E, the set o(x) is Whitney t-convex at x, with
Whitney constant W.

Then, there exists F € C™(R™) with the following properties:

(I) If F e C™(R™) and M > 0 satisfy
I F lcm@n)< M and J.(F) € f(x) + Mo(x) for x€E,
then
| Fllem@n)< CM and J«(F) € f(x) + CMo(x) for x€E.

Here C is a constant depending only on m, n and W,.

(IT) There is an algorithm, that receives the given data, performs one-time work, and then

responds to queries.
A query consists of a point x € R™, and the response to the query is the jet J}(F).

The one-time work takes C'Nlog N operations, and C'N storage. The work to answer

a query is C'log N.

Here C' is a constant depending only on m and n.

Note that Theorem 4 is a particular case of Theorem 7, in which all the sets o(x) C P
take the form

(1) o(x) ={P € P : [P(x)| < o' (x)}

for all x € E, where 0’ : E — [0, 00) is some function. The centrally-symmetric convex set
o(x) in (1) is Whitney t-convex at x, with Whitney constant 1. An additional interesting

example of a Whitney t-convex set, is
(2) o(x) ={PeP : 9PP(x) =0 forall |B] <o'(x)}

for all x € E, where ¢’ : E — {0, ..., m— 1}. Note that o(x) as in (2) is Whitney t-convex at
x with Whitney constant 1.
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The proof of Theorem 7 is almost identical to the proof of Theorem 4. Next we will
describe the differences between the two arguments. Thus, let E, f, 0 be as in Theorem 7.

From now on, in this section C, C’, C etc. denote constants depending only on m,n and W,.

Recall the definition of the I''s and the ¢’s from Section 10. In order to prove Theorem 7,

we need to replace (2) of Section 10 with
2y T(x,0,M) ={PeP:[0°P(x)] < M for|af] < m—1, and P € f(x) + Mo(x)}

for all x € E. Having replaced (2) from Section 10 with (2’), we inductively define the
sets T'(x, ¢, M) and o(x,{) for all x € E,M > 0 and { > 0 exactly as in Section 10. Since
o(x) is given by at most 2dim P linear inequalities, then the blob I'(x,0) defined in (2') is
already given by an obvious ALP of length not exceeding 3 dim P. Therefore we may carry
out the recursive computation of the ALPs A(x, {) such that K(A(x,£)) is C-equivalent to
I'(x,{), exactly as described in Section 10. The resources needed for the computation are

still CNlog N time and CN storage (with C depending only on m and n).

The new blobs T'(x,{) and convex sets o(x,{), that were constructed in the preceding
paragraph, are the basic blobs that are relevant to the proof of Theorem 7, and they will
replace the basic blobs defined in Section 10. Let us discuss the properties of the new basic
blobs, in comparison to Section 13. Property 0 from Section 13 needs to be replaced with

the following:
Property 0"

(a)  Let Fe C™(R™) and M > 0 be given. Assume that
| Fllemmn) < M and J(F) € f(x) + Mo(x) for all x € E.

Then J,(F) € T'(x, £, C;M) for all x € E, £ > 0, where C; depends solely on £, m,n and
Wo.

(b)  Let F e C™(R™) be such that
| Fllem@mny< 1 and Jx(F) € o(x) for all x € E.

Then J.(F) € Cio(x,£) for all x € E, £ > 0, where C, depends solely on £, m,n and
W.
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We claim that Property 0, as well as Properties 1,...,4 from Section 13, hold also with our
new definition of the I'"s and ¢’s, when the constants C, C’ etc. are allowed now to depend
also on Wy. Indeed, an inspection of the definition (2') shows that Property 0’ from the
present section, and Properties 1,....4 from Section 13, all hold for { = 0, with constants
depending only on m,n and W,. As in Section 13, the proof for a general { follows by
induction. There are only the most trivial differences between the inductive proof in Section
13 and the argument needed here. We omit the straightforward details. We have thus
explained how to establish Property (', as well as Properties 1,...,4 from Section 13, in the

context of the new s and o’s.

Except for the slightly different construction of the I''s and o¢’s, in order to prove Theorem
7 we use the same algorithms and the same arguments as those used in the proof of Theorem
4, with the main difference being that the constants depend now also on Wy, in addition to

m and n.

Recall the first paragraph from Section 31. According to this paragraph, Properties 0,...,4
from Section 13 are the only information we use regarding the s and the o’s. (The only
exception is (19) of Section 34, which trivially holds also here.) In order to adapt the argu-
ments and algorithms that appear throughout the manuscript to suit the proof of Theorem
7, we simply note that Properties 1,...,4 from Section 13 may also be used in the new context,
with the new I's and o’s. Indeed, this is the content of the previous paragraphs (with C, C’
being constants depending only on m,n and W;). Regarding Property 0 from Section 13,
we would like to replace its use with Property 0. In relation with the proof of Theorem 4,
Property 0 was used only in (42) of Section 34. In that occurrence, the adaptation of the
argument to fit into the proof of Theorem 7, using Property 0’ in place of Property 0 from

Section 13, is very simple.

Thus, Theorem 7 follows along the lines of the proof of Theorem 4. We invite the reader
to fill in the details.

We will conclude this section with a remark related to scale invariance. Let us denote
Ts(x) = O0x for & > 0 and x € R™. Suppose F: R™ — R is an unknown function, and that
the only information we have regarding F is its C™norm, || F ||cm®n). Suppose 6 > 0 is a

known number, that may be very large or very small. Then it is impossible to guess what
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is even the order of magnitude of || F o s ||cm®n), without having more information on the
function F. In other words, the C™-norm does not behave well under scaling. To overcome
this irritating point, one might want to consider scaling-friendly versions of the C™-norm.

For instance, the semi-norm,

N.n(F) = sup max |[9PF(x)|
xeR™ [Bl=m

is an obvious candidate. Note that if N, (F) < M for some function F : R™ — R, then by

Taylor’s theorem,
(3) Jx(F) —Jy(F) € CMB(x,y) for all x,y € R™

Property (3) was almost the only property of the norm || - ||cm®n) that was relevant in this
manuscript. It is thus possible to modify slightly our discussion, and obtain an extension
algorithm, with respect to the semi-norm N,,. We will not carry out the details, but one

may prove the following result.

Theorem 8: Suppose we are given the following data:
o A finite set E C R™.

e For each x € E, an (m — 1)-jet f(x) € P, and a centrally-symmetric conver set

o(x) C P, defined by at most, say, 2dim P linear inequalities.

Assume that #(E) = N, and that for each x € E, the set o(x) is Whitney t-convex at x, with
Whitney constant W.

Then, there exists F € C™(R™) with the following properties:
(I) IfFe C™(R") and M > 0 satisfy
N (F) < M and J4(F) € f(x) + Mo(x) for x € E,

then
N (F) < CM and J«(F) € f(x) + CMo(x) for x € E.

Here, C is a constant depending only on m,n and W.
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(IT) There is an algorithm, that takes the given data, performs one-time work, and then

responds to queries.
A query consists of a point x € R™, and the response to the query is the jet J}(F).

The one-time work takes C'Nlog N operations, and C'N storage. The time to answer

a query is C'log N.
Here, C" is a constant depending only on m and n.

Let us just mention briefly the main point of change between the proof of Theorem 8 and

the proof of Theorem 4. Actually, all we need to do is define

I'(x,0,M) = f(x) + Mo(x), and

o(x,0) = o(x).

(compare with the definition from Section 10, or with (5) from Section 34). We may re-run
our arguments, based on this new definition of I'(x, 0, M) and o(x, 0), and obtain a family of
blobs and convex sets that satisfy the obvious analogues of Properties 0,...,4 from Section 13.
This leads to an analogue of the Main Lemma for Theorem 8. To deduce Theorem 8 from the
analogue of the Main Lemma, we may take advantage of scale-invariance and translation-
invariance to assume that our set E is contained in a single dyadic cube of sidelength AE].
This allows us to bypass the arguments in Section 34. Thus the proof of Theorem 8 is
actually a rather straightforward generalization of the proof of Theorem 4. We omit the
details.
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Appendix - Computation in Finite Precision

§37 Representing Real Numbers in the Computer

Our algorithms deal with real numbers. We need to store and retrieve real numbers
from the computer memory; we add, subtract, multiply, divide and compare real numbers,
and also, when computing the Caldéron-Zygmund cubes, we make use of the operations of

logarithm, powers of two and rounding to the nearest integer.

As we are aiming at a rigorous, asymptotic analysis of our algorithms, we need to specify
the precise abstract model of computation underlying the discussion. When we work with
non-discrete objects, such as real numbers, selecting a computational model is not an obvious
task.

A naive approach, would be to consider a standard von Neumann computer, able to work
with exact real numbers and perform all the above operations exactly, in infinite precision.
It was brought to our attention that this model of computation, and in particular the unre-
stricted use of the “round to nearest integer” operation, leads to some suspiciously efficient
algorithms. For example, it was shown in [28] (see also [23]) that in this model of compu-
tation there exists a polynomial-time algorithm, that solves a problem for which there is no

known sub-exponential algorithm in the standard, discrete, models of computation.

Thus, some caution is needed when analyzing the performance of algorithms involving real
numbers. In [19] we have described a simpler algorithm, and we have selected there a model
of computation able to work with exact real numbers. In that model of computation, an

operation is one of the following.

(1) An exact addition, subtraction, multiplication or division of real numbers.
(2) A comparison of two real numbers x and y, i.e. the decision as to whether x > y,x =y
or x <y.

(3) Reading or writing of a real number from a specified memory cell.

This model of computation, referred to as real RAM (RAM stands for Random Access
Machine), is quite standard, see e.g. [27, Section 1.4]. It is also common to strengthen

this model, by allowing exponents, logarithms and trigonometric functions (again see, e.g.
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[27, Section 1.4]). We refer the reader e.g. to [24] for a critical discussion of this model.
Unfortunately, this widely accepted model of computation does not suit the algorithms in
this manuscript; we are currently unaware of an efficient computational approach to the

space tilings CZ(.A), that avoids the use of “rounding to the nearest integer”.

There are several other reasonable models of computation, that are more appropriate for
the analysis of our algorithms. We chose to use a finite-precision computer, in which a real
number is represented, to some accuracy, using registers of S bits. It takes the computer one
unit of time to perform simple manipulations on one or two registers. In particular, we may
add, subtract, multiply, divide, round and compare S-bit registers, within one unit of time.
Since our registers are finite, these operations cannot be performed with perfect precision.
We suppose, as in [25, Section 4.2.2], that these operations are as accurate as possible. We
will assume explicit bounds for the error that may be caused by each operation. The list of
allowed operations, and the assumptions we make on each of them, appear in the following
section. In Sections 39-57 we provide a detailed analysis of the performance and accuracy

of our algorithms, in the S-bit-precision model of computation.

We have elected the finite-precision model of computation, since it seems to the authors
close in spirit to our understanding of real-life digital computers. We would like to emphasize
that the model of computation we chose is in no sense canonical. It is also possible to analyze
our algorithms using other models. For instance, we could have considered a real RAM, with
the addition of “rounding” and “powers of two” operations in a bounded domain; in this
model all of the computations are exact, but we are allowed, for instance, to round real
numbers to the nearest integer only if they lie in the interval [0, S], for some given number

S.

Our main goal in the analysis below is to verify that our algorithms are honest and make
sense, and that we avoid the subtle problems related to computation with real numbers
mentioned above. We confine attention to the main algorithm presented in this manuscript,

i.e., the one which appears in the formulation of Theorem 2 or Theorem 4.

This discussion, of course, is of purely theoretical nature. It would be interesting to ex-

amine whether our algorithms, or at least some of the ideas in them, may be also of some
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practical use. Needless to say, all algorithms in this manuscript are well suited for imple-

mentation in any standard computer language, such as FORTRAN, PASCAL or C. A thorough

study of an optimized implementation is beyond the scope of this article.

§38 The Model of Computation

For an integer S > 1, we work with “machine numbers” of the form k- 275 with k an

integer and [k| < 2125 Our model of computation is an idealized von Neumann computer

[34], able to handle machine numbers. We also make the following assumptions:

e Two machine numbers x and y satisfying [x| < 2¢ and Jy| < 2% with £, > 0
and £+ ¢’ < S can be “multiplied” to produce a machine number x ® y satisfying
x®y—xy| <275

We suppose it takes one unit of “work” to compute x ® y.

We assume that 0@ x =x®0=0and that x® 1 =1® x = x.

We assume that if [x| < 2% and Jy| < 2Y, for {, ¢ integers, then |x @ y| < 247,

If x is any machine number other than zero, then we suppose we can produce a
machine number “1/x” in one unit of “work”, such that |“1/x” — 1/x| < 2-5.

We assume that “1/x” =1 when x = 1.

We assume that if [x| > 2¢, for an integer {, then |“1/x”| < 274

Two machine numbers x and y satisfying [x| < £ and |y| < € for integers £ and ¢’
such that £+ ¢ < 28 may be added to produce their exact sum x +y, which is again
a machine number.

We assume it takes one unit of “work” to compute x + y.

If x is any machine number, then —x is again a machine number.

We assume it takes one unit of “work” to compute —x.

If x and y are machine numbers, then we can decide whether x <y, y < x, or x =y.
We assume this takes one unit of “work”.

If x is a machine number other than zero, then we can compute the greatest integer
¢ such that 2¢ < |x].

We assume this takes one unit of “work”.

If x is a machine number and { is an integer with ] < S, then we can compute the
greatest integer < 2%. (If this integer lies outside [—25,425], then we produce an

error message, and abort our computation.)
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We assume this takes one unit of “work”.

e We assume we can add, subtract, multiply and divide integers of absolute value < 25 ,
in one unit of “work”.
If we compute x/y in integer arithmetic, for integers x,y (y # 0) of absolute value
at most 25, then we obtain the greatest integer < the real number x/y. If our
desired answer lies outside [—Zg, —|—2§], then we produce an error message and abort
our computation.

e Given integers x,y of absolute value < 25, we can decide whether x <y, y < x, or
X =Y.
We assume this takes one unit of “work”.

o If { is an integer, with |{| < S, then we can compute exactly the machine number 2°.
We assume this takes one unit of “work”.

e We assume we can read or write a machine number from /to the RAM with one unit
of “work”.

e We assume we can store the address of any memory cell in a single S-bit word.

Under these assumptions, we say that we work with “S-bit machine numbers” (though
the actual implementation of those machine numbers seems to require at least 2S + 2 bits.)
Note that it is possible to simulate arithmetic of tS-bit machine numbers, using a computer
working with S-bit machine numbers. The amount of “work” for each elementary operation
is a constant depending only on t. Consequently, we are only interested in the order of

magnitude of S.

We will show that when our algorithms receive their input as Sy-bit machine numbers, and
if S > CS,, for a constant C depending only on m and n, then the output produced by our
algorithm is accurate to within Sy bits. We will verify that the work and storage required
are as promised, CNlog N for the one-time work and Clog N for the query time, with CN
storage, for C being a constant depending only on m and n. Since we are really interested

only in the order of magnitude of S, this implies that we can eventually take S = S,.

In Sections 39,...,57 we assume the above model of computation. Throughout those sec-

tions, S will always denote the precision of our model of computation, as was just described.
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§39 Data Structures

Let D > 1 be given. We will work with ALPs in RP.

Let S be a positive integer, and let Y > 1. We define an “S-bit FALP with constant Y”
to be an ALP

(DS1) A= [(7\155)11%@3]57 (be)1<e<t, (O¢)1<e<r, My

in RP, with the following properties.

(DS2) L>1.

(DS3) 25 <oy <25foreach £ (1 <L<L).

(DS4) 275< M, <25

(DS5) |bg| <25 for each £ (1 <€ <L).

(DS6) Ayl <25 foreach €,j (1 <€<L,1<j<D).

(DS7) Suppose we are given Ay (1<E<L 1<j<D)and b (1 << L), such that for

all £,j we have
|}\le] - }\e]" < 275 and ’ble — bd < 275 X

Then the ALP A is Y-equivalent to the ALP

A" = [(Ag) <o, (D) 1<e<t, (00 1<ecr, ML

155D

(Recall that two ALPs A, A’ are C-equivalent, if the blobs to which they give rise are C-

equivalent.)

“FALP” stands for “Fault-tolerant ALP”. If also each A, by, 0 and M, in (DS1) is a
machine number, then we say that A is an “S-bit MALP with constant Y.”

540 Remarks on FALPs and MALPs

Lemma 1: Let A = [(Ay) E (bo)i<e<t, (00)1<e<t, Mi] be an S-bit FALP with constant Y.
Let A" = [(Ay )1<€<]gy (b2)1<e<L>( op)1<e<t, MU, with [N —Agl, [by—byl, [0y —0o0l, IML—M,| <
276G+ Then A’ is an (S + 1)-bit FALP with constant 4Y?. Moreover, A’ is 2Y-equivalent
to A.
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Proof: Let A" = [(A};), (bY), (o), ML], with [Af; — Ayl [b7 — byl < 2=+ We will show
that A" is 4Y2-equivalent to A’. To see this, note that AL — Agl, [bY — bl < 275, Hence, by
(DST7), the ALPs

A" =[(Ng), (07), (00), M. and A" = [(Ny), (by), (0¢), ML

are both Y-equivalent to A; hence they are Y2-equivalent to each other.

Since also % < 0y/0¢ < 2 and % < M/ /M, < 2, we know that A’ is 2-equivalent to A’
and similarly A” is 2-equivalent to A”. Consequently, A’ and A” are 4Y2-equivalent, which
proves (DST7) for A/, with 4Y? and S + 1 in place of Y and S. Properties (DS 2...6) hold
trivially for A’, with S+ 1 in place of S. Therefore, A’ is an (S + 1)-bit FALP with constant
472, Also, since A’ is Y-equivalent to A, and since A’ is 2-equivalent to A’, it follows that
A is 2Y-equivalent to A’. [ |

As a special case of the above, let
A = [(}\Ki)a (bﬁ)) (O-K)v M*]
be an S-bit FALP, with constant Y.

Define
-A/ = [()\lﬁj)y (bf)v (Gf)v M*]

by setting
= Ay if Mgl > 275D

= 0if Ayl < 276570,

Then A’ is an (S+1)-bit FALP with constant 4Y2, and, moreover, A and A’ are 2Y-equivalent.

Passing from A to A’, we can ensure that any non-zero Aj; will have absolute value at least
2—(S+1).

We give the name “Rounding Down” to the process of passing from A to A’ as above.

If A is an S-bit MALP with constant Y and length L in RP, then we can “round A down”
in our model of computation, with work at most CDL, where C is a universal constant. (Of

course, when S > S, rounding down of an S-bit MALP requires no computer operations at
all; in this case, A = A’.)
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Lemma 2: Suppose A = [(}\e]'):

<t<
<5<

L, (bo)i<e<t, (00)1<e<t, Ml is an S-bit FALP with
15 << <<

constant Y.

Then the matriz (Ag) has rank D. (In particular, L > D.)

Proof: Suppose not. Then there exists vV0 € RP with v0 = (v9,... ,vY) # 0, yet Z?\g,-v? =0

j
for each £. Fix jo with v?o # 0, and fix M > M,, with Mo, > [by| for each £. (Recall that
o¢ # 0 since A is an S-bit FALP. Hence, we can find such an M.)

Set
A" = [(Ag ‘|’2755815jjo)]1§j’5<ﬁé , (Bo)1<e<t, (00)1<ecr, Mud,
where 0 is the Kronecker delta. Since A is an S-bit FALP, the ALPs A, A’ must be Y-

equivalent. In particular, for our M, we have Kpm(A) € Kym(A'). On the other hand, for
any T € R, we have Tv® € Kpm(A), since for each £ we know that

Z)\ngV?—bg = ’bd < MO‘g.
j

Hence, TV € Kym(A') for any T € R. In particular,

D My +27%855,) V) — by

j

< YMO‘]

for all T € R. That is, [(275V) - T —by| < YMoy for all T € R. That’s absurd, since S, v§ ,
by, M, 01, Y are independent of T, and v?o # 0. The proof is complete.

Lemma 3: Let S > 1 be an integer, and let A = [(7\@-)1
be an ALP of length D in RP, satisfying the following:

<t<p , (be)i<i<p, (O¢)1<e<p, My]
<i<D

(a) All numbers Ay, |bel, o¢, M, are < 25;
(b) All numbers oo, M, are > 275,
(c) |det(Ag)| > 275.

Then A is an S'-bit FALP with constant Y, where S’ = éS, Y =2, and ¢ depends only on
D.
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Proof: Let C, C', etc. denote constants depending only on D.

Let A" = [(Ag + Hg), (be+ Be), (o¢), M. with |ugl, Be < €, and with € > 0 to be picked

below.
We will show that the ALPs A and A’ are 2-equivalent. To see this, let M > M.,.

Then

Km(A) = {v = (v1,...,vp) € RP: < Mogfor¢=1,...,D}

Z}\gj\)j — bg

)

and

Km(A) = {v=(vi,...,vp) eRP:

' [ZNM — by ZHZjVi — Be]

j

+ SMO'ngI"€:1,...,D}.

We have |Z}le]‘\1]‘ — B¢l < Ce(1 4 ]) for any v € RP. Suppose v € Km(A). Then
j
!Z?\ﬁvj! < |bg + Moy < 25(14+M) < C-2?°M for each {, thanks to our assumptions on
j

bfa Oy, M..

Since Ag| < 25 and | det(Ay)| > 275, it follows that
’\)’ S C- ZCS M )

hence !Zug]-v]- — B < Ce(14+ ) < 275M < Moy provided we take € < 2S5 for large
j
enough C. (Here again we use our assumptions on the size of M, 0y.)

Thus, !Z?\gjvj — by, !Zuﬁvi — B¢ < Moy for each £, and consequently v € Kopm(A').
j j

Hence, v € Knpm(A) implies v € Kopm(A').



185

Conversely, suppose v € Kp(A'). Then

Z}\ej\)j < b + + Mo,
j

Bl + Y Iugl vy

)

< 25 4+ Ce(1 4+ M) + Moy ,
for each €. Since also [Ag| < 25 and |det(Ag)| > 275, it follows that
v < C2% - [1 + Ce(1+ ) + Moyl
< C2% . [1+eph+Maoy.

Taking € < 27¢"S, we can absorb the e[v| on the far right into the left-hand side. Hence,
lv| < C-2%5. M. This in turn yields

B + D Iuglhvyl < C2°%eM < 27°M < Moy,
j

provided we take e < 2-C"S for a large enough C”. (Here again, we use our hypothesis on

the size of M, and 0y.) Now we know that

() (poecs)

< MO'e,aIld

Z HeVi — Be
j

for all £. Hence, ’Z}\h’v]‘ — byl < 2ZMaoy, ie., v € Kom(A). Thus, v € Kpm(A') implies

)

< 1B+ ) Inglvil < Moy,
j

v E KZM(.A)

We have shown that A and A’ are 2-equivalent, provided € = 27 for a large enough integer

constant C, depending only on D.

This means that A satisfies (DS7), with C-Sin place of S, and with Y = 2. Also, we see
that A satisfies (DS2...6), with C .S in place of S. Thus, A is a C-S bit FALP, with Y = 2.

The proof is complete. u

As an example of the previous result, let So > 1 be an integer, and assume that

(*) So 2 C and g 2 CSQ,
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where C is a large enough constant depending only on D. Let d be a machine number with
2750 < § < 2%5 and let Bs be the ALP in RP given by:

a) Ay = 04 (Kronecker delta) for £,j =1,...,D;
) bg=0fort=1,...,D;
)
)

o¢:= “0™” for £ =1,...,D, where m, is an integer, and 0 < m, < D for each ¢;

In (c), we attempt to compute 8™ using our model of computation, so o, will equal 5™

plus a roundoff error. The roundoff error will be smaller than 38™ because of (*).

Then the ALP Bj is a CSp-bit MALP with constant 2, where C depends only on D. This
follows at once from Lemma 3. The computation of the MALP B requires C work, with C
depending only on D.

Lemma 4: Let A be an S-bit FALP with constant Y in RP. Let M > 0.
Suppose u,v € RP, with v € Kpm(A) and [u] < 2-25/D.
Then v+ u € Kym(A).

Proof: Let u= (us,...,up),v=(vi,...,vp), A = [(Ay), (be), (o¢), M,].

D
By hypothesis, we have [Ay| < 2% and |uj| < %, and therefore, setting b, = b, + Z?\gju]-,
j=1

we obtain [b}, — bg| < 275 for each £. Since A is an S-bit FALP with constant Y, it follows
that A and A’ are Y-equivalent, where A" = [(Ay), (by), (0¢), M.].

Since v € Km(A), we know that M > M., and |} Agv; — by < Moy for each L.

)
Since » Ag(vj +115) — by = Y Ayv; — by, it follows that | > Ag(v; + 1) — byl < Moy for

) ) )
each £, with M > M,, i.e., v+u € Kpm(A'). Recalling that A’ and A are Y-equivalent, we
conclude that v +u € Kym(A). |
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§41 Elementary Row Operations on FALPs

Permuting rows. Suppose A is an S-bit FALP with constant Y, and let 7t be a permutation
of the rows of A.

Then A™ is again an S-bit FALP with constant Y. Moreover, A™ is 1-equivalent to A (i.e.,
they give rise to the same blob).

Stripping away zeros. Suppose A = [(Ag) 1<e<t , (be)i<e<r, (0¢)1<e<r, M| is an S-bit MALP
15<D == ==

with constant ¥, and suppose Agj = 0 whenever L < { < 1,1 <j < D. Then A= [(Ag5) 1<e<t
155<D

(be)r<o<t, (00)1<e<t, M,] is the ALP arising from A by “stripping away zeros”, where M, =
max{M.,, max{|bg|/o,: L < { < L}}. (Recall that all oy are non-zero.)

Trivially, A is a 2S-bit FALP with constant Y, because |by|/o¢ < 225, and hence M, < 225
The ALPs A and A are l-equivalent. We make here the assumption that

(0) S > 100 and S > 100S.

Thus, in our model of computation, we can compute M, only up to a roundoff error of

absolute value < 2-S < 27105 Qur attempt to compute A with imperfect arithmetic yields

with

ML —M,| < 271,
By Lemma 1 in Section 40, we see that A’ is a (2S + 1)-bit MALP with constant 4Y2. Also,
obviously, A’ is 2-equivalent to A. Consequently,

(a) A’ and A are 2-equivalent
(b) A’ can be computed from A in our model of computation; the work is < CDL, with

C a universal constant

(c) A’is a (25 + 1)-bit MALP with constant 4Y2,

Thus, we can “strip away zeros” in our model of computation.
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¢

<
<j

L, (be)1<e<r, (0¢)1<e<r, Mi] be an S-bit MALP with
15 << <<

<
<

Addition of rows. Let A = [(7\43]-)]1

constant Y. Assume that

(1) S > 1000 and S > 1000S.
and machine numbers

b (1 < & < L)

Suppose we are given an integer
Be (£=1,...,L), satisfying:

(2) Be, =0;
(3) |Bel < 2% for all {; and

(4) IBel - 0, < 20, for all {.
(be+PRebe)1<e<t, (00)1<e<r, M.], and let A’ be the ALP arising

Let A = [(7\43]-—}-[3@ Agyj) 1<e<t
155D
from attempting to compute A in our model of computation.

Thus,
A" = [(Ag+ B + €5), (be+ Bebe, + €0), (00), ML,

where the €’s are round-off errors; we have |, |€o < 25 < 2*1035,
All entries of A’ are machine numbers. Note that A and A are 3-equivalent. In fact, suppose

v € Km(A). Then M > M,; and we have |Z?\g,-v,- —bel < Moy for each {, and therefore

)
[Z }\gj\)j — bg Z}\eoj\))‘ — bgO] S MO'( + M’B€|Gfo S 3M0'g
j j

by assumption (4). Hence, v € Kzm(A). Since B¢, =0, we can also write
Ag = A — By Moy be = be— Py by,

+ Be

where 5\(5,- and Be denote the entries of A. Hence the same argument as above shows that
v € Kpm(A) implies v € Kzm(A).
Thus, A and A are 3-equivalent, as claimed. We will check that A is a 100S-bit FALP, with

constant 9Y. To see this, we first recall the definition:
A = [(Ay), (be), (00),M.]

with
A = A+ Bedgj, be = by + Beby,
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Since [Ag| < 25 for all £,j, and also |bg| < 2% for all £, and since B, < 225, we find that
Agl, [bel < 254275 .25 <2351,

Also, M, and o > 275 > 27351 In addition, A has length L > 1, since the same is true

of A. Now suppose we compare A with
-'Zl# = [(5\&' + efj) y (BK + e@) y (Gf) ) M*] )
with B¢/, [0 < 2771005,

We know by our previous argument applied to jl#, that A% is 3-equivalent to
A# = [N+ 045 — BelAej + 003]) , (be+ 8¢ — Belby, +04,1), (00) , M,]

= [(Ag + {0y — BeOej}), (be + {B¢ — BBy, }), (00), M,],

and the quantities in curly brackets are less than 275,

Since A is an S-bit MALP with constant Y, it follows that A* is Y-equivalent to A, which

in turn is 3-equivalent to A.

So:  A* is 3-equivalent to A#:
A# is Y-equivalent to A; and
A is 3-equivalent to A.

Thus, A is 9Y-equivalent to fl#, which proves (DS7) for fl, with 9Y and 100S in place of Y
and S.

It follows that A is a 100S-bit FALP with constant 9.

Now, comparing A to A’, and invoking Lemma 1 from Section 40, we see that A’ is a
101S-bit MALP, with constant 4 - (9Y)% and that A’ is 2 - (9Y)-equivalent to A, which is

3-equivalent to A. Summarizing, we have the following results:

(A) A’ is computable with work < CDL in our model of computation, where C is a
universal constant.

(B) A’ and A are 200Y-equivalent.

(C) A’ is a 101S-bit MALP with constant 103Y2.

Thus, we may perform “addition of rows” in our model of computation.
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§42 Echelon Form

(0) Let A = [(Ag)r1<e=t , (be)i<e<r, (00)1<e<r , My

1<5<D

be an S-bit FALP with constant Y. Suppose we are given L with 0 < L < D. (Recall that
L > D for a FALP.)

We say that A is “in echelon form through row L” if the following hold.

(EF1) [Ay| > 25 forall £ < L.
(EF2) Ay=0for{ <L, 1<j<L
(EF3) Ay=0for{>L1<j<L

(Note that our definition of Echelon form for FALPs is slightly different from the one we
used for ALPs; the pivots are no longer flexible. In this entire Appendix, we work only with
the FALPs definition.)

If A is in echelon form through row L= length (A), then we say it is in “echelon form”.

Note that any S-bit FALP A is in echelon form through row zero, since (EF1,2,3) then hold

vacuously.

Note also that any S-bit FALP A in echelon form through row L satisfies D > L. Hence, any
S-bit FALP A in echelon form satisfies D > L. Since we noted that L > D for any FALP, it
follows that length (A) = L = D for an S-bit FALP in echelon form.

Lemma 1: Let A as in (0) be an S-bit MALP with constant Y, in echelon form through

row L. Assume that
(1) S > 1000 and S > 1000S.
Then there exist S, Y, and an ALP
(2) A = [(Ng)pztst » (Bheect, (@it , MU,

with the following properties:

(3) A" is an S'-bit MALP with constant Y.
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(4) S" = CS where C is a universal constant.
(5) Y is determined by Y.
(6) Either L=D
or A’ is in echelon form through row L+ 1.
(7) A and A" are Y’'-equivalent.
(8) In our model of computation, A" can be computed from A with work < CoDL, for a

universal constant Co.
Proof: First, we “round down”. Thus, without loss of generality, we may suppose
(9) [Agl > 275 whenever Ay # 0.
If L = D, then we may simply take A’ = A, and properties (3), ..., (8) hold trivially.

Suppose L # D. Then in fact L < D. Since A is an S-bit FALP, we know that the matrix
(Ag) has rank D. If we had Agz,; = 0 for all £ > L, then thanks to (EF2,3), any D x D
submatrix of (Ay) would have determinant zero, as we see by expanding by minors using
successively columns 1,2,...,L + 1. Consequently, Aeis1 # 0 for some £ > L+ 1. For all
> L+ 1 with Aer+1 # 0, we compute

(10) o¢/[Agz 41l (with a roundoff error),

and pick {, yielding the minimum computed ratio. Note that 275 < ¢, < 2*5 and 275 <
A1l <275 here, thanks to (9) and to (DS3), (DS6) from Section 39.

According to (1), the quotients (10) are computed to within a small percentage error. Hence,

the £y chosen by our computer will satisfy

Mg
A@o,iﬁ»]

(11)

og, < 1.01 0, forall £.

By permuting rows, we may assume without loss of generality that {o = L+ 1. In particular,
At1041 7 0, so that (9) yields

(12) P\T_+l,i+1’ > 275,

We now define By =0 for £ <L+ 1, and B¢ = —A¢i1/Ag, 141 (as computed) for £ > L+1.

Note that (3, is computed to within a small percentage error by our computer, since either
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A¢i+1 = 0 or else numerator and denominator have absolute values between 25 and 275,
where 1000S < S. Therefore, (11) implies

(13) |Belog, < 20y for each £, and we have |B, < 22°.

(Recall that by our assumptions from Section 38, [x| < 2 |yl < 2¥ = |x®y| < 2", and
’X’ > 2t = ’“1/7(”’ < 28)

Also,

(14) Agi 1 + BeAg 41, as computed by our computer, will have absolute value at most
21008, 275.

We now perform “addition of rows” on A, using the coefficients 3, (1 < £ < L), as explained
in Section 41. This is allowed, thanks to (13) and to (1). We obtain an ALP A’ satisfying
(2) ,..., (5), as well as (7), (8). Moreover, A’ is a 101S-bit MALP, with constant 103Y that is
200Y-equivalent to A. Regarding (6), we would be happy if A’ were in echelon form through

row L+ 1. Unfortunately, that isn’t true, because of roundoff errors. More precisely, we have

Ayl > 27Sforl=1,...,L+1,

A Oforj<¢<L+1

7\%5 = Oforj < Land{>L+1
but merely

Nyp ol < 2199275 for ¢> L +1.

To achieve (6), we “round down” our MALP A’, regarding it as a 101S-bit MALP, so that
any Ay with [yl < 271025 i5 redefined to be zero. We obtain from A’ the 102S-bit MALP
A" = [(AF), (b7), (0f), M{], with the following properties:

NGl > 2719 foralld=1,...,L+1,
(15) | A = Oforj<{ < L+T

Ay = Oforj<L+4+7Tland¢>L+1
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Here, A” is a 102S-bit MALP with constant V" determined by Y. Moreover, A" is 2000Y-
equivalent to A’, which is 200Y-equivalent to A. Thus, enlarging Y, we find that

(16) A" is Y"-equivalent to A,
and that

(17) A” is a 102S-bit MALP with constant Y| where
(18) Y” is determined by Y.

In view of (15),...,(18) and the definition of Echelon form through row L + 1, we see that

conclusions (2),...,(7) all hold for A”. Moreover, reviewing how we obtained A” from A, we

see easily that (8) holds as well. The proof of the lemma is complete. |

Repeatedly applying Lemma 1, then stripping away zeros, as for ALPs, we obtain the fol-
lowing result.

Lemma 2: Let A be an S-bit MALP with constant Y, of length L in RP. Assume that
(a) S > C and S > CS where C is a constant depending only on D.

Then there exist S',Y', and an S’-bit MALP A’ with constant Y', satisfying the following

conditions:
(b) S" = CS, where C is an integer constant depending only on D.
(c) Y is determined by Y and D.
(d) A and A" are Y'-equivalent.
(e) As an S'-bit MALP, A’ is in echelon form.

(f) In our model of computation, A’ can be computed from A, with work at most CD?L,

where C is a universal constant.
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Note that we need to apply Lemma 1 at most D times, in order to prove Lemma 2. Thus,
Lemma 2 holds provided we take C > 10°CP, where C is the constant from (4).

§43 Applications of Echelon Form

In this section, we will make use of a certain constant C{j, depending only on the dimension

D. We make the assumption that
(*) Cy is a large enough constant determined by D.

Rather than specifying the value of Cij here, we will assume several lower bounds for C3
in this section. Those lower bounds will always be by quantities that depend solely on D.

Eventually, we take C{5 to be a constant determined by D that satisfies those constraints.

Algorithm MALP1: Given an S-bit MALP A in RP with constant Y such that S > C3 and
S > C&S, we produce an S'-bit MALP A’ in RP with constant Y', in echelon form, and
Y’ -equivalent to A. Here, S = CpS for a constant Cp depending only on D; and Y’ depends

only on Y and D.

Explanation: This is the content of Lemma 2 in the preceding section. (We assume that
Cx > C from Lemma 2.) The work of the algorithm is at most Cp- length (A), with Cp
depending only on D.

Algorithm MALP2: Given an S-bit MALP A in RP with constant Y such that S > C¥ and
S > C5S, we compute a number N such that Cy.D M < onset (A) < Cyp m, where ¢y p
and Cyp depend only on Y and D.

Explanation: We place A into echelon form using algorithm MALP1, then take M to be the
threshold of the MALP A’ in echelon form. This works, since A’ and A are Y’-equivalent,
and since the onset of a FALP in echelon form is equal to its threshold. The work of the

algorithm is at most Cp- length (A), where Cp depends only on the dimension D.

Algorithm MALP3: Let 7t : RP — RP be the projection onto the last D coordinates. Given
an S-bit MALP A in RP with constant Y such that S > C& and S > C&S, we produce an
S”-bit MALP A" in RP with constant Y, with the following properties:
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o K(A") is Cy p-equivalent to mK(A), where Cyp depends only on Y, D.
e S = CpS, where Cp depends only on D.

e Y depends only on Y and D.

e length (A") =D.

Explanation: Using Algorithm MALP1, we find an S-bit MALP A’ in RP, with constant Y,
satisfying the conditions given in Algorithm MALP1. Set

A = [(7\%,-)191@ , (bY)1<e<p, (09)1<e<p,s M;] -

155D

(Recall that a MALP in echelon form must have length exactly D.) Then

A" = |:(}\,8j)DD+1<‘3<D ) (b,e)D715+1§€§D ) (G%)DfDnggD» M;]
D-D+1<j<D

satisfies K(A") = K (A’), as we see by “backsolving” for vp_p, Vp_p_1,... , V1 to obtain

(vi,...,vp) € Km(A') from any given (vp_piq,-..,vD) € Km(A”).

(Here, we use the triangular form of (A};) given by (EF1,2) from Section 42. See the corre-

sponding argument in Section 5.)

Consequently, K(A”) is Cy p-equivalent to X(A). Also, length (A”) = D. It remains to
check that A” is an S”-bit MALP with constant Y”, as in the statement of the algorithm.

To see this, we note that, since A’ is an S’-bit MALP in echelon form, we have
NGl Toil o], ML < 2%,
o, M, > 275
and

-D¢’
> 2777,

D-D+1<j<D

det ((}\/el) DD+1</Z<D)

thanks to the triangular form of (Aj;) and the estimates
Nl > 275,

The above estimates, together with Lemma 3 in Section 40, show that A" is an §”-bit MALP

with constant Y” = 2, as claimed. Thus, A” does what we claimed it would do.

The work of the algorithm is at most Cp- length (A), since we read off A” from A’, which
is produced from A by Algorithm MALP1.
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Algorithm MALP4: Let S > 1 be an integer such that S > C¥ and S > C5S. LetT: RP —
RP be a linear map with || T ||, || T ||< 25, where || - || stands, say, for the Hilbert-Schmidt

norm. Suppose that “T7 is a given matrix of machine numbers, whose elements differ from

the corresponding elements in T by at most 2-5/2,

Let A be an S-bit MALP in RP with constant Y. Then we produce an S'-bit MALP A’ in
RP with constant Y', such that K(A') is Y -equivalent to TK(A). Here, S' = CS with Cp
depending only on D, and Y’ depends only on Y and D. Also, length (A’)= length (A).

Explanation: We write Cp, Cp, etc. to denote constants depending only on D. Denote by
“T~1” the result of our attempt to compute T~ in our model of computation (starting from
the matrix “T”). Thus, the elements of “T~"" differ from the corresponding elements of T~
by roundoff errors that are at most Cp2pS . 2~ 5/2 in absolute value. Let T~' be given by

the matrix (Ty)1<i<o. Then if
1<<D

A = [()\Ej)) (bﬂ)a (O—f)vM*] y

and if we could do arithmetic without roundoff errors, then we would set

= [(Z }\ﬁTij> y (bﬁ) y (O-K) y M*] y

and we would have KX(A') = TK(A). We examine the effect of roundoff errors. Since
Aal < 25, |yl < 25, it follows that the roundoff error in computing Z}\({i Ty is at most

i
Cp - 205 . 275/2 in absolute value. (See Section 38.) So, in trying to compute A’, we

produce
.A// — [(Z}\ZlTl) + €€]> ) (b ) ) (O-K) » M*] , with ’€g]—’ < Cb . 2CD527§/2'

Let us examine also

(*2) A" = [(Z?\gﬂ'ﬁ + €y + €/e/j/> , (bg + 6%”) , (O'g) y M*] , with ’6,”’ ’5’”’ < 2738,
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Assume, as we may, that Cfy is larger than 10(Cp + Cp), and recall that S > C§ and
S > C%S. Under our assumptions on S and S, we have |ey + el < legl + leffl < 2138,
Then,

K(A") = TK(A) and K(A") = TK(A*),

where A and A* are ALPs of the form
A = [(Ag+1g), (b)), (o), M,

A" = [(Ag +m3) , (be+87), (00),M,] ,
with
fgl < CH2PS . 27520 s < Cp - 2755, |8yl < 2738,

(We used the fact that || T ||< 25.) Assume, as we may, that Ci is larger than, say,
100(CY + Cp). Since A is an S-bit MALP with constant Y,

(*3) It follows that A and A* are both Y-equivalent to A; hence, they are Y2-equivalent
to each other.

(*4) Consequently, A” and A" are Y?-equivalent (to each other).
Moreover, we have
(*5) 25 <0 <2% and 275 <M, < 2%5 |by| < 2*°

since A is an S-bit MALP. We have also

E ATy + €y
i

Thus, (*1) and (*2) imply (*4); and we have (*5) and (*6). Comparing these results with
the definition of an S-bit FALP, we see that A" is a CpS-bit FALP with constant Y. Since

A" arises from a machine computation, its entries are machine numbers. Thus,

< DZZS—}—Cb . ZCD527§/2 < 2CHS.

(*6)

(*7) A" is a CpS-bit MALP with constant V2.
On the other hand, from (*3), we see that

(*8) K(A") is Y-equivalent to TK(A).
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Since also length (A”) = length (A), we obtain the conclusions asserted in Algorithm MALP4,
with Y = Y2 S’ = CpS. The work of the algorithm is at most Cp- length (A).

Algorithm MALP5: Let D = D+ D,. Given At an S-bit MALP in RPt with constant Y such
that S > C& and S > C%S, for i = 1,2; we produce an S'-bit MALP A with constant Y’
in RP102 with length (A) = Dy + Do, such that K(A) is Y'-equivalent to K(A") x K(A2).
Here, S' = Cp, p,S with Cp, p, depending only on Dy and D;; and Y’ depends only on Y,
D4, D,.

Explanation:  We write C,C’,--- for constants depending only on Di,D;; and we write
Y, Y" to denote constants depending only on Y, Dy, D,. Using Algorithm MALP1, we first
place A" in echelon form in RP:. Let At be an S'-bit MALP in echelon form in RP: . with
constant Y’, and with A" being Y'-equivalent to A' (S’ = CS). It is enough to carry out
Algorithm MALP5 with A' replaced by A% In an obvious way, we produce an ALP A in
RP P2 guch that K(A) = K(A') x K(A2). We must show that A is an S”-bit MALP with
constant Y. (Here, S” = C'S.) To see this, we first note that A satisfies (DS 2 ,..., 6) in the
definition of FALPs, with S replaced by S, simply because A', A2 are S'-bit MALPs. Also,
the entries of A are machine numbers, since fU, A? are MALPs. It remains to show that
(DS7) holds for suitable S”, Y”. To see this, we use the fact that A', A2 are in echelon form.

In particular, we have
i | (3 ri ~i 1 _
A= <A€i>1<e<D- , (bgi<e<oy, (6pi<e<p, , M| fori=1,2,
1<5<D;

with

0 }\bl Dy

where the diagonal entries A}, have absolute value at least 25" For the “direct sum”

the matrix (5\@-) has the form
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Hence, !det(i\g,-ﬂ = |det A" - |det A2| > 2-(D14D2)S" We know that !5\g,-|, byl , G, M, < 25

and that &, M, > 25

It now follows from Lemma 3 in Section 40 that A is a CS'-bit FALP with constant 2. Hence,
our A has all the properties asserted in Algorithm MALPS. (Clearly, length (A) =D+ D,.)
The work of the algorithm is at most C-(length(A')+ length(A?%)), with C depending only
on D7 and D,.

Algorithm MALP6: Given two S-bit MALPs A, B in RP with constant Y such that S >
C& and S > (C&)2S, we compute an S'-bit MALP € in RP with constant Y, such that
length(C) = D, and K(C) is Y'-equivalent to K(A)+ K(B). Here, " = CS with C depending
only on D; and Y is determined by Y and D.

Explanation: Write C, C’, etc. for constants depending only on D; and Y',Y” ... for con-
stants depending only on Y, D. Using Algorithm MALP5, we produce a CS-bit MALP C* in
R?P. with constant Y’, such that

(t1) K(€C*) is Y'-equivalent to K(A) x K(B).
Next, let T: RP @ RP — RP @ RP be defined by
(12) T(vyw) = (v,v+w).

Recall that €* is a CS-bit MALP with constant Y’. Then S > C3 - CS and CS > C under
the legitimate assumption that C35 > C. Using Algorithm MALP4, we produce a C’S-bit
MALP C** in R?P with constant Y”, such that

(13) K(C**) is Y"-equivalent to T(K(CT)).

Finally, let 7t : RP & RP — RP be the projection (v,w) — w. Since C > C', then
S > Cg - C'S, and we may apply Algorithm MALP3 for C**. Using Algorithm MALP3, we
produce a C”S-bit MALP € in RP, with constant Y, such that

(t4) K(€) is Y"-equivalent to K (CHT).

Then (11),..., (T4) show that K(C) is Y""-equivalent to K(A) + K(B).
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Also, length (€) = D, since € arises by applying Algorithm MALP3. Thus, € has the desired

properties.

The work of the algorithm is at most Cp- (length(A) + length (B)), where Cp depends only
on D.

Not all of our ALP algorithms go over to MALPs. In particular, if A is an S-bit MALP with
constant Y in RP, and if T: RP — RP is the injection (vi,...,vp) — (v1,...,vp,0,...,0),
with D > D, then TKX(A) has the form K(A") with the matrix (Ay) of the ALP AT having
rank < D; consequently, by Lemma 2 from Section 40, A* is not an S’-bit MALP for any S'.

Algorithm MALP7: Suppose we are given S-bit MALPs A' with constant Y in RP, for i =
1,...,T. We compute an S-bit MALP A with constant Y in RP, such that K(A) = K(A') N
N K(AT), and length (A) = length (A") + - -+ length (AT).

Explanation: We concatenate the A’s, b’s, o’s arising from the A" in a obvious way, and we
take the maximum of the M,’s arising from the A'. Thus, we form A. Since the A" are S-bit
MALPs with constant Y, so is A. (That’s trivial from the definition of FALPs and MALPs.)
Also, one sees at once that X(A) and length (A) are as claimed . The work of the algorithm
is at most Cp - (length(A') + - - - +length(AT)), with Cp depending only on D.

Algorithm MALPS8: Let 7t: RPT @RP2 — RP2 be the projection (v, ...,vp,, W1,...,Wp,)
(w1,...,wp,). We are given an S-bit MALP A in RP" @ RP2 with constant Y such that

S >Cy,,p, and S> CB,1p, S, and a vector (W1, ...,Wp,) € RP2 where [w;| < 2% for each

i, and each Wy is a machine number. Then we produce (V1,...,vp,) € RP' with each V; a

2CS

machine number of absolute value < , and having the following property:

Suppose (v1,...,vp,) € RP" and M > 0 satisfy

(#1) (viy...,vp,, W1,...,Wp,) € Km(A).
Then

(#2) (V1,...,VD,, W1, ..., Wp,) € Ky=m(A),
where Y* depends only on Y, Dy, D;.

Here, C depends only on Dy and D,.
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Explanation: We write C, C’, etc., for constants depending only on Dy, D;; and we write
Y, Y, ... for constants depending only on Y, Dy, D,. Using Algorithm MALP1, we first
produce from A a CS-bit MALP A’ with constant Y’ in RP' @RP2, such that A’ is in echelon

form, and A’ is Y'-equivalent to A.

Then, in (#1) and (#2), we may replace A by A’. From now on, we suppose this has been
done. We write vectors in RP" & RP2 as (vi,...,vp,, VD, 11,...,VD,1+D,), and we suppose
A" = [(Ay), (be), (0¢), M,], where { and j vary from 1 to Dy 4 D;. Since A’ is in echelon
form, we have (with S’ = CS):

(#3) ’)\21’7 ’bda Oy, M* S 25/;
(#4) Ml 0p, M, > 275,
(#5) Ay =0 forj < (.

Given (W1,...,Wp,) = (Vp,41,--.,VD,4D,) € RP2 we attempt to compute successively

Vp,, VD, -1, - - ., V1 by “backsolving” the equations

(#6) Y AyV; =byfor £ =Dy, Dy —1,...,1

)

using our model of computation. Because of round-off errors, the (vq,...,vp) we compute
does not exactly solve (#6). However, thanks to (#3), (#4), (#5), and our assumptions on

the w; we obtain
(#7) ) < 2% forj =1,...,D,

and

(#8) < C22Sfort=1,...,D;.

D Ayv;—b
j

Let A" = [(Ay), (b7), (0¢), M,], with

by =bgfor { >D; , and,

by =) Ayv; for ¢ < Dy.

)
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Then
(#9) |by —bg < C2¢% . 275 for all {,
thanks to (#8).

Hence, because A’ is an S’-bit MALP with constant Y’, S > (CH, 4p,/C)S', and since C | p,

is a large enough constant, we have that

(#10) A” is Y'-equivalent to A'.

Note that A” depends on (Wy,...,Wp,). That won’t matter.
Now suppose (v1,...,vp,) € RP" and M > 0 satisfy

(#11)  (v1,...,VD,, VD, 41, -+ -, VD, 4D, ) € Km(A').

Then (#10) gives

(#12)  (v1,...,VD,, VD, 41y -+, VD, 4D, ) € Kym(A”).

In particular, for £ > Dy, we have

D Ayv;—by

j>t

(#13) < Y'Mo.

(Here, we use (#5).) Also, (#12) gives
(#14) YM > M..

Note that (#13) holds also for { < Dy, since (by definition of the b}) the left-hand side of
(#13) is zero. Hence, (#13) and (#14) yield

(\)1, e ,\_)D1 ,\_)D]+], ce >\_’D1+D2) € KY/M(.A”) .
(Again, we use (#5).)

By (#10), it now follows that
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(#15) (V1,...,YD,, VD, 41, - - -, VD 4D, ) € Kiyam (A').
Thus, (#11) implies (#15), which shows that our (vq,...,Vp,) has the desired property.

The work of the algorithm is at most C- length (A), with C depending only on D; and
D,. (That’s the work of Algorithm MALP1; once we obtain A’, then the “backsolving” takes

work at most C, a constant depending only on Dy and D5.)
Remark: Algorithm MALPS8 replaces our discussion of original vectors for ALPs.

Algorithm MALPO: Let D,S,Y > 1 be given. We write c,C,C’, etc., to denote constants
depending only on D, and we write Y', Y*, etc., to denote constants depending only on Y
and D.

Let T:RP — RP be a linear map, with || T ||, | T~ ||< 25.

Suppose we are given the matriz “T7, whose elements are machine numbers that differ from

the corresponding elements of T by at most 275/2.
Let t: RP — RP be the projection onto the last D coordinates.

Let A be an S-bit MALP in RP, with constant Y and length D. Assume that S > C& and
S > (Cg)%s.

Let v0 = (v9,...,vY) € RP, where the v¥ are machine numbers, with [vO| < 25.
From the above data, we compute a vector v = (vl,...,vl) € RP, with the following
properties:

(a) M| <2CS fori=1,...,D.

(b) Let w € RP and M > 0. Assume that

(i) nT(w—v°) =0 and w € Km(A).

Then we can express v! as a sum

(ii) v! =v? +v3, where
(iii) wT(v* —v°) =0 and v* € Ky-m(A), and
(iv) 3 < 2€5 . 2752,
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Moreover, if (i) holds, then
(V) \)1 c K‘Y‘*M(.A)

Explanation:

Note that we will not compute v2, v3 above; we merely assert that they exist. Their compo-

nents need not be machine numbers.

We explain how to compute v! having the desired properties. Let v° = Tv°, and let ¥°
be our machine approximation to v°. We can compute v°, and we have v° = (V9,...,v),
v=(,...,99), with P9 < 25 and W9 — V9| < 2¢5 . 2752 fori=1,...,D. Applying
Algorithm MALP4 we obtain a CS-bit MALP A with constant Y’ and length < D, such that

TK(A) and K(A) are Y’'-equivalent.

We now apply Algorithm MALPS to the vector 7v° and the MALP A. (This is allowed

since S > Ci - CS.) Thus, we compute a vector
vl = (9},...,vp) € RP,

such that v] is a machine number and [v]| < 2 for each i = 1,...,D, and having the

following property:

(1) Let v € RP and M > 0 satisfy v = m° and v € Kpm(A).

Then 7v' = 7° and v' € Kym(A).

By our assumptions on the matrix “T”, we may compute a matrix “T~"" of machine numbers,
that differ from the actual elements of T~ by at most 25-:2-5/2. Finally, let 9! = T-'%', and
let V! be our machine approximation to .

Thus, 0! — V'] < 265 . 2752 hence ' — ™v!| < 2€5 . 275/2. We have computed the
vector v!. We will show that it has the desired properties. To see that v' satisfies (a), we

just recall that [v'] < 2€5 hence O] <|| T-" || v'| < 25, hence [v'| < 2€"S. This proves (a).

To see that v! satisfies (b), let w € RP and M > 0 satisfy T(w —v°) = 0 and w € Kp(A).
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Then

7t(Tw) — 100 = |T(w —v0) + m(¥° —0)| = |m(v°® —°)| < 265 . 27572

since v° = Tv0 and [W0—v9| < 2€5.2-5/2 Hence, there exists u € RP, with 7t(Tw-+u)—mv° =
0, and |u| < 265.275/2. Since w € Km(A), we have Tw € Kym(A). To summarize, A is a CS-
bit MALP with constant Y’, and Tw € Kym(A), ul < 2652752, Hence, by Lemma 4 from
Section 40, we have (Tw+u) € Kyvm(A). Thus, (Tw+u) € Kyrm(A) and 7t(Tw+u) = 71v°.

Consequently, (1) yields the following: 7v' = 7v°, and V' € Kymp(A).

In particular,
(x1) 9" =T W' € Kyem(A),

since TK(A) is Y'-equivalent to K(A). Also,
ald! = ' = mP.

Let us set @ = v —v° and let @ = T~ ', Then [i| < 252752 and hence [t <|| T ||
Jal < 2652752 1n addition,

(x2)  ATP'+14) = m°+7nu = m° = aT(V0).

Since 9! € Kysm(A) by (¥1) and @t < 2¢5.2-5/2; and since A is an S-bit MALP with

constant Y, it follows from Lemma 4 in Section 40 that
(*3) P +1{e KY*M(.A)
We set v2 =9! +11, and v =v! —v2.

Thus, the desired properties (ii), (iii), are immediate from (*2), (*3), and the definitions

of v2, v3.

It remains to check properties (iv) and (v). We have

Since we have already seen that [v! — 97| < 2€5.2-5/2 and [{i] < 2€5.2-5/2 we obtain (iv).
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To check property (v), we note that, as we have already shown, 9! € Kyxpm(A) by (x1),
W — 91 < 265.275/2 and A is an S-bit MALP with constant Y. Applying Lemma 4 from
Section 40, we conclude that v! € Ky-p(A). That is, (v) holds.

Thus, (ii),...,(v) hold, completing the proof of (b).

Consequently, the vector v' has the properties asserted in the statement of Algorithm
MALP9.

The work of the algorithm is at most a constant determined by D.

Remark: Algorithm MALP9 will allow a version of Find-Neighbor in our model of computa-

tion. To carry this out, we make the following definitions.

Recall that P is the vector space of (m — 1)"' degree polynomials on R™, and D = dim P.
We identify P with RP, by identifying P € P with (0*P(0))|x<m_1. In particular, any ALP
A in RP gives rise to a blob K(A) in P, via this identification.

We say that P € P is a “machine polynomial” if 0*P(0) is a machine number for each

o (with |&| < m—1). To specify a machine polynomial P is to specify 0*P(0) for || < m—1.

Next, let x € R™ be given, and let A be a given set of multi-indices « of order || < m—1.
In a moment, we will apply Algorithm MALP9, taking T : RP — RP to be the map that
sends (0%P(0))jg<m—1 to (0%P(x))jx<m-_1, for P € P. When x = (x1, ..., xXn) with x; being a
machine number of absolute value < 2%, it is straightforward to compute a matrix “T” that

satisfies the requirements of Algorithm MALP9, provided that S/S is sufficiently large.

Also, D = #(A) and we take 7 : R® — RP to be the projection (0°P(x))jg<m—1 —

(0%P(x))xena - Note that 7t = 714« where 714« was defined in Section 30.

From Algorithm MALP9, we obtain the following algorithm.

Algorithm MALP10: Suppose we are given the following data:

o An S-bit MALP A’ in P, with constant Y and length D, such that S > C{5 and
S >CgS.
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e A point x = (x1,...,%Xn) € R™, where each xi is a machine number of absolute value
at most 25.

o A set A of multi-indices of order at most m — 1.

o A machine polynomial Py, with [0%Py(0)| < 2% for|af < m —1.

Then we compute a machine polynomial Py, with the following properties:
(a) [0%P1(0)] < 25 for ol < m—1.
(b) Suppose P € P and M € (0, 00) satisfy
0X(P —Py)(z) = 0 forx € A, and P € Ky (A').
Then we can express P; = Pyain + Perr, with
0X(Prain — Po)(z) = 0 for x € A, and P € Ky (A');

and
9P, (0) < 29 . 2752 for |of < m — 1.

Moreover, Py € Kym(A').
Here, C depends only on m and n; and Y* depends only on Y, m, and n.

The work of the algorithm is less than a constant depending only on m and n.

844 Some Low-Level Algorithms

Low-Level Algorithm 0: Let S > 1 be an integer, let a € [275,2%5] be a machine number, and

let p be a non-zero integer, with |p| < d.

Assume S > CS for large enough C depending only on d. Then we produce a positive machine

number t such that ¢’ < at? < C', with ¢’,C" depending only on d.

Explanation: In our model of computation, it takes one unit of work to produce an integer
¢ such that 2' < a < 2%7: and we have [{| < S+ 1. We can just set t = 27¥P). The work

’

of the algorithm is at most 100.

Low-Level Algorithm 1: Let S > 1 be an integer, let a,a’ € [275,2%5] be machine numbers,
and let k, X be distinct integers satisfying 0 < k,k’ < d.
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Assume S > CS for large enough C depending only on d. Then we partition [275,2%5] into
three intervals I, T, ] (any of which may be empty), with the following properties:

e The endpoints of any non-empty interval 1,1 or ] are machine numbers.

o a'th < ﬁ at® for all t €1,

o att < - a't¥ foralltel,

dt

) JT < C', with C'" depending only on d.
J

Explanation: Using Low-Level Algorithm 0, we can find ty such that c - (a’tlgl) < (aty) <

C - (a't§) with c, C depending only on d. (The round-off error in computing a/a’ doesn’t

hurt.)

We take our three intervals to be [to/2C,to - 261 N [275,25], and the components of
[275,25] . [to/2€, to - 26 for a large enough integer constant C depending only on d. It
is easy to see that these intervals have the required properties, and that the round-off errors
arising in calculating to/2€, to - 2€ don’t hurt. The work of the algorithm is bounded by a

universal constant.

Low-Level Algorithm 2: Let S > 1 be an integer. Suppose we are given a machine number
a € [275,2%5], an integer p with [p| < d, and an interval I = [tgo, trd C [275,275], where

teo and tyy are machine numbers.

Assume S > CS, where C is a large enough constant depending only on d. Then we produce

one of the following three outcomes:

(O1)  We guarantee that at? > ¢’ for all t € 1.
(02)  We guarantee that at? < C’ for all t € 1.

(03) We produce a machine number to € 1 such that ¢’ < atf < C'.

Here, ¢’ and C' depend only on d.
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Explanation: If p = 0, then by examining a we can trivially produce outcome (O1) or (02).
Otherwise, we use Low-Level Algorithm 0 to produce a machine number to, with ¢’ < atf < C'.
If to € I, then we have produced (03). If ty ¢ I, then we can trivially produce outcome
(O1) or (02), thanks to the monotonicity of t — atP on (0, 00). The work of the algorithm

is bounded by a universal constant.

Let p(t) > 0 be a function on an interval I C (0, 00), and let C > 0 be a constant. We say
that p(t) is “C-stable” on I if, for any t;,t, € I, t; < t, < 2t; implies C'p(t1) < p(t2) <
Cp(t1).

Low-Level Algorithm 3: Let S > 1 be an integer. Suppose we are given a partition of 275,25

mnto intervals I, ...,1 whose endpoints are machine numbers. For eachv =1,..., Viax,

* Y “Vmax’

suppose we are given a machine number a, € [275,2%5] and an integer p., with [p,| < d.
Define p(t) on [275,2%5] by setting p(t) = at? on I, v=1,..., Viax.

Assume that p(t) is Cq-stable on [275,25]. (In particular, p(t) > 0 on [275,25].)

Assume also that S > C,S, for a large enough C, depending only on Cy and d. Then we

produce one of the following three outcomes.

(61)  we guarantee that p(t) > ¢’ on all of [275,275].
(62) We guarantee that p(t) < C' on all of [275,2719].

O e produce a machine number ty € |27, such that ¢ < p(ty) < C.
(03) W d h b 275 2+5] h that ¢’ (to) < C'

Here, ¢’ and C" depend only on Cy and d.

Explanation: For each v, we apply Low-Level Algorithm 2 to ay, p~, Iy. If for some v we reach

outcome (O3), then we can trivially produce outcome (03).

N

If for all v we reach outcome (O1), then we have produced outcome (O1).
If for all v we reach outcome (O2), then we have produced outcome (@2).

The only remaining case is as follows:
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For each v, we reach either outcome (O1) or outcome (02).
For some v, we reach (O1), and for some other v, we reach (02).

In this case, we can find two intervals I, I/, with an endpoint ty in common, and with I,
leading to outcome (O1) while I,/ leads to outcome (O2). Since p(t) is C;-stable, it follows
that ¢” < p(tg) < C”, where ¢”,C” depend only on C; and d. Thus, we have produced

outcome (O3).

The work of the algorithm is bounded by a constant depending only on the number of

intervals 1.

§45 Algorithms for Rational Functions

Algorithm RF1: Let S > 1 be an integer. Suppose we are given non-zero polynomials
p(t) =ao+art+ -+ agtd and q(t) =bo+ byt + - +batd, withd > 1.

For each coefficient A = a; or by, assume that A is a machine number, and that either A =0
or Al € 275,25]. Assume S > CS and S > C for a large enough C depending only on d.

Then we produce a partition of [275,275] into intervals 14, ..., 1 such that :

* Y “Vmax’

(a) Fach L, is marked as being “easy” or “hard”.

(b) If 1, is easy, then we produce a machine number A, and an integer p~, with
A € 12735235 and Ipo| < d, such that

1
'p(t) o }\thv S z |}\thv| fOT’ all t c Iv .

qa(t)

t
(c) If 1, is hard, then J dT < C, with C depending only on d.

Iy

(d) Vimax < C, with C depending only on d.

(e) The endpoints of the intervals 1, are machine numbers.
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Explanation: For each pair k, k" with ay, apw # 0, k # K/, we apply Low-Level Algorithm 1,
thus partitioning [25, 25] into (possibly empty) intervals 1(k, k'), I'(k, k'), J(k, k'), such that

(1) laptd] < lait¥| for all t € I(k, k'),

ZOOd

2)  Jat¥ < i Japt®] for all t € I(k, k'),

ZOOd

3 dt < (', with C" depending only on d.
t

J(k,K")
We make an analogous construction for the monomials appearing in q(t), thus obtaining
intervals T(k, k'), T(k, k'), J(k,X’). The endpoints of all the (non-empty) intervals obtained
above subdivide [275,25] into subintervals I, ..., Note that the endpoints of the I,

are machine numbers, and that v, < C, with C depending only on d.

Vmax *

We call a given I, “hard” if it is contained in some interval J(k, k') or J(k,k'); if I, is
dt
not “hard”, then it is “easy”. If I, is hard, then J e < C’, with C’ depending only on d,

I
thanks to (3) and its analogue for the J(k, k).

Suppose L, is easy, and suppose ay, ax # 0, with k £ k/. Then we have either I, C I(k, k'),
I, CI'(k,K), or I, C J(k,k’). The third possibility is excluded, since I, is easy. Hence, by
(1) and (2), either

lath] < ZOOdyaktky on all of I,
or else
lapt®| < 200d|akt‘<| on all of I, .
It follows that there exists k(v), with ayn) # 0, such that latd] < ZOOd | Q) t*)| on all
of I, for each k/ # k(v). Consequently, !p( ) — Q) t<| < zoo’a ™| for all t € L.
Similarly, for some k(v) with b # 0, we have
[q(t) — by, t*V)] < —|bE t*)| for all t € 1,

200
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Thus, we obtain

(4)
1

p(t) Ax(v) £KV)—RO) e
— 50

Ax(v) (kv —R(v)
q(t) by,

Tk on L.
b

We can easily compute k(v) and k(v) for each I,. We set p» = k(v) — k(v), and let A, be

our machine approximation to ay)/bg.,-
Since |axw)l, byl € 275,25 and S > CS, we know that

(5)
1

— 50

Ai(v)
b

Ai(v)
b

A

In particular, [Ay| € [2735,2735]. From (4) and (5) we obtain

1
< — AP _
=5 A tPY| for all t € I,

Ty

p(t) g
‘q(t) Mt

We have now demonstrated all the assertions (a),...,(e).
The work of the algorithm is at most a constant depending only on d.
Algorithm RF2: Let S, S’ be positive integers, and suppose we are given non-zero polynomials

p(t) =ag+ait+---+aqt? and q(t) =bg+bit+---+batd, with d > 1. Assume that each

. . . . . < /
non-zero coefficient of p or q is a machine number whose absolute value lies in [2 S1275T.

Assume that p(t) = 2Y s Cy-stable on [275,25]. (In particular, we assume that p(t) > 0

q(t)
on [275,25] .)

Assume also that S > C-(S+S') and S > C, where C is a large enough constant determined
by Cy and d. Then we can produce intervals 1., machine numbers Ay, and integers p~, for

v=1,...,Viax, with the following properties:
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(a) Ay| € [27C+S) 2+CEESN for an integer constant C depending only on d.

(b)) Il < d

(c) The 1, form a partition of [275,2%5].

(d) The endpoints of 1, are machine numbers.

(e) c’p(t) < AMtPY < Cp(t) for allt € 1, with ¢’ and C' depending only on Cy and d.
(f) Vimax < C', with C" depending only on d.

Explanation: Apply Algorithm RF1 to p and q, with S + S’ in place of S. Thus, we obtain

a partition of [2-(5+S) 2HS+5)] into intervals. Intersecting these intervals with [275,2+5],

and discarding any empty intervals that arise, we obtain a partition I5,...,1 of [275,2+5]

Y *Vmax

into intervals, with the following properties.
e Each [, is marked as being “easy” or “hard”.

dt
e Each hard interval I, satisfies J + < (', with C’" depending only on d.
I

e Each easy interval I, is marked with a machine number A, and an integer p~, such
that [py] < d, [\ € 2735+, 2305+,

and

-7 }\thv

'p(t)
qa(t)

1
< 7 A tPY| for all t € L,.

The endpoints of the I, are machine numbers, and v, is less than a constant determined
by d.

It remains to deal with the “hard” intervals L.
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Fix a hard interval I,, and let t, be an endpoint of I,. (So, t, € [275,25].) Using our
model of computation, we compute t, ¢ := (our approximation of) 2%- t,, for all integers £
with [f| < C. Here, C is a large enough constant depending only on d, to be determined

later on.

Assume, as we may, that S > 25, Tt follows that either all the t,, with 0 < £ < C, or all
dt
the ty, with —C < € < 0, belong to [275,25%]. We know also that vy, < C and J o <C

L,
for each hard interval I,/; here, C depends only on d. Consequently, for an appropriate

choice of the constant C, one of the t,, belongs to [275 25] minus the union of all the hard

intervals. We define C to be such an appropriate constant, depending only on d.
Fix such a ty¢; we can easily find it.

Since the Iy, (v =1, ..., Vmax) form a partition of [275,25], we know that our t., belongs

to an easy interval I,,. We can easily find I,,.

Note that t, € [275,275], and that € < t/t,, < Cforallte I, with € and C determined
by d. (Here, we use the fact that t,, differs from an endpoint of I, by (approximately) a
factor 2%, with [{| < C.) Since p(t) is Cy-stable on [275,25], it follows that

(*1) c'p(tve) < p(t) < C'p(ty,) forall t € I, with ¢’ and C’ depending only on d and C;.

On the other hand, since t, ¢ belongs to the easy interval I,,, we have
(*2) C-Au(tye)P < p(tye) < C-Ayu(ty,e)? with c and C depending only on d.

We have already computed the A, and p,,.

We now define p, := 0, and we take A, to be

(*3)  (our machine approximation of) A, - (ty ¢)P*.

The roundoff error in computing A is at most —55Ay. From (*1) and (*2), we therefore

obtain:
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(*4) APy < p(t) < C"ALtPY for all t € 1, with ¢”, C” determined by d and C;.
Also, since ty, € [27°,2%5] and A, p,, satisfy (a) and (b) in the statement of Algorithm
RF2, then a glance at (*3) shows that A, and p, also satisfy (a) and (b). From (*4) we
obtain (e). Recall that I, was an arbitrary hard interval. Thus, we have satisfied (a), (b),

and (e) also in the hard case. Properties (c), (d), (f) hold, since the I, arose from Algorithm
RF1. So, our I, Ay, py have all the properties asserted in Algorithm RF2.

The work of the algorithm is at most a constant depending only on d and Cj.

§46 Systems of Inequalities with Parameters

Algorithm SIP1:  Let S be a positive integer. Suppose we are given machine numbers
A (1T<i<D,1<U<LSL), b (1<C<LL), o0 (1 <L<LL) and integers my (1 <L <L).

Assume that 0 < my < d, Ag| <25, |be] <25, 275 < g, <25,

Assume also that S > CS and S > C, for a large enough C determined by d,D, L. Then we

produce one of the following three outcomes.

(I) We guarantee that, for any & € 275,25, there exists (v1,...,vp) € RP such that

D
Z }\gj\)j — bg

j=1

< Copd™ forl=1,...,L; and

vl < C-2% forj=1,...,D.

Here C depends only on d,D, L.

(II) We guarantee that, for any & € [275,25], there does not exist (v1,...,vp) € RP such
that

< copd™™ forl=1,...,L; and

D
Z }\gj\)j — bg
j=1

vl < ¢-25forj=1,...,D.

Here, ¢ depends only on d,D, L.
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(IIT) We produce a machine number & € [275,25] such that

(A) There exists (v1,...,vp) € RP such that

< Cod ™ ford=1,...,L; and

D
Z}\e]‘\))‘ — be

j=1

] < C - 25 forj=1,...,D.

Here, C depends only on d,D, L.

B There does not exist (vq,...,vp) € RP such that
( ,

D

Z}\e]‘\))‘ - be

j=1

il < ¢-25forj=1,...,D.

< cod ™ ford=1,...,L; and

Here, ¢ depends only on d, D, L.

Explanation: We write, ¢, C, C;, C’, etc. to denote constants depending only on d, D, L.

For 8 >0 and v = (v1,...,vp) € RP, let

L D 2 D
(1) Q(v,d) = Z (Z AV —be> G;zézmz + szzs(vj)szzfzs'

(=1 \j=1 j=1
For a fixed &, Q(v,d) is a quadratic function in v:

D D
Q(V,é) = Z /\i,-viv,- + ZEiVi + H.
i=1

i,j=1

Here, Ay; = Ay, and Ay, By, H are polynomials in 9, Ayj, by, G[],Z*S with rational coefficients
and degree at most C. Note that, as matrices, (Ayj) > 27251, where I denotes the identity

matrix.
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Hence, as v varies and all else remains fixed, Q(v, d) attains a minimum. The minimizer is

obtained by solving:

D
ZZ/\U-V,- + Ei =0fori=1,...,D. Hence,

j=1

(2) p(8) := min Q(v,5)

veRP

may be expressed in the form

(3) p(d) = p/q,

where p and g are polynomials in (8, Ay, by, G[], 2-5), with rational coefficients and degree
at most C. The coefficients of p and q depend only on d, D, L. In fact, q = detz(/\ij), and

consequently
(4) g > 275 for any (8, Ay, by, 00, S),

since (Ay;) > 27251, By the definition of Q(v, 8), we have Q(v,8) > 2725 and

Qv,8) < Q(v,8) < (2)* Qv ) for 0 < & < &.

(Recall that mg > 0 for £ =1,...,L.) Hence, by the definition of p(4), we have
(5) p(8) > 275, and
(6) p(&") < p(8) < (F)™ p(&) for 0 < & < &.

In particular, p(4) is Cy-stable on (0, 00), with C; depending only on d.

Now recall that [Agl, b < 25 G[] < 25. Then p and q may be regarded as polynomials

in 8, with degree < C and coefficients of absolute value < 2¢5.
We call these polynomials p(8) and q(0), respectively.

We attempt to compute the coefficients of p(8), q(8) from the given Ay, by, 0¢, S in our model
of computation. Thus, we obtain polynomials p(8), q(d) whose coefficients differ from those
of p(8), q(8) by at most 25 - 275, due to round-off error.



(7) [p(8) — p(8)],1a(8) — q(8)] < 2€5 - 275 for 0 < & < 25,
Also, our estimates for the size of the coefficients of p(6), q(d) yield
(8) Ip(d)l, lq(3)] < 2% for 0 < & < 2°.
From (4), (5), (8), we learn that
p(d), q(8) € 275,2%] for 0 < & < 25,

and therefore (7) yields
[p(8) = p(8)] < 10°p(8) and |q(8) — q(8)] < 103q(8) for 0 < & <2°.

Consequently;,

(9) p(8), q(8) € 275,27 for 0 < § < 25, and

Eel

@) < p(8) < 228 for 0 < & < 25, thanks to (3).

(10) (8) (8)

NIl=
al

o

al

Let us write

(1) p8) = ) Pedfandq®) = ) @s"

nggkmax nggkmax

We define new polynomials p(8), q(8) by deleting from (11) all terms with [py| < 27¢°S
or |qi] < 27, respectively. Here, C* is a large enough integer constant determined from

d, D, L. Taking C* large enough, we learn from (9) that

p(8) — p(8)] < 107°p(8), and [G(8) — G(8)] < 1072q(8) for 0 < & < 2°.

Hence, (9) and (10) yield

(8
(

<
<

@) for 0 < & < 25, and

(12) )

< p(8)< 4

NP
all
=
all

o

(13) P(6), a(8) € [27C5, 27CS] for 0 < & < 25.
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By construction,

(14) p, @ are non-zero polynomials of degree < C, whose non-zero coefficients are all

machine numbers belonging to [27¢5, 27¢5] U [-2+CS, —2-C5].
Also, since p(8) is Cy-stable on (0, 00), it follows from (12) that
(15) p(8) := p(8)/q(d) is C}-stable on [275, 275].

We can now apply Algorithm RF2 to the polynomials p(8) and q(8). (See Section 45.) The
algorithm applies, thanks to (14) and (15). From Algorithm RF2, we obtain intervals L,

machine numbers A, and integers p (1 < v < vy, with the following properties:

27 < A< 29 Ipy] £ € vinax < G
the endpoints of the I, are machine numbers;

the I, form a partition of [27° 25];and

hefll

(®) < CA,&™ on I, .

cAOPY < B

{eg]

all

We define p(t) = A tP for t € I,. Thus, p is defined on [275,2"5]. From (15), (16), we

have
(17) p(t) is C-stable on [275,2%5].

Thanks to (16), (17), we can apply Low-Level Algorithm 3 from Section 44. (To apply that
algorithm, we first extend p(t) to [27¢%, 2%5] by taking it to be constant on [27¢5 275] and

on [25,2¢5].) Using that algorithm, we produce one of the following outcomes:

((‘AN) We guarantee that p(t) > ¢ on all of [275,2%5].
((‘A)Z) We guarantee that p(t) < C on all of [275,2+5].
(©3)  We produce a machine number to € [275,25], such that ¢ < p(to) < C.
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(In case where Low-Level Algorithm 3 outputs to € [27°%,275) such that ¢ < p(to) < C, we
replace to with 275, Note that (@3) still holds, since p is constant on [27¢5 275]. Similarly,
if Low-Level Algorithm 3 outputs t, € (25,2%], we replace to with 2°.)

From (12) and (16), we see that
cp(t) < p(t) < CP(t) on [275,2%9,
and therefore we may take p(t) in place of p(t) in (O1), ((ADZ), (@3) Recalling the definition

(2) and the fact that Q(v, d) increases with &, we conclude that we have produced one of the

following three outcomes:

(@1) We guarantee that, for every & € [275,2%5], there does not exist v € RP such that
Q(v,8) <c.

((‘A)Z) We guarantee that, for every & € [275,2%5], there exists v € RP such that Q(v,8) <
C.

(@3) We produce a machine number & € [275,25], with the following properties:
(A) There exists v € RP such that Q(v,8) < C.

(B) There does not exist v € RP such that Q(v,8) < c.

We now recall the definition (1) of Q(v, ).

From (1), we learn the following.

[ Let ve RP, 6 >0, and suppose Q(v,8) < C. Then ]

D
Z}\ej\)j — be

=1

< Copd™ for =1,...,L; and

vl < C-2%forj =1,...,D.
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[ Let ve RP, 86 > 0, and suppose that for some K > 0 we have ]|

D

Z}\ej\)j — bg

i=1

< Kopd™™ for{ = 1,...,L; and

| < K-25forj =1,...,D.

| Then Q(v,8) < (L + D)K? 4+ 2725,

In particular, suppose ¢ depends only on d,D,L (as in (61),...,(63)). Then we have
(L+ D)K?%+ 225 < ¢ for K a small enough constant depending only on d,D,L. (Here,
we use our assumption that S exceeds a large enough constant depending only on d, D, L.)
Hence, (18) and (19) allow us to understand what happens for each of the outcomes (61),

(@2), (63). Thus, we produce one of the following outcomes:

(O1)

We guarantee that, for all § € [275,2+5], there does not exist (v1,...,vp) € RP such
that
D
D Agv; — byl < cod ™ for € =1,...,Land
j=1
;| < c2%forj =1,...,D.
We guarantee that, for all € [275,2%5], there exists (v1,...,vp) € RP such that

< Cod ™ ford =1,...,L and

D
Z }\Zj \)j — be
j=1

;| < C2%forj =1,...,D.

We produce a machine number & € [275,25], with the following properties:

(A) There exists (v1,...,vp) € RP such that

< Copd ™ ford =1,...,L and

D
Z}\ej\)j — be

=1

;] < C2%forj =1,...,D.
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B) There does not exist (vq,...,vp) € RP such that
( ,

D

Z}\gj\)j — bg

j=1

< copd ™ forl =1,...,Land

il <c-2%forj=1,...,D.
The above three outcomes are precisely those promised in the statement of Algorithm SIP1.

Thus, we have carried out that algorithm.

The work of the algorithm is at most a constant depending only on d, D, L.

§47 Equivalence above a Threshold

Let K = (Km)m=0 and X' = (K},)m=0 be two blobs in a vector space V; and let My > 0
and A > 1 be real numbers. We say that X and X' are “A-equivalent above My” if they
satisfy

Km C Kiym for M > My, and Kjy, € Kam for M > M.

The following remarks are obvious:

o If X and X' are A-equivalent, then they are A-equivalent above My. More generally,
if K, X" are A-equivalent above My, then they are A’-equivalent above My, for any
M > My, A’ > A.

e If X and X' are A-equivalent above My, then they are TA-equivalent above Mg/T,
forall T>1.

e If K and X’ are A-equivalent above My, and if X’ and K” are A-equivalent above
Mo, then K and K” are A - A-equivalent above max(Mg, My).

o Let Ky, K, be A-equivalent above My, for each v =1,... vyax. Then

M <v<vaa Ky 18 A-equivalent t0 Ny<y<r,,., Kb above M.

o If K4, K are A-equivalent above My, and if K5, K, are A-equivalent above My, then
K1+ XK, and K + K, are A-equivalent above M.
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548 Some Particular FALPs and MALPs

Recall that P stands for the vector space of all polynomials of degree at most m — 1 on
R™ and let D = dim P. Recall the remark following Algorithm MALP9 from Section 43. We
identify P with RP| by identifying P € P with (3%P(0))|x<m_1 € RP. We write ¢, C, C’, etc.

for constants depending only on m and n.

For x € R™ and & > 0, and for an integer S, we set B/(x,8) = (BS(x,8, M))m=0, where

BBSI(x,8, M) ={P € P: [0°P(x)| < M&™ ™ for |af < m — 1} when M > 275, and
B[S}(XaévM) - @fOI' M < 2,5.

Note that BS!(x, ) is 1-equivalent to B(x, d) above 275, where B(x, 8) is the blob considered

throughout this manuscript (see, e.g., Section 10).

Algorithm PFM1: Let S be a positive integer. Assume S > CS and S > C for a large enough

C. Given machine numbers x1,...,%n, &, with |x;| < 2% for each i, and with 275 < § < 25,
we construct a C'S-bit MALP A with constant C', such that the blob arising from A is
C'-equivalent to the blob BS(x, 8), where x = (x1,...,%n) € R™ Moreover, length (A) = D.

1
Explanation: Since 0%P(x) = Z @ 9P P (0)xP, the blob BB(x,d) arises from the

IBI<m—1—]«

ALP

-Ax,é = [(}\cx,y)lcxl‘\ylgmfh (boc)\odgmfh (O-a)loclgmfh M*L

with Agoarp = xP/B! for |a| + |B] < m — 1; all other Ay, = 0; by = 0, 04 = §™ ¥ for
o) <m—1; and M, =275,

Under our ordering on multi-indices, « always precedes « 4+ (3 (for non-zero multi-indices
f), and therefore our matrix (Ayy) is upper triangular, with 1’s on the main diagonal.
Consequently, Lemma 3 in Section 40 guarantees that Ay s is a C’'S-bit FALP with constant
2.

Using our model of computation, we produce machine approximations to the Ay, 04; the

b, and M, can be represented perfectly by machine numbers. Thus, we obtain an ALP A.
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Since roundoff errors change the Ay, 04 by at most 2€5 - 275 it follows from Lemma 1 in
Section 40 that A is C'S-bit MALP with constant C’, and that A is C’-equivalent to Ay s.
Clearly length (A) = D. Thus, we have produced the desired MALP A. The work of the

algorithm is at most C'.

Next, suppose we are given x € R™, ¢ > 0, t € R, and an integer S. We define the blob

rx,0,t,S] = (MTm)mso0, where
v ={P eP:[d*P(x)] < M for x| <m—1 and |P(x) — t| < Mo} when M > 2-5:
v = 0for M < 275,

Algorithm PFM2: Let S be a positive integer. Assume S > CS and S > C for large enough
C. Given machine numbers x1,...xn, 0,1, with [xi| < 25 for each i; 275 < o < 25; |t| < 25;
we produce a C'S-bit MALP A with constant C', such that the blob arising from A is C'-
equivalent to T'[x, 0,1, S], with x = (x1,...,%xn) € R™. Moreover, length (A) =D.

Explanation: Fix X1,...,Xn, 0,1,S as above. Let T'® and I'" be the blobs defined as follows.

re = (FT(\)A)M>O and T! = (ril/l>M>0’

M, = {PeP:[0°P(x)] < M for |&f < m—1} when M > 275

My = 0 when M < 275,

My, ={PeP:[P(x)—tl < Mo, [0*P(x)| < M for 0 < || < m—1} when M > 25,
M, =0 when M < 275,

Then T[x, 0,t,S] is the intersection of T° and T''. Since I'® = BBSl(x, 1), our previous
algorithm (Algorithm PFM1) constructs a C’'S-bit MALP A° with constant C’, such that I

is C’-equivalent to the blob arising from .A°.

We study ' similarly. With A, as in the explanation of Algorithm PFM1, we define an
ALP

‘A)](_’o',t’s - [()\(x,y)\od,ly\gmf1 y (b(x)\odgmf1 y (O—(x)lcxlgmﬁ1 ,M*] y

by setting
bo =t,by = 0for x #0,00 = 0, 04 = 1 for x # 0, M, =275,

Then I'' is precisely the blob arising from A} ;.
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On the other hand, Lemmas 1 and 3 in Section 40 show that

o A!

x,0,t,

s is a C'S-bit FALP with constant C',
and that

o If we approximate the Ay, to within an error 2€5.2-5 by machine numbers, then in
place of Al we obtain a C’S-bit MALP A" with constant C’, such that A' and

x,0,t,S?

Al . s are C'-equivalent.

Using our model of computation, we can compute A'. Thus, I'" is C’-equivalent to the

blob arising from A",

We now apply Algorithm MALP7 followed by Algorithm MALP1, to form an “approximate

intersection” of the blobs arising from A' and A°. (See Section 43.)

Thus, we obtain a C’'S-bit MALP A with constant C’, of length D, such that the blob
arising from A is C’-equivalent to F°NT' = T'x, o,t, S].

We have succeeded in constructing A with the desired properties.

The work of the algorithm is at most C’.
§49 Set-Up

Fix myn > 1. Fix also a positive integer So. The basic precision of our algorithm will

have the order of magnitude of Sy bits.

We will again be using the constants px, Ao, Aj(A), Az, A3(A) from Section 17, and the
constant £, from Section 14. Recall that, in Section 17, we demanded that Ay and py exceed
certain constants depending only on m,n. We will impose additional similar lower bounds

on Ay in the sections to follow.

We assume the following conditions.

(SUL) So exceeds a large enough constant determined by Ao, p4, m,n, and
(SU2) S/S, exceeds a large enough constant determined by Ag, py, m,n.

(Recall from Section 38 that S is the precision of our model of computation.)
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In the end, we will take Ay and p4 to be the smallest powers of two that satisfy all the
lower bounds we have imposed on them. Thus, finally, p4, Ao, A2 will depend only on m
and n; while A;(A) and A3(A) will depend only on m,n, A. Also, finally, (SU1) and (SU2)

simply assert that Sy and S/So exceed a large enough constant determined by m and n.

We are given a finite set E of points in R™  Each coordinate x; of each point
x = (x1,...,%Xn) € E is assumed to be a machine number. We assume that |x| < 2%

for any x € E, and that [x —y| > 275 for any two distinct points x,y € E.

We are given functions f : E — R and ¢ : E — R*. For each x € E, we assume
that f(x) is a machine number, with |[f(x)| < 2%, and that o(x) is a machine number, with
2% < g(x) < 2%,

We write P for the vector space of (real) (m — 1)t degree polynomials on R™, and we set
D = dim®P. We identify P with RP, by identifying P € P with (0%P(0))|q<m_1 € RP. To
“compute a polynomial” is to compute a vector in RP, which we identify with a polynomial
P € P, as above.

§50 The Basic Blobs

Here, C,C/, C etc. denote constants depending only on m and n. From our earlier paper
[19], and from Section 9 we recall the tree T, whose nodes A,B,... are subsets of E. We
recall also the Callahan-Kosaraju decomposition £, whose elements are pairs (/A\1,/\2), with

/\; being a set of nodes of T.

The Callahan-Kosaraju decomposition may be implemented in our model of computation,
under the assumptions (SU1) and (SU2) from Section 49. Indeed, T and L, the output of the
Callahan-Kosaraju algorithm, are “inherently discrete” objects. The issues of precision that
arise when attempting to compute J and L are minor. In particular, the “fair split tree”
of [11] may be computed with perfect precision: We just need to work with boxes whose
vertices all have coordinates that are integer multiples of 275 for an integer constant C,
determined by n. In addition, for any x,y € E, we may compute in our model of computation
a machine number that approximates |x —y|? to within a factor of 2. It is straightforward to
see, that when applying the “s-WSPD algorithm” in our model of computation, we obtain

a list that satisfies the requirements of a 4s-WSPD. Consequently, using CNlog N work
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and CN storage, we may compute a Callahan-Kosaraju decomposition T, L, that satisfy the
properties from Section 9 for > = 1/2. (Another possibility, is to switch from Euclidean
norms to £, norms, which may be computed exactly in our model of computation. Only the
most trivial changes are needed, in order to transform the arguments above to suit the {

metric.)

We recall the construction of our basic blobs, from Section 10.

We set T¢(x,0) = (T¢(x, 0, M))m=o, for all x € E, where
Ie(x,0,M) = {PeP:|0*P(x)] < M for || < m—1,|P(x)—1(x)] < Mo(x)}.
Once we have constructed all the blobs I'¢(x,£) (x € E) for a fixed { > 0, we define the

I'e(x, £+ 1) as follows:

Step 1: For A € T, we define (A, €) = () {Te(x, ) + B(x, diam(A))}.

XEA

Step 2:  For (Ay,/A\;) € L and i=1,2, define

Mei(A1, A2y 8) = ﬂ {Tt(A, ) + B(xa,diamy, (UAL))}.

AE/N

Step 3:  For (/\1,/\;) € L, define

Fe(A1L A2 ) = T (A1, 8) N AT 2(A2,€) + Blxa,, XA, — XAyl )

Step 4: For A € T, define

A =[] TelALALD.

Step 5: For x € E, define

Fe(x, 0+ 1) = Te(x,0) N () (A, Q).

AET
ADx

(Here, Step 3 differs trivially from its analogue in Section 10.)

We recall some of the notation from [19] (and from Section 9) that we used in the above five
steps. For each A € T, xa is a “representative”, satisfying xo € A. For each (/\1,/\;) € L

and 1 = 1,2, we write U/\; for the union Uaens, A, and we take x5, to be a “representative”,



228

i.e., an element of U/\;. We write [x — 1yl to denote max IXx — Yxl, where x = (x1,...,%Xn)

and y = (yi,...,Yn) are two given points in R™

We will produce C¢So-bit MALPs A(x,£) in RP, with constants Cj, such that the blobs
K(A(x,0)) arising from A(x,€) will be Cj-equivalent to T¢(x,€) above CJ' - 275 for

=0,...,0. Here, Cy,Cj,... denote constants depending only on m,n,{. Since we will
always have 0 < £ < {,, this means that eventually we could treat C,, Cj, etc. as constants
depending only on m and n. Recall that P is identified with RP by identifying P € P with
(0%P(0))j<m_1 € RP.

Using our work on Fault-Tolerant ALPs, we can easily mimic the above five-step inductive

procedure.

In fact, for £ = 0, we create a CSy-bit MALP A(x, 0) with constant C’, for each x € E, such
that K(A(x,0)) is C’-equivalent to T¢(x,0) above 2750, The construction of such MALPs

was carried out in Section 48.

Next, suppose that, for some given 0 < £ < {, — 1, we have already computed C;Sy-bit
MALPs A(x,{) (for x € E), with constant C}, such that the blob K(A(x,{)) is C{-equivalent
to T¢(x, L) above C’ - 275,

Then we proceed as follows.

Step 1: For each A € T, we compute a CSo-bit MALP A(A,{) with constant é’e, such
that K(A(A, L)) is é%’—equivalent to the intersection over x € A of K(A(x,{)) +
B(x,diamy (A)) above (NZ%” . 2750,

This can be done, thanks to Algorithm PFM1 from Section 48 and to Algorithms
MALP6 and MALP7 from Section 43. Note that we may invoke those algorithms,
thanks to our assumptions (SU1) and (SU2). Indeed, in order to apply Algo-
rithm PFM1, Algorithm MALP6 and Algorithm MALP7, we need to make sure that
S > (C5)?*(Ce+ C)Sp and S > (Ci + C) where D = dim P is a constant depend-
ing only on m and n. That holds in view of our assumptions (SU1), (SU2) and
0<e<i, —1.
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Step 3':

Step 4':

Step 5':
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For each (/A\1,/\;) € L and i = 1,2, we compute a égSo—bit MALP Ai(/A\1, N\, 0)
with constant C’e, such that K(Ai(/Aq1,\2,{)) is é%’—equiva[ent to the intersection
over A € A of K(A;i(A,€)) + B(xa, diamy(UA;)) above Cy' - 25,

Again, this can be done, thanks to Algorithm PFM1 from Section 48 and Algo-
rithms MALP6 and MALP7 from Section 43. We may invoke those algorithms, as
we have S > (C’B‘)z(ég + C)Sp and Sp > (C + C), in view of our assumptions
(SU1), (SU2) and 0 <€ <, —1.

For each (A1,A;) € L, we compute a CiSo-bit MALP A(A;, A, L) with con-
stant é%, such that the blob K(A(Aq, Az, £)) is é’e’—equivalent to K(A1(A1,\2,0)) N
(K(A2(A1, A2, ) + Blxna,, XA, — XAl )} above CUF - 2750 Again, this can be
carried out, thanks to Algorithm PFM1 and Algorithms MALP6 and MALP7, with
the help of the assumptions (SU1), (SU2) and 0 <€ < {, — 1.

For each A € T, we compute a égSo—bit MALP A(A, {) with constant é/e? such that

the blob KX(A(A,{)) is é’[—equivalent to the intersection over all (Ay,/\;) € L with

A1 3 A of K(A(Ay,/A\2,{)), above é%” - 275 Again, this can be carried out, thanks
to Algorithm MALP7, with the help of (SU1), (SU2) and the fact that 0 < £ < {,.

For each x € E, we compute a C’eSo—bit MALP A(x,{+ 1) with constant C%, such
that the blob K(A(x, L+ 1)) is C’e’—equivalent to the intersection of K (A(x,{£)) with
all K(A(A, L)) such that A 3 x, above C/e” . 2750 Again, this can be carried out,
thanks to Algorithm MALP7, and to (SU1), (SU2) and the fact that 0 < { < (..

Thus, we can compute a C,So-bit MALP A(x, {), for x € E and 0 < £ < {,, with constant
C}, such that the blob K(A(x,{)) is C{-equivalent to I¢(x,{) above C{’ - 275, The A(x, ()
all have length D = dim P.

One shows, as in the corresponding section with ALPs, that the work of creating all the

A(x, L), as above, is at most CN log N, using storage at most CN.

Next, we discuss the convex sets o(x,{) (x € E,0 <€ < {,).
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Recall that, when we replace f by zero, then in place of T'¢(x, {) we obtain homogeneous blobs
lo(x,£), having the form Ty(x,£) = (Mo(x,{))m=o0 for (non-empty, symmetric) convex sets
o(x,£) € P. Carrying out our computation of the MALPs A(x,£) (x € E,0 < € < {,) as
above, with f replaced by zero, we obtain MALPs Ay(x,{) (x € E,0 < { < {,), such that:

o Ap(x,0) is a C(So-bit MALP with constant Cj; and
o K(Ao(x,¢)) is Cj-equivalent to I'y(x, L) above C{’ - 27,

Let Ao(x,€) = [()\m) 1<i<D ,(bm)1<i<D, (G%KKD, MY By induction on £, one checks
] <i< <i<

o 5T i
(el

easily that the b;" are all equal to zero. Hence, K(Ao(x,{)) = (Km(Ao(x, £)))m=0, with

Km(Aolx, ) ={PeP:| > ALA*P(0)] < Mo} if M > M.,
|| <m—1

Km(Ao(x,0)) =0 it M < M.

Since K(Ao(x,¢)) is Cj-equivalent to (Mo(x,£))m=0 above Cj - 275 it follows that
MY < CJ" - 27% and that o(x, ) is C?&—equivalent to

PeP:| Y ALoP(0) < o fori=1,...,D}.

|| <m—1
Hence, we have computed the T¢(x,{) up to C-equivalence above C - 275: and we have

computed the o(x,{) up to C-equivalence.

The computations of the approximation to the T'f(x,{) and o(x,{), as above, require a
total work of CNlog N, using storage CN. It will be convenient also to rewrite the blobs
K(Ao(x,4)) in a different form, as follows. For x € E, let T, : RP — RP be the linear map
that takes (0%P(0))x<m_1 t0 (0%P(X))|n<m_1 for each P € P. Then || T ||, || To' [|< 2550,
since |x| < C2%. Using Algorithm MALP4 from Section 43, and thanks to (SU1) and
(SU2), we may compute from Ap(x, £), a CSo-bit MALP Ao(x, £) with constant C, such that
K(Ao(x, 1)) is C-equivalent to T, K(Ao(x, ). Hence,

(%) K(Ap(x, L)) is C-equivalent to {(0%P(x))jg<m_1 : P € Ma(x, £)})m=o above C - 275,

Here, C depends only on m and n, since we take 0 < £ < {,. Note that Ag(x, £) has length
D.
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Let JZLO(X,Q) = [(5\%)&) 1<i<D (Bf’x)lgigDa (Gf’x)lgigD, Mi‘x]-

| <m—1
Since the bt appearing in Ag(x, £) are all zero, it follows that the Bf”‘ are all zero.

Hence, applying () with M = 1 (note that M5 < C2% < 1 from (*)), we find that, for
x € Eand 0 <{ <,

{(0°P(x))|w<m_1: P € 0(x,{)} is C-equivalent to

() {(£%)q<m—1 € RP ¢ Z Xf;’;a‘ﬂ < ot fori=1,...,D}.

[o<m—1

Here, C depends only on m and n. The A &% may be computed, for all x € E,

1,00 Y1

0 <1 <{,, with total work at most CNlog N, and with storage at most CN.

§51 The Basic Lengthscales

Here, ¢, C,... stand for constants depending only on m,n. Recall that we assume (SU1)
and (SU2) from Section 49.

Recall that o(x) > 275 for each x € E, and that [x —y| > 27% for x,y € E, x # v.
Hence, given any x° € E and any (£%)q<m_1 € RP, with [£¥] < 27(m~1*DS for each «, there
exists F € C™(RP), with || F |cm@n)< C, [F(x)| < o(x) for each x € E, and 0%F(x°) = £* for
|| < m — 1. Therefore, Property 0 in Section 13 tells us that

(1) {(‘E“)\odgmf1 : |E'oc| < Zi(mi‘o“)so for each OC}
C C{(0*P(x”))j<m—1 : P € 0(x° )}

for each xX° € E, 0 < £ < {,.

On the other hand, we have o(x° ) C Co(x° 0); and [0*P(x°)| < C for each «, whenever
P € o(x°0). Hence,

(2) {(ao‘P(XO))I(xISmf1 : P S O-(Xoyg)} C C{(£“)|oc|§m—1 : VOC, ’E(x’ S ]}
for each x° € E, 0 < £ < {,.

. . g 0 ~ 0
In the previous section, we computed numbers AbX" and ¢0* | such that
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(3) cll&Nmema ] Y AXE<6{ fori=1,...,D} C

[o<m—1

{(3°P(x°))jq<m—1: P € 0(x°,0)} C

C{(Emema ] Y AMYEY <&M fori=1,...,D}.

[o<m—1

Recall the constants Ag, A7(A), A, from Section 17, and £(A) from Section 14. The goal

of this section is to present the following algorithm.

Algorithm BL1: Given x° € E, and non-empty A C M, we compute a machine number

5(x°, A) > 0, with the following properties.

(OK1) There exist polynomials Py € P, indexed by « € A, such that 3PP(x°) = dp4 for
B,x € A; and
0PPL(x%)] < CA(A) - (Az8(x% AN Pl for € A, B €M, B > a
(A28(x°, A))™ P, € CA{(A) - o(x°L(A)) for c € A.

(OK2) There do not exist polynomials Py € P, indexed by « € A, such that 0FP(x°) = 844
for B, x € A; and

0PP4(x%) < cAq(A) - (AB(x°A)) Pl for x € A, B €M, B > «;
(A25(x°, A))™1¥P, e c Ai(A) - o(x°,((A)) for x € A.

Explanation: First, suppose A # M. It is enough to find §(x°,A) as above, with o(x°, £(A))

replaced by a convex, symmetric polyhedron & that is C-equivalent to o(x°, {(A)).

In view of (3), we can take

(4) 5 ={PeP: > AMpdP(x) < &ifori=1,...,D},
peM

5 0(A) X0

~ 0
where the Ajg =A; 37" , 61 =0 A have already been computed.

We set £q.p = 0PP4(x°) for o € A, B € M\ A, so that the desired property of §(x°, A) may

be rewritten as follows. We seek & € (275 2+C50) that satisfies:
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(OKl)/ There exist (E,(x’ﬁ)(xe‘,q’ﬁejv[\‘/[, such that

&gl < CAJ(A) - 8Bl for x € A, B> o, and

Aot D Auplapl < CAj(A) - 5:8% ™fori=1,...,Dand x € A.
BeM~A

(OK2) There does not exist (&x,p)xea pen~a, such that

Eopl < cAq(A) - 8B for x € A, B> o, and

At D Aiplapl < cAY(A) - 58 ™M fori=1,...,Dand x € A.
BeM~A

Once we have found & € (2750 2765 gatisfying (OK1)’, (OK2)’, we can then set §(x°, A) =
(our machine approximation to) 6/A;. The percentage error in dividing & by A, will be small,
by (SU1) and (SU2) from Section 49, and therefore A,8(x° A) € [%6,26]. Consequently,
§(x%, A) satisfies (OK1), (OK2), since § satisfies (OK1)’, (OK2)". Thus, it is enough to find
§ € (2750, 27C%0) satisfying (OK1)’, (OK2)'.

Algorithm SIP1 from Section 46 produces one of the following outcomes. (Again, we use
(SU1) and (SU2) in order to apply Algorithm SIP1.)

Outcome 1: We guarantee that, for each & € (275, 2%C%) (OK1)’ holds.
Outcome 2: We guarantee that, for each & € (275, 2%C%) (OK2)’ holds.
Qutcome 3: We have computed & € (27C5, 2+C5) satisfying (OK1)’, (OK2)'.

We will check that Outcomes 1 and 2 cannot occur here. This will complete our specification
of Algorithm BL1.

Recall that o(x°, ¢(A)) and & in (4) are C-equivalent. Hence (1) and (2) imply the follow-

. AN
ing, for vectors (Exp)aca, pent

’Ea,(ﬂ < 2-m=BDSe for & € A, B € M implies

5 A
(5) 1> Aiplapl < Coifori=1,...,D,xcA.

peM



!Z 5\1,(33%(3| < oifori=1,...D and « € A implies
(6) | PN

8opl < Clorxc A, BeM.

Suppose (OK1) holds for a given & € (275,275, Let (&4p)aca, pertna be as in (OK1Y,
and let

Eap = [CAJ(A)TTE™ Mg, sforae A, peEMNA

Eap = [CA(A)To™INE, sforxe A, BEA.
Here, we take C as in (OK1)’. Then, for « € A,

’Z Aip écx,ﬁ} = [CA;(A)]! 5m7‘“" Z Aip Eap + 5\1,“’ < 0y
BEM BEM~A

for each i = 1,...,D and o € A. Hence, (6) yields !éwa < (' for each @ € A, i.e.,
[CA;(A)]7T §™ ¢ < C' for each « € A. This cannot hold for arbitrary & € [27S0 2+CS0],
provided Sy is sufficiently large. (Here, we use (SU1) from Section 49.) Therefore, Outcome

1 is impossible here.
Next, suppose we are given 0 € (27CSo 2725,

Let /‘t:oc,ﬁ = (€)= 12-(m-edSo . dup for w € A, B € M, with ¢ large enough. Then by (5),

we have

(7) (C)7"-27tmledSo L A o) = |3 Aiplopl < Gifori=1,...,Dand x€ A.
peM

Since & < 272% then §/¥—m > 22m—lalSo for & € A, hence, with ¢ as in (OK2)',
(8) cAi(A) - &y - glod=—m > [cA;(A) - z(mflocl]So]z(mflocl]So G, > é . z(mflocI]So(}i)

provided S is sufficiently large (as in (SU1)). Taking now &4 =0 for x € A, B € M\ A,

we obtain

Eopl =0 < cAq(A) - 3 Bl for x € A, B EMNA, B> «;
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and by (7) and (8),

| Z AipEap + Aol = Aol < C . 2imledSog,
BeMNA

< cAi(A) - & - 8™ | with ¢ as in (OK2)'.

In particular, there does exist (& p)xea penta satisfying the inequalities in (OK2)’. Thus

(OK2)' cannot hold when & € [275 272%]. Consequently, Outcome 2 cannot occur here.
Therefore, only Outcome 3 can occur.

This completes our specification of Algorithm BL1, in the case A # M. The case A = M is
an easier variant of the above, in which the variables 45 (x € A, € M\ A) do not arise.

Details are left to the reader.

The work of the algorithm is at most C, for a given x° € E, once we have computed the
ALPs Ao(x%,2) (0 < £ < (,) as in Section 50.

Hence, the total work to compute all the 6(x, A) (all x € E, A C M, A # 0), given the
Ao(x,0) (all x € E, 0 < £ <L), is at most CN.

We define §(x,A) := + oo for A = (), since the inequalities in (OK1) can always be satisfied

vacuously.

§52 Dyadic Cubes and Cuboids

Recall the Calderén-Zygmund decompositions from Chapter III. We make use of termi-

nology from that chapter.

All the algorithms from Sections 23,...,27 involving the BBD Tree can be carried out in
our model of computation, without error. Indeed, we may decide, with perfect precision,
whether a given point x € R™ whose coordinates are machine numbers, belongs to any given
dyadic cube or cuboid. (Here, we assume that the coordinates of the vertices of the cuboid
are machine numbers, i.e., the cuboid is not absurdly large, absurdly small, or absurdly far
away.) Thus, it is straightforward to verify that the construction of the BBD Tree in [1] may

be carried out, without error.
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Similarly, all the algorithms in Section 25 and Section 27 carry over to our model of
computation, without any precision issues arising. Those algorithms are all based on the BBD
Tree, and they do not use imperfect arithmetic operations at all (they use only comparisons,
to detect whether a point belongs to a dyadic cuboid and to perform tasks of similar nature).
Regarding the approximate nearest neighbor algorithm from [1] mentioned in Section 23: Let
x,Yy € R™ be given points, all of whose coordinates are machine numbers. No errors arise
when we compute [x — ylg,, . Note that the algorithms in [1], as quoted in Section 23, are
well adapted to the {,, metric (see [1, Theorem 1]). Thus, if we confine ourselves to the £y
metric, in place of the Euclidean metric, no numerical errors arise when computing nearest
neighbors. It is straightforward to verify that switching from the Euclidean norm to the
s norm causes only the most obvious changes to the arguments in Sections 22,...,26. (See
the remark in Section 26.) Thus, the BBD Tree algorithms are well suited for our model of

computation.

We take the constant cg to be a (negative) integer power of 2, say cg = 1/32. That way,
if Q is a dyadic cube, then (1 4 c¢g)Q will be a union of at most C dyadic cubes, with C
depending only on n. Hence, given x = (x1,...,%,) € R™ (with each x; a machine number
of absolute value at most 25/ 2), and given a dyadic cube Q whose vertices have coordinates
that are all machine numbers, we can decide whether x € (1+4¢g)Q with work C (depending
only on n). Similarly, we can decide with work C whether x € (1+ cg/2)Q.

In particular, for each dyadic cube Q and A C M, we may detect whether Q € CZ(A),
provided Q has vertices whose coordinates are machine numbers, and whether Q contains a
point x = (x1,...,Xn), where each x; is a machine number of absolute value at most 2572,
Also, for any x = (x1,...,Xn) such that each x; is a machine number with [x;| < 25/2 for
all 1, and for each A C M, we can compute the list of all cubes Q € CZ(A) such that
(1 +cg)Q > x. The work of the computation is at most ClogN, with C depending only
on m and n. (Of course, we assume here that we have already done the relevant one-time

work; see Sections 22,...,26.)

§53 Finding Neighbors

In this section, we describe a straightforward application of Algorithm MALP10 from

Section 43. Here C, C’, etc, denote constants determined by m and n.
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Algorithm Find-Neighbor (P, Ao, x)

/% Inputs: Py € P, Ay C M such that Ay # M, x € E, and we assume that 9%Py(0) is a

Ao)So

given machine number of absolute value < 2/1( for each o (Jof < m—1).

Outputs: Py = Find-Neighbor (P, Ao, x) is a polynomial in P. It is guaranteed that
9%P;4(0) is a machine number of absolute value at most 24140 )S for each a (| <
m —1). We compute the 0%P;(0) for each a(|al < m — 1). The polynomial Py is

guaranteed to have the following property:

" Suppose P € P and M > 275 satisfy

0%(P —Po)(x) =0 for all « € Ap, and P € T'(x,L(Ao) — 1, M).

Then we can express P1 = Piain + Perr; With Prgin, Perr € P;

0%(Pmain — Po)(x) = 0 for all « € Ay, and Prain € T(x,£(Ao) — 1, C'M);
| and [0%P..,(0)] < 22414 )S0=5/2 for all (|| < M — 1).

Here, C’ is some constant depending only on m and n.
We assume here that we have already done the one-time work to
produce MALPs that are C-equivalent to the I'(x, £(A) — 1) above C25,

*/

Explanation: Recall from Section 50 that we are able to construct CSy-bit MALPs with
constant C that are C-equivalent to the I'(x, £(A) —1) above C275, with C being a constant
depending only on m and n. By one of the properties in Section 47, these MALPS are
C?-equivalent to the I'(x, {(A) — 1) above 27%. A straightforward application of Algorithm
MALP10 from Section 43 now leads to Algorithm Find-Neighbor. (Note that A;(A,) >
AoA1(Ap) and that we may assume Ay > C for an appropriate constant C depending only
on m and n.) The work of the Algorithm, not including one-time work used by the algorithm,

is at most a constant determined by m and n.

By using Algorithm MALP8 we can also perform the following task. Given x € E, we
compute a polynomial Py € P, such that 0*P;(0) is a machine number of absolute value at
most 2€% for each « (| < m—1), where C’ is a constant depending only on m and n. We
compute the 0%P;(0) for each & (Jo < m—1). The polynomial P; is guaranteed to have the
following property:
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Suppose P € P and M > 275 gatisfy P € I'(x, £,, M).
Then we can express P1 = Piain + Perr; With Piain, Perr € P; Pinain € T(x, L, C'M);
and [0%Per(0)] < 2€7%0-5/2 for all o (o) < m—1).

From (1) of Section 51, and from Property 1 of Section 13, we conclude that P; has the
following property:

Suppose P € P and M > 275 satisfy P € I'(x, {,, M).
Then Py € I'(x, {,, CM).

The work needed to perform the latter task is bounded by C, given one-time work CN log N
in space CN.

§54 Partitions of Unity

Write ¢, C, C/, etc., for constants depending only on m, n.
Recall that, for A C M and Q € CZ(A), we define

(1) 83 =65/ ) 65
Qecz(A)

Here, 68 is supported in (14 cg/2)Q, satisfies 68 > 0 everywhere, and 68 > c on Q.

We have taken cg to be a power of two, so that (1 + ¢g/2)Q is a union of at most C
dyadic cubes, whenever Q is dyadic. Hence, we can decide with work C whether a given
X = (X1,...,%Xn) € R™ belongs to (14 cg/2)Q for a given dyadic cube Q. Here, we assume
that x1,..., X, are machine numbers. Note that for Q € CZ(A),

(2) 1>8g>c 275,

since g < A for all Q € CZ(A), and since [x —y| > ¢ - 2% for any two distinct points
x,y € E.
We may take

9 m+1

n 2(x: — Q
(3) 09(x) = [ | 1—(%) for X = (X1, ) € (14 €/2)Q,

j=1
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(4) B3(x) =0 for x # (1 +¢c/2)Q.

Here, (x2,...,xQ) is the center of Q.

Note that [0°0Q(x)] < C85™ < C-26%, thanks to (2), (3), (4). From (2), (3), (4), we
see that a“e(?(x) may be computed up to an error at most C - 2655, where |« < m and
x = (X1,...,%Xn) with the x; machine numbers of absolute value < 2% . Thus, we may

compute J; (9(()2 ) up to roundoff errors.

From (4), we see that

> e )= X THed),

Q'eCZ(A) Q’eCloud (x,A)

where Cloud (x,A) ={Q" € CZ(A) : x € (1 +c¢cg)Q’}.

Recall that we can compute Cloud (x,A) in time Clog N, given one-time work CN log N
in space CN.

Fix x = (x1,...,%n) with each x; a machine number of absolute value < 25 For the
moment, we identify P with RP* by identifying P € P* with (0*P(x))|x<m-

We can write

> JH0F) = by + P, with by > ¢ and P € P* with P(x) =0.
Q’eCloud (x,A)
We can compute by and P € P+ ~ RP* with an error at most C - 25, We have |by|,

IP| < 25 and by > c. Note that, in the ring of m-jets at x, we have

—1

, m P
> e | =)y (-1 (b—0>

Q’eCloud (x,A) =0

—1 —1

Hence, ’ Yy Tieg) ’ew < 2%% in RP', and > giey| e
Q’eCloud (x,A) Q’eCloud (x,A)

RP* can be computed up to an error at most 255 in time Clog N given one-time work
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—1

CNlog N in space CN. Multiplying ],f(eg) by Z ],f(@égl) as jets at x, we see
Q’eCloud (x,A)
that we can carry out the following algorithm.

Algorithm PU: Given A C M, Q € CZ(A), and given x = (x1,...,%Xn) € R™, with each x; a

machine number of absolute value < 2% we compute machine numbers G%f}éi‘(x) (ol < m)

of absolute value < 2% such that the polynomial

U0 o (1) 1= Y 10300 -y — )%

lo<m

satisfies
0410 — {55 (83 Japprox] (x)] < 265075 for o < m.
Here, C depends only on m,n.

The computation takes time Clog N, given one-time work CN log N in space CN.

§55 Main Algorithm and Main Lemma

We state here the analogues of our earlier Main Algorithm and Main Lemma for our present

model of computation. Here, C, C’,... denote constants determined by m,n.

The Main Algorithm Procedure f,(Ao, Qo, X0, Po).

/% Inputs are as follows: Ao C M; Qo € CZ(Ao); xo = (x8,...,x2) € EN Q}* (hence,

each x? is a machine number of absolute value < 2% thanks to our assumptions on E);
Ao)so;

Py € P, with each 0%Py(0) being a given machine number of absolute value < 221!
and x = (X1,...,%n) € (14+¢¢)Qo, with each x; being a given machine number (hence,
x;] < C2%, since xo € E, and xo,x € Qf* with Qo € CZ(Ap); recall that Qo has
sidelength < Az’1 <1).

Output is as follows: f,(Ag, Qo, X0, Po) is a polynomial P™ € P*. For each « (|| < m),

the quantity 9*P*(0) is a machine number of absolute value < 243(40)S0 - The algorithm
specifies P* by computing the machine numbers 0*P*(0) for |«| < m. The polynomial

P* is to be viewed as an m-jet at x.
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Line1l If Ao =M, then define f (Ao, Qo, X0, Po) := Py, else
Line2 { Let A’ be the least A C M such that Qo € CZ(A).
Line3  If A’ < Ay, then define (Ao, Qo, X0, Po) := fx(A’, Qo, X0, Po),
Line 4 else
Line5  { Produce a list Qy, ..., Qx,.. of all the cubes
Line 6 Q € CZ(A,) such thatx € (1 +¢cg)Q.
Line 7 For each k =1,..., Knax, do the following:
Line 8 { IfENQY =0, then set fy:= Py, else
Line 9 { Ifxo € Q3, then set xy := xo and Py := Py, else
Line 10 { Define xy := Find-Representative (Qy).
Line 11 Define Py := Find-Neighbor (Py, Ag, Xx).
Line 12 } /% Now we have found xy, Py, for all k for which
the “else” in Line 8 is executed */
Line 13 Define fy := f(Ay, Qx, Xk, Px)-
Line 14 } /% Now we have found fy in all cases x/
Line 15  } /x End of the k-loop starting at Line 7 x/
Line 16  Define f, (Ao, Qo, X0, Po) = (our machine approximation to)

kHl ax

Line 17 ; {Ij <eé§)} oF fi.

approx

/* Here, {],f <9é‘i)} is as in Algorithm PU x/

approx

Line 18 |} /% Balances the curly bracket at Line 5 */
Line 19 } /« Balances the curly bracket at Line 2 /.

We check the following elementary result.

Lemma 1: Assume that the inputs to the Main Algorithm are as in the comment “Inputs
are as follows”. Then the Main Algorithm can be executed. It takes time at most C"log N,
given one-time work C"Nlog N in space C"N. It produces an output P* as described in the

comment “Output is as follows”.

Proof: We use induction on A,.
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In the base case Ay = M, inspection of Line 1 shows that the Main Algorithm executes in
time at most C”, and produces as output the polynomial Py. Since we assume that each
9%Py(0) is a machine number of absolute value < 241 ™S (see the comment “Inputs are as
follows”), we have PT = Py € P C P*, and 0*P*(0) is a machine number of absolute value
< 2M 080 < 2ASMISo for || < m — 1. (See Section 17 for the inequality Aq(M) < Az(M).
In fact, all the Aq’s are smaller than all the A3’s.) For || = m, we have 0*P*(0) = 0. Thus,

the conclusions of Lemma 1 hold in the base case Ay = M.

Next, suppose Ao # M. Recall from Section 52 that we may execute Lines 2-3 in time
Clog N given one-time work CN log N in space CN (see also Section 26). We split the proof
into two cases. First, suppose there exists A < A such that Qo € CZ(A). Let A’ C¢ M
be as computed in Line 2. Then A’ < Ap. By inductive hypothesis (Lemma 1 for A’;
note that A;(A’) > Aj(Ap) and A3(A’) < Az(Aop)), we can execute Line 3 in time C”log N
given one-time work C”"NlogN in space C’N; the algorithm terminates, and the output

(Ao, Qo, X0, Po) is a polynomial P* as in the conclusion of Lemma 1.

Thus, Lemma 1 holds for Ag in the case A" < Ap. For the rest of the proof of Lemma
1, we assume that A’ = Ay # M. Thus, our algorithm passes to the execution of Lines 5-6.
Recall from Section 52, that all of our algorithms for CZ cubes work with perfect accuracy
in our model of computation. Thus, as is explained in Section 29, we may execute Lines 5-6,

and the loop in Lines 8,...,14 is executed at most C times.

Let us examine the k™ execution of the loop in Lines 8,...,14. Suppose first that ENQ}* # (.
Since Lines 8-10 involve only the CZ algorithms, again, the analysis from Section 29 is still
valid. In the case where xo € Qj3, by Line 9 we have that Py = Py € P, 0*P(0) is a known
machine number of absolute value at most 241 Ao)So < 2A1 A S0 for each o (Jof < m — 1)
(recall from Section 17 that Aq(Ao) < A;(Ay)); also, the coordinates of xx = X are machine
numbers of absolute value at most 2%. (See the comment “Inputs are as follows” in the
Main Algorithm.)

In the case where xo & Qj, we reach the execution of Line 10. By the defining property
of Find-Representative, we know that x, € EN Q}. When we start executing Line 11, we
have the following: Py € P, 9%Py(0) is a known machine number of absolute value at most

27 A% for each o (Jof < m — 1) (see the comment “Inputs are as follows” in the Main
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Algorithm); also Ay C M with Ay # M; and x € E, thanks to Line 10. Thus Py, Ao, Xk satisfy
the requirements for successful execution of Find-Neighbor. (See the comment on “Inputs” in
the algorithm “Find-Neighbor” in Section 53.) Consequently, Line 11 executes successfully,
in time < C”, given one-time work C”NlogN in space C"N. (See Section 53.) Recall
that the output Py produced by Find-Neighbor in Line 11 satisfies the following: Py € P;
and for each «, the quantity 9%*P(0) is a machine number of absolute value < 22140 )0,
which we compute in executing Line 11. (See the comment on “Outputs” in the algorithm

Find-Neighbor.)
Having executed Line 11, we pass to Line 13.

Note that, in both of the cases xo € Qj and xo € Qj, we have shown that the following
holds, upon reaching Line 13:

(1) Ay € M; Q€ CZ(A,) (see Lines 5,6); x,c € EN QY5 Px € P, and for [of < m —1,
9%Py(0) is a machine number of absolute value < 24140 )%0: x € (1+4¢5)Qx (see Lines
5, 6); and the coordinates of x are machine numbers (see the comment “Inputs are

as follows” in the Main Algorithm).

The above remarks tell us that the inputs Ay, Qx, xx, Px and x are as in the comment
“Inputs are as follows” in the Main Algorithm. Since also A; < Ao, we may apply Lemma
1 to fx(Ay, Qk, xx, Px). Consequently, Line 13 executes in time < C”log N, given one-time

work C”"Nlog N in space C"N. Moreover, the output fy, produced by Line 13 satisfies:

(1) fx € PT; for each « (Jaf < m), we have computed 9%fy(0), which is a machine number

of absolute value at most 24340 )So

We have just proven () for the case ENQ3* # (). Inspection of Line 8 shows that ({1) holds
also for the case EN Q™ = (; in this case fi, = Po, [0%f(0)] < 241 (A0)S0 < 22345050 and (1)
follows; see the comment “Inputs are as follows” in the Main Algorithm. (We use the fact
that A;(Ao) < Az(Ay); see Section 17.) Hence, (11) holds for any k (1 <k < Kyax)-

The above discussion shows that we execute the k-loop (Lines 7,...,15) in time C”logN,

given one-time work C”Nlog N in space C"N. Thereafter, we pass to Line 16.
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Next, we check that Lines 16, 17 can be executed in time C”log N, given one-time work
C”"NlogN in space C"N; and we discuss the output f, (Ao, Qo, X0, Po) produced by Lines
16,17. Each fy satisfies (11).

To prepare for execution of the product @] in Line 17, we must compute (a machine
approximation to) (0%fy(x))xy<m, given the (9%fi(0))y<m from (ff). We obtain values
{0%F (%) Japprox for || < m; each of these is a machine number of absolute value < 2€"As(Ag)S0
(This follows easily from (1), together with our earlier observation that the coordinates of x

are machine numbers of absolute value < 2%.) Given the {0*fy(x)}approx, and the output of
S

for o] < m; and these machine approximations are all less than 262305 in absolute

Algorithm PU, we can compute a machine approximation to 0% {];f (Géi)}
approx

value. Summing over k = 1,..., knpax, and recalling that kp.x < C, we obtain (for |af < m)

a machine number 0, of absolute value < C- S0 which serves as our approximation

Kmax B
to 0% [Z{Ii(egi )}approx ®2_ fk

k=1 lal<m

obtain coefficients P (with round-off errors), such that ()

kmax

-

(a(x [Z {Ii(eQi )}approx Q;F fk
k=1

< 2€7As(A)S  thanks to our estimates for the 8, and for the coordinates of x. Thus, we

1
can execute Lines 16,17. Their output is the polynomial f, (Ao, Qo, X0, Po) = E —'ll)“y X
!
[o<m

specified by exhibiting the . Since Algorithm PU takes time < C”log N, given one-time

1
(x). Expanding y — Z ae“(y —x)% in powers of y, we

od<m is an approximation to

(O))I(xl <+ The Py are machine numbers of absolute value

work C”Nlog N in space C”N, the same is true of Lines 16, 17. (Here again, we use the fact
that kpax < C.)

Moreover, f (Ao, Qo, X0, Po) € P, and for |&] < m, 0%[f, (Ao, Qo, X0, Po)](0) is a machine
number of absolute value < 267 A3 (A5 )S0 < 2A0As (A )S0 < 2A3(A0)S0 which we have computed.

Here, we assume that
AO 2 C#a

which is a legitimate assumption, as C* is a constant depending only on m and n. The
execution of the Main Algorithm for (x,Ag, Qo, X0, Po) terminates after execution of Lines
16,17. We have shown that the Main Algorithm for (x,.Aq, Qo, X0, Po) runs in time C”log N,

given one-time work C”Nlog N in space C”N.
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We have established the conclusions of Lemma 1 for the inputs (x, Ao, Qo, X0, Po). The

proof of Lemma 1 is complete. [ |

Note that, in the proof of Lemma 1, we needed some control on the size, e.g., of the fy, in

order to avoid overflow errors in executing Lines 16,17.

Now we are ready to state the Main Lemma.

Main Lemma for Aj:

Let Qo € CZ(Ayp), let xo € EN Q" with xo € EN Q} in case EN Qf # 0, and let Py € P.

Suppose that, for each x (|| < m—1), the quantity 0*Py(0) is a machine number of absolute

value at most 2241 Ao)So,

Let My be a machine number, with 275 <My < A;(Ao)2+5% . Assume that Py €T (x0,0(Ao),Mo).

Then there exists F € C™((1 4 cg)Qo), with the following properties:

(I) JH(F) — Py € A3(Ap) - Mo - BT (x,8q,) for all x € (14 ¢cg)Qo.
(I1) J.(F) € T(x,0, As(Ao) - Mo) for all x € EN (1 + c6)Qo.
(111) [fxo e (1+ cg)Qo, then Jx, (F) = Po.
(IV) L

et x = (x1,...,xn) € (14+¢g)Qo, and assume each x; is a machine number. Then
907, (F) — (Ao, Qo, Xo, Po)I(0)] < 27 4)%075/2 for |of < m.,

Here, fy (Ao, Qo, X0, Po) is the polynomial produced by the Main Algorithm for inputs
(Ao, Qo, X0, Po). Note that Ag, Qo, X0, Po and x in (IV) are as in the comment “Inputs are
as follows” in the Main Algorithm. Hence, by Lemma 1, f,(Ao, Qo, X0, Po) is a well-defined
polynomial belonging to P.

§56 Proof of the Main Lemma

We write C,c,C’, etc. to denote constants determined by m and n. As for the Main
Lemma for “perfect arithmetic” (Section 29), we proceed by induction on Ay, with respect

to our order relation < on subsets of M.
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Base Case: Suppose Ag = M. Then we have Qg € CZ(M) and Py € T'(x, £{(M), My), with
xo € EN Q5 such that xo € ENQ* in case EN Q}f # 0. Thus, we are in the base case of the
induction on Ag that proves the Main Lemma for perfect arithmetic. In that case, we showed
that F = Py on (1+cg)Qo satisfies (I) and (II) in the statement of our present Main Lemma.
Also, (III) is obvious. Moreover, Line 1 of the Main Algorithm gives here f,(M, Qo, X0, Po) =
Po, i.e., 0%[f (M, Qo, X0, Po)](0) = 0%Py(0) exactly, for || < m. Since also 0¥[J}(F)](0) =
0%Py(0) exactly (Jaf < m), it follows that 9*[J}(F) — £, (M, Qo, X0, Po)](0) = 0 exactly, for
|| < m. Hence, conclusion (IV) holds also, completing the proof of the Main Lemma in the

base case.

Induction Step: Fix Ay C M with Ay # M, and assume that the Main Lemma for A holds
for all A < Ag. We will prove the Main Lemma for Apy. Let My, Qq, X0, Po be as in the
hypotheses of the Main Lemma for Ay. We distinguish two cases.

Trivial Case: Qo € CZ(A) for some A < A.
Non-Trivial Case: Qo ¢ CZ(A) for all A < A,.

In the trivial case, let A" be minimal, subject to Qo € CZ(A’). Then A’ < Ay. By inspection
of Lines 1,2,3 of the Main Algorithm, we see that

(1) fx(Ao, Qo, %0, Po) = fx(A’, Qo, %0, Po)
whenever x = (x1,...,%n) € (1 4+ cg)Qo with each x; being a machine number.

As in the trivial case of the Main Lemma for perfect arithmetic, we find that CM,, Qo, Xo, Po
satisfy the hypotheses of the Main Lemma for A’. Applying the Main Lemma for A’ (which
we may do, since A’ < Ap and since Aj(A’) > A1(Ap)), we obtain F € C™((14¢cg)Qo), with

the following properties:

(I)/ ] — Py € A3(.A,) . CMO . B+(X, 6Q0) for all x € (1 + C(;)Qo;
(IT) Jx(F) € T'(x,0, A3(A’) - CMy) for all x € EN (1 4 c)Qo;
(III)" If xo € (1 + ¢cc)Qo, then Ji, (F) = Po; and

)

(IV)" Let x = (x1,...,%n) € (1 +cc)Qo, and assume each x; is a machine number. Then

O[] (F) — fx[A’, Qo, X0, Po)l(0)] < 27 40%5/2 for o] < m.
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Applying (1), and recalling that CA3(A") < Asz(Ao) for A < Aoy, we see that (I),...,(IV)
imply the desired properties (I),...,(IV) for F. This completes the inductive step in the proof

of the Main Lemma, in the trivial case.

For the rest of this section, we assume we are in the non-trivial case.
Let Q = {Q € CZ(Ay): (1+¢e)QoN(1+¢ca)Q # 0}

For each Q € Q, we define a point xg € R™ and a polynomial Pg € P, as follows.

(2) If EN Q™ =0, then we set xq = center of Q,Pq = P,.

(3) If xo € EN Q*, then we set xg = %o, Pq = Po.

(4) TEN Q™ # 0 and xo ¢ EN Q*, then we set xq =Find-Representative (Q).
(Note that xg € EN Q* with xqg € EN Q* in case EN Q* # (), by the defining
property of Find-Representative.)
We then let Po = Find-Neighbor (Po, Ao, xq). Note that Py, Ao, xq are as required
for inputs of the procedure Find-Neighbor.

Thus, in all cases, Pq € P, and 0*Pq(0) is a machine number of absolute value at most
2M A% for |« < m — 1. (In Case (2) and Case (3), this follows from our assumptions on
Py in the hypotheses of the Main Lemma, and the inequality A;(Ao) < A;(Ay). In Case (4),
it follows from the defining properties of Find-Neighbor in Section 53.) Note that in Case (2),

we necessarily have 5o = A5 (see Lemma 4 of Section 21).

In Case (4), the defining property of Find-Neighbor also tells us the following.

(5) Suppose P € P and M > 25 satisfy
6"‘(P — Po)(XQ) =0 for all x € .Ao, and P € r(XQ, Q(AO) — 1,M)

Then we can express

Po = PBain + Pgr, with Pgai”, Py €7, |

0%(PG*" — Po)(xq) = 0 for all « € A, and PG*" € T'(xq, £(Ao) — 1, CM); and
9P (0)] < 271 A0S0 =5/2 for o] < m— 1.

Since Py € T'(x0, £(Ao), My), and since we are in the non-trivial case, we may apply here

the analysis of Section 32. By Lemma 7 from Section 32, we learn the following in Case (4).
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(6) There exists P € P, satisfying
0%(P — Po)(XQ) =0 for all x € Ap; and P € r(XQ,E(.Ao) —1,C'M,).
Moreover, any such P satisfies that P — Py € CMoB(xq, A20q,)-

Since My > 275 then by (5) and (6), we conclude that in Case (4), we may write
Pq = Pmein 4 PEr with PR, PEr € P such that

(7) 506(]388"‘ — Po)(xq) =0 for all « € Ay,
PEa" € T(xq, £(Ao) — 1, CMy),
Pgain — Py € CMoB(XQlAZ‘SQO); and
0P (0)] < 2741146 1% =5/2 for o <m.— 1.

In Case (2) and in Case (3), we simply set PE*" = Pq and P&’ = 0. Note that (7) holds
also in Case (3), since in this case, xq = xo and by our assumptions P§*" = Pq = Py €
Mxq, {(Ao), CMy) C T(xq, l(Ao) —1,C’'My). Thus (7) holds in Case (3) and Case (4). Note
that (7) shows that PE*" € Fﬁo(xQ, Po, CMy), in Case (3) and Case (4). (See Section 32 for
the definition of I'*.)

Next, we claim that,
(8) PE™ — PG € CMoB(xq, A28q) whenever (1+¢6)Q N (1+cc)Q #0; Q,Q € Q.

Indeed, (8) follows from (7) and Lemma 8 in Section 32, when both Q and Q' satisfy either
(3) or (4). In case where at least one of Q, Q' satisfies (2), then (8) follows from (7). For
instance, if Q satisfies (2), then Pq = Py and 8g = A;' > 8q,; hence (8) either follows from
(7), or else holds trivially since P3*™ = Pq = Po.

We recall that 8 > ¢-275 for all Q € CZ(A;), hence for all Q € Q. Recall also that |xq| <
255 for Q € Q (because xqg € Q**, Q € CZ(A;), Qo € CZ(Ap), (14+¢c)QN(T+cg)Qo # 0,
x0 € ENQ}*, and [x| < C-2% for x € E). Therefore from (7) we obtain that in Case (4),

(9) laﬁPgr(xQ)! < 24 (Ag)S0—5/2 < CM, - (AzéQ)milﬁ‘ for HS’ <m-—1.

(Here, we use our hypothesis M > 275 from the Main Lemma, as well as (SU2) from Section
49.) Note that (9) trivially holds in Cases (2) and (3), as PZ" = 0 in those cases.
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Next, suppose Q, Q" € Q, with (1 +¢g)QN (1 +c¢cg)Q’ # (. Then %6Q < dg < 20q and
Ixqg — x| < Cdq. Hence, applying (8) to Q and Q’, and then applying (9), we learn that

(10) ’aﬁ(PQ — PQ/)(XQ)’ S C”/Mo . (AzéQ)mi‘ﬁl fOI‘ H.))| S m — 1

Next, recall that (I'(xq,{(Ao) —1,M))m=o is C-equivalent above 275 to the blob arising
from a CSo-bit MALP with constant C’. Therefore, from Lemma 4 in Section 40, we have

the following elementary result.

(11) Suppose P € T'(xq, £(Ao)—1, M), M > 275 and suppose that [d*P'(0)| < 275 (for a
large enough constant C determined by m and n). Then P+P’€T(xq, £(Ao)—1,C’'M).

Taking P = Pgai“ and P’ = Pg" in (11), recalling that Mo > 275 by our assumptions, and
applying (7) and (SU2), we learn that

(12) Pg € I'(xq, £(Ao) — 1,C'My) for Q € Q in Case (4).

We have (12) also for Q € Q in Case (3), since then Pq = Py € T'(xo,£(Ao), Mo) =
M(xq,£(Ao), Mo) C T'(xq, £(Ao) —1,C'My). In Case (2), there is no analogue of (12), since
xq ¢ E, and the I'(xq, {, M) are undefined.

Our basic results on the polynomials Pg are (10) and (12).

We prepare to apply our induction hypothesis, namely the Main Lemma for A,

Let Q € Q be in Case (3) or (4). We will check that the cube Q, the point xq, the
polynomial Pg, and the constant C"M, (for a suitable integer constant C” > 1 depending
only on m,n), satisfy the hypotheses of the Main Lemma for A,. In fact:

e Qe CZ(A,), since Q € Q.

e xg € ENQ™, with xg € ENQ*if ENQ* # 0. (In Case (3), this holds, since
xQ = Xo € ENQ*; in Case (4), it follows from the defining property of the procedure
Find-Representative.)

e Po € P, and, for 6| < m — 1, 0%Pq(0) is a machine number of absolute value at
most 241 Mo )% (as we noted immediately after (2), (3), (4) ).
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e C"M, is a machine number satisfying 275 < C"My < C"A1(Ap)2% < Aq(Ay)2%,
provided that Ag > C"”. (Recall from Section 17 that A;(Ay) > AoAq(Ap).)

e Pg e T(xq,l(Ay), C"My), as we see from (12).

This completes our verification of the hypotheses of the Main Lemma for A,. Applying that

lemma, we obtain a function

(13) FQ € C™((1 4 ¢cg)Q), for each Q € Q in Case (3) or (4), satisfying the following:
(14) T+ —Pqo € A3(A;) - C"My - BT (x,80) for x € (14 ¢¢)Q.
(15) Tl FQ € T(x,0, A5(A3) - C"My) for all x € EN (1 +cg)Q.
(16) If xq € (1 +¢¢)Q, then ], (Fq) = Po.
(17) Let x = (x1,...,%n) € (1 +¢g)Q, and assume each x; is a machine number.
Then
0[] (FQ) — fx(Ag, Q,xq, Po)l(0)] < 2440 1%0-5/2 for o < m.

Properties (14),...,(17) hold when Q € Q falls into Case (3) or (4). In Case (2), we simply
define

(18) Fq = Po.

Properties (13), (14), (16) hold also for Q € Q in Case (2), since we then have J!(Fq) =
Jxo (FQ) = Pq = Po. Property (15) holds vacuously in Case (2), while property (17) makes
no sense in Case (2), since fy(Ay, Q,xq, Pg) is defined only when xq € E. (See the comment
“Inputs are as follows” in the Main Algorithm.)

With 93, as in Section 54, we define
0

(19) F= > ego,FQ on (1+cg)Qo.
QeQ

Note that (19) makes sense, thanks to (13), since 92, is supported in (14 cg)Q. Recall
that any point in R™ has a small neighborhood that meets at most C of the supports of the

635 (Q € CZ(A,)). Consequently,

(20) F e C™((1 4+ cg)Qo)-
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We check that the above function F satisfies properties (I),...,(IV) in the conclusion of the

Main Lemma for A,.

Regarding (I), let x € (1 4+ ¢cg)Qo, and let Qe CZ(A,) contain x. Then

(21) JE(F=Po) = JH(Fo—Po) + ) _JL(6% ) O J{(Fq —Fq),
QeQ

since Z M (92,) = 1. A given Q € Q makes a non-zero contribution to (21) only if
0
x € (1+cg)Q. There are at most C such Q € Q, and they all satisfy %6@ < 0q < 284, and

(22) I;f(FQ — FQ) =Pgo— PQ + ];f(FQ — PQ) — ];:(FQ — PQ)
€ C/,/Ag(AE)MOB+(X, 6@) + CM B (x, Azé@),

thanks to (14) and (10). It therefore follows from (21) and (14), along with our estimates
for the derivatives of the 92,, that
0

(23) ];’(_(F — Po) c [PQ — Po] + CiVAElAg(.Ag)MQB-’_(X, 6@)
Next, note that
(24) PQ — Py € CMOB+(XQ, AzéQo) - C,MOB+(X, AzéQo).

If Q falls into Case (4), this follows from (7); note that |[x — xpl < Cédg < C'dq, since
X € CAQ N (14 cg)Qo, with Q € CZ(A,) and Qo € CZ(Ap). (See Lemma 6 from Section 21.)
If instead Q falls into Case (2) or (3), then (24) holds trivially, since then Pa = Po.

We have g < Cdq,, by Lemma 6 from Section 21. Consequently, (23), (24) together yield
JT(F)—Po € CYATA3(Ay)MoB*(x,8q,). This implies conclusion (I) of the Main Lemma for
Ao, since A3(Ag) > CYATA3(A,).

Next, we check conclusion (II) for our function F. Let x € EN (1 + cg)Qo, and let
Q € CZ(Ay) with Q 5 x. Then (19) gives

(25) Jx(F) = Jx(Fg) + ) _Jx(83.) ©xJx(Fo —Fo).

QeQ
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The only Q € Q that contribute to (25) are those satisfying x € (1 4+ cg)Q. There are at
most C such Q € Q, and they satisfy %SQ < 8q < 284. Moreover, given such a Q, we can

argue as follows:

Applying (15) to Q and to Q, we find that

(26) Jx(Fq—TFa) € T(x,0,C"A3(A5)Mo) —T(x,0, C"A3(Ay)Mo) € C"A3(A;)Moo(x, 0).
Also, (22) applies, and it gives

(27) Jx(Fq — Fg) € CYATA3(A;)MoB(x, 84).

From (26), (27), our estimates for the derivatives of 92, and the Whitney t-convexity of
0

o(x,0), we conclude that
(28) Jx(03) OxJx(Fq — Fg) € C*AT - A3(A5)Mool(x, 0).
Putting (15) and (28) into (25), we conclude that
(29) Jx(F) € T(x,0, CVAT- A3(Ay)Mo) C T'(x,0, Az(Ao)Mo),

since Az(Ao) > CVAT - A3(A,). Conclusion (II) for our function F is immediate from (29).

Next, we check conclusion (III). Suppose xo € (1 + cg)Qo. From (19),

30 ]xo Z ]xo ®xo ]Xo(FQ)

QeQ

The only Q that contribute to (30) are those satisfying xo € (1 4+ cg)Q. Such Q fall into

Case (3), and therefore satisfy Pg = Po,Xxq = Xo. In particular, such Q satisfy xg = xo €

(1+ cg)Q, and therefore also Jxo (FQ) = Jxq (FQ) = Pqo = Po, by (16). Consequently, (30)

implies Jy, (F Z Jxo (07 ) ®x, Po = Po, proving conclusion (III) of the Main Lemma for
QeQ

Ao.

It remains to check conclusion (IV).

Let x = (x1,...,%n) € (1 4+ ¢cg)Qo, and assume each x; is a machine number.
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Let Q1,..., Qx,.. be alist of all the Q € CZ(A;) for which we have x € (1 + c¢)Q. This
precise list of cubes is being computed in Lines 5,6 of the Main Algorithm. We assume that

our enumeration here corresponds to that in Lines 5,6.

Then from (19) we obtain

km ax

(31) JI(F) = 3 _JIO3) of J{(Fq,)-

k=1
Note that
Ji(Fo,) =Po fENQY =0 (see (18));
and if EN Qf* # 0, then the following holds:
If xo € Qy, then xq, = %o and Pg, = Py, else: we use Find-Representative to find

xo, € ENQF, with xg, € EN Q3 if EN Qf # 0; then we use Find-Neighbor to
compute a polynomial Po, € P.

Comparing the above discussion with Lines 5, ...,11 of the Main Algorithm, we find that:

(32) fi from Line 8 agrees perfectly with Jf(Fq,) if EN Qf = 0.
33) xk, Px from Lines 9, ..., 12 agree perfectly with our present x P in case
( , gree p y p Q: Paus

EN Qg #0.
From (33) and (17), we see that

xX k 0 k
@.

Here, Qy, Xy, Px are as in the Main Algorithm. Comparing (34) with Line 13 in the Main
Algorithm, we conclude that [0%[J(Fq,) — fil(0)] < 2A3(A0)50-5/2 for || < m, whenever
ENQi #0.

Together with (32), this shows that, when we execute Lines 16,17 of the Main Algorithm,

we have

(35) 1005 (Fq,) — fid (0)] < 22M6150-5/2 for all o < m, 1 < k < Kyax.
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Note also that
(36) [0*[J; (Fo,)1(0)] < 2€% M )% for |of < m.

In fact, in the case EN Q3" = 0, we have J}(Fq,) = Po by (18), and (36) follows from our
hypotheses on Py in the formulation of the Main Lemma (recall that A;(Ap) < A3(Ay)). In
the case where E N Q3" # (), since x € (1 + ¢cg)Qx, (14) applies, and we have

(37) 10%[Fq, — Pul(x)| < As(Ag) - C"Mo - 85 ™ for [of < m, 1 <k < Kupax.

Since also |x| < 2% (since x € (1 + ¢g)Qo, with xo € Q5 NE, 8g, < 1), it follows from
(37) that [0%[J}(Fq, — Px)I(0)] < Az(Ay)Mg - 2% for |of < m, 1 S k < Kpax. Since
My < Aq(Ap)2% < 241 - and since [9%Py(0)] < 2241050 < 2440050 (gee the text
right after (4)), then (36) follows. This completes our verification of (36).

Regarding the m-jets of our 635, we recall that Algorithm PU produces {J (GEE ) Yapprox €
0 0
PT, satisfying

(38) BT (09) — [J5(8% ) happrod (x)] < 26595 for [ < m, 1 < K < Kppas.
0 0

Recall that Algorithm PU computes the numbers 0%{J; (GEE)}appmx(x) for || < m; in par-
0

ticular, those numbers are machine numbers.

Since 8§q, > 27 (because Qx € CZ(Ay)), our estimates for derivatives of 92 yield
!6"‘925 (x)| < Céaix' < 2% for || <m, 1 <k < Kmax, hence
0

(39) 1% (6] (x)] < 2% for & < m, T < k < Kepax.
0

We can now use (35), (36), (38), (39) to conclude that

(40) < 2CA3(A;)80-5/2

(x)
k=1
for | < m.

kmax kmax
0% [Z ]+ er) ®+ I+ FQk Z{]+ }approx @ fk

(Here again, we have used the fact that [x| < 2% to pass from (35), (36) to corresponding
estimates for derivatives at x.)
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From (35), (36), (38) , (39), we have also

!5“[{Ii(9§§)}appmx](><)! < 2% and [0%fi(x)] < 2% M IS for |af < m.

Consequently, when we execute Lines 16, 17 of the Main Algorithm, we obtain a polynomial
f (Ao, Qo, X0, Po) that satisfies

km ax

41) |0%[fx(Ao, Qo, X0, Po) — 509 approx OF il (x)| < 243 (A)80-5/2 for || < m.
X A PP X
0
K1

(Here again, we use [x| < 2¢%.)

Combining (31), (40), and (41), we find that
’aaU;r(F) - fx(‘AO) QO)XO) PO)](X)’ S 2CA3 LAS]SO?S/Z for ’OC| S m.

Again using |x| < 2%, we deduce that
(42) [3%(J (F) — fx(Ao, Qo, X0, Po)](0)] < 2€ A 150 75/2 for || < ..
Since Az(Ao) > C'A3(Ay), we conclude from (42) that (IV) of the Main Lemma for A holds.

Thus, we have shown that our F € C™((1 4 cg)Qo) satisfies all the properties (I),...,(IV).

The proof of the Main Lemma is complete. |

§57 Applications of the main lemma

In this section, we prove an analogue of Theorem 4 that relates to our model of compu-
tation. We assume here the model of computation from Section 38, as well as (SU1), (SU2)
from Section 49. In this section, ¢, C, C’ etc. stand for constants depending only on m and

n.

Theorem 9: Suppose we are given the following data:

o A finite set E C R™, such that
x Forx € E, we have that x = (xq, ..., xn) where each x; is a machine number with
x| < 2%.
x Forx,y € E such that x #y we have |x —y| > 27%.
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e For each x € E, two real numbers f(x) and o(x), such that
x f(x) is a machine number that satisfies |f(x)| < 2%°.

x o(x) is a machine number that satisfies 275 < o(x) < 2%.

Assume that #(E) = N. Then, there exists F € C™(R"™) with the following properties:

(A) IfFe C™Y(R") and 2750 < M < 2% satisfy
| Fllem@n)< M and [F(x) — f(x)| < Mo(x) for x € E,
then
| Fllcm@®n)< CM and [F(x) — f(x)] < CMo(x) for x € E.

(B) There is an algorithm, in our model of computation, that receives the given data,

performs one-time work, and then responds to queries.

A query consists of a point x = (X1, ..., Xn) € R™, such that x; is a machine number
with [xi) < 2% for all 1 < i < n. The response to the query is the family of coeffi-
cients (a“ﬁX(O)) of a polynomial Py that satisfies

lo<m
0% (J(F) = P,) (0)] < 275* for all |of < m.

The one-time work takes CNlog N operations and CN storage. The work to answer

a query is Clog N.

Here, C is a constant depending only on m and mn.

We will make use of the Main Lemma for () from Section 55. Recall that CZ(()) consists
of all dyadic cubes of sidelength AE]. The following lemma is an immediate consequence of

the Main Lemma for () from Section 55, and of Lemma 1 from Section 55.

Lemma 1: Suppose that Qo C R™ is a dyadic cube of sidelength A?, xo € EN Qg and
2750 < Mo < Aq(0)2750. Let Py € P be such that

(1) 9%Py(0) is a machine number that satisfies [0%Po(0)] < 2241 @S for all |of < m —1.
(2) PO S F(XO) e*) MO)

Then, there exists F € C™((1 4 cg)Qo), with the following properties:
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(3) 10P(F—Po)(x)| < CA3(0)Mo  for all x € (14 ¢cg)Qo, Bl < m.
(4) Tx(F) € T(x,0,CA3(@)Mo)  for all x € EN (1 + cg)Qo.

(5) Let x = (x1,....,xn) € (1 + ¢cg)Qo be such that xi is a machine number for all
1 <i<mn. Then,

8% [} (F) — (8, Qo, X0, Po)] (0)] < 24 WS0=5/2 for all o < m,
where (0, Qo, X0, Po) s computed by the Main Algorithm in Section 55.

(6) Let x = (Xq,....,xn) € (14+¢cg)Qo be such that x; is a machine number for all 1 <i <

n. Then the numbers 0%, (0, Qo, X0, Po)(0), for x| < m, are all machine numbers in
the range [—273@S0 2As(0)So],

Here, C > 0 is a constant depending only on m and n.

Let us describe the algorithm promised in Theorem 9. We perform all the one-time work
described in Sections 48, 50, 51, 52. In addition, in the one-time work, we subdivide R™
into dyadic cubes of sidelength Af. Let Qg be the set all dyadic cubes Q of sidelength
A", such that EN Q* # (). As in Section 34, we have #(Q,) < CN. We compute the list
Qp, and then sort the cubes in Oy with respect to the lexicographic order on the centers
of the cubes. We store the sorted list in memory, during the one-time work. This requires

CNlog N operations and CN storage.

For each Q € Qp, we compute a representative xqg := Find-Representative(Q). Then
xq € EN Q*, by the defining property of Find-Representative from Section 25. We store the

CN representatives in memory.

Next, for each Q € Qp we will compute a polynomial Pq € P having the following

properties:

(7) 3%(Pq)(0) is a machine number in the range [—2" @S0 2A10)S0] for all |af < m — 1.
(8) Suppose P € P and M > 27 satisfy P € T'(xq, L., M).
Then PQ S F(XQ,Q*, CM).
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We may compute the machine numbers (E)"‘(PQ)(O))l(x| <m_1 thanks to the discussion at the
end of Section 53. (We assume, as we may, that A;(()) exceeds the constant C’ from that
discussion.) We compute and store all the polynomials Pg in memory, during the one-time
work. The total time required for the computation of the points xg and the polynomials Pq

does not exceed CN log N, and the storage required is no more than CN.

This completes the description of the one-time work of our algorithm. The resources being
spent for the one-time work are bounded by CN log N computer operations and CN storage,

for C depending only on m and n.

We move to describe the query algorithm. Suppose we are given a point x € R™, whose
coordinates are machine numbers with absolute values that do not exceed 2%. We set
Qo(x) ={Q € Qp:x € (1+cg)Q}. Note that #(Qo(x)) < C. Given the one-time work, we
may compute Qp(x) using at most Clog N operations, by applying binary searches on the
sorted list Qg (details in Section 34).

Once Qy(x) is obtained, the algorithm computes the polynomial Py, which is our machine

approximation to

9 > Ti(89) @f £u(0,Q,xq, Po).

Qep (x)

Let us elaborate on the computation of the approximation to (9). For each Q € Qg(x) denote
fo = fx(0, Q,xq, Pg). Note that from (7), we see that x, Q,xq, Pq satisfy the conditions
in the comment “Inputs are as follows” in Section 55. Hence, fq is well-defined, and we

may apply the Main Algorithm from Section 55 to compute (0%fq(0)) Next, in order

|| <

to carry out the ®-operation, we compute the machine approximation to (a“fQ(x))l(xl i

According to (6), we have that [0%fq(0)] < 243 @S0 for all |&| < m, and therefore also our

machine approximations (0%fq(x)) are never larger than 2645 in absolute value.

approx

Using Algorithm PU from Section 54 we may compute machine numbers that approximate
(10) 9> (J5 (9%) Of fq) (x) for all |af < m.

The machine approximations are all smaller than 243 @S in absolute value, and they differ

So—S/2

from the actual quantities in (10) by no more than 243 @ . Summing over Q € Qq(x),

we compute numbers that are machine approximations to
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(1) 2% > i (8%) of fo | (x) forall |of <m.
Qe (x)

Since #(Qy(x)) < C, our machine approximations are all bounded by 2€A:®S0 and differ
from (11) by at most 2643(1%0=5/2 according to (SU1) and (SU2). Finally, we compute from

our approximation to (11) additional machine numbers, which are our approximations to

(12) 9% Z I (%) ©f fo | (0) forall |af <m.
Qe (%)

Since [x| < 2% then our machine approximations to (12) are smaller than 2CAs @S0 and

2CA3(0)S0—S/2

differ from (12) by no more than . Thus we are able to compute an approximation

to the polynomial in (9), as we computed good approximations to all of its derivatives at
zero. This completes the description of the query algorithm. The amount of work needed to

carry out the query is bounded by Clog N, given the one-time work.

Remark: It is equally easy to produce, in Theorem 9, an approximation to the derivatives
of the polynomial J}(F) at the point x, rather than at zero. We just observe that S > CS,

and [x| < 2% hence the roundoff errors caused by translating from 0 to x do not hurt.

It remains to prove that the polynomials in (9) satisfy the conclusions of Theorem 9. This

is essentially the content of the following lemma.

Lemma 2: Let E,f, 0 be as in Theorem 9. Then, there exists F € C™(R™) for which the
following holds: Suppose 275 < M < (A1(0))"/22% satisfies that
(13) T'(x, L, M) £ 0 for all x € E.
Then,
(14) [F(x) — f(x)| < C"ATA3(0)Mo(x) for all x € E,
(15) || F[lem@n)< C'ATA(0)M,

(16) For any x € R™ whose coordinates are machine numbers whose absolute value is

smaller than 2%, we have
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0% (J1(F) = Px) (0)] < 267507572 for gl o] < m,
where Py is defined in (9).

Here, C' > 0 denotes a constant depending only on m and 1.

Proof: Recall that for any cube Q € )y, we have defined a point xq € Q* N E, and a
polynomial Pq € P such that 0*Pq(0) is a machine number whose absolute value does not
exceed 24105 for all o] < m —1 (see (7)). Fix Q € Q. By our assumption (13), we have

(17) T(xq, ls, M) # 0.
According to (8) and (17), we know that
(18) Pq € IN(xq, L, C'M) C CMB(xq, 1)

where the last inclusion follows from Property 4 from Section 13, and the definition of
INxqg,0,M). We will now invoke Lemma 1, for the quantity C'M, the cube Q, the point
xo € EN Q* and the polynomial Pq, based on (18). By the conclusion of Lemma 1, there
exists Fo € C™((1 + c¢)Q), with the following properties:

(19) [0B(Fq — Po)(x)| < CA3(0)M for all [B| < m,x € (1 +cg)Q.
(20) Jx(Fq) € T'(x,0,CA3(0)M) for all x € EN (1 +¢c6)Q,
(21) Let x € (1 + ¢c)Qx be a point whose coordinates are machine numbers. Then,
0% (J1(FQ) — (0, Q,xq, Pg)) (0)] < 24:(®150=5/2,
(22) Let x € (14 ¢cg)Q be a point whose coordinates are machine numbers. Then the

quantities 0%f, (0, Q,xq, Pa)(0), for |«| < m, are all machine numbers in the range
[—2As (®)So , 2A3 (@)50]'

We define a function F : R™ — R by setting

(23) F(x) = ) 65(x)Fq(x).

Qe
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Since Sup‘p(@%) C (14+cg/2)Q and Fg € C™((1 4 ¢c¢)Q), then F is a well-defined C™(R™)-
function. For any x € R™, we have that x € Supp(@%) only for Q € Qp(x). Therefore (23)
implies that

(24) THF) = > TS (0%) o Ti(Fq).

Qe (x)

For any Q € Oy we have dg = A?, and by the explanation in Section 54,
(25) [9B(6%)(x)| < CAY for all [B| < m and x € R™

Since #(Qo(x)) < C, then (18), (19), (24), (25) imply that
(26) [0PF(x)| < CAT'A3(0)M for all |B] < m,x € R™

Thus, (15) is proven. Recall the definition (9) of P,, and also the discussion following that
definition. We have that

27) 3% [ Px— D TS (0%) ©F fu(0,Q,xq, Po) | (0)| <294 WSS/ forall || < m.
Q0o (x)

By (21), (24), (25) and (27) we conclude that
(28) ’a(x (];r(F) — ISX) (0)} < 2CA050=5/2 g0 a1 || < m.

This proves (16). Next, we prove (14). Fix x € E and a cube Q € Qq(x). Then, since the

0’s are a partition of unity,

(29) TP = T(FQ) +M Y Jx(egv-W)

QveDy(x)

Fo, —F
According to (20) and to Property 1 from Section 13, we know that Jy (M) €

M
(%) € C'A5(0)B(x,1). Next, we

invoke the Whitney t-Convexity of o(x,0), according to Property 3 from Section 13. By the
Whitney t-convexity and (25),

C'A3(0)o(x,0). By (18) and (19), we have that J
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(30) Ty (egv : %) =Jx (6%,) Ox Jx (%) e CAT'As(0)o(x, 0).
Recall that #(Qo(x)) < C. From (29), (30) and (20), we conclude that
(31) J«(F) € T(x,0, CA3(0)M) + C' AT A3(0)Ma(x,0) C T'(x,0,C AT Az(P)M).
Now (14) follows from (31). The lemma is thus proven. [

Proof of Theorem 9: Let 275 < M < 25 and suppose that F € C™(R") satisfies

(32) |[Fllem@n) <M and [F(x) — f(x)] < Mo(x) for all x € E.
According to Property 0 from Section 13,
(33) T(x,L,CM) £ forall x €E.

Assume, as we may, that (A;(0))"? > C for C being the constant from (33). Now, (A) and
(B) follow from Lemma 2, and from the description of the algorithm above, since A, and

A3(0) are constants depending only on m and n. The theorem is thus proven. [ |

Recall that S is the precision of our model of computation, as presented in Section 38.
Recall from Section 38 that we are interested only in the order of magnitude of S; it is
possible to simulate a model of computation with CS-bit machine numbers, using a model of
computation that is based on S-bit machine numbers. The work to simulate a single CS-bit
operation, using a model of computation able to work only with S-bit numbers, is bounded
by C’ that depends solely on C.

Recall from Section 49, that our only assumptions on S and Sy are that S > CSy and
So > C, for some constant C depending only on m and n (since Ay, px depend only on m
and n). As we are interested only in the order of magnitude of S, it is possible to deduce a
variant of Theorem 9, in which S, the precision in which the input is given, equals S, the

precision of our model of computation. We conclude the following theorem.
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Theorem 10: Assume the model of computation from Section 38. Suppose we are given the

following data:

o A finite set E C R™, such that for any x = (xq,...,xn) € E, we have that each x; is a
machine number.

e For each x € E, two real numbers f(x) and o(x), such that f(x), o(x) are machine

numbers, and o(x) > 0.

Assume that #(E) = N. Then, there exists F € C™(R"™) with the following properties:

(A) If F € C™(R™) and M > 0 is a machine number such that
| Fllem@n)< M and [F(x) — f(x)| < Mo(x) forx € E,
then
| Fllem@n)< CM and [F(x) — f(x)] < CMo(x) for x € E.

(B) There is an algorithm, in our model of computation, that receives the given data,

performs one-time work, and then responds to queries.

A query consists of a point x = (X1, ..., Xn) € R™, such that x; is a machine number
forall1 < i< m. The response to the query is a family of machine numbers (q«)|a<m
such that

0%F(x) — qol <275 for all |of < m.

(It might happen that |0*F(x)| > 25 for some «, and consequently, F(x) cannot
be approrimated by a machine number. In that case, we output machine numbers
Mo, ..., My, with k < C, such that [9%F(x) — Y& 25my| <275))

The one-time work takes CNlog N operations and CN storage. The work to answer

a query is Clog N.

Here, C is a constant depending only on m and n.

Indeed, Theorem 10 follows immediately from Theorem 9 and the discussion in Section 38,

once we observe that for a machine number a, the condition a > 0 is equivalent to a > 2-5.
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