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Preface

The aim of this book is to generalize the moduli theory of algebraic curves—
developed by Riemann, Cayley, Klein, Teichmiiller, Deligne and Mumford—to
higher dimensional algebraic varieties.

Starting with the theory of algebraic surfaces worked out by Castelnuovo,
Enriques, Severi, Kodaira, and ending with Mori’s program, it became clear
that the correct higher dimensional analog of a smooth projective curve of
genus > 2 is a smooth projective variety with ample canonical class. We estab-
lish a moduli theory for these objects, their limits and generalizations.

The first attempt to write a book on higher dimensional moduli theory was
the 1993 Summer School in Salt Lake City, Utah. Some notes were written, but
it soon became evident that, while the general aims of a theory were clear, most
of the theorems were open and even many of the basic definitions unsettled.

The project was taken up again at an AIM conference in 2004, which eventu-
ally resulted in solving the moduli-theoretic problems related to singularities;
these were written up in Kollar (2013b). After 30 years, we now have a com-
plete theory, the result of the work of numerous people.

While much of the early work focused on the construction of moduli spaces,
later developments in the theory of stacks emphasized families. We also follow
this approach and spend most of the time understanding families. Once this
is done at the right level, the existence of moduli spaces becomes a natural
consequence.

Acknowledgments. Throughout the years, I learned a lot from my teachers,
colleagues and students. My interest in moduli theory was kindled by my thesis
advisor T. Matsusaka, and the early influences of S. Mori and N.I. Shepherd-
Barron have been crucial to my understanding of the subject.

The original 1993 group included D. Abramovich, V. Alexeev, A. Corti,
A. Grassi, B. Hassett, S. Keel, S. Kovacs, T. Luo, K. Matsuki, J. M°Kernan,
G. Megyesi and D. Morrison; many of them have been active in this area since.
My students A. Corti, S. Kovécs, T. Kuwata, E. Szabd, N. Tziolas worked on
various aspects of the early theory.
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I gave several lecture series about moduli. The many comments and correc-
tions of colleagues K. Ascher, G. Farkas, M. Fulger, S. Grushevsky, J. Huh,
J. Li, M. Lieblich, J. Moraga, T. Murayama, A. Okounkov, R. Pandharipande,
Zs. Patakfalvi, C. Raicu, J. Waldron, J. Witaszek, and students C. Araujo,
G. Di Cerbo, A. Hogadi, L. Ji, D. Kim, Y. Liu, A. Sengupta, C. Stibitz, Y-C. Tu,
D. Villalobos-Paz, C. Xu, Z. Zhuang, R. H. Zong have been very helpful.

My collaborators on these topics—K. Altmann, F. Ambro, V. Balaji, F. Ber-
nasconi, J. Bochnak, J. Carvajal-Rojas, P. Cascini, B. Claudon, R. Cluckers,
A. Corti, H. Dao, T. de Fernex, J.-P. Demailly, S. Ejiri, J. Fernandez de Boba-
dilla, A. Ghigi, P. Hacking, B. Hassett, A, Horing, S. Ishii, Y. Kachi, M. Kapov-
ich, S. Kovédcs, W. Kucharz, K. Kurdyka, M. Larsen, R. Laza, R. Lazars-
feld, B. Lehmann, M. Lieblich, FE. Mangolte, M. Mella, S. Mori, M. Mustata,
A. Némethi, J. Nicaise, K. Nowak, M. Olsson, J. Pardon, G. Sacca, W. Sawin,
K. Smith, A. Stébler, Y. Tschinkel, C. Voisin, J. Witaszek, L. Zhang—shared
many of their ideas.

AlJ. de Jong, M. Olsson, C. Skinner and T.Y. Yu helped with several issues.
M. Kim, J. Moraga, J. Peng, B. Totaro, F. Zamora and the referees gave many
comments on earlier versions of the manuscript.

Moduli theory has been developed and shaped by the works of many people.
Advances in minimal model theory—especially the series of papers by C. Ha-
con, J. M®Kernan, and C. Xu—made it possible to extend the theory from
surfaces to all dimensions. The projectivity of moduli spaces was gradually
proved by E. Viehweg, O. Fujino, S. Kovacs and Zs. Patakfalvi. After early
works of V. Alexeev and P. Hacking, many examples have been worked out
by V. Alexeev and his co-authors, A. Brunyate, P. Engel, A. Knutson, R. Par-
dini and A. Thompson. Recent works of K. Ascher, D. Bejleri, K. DeVleming,
S. Filipazzi, G. Inchiostro and Y. Liu give very detailed information on impor-
tant examples.

The influences of V. Alexeev, A. Corti, S. Kovacs and C. Xu have been
especially significant for me.

Sections 6.5-6.6 were written with K. Altmann, while S. Kovacs contributed
to the writing and editing of the whole book.
Financial support was provided by the NSF grant DMS-1901855.



Introduction

In the moduli theory of curves, the main objects—stable curves—are projec-
tive curves C that satisfy two conditions:

e (local) the singularities are nodes, and

o (global) K¢ is ample.

Generalizing this, Kolldr and Shepherd-Barron (1988) posited that in higher
dimensions the objects of the moduli theory—stable varieties—are projective
varieties X, such that

e (local) the singularities are semi-log-canonical, and

o (global) Ky is ample.

The theory of semi-log-canonical singularities is treated in Kollar (2013b).
Once the objects of a moduli theory are established, we need to describe the
families that we aim to understand. For curves, the answer is clear: flat, pro-
jective morphisms whose fibers are stable curves.

By contrast, there are too many flat, projective morphisms whose fibers are
stable surfaces; basic numerical invariants are not always constant in such fam-
ilies. The correct notion of (locally) stable families of surfaces was defined
in Kollar and Shepherd-Barron (1988). We describe these in all dimensions,
first for 1-parameter families in Chapter 2, and then over an arbitrary base in
Chapter 3, where seven equivalent definitions of local stability are given in
Definition and Theorem 3.1.

Stable curves with weighted points also appeared in many contexts, and, cor-
respondingly, the general objects in higher dimensions are pairs (X, A), where
X is a variety and A = ), q;D; is a formal linear combination of divisors with
rational or real coefficients. Such a pair (X, A) is stable iff

e (local) the singularities are semi-log-canonical, and

o (global) Kx + A is ample.

The main aim of this book is to complete the moduli theory of stable pairs in
characteristic 0.

Defining the right notion of (locally) stable families of pairs turned out to be

very challenging. The reason is that the divisorial part A is not necessarily flat
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over the base. Flatness was built into the foundations of algebraic geometry by
Grothendieck, and many new results had to be developed.

Our solution goes back to the works of Cayley (1860, 1862), who associated
a divisor in Gr(1,3)—the Grassmannian of lines in P>*—to any space curve.
More generally, given any subvariety X¢ c P and a divisor D on X, there is
a Cayley hypersurface Ca(D) c Gr(n — d,n). We declare a family of divisors
{Dy: s € S} C-flat if the corresponding Cayley hypersurfaces {Ca(D;): s € S'}
form a flat family. This turns out to work very well over reduced base schemes,
leading to a complete moduli theory of stable families of pairs over such bases.
This is done in Chapter 4. For the rest of the book the key result is Theo-
rem 4.76, which constructs the universal family of C-flat Mumford divisors
over an arbitrary base. While C-flatness is defined using a projective embed-
ding, it is independent of it over reduced bases, but most likely not in general.

Chapter 5 contains numerical criteria for various fiber-wise constructions to
fit together into a flat family. For moduli theory the most important result is
Theorem 5.1: A flat, projective morphism f: X — § is stable iff the fibers are
stable and the volume of the fibers (K;'(J) is locally constant on §'.

Chapter 6 discusses several special cases where flatness is the right no-
tion for the divisor part of a family of stable pairs. This includes all the pairs
X, A := ) a;D;) with a; > % for every i; see Theorem 6.29.

The technical core of the book is Chapter 7. We develop the notion of K-
flatness, which is a version of C-flatness that is independent of the projective
embedding; see Definition 7.1. It has surprisingly many good properties, listed
in Theorems 7.3-7.5. We believe that this is the ‘correct’ concept for moduli
purposes. However, the proofs are rather nuts-and-bolts; a more conceptual
approach would be very desirable.

All of these methods and results are put together in Chapter 8 to arrive at
Theorem 8.1, which is the main result of the book: The notion of Kollar—
Shepherd-Barron—Alexeev stability for families of stable pairs yields a good
moduli theory, with projective coarse moduli spaces.

Section 8.8 discusses problems that complicate the moduli theory of pairs in
positive characteristic; some of these appear quite challenging.

The remaining chapters are devoted to auxiliary results. Chapter 9 discusses
hulls and husk, a generalization of Quot schemes, that was developed to suit the
needs of higher dimensional moduli theory. Chapter 10 collects sundry results
for which we could not find good references, while Chapter 11 summarizes the
key concepts and theorems of Kolldr (2013b), as well as the main results of the
Minimal Model Program that we need.



Notation

We follow the notation and conventions of Hartshorne (1977); Kollar and Mori
(1998); Kollar (2013b). Our schemes are Noetherian and separated. At the
beginning of each chapter we state further assumptions. Many of the results
should work over excellent base schemes, but most of the current proofs apply
only in characteristic 0.

A variety is usually an integral scheme of finite type over a field. However,
following standard usage, a stable variety or a locally stable variety is reduced,
pure dimensional, but possibly reducible.

Affine n-space over a field k is denoted by A, or by A"(xy,...,x,) or A}
if we emphasize that the coordinates are xi, ..., x,. Same conventions for pro-
jective n-space P".

The canonical class of X is denoted by Ky, and the canonical sheaf or du-
alizing sheaf by wy; see (1.23) for varieties and (11.2) for schemes. Since
Ox(Kx) =~ wy, we switch between the divisor and sheaf versions whenever it
is convenient. Ky is more frequently used on normal varieties, and wy in more
general settings. Functorial properties work better for wy.

A smooth proper variety X is of general type if [mKx| defines a birational
map for m > 1, see (1.30). The Kodaira dimension of X, denoted by «(X), is
the dimension of the image of [mKy| for m sufficiently large and divisible.

Notation commonly used in birational geometry

A map or rational map is defined on a dense set; it is denoted by -->. A mor-
phism is everywhere defined; it is denoted by —. A contraction is a proper
morphism g: X — Y such that g.0x = Oy.

A map g: X --» Y between (possibly reducible) schemes is birational if there
are nowhere dense closed subsets Zx € X and Zy C Y, such that g restricts to
an isomorphism (X \ Zy) =~ (Y \ Zy). The smallest such Zy is the exceptional
set of g, denoted by Ex(g). A birational map g: X --» Y is small if Ex(g) has
codimension > 2 in X.

A resolution of X is a proper, birational morphism p: X’ — X, where X’ is
nonsingular. X has rational singularities if p.Oy = Ox and R p:Ox = 0 for

10



Notation 11

i > 0; see (Kollar and Mori, 1998, Sec.5.1). Rational implies Cohen-Macaulay,
abbreviated as CM; see (10.4).

Let g: X --» Y be a birational map defined on the open set X° C X. For a
subscheme W C X, the closure of g(W N X°) C Y is the birational transform,
provided W N X° is dense in W. It is denoted by g.(W)

Following the confusion established in the literature, a divisor on X is either
a prime divisor or a Weil divisor; the context makes it usually clear which one.

We use divisor over X to mean a prime divisor on some 7: X’ — X that is
birational to X. The center of E on X, denoted by centery E, is (the closure of)
n(E) c X.

A Z-, Q- or R-divisor (more precisely, Weil Z-, Q- or R-divisor) is a finite
linear combinations of prime divisors Y a;D;, where a; € Z, Q or R. A divisor
is reduced of a; = 1 for every i. See Section 4.3 for various versions of divisors
(Weil, Cartier, etc.).

A Z- or Q-divisor D on a normal variety is Q-Cartier if mD is Cartier for
some m > 0. (See (11.43) for the R version.) The smallest m € N such that mD
is Cartier is called the Cartier index or simply index of D. On a non-normal
variety Y these notions make sense if Y is non-singular at the generic points of
Supp D; we call these Mumford divisors, see (4.16.4) and Section 4.8.

The index of a variety Y, denoted by index(Y), is the Cartier index of Ky.

Linear equivalence of Z-divisors is denoted by D; ~ D,. Two Q-divisors
are Q-linearly equivalent if mD; ~ mD, for some m > 0. It is denoted by
Dy ~g D,. (See (11.43) for the R version.)

Numerical equivalence of divisors D; or curves C; is denoted by D; = D,
and C; = C,.

The intersection number of R-Cartier divisors Dy, ..., D, on X with a proper
subscheme Z ¢ X of dimension r is denoted by (D --- D, - Z) or (D; - - - D,)z.
We omit Z if Z = X, and for self-intersections we use (D").

An R-Cartier divisor D (resp. line bundle L) on a proper scheme X is nef; if
(D-C) = 0 (resp. deg(L|¢) = 0) for every integral curve C C X.

Let g : X — S be a proper morphism. For a Q-Cartier divisor we use g-
ample and relatively ample interchangeably; see (11.51) for R-Cartier divisors.

The rounding down (resp. up) of a real number d is denoted by |d] (resp.
[d]). For a divisor D = ) d;D; we use | D] := >.|d;1D;, where the D; are
distinct, irreducible divisors. The fractional part is {D} := D — | D].

An R-divisor D on a proper, irreducible variety is big if |mD] defines a
birational map for m > 1.

A pair (X, A = ) a;D;) consist of a scheme X and a Weil divisor A on it, the
coefficients can be in Z, Q or R. The divisor part of a pair is frequently called
the boundary of the pair. (Some authors call A a boundary only if 0 < g; < 1
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for every i.) When we start with a scheme X and a compactification X* > X,
frequently X* \ X is also called a boundary; this usage is well entrenched for
moduli spaces. (Neither agrees with the notion of ‘boundary’ in topology.)

A simple normal crossing pair—usually abbreviated as snc pair—is a pair
(X, D), where X is regular, and at each p € X there are local coordinates
X1,...,Xx, and an open neighborhood x € U C X, such that U N SuppD C
(x1-+-x, = 0). We also say that D is an snc divisor. A scheme Y has simple
normal crossing singularities if every point y € Y has an open neighborhood
y € V C Y that is isomorphic to an snc divisor.

A log resolution of (X,A) is a proper, birational morphism p: X’ — X,
where X’ is nonsingular and Supp 7~ !(A) U Ex(r) is an snc divisor.

We are mostly interested in proper pairs (X, A) with log canonical singu-
larities (11.5). Such a pair is of general type if Kx + A is big. In examples
we encounter pairs with Kx + A = 0 (called (log)-Calabi-Yau pairs) or with
—(Kx + A) ample (called (log)-Fano pairs).

In the literature, ‘canonical model’ can refer to 3 different notions. We dis-
tinguish them as follows. (See Section 11.2 for pairs and for relative versions.)

Given a smooth, proper variety X, its canonical model is a proper variety X°¢
that is birational to X, has canonical singularities and ample canonical class.

Given a variety X, its canonical modification is a proper, birational mor-
phism 7r: X™ — X, such that X°™ has canonical singularities and its canonical
class is m-ample.

Given a variety X with resolution ¥ — X, the canonical model of Y is the
canonical model of resolutions of X, denoted by X'. This is independent of Y.

Additional conventions used in this book

These we follow most of the time, but define them at each occurrence.

The normalization of a scheme X is usually denoted by X or X". However, if
D is a divisor on X, then usually D denotes its preimage in X. Then D" denotes
the normalization of D. Unfortunately, a bar is also frequently used to denote
the compactification of a scheme or moduli space.

S§° c S usually denotes an open, dense subset. Then sheaves or divisors
on S° are usually indicated by F° or D°. If G is an algebraic group, then G°
denotes the identity component.

We write moduli functors in caligraphic and moduli spaces in roman. Thus
for stable varieties we have SV (functor) and SV (moduli space).

Let F, G be quasi-coherent sheaves on a scheme X. Then Homy(F, G) is the
set of Ox-linear sheaf homomorphisms (it is also an H(X, 0x)-module), and
Homyx(F,G) is the sheaf of Ox-linear sheaf homomorphisms. See (9.34) for
the hom-scheme Homg (F, G).
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Mors (X, Y) denotes the set of S-morphisms from X to ¥, and Morg (X, Y)
the scheme that represents the functor T +— Mors (X Xg T, Y Xg T) (if it exists);
see (8.63). Same conventions for Isomg (X, Y) and Auts(X). If X is a proper
C-scheme, then one can pretty much identify Aute(X) with Aute(X).

We distinguish the Picard group Pic(X) (as in Hartshorne (1977)), and the
Picard scheme Pic(X) (as in Mumford (1966)).

Base change. Given morphisms f: X — S andg: T — S, we write the base

change diagram as .
Xr ——

N

T—1.%.

Objects obtained by pull-back to X7 are usually denoted either by a subscript T’
or by g%. The fiber over a point s € S is denoted by a subscript s. However, we
frequently encounter the situation that the fiber product is not the ‘right’ pull-
back, it needs to be ‘corrected.” Roughly speaking, this happens when the fiber
product picks up some embedded subscheme/sheaf, and the ‘correct’ pull-back
is the quotient by it.

Thus, for divisors D on X, we let D7 denote the divisorial pull-back or re-
striction, which is the divisorial part of X X7 D; see (4.6). We write D‘}i" if we
want to emphasize this (2.73). For coherent sheaves F' on X we frequently use
the hull bull-back, denoted by FI or ¢ F; see (3.27).

Brackets are used to denote something naturally associated to an object. We
use it to denote the cycle associated to a subscheme (1.3) and the point in the
moduli space corresponding to a variety/pair.

The completion of a pointed scheme (x € X) is denoted by X, or X, if we
want to emphasize the point. For A”, the point is assumed the origin, unless
otherwise noted. See also (10.52.6).

Numbering. We number everything consecutively. Thus, for example, (2.3)
refers to item 3 in chapter 2. Refereces to sections are given as ‘Section 2.3.
Tertiary numbering is consecutive within items, including lists and formulas.
For example, (2.3.2) is subitem 2 in item (2.3), but within (2.3) we may use
only (2) as reference.



Chapter 1

History of moduli problems

The moduli spaces of smooth or stable projective curves of genus g > 2 are,
quite possibly, the most studied of all algebraic varieties.

The aim of this book is to generalize the moduli theory of curves to surfaces
and to higher dimensional varieties. In this chapter we aim to outline how this
is done, and, more importantly, to explain why the answer for surfaces is much
more complicated than for curves. On the positive side, once we get the moduli
theory of surfaces right, the higher dimensional theory works the same.

Section 1.1 is a quick review of the history of moduli problems, culminat-
ing in an outline of the basic moduli theory of curves. A’Campo et al. (2016)
is a very good overview. Reading some the early works on moduli, including
Riemann, Cayley, Klein, Hilbert, Siegel, Teichmiiller, Weil, Grothendieck, and
Mumford gives an understanding of how the modern theory relates to the ear-
lier works. See Kolldr (2021b) for an account that emphasizes the historical
connections.

In Section 1.2 we outline how the theory should unfold for higher dimen-
sional varieties. Details of going from curves to higher dimensions are given in
the next 2 sections. Section 1.3 introduces canonical models, which are the ba-
sic objects of moduli theory in higher dimensions. Starting from stable curves,
Section 1.4 leads up to the definition of stable varieties, their higher dimen-
sional analogs. Then we show, by a series of examples, why flat families of
stable varieties are not the correct higher dimensional analogs of flat families
of stable curves. Finding the correct replacement has been one of the main
difficulties of the whole theory.

While the moduli theory of curves serves as our guideline, it also has many
good properties that do not generalize. Sections 1.5-1.8 are devoted to exam-
ples that show what can go wrong with moduli theory in general, or with stable
varieties in particular.

First in Section 1.5 we show that, the simple combinatorial recipe of going
from a nodal curve to a stable curve, has no analog for surfaces. Next we

14
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give a collection of examples showing how easy it is to end up with rather
horrible moduli problems. Hypersurfaces and other interesting examples are
discussed in Section 1.6, and alternative compactifications of the moduli of
curves in Section 1.7. Section 1.8 illustrates the differences between fine and
coarse moduli spaces.

Two major approaches to moduli—the geometric invariant theory of Mum-
ford, and the Hodge theory of Griffiths—are mostly absent from this book.
Both of these are very powerful, and give a lot of information in the cases
when they apply. They each deserve a full, updated treatment of their own.
However, so far neither gave a full description of the moduli of surfaces, much
less of higher dimensional varieties. It would be very interesting to develop a
synthesis of the three methods and gain better understanding in the future.

1.1 Riemann, Cayley, Hilbert, and Mumford

Let V be a ‘reasonable’ class of objects in algebraic geometry, for instance, V
could be all subvarieties of P", all coherent sheaves on P”, all smooth curves
or all projective varieties. The aim of the theory of moduli is to understand
all ‘reasonable’ families of objects in V, and to construct an algebraic variety
(or scheme, or algebraic space) whose points are in ‘natural’ one-to-one corre-
spondence with the objects in V. If such a variety exists, we call it the moduli
space of V, and denote it by My. The simplest, classical examples are given
by the theory of linear systems and families of linear systems.

1.1 (Linear systems). Let X be a smooth, projective variety over an alge-
braically closed field k and L a line bundle on X. The corresponding linear
system is

LinSys(X, L) = {effective divisors D such that Ox(D) ~ L}.

The objects in LinSys(X, L) are in natural one-to-one correspondence with the
points of the projective space P(H’(X, L)¥) which is traditionally denoted by
|L|. (We follow the Grothendieck convention for P as in (Hartshorne, 1977,
Sec.I1.7).) Thus, for every effective divisor D such that Ox(D) = L, there is a
unique point [D] € [L].

Moreover, this correspondence between divisors and points is given by a
universal family of divisors over |L|. That is, there is an effective Cartier divisor
Univ; C |L|xX with projection 7: Univ; — |L| such that 77! [D] = D for every
effective divisor D linearly equivalent to L.

The classical literature never differentiates between the linear system as a
set and the linear system as a projective space. There are, indeed, few reasons
to distinguish them as long as we work over a fixed base field k. If, however,
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we pass to a field extension K D k, the advantages of viewing |L| as a k-variety
appear. For any K D k, the set of effective divisors D defined over K such
that Ox(D) ~ L corresponds to the K-points of |L|. Thus the scheme theoretic
version automatically gives the right answer over every field.

1.2 (Jacobians of curves). Let C be a smooth projective curve (or Riemann sur-
face) of genus g. As discovered by Abel and Jacobi, there is a variety Jac®(C)
of dimension g whose points are in natural one-to-one correspondence with
degree O line bundles on C. As before, the correspondence is given by a uni-
versal line bundle L™ — C x Jac®(C), called the Poincaré bundle, That is, for
any point p € Jac®(C), the restriction of L' to C X {p} is the degree O line
bundle corresponding to p.

Unlike in (1.1), the universal line bundle L™ is not unique (and need not
exist if the base field is not algebraically closed). This has to do with the fact
that while an automorphism of the pair D C X that is trivial on X is also trivial
on D, any line bundle L — C has automorphisms that are trivial on C: we can
multiply every fiber of L by the same nonzero constant.

1.3 (Cayley forms and Chow varieties). Cayley (1860, 1862) developed a
method to associate a hypersurface in the Grassmannian Gr(P', P3) to a curve
in P?. The resulting moduli spaces have been used, but did not seem to have
acquired a name. Chow understood how to deal with reducible and multi-
ple varieties, and proved that one gets a projective moduli space, see Chow
and van der Waerden (1937). The name Chow variety seems standard, we use
Cayley-Chow for the correspondence that was discovered by Cayley. See Sec-
tion 3.1 for an outline and (Kollar, 1996, Secs.I.3—4) for a modern treatment.

Let k be an algebraically closed field and X a normal, projective k-variety.
Fix a natural number m. An m-cycle on X is a finite, formal linear combination
>, a;Z; where the Z; are irreducible, reduced subvarieties of dimension m and
a; € Z. We usually assume tacitly that all the Z; are distinct. An m-cycle is
called effective if a; > 0 for every i.

The points of the Chow variety Chow,,(X) are in ‘natural’ one-to-one cor-
respondence with the set of effective m-cycles on X. (Since we did not fix
the degree of the cycles, Chow,,(X) is not actually a variety, but a countable
disjoint union of projective, reduced k-schemes.) The point of Chow,,(X) cor-
responding to a cycle Z = }’ a;Z; is also usually denoted by [Z].

As for linear systems, it is best to describe the ‘natural correspondence’ by
a universal family. The situation is, however, more complicated than before.

There is a family (or rather an effective cycle) Univ,,(X) on Chow,,(X) X X
with projection nr: Univ,,(X) — Chow,,(X) such that for every effective m-
cycle Z = 3 a;Z;,
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(1.3.1) the support of 77'[Z] is U;Z;, and

(1.3.2) the fundamental cycle (4.61.1) of 77'[Z] equals Z if a; = 1 for every i.
If the characteristic of & is 0, then the only problem in (2) is a clash between

the traditional cycle-theoretic definition of the Chow variety and the scheme-

theoretic definition of the fiber, but in positive characteristic the situation is

more problematic; see (Kollar, 1996, Secs.1.3-4).

An example of a ‘perfect’ moduli problem is the theory of Hilbert schemes,
introduced in (Grothendieck, 1962, Lect.IV). See Mumford (1966), (Kollar,
1996, 1.1-2) or (Sernesi, 2006, Sec.4.3) or Section 3.1 for a summary.

1.4 (Hilbert schemes). Let k be an algebraically closed field and X a projective
k-scheme. Set

Hilb(X) = {closed subschemes of X}.

Then there is a k-scheme Hilb(X), called the Hilbert scheme of X, whose points
are in a ‘natural’ one-to-one correspondence with closed subschemes of X. The
point of Hilb(X) corresponding to a subscheme Y C X is frequently denoted
by [Y]. There is a universal family Univ(X) c Hilb(X) X X such that

(1.4.1) the first projection w: Univ(X) — Hilb(X) is flat, and

(1.4.2) n~'[Y] = Y for every closed subscheme Y C X.

The beauty of the Hilbert scheme is that it describes not just subschemes, but
all flat families of subschemes as well. To see what this means, note that for any
morphism g: T — Hilb(X), by pull-back we obtain a flat family of subschemes
T Xminxy Univ(X) € T x X. It turns out that every family is obtained this way:
(1.4.3) For every T and closed subscheme Z C T X X that is flat over T, there

isaunique gz: T — Hilb(X) such that Z = T Xgijpx) Univ(X).

This takes us to the next, functorial approach to moduli problems.

1.5 (Hilbert functor and Hilbert scheme). Let X — § be a morphism of
schemes. Define the Hilbert functor of X/S as a functor that associates to a
scheme T — S the set

Hilbx;s(T) = {subschemes Z c T Xg X that are flat and proper over T}.

The basic existence theorem of Hilbert schemes then says that, if X — S is
quasi-projective, there is a scheme Hilby,s such that for any S scheme 7,

%lbx/s(T) = MOI‘_g(T, Hi]bx/s).

Moreover, there is a universal family n: Univy;s — Hilby/s such that the
above isomorphism is given by pulling back the universal family.
We can summarize these results as follows
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Principle 1.6. 7: Univy,s — Hilbx,s contains all the information about
proper, flat families of subschemes of X/S, in the most succinct way.

This example leads us to a general definition:

Definition 1.7 (Fine moduli spaces). Let V be a ‘reasonable’ class of pro-
jective varieties (or schemes, or sheaves, or ...). In practice ‘reasonable’ may
mean several restrictions, but for the definition we only need the following
weak assumption:
(1.7.1) Let K D k be a field extension. Then a k-variety X; is in V iff Xg :=
X Xspeck Spec KisinV.
Following (1.5), define the corresponding moduli functor that associates to a
scheme T the set

Flat families X — T such that
“Varietiesy(T) := every fiberisin V, (1.7.2)
modulo isomorphisms over 7.

We say that a scheme Moduliy is a fine moduli space for the functor Varietiesy,
if the following holds:

(1.7.3) For every scheme T, pulling back gives an equality
YVarietiesy(T) = Mor(T, Moduliy).

Applying the definition to 7 = Moduliy gives a unversal family u: Univy —
Moduliy. Setting T = Spec K, where K is a field, we see that the K-points of
Moduliy correspond to the K-isomorphism classes of objects in V.

We consider the existence of a fine moduli space as the ideal possibility.
Unfortunately, it is rarely achieved.

Next we see what happens with the simplest case, for smooth curves.

1.8 (Moduli functor and moduli space of smooth curves). Following (1.7) we
define the moduli functor of smooth curves of genus g as

Smooth, proper families S — T,
Curvesg(T) := 4 every fiber is a curve of genus g,
modulo isomorphisms over 7.

It turns out that there is no fine moduli space for curves of genus g. Every
curve C with nontrivial automorphisms causes problems; there cannot be any
point [C] corresponding to it in a fine moduli space, see Section 1.8.

It was gradually understood that there is some kind of an object, denoted by
M,, and called the coarse moduli space (or simply moduli space) of curves of
genus g, that comes close to being a fine moduli space.
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For elliptic curves we get M; ~ A!, and the moduli map is given by the
J-invariant, as was known to Dedekind and Klein; see Klein and Fricke (1892).
They also knew that there is no universal family over M. The theory of Abelian
integrals due to Abel, Jacobi and Riemann does the same for all curves, though
in this case a clear moduli theoretic interpretation seems to have been done
only later; see the historical sketch at the end of Shafarevich (1974), (Siegel,
1969, Chap.4) or (Griffiths and Harris, 1978, Chap.2) for modern treatments.
For smooth plane curves, and more generally for smooth hypersurfaces in any
dimension, the invariant theory of Hilbert produces coarse moduli spaces. Still,
a precise definition and proof of existence of M, appeared only in Teichmiiller
(1944) in the analytic case and in Mumford (1965) in the algebraic case. See
A’Campo et al. (2016) or Kolldr (2021b) for historical accounts.

1.9 (Coarse moduli spaces). Mumford (1965)

Asin (1.7),let V be a ‘reasonable’ class. When there is no fine moduli space,
we still can ask for a scheme that best approximates its properties.

We look for schemes M for which there is a natural transformation

Ty : Varietiesy(*) — Mor(x, M).

Such schemes certainly exist, for instance, if we work over a field k, then we
can take M = Speck. All schemes M for which T, exists form an inverse
system which is closed under fiber products. Thus, as long as we are not un-
lucky, there is a universal (or largest) scheme with this property. Though it is
not usually done, it should be called the categorical moduli space.

This object can be rather useless in general. For instance, fix n, d and let H,, 4
be the class of all hypersurfaces of degree d in PZ”, up to isomorphisms. We
see in (1.56) that a categorical moduli space exists and it is Spec k.

To get something more like a fine moduli space, we require that it give a one-
to-one parametrization, at least set theoretically. Thus we say that a scheme
Moduliy is a coarse moduli space for V if the following hold.

(1.9.1) There is a natural transformation of functors
ModMap: Varietiesy(x) — Mor(x, Moduliy),

(1.9.2) Moduliy is universal satisfying (1), and
(1.9.3) for any algebraically closed field K D k, we get a bijection

ModMap: Varietiesy(Spec K) = Mor(Spec K, Moduliy) = Moduliy(K).

1.10 (Moduli functors versus moduli spaces). While much of the early work
on moduli, especially since Mumford (1965), put the emphasis on the con-
struction of fine or coarse moduli spaces, recently the focus shifted towards
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the study of the families of varieties, that is, towards moduli functors and mod-
uli stacks. The main task is to understand all ‘reasonable’ families. Once this is
done, the existence of a coarse moduli space should be nearly automatic. The
coarse moduli space is not the fundamental object any longer, rather it is only
a convenient way to keep track of certain information that is only latent in the
moduli functor or stack.

1.11 (Compactifying M,). While the basic theory of algebraic geometry is
local, that is, it concerns affine varieties, most really interesting and important
objects in algebraic geometry and its applications are global, that is, projective
or at least proper.

The moduli spaces M, are not compact, in fact the moduli functor of smooth
curves discussed so far has a definitely local flavor. Most naturally occurring
smooth families of curves live over affine schemes, and it is not obvious how
to write down any family of smooth curves over a projective base. For many
reasons it is useful to find geometrically meaningful compactifications of M,.
The answer to this situation is to allow not just smooth curves, but also certain
singular curves in our families.

Concentrating on 1-parameter families, we have the following:

Question 1.11.1. Let B be a smooth curve, B° C B an open subsetand 7°: S° —
B° a smooth family of genus g curves. Is there a ‘natural’ extension

§°oC——3§

4k

B°——= B,

where 7: S — B is a flat family of (possibly singular) curves?

There is no reason to think that there is a unique such extension. Deligne and
Mumford (1969) construct one after a base change B’ — B, and by now it is
hard to imagine a time when their choice was not the ‘obviously best’” solution.
We review their definition next. In Section 1.6 we see, by examples, why this
concept has not been so obvious.

Definition 1.12 (Stable curve). A stable curve over an algebraically closed
field k is a proper, geometrically connected k-curve C such that
(Local property) the only singularities of C are ordinary nodes, and
(Global property) the canonical class K¢ is ample.

A stable curve over a scheme T is a flat, proper morphism r: § — T such
that every geometric fiber of r is a stable curve. (The arithmetic genus of the
fibers is a locally constant function on 7', but we usually also tacitly assume
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that it is constant.) The moduli functor of stable curves of genus g is

Curves esy(T) = { Stable curves of genus g over T, }

modulo isomorphisms over 7.

Theorem 1.13. Deligne and Mumford (1969) For every g > 2, the moduli
functor of stable curves of genus g has a coarse moduli space M,. Moreover,
M, is projective, normal, has only quotient singularities, and contains M, as
an open dense subset.

Mg has arich and intriguing geometry, which is related to major questions in
many branches of mathematics and physics; see Farkas and Morrison (2013)
for a collection of surveys and Pandharipande (2018a,b) for overviews.

1.2 Moduli for varieties of general type

The aim of this book is to use the moduli of stable curves as guideline, and
develop a moduli theory for varieties of general type (1.30). (See (1.22) for
some comments on the non-general type cases.)

Here we outline the main steps of the plan with some comments. Most of
the rest of the book is then devoted to accomplish these goals.

Step 1.14 (Higher dimensional analogs of smooth curves). It has been un-
derstood since the beginnings of the theory of surfaces that, for surfaces of
Kodaira dimension > 0 (p.10), the correct moduli theory should be birational,
not biregular. That is, the points of the moduli space should correspond not
to isomorphism classes of surfaces, but to birational equivalence classes of
surfaces. There are two ways to deal with this problem.

First, one can work with smooth families, but consider two families V — B
and W — B equivalent if there is a fiberwise birational map between them;
that is, a rational map V --» W that induces a birational equivalence of the
fibers V}, --> W, for every b € B. This seems rather complicated technically.

The second, much more useful method relies on the observation that every
birational equivalence class of surfaces of Kodaira dimension > 0 contains a
unique minimal model, that is, a smooth projective surface S™ whose canonical
class is nef (p.11). Therefore, one can work with families of minimal models,
modulo isomorphisms. With the works of Mumford (1965); Artin (1974) it
became clear that, for surfaces of general type, it is even better to work with
the canonical model, which is a mildly singular projective surface S¢ whose
canonical class is ample. The resulting class of singularities has been since
established in all dimensions; they are called canonical singularities (1.33).

Principle 1.14.1. In moduli theory, the main objects of study are projective
varieties with ample canonical class and with canonical singularities.
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Implicit in this claim is that every smooth family of varieties of general type
produces a flat family of canonical models, we discuss this in (1.36).
See Section 1.3 for more details on this step.

Step 1.15 (Higher dimensional analogs of stable curves). The correct defini-
tion of the higher dimensional analogs of stable curves was much less clear.
An approach through geometric invariant theory was investigated Mumford
(1977), but never fully developed. In essence, the GIT approach starts with a
particular method of construction of moduli spaces, and then tries to see for
which class of varieties does it work. The examples of Wang and Xu (2014)
suggest that geometric invariant theory is unlikely to give a good compactifi-
cation for the moduli of surfaces.

A different framework was proposed in Kollar and Shepherd-Barron (1988).
Instead of building on geometric invariant theory, it focuses on 1-parameter
families, and uses Mori’s program as its basic tool.

Before we give the definition, recall a key step of the proof of (1.13) that
establishes separatedness and properness of Mg. (The traditional name is stable
‘reduction,” but ‘extension’ is more descriptive.)

1.15.1 (Stable extension for curves). Let B be a smooth curve, B° C B a dense,
open subset and n°: §° — B° a flat family of smooth, projective curves of
genus > 2. Then there is a finite surjection p: A — B and a diagram

§°xpA 85 ——= S

ss stab
l \LﬂA lﬂA

B xpAC—=A A.

where
(a) n%: S — Ais a flat family of reduced, nodal curves,
(b) 7:8y -8 j‘f‘b is the relative canonical model (11.26), and
(c) w5 §5% — A is a flat family of stable curves.

A detailed proof is given in (2.51), for now we build on this to state the main
theses of Kolldr and Shepherd-Barron (1988) about moduli problems.

Principle 1.15.2. We should follow the proof of the Stable extension theorem
(1.15.1). The resulting fibers give the right class of stable varieties.

Principle 1.15.3. As in (1.12), a connected k-scheme X is stable iff it satisfies
two conditions, whose precise definitions are not important for now:

(Local property) Semi-log-canonical singularities, see (1.41).

(Global property) The canonical class Ky is ample, see (1.23).
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1.15.4 (Warning about positive characteristic). The examples of Kollar (2022)
suggest that, in positive characteristic, (1.15.2) gives the right families, but not
quite the right objects in dimensions > 3; see Section 8.8 for details.

Step 1.16 (Higher dimensional analogs of families of stable curves I). The def-
inition (1.7) is very natural within our usual framework of algebraic geometry,
but it hides a very strong supposition:

1.16.1 (Unwarranted assumption). If V is a ‘reasonable’ class of varieties, then
any flat family whose fibers are in V is a ‘reasonable’ family.

In Grothendieck’s foundations of algebraic geometry, flatness is one of the
cornerstones, and there are many ‘reasonable’ classes for which flat families
are indeed the ‘reasonable’ families. Nonetheless, even when the base of the
family is a smooth curve, (1.16.1) needs arguing, but the assumption is espe-
cially surprising when applied to families over non-reduced schemes 7'. Con-
sider, for instance, the case when 7 is the spectrum of an Artinian k-algebra.
Then T has only one closed point r € T. A flat family p: X — T has only
one fiber X;, and our only restriction is that X; be in our class V. Thus (1.16.1)
declares that we care only about X,. Once X, is in V, every flat deformation of
X, over T is automatically ‘reasonable.’

A crucial conceptual point in the moduli theory of higher dimensional va-
rieties is the realization that, starting with families of surfaces, flatness of the
map X — T is not enough: allowing all flat families whose fibers are stable
varieties leads to the wrong moduli problem.

The simple fact is that basic numerical invariants, like the self intersection of
the canonical class, or even the Kodaira dimension, fail to be locally constant in
flat families of stable varieties, even when the singularities are quite mild and
the base is a smooth curve. We give a series of such examples in (1.42-1.47).

The difficulty of working out the correct concept has been one of the main
stumbling blocks of the general theory.

Principle 1.16.2. Flat families of stable varieties X — T are not the correct
higher dimensional analogs of flat families of stable curves (1.12).

For families over smooth curves, the Stable extension theorem (1.15.1) is
again our guide to the correct definition.

1.16.3 (Stable morphisms). Let p : Y — B be a proper morphism from a
normal variety to a smooth curve. Then p is stable iff, for every b € B,

(a) Y, has semi-log-canonical singularities,

(b) Ky, = Kyly, is ample, and

(c) mKy is Cartier for some m > 0, that is, Ky is Q-Cartier (p.11).
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This is a direct generalization of the notion of stable family of curves (1.12),
except that here we have to add condition (c) for Ky. If the Ky, are Cartier,
then so is Ky (2.6), this is why (c) was not necessary for curves. See (2.3) for
other versions and (2.4) for comments on the positive characteristic cases.

Note that the Ky, are Q-Cartier by (1.15.3), but this does not imply that Ky is
Q-Cartier; this is a quite subtle issue with restrictions of non-Cartier divisors.
We discuss this in detail in Section 2.4.

Step 1.17 (Higher dimensional analogs of families of stable curves II). Ex-
tending the definition (1.16.3) to general base schemes turned out to be very
difficult. There were two main proposals in Kollar and Shepherd-Barron (1988)
and Viehweg (1995). They are equivalent over reduced base schemes; we ex-
plain this in Section 3.4. However, the two versions differ for families of sur-
faces with quotient singularities over Spec C[e] by Altmann and Kolldr (2019).
We treat these topics in Sections 6.2—6.3 and 6.6.

The problem becomes even harder when we treat not just stable varieties, but
stable pairs. Finding the correct definition turned out to be the longest-standing
open question of the theory. An answer was developed in Kollar (2019), we
devote Chapter 7 to explaining it.

Step 1.18 (Representability of moduli functors). The question is the following.
Let p : X — S be an arbitrary projective morphism. Can we understand all
morphisms g : T — S such that X Xg T — T is a family in our moduli theory?

A moduli theory M is representable if, for every projective morphism p :
X — S, there is a morphism j : SM — § with the following property:

Given any g : T — §, the pulled-back family X xg T — T is in M iff ¢
factors uniquely as g : T — SM — §.

That is, X xg SM — SM is in M and S™ is universal with this property.

Representability is rarely mentioned for the moduli of curves, since it easily
follows from general principles. The Flattening decomposition theorem (3.19)
says that flatness is representable, and for proper, flat morphisms, being a fam-
ily of stable curves is represented by an open subscheme.

Both of these become quite complicated in higher dimensions. Since flat-
ness is only part of our assumptions, we need a different way of pulling back
families. The theory of hulls and husks Kollar (2008a) was developed for this
reason, leading to the notion of generically Cartier pull-back, defined in Sec-
tion 4.1. With these, representability is proved in Sections 3.5, 4.6 and 7.6 in
increasing generality.

Representability also implies that being a stable family can be tested on 0-
dimensional subschemes of 7', that is, on spectra of Artinian rings. This is the
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reason why formal deformation theory is such a powerful tool Illusie (1971);
Artin (1976); Sernesi (20006).

The previous steps form the basis of a good moduli theory. Once we have
them, it is quite straightforward to construct the corresponding moduli space.

Step 1.19 (Two moduli spaces). Let C be a stable curve of genus g > 2.
Then rK¢ is very ample for » > 3, and any basis of its global sections gives
an embedding C < P"2¢=2-¢_ Thus all stable curves of genus g appear in
the Chow variety or Hilbert scheme of P"?¢-2-¢_ Representability (1.18) then
implies that we get a moduli space of all r-canonically embedded stable curves

EmbStab, ¢ Hilb(P"?$-27%), (1.19.1)

For a fixed C, the embedding C — P"?4727¢ gives an orbit of Aut(P"?¢2-8),
thus we should get the moduli space as

M, = EmbStab, / Aut(P"*$727%), (1.19.2)

Starting with Mumford (1965) and Matsusaka (1964), much effort was de-
voted to understanding quotients like (1.19.2). Already for curves the method
of Mumford (1965) is quite subtle, generalizations to surfaces Gieseker (1977)
and to higher dimensions Viehweg (1995) are quite hard. For surfaces and in
higher dimensions, these approaches handle only the interior of the moduli
space (where we have only canonical singularities). When GIT works, it au-
tomatically gives a quasi-projective moduli space, but Wang and Xu (2014)
suggest that GIT methods do not work for the whole moduli space.

It turns out to be much easier to obtain quotients that are algebraic spaces.
The general quotient theorems of Kollar (1997); Keel and Mori (1997) take
care of this question completely; see Section 8.6 for details.

The same approach works in all dimensions. We fix r > 0 such that 7Ky is
very ample, and the rest of the proof works without changes.

For curves any r > 3 works, but, starting with surfaces, a uniform choice of
r is no longer possible. The strongest results say that if we fix the dimension
n and the volume v (10.31), then there is an r = r(n, v) such that rKx is very
ample. We discuss this in (1.21).

Once we have our moduli spaces, we start to investigate their properties. We
should not expect to get moduli spaces that are as nice as those for curves.
For instance, even for smooth surfaces with ample canonical class, the mod-
uli spaces can have arbitrarily complicated singularities and scheme structures
Vakil (2006). Nonetheless, we have two types of basic positive results.



26 History of moduli problems

Step 1.20 (Separatedness and properness). The valuative criteria of separated-
ness and properness translate to functors as follows.

We start with a smooth curve B, an open subset B° C B, and a stable family
n°: X° — B°.

1.20.1 (Separatedness). There is at most one stable extension to

X°——X

B°——B.

We obtain a similar translation of properness, but here we have to pay atten-
tion to the difference between coarse and fine moduli spaces.

1.20.2 (Valuative-properness). There is a finite surjection p: A — B such that
there is a unique stable extension

X° XBA(—>XA

B° Xp A —— A.

Thus the valuative criterion of properness is exactly the general version of the
Stable extension theorem (1.15.1).

Step 1.21 (Discrete invariants, boundedness and projectivity). The most im-
portant discrete invariant of a smooth projective curve C is its genus. The
genus is unchanged under smooth deformations, and all smooth curves with
the same genus form a single family M. Thus, in effect, the genus is the only
discrete invariant of a smooth projective curve; it completely determines the
other ones, like the Euler characteristic y(C, O¢) = 1 — g, or the Hilbert poly-
nomial y(C, Oc(mK¢)) = 2g —2)m + (1 — g).

In a similar manner, we would like to find discrete invariants of (locally)
stable varieties that are unchanged by (locally) stable deformations.

The basic such invariant is the Hilbert ‘polynomial’ of Kx. We have to keep
in mind that Ky need not be Cartier. Therefore m +— y(X, Ox(mKy)) is not a
polynomial, rather a polynomial with periodic coefficients.

For stable varieties the most important invariant is vol(X) := (Ky) (where
n = dim X), called the volume (10.31) of X. This is also the leading coefficient
of the Hilbert polynomial (times n!). The volume is positive, but it is frequently
arational number since Ky is only Q-Cartier; it can be quite small, see Alexeev
and Liu (2019a); Esser et al. (2021).

For m = 0 we get the Euler characteristic y(X, Ox), but it turns out that
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the individual groups (X, Ox) are also deformation invariants by Kolldr and
Kovacs (2010); see Section 2.5.

Next we would like to show that all stable varieties with fixed volume can
be ‘parametrized’ by a scheme of finite type; this is called boundedness. To
state it, let SV*'(n, v) denote the set of all stable varieties of dimension n and
volume v. There are three, roughly equivalent versions.

e There is an m = m(n, v) such that mKy is very ample for X € SV**'(n,v).
e There is a D = D(n,v) such that every X € SV*'(n,v) is isomorphic to a

subvariety of PP of degree < D.

e There is a morphism 7 : U — S of schemes of finite type such that every

X € SV**'(n, v) is isomorphic to a fiber of 7.

Proving these three turned out to be extremely difficult. For smooth varieties
this was solved by Matsusaka (1972), for stable surfaces by Alexeev (1993),
and the general stable case is settled in Hacon et al. (2018).

Our moduli spaces satisfy the valuative criterion of properness. Together
with boundedness this implies that our moduli spaces are proper.

Once we have a proper moduli space, one would like to prove that it is
projective. For surfaces this was done in Kollar (1990), and extended to higher
dimensions in Fujino (2018) and Kovécs and Patakfalvi (2017).

These last two topics each deserve a detailed treatment of their own; we
make only a few more comments in (6.5).

1.22 (Moduli for varieties of non-general type).
The moduli theory of varieties of non-general type is quite complicated.

A general problem, illustrated by Abelian, elliptic and K3 surfaces is that
a typical deformation of such an algebraic surface over C is a non-algebraic
complex analytic surface. Thus any algebraic theory captures only a small part
of the full analytic deformation theory.

The moduli question for analytic surfaces has been studied, especially for
complex tori and K3 surfaces. In both cases it seems that one needs to add
some extra structure (for instance, fixing a basis in some topological homology
group) in order to get a sensible moduli space. (As an example of what could
happen, note that the 3-dimensional space of Kummer surfaces is dense in the
20-dimensional space of all K3 surfaces.)

Even if one restricts to the algebraic case, compactifying the moduli space
seems rather difficult. Detailed studies of Abelian varieties and K3 surfaces
show that there are many different compactifications depending on additional
choices, see Kempf et al. (1973); Ash et al. (1975).

It is only with the works of Alexeev (2002) that a geometrically meaningful
compactification of the moduli of principally polarized Abelian varieties be-
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came available. This relies on the observation that a pair (A, ®) consisting of a
principally polarized Abelian variety A and its theta divisor ® behaves as if it
were a variety of general type.

A moduli theory for K-stable Fano varieties was developed quite recently,
see Xu (2020) for an overview.

Definition 1.23 (Canonical class, bundle and sheaf I). Let X be a smooth va-
riety over a field k. As in (Shafarevich, 1974, 111.6.3) or (Hartshorne, 1977,
p-180), the canonical line bundle of X is wy := /\dimXQX/k. Any divisor D
such that Ox(D) =~ wy is called a canonical divisor. Their linear equivalence
class is called the canonical class, denoted by Kx. (Both books tacitly assume
that k is algebraically closed. The definition, however, works over any field %,
as long as X is smooth over k.)

Let X be a normal variety over a perfect field k. Let j: X < X be the
inclusion of the locus of smooth points. Then X \ X*™ has codimension > 2,
therefore, restriction from X to X*™ is a bijection on Weil divisors and on linear
equivalence classes of Weil divisors. Thus there is a unique linear equivalence
class Ky of Weil divisors on X such that Kx|ysm = Kxs». It is called the canoni-
cal class of X. The divisors in Ky need not be Cartier.

The push-forward wy := j.wxs is a rank 1 coherent sheaf on X, called the
canonical sheaf of X. The canonical sheaf wy agrees with the dualizing sheaf
wy, as defined in (Hartshorne, 1977, p.241). (Note that Hartshorne (1977) de-
fines the dualizing sheaf only if X is proper. In general, take a normal compact-
ification X D X and use w}lx instead. For more details, see (Kollar and Mori,
1998, Sec.5.5), Hartshorne (1966) or Conrad (2000).) Note that wy satisfies
Serre’s condition S, (10.3.2), but frequently it is not locally free.

More generally, as long as X itself is normal or S, and wy is locally free
outside a codimension > 2 subset of X, we can work with wy and K as in the
normal case. Then

Ox(mKx) = o" = (0™ (1.23.1)
We use this mostly when X has at worst nodes at codimension 1 points (11.35).

1.3 From smooth curves to canonical models

Here we discuss the considerations that led to Principle 1.14.1.

In the theory of curves, the basic objects are smooth projective curves. We
frequently study any other curve by relating it to smooth projective curves. As
a close analog, in higher dimensions the moduli functor of smooth varieties is

| Smooth, proper families X — §,
Smooth(S) := { modulo isomorphisms over S . }
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This, however, gives a rather badly behaved and mostly useless moduli func-
tor already for surfaces. First of all, it is very non-separated.

1.24 (Non-separatedness of the moduli of smooth surfaces of general type).
We construct two smooth families of projective surfaces f;: X' — B over a
pointed smooth curve b € B such that

(1.24.1) all the fibers are smooth, projective surfaces of general type,
(1.24.2) X' — B and X*> — B are isomorphic over B \ {b},

(1.24.3) the fibers X; and Xﬁ are not isomorphic.

As the construction shows, this type of behavior happens every time we look
at deformations of a surface that contains at least three (—1)-curves.

Let f: X — B be a smooth family of projective surfaces over a smooth
(affine) pointed curve b € B. Let Cy,C,,C3 C X be three sections of f, all
passing through a point x;, € X, with independent tangent directions and dis-
joint elsewhere.

Set X! := B¢, B¢, B, X, where we first blow-up C3 C X, then the birational
transform of C, in B¢, X, and finally the birational transform of C; in B¢, B¢, X.
Similarly, set X* := B¢, Bc,Bc, X. Since the C; are sections, all these blow-ups
give smooth families of projective surfaces over B.

Over B\ {b} the curves C; are disjoint, thus X' and X? are both isomorphic
to Be,+c,+c; X, the blow-up of C; + C, + C3 C X.

We claim that, by contrast, the fibers of X}l7 and X,% are not isomorphic to
each other for a general choice of the C;.

To see this, choose local analytic coordinates f at b € B and (x, y, 1) at x; € X.
The curves C; are defined by equations

C; = (x — a;t — (higher terms) = y — b;t — (higher terms) = 0).
The blow-up B¢, X is given by
Bc, X = (u;(x — a;t — (higher terms)) = v;(y — b;t — (higher terms))) c X x IP;IV[.
On the fiber over b these give the same blow-up

B,,(Xp) = (ux = vy) C X, x P,

Thus we see that the birational transform of C; intersects the central fiber
(B¢, X), = By, (Xp) at the point

LT k) x P!
b -
u bj - bl‘ w

The fibers (B¢, B¢, X), and (B¢, B¢, X), are isomorphic to each other since they
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are obtained from B,, (X,) by blowing up the same point
1% a; —az 1% as —ap
- = resp. — = .
u by — b3 P u bz — by

When we next blow up the birational transform of C; on (B¢, B¢, X),, (resp. on

(Bc, B¢, X),) this gives the blow-up of the point

ay —as ap —a
b by resp. b by
and these are different, unless C; + C, + Cj is locally planar at x;.

So far we have seen that the identity X, = X}, does not extend to an isomor-
phism between the fibers X and X;.

If X}, is of general type, then Aut X}, is finite, hence, to ensure that X g and Xg
are not isomorphic, we need to avoid finitely many other possible coincidences
in (1.24.4).

The main reason, however, why we do not study the moduli functor of
smooth varieties up to isomorphism is that, in dimension two, smooth projec-
tive surfaces do not form the smallest basic class. Given any smooth projective
surface S, one can blow up any set of points Z C S to get another smooth
projective surface BzS, which is very similar to S. Therefore, the basic ob-
ject is not a single smooth, projective surface, but a whole birational equiva-
lence class of smooth, projective surfaces. Thus it would be better to work with
smooth, proper families X — S modulo birational equivalence over S. That is,
with the moduli functor

(1.24.4)

Smooth, proper families X — S,
GenType,,;,(S) = every fiber is of general type, (1.24.5)
modulo birational equivalences over S.

In essence this is what we end up doing, see (1.36), but it is very cumbersome
to deal with birational equivalence over a base scheme. Nonetheless, working
with birational equivalence classes leads to a separated moduli functor.

Proposition 1.25. Let fi: X' — B be two smooth families of projective va-

2
®) and Xk(B)

are birational, and the pluricanonical system |mKXk1(B)| is nonempty for some

rieties over a smooth curve B. Assume that the generic fibers X,l

m > 0. Then, for every b € B, the fibers Xb1 and XZ are birational.

Proof Pick a birational map ¢: X,i(B) --> X,%(B), and let T’ ¢ X' x3 X? be the
closure of the graph of ¢. Let Y — I be the normalization with projections
pi: Y — X'. Note that both of the p; are open embeddings on Y \ (Ex(p;) U
Ex(p,)). Thus if we prove that neither p;(Ex(p;) U Ex(p,)) nor p,(Ex(p;) U

Ex(p,)) contains a fiber of f; or f5, then p, o pl’lz X' - X? restricts to a
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birational map X, --> X} for every b € B. (Thus the fiber ¥, contains an
irreducible component that is the graph of the birational map X; --> Xﬁ, but
it may have other components too; see (1.27.1) for such an example.)

We use the canonical class to compare Ex(p;) and Ex(p,). Since the X' are
smooth,

Ky ~ piKxi + E;, where E; > 0 and Supp E; = Ex(p). (1.25.1)

We may assume that B is affine and let Bs |mKx:| denote the set-theoretic base
locus. By assumption, [mKjx:| is not empty. Since B is affine, Bs [mKyi| does not
contain any of the fibers of f;.

Every section of Oy(mKy) pulls back from X', thus

Bs [mKy| = p;'(Bs|mKyl) + Supp E;.
Comparing these for i = 1,2, we conclude that
p]'(Bs [mKy: |) +SuppE, = pgl(Bs |mKX2|) + Supp E».

Therefore, pi(Supp E>) C pi1(Supp E;) + Bs|mKxi|.

Since E; is p;-exceptional, p;(E;) has codimension > 2 in X', hence it does
not contain any of the fibers of fj. We saw that Bs [mKx1| does not contain any
of the fibers either. Thus p; (Ex(p;)UEXx(p,)) does not contain any of the fibers,
and similarly for p,(Ex(p;) U Ex(py)). O

Remark 1.26. By Matsusaka and Mumford (1964); Kontsevich and Tschinkel
(2019) the conclusion holds even if the pluricanonical systems are empty.

The above proof focuses on the role of the canonical class. It is worthwhile
to go back and check that the proof works if the X’ are normal, as long as
(1.25.1) holds; the latter is essentially the definition of terminal singularities.

It is precisely the property (1.25.1) and its closely related variants that lead
us to the correct class of singular varieties for moduli purposes.

Since it is much harder to work with a whole equivalence class, it would
be desirable to find a particularly nice surface in every birational equivalence
class. This is achieved by the theory of minimal models of algebraic surfaces.
By a result of Enriques (Barth et al., 1984, II1.4.5), every birational equiva-
lence class of surfaces S contains a unique smooth projective surface whose
canonical class is nef, except when S contains a ruled surface C x P! for some
curve C. This unique surface is called the minimal model of S.

It would seem at first sight that (1.25) implies that the moduli functor of
minimal models is separated. There are, however, quite subtle problems.

1.27 (Families of minimal models). Let Y be a projective 3-fold whose only
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singularities are ordinary nodes. Take a general pencil and blow up its base
locus to get f : X — P!. The general fiber is a smooth surface. At the nodes,
in local coordinates we can write it as

(xy + 22 — £* = (higher terms)) ——— A*

xyzt
| |
A 1

Al

By the Morse lemma, with a suitable analytic coordinate change we can elim-
inate the higher terms (10.43). Then we can blow up either of the the 2-planes
(x=zxt=0)togetn*: X* - X.

By explicit computation as in (10.45), we get smooth morphisms f* : X* —
A, and the fiber over the origin X{ is the blow-up of X at the origin. How-
ever, the composite map X — X --» X~ is not an isomorphism. Also, the
exceptional set of 7* is a smooth rational curve C* C X*.

To get a concrete example, start with a general sextic hypersurface Y ¢ P*
that contains a 2-plane P. Let P+ Q be a general hyperplane section containing
P. Blow up the birational transforms of P and Q in X to get X* — X.

1.27.1 (Non-separatedness in the moduli of minimal models). We get two pro-
jective morphisms f*: X* — P! and a finite set B c P! such that

(a) general fibers are smooth, canonical models,

(b) the X* are isomorphic over P! \ B,

(c) the fibers X;' and X, are isomorphic minimal models for b € B, but

(d) X* — P! and X~ — P! are not isomorphic to each other. O
Starting with a general sextic hypersurface ¥ ¢ CP* that has a single node,

and using that every divisor on Y is Cartier by Cheltsov (2010), gives the next
example.

1.27.2 (Non-projective families of projective surfaces). We get two smooth,
compact, complex manifolds X* and morphisms f*: X* — P! such that every
fiber is a projective minimal model, yet the X* are not projective.

Proof 1If X* is projective, let S* be an ample divisor. We claim that § :=
fE(S*) is not Cartier at the node. Indeed, since f* has no exceptional divisors,
we must have S* = (f*)*(S). This is impossible since (S* - C*) > 0, but
(S$* - (f5*(S)) = 0. Thus, if every divisor on Y is Cartier, then the X* can not
be projective. O

All such problems go away when the canonical class is ample.
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Proposition 1.28. Let fi: X' — B be two smooth families of projective va-
rieties over a smooth curve B. Assume that the canonical classes Ky are f;-
ample. Let ¢: X,:(B) ~ X,f( B) be an isomorphism of the generic fibers.

Then ¢ extends to an isomorphism ®: X' ~ X2,

Proof LetT c X' xg X? be the closure of the graph of ¢. Let Y — T be the
normalization, with projections p;: ¥ — X' and f: Y — B. Asin (1.25), we
use the canonical class to compare the X, Since the X’ are smooth,

Ky ~ piKxi + E; where E; is effective and p;-exceptional. (1.28.1)

Since (p;).Oy(mE;) = Oy: for every m > 0, we get that

(f)« Oxi(mKxi) = (f)«(p)« Oy(mp; Kxi)
= (f)«(p)«Oy(mp; Kxi + mE;) = (f)+(p)«Oy(mKy) = f.Oy(mKy).

Since the Ky are fi-ample, X' = Projz ®,us0(f))« Oxi(mKy:). Putting these to-
gether, we get the isomorphism

D: X! ~ Projp @pz0(f1). Ox1 (mKx1) = Proj g ®,us0f. Oy(mKy)
= Projg ®uso(f2)« Ox2(mKx2) =~ X2 o

Remark 1.29. As in (1.26), it is again worthwhile to investigate the precise
assumptions behind the proof. The smoothness of the X’ is used only through
the pull-back formula (1.28.1), which is weaker than (1.25.1).

If (1.28.1) holds, then, even if the Ky are not f;-ample, we obtain an iso-
morphism

Proj g @u>0(f1)+ Ox1 (K1) = Projg @p=0(f2): Ox2(mKx2). (1.29.1)

Thus it is of interest to study objects as in (1.29.1) in general.
Let us start with the absolute case, when X is a smooth projective variety
over a field k. Its canonical ring is the graded ring

R(X, Ky) := ®,s0H"(X, Ox(mKy)). (1.29.2)

In some cases the canonical ring tells us very little about X. For instance, if
X is rational or Fano then R(X, Kx) is the base field k; if X is Calabi-Yau then
R(X, Kx) is isomorphic to the polynomial ring k[f]. One should thus focus on
the cases when the canonical ring is large. The following notion is due to litaka
(1971). See (Lazarsfeld, 2004, Sec.2.1.C) for a detailed treatment.

Definition 1.30. Let X be a smooth proper variety. Its Kodaira dimension,
denoted by «(X), is the dimension of the image of [mKx|: X --» P4mmKxl for m
sufficiently large and divisible. One can also define x(X) by the property: the
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limsup of h°(X, Ox(mKyx))/m“¥ is positive and finite. We set k(X) = —oo if
|mKx| is empty for all m > 0.

If x(X) = dim X, we say that X is of general type. In this case [mKx| defines
a birational map for all m > 1, and the limit of A°(X, Ox(mKy))/m*™X is
positive and finite. See (3.34) for more on h°(X, Ox(mKy)).

Definition 1.31 (Canonical models). Let X be a smooth projective variety of
general type over a field k such that its canonical ring R(X, Kx) (1.29.2) is
finitely generated. We define its canonical model as

X := Proj;, R(X, Kx).

If Y is a smooth projective variety birational to X, then Y° is isomorphic to
X¢. Thus X° is also the canonical model of the whole birational equivalence
class containing X. (Taking Proj of a non-finitely generated ring may result in
a quite complicated scheme. It does not seem profitable to contemplate what
would happen in our case.)

The canonical ring R(X, Kx) is always finitely generated in characteristic 0
(11.28), thus X°¢ is an irreducible, projective variety. On the other hand, X¢ can
be singular. Originally this was viewed as a major obstacle, but now it seems
only a technical problem.

We can now give an abstract characterization of canonical models.

Theorem 1.32. A normal proper variety Y is a canonical model iff

(1.32.1) Ky is Q-Cartier (p.11) and ample, and

(1.32.2) there is a resolution f: X — Y (p.10) and an effective, f-exceptional
Q-divisor E, such that Kx ~qg f*Ky + E.

Proof For now we prove only the ‘if” part. For the converse, see Reid (1980)
or (Kollar, 2013b, 1.15) or (11.62.2).

Choose myg such that myKx is Cartier, then so is mgE. Note that for any r > 0,
[:Ox(rmyE) = Oy since E is effective and f-exceptional. Thus

H°(X, Ox(rmoKx)) = H(Y, f.Ox(rmoKy)) =
= H'(Y, Oy(rmoKy) ® f.Ox(rmoE)) = H'(Y, Oy(rmoKy)).
Therefore
Proj ®,,H’(X, Ox(mKy)) = Proj®,H’(X, Ox(rmyKx)) =
= Proj ®,H’(Y, Oy(rmoKy)) = Y. O

This makes it possible to give a local definition of the singularities that occur
on canonical models, using Q-linear equivalence ~q as in (p.11).
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Definition 1.33. A normal variety Y has canonical singularities if

(1.33.1) Ky is Q-Cartier, and

(1.33.2) there is a resolution f: X — Y and an effective, f-exceptional Q-
divisor E, such that Kx ~g f*Ky + E.

It is easy to show that this is independent of the resolution f: X — Y; see (Kol-

lar, 2013b, 2.12). (One can define canonical singularities without resolutions,

see (Kollar, 2013b, Sec.2.1) or Luo (1987).)

Equivalently, Y has canonical singularities iff every point y € Y has an étale
neighborhood which is an open subset on some canonical model.

A complete list of canonical singularities is known in dimension 2 and al-
most known in dimension 3, see Reid (1980). The following examples are
useful to keep in mind.

(1.33.3) (x1x2 + f(x3,...,x,) = 0) is canonical iff f is not identically 0.

(1.33.4) The quotient singularity A”/%(l ,m—1,as,...,a,) (1.40.2) is canon-
ical for n > 3 if ged(m, as, ...,a,) = 1. Its canonical class is Cartier iff
mlaz+--+a,.

(1.33.5) The cone C,(P") over the d-uple Veronese embedding has a canonical
singularity iff d < n+ 1. Its canonical class is Cartier iff djn+ 1. (See (2.35)
or (Kollar, 2013b, 3.1) for the case of general cones.)

Warning 1.34 (Q-Cartier condition). While (1.33.1) may seem like a small
technical condition, in many cases it turns out to be extremely important.

First of all, one cannot pull back arbitrary divisors, so (1.33.2) does not even
make sense if Ky is not Q-Cartier. This is a substantial problem starting with
dimension 3; cf. (11.57) and (11.58).

The issue becomes more serious for families of varieties. Unexpected jumps
of the Kodaira dimension happen precisely when the canonical class of the
total space is not Q-Cartier, see (1.43—-1.46).

The most difficult aspects appear for non-normal varieties. The gluing theory
of (Kollar, 2013b, Chap.5) is almost entirely devoted to proving that in some
cases the canonical divisor is Q-Cartier; see (11.38) for a key consequence.

Definition 1.35. The moduli functor of canonical models is

Flat, proper families X — S,
CanMod(S) :={ every fiber is a canonical model, (1.35.1)
modulo isomorphisms over S .

This is an improved version of GenT ypey;, defined in (1.24.5).
Warning. In retrospect, it seems only by luck that this definition gives the
correct functor. See (1.16.2), the examples in (1.42—-1.47) and (2.8).
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1.36 (From GenType to CanMod). Let p: Y — S be a smooth, projective mor-
phism of varieties over a field of characteristic 0. Assume that S is reduced and
the fibers Y; are of general type. By (1.37), we get the flat family of canonical
models p°: Y¢ — §. This gives a natural transformation 7Tcanmod Which, for
any reduced scheme S gives a map of sets

TcanMod(S) : GenTypey,;(S) — CanMod(S). (1.36.1)

By definition, if X; — § are two smooth, proper families of varieties of general
type such that Tcanmod (S )(X1) = TcanMod(S )(X2), then X and X, are birational,
thus Tcanmod(S) is injective. It is not surjective, but we have the following
partial surjectivity statement.

Claim 1.36.2. Let Y — S be a flat family of canonical models. Then there is a
dense open subset S° C S and a smooth, proper family of varieties of general
type Y° — S° such that Tcannod(S °)(Y°) = [Y]s-]. m}

Theorem 1.37. Let p : Y — S be a flat, projective morphism, whose fibers are
of general type and have canonical singularities. Assume that S is reduced.
Then the canonical models of the fibers form a flat, projective morphism p*® :

Y8 — S and the natural map Y --> Y3 is fiberwise birational.

For surfaces this goes back to Kodaira and Spencer (1958), the 3-fold case is
proved in (Kollar and Mori, 1992, 12.5.1). See (2.48) for a proof using MMP.
The complex analytic case is in Kollar (2021a).

The theorem implies the deformation invariance of plurigenera as in (5.1.3).
Conversely, the deformation invariance of plurigenera, due to Siu (1998) and
(Nakayama, 2004, Chap.VI), shows that, if the Y have canonical models, then
they form a flat family p*°: yst@b — §

The case when S is nonreduced is open.

1.4 From stable curves to stable varieties

Next we discuss the reasoning behind Step 1.15.

Let C be a nodal curve with normalized irreducible components C;. We fre-
quently view C as an object assembled from the pieces C;. Note that the pull-
back of K¢ to C; is not K¢,, rather K¢, + P;, where P; C C; are the preimages
of the nodes of C.

Similarly, if X is a scheme with simple normal crossing singularities (p.12)
and normalized irreducible components X;, then the pull-back of Kx to X; is
not Ky, rather Kx, + D;, where D; C X; is the divisorial part of the preimage of
Sing X on X;.

This suggests that we should develop a theory of ‘canonical models’ where
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the role of the canonical class is played by a divisor of the form Kx + D, where
D is a simple normal crossing divisor (p.12).

Definition 1.38 (Canonical models of pairs). Let (X, D) be a projective snc
pair (p.12). We define the canonical ring' of the pair (X, D) as

R(X, Kx + D) := @®,50H"(X, Ox(mKx + mD)).

It is conjectured (but known only for dim X < 4 in characteristic 0) that the
canonical ring of a pair (X, D) is finitely generated. If this holds then X¢ :=
Proj, R(X, Kx + D) is a normal projective variety. We say that (X, D) is of gen-
eral type if the natural map 7: X --» X¢ is birational, and then (X¢, D¢ := 7.D)
is called the canonical model of (X, D).

The proof of the ‘if” part of the following goes exactly as in (1.32).

Theorem 1.39. A pair (Y, B), consisting of a proper normal variety Y and an

effective, reduced, Weil divisor B, is the canonical model of a simple normal

crossing pair iff

(1.39.1) Ky + B is Q-Cartier, ample, and

(1.39.2) there is a resolution f: X — Y, an effective, reduced, simple normal
crossing divisor D C X such that f(D) = B, and an effective, f-exceptional
Q-divisor E, such that Kx + D ~q f*(Ky + B) + E.

Warning 1.39.3. If B = 0, it can happen that (X, 0) is the canonical model of
a pair, but X is not a canonical model (1.32). To see this, choose a resolution
f: X — Yandlet E; C X be the f-exceptional divisors. Although B = 0, in
(1.39.2) we can still take D = } E;. Thus (1.39.2) can be rewritten as

Kx ~ f*KY +FE — ZE,

This looks like (1.32.2), but E — > E; need not be effective; it can contain
divisors with coefficients > —1.

This is the source of some terminological problems. Originally R(X, Kx + D)
was called the ‘log canonical ring’ and Proj, R(X, Kx + D) the ‘log canonical
model.” Since the canonical ring is just the D = 0 special case of the ‘log
canonical ring,” it seems more convenient to drop the prefix ‘log.” However,
log canonical singularities are quite different from canonical singularities, so
‘log’ cannot be omitted there. (See also p.12 for other inconsistencies in the
usage of ‘canonical model.”)

As in (1.33), this can be reformulated as a definition. (For now we assume

' Log canonical ring and log general type is also frequently used, see (1.39.3).
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that every irreducible component of B appears in B with coefficient 1; later we
also consider cases when the coefficients are rational or real.)

Definition 1.40. Let (Y, B) be a pair consisting of a normal variety ¥ and a
reduced Weil divisor B. Then (Y, B) is log canonical, or has log canonical
singularities, iff the conditions (1.39.1-2) are satisfied. We say that Y is log
canonical if (Y, 0) is.

If (¥, B) is log canonical and B is Q-Cartier then Y is also log canonical
(11.5.1). However, if B is not Q-Cartier, then Ky is also not Q-Cartier, so Y is
not log canonical.

A complete list of log canonical singularities is known in dimension 2, see
Section 2.2 or (Kolldr, 2013b, Sec.2.2). The following examples of log canon-
ical singularities are useful to keep in mind.

1.40.1 (Simple normal crossing). (A", (xy - - - x, = 0)) for any r < n.

1.40.2 (Quotient singularities). A"/ %(al ,...,ap) denotes the quotient of A% by
the action x; — &%x; where € is a primitive mth root of unity. The canonical
class is Cartier iff m | ) a;. These are even log terminal.

1.40.3 (Cones). A cone C(X) over a Calabi-Yau variety, see (2.35).

We are now ready to define the higher dimensional analogs of stable curves.

Definition 1.41 (Stable varieties). Let k be a field and Y a reduced, proper,
pure dimensional scheme over k. Let ¥; — Y be the irreducible components of
the normalization of Y, and D; C Y; the divisorial part of the preimage of the
non-normal locus of Y. Then Y is semi-log-canonical—usually abbreviated as
sle—or locally stable ift

(1.41.1) at codimension 1 points, Y is either smooth or has a node (11.35),
(1.41.2) each (Y;, D;) is log canonical, and

(1.41.3) Ky is Q-Cartier.

Y is a stable variety iff, in addition

(1.41.4) Y is projective and Ky is ample.

As we noted in (1.34), the Q-Cartier condition for Ky is quite hard to inter-
pret in terms of the (Y;, D;). See (11.38) or the more detailed (Kollar, 2013b,
Chap.5). For now we only deal with examples where Ky is obviously Cartier
or Q-Cartier.

1.41.5 (Note on terminology). This usage of ‘stable’ has very little to do with
the GIT notion of ‘stable’ in Mumford (1965). They agree for curves, and
originally there was hope of a close relationship in all dimensions. The two
versions aim to answer the same question, but from different viewpoints. They
ended up quite different.
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Jump of K? and of the Kodaira dimension

We give examples of flat families of projective surfaces {S; : r € C}, such
that S has quotient singularities and the S, are smooth for general ¢ # 0, but
the self intersection of the canonical class (Ké,) jumps at ¢ = 0. We also give
examples where K, is ample for r = 0, but not even big for ¢t # 0. Among log
canonical singularities, quotient singularities (1.40.2) are the mildest.

As we already noted in (1.34), such jumps happen when the canonical class
of the total space is not Q-Cartier.

Example 1.42 (Degree 4 surfaces in P°). There are 2 families of nondegen-
erate degree 4 smooth surfaces in P3. These were classified by Del Pezzo, see
Eisenbud and Harris (1987) for a modern treatment.

One family consists of Veronese surfaces P? ¢ P> embedded by &/(2). The
general member of the other family is P! x P! ¢ P35 embedded by €(2, 1),
special members are embeddings of the ruled surface F,. The two families are
distinct since (K;z) =9 and (KHZMX]P,) = 8. For both of these surfaces, a smooth
hyperplane section is a degree 4 rational normal curve in P*.

Let Ty c P° denote the cone over the degree 4 rational normal curve in P*.
The minimal resolution of T is the ruled surface p: Fy — Ty. Let E,F C Fy
be the exceptional curve and the fiber of the ruling. Then Kr, = —2E — 6F and
p*(2Kr,) = =3E — 12F. Thus 2(Kg, + E) = p*(2Kr,) + E shows that T, has
log canonical singularities. We also get that (K%U) =9.

A key feature is that one can write T as a limit of smooth surfaces in two
distinct ways, corresponding to the two ways of writing the degree 4 rational
normal curve in P* as a hyperplane section of a surface, see (2.36).

From the first family, we get T as the special fiber of a flat family whose
general fiber is P?. This family is denoted by {7, : ¢ € C}. From the second
family, we get T, as the special fiber of a flat family whose general fiber is
P! x P!. This family is denoted by {7/ : ¢ € C}. Note that (K?) is constant
in the family {7; : ¢+ € C}, but jumps at t = 0 in the family {7} : t € C}. (In
general, one needs to worry about the possibility of getting embedded points
at the vertex. However, by (2.36), in both cases the special fiber is indeed T).)

Alternatively, the degree 4 rational normal curve (s:f) — (s*:s3t:51%:s83:1%)
can be given by determinantal equations in 2 ways, giving the families

X0 X1 X2 X3

T; = |rank <1|, and
X1 Xp+iIxs X3 Xa
X0 X1 X2

T, = |rank| x; xx+txs x3 |<1].

X2 X3 X4
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These are, however, families of rational surfaces with negative canonical
class, but we are interested in stable varieties.

Next we take a suitable cyclic cover (11.24) of the two families to get similar
examples with ample canonical class.

Example 1.43 (Jump of Kodaira dimension I).

We give two flat families of projective surfaces S, and S; such that
(1.43.1) So = §{ has log canonical singularities and ample canonical class,
(1.43.2) §;is a smooth surface with ample canonical class for ¢ # 0, and
(1.43.3) S/ is a smooth, elliptic surface with (K3,) = 0 for ¢ # 0.

With Ty as in (1.42), let 7g: Sg — T be a doufble cover, ramified along the
intersection of Ty with a general quartic hypersurface. Note that K7, ~g —%H ,
where H is the hyperplane class. Thus, by the Hurwitz formula,

KSO ~Q HS(KTU + 2H) ~Q %JTSH

So Sy has ample canonical class and (Kéo) = 2. Since 7 is étale over the
vertex of Ty, S has 2 singular points, locally (in the analytic or étale topology)
isomorphic to the singularity on 7. Thus S is a stable surface.

Both of the smoothings in (1.42) lift to smoothings of .

From T, we get a smoothing S; where 7,: §; — P2 is a double cover, ram-
ified along a smooth octic. Thus S, is smooth, K, ~q 7y O%(1) is ample and
(K5)=2.

From T} we get a smoothing S/ where ,: S; — P! x P! is a double cover,
ramified along a smooth curve of bidegree (8,4). One of the families of lines
on P! x P! pulls back to an elliptic pencil on S and (Kgg) = 0. Thus S is not
of general type for ¢t # 0.

Example 1.44 (Jump of Kodaira dimension II). A similar pair of examples
is obtained by working with triple covers ramified along a cubic hypersur-
face section of the surface families in (1.42). The family over 7, has ample
canonical class and (K?) = 3. As before, the family over T is elliptic and has
(K*) =0.

Example 1.45 (Jump of Kodaira dimension III).
We construct a flat family of surfaces whose central fiber is the quotient of
the square of the Fermat cubic curve by Z/3:

St =@} =vi +w})x (3 = v3 +w3)/3(1,0,0;1,0,0), (1.45.1)

thus it has Kodaira dimension 0. The general fiber is P? blown up at 12 points.
In P? consider two lines L; = (xg = x; = 0)and L, = (x, = x3 = 0). The
linear system |0p2(2)(—L; — L,)| is spanned by the 4 reducible quadrics x;x;
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fori € {0, 1} and j € {2, 3}. They satisfy a relation (xgx;)(x;x3) = (xpx3)(x1X2).
Thus we get a morphism 7: By, ,7,P> — P! x P!, which is a P'-bundle whose
fibers are the birational transforms of lines that intersect both of the L;.

Let S < P3 be a cubic surface such that p := § N (L; + L,) is 6 distinct
points. Then we get 75 : BpS — P! x P!

In general, none of the lines connecting 2 points of p is contained in §; in
this case 7 is a finite triple cover.

At the other extreme we have the Fermat-type surface

Sri=(x)+x =x+x3) P

We can factor both sides and write its equation as mjmyms = njnyns. The 9
lines L;; := (m; = n; = 0) are all contained in Sr. Let Llfj C BpSF denote
their birational transforms. Then the self-intersections (Ll'.j . Ll’.j) equal —3 and
7s, contracts these 9 curves L. Thus the Stein factorization of 7y, gives a
triple cover % — P! xP'. S has 9 singular points of type A?/1(1, 1). We see
furthermore that 3Ky, ~ >;;L;; and =3Kp,s, ~ Z,-le’.j. Thus —3K5; ~ 0.

To see that the two surfaces denoted by S are isomorphic, use the map of
the surface (1.45.1) to P! x P! given by

(u1viiwy) X (u2:va:iwa) B (viiwy) X (2:wa),
and the rational map to the cubic surface is given by
(uy:viiwy) X (ug:vaiwp) B (U vy waiviua:wis).

Example 1.46 (Jump of Kodaira dimension IV). The previous examples are
quite typical in some sense. If S is any projective rational surface with quo-
tient singularities, then there is a flat family of surfaces {S,} such that S, is a
smooth rational surface for r # 0.

To see this, take a minimal resolution S(’) — §y. Since S(’) is a smooth rational
surface, it can be obtained from a minimal smooth rational surface by blowing
up points. We can deform §{; by moving these points into general position
(and also deforming the minimal smooth rational surface if necessary). Thus
we see that if Sg is singular, then a general deformation S; of S|, is obtained
by blowing up points in P? or P! x P! in general position. In the second case,
if we blow up at least 1 point, it is also a blow up of P2. There are no curves
with negative self-intersection on P! x P!, and on a blow-up of P? at general
points, every smooth rational curve with negative self-intersection is a (—1)-
curve by (de Fernex, 2005, 2.4). In particular, none of the exceptional curves
of §{ — So lift to S7.

Let H be the pull-back of a very ample Cartier divisor from S whose
higher cohomologies vanish. Since S is a smooth rational surface, Pic(S) =
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H*(S 4»Z), so Hy lifts to a family of semi-ample Cartier divisors H;. As we
discussed, none of the exceptional curves of S — Sy lift to S; for general ¢,
so Hj is ample for general ¢. As before, we get a flat deformation {S} such that
Si=S; fort#0.

Many recent constructions of surfaces of general type start with a particular
rational surface S with quotient singularities, and show that it has a flat de-
formation to a smooth surface with ample canonical class; see Lee and Park
(2007); Park et al. (2009a,b). Thus such an S has flat deformations of general
type and also flat deformations that are rational.

Even more surprisingly, a surface with ample canonical class can have non-
algebraic deformations.

Example 1.47 (Non-algebraic deformations). Kollar (2021a) We construct a
projective surface X, with a quotient singularity, ample canonical class and two
deformations. An algebraic one g¥'¢ : X2 — D, where g2 is flat, projective,
and a complex analytic one g*" : X*" — D over the unit disc D c C, where g*"
is flat, proper, such that

(1.47.3) X?lg is a smooth, algebraic, K3 surface blown up at 3 points for s # 0,

(1.47.4) X% is a smooth, non-algebraic, K3 surface blown up at 3 points for
very general s € D.

Let us start with a K3 surface ¥ ¢ P* with a hyperplane section C C Y and

3 points p; € C. Blow up these points to get 7 : Z — Y with exceptional

curves £ = E; + E, + E5. Let C; C Z be the birational transform of C and

H=n"C-3E.

If the p; are smooth points on C, then 7°C = Cz + E, hence H = C; + %E
Since (H-Cz) =2,(H-E;) = and Z\ (Cz + E) = Y \ C is affine, we see that
H is ample by the Nakai-Moishezon criterion.

If the p; are double points on C, then 7°C = Cz + 2E, hence H = Cz + ‘3—‘E.
Then (Cz - E;))=2,(H-Cz)=0and (H - E;) = % So 3H is semiample and it
contracts Cz. Let the resulting surface be Xy and F; C X, the images of the E;.

Note that in this case C7 is a smooth, rational curve and (C%) = —8. Thus X
has a single quotient singularity of type C?/ %(l, 1). We also get that (F 1.2) = —%
and (F; - F)) = % for i # j. Furthermore, Kx, ~ F| + F, + F3 is ample.

In order to construct the algebraic family, start with C ¢ Y where C is a
rational curve with 3 nodes. The deformation is obtained by moving the points
into general position. Blowing up the points we get H that is ample on the
general fibers and contracts the birational transform of C in the special fiber.
Thus we get g¢ : X¥2 — D.

For the analytic case, we choose a deformation ¥ — D of Y, whose very
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general fibers are non-algebraic K3 surfaces. Take 3 sections B; C Y that pass
through the 3 nodes of C. Blow them up and then contract the birational trans-
form of C. The contraction extends to the total space by (Kollar and Mori,
1992, 11.4). We get g*" : X*" — D whose central fiber is X,. The other fibers
are non-algebraic, K3 surfaces blown up at 3 points.

Example 1.48 (More rational surfaces with ample canonical class). (Kolldr,
2008b, Sec.5) Given natural numbers ay, a,, as, as, consider the surface

S =S(ai,az, a3, a4) := (x{' X2+ X3 x3 + X5 x4 + x5 x1 = 0) C P(wi, w2, wz, wy),

where W) = ai110i120:13 — iy20;13 + a;y3 — 1 (with indices modulo 4) and w; =
wi/ ged(w], wi, wi, wy). It is easy to see that S has only quotient singularities
(at the 4 coordinate vertices). It is proved in (Kollar, 2008b, Thm.39) that S is
rational if ged(w], w), wi, wy) = 1. (By (Kollar, 2008b, 38), this happens with
probability > 0.75.)

P(w1, wp, w3, wy) has isolated singularities iff the {w;} are pairwise relatively
prime. (It is easy to see that for 1 < a; < N, this happens for at least ¢ - N*~¢
of the 4-tuples.) In this case Kg = Op([]a; — 1 — Xw;)|s. From this it is easy
to see that if aj,as,as,a4 > 4 then Kg is ample and (Kg) converges to 1 as
ay, ax,as,as — oo. See Urzia and Yanez (2018) for more on these surfaces.

1.5 From nodal curves to stable curves and surfaces

We discussed stable extension for families of curves C — B over a smooth
curve Bin (1.15.1). Similarly, working over a higher dimensional reduced base
C — S involves 2 main steps.

o First we transform a given proper family of curves C — S into a proper, flat
family C; — S, whose fibers are reduced, nodal curves. This needs a base
change S| — § that involves choices, and then a sequence of blow-ups that
again involves choices. We can choose S to be smooth.

e Once we have a proper, flat family C; — S| whose fibers are reduced, nodal
curves, and whose base is smooth, we take the relative canonical model
(11.28) to get the stable family Cit*‘b — §1. For MMP to work, we need S,
to have at worst log canonical singularities.

Nonetheless, we show that one can go from flat families of nodal curves to
flat families of stable curves in a functorial way over an arbitrary base.

Theorem 1.49. For every g > 2 there is a natural transformation C + C*%

{ proper, flat families of } . { stable families of }

reduced, nodal, genus g curves genus g curves

such that that if C is a smooth, projective curve, then C**® = C. (We assume
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that the curves are geometrically connected. By the genus of a proper nodal
curve C we mean h'(C, O¢).)

Proof We outline the main steps, leaving some details to the reader. We use
C’ to denote any irreducible component of the curve that we work with.

First let C be a proper, reduced, nodal curve over an algebraically closed
field. We start with two recipes to construct C*?°. With both approaches, we
first obtain the largest semistable subcurve C** c C.

Step 1.a. (Using MMP) Find C’ ¢ C on which K¢ has negative degree. Equiv-
alently, C’ ~ P! and it meets the rest of C in 1 point only. Contract (or discard)
this component. Repeat if possible.

Step 1.b. (Using K¢) C* is the support of the global sections of O¢(K¢).

Once we have C* we continue to get C3*® as follows.

Step 2.a. Find C’ ¢ C* on which K¢ has degree 0. Equivalently, C’ ~ P! and
it meets the rest of C* in 2 points only; call them p, g. Contract this component.
Equivalently, discard C’ and identify the points p, g. Repeat if possible.

Step 2.b. (Using the canonical ring) C¥*® = Proj @,,H*(C**, Ocs(mKcs)).

Once we know C*2°_ we can also recover it in one step as follows.

Step 3. Let {C' c C: i € I} be the irreducible components that are kept in
the above process; call them stable. Pick non-nodal points p' € C' and set
L := Oc(3 p). Then, for m > 1, H'(C,L'™) = 0, L is globally generated and
maps C onto C3°.

Step 4. Over an arbitrary field k with algebraic closure k, we show that if C is
defined over k, then (C;)*® is also defined over k, giving us C3%.

Now to the general case. Let g : Cg — S be a proper, flat family of re-
duced, nodal curves over an arbitrary base. We construct the stable family
étale-locally; uniqueness then implies that we get a family over S.

Pick a point s € S. By the above arguments, we have the stable irreducible
components C: ¢ C;. Pick non-nodal points p' € Ci and let D' C Cs be
sections that meet C, only at p'. (Usually this needs an étale base change.) Set
Ls := Oc, (Y, D"). Then Step 3 shows that, for m > 1,

Step 5. R'g.L™ = 0, g, L™ is locally free, and maps Cs onto C3*°. O

Warning. Note that Step 2.b works only for semistable curves. As an example,
let C = C; U C; be a curve with a single node p with g(C;) > 2 and C, =~ P,
Then we have a non-finitely generated ring

®,20H(C, Oc(mKe)) = BzoH'(Cy, Oc,(mKe, + (m — D[p))).

Definition 1.50 (Stabilization functor). Trying to generalize (1.49) to higher
dimensions, the best would be to have a functor from proper, flat locally stable
families to stable families, that agrees with X — X°¢ on smooth varieties of
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general type. One can further restrict the singularities of the fibers and talk
about stabilization functors for families of smooth varieties, simple normal
crossing varieties (p.12), and so on.

We see below that such a stabilization functor does exist for smooth families,
but not for more complicated singularities. We discuss this phenomenon in
detail in Section 5.2; see especially (5.11). This is another reason why the
moduli theory of higher dimensional varieties is much more complicated.

Theorem 1.51 (Stabilization functor for surfaces).

(1.51.1) For smooth, projective surfaces of general type, S +— S€ is a stabi-
lization functor.

(1.51.2) For projective surfaces of general type with quotient singularities,
S — S¢is not a stabilization functor.

(1.51.3) For projective surfaces with normal crossing singularities, S +— S°¢
is not a stabilization functor.

(1.51.4) For irreducible projective surfaces with normal crossing singulari-
ties, S¢ does not even make sense in general.

Proof For the first part, see (1.36) and (2.48). As in (1.49), more work is
needed for nonreduced bases.

For (2) and (3) we run into problems even for families over smooth curves.

Consider the simplest case when we have a flat, projective morphism p :
X — A to a smooth curve such that Ky is Q-Cartier, and the fibers are surfaces
with quotient singularities only. Then we get the stable model p*° : x> —
Al as the relative canonical model (11.28).

We claim that as soon as the process involves a flip, we have an example for
(2): the canonical ring of Xj is strictly larger than the canonical ring of (X¢)g.

The flip is a diagram

1.51.5
e (1315

where —Ky is m-ample and —Kx+ is 7+ -ample.
Restricting it to the fiber over 0 € A! we get a similar looking diagram of
surfaces with quotient singularities

CcXp)—— -2~ ~(C* C X})

e (1.51.6)
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where —K(, is mp-ample and —K X is ng -ample. The difference is that now the
exceptional curves C, C* of (1.51.5) are exceptional divisors.
Using (1.51.8) we get the following.

Problem 1.51.7. Xy — Xg is not a step of the MMP for Xj. In fact, the canon-
ical ring of X is strictly smaller than the canonical ring of Xj.

Taking a suitable resolution shows that similar examples happen for families
with simple normal crossing fibers.

Claim (4) is not a precise assertion, but we expect that, even over alge-
braically closed fields, there is no ‘sensible’ way to associate a stable surface
to every projective, normal crossing surface. For example, Kollar (201 1c) con-
structs irreducible, projective surfaces S with normal crossing singularities for
which the canonical ring @,,50H"(S, Os(mKs)) is not finitely generated. We
present a similar example in (1.53). m}

Claim 1.51.8. Let p : Y — T be a proper, birational morphism of normal
surfaces and E := Ex(p). Let D be a Cartier divisor on Y and set Dy := p(D).
The following is an easy to see.

(a) If —D|g is ample then p.Oy(mD) = Or(mD7) form > 1.

(b) If D|g is ample then p.Oy(mD) € Or(mD7) form > 1.

(c) If D is ample then H(Y, Oy(mD)) ¢ H(T, Or(mDr)) for m > 1. |

We saw that if p : X — A! is a flat, projective family of surfaces with
quotient singularities, then the relative canonical model (11.28) gives a stable
family, although this is not a fiber-wise construction. The next example shows
that, for families over nodal curves, there may not be any stable family.

Example 1.52. Consider any family X — A! as in (1.51.7), and glue it to the
trivial family ¢ : ¥ := Xp x Al — Al along the central fibers to get a locally
stable family r : X Ly, ¥ — (uv = 0). Then

(1.52.1) ptab: xab — Al and g : Y3 — Al both exists, yet

(1.52.2) their central fibers (X¢)q and (Y¢)( are not isomorphic, so

(1.52.3) r: XUy, Y — (uv = 0) does not have a stable model.

Example 1.53. Following Kollar (2011c), we give an example of a projective,
normal crossing surface whose canonical ring is not finitely generated. The key
point is the following observation.

Let T be a projective surface, C;,C, C T disjoint smooth curves and 7 :
C, — C; an isomorphism. Assume that 7'\ C; is smooth, T has a single node
at a point p; € C; and Ky + C; + C; is ample. Let T/(7) be obtained from T
by identifying C with C, using 7.
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Claim 1.53.1. The canonical class of T/(7) is not Q-Cartier. Thus its canonical
ring is not finitely generated.

Proof T is smooth along C,, hence the usual adjunction gives that
(Kt + C1 + Cle, = Ke,.-
T has a node along C;. This modifies the adjunction formula to
(K7 +Cy + C)le, = Ke, + 31p1l;

see (Kolldr, 2013b, 4.3) for this computation. This means that we cannot match
up local generating sections of the sheaf & (mKy+mC+mC;) at the points p;
and 7(p;); see (Kollar, 2013b, 5.12) for the precise statement and proof. This
easily implies that finite generation fails, see (Kollar, 2010, Exc.97). |

This is almost what we want, except that 7 is not a normal crossing surface
at the image of p;. So next we construct a normal crossing surface and check
that trying to construct its minimal model leads to a surface as above.

We start with a smooth plane curve C c P? of degree d and a line L inter-
secting C transversally. Let ¢ € C N L be one of the intersection points. Fix
distinct points p,q € P'. In ]P’f, = {p} x P? we get C,,L,, and similarly for
Cy L, C ]P’f]. We have the ‘identity’ 7 : C, = C,,.

Let S c P! xP? be a surface of bidegree (e, d + 1) such that S HPIZ, =C,UL,
and § N Pﬁ = C, U L,. We can further arrange that § is smooth, except for an
ordinary node at ¢, € C, N L,,.

Let §” — § be obtained by blowing up ¢, and ¢,. We get exceptional curves
E), E; and birational transforms C), and CZ,' Note that §” is smooth and E, +
E} + C), + Cy is an snc divisor. We can now glue C), to C;, using the ‘identity’
7' C), = C, to obtain the non-normal surface S’ := §/(7’). It has normal
crossing self-intersection along a curve C =~ C), ~ C;. Note that K- + E, + E;
is a Cartier divisor.

Claim 1.53.2. The projective, normal crossing pair (S’, E, + E,) does not have
a canonical model.

Proof The normalization of (S',E, + E,) is (S',E;, + E, + C), + Cp), thus
the only ‘sensible’ thing to do is to construct its the canonical model, and then
glue the images of C}, and C; together. We compute that

(Ks:+E,+E, +C,+C})-E, =1 and (Kg +E,+E,+C,+C,)-E; =~1.
Thus we need to contract E), and E, to get (S, C,, + C,). Note that

O5(Ksg) = Opiypr(e —2,d + 1 - 3)]s,
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which is ample for e > 3,d > 3. This shows that if d > 4, then Ky + C), +
C, is ample. Therefore the only possible choice for the canonical model of
S, E;, +E;) is § /(7). Now (1.53.1) shows that the canonical ring is not finitely
generated. |

1.6 Examples of bad moduli problems

Now we turn to a more general overview of moduli problems. The aim of this
section is to present examples of moduli problems that seem quite reasonable
at first sight, but turn out to have rather bad properties. We start with the moduli
of hypersurfaces.

The Chow and Hilbert varieties describe families of hypersurfaces in a fixed
projective space P". For many purposes it is more natural to consider the mod-
uli functor of hypersurfaces modulo isomorphisms. We consider what kind of
‘moduli spaces’ one can obtain in various cases.

Definition 1.54 (Hypersurfaces modulo linear isomorphisms). Over an alge-
braically closed field k, we consider hypersurfaces X C P} where X1, X, C P}
are considered isomorphic if there is an automorphism ¢ € Aut(P}) such that
(X)) = Xa.

Over an arbitrary base scheme S, we consider pairs (X C P) where P/S is
a P"-bundle for some n and X C P is a closed subscheme, flat over S such
that every fiber is a hypersurface. There are two natural invariants, the relative
dimension of P and the degree of X. Thus for any given n, d we get a functor

Flat families X c P
HypSur, ,(S) := { such that dimg P = n, degX =d,
modulo isomorphisms over S .

One can also consider subfunctors, where we allow only reduced, normal,
canonical, log canonical or smooth hypersurfaces; these are indicated by the
superscripts red, norm, c, Ic or sm.

Our aim is to investigate what the ‘coarse moduli spaces’ of these functors
look like. Our conclusion is that in many cases there cannot be any scheme or
algebraic space that is a coarse moduli space: any ‘coarse moduli space’ would
have to have very strange topology.

Let HypSur,, ; be any subfunctor of HypSur, 4, and assume that it has a
coarse moduli space HypSur, ,. By definition, the set of k-points of HypSur, ,
is HypSur, 4,(Spec k). We can also get some idea about the Zariski topology of
HypSur, , using various families of hypersurfaces.

For instance, we can study the closure U of a subset U C HypSur,, ,(Spec k)
using the following observation:
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e Assume that there is a flat family of hypersurfaces 7: X — S and a dense
open subset S° C S such that [X,] € U for every s € S°(k). Then [X,] € U
for every s € S (k).

Next we write down flat families of hypersurfaces 7: X — A in HypSur,, ,
such that for + # 0 the fibers X, are isomorphic to each other, but X is
not isomorphic to them. Such a family corresponds to a morphism 7: A! —
HypSur;, , such that (A" \ {0}) = [X;], but 7({0}) = [Xo]. This implies that the
point [X] is not closed, and its closure contains [Xp].

This is not very surprising in a scheme, but note that X, itself is defined over
our base field &, so [X;] is supposed to be a k-point. On a k-scheme, k-points
are closed. Thus we conclude that if there is any family as above, the moduli
space HypSur, , cannot be a k-scheme, not even a quasi-separated algebraic
space (Stacks, 2022, Tag OSAL).

The simplest way to get such families is by the following construction.

Example 1.55 (Deformation to cones I). Let f(xo,...,x,) be a homogeneous
polynomial of degree d and X := (f = 0) the corresponding hypersurface. For
some 0 < i < n consider the family of hypersurfaces

X = (f(X0s . - +» Xis tXig1, . . . 1X,) = 0) C P X A (1.55.1)
with projection 7: X — Al If # # 0 then the substitution
xj x; forj<i,and xj ¢ 'x; forj>i

shows that the fiber X; is isomorphic to X. If = 0 then we get the cone over
XN (xiyp = =x, =0):

Xo = (f(x05...,%,0,...,0)=0) c P".

This is a hypersurface iff f(xo,..., x;,0,...,0) is not identically O.
More generally, any algebraic variety has a similar deformation to a cone
over its hyperplane section, see (2.36).

Already these simple deformations show that various moduli spaces of hy-
persurfaces have very few closed points.

Corollary 1.56. The sole closed point of HypSur,,, is [(xg =0)].

Proof Take any X = (f = 0) c P". After a general change of coordinates, we
can assume that xf)’ appears in f with nonzero coefficient. For i = 0 consider
the family (1.55.1).

Then X, = (xg = 0), hence [X] cannot be a closed point unless X = Xj.
It is quite easy to see that if X — § is a flat family of hypersurfaces whose
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generic fiber is a d-fold plane, then every fiber is a d-fold plane. This shows
that [(xd = 0)] is a closed point. o

Corollary 1.57. The only closed points of HypSur‘;ﬁ are [(f(xo,x1) = 0)]
where f has no multiple roots.

Proof 1If X is areduced hypersurface of degree d, there is a line that intersects
it in d distinct points. We can assume that this is the line (x; = -+ = x, = 0).
For i = 1 consider the family (1.55.1).

Then Xy = (f(xo,x1,0,...,0) = 0) where f(xo,x;) has d distinct roots.
Since X is reduced, we see that none of the other hypersurfaces correspond to
closed points.

It is not obvious that the points corresponding to (f(xo, x1,0,...,0) = 0) are
closed, but this can be established by studying the moduli of d points in P'; see
(Mumford, 1965, Chap.3) or (Dolgachev, 2003, Sec.10.2). O

A similar argument establishes the normal case:

Corollary 1.58. The only closed points of HypSurz,O;m are [(f(xg, X1, x2) = 0)]
where (f(xo, x1, x2) = 0) C P? is a nonsingular curve. O

In the above examples the trouble comes from cones. Cones can be nor-
mal, but they are very singular by other measures; they have a singular point
whose multiplicity equals the degree of the variety. So one could hope that
high multiplicity points cause the problems. This is true to some extent as the
next theorems and examples show. For proofs see (Mumford, 1965, Sec.4.2)
and (Dolgachev, 2003, Sec.10.1).

Theorem 1.59. Each of the following functors has a coarse moduli space

which is a quasi-projective variety.

(1.59.1) The functor of smooth hypersurfaces HypSur,y.

(1.59.2) Ford = n+ 1, the functor HypSur, ; of hypersurfaces with canonical
singularities.

(1.59.3) Ford > n+1, the functor ?@p&rlﬁd of hypersurfaces with log canon-
ical singularities.

(1.59.4) Ford > n+ 1, the functor V‘Iyp&r};fy_mu“ of those hypersurfaces that
have only points of multiplicity < %

Example 1.60. Consider the family of even degree d hypersurfaces

(2 + 3PP+ x4+ 38 = 0) C P x A

+ 15X )X
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For ¢t # O the substitution (xp:x :xp:---:x,) = (txp:t ' x1:x0: -+ - 1x,). trans-
forms the equation of X; to

X := (()cg/2 +)c‘11/2))c‘11/2 +xf 4+ xd=0) P

X has a single singular point which is at (1:0: - - - :0) and has multiplicity d/2.
For t = 0 we obtain the hypersurface

Xo := (xg/zlei/z +xf 4+ x4 =0).

Xy has 2 singular points of multiplicity d/2, hence it is not isomorphic to X.

Thus we conclude that [X] is not a closed point of the ‘moduli space’ of
those hypersurfaces of degree d that have only points of multiplicity < d/2.

This is especially interesting when d < n since in this case X, has canonical
singularities (1.33).

Thus we see that for d < n, the functor HypSur,, ;, parametrizing hyper-
surfaces with canonical singularities does not have a coarse moduli space. By
contrast, for d > n the coarse moduli scheme HypSur, , exists and is quasi-
projective by (1.59).

Example 1.61. One could also consider hypersurfaces modulo isomorphisms
which do not necessarily extend to an isomorphism of the ambient projective
space. It is easy to see that smooth hypersurfaces can have such nonlinear iso-
morphisms only for (d,n) € {(3,2),(4,3)}. A smooth cubic curve in P? has
an infinite automorphism group, but only finitely many extend to an automor-
phism of P2. Similarly, a smooth quartic surface in P can have an infinite
automorphism group as in (1.66), but only finitely many extend to an auto-
morphism of P?. See (1.66) or Shimada and Shioda (2017); Oguiso (2017) for
examples of isomorphisms of smooth quartic surfaces in P3.

The non-separated examples produced so far all involved ruled or at uniruled
varieties. Next we consider some examples where the varieties are not uniruled.
The bad behavior is due to the singularities, not to the global structure.

Example 1.62 (Double covers of P'). Let f(x,y) and g(x,y) be two cubic
forms without multiple roots, neither divisible by x or y. Set

S1 = (f,yDg@x, ) =27) CP(1,1,3) x Al and
8o = (f(x2, Py2)g(xa, y2) = 33) CP(1,1,3) x AL,

Note that Ky, /1 is relatively ample and the general fiber of 7r;: S; — Al is a
smooth curve of genus 2.

The central fibers are (f(x1,y1)8(0,y1) = z2) resp. (f(x2, 0)g(x2,y2) = 23).
By assumption g(0,y;) = aly? and f(x,,0) = azxg where the a; # 0. Setting
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12 12 . .
= al/ wiy; and zp = az/ wyxp gives the normalizations. Hence the cen-

tral fibers are elliptic curves with a cusp. Their normalization is isomorphic to
(f(x1,y1)y1 = wi) resp. (x28(x2,y2) = w3). These are, in general, not isomor-
phic to each other.

This also shows that along the central fibers, the only singularities are at
(1:0:0; 0) and at (0:1:0;0), with local equations g(r*,y;) = Zf and f(x,1%) =
z%. (These are simple elliptic with minimal resolution a single smooth elliptic
curve of self intersection —1.) Hence the §S; are normal surfaces, each having 1
simple elliptic singular point.

Finally, the substitution (x; : y; : z1:1) = (X : 2y, : £25:¢) transforms
f(x1,y0g(fx1,y1) — 2} into

F 2, 298P x2, y2) — 123 = 5(f (22, £22)8(x2, ¥2) — 23),
thus the two families are isomorphic over A' \ {0}.

Let us end our study of hypersurfaces with a different type of example. This
shows that the moduli problem for hypersurfaces usually includes smooth lim-
its that are not hypersurfaces. These pose no problem for the general theory, but
they show that it is not always easy to see what schemes one needs to include
in a moduli space.

Example 1.63 (Smooth limits of hypersurfaces). Mori (1975)

Fix integers a,b > 1 and n > 2. We construct a family of smooth n-folds
X, such that X, is a smooth hypersurface of degree ab for t # 0 and X is not
isomorphic to a smooth hypersurface.

It is not known if similar examples exist for n > 3 and deg X a prime number;
see Ottem and Schreieder (2020) for the cases deg X < 7.

Start with the weighted projective space P(1"*!, a)y,. Let f;, gu, be general
homogeneous forms of degree a (resp. ab) in xy, ..., x,. Consider the family
of complete intersections

X, = (tz— fulxo, ..., %) = 2" = gap(x0. .., x,) = 0) C P(1"*', a).
For t # 0 we can eliminate z to obtain a degree ab smooth hypersurface
Xe = (f2 (0., X)) = 8ap(X0, . . X)) C P

For t = 0 we see that Oy, (1) is not very ample, but realizes X, as a b-fold
cyclic cover (11.24) of the degree a smooth hypersurface (f,(xo,. .., x,;) = 0).
In particular, Xj is not isomorphic to a smooth hypersurface.

The next example shows that seemingly equivalent moduli problems may
lead to different moduli spaces.
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Example 1.64. We start with the moduli space P, of n + 1 points in C up to
translations. We can view such a point set as the zeros of a unique polynomial
of degree n + 1 whose leading term is x**!. We can use a translation to kill the
coefficient of x", and the universal polynomial is then given by

X r o ot a.

Thus P, =~ C" with coordinates ay, ..., d,41-
Let us now look at those point sets where 7 of the points coincide. There are
two ways to formulate this as a moduli problem:

(1.64.1) unordered point sets py,...,p, € C where at least n of the points
coincide, up to translations, or

(1.64.2) unordered point sets py,...,p, € C plus a point ¢ € C such that
pi = q at least n-times, up to translations.
If n > 2 then ¢ is uniquely determined by the points py, ..., p,, so it would
seem that the two formulations are equivalent. We claim, however, that the two
versions have non-isomorphic moduli spaces.
If the n-fold point is at # then the corresponding polynomial is (x—7)"(x+nt).
By expanding it we get that

a; = |(=1Y(}) + (=1)'n(2))] fori=2.....n+1.

This shows that the space R,.; C P, of polynomials with an n-fold root is a
cuspidal rational curve given as the image of the map

e (a=d[=D(7) + D (2] ri= 2.+ 1),

So the moduli space R, of the first variant (1) is a cuspidal rational curve.
By contrast, the space R,.; of the second variant (2) is a smooth rational
curve, the isomorphism is given by

(Pos-- s Pis@) = Xi(pi—q) € C.

Not surprisingly, the map that forgets the n-fold root gives m: R,+1 — Ry
which is the normalization map.

Next we have two examples of moduli functors that are not representable
(1.18). They suggest that varieties whose canonical class is not ample present
special challenges.

Example 1.65. Let S C P? be a smooth surface of degree 4 over C, with
infinite discrete automorphism group, for example as in (1.66).
Let S — W be the universal family of smooth degree 4 surfaces in P3.
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The isomorphisms classes of the pairs (S, &5 (1)) correspond to the Aut(P?)-
orbits in W. We see below that the fibers isomorphic to S form countably many
Aut(P3)-orbits.

For any g € Aut(S), g"Os(1) gives another embedding of S into P3. Two
such embedding are projectively equivalent iff g*0s(1) = Os(1), that is, when
g € Aut(S, Os(1)). The latter can be viewed as the group of automorphisms of
P3 that map S to itself. Thus Aut(S, (1)) is a closed subvariety of Aut(P3) ~
PGL,. Since Aut(S) is discrete, this implies that Aut(S, (1)) is finite. Hence
the fibers of S — W that are isomorphic to S lie over countably many Aut(P?)-
orbits, corresponding to Aut(S)/ Aut(S, Os(1)).

Example 1.66 (Surfaces with infinite discrete automorphism group). Let us
start with a smooth genus 1 curve E defined over a field K. Any point g €
E(K) defines an involution 7, where 7,(p) is the unique point such that p +
74(p) ~ 2q. (Equivalently, we can set g as the origin, then 7,(p) = —p.) The
first formulation shows that if L/K is a quadratic extension, then any Q €
E(L) also defines an involution 7y where To(p) is the unique point such that
p+7o(p) ~ Q.

Given points g, > € E(K), we see that p — 7,4, o 74 (p) is translation by
2q1 — 2q,. Similarly, given Q; € E(L;), p — T7¢, © Tg,(p) is translation by
Q1 — Q5. Usually these translations have infinite order.

Let g: S — C be a smooth, minimal, elliptic surface. By the above, any
section or double section of g gives an involution of S, and two involutions
usually generate an infinite group of automorphisms of §.

As a concrete example, let S ¢ P? be a smooth quartic that contains 3 lines
L;. The pencil of planes through L, gives an elliptic fibration with L,, L3 as
sections. Thus these K3 surfaces usually have an infinite automorphism group.

1.7 Compactifications of M,

Here we consider what happens if we try to define other compactifications of
M. First we give a complete study of a compactified moduli functor of genus
2 curves that uses only irreducible curves.

Definition 1.67. Working over C, let /\/(izrr be the moduli functor of flat families
of irreducible curves of arithmetic genus 2 that are either

(1.67.1) smooth,

(1.67.2) nodal,

(1.67.3) rational with 2 cusps or

(1.67.4) rational with a triple point whose complete local ring is isomorphic
to C[[x,y, z]1/(xy, yz, zx).
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The aim of this subsection is to prove the following; see (Mumford, 1965,
Chap.3) or (Dolgachev, 2003, Sec.10.2) for the relevant background on GIT
quotients.

Proposition 1.68. Let Mi" be the moduli functor defined above. Then

(1.68.1) the coarse moduli space M"zrr exists and equals the geometric invari-
ant theory quotient (8.59) of the symmetric power Sym® P'// Aut(P"), but

(1.68.2) /\/(izrr is a very bad moduli functor:

Proof A smooth curve of genus 2 can be uniquely written as a double cover
7: C — P!, ramified at 6 distinct points py,..., pe € P!, up to automorphisms
of P!. Thus, M, is isomorphic to the space of 6 distinct points in P!, modulo
the action of Aut(P!). If some of the 6 points coincide, we get singular curves
as double covers.

It is easy to see the following; see (Mumford, 1965, Chap.3), (Dolgachev,
2003, Sec.10.2).

(1.68.3) A point set is semi-stable iff it does not contain any point with multi-
plicity > 4. Equivalently, if the genus 2 cover has only nodes and cusps.

(1.68.4) The properly semistable point sets are of the form 3p; + p» + p3 + p4
where the ps, p3, ps are different from p;, but may coincide with each
other. Equivalently, the corresponding genus 2 cover has at least one cusp.

(1.68.5) Point sets 2p| +2p,+2p3, where the py, p,, p3 are different from each
other. The double cover is reducible, with two smooth rational components
meeting each other at 3 points.

In the properly semistable case, generically the double cover is an elliptic
curve with a cusp over p;. As a special case we can have 3p; + 3p,, giving
as double cover a rational curve with 2 cusps. Note that the curves of this
type have a 1-dimensional moduli (the cross ratio of the points py, p2, p3, pa
or the j-invariant of the elliptic curve), but they all correspond to the same
point in Sym® P! // Aut(P"). (See (1.62) for an explicit construction.) Our def-
inition (1.67) aims to remedy this non-uniqueness by always taking the most
degenerate case; a rational curve with 2 cusps (1.67.3).

In case (5), write the reducible double cover as C = C; + C,. The only
obvious candidate to get an irreducible curve is to contract one of the two
components C;. We get an irreducible rational curve; denote it by C; where
Jj=3—1i.Note that C ; has one singular point which is analytically isomorphic
to the 3 coordinate axes in A®. The resulting singular rational curves C; are
isomorphic to each other. These are listed in (1.67.4).

Let p: X — S be any flat family of irreducible, reduced curves of arithmetic
genus 2. The trace map (Barth et al., 1984, 1I1.12.2) shows that R p.wy/s =
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Oy . Thus, by Cohomology and Base Change, p.wy/s is locally free of rank 2.
Set P := Ps(p.wy/s). Then P is a P'-bundle over S, and we have a rational
map m: X — P. If X has only nodes and cusps, then wy, is locally free and
generated by global sections, thus 7 is a morphism along Xj.

If X, is as in (1.67.4), then wy, is not locally free, and  is not defined at the
singular point. nty, is birational and the 3 local branches of X at the singular
point correspond to 3 points on P(H°(X;, wy,)).

The branch divisor of 7 is a degree 6 multisection of P — S, all of whose
fibers are stable point sets. Thus we have a natural transformation

M (%) — Mor(x, Sym® P! // Aut(P')).
We have already seen that we get a bijection
MGT(C) = (Sym°P'// Aut(B))(C).

Since Sym®P!// Aut(P') is normal, we conclude that it is the coarse moduli
space. This completes the proof of (1.68.1).

The assertion (1.68.2) is more a personal opinion. There are three main
things ‘wrong’ with the functor Miz“(*). Let us consider them one at a time.

1.68.6 (Stable extension questions).

At the set-theoretic level, we have Mizrr = Sym6 P!// Aut(P"), but what about
at the level of families?

The first indications are good. Let r5: S5 — B be a stable family of genus
2 curves. Assume that no fiber is of type (1.68.5). Let b; € B be the points
corresponding to fibers with 2 components of arithmetic genus 1. Let p: A —
B be a double cover ramified at the points b;. Consider the pull-back family
7a: Sa4 — A.Seta; = p~i(b;) and let 5; € ﬂgl(ai) be the point where the 2
components meet. Since we took a ramified double cover, each s; € S, is a
double point. Thus if we blow up every s;, the exceptional curves appear in the
fiber with multiplicity 1. We can now contract the birational transforms of the
elliptic curves to get a family where all these reducible fibers are replaced by a
rational curve with 2 cusps. We have proved the following analog of (1.15.1):

Claim 1.68.6.a. Let m: S — B be a stable family of genus 2 curves such that
no fiber has 2 smooth rational components. Then, after a suitable double cover
A — B, the pull-back S Xy A is birational to another family where each re-
ducible fiber is replaced by a rational curve with 2 cusps. O

This solved our problem for 1-parameter families, but, as it turns out, not
over higher dimensional bases. In particular, there is no universal family over
any base scheme Y that finitely dominates Sym® P! // Aut(P'), not even locally
in any neighborhood of the properly semistable point. Indeed, this would give
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a proper, flat family of curves of arithmetic genus 2 over a 3-dimensional base
m: X — Y where only finitely many of the fibers (the ones over the unique
properly semistable point) have cusps. However, there is no such family.

To see this we use that, by (2.27), every flat deformation of a cusp is induced
by pull-back from the 2-parameter family

(0% =X +ux+v) ——= A x AL
r} | (1.68.6.b)
AL = A2

Thus our family 7 gives an analytic morphism 7: ¥ — A2 (defined in some

neighborhood of 0 € Y), and C = 77!(0,0) C Y is a curve along which the fiber
has a cusp.

1.68.7 (Failure of representability).
Following (1.68.6.b), consider the universal deformation of the rational curve
with 2 cusps. This is given as

(2% = (& + uxy? + vy + syx® + 1)) ——= P*(1,1,3) x A?

o b

Al Al

uvst uvst*

Let us work in a neighborhood of (0,0,0,0) € A*, where the 2 factors x> +
uxy®+vy* and y* + syx? +¢x* have no common roots. There are 3 types of fibers:
p71(0,0,0,0) is a rational curve with 2 cusps, p~!(a, b,0,0) and p~'(0,0, a, b)
are irreducible with exactly 1 cusp if (a, b) # (0,0), and p‘l(a, b,c,d) is irre-
ducible with at worst nodes otherwise.

Thus the curves that we allow in our moduli functor /\/(‘2rr do not form a
representable family. Even worse, the subfamily

(z2 = (2 +uxy’ + vy3)y3) — Spec k[[u, v]]
is not allowed in our moduli functor /V(izrr , but the family
(2% = (2 + uxy* + ) + u'yx® +v'x>)) — Spec k[[u, v]]

is allowed. Over Spec k[u, v]/(u",v") the two families are isomorphic. Since
deformation theory is essentially a study of families over Artinian rings, this
means that the usual methods cannot be applied to understand the functor Miz”.

1.68.8 (Unusual non-separatedness). A quite different type of problem arises
at the curve corresponding to 2p; + 2p; + 2p3.
Write the double cover as C = C; + C,. As before, if we contract one of the
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two components C;, we get an irreducible rational curve C}, where j =3 —ias
in (1.67.4).

Since the curves C} and C, are isomorphic, from the set-theoretic point of
view this is a good solution. However, as in (1.27), something strange happens
with families. Let p: S — A! be a family of stable curves whose central fiber
So := p~'(0) is isomorphic to C = C; + C,. We have two ways to construct a
family with an irreducible central fiber: contract either of the two irreducible
components C;. Thus we get two families

s s, L5 Al with pri(0) ~ €.

Over Al \ {0} the two families are naturally isomorphic to § — Al hence to
each other, yet this isomorphism does not extend to an isomorphism of §'; and
S 5. Indeed, the closure of the graph of the resulting birational map is given by
the image (71, m): S — S| Xa1 S». Thus the corresponding moduli functor is
not separated.

We claimed above that, by contrast, the coarse moduli space is Mz, hence
separated. A closer study reveals the source of this discrepancy: we have been
thinking of schemes instead of algebraic spaces. The occurrence of such prob-
lems in moduli theory was first observed by Artin (1974). The aim of the next
paragraph is to show how such examples arise.

1.68.9 (Bug-eyed covers). Artin (1974); Kollar (1992a)

A non-separated scheme always has ‘extra’ points. The typical example is
when we take two copies of a scheme X X {i} for i = 0,1, an open dense
subscheme U C X, and glue U x {0} to U X {1} to get X Ly X. The non-
separatedness arises from having 2 points in X LIy X for each pointin X \ U.

By contrast, an algebraic space can be non-separated by having no extra
points, only extra tangent directions. The simplest example is the following.

On A/ consider two equivalence relations. The first is R; = A! given by

(1 =t)U(t =-h) CA] XA
Then Al /R, =~ Al where u = 1>,
The second is the étale equivalence relation R, = A! given by
1D 1 1 =D 1
A — A xA" and A"\{0} — A xXA".

(Note that we take the disconnected union of the two components, instead of
their union as 2 lines in A! x A! intersecting at the origin.)

One can also obtain A!/R, by taking the quotient of the non-separated
scheme A! 111\ A! by the (fixed point free) involution that interchanges
(¢,0) and (-1, 1).
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The morphism A! — A!/R, is étale, thus A!/R, # Al/R;. Nonetheless,
there is a natural morphism A} /R, — A!/R; which is one-to-one and onto on
closed points. The difference between the two spaces is seen by the tangent
spaces. The tangent space of A! /R, at the origin is spanned by 9/t while the
tangent space of A!/R; at the origin is spanned by d/du = (21)~'8/6t.

1.69. Our attempt to replace the moduli functor of stable curves of genus 2
with another one that parametrizes only irreducible curves was not successful,
but some of the problems seemed to have arisen from the symmetry that forced
us to make artificial choices. We can avoid such choices for other values of the
genus using the following observation.

Let 7: S — B be a flat family of curves with smooth general fiber and
reduced special fibers. If C, := n~'(b) is a singular fiber and Cj,; are the irre-
ducible components of its normalization, then

2" (Chir Oc,) < h'(Cp, Oc,) = K (Cyens Oc,,)-

where Cg,, is the general smooth fiber. In particular, there can be at most 1
irreducible component with geometric genus > % 8(Cyen).
From this it is easy to prove the following:

Claim 1.69.1. Let B be a smooth curve and S ° — B° a smooth family of genus
g curves over an open subset of B. Then there is at most one normal surface
S — B extending S° such that every fiber of S — B is irreducible and of
geometric genus > $g(Cgen).

Moreover, if Sy, — B is a stable family extending S° and every fiber of
S stap — B contains an irreducible curve of geometric genus > %g(C gen), then
we obtain S from S y,;, by contracting all connected components of curves of
geometric genus < % 8(Cygey) that are contained in the fibers. (It is not hard to
show that S — B exists, at least as an algebraic space.)

In fact, this way we obtain a partial compactification My C M such that

e M; parametrizes smoothable irreducible curves of arithmetic genus g and
geometric genus > % g.

e Let M, c My C Mg be the largest open subset parametrizing curves that
contain an irreducible component of geometric genus > % g. Then there is a
natural morphism My — M.

So far so good, but, as we see next, we cannot extend Mé to a compactifi-
cation in a geometrically meaningful way. This happens for every g > 3; the
following example with g = 13 is given by simple equations.

This illustrates a general pattern: one can easily propose partial compactifi-
cations that work well for some families, but lead to contradictions for some
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others. (See Schubert (1991); Hassett and Hyeon (2013); Smyth (2013) for a
search for geometrically meaningful compactifications of My.)

Example 1.70. Consider the surface F := (x® +y® + 28 = 2) c P3(1,1,1,4)
and on it the curve C := F N (xyz = 0). C has 3 irreducible components
C,=(x=0),Cy=(y=0),C; = (z =0), which are smooth curves of genus 3.
C itself has arithmetic genus 13.

We work with a 3-parameter family of deformations

T:=(xyz—ux’ —vy’ —wz> =0) C FxX A2 . (1.70.1)

For general uvw # 0 the fiber of the projection 7: T — A3 is a smooth curve
of genus 13. If one of the u, v, w is zero, then generically we get a curve with 2
nodes hence with geometric genus 11.

If two of the coordinates are zero, say v = w = 0, then we have a family

T, = (x(yz—ux®) =0) C F x Al

For u # 0, the fiber C(, 0,0 has 2 irreducible components. One is C, = (x = 0),
the other is (yz — ux? = 0) which is a smooth genus 7 curve.

Thus the proposed rule says that we should contract C, C C,0,0).

Similarly, by working over the v and the w-axes, the rule tells us to contract
Cy C C(O,V,O) for v # 0 and Cz C C(()’()’W) forw # 0.

It is easy to see that over A3\ {(0,0,0)} these contractions can be performed
(at least among algebraic spaces). Thus we obtain

T\ {7~1(0,0,0)) — "~ §°

l l (1.70.2)

A%\ {(0,0,0)} A%\ {(0,0,0))

where 7° is flat with irreducible fibers.

Claim 1.70.3. There is no proper family of curves 7: S — A? that extends 7°.
(We do not require 7 to be flat.)

Proof Assume to the contrary that 7: § — A3 exists, and let T c T x a3 S be
the closure of the graph of p°. Since p° is a morphism on T \ {x~'(0,0,0)},
we see that the first projection n;: I' — T is an isomorphism away from
771(0,0,0). Since T x43 S — A3 has 2-dimensional fibers, we conclude that
dim7;'(77'(0,0,0)) < 2. T is, however, a smooth 4-fold, hence the excep-
tional set of any birational map to 7 has pure dimension 3. Thus I' = T and so
p° extends to a morphism p: T — S.

Now the rule lands us in a contradiction over the origin (0, 0, 0). Here all 3
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components C,, Cy, C. C Cp,0) = C should be contracted. This is impossible
to do since this would give that the central fiber of S — A3 is a point. O

1.8 Coarse and fine moduli spaces

Asin (1.7), let V be a ‘reasonable’ class of projective varieties and Varietiesy
the corresponding functor. The aim of this section is to study the difference
between coarse and fine moduli spaces, mostly through a few examples. We
are guided by the following:

Principle 1.71. Let V be a ‘reasonable’ class as above, and assume that it
has a coarse moduli space Moduliy. Then Moduliy is a fine moduli space iff
Aut(V), the group of automorphisms of V (8.63), is trivial for every V € V,

From the point of view of algebraic stacks, a precise version is given in
(Laumon and Moret-Bailly, 2000, 8.1.1). In positive characteristic one should
pay attention to the scheme structure of Aut(V). Our construction of the moduli
spaces shows that this principle is true for polarized varieties, see Section 8.7,
but a precise version needs careful attention to the difference between schemes
and algebraic spaces.

Let L be a field and X; € V an L-variety. Let [X] € Moduliy be the cor-
responding point with residue field K := k([X]). If Moduliy is fine, then the
resulting map Spec K — Moduliy corresponds to a K-variety Xx such that
X =~ Xg X Spec L. Moreover, Xk is the unique K-variety with this property.

If Moduliy is not a fine moduli space, then it is not clear how to define this
field K. Xx may not be unique and may not exist. We study these questions,
mostly through examples.

1.72 (Field of moduli). Let X c P" be a projective variety defined over an al-
gebraically closed field K. Any set of defining equations involves only finitely
many elements of K, thus X can be defined over a finitely generated subfield of
K. It is a natural question to ask: Is there a smallest subfield F ¢ K such that
X can be defined by equations over F'? There are two variants of this question.

1.72.1 (Embedded version). Fix coordinates on P} and view X as a specific
subvariety. In this case a smallest subfield F' exists; see (Weil, 1946, Sec.1.7)
or (Kollar et al., 2004, Sec.3.4). This is a special case of the existence of
Hilbert schemes (1.5). More generally, the same holds if P” is replaced by
any Z-scheme. We can also think of this as a Galois invariance property. If
o € Aut(K) then o(X) = X iff o is the identity on F. If char K = 0, this prop-
erty characterizes F, but otherwise only its purely inseparable closure FS.

1.72.2 (Absolute version). No embedding of X is fixed. Thus we are looking for
afield F c K and an F-variety X such that X ~ (Xp)g. It turns out that there
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is no smallest field in general. As a first approximation, we call the intersection
of all such fields F the field of moduli of X. As the examples (1.76) show, this
naive version can be unexpectedly small.

The situation is better if Ky is ample, but in (1.75) we construct a hyperel-
liptic curve whose field of moduli is Q, yet it cannot be defined over R. The
first such examples are in Earle (1971); Shimura (1972).

To get the right notion, we instead look for isotrivial families with fiber X,
defined over some subfield F c K. That is, flat, projective morphisms u :
U; — Z (defined over F), whose every geometric fiber is isomorphic to X.

We say that u : Uz — Z is universal if every isotrivial family v : Ug — §
with fiber X is locally the pull-back of u : Uz — Z. That is, there is an open
cover § = U;S; and morphisms o; : S; — Z, such that the restriction v; :
Us, — §;is isomorphic to the pull-back U X, ., S; — §;.

We see in (1.73) that universal isotrivial families exist and they are defined
over the same subfield Fx C K, giving the right notion of field of moduli.

How is this connected with moduli theory?

Let V be a class of varieties with a coarse moduli space Moduliy. Let u :
Uz — Z is be an isotrivial family with fiber X defined over F C K. By the
definition of a coarse moduli space, there is a morphism Z — Moduliy, whose
image must be the point [X] € Moduliy corresponding to X. In particular, we
get an injection of the residue field k([X]) into F'.

If Moduliy is a fine moduli space, then X can be defined over k([X]), and
(1.73.2) shows that k([X]) = Fy.

The construction of the moduli spaces of stable varieties shows that the ex-
tension Fx/k([X]) is purely inseparable, hence trivial in characteristic 0.

Proposition 1.73. Let K be an algebraically closed field of characteristic
0 and X a projective K-variety with ample canonical class. Then there is a
unique smallest field Fxy C K—called the field of moduli of X—such that there
is a geometrically irreducible, universal, isotrivial family u : U — Z with fiber
X, defined over Fx. Moreover, X ~ X7 for every o € Gal(K/Fx).

Proof Fix m such that |mKx| is very ample, giving an embedding X — PV,
The image depends on a choice of a basis in H(X, Ox(mKy)), so instead of
getting a point in Chow(P") or Hilb(P"), we get a whole Aut(P")-orbit. Denote
it by Z (it depends on X and m). Over it we have a universal family u : Uz — Z,
which is isotrivial with fiber X.

The closure of Z is now a closed subvariety of the Z-schemes Chow(P") or
Hilb(P"), thus it has a smallest field of definition by (1.72.1). This is our Fy.

To see that u : Uz — Z is universal, let v : Vg — S be an isotrivial family
with fiber X. Then v, Oy, (mKy,s) is locally free. Choose an open trivializing
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cover S = U;S;. These define embeddings Vs, — PV x §;, hence morphisms
g . S i Z.

For a subvariety X C P4, let [X] € Hilb(P") denote the corresponding point.
Then [X7] = o[X], hence the last claim is a reformulation of the Galois invari-
ance property noted in (1.72.1). O

1.74 (Field of moduli for hyperelliptic curves). Let A be a smooth hyperelliptic
curve of genus > 2. Over an algebraically closed field, A has a unique degree 2
map to P!. Let B c P! be the branch locus, that is, a collection of 2g + 2 points
in P!, If the base field k is not closed, then A has a unique degree 2 map to a
smooth genus 0 curve Q. (One can always think of Q as a conic in P2.) Thus A
is defined over a field k iff the pair (B C P') can be defined over k.
The latter problem is especially transparent if A is defined over C, and we
want to know if it is defined over R or if its field of moduli is contained in R.
Up to isomorphism, there are 2 real forms of P'. One is P!, corresponding
to the anti-holomorphic involution (x:y) — (X:¥), which, after a coordinate
change, can also be written as o} : (x:y) = (¥:X). (In the latter, the real points
are the unit circle.) The other is the ‘empty’ conic, corresponding to the anti-
holomorphic involution o : (x:y) > (—y:X).
Thus let A — CP! be a smooth hyperelliptic curve of genus > 2 over C with
branch locus B ¢ CP'. Then (1.72.5) gives that
(1.74.1) A can be defined over R iff there is a g € Aut(CP') such that gB is
invariant under o-; or o, and
(1.74.2) the field of moduli of A is contained in R iff there is an 4 € Aut(CP')
such that 4B equals B”' or B72.

Note that if (gB)” = gB then B” = (g")_l gB shows that (1) = (2). Con-
versely, if B” = hB and we can write h = (g")_l g then (gB)” = gB.

Example 1.75. Here is an example of a hyperelliptic curve C whose field of
moduli is Q, but C cannot be defined over R.
Pick @ = a + ib where a, b are rational. Consider the hyperelliptic curve

Cla) = (z2 (P = - ) ax® +y?) = 0) c P*(1,1,6).
Its complex conjugate is
Ca) = (22 - (P - @) (ax? +y?) = 0) c P*(1,1,6).

C(a) and C(@) are isomorphic, as shown by the substitution (x, y, z) — (iy, x, 2).
So, over SpecQ Q[#]1/(> + 1) we have a curve

C(a,b) := (z2 — (3 =Y = (@ + )y ((a — th)x* +y*) = 0) c PX(1,1,6)
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whose geometric fibers are isomorphic to C(@). Thus the field of moduli of
C(a) is Q by (1.72.5).

We claim that, for sufficiently general a, b, the curve C(a) cannot be defined
over Q, not even over R. By (1.74) we need to show that there is no anti-
holomorphic involution that maps the branch locus to itself. In the affine chart
y # 0, the ramification points of C(a) — P! are:

(1.75.1) the 8th roots of unity corresponding to x® — y®, and
(1.75.2) the 4 points +, +i/B where 5> = a.

The anti-holomorphic automorphisms of the Riemann sphere map circles to
circles. Out of our 12 points, the 8th roots of unity lie on the circle |z| = 1, but
no other 8 can lie on a circle. Thus any anti-holomorphic automorphism that
maps our configuration to itself, must fix the unit circle |z] = 1 and map the 8th
roots of unity to each other.

The only such anti-holomorphic involutions are

(1.75.3) reflection on the line R - &, where ¢ is a 16th root of unity, and
(1.75.4) z+— 1/Zorz— —1/Z.

A short analysis shows that C(«) is not isomorphic (over C) to a real curve, as
long as 8'° is not a positive real number.

Example 1.76. We give an example of a smooth projective surface S such
that if S is defined over a field extension K/C then trdeg- K = 2, but the
intersection of all such fields of definition is C.

Let X be a projective surface such that Aut(X) is discrete and contains finite
subgroups G, G, such that (G, G,) has a Zariski dense orbit on X.

One such example is By(E X E), the blow up of the square of an elliptic curve
at a point, as shown by the subgroups generated by the matrices

0 -1 0 -1
(1 1)a“d(1 0)'
There are also K3 surfaces with infinite automorphism group generated by 2
involutions (1.66).

Let A € XXX be the diagonal and, using one of the projections, consider the
family of smooth varieties f: ¥ := BAo(X X X) — X. Our example is K = C(X)
and Yk the generic fiber of ¥ — X.

Note that Y — X is the universal family of the varieties of the form B, X for
x € X. This shows that Yx cannot be obtained by base change from a variety
over a field of smaller transcendence degree over C.

Let G ¢ Aut(X) be a finite subgroup. There is an open subset Ug C X
such that G operates on Ug without fixed points. Thus f/G: Y/G — X/G is a
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family of smooth varieties over Ug/G and Y|y, = Y/G Xx,6 Ug. Thus Yk can
be defined over C(X/G) = K¢ for every finite subgroup G C Aut(X).

On the other hand, the intersection K¢ N K is C. Indeed, any function in
KC' N K is constant on every G;-orbit and also on every G,-orbit, hence on
a dense set by our assumptions.

This phenomenon is also connected with the behavior of ample line bundles
onm;: X = X/G;. Although both of the X/G; are projective, there are no ample
line bundles L; on X/G; such that n{L; =~ 3 L.

1.77 (Openness of the fine locus). Let V be a ‘reasonable’ class of varieties
with a coarse moduli space Moduliy.
If Aut(X) = {1} is an open condition in flat families with fibers in V, then

rigid

there is an open subscheme Moduliy”" C Moduliy that is a coarse moduli

space for varieties in V without automorphisms. By (1.71) Moduliii,gid should
be a fine moduli space. In many cases Moduli:i,gid is dense in Moduliy, thus one
can understand much about the whole Moduliy by studying the fine moduli
space Modulir\‘,gld.

Let X — S be a flat family with fibers in V and 7: Autg(X) — S the scheme
representing automorphisms of the fibers (8.63). If V satisfies the valuative
criterion of separatedness (1.20), and all automorphism groups are finite, then
7 is proper. More careful attention to the scheme structure of the automorphism
groups shows that in fact Aut(X) = {1} is an open condition.

However, automorphism groups of smooth, projective surfaces can jump un-
expectedly. For example, the automorphism group of a general Enriques sur-
face is infinite, but there are special Enriques surfaces with finite automorphism
group. A more elementary example is the following.

Example 1.77.1. Let { be a primitive mth root of unity. Then 7(x:y:z) = ({x:y:2)
defines a Z/m-action on P?. For ¢ # 0 let S, be the surface obtained by blowing
up the m points (£'z:1:1).

What should lim,_,¢ S, be? A natural candidate is to blow up first (0:0:1) and
then the m intersection points p; of the exceptional curve E with the birational
transforms of the lines L; := (x = {'y). The resulting S has a Z/m-action, but
we blew up m + 1-times, so there is no family of smooth surfaces with fibers
{S,:1eC).

As in (1.24), for any j € Z/m we can get a smooth family of surfaces with
central fiber § é, obtained by blowing up first (0:0:1) and then all the p; for
i # j. These give m distinct families, and we do not have a Z/m-action on any
of these S é.



Chapter 2

One-parameter families

In Kollar (2013b) we studied in detail canonical and semi-log-canonical vari-
eties, especially their singularities; a summary of the main results is given in
Section 11.1. These are the objects that correspond to the points in a moduli
functor/stack of canonical and semi-log-canonical varieties. We start the study
of the general moduli problem with 1-parameter families.

In traditional moduli theory, for instance for curves, smooth varieties or
sheaves, the description of all families over 1-dimensional regular schemes
pretty much completes the story: the definitions and theorems have obvious
generalizations to families over an arbitrary base. The best examples are the
valuative criteria of separatedness and properness; we discussed these in (1.20).
In our case, however, much remains to be done in order to work over arbitrary
base schemes.

Two notions of locally stable or semi-log-canonical families are introduced
in Section 2.1; their equivalence is proved in characteristic 0. For surfaces, one
can give a rather complete étale-local description of all locally stable families;
this is worked out in Section 2.2.

A series of higher dimensional examples is presented in Section 2.3. These
show that stable degenerations of smooth projective varieties can get rather
complicated.

Next we turn to global questions and define our main objects, stable families
in Section 2.4. The main result says that stable families satisfy the valuative
criteria of separatedness and properness.

Cohomological properties of stable families are studied in Section 2.5. In
particular, we show that in a proper, locally stable family f: X — C, the basic
numerical invariants #'(X,, O x.) and H(X,, wy,) are independent of ¢ € C. We
also show that X, being Cohen-Macaulay (10.4) is also independent of ¢ € C.

In the next two sections we turn to a key problem of the theory: under-
standing the difference between the divisor-theoretic and the scheme-theoretic
restriction of divisors, equivalently, the role of embedded points. The general
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theory is outlined in Section 2.6. Then in Section 2.7 we show that if all the
coeflicients of the boundary divisor are > %, then we need not worry about
embedded points in moduli questions.

Checking local stability is easier in codimension > 3, we discuss this and its
relation to Grothendieck—Lefschetz-type theorems in Section 2.8.

From now on we use many definitions and results about log canonical and
semi-log canonical pairs as in Kolldr (2013b). The most important ones are
summarized in Section 11.1.

Assumptions. The basic definitions in Section 2.1 are formulated for schemes.
In the rest of Sections 2.1-2.5 and 2.7 we work in characteristic 0, unless a
more general set-up is specified.

In Section 2.6 we work with arbitrary Noetherian schemes.

2.1 Locally stable families

Following the pattern established in Section 1.4, we expect that the definition
of a stable family f: (X,A) — S consists of some local conditions describing
the singularities of f, and a global condition, that Kx;s + A be f-ample. We
are now ready to formulate the correct local condition, at least for 1-parameter
families.

Note on R-divisors. From now on, we state definitions and results for R-
divisors, which seems the natural level of generality; see Section 11.4 for a
detailed treatment. However, there will be no major differences in the proofs
between Q- and R-divisors until Chapter 6.

We already defined stable varieties in (1.41). The basic objects of our moduli
theory are their generalizations.

Definition 2.1 (Stable and locally stable pairs). A locally stable pair (X, A)
over a field k consists of a pure dimensional, geometrically reduced k-scheme
X and an effective R-divisor A, such that (X, A) has semi-log-canonical (abbre-
viated as slc) singularities (11.37).

(X, A) is a stable pair if, in addition, X is proper and Ky + A is an ample
R-Cartier divisor (11.51). Thus a locally stable pair is the same as an slc pair;
we usually use the former terminology for fibers of families.

If A = 0, we have a stable variety as in (1.41).

Definition 2.2. Let C be a regular 1-dimensional scheme. A family of varieties
over C is a flat morphism of finite type f: X — C, whose fibers are pure
dimensional and geometrically reduced. We also call this a I-parameter family.
For c € C, let X. := f~!(c) denote the fiber of f over c.

A family of pairs over C is a family of varieties f: X — C plus an effective
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Mumford R-divisor A (p.11) on X, That is, for every ¢ € C, the support of A
does not contain any irreducible component of X, and none of the irreducible
components of X.NSupp A is contained in Sing X,; see (4.16.4) and Section 4.8
for details. This condition holds if the fibers are slc pairs. It turns out to be
technically crucial, so it is much easier to assume it from the beginning.

The assumptions imply that X is regular at the generic points of X.NSupp A.
We can thus define A, as the closure of the restriction of A to X, \ Sing X,.

Warning. For non-Cartier divisors, the above divisor-theoretic restriction is a
divisor, but the scheme-theoretic restriction A N X, may have extra embedded
points. This becomes quite important starting Section 2.6.

Our main interest is in families with demi-normal (11.36) fibers, but we
also want to understand to what extent this follows from other assumptions.
However, we do not wish to get bogged down in technicalities, so we almost
always assume the following conditions, both of which hold if the fibers are
demi-normal.

(2.2.1) X satisfies Serre’s condition S . Since the fibers are assumed reduced,
X is §, iff the generic fiber X, is §».

(2.2.2) The canonical sheaf wy_ of the fiber X, is locally free at codimension 1
points for every ¢ € C. Equivalently, the relative canonical sheaf wy,c (2.5)
is locally free at codimension 1 points of X.. Thus the relative canonical
class exists; we denote it by Ky,c (2.5).

We can now define local stability for 1-parameter families in characteristic
zero. (We define stable families in (2.46).)

Definition—Theorem 2.3. Let C be a 1-dimensional, regular scheme over a

field of characteristic zero and f: (X,A) — C a family of pairs satisfying

(2.2.1-2). We say that f is locally stable or semi-log-canonical (abbreviated as

slc) at a point p € X,, if the following equivalent conditions hold.

(2.3.1) Kxjc + Ais R-Cartier at p and (X, A.) is semi-log-canonical at p.

(2.3.2) Kx/c + A is R-Cartier at p and (X, Diffx (A)) (11.14) is log canonical
at 771(p), where 7: X, — X, denotes the normalization.

(2.3.3) (X, X, + A) is semi-log-canonical at p.

(2.3.4) There is an open neighborhood p € X° C X, such that (X, Xy + A) is
semi-log-canonical at g for every g € X°.

Proof 1If (2) holds, then inversion of adjunction (11.17) shows that (X, X. +A)
is semi-log-canonical at p. The converse also holds since (11.17) works both
ways. Thus (2) & (3) and (Kollar, 2013b, 4.10) shows that (3) & (4).
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Since X, is a Cartier divisor in X, the restriction A. equals the different
Diffx_(A) by (11.15). Furthermore, by (11.14.5)

Ky + Diffg (A) = n*(Kx, + Diffy (A)).

Thus (11.37) shows that (1) = (2). Note that (11.37) is an equivalence, but in
order to apply it we need to know that X, is demi-normal.

By assumption X, is geometrically reduced. An local computation shows
that X, is either smooth or has nodes at codimension 1 points; see (Kolldr,
2013b, 2.33). Thus it remains to prove that X, is S».

This is actually quite subtle. We outline three different approaches, all of
which provide valuable insight.

First, if the generic fiber is klt, then, by (2.15), (X, A) is klt. Thus X is CM
(10.4) by (11.18), so is every fiber X,. In general, however, (X, A) is not kit and
X is not CM. However, CM is much more than we need.

We should look carefully at weaker versions of CM that still imply that the
fibers are S,. Since the X, are Cartier divisors in X, it would be enough to
prove that X is S3. However, as noted in (Kollar, 2013b, 3.6), X is not S5 in
general. Fortunately this is not a problem for us. If g € C is the generic point,
then a local ring of X, is also a local ring of X, hence X, is S, if X is §».
Therefore (X,, A,) is semi-log-canonical. If ¢ € C is a closed point and p € X,
has codimension > 2, then p € X has codimension > 3, thus depthp Ox > 3 by
(11.21), hence depthp Oy, > 2. Thus again X, is S,.

Third, we know that X,. is a Cartier divisor on a demi-normal scheme. A local
version of the Enriques-Severi-Zariski lemma (2.93) implies that if p € X, is a
point of codimension > 2, then )A(C,p \ {p} is connected, where )A(C, » denotes the
completion of X, at p.

Furthermore, X. is the union of log canonical centers of (X, X, + A). There-
fore, X, is seminormal by (11.12.2). These two observations together imply
that X, is S,, hence demi-normal. O

Comment 2.3.5. For proofs the versions (2.3.3—4) are the most useful, but it is
not clear how they could be generalized to families over higher dimensional
bases. By contrast, the variants (2.3.1-2) are harder to use directly, but they
make sense in general. This observation leads to the general definition of our
moduli functor in Chapters 6-8.

2.4 (Positive characteristic). For arbitrary regular, 1-dimensional schemes C,
the conditions (2.3.1-4) are equivalent if the relative dimension of X/C is 1,
and are expected to be equivalent if the relative dimension of X/C is 2. How-
ever, the examples of Kolldr (2022) show that they are not equivalent if the
relative dimension of X/C is > 3. We discuss this in Section 8.8.
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Here we adopt (2.3.4) as the definition of local stability in positive and mixed
characteristics. This is dictated by the proof of (2.51), but few of the arguments
work in full generality; see (2.15), (2.50), and (2.55).

2.5 (The relative canonical or dualizing sheaf I). Let C be a regular scheme of
dimension 1 and f: X — C a flat morphism of finite type. Then the relative
canonical or dualizing sheaf wy/c exists, see (2.68) or (11.2) for discussions.

If C is a smooth curve over a field, then wy/c = wx ® f*wg'.

If each wy, is locally free in codimension 1 (for example, the fibers are
normal or demi-normal) then wy/c is also locally free in codimension 1 and
determines the relative canonical class K/ c.

By (11.13), for ¢ € C there is a Poincaré residue (or adjunction) map

R wx/clx, = wx.. (2.5.1)

The map exists for any flat morphism f: X — C. General duality theory im-
plies that it is an isomorphism if the fibers are CM, see (2.68.2). It is, however,
not an isomorphism in general, but we prove in (2.67) that, for locally stable
morphisms, the adjunction map is an isomorphism. Thus wx,c can be thought
of as a flat family of the canonical sheaves of the fibers.

The isomorphism in (2.5.1) is easy to prove if the fibers are dlt, or if Kx/c is
Q-Cartier (2.79.2). For the general case, see Section 2.5.

It is also worth noting that the reflexive powers (3.25) of the residue map

R": wg;';yxf_ - Wy (2.5.2)

are isomorphisms for locally stable maps if A = 0, but not in general; see
(2.79.2) and (2.44).

In (2.3.1) we make a fiber-wise assumption, that (X,, A.) be slc, and a total
space assumption, that Kx,c + A be R-Cartier. As in Section 1.4, usually (2.3.1)
can not be reformulated as a condition about the fibers of f only.

However, if wy, is locally free then (2.5.1) implies that wy/c is also locally
free along X.. Thus (2.67) and (2.3) imply the following.

Lemma 2.6. Let C be a smooth curve over a field of characteristic 0 and
f: X = C a flat morphism of finite type such that X is slc and wy, is locally
free for some c € C. Then wy/c is locally free along X. and f is locally stable
near X.. O

Note that (2.6) is a special property of slc varieties. Analogous claims fail
both for normal varieties (2.45) and for pairs (X, D). To see the latter, consider
a flat family X, of smooth quadrics in P* becoming a quadric cone for ¢ = 0.
Let D, C X, be two disjoint lines that degenerate to a pair of distinct lines on
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Xo. Then Kx_ and D, are both Cartier divisors for every c, but on the total space
X they give a divisor Ky + D that is not even Q-Cartier.

In Section 1.4 we saw families of surfaces with quotient singularities where
Kx/c is not R-Cartier, but the situation gets better in dimension > 3.

Theorem 2.7. (Kolldr, 2013a, Thm.18) Let C be a smooth curve over a field
of characteristic zero and f: (X,A) — C a family of pairs over C satisfying
(2.2.1-2). Let c € C be a closed point and Z. C X, a closed subset of codimen-
sion > 3. Assume that

(2.7.1) fis locally stable along X, \ Z., and

(2.7.2) (X, Diffg (A)) (11.14) is log canonical.

Then f is locally stable along X..

Note that Diff g (A) is the closure of Diffg 7 (A), which is defined by (2.7.1).
We prove this in Section 2.8; see (5.6) for higher dimensonal base spaces.

If X, is canonical then Kx_ is Cartier in codimension 2. We can thus use (2.6)
in codimension 2 and then (2.7) to obtain the next result.

Corollary 2.8 (Families with canonical fibers). Let C be a smooth curve over
a field of characteristic 0 and f: X — C a flat morphism of finite type such that
X, has canonical singularities for some ¢ € C. Then Ky is Q-Cartier along X,
and f is locally stable near X.. O

Next we study permanence properties of local stability. We start with the
invariance of local stability for morphisms that are quasi-étale, that is, étale
outside a subset of codimension > 2.

Lemma 2.9. Let C be a smooth curve over a field of characteristic zero and
fi: (X,A) — C a family of pairs over C satisfying (2.2.1). Lett : Y — X be
quasi-étale, where Y is S,. If f is locally stable then so is f o n. The converse
also holds if  is surjective.

Proof This follows directly from (2.3) and (11.23.3). m|

Note that 7. : Y. — X, need not be quasi-étale, but codimension 1 ramifica-
tion can occur only along the singular locus of X.. A typical example is given
by A2, N AL, -1) -5 Al, where 7 o 7(x,y) = xy.

Next we consider base changes C' — C.

Proposition 2.10. Letr C be a smooth curve over a field of characteristic zero
and g: C' — C a quasi-finite morphism. If f: (X,A) — C is locally stable,
then so is the pull-back

g*f: (X/’A,) = (X Xc C’,A Xc C,) - C’.
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Proof We may assume that g: (¢/,C’) — (c, C) is a finite, local morphism,
étale away from ¢’. Set D := X, and D’ := X/,. By (11.23.5), (X, D+ A) is Ic
iff (X', D" + A’) is. The rest follows from (2.3). m]

The following is useful for dimension induction.

Lemma 2.11. Let C be a smooth curve over a field of char 0 and f: (X, D +
A) — C a locally stable morphism, where D is a Z-divisor with normalization
n: D — D. Then f on: (D,Diff5 A) — C is also locally stable.

Proof For any c € C, the fiber X, is a Cartier divisor, thus
Diff5(A + X,) = (Diff5 A) + X.|5 = (Diff 5 A) + D...

Together with adjunction (11.17), this shows that fp: (D,Diff5 A) — C is
locally stable. O

Complement 2.11.1. Since Kp + Diffy A ~g n*(Kx + D+ A) and D — D is
finite, if Ky + D + A is f-ample, then K + Diff5 is f o n-ample. Thus if f is
stable (2.46), then so is f o n.

The following result shows that one can usually reduce questions about lo-
cally stable families to the special case when X is normal; see also (2.54).

Proposition 2.12. Let C be a smooth curve over a field of characteristic zero

and f: (X,A) — C a family of pairs over C. Assume that X is demi-normal

and let m: X — X denote the normalization with conductor D c X (11.36).

(2.12.1) If f: (X,A) — C is locally stable, then so is f or: (X,D+ A) — C.

(2.12.2) If Kx + A is R-Cartier and f o m: (X,D + A) — C is locally stable,
thensois f: (X,A) — C.

Proof Fix aclosed point ¢ € C. By (11.38) or (Kollar, 2013b, 5.38), if Kx + A
is R-Cartier, then (X, X. + A) is slc iff (X, X, + D + A) is Ic. m|

The next result allows us to pass to hyperplane sections. This is quite useful
in proofs that use induction on the dimension. (As with many Bertini-type
theorems, the characteristic 0 assumption is essential.)

Proposition 2.13 (Bertini theorem for local stability). Let C be a smooth curve
over a field of char 0 and f: (X, A) — C a locally stable morphism. Fix a point
c € C and let H be a general divisor in a basepoint-free linear system on X.
Then there is an open ¢ € C° C C such that the following morphisms are also
locally stable over C°.

(2.13.1) f: X, H+A) - C,

(2.13.2) flg: (H,Alg) — C, and
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(2.13.3) the composite f on: (Y, ﬂ_](A)) — Cwheren: Y — X is a i,-cover
ramified along H; see (11.24).

Proof As we noted in (2.12), we can assume that X is normal. Let p: ¥ — X
be a log resolution (p.12) of (X, A) such that p’l(Supp A) + Ex(p) + Y. is an
snc divisor. Pick H such that p’l(H) = p;l(H) and

p~'(H) + p~'(SuppA) + Ex(p) + Y,

is an snc divisor. Then every exceptional divisor of p has the same discrepancy
with respect to (X, X. +A) and (X, X, + H + A). Therefore, (X, X, + H+ A) is slc
near X,.. Thus f: (X, H + A) — C is locally stable over some C° C C, proving
(1). By adjunction, this implies that (H, H- + Aly) is slc for every ¢’ € C°,
proving (2). By (11.23),

VYo +a7 ') issle © (XXe+(1-LH+A) issle.
The latter holds since even (X, X.» + H + A) is slc for every ¢’ € C°. O

2.14 (Inverse Bertini theorem, weak form). Let H C X be any Cartier divisor.
If flg: (H,Alg) — Cislocally stable, then f: (X, H+ A) — S, and hence also
f: (X,A) — §, are locally stable in a neighborhood of H by (11.17). Stronger
result are in (2.7) and (5.7).

The following simple result shows that if f: (X,A) — C is locally stable,
then (X, A) behaves as if it were canonical, as far as divisors over closed fibers
are concerned. In some situations, for instance in (2.50), this is a very useful
observation, but at other times the technical problems caused by log canonical
centers in the generic fiber are hard to overcome.

Proposition 2.15. Let f: (X,A) — C be a locally stable morphism. Let E be
a divisor over X (p.11) such that centery E C X, for some closed point c € C.
Then a(E, X, A) > 0. Therefore every log center (11.11) of (X, A) dominates C.
In particular, if the generic fiber is kit (resp. canonical) then (X, A) is also klt
(resp. canonical).

Proof Since (X, X, + A) is semi-log-canonical, a(E, X, X, + A) > —1. Let
m: Y — X be a proper birational morphism such that E is a divisor on Y and
let by denote the coefficient of E in 7n*(X,). Then bg is an integer and it is
positive since centery E C X,. Thus,

aE,X,A) = a(E, X, X, + A) + bg > —1 + bg > 0.

In particular, none of the log centers of (X, A) are contained in X,. O
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2.16 (Some results in positive characteristic). As we already noted, very few
of the previous theorems are known in positive characteristic, but the following
partial results are sometimes helpful.

(2.16.1) Let (X, A) be a pair and g: ¥ — X a smooth morphism. By (Kolldr,
2013b, 2.14.2), if (X, A) is slc, Ic, klt, ... then so is (Y, g*A).

(2.16.2) As a special case of (Kollar, 2013b, 2.14.4) we see that if (X, A) is slc
then, for every smooth curve C, the trivial family (X, A)xC — C is locally
stable.

(2.16.3) The proof of (2.15) works in any characteristic. Applying this to a
trivial family will have useful consequences in (8.64).

(2.16.4) Let (X;, A;) be two pairs that are slc, Ic, klt, .... Then their product
(X1 X X2, X1 X Ag + Ay X Xp) is also sle, Ic, Klt, . ... This is a generalization
of (2.16.2) and can be proved by the same method as in (Kolldr, 2013b,
2.14.2), using (Kollar, 2013b, 2.22).

(2.16.5) Assume that f: (X,A) — C is locally stable and let g: C’ — C be
a tamely ramified morphism. Then g*f: (X x¢ C’, A X¢ C’) — C’ is also
locally stable. This follows from (11.23.3) as in (2.10); see (Kollar, 2013b,
2.42) for details.

(2.16.6) Neither the wildly ramified nor the inseparable case of (2.16.5) is
known. By Hu and Zong (2020), the inseparable case would imply the
wildly ramified one. The case when all fibers are snc divisors is treated in
(2.55).

The dualizing sheaf plays a very special role in algebraic geometry, thus it
is natural to focus on understanding the powers of the relative dualizing sheaf.
The next result, closely related to (Lee and Nakayama, 2018, 7.18), says that
the relative dualizing sheaf is the ‘best’ deformation of the dualizing sheaf.

Proposition 2.17. Let C be a smooth curve over a field of characteristic 0 and
f: X — C aflat morphism of finite type such that X, is slc for some c € C.
Let L be a rank 1, reflexive sheaf on X such that a reflexive power L™ (3.25)
is locally free for some n > 0 and Ll|x.\z =~ wx.\z for some closed subset Z C X,
of codimension > 2.
Then there is a line bundle M such that L ~ wx,c ® M, near X..

Proof We may assume that X is local, hence L™ is free. By (11.24) we can
take a cyclic cover n: ¥ — X, giving direct sum decompositions into -
eigensheaves .0y = @7/ L'" and

mwyc = Homy(n, Oy, wyxc) = Dy L ® 1wy c,

where [®] is the reflexive tensor product (3.25.1).
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The resulting g: ¥ — C is locally stable by (2.9) and wy, is locally free.
Therefore wy,c is locally free by (2.6), hence free since Y is semilocal. Thus
m.wy)c = m.Oy, so one of the summands L ® wy;c is free. Restriction to X,
tells us that in fact i = n — 1. Next note that

wxjc = wxe@® L@ L™ ~ 0y L® Ox ~ L,

where at the end we changed to the usual tensor product, since the tensor prod-
uct of a reflexive sheaf and of a line bundle is reflexive. O

2.2 Locally stable families of surfaces

In this section we develop a rather complete local picture of slc families of
surfaces. That is, we start with a pointed, local slc pair (x € Xy, Ap) and aim to
describe all locally stable deformations over local schemes 0 € S

(X0, Ag) —— (X5, As)

i l

0 € S.

In the study of singularities it is natural to work étale-locally.

Definition 2.18. Following (Stacks, 2022, Tag 02LD), an étale morphism 7 :
(8",8") = (s,9) is called elementary étale if the induced map on the residue
fields 7*: k(s) — k(s’) is an isomorphism. (This notion is also called strictly
étale or strongly étale in the literature.) The inverse limit of all elementary étale
morphisms is the Henselisation of (s, S ), denoted by (s", S"). The inverse limit
of all étale morphisms is the strict Henselisation of (s, S ), denoted by (s*', §*).
See (Stacks, 2022, Tag OBSK) for details.

For deformation purposes, two pointed schemes (x; € X)) and (x, € X») are
considered the ‘same’ if they have isomorphic Henselisations. Equivalently,
there is a third pointed scheme (x3 € X3) and elementary étale morphisms

(x1 €X) & (13 € X3) 5 (12 € Xa).

Since we have not yet defined the notion of a locally stable family in general,
we concentrate on the case when S is the spectrum of a DVR.

We start by recalling the classification of Ic surface singularities. This has a
long history, starting with Du Val (1934). For simplicity we work over an alge-
braically closed field. It turns out that Ic surface singularities have a very clear
description using their dual graphs and this is independent of the characteristic.
(By contrast, the equations of the singularities depend on the characteristic.)


https://stacks.math.columbia.edu/tag/02LD
https://stacks.math.columbia.edu/tag/0BSK
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Definition 2.19 (Dual graph). Let (0 € S) be a normal surface singularity
over an algebraically closed field and f: S’ — S the minimal resolution with
irreducible exceptional curves {C;}. We associate to this a dual graph I' =
I'(0 € S) whose vertices correspond to the C;. We use the negative of the self-
intersection number (C; - C;) to represent a vertex and connect two vertices
Ci,C; by r edges iff (C; - C;) = r. In the Ic cases, the C; are almost always
smooth rational curves and (C; - C;) < 1, so we get a very transparent picture.

The intersection matrix of the resolution is (—(C; - C;)). This matrix is pos-
itive definite (essentially by the Hodge index theorem). Its determinant is de-
noted by det(I") := det(—(C; - C})).

Let B be a curve on S and B; the local analytic branches of B that pass
through O € S. The extended dual graph (I', B) has an additional vertex for each
B;, represented by e, and it is connected to C; by r edges if (f7'B; - C;) = r.

Definition 2.20. A connected graph is a twig if all vertices have < 2 edges.
Thus such a graph is of the form

C1 (&) e Cn

Here det(I) is also the numerator of the continued fraction (6.70.4).
A connected graph is a tree with 1 fork if there is a vertex (the root) with 3
edges and all other vertices have < 2 edges. Such a dual graph is of the form

Iy

Co Fz

I3
where each [; is a twig joined to cg at an end vertex.

Next we list the dual graphs of all Ic pairs (0 € S, B), starting with the
terminal and canonical ones. For proofs see Alexeev (1993) or (Kollar, 2013b,
Sec.3.3).

2.21 (List of log canonical surface singularities). Here (0 € S) is a normal
surface singularity over an algebraically closed field and B C S a curve (with
coefficient 1).

Casg 2.21.1 (Terminal). (0 € S, B) is terminal iff B = () and S is smooth.

Case 2.21.2 (Canonical). (0 € S, B) is canonical iff either B and S are both
smooth at 0, or B = 0 and T" is one of the following. The corresponding sin-
gularities are called Du Val singularities or rational double points or simple
surface singularities. See Durfee (1979) for more information. The equations
below are correct only in characteristic zero; see Artin (1977) in general.
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A X2 +y? + "1 = 0, with n > 1 curves in the dual graph:

2 2 e 2 2
D,: x> +y*z+ 7! = 0, with n > 4 curves in the dual graph:

2

2 2 2 2

E,: with n curves in the dual graph:

There are 3 possibilities:
Eg: x> +y’+z*=0andT' =2 - 2,
E7:x2+y3+yz3:0andF:2 -2 -2,
Es: > +y +72=0andT=2 -2 -2 - 2.

Case 2.21.3 (Purely log terminal0. The names below reflect that, at least in
characteristic 0, these singularities are obtained as the quotient of C? by the
indicated type of group. See Brieskorn (1967/1968) and (6.65).

Subcase 2.21.3.1 (Cyclic quotient). B is smooth at 0 (or empty) and (I, B) is

L] C] ¢, Or ¢ Cy

We discuss these in detail in (6.65-6.70).
Subcase 2.21.3.2 (Dihedral quotient).

Cl o Cn 2

Subcase 2.21.3.3 (Other quotient). The dual graph is a tree with 1 fork (2.20)
with 3 possibilities for (det(I'y), det(I';), det(I'3)):

(Tetrahedral) (2,3,3)
(Octahedral) (2,3,4)
(Icosahedral) (2,3,5).
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Case 2.21.4 (Log canonical with B = 0).

Subcase 2.21.4.1 (Simple elliptic). There is a unique exceptional curve E, it
is smooth and of genus 1. If the self-intersection r := —(E?) is > 3 then the
singularity is isomorphic to the cone over the elliptic normal curve E c P!
of degree r.

Subcase 2.21.4.2 (Cusp). The dual graph is a circle of smooth rational curves

Cn Cm+1

/ AN
N

The cases n = 1,2 are exceptional. For n = 2 we have 2 smooth rational curves

1 Cm

(&) Cp—

meeting at 2 points and for n = 1 the unique exceptional curve is a rational
curve with a single node. We can draw the dual graphs as

¢, and Ccl.

For example the dual graphs of the three singularities (z(xy — z2) = x* + y*),
(2% = (x+y*) +y") and (22 = xX*(x* +y?) +)°) are

3——=14, C] and CZ.

Subcase 2.21.4.3 (Z/2-quotient of a cusp).

C1

2 2

2 C1 o 2

(For n = 11itis a Z/2-quotient of a simple elliptic singularity.)
Subcase 2.21.4.4 (Simple elliptic quotient). The dual graph is a tree with 1 fork
(2.20) with 3 possibilities for (det(I';), det(I';), det(I'3)):

(Z/3-quotient) (3,3,3)

(Z/4-quotient) (2,4,4)

(Z/6-quotient) (2,3,6).

Case 2.21.5 (Log canonical with B # 0).
Subcase 2.21.5.1 (Cyclic). B has 2 smooth branches meeting transversally at O
and (I', B) is

° Cc1 Cn )
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Subcase 2.21.5.2 (Dihedral).

o ¢l Cn 2

2.22 (List of semi-log-canonical surface singularities). The dual graphs are
very similar to the previous ones, but there are two possible changes due to the
double curve of the surface S passing through the chosen point 0 € §.

In the normal case, the local picture represented by an edge is

(xy=0)CA2, denotedby o — o or e —o,

where (y = 0) is an exceptional curve and (x = 0) is either an exceptional curve
or a component of B. We can now have a non-normal variant

d d

o or e o,

(xy=z=0cxy=0)cC A3, denoted by o

where the d over the edge signifies that the 2 curves denoted by o or e (here
(x = z=0)and (y = z = 0)) meet at a point that is also on a double curve of
the surface (here (x =y = 0)).

The local picture represented by ¢ — o also has another non-normal variant
where (as long as char # 2) we create a pinch point by identifying the points
(0,y) & (0, -y). The local equation is

(xy=z=0)C (12 = xyz) c A%, denoted by p—o,

where (y = z = 0) is the double curve of the surface and (x = z = 0) an
exceptional curve.

Casg 2.22.1 (Semi-plt).
Subcase 2.22.1.1 (Higher pinch points). These are obtained from the cyclic
dual graph of (2.21.3.1) by replacing ® — o by p — o.

The simplest one is the pinch point, whose dual graph is p — 1. The equa-
tion of the pinch point is (x> = zy?); it is its own semi-resolution (Kolldr,
2013b, Sec.10.4).

As another example, start with the A, singularity (xy = z**!) and pinch it
along the line (x = z = 0). The dual graph is

with 2 occurring n-times. As a subring of k[x, y, z]/(xy — 71 the coordinate
ring is generated by (x, z, yz,xy, yz), but xy = " Thus uy = x,up = z,uz =
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y?,us = yz gives an embedding into A*. The image is a triple point whose
equations can be written as

rank( “2 u; "3 ) <l
up M2 Uy
d
Subcase 2.22.1.2. The dual graphisI'y — T'», where the I'; are twigs such that
d
det(I';) = det(I'2). Note that here we allow I'; = {1} and I — 1 corresponds
d
to (xy = 0) c A>. Similarly 2 — 2 corresponds to

(xy—-20=X=20=00U(ny-2=x =z =0)C A’

Aside. It is a good exercise to check that if det(I";) # det(I';) then the canonical

class of the resulting surface is not Q-Cartier. The case 2 4 1 is easy to
compute by hand. The key in general is to compute the different (11.14) on the
double curve; see (Kollar, 2013b, 5.18) for details. This is one of the special
cases of (11.38).

Casg 2.22.2 (Slc and K + B Cartier).
Subcase 2.22.2.1 (Degenerate cusp). Here B = 0 and these are obtained from
the dual graph of a cusp (2.21.4.2) by replacing some of the edges o — o with
o i o.

The cases n = 1,2 are again exceptional. For n = 2 we can replace either of
the edges o — o with o 4 o. For example, (z* = x*y?) and (22 = x*y*> +°)
correspond to the dual graphs

1%1 and o9 o

For n = 1 the unique exceptional curve is a rational curve with a single node.
We can think of the dual graph as
d CCl .

For example the singularities (z> = x*(x + y?)) and (z? = x*(x? + y?)) give the

dual graphs
d C 1 and d C 2.

Subcase 2.22.2.2. These are obtained from the cyclic dual graph of (2.21.5.1)

by replacing some of the edges o — o witho — o.

Case 2.22.3 (Slc and 2(Kg + B) Cartier).
Subcase 2.22.3.1. Here B = 0 and these are obtained from the dual graph of
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a Z/2-quotient of a cusp (2.21.4.3) by replacing some of the horizontal edges
o — o with o il o.

Subcase 2.22.3.2. These are obtained from the cyclic dual graph of (2.21.5.1)
by replacing at least one of ® — o by p — o and replacing some of the edges
o —owitho il o.

Subcase 2.22.3.3. These are obtained from the dual graph of (2.21.5.2) by re-
placing e — o by p — o and replacing some of the horizontal edges o — o

. d
witho — o.

This completes the list of all slc surface singularities and now we turn to
describing their locally stable deformations. An slc surface can be singular
along a curve and the transversal hyperplane sections are nodes. Deformations
of nodes are described in (11.35).

The situation is much more complicated for surfaces, so we start with the
case Ag = 0. It would be natural to first try to understand all flat deformations
of (x € Xp) and then decide which of these are locally stable. However, in
many interesting cases, flat deformations are rather complicated, but a good
description of all locally stable deformations can be obtained by relating them
to locally stable deformations of certain cyclic covers of X (11.24).

Proposition 2.23. Let k be a field and (X, D) a local, slc scheme over k with D
reduced. Assume that wE;"](mD) ~ Ox for some m > 1 that is not divisible by
chark. Let n: (X, D) — (X, D) be a corresponding ,,-cover (11.24). Let R be
a complete DVR with residue field k and set S = Spec R.
Taking u,,-invariants establishes a bijection between the sets:
(2.23.1) Flat, local, slc morphisms f: (Xs,Ds) — S such that (Xo, D) =~
(X, D), plus a p,-action on (Xg, Dy ) extending the pi,,-action on (X, D).
(2.23.2) Flat, local, slc morphisms f: (Xs,Ds) — S such that (X, Dg) =
(X, D).

Note that wg(D) is locally free, and, in many cases, this makes (X, D) much
simpler than (X, D). This reduction step is especially useful when D = 0, in
which case wy is locally free. As we saw in (2.6), then all flat deformations of
X are slc. For surfaces, this leads to an almost complete description of all slc
deformations.

Aside 2.24 (Deformations of quotients). Let X be a scheme and G a finite
group acting on it. The proof of (2.23) shows that G-equivariant deformations
of X always induce flat deformations of X := X/G provided the characteristic
does not divide |G|.

The converse is, however, quite subtle, and usually deformations of X are
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not related to any deformation of X. As an example, consider the family (xy —
7' —t7" = 0) for m < n. For t = 0 the fiber is isomorphic to C2/Z, and for
t # 0 the fiber has a singularity (analytically) isomorphic to C?/Z,,. There is
no relation between the corresponding degree n cover of the central fiber and
the (local analytic) degree m cover of a general fiber. However, if G acts freely
outside a subset of codimension > 3 and X is S 3, then every deformation of X
arises from a deformation of X (Kolldr, 1995a, 12.7).

The following two examples show that the codimension > 3 condition is not
enough, not even for y,,,-covers.
(2.24.1) Let E be an elliptic curve and S a K3 surface with a fixed point free
involution 7. Set Y = E X § and X = Y/o where o is the involution (-1, 7).
Note that p: ¥ — X is an étale double cover, 1! (Y, Oy) = 1 and h' (X, O%) = 0.
Let Hx be a smooth ample divisor on X and Hy its pull-back to Y. Consider
the cones (2.35) and general projections

Ca(Y, Hy) —“> Cu(X, Hy)

Al Al

Since h'(X, Ox) = 0, the central fiber of 7y is the cone over Hx by (2.36).
By contrast, the central fiber F of 7y is not S, since W'Y, Oy) # 0, again by
(2.36). Thus, although the normalization of Fj is the cone over Hy, it is not
isomorphic to it.

(2.24.2) Let g: X — B be a smooth projective morphism to a smooth curve,
H an ample line bundle on X and choose m large enough. Then the direct
images g.O0x(rmH) commute with base change for every r € N, hence the
cones C,(Xp, Ox,(mH|x,)) form a flat family.

The cones C,(X, Ox,(Hlx,)) are u,,-covers of the cones C,(Xp, Ox,(mH|y,)),
but they form a flat family only if g.0x(rH) commutes with base change for
every r. That is, we get the required examples whenever H%(Xj, Oy, (Hly,))
jumps for special values of b. The latter is easy to arrange, even on a family of
smooth curves, as long as deg H|x, < 2g — 2.

Proof of 2.23  Let us start with f: (X5, Ds) — S. Since wg’;](mDS) is locally
free, the restriction map

wymDs) > Wy (mDo) = O,

is surjective. Since Xj is affine, the constant 1 section lifts to a nowhere zero
section s: Oy, = w[;z](mDs). Let f: (XS,DS) — S be the corresponding ;-
cover (11.24).
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The map f is also locally stable by (2.9). By (2.3), this implies that X; is S,
hence it agrees with the yu,,-cover of (Xo, Dy).

To see the converse, let g: ¥ — S be any flat, affine morphism and G a
reductive group (or group scheme) acting on Y with quotient g/G: Y/G — S.
Then (g/G). Oyic = (g« ﬁY)G is a direct summand of g, Oy, hence g/G is also
flat. Taking invariants commutes with base change since G is reductive. This
shows that (1) = (2). m]

Assumptions. For the rest of this section, we work in characteristic 0, though
almost everything works in general as long as the characteristic does not divide
m in (2.25), but very little has been proved otherwise.

2.25 (Classification plan). We establish an étale-local description of all slc

deformations of surface singularities in four steps.

(2.25.1) Classify all slc surface singularities (0, §) with ws locally free.

(2.25.2) Classify all flat deformations of these (0, S).

(2.25.3) Classify all p,-actions on these surfaces and decide which ones cor-
respond to our f,-covers.

(2.25.4) Describe the y,,-actions on the deformation spaces of the (0, S).

The first task was already accomplished in (2.21-2.22); we have Du Val
singularities (2.21.2), simple elliptic singularities and cusps (2.21.4.1-2) and
degenerate cusps (2.22.1). We can thus proceed to the next step (2.25.2).

2.26 (Deformations of slc surface singularities with Ky Cartier).

2.26.1 (Du Val singularities). It is easy to work out the miniversal deformation
space from the equations and (2.27). For each of the A,, D,, E, cases the di-
mension of the miniversal deformation space is exactly n. For instance, for A,
we get (in char 0)

(xy + 2" =0) —— (xy + 2" + f:ol 17 =0) —— Aiyz X Af

l i |

0 € A AT,

2.26.2 (Elliptic/cusp/degenerate cusp). Let (0 € S) be one of these singu-
larities and C; the exceptional curves of the minimal (semi)resolution. Set
m = —(¥, C;)* and write (0 € S,,) to indicate such a singularity.

If m = 1,2,3 then (0 € S,,) is (isomorphic to) a singular point on a sur-
face in A3 by Saito (1974); Laufer (1977). Their deformations are completely
described by (2.27).

If m = 4 then (0 € S4) is (isomorphic to) a singular point on a surface in At
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that is a complete intersection of 2 hypersurfaces. The miniversal deformation
space of a complete intersection can be described in a manner similar to (2.27);
see Artin (1976); Looijenga (1984) or Hartshorne (2010).

If m = 5 then the deformations are fully described by the method of Buchs-
baum and Eisenbud (1977); see (Hartshorne, 2010, Sec.9).

Ifm > 3and (0 € S,,) is simple elliptic, then it is (isomorphic to) the singular
point of a projective cone §,, C P over an elliptic normal curve E,, ¢ P!,
By (Pinkham, 1974, Sec.9), every deformation of (0 € §,,) is the restriction
of a deformation of §,, C P™. In particular, any smoothing corresponds to
a smooth surface of degree m in P™. The latter have been fully understood
classically: these are the del Pezzo surfaces embedded by | — K|. In particular,
a simple elliptic singularity (0 € S,,) is smoothable only for m < 9 (Pinkham,
1974, Sec.9).

The m = 9 case is especially interesting. Given an elliptic curve E, a degree
9 embedding Ey < P8 is given by global sections of a line bundle Lo of degree
9 on E. Embeddings of E into P? are given by line bundles L3 of degree 3. If
we take (E — P?) given by L3, and then embed P? into P° by Op2(3), then E
is mapped to Ey iff L‘fg ~ Ly. For a fixed Lo this gives 9 choices of L3. Thus a
given Eg — P? is a hyperplane section of a P? < P in 9 different ways. Cor-
respondingly, the deformation space (0 € S¢) has 9 smoothing components.
(This was overlooked in (Pinkham, 1974, Sec.9).) The automorphism group of
(0 € Sy) permutes these 9 components. See (Looijenga and Wahl, 1986, Sec.6)
for another description.

For m > 6 the deformation theory of cusps is much harder, see Gross et al.
(2015). Degenerate cusps are all smoothable Stevens (1998).

2.27 (Deformations of hypersurface singularities). For general references, see
Artin (1976); Looijenga (1984); Arnol’d et al. (1985); Hartshorne (2010),

Let 0 € X c AZ be a hypersurface singularity defined by an equation (f(x) =
0). Choose polynomials p; that give a basis of

kil xdl/(f 25 ). 2.27.1)

If (0 € X) is an isolated singularity, then the quotient has finite length, say N.
In this case, the miniversal deformation of (0 € X) is given by

X —— (f(x) + X itipi(x) = 0) —— Al x AV

i |

0 € Al AP,

In particular, the miniversal deformation space Def(X) is smooth.
If the quotient in (2.27.1) has infinite length, then it is best to think of the
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resulting infinite dimensional deformation space as an inverse system of defor-
mations over Artinian rings whose embedding dimension goes to infinity.

The next step (2.25.3) in the classification is to describe all w,,-actions, but
it is more transparent to consider reductive commutative groups. These are of
the form G X G/, where G is a finite, commutative group and G,, = GL(1) the
multiplicative group of scalars, see (Humphreys, 1975, Sec.16).

2.28 (Commutative groups acting on Du Val singularities). The action of a
reductive commutative group on A" can be diagonalized. Thus let S ¢ A be
a Du Val singularity that is invariant under a diagonal group action on A3, It
is easy to work through any one of the standard classification methods (for
instance, the one in (Kollar and Mori, 1998, 4.24)) to obtain the following
normal forms. In each case we describe first the maximal connected group
actions and then the maximal non-connected group actions.

Main series: G,,-actions.

A, (xy + 2% = 0) and G,Zn acts with character (1,-1,0),(0,n + 1, 1).
D, (x> +y*z+7""! =0) and G,, acts with character (n — 1,n — 2,2).
Es (x> +y* +z* = 0) and G,, acts with character (6,4, 3).

E; (x* +y* +yz> = 0) and G,, acts with character (9, 6, 4).

Eg (x*> +y> + 722 = 0) and G,, acts with character (15, 10, 6).

Twisted versions: u, X G,,-actions.

A, (X2 +y?+7"*! = 0). If n+1 is odd then G,, acts with character (n+1,n+1,2)
and p; acts with character (0, 1, 0). If n+1 is even then G,,, acts with character
(”zil, %, 1) and p, acts with character (0, 1, 0).

D, (x> +y*z+ 7" =0), G, acts with character (n — 1,n — 2,2) and u, acts
with character (1, 1, 0).

Dy (xX*+y*+73 = 0), G,, acts with character (3,2, 2) and u3 acts with character
0,1,0).

Es (x> +y> +7* = 0) and G,, acts with character (6,4,3) and u, acts with
character (1,0, 0).

Example 2.29 (Locally stable deformations of surface quotient singularities).

Let (0 € S) be a surface quotient singularity with Du Val cover (0 € §) — (0 €
S). By (2.23), the classification of locally stable deformations of all such (0 €
S) is equivalent to classifying all cyclic group actions on Du Val singularities
(0 € §) that are free outside the origin and whose action on wg ®k(0) is faithful.
This is straightforward, though somewhat tedious, using (2.28). Alternatively,
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one can use the classification of finite subgroups of GL(2) as in Brieskorn
(1967/1968).

Thus the miniversal locally stable deformation space, which we denote by
Defggp(S) (6.64), is the fixed point set of the corresponding cyclic group action
on Def(S), hence it is also smooth.

A,-series (xy+z't! = O)/%(l, (n+1)c—1, ¢) for any m where ((n+1)c—1,m) =
1. These are equivariantly smoothable only if m|(n + 1)c.

D,-series (x* +y’z+7""' = 0)/55(n—1,n-2,2) where 2k + 1,n-2) = 1.
These are not equivariantly smoothable, but, for instance, if 2k+ 1|n— 1, they
deform to the quotient singularity A%/ ﬁ(—l, 2).

E¢-series (x2 +y3 +74 = 0)/%(6, 4,3) for (m,6) = 1. For m > 1 all equivariant
deformations are trivial, save for m = 5, when there is a 1-parameter family
(2 +y + 2+ yz = 0)/4(1,4,3).

E;-series (x?+y’+yz3 = 0)/1(9,6,4) for (m,6) = 1. Form > 1 all equivariant
deformations are trivial, save for m = 5 and m = 7, when there are 1-
parameter families (x? +y +yz> + Axz = 0)/1(4,1,4) and (x? +y* +yz3 + 1z =
0)/%(2,6,4).

Es-series (x> + y* + 2 = 0)/1(15,10,6) for (m,30) = 1. For m > 1 all
equivariant deformations are trivial, save for m = 7, when there is a 1-
parameter family (x*> +y* + 27 + Ayz = O)/%(l, 3,6).

Ay-twisted (2 +)y?+2""1 = 0)/-(n+1,n+1+2m,2) forany 2m,n+1) = 1.
These are never equivariantly smoothable.

Dy-twisted (x> +y* + 2* = 0)/ 55 (9% + 6, 1,6k + 4). All equivariant defor-
mations are trivial.

Example 2.30 (Quotients of simple elliptic and cusp singularities). Let (0 €
S) be a simple elliptic, cusp or degenerate cusp singularity with minimal reso-
lution (or semi-resolution) f: 7 — § and exceptional curves C = } C;. Then
wr(C) = f*ws, which gives a canonical isomorphism wg ® k(0) ~ H(C, wc).
Since C is either a smooth elliptic curve or a cycle of rational curves, Aut(C)
is infinite, but a finite index subgroup acts trivially on H%(C, wc).

For cusps and for most simple elliptic singularities this leaves only wu»-
actions. The corresponding quotients are listed in (2.21.4.3), see Simonetti
(2022) for their deformations. When the elliptic curves have extra automor-
phisms, one can have u3, 14 and pg-actions as in (2.21.4.4).

The following is one of the simplest degenerate cusp quotients.

Example 2.31 (Deformations of the double pinch point). Let (0 € §) be
the double pinch point singularity, defined by (S = A2, D = (xy = 0),7 =
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(-1, -1)). Here wy is not locally free, but w[Sz] is,
S=8/31,1,1), where §=(-x**=0)cA’.

A local generator of wg is given by z7'dx A dy, which is anti-invariant. Thus
ws has index 2 and § — S is the index 1 cover. Thus every locally stable
deformation of S is obtained as the u,-quotient of an equivariant deformation
of §. By (2.27) the miniversal deformation space is given by

(@ = XY +ug +upxy + Y vid® + 3wy = 0)/3(1, 1, 1.

When uy = u; = vi = w; = 0, we get equimultiple deformations to ;-
quotients of cusps.

The slc deformations of pairs (X, A) are more complicated, even if A is a
Z-divisor. One difficulty is that wg (D) is locally free for every pair

(S, D) := (A% (xy = 0))/1(1,9)
dy

since ‘17)‘ AT is invariant. Thus we would need to describe the deformations of
every such pair (S, D) by hand. The following is one of the simplest examples,
and it already shows that the answer is likely to be subtle.

Example 2.32 (Deformations of (A2, (xy = O))/%(l, 1)). Flat deformations
of the quotient singularity H, := A? /%(1, 1) are quite well understood; see
Pinkham (1974). H,, can be realized as the affine cone over the rational nor-
mal curve C,, C P" and all local deformations are induced by deformations
of the projective cone C,(C,) C P"*'. If n # 4 then the deformation space is
irreducible and the smooth surfaces in it are minimal ruled surfaces of degree
n in P!, We describe these completely below. (For n = 4 there is another
component, corresponding to the Veronese embedding P? < P>.)

Since (xy)~'dx A dy is invariant under the group action, it descends to a 2-
form on H, with poles along the curve D,, := (xy = 0)/1(1, 1). Thus Ky, +D, ~
0 and the pair (H,, D,) is Ic. Our aim is to understand which deformations of
H, extend to a deformation of the pair (H,, D).

Claim 2.32.1. Fixn > 7and letr: X — A! be a general smoothing of H,,. Then
the divisor D, can not be extended to a divisor Dy such that 7: (X, Dx) — A!
is locally stable. However, there are special smoothings 7: X’ — A! for which
such a divisor D/, exists.

Proof Form €N, let F,, denote the ruled surface Projp: (01 + Opi(—m)). Let
E,, c F,, denote the section with self intersection —m and F C F,, denote a
fiber. Note that Kz, ~ —(2E,, + (m + 2)F).

Fora > 1 set A, := E + (m + a)F. Then A, is very ample with self
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intersection 7 := m + 2a and it embeds F,, into P"*! as a surface of degree n.
Denote the image by S,,,. A general hyperplane section of S,,, is a rational
normal curve C,, C P". Consider the affine cones X, := C,(S,0) and H,, :=
C,(C,). We can choose coordinates such that

+2
Xma C A}

oo Xns2 and H, = (x,42 = 0).
The last coordinate projection gives 7: X,,, — A! which is a flat deformation

(in fact a smoothing) of H,. By (Kollar, 2013b, 3.14.5)

HO(Xmua ﬁXma(_KXnm )) = Ziezxé) : HO(S mas ﬁsnm(_Ksmu + lAma))

= Yz - HO(S yas Os,, (2 + DEp + (m + 2 + im + ia)F)).

ma

The lowest degree terms in the sum depend on m and a. For i < -2, we get 0.
For i = -2 we have

H(S o Os, (2= m = 2a)F)) = H(S o, Os, (2 — n)F)).

ma

This is 0, unless n = 2, that is, when X is the quadric cone in A3. Then D, is a
Cartier divisor H; and so every deformation of H, extends to a deformation of
the pair (H,, D,). Thus assume next that n > 3.

For i = —1 we have the summand H°(S 4, Os, (En + (2 — @)F)). This is
again zero if a > 3, but for a = 1 we get a pencil |E,, + F| (whose members are
pairs of intersecting lines) and for a = 2 we get a unique member E,, (which

is a smooth conic in P"*!). This shows the following.

Claim 2.32.2. For a = 1,2 and any m > 0, the anticanonical class of the 3-fold
X,na contains a (possibly reducible) quadric cone D C X, and 7: (X0, D) —
Al is locally stable. O

For a > 3, we have to look at the next term H'(S 4, O, (2E,, + (m + 2)F))
for a nonzero section. The corresponding linear system consists of reducible
curves of the form E,, + G,, where G,, € |E,, + (m + 2)F|. These curves have
2 nodes and arithmetic genus 1. Let B C X,,, denote the cone over any such
curve. Then (X,,,, B) is log canonical, but : (X,,q, B) — A! is not locally
stable since the restriction of B to H,, consists of n + 2 lines through the vertex.

Thus we have proved:

Claim 2.32.3. For a > 3 and m > 0, the anticanonical class of X,,, does not

contain any divisor D for which 7: (X4, D) — Al is locally stable. O

Note finally that the surfaces S ,,, with n = m+2a form an irreducible family.
General points correspond to the largest possible value a = |[(n — 1)/2]. The
surfaces with @ < 2 correspond to a closed subset, which is a 2-dimensional
subspace of the versal deformation space of H,.
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2.3 Examples of locally stable families

The aim of this section is to investigate, mostly through examples, fibers of
locally stable morphisms. If (S, A) is slc then, for any smooth curve C, the
projection : (S X C,A x C) — C is locally stable with fiber (S, A). Thus, in
general we can only say that fibers of locally stable morphisms are exactly the
slc pairs.

The question becomes, however, quite interesting, if we look at special
fibers of locally stable morphisms whose general fibers are ‘nice,” for instance
smooth or canonical. The main point is thus to probe the difference between
arbitrary slc pairs and those slc pairs that occur on locally stable degenerations
of smooth varieties. We focus on two main questions.

Question 2.33. Let f: X — T be a locally stable morphism over a pointed
curve (0 € T) such that X; is smooth for ¢ # 0.

(2.33.1) Is Xy CM (10.4)?

(2.33.2) Are the irreducible components of Xy CM?

(2.33.3) Is the normalization of Xy CM?

Question 2.34. Let f: (X, A) — T be alocally stable morphism over a pointed
curve (0 € T) such that X; is smooth and A, is snc for z # 0.

(2.34.1) Do the supports of {A;: t € T} form a flat family of divisors?
(2.34.2) Are the sheaves Ox,(mKy, + [mAg]) CM?

(2.34.3) Do the sheaves {Ox,(mKx, + |mA;]): t € T} form a flat family?

A normal surface is always CM, and the (local analytic) irreducible compo-
nents of an slc surface are CM. The latter follows from the classification of slc
surfaces given in (Kollar, 2013b, Sec.2.2). Starting with dimension 3, there are
Ic singularities that are not CM. The simplest examples are cones over Abelian
varieties; see (2.35). On the other hand, canonical and log terminal singularities
are CM and rational (p.10) in characteristic 0 by (11.18).

Let us note next that the answer to (2.33.1) is positive, that is, X, is CM.
Indeed, X is canonical by (2.15) and hence CM by (11.18). Therefore Xj is
also CM. A more complete answer to (2.33.1), without assuming that X, is
smooth or canonical for ¢ # 0, is given in (2.66).

For locally stable families of pairs, the boundary provides additional sheaves
whose CM properties are important to understand; this motivates (2.34). Un-
like for (2.33), the answers to all of these are negative already for surfaces.
The first convincing examples were discovered by Hassett (2.41). As a con-
sequence, we see that we can not think of the deformations of (S, A) as a flat
deformation of S and a flat deformation of A that are compatible in certain
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ways. In general it is imperative to view (S, A) as a single object. See, how-
ever, Section 2.7 for many cases where viewing (S, A) as a pair does work
well.

Our examples will be either locally or globally cones and we need some
basic information about them.

2.35 (Cones). Let X be a projective scheme with an ample line bundle L. The
affine cone over X with conormal bundle L is

C.(X, L) := Spec; ®,0H (X, L™).

Away from the vertex v € C,(X, L), the cone is locally isomorphic to X x Al!,

but the vertex is usually more complicated. If X is normal then so is C,(X, L)

and its canonical class is Cartier (resp. Q-Cartier) iff Ox(Kx) ~ L™ for some

m € Z (resp. Ox(rKx) ~ L™ for some r,m € Z with r # 0).

The following results are straightforward, see (Kollar, 2013b, Sec.3.1).

(2.35.1) HI*Y(C (X, L), Oc,x1)) = ®uezH (X, Ox(L™)) for every i.

Over a field of char 0, assume that X has rational singularities.

(2.35.2) If —Kx is ample then C,(X, L) is CM and has rational singularities. If
—Ky is nef (for instance, Ky = 0), then C,(X,L) is CM & H!(X,0%) =0
for 0 < i < dim X, and C,(X, L) has rational singularities < H(X, Ox) = 0
for 0 <i < dimX.

Next let (X, A) be a projective, slc pair and L an ample line bundle on X. Let

Ac,x.r) denote the R-divisor corresponding to A on C,(X, L). Assume that Kx +

A ~g r- L for some r € R. Then (C,(X, L), Ac,x.r)) is

(2.35.3) terminal iff r < —1 and (X, A) is terminal,

(2.35.4) canonical iff » < —1 and (X, A) is canonical,

(2.35.5) kltiff r < O (that is, —(Ky + A) is ample) and (X, A) is kI,

(2.35.6) dit iff either r < 0 and (X, A) is dlt or (X, A) = (P",([1x; = 0)) and
the cone is (A™!, ([T x; = 0)).

(2.35.7) Iciff r < 0 (that is, —(Kx + A) is nef) and (X, A) is Ic,

(2.35.8) semi-log-canonical iff » < 0 and X is semi-log-canonical.

Aside. The failure of (2.35.2) in positive characteristic has significant conse-

quences for the moduli problem; see Section 8.8.

2.36 (Deformation to cones II). Let X C P” be a closed subscheme and H C P”
a hyperplane. Thinking of P" ¢ P"*! as the hyperplane at infinity, let C,,(X) C
P"*! be the projective cone over X with vertex v.

If HO(P", Oz (r)) — H(X, Ox(r)) is surjective for every r, then C,(X) \ X is
the affine cone C,(X).
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Let |L| be the pencil of hyperplanes in P"*! that contain H ¢ P". If v ¢ L,
then projection from v shows that C,(X) N L; =~ X.

There is a unique Ly € |L| such that v € Ly. Then C,(X) N Ly is isomorphic
to C,(X N H) away from v. If X is pure and dim(X N H) = dim X — 1, then the
two are isomorphic iff Hl(X, Ox(r)) = 0 for every r; see (2.35.1) or (Kolldr,
2013b, 3.10).

If all these hold then blowing up H we get a flat morphism 7 : ByC,(X) —
P!. There is a unique fiber of 7 that is isomorphic to C »(X N H), all other fibers
are isomorphic to X.

Example 2.37 (Counterexample to 2.33.2). Let Qy C P* be the quadric cone
(xy—uv = 0). Let |A| and |B| be the two families of planes on Qp and H ~ A+ B
the hyperplane class. Let S| € |2A + H| be a general member. Note that S is
smooth away from the vertex of Oy and at the vertex it has 2 local analytic
components intersecting at a single point. In particular, S| is non-normal and
non-CM. (The easiest way to see these is to blow up a plane B; € |B|. Then
Bg, Qo — Qp is a small resolution whose exceptional set E is a smooth rational
curve. The birational transform of |2A + H| is a very ample linear system whose
general member is a smooth surface that intersects E in 2 points. This is the
normalization of the surface S ;.)

Let By, B; be planes in the other family. Then Xy := S| + B; + B, ~ 3H,
thus Xj is a (2) N (3) complete intersection in P*. We can thus write X, as the
limit of a smooth family of (2) N (3) complete intersections X;. The general X,
is a smooth K3 surface.

On the other hand, X, can also be viewed as a general member of a flat
family whose special fiber is A; + A, + By + B> + H. The latter is slc by (2.35),
thus Xj is also slc. Hence {X;: t € T} is a locally stable family such that X; is a
smooth K3 surface for t # 0. Moreover, the irreducible component S| C Xj is
not CM.

In this case, the source of the problem is easy to explain. At its singular
point, S is analytically reducible. The local analytic branches of S, and the
normalization of S| are both smooth.

One can, however, modify this example to get analytically irreducible non-
CM examples, albeit in dimension 3. To see this, let

Yo := C(Xo) = C(S1) + C(By) + C(By) C P°

be the cone over X. It is still a (2) N (3) complete intersection, thus we can
write Yy as the limit of a smooth family of (2) N (3) complete intersections Y.
The general Y; is a smooth Fano 3-fold.

By (2.35), Yy is slc, thus {Y; : ¢ € T} is a stable family such that Y; is a



92 One-parameter families

smooth 3-fold for ¢ # 0. Since S is irreducible, the cone C(S'|) is analytically
irreducible at its vertex. It is non-normal along a line and non-CM.
One can check that the normalization of C(S ;) is CM.

Example 2.38 (Counterexample to 2.33.3). As in (2.37), let Qyp C P* be the
singular quadric (xy — uv = 0). On it, take a divisor

Dy:=Aj+Ay+2(Bi +-- -+ By) + 3H,

where the A; are planes in one family, the B; are planes in the other family and
H, is a general quartic section.

Note that (Qy, Dy) is Ic (2.35) and 2Dy is the intersection of Q( with an octic
hypersurface. We can thus write (Qo, Do) as the limit of a family (Q,, D,) where
Q, is a smooth quadric and 2D, a smooth octic hypersurface section of Q,.

Let us now take the double covers of Q, ramified along 2D, (11.24). We get
a family of (2) N (8) complete intersections X; ¢ P(1°,4). The general X; is
smooth with ample canonical class. The special fiber is irreducible, slc, but not
normal along A; + A,, which is the union of 2 planes meeting at a point.

Let r: Xy — Qo denote the projection of the normalization of X;. Then

ﬂ*ﬁ)‘(o = ﬁQo + ﬁQO(4H - A —Ay).

It is easy to compute that Oy (4H — A; — A,) is not CM (see, for instance,
(Kolldr, 2013b, 3.15)), so we conclude that X is not CM.

It is also interesting to note that the preimage of A; + A; in Xj is the union of
2 elliptic cones meeting at their common vertex. These are quite complicated
Ic centers.

Example 2.39 (Counterexample to 2.33.2-3). Here is an example of a locally
stable family of smooth projective varieties {Y;: ¢ € T} such that

(2.39.1) the canonical class Ky, is ample and Cartier for every f,

(2.39.2) Yy isslc and CM,

(2.39.3) the irreducible components of Y are normal, but

(2.39.4) one of the irreducible components of Y; is not CM.

Let Z be a smooth Fano variety of dimension n > 2 such that —K; is very
ample, for instance Z = P2. Set X := P! X Z and view it as embedded by | — Kx]|
into PV for suitable N. Let C(X) ¢ P¥*! be the cone over X.

Let M € | — Kz| be a smooth member and consider the following divisors

Dy :={0:1}xZ D :={(1:0}xZ and D,:=P'xM.

Note that Dy + D; + D, ~ —Kx. Let E; C C(X) denote the cone over D;. Then
Ey + E + E, is a hyperplane section of C(X) and (C(X), Eo + E| + E3) is Ic by
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(2.35). For some m > 0, let H,, ¢ C(X) be a general intersection with a degree
m hypersurface. Then

(C(X),Ey + E\ + E> + H,,)

is snc outside the vertex and is Ic at the vertex. Set Y := Eg + E1 + E> + H,,.
Since O¢x)(Yo) ~ Ocx(m + 1), as in (2.36), we can view Y as an slc limit of
a family of smooth hypersurface sections Y, ¢ C(X).

The cone over X is CM by (2.35), hence its hyperplane section Ey + E| +
E> + H,, is also CM. However, E, is not CM. To see this, note that E, is the
cone over P! x M and, by the Kiinneth formula,

k ifi=0,n-1,

il = H =
H'(P" X M, Opixy) = H(M, Oy) = { 0 otherwise.

Thus E, is not CM by (2.35).

Example 2.40 (Easy counterexamples to 2.34). There are some obvious prob-
lems with all of the questions in (2.34) if the D, contain divisors with different
coefficients. For instance, let C be a smooth curve and D', D” c A' xC =: §
two sections of the 1st projection ;. Set D := %(D’ +D"). Thenny: (S,D) —
Al is a stable family of 1-dimensional pairs. For general ¢, the sections D, D"
intersect C; at two different points and then ¢, (K¢, + |D;]) = Oc(K¢). If,
however, D', D" intersect C, at the same point p, € C;, then O¢, (K¢, + | D;]) =
Oc(Ke)(po).

Similarly, the support of D, is 2 points for general ¢, but only 1 point for
special values of t.

One can correct for these problems in relative dimension 1 by a more care-
ful bookkeeping of the different parts of the divisor D,. However, starting with
relative dimension 2, no correction seems possible, except when all the coeffi-
cients are > 1 (2.81).

The following example is due to Hassett (unpublished).

Example 2.41 (Counterexample to 2.34.1-3). We start with the already stud-
ied example of deformations of the cone S C P> over the degree 4 rational
normal curve (1.42), but here we add a boundary to it. Fix » > 1 and let Dg be
the sum of 2r lines. Then (S, 1 D) is Ic and (K5 + 1 Ds ) = 4.

As in (1.42), there are two different deformations of the pair (S, Dys).
(2.41.1) First, set P := P? and let Dp be the sum of r general lines. Then
(P,1Dp) is Ic (even canonical if r > 2) and (Kp + %D,u)2 = 4. The usual
smoothing of S C P> to the Veronese surface gives a family f: (X, Dx) — P!
with general fiber (P, Dp) and special fiber (S, Ds). We can concretely realize
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this as deforming (P, Dp) C P’ to the cone over a general hyperplane section.
Note that for any general Dy there is a choice of lines Dp such that the above
limit is exactly Ds.

The total space (X, Dy) is the cone over (P, Dp) (blown up along curve) and
X is Q-factorial. Thus by (11.18) the structure sheaf of an effective divisor on
X is CM. In particular, Dy is a flat limit of Dp. Since the Dp is a plane curve
of degree r, we conclude that

X(Opy) = x(Op,) = -"52.

(2.41.2) Second, set Q := P! xP' and let A, B denote the classes of the 2 rulings.
Let D¢ be the sum of r lines from the A-family. Then (Q, %DQ) is canonical
and (Ko + 1Dg)’ = 4. The usual smoothing of § c P° to P! x P! embedded
by H := A + 2B gives a family g: (¥, Dy) — P! with general fiber (Q, Do) and
special fiber (S, Dg). We can concretely realize this as deforming (Q, Dg) C P>
to the cone over a general hyperplane section.

The total space (Y, Dy) is the cone over (Q, Dy) (blown up along curve) and
Y is not Q-factorial. However, Ky + %DQ ~q —H, thus Ky + %Dy is Q-Cartier
and (¥, S + %Dy) is Ic by inversion of adjunction (11.17) and so is (Y, %Dy).

In this case, however, Dy is not a flat limit of D¢ for r > 1. This follows, for
instance, from comparing their Euler characteristic:

x(Op,) = —’(’T%) and x(Op,) =r.

(2.41.3) Because of their role in the canonical ring, we are also interested in
the sheaves O(mK + [ D).

Let Hp be the hyperplane class of P C P° (that is, 0p2(2)) and write m =
br + a where 0 < a <r. Then mKp + | “Dp] + nHp ~ (2n — 2m — a)L, so

X(P,Op(mKp + | Dp| + nHp)) =

(2n—2r;t—a+2) — (2n—22m+2) _ a(2n —2m + 1) + (g)

Again by (11.18), Ox(mKx + L%DXJ) is CM, hence its restriction to the

central fiber S is Os(mKs + |5 Ds]) as in (2.75). In particular,
X(S. Os(mKs + | 2Ds | + nHy)) = (*"3"*?) = a@2n = 2m + 1) + (5).

The other deformation again behaves differently. Write m = br + a where
0 < a < r. Then, for Hy ~ A + 2B, we see that

mKo + % Do) + nHg ~ (n —m - a)A + (2n — 2m)B,
and therefore

x(Q. O(mKg + | 2Dg| + nHp)) = (*"3"%) = a@n - 2m + 1).
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From this we conclude that the restriction of &y(mKy+|mDy ) to the central
fiber S agrees with Os(mKg + |[mDg]) only if a € {0, 1}, that is when m =
0,1 mod r. The if part was clear from the beginning. Indeed, if @ = 0 then
Oy(mKy + |mDy]) = Oy(mKy + mDy) is locally free and if a = 1 then

Oy(mKy + |mDy]) = Oy(Ky) ® Oy((m — 1)Ky + (m — 1)Dy)

is Oy(Ky) tensored with a locally free sheaf. Both of these commute with re-
strictions. In the other cases we only get an injection

Oy(mKy + [mDy))ls — Os(mKs +|mDs )
whose quotient is a torsion sheaf of length (g) supported at the vertex.
In the next example, non-flatness appears in codimension 3.
Example 2.42. On P> denote coordinates by x1, x2, X3, X7, x5, x5. Set
S 1= (x1x] = xx, = x3x5 = 0) C P.

It is a reducible K3 surface, a union of 8 planes.
Pick constants ay, as, a3 and a}, a), @, such that a,-a} # a;a; fori # j. Set

X = (Zaxx] = Ya/xix, = 0) C P°.

By direct computation, X is singular only at the 6 coordinate vertices, and it
has ordinary double points there. Furthermore, S ~ —Kx.

SetY := XN (X(x;+x))=0)C P*and C := Y N'S. Then Y is a smooth,
degree 4 Del Pezzo surface and C ~ —2Ky. Thus (¥, %C) is a log CY pair. Let
(Xo, %S 0) € P? denote the cone over (¥, %C). Deformation to the cone (2.36)
gives 7 : (X, 1S) — A!, whose central fiber is (X, %S 0). The other fibers are
isomorphic to (X, %S ).

Note that S contains the pair of disjoint planes P := (x; = x, = x3 = 0) and
P’ := (x] = X} = x} = 0). Their specializations Py, Pj meet only at the vertex.
This is a non-flat deformation of P U P’.

Example 2.43 (Counterexample to 2.34.1). As in (2.39), let Z be a smooth
Fano variety of dimension n > 2 such that —K7 is very ample. Set X := P! x Z,
but now view it as embedded by global sections of Jpi(1) ® O(-K;) into P¥
for suitable N. Let C(X) c P¥*! be the cone over X.

Fix r > 1 and let D, be the sum of r distinct divisors of the form {point} xZ C
X. Let H C X be a general hyperplane section. Then H ~g —(Kx + %D,),
that is, (X, %D,) is (numerically) anticanonically embedded. Thus, by (2.35),
(C(H), %C (H N D,)) is Ic and there is a locally stable family with general fiber
(X, 1D,) and special fiber (C(H), 1C(H N D,)).
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However, C(H N D,) is not a flat deformation of D,. Indeed, if D,;(= Z)
is any irreducible component of D,, then C(H N D,;) is a flat deformation of
D,;. Thus II;C(H N D,;) is a flat deformation of D, = LI;D,;. Note further that
;C(H N D,;) is the normalization of C(H N D,), and the normalization map is
r : 1 over the vertex of the cone. Thus

x(Dy, Op,) = Yx(Dyi, Op,)) = Xix(C(H N Dyy), Ocnp,))
> x(C(H N D,), Ocnp,y) + (r—1).

Therefore C(H N D,) can not be a flat deformation of D, for r > 1. We pick up
at least r — 1 embedded points.

Example 2.44 (Counterexample to 2.34.3). Set X := C,(P' X P", Opi (1, a))
for some 0 < a < n+ 1. Let D C X be the cone over a smooth divisor in
|Opiypn(1,n + 1 — a)|. Then (X, D) is canonical and Kx + D is Cartier.

Let 7: (X, D) — A! be a general projection. Then 7 is locally stable and its
central fiber is the cone Xy = C,(H, Opiyp(1,a)ly) where H € |Opiypi(1, a)| is
a smooth divisor.

We claim that if 2a > n + 1 then R, : w%kl |x0 is not surjective for
m > 1. Indeed, R,, is a sum, for r > O of the restriction maps

- a)g;z]

H(P' x P, O(r — 2m, ra — (n + )m)) — H(H, O(r — 2m, ra — (n + Dm)|y),

and R,, is surjective iff H'(P! X P", Op1,pn(r —2m, ra— (n+ 1)m)) = 0 for every
r > —1. Choose r = 2m — 2. By the Kiinneth formula, this group is

H'(P', Opi (-2)) ® H(P", Opn(2a(m — 1) — m(n — 1))).
This is nonzero iff 2a > " (n - 1).

The following example, related to Patakfalvi (2013), shows that the relative
dualizing sheaf does not commute with base change in general.

Example 2.45. Let S be a smooth, projective surface with Ky ample and p, =
g = 0. Let C be a smooth, projective curve with K¢ ample. For [L] € Pic®(C)
set Ly := wsxc ® 7L, where n¢c is the projection to C. Note that HO(S x
C,Ly) = 0 and, form > 2, h°(S x C, L) = x(§ x C, LY) is independent of L.
Thus the cones X, := Spec @,0H"(S X C, L) form a flat family over Pic°(C).

By (2.35), Kx, is Cartier iff L ~ O and Q-Cartier iff [L] € Pic®°(C) is a
torsion point.

2.4 Stable families

Next we define the notion of stable families over regular, 1-dimensional base
schemes and establish the valuative criteria of separatedness and properness.
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Definition 2.46. Let f: (X,A) — C be a family of pairs (2.2) over a regular 1-
dimensional scheme C of characteristic 0. We say that f: (X, A) — C is stable
if f is locally stable (2.3), proper and Kx,c + A is f-ample.

Note that if f is locally stable then Ky + A is R-Cartier, so f-ampleness
makes sense. By (2.10), being stable is preserved by base change C’ — C.

More generally, whenever the notion of local stability is defined later over
a scheme S, then f: (X,A) — § is called stable if the above conditions are
satisfied. (Thus we have to make sure that local stability implies that Kx/s + A
makes sense and is R-Cartier.)

The relationship between locally stable morphisms and stable morphisms
parallels the connection between smooth varieties and their canonical models.

Proposition 2.47. Let f: (Y,A) — B be a locally stable, proper morphism
over a I-dimensional regular scheme B of characteristic zero. Assume that the
generic fibers are normal, of general type and f has a relative canonical model
S (Y6, A%) > B. Then f¢: (Y°,A®) — B is stable.

Furthermore, taking the relative canonical model commutes with flat base
changesm: B' — B.

Proof First, Kyc + A® is f°-ample by definition (1.38) and (¥*, A°) is Ic.

Let b € B be any closed point and Y}, (resp. Y}) the fibers over b. Since
f is locally stable, (Y,Y, + Ay) is Ic. Since any fiber is f-linearly trivial, we
conclude using (Kolldr, 2013b, 1.28) that (Y, Y} + A°) is also lc. Thus f° is
locally stable, hence stable.

In characteristic 0, being locally stable is preserved by base change (2.10),
thus the last assertion follows from (11.40). ]

Remark 2.48. In most cases, the fibers of f¢ are not the canonical models of
the fibers of f; see Section 1.5 and (5.10).

A significant exception is when A = 0 and Y}, has canonical singularities.
Then (Y, Y) is canonical by (11.17) and so is (Y, ;) by (Kollar and Mori,
1998, 3.51). Thus Y} also has canonical singularities by (11.17), it is thus the
canonical model of Y.

2.49 (Separatedness and Properness). Let C be a regular scheme of dimension
1, and C° c C an open and dense subscheme. Let f°: (X°,A°) — C° be a
stable morphism. We aim to prove the following two properties.

Separatedness f°: (X°,A°) — C° has at most one extension to a stable mor-
phism f: (X,A) — C.
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Properness There is a finite surjection 7: B — C such that the pull back
7 f°: (X° X¢ B,A° X¢c B) = B® := 171 (C°)
extends to a stable morphism fz: (Xg, Ag) — B.

Next we show that separatedness holds in general and properness holds in
characteristic 0. In both cases the proof relies on theorems that we state in
general forms in Section 11.3.

Proposition 2.50 (Separatedness for stable maps). Let f;: (X', A') — B be two
stable morphisms over a 1-dimensional, regular scheme B. Let

. (x! 1\~ (V2 2
¢ Xeepy Meewy) = Ky D))
be an isomorphism of the generic fibers. Then ¢ extends to an isomorphism
O: (X', AN =~ (X2, A%).

Proof Note that ¢ always extends to an isomorphism over an open, dense
subset B° € B. We can now apply (11.40), whose assumptions are satisfied by
(2.15). O

Example 2.50.1. Regularity of B is needed above. As a simple example, let B be
a smooth curve and f : § — B a smooth, projective family of curves of genus
> 2. Assume that we have points by, b, € B such that the fibers C; := f~'(b;)
are isomorphic. Let B be the nodal curve obtained by identifying b, and b,.
We can then descend the family to f : S — B using an isomorphism Cy = Cj.
The number of different choices is | Aut(C)|. Thus the family over B\ {by, b,}
may have several stable extensions over the nodal curve B.

Remark 2.50.2. As a consequence of (2.50) we obtain that Aut(X, A) is finite
for a stable pair (X, A) in arbitrary characteristic, using (2.16.2). We prove a
more general form of it in (8.64).

Theorem 2.51 (Valuative-properness for stable maps). Let C be a smooth
curve over a field of characteristic 0 and C° C C an open and dense subset.
Let f°: (X°,A°) — C° be a stable morphism.

Then there is a finite surjection m: B — C such that the pull back

f5=7"f": (X° X¢c B,A° X¢ B) > 7'(C°)
extends to a stable morphism fg: (X, Ag) — B.

Proof We begin with the case when X° is normal. Start with f°: (X°,A°) —
C° and extend it to a proper flat morphism f;: (X;,A;) — C where X is
normal. In general (X, A;) is no longer lc.
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By (Kollar, 2013b, 10.46), there is a log resolution (p.12) g;: Y} — X| such
that (gl‘l)*Al + Ex(g1) + Y1, is an snc divisor for every ¢ € C. In general, the
fibers of fjogy: Y — C are not reduced, hence g; : (Y1, (g;')*Al +Ex(g1)) —
C is not locally stable.

Let B be a smooth curve and 7: B — C a finite surjection. Let X, — X; X¢ B
and Y, — Y] X¢ B denote the normalizations and g: Y» — X, the induced
morphism. Let A, be the pull back of A; X¢ B to X,. Note that

frog: (Y2,(g;"),00 + Ex(g2)) — B

is a log resolution over the points where 7 is étale, but ¥, need not be smooth.
However, by (2.52), (Y2, (g5"),A2 + Ex(g2) + red Y23 is lc for every b € B.

By (2.53), one can choose n: B — C such that every fiber of f, o g; is
reduced. With such a choice, f; o g5 is locally stable.

If the generic fiber (X, A;) is klt, then, using (2.15) and after shrinking C°,
we may assume that (X°, A°) is klt. Pick 0 < & < 1. Then (Y2,A; + (1 —
£)Ex(g»)) is also kit and so it has a canonical model f: (X3, Ag) — B by
(11.28.1), which is stable by (2.47).

We are almost done, except that, by construction, fz: (X, Ag) — B is iso-
morphic to the pull-back of f°: (X°,A°) — C° only over a possibly smaller
dense open subset. However, by (2.50), this implies that this isomorphism
holds over the entire C°.

The argument is the same if (X°, A°) is Ic, but we need to take the canonical
model of (Y2, A, + Ex(g;)). Here we rely on (11.28.2).

Next we show how the semi-log-canonical case can be reduced to the log
canonical case.

Let X° — X° be the normalization with conductor D° C X°. As we noted in
(2.12), we get a stable morphism

o1 (X°,A° + D°) - C°. (2.51.4)

By the already completed normal case, we get B — C such that the pull-back
of (2.51.4) extends to a stable morphism

fBZ (XB,AB + DB) — B. (2.51.5)

Finally, (2.54) shows that (2.51.5) is the normalization of a stable morphism

fB: (X, Ap) — B, which is the required extension of fj. O
We have used the following 3 lemmas during the proof.

Lemma 2.52. Let C be a smooth curve over a field of characteristic 0, f: X —
C a flat morphism and A an R-divisor on X. Assume that (X,red X; + A) is Ic
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for every ¢ € C. Let B be a smooth curve, g: B — C a quasi-finite morphism,
gy: Y = X Xc B the normalization and Ay := g} A.
Then (Y,red Y, + Ay) is lc for every b € B.

Proof Pick ¢ € C and let b; € B be its preimages. By the Hurwitz formula
Ky + Ay + 3 red Yy, = gy (Kx + A + red X,.).

By assumption, (X, A + red X,) is Ic for every ¢ € C. Hence, by (11.23.3),
(Y, Ay + > ;red Y},) is also Ic. ]

Lemma 2.53. Let f: X — T be a flat morphism from a normal scheme to
a I-dimensional regular scheme T. Let S be another 1-dimensional regular
scheme and n: S — T a quasi-finite morphism. Let Y — X Xr S be the
normalization and fy: Y — S the projection. Assume that m is tamely ramified
and, for every s € S, the multiplicity of every irreducible component of X
divides the ramification index of r at s.

Then every fiber of fy: Y — S is reduced.

Proof The claim is local, so pick points Og € S and O := m(0s) € T with
local parameters t € O and s € 0.

We want to study how the multiplicities of the irreducible components of
the fiber over Oy change under base extension. We can focus on one such irre-
ducible component and pass to any open subset of X that is not disjoint from
the chosen component. By Noether normalization (10.51), we can think of X as
a hypersurface X C A7 defined by an equation f € Or[xy,...,x,]. The central
fiber X, is defined by f = 0 where f is the mod ¢ reduction of f. By focusing
at a generic point of Xy, after an étale coordinate change we may assume that
f= x| where m is the multiplicity of Xo. We can thus write f = x| —1- u(x, 1).
Since X is normal (hence regular) at the generic point of Xj, we see that u is
not identically zero along Xj.

We can write 7%t = s°v(s) where e is the ramification index of 7 at Og and v
is a unit at Og. Consider now the fiber product X5 := X X7 § — §. It is defined
by the equation x|" = s - u(x, s°v(s)) - v(s). Note that Xy is not normal along
(s=x1=0)if me > 1.

Constructing the normalization is especially simple if e is a multiple of m.
Write e = md and set x| := xs~4. Then we get Y C A% (with coordinates
X, X2,...,X,) defined by x]" = u(x] s, %3, ..., Xy, 5€V(5)) - v(s), and the central
fiber Y, is defined by the equation x}" = u(0, x2, ..., x,,0) - v(0), where the
right hand side is not identically zero.

If the characteristic of k(0Os) does not divide m, then the projection Yy —

A’;’l x, 18 generically étale and Y is smooth at its generic points. In this case,
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Y is the normalization of Xs (at least generically along Yj) and the central fiber
of Y — S has multiplicity 1. O

’’’’’ x, is inseparable. If
u(0, x5, ..., x,,0) is not a pth power over the algebraic closure of k(O ), then
Yy is geometrically integral, hence generically nonsingular. In this case, Y is
the normalization of X and the central fiber of ¥ — S has multiplicity 1.

If u(0, xz, . . ., x,,0) is a pth power, then Yy is not generically reduced. In this
case Y need not be normal and further blow-ups may be needed to reach the
normalization. The situation is rather complicated, even for families of curves.
A weaker result is in (2.60).

At the end of the proof of (2.51) we needed to construct an slc pair from its
normalization. The following is a special case of (11.41), whose assumptions
hold by (2.15).

Lemma 2.54. Let B be a smooth curve over a field of characteristic 0 and
B° C B a dense open subset. Let f°: (X°,A°) — B° be a stable morphism. Let
F°: (X°,A° + D°) = B° be the normalization with conductor D° c X°.
Assume that f° extends to a stable morphism f: (X,A + D) — B.
Then f° also extends to a stable morphism f: (X,A) — B. O

As we noted in (2.16), it is not known whether being locally stable is pre-
served by base change in positive characteristic. However, the next result shows
that this holds for all families obtained as in (2.51).

Theorem 2.55. Let h: C' — C be a quasi-finite morphisms of regular schemes
of dimension 1 and f: X — C a proper morphism from a regular scheme X
to C whose fibers are geometrically reduced, simple normal crossing divisors.
Then X' := X X¢ C' has canonical singularities and

Do [0 = W s fobZ. (2.55.1)

Proof Note that (2.55.1) is just the claim that push-forward commutes with
flat base change h: C’ — C. The substantial part is the assertion that X’
has canonical singularities, hence the proj of ©,,50f, w‘?}f’}c,
canonical model of any resolution of X’.

Pick a point x € X and set ¢ = f(x). We may assume that C and C’ are the
spectra of DVRs with local parameters ¢ and s. Thus the Henselisation of (x, X)
can be given as a hypersurface (x; - - - x,, = 1) C (0, A7.), where A7. denotes the
Henselisation of A{. at (0, 0).

If h*t = ¢(s) then (x’, X’) can be given as a hypersurface

is also the relative

(X1 Xm = ¢(s)) C (0,A,). (2.55.2)
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Thus the main claim is that the singularity defined by (2.55.2) is canonical.

If we are over a field then (2.55.3) defines a toric singularity. We check
below that although there is no torus action on the base C, we can compute
the simplest blow-ups suggested by toric geometry and everything works out
as expected.

(Note that, although the pair (A”, (x| ---x, = 0)) is Ic, this is not a com-
pletely toric question. We need to understand all exceptional divisors over A7,
not just the toric ones; see (Kollar, 2013b, 2.11).) O

Lemma 2.56. Let T be a DVR with local parameter t, residue field k and A%,
the Henselisation of A’ at (0,0). Let m < n and e be natural numbers and ¢ a
regular function on A7.. Set

X = X(m,n,e, @) = (x1 -+ X = £ + 7 p(x1,..., x,)) € (0,A%), (2.56.1)

and let D be the divisor (t = 0) C X. Then the pair (X, D) is log canonical and
X is canonical.

Proof 1If char k = 0, this immediately follows from (2.10), so the main point
is that it also holds for any DVR.

If m = 0 or e = 0 then X is empty and we are done. Otherwise we can set
X, = xu(1 + t$)~! to get the simpler equation x; --- x,, = °. For inductive
purposes we introduce a new variable s and work with

X = (xl e Xy = 8° :xm+1"'xm+rs_t:0) C(O,Ar;"H)

D:=(=0), where0<r<n-m. (2.56.2)

The case r = 0 corresponds to (2.56.1). We use induction on m and e.

Let E be an exceptional divisor over X and v the corresponding valuation.
Assume first that v(x;) > v(s). We blow up (x; = s = 0). In the affine chart
where x| := x1/s we get the new equations

Xixp o Xy — STV = Xt XS — =0
defining (X', D). A local generator of wy,r(D) is

1 dxp A ANdx,
_.u’ (2.56.3)

t X2 Xmr

which is unchanged by pull-back.

Such operations reduce e, until we reach a situation where v(x;) < v(s) for
every i. If v(x;) = O for some i and i # m then x; is nonzero at the generic point
of centery E. Thus we can set x), := x;x, and reduce the value of m. Thus
we may assume that v(x;) > 0 fori = 1,...,m. Since Y v(x;) = e - v(s), we
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conclude that e < m. If e > 2 then we may assume that v(x,) is the smallest.
Set x, = x;/x. fori=1,...,e—1and 5" := s/x.. We get new equations

x’l T x’e—]errl o Xm (S’)e = XeXm+1 """ xm+rsl -1=0 (2564)

defining (X’, D’) and the value of m dropped. The pull-back of (2.56.3) is

—_

d(xexX5) N Ad(xex)_ ) Ndxe A=+ Adxy,

(xex,z) e (xex;,l)xe ©t Xmr
1 dxX,A---dx_ Ndx, \--- ANdx,
2 e—1

t X

~

(2.56.5)

/ / 4
2...x671x€...xln+r

which is again a local generator of wy: /7 (D’).
Eventually we reach the situation where e = 1. We can now eliminate s and,
after setting r + m +— m, rewrite the system as

X := (xl ce X ZI) C (O,A’;‘)

D= (1=0). (2.56.6)

Now X is regular, this case was treated in (Kollar, 2013b, 2.11). O

We discuss a collection of other results about extending 1-parameter families
of varieties or pairs. These can be useful in many situations.

2.57 (Extending a stable family without base change). Let C be a smooth
curve over a field of characteristic 0, C° c C an open and dense subscheme,
and f°: (X°,A°) — C° a stable morphism. Here we consider the question of
how to extend f° to a proper morphism f: X — C in a ‘nice’ way without a
base change. For simplicity assume that X° is normal.

We can take any extension of f° to a proper morphism f;: X; — C, then
take a log resolution of (X»,A;) — (X1, A;) and finally the canonical model of
(X2, A;) using (11.28). We have proved:

Claim 2.57.1. There is a unique extension f: (X, A) — C such that (X, A) is Ic
and Kx + A is f-ample. O

This model has the problem that its fibers over C \ C° =: {cy,...,c,} can be
pretty complicated. A slight twist improves the fibers considerably. Instead of
starting with the above (X, A1), we take a log resolution (X», Ap+); red X, ,) of
(X1,A + Y red X; .,) and its canonical model over C. We need to apply (11.28)
to (Xa, A0 + Y red Xo, — £, Xo,,) and use (11.28.2) to obtain the following.

Claim 2.57.2. There is a unique extension f: (X,A) — C such that (X,A +
> red X.,)is Ic and Kx + A + X red X,, is f-ample. By adjunction, in this case
(red X,,, Diff A) is slc. O
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A variant of this starts with any extension (X;, A;) and then takes a dIt mod-
ification of (X;,A; + X red X; ) as in (Kolldr, 2013b, 1.36).

Claim 2.57.3. There is a dlt modification (Y°, A}) — (X°, A°) and an extension
ofitto g: (¥,Ay) — C such that (¥,A + X red Y,,) is dlt. O

Taking a minimal model of g: (¥, Ay + X red Y,,) — C yields another useful
version.

Claim 2.57.4. There is a dlt modification (Y°, A}) — (X°, A°) and an extension
of it to g: (X,Ax) — C such that (X,Ax + > red X,,) is dIt and Kx + Ax +
> red X, is f-nef. O

Finally, if we are willing to change X° drastically, (Kollar, 2013b, 10.46)
gives the following.

Claim 2.57.5. There is a log resolution (¥°,A}) — (X°, A°) and an extension
ofitto g: (¥,Ay) — C such that (¥, Ay + red Y,) is snc for every ¢ € C. O

Let us also mention the following very strong variant of (2.57.5), tradition-
ally called the ‘semistable reduction theorem.” We do not use it, and one of the
points of our proof of (2.51) was to show that the much easier (2.52) and (2.53)
are enough for our purposes.

Theorem 2.58. Kempf et al. (1973) Let C be a smooth curve over a field of
characteristic 0, f: X — C a flat morphism of finite type and D a divisor on
X. Then there is a smooth curve B, a finite surjection n: B — C and a log
resolution g: Y — X X¢ B such that for every b € B,

(2.58.1) g-(D x¢ B) + Ex(g) + Y, is an snc divisor and

(2.58.2) Y, is reduced. O

The positive or mixed characteristic analogs of (2.58) are not known, but the
following result on ‘semi-stable alterations’ holds in general.

Theorem 2.59. de Jong (1996) Let T be a I-dimensional regular scheme and
f: X — T a flat morphism of finite type whose generic fiber is geometrically
reduced. Then there is a I-dimensional regular scheme S, a finite surjection
n: S — T and a generically finite, separable, proper morphism g: Y — XX7§
such that Y is a reduced snc divisor for every s € S. O

The following variant of (2.53) is an easy consequence of (2.59).

Corollary 2.60. Let f: X — T be a flat morphism of finite type from a pure
dimensional scheme to a I-dimensional regular scheme T. Then there is a I-
dimensional regular scheme S and a finite morphism n: S — T such that



2.5 Cohomology of the structure sheaf 105

every fiber of the projection of the normalization X X7 S — S is generically
reduced. O

2.5 Cohomology of the structure sheaf

In studying moduli questions, it is very useful to know that certain numerical
invariants are locally constant. In this section we study the deformation invari-
ance of (the dimension of) certain cohomology groups. The key to this is the
Du Bois property of slc pairs. The definition of Du Bois singularities is rather
complicated, but fortunately for our applications we need to know only the
following two facts.

2.61 (Properties of Du Bois singularities). Let M be a complex analytic variety.
Since constant functions are analytic, there is an injection of sheaves Cy; —
0’y Taking cohomologies we get

H'(M,C) - H'(M, 0.

If X is projective over C and X*" is the corresponding analytic variety, then, by
the GAGA theorems of Serre (1955-1956), H'(X™, 0%") ~ H'(X, OY).
If X is also smooth, Hodge theory tells us that

H'(X™,C) —» H'(X™, 0%") ~ H'(X, Ox)

is surjective. Du Bois singularities were essentially defined to preserve this sur-
jectivity, see Du Bois (1981); Steenbrink (1983). (There does not seem to be a
good definition of Du Bois singularities in positive characteristic; see however
Kollar and Kovécs (2020).) Thus we have the following.

Property 2.61.1. Du Bois (1981) Let X be a proper variety over C with Du Bois
singularities. Then the natural maps

H'(X*™,C) - H'(X™, 0%") ~ H'(X, Ox) are surjective. O

Next we need to know which singularities are Du Bois. Over a field of char-
acteristic 0, rational singularities are Du Bois; see (Kollar, 1995b, 12.9) and
Kovics (1999), but for our applications the key result is the following.

Property 2.61.2. Kollar and Kovics (2010, 2020) Let (X, A) be an slc pair over
C. Then X has Du Bois singularities. O

These are the only facts we need to know about Du Bois singularities.
The main use of (2.61.1) is through the following base-change theorem, due
to Du Bois and Jarraud (1974); Du Bois (1981).
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Theorem 2.62. Let S be a Noetherian scheme over a field of characteristic 0
and f: X — S a flat, proper morphism. Assume that the fiber X, is Du Bois
for some s € S. Then there is an open s € S° C S such that, for all i,

(2.62.1) R'f.Ox is locally free and commutes with base change over S°, and

(2.62.2) s H(X,, Oyx,) is a locally constant function on S °.

Proof By Cohomology and Base Change, the theorem is equivalent to prov-
ing that the restriction maps

¢,: R f.Ox — H'(X,, O,) (2.62.3)

are surjective for every i. By the Theorem on Formal Functions, it is enough to
prove this when S is replaced by any Artinian local scheme S ,,, whose closed
point is s.

Thus assume from now on that we have a flat, proper morphism f,: X, —
S, s €S, is the only closed point and X; is Du Bois. Then H(S ., R'f.Ox) =
H'(X,, Ox,), hence we can identify the ¢’ with the maps

W' H(X,, Ox,) — H'(X,, Ox). (2.62.4)

By the Lefschetz principle we may assume that k(s) ~ C. Then both sides of
(2.62.4) are unchanged if we replace X,, by the corresponding analytic space
X:". Let Cy, (resp. Cy,) denote the sheaf of locally constant functions on X,
(resp. X;) and j,: Cx, — O, (resp. j;: Cx, — Oy,) the natural inclusions.
We have a commutative diagram

Hi(X,,Cy,) —*—> Hi(X,,Cy,)

j;i lj’;

Hi(X,, Ox) L H(X,, Ox.,)-

Note that o' is an isomorphism since the inclusion X; < X, is a homeomor-
phism, and j is surjective since X; is Du Bois. Thus ¢/ is also surjective. O

Complement 2.62.5. The above proof also works if f : X — § is a flat,
proper morphism of complex analytic spaces and X is an algebraic space with
Du Bois singularities.

Definition 2.63. A scheme Y is said to be potentially sic or slc-type if, for

every y € Y, there is an effective R-divisor A, on Y such that (¥, A,) is slc at y.
Let f: X — S be a flat morphism. We say that f has potentially slc fibers

over closed points if the fiber X is potentially slc for every closed point s € S.
One can similarly define the notion potentially kit, and so on.
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In our final applications, the A usually come as the restriction of a global
divisor A to X, but we do not assume this.

If (X;, Ay) is semi-log-canonical then X is Du Bois by (2.61.2), hence (2.62)
implies the following.

Corollary 2.64. Let S be a Noetherian scheme over a field of characteristic
0, and f: X — S a proper and flat morphism with potentially slc fibers over
closed points. Then, for all i,

(2.64.1) R'f.Ox is locally free and compatible with base change, and
(2.64.2) if S is connected, then h'(X;, Ox,) is independent of s € S. O

We can derive similar results for other line bundles from (2.64). A line bun-
dle L on X is called f-semi-ample if there is an m > 0 such that L™ is f-
generated by global sections. That is, the natural map f*(f.(L™)) — L™ is
surjective. Equivalently, L™ is the pull-back of a relatively ample line bundle
by a suitable morphism X — Y.

Corollary 2.65. Let S be a Noetherian, connected scheme over a field of char-
acteristic 0 and f: X — S a proper and flat morphism with potentially slc
fibers over closed points. Let L be an f-semi-ample line bundle on X. Then
(2.65.1) R'f.(L™") is locally free and compatible with base change, and
(2.65.2) h (X, L)_(.}) is independent of s € S for all i.

Proof The question is local on S, thus we may assume that S is local with
closed point s. Chose m > 0 such that L™ is f-generated by global sections.
Since S is local, L™ is generated by global sections. By (2.13), there is a finite
morphism 7: ¥ — X such that 7.0y = @"'L™" and fon: (Y,n7'A) — S also
has potentially slc fiber over s. Thus, by (2.64),

R(f om).Oy = ®" )R f.(L™)

is locally free and compatible with arbitrary base change. Thus the same holds
for every summand. O

Warning 2.65.4. Note that we assume that L is f-semi-ample, not only that L is
semi-ample on fibers over closed points. The Poincaré bundle on E x Ey — E
shows that the latter is not enough, where E is an elliptic curve and Ej is the
localization of its dual at 0 = [O%].

Corollary 2.66. Kolldr and Kovdcs (2010, 2020) Let S be a Noetherian, con-
nected scheme over a field of characteristic 0 and f: X — S a proper, flat
morphism of finite type. Assume that all fibers are potentially slc and X; is CM
for some s € S. Then all fibers of f are CM.
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For an arbitrary flat morphisms 7: X — S, the set of points x € X such that
the fiber Xy, is CM at x is open (10.11), but usually not closed. (Many such
examples can be constructed using (Kollar, 2013b, 3.9-11).) If r is proper, then
the set {s € S : X, is CM} is open in S (10.12). Thus the key point of (2.66) is
to show that, in our case, this set is also closed.

More generally, under the assumptions of (2.66), if one fiber of f is Sy
(10.3.2) for some £, then all fibers of f are S, see Kollar and Kovacs (2020).

Proof We prove the projective case; see Kollar and Kovacs (2020) for the
proper one.

Let L be an f-ample line bundle on X. If X, is CM for some s € §, then, by
(Kollar and Mori, 1998, 5.72), H (X, L;(:) =0 forr> 1andi < dimX,. Thus
by (2.65), the same vanishing holds for every s € §. Hence, using (Kolldr and
Mori, 1998, 5.72) again, we conclude that X is CM for every s € S. m|

Theorem 2.67. Kolldr and Kovdcs (2010, 2020) Let S be a Noetherian scheme
over a field of characteristic 0 and f: X — S a flat morphism of finite type
with potentially sic fibers over closed points. Then wys is

(2.67.1) flat over S with S, fibers, and

(2.67.2) compatible with base change. That is, forany g: T — S, the natural
map gywx;s — wx,r is an isomorphism, where gx: Xy := X xs T — X
is the first projection.

We give a detailed proof of the projective case below; this is sufficient for
almost all applications in this book. For the general case we refer to Kollar and
Kovécs (2020).

The existence of wys is easy and, as we see in (2.68.1-3), it holds under
rather weak restrictions. Compatibility with base change is not automatic; see
Patakfalvi (2013) and (2.45) for some examples.

As we explain in (2.68.4-5), once the definition of wy/s is set up right,
(2.67.2) and the flatness claim in (2.67.1) become easy consequences of (2.65).
Once these hold, the fiber of wy;s over s € S is wy,; and the latter is S, as in
(Kollar and Mori, 1998, 5.69).

2.68 (The relative dualizing sheaf II). The best way to define the relative dual-
izing sheaf is via general duality theory as in Hartshorne (1966); Conrad (2000)
or (Stacks, 2022, Tag ODWE); see also (11.2). It is, however, worthwhile to ob-
serve that a slight modification of the treatment in Hartshorne (1977) gives the
relative dualizing sheaf in the following cases.

Assumptions. S is an arbitrary Noetherian scheme and f: X — S a projective
morphism of pure relative dimension n (2.71). (We do not assume flatness.)
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2.68.1 (Weak duality for Pg). Let P = P¢ with projection g: P — S and set
wp/s = /\HQP/S.

The proof of (Hartshorne, 1977, II1.7.1 or II1.LExc.8.4) shows that there is
a natural isomorphism, called the trace map, t: R"g.wp;s ~ Os and, for any
coherent sheaf F on X, there is a natural isomorphism

8« Homp(F, wpys) ~ Homs(R"g.F, Us).

Note that if S is a point then g. Homp = Homp, thus we recover the usual
formulation of (Hartshorne, 1977, I11.7.1).

2.68.2 (Construction of wy;s). Let f: X — S be a projective morphism of
pure relative dimension n. We construct wy,s first locally over S. Once we
establish weak duality, the proof of (Hartshorne, 1977, 111.7.2) shows that a
relative dualizing sheaf is unique up to unique isomorphism, hence the local
pieces glue together to produce wy/s. Working locally over S, we can assume
that there is a finite morphism 7: X — P = P¢. Set

wx/s = 7‘{0mP(7T* ﬁx, a)p/s).

If f is flat with CM fibers over S then 7,0 is locally free and so is m.wy;s.
Thus wyys is also flat over §' with CM fibers and it commutes with base change.
‘We discuss a local version of this in (2.68.7).

2.68.3 (Weak duality for X/S). Let f: X — S be a projective morphism of
pure relative dimension n (2.71). Use (Hartshorne, 1977, Exc.II1.6.10) to show
that there is a trace map 7: R" f.wx/s — Oy, and for any coherent sheaf F' on
X there is a natural isomorphism

f Homx(F, wys ) = Homs (R" f.F, Ofs).
If F is locally free, this is equivalent to the isomorphism
folwyss ® F~') =~ Homs (R f.F, O5).

(Note that M +— Homg(M, Os) is a duality for locally free, coherent Os-
sheaves, but not for all coherent sheaves. In particular, the torsion in R"f, F
is invisible on the left hand side f.(wx/s ® F7').)

2.68.4 (Flatness of wx/s). Let L be relatively ample on X/S. By (3.20) wyys is
flat over S iff fi(wx/s ® L™) is locally free for m > 1. If this holds then wy/s
is the coherent Ox-sheaf associated to @,sm, f(wx/s ® L™), as a module over
the Os-algebra Y, f(L™).

Applying weak duality with F = L™, we see that these hold if R f,(L™) is
locally free for m > 1. The latter is satisfied in two important cases.
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(@) f: X — S is flat with CM fibers. Then R'f,(L™) = 0 for i < n and m >
1, hence R"f.(L™™) is locally free of rank (—1)"y(X,, L;™) for m > 1.

(b) f: X — S is flat with potentially slc fibers. Then R" f,(L™) is locally
free for m > 0 by (2.65).

2.68.5 (Base change properties of wx;s). Let f: X — S be a projective mor-
phism of pure relative dimension n and L relatively ample. We claim that the
following are equivalent.

(a) wyx/s commutes with base change as in (2.67.2).

(b) R"f.(L™™) is locally free for m > 0.

By (2.68.3-4) wy;s commutes with base change iff Homg (R" f.(L™"), Os)

is locally free and commutes with base change for m > 0. Finally show that a
coherent sheaf M is locally free iff Homg (M, O%) is locally free and commutes
with base change.

2.68.6 (Warning on general duality). If F is locally free, then we get
R'f(wys ® F )X R f.(F) = R" fuwy)s — Os,

but this is not a perfect pairing, unless both sheaves on the left are locally free
and commute with base change.

2.68.7 (More on the CM case). Let f: X — S be a projective morphism of
pure relative dimension n. We already noted in (2.68.2) that if f is flat with
CM fibers over S, then the same holds for wy,s. We consider what happens if
f is not everywhere CM. By (10.11) there is a largest open subset X" C X
such that f|x is flat with CM fibers. Assume for simplicity that X; N X" is
dense in X; and s € § is local. Then, for every x € X; N X“™ one can choose
a finite morphism 7: X — P = P% such that 7' (m(x)) ¢ X°™. Thus x. 0 is
locally free at n(x) and so is m.wyx/s. Thus we have proved that the restriction
of wyys to X is flat over S with CM fibers and commutes with base change.

This is actually true for all finite type morphisms, one just needs to find a
local analog of the projection 7 (see Section 10.6) and show that (2.68.2.a)
holds if 7 is finite; see Conrad (2000) for details.

Corollary 2.69. Let S be a connected, Noetherian scheme over a field of char-
acteristic 0 and f: X — S a proper and flat morphism with potentially slc
fibers over closed points. Let L be an f-semi-ample line bundle on X. Then
(2.69.1) R f.(wxs ® L) is locally free and compatible with base change, and
(2.69.2) W (X,, wyx, ® Ly) is independent of s € S for all i.

In particular, for L = Ox we get that

(2.69.3) R!f.wyys is locally free and compatible with base change, and
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(2.69.4) hi(X,,wy,) is independent of s € S for all i.

If the fibers X, are CM, then H'(X,, wx, ® Ly) is dual to H"7/(X,, L;'), so
(2.69) follows from (2.65). If the fibers X, are not CM, the relationship between
(2.69) and (2.65) is not so clear. See (8.16) for a more general version.

Proof Let us start with the case i = 0. By weak duality (2.68.3),
folwxss ® L) = Homs (R" f.(L7"), Os),

where n = dim(X/S). By (2.65), R" f.(L™") is locally free and compatible with
base change, hence so is fi.(wx/s ® L). Thus (2.69.1) holds for i = 0. Next we
use this and induction on n to get the i > 0 cases.

Choose M very ample on X such that R f,(wx/s ® L® M) = 0 for i > 0, and
this also holds after any base change. Working locally on S, as in the proof of
(2.65), let H C X be a general member of |M| such that H — S is also flat with
potentially slc fibers (2.13). The push-forward of the sequence

00— wx/s ®L—>a)x/s ®L®M—>(,L)H/s ®L—0
gives isomorphisms
Rif*(a)x/s QL) =~ Ri_lf*(wH/S ®L) forizx>?2.

Using induction, these imply that (2.69.1) holds for i > 2.
The beginning of the push-forward is an exact sequence

0— ﬁ(wx/g ®L) e f*(wx/s ®L®M) e f*(wﬂ/s ®L) - le*(a)x/s ®L) - 0.

We already proved that the first 3 terms are locally free. In general, this does
not imply that the last term is locally free, but this implication holds if S is the
spectrum of an Artinian ring (2.70).

In general, pick any point s € S with maximal ideal sheaf m;. Set A, :=
O,s/m" and X, := Spec(Ox/f*m"). Then H'(X,, (wx;s ® L)|x,) is a free A,-
module by the above considerations, and the restriction maps

H'(X,, (wxss ® L)lx,) ®a, k(s) > H'(X;, wy, ® Ly)

are isomorphisms. By the Theorem on Formal Functions, this implies that
R!f.(wx/s ® L) is locally free and commutes with base change. O

2.70. Let (A, m) be alocal Artinian ring. Let F be a free A-module and j: A —
F an injection. We claim that j(A) is a direct summand of F. Indeed, let r > 1
be the smallest natural number such that m"A = 0. Note that m'~'m = 0. If
j(A) € mF then m"'A = 0, a contradiction. Thus j(A) is a direct summand of
F. By induction this shows that any injection between free A-modules is split.
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This also implies that if 0 - M; — --- —» M, — 0 is an exact sequence of
A-modules and all but one of them are free, then they are all free.

2.71 (Pure dimensional morphisms). A finite type morphism f : X — S is
said to have pure relative dimension n if, for every integral scheme T and every
h:T — §, every irreducible component of X Xg T has dimension dim T + n.
We also say that f is pure dimensional if it is pure of relative dimension n for
some n. It is enough to check this property for all cases when T is the spectrum
of a DVR.

Applying the definition when T is a point shows that if f has pure relative
dimension n, then every fiber of f has pure dimension n, but the converse
does not always hold. For instance, let C be a curve and 7 : C — C the
normalization. If C is nodal then 7 does not have pure relative dimension 0O
since C X¢ C contains 2 isolated points. However, the converse does hold in
several important cases.

Claim 2.71.1. Let f : X — § be a finite type morphism whose fibers have pure
dimension n. Then f has pure relative dimension # iff it is universally open.
Thus both properties hold if f is flat.

Proof Both properties can be checked after base change to spectra of DVRs.
In the latter case the equivalence is clear and flatness implies both. O

2.71.2 (Chevalley’s criterion). (Grothendieck, 1960, IV.14.4.1) Let f : X —
S be a finite type morphism whose fibers have pure dimension n. Assume
that S is normal (or geometrically unibranch) and X is irreducible. Then f is
universally open.

Proof By an easy limit argument, it is enough to check openness after base
change for finite type, affine morphisms S’ — §; see (Grothendieck, 1960,
IV.8.10.1). We may thus assume that §* C A for some 7. The restriction of
an open morphism to the preimage of a closed subset is also open, thus it is
enough to show that the natural morphism f™ : A — A% is open for every
n. If § is normal then so is A§, thus it is enough to show that all maps as in
(2.71.2) are open.

To see openness, let U C X be an open set and x € U a closed point.
We need to show that f(U) contains an open neighborhood of s := f(x). Let
x € W C X be an irreducible component of a complete intersection of n Cartier
divisors such that x is an isolated point of W N Xj. It is enough to prove that
f(U N W) contains an open neighborhood of s. After extending W — S to
a proper morphism and Stein factorization, we are reduced to showing that
(2.71.2) holds for finite morphisms.
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Since f(U) is constructible, it is open iff it is closed under generalization.
The latter holds by the going-down theorem. O

2.6 Families of divisors I

We saw in (2.67) that for locally stable morphisms g: (X, A) — C, the relative
dualizing sheaf wy;c commutes with base change. We also saw in (2.44) that
;"/]C usually do not commute with base change. Here we consider
this question for a general divisor D: What does it mean to restrict a divisor D

on X to a fiber X,.? How are the two sheaves Ox(D)|x. and Oy, (Dl|y.) related?

its powers w

2.72 (Comments on Serre’s conditions). For the definition of §,,, see (10.3) or
(Stacks, 2022, Tag 033P). The following variant will be useful for us.

Let X be a scheme, Z C X a closed subset and F' a coherent sheaf on X. We
say that F'is S, along Z if (10.3.2) holds whenever x € Z.

The following is the key example for us. Let T be a regular 1-dimensional
scheme, f: X — T a proper morphism and F a coherent sheaf on X, flat over
T. Assume that every fiber F; is S ,,. If x € X is contained in a closed fiber, then
depth, F > min{m+ 1, codim(x, Supp F)}, but for points in the generic fiber we
can only guarantee that depth, F > min{m, codim(x, Supp F)}. Thus F is not
S m+1, butitis S,,.1 along closed fibers.

2.73 (One-parameter families of divisors). Let T be a regular, 1-dimensional
scheme and f: X — T a flat, proper morphism. For simplicity assume for
now that X is normal. Let D be an effective Weil divisor on X. Under what
conditions can we view D as giving a ‘reasonable’ family of Weil divisors on
the fibers of f?

We can view D as a subscheme of X and, if Supp D does not contain any
irreducible component of any fiber X;, then f|p: D — T is flat, hence the
fibers D|y, form a flat family of subschemes of the fibers X;. The D|y, may have
embedded points, ignoring them gives a well-defined effective Weil divisor on
the fiber X;. We will eventually denote it by D;, but use DI or the more precise
D|§’(irV if we want to emphasize its construction; see also (2.77).

Understanding the difference between the subscheme D|x, and the divisor
DY is the key to dealing with many issues. As a rule of thumb, D defines a
‘nice’ family of divisors iff D;ﬁv = Dly, foreveryt e T.

It can happen that D N X; is contained in Sing X, for some ¢. These are the
cases when the correspondence between Weil divisors and rank 1 reflexive
sheaves breaks down. Fortunately, this does not happen for locally stable fam-
ilies. Thus we can focus on the cases when D is a relative Mumford divisor
(p-11).

It is now time to drop the normality assumption and work with divisorial
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subschemes (4.16.2) in one of the following general settings. (Further general-
izations will be considered in Sections 5.4 and 9.3.) We start with the absolute
version.

(l.a) X is a pure dimensional, reduced scheme and H c X a Cartier divisor.
Assume that H is S, equivalently, X is S5 along H (2.72).

(1.b) There is a closed subscheme Z C X such that D|x\z is a Cartier divisor
and codimy(H N Z) > 2.

(1.c) D is a Mumford divisor along H, that is, Supp D does not contain any
irreducible component of H, and H is regular at generic points of H N D; see
(4.16.4).

In the relative version, we assume the following.

(2.a) T is aregular, 1-dimensional, irreducible scheme and f: X — T is a flat,

pure dimensional morphism whose fibers are reduced and S ;.

(2.b) There is a closed subscheme Z C X such that D|x\z is a Cartier divisor
and codimy (X, N Z) > 2 forevery r € T.

(2.¢) D is arelative Mumford divisor (4.68).

Under these conditions, the divisorial restriction D (resp. DIV) is defined as
the unique divisorial subscheme (4.16.2) on H (resp. X;) that agrees with the
restriction of the Cartier divisor D|x\z to H \ Z (resp. X; \ Z).

Proposition 2.74. Notation and assumptions as in (2.73.1.a—c). The following
conditions are equivalent.

(2.74.1) Ox(-D)is S3 along HN Z.

(2.74.2) Ox(-D)is S3 along H.

(2.74.3) The restrictionmap ry: Ox(—=D)|y — ﬁH(—D?}V) is an isomorphism.
(2.74.4) The following sequence is exact

0 — Ox(~=D — H) — Ox(=D) — Ou(-D%Y) — 0.

If D is effective, these are further equivalent to:
(2.74.5) Op has depth > 2 at every point of H N Z.
(2.74.6) Op is S, along H.

(2747 DN H = D‘;}" (as schemes).

Proof Since we assume that X is S 3 along H, (2) and (6) hold outside Z, Thus
(1) e (2)and (5) & (6).

Since Ox(—D) is S, ry is an injection and an isomorphism outside Z. Since
ﬁy(—D?_}V) is S by definition, it is the S,-hull of Ox(—D)|y; see (9.3.4). Thus
ry is surjective & ry is an isomorphism & Ox(—D)|y is S»,. This proves (2)
& (3) while (3) & (4) is clear.
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Since Oy has depth > 3 at codimension > 2 points of H, the sequence
0— Ox(-D) — Ox — Op — 0,

and an easy lemma (10.28) show that (5) & (1).
Let s be a local equation of H. Then s is not a zero divisor on Jp and
Opnn = Op/(s). Thus (6) & (7). O

Proposition 2.75 (Relative version). Using the notation and assumptions of
(2.73.2.a—c), let 0 € T be a closed point and g € T the generic point.

(2.75.1) The conditions (2.74.1-7) are equivalent for H = X,.

If f is projective and L is f-ample, then these are also equivalent to:

(2.75.2) x(Xo, Lg’(—Dgi")) = X(X;, Ly (=Dy)) for all m € Z.

If dim(Xy N Z) = 0, then these are further equivalent to:

(2.75.3) x(Xo, Ox,(=D§")) = x(X;, Ox,(=Dy)).

Proof The first claim follows from (2.74). If f is projective and Ox(-D) is
flat over T', then

XX, Ly (=Dyg)) = x(Xo, L" (=D)x, ).

Hence the difference of the two sides in (2) is x(Xo, Lj ® Q), where Q is the
cokernel of ry: Ox(—D)lx, — Ox,(—D§"). Thus Q = 0 iff equality holds in
(2). If dim(Xp N Z) = 0 then Q has 0-dimensional support, thus

x(Xo, Li ® Q) = x(Xo, Q) = H'(Xo, 0),
S0, in this case, (2) is equivalent to (3). O

Note that (2.75) shows that one can go rather freely between effective di-
visors and their ideal sheaves when studying restrictions. Much of the above
results on ideal sheaves generalize to arbitrary sheaves; these are worked out
in Sections 5.4 and 9.3.

The conditions (2.75) are all preserved by linear equivalence. However, they
are not preserved by sums of divisors.

Example 2.76. Consider a family of smooth quadrics Q ¢ P3 x A! degen-
erating to the quadric cone Q. Take four families of lines L/, M’ such that
Ly, L3, My, Mj are 4 distinct lines in Q, L # L? are in one family of lines on
Q. and M! # M? are in the other family for ¢ # 0. Note that

(0. 3L +L* + M' + M?) > A!

is a locally stable family.
Each of the 4 families of lines L/, M' is a flat family of Weil divisors.
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For pairs of lines, flatness is more complicated. L' + L? is not a flat family
(the flat limit has an embedded point at the vertex), but L’ + M/ is a flat family
for every i, j. The union of any 3 of them, for instance L' + L?> + M is again a
flat family, and so is L' + L> + M' + M?.

Notation 2.77. Let C be a regular, 1-dimensional scheme and f: X — C a
flat, pure dimensional morphism with reduced, S, fibers. Let A be a relative
Mumford R-divisor (4.68). From now on we use A. to denote the divisorial
fiber (instead of A or Al‘j(i:’ as in (2.73)).

Thus the fiber of a pair (X, A) over ¢ € C is denoted by (X, A.).

This notation is harmless for R-divisors, but there is a potential for confusion
when used for prime divisors. Then we use the longer D|x, for the scheme
theoretic fiber and DI or DI for the divisor theoretic fiber.

2.78. The main source of divisors D and divisorial sheaves Ox(D) that satisfy
the equivalent conditions of (2.75) is (11.20).

Let (X, A) be an slc pair. The conditions of (2.75) are local on X, we can thus
assume that Ky + A ~g 0. Then

mKx + |mA] + {mA} ~g 0 (2.78.1)

for any m € Z. If A = )’ a;D; and {ma;} < a; for every i, then {mA} < A, hence
—-mKx — |mA] satisfies the assumptions of (11.20).
Furthermore, if B < |A] is an effective Z-divisor, then we can also work with

(mKy + mA] — B) + (ImA} + B) ~z 0. (2.78.2)

If a; + a, = 1 and the q; are irrational, then {ma,} < a; and {ma>} < a, hold
only for m = 0, but (2.78.2) can be useful, relying on (11.50).

However, the numerical conditions {ma;} < a; hold in many other cases;
we list some of them in (2.79). These results are generalized to reduced base
schemes in (4.33). They influence the definition of various moduli theories in
Chapters 6 and 8.

Proposition 2.79. Let f: (X,A = Y, a;D;) — C be a locally stable morphism
to a smooth curve over a field of characteristic 0 and ¢ € C a closed point. Let
D be a relative Mumford Z-divisor (4.68). Then

Ox(D)lx, = Ox.(D.) := Ox (D™) (%)

in any of the following cases.

(2.79.1) D is Q-Cartier.

(2.79.2) A =0and D ~g mKx,c for any m € Z.
(2.79.3) mA is a Z-divisor and D ~g mKy,c + mA.
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(2.79.4) mA is a Z-divisor and D ~g (m + 1)Kx/c + mA.

(2.79.5) A = X (1 - %)Difor some r; € N, and D ~g mKx,c + |mA] for any
m € Z.

(2.79.6) A =3 ¢;Di, D ~g mKxc + |mA| and 1 - % <c¢; <1 foreveryi.

(2.79.7) The set {m € N: (x) holds for D ~q mKx,c + Y,lma;|D;} has positive
density.

(2.79.8) In (1-6) we may replaced D by D — B for any effective relative Mum-
ford Z-divisor B < | A].

Proof Let D be a Weil divisor on X as in (2.73.2—4). Assume that there is an
effective R-divisor A’ < A and an R-Cartier R-divisor L such that D ~g A’ + L.
Then Ox(—D) satisfies the equivalent conditions of (2.75) by (11.20).

For (1) we can use A’ = L = 0, in cases (1-3) we can take A’ = 0 and
L := —m(Kx;c+A) and in case (4) we use A’ = Aand L := —(m+ 1)(Kx/c +A).

For (5-6) we employ A" = mA—|mA] and L := —m(Kyx,c + A). The assump-
tions on the coefficients of A ensure that A’ < A. (Note that if mA — [mA] < A
for every m then in fact every coefficient of A is of the form 1 — % for some
r € N.) Claim (7) follows from (11.50).

Finally, if B < |A] then {mA} + B < A, giving (8). m]

These results are close to being optimal. For instance, under the assumptions
of (2.79.3), if n is different from m and m + 1 then the two sheaves

(a)g?/]c(mD))|Xc and wg’(](mDIXr)

are frequently different, see (2.41.3). In general, as shown by (2.44), even the
two sheaves (w%]c)| . and wgyf] can be different if A # 0. However, a consider-
able generalization of the cases (2.79.5-6) is proved in Section 2.7.

2.7 Boundary with coefficients > %

Consider a locally stable morphism f: (X,A = 3 a;D') — C to a smooth curve
C. It is very tempting to think of each fiber (X.,A.) as a compound object
(X, Di,: i € I,a;: i € I) consisting of the scheme X_, the divisors Di,, and their
coeflicients a;. Two questions muddy up this simple picture.

e Different D! may have an irreducible component E. in common. The def-
inition of a pair treats E,. as a divisor with coefficient };; coeffz, D.. The
individual D', do not seem to be part of the data any more.

e Should we just ignore the embedded points of X, N D??

One could hope that the first is just a matter of bookkeeping, but this does
not seem to be the case, as shown by the examples (2.76) and (2.41). In both
cases the coefficients in A were < %
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The aim of this section is to show that these examples were optimal; these
complications do not occur if the coefficients in A are all > % We start with
the case when the coeflicients are 1.

Given a locally stable map f: (X,A) — C, usually the Ic centers of the
fibers (X.,A.) do not form a flat family. Indeed, there are many cases when
the generic fiber is smooth, but a special fiber is not klt. However, as we show
next, the specialization of an Ic center on the generic fiber becomes a union
of Ic centers on a special fiber. Set theoretically this follows from adjunction

(11.17) and (11.12.4), but now we prove this even scheme theoretically.

Theorem 2.80. Let C be a smooth curve over a field of characteristic 0,
f: (X,A) — C a locally stable morphism and Z C X any union of lc cen-
ters of (X, A). Then f|z: Z — C is flat with reduced fibers and the fiber Z. is a
union of lc centers of (X., A.) for every c € C.

Proof Z is reduced and every irreducible component of Z dominates C by
(2.15). Thus flz: Z — C is flat. We can write its fibers as Z. = X. N Z. Since
X. + Z is a union of Ic centers of (X, X, + A), it is seminormal (11.12.2), so
X, N Z is reduced by (11.12.3). The last claim follows from (11.10.3). ]

When the coeflicients are in (%, 1], we start with a simple result.

2.81 (Restriction and rounding down). Let f: (X,A = Y, a;D’) — C be a
locally stable family over a 1-dimensional, regular scheme.

By (2.3), (X,,A,) is slc, hence every component of A, appears with coeffi-
cient < 1. For a divisor A C X,

1 > coeffs A, = Yesa; - coeffy DL

Since the coeff, D!, are natural numbers, we get the following properties.
2.81.1) Ifa; > % then every irreducible component of D, has multiplicity 1.
(2.81.2) Ifaj+a; > 1 andi # jthen the divisors D! and Dg have no irreducible
components in common.
Nextlet @ = ;b ij be an R-divisor on X. If every irreducible compo-
nent of B/ has multiplicity 1 and the different restrictions have no irreducible
components in common, then combining (1-2) we get:

Claim 2.81.3. Assume that Supp ® C Supp(A>'/2) (11.1). Then coeff(®|y) C
coeff ® and |O|y]| = |®O]|4. O

Applying this to ® = mA gives the following.

Corollary 2.81.4. If coeff A C (%, 1] then |mA,] = |[mA]. for every m. O
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The next result of Kollar (2014) solves the embedded point question when
all the occurring coefficients are > % Examples (2.41-2.42) show that the strict
inequality is necessary.

Theorem 2.82. Let f: (X,A = Y ;c;a;D;) — C be a locally stable morphism
to a smooth curve over a field of characteristic 0. Let J C I be any subset such
that a; > %for every j€ J. Set Dy := Ujc;D;. Then

(2.82.1) flp,: Dy — C is flat with reduced fibers,

(2.82.2) Dy is S, along every closed fiber, and

(2.82.3) Ox(—Dy) is S3 along every closed fiber.

Proof Note that each D; is a log center of (X, A) (11.11) and mld(D;, X, A) =
1 - a; by (11.8). Thus mld(Dy, X, A) < 1.
Let X, be any fiber of f. Then (X, X, + A) is slc and

mld(D;, X, X, + A) = mld(D;, X, A) < 4,

since none of the D; is contained in X.. Each irreducible component of X, is
a log canonical center of (X, X, + A) (11.10), thus mld(X., X, X, + A) = 0.
Therefore, mld(Dy, X, X, + A) + mld(X., X, X, + A) < %

We can apply (11.12.3) to (X, X, + A) with W = D, and Z = X, to conclude
that X, N Dj is reduced. This proves (1) which implies (2-3) by (2.75). m]

For the plurigenera, we have the following generalization of (2.79.5-6).

Theorem 2.83. Kolldr (2018a) Let C be a smooth curve over a field of char-
acteristic 0 and f : (X, A) — C a locally stable morphism with normal generic
fiber. Assume that coeff A C (%, 1]. Then, for every ¢ € C and m € Z,

wyje(mA)lx, = W (ImA]). (2.83.1)

Complement 2.83.2. If coeff A C [%, 1] then (2.83.1) still holds, but needs a
more careful case analysis, see Kollar (2018a). Note also that [mA]. = [mA.]
if coeff A C (%, 1] by (2.81.3), but they may be different if some coefficients
equal 1 and m is odd.

Method of proof If mKx +|mA] is Q-Cartier, then this follows from (2.79.1).
Thus we aim to construct a birational modification X’ — X such that mKy +
LmA’] is Q-Cartier, and then descend from X’ to X.

More generally, let g : ¥ — X be a proper morphism of normal varieties, F
a coherent sheaf on Y, H C X a Cartier divisor and Hy := g"H. Assuming that
F is S, along Hy, we would like to understand when g.F is S, along H. If
(the local equation of) Hy is not a zero divisor on F, then the sequence

0—F(-Hy) > F—> Flg, =0 (2.83.3)
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is exact. By push-forward we get the exact sequence
0 - g.F(~Hy) = g.F — g.(Flu,) > R'g.F(~Hy), (2.83.4)

and R'g,F(~Hy) ~ Ox(—H) ® R'g.F. Thus, by (10.28), g.F is S, along H if
R'g.F =0, and g.(Fy,) is S -1 along H. (In many cases, for instance if g is
an isomorphism outside Hy, these conditions are also necessary.)
We choose F = Oy:(mKy: + |mA’]). Then we need that
(5.a) R'g.Ox (mKy +|mA']) =0,
(5.b) g.(Ox (mKx + |mA’|)|n,) is S, along H, and
(5.¢) g.0x(mKy + |mA']) =~ Ox(mKx + |mA]).
For us (5.c) will be easy to satisfy. Using a Kodaira-type vanishing theorem,
(5.a) needs some semipositivity condition on (m — 1)Ky + |mA’]. By contrast,
(11.61) suggests that (5.b) needs some negativity condition on mKy» + [mA’].
The next result grew out of trying to satisfy the assumptions of both the
relative Kodaira-type vanishing theorem and (11.61). The proof of (2.83) is
then given in (2.85).

Proposition 2.84. Let (X,S + A) be an Ic pair where S is Q-Cartier. Let B be
a Weil Z-divisor that is Mumford along S (4.68) and © an effective R-divisor
such that

(2.84.1) B~y -0,

(2.84.2) Supp® < Supp(A=1/?), and

(2.84.3) |®] < Al

Then Ox(B) is S3 along S.

Proof Assume first that |®@] = 0. A suitable cyclic cover, as in (11.25), re-
duces us to the case when S is Cartier. We assume this from now on.

(X, A) is also an slc pair and none of its Ic centers are contained in S by
(11.10.7). If B is Q-Cartier then Ox(B) is S3 along S by (11.20), applied with
N =0.

If B is not Q-Cartier, we use (11.32) to obtain 7 : (X', S"+A") —» (X, S +A).

Note that B’ is Q-Cartier by (11.32.1), (X’, S’ + A’) is Ic and none of the Ic
centers of (X', S’ + A’ —£®’) are contained in Ex(nr). In particular, S’ is smooth
at the generic points of all exceptional divisors of 7y := 7mlg- : S — §. Thus
B’ is also Mumford along S, hence, as we proved at the beginning, O (B’) is
S along S’. Thus the sequence

0= Ox (B ~§)=>0x(B) - O (Bs) = 0 (2.84.4)

is exact by (2.74). Since R'n,0x/(B’) = 0 by (11.32.5), pushing (2.84.4) for-
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ward and using (11.32.4) gives an exact sequence
0— ﬁx(B - S)—)ﬁx(B) g (ﬂs)*ﬁsl(Bllsr) — 0. (2845)

Again by (2.74), Ox(B) is S3 along S iff (n5).Cs/(B’|s/) is S,. The latter is
equivalent to

(5).05:(Bs) = Os(Bls). (2.84.6)

Now we apply (11.61) with —N := B’|s-+@’|s,, which is numerically rg -trivial.
This gives that

(rs). O5:(Bls: +1©'ls:]) = O5(Bls). (2.84.7)

We are done if |®’|g- | = 0. This is where assumption (2) enters, in a seemingly
innocent way. Indeed, (2.81.3) guarantees that |@’[s/] = [@"]|s = 0and |®’| =
0 by our assumption (3).

The proof is similar if |®] # 0, see (Kollar, 2018a, Prop.28). O

2.85 (Proof of 2.83). We may assume that X is affine and Ky + A ~g 0. Pick a
fiber X, and let x € X, be a point of codimension 1. Then either X, and X are
both smooth at x or X, has a node and x ¢ Supp A. Thus mKy + |mA] is Cartier
at x, hence a general divisor B ~ mKy + |[mA] is Mumford along X,.

We apply (2.84) to B with ® := mA — |[mA]. Thus

B ~mKx +|mA] = m(Kx + A) — O ~p —0.

By assumption ® < [A®!/2] = SuppA. So the assumptions of (2.84) are
satisfied and Ox(mKx + |[mA]) = Ox(B) is S 3 along X,.. By (2.75) this implies
(2.83). 0

2.8 Local stability in codimension > 3

In this section we prove (2.7). If Kx + D + A is R-Cartier, then (11.17) implies
that f is locally stable. The R-divisor case is reduced to the Q-divisor case
using (11.47). So from now on we may assume that A is a Q-divisor. We need
to show that Ky + D + A is Q-Cartier.

We discuss three, increasingly general cases. The last one, treated in (2.88.5),
implies (2.7).

2.86. Using the notation of (2.7), assume also that (X, Diffx. A) is slc. (This
holds for flat families of stable pairs.)

After localizing at a generic point of Z., we may assume that Z, = {x}is a
point. Thus there is an m > 0 such that m(Kx + D + A) is a Cartier divisor on
X \ {x}, whose whose restriction to X, \ {x} extends to a Cartier divisor on X..
Since codimy, {x} > 3, (2.91) implies that m(Kx + D + A) is a Cartier divisor.
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2.87. Here we assume (2.7.2) and apply (11.42) to (X, Diffg. A) — X.. The
conclusion is that there is an slc pair (X}, A;) and a finite morphism 7 : X —
X, that is an isomorphism over X, \ Z,.

If X, is S», then X! ~ X, so (X, Diffx, A) is slc, as in (2.86).

If X, is not S5, then, after localizing, we may assume that 7 is an isomor-
phism, except at a point x € X... Since 7' (x) C X/ is finite, m(Kx, + Diffx, A)
is trivial in a neighborhood of 7~!(x) for some m > 0. Thus m(Ky, + Diffy_A)
is trivial in a punctured neighborhood of x.

As before, m(Kx + D + A) is in the kernel of Pic'*(x, X) — Pic'®(x, X,), but
(2.91) guarantees its triviality only if depth X, > 2.

If depth, X, = 1 then typically the kernel of Pic'(x, X) — Pic*(x, X,) is
a positive dimensional vector space; see (Bhatt and de Jong, 2014, 1.14) and
(Kollar, 2016a, Thm.7) for precise statements. Thus the kernel is p-torsion in
char p > 0, but torsion free in char 0.

It is better to discuss this case in the more general setting of the following
conjecture, where X, is replaced by D.

Conjecture 2.88. Let (X, D+ A) be a demi-normal pair, where D is a reduced,
Q-Cartier divisor that is demi-normal in codimension 1, whose normalization
(D, Diff5 A) is Ic. Let W C X be a closed subset such that codimp(W N D) > 3
and (X \ W,(D + A)x\w) is slc. Then the following are equivalent.

(2.88.1) (X, D + A) is slc in a neighborhood of D.

(2.88.2) (D,Diffp A) is sic.

(2.88.3) (D, Diff5 A) is Ic.

The main difference between (2.7) and (2.88) is that in the latter we do not
assume that Kx + D + A is R-Cartier on X \ D.

Known implications. Note that (1) = (2) = (3) follow from (11.17). If Kx +
D + A is R-Cartier, then (3) = (1) also follows from (11.17). The arguments
of (2.87) show that (3) = (2)if Dis S».

Thus it remains to show that if (3) holds then Ky + D + A is R-Cartier. As
above, the R-divisor case is reduced to the Q-divisor case using (11.47), so
from now on we assume that A is a Q-divisor.

Special case 2.88.5. Assume that Ky + D + A is R-Cartier on X \ D. Applying
(5.41) gives a small, birational morphism f: ¥ — X such that Dy := f~'(D) —
D is birational, f(Ex(f)) C D, and it has codimension > 3. There are two ways
to get a contradiction from this.
First, note that the relative canonical divisor of Dy/D is ample and is sup-
ported on the exceptional divisor of Dy — D. This can not happen by (2.90).
Second, we use reduction to char p as in Bhatt and de Jong (2014) or (Kollar
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and Mori, 1998, p.14). In char p > 0 (Bhatt and de Jong, 2014, 1.14) shows
that Kx, + D, + A, is Q-Cartier. By itself, this does not imply that Kx + D + A
is Q-Cartier.

However, if Kx + D + A is not Q-Cartier, then f: ¥ — X is not an isomor-
phism. So f,: Y, — X,, is also not an isomorphism. By (2.89) this implies that
KXp + D, + A, is not Q-Cartier, a contradiction. O

Special case 2.88.6. Assume that we are in a situation where the conclusion of
(5.41) holds and X is a variety over a field of char 0.

As before, (5.41) gives a small, birational morphism f: ¥ — X, such that
F(Ex(f)) N D has codimension > 3. The relative canonical divisor of Dy/D is
ample and is supported on the exceptional divisor of Dy — D. This gives a
contradiction using (2.90). O

Lemma 2.89. Let n: Y — X be a proper birational morphism of normal
schemes. Assume that Z := Ex(m) C Y has codimension > 2. Let My be a
m-ample line bundle on Y and My a line bundle on X such that My|y\; =
" Mxl|y\z. Then rt is an isomorphism.

Proof Since Z has codimension > 2, the assumed isomorphism extends to
My =~ n*My. If m contracts any curve C, then 0 < (C - My) = (C-n*My) =0
gives a contradiction. O

We have used the following two theorems. The methods of the proofs would
take us in other directions, so we give only some comments and references.

Proposition 2.90. (Kolldr, 2013a, Prop.22) Let f: Y — X be a projective,
birational morphism of varieties over a field of char 0. Let D C X be a Cartier
divisor. Assume that f~'(D) — D is birational and there is a nonzero (but
not necessarily effective) Q-Cartier divisor E such that Supp E c f~'(D) and
dim f(Supp E) < dim D — 3. Then Ex(f) has codimension I in'Y.

Outline of proof The argument is topological over C. Since the claim is alge-
braic, it would be very good to find a proof that works for arbitrary schemes.

We may assume that x := f(Supp E) is a point. Let V denote an open neigh-
borhood of f~!(x) ¢ f~'(D) that retracts to f~'(x). The assumptions imply
that, for n := dim D, the cup product pairing

H*(V,0V,Q) x H""*(V,Q) —» H*(V,0V,Q) (2.90.1)

is nonzero. If Ex(f) has codimension > 2, then f is small over a small de-
formation of D. This can be used to compute that (2.90.1) is zero, giving a
contradiction. O
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We have the following Grothendieck—Lefschetz-type theorem, where, for a
pointed scheme (x, X), we set Pic'®(x, X) := Pic(Specy Oy x \ {x}).

Theorem 2.91. Let (x € X) be an excellent, local scheme of pure dimension
> 4 such that depth, Ox > 3. Let x € D C X be a Cartier divisor. Then we
have an injective restriction map

S . Pic(x, X) < Pic'*(x, D). (2.91.1)

The original version (Grothendieck, 1968, X1.3.16) applies if depth, Ox >
4. The current form was conjectured in Kollar (2013a) and proved there in the
Ic case. After Bhatt and de Jong (2014) and Kollar (2016a), the most general
version is (Stacks, 2022, Tag OF2B).

The next results are very useful when dealing with Cartier divisors.

2.92 (Flat maps and Cartier divisors). Let p : X — Y be a morphism and D
an effective Cartier divisor on Y. Under mild conditions p*D is an effective
Cartier divisor on Y. The converse also holds for flat morphisms.

Claim 2.92.1. Let (R,mg) — (S,mg) be a flat extension of local rings and
Ir C R an ideal. Then Iy is principal iff IS is principal.

Proof One direction is clear. Conversely, assume that IzS is principal, thus
IS /mgIgS ~ S/mg.Letry,...,r, be generators of Iz. They also generate IzS
hence at least one of them, say r, is not contained in mg IS . Thus (r|) C Ig is
a sub-ideal such that 7S = IzS. Since (R, mg) — (S, my) is faithfully flat, this
implies that (r;) = Ig. m]

Pushing forward Cartier divisors is more problematic. For example, consider
the natural map ]Pé(i) - P&. The points (1:1) and (i:1) are linearly equivalent,
but their scheme theoretic images have different degrees.

It is better to work with line bundles. Let 7 : X — Y be a finite, flat mor-
phism of degree d. Let L be a line bundle on X. There are 2 natural ways of
getting a line bundle on Y: the determinant of m.L and the norm, denoted by
normy,y(L) as in (Stacks, 2022, Tag 0BCX). The two are related by

det(m.L) ~ (normy,y L) ®y det(r,. O).

The norm gives a group homomorphism normy,y: Pic(X) — Pic(Y) and there
is a natural isomorphism normy, y(7* M) = M for any line bundle M on Y.

Lemma 2.93. (Grothendieck, 1968, XII1.2.1) Let (x € X) be a Noetherian,
local scheme and x € D C X the support of a Cartier divisor. Assume that
X\ Z is connected for every closed subset Z of dimension < i+ 1. Then D\ Z
is connected for every closed subset Z of dimension < i. O


https://stacks.math.columbia.edu/tag/0F2B
https://stacks.math.columbia.edu/tag/0BCX

Chapter 3

Families of stable varieties

We have defined stable and locally stable families over 1-dimensional regular
schemes in Sections 2.1 and 2.4. The first task in this chapter is to define these
notions for families over more general base schemes. It turns out that this is
much easier if there is no boundary divisor A. Since this case is of consid-
erable interest, we treat it here before delving into the general setting in the
next chapter. While restricting to the special case saves quite a lot of founda-
tional work, the key parts of the proofs of the main theorems stay the same. To
avoid repetition, we outline the proofs here, but leave detailed discussions to
Chapter 4.

In Section 3.1 we review the theory of Chow varieties and Hilbert schemes.
In general these suggest different answers to what a ‘family of varieties’ or a
‘family of divisors’ should be. The main conclusions, (3.11) and (3.13), can be
summarized in the following principles.

e A family of S, varieties should be a flat morphism whose geometric fibers
are reduced, connected and satisfy Serre’s condition S ;.
e Flatness is not the right condition for divisors on the fibers.
As in (2.46), a morphism f : (X,A) — § is stable iff it is locally stable,
proper and Ky;s + A is f-ample. Thus the key question is the right concept of
local stability. There are many equivalent ways to define it when A = 0.

Definition—Theorem 3.1 (Local stability over reduced schemes). Let S be a
reduced scheme over a field of characteristic 0 and f : X — S a flat morphism
of finite type whose fibers are semi-log-canonical. Then f is locally stable iff
the following equivalent conditions are satisfied.

(3.1.1) Kys is Q-Cartier.

3.1.2) w%]s is an invertible sheaf for some m > 0.

3.1.3) w%]s is flat with S, fibers for every m € Z.
[m] :

(3.1.4) The restriction w%]s — wy  is surjective for every s € S and m € Z.

125
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(3.1.5) For every reduced W and morphism g : W — §, the natural map

q}(wﬁ?}]s) - wg?zv] ,w is an isomorphism for every m € Z.
(3.1.6) For every spectrum of a DVR T and morphism g : 7 — S, the pull-
back fr : Xr — T satisfies the above (1-5).
(3.1.7) There is a closed subset Z C X such that codim(Z N X, X) > 3 for
every s € S, and flx\z : (X\ Z) — § satisfies the above (1-6).

We prove the equivalence in (3.37). Over non-reduced bases, local stability
is defined by (3.1.3); see (3.40). It implies all the other properties in (3.1), but is
not equivalent to them; see Section 6.6 for such examples. The situation turns
out to be much more complicated when A # 0. Chapters 4 and 7 are entirely
devoted to finding the right answers.

Letnow f : X — § be a flat, projective family of S, varieties. It turns out
that, starting in relative dimension 3, the set of points

{s €S : X, is semi-log-canonical}

is not even locally closed; see (3.41) for an example. In order to describe the
situation, in Section 3.2 we study functors that are representable by a locally
closed decomposition (10.83).

We start the study of families of non-Cartier divisors in Section 3.3. As we
noted above, this is one of the key new technical issues of the theory.

In Section 3.4 we use a representability theorem (3.36) to clarify the def-
inition of stable and locally stable families, leading to the proof of (3.1). In
Section 3.5 we bring these results together in (3.42) to prove the next main
theorem of the chapter.

Theorem 3.2 (Local stability is representable). Let S be a scheme over a field
of characteristic O and f : X — S a projective morphism. Then there is a lo-
cally closed partial decomposition (10.83) j : ' — S such that the following
holds.

Let W be a scheme and q : W — S a morphism. Then the family obtained by
base change fy : Xw — W is locally stable iff q factors as g : W — S — §.

Since ampleness is an open condition for a Q-Cartier divisor, (3.2) implies
the following.

Corollary 3.3 (Stability is representable). Let S be a scheme over a field of
characteristic 0 and f : X — S a projective morphism. Then there is a locally
closed partial decomposition j : S — § such that the following holds.

Let W be a reduced scheme and q : W — S a morphism. Then the family
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obtained by base change fw : Xw — W is stable iff q factors as q : W —
§sab 5 g O

Aside from some generalities, we have all the ingredients in place to con-
struct the coarse moduli space of stable varieties. To formulate it, let SV (for
stable varieties) denote the functor that associates to a scheme S the set of all
stable families f : X — S, up to isomorphism.

In order to get a moduli space of finite type, we fix the relative dimension n
and the volume v = vol(Ky,) := (K;'() of the fibers. This gives the subfunctor
SV(n,v). The proof of the following is given in (6.18).

Theorem 3.4 (Moduli space of stable varieties). Let S be a base scheme of
characteristic 0 and fix n,v. Then the functor SV(n,v) has a coarse moduli
space SV(n,v) — S, which is projective over S.

Assumptions. We work over arbitrary schemes in Sections 3.1-3.3, but over a
field of characteristic O starting with Section 3.4.

3.1 Chow varieties and Hilbert schemes

What is a good family of algebraic varieties? Historically two answers emerged
to this question. The first one originates with Cayley (1860, 1862)'. The cor-
responding moduli space is usually called the Chow variety. The second one
is due to Grothendieck (1962); it is the theory of Hilbert schemes. For both
of them, see (Kollar, 1996, Chap.I), Sernesi (2006) or the original sources for
details.

For the purposes of the following general discussion, a variety is a proper,
geometrically reduced and pure dimensional k-scheme.

The theory of Chow varieties suggests the following.

Definition 3.5. A Cayley-Chow family of varieties over a reduced base scheme
S is a proper, pure dimensional (2.71) morphism f : X — S, whose fibers X;
are generically geometrically reduced for every s € S.

This is called an algebraic family of varieties in (Hartshorne, 1977, p.263).
More general Cayley-Chow families are defined in (Kollar, 1996, Sec.1.3).

It seems hard to make a precise statement, but one can think of Cayley-Chow
families as being ‘topologically flat.” That is, any topological consequence of
flatness also holds for Cayley-Chow families. This holds for the Zariski topol-
ogy, but also for the Euclidean topology if we are over C.

There are two disadvantages of Cayley-Chow families. First, basic numer-
ical invariants, for example, the arithmetic genus of curves, can jump in a

! The two papers have identical titles
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Cayley-Chow family. Second, the topological nature of the definition implies
that we completely ignore the nilpotent structure of S . In fact, it really does not
seem possible to define what a Cayley-Chow family should be over an Artinian
base scheme S .

The theory of Hilbert schemes was introduced to solve these problems. It
suggests the following definition.

Definition 3.6. A Hilbert-Grothendieck family of varieties is a proper, flat
morphism f : X — § whose fibers X, are geometrically reduced and pure
dimensional. (Here S is allowed to be non-reduced.)

Every Hilbert-Grothendieck family is also a Cayley-Chow family, and tech-
nically it is much better to have a Hilbert-Grothendieck family than a Cayley-
Chow family. However, there are many Cayley-Chow families that are not flat.

3.7 (Universal families). Both Cayley-Chow and Hilbert-Grothendieck fami-
lies are preserved by pull-backs, thus they form a functor. In both cases this
functor has a fine moduli space if we work with families that are subvarieties
of a given scheme Y/S.

Let us thus fix a scheme Y that is projective over a base scheme S . For gen-
eral existence questions the key case is ¥ = Pg’ . For any closed subscheme
Yc P’S" , the Chow variety (resp. the Hilbert scheme) of Y is naturally a subva-
riety (resp. subscheme) of the Chow variety (resp. the Hilbert scheme) of Pg’ .
The corresponding universal family is obtained by restriction. (See (3.15) or
(Kolldr, 1996, Secs.1.5) for some cases when Y/S is not projective.)

3.7.1 (Chow variety). (See Section 4.8 or (Kolldr, 1996, Sec.1.3) for details,
and (3.14) for comments on seminormality.) There is a seminormal S -scheme
Chow°(Y/S) and a universal family Univ°(Y/S) — Chow°(Y/S) that repre-
sents the functor

Chow? (Y /S)(T) := { closed subsets X c Y Xg T such that }

X — T is a Cayley-Chow family of varieties

on seminormal S-schemes g : T — S. (Chow°(Y/S) is the ‘open’ part of the
full Chow(Y/S'), as defined in (Kolldr, 1996, Sec.1.3).) If we also fix a relatively
very ample line bundle Oy (1) then we can write

Chow°(Y/S) = 11, Chow2(Y/S) = 11,4 Chow? ,(Y/S).

Here Chow, parametrizes varieties of dimension n and Chow, , varieties of
dimension n and of degree d. Each Chow, ,(Y/S) is of finite type, but usually
still reducible.

3.7.2 (Hilbert scheme). (See (Kollar, 1996, Sec.I.1) or Sernesi (2006).) There
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is a universal family Univ°(Y/S) — Hilb°(Y/S) that represents the functor of
Hilbert-Grothendieck families

1o | closed subschemes X C Y Xg T such that
Hilb*(Y/ST) = { X — T is a flat family of varieties } '
More generally, there is a universal family Univ(Y/S) — Hilb(Y/S) that rep-

resents the functor

HGIb(Y /S)(T) := { closed subschemes X C Y X5 T }

such that X — T is flat

We can write Hilb(Y/S) = LI, Hilb,(Y/S) = Ly Hilby(Y/S). Here Hilb,, pa-
rametrizes subschemes of (not necessarily pure) dimension 7, and Hilby sub-
schemes with Hilbert polynomial H(#). Each Hilby(Y/S) is projective, but usu-
ally still reducible.

3.8 (Comparing Chow and Hilb). Given a subscheme X C Y of dimension < n,
we get an n dimensional cycle [X] = }}; m;[X;], where X; are the n-dimensional
irreducible components and m; is the length of Oy at the generic point of X;.
(Thus we completely ignore the lower dimensional irreducible components.)

If m; = 1 for every i then [X] = };[X;] can be identified with a point in
Chow°(Y/S). In order to make this map everywhere defined, we need to ex-
tend the notion of Cayley-Chow families to allow fibers that are formal linear
combinations of varieties; see (Kollar, 1996, Sec.1.3) for details. The end result
is an everywhere defined, set-theoretic map Hilb, (¥/S) --> Chow,(Y/S). Since
Hilb,(Y/S) is a scheme, but Chow,(Y/S) is a seminormal variety, it is better to
think of it as a morphism defined on the seminormalization

RE : Hilb,(Y/S)™ — Chow,(Y/S). (3.8.1)

This is a very complicated morphism. As written, its fibers have infinitely many
irreducible components for n > 1, since we can just add disjoint O-dimensional
subschemes to any variety X C Y to get new subschemes with the same under-
lying variety. Even if we restrict to pure dimensional subschemes we get fibers
with infinitely many irreducible components. This happens for instance for the
fiber over m[L] € Chow_,,(P?), where L C P3 is a line and m > 2.

It is much more interesting to understand what happens on

Hilb2(Y/S) := closure of Hilb2(Y/S) in Hilb,(Y/S). (3.8.2)

That is, Hilb, (Y/S) parametrizes n-dimensional subschemes that occur as lim-
its of varieties. It turns out that the restriction of the Hilbert-to-Chow map

Rg : Hilb, (¥Y/S )™ — Chow,(Y/S) (3.8.3)
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is a local isomorphism at many points. For smooth varieties this is quite clear
from the definition of Chow-forms. Classical writers seem to have been fully
aware of various equivalent versions, but I did not find an explicit formulation.
The normal case, due to Hironaka (1958), is quite surprising; see (Hartshorne,
1977, 111.9.11) for its usual form and (10.72) for a stronger version. These
imply the following comparison of Hilbert schemes and Chow varieties.

Theorem 3.9. Using the notation of (3.8), let s € S be a point and X; C Y5 a
geometrically normal, projective subvariety of dimension n. Then the Hilbert-
to-Chow morphism

RE : Hilby (Y/S)™ — Chow,(Y/S)
is a local isomorphism over [X;] € Chow,(Y/S). O

Informally speaking, for normal varieties the Cayley-Chow theory is equiva-
lent to the Hilbert-Grothendieck theory, at least over seminormal base schemes.

By contrast, Hilb(Y/S) and Chow(Y/S) are different near the class of a
singular curve. For example, let B ¢ P3 be a planar, nodal cubic. Then [B]
is contained in 1 irreducible component of Hilb;(P?), but in 2 different irre-
ducible components of Chow, (P?). A general member of one component is a
planar, smooth cubic. This component parametrizes flat deformations. A gen-
eral member of the other component is a smooth, rational, non-planar cubic.
The arithmetic genus jumps, so these deformations are not flat. ng is not a
local isomorphism over [B] € Chow, (P?), but this is explained by the change
of the genus. Once we correct for the genus change, (3.9) becomes stronger.

Definition 3.10. Let X c P be a closed subscheme of pure dimension n. The
sectional genus of X is 1 —y(X N L, Oxny), where X N L is the intersection of X
with n—1 general hyperplanes. Knowing the degree of X and its sectional genus
is equivalent to knowing the 2 highest coefficients of its Hilbert polynomial.
It is easy to see that the sectional genus is a constructible and upper semi-
continuous function on Chow, (¥/S); see (5.36). Thus there are locally closed
subschemes Chow,, , .(¥/S) C Chow,(Y/S) that parametrize geometrically re-
duced cycles with sectional genus g; see (10.83). (The * stands for the de-
gree which we ignore in these formulas.) We can now define the Chow variety

parametrizing families with locally constant sectional genus as

Chow,*(Y/S) := 1I,, Chow , ,(Y/S)™,

nyx.g

the disjoint union of the seminormalizations of the Chow;’*’g(Y /S).

The sectional genus is constant in a flat family, thus we get the following
strengthening of (3.9); see (5.36) and (10.71).
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Theorem 3.11. Using the notation of (3.8), let s € S be a point and X; C Y
a geometrically reduced, projective, S, subvariety of pure dimension n. Then
the Hilbert-to-Chow map

RE < Hilb: (Y/S)™ — Chow,(Y/S)
is a local isomorphism over [X,] € Chow,*(Y/S).
We can informally summarize these considerations as follows.

Principle 3.12. For geometrically reduced, pure dimensional, projective, S,
varieties, the Cayley-Chow theory is equivalent to the Hilbert-Grothendieck
theory over seminormal base schemes, once we correct for the sectional genus.

We are studying not just varieties, but semi-log-canonical pairs (X, A). The
underlying variety is demi-normal, hence geometrically reduced and S,. Thus
(3.12) says that even if we start with the more general Cayley-Chow families,
we end up with flat morphisms f : X — S with S, fibers. The latter is a class
that is well behaved over arbitrary base schemes.

However, the divisorial part is harder to understand. Although we have seen
only a few examples supporting it, the following counterpart of (3.12) turns
out to give the right picture.

Principle 3.13. For stable families of semi-log-canonical pairs (X, A), the
Hilbert-Grothendieck theory is optimal for the underlying variety X, but the
Cayley-Chow theory is the ‘right’ one for the divisorial part A.

3.14 (Comment on seminormality). Hilbert schemes work well over any base
scheme, but in Kollar (1996) the theory of Cayley-Chow families is developed
only over seminormal bases. Following the methods of Section 4.8, it is possi-
ble to work out the Cayley-Chow theory of geometrically reduced cycles over
reduced bases. In characteristic 0 this works for all cycles by Barlet (1975);
Barlet and Magnusson (2020), but examples of Nagata (1955) suggest that, in
positive characteristic, the restriction to seminormal bases may be necessary.

3.15 (Non-projective cases). Let Y be an algebraic space over S. We define
Hilb(Y/S)(T) as the set of all subspaces X C Y xg T that are proper and flat
over T. Artin (1969) proves that if Y — § is locally of finite presentation then
the Hilbert functor is represented by an algebraic space Hilb(Y/S) — § that is
also locally of finite presentation.

Most likely similar results hold for Chow(Y/S), see (Kolldr, 1996, Sec.L.5).
The complex analytic case is worked out in Barlet and Magnusson (2020).
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3.2 Representable properties

Let # be a property of schemes. For a morphism f : X — § consider the set
S(P) :={s e S : X, satisfies P}. Note that S (P) dependson f : X — §, so we
use the notation S (P, X/§) if the choice of f : X — § is not clear.

In nice situations, S (#) is an open or closed subset of S. For example satis-
fying Serre’s condition S, is an open condition for proper, flat morphisms by
(10.12), and being singular is a closed condition.

Similarly, if f : X — S is a proper morphism of relative dimension 1, then
{s € § : X; is a stable curve} is an open subset of S. However, we see in (3.41),
that if f : X — S is a proper, flat morphism of relative dimension > 3 then
{s € § : X; is a stable variety} is not even a locally closed subset of S'.

We already noted in Section 1.4 that flat morphisms with stable fibers do not
give the right moduli problem in higher dimensions. One should look at stable
families instead. Thus our main interest is in the class of morphisms g : T — S
for which the pulled-back family fr : X; — T is stable. We then hope to prove
that this happens in a predictable way. The following definition formalizes this.

Definition 3.16. Let # be a property of morphisms that is preserved by pull-
back. That is, if X — S satisfies # and ¢ : T — S is a morphism then
fr : Xr — T also satisfies P. Depending on the situation, pull-back can mean
the usual fiber product X7 := X Xg T, the hull pull-back to be defined in (3.27),
the divisorial pull-back to be defined in (4.6), or the Cayley-Chow pull-back
of (Kollar, 1996, 1.3.18).

The functor of $-pull-backs is defined for morphisms 7' — S by setting

{0} if Xy — T satisfies P, and
Property(P)T) := (3.16.1)
(0 otherwise.

(That is, Property(P)(T) is either empty or consists of a single element.) Thus
a morphism ip : S — S represents P-pull-backs iff the following hold.

(3.16.2) fP: XP := X5, — ST satisfies P, and

(3.16.3) if fy : X; — T satisfies P, then g factors as ¢ : T — S¥ — §, and
the factorization is unique.

It is also of interest to understand what happens if we focus on special classes
of bases. Let R be a property of schemes. We say that ip : S* — S repre-
sents P-pull-backs for R-schemes if S satisfies R and (3.16.3) holds when-
ever T satisfies R. In this section we are mostly interested in the properties
R = (reduced), R = (seminormal) and R = (normal).

If (3.16.3) holds for all T = (spectrum of a field) then ip : S¥ — S is
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geometrically injective (10.82). If (3.16.3) holds for all Artinian schemes, then
ip is a monomorphism (10.82).

In many cases of interest P is invariant under base field extensions. Then
ip : ST — S is also preserves residue fields (10.82).

If X — S is projective then we are frequently able to prove thatip : S* — §
is a locally closed partial decomposition (10.83).

If ip : S¥ — S represents P-pull-backs and ip is of finite type (this will
always be the case for us) then S(P) = {s : X, satisfies P} = ip(S”) is a con-
structible subset of S. Constructibility is much weaker than representability,
but we frequently need it in our proofs of representability.

Example 3.17 (Simultaneous normalization). Sometimes it is best to focus not
on a property of a morphism, but on a property of its “improvement.” We say
that f : X — S has simultaneous normalization if there is a finite morphism
7 : X — X such that 7, : X, — X, is the normalization for every s € S and
fom:X — S is flat. For example, consider the family of quadrics

X = (xé —x% +u2x%+u3x§ =0) CPiXAﬁ.

Then {(0,0)} LT (A2 \ {(0,0)}) — A2 represents the functor of simultaneous
normalizations. In general, we have the following result, due to Chiang-Hsieh
and Lipman (2006); Kollar (2011b).

Claim 3.17.1. Let f : X — § be a proper morphism whose fibers X; are
generically geometrically reduced. Then there is a morphism 7 : §% — §
such that, forany g : T — S, the fiber product X Xxs T — T has a simultaneous
normalization iff g factors through 7 : §%" — §. O

Definition 3.18. Let f : X — S be a morphism and F a coherent sheaf on X.
Givenany g : W — §, we get

X xs W= Xy —>= X

fwi if (3.18.1)

w—2 535,

As in (3.16.1), we have the functor of flat pull-backs Flat(F)(x).

One of the most useful representation theorems is the following; see (Mum-
ford, 1966, Lect.8) and Artin (1969).

Theorem 3.19 (Flattening decomposition). Let f : X — S be a proper
morphism and F a coherent sheaf on X. Then the functor of flat pull-backs
Flat(F)(x) is represented by a monomorphism i' : S — S that is locally of

finite type. If f is projective then i" is a locally closed decomposition. O
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Example 3.19.1. As a trivial special case, assume that X = § is affine. Write F'
as the cokernel of a map of free sheaves g : ¢ — O¢'. Then F is free of rank
m — r precisely on the subscheme (rank g < r) \ (rank g < r —1).

One can frequently check flatness using the following numerical criterion
which is proved, but not fully stated, in (Hartshorne, 1977, I111.9.9).

Theorem 3.20. Let f : X — S be a projective morphism with relatively ample
Ox(1) and F a coherent sheaf on X. The following are equivalent.

(3.20.1) F isflat over S.

(3.20.2) f.(F(m)) is locally free for m > 1.

If S is reduced then these are also equivalent to the following.

(3.20.3) s > x(X;, Fy(m)) is a locally constant function on S . O

In Chapter 8 we need the following results.

Proposition 3.21. Ler f : X — S be a proper morphism and G a coherent

sheaf on X, flat over S. The following properties of morphisms q : T — S are

representable by locally closed subschemes.

(3.21.1) (fr)+qxG is locally free of rank r and commutes with base change.

(3.21.2) (fr)«qxG is locally free of rank r, commutes with base change, and
qxG is relatively globally generated.

Proof Using the notation of (3.24.1), locally we can write d; in as a matrix
with entries in Os. Then (rankd; < r) C S is the subscheme defined by the
vanishing of the determinants of all (r+ 1) X (r + 1)-minors. With this definition
we see that (rank d; < rank K° —r) \ (rank d; < rank K° — r — 1) represents the
functor (3.21.1).

For (3.21.2) we may assume that f.G is locally free of rank r. Then (2) is
represented by the open subscheme S \ f(Supp coker(f*f.G — G)). O

Corollary 3.22. Let f : X — S be a proper morphism and G a coherent sheaf
on X, flat over S. Assume that H°(X;, Ox,) = k(s)fors € S.

Then there is a locally closed subscheme S’ — S such that, a morphism
q : T — S factors through S’ iff 3G is isomorphic to the pull-back of a line
bundle from T.

Proof If g%G is isomorphic to the the pull-back of a line bundle from 7,
then O, is locally isomorphic to ¢3G, hence Xr is flat over T'. Thus S’ fac-
tors through the flattening decomposition of f (3.19). We may thus assume
that f is flat and S is affine. Since H(S, O5) — H(X,, Oy,) is surjectve, so
is H'(X, Ox) — H°(Xj, Ox,), hence f.0x =~ Os by Cohomology and Base
Change. So we are in the r = 1 case of (3.21.2). O
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Remark 3.23. Being pure dimensional is an open property for flat, proper
morphisms. Thus, using (3.19) we obtain that for any projective morphism
f : X = S we have a locally closed partial decomposition S — § that
represents flat and pure dimensional pull-backs of f. Next let P be a property
that implies flat and pure dimensional. Assume that g : T — S is a morphism
such that fy : Xy — T satisfies . Then fr : Xy — T is also flat and pure
dimensional, hence ¢ : T — S factors through f™. Thus S¥ = (S)P.

In particular, if we want to prove that S¥ — § exists for all projective mor-
phisms, then it is enough to show that it exists for all flat, pure dimensional and
projective morphisms. More generally, if P; = %P, and S exists, then

S = (s, (3.23.1)

3.24 (Semicontinuity). Let f : X — S be a proper morphism and G a coherent
sheaf on X, flat over S. By a version of the semicontinuity theorem, there is a
finite complex of locally free sheaves on S

K =0-K 3K 5.5k S0, (3.24.1)
such that, for every morphismh : T — §,
R'(fr).hyG ~ H'(h*K"). (3.24.2)

(This form is stated and proved in (Mumford, 1970, §5); (Hartshorne, 1977,
II1.12.2) has a weaker statement, but the proof works to give this.)
This can be used to define

detR* £.G = (Teven det K) ® ([Toqq det K1)~ (3.24.3)

This is independent of the choices made. If R'f,G = 0 for i > 0, then
detR’ f.G = det f.G. This is the main case that we use.

3.3 Divisorial sheaves

We frequently have to deal with divisors D C X that are not Cartier, hence
the corresponding sheaves Ox(D) are not always locally free. Understanding
families of such sheaves is a key aspect of the moduli problem. Many of the
results proved here are developed for arbitrary coherent sheaves in Chapter 9.

Definition 3.25 (Divisorial sheaves). A coherent sheaf L on a scheme X is
called a divisorial sheaf if L is S, and there is a closed subset Z C X of codi-
mension > 2 such that L|x\z is locally free of rank 1.

We are mostly interested in the cases when X itself is demi-normal, but the
definition makes sense in general, although with unexpected properties. For
example, Oy is a divisorial sheaf iff X is S .
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Set U := X\ Zandlet j : U < X denote the natural injection. Then
L = j.(L|y) by (10.6), thus L is uniquely determined by L|y.

Ifdim X = 1, then Z = 0, so a divisorial sheaf is invertible. If D is a Mumford
divisor, then Ox(D) is a divisorial sheaf. If X is demi-normal, then the a)E:”] are
divisorial sheaves. Divisorial sheaves form a group, with

LM = j.(Lly ® Mly) (3.25.1)

For powers we use the notation Liml = (L@l

Let H c X be a general member (depending on L, M) of a base point free lin-
ear system. Then L|gy, M|y are divisorial sheaves and (LIQ M)|y = L|g Q1 M|y;
see (10.18).

Let f : X — S be a morphism. A coherent sheaf L on X is a flat family of
divisorial sheaves, if L is flat over S and its fibers are divisorial sheaves. (L
need not be divisorial sheaf on X.)

Given any g : T — § with induced gx : X Xg T — X, the pull-back g} L is
again a flat family of divisorial sheaves.

Let f : X — S be a morphism. We frequently need to deal with properties
that hold not everywhere, but only on open subsets of each fiber.

Definition 3.26. Let f : X — S be a morphism and F a coherent sheaf on X.
We say that F is generically flat (resp. mostly flat) over S, if there is a dense,
open subset j : U — X such that
(3.26.1) F|y is flat over S, and
(3.26.2) Supp Fs \ U has codimension > 1 (resp. > 2) in Supp F for s € S.
We usually set Z := X \ U.

A subscheme Y C X is generically (resp. mostly) flat iff Oy is.

Definition 3.27 (Hull and hull pull-back). With j : U — X as in (3.26), let
F be a mostly flat family of coherent sheaves. Assume that F|; has S fibers.
We imagine that F is the ‘correct’ object over U, but a mistake may have been
made over Z = X \ U. We correct F by replacing it with its hull

FH = j.(Fly). (3.27.1)

Under mild conditions (for example, when X is excellent), F H is a coherent
sheaf on X; see Chapter 9 for a detailed treatment of hulls.

Letg : W — S be a morphism. We get a fiber product diagram as in (3.18.1).
Then Fy := gyF has S, fibers over ¢! (U). Its hull F{} is called the hull
pull-back of F. If confusion is likely, we use (Fy)" to denote the hull of the
pull-back and (F¥)y to denote pull-back of the hull F7.
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We are especially interested in the maps
ry : (Fw — (Fw)™. (3.27.2)

We have already encountered these in (2.75) when W = {s} is a point. For
applications the key is to understand when F7 is flat. The following basic
observations guide us.

(3.27.3) F"is flat with S, fibers over a dense, open S° C S by (10.11).

(3.27.4) We see in (9.36) that F¥ is flat with S, fibers & r‘vgv is an isomor-
phisms for every ¢ : W — S & 73 is surjective for every s € S.

Definition 3.28. Using the notation of (3.26), F is a mostly flat family of S,
sheaves if F|y is flat with S, fibers and F = F¥.
L is a mostly flat family of divisorial sheaves if L is invertible on U.

For now, we study these problems for divisorial sheaves. The first main re-
sult is the following special case of (9.40), the second is (4.32).

Theorem 3.29. Let f : X — S be a projective morphism and L a mostly
flat family of divisorial sheaves on X (3.28). Then there is a locally closed
decomposition j : SH1C — § such that, for every morphism q : W — S,
the hull pull-back L{Zf, is a flat family of divisorial sheaves (3.25) on Xy, iff q
factors as q : W — SH-at 5 g O

Corollary 3.30. Let f : X — S be a flat, projective morphism with S, fibers
and L a mostly flat family of divisorial sheaves on X. Then there is a locally
closed partial decomposition j : S™ — S such that, for every morphism q :
W — S, the hull pull-back LfV is invertible, iff q factors as ¢ : W — S™ — S,

Proof For flat morphisms with S, fibers, an invertible sheaf is also a flat
family of divisorial sheaves. Thus if LI;IV is invertible, then g factors through
SH-flat _, ¢ So, by (3.23.1), i = (SH-M)™ For a flat family of sheaves,
being invertible is an open condition, thus §™™ is open in §H-flat, O

The following variant turns out to be very useful in (3.42) and (6.24).

Proposition 3.31. Letr f : X — S be a flat, projective morphism with S , fibers

and Ny,...,Ny, Ly, ..., L, mostly flat families of divisorial sheaves. Then there

is a locally closed partial decomposition SN — S such that, a morphism

q: T — S factors through SN* iff the following hold.

(3.31.1) The hull pull-backs (Lj);l are invertible, and

(3.31.2) the (N;1® Lllm' &1 - @1 L[r’"’]);l are flat families of divisorial sheaves
for every m; € Z.
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Proof We apply (3.29) to each N; and (3.30) to each L; to get locally closed
partial decompositions SV — § and S — S that represent the functors of
flat hull pull-backs with S, fibers for N; and L;, plus invertibility for the L;.
Let §* — S denote the fiber product of all of them.

It is clear that SN factors through S*. Tensoring with an ivertible sheaf
preserves flat families of divisorial sheaves, thus SN = §*. O

The following analog of (3.20) is a special case of (9.36), where for polyno-
mials we use the ordering f(*) < g(x) & f(r) < g(t) V¢ > 1 asin (5.14).

Theorem 3.32. Let S be a reduced scheme, f : X — S a projective morphism

with ample Ox(1) and L a mostly flat family of divisorial sheaves on X. Then

(3.32.1) s KO(X,, Lf ) is constructible and upper semi-continuous,

(3.32.2) s x(X;, Lﬁl(*)) is constructible, upper semi-continuous, and

(3.32.3) L is a flat family of divisorial sheaves (3.25) iff s — x(Xy, L (%)) is
locally constant on S. m}

Remark 3.32.4. Recall that by (3.20) a coherent sheaf G is flat over S iff s —
x (X, G4(x)) is locally constant on S. However, the assumptions of (3.32) are
quite different since Lf is not assumed to be the fiber of L over s. In fact,
usually there is no coherent sheaf on X whose fiber over s is isomorphic to L
for every s € S. The map 75 : Ly — L is an isomorphism over Uy, but both
its kernel and the cokernel can be nontrivial. They have opposite contributions
to the Euler characteristic.

3.33 (Hilbert function of divisorial sheaves). Let X be a proper scheme of
dimension n and L, M line bundles on X. The Hirzebruch-Riemann-Roch the-
orem computes y(X, L ® M") as a polynomial of r. Its leading terms are

-1

r rn n ,,.n n— n—
XX LO M) = —(M") + m((TI(X)+2L)-M N+ 00", 333.1)

where 7, is the first Todd class.

Assume next that L isinvertible only outside a subset Z ¢ X of codimension
> 2. By blowing up L, we get a proper birational morphism 7 : X’ — X and
a line bundle L’ such that n.L’ = L. Thus we can compute y(X,L ® M") as
¥(X',L’ ® *M"), modulo an error term which involves the sheaves Rz, L.
These are supported on Z, hence the y(X, R'n,L’ ® M") all have degree < n—2.
Thus we again obtain (3.33.1), and, if X is demi-normal, then 7;(X) = —Ky.

If, in addition, LI is locally free for some m > 0, then applying (3.33.1) to
L L% forall 0 < a < mand M = LI we end up with the expected formula

n—1

oy _ e T 2
XKL = ) — s (K- L) 4 0077, (3.33.2)
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Further note that y(X, L") is a polynomial on any translate of mZ, so one
can write the O("~2) summand as " 2a;(r)r’, where the a;(r) are periodic
functions that depend on X and L.

3.34 (Hilbert function of slc varieties). Let X be a proper, slc variety of di-
mension n. We are especially interested in r — x(X, wgg]), which we call the
Hilbert function of wy. By (3.33) we can write it as
r ! ,
[rly _ n n n—2 i
XX, wy') = E(Kx) - m(l(x) + Yipai(nr, (3.34.1)
where the a;(r) are periodic functions with period = index(X).
By (11.34), if wy is ample and the characteristic is O, then, for i,r > 2,

X, o) = x(X, ), and KX, o) =0. (3.34.2)

Comment on the terminology. It might seem natural to call r — h°(X, wg(r]) the
Hilbert function. However, (3.34.1) is not a polynomial in general. For stable
varieties the two variants differ only for » = 1 by (3.34.2).

3.4 Local stability

Definition 3.35 (Relative canonical class). Let f : X — § be a flat, projec-
tive morphism with demi-normal fibers. The relative canonical sheaf wx;s was
constructed in (2.68).

Let Z c X be the subset where the fibers are neither smooth nor nodal. Set
j: U :=X\Z— X.Then X; N Z has codimension > 2 for every fiber X and
wyys 1s locally free. Thus wy/s is a mostly flat family of divisorial sheaves.
The corresponding divisor class is denoted by Kx/s. As in (3.25), we define its
reflexive powers by the formula

ol = j(Wlys) = Ox(mKyjs). (3.35.1)

All these also hold for flat, finite type morphisms (that are not necessarily
projective) by (2.68.7).

If the fibers of f : X — § are slc, then wyys is a flat family of divisorial
sheaves by (2.67). However, its reflexive powers are usually only mostly flat
over S. Applying (3.30) to a)g'/'g gives the following, which turns out to be the

key to our treatment of local stability over reduced schemes.

Corollary 3.36. Let f : X — S be a flat, projective family of demi-normal
varieties and fix m € Z. Then there is a locally closed decomposition j : S™ —
S such that the following holds.

Let g : W — S be a morphism. Then "™

Xy /W 1S a flat family of divisorial
sheaves iff q factors as g : W — S™ — S O
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In applications of (3.36) a frequent problem is that S™ depends on m, even
if we choose m to be large and divisible; see (2.45) for such an example.

3.37 (Proof of 3.1). Assertions (3.1.1) and (3.1.2) say the same using different
terminology. The equivalences of (3.1.3-5) follow from (9.17).

Assume (3.1.3) and pick s € S. Since X; is slc, w';’:"] is locally free for some
my > 0. In a flat family of sheaves being invertible is an open condition, thus
w%s] is invertible in an open neighborhood X; ¢ U, C X. Finitely many of
these Uy, cover X. Then m = lem{m;,} works for (3.1.2).

It is clear that (3.1.1) implies (3.1.6) and for (3.1.6) = (3.1.3) we argue as
follows. We need to prove that w%]s is a flat family of divisorial sheaves. This
is a local question on §, hence we may assume that (0 € §) is local.

Let us discuss first the case when f is projective. By (3.36) the property

Pml(w) = (wE;"W] ,w is a flat family of divisorial sheaves)

is representable by a locally closed decomposition i,, : SI™ — S. We aim to
prove that i, is an isomorphism.

For each generic point g; € S choose a local morphism g; : (0; € T;) — (0 €
S) that maps the generic point ¢; € T; to g;. By assumption Xy, — T is locally
stable, hence wg?;] 7, 1s a flat family of divisorial sheaves by (2.79.2). Thus g;
factors through i, : S™ — S. Therefore i, : S'™ — S is an isomorphism by
(10.83.2), completing the proof for projective morphisms.

The above argument also works in the non-projective case, provided i,, :
Sl 5 S exists. As we discuss in Section 9.8, the latter is unlikely. However,
if § is local, complete, and we aim to represent flat hull pull-backs for local
morphisms, then i, : SI™ — S exists, see (9.44) for details. The rest of the
argument now works as before, see also (3.38).

Finally, if any of the properties (3.1.1-6) holds for X, then it also holds for
X \ Z. The surprising part is the converse. By using (3.1.6) both for X and for
X\ Z, it is enough to see that (3.1.7) = (3.1.1) holds when § is the spectrum
of a DVR. The latter is proved in (2.7). O

Corollary 3.38. Let S be a reduced scheme over a field of characteristic 0 and
f X — S aflat family of demi-normal varieties. Let T — S be faithfully flat.
Then X — S is locally stable iff X; — T is. O

Corollary 3.39. Let f : X — S be a flat, proper morphism of finite type with
demi-normal fibers, such that Kx;s is Q-Cartier. Then

Sk .= {s: X,isslc}C S isopen. (3.39.1)
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Proof By (10.14), aset U C S is open iff it is closed under generalization
and U contains a dense open subset of § for every s € U.

For S*¢, the first of these follows from (2.3). In order to see the second,
assume first that X is Ic. Then mKy, is Cartier for some m > 0 hence mKys
is Cartier over an open neighborhood of s € U, C 5. Next consider a log
resolution p, : Yy — Xj. It extends to a simultaneous log resolution p° : Y° —
X° over a suitable Uy C §. Thus, if E° C Y° is any exceptional divisor, then
a(E;, X;) = a(E°,X°) = a(E,, X,) for every t € Uj. This shows that all fibers
over Uy are Ic.

If X, is not normal, one can use either a simultaneous semi-log-resolution
(Kollar, 2013b, Sec.10.4) or normalize first, apply the above argument and
descend to X, essentially by definition (11.37). O

3.5 Stability is representable I

Focusing on the property (3.1.3), over non-reduced bases we get the definition
of local stability, due to Kolldr and Shepherd-Barron (1988).

Definition 3.40 (Local stability and stability II). Let S be a scheme over a
field of characteristic 0 and f : X — S a flat morphism of finite type with
demi-normal fibers. Then f is locally stable iff the fibers X; are slc and ‘”E?}]s
is a flat family of divisorial sheaves (3.25) for every m € Z.

Furthermore, f is stable iff, in addition f is proper and wys is f-ample.

The next example shows that being stable is not a locally closed condition.

Example 3.41. In P} x A2, consider the family of varieties

Xi X X
X :=[rank 0 ! ) <1).
X1+ 8Xx4 Xp+1Xs X3

We claim that the fibers X, are normal, projective with rational singularities
and for every s, ¢ the following equivalences hold:
(341.1) X is Ic © X, is kit & Ky, is Q-Cartier & 3Ky, is Cartier < either
(s,1) =(0,0) or st # 0.

All these become clear once we show that there are 3 types of fibers.
(3.41.2) If st # O then, after a linear coordinate change, we get that

Xst:Xn:(rank( oo R )sl).
X4 X5 X3

This is the Segre embedding of P! x P2, hence smooth. The self-intersection of
its canonical class is —54.
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(3.41.3) If s = t = 0 then we get the fiber

Xoo := (rank( Yoo R )S 1).
X1 X2 X3

This is the cone (with P! as vertex-line) over the rational normal curve C; c PA.
The singularity along the vertex-line is isomorphic to A%/ %(1, 1) x A', hence
log terminal. The canonical class of Xy is —%H , where H is the hyperplane
class and its self-intersection is —512/9 < —54.

(3.41.4) Otherwise either s or ¢ (but not both) are zero. After possibly permut-
ing s, ¢t and a linear coordinate change we get the fiber

Xor = Xox =(rank( Yoo R )s 1).
X1 X4 X3

This is the cone over the degree 3 surface S3 ~ F| — P*. Its canonical class is
not Q-Cartier at the vertex, so this is not Ic.

This is a locally stable example. Taking a general double cover ramified
along a general, sufficiently ample hypersurface gives a stable example.

Thus the best one can hope for is that local stability is representable. From
now on the base scheme is assumed to be over a field of characteristic 0.

3.42 (Proof of 3.2). Being flat is representable by (3.19) and being demi-
normal is an open condition for flat morphisms by (10.42). So, using (3.23.1),
we may assume that f : X — § is flat, of pure relative dimension n and its
fibers are demi-normal.

Now we come to a surprisingly subtle part of the argument. If X is slc then
Ky, is Q-Cartier, thus the next natural step would be the following.

Question 3.42.1. Is {s € § : Kx, is Q-Cartier} a constructible subset of S ?

We saw in (2.45) that this is not the case, not even for families of normal
varieties. The key turns out to be the following immediate consequence of
(4.44); the latter is the hardest part of the proof.

Claim 3.42.2. Let f : X — § be a flat, proper family of demi-normal varieties.
Then {index(Xj) : X; is slc} is a finite set. m]

We can now complete (3.2). Let M be a common multiple of the indices of

the slc fibers. We apply (3.31) with N; := “’E?/S forl<i<MandL := a)g?g

We get SNt — S such that the wg';,]L jshe Ar€ flat families of divisorial sheaves
[M]

NSV is invertible. Finally (3.39) gives that S is an open

subscheme of SV O

for every m, and w



Chapter 4

Stable pairs over reduced base schemes

So far we have identified stable pairs (X, A) as the basic objects of our moduli
problem, defined stable and locally stable families of pairs over 1-dimensional
regular schemes in Chapter 2 and in Chapter 3 we treated families of varieties
over reduced base schemes. Here we unite the two by discussing stable and
locally stable families over reduced base schemes.

After stating the main results in Section 4.1 we give a series of examples in
Section 4.2. The technical core of the chapter is the treatment of various no-
tions of families of divisors given in Section 4.3. Valuative criteria are proved
in Section 4.4 and the behavior of generically R-Cartier divisors is studied in
Section 4.5.

In Section 4.6 we finally define stable and locally stable families over re-
duced base schemes (4.7) and prove that local stability is a representable prop-
erty. Families over a smooth base scheme are especially well behaved; their
properties are discussed in the short Section 4.7.

The universal family of Mumford divisors is constructed in Section 4.8;
this is probably the main technical result of the chapter. The correspondence
between (not necessarily flat) families of Mumford divisors and flat fami-
lies of Cayley-Chow hypersurfaces—established over reduced bases in The-
orem 4.69—Ileads to the fundamental notion of Cayley flatness in Chapter 7.

At the end we have all the ingredients needed to treat the moduli functor
SPred, which associates to a reduced scheme S the set of all stable families
f:(X,A) — S, up to isomorphism. (Here the superscript ¢ indicates that we
work with reduced base schemes only.)

To be precise, we fix the dimension n of the fibers, a finite set of allowed
coeflicients ¢ C [0, 1] and the volume v. Our families are f : (X,A) — §, where
X — S is flat and projective, A is a Weil R-divisor on X whose coefficients are
in ¢, Ky/s + A is R-Cartier, and the fibers (X, Ay) are stable pairs of dimension
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n with vol(Kx, + Ay) := ((Kx, + A,)") = v. This gives the functor
SPred(c, n,v) : {reduced S -schemes} — {sets}.
We can now state one of the main consequence of the results of this Chapter.

Theorem 4.1 (Moduli theory of stable pairs I). Let S be an excellent base
scheme of characteristic 0 and fix n,c,v. Then SPred(c, n,v) is a good moduli
theory (6.10), which has a projective, coarse moduli space SP™(c,n,v) — §.

Moreover, SPred(c, n,v) is the reduced subscheme of the ‘true’ moduli space
SP(c, n, v) of marked, stable pairs, to be constructed in Chapter 8.

Assumptions. In the foundational Sections 4.1-4.5 we work with arbitrary
schemes, but for Sections 4.6 and 4.7 we need to assume that the base scheme
is over a field of characteristic 0.

4.1 Statement of the main results

In the study of locally stable families of pairs over reduced base schemes, the
key step is to give the ‘correct’ definition for the divisorial component

Temporary Definition 4.2. A family of pairs (with Z-coefficients) of dimen-
sion n over a reduced scheme is an object

f:(X,D)—> S, 4.2.1)

consisting of a morphism of schemes f : X — S and an effective Weil divisor
D satisfying the following properties.

4.2.2 (Flatness for X). The morphism f : X — S is flat, of finite type, of pure
relative dimension n, with geometrically reduced fibers. This is the expected
condition from the point of view of moduli theory, following the Principles
(3.12) and (3.13).

4.2.3 (Equidimensionality for Supp D). Every irreducible component D; C
Supp D dominates an irreducible component of S and all nonempty fibers of
Supp D — S have pure dimension n— 1. In particular, Supp D does not contain
any irreducible component of any fiber of f. If S is normal then SuppD — S
has pure relative dimension n — 1 by (2.71.2), but in general our assumption
is weaker. We noted in (2.41) that D — S need not be flat for locally stable
families. So we start with the above weak assumption and strengthen it later.

4.2.4 (Mumford condition). The morphism f is smooth at generic points of X;N
Supp D for every s € S. Equivalently, for each s € S, none of the irreducible
components of X; N Supp D is contained in Sing(X).

This condition was first codified in Mumford’s observation that, in order
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to get a good moduli theory of pointed curves (C, P), the marked points P =
{p1,..., pn} should be smooth points of C; see Section 4.8 for details.

If (X, A) is an slc pair, then X is smooth at all generic points of Supp A. So if
D is an effective divisor supported on Supp A, then this conditions is satisfied.

It turns out that such generic smoothness is a crucial condition technically.
So we make it part of the definition for families of pairs.

A big advantage is that, if § is reduced, then X is regular at the generic points
of Supp D. Thus, as for normal varieties, we can harmlessly identify Mumford
divisors with divisorial subschemes; see (4.16.6-7) for details.

Next we come to the heart of the matter: we would like the notion of families
of pairs to give a functor. So, for any morphism g : W — S, we need to define
the pulled-back family. We have a fiber product diagram

Xxg W—2ox

wa/ i 5 (4.2.5)

w—"' 55,

It is clear that we should take Xy := X Xg W, with morphism fy : Xy — W.
The definition of the divisor part Dy is less clear, since pull-backs of Cartier
and of Weil divisors are not compatible in general.

4.2.6 (Weil-divisor pull-back). For any subscheme Z C X and morphism £ :
Y — X, define the Weil-divisor pull-back as the Weil divisor Weil(h~'(Z))
associated to the subscheme 4~!(Z) c Y; see (4.16.6) for formal definitions.

Let D,X be as in (4.2.1) and g : W — S a morphism. Using the Mumford
condition we can view D as a subscheme of X. Then set

8wa(D) = Weil(g;(l(D)).

In particular, if 7 : {s} — § is a point, we get the Weil-divisor fiber, denoted by
Tyvaiv(D)-

If H C X is a relative Cartier divisor and g} H does not contain any codi-
mension < 1 associated points of g;(1 (D), then

Swaiv(D N H) = gy, (D) N gy H.

Warning. The Weil-divisor fiber is always defined, but frequently not functo-
rial, not even additive. If D", D" are 2 divisors on X then 7§, (D" + D”) and
Taaiv(D') + Tiygi, (D) have the same support, but the multiplicities can be dif-
ferent, even in étale locally trivial families as in (4.14). If D’, D" satisfy (4.2.4),
then 73, (D" + D”) < 75,4, (D) + T4, (D”), but otherwise the inequality can
go the other way; see (4.12) and (4.13).
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4.2.7 (Generically Cartier divisor and pull-back). Assume that D is a relative
Cartier divisor (4.20) on an open subset U C X such that g)‘('(U N D) is dense
in g)‘(' (D). We can then define the generically Cartier pull-back of D as

g"I(D) := the closure of g;(l(D|U) c Xw.

If f has S, fibers then Oy, (—g!*!(D)) is the hull pull-back of &x(-D) (3.27).
The generically Cartier pull-back is clearly functorial, but not always defined.

If it is defined, then g3, .. (D) is the Weil divisor corresponding to g"*/(D), so
the 2 notions are equivalent; see (4.6).

4.2.8 (Well-defined pull-backs). We say that f : (X, D) — S has well-defined
Weil-divisor pull-backs if it satisfies the assumptions (4.2.2—4) and the Weil-
divisor pull-back (4.2.6) is a functor for reduced schemes. That is

Py aiv(8waiy (D)) = (8 © M)yygiy (D),
for all morphisms of reduced schemes 2:V — Wandg: W — S.

In any concrete situation the conditions (4.2.2—4) should be easy to check,
but (4.2.8) requires computing gy, (D) for all morphisms W — §. The fol-
lowing variant is much easier to verify.

4.2.9 (Well-defined specializations). We say that f : (X,D) — S has well-
defined specializations if (4.2.8) holds whenever W is the spectrum of a DVR.

The good news is that, over reduced schemes, the 3 versions (4.2.6-9) are
equivalent to each other and also to other natural conditions. The common
theme is that we need to understand only the codimension 1 behavior of f :
(X,D)— S.

Theorem-Definition 4.3 (Well-defined families of pairs I). Let S be a reduced
scheme. A family of pairs f : (X, D) — S satisfying (4.2.2—4) is well defined if
the following equivalent conditions hold.

(4.3.1) The family has well-defined Weil-divisor pull-backs (4.2.8).

(4.3.2) The family has well-defined specializations (4.2.9).

(4.3.3) D is a relative, generically Cartier divisor (4.2.7).

(4.3.4) D — S is flat at the generic points of X; N Supp D for every s € S.

If f is projective then these are also equivalent to

(4.3.5) s+ deg(X; N D) is a locally constant function on S .

The above theorem is proved in (4.25). The next result says that, if S is nor-
mal, then the conditions (4.2.2-4) imply that f : (X, D) — S is well defined. It
follows from (4.21) by setting W := Sing S.
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Theorem 4.4. Ramanujam (1963); Samuel (1962) Let S be a normal scheme,
f: X — S asmooth morphism and D a Weil divisor on X. Assume that D does
not contain any irreducible component of a fiber. Then D is a Cartier divisor,
hence a relative Cartier divisor.

Over non-normal base schemes it is usually easy to check well-definedness
using the normalization.

Corollary 4.5. Let S be a reduced scheme with normalization § — S. Let
f : (X,D) — S be a projective family of pairs satisfying the assumptions
(4.2.2—4) and

f:(X,D):=(X,D)xs S —» S

the corresponding family over S. Then D is a relative, generically Cartier

divisor in either of the following cases.

(4.5.1) Ty (D) = Ty, (D) = TVU(D) for every geometric point T : {s} — S
and for every lifting T : {s} — S.

(4.5.2) S is weakly normal and Ty, (D) = T*1(D) is independent of the lifting
7:85 — S for every geometric point T : {s} — S.

Proof Note first that D is a relative, generically Cartier divisor by (4.4), so
Tova (D) = TH(D).

Let g € S be a generic point. Then (D), = D, and deg 7y, (D) = deg(D),
by (4.3) applied to f : (X, D) — S. Together with (1) this shows that (4.3.5)
holds for f : (X,D) — S.

For (2), we explain in (4.25) how to reduce everything to the special case
when f has relative dimension 1. Then (10.64) shows that D is flatover S. O

Next we turn to the case that we are really interested in, when the boundary
A is a Q or R-divisor. The right choice is to work with the relative, generically
Cartier condition.

Definition 4.6 (Divisorial pull-back). Let S be a scheme, f : X — § a mor-
phism and A a Z,Q or R-divisor on X. For ¢ : W — S, consider the fiber
product as in (4.2.5). We define relatively, generically Cartier divisors and
their divisorial pull-backs, denoted by Ay, in three steps as follows.

(4.6.1) A is a relatively, generically Cartier Z-divisor if it is Cartier at the
generic points of X; N Supp D for every s € S. Ay is then defined as in (4.2.7).

(4.6.2) A is a relatively, generically Q-Cartier Q-divisor iff mA is a relatively,

generically Cartier Z-divisor for some m > 0. Then we set Ay := %((mA)W).
This is independent of m, but there is a subtle point. We prove in (4.39) that,

if the characteristic is 0, then a Z-divisor is relatively, generically Q-Cartier
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iff it is relatively, generically Cartier. So we can choose m to be the common
denominator of the coefficients in A. However, this is not true in positive char-
acteristic; see (8.75-8.76).

(4.6.3) A is a relatively, generically R-Cartier R-divisor iff one can write A =
>, ¢iA; where the A; are relatively, generically Q-Cartier Q-divisors. Then we
set AW = ZC,‘(A,‘)W.

This is independent of the choice of ¢; and A;. We may assume that the c;
are Q-linearly independent. Then A is relatively, generically R-Cartier iff the
A; are relatively, generically Q-Cartier by (11.43.2).

Let f : (X,A) — S be a well-defined family of pairs as in (4.3). In (3.1)
we gave 7 equivalent definitions of locally stable families of varieties. Some
of these extend to families of pairs. See (2.41) for some negative examples and
Section 8.2 for some solutions.

Definition—Theorem 4.7. Let S be a reduced scheme, f : X — S a flat mor-
phism of finite type and f : (X, A) — S a well-defined family of pairs. Assume
that (X, Ay) is slc for every s € S. Then f : (X,A) — S is locally stable or slc
if the following equivalent conditions hold.

(4.7.1) Kx;s + Ais R-Cartier.

(4.7.2) For every spectrum of a DVR T and morphism g : 7 — S, the pull-
back fr : (X7,Ar) — T is locally stable, as in (2.3).

(4.7.3) There is a closed subset Z C X such that codim(Z N X, X) > 3 for
every s € S and flx\z : (X \ Z) — S satisfies the above (1-2).
Such a family is called stable if, in addition, Kx;s + A is f-ample.

Proof The arguments are essentially the same as in (3.37). It is clear that
(4.7.1) = (4.7.2). If (4.7.2) holds then Ky, + Ay is R-Cartier forevery g : T —
S. Thus Kx;s + A is R-Cartier by (4.35).

Finally, if any of the properties (4.7.1-2) holds for X, then it also holds for
X\ Z. Using (4.7.2) both for X and for X \ Z, reduces us to checking (4.7.3) =
(4.7.2) when S is the spectrum of a DVR; which is (2.7). O

Let f : (X,A) — S be a family of pairs. It turns out that, starting in relative
dimension 3, the set of points {s € S : (X;, A,) is semi-log-canonical} is neither
open nor closed; see (3.41) for an example. Thus the strongest result one can
hope for is the following.

Theorem 4.8 (Local stability is representable). Let S be a reduced, excellent
scheme over a field of characteristic 0 and f : (X,A) — S a well-defined,
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projective family of pairs. Assume that A is an effective, relative, generically R-
Cartier divisor. Then there is a locally closed partial decomposition j : S' —
S such that the following holds.

Let W be any reduced scheme and q : W — S a morphism. Then the family
obtained by base change fw : (Xw,Aw) — W is locally stable iff q factors as
g:W—S88 -8,

A stable morphism is locally stable and stability is an open condition for a
locally stable morphism. Thus (4.8) implies the following.

Corollary 4.9 (Stability is representable). Using the notation and assumptions
as in (4.8), there is a locally closed partial decomposition j : S* — S such
that the following holds.

Let W be any reduced scheme and q : W — S a morphism. Then the family
obtained by base change fy : (Xw,Aw) — W is stable iff q factors as g : W —
Sstab - S. O

4.2 Examples

We start with a series of examples related to (4.3).

Example 4.10. Let S = (xy = 0) ¢ A> and X = (xy = 0) ¢ A, Consider the
divisors D, := (y = z—1 =0)and D, := (x = z+ 1 = 0). We get a family
f 1 (X,D,+ Dy) — S that satisfies the assumptions (4.2.2-4).

We compute the ‘fiber’ of the above family over the origin in 3 different
ways and get 3 different results.

First restrict the family to the x-axis. The pull back of X becomes the plane
Aiz. The divisor D, pulls back to (z—1 = 0), but the pull back of the ideal sheaf
of D, is the maximal ideal (x, z + 1). It has no divisorial part, so restriction to
the x-axis gives the pair (A)ZCZ, (z—1=0)) > Al Similarly, restriction to the
y-axis gives the pair (Aﬁz, (z+1=0) > A;,. If we restrict these to the origin,
we get (AL, (z—1=0))and (AL, z+ 1 =0)).

Finally, if we restrict to the origin of S in one step then we get the pair
(Al,(z=1=0)+(z+ 1 = 0)). Thus we have 3 different pairs that can claim to
be the fiber of f : (X, D, + Dy) — S over the origin.

In the above example the problem is visibly set-theoretic, but there can be
problems even when the set theory works out.

Example 4.11. Set C := (xy(x—y) =0) C Aiy and X := (xy(x—y) =0) C A?Cyz.
For any ¢ € k consider the divisor

D, i=(x=z=0+@0=z=0+x—-y=z-—cx=0).
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The pull-back of D, to any of the irreducible components of X is Cartier, it
intersects the central fiber at the origin of the z-axis and with multiplicity 1.
Nonetheless, we claim that D, is Cartier only for ¢ = 0.

Indeed, assume that /(x,y, z) = 0 is a local equation of D.. Then h(x,0, z) =
0 is a local equation of the x-axis and A(0,y,z) = 0 is a local equation of the
y-axis. Thus & = az + (higher terms). Restricting to the (x — y = 0) plane we
get that ¢ = 0.

Note also that if chark = 0 and ¢ # 0 then no multiple of D, is a Cartier
divisor. To see this note that if f(x,y,z) = 0 is a local defining equation of mD,
on X then @' /87! vanishes on D.. Its restriction to the z-axis vanishes at
the origin with multiplicity 1. We proved above that this is not possible.

However, if chark = p > 0, then z” — ¢Pxy?~' = 0 shows that pD, is a
Cartier divisor.

Example 4.12. Consider the cusp C := (x*> = y*) C A)zcy and the trivial curve
family ¥ := C X A; — C.Let D C Y be the Cartier divisor given by the
equation y = z>. Then D — C is flat of degree 2. Furthermore, D is reducible
with irreducible components D* := image of t £, 12, £1).

Note that D* ~ A! and the projections D* — C corresponds to the ring
extension k[#3,>] < k[t]. Thus the projections D* — C are not flat and the
Weil-divisorial fiber of D* — C over the origin has length 2.

However, the Weil-divisorial fiber of D = D* U D™ — C over the origin is
again the point (0, 0, 0) with multiplicity 2.

Arguing as in (4.11) shows that the D* are not Q-Cartier in characteristic 0,
but pD* = (xy?=¥/2 = z7) shows that it is Q-Cartier in characteristic p > 0.

The next example shows the importance of the Mumford condition.

Example 4.13. Set X = (x> -y = > - vV) c A, D=(x-u=y-v =
OU(x+u=y+v=0)and f: (X,D) — A2 the coordinate projection. The
fiber X,,, is a pair of intersecting lines if u? = v? and a smooth conic otherwise.

The irreducible components of D intersect only at the origin and D is not
Cartier there. The divisorial fiber D,, consists of 2 distinct smooth points if
(u,v) # (0,0), but Dy is the origin with multiplicity 3.

Let L, be the line (v = cu) for some ¢ # +1. Restricting the family to L, we
get X, = (x* —y* = (1 — ®)u?) c A3 and the divisor becomes D, = (x —u =
y—cu =0 Ux+u=y+cu = 0). Observe that D, is a Cartier divisor
with defining equation cx = y. (Note that base change does not commute with
union, so D X2 L, has an embedded point at the origin.)

Thus although D is not Cartier at the origin, after base change to a general
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line we get a Cartier divisor. For all of these base changes, D, has multiplicity
2 at the origin. (These also hold after base change to any smooth curve.)
However, the origin is a singular point of the fiber. If we restrict D, to the
fiber over the origin, the resulting scheme structure varies with c.
This would be a very difficult problem to deal with, but for a stable pair
(X, A) we are in a better situation since the irreducible components of A are not
contained in Sing X.

Example 4.14. Let B be a smooth projective curve of genus > 1 with an
involution o and by,b, € B a pair of points interchanged by o. Let C’ be
another smooth curve with two points ¢}, ¢;, € C’. Start with the trivial family
(Bx C',{b1} x C" + {by} x C') — C’ and then identify ¢| ~ ¢} and (b,c}) ~
(o(b), c}) for every b € B. We get an étale locally trivial stable morphism
(S,Dy + D;) — C. Here C is a nodal curve with node 7 : {¢} — C. The
fiber over the node is (B, [b;] + [b2]). However, the fiber of each D; over c is
[b1] + [b7], hence

Towaiv P + Tiwaiy(P1) = (B, 2[b1]1+ 2[by]) # (B, [bi]+ [b2]) = Tiyg1, (D1 + D2).

The next examples discuss the variation of the Q-Cartier property in families
of divisors. Related positive results are in Section 4.6.

Example 4.15. Let C c P? be a smooth cubic curve and S ¢ c P3 the cone over
it. For p € C let L, C S¢ denote the ruling over p. Note that L, is Q-Cartier
iff p is a torsion point, that is, 3m[p] ~ Oc(m) for some m > 0. The latter is a
countable dense subset of the moduli space of the lines Chow; 1(S¢) = C.

In the above example the surface is not Q-factorial and the curve L, is some-
times Q-Cartier, sometimes not. Next we give a similar example of a flat family
of Ic surfaces S — B such that {b : S, is Q-factorial} C B is a countable set of
points. Thus being Q-factorial is not a constructible condition.

Let C c P? be a smooth cubic curve. Pick 11 points Py, ..., P;; € C and set
P, = —(P; + --- + Py1). Then there is a quartic curve D such that CN D =
Py + -+ + Py. Thus the linear system |ﬁ]pz(4)(—P1 — = P12)| blows up the

points P; and contracts C. Its image is a degree 4 surface S = S(Py,...,P11)
in P3 with a single simple elliptic singularity. If C = (f3(x,y,z) = 0) and
D = (fa(x,y,2) = 0) then

S = (f3(x,y, 2w + fa(x,y,2) = 0) C P°.

At the point (x = y = z = 0) the singularity of S is analytically isomorphic to
the cone S ¢ and S is smooth elsewhere iff the points Py, ..., P, are distinct. If
this holds then the class group of S is generated by the image L of a line in P?
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and the images E, ..., E|; of the 12 exceptional curves. They satisfy a single
relation 3L = Ey + -- - + E;. Note that E; is Q-Cartier iff P; is a torsion point.
If we vary Py,..., P;; € C, we get a flat family of Ic surfaces parametrized

by 7 : S — C'!'\ (diagonals), with universal divisors E; c S. We see that
(4.15.1) Ei(Py,...,Py;)is Q-Cartier iff P; is a torsion point and
(4.15.2) S(Py,...,Pq1)is Q-factorial iff P; is a torsion point for every i.

4.3 Families of divisors 11

At least 3 different notions of effective divisors are commonly used in algebraic
geometry, but our discussions show that other variants are also necessary.

4.16 (Five notions of effective divisors). Let X be an arbitrary scheme.

(4.16.1) An effective Cartier divisor is a subscheme D C X such that, for ev-
ery x € D, the ideal sheaf Ox(—D) is locally generated by a non-zerodivi-
sor s, € Oy x, called a local equation of D.

(4.16.2) A divisorial subscheme is a subscheme D C X such that &p has no
embedded points and Supp D has pure codimension 1 in X.

(4.16.3) A divisorial subscheme D is called an effective, generically Cartier
divisor if it is Cartier at its generic points. These are called almost Cartier
divisors in Hartshorne (1986); Hartshorne and Polini (2015).

(4.16.4) A divisorial subscheme D is called an effective Mumford divisor if X
is regular at generic points of D. More generally, D is Mumford along Z,
if X and Z are both regular at every generic point of Z N Supp D.

(4.16.5) A Weil divisor is a formal, finite linear combination D = }; m;D;
where m; € Z and the D; are integral subschemes of codimension 1 in X.
We say that D is effective if m; > O for every i.

If A is an abelian group then a Weil A-divisor is a formal, finite linear com-
bination D = }; a;D; where a; € A. We will only use the cases A = Z,Q,R.
Thus Weil Z-divisor = traditional Weil divisor; we use the terminology ‘Weil
Z-divisor’ if the coefficient group is not clear. (A Weil Z-divisor is sometimes
called an integral Weil divisor, but the latter could also mean the Weil divisor
corresponding to an integral subscheme of codimension 1.)

Note that usually divisorial subschemes and Weil divisors are used only
when X is irreducible or at least pure dimensional, but the definition makes
sense in general.

If X is smooth then the 5 variants are equivalent to each other, but in general
they are different.

Usually we think of Cartier divisor as the most restrictive notion. If X is S,
then every effective Cartier divisor is a divisorial subscheme. However, if X is
not §,, then there are Cartier divisors D C X such that D is not a divisorial
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subscheme, and the natural map from Cartier divisors to divisorial subschemes
is not injective; see (4.16.9). These are good to keep in mind, but they will not
cause problems for us.

Let W C X be a closed subscheme. We can associate to it both a divisorial
subscheme and a Weil divisor by the rules

Div(W)
Weil(W)

pure W := Spec(0y/(torsion)), and
> lengthg,(ﬁ w) - [Dil,

where in the first case we take the quotient by the subsheaf of those sec-
tions whose support has codimension > 2 in X (see also (10.1)). In the second
case D; C Supp W are the irreducible components of codimension 1 in X with
generic points g; € D;. In particular, this associates an effective Weil divisor to
any effective Cartier divisor or divisorial subscheme.
Thus, if X is S, then we have the basic relations among effective divisors

Cartier Mumford generically divisorial
divisors divisors Cartier divisors subschemes

(4.16.6)

Assume next that X is regular at a codimension 1 point g € X. Then 0, x is
a DVR, hence an ideal in it is uniquely determined by its colength. Thus we
have the following.

Claim 4.16.7. If X is a normal scheme then 4 of the notions agree for effective
divisors
( Mumford )_( generically )_( divisorial )_( Weil )

divisors |\ Cartier divisors subschemes divisors

We are mainly interested in slc pairs (X, A), thus the underlying schemes X are
deminormal. Fortunately, X is smooth at the generic points of A. Thus, for our
purposes, we can always imagine that the identifications (4.16.7) hold.

Convention 4.16.8. Let X be a scheme and W C X a subscheme. Assume that X
is regular at all generic points of W. Then we will frequently identify Div(W),
the divisorial subscheme associated to W and Weil(W), the Weil divisor asso-
ciated to W. We denote this common object by [W].

We can thus usually harmlessly identify divisorial subschemes and Weil di-
visors. However—and this is one of the basic difficulties of the theory—it is
quite problematic to keep the identification between families of divisorial sub-
schemes and families of Weil divisors.

Example 4.16.9. Let § C A* be the union of the planes (x; = x, = 0) and
(x3 = x4 = 0). For ¢ # 0 consider the Cartier divisors D, := (x; + cx3 = 0).
For any c, the corresponding divisorial subscheme is the union of 2 lines (x; =
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X, = x3 = 0) U (x; = x3 = x4 = 0), hence independent of c. However the D,
are different Cartier divisors for different ¢ € k. Indeed, (x; + ¢’x3)/(x1 + cx3)
is a non-regular rational function that is constant ¢’/c on the first plane and 1
on the second. Note that § is seminormal and the D, are Mumford.

Corresponding to the 5 notions of divisors, there are 5 notions of families.
We discuss 4 of these next, leaving Mumford divisors to Section 4.8.

Relative Weil divisors

Definition 4.17. Let f : X — S be a morphism whose fibers have pure dimen-
sion n. A Weil divisor W = >, m;W; is called a relative Weil divisor if the fibers
of flw, : W; — f(W;) have pure dimension n—1 for every i.

We are interested in defining the divisorial fibers of W — §. A typical
example is (4.13), where the multiplicity of the scheme-theoretic fiber jumps
over the origin. It is, however, quite natural to say that the ‘correct’ fiber is
the origin with multiplicity 2, the only problem we have is that scheme theory
miscounts the multiplicity. The following theorem, proved in (Kolldr, 1996,
3.17), says that this is indeed frequently the case.

Theorem 4.18. Let S be a normal scheme, f : X — S a projective morphism

and Z C X a closed subscheme such that flz : Z — S has pure relative di-

mension m. Then there is a section oz : S — Chow,,,(X/S) with the following

properties.

(4.18.1) Let g € S be the generic point. Then 07(g) = [Z,], the cycle associ-
ated to the generic fiber of flz : Z — S as in (3.8).

(4.18.2) Supp(oz(s)) = Supp(Zy) for every s € S.

(4.18.3) oz(s) = [Z] if flz is flat at all generic points of Zj.

(4.18.4) s (0z(s) - L") is a locally constant function of s € S, for any line
bundle L on X. O

Example (4.10) shows that (4.18) does not hold if S is only seminormal. The
notion of well-defined families of algebraic cycles is designed to avoid similar
problems, leading to the definition of the Cayley-Chow functor; see (Kolldr,
1996, Sec.1.3—4) for details.

Flat families of divisorial subschemes

Let X — S be amorphism and D C X a subscheme. If Supp D does not contain
any irreducible component of a fiber X;, then &pny, /(torsion) is (the structure
sheaf of) a divisorial subscheme of X;. This notion, however, frequently does
not have good continuity properties, as illustrated by (4.13).

We would like to have a notion of flat families of divisorial subschemes,
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where both the structure sheaf &p and the ideal sheaf Ox(—D) are ‘well be-
haved.” This seems possible only if X — S is ‘well behaved,” but then the two
aspects turn out to be equivalent.

Definition—Lemma 4.19. Let f : X — § be a flat morphism of pure rela-
tive dimension n with S, fibers and D C X a closed subscheme of relative
dimension n—1 over S. We say that f|p : D — S is a flat family of divisorial
subschemes if the following equivalent conditions hold.

(4.19.1) flp : D — S is flat with pure fibers of dimension n—1 (10.1).
(4.19.2) Ox(—D) is flat over S with S, fibers.

If f is projective and pure D, denotes the largest pure subscheme as in (10.1),
these are further equivalent to:

(4.19.3) s = x(X5, Opure p,(*)) is locally constant on S.

(4.19.4) s > x(X;, Ox (- pure D)(x)) is locally constant on S.

Proof We have a surjection Oy — Op and if both of these sheaves are flat
then so is the kernel Ox(—D). If the kernel is flat then O, (—D;) =~ Ox(—D)|x,
is also the kernel of Oy, — O)p,. Since O, is S, we see that Ox (D) is S»
iff Op, is pure of dimension n—1.

Conversely, assume (2). For any ' — § the pull-back map ¢} Ox(-D) —
qyOx is an isomorphism over X7 \ Dr. Since Ox(-D) is flat with S, fibers,
q7Ox(=D) does not have any sections supported on Dr. Thus the pulled-back
sequence

0 - q70x(-D) = q7O0x — q30p — 0

is exact. Therefore Torf(ﬁT, Op) = 0 hence Op is flat over S and we already
noted that then it has pure fibers of dimension n—1.
The last 2 claims are proved as in (2.75). O

Relative Cartier divisors

Definition-Lemma 4.20. Let f : X — S be a flat morphism with S, fibers,

x € X apoint and s := f(x). A subscheme D C X is a relative Cartier divisor

at x € X if the following equivalent conditions hold.

(4.20.1) Dis flat over § at x and D, := D|x, is a Cartier divisor on X at x.

(4.20.2) D is a Cartier divisor on X at x and a local equation g, € O, x of D
restricts to a non-zerodivisor on the fiber X;.

(4.20.3) D is a Cartier divisor on X at x and it does not contain any irreducible
component of X that passes through x.

If these hold for all x € D then D is a relative Cartier divisor. If f : X — §

is also proper then the functor of relative Cartier divisors is represented by an



156 Stable pairs over reduced base schemes

open subscheme of the Hilbert scheme CDiv(X/S) c Hilb(X/S§); see (Kollér,
1996, 1.1.13) for the easy details.

If (2) holds then D is flat by (4.19). The other nontrivial claim is that (1)
implies that D is a Cartier divisor on X at x. We may assume that (x € X) is
local. A defining equation g, of Dy lifts to an equation g of D. We have the
exact sequence

0—1Ip/(g) = Ox/(g) > Op — 0.
Here Ox/(g) and Op are both flat, hence so is Ip/(g). Restricting to X; we get
0= (In/(8)), = Ox,/(8s) — Op, = 0.
Thus Ip/(g) = 0 by Nakayama’s lemma and g is a defining equation of D. O

Relative Cartier divisors form a very well behaved class, but in applications
we frequently have to handle 2 problems. It is not always easy to see which
divisors are Cartier, and we also need to deal with divisors that are not Cartier.

On a smooth variety every divisor is Cartier, thus if X itself is smooth then a
divisor D is relatively Cartier iff its support does not contain any of the fibers.
In the relative setting, we usually focus on properties of the morphism f. Thus
we would like to have similar results for smooth morphisms. (See (4.36) and
(4.41) for closely related results.)

Theorem 4.21. Let f : X — S be a smooth morphism and W C S a closed
subset such that depthy, S > 2. Let D° be a Cartier divisor on X \ f~1(W)
and D C X its closure. Assume that Supp D does not contain any irreducible
component of any fiber. Then D is Cartier, hence a relative Cartier divisor.

Proof Assume first that f has relative dimension 1. Then f|p : D — S is
quasi-finite, so f|p is flat by (10.63), so D is a Cartier divisor by (4.20.1).

For the general case, pick a closed point x € D. Since f is smooth, locally it
factors through an étale morphism 7 : (x,X) — ((0, 5), AY). Composing with
any linear projection we locally factor f as

X)) S (0,5),A7") > 8,

where g is smooth of relative dimension 1. If D does not contain the fiber
of g passing through x, then D is a Cartier divisor by the already discussed
1-dimensional case.

To find such a g, assume first that k(s) is infinite. Let L C A’ be a general
line through the origin. Then #;!(L) ¢ D;. Thus if we choose the projection
AL — Ag’l to have kernel L over s, then the argument proves that D is a
Cartier divisor at x.
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If k(s) is finite then consider the trivial lifting f(! : XxA! — S xA!. By the
previous argument D x A! is a Cartier divisor at the generic point of {x} x A!,
hence D is a Cartier divisor at x by (2.92.1). O

Examples 4.22. We give 2 examples showing that in (4.21) we do need depth
assumptions on S.

Set S, := Spec k[x, y]/(xy) and X,, = Spec k[x, y, z]/(xy). Then (x, z) defines
a Weil divisor which is not Cartier.

Set S. := Spec k[x%, x*] and X, = Spec k[xz,x3,y]. Then (y2 - xz,y3 -x)
defines a Weil divisor which is not Cartier.

Lemma 4.23. Let X be a pure dimensional, S, scheme, D C X a Cartier
divisor and W C D a subscheme such that codimp W > 2. Let L be a rank 1,
torsion-free sheaf on X that is locally free along D \ W. Let s be a section of
L such that s|p\w is nowhere zero. Then L is trivial and s is nowhere zero in a
neighborhood of D.

Proof The section s gives an exact sequence
0—- Oy 5L 0—0.

By (10.7) every associated prime of Q has codimension 1 in X. Thus D N
Supp Q has codimension 1 in D. Therefore D is disjoint from Supp Q and L is
trivial on X \ Supp Q. O

Relative generically Cartier divisors

This is the most important class for moduli purposes.

Definition 4.24. Let f : X — S be a morphism. A subscheme D C X is a
relative, generically Cartier, effective divisor or a family of generically Cartier,
effective divisors over S if there is an open subset U C X such that

(4.24.1) f isflat over U with S, fibers,

(4.24.2) codimy,(X;\ U) > 2 forevery s € S,

(4.24.3) Dy is arelative Cartier divisor (4.20), and

(4.24.4) D is the closure of D]y .

If U C X denotes the largest open set with these properties then Z := X \ U is
the non-Cartier locus of D.

Thus Ox(mD) is a mostly flat family of divisorial sheaves on X (3.28) for
any m € Z. Conversely, if L is a mostly flat family of divisorial sheaves on X
and / a global section of it that does not vanish on any irreducible component
of any fiber, then (7 = 0) is a family of generically Cartier, effective divisors
over S.
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4.25 (Proof of 4.3). All 5 conditions are local on §, the first 4 are local on X.
All of them can be checked on a general relative hyperplane section of X; see
(4.2.6), (4.26) and (10.56).

Thus we may assume that X — S has relative dimension 1, hence f is
smooth along Supp D. We view D as a divisorial subscheme of X. After an
étale base change we may assume that D — S is finite.

Applying (3.20) to F := f.Op (with X = §') we see that (4.3.5) holds iff &)p
is flat over S. By (4.20) the latter holds iff D a relative Cartier divisor. Thus
(4.33) e (4.34) o 4.3.5).

As we noted in (4.24), these imply (4.3.1), and (4.3.1) =(4.3.2) is clear. It
remains to show that (4.3.2) =(4.3.4).

To see this, fix a point 7 : {s} — S and let T be the spectrum of a DVR and
h: T — S amorphism that maps the closed point to 7(s) and the generic point
of T to a generic point g € S. Then Ay, D is flat over T of degree degy,) Op, .

Wdiv
Thus if T : § — T is alifting of 7 and (4.3.2) holds, then

deg Ty, D = deg Tygi gy D = degyy) O, -
Thus D — S is flat by (3.20). m]

The following Bertini-type results are frequently useful. The first claim is
an immediate consequence of (10.56) and the second follows from (10.20).

Proposition 4.26. Let (0 € S) be a local scheme, X C P’sv a quasi-projective

S -scheme with fibers of pure dimension > 2 and D C X a relative divisorial

subscheme. Then, for general H € |Ox(1)),

(4.26.1) D is a generically Cartier family of divisors on X iff D|y is a generi-
cally Cartier family of divisors on H, and

(4.26.2) Ox(D)ly = Ou(Dlg). O

Representability theorems

4.27 (Representability of the generically Cartier condition). There are 2 ver-
sions of this question. Let f : X — S be a flat, projective morphism and D ¢ X
a divisorial subscheme.

The traditional problem is to study those morphisms g : W — S for which
q*D is a generically Cartier divisor on Xy . This gives a representable functor.
This will be used during the construction of the moduli of Mumford divisors,
so we treat it there (4.77).

From the point of view of Section 4.1, it may seem more natural to study
those morphisms g : W — § for which the Weil-divisor pull-back gy, D is a
generically Cartier divisor on Xy . This, however, does not give a representable
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functor; see (4.13). This variant is actually not well posed, since the Weil-
divisor pull-back is not functorial in general.

Fortunately, it turns out to be relatively easy to ensure the generically Cartier
condition. So we focus on studying additional properties of such families.

As a first problem, we start with a family of generically Cartier divisors, and
study those morphisms g : W — S for which the generically Cartier pull-back
Dy is flat or relatively Cartier.

The first result is a reformulation of (3.29) and (3.30).

Theorem 4.28. Let S be a scheme, f : X — S a flat, projective morphism
with S, fibers and D C X a family of generically Cartier divisors. Then there
is a locally closed decomposition jA—12t : §H-Mat ¢ rosp a locally closed
partial decomposition j* : S — §), such that, for every morphism q :
W — S, the divisorial pull-back Dy = gD is flat (resp. Cartier) iff q factors
through S~ (resp, §°), O

This leads to a valuative criterion for Cartier divisors in (4.34).

As we saw in (4.15), the set of fibers where a divisor is Q-Cartier need
not be constructible. So the straightforward Q-Cartier version of (4.28) fails.
However, this failure of constructibility is the only obstruction.

Proposition 4.29. Let S be a reduced scheme, f : X — S a flat, projective
morphism with S, fibers and D a family of generically Q-Cartier (resp. R-
Cartier) divisors on X. Let S* C S be a constructible subset. Assume that D
is Q-Cartier (resp. R-Cartier) for every point s € S*.

Then there is a locally closed partial decomposition jA : §9% — § (resp.
J  §™ — §) such that the following holds.

(4.29.1) Letq : W — S be a reduced S -scheme such that q(W) C S*. Then the
divisorial pull-back Dy C Xw is Q-Cartier (resp. R-Cartier) iff q factors
though S 9 (resp. S™).

Proof We may assume that S * is dense in S and start with the Q-Cartier case.
By (4.28) there are maximal open subsets S € §5% C --- such that 7! - D is
Cartier over S¢*. By assumption S is dense for r > 1 and the union of all
of them is the open stratum of §9“" — §. Noetherian induction then gives the
other strata.

In the R-Cartier case we write D = Y d;D' where the D' are Q-divisors and
the d; € R are linearly independent over Q. We already have locally closed
partial decompositions ;1 : ST — § using D', and j<" : S** — § s their
fiber product over S using (11.43.2). O
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4.4 Valuative criteria

We aim to show that various properties of morphisms can be checked after base
change to 1-dimensional, regular schemes, equivalently, to spectra of DVR’s.
We aim to use as few DVR’s as possible.

Definition 4.30. A morphism ¢q : (x,X) — (y,Y) of local schemes is local
if g(x) = y. A morphism of schemes ¢ : X — Y is component-wise domi-
nant if every generic point of X is mapped to a generic point of Y. If X, Y are
irreducible, then component-wise dominant is the same as dominant.

We are especially interested in local, component-wise dominant morphisms
q: @T) — (s,5) from the spectrum of a DVR to S. To construct these, let
S| C S be an irreducible component and 7 : B;S| — S the blow-up of s. The
exceptional divisor has pure codimension 1. Let n € Ex(rr) be a generic point
and 0, its local ring. If S is excellent, we can take T to be the normalization of
Spec &,,. Then (,T) — (5,5 1) is essentially of finite type. In general, we need
to take T to be one of the irreducible components of the normalization of the
completion of &,. Then T is excellent, but g is not essentially of finite type.

Lemma 4.31. Let (s,S) be a local scheme and g : S" — S a locally closed
partial decomposition (10.83). Then g is an isomorphism iff every local, com-
ponent-wise dominant morphism q : (t,T) — (s,S) from the spectrum of an
excellent DVR to S factors through g.

Proof We see that g is proper and dominant by (10.78.1), hence an isomor-
phism by (10.83.2). O

Theorem 4.32 (Valuative criterion for divisorial sheaves). Let (s,S) be a re-
duced, local scheme and f : X — S a flat morphism of finite type with S,
fibers. Let L be a mostly flat family of divisorial sheaves on X (3.28). Assume
that either f is projective or S is excellent. The following are equivalent.

(4.32.1) L is flat over S with S, fibers.

(4.32.2) For every local, component-wise dominant morphism q : (t,T) —
(s, S) from the spectrum of an excellent DVR to S, the hull pull-back (3.27)
L’T" is flat over T with S, fibers.

Proof 1t is clear that (1) implies (2). For the converse, we use the theory of
hulls and husks from Chapter 9.

Assume first that f is projective. Consider the locally closed decomposition
j: Hull(L) — S given by (9.40). By assumption every q : (t,T) — (s,S5)
factors through j, so j is an isomorphism by (4.31). Thus L is its own hull,
hence it is flat over S with S, fibers.
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This is the main case that we use. The argument in the non-projective case
is similar, but relies on (9.44).

Pick any point x € X and its image s := f(x). Let § denote the completion
of S at s; it is reduced since S is excellent. Then L is flat over S with S, fibers
at x iff this holds after base change to S. Thus it is enough to show that (2) =
(1) whenever s € S is complete, in which case the hull of L is represented by a
subscheme i : S* < S for local, Artinian S -algebras by (9.44).

Let (R, m) be a complete DVR and ¢ : SpecR — (s, S) a local morphism.
By assumption (2), the hull pull-back L is flat over R with S, fibers. Thus the
same holds for Spec(R/m") for every n, hence the restriction of g to Spec(R/m")
factors through i : $* < S. Since this holds for every n € N, g factors through
i:S5"% < S.Weconclude that S* = S. So, as before, L is its own hull, hence it
is flat over S with S, fibers. ]

Putting together (2.79), (2.82) and (4.32) gives the following higher dimen-
sional version.

Corollary 4.33. Let f: (X,A) — S be a locally stable morphism to a reduced
scheme over a field of characteristic 0. Let D be a relative Mumford Z-divisor
(4.68). Assume that either f is projective or S is excellent. Then, in any of the
cases (2.79.1-8) and (2.82),

(4.33.1) Ox(D) is flat over S with S, fibers, and

(4.33.2) Ox(D)lx, =~ Ox,(D;) for s€ S. O

We can restate (4.32) for Cartier divisors as follows.

Corollary 4.34 (Valuative criterion for Cartier divisors). Let (s,S) be a re-

duced, local scheme, f : X — S a flat morphism of finite type with S, fibers

and D a relative, generically Cartier divisor on X. Assume that either f is

projective or S is excellent. Then following are equivalent.

(4.34.1) D is a relative Cartier divisor.

(4.34.2) For every local, component-wise dominant morphism g : (t,T) —
(s,S) from the spectrum of an excellent DVR to S, the divisorial pull-back
Dy C Xt is a Cartier divisor. m]

Reduction to the Cartier case as in (4.29) gives the following.

Corollary 4.35 (Valuative criterion for Q- and R-Cartier divisors). Let (s, S)
be a reduced, local scheme, f : X — S a flat morphism of finite type with
Sy fibers and D a family of generically Q-Cartier (resp. R-Cartier) divisors
on X. Assume that either f is projective or S is excellent. Then following are
equivalent.
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(4.35.1) D is a Q-Cartier (resp. R-Cartier) divisor.

(4.35.2) For every local, component-wise dominant morphism q : (t,T) —
(s,S) from the spectrum of an excellent DVR to S, the divisorial pull-back
Dy is Q-Cartier (resp. R-Cartier). O

The following two consequences of (4.34) are important; see (4.41.1) for a
more direct proof of the first one.

Corollary 4.36. Let S be a reduced scheme, f : X — S a smooth morphism
and D a relative, generically Cartier divisor on X. Assume that either f is
projective or S is excellent. Then D is a relative Cartier divisor.

Proof Letg:T — S be a morphism from the spectrum of a DVR to S. Then
Xr is regular, hence Dy is Cartier. So D is Cartier by (4.34). O

Theorem 4.37. Let (s,S) be a reduced, local, excellent scheme, f : X — S a
flat morphism of finite type with S, fibers and D a relative, generically Cartier
divisor on X. Then D is Cartier < D is Q-Cartier, Dy is Cartier and Dy is
Cartier for all generic points g € S.

Proof The necessity is clear. By (4.34) it is enough to prove the converse
after base change to T whenever ¢q : (t,T7) — (s,5) is a local, component-
wise dominant morphism from the spectrum of an excellent DVR to S. The
assumptions are preserved.

Let Z c X, be the locus where D7 is not known to be Cartier. After localizing
at the generic point of Z, we are in the situation of (2.91). Thus Dy is Cartier
and so is D. O

Another valuative criterion is the following local version of (3.20).

Theorem 4.38. (Grothendieck, 1960, IV.11.6, IV.11.8) Let (s, S) be a reduced,
local scheme, f : X — S a morphism of finite type and F a coherent sheaf on
X. Let T be a disjoint union of spectra of DVR’s and q : T — S a dominant,
local morphism. Then F is flat over S at x € X; iff qyF is flat over T along

gy (x). m]
4.5 Generically Q-Cartier divisors

In the study of Ic and slc pairs, Q-Cartier divisors are more important than
Cartier divisors. We have seen many examples of Weil Z-divisors that are Q-
Cartier, but not Cartier. By contrast, we show that if a relative Weil Z-divisor
is generically Q-Cartier, then it is generically Cartier in characteristic 0.
Let f: (X, D) — S be a family of pairs and D a relative Weil Z-divisor.
Since we are interested in generic properties, we can focus on a generic point
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x of D N X;. If the assumption (4.2.4) holds then f is smooth at x. Thus we
may as well assume that f is smooth (but not proper).

If § is normal then D is a Cartier divisor by (4.4), thus here our main interest
is in those cases where S is reduced, but not normal. As (4.10) shows, D need
not be Cartier in general. However, the next result shows that if some multiple
of D is Cartier, then so is D, at least in characteristic 0.

Positive characteristic counter examples are given in (4.11) and (4.12).

Theorem 4.39. Let S be a reduced scheme, f : X — S a smooth morphism of
relative dimension > 1 and D a relative Weil Z-divisor on X. Assume that mD
is Cartier at a point x € X and char k(x) ¥ m. Then D is Cartier at x.

Proof By Noetherian induction and shrinking X we may assume that D is
Cartier on X \ {x} and mD ~ 0.

By (11.24), mD ~ 0 determines a cyclic cover X — X that is étale over
X \ {x} whenever char k(x) ¥ m. This gives a correspondence between torsion
in Pic!®(x, X) and torsion in the abelian quotient of the fundamental group
#1(X \ {x}). There are now two ways to finish the proof.

In characteristic 0 we may work over C. After replacing X with a suitable
Euclidean neighborhood x € U C X, it is enough to prove that (U \ {x}) is
trivial. We do this in (4.40).

In general, let X" — X be the weak normalization (10.74). We prove
in (4.41) that Pic'*°(x", X"") is free of finite rank. It remains to show that
KW o= ker[Picl"C(x, X) — Pic®(x™, X¥")] does not contain prime-to-p tor-
sion in characteristic p > 0.

Since X™" — X is finite and purely inseparable, it is a factor of a power F,
of the Frobenius (10.78.2). This gives pull-back maps

Pic'*(x, X) — Pic"*(x™", X™") — Pic'*(x,, X,),

where the composite is L — L7. So K™ is g-torsion.
Alternatively, one can use (Grothendieck, 1971, I.11), which implies that
X\ {x"} — X\ {x} induces an isomorphism of the fundamental groups. O

4.40 (Links and smooth morphisms). Let f : X — § be a smooth morphism
of complex spaces of relative dimension n > 1. We describe the topology of
the link of a point x € X in terms of the topology of the link of s := f(x) € S.

We can write S C C} such that s is the origin and X C S x C where x is
the origin. Intersecting S with a sphere of radius & centered at s we get Lg, the
link of s € S. The intersection of S with the corresponding ball of radius ¢ is
homeomorphic to the cone Cy over Lg.

The link Ly of x € X can be obtained as the intersection of X with the level



164 Stable pairs over reduced base schemes

set max{Y|zi|*, Y|t;*} = £*. Thus Ly is homeomorphic to the amalgamation of

Ls xD*™ = {(z,t): Ylzl* = &% Yll* <&’} and of
Cs xS = |@t): Ylzl* <& Yltj> = &%), glued along
Ly x§7' = @t : Jal =&, Jll* = &2},

Let L be the connected components of Lg. Note that 71y (L XS*'™1) = i (L§)x
m1(S*1). The first factor gets killed in 71;(Cs x S2*~1), the second is trivial if
n > 2 and gets killed in 71 (L X D?") if n = 1. Thus Ly is simply connected for
n>1.

The cohomology of Ly can be computed from the Mayer-Vietoris sequence.
Using that H'(Ls x D*",Z) = H'(Lg,Z) and H'(Cs x $**~1,Z) = H|(S*""1,Z),
for H? the key pieces are

e H'(Ls,Z)®H' (S, 7) — T~ H'(Ls x S¥,Z)
e HY(Lx,Z) — H(Ls, Z)®HA(S,Z) —C = H2(Ls x S*', 7).

The Kiinneth formula gives that the o are injections and o”! is an isomorphism
if n > 2. In this case H*(Ly,Z) = 0. If n = 1 then

H*(Lx,Z) ~ coker[H'(S',Z) —» H(Ls,Z)® H'(S', Z)]

e L D)2, (4.40.1)

‘We have thus proved the following.

Claim 4.40.2. f : X — S be a smooth morphism of complex spaces, Ly the
link of a point x € X and s := f(x). Assume that dim, X > dim; S > 1.

Then Ly is simply connected. Furthermore, H>(Ly,Z) = 0 iff either n > 2
or the link of s € S is connected. O

Next we compute the local Picard groups in more detail in the weakly nor-
mal case.

Theorem 4.41. Let (s € S) be a local, weakly normal pair (10.74) and f :
X — § a smooth morphism. Let x € X; be a point. Then,

(4.41.1) if codim(x € X;) > 2 then Pic'*(x, X) = 0, and

(4.41.2) if codim(x € X,) = 1 then Pic'*(x, X) is free of finite rank.

Proof Setd = dimX;andletn : X — Ag”l be a general projection. Then
m is generically quasi-finite along the closure of x. Let (w, W) be the strict
Henselization of n(x) € A‘SH (2.18). By base change we have a smooth mor-
phism 7* : (X', X") — (w, W) of relative dimension 1, where x’ € X', w € W
are closed points.
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By (2.92.1), Pic!(x, X) — Pic'®(x’, X"), thus it is enough to prove (1-2)
for Pic'*°(x’, X).

Every class in Pic'°(x’, X’) can be represented by an effective divisor D that
does not contain X|,. Then 7’|p : D — W is finite and flat over W \ {w}.

Let {W; : i € I} be the connected components of W \ {w}. Then [D] —
(ranky, 7, Op : i € I) gives a map

Pic"°(x', X") - Z" - Z")7(1,..., 1).

We claim that it is an injection. Indeed, if 7, & has constant rank d then 7’|p
is flat by (10.64), hence D is Cartier by (4.20). This proves (2).

If codim(x € X;) > 2 then g(x) is not the generic point 7, € A%"!. Thus
every irreducible component of Ag‘l contains 7, and this continues to hold
after strict Henselization. Thus W \ {w} is connected and we get (1). ]

Complement 4.41.3. The proof shows that in case (2) the rank is bounded by
r — 1, where r is the maximum number of connected components of S” \ {5’}
for all étale (s”,S”) — (s,S). It is < the number of geometric points over s on
the normalization of §.

4.6 Stability is representable II

Assumption. In this section we work over a field of characteristic 0.

The main result of this section is the following. Eventually we remove the
reduced assumption by introducing the notion of K-flatness in Chapter 7.

Theorem 4.42. Let f : (X,A) — S be a projective, well-defined family of

pairs. Then the functor of locally stable pull-backs is represented, for reduced

schemes, by a locally closed partial decomposition i : §' — §.

Since ampleness is an open condition for an R-Cartier divisor (11.54.2),
(4.42) implies the analogous result for stable morphisms.

Corollary 4.43. Let f : (X,A) — S be a projective, well-defined family
of pairs. Then the functor of stable pull-backs is represented, for reduced
schemes, by a locally closed partial decomposition i : §5&> — §. ]

We start the proof of (4.42), which will be completed in (4.46), with a
weaker version.

Lemma 4.44. Let f : (X,A) — S be a proper, well-defined family of pairs.
Then there is a finite collection of locally closed subschemes S; C S such that
(4.44.1) fi : (Xs,,As,) = S, is locally stable for every i, and

(4.44.2) a fiber (X;, Ay) is slc iff s € U;S ;.
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In particular, {s : (Xs, Ay) is slc} C S is constructible.

Proof Being demi-normal is an open condition by (10.42) and slc implies
demi-normal by definition. So we may assume that all fibers are demi-normal
and § is irreducible with generic point g. Throughout the proof we use S° C §
to denote a dense open subset which we shrink whenever necessary.

First we treat morphisms whose generic fiber X, is normal.

Case I: (X;, Ay) is lc. Then Ky, + A, is R-Cartier, hence Ky/s + A is R-Cartier
over an open neighborhood of g. Next consider a log resolution p, : ¥, — X,.
It extends to a simultaneous log resolution p° : Y° — X° over a suitable
S° c §. Thus, if E° C Y° is any exceptional divisor, then a(Ey, X;, A;) =
a(E°®, X°,A°%) = a(Egy, X4, Ag). This shows that all fibers over S ° are Ic.

Case 2: (Xg, A,) is not Ic. Note that the previous argument works if Ky, + A,
is R-Cartier. Indeed, then there is a divisor E with a(Eg, X, Ag) < —1 and
this shows that a(Ey, X;,A;) < -1 for s € §°. However, if Kx, + A, is not
R-Cartier, then the discrepancy a(Eg, X, A,) is not defined. We could try to
prove that Ky, + A, is not R-Cartier for s € S°, but this is not true in general;
see (4.15).

Thus we use the notion of numerically Cartier divisors (4.48) instead. If
Kx, + A, is not numerically Cartier then, by (4.51), Kx, + A, is also not numer-
ically Cartier over an open subset S° 3 g. Thus (X, A;) is not Ic for s € S°.

If Kx, + A, is numerically Cartier, then the notion of discrepancy makes
sense (4.48) and, again using (4.51), the above arguments show that if (X, A,)
is numerically Ic (resp. not numerically Ic) then the same holds for (X, A;) for
s in a suitable open subset S° > g. We complete Case 2 by noting that being
numerically Ic is equivalent to being Ic by (4.50).

An alternative approach to the previous case is the following. By (11.30)
the log canonical modification (5.15) m, : (Y, ®,) — (X, A,) exists and it
extends to a simultaneous log canonical modification 7 : (¥, ®) — (X, A) over
an open subset S° C §. By the arguments of Case 1, (¥, ®;) is Ic for s € §°
and the relative ampleness of the log canonical class is also an open condition.
Thus 7y : (Y5, ©5) — (X5, Ay) is the log canonical modification for s € S°.
By assumption 7, is not an isomorphism, so none of the 7 are isomorphisms.
Therefore none of the fibers over S° are Ic.

If X, is not normal, the proofs mostly work the same using a simultaneous
semi-log-resolution (Kollar, 2013b, Sec.10.4). However, for Case 2 it is more
convenient to use the following argument.

Let 7, : X, — X, denote the normalization. Over an open subset S° > g it
extends to a simultaneous normalization (X, D+A) — S.If (X,, Dy +A,) is not
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Ic then (X;, D + Ay) is not Ic for s € S°, hence (X, Ay) is not slc, essentially
by definition; see (Kollar, 2013b, 5.10).

Using the already settled normal case, it remains to deal with the situation
when (X;, Dy + Ay) is Ic for every s € S°. By (Kolldr, 2013b, 5.38), (X, A) is
sle iff Diff A, is T4-invariant. The different can be computed on any log reso-
lution as the intersection of the birational transform of D with the discrepancy
divisor. Thus Diff 5 A, is also locally constant over an open set S °. Therefore,
if Diff p, A is not 74-invariant then Diff 5, A, is also not 7-invariant for s € S°.
Hence (X, Ay) is not slc for every s € S°.

In both cases we complete the proof by Noetherian induction. ]

The following consequence of (4.44) is quite useful, though it could have
been proved before it as in (3.39).

Corollary 4.45. Let f : (X,A) — S be a proper, well-defined family of pairs
such that Kx;s + A is R-Cartier. Then {s : (X;, As) is slc } C S is open.

Proof By (4.44) this set is constructible. A constructible set U C S is open
iff it is closed under generalization, that is, x € U and x € y implies thaty € U.
This follows from (2.3). O

4.46 (Proof of 4.42). Let S; C S be as in (4.44). We apply (4.29) to the family
f 1 (X,Kx/s + A) — § to obtain $™* — S such that, for every reduced S -
scheme g : T — § satisfying g(T) C U;S;, the pulled-back divisor Ky, ,r + Ar
is R-Cartier iff g factorsas g : T — §™ — §.

Assume now that fr : (Xr,Ar) — T is slc. Then Kx, ;7 + Ar is R-Cartier,
hence ¢ factors through S™* — §. As we observed in (3.23), this implies that
§sle = (§rearysle By definition Ky /s + A is R-Cartier, thus (4.45) implies
that $*I° = (S™)I i an open subscheme of § ™. o

We showed in (4.15) that being Q-Cartier or R-Cartier is not a constructible
condition. The next result shows that the situation is better for boundary divi-
sors of Ic pairs.

Corollary 4.47. Let f : (X,A) — S be a proper, flat family of pairs with slc

fibers. Let D be an effective divisor on X. Assume that

(4.47.1) either Supp D C Supp A,

(4.47.2) or Supp D does not contain any of the log canonical centers of any of
the fibers (X, Ay).

Then {s : Dy is R-Cartier} C S is constructible.

Proof Over an open subset, we have a simultaneous log resolution of (X, D +
A). Choose 0 < € < 1. In the first case (X, Ay — eDy) is slc iff D is R-Cartier.
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In the second case (X, Ay + £Dy) is slc iff D is R-Cartier. Thus, in both cases,
(4.44) implies our claim. O

Numerically Cartier divisors

Definition 4.48. Let g : Y — S be a proper morphism. An R-Cartier divisor
D is called numerically g-trivial if (C - D) = 0 for every curve C C Y that is
contracted by g.

Let X be a demi-normal scheme. A Mumford R-divisor D on X is called
numerically R-Cartier if there is a proper, birational contraction p : ¥ —
X and a numerically p-trivial R-Cartier Mumford divisor Dy on Y, such that
p«(Dy) = D.

It follows from (11.60) that such a Dy is unique. If D is a Q-divisor then
Dy is also a Q-divisor since its coefficients are solutions of a linear system of
equations. Such a D is called numerically Q-Cartier.

If p’ : Y/ — X is a proper, birational contraction and Y’ is Q-factorial, then
being numerically R-Cartier can be checked on Y’.

Being numerically R-Cartier is preserved by R-linear equivalence, but the
exceptional part Dy — p;'D depends on D € |D|.

For Kx + A we can make a canonical choice. Thus we see that Ky + A
is numerically R-Cartier iff there is a p-exceptional R-divisor Ex. such that
Exia + Ky + pZ' A is numerically p-trivial.

If Kx + A is numerically R-Cartier, then one can define the discrepancy of
any divisor E over X by

a(E, X, A) := a(E, Y, Ega + p;'A).

We can thus define when a demi-normal pair (X, A) is numerically Ic or slc.
If g : X — S is proper, then a numerically R-Cartier divisor D is called
numerically g-trivial if Dy is numerically (g o p)-trivial on Y.

Examples 4.49. On a normal surface, every divisor is numerically R-Cartier.

The divisor (x = z = 0) is not numerically R-Cartier on the demi-normal
surface (xy = 0) c A3

If X has rational singularities, then a numerically R-Cartier divisor is also
R-Cartier by (Kollar and Mori, 1992, 12.1.4).

Assume that dim X > 3 and D is Cartier except at a point x € X. There is a
local Picard scheme Pic'(x, X), which is an extension of a finitely generated
local Néron-Severi group with a connected algebraic group Pic'*~°(x, X); see
Boutot (1978) or Kollar (2016a) for details. Then D is numerically R-Cartier iff
[D] € Pic " (x, X) where Pic'® " (x, X)/ Pic°~°(x, X) is the torsion subgroup
of the local Néron-Severi group.
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There are many divisors that are numerically R-Cartier, but not R-Cartier,
however, the next result says that the notion of numerically slc pairs does not
give anything new.

Theorem 4.50. (Hacon and Xu, 2016, 1.4) A numerically slc pair is slc.

Outline of the proof This is surprisingly complicated, using many different
ingredients. We start with the normal, numerically Q-Cartier case.

For clarity, let us concentrate on the very special case when (X, A) is dlt,
except at a single point x € X. All the key ideas appear in this case, but we
avoid a technical inductive argument.

Starting with a thrifty log resolution (Kolldr, 2013b, 2.79), the method of
(Kollar, 2013b, 1.34) gives a Q-factorial, dIt modification f : (Y, E + Ay) —
(X,A) such that Ky + E + Ay is numerically f-trivial, where E is the ex-
ceptional divisor dominating x and Ay is the birational transform of A. Let
Ag = Diffg Ay. Then (E, Ag) is a semi-dlt pair such that Kr + Ag is numeri-
cally trivial. Next we need a global version of the theorem.

Claim 4.50.1. Let (E, Ag) be a projective semi-slc pair such that Kg + Ag is
Q-Cartier and numerically trivial. Then K¢ + Ag ~q 0.

The first general proof is in Gongyo (2013), but special cases go back to
Kawamata (1985); Fujino (2000). We discuss a very special case: E is smooth
and A = 0. The following argument is from Campana et al. (2012); Kawamata
(2013).

We assume that Og(Kg) € Pic'(E), but after passing to an étale cover of E
we have that Og(Kg) € Pic’(E). Serre duality shows that if [L] € Pic"(E) and
W'(E,L) = 1then L ~ Og(Kg).

Next we use a theorem of Simpson (1993) which says that the cohomol-
ogy groups of line bundles in Pic® jump precisely along torsion translates of
Abelian subvarieties. Thus [KE] is a torsion translate of a trivial Abelian sub-
variety, hence a torsion element of Pic®(E). O

It remains to lift information from the exceptional divisor E to the dlt model
Y. To this end consider the exact sequence

00— ﬁy(m(Ky+E+Ay)—E) - ﬁy(m(Ky-l-E-l-Ay)) g ﬁE(m(KE+AE)) — 0.

Note that D := m(Ky + E+Ay)— E —(Ky +Ay) = 0. We apply (Kolldr, 2013b,
10.38.1) or the even stronger (Fujino, 2014, 1.10) to conclude that

R' f.(Oy(m(Ky + E + Ay) — E)) = R' f.(Oy(D + Ky + Ay)) = 0.

Hence a nowhere zero global section of Or(m(Kg + Ag)) lifts back to a global
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section of Oy(m(Ky + E + Ay)) that is nowhere zero near E. Thus Ox(m(Ky +
A)) = f.Oy(m(Ky + E + Ay)) is free in a neighborhood of x. Thus completes
the numerically Q-Cartier case.

The R-Cartier case is reduced to the numerically Q-Cartier setting using
(11.47) as follows.

Let f : (Y,Ay) — (X,A) be a log resolution. Pick curves C,, that span
Ni1(Y/X) and apply (11.47) to (¥,Ay). Thus for n > 1 we get Ky + Ay =
2. A(Ky + A{,) where the A{, are Q-divisors and (¥, A{,) is Ic. Also, since (Cy, -
(Ky + Ay)) = 0, (11.47.6.a) shows that (C,, - (Ky + A{,)) = 0. Thus each
(X, f(A{,)) is a numerically Q-Cartier Ic pair. They are thus Ic and so is (X, A)
by (11.4.4). The demi-normal case now follows using (11.38). m]

The advantage of the concept of numerically R-Cartier divisors is that we
have better behavior in families.

Proposition 4.51. Let f : X — S be a proper morphism with normal fibers
over a field of characteristic 0 and D a generically Cartier family of divisors
on X. Then there is a finite collection of locally closed subschemes S; C S such
that

(4.51.1) Dy is numerically R-Cartier iff s € U;S;, and

(4.51.2) the pull-back of D to X Xs S; is numerically R-Cartier for every i.

In particular, {s € S : Dy is numerically R-Cartier} C S is constructible.

Proof Let g € S be a generic point. We show that if D, is numerically R-
Cartier (resp. not numerically R-Cartier) then the same holds for all Dy in an
open neighborhood g € S° c . Then we finish by Noetherian induction.

To see our claim, consider a log resolution p, : Y, — X,. It extends to a
simultaneous log resolution p° : Y° — X° over a suitable open neighborhood
geS°cS.

If D, is numerically R-Cartier then there is a p,-exceptional R-divisor E,
such that E, + (pg);ng is numerically p,-trivial. This E, extends to a p-
exceptional R-divisor E and E + p;'D is numerically p-trivial over an open
neighborhood g € §° c § by (4.52). Thus Dy is numerically R-Cartier for
seSe.

Assume next that D, is not numerically R-Cartier. Let E; be the p-exception-
al divisors. Then there are proper curves Cg C Y, that are contracted by p, and
such that (pg)ngg, viewed as a linear function on EB‘,»R[CX’),'], is linearly in-
dependent of the Efg Both the divisors E;, and the curves Cg extend to give
divisors E% and curves Cf over an open neighborhood ¢ € §° c §. Thus
(ps);' Dy, viewed as a linear function on @ ,R[Ci], is linearly independent of
the E', hence Dj is not numerically R-Cartier for s € S°. O
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Lemma 4.52. Let p : Y — X be a morphism of proper S -schemes and D an
R-Cartier divisor on Y. Then

S™:={s €S : Dy is numerically p,-trivial)
is an open subset of S.

Proof We check Nagata’s openness criterion (10.14)

Let us start with the special case when X = §. Pick points s; € 5, C S. A
curve Cp C Yy, specializes to C| C Y, and if (Dy, - C1) = 0 then (D, - C2) = 0.

Next assume that Dy, is numerically py,-trivial. By (11.43.2), Dy, = 3, ;A%
where the A are numerically p;,-trivial Q-divisors. Thus each mAf, is alge-
braically equivalent to O for some m > 0; see (Lazarsfeld, 2004, 1.4.38). We
can spread out this algebraic equivalence to obtain that there is an open subset
U C 55 such that mD; is algebraically (and hence numerically) equivalent to 0
on all fibers s € U.

Applying this to Y — X shows that

X" := {x € X : D, is numerically trivial on Y.}

is an open subset of X. Thus S™ = § \ 7x(X \ X™) is an open subset of S, where
mx : X — S is the structure map. O

4.53 (Warning on intersection numbers). In general, one can not define in-
tersection numbers of numerically R-Cartier divisors with curves. This would
need the stronger property: (Z - Dy) = 0 for every (not necessarily effective)
1-cycle Z on Y such that p.[Z] = 0.

To see that this is indeed a stronger requirement, let E ¢ P? be a smooth
cubic and S c P? the cone over it. For x € E let L, ¢ S denote the line over x.
Set X := S X E and consider the divisors D, swept out by the lines Ly, X {x}
for some fixed xo € E, and D,, swept out by the lines L, X {x} for x € E. Let
p : Y — X be the resolution obtained by blowing up the singular set, with
exceptional divisor F =~ E X E. Then p;l(Dl — D») shows that D; — D, is
numerically Cartier.

SetC :=F ﬂp;l(Dl —D»). It is a section minus the diagonal on E X E. Thus
p.[C1=0,but (C- p; (D1 = Dy)) = -2.

4.7 Stable families over smooth base schemes

All the results of the previous sections apply to families p : (X,A) — S over
a smooth base scheme, but the smooth case has other interesting features as
well. The following can be viewed as a direct generalization of (2.3).

Theorem 4.54. Let (0 € S) be a smooth, local scheme and Dy +---+ D, C S
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an snc divisor such that DiN---ND, = {0}. Let p : (X,A) — (0 € S) be a pure
dimensional morphism and A an R-divisor on X such that Supp A N Sing X,
has codimension > 2 in Xo. The following are equivalent.

“4.54.1) p: (X,A) — S is slc.

(4.54.2) Kyss + Ais R-Cartier, p is flat and (Xo, Ao) is slc.

(4.54.3) Ky;s + AisR-Cartier, X is S, and (pure(Xp), Ao) (10.1) is slc.
4.54.4) (X,A+p*D; +---+ p*D,) is slc.

Proof (1) = (2) holds by definition and (2) = (3) since both S and X, are S,
(10.10). If (3) holds then (10.72) shows that p is flat and X is pure, hence (3)
= (2). Next we show that (2) & (4) using induction on r. Both implications
are trivial if r = 0.

Assume (4) and pick a point x € Xy. Then Kx + A+ p*Dy +--- + p*D, is
R-Cartier at x hence so is Kx + A. Set Dy := p*D,. By (11.17)

(Dy,Alp, + p*Dilp, + -+ p*D,_1lp,)

is slc at x, hence (X, Ag) is slc at x by induction. The local equations of the
p*D; form a regular sequence at x by (4.58), hence p is flat at x.
Conversely, assume that (2) holds. By induction

(Dy,Alp, + p*Dilp, + -+ p*D,_1|p,)

is slc at x hence inversion of adjunction (11.17) shows that (X, A+ p*D; +---+
p*D,) is slc at x. O

Corollary 4.55. Let S be a smooth scheme and p : (X,A) — S a morphism.
Then p : (X,A) — S is locally stable iff the pair (X, A + p*D) is slc for every
snc divisor D C S. O

Corollary 4.56. Let S be a smooth, irreducible scheme and p : (X,A) = S a
locally stable morphism. Then every log center of (X, A) dominates S .

Proof Let E be a divisor over X such that a(E, X, A) < O and let Z C § denote
the image of E in S. If Z # § then, possibly after replacing S by an open
subset, we may assume that Z is contained in a smooth divisor D C §. Thus
(X, A+ p*D) is slc by (4.55). However, a(E, X, A+ p*D) < a(E, X,A)-1 < —1,
a contradiction. ]

Corollary 4.57. Let S be a smooth scheme and p : (X,A) — S a projective,
locally stable morphism with normal generic fiber. Let p¢ : (X°,A®) — §
denote the canonical model of p : (X,A) — S and p¥ : (XV,AV) — S a weak
canonical model as in (Kolldr and Mori, 1998, 3.50). Then

“4.57.1) p¥: (XV,AY) — S is locally stable and



4.7 Stable families over smooth base schemes 173
(4.57.2) p©: (XS, A°) — S is stable.

Warning 4.57.3. Asin (2.47.1), the fibers of p° are not necessarily the canonical
models of the fibers of p.

Proof Let D C S be an snc divisor. By (4.55) (X,A + p*D) is Ic and p% :
(X¥,AY + (p*D)") — S is also a weak canonical model over S by (Kolldr,
2013b, 1.28). Thus (X¥,AY + (p*D)¥) is also slc, where (p*D)¥ is the push-
forward of p*D. Next we claim that (p*D)* = (p“)*D. This is clear away from
the exceptional set of (p*)~! which has codimension > 2 in X*. Thus (p*D)¥
and (p%)*D are 2 divisors that agree outside a codimension > 2 subset, hence
they agree. Now we can use (4.55) again to conclude that p% : (XV,A%) —» §
is locally stable.

A weak canonical model is a canonical model iff Kywv;s + A% is p¥-ample
and the latter is also what makes a locally stable morphism stable. O

Lemma4.58. Let (y € Y,A+D;+---+D,) be sic. Assume that the D; are Cartier
divisors with local equations (s; = 0). Then the s; form a regular sequence.

Proof We use induction on r. Since Y is S5, s, is a non-zerodivisor at y. By
adjunction (y € D,,Alp, + Dilp, + - -+ + D,_1|p,) is slc, hence the restrictions
silp,s ..., s—1lp, form a regular sequence at x. Thus sy, ..., s, is a regular se-
quence at y. O

The following result of Karu (2000) is a generalization of (2.51) from 1-
dimensional to higher dimensional bases.

Theorem 4.59. Let U be a k-variety and fy : (Xy,Ay) — U a stable mor-
phism. Then there is projective, generically finite, dominant morphismn : V —
U and a compactification V. < V such that the pull-back (Xy,Ay) Xy V ex-
tends to a stable morphism fy : (Xy, Ay) — V.

Proof We may assume that U is irreducible with generic point g.

Assume first that the generic fiber of fy; is normal and geometrically irre-
ducible. Let (Y,, Ai,/ ) — (Xg,Ap) be a log resolution. It extends to a simulta-
neous log resolution (YUU,A{JU) — (Xy,,Ay,) over an open subset Uy C U.
By Abramovich and Karu (2000) (see also Adiprasito et al. (2019)), there is a
projective, generically finite, dominant morphism r : Vy — Uy and a compact-
ification Vj < V such that the pull-back (Y, A[YJO) Xy, Vo extends to a locally
stable morphism gy : (Yy,Al) — V.

We can harmlessly replace V by a resolution of it. Thus we may assume
that V is smooth and there is an open subset V C V such that the rational map
aly : V --» U is a proper morphism.
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Since gy is a projective, locally stable morphism, the relative canonical
model fy : (Xy,Ap) = V of gy : (Yp,Al) — V exists by Hacon and Xu
(2013) and it is stable by (4.57.2).

By construction (Xy, Ay) and (Xy, Ay) Xy V are isomorphic over Vy C V,
but (11.40) implies that in fact they are isomorphic over V. This completes the
case when the generic fiber of fi; is normal.

In general, we can first pull back everything to the Stein factorization of
X" — U where X" is the normalization of X. The previous step now gives
fv + (X3, A7) — V. Finally (4.56) shows that (11.41) applies and we get
fr: Xy, Ap) = V. O

Corollary 4.60. Let k be a field of characteristic 0 and assume that the coarse
moduli space of stable pairs SP exists, is separated and locally of finite type.
Then every irreducible component of SP is proper over k.

Proof Let M be an irreducible component of SP with generic point g);. By
assumption there is a field extension K D k(gy,) and a stable K-variety (Xg, Ag)
corresponding to gu.

Since it takes only finitely many equations to define a stable pair, we may
also assume that K/k(gy,) is finitely generated, hence so is K/k.

By (4.59) there is a smooth, projective k-variety V and a stable family f :
(Y,Ay) — V such that k(V) is a finite field extension of K and the generic fiber
of f is isomorphic to (Xk, Ag)y#)-

The image of the corresponding moduli morphism ¢ : ¥ — SP contains gy,
and it is proper. It is thus the closure of g, which is M. So M is proper. O

4.8 Mumford divisors

On a normal variety, our basic objects are Weil divisors. On a non-normal va-
riety, we work with Weil divisors whose irreducible components are not con-
tained in the singular locus. It has been long understood that these give the
correct theory of generalized Jacobians of curves, see Serre (1959). Their first
appearance in the moduli theory of curves may be Mumford’s definition of
pointed stable curves given in (Knudsen, 1983, Def.1.1).

Here we consider the relative version that is compatible with Cayley-Chow
forms in a very strong way (4.69). This enables us to construct a universal
family of Mumford divisors (4.76), which is a key step in the construction of
the moduli space of stable pairs.

We start by recalling the foundational properties of Chow varieties, as treated
in (Kollar, 1996, Secs.[.3—4), and then discuss the ideal of Chow equations. We
focus on the classical theory, which is over fields. A closer inspection reveals
that the theory works for Mumford divisors over arbitrary bases. The end re-
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sult is that the functor of Mumford divisors (4.69) is representable over reduced
bases (4.76).

Definition 4.61. A d-cycle on a scheme X is a finite linear combination Z :=
>.im;i[Vi], where m; € Z and the V; are d-dimensional irreducible, reduced sub-
schemes. We usually tacitly assume that the V; are distinct and m; # 0. Then
the V; are called the irreducible components of Z and the m; the multiplici-
ties. A d-cycle is called effective if m; > 0 for every i and reduced if all its
multiplicities equal 1.

To a subscheme W C X of dimension < d, we associate a d-cycle, called the
fundamental cycle

[W] := ¥,(length, Ow) - [Wi], (4.61.1)

where W; ¢ W are the d-dimensional irreducible components with generic
points w; € W;. If W is reduced and pure dimensional then [W] determines W;
we will not always distinguish them clearly. However, if W is nonreduced, then
it carries much more information than [W]. The only exception is when W is a
Mumford divisor.

If X is projective and L is an ample line bundle on X, then the degree of a
d-cycle Z = ) ; m;[V;] is defined as deg; Z := 3}, m;deg; V; = Zimi(Ld - Vo).

Assume that X is a scheme of finite type over a field k and K/k a field exten-
sion. If V C X is a d-dimensional irreducible, reduced subvariety then Vg C Xg
is a d-dimensional subscheme which may be reducible and, if char k > 0, may
be non-reduced. If Z = >} m;V; is a d-cycle, we set

Zg = ymi[(Vik]. (4.61.2)

Z is called geometrically reduced if Z; is reduced. If char k = O then reduced
is the same as geometrically reduced.

Given an embedding X < P", every d-cycle on X is also a d-cycle on P".
Thus Cayley-Chow theory focuses primarily on cycles in P”

4.62 (Cayley-Chow correspondence over fields I). Fix a projective space P"
over a field k with dual projective space P. Points in P are hyperplanes in P”.
For d < n — 1 we have an incidence correspondence

1D .= {(p,Hy,....Hy) : pe HyN---NHy) cP" x (P!, (4.62.1)
which comes with the coordinate projections
pr Ll g 2y (pryd+l T qpryd (4.62.2)

where 7| is a (P"~1)?*!-bundle and o; deletes the ith component. The projection
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71> is a P4 _bundle over a dense open subset. For a closed subscheme ¥ c P”
set Igz’d) = '(Y).

Let Z c P” be an irreducible, geometrically reduced, closed subvariety of
dimension d. Its Cayley-Chow hypersurface is defined as

Ch(Z) := m(1)")

o dil (4.62.3)

={(Ho,...,Hy) € (P") * :ZNHyN---NHy # 0}.

An equation of Ch(Z) is called a Cayley-Chow form. Next note that
1" N 75 (Ho, ..., Hy)) = ZOHy N -+~ N H. (4.62.4)

In particular, a general HyN- - -NH, is disjoint from Z and a general HyN- - -NHy
containing a smooth point p € Z meets Z only at p (scheme theoretically). Thus
we see the following.

Claim 4.62.5. Let Z be a geometrically reduced d-cycle. Then n; : I(Z"’d) -
Ch(2) is birational and Ch(Z) is a hypersurface in (Pryd+1, ]

For any Hy,...,H,_; the fiber of the coordinate projection o; : Ch(Z) —
B4 is B if dim(ZNHyN---NHy_;) > 1; otherwise it is the set of hyperplanes
that contain one of the points of ZN Hy N ---N Hy_y. Similarly for all the other
0. Thus we proved the following.

Claim 4.62.6. Let Z be a geometrically reduced d-cycle of degree r. Then a
general geometric fiber of any of the projections o; : Ch(Z) — (P is the
union of r distinct hyperplanes in 2. In particular, the projections are geomet-
rically reduced and Ch(Z) has multidegree (7, ..., r). O

For p € P" let p denote the set of hyperplanes passing through p. Then
peZiff px---x p c Ch(Z). This leads us to the definition of the inverse of
the map Z — Ch(Z). Let D c (P")?*! be a geometrically reduced subscheme.
(In practice, D will always be a hypersurface.) Define

Ch(D):={p:px--xppcD}CP". (4.62.7)

For now we we view Ch_i(D) as a reduced subscheme; scheme theoretic ver-
sions will be discussed in (4.71).

It is easy to see that dim Ch}(D) < d and an irreducible hypersurface D is
of Cayley-Chow type if dim Chs_elt(D) = d. An arbitrary hypersurface D is of
Cayley-Chow type if all of its irreducible components are. The basic correspon-
dence of Cayley-Chow theory is the following, see (Kollar, 1996, 1.3.24.5).

Claim 4.62.8. Fix n, d, r and a base field k. Then the maps Ch and Ch} provide
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a one-to-one correspondence between

geometrically reduced
Cayley-Chow type hypersurfaces of

{ geometrically reduced } -
degree (r, ..., r) in (P")%!

d-cycles of degree r in P

Proof We already saw the = part. To see the converse, observe the inclusion
Ch(Ch_}(D)) c D. Thus if Z c ChZ}(D) is any subvariety of dimension d
then Ch(Z) c D, hence Ch(Z) is an irreducible component of D. Thus D =
Ch(Chgy(D)). =

Let Z c P" be a pure dimensional subscheme or a cycle. The Chow equations
are the ‘most obvious’ equations of Z. They generate a homogeneous ideal (or
an ideal sheaf) which was studied in various forms in Catanese (1992); Dalbec
and Sturmfels (1995); Kollar (1999). Its relationship with the scheme-theoretic
Ch_! will be given in (4.73).

sch

4.63 (Element-wise power). Let R be aring, I C R an ideal and m € N. Set
=" ren'.

These ideals have been studied mostly when char k = p > 0 and g is a power of
p; one of the early occurrences is in Kunz (1976). In these cases 119! is called a
Frobenius power of 1. Other values of the exponent are also interesting. Of the
following properties (1) is clear and (4.63.2-3) are implied by (4.63.4-5). We
assume for simplicity that R is a k-algebra.

(4.63.1) If I is principal then '™ = ™,

(4.63.2) If char k = O then /" = ™,

(4.63.3) If m < chark then I = ™.

(4.63.4) If k is infinite then (1, ..., r,)"™ = (T c;r)™ : c; € k).

Note that (3) is close to being optimal. For example, if / = (x,y) C k[x, y] and
chark = p > 3 then (x, )P = (271, xPy, xy?, yP*1) € (x, y)?*L.

Claim 4.63.5. Let k be an infinite field. Then

((c1x1+---+cnx,,)m:c,-Ek>=(x"l‘---xf;’:( m );EO).

i1y

Here ( " ) denotes the coeflicient of x'i‘ e xff in (x; +---+x,)".

iy..dp

Proof The containment C is clear. If the 2 sides are not equal then the left
hand side is contained in some hyperplane of the form Y, A;x/ = 0, but this
would give a nontrivial polynomial identity ), ( m )/1101 = 0 for the c;. O

i1y

! This is not related to the symbolic power, frequently denoted by 1¢™.
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4.64 (Ideal of Chow equations). Let Z be a d-cycle of degree r in P". Let
o0 : P" --s P+ be a projection that is defined along Z. Then 0.(Z) is a d-cycle
in P?*!, thus it can be identified with a hypersurface; hence with a homoge-
neous polynomial ¢(Z, o) of degree r. Its pull-back to P* is a homogeneous
polynomial ®(Z, o) of degree r. Together they generate the ideal sheaf of Chow
equations I'"(Z) C Opn.

Over a finite field k there may not be any projections defined along Z. The
above definition gives I°*(Z) over k and it is clearly defined over k.

The embedded primes of I"(Z) are quite hard to understand, so frequently
we focus on the Chow hull of the cycle Z:

CHull(Z) := pure(Spec e /I(2)).

Any Zariski dense set of projections generate I"(Z). That is, if P ¢ Gr(n —
d,n + 1) is Zariski dense then I°"(Z) = (®(Z, 0) : o € P). It is enough to show
that this holds in every Artinian quotient o : Op» - A. Let B C A be the ideal
generated by o-(®(Z,0) : 0 € P). All the o(D(Z, o)) are points of an irreducible
subvariety G C A obtained as an image of Gr(n — d,n + 1). By assumption
G N B contains the points o-(®(Z,0) : 0 € P), hence it is dense in G. So G C B,
since B is Zariski closed, if we think of A as a k-vectorspace.

Claim 4.64.1. Let Z be a geometrically reduced cycle. Then I"(Z) c I and
the two agree along the smooth locus of Z.

Proof Let p € Z be a smooth point and v € T,P" \ T,Z. A general projection
o0 : P" —-> P! maps (T,Z,v) isomorphically onto T, P/*!. Then d®(Z, ) is
nonzero on v. Thus the ®(Z, o) generate I in a neighborhood of p. O

For the nonreduced case, we need a definition.

Definition—-Lemma 4.65. Let Z C P" be an irreducible, d-dimensional sub-

scheme such that red Z is geometrically reduced. Its width is defined in the

following equivalent ways.

(4.65.1) The projection width of Z is the generic multiplicity of m(Z) for a
general projection 7 : P* --» P41,

(4.65.2) The power width of Z is the smallest m such that Ir[;"d]z - U7 is generi-
cally O along Z.

In general, we first take a purely inseparable field extension K/k such that

red(Zx) is geometrically reduced and define the width of Z as the width of Z.

For example, it is easy to see that the width of Spec k[x, y]/(x,y)" is m and
the width of Spec k[x, y]/(x™,y™) is 2m — 1.

Proof For a general projection 7 : P --> P?*! let ¢, be an equation of 7(red Z)
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and @, its pull-back to P". Then Z has projection width m iff @' - 0 is gener-
ically O for every n, and m is the smallest such. Since the @, generically gen-
erate I;eq7, this holds iff Ir[;'(’ilz - Oy is generically 0 and m is the smallest. Thus
the projection width equals the power width. [

Proposition 4.66. Ler Z; C P" be distinct, geometrically irreducible cycles of
the same dimension. Then CHull(Ym;Z;) = pure(Spec Op/ N; 1(Z;)!"M).

Proof The equations of the projections ¢(3; Z;, o) (as in (4.64)) generate Iy 7
at its smooth points. So if p € Z; is a smooth point of }’ Z, then I (Z;)lmil agrees
with I°"(Y. m;Z;) at p by (4.63.4). |

The following consequence of (4.66) is key to our study of Mumford divisors.

Corollary 4.67. Let k be an infinite field, X C P} a reduced subscheme of
pure dimension d + 1 and D C X a Mumford divisor, viewed as a divisorial
subscheme. Then pure(X N CHull(D)) = D.

Proof The containment D is clear, hence equality can be checked after a field
extension. Write D = ) m;D; where the D; are geometrically irreducible and
reduced. Then CHull(D) = pure(Spec O/ N; I(D;)!"1) by (4.66). Let g; € D;
be the generic point and R; its local ring in P. Let J; C R; be the ideal defining
X and (J;, h;) the ideal defining D;. The ideal defining the left hand side of
(4.67.1) is then (J; + (J;, hy)™1)/J;. This is the same as (h;)!, as an ideal in
R;/J;, which equals (h;."') by (4.63.1). O

Relative Mumford divisors

Definition 4.68. Let S be a scheme and f : X — S a morphism of pure
relative dimension n that is mostly flat (3.26). A relative Mumford divisor on
X is a relative, generically Cartier divisor D (4.24) such that, for every s € S,
the fiber X; is smooth at all generic points of D;.

Let S’ be another scheme and /2 : S — S a morphism. Then the pull-back
h™*ID is again a relative Mumford divisor on X X5 S’ — S’. This gives the
Sfunctor of Mumford divisors, denoted by

MDiv(X/S)(x): {S-schemes} — {sets}. (4.68.1)

We prove in (4.76) that if f is projective, then the functor of effective Mumford
divisors is represented by an S -scheme

Univ™(X/S) — MDiv(X/S), (4.68.2)

whose connected components are quasi-projective over S'.
We will see that relative, effective Mumford divisors form the right class for
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moduli purposes over a reduced base, but not in general. Fixing this problem
leads to the notion of K-flatness in Chapter 7.

The following result—whose proof will be given after (4.76.5)—turns a rel-
ative, effective Mumford divisor into a flat family of Cartier divisors on another
morphism, leading to the existence of MDiv(X/S) in (4.76).

Theorem 4.69. Let S be a reduced scheme, f : X — S a projective morphism
that is mostly flat (3.26) and j : X — Pg an embedding into a PN-bundle.
Then the maps Ch and Ch;l—to be defined in (4.70) and (4.75.2)—provide a
one-to-one correspondence

{ relative Mumford } o { flat Cayley-Chow forms of }

divisors on X Mumford divisors on X (4.69.1)

Comments 4.69.2. There are two remarkable aspects of this equivalence. First,
the left hand side depends only on X — S, while the right hand side is defined
in terms of an embedding j : X — Pyg.

Second, on the left we have families that are usually not flat, on the right
families of hypersurfaces in a product of projective spaces; these are the sim-
plest possible flat families.

The correspondence (4.69.1) fails very badly over non-reduced bases. We
see in (7.14) that, in an analogous local setting, the left hand side is locally
infinite dimensional for S = Spec C[&], but the right hand side is locally finite
dimensional. Nonetheless, we will be guided by (4.69.1). The rough plan is
that we declare the right hand side to give the correct answer and then work
backwards to see what additional conditions this imposes on relative Mumford
divisors. This leads us to the notion of C-flatness (7.37). Independence of the
embedding j : X — Py then becomes a major issue in Chapter 7.

4.70 (Definition of Ch). In order to construct Chow, (P ), the Chow variety
of degree r cycles of dimension d in P, we start with the incidence correspon-
dence as in (4.62)

Incg (point, (P")4*1)

/ \ (4.70.1)

n Bn\d
P! By,

Note that here o = 0,4, is a (F"‘l)d”-bundle. The fibers of 7 = 7,4, are
linear spaces of dimension > n —d — 1 and 7 is a P"~*~!-bundle over a dense
open subset.

Let now D C P¢ be a generically flat family of d-dimensional subschemes
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(3.26). Assume also that the generic embedding dimension of D; is < d + 1
for every s € S. (This is satisfied iff each D, is a Mumford divisor on some
X C P"; a more general definition is in (7.46).) Set Ch(D) := 7.(c~'(D)).

Claim 4.70.2. With the above assumptions, 7 : o~ '(D) — Ch(D) is a local
isomorphism on the preimage of a dense open subset U c D such that U N D,
is dense in Dy for every s € S.

Proof Pick p € D such that Tp, has dimensiond + 1 at p. If Ly O p is a gen-
eral linear subspace of dimension n—d — 1, then L; N D, = {p}, scheme theoret-
ically. This is exactly the fiber of 7 : o~ (D) - Ch(D) over any (Ho,...,Hy)
for which Ly = Hyn---N H,. m]

Corollary 4.70.3. With the above assumptions, Ch(D) is a generically flat fam-
ily of Cartier divisors. If S is reduced, then Ch(D) is flat over S.

Proof By assumption, D is a generically flat family, hence so is o~ (D) since
o is smooth. The first part is now immediate from (4.70.2). The second claim
then follows from (4.36). O

4.71 (Definition of Chs_clh). Although Ch(D) is not a flat family of Cartier divi-
sor in general, we decide that from now on we are only interested in the cases
when it is flat. Thus let H*® ¢ (Pg )?*! be a relative hypersurface of multidegree
(r,...,r). We first define its scheme-theoretic Cayley-Chow inverse, denoted by
Chs_c'h(Hcc). It is a first approximation of the ‘correct’ Cayley-Chow inverse.
Working with (4.70.1) consider the restriction of the left hand projection

o (Incs Nt~ '(H*®)) — P, 4.71.1)

Fix s € § and a point p, € P?. Note that the preimage of p; consists of all
(d+1)-tuples (Ho, ..., Hy) such that p; € H; forevery i and (Hy, ..., Hy) € H.
In particular, if Z is a d-cycle of degree r on P and H*® = Ch(Z) is its Cayley-
Chow hypersurface, then o is a (P%~!)?*!-bundle over Supp Z.

The key observation is that this property alone is enough to define Chs‘clh and
to construct the Chow variety. So we define Ch_j (H*) c P% as the unique,
largest, closed subscheme over which o°¢ is a (P”‘l)d*'—bundle. (Its existence
is a special case of (3.19), but we derive its equations in (4.72.2).)

The set-theoretic behavior of the projection o : Chs‘clh (H*®) — S is described
in (4.62). The fibers have dimension < d and Z; C P% is a d-dimensional
irreducible component iff Ch(Zy) is an irreducible component of H:°. It is not
hard to see that there is a maximal closed subset S (H*°) C S over which H*
is the Cayley-Chow hypersurface of a family of d-cycles; see (Kollar, 1996,
1.3.25.1).
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However, we do not yet have the ‘correct’ scheme structure on S (H*®), since
the scheme structure of the fibers of o : Ch;C'h(HCC) — S is not the ‘correct’
one. Before we move ahead, we need to understand this scheme structure.

4.72 (Scheme structure of Chs_clh(H“)). Let S be a scheme and H*® := (F =
0) c (B")¢*! a hypersurface of multidegree (r, ..., 7). We aim to write down
equations for Ch_} (F = 0).

Choose coordinates (xo: - - - :x,) on P¢ and dual coordinates (¥o;: - - - :%,,;) on
the jth copy of P§ for j = 0,...,d. So F = F(¥;;) if ahomogeneous polynomial
of multidegree (r, ..., r). For notational simplicity we compute in the affine
chart Ay = Pg \ (xo = 0).

For (xi,...,x,) € Ag, the hyperplanes H in the jth copy of P§ that pass
through (xy, ..., x,) are all written as (=X x;%;; : i, : -+t %y).

Let M(X;;) be all the monomials in the X;; and write

F(=Xm xiXio 1 X100+ 1 Xnos -+ 5 =iy XiXia * X1g 0+ ¢ Xng)
= YmFu(xt, ..., x)M(X;)).

Since the monomials M(X;;) are linearly independent, this vanishes for all X;;
iff Fy; = 0 for every M. Equivalently:

(4.72.1)

Claim 4.72.2. The subscheme Chs_clh(F = 0) N AS is given by the equations
Fy(xy,...,x,) =0 for all monomials M, with Fy; as in (4.72.1). m]

Assume that (F = 0) = Ch(Y). If we fix X;; = ¢;;, then these give the matrix
of a linear projection 7, : A% — A‘;”. The corresponding Chow equation of Y
is Yy Fu(xi, ..., x,)M(cij) = 0. Thus we proved the following.

Theorem 4.73. Let Z C P} be a d-cycle of degree r. Then Ch;cL(Ch(Z)) c Py
is the subscheme defined by the ideal of Chow equations I°*(Z). O

Note that we proved a little more. If the residue field of S is infinite, then
Y| an 1s generated by the Chow equations of the linear projections 7. :
AL — Ag*l. A priori we would need to use the more general projections
(7.34.4), but this is just a matter of choosing the hyperplane at infinity.

Combining (4.73) and (4.67) gives the following.

Corollary 4.74. Let k be a field, X C P} a subscheme of pure dimension d + 1
and D c X a Mumford divisor. Then pure(X N Chs_clh(Ch(D))) =D. O

4.75 (Construction of MDiv(X/S)). As we noted in (4.69.2), we construct
MDiv(X/S) by starting on the right hand side of (4.69.1)

Let S be a scheme, f : X — § a mostly flat, projective morphism of pure
dimension d and j : X < P¢ an embedding.
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We fix the intended degree to be r and let P, 4, = Iﬁ’@n)lm (r,...,r)| be the
linear system of hypersurfaces of multidegree (7, .. ., r) in (P")**!, with univer-
sal hypersurface HYS, . C (P41 x P, 4. Thus (4.70.1) extends to

Incs (point, (B")**1) X5 P, 4,

% \ (4.75.1)

Hrnyd+1
P’; X Pn,d,r (Pn)5+ Xs Pn,d,r

Asin (4.71) we get Ch (HE

n,d,r
that lie on X, so we should take

) C P¢ Xg Ppq,. We are interested in d-cycles

Chy'(H:, ) = Chi (L, ) 0 (X Xs Prgy) Py X Prgy (4752)

By (4.74), if D; c X, is a Mumford divisor of degree r then the fiber of the
coordinate projection 9,4, : Ch;(1 (HftC d’r) — P4, over [Ch(Dy)] is Dy (aside
from possible embedded points).

This leads us to the following. Recall the difference between mostly flat (in
codimension < 1) and generically flat (in codimension 0) as in (3.26).

Theorem 4.76. Let S be a scheme, f : X — S a mostly flat, projective mor-

phism of pure relative dimension d + 1 and j : X < Py an embedding. Then

the functor of generically flat families of degree r Mumford divisors on X is

represented by a locally closed subscheme MDiv,.(X/S) of Pna, (4.75). Over

MDiv,(X) we have

4.76.1) Univ'r“d(X/S) C XXsMDiv,(X/S), a universal, generically flat family
of degree r Mumford divisors on X, and

4.76.2) HC C (FEH! xg MDiv(X/S), a flat family of multidegree (1, ...,r)
hypersurfaces,

that correspond to each other under Ch and Chy'.

Proof As we noted in (4.62), every fiber of g, 4, has dimension < d. So
{H® : dim(Sing X, N Supp Chy' (H)) < d - 1}

defines a closed subset of P,, 4, let PZ’ dr denote its complement. Thus [H] €
Py ;. iff the divisorial part of Chy' (H) satisfies the Mumford condition.
Now apply (4.77) to Ch,}1 (H*)over P, , getalocally closed decomposition
jhat Pﬂﬁ},r — P, representing the functor of generically flat pull-backs of
Ch}l(HCC) as in (4.77). Over each connected components of ngr, the degree
of the d-dimensional part is locally constant. The union of those connected

components where this degree equals r is MDiv,(X/S). O
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Warning 4.76.3. In the non-reduced case the resulting MDiv(X) a priori de-
pends on the projective embedding j : X — Pg. We write MDiv(X C P) if
we want to emphasize this. In Chapter 7 we construct a subscheme KDiv(X) C
MDiv(X c P%), that does not depend on the embedding. The two have the same
underlying reduced structure and a positive answer to Question 7.42 would im-
ply that in fact MDiv(X C P§) = KDiv(X).

We have used the following variant of (3.19).

Proposition 4.77. Let f : X — S be a projective morphisms and F a coherent
sheaf on X such that Supp FF — S has fiber dimension < d. Then there is
a locally closed decomposition jﬂFat : SﬂFat — S such that Fy is flat at d-
dimensional points of the fibers iff W — S factors through jﬂFat.

Proof We may replace X by the scheme-theoretic support SSupp F. The ques-
tion is local on S. By (10.46.1) we may assume that there is a finite morphism
m:X - Pg. Note that Fyy is flat at d-dimensional points iff the same holds
for (). Fy. We may thus assume that X = P¢; the important property is that
now f : X — § is flat with integral geometric fibers. By (3.19.1) we get a
decomposition 11, X; — X, where Fly, is locally free of rank i.

Let Z c X be a closed subscheme. Applying (3.19) to the projection 07z, we
see that there is a unique largest subscheme S(Z) c S such that f~'(S(2)) c
Z, scheme theoretically. For a locally closed subscheme Z ¢ X set S(Z) =
S(Z)\ S(Z\ Z), where Z denotes the closure of Z. Note that S (Z) is the largest
subscheme 7' c § with the following property:

(4.77.1) There is an open subscheme X7. C X7 that contains the generic point
of X, for every t € T and X3 C Z, scheme theoretically.

We claim that § ﬂFm = ;S (X;). One direction is clear. Fly, is locally free of
rank i, so the restriction of F to S(X;) Xs X is locally free, hence flat, at the
generic point of every fiber.

Conversely, let W be a connected scheme and g : W — § a morphism such
that Fy is generically flat over W the fiber dimension of Supp Fy — S is n.
Since X,, is integral, F,, is generically free for every w € W, so Fy is locally
free at the generic point of every fiber. Let X}, C Xw be the open set where Fy
is locally free.

By assumption X7, contains the generic point of every fiber X, so Xj, is
connected. Thus Fy has constant rank, say 7, on Xj,. Therefore, the restriction
of gx : Xw — X to Xj, lifts to gy : X, — X;. By (4.77.1) this means that g
factorsasg: W — S(X;) — S. O



Chapter 5

Numerical flatness and stability criteria

The aim of this chapter is to prove several characterizations of stable and lo-
cally stable families f: (X, A) — S. An earlier result, established in (3.1), has
two assumptions:

e every fiber (X;, A,) is semi-log-canonical, and

o Kyx/s + Ais Q-Cartier.

In many applications the first of these is given, but the second one can be quite
subtle.

Note that such difficulties arise already for surfaces, even if A = 0. Indeed,
we saw in Section 1.4 that there are flat, projective families g: X — C of
surfaces with quotient singularities that are not locally stable. In these cases
every fiber is log terminal, but Kx,c is not Q-Cartier, although its restriction to
every fiber Kx/clx, = Kx, is Q-Cartier.

In all the examples in Section 1.4, this unexpected behavior coincides with a
jump in the self-intersection number of the canonical class of the fiber. Our aim
is to prove that this is always the case, as shown by the following simplified
version of (5.4). The main part of its proof is in Section 5.4.

Theorem 5.1 (Numerical criteria of stability). Let S be a connected, reduced
scheme over a field of characteristic 0, and f: X — S a flat, proper morphism
of pure relative dimension n. Assume that all fibers are semi-log-canonical
with ample canonical class Kx, . The following are equivalent.

(5.1.1) f is stable.

(5.1.2) Kxjs is Q-Cartier and f-ample.

(5.1.3) hO(X,, wg';]) is independent of s € S for every m > 0.

(5.1.4) f.(") is locally free for every m > 0.

X/$
(5.1.5) (K;IQ) is independent of s € S.

Proof Note that once Ky/s is Q-Cartier, it is f-ample since the Ky, are ample.
Then (5.1.1) = (5.1.2) follows from (3.1.1).

185
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The m = 1 case of (5.1.3) is proved in (2.69), the m > 2 cases follow
from (3.1.3) and the vanishing of higher cohomologies (11.34). Next (5.1.3)
= (5.1.4) by Grauert’s theorem. By Riemann-Roch (3.33), (KY ) is the leading
term of (X, "), thus (5.1.3) = (5.1.5).

Finally (5.1.5) = (5.1.1) is a special case of (5.4). m]

If f: X — § is stable then Ky/s is Q-Cartier, hence (K;}‘) is clearly indepen-
dent of s € S, but the converse is surprising. General thedry says that stability
holds iff the Hilbert function y(X;, Ox,(mKx,)) is independent of s € S. Thus
(5.1.2) asserts that if the leading coefficient of the Hilbert function is indepen-
dent of s, then the same holds for the whole Hilbert function. We collect many
similar results in this chapter; see Kollar (2015) for other such examples.

The main theorems are stated in Section 5.1. Related results on simultane-
ous canonical models and modifications are discussed in Section 5.2. The key
claim is that, for families of slc pairs, local stability can fail only in relative
codimension two, and it can be characterized by the constancy of just 1 inter-
section number. A similar numerical condition characterizes Cartier divisors
on flat families.

A series of examples in Section 5.3 shows that the assumptions of the theo-
rems are likely to be optimal in characteristic 0.

Numerical criteria for stability in codimension < 1 are discussed in Sec-
tion 5.5. For all of the main theorems the key step is to establish them for
families over smooth curves. This is done in Section 5.6. The numerical cri-
terion of global stability, and a weaker version of local stability are derived
in Section 5.6. The existence of simultaneous canonical models is studied in
Section 5.7, and we treat simultaneous canonical modifications in Section 5.8.

Going from families over smooth curves to families over higher dimensional
singular bases turns out to be quite quick, but several of the arguments, pre-
sented in Section 5.9, rely heavily on the techniques and results of Chapter 9.

Assumptions. For all the main theorems of this chapter we work with vari-
eties over a field of characteristic 0, but the background results worked out in
Section 5.4 are established for excellent schemes.

5.1 Statements of the main theorems

We develop a series of criteria to characterize stable and locally stable (4.7)
morphisms using a few, simple, numerical invariants of the fibers.

We follow the general set-up of (5.1), but we strengthen it in 3 ways:

e We add a boundary divisor A.

e We assume only that f is flat in codimension 1 on each fiber. The rea-
son for this is that many natural constructions (for instance flips, taking cones



5.1 Statements of the main theorems 187

or ramified covers) do not preserve flatness. Thus we frequently end up with
morphisms that are not known to be flat everywhere.

e We deal with local stability as well. A weak variant, involving several
intersection numbers, is quite similar to the global case, but the sharper form
requires different considerations.

For the main results of this Chapter we work with the following set-up,
which is a slight generalization of (3.28) and (4.2).

Notation 5.2. Let f: X — S be a proper morphism of pure relative dimension
n(2.71), and Z c X a closed subset with complement U := X \ Z such that
(5.2.1) codimy (ZN X,) > 2 forevery s€ S,

(5.2.2) fly: U — S isflat, and

(5.2.3) depth, X > 2.

We also consider effective R-divisors A = )’ b;B; on X, where the B; are gener-
ically Cartier divisors (4.24). (Sheaf versions are studied in Section 5.4.)

We are mainly interested in cases where each fiber (X, A;) is slc, but it turns
out to be very useful to work with the following more general set-up.

Assumption 5.3. Given f: (X,A) — S as in (5.2), we assume the following.
(5.3.1) fly: (U,Aly) — S is locally stable,

(5.3.2) (X,,A,) is slc for all generic points g € S, and

(5.3.3) every fiber has Ic normalization 7 : (X, Dy + Ay) — (X, Ay).

Note that (X, D, + A,) is defined over U, by (1), and this determines D +
A, since X, \ U, has codimension > 2. Thus it makes sense to ask whether
(X;, Dy + Ay) is Ic or not.

The next result generalizes (5.1) to pairs. Its proof is given in (5.42).

Theorem 5.4 (Numerical criterion of stability). We use the notation of (5.2). In
addition to (5.3.1-3) assume that S is a reduced scheme over a field of char 0,
and Kz + D, +A,is ample for every s € S. Then

(5.4.1) v(s) := ((Kgx + Dy + Ay)") is an upper semi-continuous function, and
5.4.2) f:(X,A) - S is stable iff v(s) is locally constant on S.

The local version is the following, to be proved in (5.27) and (5.54).

Theorem 5.5 (Numerical criterion of local stability). We use the notation of
(5.2). In addition to (5.3.1-3) assume that S is a reduced scheme over a field
of char 0, and H is a relatively ample Cartier divisor class on X. Then

(5.5.1) va(s) := (m:H" 2 (Kx, + Dy + Ay)?) is upper semi-continuous, and
(5.5.2) f:(X,A) = S is locally stable iff v,(s) is locally constant on S.
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Note that the functions (7;H") and (7;H""' - (K + Dy + A,)) are always
locally constant, but (m;H"™" - (K¢, + D, + Ay)’) are neither upper nor lower
semi-continuous for i > 3.

A key part of the proof of (5.5) is to show that local stability is essentially a
2-dimensional question. The following, proved in (5.54), generalizes (2.7).

Theorem 5.6 (Local stability in codimension > 3). (Kolldr, 2013a, Thm.18)
Using the notation and assumptions of (5.2-5.3), let S be a reduced scheme of
char 0. Assume also that codimy, (Z N X,) > 3 for every s € S.

Then f: (X,A) — S is locally stable.

One can also restate this as a converse of the Bertini-type result (2.13).

Corollary 5.7. Notation and assumptions as in (5.2-5.3), let S be a reduced
scheme of char 0. Assume in addition that the relative dimension is n > 3 and
fla: (H,Alg) — S is locally stable, where H C X is a relatively ample Cartier
divisor. Then f: (X,A) — S is also locally stable. O

Comment. As we noted in (2.14), (11.17) implies that f: (X,H + A) — S,
and hence also f: (X,A) — S, are locally stable in a neighborhood of H. The
unexpected new claim is that local stability holds everywhere.

A variant of (5.4) holds for arbitrary divisors and for non-slc fibers, but we
have to assume that f is flat with S, fibers. On the other hand, this holds over
any base scheme.

Theorem 5.8 (Numerical criterion for relative line bundles). Kolldr (2016a)
Let S be a reduced scheme, f: X — S a flat, proper morphism of pure relative
dimension n with S, fibers, and Z C X a closed subset such that codimy (Z N
X,) = 2 for every s € S. Let A be an f-ample line bundle on X.

Let Ly be a line bundle on U := X \ Z and assume that, for every s € S, the
restriction Ly|y, extends to a line bundle Ly on X;. Then
(5.8.1) dy(s) := (A’S"2 . Lf) is an upper semi-continuous function on S, and
(5.8.2) Ly extends to a line bundle on X iff d»(s) is locally constant on S.
Furthermore, if L is ample for every s, then
(5.8.3) d(s) := (L}) is an upper semi-continuous function on S, and

(5.8.4) Ly extends to a line bundle on X iff d(s) is locally constant on S.

5.2 Simultaneous canonical models and modifications

Given a morphism f: X — S, we would like to know when the canonical
models (or the canonical modifications) of the fibers form a flat family; see
(5.9) and (5.15) for the precise definitions.
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As we discussed in Section 1.5, the canonical models of the fibers need not
form a flat family, not even for locally stable morphisms. We develop numeri-
cal criteria, after some definitions.

Definition 5.9 (Simultaneous canonical model). Let f: (X,A) — S be a mor-
phism as in (5.2). Assume that (5.3.1) holds, and every fiber has log canonical
normalization 7y : (X, Ay) — (Xy, A,).! Its simultaneous canonical model is a

diagram
\ (5.9.1)
f A
S

where f5¢: (X%, A%*) — § is stable, and ¢, o 7rs: (X, Ay) > (X, A¥) is the
canonical model (over s), as in (11.26), for every s € S.

Warning. A ‘simultaneous’ canonical model is not the same as a ‘relative’
canonical model (11.26). For both notions K + A is relatively ample, but the
former requires the singularities of the fibers to be Ic, the latter the singularities
of the total space to be Ic. Neither implies the other.

For a pure dimensional, proper morphism f: X — S the simultaneous
canonical model of resolutions f5": X" — § is defined analogously. Here
we require that each ¢,: X, --» X}” be obtained by first taking a resolution
X" — red X, and then the disjoint union of the canonical models of those irre-
ducible components that are of general type.

5.9.2 (Some known cases). Let f: X — S be flat, projective with S reduced.
Assume that X; is of general type and has canonical singularities for some
s € S. Then a simultaneous canonical model exists over an open neighborhood
se€S°cS§;see(1.37). The A # 0 case is more subtle, see (5.20) and (5.48).

5.9.3 (Comment on the conductor). Note that we do not add the conductor of 7,
to A,. If the fibers are normal in codimension 1 then D (the divisorial part of
the conductor) is 0, hence the above notion is the only sensible one. In general,
however, one has a choice, and the simultaneous slc model, to be defined in
(5.51), seems a better concept when Dy # 0.

We give criteria for the existence of simultaneous canonical models in terms
of the volume (10.31) of the canonical class of the fibers. Note that if Y is a
proper scheme of dimension n then vol(Kyr) is independent of the choice of
the resolution Y* — Y, and it equals the self-intersection number ((Ky«)").
Similarly, if (¥, A) is log canonical then vol(Ky + A) = ((Ky- + A°)").

I See Comment 5.9.3.
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Theorem 5.10 (Numerical criterion for simultaneous canonical models I). Let

S be a seminormal scheme of charQ, and f: X — S a proper morphism of

pure relative dimension n. Then

(5.10.1) v(s) := vol(K(x,y) is a lower semi-continuous function on S, and

(5.10.2) f: X — S has a simultaneous canonical model of resolutions iff v(s)
is locally constant (and positive).

The key case, when S is a smooth curve, is settled in (5.44), the general
case is in (5.55). This is a surprising result on two accounts. First, cohomology
groups almost always vary upper semi-continuously; the lower semicontinu-
ity in this setting was first observed and proved in Nakayama (1986, 1987).
Second, usually it is easy to generalize similar proofs from smooth varieties
to klt or Ic pairs, but here adding any boundary can ruin the argument and the
conclusion. Example 5.19 shows that S needs to be seminormal.

The following is a similar result for normal Ic pairs, but the lower semicon-
tinuity of (5.10) changes to upper semicontinuity.

Theorem 5.11 (Numerical criterion for simultaneous canonical models II). Let

S be a seminormal scheme of char(, and f: (X,A) — S as in (5.2). Assume

furthermore that

S.11.1) fly: U — S is smooth with irreducible fibers,

(5.11.2) every fiber has Ic normalization ny: (X, Ag) — (Xy, Ay), and

(5.11.3) the canonical models ¢: (X, Ay) --> (XS, AS) exist.

Then

(5.11.4) v(s) := vol(Kg, + Ay) is an upper semi-continuous function on S, and

(5.11.5) f: (X,A) — S has a simultaneous canonical model iff v(s) is locally
constant.

The proof is given in (5.46), and (5.55).

One should think of (5.11) as a generalization of (5.4), but there are differ-
ences. In (5.11) we allow only fibers that are smooth in codimension 1, and S
is assumed seminormal. (The extra assumption (3) is expected to hold always.)
However, the key difference is in the proofs given in Section 5.9. While the
proof of (5.4) uses only the basic theory of hulls and husks, we rely on the
existence of moduli spaces of pairs in order to establish (5.11).

Both (5.10) and (5.11) apply to f: X — § iff the normalizations of the
fibers have canonical singularities. In this case f is locally stable (2.8), and the
plurigenera—and hence the volume—are locally constant (1.37).

A key ingredient of the proofs of (5.10-5.11) is the following characteriza-
tion of canonical models. We prove a more general version of it in (10.36).
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Proposition 5.12. Let X be a smooth proper variety of dimension n. Let Y be a
normal, proper variety birational to X, and D an effective R-divisor on Y such
that Ky + D is R-Cartier, nef and big. Then

(5.12.1) vol(Ky) < vol(Ky + D) = ((Ky + D)"), and

(5.12.2) equality holds iff D = 0 and Y has canonical singularities

For surfaces, the existence criterion of simultaneous canonical modifications
is proved in (Kolldr and Shepherd-Barron, 1988, Sec.2). In higher dimensions
we need to work with a sequence of intersection numbers and with their lexi-
cographic ordering.

Definition 5.13. Let X be a proper scheme of dimension n, and A, B R-Cartier
divisors on X. Their sequence of intersection numbers is

I(A, B) := ((A"),...,(A"" - BY),...,(B") e R"™"
Definition 5.14. The lexicographic ordering of length n + 1 real sequences is
(ao, ... an) = (bo,...,bn).

This holds if either a; = b; for every i, or there is an » < n such that a; = b; for
i < r,buta, <b,. For polynomials we define an ordering

fH<g) & f(H)<g)Vi> 0.
We use = to denote identity of sequences or polynomials. Note that
Siait™ < bt & (ag,...,a,) = (by,...,b,).

If we have proper schemes X, X’ of dimension n, R-Cartier divisors A, B on X
and A’, B’ on X’, then

IA,B)<I(A,B) & (tA+B)" < (1A' + B')".

We will consider functions that associate a sequence or a polynomial to all
points of a scheme X. Using the above definitions it makes sense to ask if such
a function is upper/lower semi-continuous for < or not.

Definition 5.15 (Simultaneous canonical modification). Let f: X — S be a
morphism of pure relative dimension n, and A = } a;D; a generically Q-Cartier
effective divisor on X. A simultaneous canonical modification is a proper mor-
phism p*™: (X5 AS™) — (X, A) such that f o p*™: (XM A*™) — S is
locally stable, and

P (M), (A%M)) = (X Ay)

is the canonical modification (11.29) for every s € S.
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A simultaneous log canonical modification p*'™: (X*1™ AS™) — (X, A) is
defined analogously.

In the following result we need to assume that the base scheme is seminor-
mal; see (5.21) for some examples.

Theorem 5.16 (Numerical criterion for simultaneous canonical modification).
We use the notation of (5.2). In addition to (5.3.1) assume that S is a seminor-
mal scheme of char 0, and H is a relatively ample Cartier divisor class on X.
Fors €S let pS™: (X™, AS™) — (X, Ay) denote the canonical modification of
the fiber (Xy, Ay). Then

(5.16.1) I(s) := I(7;Hy, Kxem + AS™) is lower semi-continuous for <, and
(5.16.2) f: (X,A) — S has a simultaneous canonical modification iff 1(s) is

locally constant.

There is also a similar condition for simultaneous log canonical and semi-
log-canonical modifications (5.52), but these only apply when Ky/s + A is
Q-Cartier.

5.3 Examples

Here we present a series of examples that show that the assumptions of the
Theorems in Sections 5.1-5.2 are close to being optimal, except that the char-
acteristic 0 assumption is probably superfluous.

The following is the simplest example illustrating the difference between
being Cartier and fiber-wise Cartier.

Example 5.17. Consider the family of quadrics

X=(-y+27-w=0CP) , xA and D=(x-y=z-mw=0).

Here X is a quadric cone, and X; is a smooth quadric for ¢ # 0. The divisor D
is Cartier, except at the origin, where it is not even Q-Cartier. However Dy is
a line on a quadric cone, hence 2Dy = (x —y = t = 0) is Cartier. It is easy to
compute that

L= 0x(-2D) = (x —y,z — tw)* - Ox

is locally free outside the origin, not locally free at the origin, but the reflexive
hull of its restriction

Ly = Ox,(~2Do) = (x~) - O,
is locally free. The natural restriction map gives an identification

Ox(=2D)lx, = (x,y,2) - Ox,(=2Dy) C Ox,(-=2Dy).
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Note that the self-intersection number of the fibers of D also jumps. For ¢ # 0
we have (D?) = 0, but (D}) = 1/2.

It is harder to get examples where the self-intersections in (5.8) are locally
constant, yet the divisor is not Cartier, but, as we see next, this can happen even
for the canonical class. Thus in (5.8) one needs to assume that the fibers of f
are S, and in (5.4) that the fibers are slc.

Example 5.18. (See (2.35) or (Kollar, 2013b, 3.8—14) for the notation and ba-
sic results on cones.) Let X ¢ PV be a smooth, projective variety of dimension
nand Ly = Ox(1). Let C(X) := Cp(X, Ly) denote the projective cone over X
with vertex v and natural ample line bundle L¢x). Let H € X be a smooth
hyperplane section, and C(H) := C,(H, Ly) the projective cone over H. Note
that

(L;'() = (Lg)l()) = (L’;fl) = (LZ(H))‘

The canonical class of C(X) is Cartier iff Kx ~ mci(Ly) for some m € Z. In
this case KC()() ~ (m—1)c; (LC(X))~

We can think of H as sitting in X ¢ C(X). The pencil of hyperplanes contain-
ing H ¢ C(X) gives a morphism of the blow-up p: Y := ByC(X) — P! such
that ¥, ~ X for ¢t # 0, and the normalization ¥, of ¥ is isomorphic to C(H).
However, if H' (X, Ox) # 0 then Y, is not normal. For instance, this happens
if X is the product of non-hyperelliptic curves of genus > 2 with its canonical
embedding. Thus, if these hold, then
(5.18.1) Y; is smooth and Ky, is ample for ¢ # 0,

(5.18.2) Yy is not normal, the normalization ¥, — Y; is an isomorphism ex-
cept at v, Ky, is locally free and ample,

(5.18.3) (Ky) = (K;o) (where n = dim X).
The next example shows that (5.10) fails if S is not seminormal.

Example 5.19. Let S be a local, reduced, non-seminormal scheme with semi-
normalization S — S. Choose an embedding of S’ into the moduli space of
automorphism-free curves of genus g for some g. Let p’: X’ — S’ be the re-
sulting smooth family. This induces a family p: X’ — S’ — § that satisfies
the assumptions of (5.10). However, there is no simultaneous canonical model
since p’: X’ — S’ does not descend to p: X — S.

The next examples show that there does not seem to be a log version of
(5.10) for families with reducible fibers, not even for families of curves.

Example 5.20. Let g: S — C be a smooth family of curves, and D; C S a set
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of n disjoint sections. Set A := ) d;D;. Pick a point O € C, the fiber over it is
(S0, 2. dilp:]) where p; = So N D;. The ‘log volume’ is 2g(So) — 2 + >, d,.

Letm: S' — S be the blow up of all the points p; with exceptional curves
E; and set A' := n7'A. The central fiber of g': (S,',A") - Cis (5},0) +
2.i(Ei, di[p/]). Its normalization consists of S (with no boundary points) and
E; ~ P', each with one marked point of multiplicity d;. Thus the ‘log volume’
of the central fiber is now 2g(S o) — 2; the effect of the boundary vanished.

One can try to compensate for this by adding the double point divisor Dj.
This variant of the ‘log volume’ is now 2g(S o) —2+n. This formula remembers
only the number of the sections, not their coefficients. Even worse, we can blow
up m other points on S, then the ‘log volume’ formula gives 2g(S¢)—2+n+m.

In general, there does not seem to be a sensible and birationally invariant
way do define the ‘log volume’ of degenerations.

In (5.16) the base scheme is assumed to be seminormal. The reason for this
is that canonical modifications do have unexpected infinitesimal deformations.

Example 5.21 (Deformation of canonical modifications). We give an example
of a normal, projective variety with isolated singularities and canonical mod-
ification X°™ — X, such that the trivial deformation of X can be lifted to a
nontrivial deformation of X™.

Consider the isolated hypersurface singularity

. . +1 1
X=X, =+ +x,+x,,, =0)C A"

Let p: Y := BpX — X denote the blow-up of the origin. Then Y is smooth,
the exceptional divisor is the cone E ~ (x} +--- + x;, = 0) C P" and Ngy =
Og(—1). We compute that a(E, X, ,,0) = n—r. Thus X,,, is canonical iff r < n,
and Y is the canonical modification for r > n.

We claim that p: Y — X has a nontrivial deformation over X X, Spec k[e].
The trivial deformation is obtained by blowing up

xXx1==x31=0) C X Xy SpCCk[é‘].
The nontrivial deformation is obtained by blowing up
7 = (xl ==Xy = Xpt —8:0) CXkapeck[s].

We need to check that X is equimultiple along the blow-up center. Introducing
a new coordinate y := x,.| — &, the equations become

r+1

Z=(xi=-=x,=y=00Cc (x| +--+x,+Y" +(r+ Dey =0),

thus X x; Spec k[¢] is clearly equimultiple along Z.
Note that £ C Y has a unique extension E. to a deformation Y, of Y since
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H!(E, Ngjy) = 0. The blow-up ideal is then the push-forward of the ideal sheaf
of E.. Thus different blow-up ideals give different deformations of Y.

The following examples show that the existence of simultaneous canonical
modifications is more complicated for pairs.

Example 5.22. In P? consider a line L ¢ P? and a family of degree 8 curves
C; such that Cy has 4 nodes on L plus an ordinary 6-fold point outside L, and
C, is smooth and tangent to L at 4 points for ¢ # 0.

Let 7,: S, — P? denote the double cover of P? ramified along C;. Note that
Ks, = m; 0(1), thus (Kgl) = 2. For each ¢, the preimage 7; '(L) is a union of 2
curves D, + D;. Our example is the family of pairs (S,, D;). We claim that,
(5.22.1) there is a log canonical modification (S™, DI™) — (S, D,), and
(5.22.2) ((KS}cm + Dl'm)?) = 1, yet
(5.22.3) there is no simultaneous log canonical modification.

If t # O then S, and D, are smooth. Furthermore D;, D; meet transversally at
4 points, thus (D, - D) = 4. Using ((D; + D})*) = 2, we obtain that (D?) = -3.
Thus ((Ks, + D,)*) = 1.

If t = O then S is singular at 5 points. Dy, Dj meet transversally at 4 singular
points of type Ay, thus (Dg - Dyy) = 2. This gives that (D(z)) = —1. Thus ((Ks, +
Dy)?) = 3. The pair (Sg, Dy) is Ic away from the preimage of the 6-fold point.
Let g: Ty — S denote the minimal resolution of this point. The exceptional
curve E is smooth, has genus 2 and (E?) = —2. Thus Kr, = ¢"Ks, — 2E hence
(Ty, E + Dy) is the log canonical modification of (S, Dy), and

(K, + E + Do) = ((¢"Ks, — E + Do)*) = ((Ks, + Do)*) + (E*) = 1.

Thus ((Kgin + DI™)2) = 1 for every t.

Nonetheless, the log canonical modifications do not form a flat family. In-
deed, such a family would be a family of surfaces with ordinary nodes, so the
relative canonical class would be a Cartier divisor. However, (Kft) = 2 for
t # 0, but (K%O) = ((¢"Ks, — 2E)?) = 6.

Example 5.23. We start with a family of quadric surfaces Q;, ¢ P3 where Qy
is a cone, and Q; is smooth for ¢ # 0. We take 6 families of lines L! such that
for r = 0 we have 6 distinct lines, and for 7 # 0 two of them L/, L? are from one
ruling of the quadric, the other 4 from the other ruling. S, denotes the double
cover of Q, ramified along the 6 lines L! + - + L°.

For ¢ # 0 the surface S, has ordinary nodes and (Kg,) = 0. For t = 0 the
surface S has a unique singular point. Its minimal resolution g: Tp — Sp is a
double cover of F, ramified along 6 fibers. Thus (K%O) = —4. Thus the canoni-
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cal modifications do not form a flat family. The log canonical modification of
So is (To, Eo) where Ej is the g-exceptional curve. Thus ((K7, + Eo)?) = 0.

The numerical condition is satisfied, but the log canonical modifications do
not form a flat family since Ty = S ™ is smooth, but S ™ = is singular for
t # 0. However, there is a flat family that is a weaker variant of a simultaneous
log canonical modification.

This is obtained by replacing the singular quadric Qp with its resolution
Q;, = F,. Let E C F, denote the —2-section, and |F| the ruling. One can arrange
that L}, L? degenerate to F' + E for F' € |F|, and the others degenerate to fibers
FJ. This way a flat limit of the double covers S is obtained as the double cover
of F, ramified along F' + --- + F® + 2E. This is a semi-log-canonical surface
whose normalization is the log canonical modification of S .

5.4 Mostly flat families of line bundles

We investigate sheaves that are known to be invertible in codimension 1; a
topic we already encountered in Section 2.6. This leads to the proofs of (5.5)
and (5.8). Many of the results proved here are developed for arbitrary coherent
sheaves in Chapter 9.

Definition 5.24 (Mostly flat family of line bundles). Let f: X — S be a mor-
phism and L a mostly flat divisorial sheaf (3.28). We say that L is a mostly flat
family of line bundles if the hull L¥ of L (3.27.1) is locally free over the hull
ﬁfé of Oy,. (In most cases of interest f has S fibers, and then ﬁ;{ = Ox,.)

A mostly flat family of line bundles L on X is called fiber-wise ample if L
is ample for every s € S. See (5.17) for typical examples.

Our aim is to find conditions to ensure that a mostly flat family of line bun-
dles is a flat family of line bundles.

Lemma 5.25. Let f: X — S be a proper morphism of pure relative dimension
n, A a relatively ample line bundle on X, and L a mostly flat family of fiber-wise
ample line bundles. Then

(5.25.1) s > (AL - (LHY™™1) is upper semi-continuous for every i, and

(5.25.2) if s & ((LHY") is constant, then so is every (Al - (L2~

Proof As we noted in (5.24), there is a dense open subset S° C redS such
that L|s- is a line bundle. Thus the functions s +— (A% - (L)) are locally
constant on S °, hence constructible on S by Noetherian induction.

It remains to check upper semicontinuity when (0 € §) is the spectrum of a
DVR. We may assume that X is .

Ly is also S, hence Ly — LOH is an injection. By semicontinuity we have
R°(Xo, LE) > h°(Xo, Lo) > h°(X,, L,). Applying this to powers of L and taking
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the limit we obtain that VOl(LSI) > vol(Lg) by (10.31). If L is fiber-wise ample,
then volume equals the self-intersection number, so ((L{)") = ((L)"). This
shows upper semicontinuity for i = 0.

For i > 0 we prove (1) by induction on n. We may assume that S is local, and
A is relatively very ample. Let Y C X be a hypersurface cut out by a general
section of A. By (4.26) the restriction L|y is a mostly flat family of fiber-wise
ample line bundles on Y — §. Furthermore

(AL - (™) = (V- AT - (@D = (AT - (@)™, (5:253)

the latter is constructible and upper semi-continuous by induction.
In order to see (2) note that L ® A~! is also a mostly flat family of fiber-wise
ample line bundles for m > 1, and

m' (L) = Bi(5)A - (@ © A, (5.254)

By (1) all summands on the right are constructible and upper semi-continuous.
Therefore, if the sum is constant as a function of s, then so is every summand.
Finally note that

(@ @ A™HIY) = B~ )im (1) (AL - (LHy). (5.25.5)
If the left side is constant for m > 1, as a function of s, then every summand
on the right is constant. O

Remark 5.25.6. Let f: X — S be a proper morphism of pure relative dimen-
sion n, and L a line bundle on X. It is not well understood when the function
s  vol(Ly) is constructible; see Lesieutre (2014); Pan and Shen (2013).

5.26 (Proof of 5.8). The assertions (5.8.1) and (5.8.3) are proved in (5.25.1).
Furthermore, (5.25.2) shows that (5.8.2) implies (5.8.4).

Thus it remains to prove (5.8.2). We start with the case when S is the spec-
trum of a DVR; this implies the general case by (4.34).

Our argument has three parts. The first step, when the relative dimension is
2, is done in (5.28).

The next step is induction on the dimension. We may assume that S is local
and A is relatively very ample. Let Y C X be a general hypersurface cut out by
a general section of A. Then (4.26) ensures that L¥|y = (L|y)". The restriction
Lly is a mostly flat family of fiber-wise ample line bundles on Y — S and, as
we noted in (5.25.3),

(AT (L) = (Al - (@Y.

Thus, by induction, L¥|y is a line bundle. This implies that L is a line bundle
along Y. So L is a line bundle, except possibly at finitely many points Z C X.



198 Numerical flatness and stability criteria

Finally we need to exclude this finite set Z when the fiber dimension is at
least 3. This follows from (2.91). m]

5.27 (Start of the proof of 5.5). Note that (5.5.1) follows from (5.25.1). For
(5.5.2), the general setting is postponed to (5.54). Here we consider the case
when S = C is 1-dimensional and regular.

As a first step, we replace (X, A) by its normalization. This leaves the as-
sumptions and the numerical conclusion unchanged. By (2.54), a demi-normal
pair (X, A) — C with slc generic fibers is slc iff its normalization is lc. Thus
the conclusion is also unchanged.

It would seem that we should use (5.8). However, a key assumption of (5.8)
is that every fiber is S,; this is true, but not obvious in our case. Thus we
consider two separate cases.

If n = 2 then the weak numerical criterion (5.43) implies (5.5). For n > 3
the weak numerical criterion involves the terms (njH"’i < (Kx, + D, + Ac)i) for
i > 3; these are unknown to us.

Instead, using the already established n = 2 case and (4.26) as in (5.26), we
may assume that f: (X,A) — C is locally stable outside a subset of codimen-
sion > 3. We can now apply (2.7) to complete the argument. O

Proposition 5.28. Let T be an irreducible, regular, 1-dimensional scheme, and
f: X — T aflat, proper morphism of relative dimension 2 with S, fibers. Let
L be a mostly flat family of line bundles on X. Then

(5.28.1) d(t) := (L - L) is upper semi-continuous, and
(5.28.2) L is locally free on X iff d(¢) is constant on T.

Proof 1If Lislocally free then (L¥ - L") = (L-L-[X,]) is independent of 7 € T
To see the converse we may assume that 7 is local with closed point 0 € T and
generic point g € 7. Note that L is locally free, except possibly at a finite set
Zy C Xo,and LY ~ L,.

For each t € T, the Euler characteristic is a quadratic polynomial

x (X, (LEY2™) = a;m® + bm + ¢,

and we know from Riemann-Roch that @, = (L - L") and ¢, = x(X,, OY)).
Furthermore, (9.36.4) implies that

aom2 + bom + ¢y > agm2 +bym +c, foreverym € Z. (5.28.3)
For m > 1 the quadratic terms dominate, which gives that

(LY - L) = 2a0 > 2a, = (L, - Ly). (5.28.4)
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Assume now that (L{ - L{) = (Lg - Ly). Then ag = a, thus (5.28.3) implies that
bom +cy =2 bym + ¢, forevery m € Z. (5.28.5)

For m > 1 this implies that by > bg, and for m <« -1 that —by > —b,. Thus
bg = b, and ¢y = ¢, also holds since f is flat. Therefore we have equality in
(5.28.3). Thus L is a flat family of locally free sheaves by (3.32). O

We are now ready to complete the proof of (5.8). The only remaining case is
when some reflexive power L™ is locally free on X. This turns out to be quite
elementary; see (Stacks, 2022, Tag OF29) for a subtle local version.

Proposition 5.29. Let T be the spectrum of a DVR with closed point 0 € T and
generic point g € T. Let f: X — T be a projective morphism with S, fibers,
and L a mostly flat family of line bundles such that L' is locally free for some
m > 0. Then L is locally free.

Proof We claim an equality of the Hilbert polynomials
X(Xo. (LH®) = x(X,, LY). (5.29.1)

Since both sides are polynomials in r, it is sufficient to prove that they are equal
for all multiples of m.

Note that LIy and (L)®™ are both locally free sheaves that agree outside
a codimension 2 subset, hence they are isomorphic. Thus

X(Xo, (LEH™) = x(Xo, (L"x,)®") =

= )((Xg’ (L[mJ |Xg)®r) = x(X,, L?rm >

(5.29.2)

where the last equality holds since L, is a line bundle (5.24). In particular
we conclude that y(Xo, L{)) = x(X,, Lg). Let Oxs(1) be an f-ample invertible
sheaf. We can apply the same argument to any L(z) to obtain that y(Xp, Lg’ 1) =
X(Xq, Lg(1)) for every t. By (3.32) this implies that L is locally free. O

5.5 Flatness criteria in codimension 1

Let f: X — S be a projective morphism with f-ample Ox(1), and F a coher-
ent sheaf on X. Assume that S is reduced. By (3.20), the polynomial valued
function s = y(X;, Fy(*)) is

e upper semi-continuous on S, and

e itis locally constant iff F' is flat over S.

In Sections 5.1-5.2 we discussed numerous situations where we first associate
some other object to each (X, F), and then compute a numerical invariant.
Usually these objects can not be realized as fibers of some morphism. How-
ever, we still would like to show that the numerical invariant is an upper or
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lower semi-continuous function on S. Furthermore, if the numerical invariant
is locally constant on S, then we would like to prove that the objects fit together
into a flat family over S'.

As a typical example—generalizing (5.8)—consider the Hilbert polynomial
of the reflexive hulls y(X;, (F,)"*(x)). Assume that X, S are normal, and so
are the fibers of f. Note that (3.20) does not apply, since usually there is no
coherent sheaf on X whose fibers are (F,)**1. There is a natural map

re: (F), — (Fl,

but frequently it is neither injective nor surjective. So we do not get any com-

parison between the Hilbert polynomials of (FI**); and (F,)**]. It is also not

clear what should happen if s — y(X;, (F;)[**(x)) is locally constant.
Next we outline a method to study such problems in three steps.

e Show that the numerical function is upper or lower semi-continuous.

e If the function is locally constant, construct a candidate f': (X', F’) —» S’
for the flat model.

e Prove that, under suitable assumptions, S’ =~ S and (X’, F”) as expected.
The details are simple, but at the end they lead to interesting consequences.

5.30 (How to prove semicontinuity?). Let ¢( ) be a function that associates
to certain pairs (X, F) (consisting of a proper scheme over a field k, and a
coherent sheaf on it, plus possibly some other data) an element in a partially
ordered set. Typical examples for us are ¢1(X) := (K¥), $2(X, F) := y(X, F),
or ¢3(X, F) := (X, pure F(x)) (if we also have an ample line bundle Ox(1)).
We always assume that ¢( ) is invariant under base field extensions.

Let f: X — S be a morphism, and F' a coherent sheaf on X. We would like
to prove that s — @¢(X;, F;) is upper or lower semi-continuous. In many cases
this can be done in 2 stages.

(5.30.1) Prove that s — ¢(X, Fy) is constant on a nonempty open subset S° C
S . If this works inductively for closed subsets of S, then Noetherian induction
shows that s — ¢(Xj, F) is constructible.

A constructible function is upper (resp. lower) semi-continuous iff it is upper
(resp. lower) semi-continuous after base change to any DVR 7" — S. Thus it
remains to do:

(5.30.2) Let T be the spectrum of a DVR with closed point 07, generic point
gr.and: T — S a morphism. Prove that

¢(X0T’ FOT) 2 (reSP~ ) ¢(XgT’FgT)'

(Frequently k(Or) # k(m(07)), this is why ¢( ) should be invariant under base
field extensions.)
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If we want to prove that s — ¢(X;, F) is locally constant, then we need only
the following.
(5.30.3) Let T be the spectrum of a DVR with closed point 07, generic point
gr.and: T — S a morphism that maps gr to a generic point of S. Prove that

¢(X07-’ FQT) = ¢(Xgr’ Fgr)

The generic point property of x is helpful if we have extra information about
the generic fibers of X — S.

5.31 (How to construct a candidate?). This is usually the hard part. If our
objects ¢( ) are subvarieties, then ¢(X;, Fy) is a point in the Hilbert scheme or
the Chow variety. Thus we have a set-theoretic map

(points of Hilb(X/S)), or

set . 1
o™ (points of ) *{ (points of Chow(X/5)).

If the objects ¢( ) are non-embedded varieties, we get a point in some moduli
space. For the case of reflexive hulls considered above, we need the moduli
space of husks, which we discuss in Section 9.5.

Usually there are several choices for the moduli theory, and the proofs need
the ‘correct’ one to work. At the end we have a set-theoretic map

o™ (points of §) — (points of some moduli space M).

Then the only sensible thing is to let S’ be the closure of the image if o**'; it
comes with a natural map 7: S* — S.

If M is a coarse moduli space, then we have to make sure that there is a uni-
versal family over S’, which usually means that we have to eliminate possible
automorphisms (1.71); see (5.55-5.56) for such examples.

If this works out, then we have our candidate family f": (X', F’) — S’, and
a natural morphism7: S’ — S.

Then we need to show that S* =~ S, and X’, F’ are as expected. The key is
usually the isomorphism S’ =~ §. We typically know that r is proper, and an
isomorphism over the generic points of S.

5.32 (How to check isomorphism?). Let 7: S — S be a proper morphism,

W c S anowhere dense, closed subset, and W’ := 7~ '(W) c S’. Assume that

m: (S \ W) — (S \ W) is an isomorphism, and S’ (resp. S) has no associated

points in W’ (resp. W). Then 7 is an isomorphism in the following cases.

(5.32.1) n~'(w) = w for w € W (by Nakayama’s lemma),

(5.32.2) k(redn~'(w))/k(w) is purely inseparable for w € W, and (W,S) is
weakly normal (by definition (10.74)),
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(5.32.3) k(redn~'(w)) = k(w) for w € W, and (W, S) is seminormal (by defi-
nition (10.74)),

(5.32.4) depthy, S > 2 (by (10.6)),

(5.32.5) § is normal.

We illustrate the method in the simplest case, when we look at the reduced
structure of the fibers of a morphism. Being reduced is invariant under sepa-
rable ground field extensions. Thus working with X; +— red(Xj;) is sensible in
characteristic 0, but in general it is better to work with the reduced structure of
the geometric fibers.

Theorem 5.33. Let f: X — S be a projective morphism of pure relative di-

mension n with f-ample Ox(1). Assume that X is reduced, and S is weakly

normal. For s € § let X5 denote the corresponding geometric fiber. Then

(5.33.1) x(s) := x(red(X3), O(%)) is lower semi-continuous, and

(5.33.2) f is flat with geometrically reduced fibers iff the generic fibers are
geometrically reduced, and x(s) is locally constant on S.

We prove this in (5.37), but first some consequences and variants. If we
understand only the leading coefficient of y(red(X;), O'(x)), we still get very
useful information about f as in (Kolldr, 1996, 1.6.5).

Corollary 5.34 (Smoothness criterion in codimension 0). Let f: X — S be a

projective morphism of pure relative dimension n, and H an f-ample divisor

class. Assume that X is reduced and S is weakly normal. For s € S let X;

denote the geometric fiber. Then

(5.34.1) s > degy(red(X5)) is lower semi-continuous, and

(5.34.2) f is smooth on a dense subset of each fiber iff s — degy(red(X5)) is
locally constant and f is generically smooth. (The latter is automatic in
characteristic 0.)

Proof Repeated application of (10.56) reduces the proof to n = 0, which is a
special case of (5.33). m|

It turns out that codimension 0 is the hardest part of (5.33), and we have
stronger results in higher codimensions. The following is proved in (5.37).

Theorem 5.35. Let f: X — S be a projective morphism of pure relative di-
mension n with f-ample Ox(1). Assume that X, S are reduced, and f is smooth
at the generic points of each fiber. Then f is flat with geometrically reduced
fibers iff s — y(red(X;), O(%)) is locally constant.

As a consequence, we get one part of (3.11) about the Hilbert-to-Chow map.
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Corollary 5.36 (Flatness criterion in codimension 1). Let f: X — S be a

projective morphism of pure relative dimension n, and H an f-ample divisor

class. Assume that X, S are reduced, and f is smooth at the generic points of

each fiber. Then

(5.36.1) the sectional genus (3.10) of the fibers is a lower semi-continuous
function on S, and

(5.36.2) f is flat with reduced fibers at codimension I points of each fiber iff
the sectional genus is locally constant.

Proof Repeated application of (10.56) reduces the proof to the case n = 1,
which is a special case of (5.35). O

We can thus expect that, for families that are locally stable in codimension
1, there are results connecting the intersection numbers ((7rj H)"™" - (K, + Dy)')
with the higher codimension behavior of f. There are two surprising twists.
e The lower semicontinuity in (5.34) and (5.36) switches to upper semiconti-
nuity fori = 2.
¢ In most cases we need only one more intersection number to take care of all
codimensions.

5.37 (Proof of 5.33 and 5.35). For (5.33.1) we follow (5.30). After a purely
inseparable base change S’ — §, the generic fiber of red(X xg §') — S
is geometrically reduced, hence s — x(red X;, &'(x)) is locally constant on a
dense open set by generic flatness. This gives constructibility as in (5.30.1).

Continuing with (5.30.2), let T be the spectrum of a DVR with closed point
t, generic point g, and 7: 7 — S a morphism mapping rto s € S. Set ¥ :=
red(X xs T), and assume that Y, is geometrically reduced. Since f has pure
relative dimension, Y — T is flat, hence

x(red(Yp), O(x)) < x(red(Y), 0(+)) < x(Y;, O(x)) = x(Yg, O(+)).  (5.37.1)

By (5.30) this proves (5.33.1) since y(red(Y;), O(x)) = x(red(X;), O(x)). We
also see that the 2 sides of (5.37.1) are equal iff Y, is also geometrically re-
duced.

If f is flat with geometrically reduced fibers then (5.33.2) is clear. For the
converse we may assume that S is connected, so p(x) := y(red X;, O(x)) is
independent of s.

For both (5.33) and (5.35), the relative Hilbert scheme now gives a clear
choice for the candidate as in (5.31). Indeed, 7: Hilb,(X/S) — S parametrizes
subschemes of the fibers with Hilbert polynomial p(x).

We claim that 7: Hilb,(X/S) — S is an isomorphism. In both theorems
we assume that the generic fibers are generically smooth, hence geometrically
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generically reduced. They are also S |, hence geometrically S;. A generically
reduced S| scheme is reduced, so the generic fibers are geometrically reduced.
The latter is an open property by (10.12). Thus = is an isomorphism over the
dense open subset S° C § where f is flat with geometrically reduced fibers.
The question is, what happens over other points.

The easy case is (5.35). By (5.38.4) n7!(s) = Hilb,(X,) =~ s, thus 7 is an
isomorphism by (5.32.1).

For (5.33) the argument is more circuituous. Let Hilb;,(X /S) C Hilb,(X/S)
denote the closure of 7~!(S°) with projection n’: Hilb’p(X /S) — S. First we
claim that 7’ is geometrically injective.

To see this pick any s € S, and let 7: T — S be a DVR that maps the closed
point € T to s and the generic point g € T to S°. We have a lifting 7/: T —
Hilb),(X/S ), and we check in (5.38.5) that 7'(#) = [red(X;)] € Hilb,(X/S).

Since S is assumed weakly normal, (5.31.2) implies that 7’ : Hilb’p(X /S) —
S is an isomorphism.

We have Univ,,(X/S) — Hilb},(X/S), and «": Univ,,(X/S) — X, which is
a closed embedding on each fiber. Thus ’ is a closed embedding by (10.54),
hence an isomorphism since X is reduced.

Therefore X =~ Univ/(X/S) is flat over S. In particular, Hilb,(X/S) =
Hilb),(X/S) =~ S. O

5.38 (Uniqueness of red X). A scheme X uniquely determines red X, but what
about in families? What if we know only the Hilbert polynomial of red X?
We start with two negative examples, followed by two positive results.

Example 5.38.1. Let X be the scheme Speck[x,y]/(x%, xy,y*(y — 1)). Then
redX = Speck[x,y]/(x,y(y — 1)) has length 2, but so are the subschemes
Spec k[x, y1/(x*, xy,y*, x — cy). Thus Hilb, X ~ P, 1I Spec.

Example 5.38.2. Speck is the only subscheme of length 1 of Spec k[x]/ (x?).
However, consider the trivial family : Speck[x, ]/(x?,1*) — Spec k[t]/(*).
Then for every ¢ € k, the subscheme Spec k[x, ¢] J(x2, 12, x + ct) is flat over
Spec k[]/(¢*). Thus Hilb, Spec k[x]/(x?) =~ Spec k[]/(£?).

Claim 5.38.3. Let (0 € A) be the spectrum of a local Artinian k-algebra, and
f:Y — A a projective morphism with f-ample Ox(1). Let F be a coherent
sheaf on Y, and set p(x) := y(Yy, pure(Fy)(x)). Then F has at most 1 quotient
q: F - Q that is flat over A with Hilbert polynomial p(x). If Q exists then
O =pure F.

Proof Setn = dimFy. If ¢’: Fy — Q’ is any map that is surjective at n-
dimensional points, then y (Y, Fo(*)) and x(Yy, Q’'(*)) have the same leading
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coefficient iff dim(ker ¢’) < n. Also, if x(Yo, Q'(x)) = x(Yo, pure(Fo)(x)), then
Q' = pure(Fy).

Thus, if Q is flat over A with Hilbert polynomial p(x), then ker g C F is the
largest subsheaf whose support has dimension < n. This shows that Q = pure F
is the only possibility. O

Corollary 5.38.4. Let X be a proper scheme of pure dimension n over a field
k. Assume that X is geometrically reduced at its generic points. Set p(x) :=
x(red X, Oeq x(+)). Then Hilb,(X) =~ Speck.

Proof In this case red(Xx) = Specy, (pure Oy, for any field extension K D k.
The rest follows from (5.38.3). ]

Claim 5.38.5. Let T be the spectrum of a DVR, and f: Y — T a projective
morphism of pure relative dimension n with f-ample Ox(1). Assume that Y, is
reduced and set p(x) := y(¥,, O(x)).

If x(red(Yy), O(x)) = p(x), thenred ¥ C Y is the unique subscheme that is
flat over T" with Hilbert polynomial p(x).

Proof Let Z C Y be such a subscheme. Then Z, = Y,. Since f has pure
relative dimension, the closure of Y, contains Yo, thus red Yo C Zp. These have
the same Hilbert polynomial p(x), hence they are equal. [

Examples 5.39. The following series of examples show that the assumptions
in (5.33-5.35) are necessary.

(5.39.1) Let C be a cuspidal curve with normalization p: C — C. Then p is
not flat, but red p~'(c) = ¢ for every ¢ € C. Here C is not seminormal. Over
imperfect fields, (10.75.3) gives similar examples where C is seminormal, but
not weakly normal.

(5.39.2) Set S := (uv = 0) and let X c S x Al be the union of 2 curves
u=v—-w-1%=0)U(@ =u—(w+ 1)*> = 0), with projection 7: X — §.
Then deg(k[red X;]/k(s)) = 2 for every s € S, but r is not flat, and it does not
have pure relative dimension 0.

(5.39.3) A more complicated example of relative dimension 1 is the following.
SetS :=(uv=0)andletX C § X]P’i be a reduced subscheme with 3 irreducible
components as follows.

Over the u-axis we take a planar smooth cubic E, degenerating to a cuspidal
cubic Eg, for example X := (x; = uxj + x5 — xox3 = 0). We also add the line
X3 = (u;0:1:0:0).

Over the v-axis we take a smooth twisted cubic C, degenerating to E,. For
example, X, can be the image of (v; s:f) = (s3:vs*t:st%:3). (The flat limit C,
has an embedded point at the cusp.)
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If v # 0 then Xp, is a smooth rational cubic, so y(Xo,, O(m)) = 3m + 1.
If u # 0 then X, o is a smooth elliptic cubic plus a disjoint point, so again
XXy, O(m)) = 3m + 1. Finally, Xy is nonreduced, but red Xo ¢ is a singular
planar cubic plus a disjoint point, so y(red X, ,,, O(m)) = 3m + 1.

However, the projection 7: X — § is not flat. Here 7 is not pure dimen-
sional, and Xy has 2 subschemes with Hilbert polynomial 3m + 1. One is
red Xo o the other is the 1-dimensional irreducible component of X .

It is straightforward to generalize (5.35) from Oy to an arbitrary coherent
sheaf F. The only change is that, instead of the Hilbert scheme Hilb(X/S), we
use the quot-scheme Quot(F) (9.33). Thus we get the following.

Theorem 5.40. Let f: X — S be a projective morphism with f-ample Cx(1)
with S is reduced. Let F be a coherent sheaf on X that is generically flat
(3.26) over S. Assume that Supp F — S has pure relative dimension n, and
F does not have embedded points. Then F is flat over S with pure fibers iff
s - x(Xs, pure(Fy) (%)) is locally constant. O

5.6 Deformations of slc pairs

So far we have focused on locally stable deformations of slc pairs. The next
result, due to Kollar and Shepherd-Barron (1988), connects arbitrary flat defor-
mations (X;, A,) of an slc pair (X, Ap) to locally stable deformations of a suit-
able birational modification fy: (Y, Ag ) — (Xo, Ag). We then compare various
numerical invariants of (Xo, Ag) and of (X;, A;) by going through (Y, Ag ). This
implies a weaker version of (5.5).

Theorem 5.41. Kolldr and Shepherd-Barron (1988) Let (X, D+ A) be a normal
pair, where D is a reduced, Q-Cartier divisor that is demi-normal in codimen-
sion 1, and whose normalization (D, Diff5 A) is lc. Assume also? that

(5.41.1) either (D, Diff 5 A) is ki,
(5.41.2) or Kx + A is R-Cartier on X \ D.
Then, in a neighborhood of D, the following hold.

(5.41.3) The log canonical modification f: (Y,Dy + Ay + E) — (X,D + A)
exists, and it is small, that is, E = 0.

(5.41.4) (Y, Dy + Ay) is lc.

(5.41.5) Dy is normal at the generic point of every fy-exceptional divisor F C
Dy, and a(F, D, Diff 5 A) < 0.

(5.41.6) f(Ex(f)) is precisely the locus where Kx + A is not R-Cartier.

2 Conjecturally these are not needed; see (11.29).



5.6 Deformations of slc pairs 207

Proof Let h: X’ — X be a log resolution with exceptional divisor E’. Set
discrep(D, Diff5 A) = =1 + &. Let f: (Y, Dy + Ay + (1 —£)E) — (X, D + A) be
the relative canonical model of (X', W'D+ A)+ (1 - &)E’). This is the same
as the relative canonical model of (X', h;'(D + A) + (1 — &)E’ — nh*D) since
h*D is numerically h-trivial.

If (D, Diff;, A) is kIt then & > 0, hence (X', h;' (D + A) + (1 — &)E’ — nh*D)
is klt, and the relative canonical model exists by (11.28.2).

If & = 0 then we note that (X’,h;'(D + A) + (1 — &)E’ — nh*D) has no Ic
centers over D for n > 0, hence the relative canonical model exists by (11.30)
and (11.28.2).

Let 7x: D — D and nry: Dy — Dy be the normalizations. Then f; lifts to
fo: Dy = D. Write Kp, + Ap, ~r f;(Kp + Diff 5 A). By adjunction,

7T>;/(Ky + Dy + Ay + (1 - £)E) ~R KDY + Diﬂ:[)y(Ay + (1 - S)E)
~R ng(KD + Diff[) A) + (Diff[)y(Ay +(1- S)E) - ADy)'

Since D has only nodes at codimension 1 points, X is canonical at codimen-
sion 1 points of D (11.35), and f is an isomorphism near these points. Thus
Diff 5, (Ay + (1 — &)E) — Ap, is fy-exceptional, and fy-ample. By (11.60) this
implies that every fy-exceptional divisor appears in Diff b, (Ay+(1-8)E)-Ap,
with strictly negative coefficient.

Every divisor in Dy N E appears in Diff 5 (Ay + (1 — £)E) with coefficient
> 1 —&by (11.16). On the other hand, every exceptional divisor appears in Ap,
with coefficient < 1 — & by our choice of €. Thus the divisors in Dy N E appear
in Diff5 (Ay + (1 — &)E) — Ap, with coefficient > (1 — &) — (1 — &) = 0. We
noted above that these coefficients are strictly negative, so Dy N E = 0.

Hence, after shrinking X, there are no exceptional divisors in f: ¥ — X, so
fissmall, Dy = f*D, and (Y, Ay + Dy) is Ic,

Let F c Dy be any fy-exceptional divisor. Since it appears in Diff by (Ay) —
Ap, with negative coefficient, it must appear in Ap, with positive coefficient,
and in Diff 5, (Ay) with coefficient < 1. By (11.16) the latter implies that Dy is
smooth at the generic point of 7y (F), proving (5).

Finally let x € X \ D be a point where Kx + A is R-Cartier. Since f is small,
Ky + Ay ~r f*(Kx + A) over a neighborhood of x. Since Ky + Ay is f-ample,
f is an isomorphism over a neighborhood of x. O

Complement 5.41.7. If (D, Diff; A) is kIt then D is normal. This was used
in Kolldr and Shepherd-Barron (1988) to get a description of the deformation
space of log terminal surface singularities. The cone over an elliptic scroll gives
examples where D is not normal, but its normalization has a simple elliptic
singularity, see Mumford (1978).
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See also Sato and Takagi (2022) for closely related results.

5.42 (Proof of 5.4). We prove (5.4) when the base S is the spectrum of a DVR.
By (4.7), this implies the case when S is higher dimensional, provided f is
assumed to be flat with S, fibers.

As a preliminary step, we replace (X, A) by its normalization. This leaves
the assumptions and the numerical conclusion (5.4.1) unchanged. Then (2.54),
shows that the conclusion in (5.4.2) is also unchanged.

Thus assume that X is normal. The conclusions are local on C, so pick a
point 0 € C, and let f: (¥,AY + Yy) — (X, Xo + A) be the log canonical mod-
ification as in (5.41). Let my: Yy — Y be the normalization and f: ¥y — X
the induced birational morphism. We apply (10.32.3-4) to

Dy := Ky, +Diffy, A" and Dy := Kg, + Diffg, A = Kg, + Do + Ao.

The assumptions are satisfied since (fp).(Ky, + Diffy, AY) = Kg, + Diffg, A,
and Ky, + Diffy, A" is fy-ample. Using the volume (10.31), this implies that

(Kx, + Diffg, A)" = vol(Ky, + Diffg, A) > vol(Ky, + Diffy, A"),
and equality holds iff f; is an isomorphism. Since Ky + AY is Q-Cartier,
vol(Ky, + Diffy, A") > vol(Ky_ + A¥ly) = (Ky, + A.)")

for general ¢ # 0, and (Y., A.) = (X., A.) by (5.41.4). Combining the inequal-
ities shows that ((Kg, + Do + Ao)") > ((Kx, + A.)") for general ¢ # 0, and
equality holds iff f;, and hence f, are isomorphisms over 0 € C. O

The same method can be used to prove a weaker version of the numerical
criterion of local stability over smooth curves. This establishes (5.5) for fami-
lies of surfaces over a smooth curve. It is not clear how to use these methods
to complete the proof of (5.5) for higher dimensional families. We will derive
(5.5) from (5.8) instead; see (5.27) for the key step.

Proposition 5.43 (Weak numerical criterion of local stability). Let C be a
smooth curve of char 0, and f: (X,A) — C a morphism satisfying the assump-
tions (5.5.1-3). Then

(5.43.1) I(c) := I(m:H, Kx_+ D. + A.) is upper semi-continuous for <, and
(543.2) f: (X,A) — Cis locally stable iff I(c) is locally constant on C.

Note that the first two numbers in the sequence I(7:H, Kx_+ D, + A.) equal
(H"-X.)and (H"'-(Kx + A)- X.), hence they are always locally constant. The
first interesting number is (72 H"2 - (Kg. + D + A.)?) which is thus an upper
semi-continuous function on C by (1).
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Proof As in (5.42) we may assume that X is normal. Let f: (Y,AY + Y;) —
(X, Xo + A) be the log canonical modification, and fy: Xy — Y the induced
birational morphism between the normalizations. Here we apply (10.32.1-2)
to Ky, + Diffy, A and Ky, + Diffg, A to obtain that

I(myH, Ky, + Diffg, A) > I(f;m;H, Ky, + Diffy, A"),
and equality holds iff f; is an isomorphism. Since Ky+A? is a Q-Cartier divisor,
I(fyngH, Ky, + Diffy, A") = I(xiH, Ky_+ A"ly) = I(nH,Kx_+A,)

for general ¢ # 0. Thus I(7}H, Kx, + Do + Ag) > I(;H, K5+ A.) for general
¢ # 0, and equality holds iff fy, and hence f, are isomorphisms. O

5.7 Simultaneous canonical models

In this section we consider the existence of simultaneous canonical models.

5.44 (Proof of (5.10) over curves). Let B be a smooth curve of char 0, and
f: X — B amorphism of pure relative dimension 7.

First we prove that b — vol(K x;) is a lower semi-continuous function on B.

If we replace X by a resolution X — X then vol(Kxr) is unchanged for
general fibers, and it can only increase for special fibers. There are two sources
for an increase. First, the resolution may introduce new divisors of general
type. Second, if X is not normal, an irreducible component of a fiber may be
replaced by a finite cover of it. The latter increases the volume by (10.38).

Thus it is enough to check lower semicontinuity when X is smooth, and all
fibers are snc. If the volume of the general fiber is 0, then the volume of every
fiber is O by (5.45), so assume that general fibers are of general type.

Fix a fiber F = X,. By shrinking B we may assume that all other fibers are
smooth. Let f©: X° — B the relative canonical model of (X,red F) — B as
in (2.57.2). An irreducible component E C F may get contracted. However,
when this happens, then Kz + (red F — E)|g = (Kx + red F)|g is negative on
the fibers of the contraction, and so is Kg. Such divisors contribute O to the
volume. Thus we can check lower semicontinuity on f°: X¢ — B.

Write F¢ = 3 ¢;E;, and let r;: E; — E; be the normalizations. As in (11.14)
write 71} (K- + red F°) = Kg, + D;, where D; = Diff(} ;4 E;). Let g € Bbe a
general point. Then F*¢ is disjoint from X, and we have

(Kxg)" = ((Kxe +red FYY" - X;) = ((Kx: + red F)" - F€)
= Yei((Kg + D)) = X((Kg, + Di)").

Next we use (5.12) to obtain that ((Kz, + D)") > Vol(KE;), hence

(5.44.1)

vol(Kx,) = ((Kx;)") > 3; vol(K:) = vol(red F),
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proving the lower semicontinuity assertion. Furthermore, by (5.12), equality
holds iff D; = 0, the E; have canonical singularities and e; = 1 for every i. If
D; = 0 then E; is the only irreducible component of its fiber by (11.16). Thus
F* is reduced, irreducible and has canonical singularities. So f°: X¢ — B is
the simultaneous canonical model of f: X — B. O

Lemma 5.45. Let f: X — B be a projective morphism to a smooth curve B
such that Vol(KX;) is zero for the generic fiber X,. Then vol(Kp:) is zero for
every fiber F of f.

Proof The proof in (5.44) gives this if a resolution of X has a minimal model
over B. This is not fully known, so we have to find a way to go around it.

As in (5.44), we can reduce to the case when X is smooth and F is an snc
divisor. Let H be a general, smooth relatively ample divisor such that Ky + H is
f-ample. Using the continuity of the volume (Lazarsfeld, 2004, 2.2.44), there
is alargest O < ¢ < I such that vol(Ky, +cH,) = 0. Fix some ¢’ > ¢ and run the
MMP for (X,red F + ¢'"H) — B. Kx, + ¢’H, is big, so (11.28) applies, and we
get a relative canonical model (X¢,red F°® + ¢’H®) — B. Let n: F® — red F°
denote the normalization, and set A® = n*H. As in (5.44.1) we get that

vol(Kx, + ¢'Hyg) = vol(Kpe + ¢’H®) > vol(Kf.).
Letting ¢ — c gives that 0 = vol(Kx: + cHy) > vol(KFr), as required. O

5.46 (Proof of (5.11) over curves). Let B be a smooth curve over a field of
char0, and f: (X,A) — B a flat morphism whose fibers are irreducible and
smooth outside a codimension > 2 subset. We may replace X by its normaliza-
tion. Thus we may assume that X is normal, and the generic fiber is lc.

Assume first that f is locally stable. We prove that b — vol(Kx, + Ap) is an
upper semi-continuous function on §, and f: (X,A) — B has a simultaneous
canonical model iff this function is locally constant.

To see these let f¢: (X¢, A°) — B denote the canonical model of f: (X,A) —
B (11.28). For every b € B we need to understand the difference between
o ((X°)p, (A%)p), the fiber of f© over b, and
o ((Xp)%, (Ap)°), the canonical model of the fiber (X, Ap) of f.
These two are the same for general g € B, but they can be different for some
special points in B.

Let ¢: X --> X° denote the natural birational map. Since the fibers of f
are irreducible, they can not be contracted, thus ¢ induces birational maps
o Xp --> (XO)p. Let Z, denote the normalization of the closure of the graph of

¢, with projections X & Zy i (X°)p. The key computation in (5.47), shows
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that g*(Kx, + Ap) ~r h*(Kxey, + (A%)p) + Fp, where F), is effective. Thus
vol(Kx, +Ap) = vol(g"(Kx, +Ap)) = vol(h*(K(xe), +(A%)p)) = vOl(K(xey, +(A)p).

Note further that since f¢: (X°, A°) — Bis flat, and Kx. + A® is f°-ample, its
restrictions to the various fibers have the same volume. Therefore

VOI(K(Xc)b + (Ac)b) = VOl(K(Xc)g + (Ac)g) = VO](Kxg + Ag)

for generic g € B. Thus vol(Kx, +A;) > vol(Ky, +A,), and, by (10.39), equality
holds iff F), is h-exceptional. Then ((X°), (A),) is the canonical model of
(Xp, Ap). This proves both claims.

In the general case, when f: (X,A) — B is not locally stable, we first use
(5.41) to construct i: (X, A) — (X, A) such that the composite foh: (X,A) —
B is locally stable. Thus vol(Ky, + Ap) > vol(Ky, + Ag) as above.

Note that hy: (Xp, Ap) — (X3, Ap) is birational by (5.41), and Kz, + A is
hy-ample. Thus vol(Xy, Ap) > vol(X,, Ay) by (10.32.1). Putting these together
shows the upper semicontinuity of the volume.

It remains to show that if equality holds then there is a simultaneous canon-
ical model. We already proved that if vol(Ky, + Ay) = vol(Kx, + A,) then
foh: (X,A) - Bhas a simultaneous canonical model, which is also the si-
multaneous canonical model of f: (X,A) — B if vol(X,,A;) = vol(X,, Ap).
Then (X, Ay) and (X, A) have isomorphic canonical models. The latter fol-
lows from (10.39), but it can also be obtained by applying the simpler (10.32)
to the (normalization of the closure of the) graph of (X, Ap) --> (X5, AS). O

Lemma 5.47. Let (X, D + A) be Ic where D is a reduced Weil divisor, and A =
> a;D; is an R-divisor. Let f: X — S be a proper morphism, and ¢: (X,D +
A) --> (X6, D + A°) the relative canonical model. If none of the irreducible
components of D are contracted by ¢, we get a birational map

¢D: (D, Diﬂ’b A) --> (DC,Diff[)c AC).

Moreover, a(E,D,Diff 5 A) < a(E, D¢, Diff pe A®) for every divisor E over D
and (¢p), Diff5 A > Diff 5. A°.

Proof Let Y be the normalization of the main component of the fiber product
h
X Xg X¢ with projections X Ly xe By definition,
&'(Kx+D+A) ~g h*(Kyc + D°+ A°)+ F

where F is effective. Let Dy denote the birational transform of D on Y. Re-
stricting to Dy we get that

(glp,)"(Kp + Diffp A) ~ (hlp,)*(Kps + Diff pe A°) + Flp,
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and F|p, is also effective. This proves (1) and (2) is a special case. O
The existence of simultaneous canonical models is part of the following.

Question 5.48. Let (X, D + A) be an Ic pair, and (X¢, D¢ + A°) its canonical
model. What is the relationship between the canonical model of (D, Diff, A)
and (D¢, Diff pe A°)?

The following smooth example shows that these two are usually different.

Start with a smooth variety X’, a smooth divisor D’ ¢ X’, and another
smooth divisor C’ ¢ D’. Assume that Kx» + D’ is ample. Set X := B¢ X’
with exceptional divisor E, and let D ¢ X denote the birational transform of
D’. Then (X, D+ E) is an Ic pair whose canonical model is (X', D"), and (D', 0)
is its own canonical model. However, (D, Diffp E) ~ (D’,C”") # (D’,0).

The following is proved in (Ambro and Kollar, 2019, Thm.7).

Theorem 5.49. Let (X,D + A) be an Ic pair that is projective over a base
scheme S with relatively ample divisor H, where all divisors in D appear with
coefficient 1. Set X%, D%+ A% := (X,D + A), and, fori=1,...,m, let

¢t (X7 DTN+ AT - (X D+ A
be the steps of the (X, D+ A)-MMP with scaling of H. Assume that the intersec-
tion of D with the exceptional locus of ¢" o --- o ¢': X --> X" does not contain

any log center (11.11) of (X, D + A). Let 0: D — D be the normalization.
Then the induced maps

¢'5: (D!, Diff A7) > (D', Diff 5 A')

form the steps of the MMP starting with (D°, Diff5 A%) := (D, Diff5 A) and
with scaling of 0*H. O

5.8 Simultaneous canonical modifications

If §' is smooth then the simultaneous canonical modification of f: (X,A) —» §
is also the canonical modification of (X,A) by (4.56). Thus, over a smooth
curve, we consider the canonical modification of (X, A), and aim to prove that
it is a simultaneous canonical modification.

5.50 (Proof of (5.16) over curves). Let C be a smooth curve, and f: (X,A) —
C a flat, projective morphism of pure relative dimension 7 that satisfies the
assumptions of (5.16).

Each ¢ — (n2H"™ - (Kxen + AS™)") is a constructible function on C. Thus, in
order to prove (5.16.1) we may assume that C is the spectrum of a DVR with
closed point 0 € C and generic point g € C. We may also assume that X is
reduced, thus f is flat.
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By (5.34), (njHy) < (n3Hy), and equality holds iff Xo is generically reduced.
It is thus enough to deal with the latter case. Then X is generically normal
along Xy, and we can replace X by its normalization without changing any of
the assumptions or conclusions. We may now also assume that X is irreducible.

Letm: (Y, AY = ﬂ;‘A) — (X, A) denote the canonical modification.

Write Yy = Y, e;E; where ¢y = 1, and E is the birational transform of
Xo. (For now Ej is allowed to be reducible.) Set £ := redYy = ) E;. Let
7: Ey — E, denote the normalization, and write 7*(Ky + E + A') = Kg, + Dy
where Dy = Diffz (E — Ey + AY) as in (11.14). Choose m > 0 such that
Ky + E + AY + ma*H is ample over C. We claim that

((Kxem + AZ™ + mm H)")
= ((Ky, + A} + mm,H)") = (Ky + AY + ma"H)" - [Y,])
=((Ky + E+ A" + ma*HY" - [Y,]) = (Ky + E + A" + ma*H)" - [Y,])
= Yiei(Ky + E+ A + mr*H)|g,)") > (K, + Do + mr,H)")
> vol(Kxm + A" + mmoH) = (Kxem + AG™ + mrgH)").

The first equality holds since (Y, ,Ag) is the canonical modification of (X,, A,),
hence A;™ = A;),:‘ The second equality is clear. We are allowed to add E in the
fourth row since it is disjoint from Y,. We can then replace Y, by Y| since they
are algebraically equivalent, and compute the latter one component at a time.
Ky+E+AY +mn*H is ample, thus if we keep only the summands corresponding
to Ey, we get the first inequality, which is an equality iff Yy = E.

The second inequality follows from (10.36), once we check that o;'Ay <
Doy where o := mp o t: Ey — X, is the natural map. Since Dy is effective,
this is clear for o-exceptional divisors. Otherwise, either 7 is an isomorphism
over the generic point of a divisor Dé) (hence Df) has the same coeflicients
in o7'A¢ and Dy) or a-;lDf) is contained in another irreducible component
of red Yy. In this case 0';1Df) appears in Dy with coefficient 1, and in oAy
with coefficient < 1 by assumption. This proves the second inequality and,
by (10.36), if equality holds then Dy = o;'Aj. The last equality is a general
property of ample divisors.

As we noted in (5.14), the inequality proved in (5.50.1) is equivalent to
I(myHyg, Kxen + AG™) 2 I(mgHo, Kxem + AG™), which proves (5.16.1).

If equality holds everywhere in (5.50.1) then Yy = Ey, Dy = o'Ay, and
(Eo, Dy) is canonical. On the other hand, Dy is the sum of ;! Ay and of the
conductor of Eqg — Ey = Y. So the conductor is 0, Y; is normal in codimension
1, Dy = (mp); ' Ag, and (Yo, (7mp); ' Ag) is canonical in codimension 1. Thus Y is
normal and (Y, (mg); ' A) is canonical by (2.3). Since Ky, + Dy is ample over
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Xo, these show that (Yp, ();'Ag) is the canonical modification of (X, Ag).
Thus the canonical modification of (X, A) is also the simultaneous canonical
modification, proving (5.16.2) over curves. O

In analogy with (5.15), we can define simultaneous slc modifications.

Definition 5.51. Let (X, A) be a pair over a field k that is slc in codimen-
sion 1. Its semi-log-canonical modification is a proper, birational morphism
m: (Xslem Aslem) s (X, A) such that 7 is an isomorphism over codimension 1
points of X, A%™ = 7-'A + E where E contains every m-exceptional divisor
with coefficient 1, Kyuem + AS™ is 7-ample, and (X1, Asl™) is slc.

If X is normal, then the semi-log-canonical modification is automatically
normal, and it agrees with the log canonical modification.

In general Ic modifications are conjectured to exist, but there are slc pairs
without slc modification, see (Kollar, 2013b, 1.40). In both cases existence is
known when Ky + A is R-Cartier, see Odaka and Xu (2012).

Let f: (X,A) — S be a morphism as in (5.2) that satisfies the condition
(5.3.1). A simultaneous slc modification is a proper morphism n: (¥,AY) —
(X, A) such that forr: (Y,AY) — S islocally stable, and 7y : (Y, AY) — (X, Ay)
is the slc modification for every s € S.

We get the following variant of (5.16).

Theorem 5.52. Let C be a smooth curve, f: (X,A) — C a projective mor-

phism as in (5.2) that satisfies the condition (5.3.1). Assume that Kx + A is

R-Cartier, and the slc modification m.: (XM, AS™) — (X, A.) exists for ev-

eryc € C. Then

(5.52.1) ¢ I(m:H" 2, Kysiem + ASe™) is lower semi-continuous for <, and

(5.52.2) f: (X,A) — C has a simultaneous slc modification iff this function is
locally constant.

Proof Using (2.54) we may assume that X is normal. Next we closely follow
the proof of (5.50).

Let : (¥,AY) = (X, A) denote the log canonical modification; this exists by
(11.29). Note that here AY = 7' A + F where F is the sum of all 7-exceptional
divisors that dominate C.

Write Yy = ), ¢;E; where ¢y = 1 and E| is the birational transform of Xj. Let
1: Ey — E denote the normalization, and write 7*(Ky + Yo + AY) = Kz, + Dy.
Choose m > 0 such that Ky + Yy + AY + mz*H is ample over C. As in the proof
of (5.50) we get that

((Kxpen + AF™ +mryHY') 2 ((Kg, + Do+ myH)") and
Vol(Kx(lJcm + Ag:m + mﬂ'z;H) (Kx(l)cm + A})Cm + mﬂ'SH)n.
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It remains to prove that (Kz, + Do + mngH)" > VOI(K yim + AE™ + mryH).

We have o: Ey — Xy, and we can apply (10.37) if every o-exceptional
divisor Fy ¢ Eq appears in Dy with coefficient 1.

By the definition of Ic modifications, every divisor F; that is exceptional for
Y — X appears in AY with coefficient 1. If Kx + A is R-Cartier then the excep-
tional set of ¥ — X has pure codimension 1. In this case 7(Fy) is contained in
a divisor that is exceptional for ¥ — X. Thus, by adjunction, Fy appears in Dy
with coefficient 1.

If (Xo, Ap) is slc at a point xj then (X, A) is also slc at xy by inversion of ad-
junction (11.17) hence « is a local isomorphism over xy. Thus 7y : (¥p, Ag ) —
(X0, Ap) is an isomorphism over codimension 1 points of Xj.

The rest of the proof works as before. O

If Kx + A is not R-Cartier then it can happen that an exceptional divisor
Fy c E is not contained in any exceptional divisor of X™ — X. In such cases
we lose control of the coefficient of F in Dy. This occurs in (5.22) over the 4
singular points that lie on D.

5.9 Families over higher dimensional bases

Here we complete the proofs of Theorems 5.4-5.16. In all cases the first part
asserts that a certain constructible function on the base scheme S is upper or
lower semi-continuous. As in (5.30), for constructible functions semicontinuity
can be checked along spectra of DVRs, and this was already done in all cases.
The remaining part is to show that if our functions are locally constant on S,
then certain constructions produce a flat family of varieties or sheaves. In all
cases we have already checked that this holds when the base is a smooth curve.
Going to arbitrary reduced bases is quickest in the following example.

5.53 (Proof of 5.1). We already proved the case when S is the spectrum of
a DVR in (5.42). As we noted above, this implies (5.1.1) in general. Thus it
remains to prove that if s — (K;S_) is constant then f: X — S is stable.

In view of (5.42) we know that fr: Xr — T is stable for every T — §
where T is the spectrum of a DVR. Thus f: X — § is stable by (4.7). [

We aim to argue similarly for Theorems 5.4, 5.5 and 5.6. Note that in these
cases we can not apply (5.8) since f is not assumed to be flat, and its fibers are
not assumed to be S,. We follow (5.31). For (5.4-5.6) this needs the theory of
hulls and husks, to be explained in Chapter 9.

5.54 (Proof of 5.4-5.6). Let n: Hull(Ox/S) — S denote the hull (9.39) of
Ox. We aim to show that 7 is an isomorphism.
By (9.40), & is a locally closed decomposition (10.83).
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Let T be the spectrum of a DVR, and g: T — S a morphism that maps
the generic point of T to a generic point of S. We apply (5.42) or (5.27) to
the divisorial pull-back fr: (Xr,A7) — T to conclude that it is stable (resp.
locally stable). For (5.6) we use (2.88.5).

Thus g: T — § factors uniquely through : Hull(Ox/S) — S, hence 7 is
proper. 7: H — S is an isomorphism by (10.83.2). In particular, f: X — S is
flat with S, fibers. Thus the fibers are slc by assumption and (11.37).

Now we can apply (4.35) to conclude that Kx/s + A is R-Cartier, hence
fi(X,A) — § is stable (resp. locally stable). O

For the remaining cases, (5.31) needs the moduli space of pairs with an
artificial, but efficient, rigidification.

5.55 (Proof of 5.10-5.11). Both claims were already established over the spec-
trum of a DVR, see (5.44) and (5.46). This implies the semicontinuity asser-
tions in both cases.

It remains to show that if the volume is constant then f: X — S (resp.
f: (X,A) — §) has a simultaneous canonical model.

Consider the moduli space of marked stable pairs 7: SP™! — §; since S is
reduced, the version in (4.1) is sufficient for our purposes. Set

S" = {(X$,A%) : s €S} c SPY,

In order to prove that S’ is a closed subset, first we claim that it is constructible.
This is clear since the canonical model over a generic point of S extends to a
canonical model over an open subset of S, and we can finish by Noetherian
induction. Thus closedness needs to be checked over spectra of DVRs, and the
latter follows from (5.44) and (5.46).

Thus S’ is a scheme, and the projection 7 induces a geometric bijection
S’ — § which is finite by (5.44) and (5.46). Thus §' — S is an isomorphism
since we assumed that S is seminormal.

If each (XS, AS) is rigid, then S C SP'gd. and there is a universal family
Univ'&d — SP'¢id by (8.71). Therefore the pull-back of the universal family
Univ'€ to S gives the simultaneous canonical model over § =~ S,

We have no reason to assume that the (X5, AS) are rigid, but we can make the
proof work by rigidifying f : (X,A) — S.

The simultaneous canonical model is unique, hence it is enough to con-
struct it étale locally. After replacing S by an étale neighborhood of a point
0 € S, we may assume that there are r sections o; : § — X such that
(X0, Ao, 01(0),...,0,.(0)) is rigid, and the o;(0) are smooth points of Xj \
Supp Ay such that (Xo, Ag) --> (XG5, Ap) is a local isomorphism at these points.

By (8.65), after further shrinking S we may assume that the same holds at
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every point s € S. Using the moduli of marked, pointed stable pairs MpSP
(8.44) and (8.71.1), we can run the previous argument for

S" = {(X5 AL a1(s), ..., ok(5): s € S} C MpSP"E¢,
to prove that the simultaneous canonical model exists over §. [

5.56 (Proof of 5.16). The proof follows very closely the arguments in (5.55).
Both claims were already established over the spectrum of a DVR, see (5.50).
This implies the semicontinuity assertion in general.

It remains to show that if I(s) = I(n;H,, Kxen) is constant, then f: (X,A) —
S has a simultaneous canonical modification. Since the simultaneous canoni-
cal modification is unique, it is sufficient to construct it étale locally over S. So
pick a point sy € S, in the sequel we are free to replace S by smaller neighbor-
hoods of sg.

Choose m > 0 such that Ky« + mnayH, is ample for every s € §. Next
choose a general D € |mH| such that (X5, A" + 7 Dy,) is log canonical.
We claim that, possibly after shrinking S, (X¢™, AS™ + 7t Dy) is log canonical
for every s € S. By (4.44) this condition defines a constructible subset of S
and, by (5.50), it contains every generalization of sy. Thus it contains an open
neighborhood of s¢. Thus (X$™, AS™ + 7t D) is a stable pair for every s € S.

Consider the moduli space of marked stable pairs 7: SP — §, and set

ST = {X" A" + 1iDyg): s € S} c SP.

In order to prove that S’ is a closed subset, first we claim that it is constructible.
This is clear since the canonical modification over a generic point of §' extends
to a canonical modification over an open subset of S, and we can finish by
Noetherian induction. Thus closedness needs to be checked over spectra of
DVRs, and the latter follows from (5.50).

Thus S’ is a scheme, and the projection 7 induces a geometric bijection
S’ — S which is finite by (5.50). Thus S’ — § is an isomorphism since S is
assumed seminormal.

For general D the pairs (X{™,A{™ + 7;D;) should be rigid, and then the
pull-back of the universal family to S’ gives the simultaneous canonical mod-
ification over S ~ S’. Technically it may be easier to rigidify using étale-local
sections as in (5.55). O



Chapter 6

Moduli problems with flat divisorial part

So far we have identified stable pairs (X, A) as the basic objects of our moduli
problem, the 1-parameter families that we want to allow, and worked out the
reduced part of the moduli spaces. Now we come to the next step of identifying
the stable families over an arbitrary base scheme.

In this Chapter we consider several special cases that are easier to handle,
since we are able to treat the underlying variety X and the boundary divisor A as
separate objects, that are both flat over the base. This is achieved by imposing
one of 4 different types of restrictions on the coefficients occurring in A.

e (No boundary) Stable varieties X with A = 0.

e (Standard coeflicients) The coefficients in A are in the ‘diminished standard

coeflicient’ set {1 — % 1- %,1 - é 1}.

e (Major coefficients) The coefficients in A are all > %

o (Generic coefficients) The coefficients in A are Q-linearly independent.
These examples cover many cases; the most jarring omission is that none of
these allow % as a coefficient.

After a general discussion of moduli problems in Section 6.1, we treat two
notions of stability for stable varieties in Sections 6.2—-6.3. The first of these—
introduced in Kolldr and Shepherd-Barron (1988)—starts with the proposal
that all plurigenera should be deformation invariant. The second—introduced
in Viehweg (1995)—posits that all sufficiently divisible plurigenera should be
deformation invariant. The two versions agree over reduced base schemes.

Both of these versions can be extended to pairs (X, A), as long as A is a
standard or major boundary as above.

In Section 6.4 we discuss another variant—due to Alexeev (2006, 2015)—
that works if the coefficients in A are sufficiently general. This is especially
natural when the boundary arises as a small perturbation of a basic situation.

The infinitesimal deformation theory of stable varieties is not yet well un-
derstood, but a large part of the first order theory for surfaces is treated in

218
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Altmann and Kollar (2019). After a general discussion of first order defor-
mations of singular varieties in Section 6.5, we work out in detail the theory
for cyclic quotient surface singularities in Section 6.6. These are the simplest
non-canonical singularities and they show that the 2 versions outlined in Sec-
tions 6.2-6.3 differ from each other already over Spec k[&].

Assumptions. In this Chapter we work over a Q-scheme, but the definitions
are set up in full generality. See Section 8.8 for a discussion of some problems
in positive characteristic.

6.1 Introduction to moduli of stable pairs

Based on the outline in Section 1.2, we discuss the plan that we use to treat
many moduli problems in algebraic geometry. The following version is de-
signed to work best for the moduli of stable pairs (X, A).

The method first deals with stable pairs with an embedding into a fixed pro-
jective space and then removes the effect of the embedding.

Step 6.1 (Objects of the moduli problem). At the beginning we have to decide
which objects and families our moduli problem should cover. This is usually
done in 3 stages.

6.1.1 (Interior objects over algebraically closed fields). As the very first step
we have to decide what kind of objects we want to parametrize. Probably the
first non-linear moduli problem considered was elliptic curves, followed by
smooth projective curves of higher genus and their close relatives, Abelian
varieties. The study of the moduli of higher dimensional smooth projective va-
rieties was systematically undertaken first by Matsusaka. His approach focuses
on polarized pairs (X, L), where X is a variety and L an ample divisor or divisor
class. Here our main aim is to study canonical models of varieties and pairs of
general type.

It is expected that, once we understand the moduli of varieties, it should
be relatively easy to work out the moduli theory of related compound objects.
For example varieties with a group action, pointed varieties, maps between
varieties, or various combinations of these.

6.1.2 (Boundary objects over algebraically closed fields). By now the answers
are mostly well-established, but historically this was a difficult and very non-
trivial step. The compactification of the moduli of smooth curves by stable
curves was discovered by Deligne and Mumford (1969).

For surfaces the need to work with canonical models (instead of minimal
models) seems to have become clear early, but the choice of stable surfaces for
boundary points was proposed only in Kollar and Shepherd-Barron (1988).
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It should be noted that the distinction between interior and boundary points
is not always clear cut. While everyone agrees that smooth curves give the
interior points and nodal curves the boundary points of Mg, for surfaces one
may view either canonical models or only smooth canonical models as interior
points.

Although historically the development went in the other direction, for a log-
ical treatment of a moduli problem it is better to settle on the right class of
interior and boundary objects at the beginning. Then gradually prove that they
have the required properties.

6.1.3 (Objects over arbitrary fields). For stable pairs, the definitions of (6.1.1—
2) carry over to arbitrary fields, but in a few examples new questions emerge.

For pointed schemes (X, p1,..., p,) it may be better to replace the set of
closed points {p;, ..., p,} by a zero dimensional subscheme Z C X of length .
A more subtle problem appears for polarizations, due to the difference between
Pic(X;) and Pic(X;)(k), where Pic(X;)(k) is the set of k-points of the Picard
scheme of Xj; see (Bosch et al., 1990, Sec.8.1) for a discussion. This will
not be a major issue for us. There are also problems caused by inseparable
extensions in positive characteristic.

Conclusion 6.1.4. We are working with stable varieties (1.41) and, more gen-
erally, with stable pairs (X, A) as defined in (2.1). There seems to be full agree-
ment about these being the right objects in characteristic 0.

Step 6.2 (Families of the moduli problem). In many moduli problems, it is
considered obvious that the families are determined by the objects: one should
work with flat families whose fibers are among our objects. Then the tradi-
tional approach is to determine families over Spec k[g], and, more generally,
over Artinian base schemes. This is usually called obstruction theory, see Artin
(1976); Sernesi (2006); Hartshorne (2010) for introductions to various cases.

However, for stable varieties and pairs, flat families with stable fibers do not
give a sensible moduli theory. We need to proceed differently.

6.2.1 (Families over DVRs). In Chapter 2 we defined and described stable fam-
ilies over smooth curves and 1-dimensional regular schemes. The advantage
of this setting is that the total space of a family is also a locally stable pair, so
minimal model theory can be applied both to the fibers and to the total space.

6.2.2 (Families over reduced bases). For stable varieties, we proved in (3.1)
that stable families over DVRs determine stable families over reduced base
schemes. We needed to work quite a bit harder to extend the theory to stable
families of pairs over reduced base schemes in Chapter 4, but the end result
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is the same, at least in characteristic O: the families over DVRs determine the
families over reduced base schemes.

6.2.3 (Families over arbitrary bases). This is where the picture becomes rather
complicated. For stable varieties there have been different proposals for about
30 years, we discuss these in Sections 6.2—6.3. These were proved to be non-
equivalent in Altmann and Kollar (2019), see Section 6.6.

We believe that the notion of KSB stability—to be treated in Section 6.2—
gives the optimal answer for stable varieties.

For pairs the problem is that, while KSB stability has a natural generalization
to pairs, not all stable families over smooth curves satisfy it; see (2.41). Thus
insisting on it frequently gives non-proper moduli spaces. Still, the strongest
version of KSB stability is expected to work well for pairs (X, A) if all the
coefficients in A are > %; we discuss these in (6.24) and (6.29).

Another approach, outlined in Alexeev (2006, 2015), gives a good theory if
the coeflicients in A are sufficiently general real numbers, see (6.40).

However, there was not even a plausible proposal for the general theory
before Kollar (2019). We work out the details of it in Chapter 7.

Conclusion 6.2.4. We are not aware of any other proposed definition that might
work in general, but it is too soon to tell whether the theory of Chapter 7 is the
final word on the subject. We comment on some of the issues next.

Once we have settled on the right objects and families, we need to start
working on producing all families and constructing the moduli spaces.

We would like to have a ‘sensible’ way to obtain all stable varieties, pairs,
and their stable families. It is not a priori clear what this means.

For example, every variety of dimension 7 is obtained as the normalization
of a hypersurface in P"*!. We can thus start working through all hypersurfaces
and describe their normalizations.

For curves this is not a bad approach. Classical authors developed much of
the theory by thinking of smooth curves as normalizations of plane curves with
nodes. However, this becomes harder as the genus increases. The problem is
that even if a curve is general, the nodal sets of its plane representatives are
always in special position.

There are some cases of surfaces where such a description is useful. For
example, Enriques obtained his namesake surfaces in 1896 as sextics in P>
that are double along the edges of a tetrahedron. However, for most surfaces,
projection to P? introduces very complicated singular sets that hide the geom-
etry of the surface. There is no ‘optimal’ representation and it is quite hard to
decide when the normalizations of two hypersurfaces are isomorphic to each
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other. This approach does not seem very helpful in general; see, however, the
proof of Noether’s formula in (Griffiths and Harris, 1978, Sec.4.6).

Thus we aim to find projective embeddings of varieties that do not depend
on too many auxiliary choices.

Step 6.3 (Rigidification by embedding). A global coordinate system on a space
V is a way of associating a string of numbers (called coordinates) to any point
of V. Equivalently, a choice of a map from V to R" or C". We prefer to work
with projective objects, so for us the natural choice is to use homogeneous
coordinates. Equivalently, we fix an algebraic morphism X — PV. (There is
a slight notational issue here. Although we almost always construct PV as
Proj k[xo, ..., xy], we usually emphasize that there are no natural coordinates
on it. By contrast, with rigidification we do think of the target PV as having
fixed coordinates.)

For varieties the most frequently used approach is to use an embedding
(X < PV), though sometimes finite maps X — P" or maps to other targets—
weighted projective spaces or P¥-bundles over curves—give better insight.

Thus we choose a very ample line bundle L on X, a subspace V¥*! ¢
H°(X, L) and a basis of VN*! (up to a multiplicative constant). In practice it is
much better to eliminate the second of these choices by taking V = H(X, L).
That is, we work with embeddings (X < PV) whose image is linearly normal.
The rigidification involves two types of choices.

6.3.1 (Discrete choice). A very ample line bundle L. (We use this terminology
although Pic(X) is not always discrete).

If C is a stable curve then wy, is very ample for r > 3. If S is a canonical
model of a surface of general type, then wg is an ample line bundle and wy is
very ample for r > 5 by Bombieri (1973); Ekedahl (1988). Thus again we get
an embedding of S into a projective space whose dimension depends only on
the coefficients of the Hilbert polynomial y (w5 ), namely (K_%) and y(0ys).

The situation is more complicated for stable surfaces. These can have sin-
gularities where wy is not locally free. Even worse, for any m € N there are
stable surfaces S, and canonical 3-folds X,,, such that “)[s",:] (resp. wg(";]) is not

[m]
Sm

locally free at some point x,, € S,,. Thus every section of w," vanishes at x,,

m

and H(X, w[Sm]) gives a rational map that is not defined at x,,,.

We skirt this problem by fixing m > 0 and aiming to construct a moduli
space for those stable varieties for which w[sm] is locally free, very ample and
has no higher cohomologies. Similarly, if (X, A) is a stable pair and A is a Q-
divisor, we can take L = a)')?”(mA) for some m > 0. Thus L is indeed a discrete
choice for us.
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Then we show in Step 6.8 that, if m is sufficiently divisible (depending on
other numerical invariants), then the theory we get is independent of m.

There does not seem to be a similarly natural choice of L if A is an R-divisor.
We have to work around this in Section 8.2.

6.3.2 (Continuous choice). Different bases in H(X, L) are equivalent to each
other under the natural group action by GL(H’(X, L)). We eliminate the effect
of this choice in Step 6.5.

Aside. For smooth varieties over C, the use of topological rigidifiers can be very
powerful; leading to the Teichmiiller space for curves and to Griffiths’s theory
of period domains. These work well for smooth varieties, but have many prob-
lems for their degenerations. For flat families of stable varieties f: X — S,
the topological type, or even dimension of H*(X,(C), C) need not be a locally
constant function on S. It does not seem to be possible to make sense of a
topological rigidification in general.

6.3.3 (Moduli of embedded varieties). Once we have a rigidification, we con-
struct moduli spaces of more general embedded objects. Instead of embedded
stable varieties (X — PV) of dimension 7, one can work either with n-cycles
(Cayley-Chow approach) or, which works better for us, with all subschemes
(X c PM) (Hilbert-Grothendieck approach). Thus we start with the universal
family over the Hilbert scheme of n-dimensional subschemes

7: Univ,(PY) — Hilb,(PV).
We encounter a severe difficulty when we try to work with pairs (X, A).

6.3.4 (Moduli of embedded pairs). We need to construct the universal family
of relative Mumford divisors (6.13)

MDiv(Univ,(PV)/ Hilb,(P")) — Hilb, (P").

The traditional approaches try to obtain this as a subscheme of either

e Hilb,_;(Univ,(P")/ Hilb,(P")), or of

e Chow,._;(Univ,(P")/ Hilb, (PV)).

By (4.76), the Chow version works over reduced schemes, but neither works
in general.

Conclusion 6.3.5. We have the universal family of embedded varieties, but we
hit a problem with pairs. This was a long-standing conundrum in the theory.
K-flatness—to be worked out in Chapter 7—was introduced to solve it.

Here we take an easier path, and in Sections 6.2-6.4 we consider several
cases when the Hilbert scheme variant works in (6.3.4); see (6.13) for details.
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Assume now that the above steps have been completed. Then, instead of
our original moduli problem, we have solved a related one that also includes a
rigidification and has many more objects. In order to get back to our original
problem, we need to remove the non-stable objects and then see how to undo
the effects of rigidification.

Step 6.4 (Representability). Assume first that A = 0 and let us go back to
Hilb,(PV) as in (6.3.3). As we saw in Section 3.5, the set of stable fibers of 7
is not even a locally closed subset of Hilb,,(P"). Nonetheless, as we proved in
Section 3.5, stable families are parametrized by a locally closed partial decom-
position of Hilb(P"). By the choice we made in Step 6.3.1, we aim to work
only with those stable subvarieties X ¢ PV for which Ox(1) ~ wl);"'. This is
again a representable condition by (9.42). Thus we get the moduli space of
m-canonically embedded stable subvarieties of dimension n in PV

C™ESV(n, *, PV) — Hilb,(PY). (6.4.1)

(Here = stands for the not yet specified volume.)

For pairs, we start with the case when A is a Q-divisor, which we write
as A = ) a;D; for some fixed a := (ay,...,a,), where the D; are effective
Z-divisors. (This will be called a marking in Section 8.1; see (8.21) for real
coefficients.) Once we solve the questions raised in Step 6.3.4, the results of
Section 4.6 give the moduli space of m-canonically embedded stable pairs

C™ESP(a, n, *,P") — Hilb,(P"). (6.4.2)

Conclusion 6.4.3. For each m > 0 we have obtained universal families of m-
canonically embedded stable varieties and pairs. However, m and the embed-
ding are artificial choices, we still need to undo their effect.

(In practice we need to be more precise here and control various proper-
ties of the embedding (like linear normality, vanishing of certain cohomology
groups), but these turn out to be technical issues, see Section 8.4.)

Step 6.5 (Quotients by group actions). Let us deal next with the continuous
choice in the rigidification, which is a basis in H%(X, L). As we noted in (6.3.2),
the different continuous choices are equivalent to each other under a GL-action.
This gives a group action on the moduli of rigidified objects, and the moduli
space of the non-rigidified objects is the space of orbits of this action

C™ESP(a, n, =, PY)/PGLy. . 6.5.1)

We discuss in Section 8.6 that such quotients have a natural algebraic space
structure. So, aside from the slight difference between schemes and algebraic
spaces, we consider the quotient problem solved.
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6.6 (Conclusion of Steps 6.1-6.5). As in Step 6.4 fix a rational coefficient
vector a. Let SP(a, n,v) denote the functor of stable pairs (X, A = Y, a;D;) of
dimension n and volume v.

We check in Step 6.8 that there is an m = m(a,n,v) such that wE;”](mA) is
locally free, very ample, and has no higher cohomologies. Thus P, (X, A) :=
HO(X, wg”] (mA)) is a locally constant function on stable families in SP(a, n, v).
Using (8.62), we obtain the coarse moduli space of SP(a, n, v) as the union of
geometric quotients

SP(a, n,v) = II; C"ESP(a, n, v, P") //PGLy .1,

where N; + 1 runs through the possible values of P,,(X, A). (See (8.21) for real
coeflicients.)

Now that we have constructed our moduli spaces SP(a,n,v), we should
study their properties.

Step 6.7 (Separatedness and valuative-properness). Since these notions de-
pend only on families over DVRs, these will always hold for us. The discussion
in (1.20) needs no amplification.

The next two topics merit a treatment of their own; here we give only a few
comments and the main references to the literature.

Step 6.8 (Boundedness). We aim to prove that SP(a, n, v) is actually of finite
type, hence proper. Equivalently, that SP(a, n,v) = SP(a,n, v, m) for some m
(depending on a, n, v).

We discussed stable varieties in (1.21), but there are some changes for pairs.
The Hilbert function y(X, wggl(l_rAJ)) is no longer deformation invariant, but
its (rescaled) leading coefficient vol(X,A) = (Kx + A)IimX and the constant
coefficient y(X, O) are. This is why we use only the volume in the definition
of SP(a, n,v) in (6.5.1).

An infinite union is of finite type only if it eventually stabilizes, so one can
formulate our question independent of moduli theory as follows. It was proved
by Alexeev (1993) for surfaces and by Hacon et al. (2018) in general.

6.8.1 (Boundedness theorem, rational coefficients). Assume that the ag; are ra-
tional. Then there is an m = m(a,n,v) such that mKy + mA is a very ample
Cartier divisor for every (X, A) € SP(a,n,v).

If some of the g; are irrational, then usually mKx + mA is never a Z-divisor.
The natural correction would be to use mKy + |mA], but there are examples
when it is never Cartier (11.50.3). Thus we need a different form.

6.8.2 (Boundedness theorem, real coefficients). Assume that the g; are real. Fix
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an algebraically closed field k of characteristic 0. Then there is a k-scheme of
finite type S and a stable morphism p: (X5,A%) — S such that every (X, A) €
SP(a, n, v)(k) appears among the fibers of p.

The two versions are equivalent for rational coefficients by (6.14).

The following variant is much easier to prove (4.60) and is sufficient for
most applications.

6.8.3 (Weak boundedness theorem). Every irreducible component of SP(a, n, v)
is of finite type. O

6.8.4 (Hints to the proof for real coefficients). (Based on suggestions of C. Xu.)
Hacon et al. (2014) proves that there is a smooth k-scheme of finite type S and
a projective, log smooth morphism p: (Y, E + D) — S such that, for every
(X, A) € SP(a,n,v)(k), there is a log resolution (X', E’ + A’) — (X, A) and an
s €S, such that (Y, Es + D) = (X', E' + A'). Therefore, if p: (Y, E+ D) —> S
has a simultaneous canonical model p®: (Y¢,D¢) — S, then every (X,A) €
SP(a, n, v)(k) appears among the fibers of p°, proving boundedness. If a ¢ Q,
the latter is proved in Hacon et al. (2018).

In the irrational case, we argue as follows. Pick any (X, A) and choose convex
rational approximations (X, A;) for j = 1,...,r asin (11.47), so that they have
the same dlt modifications (11.47.9).

Choose s € S such that (Y, E; + D) =~ (X', E’ + A’). Working in an étale
neighborhood of s, there is a bijection between the irreducible components of
D and the irreducible components of Dy, hence the irreducible components of
A. Thus the A; determine Q-divisors D;.

The aim is to show that applying Hacon et al. (2018) to any one of the
p: (,E+Dj)— §,wegetp®: (Y,D —S§.

To see this, note that the fiber of p: (Y, E+D;) — S over sis alog resolution
of (X, Ay). Thus Hacon et al. (2018) gives a simultaneous, minimal, Q-factorial
model p™: (Y™, E™ + D) — S.

By our choice, the fiber over s is also a Q-factorial, dIt model for the other
(X,Aj). Since Y™ is Q-factorial, the other p™: (Y™, E™ + D;?l) — § are also
locally stable, possibly after shrinking S'.

The contraction Y" — X now extends to a neighborhood of Y}", giving a
morphism p¢: Y¢ — §, such that, p©: (Y°, Dj) — S is stable for every j, again
possibly after shrinking S. Thus all the Ky<;s + D; are Q-Cartier.

Since A is a convex linear combination of the Aj, Kyc;s + A® is R-Cartier,
hence p°: (Y¢,A®) — S is stable by (11.4.4), as needed.

This takes care of an open neighborhood of s € §; we finish by Noetherian
induction. O
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Step 6.9 (Projectivity). Once we know that the connected (or irreducible) com-
ponents are proper, we would like to show that they are projective. In cases
when GIT works, it gives (quasi)projectivity right away, but the general quo-
tient theorems of Kollar (1997); Keel and Mori (1997) do not give projectivity,
in fact there are many quotients that are not quasi-projective Kollar (2006).

So we need to find some ample line bundles on our moduli spaces. Let
f: X — S be a stable morphism. The only divisorial sheaves that we can
always write down on X are a);"/]s; these give the sheaves det f*wgy;]s onS. It
is not hard to work out that these are actually line bundles, so let us hope that
some of these are ample.

It was litaka who realized that the sheaves f*wg?;]s should always have semi-
positivity properties, at least in characteristic 0, litaka (1972). These properties
were established and applied to prove litaka’s conjectures by many authors;
see Mori (1987) for a survey. These methods were used to prove projectivity
statements for the moduli of stable surfaces in Kollar (1990). Extending these
results to higher dimensions turned out to be quite difficult. It was done by
Fujino (2018) for stable varieties and by Kovacs and Patakfalvi (2017) for sta-
ble pairs. The situation is more complicated in positive characteristic, but the
surface case was settled by Patakfalvi (2014, 2017).

Conclusion 6.9.1. In all cases the outcome is that every proper subset of the
moduli space is projective. Thus we consider the projectivity question solved.

Let us now summarize the properties that we would like to see.

6.10 (Good moduli theories). A moduli theory M is given by specifying the
objects over fields and the families. We are mainly studying those cases whose
objects are various subsets of all stable pairs.

For example, the most classical example is M = Curves, whose objects are
stable curves and whose families are all flat, proper morphisms with stable
curves as fibers.

In Chapter 4 we established the optimal definitions for families of stable
pairs over reduced base spaces and proved many properties. However, unlike
for curves, there seem to be several natural, but non-equivalent, moduli theories
of stable pairs over non-reduced base schemes.

We say that M is a good moduli theory if the following hold.

(6.10.1) M is separated (1.20). Since this depends only on families over DVRs,
this always holds for us by (2.50).

(6.10.2) M is valuative-proper (1.20). The positive answer is given by (2.51),
but we need to check that the central fiber also satisfies the additional
assumptions that we have in M.
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(6.10.3) Embedded moduli spaces exist (6.3.3—4). Having a flat divisorial part
makes this much simpler; see (6.12—6.13) for details.

(6.10.4) Representability as in (6.4).

(6.10.5) Boundedness in the weaker form (6.8.3). Together with valuative-

properness, this means that the irreducible components of the correspond-
ing moduli spaces are proper.

For the main results of this chapter we work with the following set-up, which
is a slight generalization of (3.28) and (4.2).

6.11 (Basic set-up for Chapter 6). We consider flat families of demi-normal
schemes with flat families of Mumford divisors. That is, our objects are proper
morphisms f: X — S of pure relative dimension n and subschemes {D; C
X: i e I} satisfying the following conditions.
(6.11.1) f is flat with demi-normal (11.36) fibers,
(6.11.2) the D; are relative Mumford divisors (4.68), and
(6.11.3) the D; — § are flat with divisorial subschemes (4.16) as fibers.
Next, fix distinct, positive real numbers {g;: i € I}. Then f: (X, Y, a;D;) = S
is family of pairs as in (5.2).
We already treated stable families over reduced bases in Chapter 4, so as-
sume that f: (X, Y a;D;) — S is stable or locally stable over red S. The main
question we aim to address is the following.

Question 6.11.4. If S is non-reduced, what additional restrictions should be
imposed in order to get a stable (resp. locally stable) family over S ?

Comments 6.11.5. There may be several different good answers to this ques-
tion. These in turn give different moduli spaces, though all of them have the
same underlying reduced subspace.

Also, as we noted in (2.41-2.44), requiring the D; to be flat over S means
that we do not even get all stable families over smooth curves when a; < %
So, while our answers cover many important special cases, substantially new
ideas will be needed to get the full theory.

6.12 (Advantages of flat divisorial parts). The cases considered in this chap-
ter have four major technical advantages. The first three come from using the
flatness option for the divisorial part in (6.3.4).

(6.12.1) One can define the families using only flatness; thus we avoid the
notion of K-flatness, which is defined and studied in Chapter 7.

(6.12.2) Hilbert schemes give a quick way to write down the universal family
of Mumford divisors.
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(6.12.3) The pluricanonical sheaves commute with base change, as in (2.79)
and (4.33). This is not crucial, but it helps us avoid some artificial choices.
The last one may be an accidental consequence of our choices.

(6.12.4) There is a natural way of writing the boundary as a linear combination
of Z-divisors, thus we avoid the notion of marking, to be introduced in
Section 8.5.

The key advantage turns out to be (6.12.2), which takes care of Step 6.3.4.
So let us discuss it in detail.

6.13 (Universal family of flat Mumford divisors). Let g: X — S be a flat, pro-
jective morphism. Consider the relative Hilbert scheme Hilb(X/S). It paramet-
rizes flat families of closed subschemes of X — S. Thus it has a largest open
subscheme that parametrizes subschemes B; C X, of pure codimension 1,
without embedded points, such that X; is regular at the generic points of B.
This is the universal family of flat, Mumford divisors on X/S, denoted by

MDiv(X/S) — S.

When we wish to parametrize r such divisors, the universal family is given by
the r-fold fiber product

MDiv(X/S) Xg - - - xXg MDiv(X/S),

which we abbreviate as xg MDiv(X/S).
We want to apply this to the Hilbert scheme of n-dimensional subschemes
of PV, with its universal family

u: Univ,(PY) — Hilb,(PY).

Although not strictly necessary, it is convenient to pass to the largest open
subscheme Hilb®(P§) c Hilb(Py) over which the fibers of u are demi-normal
and of pure dimension n. Thus we have

u®: Univy(PY) — Hilbo(PY). (6.13.1)
The universal family of flat, Mumford divisors is
MDiv(Univ;(Py)/ Hilb(P§)) — Hilb;(P§). (6.13.2)

If we need r such divisors, the universal family we want is given by the r-fold
fiber product

X , MDiv(Univ;(PY)/ Hilb;(PY)) — Hilb}(PY). (6.13.3)

-
Hilb;, (PY

As in (6.3.3), we can now use (4.43) to show that the functor of stable pairs is
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representable by a monomorphism. (9.42) takes care of the condition of being
embedded by a given multiple of Ky + A.

The schemes in (6.13.3) have infinitely many irreducible components, but
once we bound the degrees of the underlying varieties and of the divisors, we
get a quasi-projective parameter space.

The following was used in (6.8).

Lemma 6.14. Fix n,v, a rational vector a and the characteristic p > 0. For

SP(a, n,v), the following are equivalent.

(6.14.1) There is an m = m(a, n,v) such that m(Kx +A) is very ample for every
(X, A) € SP(a, n,v)(k) where char k = p.

(6.14.2) There are N = N(a,n,v) and D = D(a,n,v), such that every (X, A) €
SP(a,n,v)(k) is isomorphic to an embedded pair (X,A) in PV satisfying
degX < D and degA < D.

(6.14.3) Then there is a Q-scheme (resp. F,-scheme) of finite type S and a
stable morphism m: (X5,AS) = S such that every (X, A) € SP(a, n, v)(k)
is obtained from m be base change.

Proof Assume (1). Then dim |mKyx + mA| < m"v + n =: N by Matsusaka’s
inequality (11.52.3). Hence all pairs in SP(a, n, v) are isomorphic to an embed-
ded pair (X, A) in PV such that deg X = m"v. We also know that deg(Kx + A) =
m"™'v. A lower bound for deg Ky can be obtained by looking at a general curve
section. This gives an upper bound for deg A.

(2) = (3) was treated in (6.13).

Finally assume (3) and let g € S be a generic point. By assumption there is
an my such that my(Kx, + A) is very ample. Then the same holds over an open

neighborhood g € §° C §. We finish by y Noetherian induction. O

In the next three sections we give various stability notions and then check
that they all give a good moduli theory as in (6.10).

6.2 Kollar-Shepherd-Barron stability

This notion of stability is obtained by imposing the strongest possible prop-
erties that are satisfied by 1-parameter stable families. For surfaces, this was
accomplished in Kollar and Shepherd-Barron (1988). There were two reasons
why the original paper dealt only with surfaces. First, the existence of stable
limits relies on the minimal model program, which was only available for fam-
ilies of surfaces at that time. It was, however, clear that this part should work
in all dimensions. Second, the proof of the representability (6.18) relied on de-
tailed properties of Ic singularities of surfaces. The theory of hulls and husks,
to be discussed in Chapter 9, was developed to prove representability.
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We discuss three versions. First the classical setting of stable varieties with-
out boundary divisors, then a generalization where we allow standard coeffi-
cients, and finally arbitrary coeflicients in (%, 1].

Kollar-Shepherd-Barron stability without boundary

6.15 (Stable objects). The stable objects are geometrically reduced, proper k-
schemes X with slc singularities, such that Ky is ample.

6.16 (Stable families). A family f: X — S is KSB-stable if
(6.16.1) f is flat with slc fibers,

(6.16.2) w%]s is a flat family of divisorial sheaves (3.25) for m € Z,

(6.16.3) f is proper and wgf;’; is an f-ample line bundle for some M > 0.
The first 2 of these conditions define locally KSB-stable families.

6.17 (Explanation). This definition restates (3.40). It imposes the strongest
restrictions on stable families, thus it gives the smallest scheme structure on
the moduli space of stable varieties.

We see in Section 6.3 that assumption (6.16.2) can be weakened, leading
to a moduli space with the same underlying reduced space, but with a larger
nilpotent structure. The difference between the 2 versions is explored in Sec-
tion 6.6.

Theorem 6.18. KSB-stability, as in (6.15-6.16) is a good moduli theory (6.10).

Proof As we already noted, only the conditions (6.10.2—4) need checking.
For valuative-properness, the stable extension exists by (2.51) and (2.79.2)
shows that it satisfies (6.10.3). The existence of embedded moduli spaces is
a trivial special case of (6.13). Representability is a restatement of (3.3).

The coarse moduli space exists by (6.6). O

Let us also note another good property of this case.

Proposition 6.19. For KSB-stable families as in (6.15-6.16), the Hilbert func-

tion y(X, w[);"]) and the plurigenera h°(X, wl);"') are deformation invariant.

Proof For the Hilbert function, this follows from the assumption (6.16.2).
If m > 2 then the higher cohomologies of wgg"] vanish by (11.34). Form = 1
we use (2.69). O

Kollar-Shepherd-Barron stability with standard coefficients

Definition 6.20. Let A be an effective R-divisor such that coeff A C (%, 1], that
is, % < coeffp A < 1 for every irreducible D C Supp A. There is a unique way
of writing A = }; a;D; where the D; are effective Z-divisors, a; > % for every i
and a; # a; for i # j. We call this the reduced normal form of A.
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6.21 (Stable objects). We parametrize pairs (X, A = }; a;D;) in reduced normal
form such that

(6.21.1) (X,A)issle,

(6.21.2) a; € {1 - %,1-1,...,1} (diminished standard coefficient set),
(6.21.3) X is projective and Ky + A is ample.

6.22 (Stable families). A family f: (X,A = Y,;a;D;) — S is KSB-stable if
(6.22.1) f: (X,A) — S is a flat family of pairs as in (6.11),
(6.22.2) the fibers (X, Ay) satisfy (6.21.1-2),
(6.22.3) the w%]S(I_mAJ — B) are flat families of divisorial sheaves (3.25) for
every m € Z and for every B = }’;c; D; where a; = 1 for j € J, and
(6.22.4) f is proper and wg?g (MA) is an f-ample line bundle for some M > 0.
The first three of these conditions define locally KSB-stable families.

6.23 (Explanation). These conditions are rather straightforward generaliza-
tions of (6.16.1-3), but why the restriction on the coefficients?

It follows from (2.79.5) and (4.33) that the B = 0 parts of condition (6.22.3)
are satisfied if the coeflicients of A are all 1 — % and S is reduced. For the
B # 0 cases we use (2.79.8) and (4.33). Note that the conditions on B imply
that B < |[A]. If S is unibranch, then we could have required (6.22.3) to hold
for every B < |A]. However, B has to be a generically Cartier divisor; this is
assured if B is a sum of some of the D;. This is the reason of the somewhat
awkward formulation of (6.22.3).

We proved in (2.82) that, if the coefficients are > %, then the scheme-
theoretic specializations of the boundary divisors are reduced and the different
(D;)s have no common irreducible components. In particular, |mA]; = [mA;]
for every s € §. That is, valuative-properness holds. Imposing both of these
restrictions gives the coefficient set {1 — %, 1- }1, R

Pairs satisfying % < a; < 1 are studied in (6.26-6.27).

Theorem 6.24. KSB-stability with standard coefficients, as defined in (6.21—
6.22) is a good moduli theory (6.10).

Proof Asbefore, only (6.10.2—4) need checking. We already noted above that
valuative-properness holds. The existence of embedded moduli spaces follows
from (6.13). For representability, the proof of (3.3)—given in (3.42)—carries
over with minor changes.

We apply (3.31) with N; := ! (liA]) for 1 <i < M and L, := '™ We

X/s X/S"
get SN — S such that all the a)[;Z,IL , o (LmANE]) are flat families of divisorial
sheaves and w%{ /SNL(I_MAN L1) is invertible.

Then (4.45) shows that S¥SB is an open subscheme of S VE. m]
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Proposition 6.25. (Kolldr, 2018a, Cor.3) For KSB-stable families with stan-
dard coefficients as in (6.21-6.22), the Hilbert function x(X, wg;”](LmAJ)) and
the plurigenera h°(X, wg;”](LmAJ)) are deformation invariant.

Proof For the Hilbert function, this follows from (6.22.3). For the plurigen-
era, write mKy + [mA| = Kx + (lmA] — (m — 1)A) + (m — 1)(Kx + A). Since the
coeflicients are standard, 0 < [mA] — (m — 1)A < A, hence (11.34) applies, so
the higher cohomologies vanish for m > 2. For m = 1 we use (2.69). O

Kollar-Shepherd-Barron stability with major coefficients

6.26 (Stable objects). We parametrize pairs (X, A = }; a;D;) in reduced normal
form (6.20) such that

(6.26.1) (X,A)isslc,
(6.26.2) a; € (3,11,
(6.26.3) X is projective and Ky + A is ample.

6.27 (Stable families). A family f: (X,A = Y,;a;D;) — S is KSB-stable if
(6.27.1) f: (X,A) — S is a flat family of pairs as in (6.11),
(6.27.2) the fibers (X,, A,) satisfy (6.26.1-2),

(6.27.3) the w%]S(LmAJ — B) are flat families of divisorial sheaves (3.25) for

every m € Z and for every B = 3’ ;.; D; where a; = 1 for j € J, and
(6.27.4) f is proper and Kx;s + A is an f-ample R-divisor.
The first three of these conditions define locally KSB-stable families.
For technical reasons we introduce a weakening of (3):

(6.27.3’) The ‘”%]s (LmA]) are flat families of divisorial sheaves over S for m €

M(ay,...,a,,n) C Z; a set of positive density defined in (11.49).

6.28 (Explanation). The restriction that the coefficients be in (%, 1] is dictated
by (2.82). Example (2.41) shows that flatness of the divisorial part fails with
coefficient = % The requirement (6.27.3) is dictated by (2.83). The choice of
B is discussed in (6.23).

We conjecture that (6.27.3) is always the right assumption. However, (2.83)
is known only if the general fiber is normal, so we can not guarantee that
(6.27.3) holds for all families of relative dimension > 3.

Theorem 6.29. KSB-stability with major coefficients, as defined in (6.26—6.27)
is a good moduli theory (6.10), satisfying (6.27.3°).

Furthermore, (6.27.3) is satisfied in relative dimension 2 and on those irre-
ducible components that generically parametrize normal varieties.
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Proof The proof closely follows (6.24). We proved in (2.82) that, if the coef-
ficients are > %, then the scheme-theoretic specializations of the boundary di-
visors are reduced, so assuming that the D; are flat divisorial sheaves is correct.
Following the proofs in (3.42) and (6.24), we can guarantee the requirements
(6.27.1-2) and (6.27.4).

The difficulty is with proving that (6.27.3) holds. Following Kollar (2018a),
we outlined a proof in (2.83) when the general fibers are normal. Kollar (2018b)
treats all families of surfaces. Thus (6.29) holds for surfaces and for those ir-
reducible components that generically parametrize normal varieties.

For the version (6.27.3”) we use (11.50).

The construction of the moduli space works as before if the g; are rational.
We leave the irrational case to the general theory in Chapter 8; see (8.15). O

Complement 6.29.1. The Hilbert function y(X, wE;”](LmAJ)) is deformation in-
variant if (6.27.3) holds. Unlike in the earlier cases, the plurigenera need not
be deformation invariant; see (Kollar, 2018a, 40-43).

6.3 Strict Viehweg stability

6.30 (Stable objects). The same as in (6.15): reduced, proper k-schemes X with
slc singularities such that Ky is ample.

6.31 (Stable families). A family f: X — S is V*-stable if the following hold.
(6.31.1) f is flat with slc fibers.
(6.31.2) Foreveryme Zand x € X, w

free at x, where s = f(x).

[M]
X/S

The first two of these conditions define locally V*-stable families.

[m]

[m]
X/S X,

is locally free at x iff wy " is locally

(6.31.3) fis proper and wy,,; is an f-ample line bundle for some M > 0.

6.32 (Explanation). The original version in Viehweg (1995) assumes (6.31.2)
only for some m > 0. By (4.37) the latter is equivalent to V*-stability in char-
acteristic 0, but not in positive characteristic, see Section 8.8.

Already for families of surfaces with quotient singularities this definition
gives a large nilpotent structure on the moduli space of stable varieties, even
when KSB-stability gives a smooth moduli space, see Section 6.6.

Strict Viehweg stability with major coefficients

6.33 (Stable objects). We parametrize pairs (X, A = Y; ¢;D;) in reduced normal
form such that

(6.33.1) (X,A)issle,

(6.33.2) a; € (3,11 N Q for every i,

(6.33.3) X is projective and Kx + A is ample.
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The first two of these conditions define locally stable pairs.

6.34 (Stable families). A family f: (X,A = Y, a;D;) — S is V*-stable if the

following hold.

(6.34.1) f: X — S is flat and the fibers of flp,: D; — S are reduced sub-
schemes of pure codimension 1 for every i.

(6.34.2) The fibers (X;, A;) are stable as in (6.33).

(6.34.3) WYk (mA) is locally free along X; iff w" (mA,) is locally free.

(6.34.4) f is proper and wM] (MA) is an f-ample line bundle for some M > 0.

X/s
The first three of these conditions define locally V*-stable families.

6.35 (Explanation). These conditions are rather straightforward generaliza-
tions of (6.31) and (6.27).

Theorem 6.36. V*-stability with major coefficients, as defined in (6.33—6.34)
is a good moduli theory (6.10).

Proof The arguments given in (6.29) work since we no longer require the
condition (6.27.3) that gave us trouble there.
Representability is actually simpler, since we work only with the locally free

Yg (MA) and ignore the other wl)\ (LmA]). .

6.4 Alexeev stability

w

6.37 (Stable objects). We parametrize pairs (X, A = Y; a;D;) in reduced normal
form (6.20) such that

(6.37.1) (X,A)issle,
(6.37.2) 1,ay,...,a, are Q-linearly independent,
(6.37.3) X is projective and Ky + A is ample.

6.38 (Stable families). A family f: (X,A = >, a;D;) — S is A-stable if the
following hold.

(6.38.1) f: (X,A) — S is a flat family of pairs as in (6.11).

(6.38.2) The fibers (X;, A;) are stable as in (6.37).

(6.38.3) The wg?’/g](Zm,-Di) are flat families of divisorial sheaves (3.25) over S
for every m; € Z.

(6.38.4) f is proper and Kx;s + A is an f-ample R-divisor.
The first three of these conditions define locally A-stable families.

6.39 (Explanation). The two new features are the Q-linear independence in
(6.37) and (6.38.3).
Let us start with Q-linear independence. As a simple example, let X be a
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smooth, projective variety and ), D; an snc divisor with index set {i € I}. Then
(X, X a;D;) is an Ic pair for every a; € [0, 1]. So we can ask how the answers to
various questions—for example the ampleness of Ky + >, a;D;, or the steps of
the MMP—depend on the a;.

In many cases the answer is that [0, 1]/ admits a rational chamber decom-
position, such that the answers depend only on the chamber we are in, not the
particular choice of the {a;: i € I} inside the chamber. There is reason to expect
that if a point {a: i € I} lies in an open chamber, then Kx + 3’ a;D; exhibits
generic—hence simplest—behavior.

Since the chambers are polyhedra with rational vertices, a point {a;: i € I}
whose coordinates are Q-linearly independent, must lie in an open chamber.
Thus assumption (6.37.2) is a convenient way to guarantee that we encounter
the generic behavior.

By (6.38.4) Kx;s + >,; a;D; is R-Cartier. By (11.43), the Q-linear indepen-
dence assumption implies that Kx,s and the D; are Q-Cartier. Thus all the
moKx;s + Y, m;D; are Q-Cartier Z-divisors. Therefore all the sheaves in (6.38.3)
should be flat over S with S, fibers by (2.79.1). This gives a moduli space with
many flat universal sheaves, and, as we see next, it also helps with the proof of
existence.

Finally note that, since the D; are not assumed irreducible, [m }; a;D;| may
not be a linear combination of the D;, so we do not assume anything about the
sheaves wg”/]S(LmAJ). If the a; < 1, then these frequently do not have S, fibers
(2.41-2.44). Although (11.50) shows that infinitely many of them do, it is not
clear how to predict which ones.

Theorem 6.40. A-stability, as in (6.37-6.38) is a good moduli theory (6.10).

Proof As before, separatedness and valuative-properness holds. The idea of
the proof of the existence of embedded moduli spaces is the following. The
chamber structure mentioned in (6.39) suggests that, if we pick a rational
point (@}, ..., a;) in the interior of the chamber, then the pairs (X, }; a;D;) and
(X, 2 a'D;) have the same moduli theory. We can thus work with the rational-
coeflicient pairs (X, 3’ a;D;) as in (6.13). This is basically what we do, but the
details are more complicated. See (8.21) for a full treatment.

Representability needs a somewhat different proof. The set of slc fibers is
constructible by (4.44), hence there are M; > O such that MyKx, and the
M;Dj|x, are Cartier whenever (X, A;) is slc.

We apply (3.31) where the set {N} consists of the sheaves w%g](Zm,-D;) for
0 < m; < M; and the set {L} of the sheaves wg’;‘)sl, Ox(M\Dy),...,0Ox(M,.D,).

We get SV — § such that the wg’;&] s v (Xm;DNE) are flat families of divisorial
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sheaves for all m; € Z and w%(i]/sm, Oxvi(MiDYE), ..., Oxni(M,DYY) are all
invertible. Then (4.45) shows that S is an open subscheme of S, ]

6.5 First order deformations

In this section we study first order infinitesimal deformations of normal vari-
eties. We describe the deformations of the smooth locus and then try to under-
stand when a deformation of the smooth locus extends to a deformation of the
whole variety. The final aim is to get an explicit obstruction theory for lifting
sections of powers of the dualizing sheaf. This turns out to be given by the
classical notion of divergence.

6.41 (First order thickening). Let k be a field and R a k-algebra. Consider the

algebra R[e] where ¢ is a new variable satisfying &2 = 0. It is flat over k[£] and

R[] ®ie) k = R. We think of R[] as the trivial first order deformation of R.
Letv: R — R be a k-linear derivation. Then

a,: r+éerp > r+e(v(r) +r) (6.41.1)

defines an automorphism of R[] that is trivial modulo (g). Conversely, every
automorphism of R[] that is trivial modulo (g) arises this way. (The product
(or Leibniz) rule for v is equivalent to the multiplicativity of a,.)

Let X be a k-scheme. The trivial first order deformation of X is

X[e] := X xx Spec, kl&]. (6.41.2)

As in (6.41.1), every derivation v: Oy — O defines an automorphism «, of
X[e] that is trivial modulo (g). This gives an exact sequence

0 - Hom(Q!, Oy) = Aut(X[g]) = Aut(X) — 1. (6.41.3)

If X is smooth, or at least normal, then Wom(Q;(, O%) is the tangent sheaf Ty
of X, hence we can rewrite the sequence as

0 — HYX, Tyx) — Aut(X[e]) — Aut(X) — 1. (6.41.4)

Aside. On a differentiable manifold M one can identify the Lie algebra of all
vector fields with the Lie algebra of the automorphism group. If X is a smooth
variety, then this identification works if X is proper, but not otherwise. For in-
stance, an affine curve C of genus > 1 has only finitely many automorphisms,
but H°(C, T¢) is infinite dimensional. Infinitesimal thickenings restore the con-
nection between vector fields and automorphisms.

6.42 (Locally trivial first order deformations). Let k be a field and X a k-
scheme. A deformation of X over A := Spec, klg] is a flat A-scheme X’ to-
gether with an isomorphism X’ X4 Spec k ~ X. The set of isomorphism classes
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of first order deformations is denoted by 7'(X). It is easy to see that T'(X) is
naturally a k-vector space whose zero is the trivial deformation X[¢], but this
is not very important for us now. See Artin (1976) or Hartshorne (2010) for
detailed discussions.

We say that X’ is locally trivial if there is an affine cover X = U;X; such that
each X! is a trivial deformation of X;. We aim to classify all locally trivial first
order deformations of arbitrary k-schemes X, but our main interest is in cases
when X is smooth and quasi-projective.

Let X = U;X; be an affine cover. This gives an affine cover X’ = U;X]
and we assume that each X is a trivial deformation of X;. Fix trivializations
¢i: X[ = Xile]. Over Xi’j =X/ N X;. we have 2 trivializations, these differ by
an automorphism

@ = ¢7' o it X > X, (6.42.1)

which is the identity on X;;. By (6.41.1) the automorphisms «;; correspond to
Vvij € Hom(Q'U, Oy,) and these form a 1-cocycle D := {v;;}. Changing the
trivializations changes the cocyle by a coboundary. Thus we get a well defined

D = D(X’) € H' (X, Hom(QL, Ox)). (6.42.2)

The construction can be reversed. It is left to the reader to check that D(X")
is independent of the choices we made. The final outcome is the following.

Claim 6.42.3. Let X be a k-scheme. There is a one-to-one correspondence,
denoted by D — X, between

(a) elements of H'(X, Hom(Q!, O)), and
(b) locally trivial deformations of X over Spec, k[<], up-to isomorphism.
Furthermore, if X is normal then H' (X, Hom(Q!, Ox)) = H'(X, Tx). O

Next we check that every first order deformation of a smooth variety Y is
locally trivial. To see this we may assume that Y is affine. Then Y” is also affine
and we can fix a vector space isomorphism k[Y’] ~ k[Y] ® k[&]. Pick a point
p € Y, local coordinates yy,...,y,. Then k(Y) is separable over k(yy, ..., V).
Choose arbitrary lifts y|,...,y; € k[Y’]. Any other z € k[Y] satisfies a monic,
separable equation F(z,y) = 0. We claim that z has a unique lift 7’ € k(Y”) such
that F(z',y’) = 0. To see this pick any lift z*. Then F(z",y’) = €G(z) for some
G(z) € k[Y]. We are looking for 7’ in the form 7" = z*+&g where g € k[Y]. Since
F(z* +eg,yY) = eG(z) + eg - OF (z,y)/ 0z, we see that g = —G(2)(F (2, y)/az)f1
is the unique solution. We do this for a finite set of generators {z;} of k[Y] to
get a trivialization in a neighborhood where all the 0F(z, y)/0z are invertible.

Combining with (6.42.3), this shows that every deformation of a smooth,
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affine variety over k[e] is trivial. (See (Hartshorne, 1977, Exc.I1.8.6) for a
slightly different proof.)

6.43 (Arbitrary first order deformations). Let k be a field and X a normal k-
variety. Let U C X be the smooth locus, Z C X the singular locus and j: U <
X the natural injection.

Let X’ — Spec, k[] be a flat deformation of X. By restriction it induces
a flat deformation U’ of U. Note that U’ uniquely determines X’. Indeed,
depth, Ox > 2 since X is normal, hence depth, Ox > 2 since Oy is an ex-
tension of 2 copies of Ox. Therefore Oy = j.Oy by (10.6). Thus we have an
injection T'(X) — T'(U) = H'(U, Ty).

Following Schlessinger (1971), our plan is to study 7' (X) by first describing
T'(U) and then understanding which D € H YU, Ty) correspond to a deforma-
tion of X; see also von Essen (1990). The second step is in (6.46).

Definition 6.44. Let X be a k-scheme. Given v € Hom(Q)'(, O%), differentiation
by v is defined as the composite
vO): Oy S al S oy (6.44.1)

Let xi,..., x, be (analytic or étale) local coordinates at a smooth point of X
and write v = }}; v,»%. Then the above maps are

9 0
vife Y, a—)];dxi -y via—i:.

Thus if X is smooth and v is identified with a section of T, then (6.44.1) agrees
with the usual definition.

Next let D € H'(X, Hom(Q, Ox)) and choose a representative 1-cocyle
D = {v;;} using an affine cover X = UX;. For any s € HO(X, Oy) the derivatives
{vij(slx,)} form a 1-cocycle with values in . This defines D(s) € H'(X, O%).
We think of it either as a cohomological differentiation map

D: H'(X, Ox) - H'(X, Oy), (6.44.2)
or as a k-bilinear map
H'(X, Hom(QL, 0%)) x H'(X, Ox) — H'(X, Ox). (6.44.3)
If X is normal then we can rewrite this as
H' (X, Ty) x H'(X, Ox) - H'(X, O%). (6.44.4)

Let Xp be the deformation of X corresponding to D. Its structure sheaf sits in
an exact sequence

0—e0x = Ox, = Ox — 0. (6.44.5)
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Taking cohomology we see that D in (6.44.2) is the connecting map
H'(Xp, Ox,) — H'(X, Ox) 3 H\(X, Oy). (6.44.6)

Warning 6.44.7. Since the constant 1y € H(X, Oy) always lifts, D(1x) = 0.
Thus D is an H°(X, Ox)-module homomorphism iff it is identically 0.

We can summarize the above considerations as follows.

Lemma 6.45. Let X be a k-scheme, D € H'(X, Hom(Q\, Ox)) and Xp the
corresponding deformation of X. Then a global section s € H*(X, Oy) lifts to
sp € H'(Xp, Ox,) iff D(s) € H'\(X, Oy) is zero. O

Corollary 6.46. Let X be a normal, affine variety and U C X its smooth locus.

Let Up be the deformation of U corresponding to D € H'(U, Ty). Then

(6.46.1) Up extends to a flat deformation Xp of X iff D (as in (6.44.2)) is
identically 0.

(6.46.2) T'(X) is the left kernel of H\(U, Ty) x H(U, Oy) — H'(U, Oy).

Proof Assume that Up extends to a flat deformation Xp of X. Since X is
affine, so is Xp and so H(Xp, Ox,) — HO(X, O) is surjective. Thus D is
identically O by (6.45).

Conversely, if D is identically 0, then HY(Up, Oy,) — HO(U, 0y) is sur-
jective and HO(U, 0y) = H°(X, O%) since X is normal. We can then take
Xp = Spec, H(Up, Oy,). This proves the first claim and the second is a
reformulation of it. m]

Remark 6.47. If X is not affine, then D € H' (U, Ty) gives a k-linear map
D: Ox = j.Oy — R'j.Oy ~ H#5(0x) where Z := X \ U is the singular
locus. Then Up extends to a flat deformation Xp of X iff D: Oy — j‘f%(ﬁx)
is identically 0.

6.48 (Lie derivative). Let M be a smooth, real manifold and v a vector field on
M. By integrating v we get a 1-parameter family of diffeomorphisms ¢, of M.
The Lie derivative of a covariant tensor field S is defined as

LS := 4(¢7S),—- (6.48.1)
In local coordinates {y;} write v = }; vi%. The Lie derivatives of a function s
and of a 1-form dy; are given by the formulas

L,s =v(s) = z,-v[g—; and L,(dy)) = dv,. (6.48.2)

Since functions and 1-forms generate the algebra of covariant tensors, the Lie
derivative is uniquely determined by the formulas (6.48.2). One can extend the
definition to all tensors by duality.



6.5 First order deformations 241

We can transplant this definition to algebraic geometry as follows.

Let Y be a smooth variety over a field k and v € H(Y, Ty) a vector field. By
(6.41.4) v can be identified with an automorphism «, of Y[e]. We write Qy for
the module of derivations (frequently denoted by Q;). The covariant tensors
are sections of the algebra )}, Q3"

LetS € H'(Y, Ym0 Q") be a covariant tensor on Y. It has a trivial extension

to Y[e]; denote it by S[e]. Thus @ (S[e]) is a global section of ), Q;‘?’[’;].

Since @, is the identity on Y, (S [e]) — S[e] is divisible by & and we can
define the Lie derivative of S by the formula
a,(S[el) = Slel + €L,S. (6.48.3)

Expanding the identity (S 1[e] ® S»[e]) = @i(S1[€]) ® a(S2[e]) shows that
the Lie derivative is a k-linear derivation of the tensor algebra

Ly: ©s0 Q" = B0 Q. (6.48.4)

The Lie derivative preserves natural quotient bundles of QF". Thus we get
similar maps L, for symmetric and skew-symmetric tensors. Our main interest
is in powers of wy. The corresponding map

L o — o) (6.48.5)

is obtained using the identification Q3" - Q} = wy where n = dimY.
From (6.41.1) we see that

a;(s[e]) = slel + ev(s) and «a;(dy;) = d(a;(y;)) = dy; + €dv;. (6.48.6)

Comparing with (6.48.2) we see that the algebraic definition coincides with the
differential geometry definition.

6.49 (Cartan formula). This is an identity which holds for exterior forms S
L,(S)=d(vaS) +vudS, (6.49.1)

where 1 denotes contraction or inner product by a vector field v € H 0, Ty)
obtained as follows. We have the contraction map Ty ® QY — Q’;}‘l , thus every
v € H(Y, Ty) gives the Oy-linear map

va: QY — Q- (6.49.2)
In (analytic or étale) local coordinates y1, ..., y, write v = ) ; viaiy_. Then
va(dyy A+ Adyy) = S(=D)" W odyy A Adyr A Adyy,  (6.49.3)

where the hat indicates that we omit that term.



242 Moduli problems with flat divisorial part

To prove (6.49.1), one first checks that S +— d(viS) + vadS is also a deriva-
tion. Thus it is sufficient to verify (6.49.1) for a generating set of exterior forms.
For functions and for dy; we recover the identities (6.48.2).

6.50. Asin (6.44), let Y be a smooth k-variety. Pick D € H'(Y, Ty) and choose
a representative 1-cocyle D = {v;;} using an affine cover ¥ = UY;. For any
S € HO(Y,Q5™) the Lie derivatives {L,,,(S|y,)} form a 1-cocycle with values in
QP". This defines -

Lp(S) € H'(Y,Q%™), (6.50.1)
which we view as a cohomological differentiation map
Lp: ®H (Y, Q™) — @H'(Y,Q5™). (6.50.2)

As we noted in (6.48), the map L, respects natural quotient bundles of Q5.
Thus we get similar maps for symmetric and skew-symmetric tensors and for
powers of wy

Lp: ®H(Y, o) — ®H'(Y, ). (6.50.3)

For m = 0 the map Lp agrees with the map D defined in (6.44.2).

Asin (6.44.7), Lp is a k-linear differentiation which is usually not HO(Y, Oy)-
linear. However, if D: H(Y, Oy) — H'(Y, Oy) is zero, then Lp is H(Y, Oy)-
linear; this holds both for (6.50.2) and (6.50.3).

Arguing as in (6.45) we obtain the following lifting criterion.

Lemma 6.51. Let Y be a smooth k-variety and Yp a first order deformation of
Y. Then S € H(Y, Q") lifts to Sp € HO(YD,Q%)’") iff Lp(S) € H'(Y,Q%") is
zero. The same holds for all natural quotient bundles of Q5" O

Next we consider what the previous method gives for wy and its powers.

On M := R" with coordinates y;, the divergence of a vector field v = }, vi%
isV.v:i=3 g—;;. Note that the y; give an n-form o = dy; A - - - Ady, which gives
isomorphisms Ty =~ Hom(QY;,, Q3') ~ Q4! This identifies the divergence
with exterior derivation d: Q' — Q1.

6.52 (Divergence). More generally, let Y be a smooth k-variety, o € HOY, wy
and v € H(Y, Ty). Then o and L, o (6.48.5) are both sections of the line bundle
wy, hence their quotient is a rational function, called the divergence of v with
respect to o,

Vovi= = (6.52.1)

(Most books seem to use this terminology only when o is a nowhere 0 section
of wy, and o is frequently suppressed in the notation.)
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In order to compute this, start with a section o of wy. Since do- = 0, Cartan’s
formula (6.49) shows that L,: wy — wy is the composite map

' d
Ly:wy=Q) = Q' 500 = wy. (6.52.2)
In local coordinates yy, . ..,y, assume that o = dy; A---Ady,and v = ; vi%.

Contraction by v sends o to
S (=D i dyy Ao Ady A Adyy. (6.52.3)
Exterior differentiation now gives that

Lo =d(vior) = 237 .o, (6.52.4)

which is the usual formula for the divergence. Thus, if o is a nowhere 0 section

of w} then we get the divergence as a k-linear map V,: Ty — Oy. Thus it
induces a map on cohomologies; we are especially interested in

V,: H'(Y,Ty) > H'(Y, Oy). (6.52.5)
For powers of wy we get the next formula.
Lemma 6.53. Let Y be a smooth k-variety of dimension n. Let v € H°(Y, Ty)

be a vector field, s € H(Y, Oy) a function and o € H°(Y, wy) an n-form. Then

Visomy = 22 4+ mV,v. (6.53.1)
Proof This is really just the assertion that the Lie derivative is a derivation,
but it is instructive to do the local computations.
The claimed identities are local, so we use local coordinates yy,...,y, and
assume that o = dy; A --- Ady,. Write v = }; Via%' We need to compute how
the isomorphism a, acts on so”. It sends y; to y; + ev(y;) = y; + €v;, thus

@y (dy) = (1 + e52)dy; + (3 jui G-dy)). (6.53.2)

Next we wedge these together. Any two epsilon terms wedge to 0 since £ = 0.

Thus &(}; j#%dy ;) gets killed unless it is wedged with all the other dy;, but
J

the result is then zero in the exterior algebra. The only term that survives is

[T+ 858) -dyi Ao Ady, = (1+8550) -dyi A=+ Ady,

(6.53.3)
(1 +&Vyy)-dyi A=+ Ady,.

Thus we get that so is mapped to

(s + ev())(1 + meVyv) - o = (s + ev(s) + mesVyv) - o

=so" +&- (12 +mVyy)-so™. O
§
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Notation 6.54. Let X be a normal, affine k-variety and X, a flat deformation of
X over k[e] corresponding to D € T'(X). Let U c X be the smooth locus. By
(6.43) we can think of D as a cohomology class D € H'(U, Ty). By (6.44.2) D
induces a map

D: HU, 6,) - H (U, 6y) (6.54.1)

which is identically zero by (6.46.2). There is a natural exact sequence

0—-e-w)— w'Z}D — wj — 0. (6.54.2)

Taking cohomologies gives an exact sequence
Om
H(Up, ) — H(U,w}) = H'(U,w}). (6.54.3)
As we noted in (6.50), 6,, is H*(U, Oy)-linear since D in (6.54.1) is 0.

It was observed in Stevens (1988) that, for cyclic quotients, the deformation
obstruction equals the divergence. The next result shows that this is a general
phenomenon.

Theorem 6.55. Let X, U C X, D = {v;;} € HY(U, Ty) and Xp be as in (6.54).

Assume that oY) has a nowhere 0 section o, for some m > 0 such that char k {

m. As in (6.52.5) we get V,, D := {V,, (vi})} € H'(U, Oy). Then

(6.55.1) VD := %V(,MD € H'(U, Oy) is independent of m and o ,.

(6.55.2) The boundary map 6,,: H'(U, wi)—H' (U, w7 defined in (6.54.3) is
multiplication by mV D.

(6.55.3) w’gu is free & VD = 0 in H'(U, Oy).

Proof Choose affine charts {U;} on U such that D = {v;;} and oy, = s,-joj?;
for some o;; € H(U;;, wy ). Any other section of " can be written as go,
J J ij U

where g € HO(U, Oy). Using (6.53) we obtain that

ViilS;i
VO-mD = {Vg-m(vij)} = {M + mV(T”(v,-J-)} . (6554)
Sij
Similarly, we get that
Vii\gSij
Voo, D = {M + mvm,,(vi,»)}. (6.55.5)
85ij )

Since
vij(gsij)  vij(g) N vij(sij)
8Sij 8 Sij

subtracting (6.55.4) from (6.55.5) yields

) (6.55.6)

Vo, D = Vo, D = D(g) € H'(U, Oy). (6.55.7)
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As we noted in (6.54), D(g) = 0in H'(U, Oy). Thus VoD = Vi, D (as classes
in H'(U, Oy)). Independence of the choice of m is shown by the formula
Vi j(Sfj)

V(o’,"n)D = { o + rmVU,.I.(v;j)} =r- {

ij

vij(sij)

)

+ mVy,, (v; j)} . (6.55.8)

Thus VD is well defined and this proves (1-2).
Finally, w’(’}D is free iff o, lifts to a section of w}’D, and VD - o, is the lifting
obstruction. This implies (3). ]

Remark 6.56. Let x € X be an isolated normal singularity and U := X \ {x}.
Then H'(U, Oy) = HX(X, Ox) and H'(U, Ty) = HX(X, Tx). Thus if 0 ~ Oy
for some m > 0 then the divergence in (6.52.5) becomes a map

V: T'(X) - HX(X, O).
If depth, Ox > 3 then Hf(X, Ox) = 0 by Grothendieck’s vanishing theorem

(10.29.5), thus in this case the divergence vanishes and sections of wy; lift to
all first order deformations. This, however, already follows from (6.54.3) since
H'(U,w) = H'(U, Oy) = HA(X, Ox) = 0.

If X is Ic and wy is locally free, then sections of wy lift to any deforma-
tion by Kolldr and Kovics (2020), see also (2.67). By (6.55) this implies that
V: T'(X) — H'(U, Oy) is the zero map.

This should either have a direct proof or some interesting consequences.

Next we give explicit forms of the maps in the general theory for X := A?
and U := A2\ {(0,0)}. At first this seems quite foolish to do since we already
know that a smooth affine variety has only trivial infinitesimal deformations.
However, we will be able to use these computations to get very detailed infor-
mation about deformations of 2-dimensional cyclic quotient singularities.

Notation 6.57. Let k be a field, X = Aiy and U := X'\ {(0, 0)}. Using the affine
charts Uy ;== U\ (x = 0), U; ;= U\ (y = 0)and Uy, := U\ (xy = 0) we
compute that

H'(U, 6y) = (35 i,j2 1) (6.57.1)
and also that
1 _ (1 i) 1 a.; =
HUTY) = (& & & 2:ij=1).

Note that H' (U, 0y) is naturally a quotient of
H(Uyy, Oy,,) = k[x'y 72 i, j e Z);

but the basis in (6.57.1) depends on the choice of coordinates x,y. Similarly,
H'(U, Ty) is naturally a quotient of H(Ugy, Ty, )-
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It is very convenient computationally that the diagonal subgroup G2, C
GL,; acts on these cohomology groups and subsequent constructions are G2 -
equivariant. In order to keep track of this action it is better to use the G2-
invariant differential operators

Ox:=xg and 9= yg. (6.57.2)

Thus 0,(x"y*) = rx"y*, dy(x"y*) = sx"y* and

H'(U Ty = (L i22,j2 1) P (5 iz 1.j22). (6.57.3)

Xyl

The G,Z,L-eigenspaces in H'(U, Ty) are usually 2-dimensional

< O i> for i,j>2. (6.57.4.a)

Xyl Xiyl

The 1-dimensional eigenspaces are

J

(%) and (Z) for ij22 (6.57.4.b)

The pairing H'(U, Ty) x HY(U, Oy) — H'(U, Oy) defined in (6.44.3) is
especially transparent using the bases (6.57.1-4), since

ad—boy
xiyl

(x'y*) = (ar = bs) - xX"'y*, (6.57.5)

where a,b € k and i, j > 1. This is identically O as an element of H(Uy,, Ou,)
iff ar — bs = 0. It is more important to know when this is 0 as an element of
HY(U, Oy). The latter holds iff

(6.a) either ar — bs = 0, or

(6.b) r>i,ors > j.

This easily implies that the left kernel of H'(U, Ty)x H(U, 6y) — H'(U, Oy)
is trivial, hence T'(A?) = 0 by (6.46.2); but this we already knew.

Combining (6.51) and (6.53) gives the following.

Lemma 6.58. Using the above notation, let D € HY(U, Ty) and Uy the corre-
sponding deformation. Then f(dx A dy)™ lifts to a section of wy; iff

D(f) + mfVD € H\(U, Oy) vanishes. o
We are thus interested in computing the kernels of the operators
(D, f) = D(f) + mfVD.

We start by describing the kernel of V.
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6.59 (Computing the divergence). Set D := (ad, — bd,)x"'y~J. By explicit
computation,

ad,—bdy a(i—1)-b(j—
V(L) = 4D, (6.59.1)

X'yl xtyl
Thus VD is identically zero iff a(i—1) —b(j— 1) = 0. If D is a nonzero element
of H'(U, Ty) then i, j > 0 and then VD is 0 as an element of H' (U, Oy) iff it is
identically zero.
If (i, j) = (1,1) then VD = 0, but then D vanishes in H'(U, Ty). If VD = 0
and i = 1,j > 1 then b = 0 and again D vanishes in H'(U, Ty). Thus we
conclude that

ket[H' (U, Ty) 5 H'(U, 6p)] = (L2200 s 0), (6.59.2)

Xyl

Corollary 6.60. Let D € H' (U, Ty). Then D(xy), VD € H' (U, Oy) are both 0
iff D is contained in the subspace

—0y .
Kyw = (‘('Xy),' ti22) c H'(U.Ty).

Proof Corresponding to the 2 cases in (6.57.6.a-b), the kernel of the map
D — D(xy) € H'(U, Oy) is a direct sum of 2 subspaces

K, = (”;,’yf" 1,j22) and K :=(2, Geiij22). (6.60.1)
Combining this with (6.59.2) gives the claim. O

6.6 Deformations of cyclic quotient singularities

We use the methods of the previous section to understand first order deforma-
tions of cyclic quotient singularities. It is based on Altmann and Kollar (2019),
which uses toric geometry. For cyclic quotients the 2 approaches are equiva-
lent, but they suggest different generalizations.

Notation 6.61. X is a pure dimensional, S, scheme over a field k such that wy
is locally free outside a closed subset Z C X of codimension > 2 and wg"] is
locally free for some m > 0. The smallest such m > 0 is called the index of wy.
Both of these conditions are satisfied by schemes with slc singularities.

Let (0,T) be a local scheme such that k(0) ~ k and p: Xy — T a flat
deformation of X ~ Xj. As in (2.5), for every r € Z we have maps

R[r] . w[r]

ol — Wy, (6.61.1)

These maps are isomorphisms over X\Z and we are interested in understanding
those cases when RU"! is an isomorphisms over X.
By (9.17), if T is Artinian, then R""! is an isomorphism < Rl is surjective

& ol

X7 /T is flat over T'.
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Definition 6.62. Let p: X; — T be a flat deformation as in (6.61).

(6.62.1) We call p: X; — T a KSB-deformation if R is an isomorphism for
every r. It is enough to check these for r = 1,...,index(wy). (These are also
called qG-deformations. The letter is short for ‘quotient of Gorenstein,” but this
is misleading if dim X > 3.) These appear on KSB-stable families (6.16).

(6.62.2) We call p: Xr — T a Viehweg-type deformation (or V-deformation) if
R is an isomorphism for every r divisible by index(wy). It is enough to check
this for = index(wy). These appear on V*-stable families (6.31).

(6.62.3) We call p: X;p — T a Wahl-type deformation (or W-deformation) if
R is an isomorphism for r = —1. These deformations were considered in
Wahl (1980, 1981) and called w*-constant deformations there.

(6.62.4) We call p: Xy — T a VW-deformation if it is both a V-deformation
and a W-deformation.

It is clear that every KSB-deformation is also a VW-deformation. Under-
standing the precise relationship between these four classes has been a long
standing open problem, especially for quotient singularities of surfaces. For
reduced base spaces we have the following, which is a combination of (4.33)
and (3.1).

Theorem 6.63. A flat deformation of an slc variety over a reduced, local
scheme of characteristic 0 is a V-deformation iff it is a KSB-deformation.

This raised the possibility that every V-deformation of an slc singularity is
also a KSB-deformation over arbitrary base schemes. It would be enough to
check this for Artinian bases. Here we focus on first order deformations and
prove that these 2 classes are quite different from each other.

Definition 6.64. Let X be a scheme such satisfying the assumptions of (6.61).
Let T'(X) be the set of isomorphism classes of deformations of X over k[&].
This is a (possibly infinite dimensional) k-vector space. Let T¢p(X) C T'(X)
denote the space of first order KSB-deformations, T‘l/ (X) the space of first order
V-deformations, T‘EV(X) the space of first order W-deformations and T",W(X)
the space of first order VW-deformations. We have obvious inclusions

TrspX) C Ty (X) € Ty(X), Ty(X) € T'(X),

but the relationship between T,(X) and T'j,(X) is not clear.

These T!(X) are the tangent spaces to the corresponding miniversal defor-
mation spaces; we denote these by Defgsp(X), Defy(X) and so on. See Artin
(1976) or Looijenga (1984) for precise definitions and introductions, or (2.25—
2.29) for details on surface quotient singularities.
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6.65 (Cyclic quotient singularities). Let %(1 , q) denote the cyclic group action
g: (x,y) = (nx,n%y), where n is a primitive nth root of unity. We always as-
sume that char k { n and (n, ¢) = 1; then the action is free outside the origin on
A? = Spec k[x, y]. The ring of invariants is

Ry, = klx,y1° = k[x'y/: i,j>0,i+¢gj=0 mod n], (6.65.1)
and the corresponding quotient singularity is
Sug = A%/1(1,q) = Spec; Ry, (6.65.2)

While we work with this affine model, all the results apply to its localization,
Henselisation or completion at the origin.

We can also choose ” = n? as our primitive nth root of unity. This shows
the isomorphism S, , = S, 4 if g¢' =1 mod n.

Various ways of studying such singularities go back a long time. The first
relevant work might be Jung (1908). See also Brieskorn (1967/1968).

In (6.70) we give an algorithm that yields an explicit, minimal generating
set of R,,. The number of generators is the embedding dimension.

For us the embedding dimension is the most natural invariant, but tradition-
ally the multiplicity is considered the basic one. For cyclic quotients, more
generally, for rational surface singularities, these are related by the formula

embdim(S ,,,) = mult(S ) + 1. (6.65.3)

We completely describe first order KSB-, V- and W-deformations of cyclic
quotient singularities. The main conclusion is that KSB-deformations and V-
deformations are quite different over Artinian bases; see (6.82).

The A,,--singularity A2/ %(1, n — 1) has embedding dimension 3, and all of
its deformations are KSB. In the other cases, we have the following.

Theorem 6.66. Let S, , := Az/%(l,q) be as in (6.65) with g # n — 1. Then
dim 7}(S ,,) — dim T},(S ,,) = embdim(S ,.,) —4 or embdim(S,,) - 5.

In particular, if embdim(S ,,,) > 6 then S, 4 has V-deformations that are not
VW-deformations, hence also not KSB-deformations.

Complement 6.66.1. In (6.85) we list all §,, 4, for which every V-deformation is
a KSB-deformation.

By contrast, KSB-deformations and VW-deformations are quite close to
each other, as shown by the next result, proved in (6.84).

Theorem 6.67. Let S, := A%/ L(1,9) be as in (6.65).
(6.67.1) If (n,q + 1) = 1, then Defsp(S ) = Defyw(S,.4) = {0},
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(6.67.2) If S .4 admits a KSB-smoothing, then Def gsp(S ,.4) = Defyw(S 19).
(6.67.3) In general, dAim T (S ng) < dim T}y (S q) < dim Tgp(Sng) + 1.

Next we discuss what the general theory of the previous section says about
deformations of 2-dimensional quotient singularities.

6.68 (Deformation of quotients). Let k be a field, X an affine k-scheme that is
S2, x € X aclosed point and U := X \ {x}. Let G be a finite group acting on
X such that x is a G-fixed point and the action is free on U. The quotient map
ny: U — U/G is finite and étale. This extends to a finite map nx: X — X/G
which is ramified at x.

Oy is identified with the G-invariant subsheaf (m,Oy)° and similarly wy,c
is identified with (,w)°. (For the latter we need that the action is free). Thus

H(U/G, Oyjc) = H'(U, Oy)° = H(X, Ox)°, and

H(U/G, W) = HU, 00 = HO(X, 0O

(6.68.1)

If chark 1 |G| then the G-invariant subsheaf is a direct summand, hence by
taking cohomologies we similarly see that

H'(U/G, Oyj6) = H'(U,0y)° and H'(U/G,Tys6) = H' (U, Ty)°.

If D e H'(U, Ty) is G-invariant, then U}, descends to a deformation (U/G)p of
U/G; these give all first order deformations. If HY(U/G, Oyyc) is flat over k[ ],
then its spectrum gives a flat deformation of X/G and every flat deformation
that is locally trivial on U/G arises this way.

Thus, using (6.46) we get the following fundamental observation.

Theorem 6.69. Schlessinger (1971) Let k be a field, X a smooth, affine k-
variety, x € X a closed point and U := X \ {x}. Let G be a finite group acting
on X such that x is a G-fixed point, the action is free on U and chark { |G|.
Then T'(X/G) is the left kernel of the pairing

HY(U, Ty)’ x H'(U, 0)° —» H'(U, 0y)° (6.69.1)

defined in (6.44). More generally, if X is normal, the left kernel corresponds to
those flat deformations of X/G that are locally trivial on U/G. O

Next we compute the terms in (6.69.1) for cyclic quotient singularities.

Notation 6.70. Our aim is to describe the generators of R, , as in (6.65.1). We
assume that chark ¥ n and (n,q) = 1.

Most of the following formulas can be found in Riemenschneider (1974);
see Stevens (2013) for an introduction and many examples.

The group action preserves the monomials, hence R,, has a generating set



6.6 Deformations of cyclic quotient singularities 251

consisting of monomials. A non-minimal generating set can be constructed as
follows. For any 0 < j < nlet 0 < 7y; < n be the unique integer such that
vj+¢qj=0 mod n. Then

2 n—1 _n
9

n —
XMy, XYL x Ty y

is a generating set of R,,. We know that y; = n — g and y,-; = ¢q. This is
a minimal generating set of R, as a k[x",y"]-module, but usually not as a k-
algebra. Indeed, x”'y" divides x7y/ if y; < y; and i < j. In any concrete case
one can use this observation to get a minimal set of algebra generators.

We label the monomials of the minimal algebra generators as M; = x%y”,
ordered by increasing y-powers

My = X", My = X"y = x"y"' M, = x2y, ... M, =y (6.70.1)

At the same time the g; form a decreasing sequence. Indeed, if b; < b; and
a; < aj then M; divides M; so the sequence would not be minimal.
From (6.71.2) we obtain that there are relations of the form

M =M My, for i=1,....,r—1 (6.70.2)
This tells us that the a; and the ¢; are recursively defined by
ap =n,a; =n—gq,c =lai_1/a;l,a;s1 = cia; — a;_;. (6.70.3)

Similarly, by = 0,0y = 1 and b;y; = ¢;b; — b;_;. These imply that (a;, a;41) =
(bisbiv1) = 1 for every i and that the ¢; > 2 are computed by the modified
continued fraction expansion

S — (6.70.4)

Cy —

Cy— e

The following observations about the a;, b;, ¢; are quite useful. The first 2 fol-

low from the original construction of the M;, the 3rd from (6.70.5) and the last
one is equivalent to (6.71.3).

a;i-1 = min{a > 0: 3x*y# € R, such that B < b;} for i > 0.

bis1 = min{B > 0: x*y# € R, such that @ < a;} fori < r.

ci—1=|%] = |2 for0<i<r.

al‘le - ai+1bi =nforO<i<r.

Note that r + 1 is the embedding dimension of S, and r is its multiplicity.
Thus r = 2 iff My = M,_; = xy and hence we have the A,_;-singularity
A? /%(1, —1). These are exceptional for many of the subsequent formulas, so
we assume from now on that r > 3.
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6.71 (Cones and semigroups). Let v, v; € Z? be primitive vectors and C :=
Rsovo + Rsgv; € R? the closed cone spanned by them. Let C(Z) be the closed,
convex hull of (Z2N C)\ {(0,0)} and N(C) the part of the boundary of C(Z) that
connects vy and vy. Let my = vg, my,...,m,_1,m, = v| be the integral points in
N(C) as we move from vy to v;. We leave it to the reader to prove that
(6.71.1) the m; generate the semigroup Z> N C,
(6.71.2) there are cy,...,c,_1 > 2 such that ¢;m; = m;_; + m;y1, and
(6.71.3) the triangles with vertices {(0, 0), m;, m;;1} all have the same area.
Thus R(C), the semigroup algebra of Z*> N C, is generated by my, . . ., m;.

For 1 < g < nand (n,g) = 1 consider the cone C,,; spanned by vo = (1,0)
and v; = (¢, n). Then

Zzﬁqu=(£v0+;{v1:i,jZO,i+quO mod n).

Thus we see that the semigroup algebra R(C,,) is isomorphic to the algebra of
invariants R,, defined in (6.65). (It is not hard to see that, up-to the action of
SL(2,Z), every rational cone in R? is of the form Cng.)

6.72 (Computing T'(S ng))- Continuing with the notation of (6.68-6.70), we
see that D € H'(U, Ty)® is in Tl(an) iff D(M;) =0 € H'(U, Oy) for every i.

Since the pairing (6.69.1) is G2-equivariant, it is sufficient to consider one
eigenspace at a time. As in (6.57.4.a-b), the eigenspaces in HY(U,Ty)C are
usually 2-dimensional and of the form

(2.2), (6.72.1)

MM
where M is a monomial in the M;-s involving both x,y. The exceptions are
1-dimensional subspaces. For every s > 0 we have two of them

(2r) and  (5725)- (6.72.2)

MM, MM}

Thus we can write D = (a0, — 80,)/M. Note that
D(x"y") = (aa - Bb) 5. (6.72.3)

hence if a < ord, M and b < ord, M, then this is zero in HY\(U, Oy) iff Bla =
a/b. Thus if M is divisible by at least 2 different monomials M;, M; for 0 <
i,j < rthen D(M;) = 0 and D(M;) = 0 imply that we need to satisfy both of
the equations 8/a = a;/b; and B/a = a;/b;, a contradiction. We get a similar
contradiction for the eigenspaces (6.72.2) if s > 0. We are left with the cases
when M = M} for some 0 < i < r. If s > 2 then D(M;) = O implies that
D = (biax - aiﬁy)/Mf. Then b,-aj - a,-bj #0 fOI'j # i hence D(Mj) = (bia.,- -
a;b;)(M;/M]) vanishes in H\U, Oy) iff sa; < ajor sb; < b;. If j < ithen

bj < b;, hence sa; < a; must hold. Since the a; form a decreasing sequence,
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we need sa; < a;_;. Similarly, sb; < bj,1. By (6.70.5.c) these are equivalent
to s < ¢; — 1. We have thus proved the following result of Riemenschneider
(1974); Pinkham (1977).

Proposition 6.73. Let M; = x“y" fori = 0,...,r be the generators of Ry, as
in(6.70.1). Then T (Sny) C H'(U, Ty) has a basis consisting of

(o 2t and &, 32<i<r-2}, (6.73.1)
plus the possibly empty set

{%:199—1,235@»—1} (6.73.2)

where ¢; = [“1] = [ %17 is defined in (6.70.2).
6.74 (Powers of w). Fix any m € Z. Then H(U, w?{;) has a basis consisting of
M(dx Ady)" where M is any monomial. Thus H°(S ,,, a)[s'"]) = H'(U/G, W)
has a basis consisting of

(xYP(dx Ady)": a+qb = —m(1 +¢) mod n). (6.74.1)

For D € T'(S ng) let Sp denote the corresponding deformation. By (6.58)
x4yP(dx A dy)" f lifts to a section of w{" iff

D(xY?) + mxy’VD = 0 € H'(U, 0y). (6.74.2)

It is enough to check (6.74.2) for a minimal generating set of HO(S ngs wg’:‘:) as

an R,;-module. In any given case this can be worked out by hand, but there are
two instances where the answer is simple.

(6.74.3) If n | (g + 1)m then H'(S ,,, wy, ) is cyclic with generator (dx A dy)™.
(6.74.4)If m = —1 then xy(dxAdy)~" is G-invariant and every x*y*(dxAdy)~! is
a multiple of it, save for powers of x or y. Thus “’E,L, has 3 generating sections:

xy L+l '+
dxAndy’ dxAdy’ dxAdy*

6.75 (V-deformations). If n | (g+ 1)m then (dx Ady)™ is a generator by (6.74.3)
thus the condition (6.74.2) is equivalent to VD = 0.

Therefore T‘I,(S ng) €quals the intersection of T'(S ng) With the kernel of V.
The former was computed in (6.73), the latter in (6.59.2). Thus we see that a
basis of T‘I,(S ng) 18

{(Ccta® 2 <i<r-2) (6.75.1.a)

and, if M; is a power of xy for some i, then we have to add

{u ZSSSCi—1}~ (6.75.1.b)
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6.76 (W-deformations). By (6.74.4), w;(}G has 3 generating sections. Thus, by
(6.74.2), D corresponds to a W-deformation iff D(xy) — xyVD = 0,
D(x?*1y = x7*'VD = 0 and D(y? ) — y7+'VD = 0.

The first of these conditions is especially strong. We do not compute it here,
rather go directly to the next case where the answer is simpler.

6.77 (VW-deformations). Combining (6.75) and (6.76) we get the description
of VW-deformations. These satisfy the conditions

(6.77.1) D(xy) = 0, D(x7*') = 0 and D(y?*') = 0.

We computed the subspace Kyy where then first two hold in (6.60). It is
spanned by the derivations (9, —dy)(xy)™ for i > 2. Comparing this with (6.73)
we get the following.

Claim 6.77.2. If T‘I,W(S ng) # 0 then R,; has a minimal generator of the form
M; = (xy)“. O

In order to put this into a cleaner form, assume that (xy)° is the smallest G-
invariant power of xy. Note that (xy)* = MyM, is G-invariant, but it is not one
of the M;. We have s(g+ 1) =0 mod n, thus if s <nthenb :=(n,qg+ 1) > 1.
‘We have thus shown the following.

Claim 6.77.3. Assume that (n,g+ 1) = 1. Then T}(SB(S,,,]) = T‘l,W(an) =0and
dim T&,(S,,q) =r-3. O

Claim 6.77.4. Assume that M; = (xy)* for some i (so @; = b; = a). Then the
space of VW-deformations is spanned by

90y : g+l g'+1
{Tf‘ 1< sSmln{c,-— I’T’T}}'

Proof The first restriction on s we get from (6.73.2). Then D(x4*!) = 0 is
equivalent to sa < g + 1 and D(y?*') = 0 is equivalent to sa < ¢’ + 1. These
give the last 2 restrictions. O

We thus need to compare the two upper bounds occurring in (6.75.1.b) and
(6.77.4). The key is the following general estimate.

Lemma 6.78. Using the notation of (6.70) we have
ai-1 biy
S <t L

Proof Note that n = a;b;1 —a;4+1b; by (6.70.5.d). Dividing by a;b; we get that

n_ _ by Qivl

aib; bi a; *

Since the a; form a decreasing sequence, % < 1. O
g
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The final estimate connecting (6.75.1.b) and (6.77.4) is easier to state using
a different system of indexing the singularities.

Notation 6.79. Setb = (n,g+1) and write n = ab, g+ 1 = bc where (a,c) = 1.
The inverse (modulo ab) of bc — 1 is written as bc” — 1. We thus have the
singularity

Sabe 1= Sug = A%/ L(1,bc = 1) = A*/ L (1,6 - 1) (6.79.1)
Note that (xy)® is the smallest G-invariant power of xy, but it need not be among
the generators M;; see (6.81).
Corollary 6.80. Assume in addition that M; = (xy)* for some i. Then

12) <minfc; — 1,20, T8 <o - 1 < [ B)+ 1 (6.80.1)

v g

Proof First we claim that

. . . 1 d+1 . . :
b < min{ee, 2 4 LY < infan B o by, (6.80.2)

a a a; i

To see this note that g = bc — 1,4' = bc’ — 1. Thus b < g+ 1,4" + 1, so it is
enough to show that

b Smin{a’—",lﬂ} <.
a a b; a

i

Since n = ab and a = a; = b;, the latter is equivalent to (6.78). Taking the
round-down gives (1) using (6.70.5.c). O

Example 6.81. Assume that x%y® is G-invariant. From @ + B(bc — 1) = 0
mod ab we see that @ = § mod b. Thus if 0 < @, < 2b then either @ = g or
a=8=+b.

It turns out that if @ < b then we can write down these invariants explicitly.
Corresponding to the first case we have (xy)“ (and its square). In order to get the
other cases, let 0 < e < a (resp. 0 < ¢’ < a) be the unique solution of ec = —1
mod a (resp. ¢’¢’ = —1 mod a). Then (b + e) + e(bc — 1) = blec+1) =0
mod ab and €’(bc’ — 1) + (b +¢€’) = b(e’c’ + 1) =0 mod ab. Thus we get the
minimal generators

_ bte e _ ,a.a _ e b+e
My = X775 M = X, My = x7y7° .

This gives that ¢; — 1 = | 2¢] = | &< .

Fixing a, b we can choose any 0 < e < a such that (a, e) = 1 and then solve
for ¢. Thus we see that if » = 0 mod a then I_SJ = ¢; — | for every e and if
b = -1 mod a then LSJ = ¢; — 2 for every e, but otherwise both are possible
for suitable choice of e.

We see in (6.83) that the condition a < b holds iff S, has a nontrivial

KSB-deformation, so this is a natural class to consider.
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6.82 (Proof of 6.66). Comparing (6.75) and (6.77) we see that the derivations
listed in (6.75.1) give V-deformations, but not W-deformations. The only pos-
sible exception occurs if M; = (xy)* for some i. Thus we have 2 cases.

If M; = (xy)* does not occur, then dim T{(S ,q) = dim T}, (S »g) + r = 3.

If M; = (xy)* for some i then (6.75.1) gives r — 4 basis vectors that give V-
deformations, but not W-deformations. By (6.80), there is at most 1 derivation
as in (6.75.2) that gives a V-deformation that is not a W-deformation. O

6.83 (KSB-deformations). From (6.58) and (6.70.2)) we see that D corre-
sponds to a KSB-deformation iff D(x'y/)+mx'y/VD = 0 whenever i+ j(bc—1) =
—mbc mod ab.

First we use this for (dx A dy)® to conclude that VD = 0. Second, we note
that since (a, c) = 1, the congruence i + j(bc — 1) = —mbc mod ab holds for
some miffi = j mod b. The ring of such monomials is generated by x’, xy, y*.
Thus D gives a first order KSB-deformation iff
(6.83.1) VD =0, D(xy) = 0, D(x*) = 0 and D(y*) = 0.

We thus get that TII(SB(S abe) 18 spanned by the derivations

{‘(’)Q;;’ 1< s<b/al). (6.83.2)

The corresponding deformations were written down in (Wahl, 1980, 2.7):
Wy —w’ = W™ = = WP = 0)/1 (1, be - 1, 0. (6.83.3)

To make this G2 -equivariant, the G2-action on #; should be the same as on
(xy)¥. Thus (6.83.5) describes a smooth subscheme T of Defgsp(S o) and
dimT = |b/a]. By (6.83.2), the tangent space of Defgsp(S 45) has dimension
Lb/a], so T = Defgsp(S ape) and Def gsp(S 4pe) 18 smooth.

In particular, there is a nontrivial 1-parameter KSB-deformation iff a < b
and there is a KSB-smoothing iff a|b. Note that a < b is equivalent to ab < b?
and we have proved the following.

Claim 6.83.6. The singularity S ,, has
(a) a KSB-smoothing iff n|(g + 1)?, and
(b) anontrivial KSB-deformation iff n < (n,q + 1)2. Furthermore,
(©) dim Tyep(Syy) = Lb/al = [(n,q + 1)*/n]. o
If alb then write b = ad. We get the singularities
Wade := 5 (1,ade = 1) = (uv = w* = 0)/1(1,-1,¢). (6.83.7)
In this case b/a = ¢; — 1 hence the above arguments give the following.

Claim 6.83.8. For the singularities W, = Az/ﬁ(l,adc — 1) every VW-
deformation is a KSB-deformation. O
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6.84 (Proof of 6.67). Note that (6.67.1) follows from (6.77.3) and (6.67.2)
from (6.83.8) for first order deformations. Since Defggg(S,.4) is smooth by
(2.29) or by the explicit description (6.83.5), equality of the tangent spaces
Tis5(Snq) = Ty (S ng) implies that Def gsp(S 1g) = Defyw (S uq)-
In order to prove (6.67.3) we consider 2 cases. If R,,;, does not have a minimal
generator of the form M; = (xy)“ then T‘I,W(an) = TII(SB(S ng) = {0} by (6.77.4).
Otherwise, we have proved in (6.83) that

dim Tgp(A%/ 35(1,be = D) = 2]
and (6.80) shows that
dim T}y, (A%/ L (1, bc = 1)) = minfe; - 1, 21 £ < 2410 o
Examples 6.85. We work out (6.66.1), that is, list those cyclic quotients sin-
gularities for which every V-deformation is a KSB-deformation.

6.85.1 (Double points). These are the A, singularities; every deformation is a
KSB-deformation.

6.85.2 (Triple points). For cyclic quotient triple points the minimal generators
of its coordinate ring are x", x" %y, xy”‘q/, y". Thus # has a 2-step continued
fraction expansion involving cy, c;. Setting ¢; = e,c; = d we have the singu-
larities Az/ﬁ(l, ed — d — 1). with invariants x¢~!, xdy, xye,yed‘l. By (6.75)
we have T, = T}, = 0.

6.85.3 (Quadruple points). By (6.66) and (6.82), every cyclic quotient singu-
larity of multiplicity 4 has a V-deformation that is not a KSB-deformation,
unless M, (6.70.1) is a power of xy. Thus in this case the minimal generators
of its coordinate ring are x", X"y, x%y“, xy"~7 , y".

The equation M3* = M; M3 now implies that g = ¢’. Thus # has a 3-step
continued fraction expansion involving ¢y, ¢, c3 = ¢;. By expanding it we see
that ¢; = a. Setting ¢, = d the singularity is Az/m(l, (ad—2)(a-1)-1),
and the ring of invariants is k[x*@42) x4d=1y yaya xyad=1 yalad=2)]

Thus [(ad —2)/a] = d -1 = ¢, — 1 and hence, by (6.75) and (6.83), T‘I, =
T}(SB is spanned by {IZ;;)(?‘ c1<s<d- 1}. These singularities admit a KSB-
smoothing iff @ = 2. Then, after replacing d — 1 by d, the normal form becomes
A?/ ﬁ(l, 2d —1). Together with the A, -series, these are the only cyclic quotient
singularities with a KSB-smoothing for which every V-deformation is a KSB-
deformation.

6.85.4 (Higher multiplicity points). By (6.66), every cyclic quotient singularity
of multiplicity > 5 has V-deformations that are not KSB-deformations.



Chapter 7

Cayley flatness

There are 2 traditional notions of what a ‘family of varieties’ is: the older
Cayley-Chow variant (3.5) and the currently ubiquitous Hilbert-Grothendieck
variant (3.6), which puts flatness at the center.

For stable varieties, the Hilbert-Grothendieck approach gives the correct
moduli theory. That is, a stable morphism X — § is a flat morphism with
additional properties, as in Section 6.2.

A major problem in the moduli theory of stable pairs is that, while the un-
derlying varieties X form flat families, the divisorial parts A do not. Neither of
the two main traditional methods of parametrizing varieties or schemes gives
the right answer for the divisorial part.

e Cayley-Chow theory works only over reduced base schemes.

e Hilbert-Grothendieck theory works only when the coefficients of A satisfy

various restrictions, as in Sections 6.2 and 6.4.

In this chapter we develop a theory—called K-flatness—that interpolates be-
tween these two, managing to keep from both of them the properties that we
need. The objects that we parametrize are divisors—so the strong geometric
flavor of Cayley-Chow theory is preserved—but one can work over Artinian
base schemes. The latter is one of the key advantages of the theory of Hilbert
schemes. Quite unexpectedly, the new theory behaves better than either of the
classical approaches in several aspects; see especially (7.4-7.5).

One might say that the main new result is Definition 7.1; we discuss its
origin and relationship to the classical theory of Chow varieties in (7.2). The
rest of this chapter is then devoted to proving that it has all the hoped-for
properties. (Actually, we end up with several variants, but we conjecture them
to be equivalent; see Section 7.4.)

The definition of K-flatness and its main properties are discussed in Sec-
tion 7.1, while Section 7.2 reviews divisor theory over Artinian schemes. The
key notion of divisorial support is introduced and studied in Section 7.3.

258
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Several versions of K-flatness are investigated in Section 7.4. For our treat-
ment, technically the most important is C-flatness, which is treated in detail in
Section 7.5. The main results are proved in Section 7.6.

Sections 7.7-7.9 are devoted to examples. First we show that a K-flat defor-
mation of a normal variety is flat. Then we describe first order K-flat deforma-
tions of plane curves in Section 7.8 and of seminormal curves in Section 7.9.
While the computations are somewhat lengthy, the answers are quite nice.

Assumptions. In this Chapter we work over an arbitrary field k.
7.1 K-flatness

We eventually introduce several closely related (possibly equivalent) notions
in (7.37). The most natural one is C-flatness, which is closest to the ideas of
Cayley. Aiming to create a notion that is independent of projective embeddings
led to K-flatness. Conveniently, K is also the first syllable of Cayley.

Definition 7.1 (K-flatness). Let f: X — S be a projective morphism of pure
relative dimension n. A relative Mumford divisor D C X as in (4.68) is K-flat
over S iff one of the following—increasingly more general—conditions hold.

(7.1.1) (S local with infinite residue field) For every finite morphism 7: X —
P¢, m.D C Pg is a relative Cartier divisor.

(7.1.2) (S local) For some (equivalently every) flat, local morphism ¢: S’ —
S, where S’ has infinite residue field, the pull-back ¢*D is K-flat over S”.

(7.1.3) (S arbitrary) D is K-flat over every localization of §.
Let us start with some comments on the definition.

(7.1.4) The definition of 7..D is not always obvious; in essence Section 7.3 is
mainly devoted to establishing it. However, . D equals the scheme-theoretic
image of D if red D — red(x(D)) is birational and 7 is étale at every generic
point of the closed fiber D, (7.28.2). It is sufficient to check condition
(7.1.1) for such morphisms 7: X — P%.

(7.1.5) If S is not local, then there may not be any finite morphisms 7: X —
P¢; see (7.7.2) for an example. This is one reason for the 3 step definition.

(7.1.6) The residue field extension in (7.1.2) is necessary in some cases; see
for example (7.80.9).

(7.1.7) The definition of K-flatness is global in nature, but we show that it is
in fact local on X (7.52).

(7.1.8) We eventually define K-flatness also for families of coherent sheaves
in (7.37). This turns out to be quite convenient technically. However, while
the images . D carry a lot of information about a Mumford divisor D, much
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of the sheaf information is lost. Thus it is unlikely that K-flatness can be
useful for studying the moduli of sheaves.

7.2. (Why this definition?) The idea in the papers Cayley (1860, 1862) is to
associate to a subvariety Y"~! ¢ PkN a hypersurface

Ch(Y) := {L € Gr(N-n,P})): YN L # 0} c Gr(N-n,P}),

we call it the Cayley-Chow hypersurface. In modern terminology, the end re-
sult is that, over weakly normal bases, there is a one-to-one correspondence

well defined families flat families of
of subvarieties Cayley-Chow hypersurfaces

}; (7.2.1)

see Section 4.8 or (Kollar, 1996, Sec.1.3) for details.

The correspondence (7.2.1) works well for geometrically reduced, pure di-
mensional subschemes, but for an arbitrary subscheme Z c PV, its Cayley-
Chow hypersurface Ch(Z) detects only red Z and the multiplicities of Z at the
maximal dimensional generic points. This is where the role of X and the Mum-
ford condition become crucial: a Mumford divisor D C X is uniquely deter-
mined by red D and the multiplicities.

We know how to define flatness in general, so we try to make the above
equivalence into a definition over an arbitrary base scheme. Solet f: X — §
be a flat, projective morphism, say with reduced fibers of pure dimension 7.
Fix an embedding X — ]P’ISV and let D ¢ X be a Mumford divisor. We say that
D is C-flat over S iff Ch(D/S) is flat over S. (This needs a suitable extension
of the definition of Ch(D/S) to allow for multiple fibers; see (7.37) for details.)

There are two immediate disadvantages of C-flatness. Cayley-Chow hyper-
surfaces are unwieldy objects and the resulting notion is very much tied to the
choice of an embedding X" < PV.

One can think of a Cayley-Chow hypersurface Ch(D/S) as encoding the
images n(D) for all linear projections r: PISV --» P5. (This also goes back to
Cayley; it is worked out in Catanese (1992); Dalbec and Sturmfels (1995);
Kollér (1999).) One can show that the Cayley-Chow hypersurface Ch(D/S) is
flat over S iff 7(D) C P is flat over §, for all linear projections r: P’SV -» P§
that are finite on Supp D; see (7.47). (In fact, by (7.47), it is enough to check
this for a dense set of projections. We need S to be local with infinite residue
field to ensure that there are enough projections.)

This suggests three different generalizations of C-flatness. We can work with
e projective morphisms f: X — S and all finite 7: X — P%,

e affine morphisms f: U — § and all finite 7: U — A%, or

e morphisms of complete, local schemes f: X — S and all finite 7: X — Kg
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The affine version has the problem that, even if S is local, there might not be
any finite morphisms 7: U — AY; see (7.38.4) for more on this. Working with
complete, local schemes would be the best theoretically, but several of the tech-
nical problems remain unresolved. This leaves us with projective morphisms,
which is our definition of K-flatness.

The key technical result (7.40) shows that K-flatness is equivalent to C-
flatness for every Veronese embedding X — P’SV N ]P’g” (where M = (N;I'")— 1);
we call the resulting notion stable C-flatness.

We conjecture that stable C-flatness, K-flatness, local K-flatness and formal
K-flatness are equivalent, giving a very robust concept. This would show that
our notion is truly about the singularities in families of divisors. The equiva-
lence of C-flatness and K-flatness would be very helpful computationally, but
does not seem to be theoretically significant.

Good properties of K-flatness

K-flat families have several good properties. Some of them are needed for the
moduli theory of stable pairs, but others, for example (7.5), come as bonus.

The functoriality of K-flatness is not obvious. Indeed, let T c S be a closed
subscheme, Then a finite morphism 77 : Xr — P} need not extend to a finite
morphism 75 : Xy — P§. Thus flatness of all 75 (Xs) does not directly imply
that 77(X7) is also flat.

Nonetheless, we prove in (7.40) and (7.50) that being K-flat is preserved by
arbitrary base changes and it descends from faithfully flat base changes. Thus
we get the functor KDiv(X/S) of K-flat, relative Mumford divisors on X/S. If
we have a fixed relatively ample divisor H on X, then K Div,(X/S) denotes the
functor of K-flat, relative Mumford divisors of degree d.

We have a disjoint union decomposition K Div(X/S) = U;KDivy(X/S). The
main result is the following, to be proved in (7.66).

Theorem 7.3. Let f: X — S be a projective morphism of pure relative dimen-
sion n. Then the functor KDiv,(X/S) of K-flat, relative Mumford divisors of
degree d is representable by a separated S -scheme of finite type KDiv,(X/S).

Complement 7.3.1. If f is flat with normal fibers then KDiv,(X/S) is proper
over S, but otherwise usually not. This is not a problem for us.

7.4 (Properties of K-flatness). We list a series of good properties of K-flatness.
Let f: X — S be a projective morphism of pure relative dimension n and D or
D; relative Mumford divisors.

7.4.1 ( Comparison with flatness). K-flatness is a generalization of flatness and
it is equivalent to it for smooth morphisms and for normal divisors.
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o If flp: D — § is flat then D is K-flat; see (7.54).

o If f: X — S is smooth, then D is K-flat & D is flat over S & D is a relative
Cartier divisor; see (7.53).

e Assume that D is K-flat, Dy C X, has multiplicity 1 and red(Dy) is normal
for some s € S. Then fl|p: D — S is flat along D, by (7.67).

These properties also hold locally on X. Hence, the notion of K-flatness gives

something new only at the points where f is not smooth and f|p is not flat.

7.4.2 (Reduced base schemes). If S is reduced then every relative Mumford
divisor is K-flat; see (7.29). In retrospect, this is the reason why the moduli
theory of pairs could be developed over reduced base schemes without the
notion of K-flatness in Chapter 4.

7.4.3 ( Artinian base schemes). A divisor D C X is K-flat over S iff Dy C X4
is K-flat over A for every Artinian subscheme A C S; see (7.44).

Thus one can fully understand K-flatness by studying it over reduced bases
(as in Chapter 4) and over Artinian base schemes.

7.4.4 (Push-forward). Let g: Y — S be another projective morphisms of pure
relative dimension n, and 7: X — Y a finite morphism. Assume that D ¢ X
is K-flat and 7.D is also a relative Mumford divisor. (That is, g is smooth at
generic points of 7(Dy) for every s.) Then 7..D is also K-flat, see (7.45). (See
Section 7.3 for the definition of 7,D.)

A similar property fails for flatness; combine (7.7.3) and (7.45).

7.4.5 (Additivity). If Dy, D, are K-flat, then so is D + D5, see (7.45). This again
fails for flatness; see (7.7.3).

7.4.6 (Multiplicativity). Let m > 0 be relatively prime to the residue character-
istics. Then D is K-flat iff mD is K-flat, see (7.45).

By contrast, if A is Artinian, nonreduced, with residue field k of characteris-
tic p > 0, then the divisors D on ]P’f‘ such that pD is K-flat (= relative Cartier),
but D is not K-flat, span an infinite dimensional k-vectorspace; see (7.10.4-5).
This is an extra difficulty in positive characteristic, see Section 8.8.

7.4.7 (Linear equivalence). K-flatness is preserved by linear equivalence, see
(7.33). (Note that flatness is not preserved by linear equivalence (7.7.4).)

7.4.8 (K-flatness depends only on the divisor). It is well understood that in the
theory of pairs (X, A) one can not separate the underlying variety X from the
divisorial part A. For example, if X is a surface with quotient singularities only
and D C X is a smooth curve, then the pair (X, D) is plt if D N Sing X = 0, but
not even Ic in some other cases. It really matters how exactly D sits inside X.
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Thus it is unexpected that K-flatness depends only on the divisor D, not on
the ambient variety X, though maybe this is less surprising if one thinks of
K-flatness as a variant of flatness.

On the other hand, not all K-flat deformations (7.37) of D are realized on de-
formations of a given X. For example, for deformations of the pair (A2, Dy :=
(xy = 0)), K-flatness is equivalent to flatness by (7.4.2). However, there are
deformations of the pair ((xy = z%), (z = 0)) that induce a K-flat, but non-flat
deformation of D, := (xy — z> = z = 0) ~ D,. A typical example is

(y=2 - (x=z+1=0)U(y=z-1)=0)C A} _x A

XyzZ
Now we come to a property that is quite unexpected, but makes the whole

theory much easier to use: K-flatness is essentially a property of surface pairs
(S, D). Thus K-flatness is mostly about families of singular curves.

Theorem 7.5 (Bertini theorems, up and down). Let f: X — S be a projective
morphism of pure relative dimension n, and D a Mumford divisor on X. Assume
that n > 3, and let |H| be a linear system on X that is base point free in
characteristic 0 and very ample in general. Then D is K-flat iff D|y, is K-flat
for general H) € |H|.

This is established by combining (7.57-7.59) with (7.40). As a consequence,
K-flatness is really a question about families of surfaces and curves on them.

This reduction to surfaces is very helpful both conceptually and computa-
tionally, since we have rather complete lists of singularities of log canonical
surface pairs (X, A), at least when the coefficients of A are not too small.

Another variant of the phenomenon, that higher codimension points some-
times do not matter much, is the Hironaka-type flatness theorem (10.72).

7.6 (Problems and questions about K-flatness). There are also some difficulties
with K-flatness. We believe that they do not effect the general moduli theory
of stable pairs, but they make some of the proofs convoluted and explicit com-
putations lengthy.

7.6.1 (The definition is not formal-local). One expects K-flatness to be a formal-
local property on X, but there are some (hopefully only technical) problems
with this. See (7.41) and (7.60) for partial results. This is probably the main
open foundational question.

7.6.2 (Hard to compute). The definition of K-flatness is quite hard to check,
since for X ¢ PV we need to check not just linear projections P]SV -» P¢ (7.36),
but all morphisms X — P involving all linear systems on X.

It is, however, possible that checking general linear projections is in fact
sufficient; see (7.47) and (7.42) for a precise formulation.
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In the examples in Sections 7.8—7.9, the computation of the restrictions im-
posed by general linear projections is the hard part. From the resulting answers
it is then easy read off what happens for all morphisms X — P%. It would be
good to work out more examples of space curves C C A3,

7.6.3 (Tangent space and obstruction theory). We do not know how to write
down the tangent space of KDiv(X/S). A handful of examples are computed
in Sections 7.8-7.9, but they do not seem to suggest any general pattern. The
obstruction theory of K-flatness is completely open.

7.6.4 (Universal deformations). Let D be a reduced, projective scheme over a
field k. Is there a universal deformation space for its K-flat deformations?

Examples 7.7. The first example shows that the space of first order deforma-
tions of the smooth divisor (x = 0) ¢ A2, that are Cartier away from the origin,
is infinite dimensional. Thus working with generically flat divisors (3.26) does
not give a sensible moduli space.

(7.7.1) Start with X := Spec k[x, y, £](xy) over Spec k[£] and set X° := X \ (x =
y = 0). Let g(y~") € y"'k[y~'] be a polynomial of degree n. Then

x+ g e € klx,y, Y eliny

defines a relative Cartier divisor D;, whose restriction to the closed fiber is
(x = 0). One can check (7.14) that, if g1 # g, then Dy and Dy, give different
elements of Pic(X°). Set

I = (%, 0" +Y"'g(y e, ex) C k[x,y, €y, and D, := Speck[x,y, el/I,.
Note that y"g(y~!) is invertible in k[x, y, &l(x,), hence

klx, y, ‘9](x,y)/(x2’ X" +Y'e(y e, ex) = kLx, y](x,y)/(x2)~

Thus D, is the scheme-theoretic closure of Dy, (I, £)/(g) = (%, xy™), D, has
no embedded points, and D, ~ D,, iff g = g>. More general computations
are done in (7.20).

(7.7.2) To illustrate (7.1.5), let C be a smooth projective curve and E a vector
bundle over C of rank n + 1 > 2 and of degree 0. We claim that usually there is
no finite morphism 7: Pc(E) — P" x C.

Indeed, let py, ..., pu+1 € P" be the coordinate vertices plus (1:---:1). Then
C; := n'({p;}xC) are n+2 disjoint multi-sections of Pc(E) — C.Pick p: D —
C that factors through all of the C; — C. Then Pp(p*E) has n + 2 disjoint
sections in linearly general position, hence Pp(p*E) =~ P" X D. Equivalently,
pD=L® ﬁg” for some line bundle L of degree 0.
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This can not happen for most line bundles. The simplest example is E =
Opi1 (1)@ 051 (—1). More generally, such a line bundle has to be semi-stable. If
E is stable, hence comes from a representation m1(C) — U(n + 1), then its
image in PU(n + 1) must be finite.

(7.7.3) As an example for (7.4.5), set X := (xy = uv) and let 7: X — A,l be
given by ¢t = x +y. Then Dy := (x = u = 0) and D, := (y = v = 0) are both flat
over A}, but Dy U D; is not flat.

(7.7.4) As an example for (7.4.7), let A C P" be a projectively normal Abelian
variety of dimension > 2 and C4 C P™*! the cone over it. Let 7: P"*! --> P2 be
a general projection. Let H C C, be a hyperplane section. If H does not pass
through the vertex then H ~ A is smooth and 7|y : H --> P? is flat.

If H does pass through the vertex v, then depth, H = 1 by (2.35), hence
7l H --> P? is not flat at v.

7.2 Infinitesimal study of Mumford divisors

In this section we review the divisor theory of nonreduced schemes. The stan-
dard reference books treat Cartier divisors in detail, but for us the interesting
cases are precisely when the divisors fail to be Cartier. We start with the general
theory. At the end give explicit formulas for some cases.

Definition 7.8 (Mumford class group). Let S be a scheme and f: X — S a
morphism of pure relative dimension n. Two relative Mumford divisors (4.68)
Dy, D, C X are linearly equivalent over S if Ox(—D,) ~ Ox(—D;) ® f*L for
some line bundle L on S. The linear equivalence classes generate the relative
Mumford class group MCI(X/S).

This is a higher dimensional version of the generalized Jacobians, worked
out in Severi (1947); Rosenlicht (1954); Serre (1959). It is slightly different
from the theory of almost Cartier divisors of Hartshorne (1986); Hartshorne
and Polini (2015).

By definition, if D is a Mumford divisor then there is a closed subset Z c X
such that D|x\z is Cartier and Z/S has relative dimension < n — 2. This gives a
natural identification

MCI(X/S) = limz Pic((X \ 2)/S5), (7.8.1)

where the limit is over all closed subsets Z C X such that Z/S has relative
dimension < n — 2.

As with the Picard group, it may be better to sheafify MCI(X/S) in the étale
topology as in (Bosch et al., 1990, Chap.8). However, we use this notion mostly
when S is local, so this is not important for our current purposes.



266 Cayley flatness

7.9. The infinitesimal method to study families of objects in algebraic geome-
try posits that we should proceed in three broad steps.

e Study families over Artinian schemes.

e Inverse limits then give families over complete local schemes.

e For arbitrary local schemes, descend properties from the completion.

This approach has been very successful for proper varieties and for coherent
sheaves. One of the problems with general (possibly non-flat) families of divi-
sors is that the global and the infinitesimal computations do not match up; in
fact they say the opposite in some cases. We discuss two instances of this:

e Relative Cartier divisors on non-proper varieties.

o Generically flat families of divisors on surfaces.
The surprising feature is that the two behave quite differently. We state two
cases where the contrast between Artinian and DVR bases is striking.

Claim 7.9.1. Let r: X — (s, S) be a smooth, affine morphism, S local.

(a) If S is Artinian, then the restriction map Pic(X) — Pic(Xj) is an isomor-
phism by (7.10.2).
(b) If § = Spec k[[7]], then Pic(X) can be infinite dimensional by (7.13.3).

That is, there can be many nontrivial line bundles on X over Spec k[[¢]], but we
do not see them when working over Spec k[[#]]/(#").

The opposite happens for the Mumford class group of projective surfaces.

Claim 7.9.2. MCI(B? ) = Z + k* for m > 2, but MCI(B2, ) = Z.

Proof Pf[m] is regular, so every Weil divisor on X is Cartier. The first part
follows from (7.8.1) and (7.10.3), since H'(P? \ Z, Opn\z) = H%(]Pz, Op2) is
infinite dimensional. O

7.10 (Picard group over Artinian schemes). Let (A, m, k) be a local Artinian
ring and X4 — Spec A a flat morphism. Let () C A be an ideal such that I ~ k
and set B = A/(¢). We have an exact sequence

1, (7.10.1)

0 Ox, —— Oy, Oy,
where e(h) = 1 + he is the exponential map. We use its long exact cohomology
sequence and induction on length A to compute Pic(X4). There are three cases
that are especially interesting for us.

Claim 7.10.2. Let X4 — Spec A be a flat, affine morphism. Then the restriction
map Pic(X4) — Pic(X}) is an isomorphism.
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Proof We use the exact sequence
H'(X, Ox,) — Pic(X,) — Pic(Xp) — H*(X;, Ox,). (7.10.2.a)

Since X is affine, the two groups at the ends vanish, hence we get an isomor-
phism in the middle. Induction completes the proof. O

Claim 7.10.3. Let X4 — Spec A be a flat, proper morphism. If H(X;, Oy,) =
k, then the kernel of the restriction map Pic(X4) — Pic(Xy) is a unipotent
group scheme of dimension < h!(X;, Ox,) - (length A — 1) and equality holds if
H*(Xy, Ox,) = 0. (In fact, if char k = 0, then the kernel is a k-vector space and
equality holds even if H*(X;, Ox,) # 0; see (Bosch et al., 1990, Chap.8).)

Proof By (Hartshorne, 1977, IIL12.11), H(X4, Ox,) — H°(Xp, Oy,) is sur-
jective and so is H(Xy, ﬁ;A) — H(Xg, ﬁ;‘(ﬂ). Thus we get the exactness of

0 — H'(Xy, Ox,) — Pic(Xy) — Pic(Xp) — H*(Xy, Ox,). O

Claim 7.104. Let X4, — SpecA be a flat morphism and Z C X4 a closed
subset of codimension > 2. Set X3 := X, \ Z. Assume that X is . Then the
kernel of the restriction map Pic(X3) — Pic(X}) is a unipotent group scheme
of dimension < h' (X}, Ox:) - (length A — 1).

Proof Since X is S, H'(X?, ﬁxf) =~ HO(X,, Ox,) and similarly for X4. Thus

H(XS, 0 ) = H' (XS, 0 vo) 18 surjective and the rest of the argument works
A B

asin (7.10.3). m]

Remark 7.10.5. Although (7.10.4) is very similar to (7.10.3), a key difference
is that in (7.10.4) the group H'(X?, ﬁx;) can be infinite dimensional. Indeed,
H'(X}, Ox:) ~ H(X;, Ox,) and it is

(a) infinite dimensional if dim X = 2,

(b) finite dimensional if X} is S, and codimy, Z > 3, and

(c) 0if X; is S3 and codimy, Z > 3.
See, for example, Section 10.3 for these claims.

The following immediate consequence of (7.10.5.c) is especially useful.

Corollary 7.10.6. Let X — S be a smooth morphism, D C X a closed sub-
scheme and Z C X a closed subset. Assume that D is a relative Cartier divisor
on X \ Z, D has no embedded points in Z and codimy, Z; > 3 forevery s € §.

Then D is a relative Cartier divisor. ]

The following is a special case of (4.28).
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Lemma 7.11. Let X — S be a flat morphism with S, fibers and D a diviso-
rial subscheme. Let U C X be an open subscheme such that D|y is relatively
Cartier and codimy, (X \ Us) > 2 for every s € S.

Then D is relatively Cartier iff the generically Cartier pull-back T D (4.2.7)
is relatively Cartier for every Artinian subscheme 7: A — S. O

Relative Cartier divisors also have some unexpected properties over non-
reduced base schemes. These do not cause theoretical problems, but it is good
to keep them in mind.

Example 7.12 (Cartier divisors over k[¢]). Let R be an integral domain over a
field k. Relative principal ideals in R[g] over k[e] are given as (f + g&) where
f>g € Rand f # 0. We list some properties of such principal ideals that hold
for any integral domain R.

(7.12.1) (f +g18) = (f + g28) iff g1 — g2 € (f).

(7.12.2) If u € R is a unit then so is u + ge since (u + g&)(u™" — u’zgs) =1.
(7.12.3) If f is irreducible then so is f + ge for every g.

(7.12.4) (f + g&)(f — ge) = f? shows that there is no unique factorization.
(7.12.5) If R is a UFD and the f; are pairwise relatively prime, then

[L(fi + gie) = [1i(fi + gie) ift gi—gie(fi) Vi
The following concrete example illustrates several of the above features.

Example 7.13 (Picard group of a constant elliptic curve). Let (0, E) be a
smooth, projective elliptic curve. Over any base S we have the constant family
n: ExXS — S with the constant section so: S =~ {0} XS. Let L be a line bundle
on EXS.Then L®n* sz‘)L‘1 has a canonical trivialization along {0} X S, hence
it defines a morphism S — Pic(E). Thus

Pic(E x S/S) ~ Mor(S, Pic(E)). (7.13.1)

Corollary 7.13.2. Let (R,m) be a complete local ring. Set S = SpecR and
S, = Spec R/m". Then Pic(E X §/S) = liLnPic(E X S,/S,). O

Corollary 7.13.3. Let S = Spec k[t], be the local ring of the affine line at the
origin and S = Spec k[[f]] its completion. Then Pic(E X S/S) =~ Pic(E), but
Pic(E x §/S) is infinite dimensional. ]

Next consider the affine elliptic curve E° = E \ {0} and the constant affine
family E° x S — S. Note that Pic(E®) =~ Pic’(E).

If S is smooth and D° is a Cartier divisor on E° XS then its closure D C EXS
is also Cartier. More generally, this also holds if S is normal, using (4.4). Thus
(7.13.1-2) give the following.
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Corollary 7.13.3. If S is normal then Pic(E° X §/S) ~ Mor(S, Pic’(E)). O

Corollary 7.13.4. If S = Spec A is Artinian then Pic(E° X §/S) =~ Pic’(E). So
Pic(E° x S/S) has dimension 1, but dim; Mor(S, Pic°(E)) = length A. O

For the rest of the section we make some explicit computations about Mum-
ford divisors on schemes that are smooth over an Artinian ring.

Proposition 7.14. Let (A, k) be a local Artinian ring, k ~ (¢) C A an ideal and
B = A/(e). Let (Ra, m) be a flat, local, S, A-algebra and set X, := Spec, Ry.
Let fg € Rp be a non-zerodivisor and set Dg := (fg = 0) C Xp.

Then the set of relative Mumjford divisors D4 C X,, such that pure((Dy)|p) =
Dg, is a torsor under the k-vector space H,ln(Dk, Op,)

Proof We can lift fg to f4 € Ry. Choose y € m that is not a zerodivisor on
Dpg and such that D, is a principal divisor on X4 \ (y = 0). After inverting y,
we can write the ideal of D4 as

I,y =(fs +ey"gr) where gi€ Ry, reN. (7.14.1)

We can multiply f4 + &y~ gr by 1 +&y*v. This changes y™"gx toy ™" gr + vy~ f4.
By (7.15) the relevant information is carried by the residue class

Y78k € HY(DY, Ony), (7.14.2)

where D} C Dy denotes the complement of the closed point.
If the residue class is in H(Dy, Op,). then we get a Cartier divisor. Thus the
non-Cartier divisors are parametrized by

H'(D}, Op:)/H(Dy., Op,) =~ Hy(Dy, Op,). (7.14.3)
We get distinct divisors by (7.17.2). |

Lemma 7.15. Let (A, k) be a local Artinian ring, k ~ (¢) C A an ideal and
B = A/(e). Let (R4, m) be a flat, local, S,, A-algebra. Let f4 € Ry and g, € Ry
be non-zerodivisors and y a non-zerodivisor modulo both fx and g.

For I := R0 (fy + &y g )Raly™"] the following are equivalent.
(7.15.1) I is a principal ideal.
(7.15.2) The residue class y~"gy lies in Ri/(fo).

(7.15.3) gi € (fi. V).

Note that we can change fx + ey~ g to (fa + ehy) + &y~ (gx — Y 'hy) for any
hi € Ry, but gx € (fi, ) iff gk — y' i € (fi, -
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Proof I is a principal ideal iff it has a generator of the form f4 + eh; where
hi € Ry. This holds iff

fa+ey g =0 +ey’b)(fa + ehy) forsome by € Ry.

Equivalently, iff y™"gx = hy + y*b fi. If r > s then g = y"hy + Y °by fi, which
is impossible since y is not a zerodivisor modulo g;. If r < s then y*"g; =
y'hi + by fr, which is impossible since y is not a zerodivisor modulo f;. Thus
r = s and then gy = y"hy + by fi is equivalent to gx € (fi,y")- O

The next will be crucial in the proof of (7.60). To state it, let nil(n4) denote
the smallest » > 0 such that n/, = 0, and for f € Ry [y’l], let ord, denote pole
order in y, that is, the smallest r > 0 such that y" f € Ry.

Proposition 7.16. Let (A, na, k) be a local Artinian ring and (Ra, mg) a flat,
local, S,, A-algebra of dimension > 2. Let f; € my, be a non-zerodivisor and
y € mg a non-zerodivisor modulo f. Let fa, f; € RA[y™"1 be two liftings of fi.
Assume that fp — f; € yYRy, where N = nil(ny) - ord, fa.

Then (fa) N Ry is a principal ideal iff (f}) N Ry is.

Proof Note first that N > 0, so f4 — f; € y"R4 implies that ord, f4 = ord, f},
so the assumption is symmetric in f, f;. It is thus enough to prove that if
(fa) N Ry is a principal ideal then so is (f}) N Ry4.

Assume that (f4) N R4y = (F4). Then there is unit uy in Ry [y’l] such that
fa = uaFa. Since fi; = Fy, we see that uy is a unit in Ry.

We claim that ord, f4 = ord, us. Indeed, if ord, u4 = r then we get a nonzero
remainder @iy € yRs/y'""Rs = R4/yR4. Multiplication by F, preserves the
pole-order filtration, so

Faus = Faiiy € y"Ra/y" "Ra = Ra/yRa.

Here R4/yR4 has a filtration whose successive quotients are R /yR; and F4
acts by multiplication by f; an each graded piece. Since f; is a non-zerodivisor
modulo y, we see that Faua # 0. So ord, fa = ord, u,. Taylor expansion of the
inverse shows that ordy(u/;l) < mnil(ny) - ord, f4 =: N. Thus

' fo = gt o+ (= S0 = Fa+ OGN O™ (- f) €Ra. O
The connection between (7.14) and (7.10) is given by the following.

7.17. Let X be an affine, S, scheme and D := (s = 0) € X a Cartier divisor.
Let Z c D be a closed subset that has codimension > 2 in X. Set X° := X \ Z
and D° := D\ Z. Restricting the exact sequence

Oﬁﬁxl)ﬁx—}ﬁl)—)o
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to X° and taking cohomologies we get
0 — H'(X®, ) > HUX®, Ox.) » HUD". 0p) > H'(X°, Ox.).

Note that H(X°, Ox-) = H(X, Ox) since X is S, and its image in H(D°, 0)-)
is HY(D, O)). Thus 8 becomes the injection

d: Hy(D, Op) =~ H'(D°, Op-)/H(D, Op)—H3(X, OY). (7.17.1)

We are especially interested in the case when (x, X) is local, 2-dimensional and
Z = {x}. In this case (7.17.1) becomes

d: H\(D, Op)—H*(X, Ox). (7.17.2)

The left side describes first order deformations of D by (7.14) and the right
side the Picard group of the first order deformation of X \ {x} by (7.10.4).

We can be especially explicit about first order deformations in the smooth
case. Let us start with the description as in (7.14).

7.18 (Mumford divisors in k[[u, v]][€]). Set X = Spec k[[u, v]][&] with closed
point x € X. By (7.10), the Picard group of the punctured spectrum X \ {x} is

Hﬁ(X, Ox) = @i,po# k
An ideal corresponding to cu~'v=/ (where ¢ € k*) can be given as
I(cu vy i= (', u'v/ + ce,u'e),
a more systematic derivation of this is given in (7.20.1).
This is explicit, but we are more interested in the point of view of (7.10).

Lemma 7.19. Let f € k[[u]][v] be a monic polynomial in v of degree n defining
a curve Cy, C A\i Let C C K%M be a relative Mumford divisor such that
pure(Cy) = Cy. Then the restriction of C to the complement of (u = 0) can be
uniquely written as

(f + 82;’;()1 Vigi(u) = 0) where ¢i(u) € u " k[u™'].

Thus the set of all such C is naturally isomorphic to the infinite dimensional
k-vector space H\ (Cy, O¢,) =~ 69?:_01 wk[[w '],

Note that, by the Weierstrass preparation theorem, almost every curve in Km,
is defined by a monic polynomial in v, so the above is a mild restriction.
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Proof Note that k[[u]][v]/(f) =~ @?golvik[[u]] as a k[[u]]-module, so
H(Cr, O¢,) =~ @y vikl[u]] and H(C}, Oc) = @5 vik((w). (7.19.1)

That is, if g € k((x))[v] is a polynomial of degree < n in v, then g|c- extends to
a regular function on C iff g € k[[u]][v]. O

We can also restate (7.19.1) as
H\(Cy, Oc,) =~ @ vVik((w)) /K[ [u]] =~ & viu " ku"]. (7.19.2)

Example 7.20. Consider next the special case of (7.19) when f = v. We can
then write the restriction of C as (v + ¢(u)e = 0) where ¢ € u~'k[u™']. Let r
denote the pole-order of ¢ and set g(u) := u"¢(u). By (7.7.1) the ideal of C is

Ic = (Vv + q(u)e, ve). (7.20.1)

Thus the fiber over the closed point is k[[u, v]]/ (v3, vu"). Tts torsion submodule
is isomorphic to k[[u, v]]/(v,u") = k[u]/(u").

The ideals of relative Mumford divisors in k[[u, v]][€] are likely to be more
complicated in general. At least the direct generalization of (7.20.1) does not
always give the correct generators.

For example, let f = v2 — u? and consider the ideal I ¢ k[[u, v]][£] extended
from ((v? — u®) + u~3ve). The formula (7.20.1) suggests the elements

2 — 1)

Vo —u), u3(v2—u3)+vs, (Vz—u3)s€I.

However, u(v? — u®) + ve = v*(v? — u®) + ve, giving that
I= (V= ®)2 v - i) +&,07 —d)e). (7.20.2)

Using the isomorphism R[e]/(f%, fg + &, fe) = R/(f*,—f%g) =~ R/(f?), the
above examples can be generalized to the non-smooth case as follows.

Claim 7.20.3. Let (R, m) be a local, S, k-algebra of dimension 2 and f,g € m
a system of parameters. Then J7, = ( 72, fg + &, fe) is (the ideal of) a relative
Mumford divisor in R[g] whose central fiber is R/(f?, fg), with embedded
subsheaf isomorphic to R/(f, g). O

7.3 Divisorial support

There are at least three ways to associate a divisor to a sheaf (7.22), but only
one of them—the divisorial support—behaves well in flat families. In this Sec-
tion we develop this notion and a method to compute it. The latter is especially
important for the applications. First we recall the definition of the Fitting ideal
sheaf.
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7.21 (Fitting ideal). Let R be a noetherian ring, M a finite R-module and
LR SMS0

a presentation of M, where A is given by an s X r-matrix with entries in R.
The Fitting ideal, or, more precisely, the Oth Fitting ideal of M, denoted by
Fittg(M), is the ideal generated by the determinants of r X r-minors of A. For
the following basic properties see Fitting (1936) or (Eisenbud, 1995, Sec.20.2).
(7.21.1) Fittg(M) is independent of the presentation chosen.
(7.21.2) If R is regular and M =~ @;R/(g") then Fittg(M) = ([T g}").
(7.21.3) The Fitting ideal commutes with base change. That is, if S is an R-
algebra then Fittg (M ®g S) is generated by Fittg(M) ®¢ S .
The following is a special case of (Lipman, 1969, Lem.1).
(7.21.4) Let M be a torsion module. Then Fittz(M) is a principal ideal gener-
ated by a non-zerodivisor iff the projective dimension of M is 1.
One direction is easy. If the projective dimension of M is 1, then M has a
presentation

O—>Rsi>Rr—>M—>0.

Here r = s since M is torsion, thus det(A) generates Fittg(M).
We prove the converse only in the following special case that we use later,
which, however, captures the essence of the general proof.
(7.21.5) Let X be a smooth variety of dimension n and F a coherent sheaf of
generic rank 0 on X. Then Fitty(F) is a principal ideal iff F' is CM of pure
dimension n — 1.

Proof This can be checked after localization and completion. Thus we have
amodule M over S := k[[x,..., x,]], and, after a coordinate change, we may
assume that it is finite over R := k[[x1,..., x,—1]] of generic rank say r. Using

first (7.21.2) and then (7.21.3) we get that
dimy M ®g k[[x,]] = dimy k[[x,]]/ Fittp., (M ®s k[[x,]1]) (7.21.6)
= dimy (S / Fitts (M)) ®s k[[x,]]. o

Next note that M is CM < M is free over R & dim M ®g k[[x,]] = r. Us-
ing (7.21.1) and the previous equivalences for S/ Fittg (M) we get that these
are equivalent to S/ Fittg (M) being CM. This holds iff Fittg (M) is a height 1
unmixed ideal, hence principal. O

The following explicit formula is quite useful.

Computation 7.21.7. Let S be a smooth R-algebra and v € S such that S/(v) ~
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R. (The examples we use are S = R[v] and S = R[[v]].) Let M be an S-
module that is free of finite rank as an R-module. Write M = @;_,Rm; and
vm; = Y,i_, a;jm;j for a;; € R. Then Fittg (M) is generated by det(v1, — (a;;)).

Proof A presentation of M as an S -module is given by
D Sei -5 BL,Sf 5 M -0,

where ¥(f;) = m; and ¢(e;) = vf; — Z§=1 a;jfj. Thus ¢ = v1, — (a;;) and so
det(v1, — (a;;)) generates Fitts (M). O

Computation 7.21.8. Let T be a free S-algebra and t € T a non-zerodivisor.
Then Fittg (T'/¢T) is generated by normys (¢).

Proof Weuse 0 — T 5T T/tT — 0 and the definition of the norm. 0O

Definition 7.22 (Divisorial support I). Let X be a scheme and F a coherent
sheaf on X. One usually defines its support Supp F and its scheme-theoretic
support SSupp F := Specy(Ox/ Ann F).

Assume next that Supp F is nowhere dense and X is regular at every generic
point x; € Supp F that has codimension 1 in X. Then there is a unique divisorial
sheaf (3.25) associated to the Weil divisor }; length(F,,) - [X;]. We call it the
divisorial support of F and denote it by DSupp F. Equivalently,

DSupp(F) = pure(Oy/ Fitty(F)), (7.22.1)

where pure denotes the pure codimension 1 part (10.1).
If every associated point of F has codimension 1 in X, then we have inclu-
sions of subschemes

Supp F € SSupp F' € DSupp F. (7.22.2)

In general all three subschemes are different, though with the same support.
Our aim is to develop a relative version of this notion and some ways of

computing it in families. Let X — S be a morphism and F a coherent sheaf on

X. Informally, we would like the relative divisorial support of F, denoted by

DSuppg F, to be a scheme over S whose fibers are DSupp(F) for all s € §. If

S is reduced, this requirement uniquely determines DSuppg F, but in general

there are 2 problems.

¢ Even in nice situations, this requirement may be impossible to meet.

e For non-reduced base schemes, the fibers do not determine DSuppg F.

In our main applications X is smooth over some base scheme S that may well

have nilpotent elements. As in (9.12), we need to allow embedded subsheaves

that ‘come from’ S, but not the others.
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Definition 7.23 (Divisorial support II). Let X — S be a smooth morphism of
pure relative dimension n. Let F be a coherent sheaf on X that is flat over S
with CM fibers of pure dimension n — 1. We define its divisorial support as

DSuppg (F) := pure(0x/ Fittx(F)).

Lemma 7.24. Under the assumptions of (7.23),
(7.24.1) DSuppg(F) is a relative Cartier divisor, and

(7.24.2) DSuppg(F) commutes with base change. That is, let h: S" — S be
a morphism. By base change we get g¢': X' — S’, hx: X’ — X. Then
hx(DSupp F) = DSupp(hy F).

Proof The first claim can be checked after localization and completion. We
may thus assume that S = Spec B where (B, m) is local with residue field
k, X = Spec B[[x,...,x,]] and F is the sheafification of M. Since M ®p k
has dimension n — 1 over k[[xy,...,x,]], after a general coordinate change
we may assume that M/(xy,..., x,—1,m)M is finite. Thus M is a finite R :=
B[[x1,...,x,-1]]-module. Set Ry = R®p k ~ k[[x1,...,x,-1]]. Since M is flat
over B, its generic rank over R equals the generic rank of M ®p k over R;.. By
assumption M ®g k is CM, hence free over R;. Thus the generic rank of M over
R equals dim; M ®g k and M is free as an R-module. The rest follows from
(7.21.7). The second claim is immediate from (7.21.3). m]

The following restriction property is also implied by (7.21.3).

Lemma 7.25. Continuing with the notation and assumptions of (7.23), let D C
X be a relative Cartier divisor that is also smooth over S. Assume that D does
not contain any generic point of Supp F for any s € S. Then

DSupp(F|p) = (DSupp F)lp. ]

Now we are ready to define the sheaves for which the relative divisorial
support makes sense, but first we have to distinguish associated points that
come from the base from the other ones.

Definition 7.26. Let X — S be a morphism and F a coherent sheaf on X. The
flat locus of F is the largest open subset U C X such that F|y is flat over S. We
denote it by Flatg (X, F).

It is usually more convenient to work with the flat-CM locus of F. It is
the largest open subset U C X such that F|y is flat with CM fibers over S. We
denote it by FlatCMg (X, F). If F is generically flat over S of relative dimension
d, then (Supp F \ FlatCM; (X, F)) — S has relative dimension < d.
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Definition 7.27. Let X — S be a morphism. A coherent sheaf F is a gener-
ically flat family of pure sheaves of dimension d over S, if F is generically
flat (3.26) and Supp F — S has pure relative dimension d. This property is
preserved by any base change S’ — .

For our current purposes we can harmlessly replace F by its vertically pure
quotient vpure(F’) (9.12). The generic fibers of vpure(F) are pure of dimension
d, but special fibers may have embedded points outside the flat locus (7.26).
Vertically purity is preserved by flat base changes.

Definition—Lemma 7.28 (Divisorial support III). Let g: X — S be a flat mor-
phism of pure relative dimension n and g°: X° — S the smooth locus of g.
Let F be a coherent sheaf on X that is generically flat and pure over S of
dimension n — 1. Assume that for every s € S, every generic point of F is
contained in X°.
Set U := FlatCMg (X, F) N X°) and j: U — X the natural injection. We
define the divisorial support of F over S as

DSuppg (F) := DSuppg (Fly), (7.28.1)

the scheme-theoretic closure of DSuppg (F|y). This makes sense since the latter
is already defined by (7.23).

Note that Supp DSuppg (F) = Supp F' and DSuppg (F) is a generically flat
family of pure subschemes of dimension n — 1 over §, whose restriction to U
is relatively Cartier.

It is enough to check the following equalities at codimension 1 points, which
follow from (7.24) and (7.21.3).

Claim 7.28.2. Let g;: X; — S be flat morphisms of pure relative dimension n
and 7: X; — X, a finite morphism. Let D C X; be a relative Mumford divisor.
Assume that red Dy — red(m(Dy)) is birational and r is étale at generic points
of D,. Then DSuppg (7.0)p) = n(D), the scheme-theoretic image of D. ]

Claim 7.28.3 (Divisorial support commutes with push-forward). Letg;: X; —
S be flat morphisms of pure relative dimension n and 7: X; — X> a finite mor-
phism. Let F be a coherent sheaf on X; that is generically flat and pure over
S of relative dimension n — 1. Assume that g; (resp. g») is smooth at every
generic point of F (resp. m.F) for every s € S. Then

DSuppy (m.F) = DSupps (7. Obsupp, (F))- O

Claim 7.28.4. Let g;: X; — S be flat morphisms of pure relative dimension n
and m: X; — Xp, m: Xp — X3 finite morphism. Let F be a coherent sheaf
on X, that is generically flat and pure over S of relative dimension n — 1.
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Assume that g; (resp. g2, g3) is smooth at every generic point of F (resp.
T F, (my o ). F) for every s € S. Then

DSuppg (72 © 711). F) = DSuppg (72 Obsupps (r,. F))- ]

Lemma 7.29. Let X — S be a smooth morphism of pure relative dimension n.
Let F be a coherent sheaf on X that is generically flat over S with pure fibers
of dimension n — 1. Assume that either F is flat over S, or S is reduced.

Then DSuppy F is a relative Cartier divisor.

Proof Assume first that F is flat over S. If x € X| is a point of codimension
< 2, then Fy is CM at x, hence DSuppy F is a relative Cartier divisor at x
by (7.23). Since X — § is smooth, DSuppg F is a relative Cartier divisor
everywhere by (7.10.6).

For the second claim, the above argument gives only that DSuppg F is a
relative, generically Cartier divisor. By (4.34) it is then enough to check the
conclusion after base change T — S, where T is the spectrum of a DVR. Then
X7 is regular, so DSupp; Fr is Cartier. O

7.30 (Restriction to divisors). Let (s,S) be alocal scheme and g: X — § a flat
morphism of pure relative dimension n. Let F' be a generically flat family of
pure sheaves of relative dimension n — 1 such that g is smooth at every generic
point of Supp F;. Let D C X be a relative Cartier divisor.

(7.30.1) Assume that g|p is smooth and F is flat with CM fiber, at every generic
point of D N Supp F;. Then

DSuppg (F|p) = vpure((DSuppg F)lp).

(7.30.2) assume in addition, D contains neither a generic point of Supp F \
FlatCM; (X, F), nor a codimension > 2 point of Supp F'y where DSuppg F' is
not S,, then

DSuppg (Flp) = (DSuppg F)lp.

Corollary 7.31 (Bertini theorem for divisorial support). Let g: X — S be a
flat morphism of pure relative dimension n and F a generically flat family of
pure sheaves of dimension n—1 over S. Fix s € S such that g is smooth at every
generic point of Supp F. Let D be a general member of a linear system on X,
that is base point free in characteristic 0 and very ample in general. Then there
is an open neighborhood s € §° C S such that DSuppg (F|p) = (DSuppg F)lp
holds over S°.

Lemma 7.32 (Divisorial support commutes with base change). Let g: X — S
be a flat morphism of pure relative dimension n and F a generically flat family
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of pure sheaves of dimension n — 1 over S. Assume that g is smooth at every
generic point of Supp F;, for every s € S. Let h: S” — S be a morphism. By
base change we get g’ : X’ — S’ and hy: X' — X. Then

1y (DSupps F) = DSupps, (i F),
where h;‘] is the generically Cartier pull-back (4.2.7).

Proof Set U := FlatCMg (X, F) c X with injection j: U — X. Set U’ :=
h)‘(l(U )and hy: U — U the restriction of hy. Then (7.24) shows the equality
I, (DSupps Fly) = DSupps, (7, (Flu)-

By (7.27.4) h;‘](DSuppS F) is a generically flat family of pure divisors and
it agrees with DSuppg, (A} F') over U’. Thus the two are equal. O

7.33 (Proof of 7.4.7). Assume that we have f: X — (s,5) of relative di-
mension n and relative Mumford divisors D;, D, C X, where (s, S) is local.
Let FlatCMg(X) C X be the largest open subset where f has CM fibers and
Z = X \ FlatCM; (X). Note that Z — S has relative dimension < n — 2.

Letz: X — P§ be a finite morphism. Set P° := P¢ \n(Z) and X° := a (P°).
Then : X° — P° is finite and flat. If (f) = D| — D, then, by (7.21.8),

(normyex-(f)) = DSuppg (D1)|p- — DSuppg (D>)lp-,

Since Z — § has relative dimension < n -2, this implies that DSuppg (D;) and
DSuppg (D») are linearly equivalent. Thus, if one of them is relatively Cartier,
then so is the other. O

7.4 Variants of K-flatness

We introduce five versions of K-flatness, which may well be equivalent to each
other. From the technical point of view, Cayley-Chow-flatness (or C-flatness)
is the easiest to use, but a priori it depends on the choice of a projective em-
bedding. Then most of the work in the next two sections goes to proving that
a modified version (stable C-flatness) is equivalent to K-flatness, hence inde-
pendent of the projective embedding.

7.34 (Projections of P"). Let S be an affine scheme. Projecting P¢ from the
section (ag : - - : a,) (Where a; € Oy) to the (x, = 0) hyperplane is given by

T (Xg X)) = (AnXo — AgXy @ v+ ¢ ApXp_1 — Ap_1Xy)- (7.34.1)
It is convenient to normalize a, = 1 and then we get

(X X)) = (X0 —ApXy &t Xpml — Qo1 Xp)- (7.34.2)
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Similarly, a Zariski open set of projections of P to L" = (x, = -+ = x,41 = 0)
is given by
o (xg e X)) = (x0=Co(Xrtts ey Xn) it X =G (Xpi 1y o1 X)), (7.34.3)

where the ¢; are linear forms.
Note that in affine coordinates, when we set xo = 1, the projections become

S R G = = } (7.34.4)
where again the ¢; are (homogeneous) linear forms in the x,.1,...,x,. [f £, =0

then we recover the linear projections, but in general the coordinate functions
have a non-linear expansion

T = (i = )1+ Lo+ L5+ -+ (7.34.5)

Finally, formal projections are given as

(X eesXp) = (0 — 1K1, ey X))y e X — Pp(X1, .. X)), (7.34.6)
where ¢; are power series such that ¢;(xy, ..., x,,0,...,0) = 0 for every i.

7.35 (Approximation of formal projections). Let v,,: P§ < Pg’ (where N =
(”;’”) — 1) be the mth Veronese embedding. Pulling back the linear coordinates
on stv we get all the monomials of degree m. In affine coordinates xi, ..., x, as
above, we get all monomials of degree < m.

In particular we see that given a formal projection rr as in (7.34.6) and m > 0,

there is a unique linear projection 7, of Pg such that 7, o v, is

(X15.esXy) = (X1 —Y1,...,x- — ), where

7.35.1
Yi=¢; mod (xi,...,x,)"™", and degy; <m Vi. ( )

That is, we can approximate formal projections by linear projections composed
with a Veronese embedding. Thus it is reasonable to expect that K-flatness is
very close to C-flatness for all Veronese images; this leads to the notion of
stable C-flatness in (7.37.2).

The uniqueness of the approximation above is not always an advantage. In
practice we would like m,, to be in general position away from the chosen
point. This is easy to achieve if we increase m a little. In particular, we get the
following obvious result.

Claim 7.35.2. Let (s,§) be a local scheme and ¥ C P a closed subset of pure
relative dimension d. Let p € Y, be a closed point with maximal ideal m,, such
that xo(p) # 0. Fixm e Nand let (g1:---7g.) : ¥, — A% be a finite morphism.

Then for every M > m + 1 there are gy,...,g. € H(P:, Op:(M)) such that
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& (xg/’:gl:'--:ge) : Y — P is a finite morphism, alap) NY = {p}, and
8 = gi/x)' mod m? for every i. a

Despite having good approximations, the equivalence of K-flatness and sta-
ble C-flatness is not clear. The problem is the following.

Assume for simplicity that § is the spectrum of an Artinian ring A. For
sheaves of dimension d, using the notation of (7.21.7), we can write the equa-
tion of DSupp(@,F) in the form det(vl, — M)) = 0, where the entries of the
matrix M involve rational functions in the power series ¢;. The problem is that
inverses of power series usually do not have good approximations by rational
functions. For example, there is no rational function g(x;, x») such that

(x2 = sinx;) ™" — g(x1, x2) € k[[x1, x2]].

The exception is the 1-variable case, where truncations of Laurent series give
good approximations. This is what we exploit in (7.60) to prove that K-flatness
is equivalent to stable C-flatness for curves.

Definition 7.36. Let E be a vector bundle over a scheme S and F' C E a vector
subbundle. This induces a natural linear projection map n: Ps(E) --> Ps(F).
If S is local then E, F are free. After choosing bases, 7 is given by a matrix of
constant rank with entries in Os. We call these Ts-projections if we want to
emphasize this. If S is over a field k, we can also consider k-projections, given
by a matrix with entries in k. These, however, only make good sense if we have
a canonical trivialization of E; this rarely happens for us.

We can now formulate various versions of K-flatness.

Definition 7.37. Let (s,S5) be a local scheme with infinite residue field and F

a generically flat family of pure, coherent sheaves of relative dimension d on

P¢ (7.27), with scheme-theoretic support ¥ := SSupp F.

(7.37.1) F is C-flat over S iff DSupp(n.F) is Cartier over S for every Os-
projection 7r: P} --> P4*! (7.36) that is finite on Y.

(7.37.2) F is stably C-flat iff (v,,).F is C-flat for every Veronese embedding
Vi Py > PY (where N = (”””) D).

(7.37.3) F is K-flat over S iff DSupp(o.F) is Cartier over S for every finite
morphism go: ¥ — Pg”l.

(7.37.4) Fislocally K-flat over S aty € Y iff DSupp(o.F) is Cartier over S at
o(y) for every finite o: ¥ — P4*! for which {y} = Suppo~' (o(»)).

(7.37.5) F 1sf0rmally K-flat over S at a closed p01nt yev iff DSpr(Q*F) is
Cartier over S for every finite morphism o: Y - Ajl where S (resp. Y )
denotes the completion of S at s (resp. Y at y).
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7.37.6 (Base change properties). We see in (7.50) that being C-flat is preserved
by arbitrary base changes and the property descends from faithfully flat base
changes. This then implies the same for stable C-flatness. Once we prove that
the latter is equivalent to K-flatness, the latter also has the same base change
properties. Most likely the same holds for formal K-flatness.

7.37.7 (General base schemes). We say that any of the above notions (7.37.1-
5) holds for a local base scheme (s,S) (with finite residue field) if it holds
after some faithfully flat base change (s’,S’) — (s, S), where k(s”) is infinite.
Property (7.37.6) assures that this is independent of the choice of S”.

Finally we say that any of the above notions (7.37.1-5) holds for an arbitrary
base scheme S, if it holds for all of its localizations.

Variants 7.38. These definitions each have other versions and relatives. I be-
lieve that each of the above 5 are natural and maybe even optimal, though they
may not be stated in the cleanest form. Here are some other possibilities and
equivalent versions.

(7.38.1) It could have been better to define C-flatness using the Cayley-Chow
form; the equivalence is proved in (7.47). The Cayley-Chow form version
matches better with the study of Chow varieties; the definition in (7.37.1) em-
phasizes the similarity with the other 4.

(7.38.2) In (7.37.2) it would have been better to say that F is stably C-flat for
L := Oy(1). However, we see in (7.62) that this notion is independent of the
choice of an ample line bundle L, so we can eventually drop L from the name.
(7.38.3) In (7.37.3) we get an equivalent notion if we allow all finite morphisms
0:Y — W, where W — § is any smooth, projective morphism of pure relative
dimension d + 1 over S. Indeed, let 7: W — Pg” be a finite morphism. If F is
K-flat then DSupp((7r 0 0)..F) is a relative Cartier divisor, hence DSupp(o.F) is
K-flat by (7.28.3). Since W — S is smooth, DSupp(o.F) is a relative Cartier
divisor by (7.53).

(7.38.4) It would be natural to consider an affine version of C-flatness: We start
with a coherent sheaf F' on A¢ and require that DSupp(r. F) be Cartier over S
for every projection 7: A% — A*! that is finite on Y.

The problem is that the relative affine version of Noether’s normalization
theorem does not hold, thus there may not be any such projections (10.47),
though one can try to go around this using (10.46.2). This is why (7.37.4) is
stated for projective morphisms only.

Although a more local version is defined in (7.51), we did not find a truly
local theory. Nonetheless, the notions (7.37.1-4) are étale local on X, and most
likely the following Henselian version of (7.37.5) does work.

(7.38.5) Assume that f: (y,Y) — (s,S5) is a local morphism of pure relative
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dimension d of Henselian local schemes such that k(y)/k(s) is finite. Let F
be a coherent sheaf on X that is pure of relative dimension d over S. Then F
is K-flat over S iff DSupp(o.F) is Cartier over S for every finite morphism
o: Y — Spec Os{xyp,...,xq) (Where R(x) denotes the Henselization of R[x]).

It is possible that in fact all five versions (7.37.1-5) are equivalent to each
other, but for now we can prove only 13 of the 20 possible implications. Four
of them are easy to see.

Proposition 7.39. Let F be a generically flat family of pure, coherent sheaves
of relative dimension d on Py. Then

formally K-flat = K-flat = locally K-flat = stably C-flat = C-flat.

Proof A divisor D on a scheme X is Cartier iff its completion D is Cartier on
X for every x € X by (7.11). Thus formally K-flat = K-flat.

K-flat = locally K-flat is clear, and locally K-flat = stably C-flat follows
from (7.52). Finally stably C-flat = C-flat is clear; see also (7.56). m]

A key technical result of the chapter is the following, to be proved in (7.63).

Theorem 7.40. K-flatness is equivalent to local K-flatness and to stable C-
flatness.

It is quite likely that our methods will prove the following.
Conjecture 7.41. Formal K-flatness is equivalent to K-flatness.

We prove the special case of relative dimension 1 in (7.60); this is also a key
step in the proof of (7.40).

The remaining question is whether C-flat implies stably C-flat. This holds in
the examples computed in Sections 7.8—7.9, but we do not have any conceptual
argument why these two notions should be equivalent.

Question 7.42. Is C-flatness equivalent to stable C-flatness and K-flatness?

Next we show that the above properties are automatic over reduced schemes
and can be checked on Artinian subschemes.

Proposition 7.43. Let S be a reduced scheme and F a generically flat family
of pure, coherent sheaves on Pg. Then F is K-flat over S.

Proof This follows from (7.29.2). O

Proposition 7.44. Let S be a scheme and F a generically flat family of pure,
coherent sheaves on Pg. Then F satisfies one of the properties (7.37.1-5) iff
T*F satisfies the same property for every Artinian subscheme 7: A — S.
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Proof SetY := SSuppF andletn: Y — ]P’g’“ be a finite morphism. By
(7.11) DSuppg (7. F) is Cartier iff DSupp,((m4).7"F) is Cartier for every Ar-
tinian subscheme 7: A < §. Thus the Artinian versions imply the global ones.

To check the converse, we may localize at 7(A). The claim is clear if every
finite morphism 74: Y4 — Pﬁ“ can be extended to 7: Y — IP"S"”. This is
obvious for C-flatness, stable C-flatness and formal K-flatness, but it need not
hold for K-flatness and local K-flatness.

These cases will be established only after we prove (7.40) in (7.63). Thus
we have to be careful not to use this direction in Section 7.5. m]

7.45 (Push-forward, additivity and multiplicativity). First, as a generalization
of (7.4.4),let f: X — S and g: Y — S be projective morphisms of pure
relative dimension n and 7: X — Y a finite morphism. Let F' be a coherent
sheaf on X that is generically flat and pure over S of dimension n — 1 such that
g is smooth at generic points of f.(F;) for every s € §. Letx: ¥ — P be any
finite morphism. Then

DSuppg (7 © 7). F) = DSuppg (7.(7. F)) = DSuppg (7. Obsupp, (. F))»

where the first equality follows from the identity 7.(7.F) = (7 o 7). F and for
the second we apply (7.28.3) to 7.F. This proves (7.4.4).

Additivity (7.4.5) is essentially a special case of this. Let f: X — S be
a projective morphism of pure relative dimension n and D, D, c X K-flat,
relative Mumford divisors. Next take 2 copies X’ := X; U X, of X, mapping
to X by the identity map 7: X’ — X. Let D’ C X’ be the union of the divisors
D; c X;. Then DSuppg(1.0p) = D + D,. Thus if the D; are K-flat, then so is
D + D,.

Finally consider (7.4.6). If D is K-flat then so is every mD by additivity, the
interesting claim is the converse. Let 7: ¥ — P¢ be any finite morphism. Set
E := DSuppg (7. D). Then mE = DSuppy (7.(mD)), thus we need to show that
if mE is Cartier and char k 1 m, then E is Cartier. This was treated in (4.37). O

7.5 Cayley-Chow flatness

Let Z c P" be a subvariety of dimension d. Cayley (1860, 1862) associates to
it the Cayley-Chow hypersurface

Ch(Z) :={L € Gr(n—-d—-1,P"): ZNn L # 0} c Gr(n—d-1,P").

We extend this definition to coherent sheaves on P§ over an arbitrary base
scheme. We use two variants, but the proof of (7.47) needs two other versions
as well. All of these are defined in the same way, but Gr(n—d—1,P") is replaced
by other universal varieties.
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Definition 7.46 (Cayley-Chow hypersurfaces). Let S be a scheme and F a
generically flat family of pure, coherent sheaves of dimension d on P (7.27).
We define four versions of the Cayley-Chow hypersurface associated to F. In
all four versions the left hand side map o is a smooth fiber bundle.

7.46.1 (Grassmannian version). Consider the diagram
Flag (point, n—d—1,P")
Ogr Ter
Pg Grg (n—d—-1,P")
where the flag variety parametrizes pairs (point) € L"¢~! c P". Set
Chy,(F) := DSuppg ((7):07, F).
7.46.2 (Product version). Consider the diagram

Incg (point, (B)4*1)

P! (Pn)cSHl
where the incidence variety parametrizes (d + 2)-tuples ((point), Hy, ..., Hy)
satisfying (point) € H; for every i. Set
Ch,,(F) := DSuppg ((T)+07,, F).
7.46.3 (Flag version). Consider the diagram
PFlagg(0,n—d-2,n—-d—-1,P")
g Flagg (n—d-2,n—d—-1,P")

where PFlag parametrizes triples ((point), L"~%=2, L"=4"1) such that (point) €
L'~ and L"=972 c L"~%"" (but the point need not lie on L"~4~2). Set

7.46.4 (Incidence version). Consider the diagram
Incg (point, L'~ (Pm)#+1)

n
PS

IHCS (Ln—d—l , (Pn)d+ l)
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where the (d +3)-tuples ((point), L"4~', Hy, ..., Hy) satisfy (point) € L""4~! c
H; for every i. Set

Chm(F) = DsuppS ((Tm)*o-:nF)

Theorem 7.47. Let S be a scheme and F a generically flat family of pure,

coherent sheaves of dimension d on P§. The following are equivalent.

(7.47.1) Ch,(F) C (P")g” is Cartier over S.

(7.47.2) Chg(F) C Grs(n—d —1,P") is Cartier over S.

If § is local with infinite residue field then these are also equivalent to

(7.47.3) DSupp(n.F) is Cartier over S for every Us-projection m: Pg --> ]P’g’f1
(7.36) that is finite on Supp F.

(7.47.4) DSupp(n.F) is Cartier over S for a dense set of Us-projections
m: P -s PAFL

Proof The extreme cases d = 0 and d = n — 1 are somewhat exceptional, so
we deal with them first.

If d = n—1then Grg(n—d—1,P5) = Grg(0,P5) = P§ and the only projection
is the identity. Furthermore Ch,,.(F) = DSuppg(F) by definition, so (7.47.2)
and (7.47.3) are equivalent. If these hold then Ch,.(F) = Ch,,(DSuppg (F)) is
also flat by (7.23). For (7.47.1) = (7.47.2) the argument in (7.48) works.

If d = 0 then F is flat over S and (7.47.1-3) hold by (7.29).

We may thus assume from now on that 0 < d < n — 1. These cases are
discussed in (7.48-7.49). O

7.48 (Proof of 7.47.1 & 7.47.2). To go between the product and the Grass-
mannian versions, the basic diagram is the following.

IHCS (Ln—d—l , (Pn)d+l)
/ (P9 _pundle
(Bryd+! Grs (n—d—1,P%)
The right hand side projection
my: Incg (L4, (B! — Grg(n—d—1,P})

is a (PY)?*!-bundle. Therefore Ch;,(F) = 75 Chy,(F). Thus Chg,(F) is Cartier
over § iff Ch;,(F) is Cartier over S . It remains to compare Ch;,(F) and Ch,,.(F).
The left hand side projection

o Il‘lCS (Ln—d—l , (Pn)dﬂ) - (Pn)gﬂ

is birational. It is an isomorphism over (Hy,...,H;) € (IF’”)g’Jrl iff dim(Hy N
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-+ N Hy) = n—d—1, the smallest possible. That is, when the rank of the matrix
formed from the equations of the H; is d + 1. Thus nl" is an isomorphism
outside a subset of codimension n + 1 — d in each fiber of (P”)g“ - S.

Therefore, if Ch;,(F) is Cartier over S then Ch,.(F) is Cartier over S, out-
side a subset of codimension n + 1 —d > 3 on each fiber of (P”)‘S’+1 — S. Then
Ch,.(F) is Cartier over S everywhere by (7.10.6).

Conversely, let E be the support of the m;-exceptional divisor. If Ch,,.(F)
is a relative Cartier divisor then so is 1y Ch,,(F), which agrees with Ch,,(F)
outside E.

Note that E consists of those (L%, Hy, ..., Hy) for which Hy, ..., H; are
linearly dependent. This is easiest to describe using 7, which is a (P4)%*!-
bundle over Grg(n—d-1,P¢). In a local trivialization, the points in the ith copy
of P4 have coordinates (aipo: - - -:aiq). Then the equation of E is det(a; ;) = 0.
Thus E is irreducible and the restriction of m,

Incg (L™, "))\ E — Grg(n—d—1,P%)

is surjective. Since Ch;,(F) = m; Ch,(F), this implies that Ch,(F) is relative
Cartier (2.92.1). O

7.49 (Proof of 7.47.2 = 7.47.3 = 7.47.4 = 7.47.2). To go between the Grass-
mannian version and the projection versions, the basic diagram is the follow-

ing.
Flagg (n—d-2,n—-d-1,Py)
Pn—d/—l_buy w\d]e
Grs(n—d—-1,P") Grs (n—d-2,P")
The left hand side projection
o1: Flagg(n—d-2,n—d-1,P;) — Grg(n—d—1,P%)

is a P"¢"!-bundle and Chyz(X) = 0] Chg,(X). Thus Chg,.(F) is Cartier over S
iff Chyy(F) is Cartier over S.
The right hand side projection

0> Flagg(n—d-2,n—d-1,P;) — Grg(n—-d-2,P%)

is a P**!-bundle, but Ch 7/(X) is not a pull-back from Grg (n—d—-2,P%).

Let L c P§ be a flat family of (n—d—2)-planes over S. The preimage of [L]
is the set of all n—d—1-planes that contain L; we can identify this with sections
of the target of the projection 7 : P" --» L*. Thus the restriction of Ch/(X) to
the preimage of L is DSupp((rr..).(F)).
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So, if Chp(F) is Cartier over S then DSupp((7r1).(F)) = Chy(F)|z: is also
Cartier over S. Thus (7.47.2) = (7.47.3) and (7.47.3) = (7.47.4) is obvious.

Conversely, assume that DSupp((7r.).(F)) is Cartier over S for general L.
By (7.10.6) it is enough to show that Chy;(F) is flat over S, outside a subset of
codimension > 3.

Let Ur C Grs(n—d-2,P¢) be the open subset consisting of those L"=472 that
are disjoint from DSupp(F). The restriction of the projection 7y to Supp a'j;.F
is finite over ;' U, thus Ch/(F) = DSuppg ((ﬂf)*O'}F) is flat over §, outside
a codimension > 2 subset of each fiber of Qg‘ Ur — Up by (7.29). By assump-
tion the non-flat locus is disjoint from the generic fiber, hence the non-flat locus
has codimension > 3 over Up.

It remains to understand what happens over Zr := Grg(n—d-2,P) \ Ur.
Note that le(Zp) has codimension 2 in Flagg(n—d-2,n—d-1,Py), so it is
enough to show that Chy(F) is flat over S at a general point of a general fiber
over Zr.

Thus let L"~92 be a general point of Zr. Then DSupp(F) N L4~ is a single
point p and F is flat over S at p. Furthermore, a general L"¢~! > [=4-2 gtill
intersects DSupp(F’) only at p. Thus O'j,l(F ) is flat over S at

(p, L"972, L"%"") € PFlag, (0, n—d—2,n—d—1,P"),

and Supp a'j,lF is finite over (L"~9-2, ["=4-1) ¢ Flagg (n—d-2,n—d-1,Pg).
Since Chy(F) = DSuppy ((ﬂfz)*O'}IF) by (7.46.3), it is flat over S at the
point (L9472, ["=4=1) by (7.29). |

Corollary 7.50. Let S be a scheme and F a generically flat family of pure,

coherent sheaves of dimension d on Pg. Let h: S” — § be a morphism. By

base change we get g': X' — S’ and F’ = vpure(hy,F) (9.12).

(7.50.1) If F is C-flat, then so is F’.

(7.50.2) If F’ is C-fqlat and h is scheme-theoretically dominant, then F is C-
flat.

Proof We may assume that S is local with infinite residue field. Being C-flat
is exactly (7.47.3) which is equivalent to (7.47.1). F' — Ch,,.(F) commutes
with base change by (7.32) and, if & is scheme-theoretically dominant, then,
by (4.28), a divisorial sheaf is Cartier iff its divisorial pull-back is. O

Definition 7.51. Let S be a local scheme with infinite residue field and F a
generically flat family of pure, coherent sheaves of dimension d over S (7.27).
F is locally C-flat over S aty € Y := SSupp F iff DSupp(n. F) is Cartier over
§ at n(y) for every Og-projection r: P --> P”S’“ that is finite on Y for which
{y} = Supp(z~' (x(»)) N Y).
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Lemma 7.52. Let S be a local scheme with infinite residue field and F a
generically flat family of pure, coherent sheaves of dimension d on Pg. Then F
is C-flat iff it is locally C-flat at every point.

Proof Itis clear that C-flat implies locally C-flat. Conversely, assume that F is
locally C-flat. Set Z; := Supp(F) \ FlatCM;s (X, F) and pick points {y;: i € I},
one in each irreducible component of Z. If 7: Pg --» Pg”l is a general Of-
projection, then {y;} = n’l(n(yi)) NYforalliel.

Note that DSupp (. F) is a relative Cartier divisor along P4*1\7(Z,) by (7.23)
and it is also relative Cartier at the points 7(y;) for i € I since F is locally C-
flat. Thus DSupp(z.F) is a relative Cartier divisor outside a codimension > 3
subset of PY*!, hence a relative Cartier divisor everywhere by (7.10.6). O

Corollary 7.53. Let (s,S) be a local scheme and X C Pg a closed subscheme
that is flat over S of pure relative dimension d + 1. Let D C X be a relative
Mumford divisor. Let x € X; be a smooth point. Then O} is locally C-flat at x
iff D is a relative Cartier divisor at x.

Proof We may assume that S has infinite residue field. A general linear pro-
jection: X — P¢*!is étale at x, and DN~ (m(x)) = {x}. Thus |p : D — n(D)
is a local isomorphism at x, hence D is a relative Cartier divisor at x iff 7(D) is
a relative Cartier divisor at n(x). By (7.28.2) DSuppg (7.0p) = n(D), thus D is
a relative Cartier divisor at x iff DSuppg (7. 0)p) is a relative Cartier divisor at
n(x). That is, iff ) is locally C-flat at x. m]

Corollary 7.54. Let S be a scheme and F a generically flat family of pure,
coherent sheaves of dimension d over S. If F is flat at y € Y := SSupp F then
it is also locally C-flat at y.

Proof We may assume that (s, S) is local. By (10.17) F is CM outside a sub-
set Z; C Y of dimension < d—2. Let W C Y, be the set of points where F is not
flat. Letr: ¥ — P§*! be a general linear projection. By (7.23) DSupp(r. F) is a
relative Cartier divisor outside 7(Z;UW;), so we may assume that 7(y) ¢ m(Wy).
Thus, in a neighborhood of 7(y), DSupp(x.F) is a relative Cartier divisor out-
side m(Zy), which has dimension < d—2. Thus DSupp(x..F) is a relative Cartier
divisor at y by (7.10.6). O

Lemma 7.55. Let S be a scheme and F a generically flat family of pure, co-
herent sheaves of dimension d on P5. Let g,,: Y — ng be an embedding such
that g, @P/Sv(l) ~* ﬁpgu(m). If (gm)F is C-flat then F is C-flat.

Proof We may assume that § is local with infinite residue field. Let 7: P§ --»
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P‘S’“ be a general linear projection. We need to show that DSupp(r.F) is a
relative Cartier divisor.

Choosing d + 2 general sections of ﬁpgm (m) gives a morphism wy, : Pg“ —
P4*!. There is a linear projection : P§ --» P4*! such that w,, o w = 9 0 g. By
assumption DSupp((o0 o g,).F) is a relative Cartier divisor, hence so is

Dsupp((wm o ﬂ')*F) = DSUPP((Wm)* ﬁDSupp(mF))’

where the equality follows from (7.30.2).
Pick a point x € DSupp(r..F). Then a general w,, is étale at x and also {x} =
w, L (Wp(x)) N DSupp(r. F). Thus w,,: DSupp(r.F) — DSupp((wy, o 7).F) is

étale at x. Thus DSupp(r..F) is Cartier at x. [

Corollary 7.56. Let S be a scheme and F a generically flat family of pure,
coherent sheaves of dimension d on P§. Let vy, : P§ — P]SV be the mth Veronese
embedding. If (v,,).F is C-flat then so is F. O

There are very useful Bertini theorems for C-flatness. The going down ver-
sions are straightforward.

Lemma 7.57. Let (s,S) be a local scheme and F a C-flat family of pure,
coherent sheaves of dimension d > 1 on Py (7.27). Then there is a finite set of
points £ C Supp F with the following property.

Let H C P§ be a hyperplane that does not contain any point in ¥ and H; is
smooth at generic points of H N Supp Fs. Then F|y is C-flat.

Proof We may assume that the residue field is infinite. Every projection H --»
P‘S’ is obtained as the restriction of a projection P¢ --» Pg”. The rest follows
from (7.30.2). m|

Corollary 7.58. Let (s,S) be a local scheme and F a stably C-flat family of
pure, coherent sheaves of dimensiond > 1 onPs. Set Y := SSupp F. Let D C Y
be a relative Cartier divisor that does not contain any point in X (7.57) and Dy
is smooth at generic points of D N Supp Fs. Then F|p is also stably C-flat.

Proof We may assume that the residue field is infinite. By (7.52) it is suffi-
cient to prove that F|p is locally C-flat. Pick a pointy € D and let H D P§ be a
general hypersurface such that H N'Y equals D in a neighborhood of y. After a
Veronese embedding H becomes a hyperplane section, and then (7.57) implies
that F|y is stably C-flat. Hence F|y is locally C-flat by (7.52) and so F|p also
locally C-flat at y. o

The going up version needs a little more care.
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Lemma 7.59. Let (s,S) be a local Artinian scheme with infinite residue field
and F a generically flat family of pure, coherent sheaves of dimension d > 2
onPy. Then F is C-flat iff F|y is C-flat for a dense set of hyperplanes H C Pg.

Proof The hyperplanes are parametrized by H(Py, Opi (1)) ~ O¢*'. Since
Oy is Artinian, it makes sense to talk about a dense set of hyperplanes. (This
is the only reason why the lemma is stated for Artinian schemes.)

One direction follows from (7.57). Conversely, if F|g is C-flat for a dense set
of hyperplanes H then there is a dense set of projections : Py --» ]Pg”‘, such
that, for a dense set of hyperplanes L C Pfé”, the restriction of F to n~!(L) is
C-flat. Thus DSupp(r.F) is a relative Cartier divisor in an open neighborhood
of such an L by (7.31). Since d > 2, this implies that DSupp(r. F) is a relative
Cartier divisor everywhere by (7.10.6). Thus F is C-flat by (7.47). O

Now we come to the key result.

Proposition 7.60. Let (s,S) be a local scheme and F a generically flat family
of pure, coherent sheaves of dimension 1 on Pg. Then F is stably C-flat &
K-flat © formally K-flat.

Proof By (7.39) formally K-flat = K-flat = stably C-flat.

Thus assume that F' is stably C-flat. Set ¥ := SSupp F' and pick a closed
point p € Y. We need to show that F' is formally K-flat at p. By the already
proved parts of (7.44), it is enough to prove this for Artinian base schemes with
infinite residue field. We may thus assume that S = Spec A for a local Artinian
ring (A, na, k) with k infinite, and p € Y (k) is the origin (1:0: - - - :0).

Letn: Y — Ki = Spec A[[u, v]] be a finite morphism. We need to show that
DSupp(ﬂ*F ) is Cartier.

Letmg be asin (7.61). By (7.35.2), for m > mg we can choose homogeneous
polynomials g1, g, € H (P}, Op: (m)) such that

7: Y > P; givenby (x]:g1:82) (7.60.1)
is a finite morphism, p is the only point of ¥ that maps to (1:0:0),
gi/xy =m'u mod ny’, and g/xy =x'v mod ny’, (7.60.2)

where ny, is the ideal sheaf of p € Y.
Since F is stably C-flat, DSupp(7..F) is a Cartier divisor and so is its com-
pletion at the image of p. Then DSupp(n. F) is Cartier by (7.61). [

Proposition 7.61. Let (A, na, k) be an Artinian k-algebra, (R, ng) a local, S,
generically flat A-algebra of dimension I, and F a generically free, finite R-
module. Let m : Spec R — Spec A[[u, v]] be a projection such that R is finite
over Al[u]] and n*u, n*v are non-zerodivisors. Then there is an mg such that
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(7.61.1) if T : SpecR — Spec A[[u,v]] satisfies T'u = 7*u mod nZ’O and
T'v = v mod n;’;‘), then DSupp(n.F) is Cartier iff DSupp(t.F) is.

Proof We follow the computation of DSupp(r.F) as in (7.21) and show that
the formula for DSupp(7..F) is very similar. Then we finish using (7.16).

Set s := m*u. Since R is finite over A[[u]], (s) is ng-primary, hence nj C (s)
for some e > 1. Since F is generically free over A[[s]], it contains a free
A[[s]]-module G = @;A[[s]]e; of the same generic rank = r. Since R is a finite
A[[s]]-algebra, RG c s7“G for some ¢ > 0. Hence DSupp(n.F) agrees with
DSupp(nr.G) on the open set (# # 0).

We can thus compute DSupp(rr. F) using multiplication by 7*v on G, which

is given by a meromorphic matrix
My(s) : ®;Alls]le; = G 25 579G = @5~ Al[s]le;
for some d > 0. Our bound on mg depends on r, ¢, d, e and nil(n4).
Claim 7.61.2. 1f s = s mod (s") and m > ¢ + 1, then 57G = s'G for r > 0.

Proof Note that s1G C sG + s"“(s°RG) C sG + 5" G C sG. Also, s{RG =
Rs{G C Rs°G = s°RG C G, thus we can interchange s, s in the previous
argument to get that s;G = sG. O

In particular, if r := 7°u = 7"y mod (s") and m > c + 1, then G =
@;A[[t]le;. Thus we can use the same G for computing the divisorial sup-
port of 7.F. Multiplication by 7*v is given by another meromorphic matrix
M.(1) : G — t79G. Next we compare M, and M,.

Claim 7.61.3 Assume that Tv = 7*v mod (s"**¢) and t = s mod (5"*°).
Then M, (1) = M («) mod u"A[[u]].

Proof The assumptions imply that G/s"G = G/t"G, sG/s"G = t"G/s"G,
and 7*v, *v induce the same map G/s"'G — 579G/ s"G. O

Claim 7.61.4 Assume that M,(u) = M (u) mod u"*"“~“A[[u]]. Then
det(vl, — M) = det(vl, — M;) mod u"A[[u]].

Proof The difference of the two sides involves terms that contain at most r— 1
entries of M, and at least one entry of M, — M. O

Putting these together, we get that if (7.61.1) holds and my is large enough,
then det(vl, — M) = det(vl, — M;) mod u™A[[u]] and m > nil(n,) - d. The
proposition now follows from (7.16). O
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Corollary 7.62. Let (s,S) be a local scheme and F a generically flat family of
pure, coherent sheaves of dimension d > 1 on P§. Let L, M be relatively ample
line bundles on Y := SSupp F. Then F is stably C-flat for L (as in (7.38.2)) iff
it is stably C-flat for M.

Proof We already proved (7.44) for stable C-flatness, thus it is enough to
prove our claim when S is Artinian with infinite residue field.

Assume that F is stably C-flat for M. By (7.56) we may assume that L is very
ample. Repeatedly using (7.58) we get that, for general L; € |L], the restriction
of F to the complete intersection curve L; N --- N Ly N'Y is stably C-flat for
M. Thus the restriction of F to L; N---NLy_; NY is formally K-flat by (7.60).
Using (7.60) in the other direction for L, we get that the restriction of F' to
Lin---NLsNY is stably C-flat for L. Now we can use (7.59) to conclude
that F is stably C-flat for L. O

7.63 (Proof of 7.40 and 7.44). We already noted in (7.39) that K-flat = stably
C-flat.

To see the converse, assume that F is stably C-flat. We aim to prove that it
is K-flat. By the already established directions of (7.44), it is enough to prove
this over Artinian rings. Thus assume that S is the spectrum of an Artinian ring
andlet 7: X — Pg“ be a finite projection. Set L := & ﬁpém(l). By (7.62) F
is stably C-flat for L, hence DSupp(r.F) is a relative Cartier divisor by (7.55).
This proves (7.40).

We already proved (7.44) for stable C-flatness. By the just established (7.40),
stable C-flatness is equivalent to K-flatness and local C-flatness, hence (7.44)
also holds for these. |

7.6 Representability Theorems

Definition 7.64. Let S be a scheme and F a generically flat family of pure,
coherent sheaves on P§. As in (3.16.1), the functor of K-flat pull-backs is

Kflatn(q: T — $) = {{0} if gl F — T is K-flat, and
0 otherwise,

where gp: P} — P¢ is the induced morphism and q:l; IF .= vpure(gpF) is the
divisorial pull-back as in (4.2.7) or (9.12). If Y C P is a generically flat family
of pure subschemes then we write Kflaty instead of Kflat,.

If Kflaty is representable by a morphism, we denote it by j‘;ﬂat: S l;ﬂat - S.
Note that jl;ﬁa‘ is necessarily a monomorphism.

One defines analogously the functor of C-flat pull-backs Cflaty and the func-
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tor of stably C-flat pull-backs SCflat.. The monomorphisms representing them
are denoted by jeflat: Seflat — ¢ angd jicflat; gseflat —, g

In our cases several of the monomorphisms are subschemes S* < § such
that red S = red S$*. (In particular, S* C § is both open and closed.) We call
such a subscheme full.

Proposition 7.65. Let S be a scheme and F a generically flat family of pure,
coherent sheaves of dimension d on Py. Then the functors of C-flat, stably C-
flat or K-flat pull-backs of F are represented by full subschemes

kflat _ ¢ scflat cflat
ghilat _ gseflat  geflat g

Proof By (7.47), j%ﬂat: S ;ﬂa‘ — § is the same as jgfw(F): S CC“]{W(F) — §, with
the Cayley-Chow hypersurface Ch,,.(F) as defined in (7.46.2). Thus (4.28)
gives St C .

We can apply this to each Veronese embedding v,,: Py — }P’]SV , to get full
subschemes S sﬂf(’;) C S. Their intersection gives S‘}Cﬂa‘ C S. (An intersection
of closed subschemes is a subscheme.) Finally Sk1at = §3¢flat by (7.40). m]

7.66 (Proof of 7.3). Fix an embedding X — Pg. By (4.76) there is a universal
family of generically flat Mumford divisors Univ?d — MDivy(X c Py). By
(7.65), we get KDiv,(X) as a full subscheme

j4at: KDivy(X) = MDivg(X ¢ Pg) 1 < MDivy(X c Pg). O

7.7 Normal varieties

In the next three sections we aim to give explicit descriptions of K-flat defor-
mations of certain varieties. First we show that every K-flat deformation of a
normal variety is flat. Then we consider K-flat deformations of planar curves
and of seminormal curves. In both cases, we give a complete answer for first
order deformations only.

Theorem 7.67. Let g: Y — (s,5) be a projective morphism. Assume that
red(Yy) is normal, g is K-flat, g is smooth at the generic points of Y, and Oy is
vertically pure. Then g is flat along Y.

Proof 1If dim Y, = 1 then the claim follows from (7.68). In general, there is
a smallest, closed subset Z C Y, such that g is flat along Y, \ Z. Using the
Bertini-type theorem (7.5), we see that the codimension of Z is > 2. In this
case flatness holds even without K-flatness by (10.71). O

Lemma 7.68. Let g: (y,Y) — (s,8) be a local morphism of pure relative
dimension 1, that is essentially of finite type. Assume that g is smooth along
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Y\ {y}, g is formally K-flat at y, and pure(Yy) is smooth at y. Then g is smooth
aty.

Proof By (7.44) we may assume that S is Artinian. Then we can reduce it
further to the case when Y is complete and k(y) = k(s) =: k; see (10.57) and
(7.50). Write Y = Spec R,.

By induction on the length of A we may assume that there is an ideal A D
(€) = k such that pure(R4/eRy4) ~ (A/e)[[X]].

Let x € R, be alifting of X. Set J := ker[R4 — pure(R4/€R4)]. Then J is a
rank 1 Ri-module, hence free; let y € J be a generator. We have x"y = ggi(x),
where g; € k[[x]] is a unit and r = dim(J/eR,). These determine a projection
of R4 whose image in Spec A[[x, y]] is given by the ideal

Allx, Y110 (y = ex7" ge(0))A[Lx, x ', 11,
By (7.15) this is a principal ideal iff gx(x) € (y, x"), that is, when r = 0. Thus
Ra = A[[x]]. O
7.8 Hypersurface singularities

In this section we give a detailed description of K-flat deformations of hyper-
surface singularities over k[&].

7.69 (Non-flat deformations). Let X c A" be a reduced subscheme of pure
dimension d. We aim to describe non-flat deformations of X that are flat outside
a subset W c X. Choose equations g, ..., g,—g sSuch that

(1= =gra=0=XUX,

where Z := XN X’ has dimension < d. Let 4 be an equation of X’ U W that does
not vanish on any irreducible component of X. Thus X is a complete intersec-
tion in A" \ (h = 0) with equation g; = --- = g,—4 = 0. Its flat deformations
over an Artinian ring (A, m, k) are then given by

gi(x) =¥;(x), where Y;em[xy,...,x,, . (7.69.1)

Note that we can freely change the W; by an element of the ideal (g; — ;). For
A = k[&] the equations can be written as

gi(x) = ®i(x)e, where @; € k[xy,...,x,,h7']. (7.69.2)

Now we can freely change the @; by any element of the ideal &(gy, ..., gn-a)-
Thus the relevant information is carried by ¢; := ®;|x. So, generically, first
order flat deformations can be given in the form

gi = ¢ie, where ¢; € H'(X, Ox)[h7']. (7.69.3)
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Set X° := X \ (ZU W). By varying h we see that in fact
gi = die, where ¢; € H'(X°, Ox.). (7.69.4)

This shows that the choice of 4 is largely irrelevant.

If the deformation is flat then the equations defining X lift, that is, ¢; €
HO(X, Ox). In some simple cases, for example if X is a complete intersection,
this is equivalent to flatness. In the examples that we compute, the most impor-
tant information is carried by the polar parts

¢ € H(X°, Ox.)/H*(X, OY). (7.69.5)

We study first order K-flat deformations of hypersurface singularities. Plane
curves turn out to be the most interesting ones.

7.70. Consider a hypersurface singularity X := (f = 0) ¢ A} and a generically
flat deformation of it

X c A}}[€] — Speck[e]. (7.70.1)

Aiming to work inductively, we assume that the deformation is flat outside the
origin. Choose coordinates such that the x; do not divide f.
As in (7.69.3) any such deformation can be given as

fX) =yxe and z; =¢;(X)e, (7.70.2)

where i, ¢; € NHO(X, Ox)[x;']. If n > 3 then ﬂ,-ﬁx[xi‘l] = Oy and we get the
following special case of (10.73).

Claim 7.70.3. Let X := (f = 0) c A" be a hypersurface singularity and X C
A™7[g] a first order deformation of X that is flat outside the origin. If n > 3
then X is flat over k[&]. O

For n = 2 we use the following:

Notation 7.70.4. Let B = (f(x,y) = 0) c A? be a reduced curve singularity.
Set B° := B\ {(0,0)}. A non-flat deformation B over k[g] is written as

fO,y)=¥(x,y)e and z; = Q;i(x,y)e.

As in (7.69), we set ¢ := Pp, ¢; := @}l and §,; € H*(B°, Op-)/H(B, Op)
denote their polar parts.

We say that a (flat, resp. generically flat) deformation over k[&] globalizes if
it is induced from a (flat, resp. generically flat) deformation over k[[f]].

Theorem 7.71. Consider a generically flat deformation B of the plane curve

singularity B := (f =0) C Aiy given in (7.70.4).

(7.71.1) IfB is B-flat then y € H(B, Of).
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(7.71.2) If y € H(B, O) then the deformation is
(a) flatiffp; € HO(B, Og) and
(b) C-flat iff f.¢), f,¢; € H'(B, Op).
(7.71.3) If B is reduced and y = 0, then the deformation globalizes iff ¢; €
HO(B, O%), where B — B is the normalization.

Remark 7.71.4. Note that Qll3 is generated by dx|p, dy|p, while wp is generated
by fy_ldx = —fldy.

If B is reduced, then Q}; and wp are naturally isomorphic over the smooth
locus B°. This gives a natural inclusion Hom(Q}g, wp) < Op-. Then (7.71.2.b)
says that ¢; € Hom(QL, wp)/Op. See (7.72) for monomial curves.

Proof For simplicity, we compute with one z coordinate. If i, ¢ € HO(B, Op)
then we can assume that ¥, @ are regular, so the deformation is flat. The con-
verse in (7.71.2.a) is clear.

As for (7.71.2.b), we write down the equation of image of the projection

(x,y,2) = () = (x — a(x, y,2)z,y — ¥(X, ¥, 2)2),

where «, y are constants for linear projections and power series that are nonzero
at the origin in general. Since z*> = ¢?&> = 0, Taylor expansion gives that

S 9) = f(x,y) —alx,y,2) f(x, )z = y(x, ., 2) f,(x, y)z.

Similarly, for any polynomial F(x,y) we get that F(X,y) = F(x,y) mod 0p,
hence F(%,7)z = F(x,y)z in Oy since ze = 0. Thus the equation is

(&) = W(E, ) - a(X, 5,0 fx(%, )¢ - ¥(%,5,0) /y(%,)¢) - £ = 0. (7.71.5)

By (7.15.2) this defines a relative Cartier divisor for every «, v iff ¢, f1¢, f,¢ €
O, proving (7.71.2.b). (Thus linear and formal projections give the same re-
strictions, hence C-flatness implies formal K-flatness in this case.)

If B globalizes then ¢ € H(B, Op), this is the n = 1 case of (7.73.1). To
prove the converse assertion in (7.71.3), we would like to write the global
deformation as

(f(x, y) = O,Z = ¢(X,y)s) c Aiyzs'

The problem with this is that ¢ has a pole at the origin. Thus we write ¢ = ¢1h™"
where ¢, is regular at the origin and 4 is a general linear form in x, y. Then the
correct equations are

(f(x,y) = 0,zh" = $1(x,y)s) C Aiyzs'

Note that typically ¢;(0,0) = 0, hence the 2-plane (x = y = 0) ¢ A* __appears

XyzZS$
as an extra irreducible component. We need one more equation to eliminate it.
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If € H(B, Up) then it satisfies an equation

"+ 2;{1:_0' ri¢/ =0, where r;€ H(B,Op).

Thus z = ¢s satisfies the equation 7 + Z’};‘O' riz/s™/ = 0. Now the 3 equations

fOoy) =20 = ¢i(x,y)s = 2" + Tirzls" T =0
define the required globalization of the infinitesimal deformation. O
7.71.6 (Nonreduced curves). Consider B = (y* = 0) with deformations

¥ = i (0) + go(x)e  and  z = (¥ (x) + do(X))e,

where ¥;, ¢; € k[x,x']. If this is C-flat then ¢; € k[x] by (7.71.1). Since
fx =0, (7.71.2.b) gives only 1 condition, that y(y@;(x) + ¢o(x)) be regular.
Since y* = 0 we get that ¢ € k[x], but no condition on ¢;. So it can have a pole
of arbitrary high order. Note that if ¢ has a pole of order m, then regularizing
the second equation we get zx™ = ye+ (other terms). This suggests that if these
deformations lie on a family of surfaces, the total space must have more and
more complicated singularity at the origin as m — oo.

Example 7.72 (Monomial curves). We can be quite explicit if B is the irre-
ducible monomial curve B := (x* = y°) ¢ A2 where (a,c) = 1. Its miniversal
space of flat deformations is given as

a c a-2xc-2 i —
X =y + 25 =0 Sijx'y! = 0.

Its dimension is (a — 1)(c — 1).

In order to compute C-flat deformations, we parametrize B as t — (z°,1%).
Thus Op = k[t°, t*]. Let Ep = Na+Nc C N denote the semigroup of exponents.
Then the condition (7.71.2.b) becomes

1Y), 177G (1) € Kt 1. (7.72.1)

This needs to be checked one monomial at a time.

For ¢ = " and m > 0 the conditions (7.72.1) are automatic, and the defor-
mation is non-flat iff m ¢ E. These give a space of dimension %(a —D(c-1).
(This is an integer since one of a, ¢ must be odd.)

For ¢ = " and m > 0 we get the conditions ac—c—m € Eg and ac—a—m €
Eg. By (7.72.4) these are equivalent to ac —a — ¢ — m € Ep. The largest value
of m satisfying this gives the deformation

—ac+a+c

(x*=y'=z-t e=0) over klg]. (7.72.2)

Note also that for 0 < m < ac —a — ¢, we have that ac —a — c —m € Ep iff
m ¢ Ep. These again have %(a — 1)(c — 1) solutions.
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Thus we see that the space of C-flat deformations that are non-flat has (a —
I)(c — 1) extra dimensions; the same as the space of flat deformations. This
looks very promising, but the next example shows that we get different answers
for non-monomial curve singularities.

7.72.3 (Non-monomial example). Consider the curve singularity B = (x* +y° +
x%y* = 0). Blowing up the origin we get (x/y)* +y + (x/y)*y = 0. Thus B is
irreducible, it can be parametrized as x = £ +---,y = * + .-+ and it is an
equisingular deformation of the monomial curve (x* +y° = 0).

In the monomial case we have the deformation (7.72.2) where z —¢ ' = 0.
We claim that B does not have a C-flat deformation z — ¢& = 0 where ¢ =
"' + ... Indeed, such a deformation would satisfy

fx¢ =y -(local unit) and f,¢ = x - (local unit).

Eliminating ¢ gives that (xf;)/(yf,) = (local unit). We can compute the left
hand side as

4xt+2x%y 4y -4y 42650 4 1+ (1/2)(x/y)?

5y5 +3x2y3 5y5 + 3x2y3 5 1+ B/5)(x/y)
This is invertible at the origin of the normalization of B, but it is not regular on
Bsince;—fzt+~~. O

The following is left as an exercise.

Claim 7.72.4. For (a,c) = 1 set E = Na + Nc ¢ N. Then
(@) If 0 < m < min{ac — a,ac — ¢} then ac —a — myac —c —m € E iff
ac—-a—-c—-mekE.
b) f0<m<ac—a-cthenac—a—-c—-meEiff m¢E. ]

7.73 (Normalization of a deformation). Let T be the spectrum of a DVR with
maximal ideal (f) and residue field k. Let g: X — T be a flat morphism of pure
relative dimension d with generically reduced fibers. Set Z: = Supp tors(Xp)
and let 7: X — X be the normalization.

By composition we get g: X — T. Note that my: Xy — X is an isomor-
phism over Xj \ Z and X, is S. In particular, X, is dominated by the normal-
ization X3 of X.

Note that " O usually has some embedded primes contained in Z. The in-
tersection of its height 1 primary ideals (also called the nth symbolic power of
t0x) is (tOx)™ = Ox N 1" Ox. In particular, we have injections

O (tOx)™D < " Ox |1 Ox ~ O, (7.73.1)

A closely related computation is the following.



7.9 Seminormal curves 299

Example 7.74. (Kollar, 1999, 4.8) Using (7.34.1) we see that the ideal of
Chow equations of the codimension 2 subvariety (x,+; = f(xo,...,X,) =0) C
P! is generated by the forms

S(xo —apXps1 @ -+ 1 Xy — apxpyy) forall ag,...,a,. (7.74.1)

If the characteristic is O then Taylor’s theorem gives that

f(x0 = @oXpy1 t v+t X = ApXny1) = Zz%a’%xﬂw (7.74.2)
where I = (ig,...,i,) € N"*!. The ! are linearly independent, hence we get
that the ideal of Chow equations is

TP (X053 %)y Xus1) = (fs Xpr 1 DOF)s -, X D™ (), (7.74.3)
where we can stop at m = deg f. Here we use the usual notation
D(f):=(f. 25, ) (7.74.4)

for derivative ideals.
If we want to work locally at the point p = (x; = --- = x, = 0), the we can
set xo = 1 to get the local version

I X0 %0), Xae1) = (o Xt DO, - X0, D), (7.74.5)

where we can now stop at m = mult, f. This also holds if f is an analytic func-
tion, though this needs to be worked out using the more complicated formulas
(7.34.6) that for us become

T ()Cl, cees -xn+1) - (-xl - -xn+1¢’17 sy Xp T -xn+1l//n)’ (7746)

where ; = ¥i(xo,...,X,+1) are analytic functions. Expanding as in (7.74.2)
we see that

f(xl - xn+1w1 seeesXp T xn+lwn) € ICh(f(xl IEERE] xn)7 xn+1)~ (7747)

Thus we get the same ideal if we compute /" using analytic projections.

7.9 Seminormal curves
Over an algebraically closed field &, every seminormal curve singularity is for-
mally isomorphic to

B, = Specklxi,...,x,1/(xix;: i # ) C AL,

formed by the union of the n coordinate axes. In this section we study defor-
mations of B, over k[&] that are flat outside the origin.
A normal form is worked out in (7.75.4), which shows that the space of these
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deformations is infinite dimensional. Then we describe the flat deformations
(7.76) and their relationship to smoothings (7.77).

We compute C-flat and K-flat deformations in (7.79); these turn out to be
quite close to flat deformations.

The ideal of Chow equations of B, is computed in (Kolldr, 1999, 4.11). For
n = 3 these are close to C-flat deformations, but the difference between the two
classes increases rapidly with n.

7.75 (Generically flat deformations of B,). Let B, C A7[¢] be a generically
flat deformation of B, C A} over k[&].

If B, is flat over k[¢] then we can assume that n = m, but a priori we only
know that n < m. Following (7.69), we can describe B,, as follows.

Along the x;-axis and away from the origin, the deformation is fla. Thus, in
the (x; # 0) open set, B, can be given as

x; = ;j(x1, ..., xy)E, wherei # jand @;; € k[xl,...,xm,x;']. (7.75.1)

Note that (x, ... ,Yj, e X, €)% 1S identically zero on B, N (x; # 0), so the
terms in this ideal can be ignored. Thus along the x;-axis we can change
(7.75.1) to the simpler form

x; = ¢ij(x))e, wherei# jand ¢;; € k[x;}, xjfl]. (7.75.2)
There is one more simplification that we can make. Write
¢ij = ¢} +vij Wwhere qb,’-jek[xj‘-'],y,-je(xj)ck[xj],
and set x; = x; — 3. 7ij(x;). Then we get the description
X = (f);j(x;-)s where i[#j and ¢l'.j € k[x}_l]. (7.75.3)

For most of our computations the latter coordinate change is not very impor-
tant. Thus we write our deformations as

B,: {x; = ¢;j(x;)e along the x;-axis}, (7.75.4)

where ¢;;(x;) € k[x;, xj’.l], but we keep in mind that we can choose ¢;;(x;) €
k[xjfl] if it is convenient. Writing B, as in (7.75.4) is almost unique; see (7.76.3)
for one more coordinate change that leads to a unique normal form.

Writing x;x; in two ways using (7.75.4) we get that

xix; = (xidi(x)1; + x;¢:(x)1 ), (7.75.5)

where 1, denotes the function that is 1 on the x,-axis and O on the others.
In order to deal with the cases when m > n, we make the following

Convention 7.75.6. We set ¢;; = 0 for j > n.
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We get the same result (7.75.4) if we work with the analytic or formal local
scheme of B,: we still end up with ¢;;(x;) € k[x;'].

Proposition 7.76. For n > 3 the generically flat deformation B, C A%[€] as in
(7.75.4) is flat iff
(7.76.1) either n > 3 and the ¢;; have no poles,

(7.76.2) orn =2 and @12, ¢21 have only simple poles with the same residue.

Proof B, is flat iff the equations x;x; = 0 of B, lift to equations of B,. We
computed in (7.75.5) that Xixj = (xi¢_,-i(xi)1i + x_,‘¢,“,~(x,‘)1_,‘).9, thus XiX; lifts to
an equation iff x;¢;(x;)1; + x;¢;;(x;)1; is regular. Thus the ¢;; have only simple
poles and the residues must agree along all the axes. x;¢;;(x;)1; + x;¢;;(x)1;
vanishes along the other n — 2 axes for n > 3, so the residues must be 0. O

Corollary 7.76.3. The first order flat deformation space Tll?l has dimension
nn—1)—-n=nn-2).

Proof By (7.75.3) and (7.76), flat deformations can be given as
B,: {x; = ¢;j& along the x;-axis, where ¢;; € k}.
The constants ¢; j are not yet unique, X = Xi— a; changes ejj e —aj. ]

Strangely, (7.76.3) says that every flat first order deformation of B, is ob-
tained by translating the axes independently of each other. These deformations
all globalize in the obvious way, but the globalization is not a flat deforma-
tion of B, unless the translated axes all pass through the same point. If this
point is (ay&,...,a,e) then e;; = a; and applying (7.76.3) we get the trivial
deformation. See (7.77) for smoothings of B,.

If n = 2 then the universal deformation is x;x, + € = 0. One may ask why
this deformation does not lift to a deformation of B3: smooth 2 of the axes to
a hyperbola and just move the 3rd axis along. If we use x;x, + ¢t = 0, then the
x3-axis should move to the line (x; — V¢ = x — V¢ = 0). This gives the flat
deformation given by equations

X1X +t = x3(x1 — \/;) = x3(xp — ‘/;) =0.

Of course this only makes sense if ¢ is a square. Thus setting £ = V¢ mod ¢
the = &2 mod t term becomes 0 and we get

X1X2 = X3X] — X3& = X3x — x3€ = 0,

which is of the form given in (7.76.1).
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Example 7.77 (Smoothing B,). Rational normal curves R,, ¢ P" have a moduli
space of dimension (n + 1)(n + 1) = 1 = 3 = n? + 2n — 3. The B, € P" have a
moduli space of dimension n + n(n — 1) = n®. Thus the smoothings of B, have
a moduli space of dimension n” +2n — 3 —n? = 2n — 3. We can construct these
smoothings explicitly as follows.

Fix distinct py, ..., p, € k and consider the map

(t,2) - (ﬁ,..., ﬁ)
Eliminating z gives the equations
(pi—pj)x,-xj-i-(x,-—xj)t:O: 1<i#j<n (7.77.1)

for the closure of the image, which is an affine cone over a degree n rational
normal curve R, C Pf,. So far this is an (n — 1)-dimensional space.
Applying the torus action x; > /li‘lxi, we get new smoothings given by

(pi — pj)xixj + (/1_,')6,‘ - /l,‘xj')l‘ =0:1<i#j<n (7.77.2)
Writing it in the form (7.75.4) we get

X = #a along the x;-axis. (7.77.3)
i~Pj
This looks like a 2n-dimensional family, but Aut(P') acts on it, reducing the
dimension to the expected 2n—3. The action is clear for z + az+f, butz + 77!
also works out since
A —Aip

2
A= 24 Aip.
p;'=p;" T pip; iPi

Claim 7.77.4. For distinct p; € k and A; € k*, the vectors

A A 1 n
(p‘_’pj. i # ]) span T = K.

So the flat infinitesimal deformations determined in (7.76.3) form the Zariski
tangent space of the smoothings.

Proof  Assume that there is a linear relation }; m; Jp/lT/pj =0.Ifwelet p; = p;

and keep the others fixed, we get that m;; = 0. m}
Remark 7.77.5. If n = 3 then the Hilbert scheme of degree 3 reduced space
curves with p, = 0 is smooth, see Piene and Schlessinger (1985).

Example 7.78 (Simple poles). Among non-flat deformations, the simplest
ones are given by ¢;;(x;) = c,-jx;l + ¢e;;. By (7.75.5) xix; = (cjili + cijl))e.
For n > 3 and general choices of the ¢;;, the rational functions c;;1; + ¢;;1;

span O [0, . Thus we get an exact sequence

0—e&-05 — O, — Op, — 0. (7.78.1)
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The main result is the following.
Theorem 7.79. For a first order deformation of B,, C A™ specified by
B,: {x; = ¢ij(x))e along the x;-axis}, (7.79.1)

the following are equivalent.

(7.79.2) B, is C-flat.

(7.79.3) B, is K-flat.

(7.79.4) The ¢;; have only simple poles and ¢;;, ¢ ji have the same residue.

Recall that ¢;; = 0 for j > n by (7.75.6), hence (4) implies that ¢;; has no
poles for i > n.

Proof The proof consist of 2 parts. First we show in (7.80) that (7.79.2) and
(7.79.4) are equivalent by explicitly computing linear projections.

We see in (7.81) that if the ¢;; have only simple poles then there is only 1
term of the equation of a non-linear projection that could have a pole. This
term is the same for the linearization of the projection. Hence it vanishes iff it
vanishes for linear projections. This shows that (7.79.4) = (7.79.3). m]

Remark 7.79.5. If j > n then ¢;; = 0 by (7.75.6), so ¢; is regular by (7.79.4).
Evaluating them at the origin gives the vector v; € K". If 3’ ;,,4;v; = 0 then

2 iondi(xj = XL pjixee)

is regular and identically 0 on B,,. We can thus eliminate some of the x; for
j > n and obtain that every K-flat deformation of B, lives in A?"~!.

7.80 (Linear projections). Recall that by our convention (7.75.6), ¢;; = 0 for
J > n. Extending this, in the following proof all sums/products involving i go
from 1 to m and sums/products involving j go from 1 to n.

With B, as in (7.79.1) consider the special projections

a: Alle] — Aiv[s] givenby u=Yx;,v=Yax;, (7.80.1)

where a; € k[g]. Write a; = @; + aje. (One should think that a; = da;/de.)

In order to compute the projection, we follow the method of (7.21.7). Since
we compute over k[u, ul €], we may as well work with the k[u, £]-module
M := ®jk[x;, ] and write 1; € k[x;, €] for the jth unit. Then multiplication by
u and v are given by

u - 1] = (szl)lj = Xj+2i¢ij8, and
vel; (X aixi)1; ajxj+ Xaidije.

(7.80.2)
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Thus v- 1; = (aju + X(a; — aj)¢;j(w)e) - 1;. and the v-action on M is given by
the diagonal matrix

diag(au + ¥i(a; — aj)¢ij(w)e).
By (7.21.7) the equation of the projection is its characteristic polynomial
[1,(v—aju~Y(a; —ajp;(we) = 0. (7.80.3)
Expanding it we get an equation of the form
[1,(v—au) - E(u,v,a,¢)e =0, where
E(,v,a,¢) = 3 j([1ix,(v - a;u)) - (a}u + 2@ — aj)g; ().

This is a polynomial of degree < n — 1 in v, hence by (7.19) its restriction to
the curve ([];(v — a;u) = 0) is regular iff E(u, v, a, $) is a polynomial in u as
well. Let r be the highest pole order of the ¢;; and write

(7.80.4)

¢ij(w) = c;ju”" + (higher terms). (7.80.5)
Then the leading part of the coefficient of v*~! in E(u, v, a, ¢) is
2iniai —ajciu™" = u"y; a2 (cij — ¢ji)). (7.80.6)
Since the a; are arbitrary, we get that
2.j(cij—cji) =0 forevery i. (7.80.7)

Next we use a linear reparametrization of the lines x; = /li’l y; and then apply a
projection m, as in (7.80.1). The equations x; = ¢;;(x;)e become

yi = igij(A7 'y e
and ¢;; changes to /li/l;ci ;. Thus the equations (7.80.7) become
Zj(/liﬂ;cij - /11'/1;6‘]',‘) =0 Vi (7808)

If r > 2 this implies that ¢;; = 0 and if r = 1 then we get that ¢;; = c};.
This completes the proof of (7.79.2) & (7.79.4).

Remark 7.80.9. Note that if we work over F, then necessarily 4; = 1, hence
(7.80.8) does not exclude the » > 2 cases.

7.81 (Non-linear projections). Consider a general non-linear projection
(X155 X)) 2 (@1(x1, -, 2X0), Pa(X, e, X)),

After a formal coordinate change we may assume that ®; = };x;. Note that
the monomials of the form x;x;x;, xl.zxi, x;x ;& vanish on B,,, so we can discard
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these terms from ®,. Thus, in suitable local coordinates a general non-linear
projection can be written as

u= Z,»xi, V= Z,»a/,-(x,-) + Z#jxiﬁ,-j(xj), (78]])
where @;(0) = §;;(0) = 0. Note that ;(0) = a; in the notation of (7.80). Now

u-lj=x;+ Y¢ij(x))e, and

VoL = 050) + S ()8) + S e)fsipe.
Note further that a;(¢;;(x;)e) = a(0)¢;;(x;)e and
a;(x)) = a(u - Lidij(x)e) = ;) — W) Xiij(x))e.
Thus, as in (7.80.4), the projection is defined by the vanishing of
[Ty = @) = (i) + @{(0) = @ (w)pij(w)e) 7.813)

= [1;(v - a;w) - Eu,v, ., B, p)e.

Let i, @’; denote the residue of Bjj, @’; modulo & and write «;(u) = @;(u) +
Jzaj(w)e. As in (7.80.5), expanding the product gives that E(u, v, @, 8, ¢) equals

2 (I = @) - Oej(u) + Xi(Bij(w) + &;(0) — & (w)gy).  (7.81.4)

We already know that ¢;;(u) = c,-ju‘1 + (higher terms), hence E(u, v, a,(, ¢)
has at most simple pole along (# = 0). Computing its residue gives that

VLS 5B (0) + &(0) - @ (0)cij = V' 5@ - ajeij. (7.81.5)

These are the same as in (7.80.6). Thus E(u, v, a, 8, ¢) is regular iff it is regular
for the linearization. This completes the proof of (7.79.4) = (7.79.3).

Example 7.82. The image of a general linear projection of B, C A" to A isn
distinct lines through the origin. A general non-linear projection to A2 gives n
smooth curve germs with distinct tangent lines through the origin.

As a typical example, the miniversal deformation of (x" + y* = 0) is

(X" 43"+ X jenatixy = 0) C A2 x APV, (7.82.1)
Deformations with tangent cone (x* + y* = 0) form the subfamily
P n—-3
(X" + Y+ Ty jontijx'y! = 0) C A X Af 2, (7.82.2)

For n < 4 there is no such pair (i, j), thus, for n < 4, every analytic projection
En — AZ is obtained as the composite of an automorphism of §n, followed by
a linear projection and an automorphism of AZ.

For n = 5 we get the deformations x° +y5 +1x3y} =0) Aiv xA;. Fort#0

these give curve germs that are images of En by a nonlinear projection, but can
not be obtained as the image of a linear projection, up to automorphisms.



Chapter 8

Moduli of stable pairs

We bring together the moduli theory of Chapter 6 with K-flatness of Chapter 7
to obtain the moduli theory of stable pairs in full generality. The basic def-
initions originate in the papers Kollar and Shepherd-Barron (1988); Alexeev
(1996); the resulting moduli spaces are usually called KSBA moduli spaces.

In Section 8.1 we discuss a bookkeeping device, called marking: we need to
know not only what the boundary divisor A is, but also how it is written as a
linear combination of effective Z-divisors. In the cases considered in Chapter 6
there was always a unique, obviuos marking; this is why the notion was not in-
troduced before. Simple examples show that, without marking, we get infinite
dimensional moduli spaces, already for pointed curves (8.2).

The notion of Kollar—Shepherd-Barron—Alexeev stability is introduced in
Section 8.2. The proof that we get a good moduli theory, as defined in (6.10),
follows the methods of Chapter 6 if the coefficients are rational (8.9), but a few
more steps are need if they are irrational (8.15).

The end result is the following consequence of (8.9) and (8.15).

Theorem 8.1. Fix a base scheme S of characteristic 0, a coefficient vector
a = (ay,...,a,) € [0,1], an integer n and a real number v. Let SP(a,n,v)
denote the functor of marked, stable pairs of dimension n and volume v. Then
SP(a,n,v) is good moduli theory (6.10) and it has a coarse moduli space
SP(a, n,v), which is projective over S.

A variant with floating coefficients is treated in Section 8.3 and the moduli
theory of more general polarized pairs is discussed in Sections 8.4-8.5.

The construction of moduli spaces as quotients by group actions is treated
in Section 8.6, and a short overview of descent is in Section 8.7.

In Section 8.8 we discuss several unexpected problems that appear in pos-
itive characteristic. Quite likely, these necessitate substantial changes in the
moduli theory of varieties of dimension > 3 in positive and mixed characteris-
tics.

306
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Further results

An early difficulty of KSBA theory was that good examples were not easy to
write down. The first notable successes were Alexeev (2002); Hacking (2004).
By now there is a rapidly growing body of fully understood cases.

Various moduli spaces are worked out in the papers Abramovich and Vistoli
(2000); van Opstall (2005, 2006b,a); Hacking (2012); Alexeev (2015); Fran-
ciosi et al. (2015b, 2017, 2018); Alexeev (2016); Ascher and Gallardo (2018);
Ascher and Bejleri (2019, 2021a,b); Ascher et al. (2020); Alexeev and Thomp-
son (2021); Bejleri and Inchiostro (2021).

Examples of stable degenerations and their relations to other invariants are
exhibited in Hassett (1999, 2000, 2001); Alexeev (2008); Tziolas (2009, 2010);
Hacking and Prokhorov (2010); Hacking (2013, 2016); Urzta (2016b,a); Rana
(2017); Hacking et al. (2017); Rana and Urzda (2019); Franciosi et al. (2022).

Computations of invariants of stable surfaces are given in Liu and Rollenske
(2014); Franciosi et al. (2015a); Stern and Urzia (2016); Tziolas (2017, 2022).

Special examples are computed in detail in Hacking et al. (2006, 2009);
Thompson (2014); Ascher and Molcho (2016); Alexeev and Liu (2019a,b);
Donaldson (2020).

Other approaches to the moduli spaces are discussed in Abramovich and
Vistoli (2002); Alexeev and Knutson (2010); Abramovich and Hassett (2011);
Abramovich et al. (2013, 2017); Abramovich and Chen (2014); Abramovich
and Fantechi (2017).

Assumptions. In this Chapter we work over a Q-scheme. The definitions are
set up in full generality, but some of the theorems fail in positive characteristic;
see Section 8.8 for a discussion.

8.1 Marked stable pairs

So far we have studied slc pairs (X, A), but usually did not worry too much
about how A was written as a sum of divisors. As long as we look at a single
variety, we can write A uniquely as )’ a;D; where the D; are prime divisors, and
there is usually not much reason to do anything else. However, the situation
changes when we look at families.

82 (s D = %(nD)?). Assume that we have an slc family over an irreducible
base f: (X,A) — § with generic point g € S. Then the natural approach is to
write A, = ), aiDi,, where the Di, are prime divisors on the generic fiber X,.
For any other point s € S this gives a decomposition A; = 3} a;D’, where D
is the specialization of D;;,. Note that the D', need not be prime divisors. They
can have several irreducible components with different multiplicities and two
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different D, D{ can have common irreducible components. Thus Ay = ¥ ;D%
is not the ‘standard’ way to write A;.

Let us now turn this around. We fix a proper slc pair (Xy, Ap) and aim to
understand all deformations of it. A first suggestion could be the following:

8.2.1 (Naive definition). An slc deformation of (Xy, Ag) over a local scheme
(0 € §) is a proper slc morphism f: (X,A) — S whose central fiber (X, A)g is
isomorphic to (X, Ag).

As an example, start with (]P’i.y, (x = 0)). Pick n > 1 and variables ¢;. Then

(PYy X AL L + £, 2y + -+ 1" = 0)) (8.2.2)

is a deformation of (P}C),, (x = 0)) over A" by the naive definition (8.2.1). We
get a deformation space of dimension 1 —2 using Aut(P', (0:1)). Letting n vary
results in an infinite dimensional deformation space.

The polynomial in (8.2.2) is irreducible over k(, ..., #,-1), thus our recipe
above says that we should write A = 1D, (where D, is irreducible). Then the
special fiber is written as (x = 0) = %(x” =0).

The situation becomes even less clear if we take 2 deformations as in (8.2.2)
for 2 different values n, m and glue them together over the origin. The family is
locally stable. One side says that the fiber over the origin should be ﬁ(x” =0),

the other side that it should be %(x’" =0).

As (8.2) suggests, some bookkeeping is necessary to control the multiplic-
ities of the divisorial part of a pair (X, A) in families. This is the role of the
marking we introduce next.

Once we control how a given R-divisor A is written as a linear combination
of Z-divisors, we obtain finite dimensional moduli spaces.

Definition 8.3 (Marked pairs). A marking of an effective Weil R-divisor A
is a way of writing A = } a;D;, where the D; are effective Z-divisors and
0<a eR. Wecalla=(ay,...,a,) the coefficient vector.

A marked pair is a pair (X, A), plus a marking A = Y a;D;.

We allow the D; to be empty; this has the advantage that the restriction of a
marking to an open subset is again a marking. However in other contexts this
is not natural and we will probably sometimes disregard empty divisors.

Observe that A = Y a;D; and A = Z(%a[)(ZDi) are different as markings.
This seems rather pointless for one pair but, as we observed in (8.2), it is a
meaningful distinction when we consider deformations of a pair.

Note that, for a given (X, A), markings are combinatorial objects that are
not constrained by the geometry of X. If A = }; b;B; and the B; are distinct
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prime divisors, then the markings correspond to ways of writing the vector
(by,...,b,) as apositive linear combination of nonnegative integral vectors.

Comments. Working with such markings is a rather natural thing to do. For
example, plane curves C of degree d can be studied using the log CY pair
(P2, Ac = %C) as in Hacking (2004). Thus, even if C is reducible, we want to
think of the Q-divisor A¢ as %C ; hence as a marked divisor with a = (%) Sim-
ilarly, in most cases when we choose the boundary divisor A, it has a natural
marking.

However, when a part of A is forced upon us, for instance coming from the
exceptional divisor of a resolution, there is frequently no ‘natural’ marking,
though usually it is possible to choose a marking that works well enough.

If (X, A) is slc and a; > % for every i, then the marking is almost determined
by A. For example, if the a; are distinct then the obvious marking of A = Y’ a;D;
is the unique one. If all the a; = 1, then the markings of };.; D; correspond to
partitions of /.

If we allow a; = % then an irreducible divisor D can have 3 different mark-
ings: [D], $[2D] or 1[D] + 1[D]. The smaller the a;, the more markings are
possible.

Definition 8.4 (Families of marked pairs). Fix a real vector a = (ay,...,a,).

A family of marked pairs with coefficient vector a = (ay, ..., a,) consists of

(8.4.1) aflat morphism f: X — S with demi-normal fibers (11.36),

(8.4.2) an effective, relative, Mumford R-divisor A, plus

(8.4.3) a marking A = } @;D;, where the D; are effective, relative, Mumford
Z-divisors (4.68).

As we discussed in Section 4.1, the relative Mumford assumption on the D;
assures that markings can be pulled back by base-change morphisms W — S.
However, being relative Mumford is not automatic. This means that not all
markings of A give a family of marked pairs.

Examples 8.5 (Marking and stability). Given a family of pairs f : (X,A) — §,
it can happen that it is KSBA-stable for one choice of the marking, but not for
other markings. Although we define KSBA-stability only in the next section,
these examples influenced the precise definitions of KSBA-stability, especially
(8.13), so this is their right place.

(8.5.1) If § is normal then, by (4.4), every marking of A yields a family of
marked pairs f: (X,A) = S.

(8.5.2) Assume that A is a Q-divisor and S is reduced. There is a smallest
N € N such that NA is a Z-divisor. In characteristic 0, D := NA is a relative
Mumford divisor by (4.39), thus A = %D gives a marking of (X, A).
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(8.5.3) For R-divisors there are markings A = }; 4;A; where the 4; are Q-
linearly independent, see (11.47). In characteristic O we get the same stable
families, independent of the choice of the 4; by (11.43.4) and (4.39).

(8.5.4) The simplest case is when A = ¢D with a single irreducible D. The
only possible markings are A = }’ a;(m;D) for some m; € N and ¢ = Y a;m;. In
characteristic 0 we get the same stable families, independent of the choices by
(4.39), but not in positive characteristic, see (8.76).

(8.5.5) Let B be a curve with a single node b and B° := B\ {b}. Let by, b, € B
be the preimages of the node in the normalization B. Set § = P! x B.

Let E; := {p;} x B sections for i = 1,2,3 and A their sum. If we use the
marking with only 1 divisor D} := 3}, E7, then we can use any of the 6 au-
tomorphisms of P! that preserve {p1, p2, p3} to descend (S, A) to a family of
marked pairs over B. If we use the marking with 3 divisors D} := E?, then the
identity gives the only descent.

8.2 Kollar-Shepherd-Barron—Alexeev stability

Now we come to the main theorem of the book, the existence of a good moduli
theory for all marked stable pairs (X, A) in characteristic 0.

The principle is that, once we have K-flatness to replace flatness in Sec-
tion 6.2, the rest of the arguments should go through with small changes. This
is indeed true for rational coeflicients, so we start with that case.

For irrational coefficients it is less clear how to cook up ample line bundles,
so the existence of embedded moduli spaces needs more work.

KSBA stability with rational coefficients

Fix a rational coefficient vector a = (ay, ..., a,) and let Icd(a) denote the least
common denominator of the a;.

8.6 (Stable objects). These are marked pairs (X, A = 3; a;D;) with coefficient
vector a, such that

(8.6.1) (X,A)isslc,
(8.6.2) X is projective and Kx + A is ample.

8.7 (Stable families). A family f: (X,A = };a;D;) — S is KSBA-stable if the
following hold.

(8.7.1) f: X — § is flat, finite type, pure dimensional.

(8.7.2) The D; are K-flat families of relative, Mumford, Z-divisors (7.1).
(8.7.3) The fibers (X;, Ay) are slc.

(8.7.4) wy,\(mA - B)is a flat family of divisorial sheaves, provided lcd(a) | m

and B = }}jc; D; witha; = 1for j € J.
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(8.7.5) fis proper and Kx;s + A is f-ample.
The first four of these conditions define locally KSBA-stable families.

8.8 (Explanation). These conditions are mostly straightforward generaliza-
tions of (6.16.1-3). We discussed K-flatness in Chapter 7.

The main question is (8.7.4). We should think of it as the minimal assump-
tion, which should be made more stronger whenever possible, without chang-
ing the reduced structure of the moduli space.

The main case is B = 0. For ‘”[)?;]s (mA) to make sense, mA must be a Z-
divisor. If the D; have no multiple or common irreducible components, this
holds only if m is a multiple of lcd(a). The nonzero choices of B in (8.7.4) are
discussed in (6.23).

We could also ask about the sheaves wg?}]s (XLma;]1D;) as in (6.22.3). As we
saw in (2.41), they are not flat families of divisorial sheaves in general, but
(2.79) discusses various examples where they are. Thus, on a case-by-case
basis, a strengthening of (8.6.4) is possible and useful. This was one of the

themes of Chapter 6.

Theorem 8.9. KSBA-stability with rational coefficients, as defined in (8.6—
8.7), is a good moduli theory (6.10).

Proof We need to check the conditions (6.10.1-5).

Separatedness (6.10.1) follows from (2.50), valuative-properness (6.10.2) is
proved in (2.51) and (7.4.2). Assumption (8.7.4) follows from (2.79.1)if B =0
and from (2.79.8) when B # 0. Representability is proved in (7.65) and (3.31).
Boundedness holds by (6.8.1) and (6.14).

Once we know that m(Kx + A) is very ample for every (X, A) € SP(a,n,v)
for some fixed m, embedded moduli spaces (6.10.3) are constructed in (8.52).
However, the universal family over C"ESP(a, n, Pg) satisfies (8.7.3) only for
multiples of m. We can then handle the other values as in the proof of (6.24).

The coarse moduli space exists by (6.6). m}

As in (6.25), we get the following from (8.7.3).

Proposition 8.10. For KSBA-stable families as in (8.6-8.7), let m be a multi-
ple of Icd(a). Then y(X, a)g(m](mA)) and h°(X, a)g;”] (mA)) are both deformation
invariant. m|

KSBA stability with arbitrary coefficients

Fix a coefficient vector a = (ay,...,a,) where a; € [0, 1] are arbitrary real
numbers. By (11.43.1), if Kx + ; a;D; is R-Cartier, then we can get many
Q-Cartier divisors. We start by listing them.
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Definition 8.11. Fix a = (ay,...,a,) with linear Q-envelope LEnvqg(1,a) C
Q"+ asin (11.44). For A = 3I_, a;D;, set

LEnvz(Kx + A) := {moKx + Y>m;D;: (my,...,m,) € LEnvg(l,a) N Z"*1}.

Let us mention two extreme cases.
(8.11.1) If all @; € Q then LEnvz(Kx + A) consists of all Z-multiples of
Ied(a)(Kx + A).
8.11.2) If {1,ay,...,a,} is a Q-linearly independent set, then LEnvz(Kx + A)
consist of all Z-linear combinations myKx + >m;D;.

It is very important that, by (11.44) and (11.43.1), if Kx + A is R-Cartier then
all elements of LEnvz(Ky + A) are Q-Cartier Z-divisors. (There may be other
linear combinations that are Q-Cartier Z-divisors.)

The stable objects are the same as before, but the definition of stable families
again looks different.

8.12 (Stable objects). We parametrize marked pairs (X,A = Y;a;D;) with
coefficient vector a, such that

(8.12.1) (X,A)issle,

(8.12.2) X is projective and Kx + A is ample.

8.13 (Stable families). A family f: (X,A = Y;a;D;) — S is KSBA-stable if
the following hold.

(8.13.1) f: X — S is flat, finite type, pure dimensional.

(8.13.2) The D; are K-flat families of relative, Mumford, Z-divisors (7.1).
(8.13.3) The fibers (X, A;) are slc.

(8.13.4) w%g](z m;D; — B) is a flat family of divisorial sheaves, whenever
(mo,...,m;) € LEnvz(Kx + A) and B = } jc; D;, where a; = 1 for j € J.
(8.13.5) f is proper and Kx;s + A is f-ample.

The first four of these conditions define locally KSBA-stable families.

8.14 (Explanation). These conditions are mostly straightforward generaliza-
tions of (8.7), again the main question is assumption (8.13.4).

If the a; are rational, then, by (8.11.1), LEnvz(Kx + A) consists of the integer
multiples of lcd(a)(Kx + A), so (8.13.4) specializes to (8.7.4). If 1,ay,...,a;,
are Q-linearly independent, then, by (8.11.2), we specialize to (6.38).

For the intermediate cases we follow the philosophy behind KSB stability
as in Section 6.2. Whenever we can prove to have a flat family of divisorial
sheaves over DVR’s, we require this property over all schemes.

Working with all of LEnvz(Kx + A) is (almost) necessary for our proof.
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We are using several rational perturbations of Kx + A to get enough ample
Q-divisors. These span LEnvz(Kx + A) (at least with Q-coefficients).

The choice of B in (8.13.4) is discussed in (6.23).
E?/l]s (3 lma;]D;) are not easy to understand. As we already
noted in (8.8), they are not always flat families of divisorial sheaves, though
the latter holds for infinitely many m, depending on the coefficient vector a.
Unfortunately, the method of (11.50) is ineffective, it is not at all clear how to

produce such values m.

The sheaves w

Theorem 8.15. KSBA-stability, as defined in (8.12-8.13), is a good moduli
theory (6.10).

Proof We need to check the conditions (6.10.1-5).

Separatedness and valuative-properness (6.10.1-2) is as for (8.9). Embedded
moduli spaces (6.10.3) are worked out in (8.21). Representability holds by
(7.65) and (3.31). Boundedness is discussed in (6.8.2). m]

Let us note the following strengthening of (2.65) and (2.69).

Theorem 8.16. Ler f: (X,A = },c;a;D;) — S be a KSBA stable family. Let
B = 3ic; Dj be a divisor, where a; = 1 for j € J and L an f-semi-ample
divisorial sheaf (3.25) on X. Then R f.(L'""Y(~=B)) and R' f.(wx,s ®1L(B)) are
locally free and compatible with base change for every i.

Proof As in the proof of (2.65), a suitable cycle cover reduces the first part
to the case when L = O, which follows from (Kovacs and Schwede, 2016,
5.1). (Note that the latter is stated over a smooth base, but that is not used in
the proof. Also, Ox(—B) is a flat family of divisorial sheaves by (8.13.4), thus
(X;, By) is a Du Bois pair for every s € S.) This implies the second part as in
(2.69). O

KSBA stability, stronger version

K-flatness is designed to work for all boundary divisors A = }; a;D;, thus it

can not capture the stronger properties of those D; that have coeflicient > %
The notion below takes care of this. The resulting moduli space has the same

underlying reduced subscheme, but a smaller nilpotent structure.
8.17 (Stable objects). (X, A = Y,c; a;D;), same as in (8.12).

8.18 (Stable families). Families f: (X,A = Y;c;a;D;) — S as in (8.13), with
the following additional assumption taken from (2.82).

(8.18.1) Let J C I be any subset such that a; > % for every j € J and set
Dy :=Uj;Dj. Then flp,: D; — S is flat with reduced fibers.
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Note. 1t is possible that some variant of (6.27.3) could be added, but (2.83)
does not seem strong enough for this.

The proof of (8.15) carries over without changes to give the following.

Theorem 8.19. Strong KSBA-stability, as defined in (8.17-8.18), is a good
moduli theory (6.10). O

Example 8.20. To see that we do get a smaller scheme structure, even for
surfaces, start with the A; singularity So := (y*> — x> + z2 = 0) and the nodal
curve Cp 1= (z = y?—x% = 0). Then (S, Cy) is Ic. Over k[&] consider the trivial
deformation S := (y*> — x> + z2 = 0). For Cy we take the simplest K-flat, but
non-flat deformation. Using the notation of (7.70.5), it is given by y*> — x*> = 0
and z = 2 in the chart (x # 0). The closure is given by

C=0*-x¥=zzx-ye=zy—xe=27" =ze=0).

Then (S,C) — Speck[e] is locally stable as in (8.13), but C is not flat over
Spec k[e]. Hence (8.18.1) is not satisfied.

8.21 (Construction of embedded moduli spaces). A way of approximating an
R-Cartier pair with Q-Cartier pairs is given in (11.47).

Depending on the vector a, we have Q-linear maps 'R - Q, extended
to divisors by 0';’?(2 a;D;) =3, J;f‘(ai)Di, with the following properties.
(8.21.1) If Kx;s + A is R-Cartier then the K5 + o";’(A) are Q-Cartier.
(8.21.2) limy e 077(A) = A
(8.21.3) A is a convex R-linear combination of the o-;f’(A) for every fixed m.
(8.21.4) If (X,A) — S is stable then so are the (X, o-?’(A)) — 8§ form > 1.
Since SP(a, n, v) is bounded by (6.8.2), there is a fixed M such that

(8.21.5) the (X, o-M (A)) are stable for every j and every (X, A) € SP(a,n,v).
The volume of (X (TM (A)) may depend on (X, A), but it is locally constant in
families, so only ﬁmtely many values can occur for SP(a, n, v). Denote this set
by VcR.

Let SP(cM(a), n, V) be the moduli functor of all pairs (X, A) of dimension
n, for which all the (X, }(4)) are stable and vol(X,{/(A)) € V. We claim
that this is a good moduli theory.

Indeed, first SP(c}(a),n, V) is a good moduli theory by (8.9). Then we
have to add the conditions that the Kx/s + O'M (A) are Q-Cartier for j # 1; these
are representable by (4.29). Finally, once the Kxs + O'M (A) are Q-Cartier,
ampleness of these is an open condition. Thus we have the moduli space
SP(cM(a),n, V).
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Since A is a convex R-linear combination of the o-j“(A), SP(a, n,v)is a closed
subspace of SP(c™(a), n, V) by (11.4.4). O

8.3 Stability with floating coefficients

Much of the technical subtlety of the KSBA approach is caused by the presence
of boundary divisors that are not Q-Cartier. As we discussed in Section 6.4, one
way to avoid these is to work with marked pairs (X, };c; a;D;) as in (8.3), where
the a; € R are Q-linearly independent. However, in many important cases, the
a; are dictated by geometric considerations and they are rational.

By working on a Q-factorialization 7r: X" — X, we can achieve that the D
are Q-Cartier. The price we pay is that Kx + 3’ a;D; is only nef, giving a non-
separated moduli space. We can restore separatedness if we know which linear
combinations — }; ¢;D; are m-ample. (The negative sign works better later.)

If we fix ¢;, then — 3;(¢; + ;)D; is also m-ample for all |n;| < |c;|. Thus we
can choose the 7; such that the (a; — ¢; — 1;) are Q-linearly independent; we are
then back to the situation of Alexeev stability, as in Section 6.4. However, we
do not wish to fix the ¢;.

Using floating coeflicients was considered early on by Alexeev, Hassett and
Kovics. There is a short discussion in Alexeev (2006), but the first significant
example of it is treated in Alexeev (2015). The general type case with a floating
coeflicient is worked out in Filipazzi and Inchiostro (2021).

Keeping in mind the chambers discussed in (6.39), it is clear that one can
not float several coeflicients independently. A solution is to fix an ordering of
the index set 7; this is natural in many cases, but not always.

The key observation is that, for a normal pair (X, };'_, a;D;), there is at most
one small modification 7: X" — X such that
e — Y &D!ismampleforall0 < g < - <&,

(The notation means that there is a ¢ > 0 such that ampleness holds whenever
&; < 0gjy1 for every i. By (11.43), then the D] := 7;'D; are Q-Cartier.)

To get a good moduli theory out of this, we need to allow certain non-small
birational maps X’ — X. There is a further issue that going freely between
X and X’ seems to need the Abundance Conjecture to hold (Kollar and Mori,
1998, 3.12). Thus the working definition is more complicated.

8.22 (Canonical contractions and models of nef slc pairs). By Kollar (2011c),
there are projective surfaces with normal crossing singularities whose canoni-
cal ring is not finitely generated. Thus it is not possible to define the canonical
model of a proper slc pair (¥, A) in general.

There are problems even if we assume that Ky + A is semiample. As a typical
example, let S C P? be a surface of degree > 5 with a single singular point
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s € § that is simple elliptic (2.21.4.1). Let S — S be the minimal resolution
with exceptional curve E’ C S’. Next take 2 copies of (S, E7) and glue them
along E} = EJ to get a surface T’ with normal crossing singularities. Note that
wr 1s generated by global sections and it maps 7T’ to the surface T obtained
by gluing 2 copies (S;, s;) at the points s; =~ s,. Thus T is not §,. Here the
problem is that 7’ is singular along the exceptional divisor of 7/ — T. It is
easy to see that this is the only obstacle in general.

Claim 8.22.1. Let g: Y — X be a proper, birational morphism of pure dimen-
sional, reduced schemes. Assume that g.0y = Oy, Y is S, and none of the
g-exceptional divisors is contained in Sing Y. Then X is §,. m}

Corollary 8.22.2. Let (Y,A) be an slc pair such that Ky + A is semiample,
inducing a proper morphism g: ¥ — X. Assume that g is birational and none of
the g-exceptional divisors is contained in Sing Y. Then (X, g.A) is slc, Ky + g.A
is ample and g is a crepant contraction. That is, Ky + A is numerically g-
trivial. O

We call (X, g.A) the canonical model of (Y, A) and denote it by (Y¢, A°).
We stress that here we are considering only those cases for which (¥, A) —
(Y€, A°) is a crepant contraction.

Lemma 8.23. Let (Y, A) be an slc pair and g: Y — X a proper morphism such
that g.0y = Ox and Ky + A is numerically g-trivial. Let ®1,Q, be effective
divisors such that Supp ©; C Supp A. Assume that —Q, is g-ample and —0®, is
g-nef. Then the following hold.

(8.23.1) (X, g.A) is slc and g is birational.
(8.23.2) g.0y(mKy + |mA)) = Ox(mKx + |mg.A)) for everym > 1.
(8.23.3) -0, is g-semiample.

Proof Since -0, is g-ample, Ex(g) € Supp®; C Supp A. In particular, g is
birational and Y is smooth at every generic point of Ex(g) that has codimension
1in Y. Thus X is S, by (8.22.1), hence deminormal, so (1) holds by (4.50).
Next (2) follows from (11.61).

For (3), assume first that Y is normal. We apply (11.28.2) to (¥, A —£0;). Set
Z = g(®,). Then (X \ Z, g.A) is the canonical model of (Y \ g7'(2), A — £®,).
Since —0, is g-nef, Supp @, = g‘l(Z), hence none of the Ic centers of (¥, A —
£0,) is contained in g~'(Z). Thus Ky + A — 0, is g-semiample and so is —0,.

In general, we can apply the above to the normalization ¥ — Y, get a canon-
ical model of (¥, A — £0,) and then use (11.38) to conclude. ]
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8.24 (Stable objects). Alexeev-Filipazzi-Inchiostro stability parametrizes pro-
jective, marked, slc pairs

(X, A = ZJEJb]B] + ZielaiDi), (8.24.1)

where the divisors are indexed by the disjoint union J U I. We write Ay :=
2jeJ b;B’; this divisor will be treated as in KSBA stability. The new aspect is
the treatment of the divisors D'. The index set [ is ordered, so we identify it
with {1,...,7}.

The sole assumption that we would like to have is the following.
(8.242) Kx+A-Y,gD isampleforall0 < g; < --- < &, < 1.
Since we can choose the a; — &; to be Q-linearly independent of the b;, we see
that Kx + Ag and the D', ..., D" are necessarily R-Cartier by (11.43).

Fixing m and 0 < ¢, <« .-+ < &, letting the others go to 0 gives that
Kx+A-3Y1_ . &D"is nef for 0 < m < r.If the Abundance Conjecture holds,
then these divisors are semiample, but this is not known. So for now we have
to add the assumption:

(8.24.3) Kx + A is semiample.
An slc pair (X, A) as in (1) is AFI-stable if it satisfies assumptions (2-3).

If (3) holds then we have a crepant contraction to the canonical model
m: (X, A) = (X¢, A°). Then (2) is equivalent to the following condition.
(8.24.4) There are 1;,, > 0 such that — }7_ NimD' is m-nef for 1 < m < r and

m-ample for m = 1.

8.25 (Explanation). By (8.23.3) the assumptions (8.24.2-3) imply that
(8.25.1) Kx+A-3
Thus for each m we get a morphism 7,,: X — X,,. Then (8.23.1) shows that
7, is birational. For the rest of the section we use a subscript m to denote the
image of a divisor on X,,,.

Using (8.23) we get that, forO < ¢, < - - < &, < 1,
(8.25.2) (Xpu, Ay isslc and Ky, + A, — 30, ., &D., is ample.

m

r i 4
ime1 &D' 1s semiample for 0 <m < r.

In particular, we have
(8.25.3) atower of morphisms X =: Xy — X; — --- — X,, such that
(8.25.4) Kx, + A, is ample on X,, and
(8.25.5) =D, is (X;-1 — X,)-ample for every m.
Repeatedly using (Hartshorne, 1977, Exc.I.7.14) we get that (3-5) are equiv-
alent to (8.24.2-3).

In (8.30) we show how to transform the conditions (8.24.2) involving vari-
able g; > 0 into a set of conditions with fixed §; > 0. The result is, however,
ineffective, and it would be good to find a more constructive approach.
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Note that (X,, A,) is the canonical model (X¢, A®) of (X, A), it is thus inde-
pendent of the ordering of /. By contrast, the intermediate X — X, — X° do
depend on the ordering of /.

8.26 (Stable families). A family f: (X,A = Y;c;b;B’ + ¥, a;D) — S is AFI-
stable if the following hold.

(8.26.1) f:(X,A) — S is locally stable.
(8.26.2) Kx/s + Y je; bjB’ and the D', ..., D" are relatively R-Cartier.
(8.26.3) The fibers (X;, A;) are AFI-stable as in (8.24).

(8.26.4) Wy (S jeym;B! + LieymiD') is a flat family of divisorial sheaves if
n; € Zand (m;: j € {0} UJ) € LEnvz(Ky + 3 jc; b;jB).
The next assumption may be redundant; we discuss it in (8.27) and (8.34).

(8.26.5) f: (X,A) — S has acrepant contraction to its simultaneous canonical
model. That is, to a stable morphism f¢: (X, A°) — S whose fibers are
the canonical models ((X;)¢, (Ay)°) of the fibers.

8.27 (Explanation). Assumptions (8.26.1-3) closely follow (8.7). (8.26.4) is
modeled on (8.11) and (8.13).

The D' are Q-Cartier by (11.43.2), hence K-flat by (7.4.6), at least in char-
acteristic 0. Thus if Ay := X e b ;B/ is the 0 divisor, then we avoid using
K-flatness entirely.

Since ampleness is an open condition (11.54), we see using (8.24.4) that, if S
is Noetherian, then Ky +A—Y; &;D' is f-ample forall0 < ] < --- < &, < 1.
Thus one can view (8.26) as picking one of the chambers discussed in (6.39).

By (8.25) each fiber (X, A;) has a canonical model ((X;)¢, (A)°). More gen-
erally, we prove in (8.35) that, if S is reduced, then (8.26.1-4) imply (8.26.5).
This implication is not known over arbitrary bases, but we prove in (8.33) that
(X, A) — S uniquely determines its simultaneous canonical model.

Assumption (8.26.5) guarantees that taking the relative canonical model is a
natural transformation from AFI-stable families to KSBA-stable families.

A stronger variant of (8.26.5) would be to require that the towers (8.25.3) of
the fibers form a flat family. The latter might be equivalent to (8.26.5).

Theorem 8.28. AFI-stability, as defined in (8.24-8.26) is a good moduli theory
(6.10).

We start with a general discussion on ample perturbations, followed by re-
sults on simultaneous canonical models and boundedness. With these prelimi-
naries in place, the proof of (8.28) given in (8.37) is quite short.
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Definition 8.29. A pair (X,A = Y ,.;b;B’ + ¥_ a;D') as in (8.24) has an
intersection form

I(ty,....1,) == (to(Kx + A) + ;D' + -+ 1,.D")". (8.29.1)

For a family as in (8.26), the intersection form Z (¢, . . ., t,) is a locally constant
function on the base by (8.26.2). We can thus decompose the functor of AFI-
stable pairs into open and closed subfunctors

AFI(b,a,n, I(t, ....1,). (8.29.2)

Next we see that, for each of these subfunctors, there is a uniform choice of
ample divisors.

Proposition 8.30. Fixb,a,n and I(ty,...,t,). Then there are 5; > 0 such that
(X,A) €e AFI(b,a,n, I(ty,...,t,)) iff the following hold.

(8.30.1) (X, A) is slc and the D' are R-Cartier,

(8.30.2) (to(Kx +A)+1,D' +---+1,D")" = I(ty,...,t,),

(8.30.3) Kx + A—Y1_,6:D' is ample, and

(8.304) Kx +A -3

r i . _
ieme10:D" is semiample form =1,...,r.

Proof 1If (X,A) € AFI(b,a,n,I(ty,...,t)) then (1-2) hold by assumption.
The key point is that one can find ¢; that do not depend on (X, A).
Start with the canonical model (X, A,) = (X¢, A°). Since

(Kx + A%)" = (Kx + A)" = 1(1,0,....,0),

the canonical models form a bounded family by (6.8.1). In particular, there is
an 7 > 0 such that ((Kx, +A,)-C) > n for every nonzero effective curve C C X,
for every X,. Thus ((Kx + A) - C) is either 0 or > 5 for every nonzero effective
curve C C X.

Choose 0 < ¢; < -++ < ¢,_1 < ¢, = a, such that Kx + A — &, Y, ¢;D' is
ample for some &, > 0. Applying (8.31) with Ay := Y ¢;D' and A| := A — A,
we get a fixed ¢, such that

Ky + Ay + (1 = 6,)Ay = Ky + (A= 6,D") — ¥/=l¢:6,D'

is ample. This holds for all 0 < ¢;0, < -+ < ¢,-10, < 1,50 Kx + A —6,D"
is nef, so semiample by (8.23.3). By induction on r, we get the other ¢; and
the divisors in (4) are nef. Ky + A is semiample by assumption (8.24.3). This
implies the rest of (4) by (8.23.3).

Conversely, convex linear combinations of the divisors Ky + A—Y_ ., 6;D'
form = 0,...,r show that (8.24.2) holds. O
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Lemma 8.31. (Filipazzi and Inchiostro, 2021, 2.15) Let (X,A; + Ay) be a

proper slc pair of dimension n. Assume that there is an n > 0 such that

(8.31.1) ((Kx + Ay + Ay) - C) is either 0, or = 1 for every nonzero effective
curve C, and

(8.31.2) Kx + Ay + (1 — &), is ample for some gy > 0.

Then Kx + Ay + (1 — &), is ample for everyn/(2n+n) > & > 0.

Proof We may assume that X is normal. If &g > & > Othen Kx+A;+(1—-¢&)A,
is a convex linear combination of Ky + A; + (1 — &9)A, and of Ky + A; + Ay,
hence ample.

Thus consider the case when &y < &. We check Kleiman’s ampleness crite-
rion. For Z € ﬁ(X ) we have that

(Kx +Ap + (1 - 8)A) - Z)
= m(([(X + Al) . Z) +

- 1—80

(8.31.3)

—((Kx + Ay + (1 - £0)A2) - Z).

1
1—8(]
So the criterion holds on the part where ((Kx + A;) - Z) > 0.

By the Cone theorem of (Fujino, 2017, 4.6.2), the rest of ﬁ(X) is generated

by curves C; for which —2n < ((Kx + A1) - C;) < 0. If C; is such a curve, then,
applying (8.31.3) with gy = 0, we get that

(Kx+A1+(1-8)A2)-C;) = e((Kx+A1)-C))+(1-8)((Kx+A1+A2)-C;). (8.31.4)

Now set & = gy. Then the left hand side is positive, hence so is ((Kx + A} +
Ay) - C;). Thus ((Kx + Ay + Ay) - C;) = n by assumption. Thus (8.31.4) gives
that, for every & > 0, (Kx + A1 + (1 —&)Ay) - C;) = —2ne + (1 — &)n. The latter
is positive if € < n/(2n + n). O

Definition 8.32. Let ryx: X — S be a flat, proper morphism with S, fibers. A
simultaneous contraction is a factorization mry : X 5 Y—S where
(8.32.1) nry: Y — S is flat, proper with S, fibers, and
(8.32.2) 1.0x = Oy.
This implies that (7,).0x, = Oy, forevery s € S.

If the 7 are birational, then X — S and the 7 uniquely determine Y. When
S is Artinian, this is (8.33), which in turn implies the general case.

Lemma 8.33. Let A be a local, Artinian ring with residue field k. Let g X —
Yy be a birational morphism between proper, pure dimensional, S,-schemes,
such that (gy).Ox, = Oy,. Let X4, — Spec A be a flat, proper morphism.
(8.33.1) Thereis at most I flat Y4 — Spec A such that g lifts to ga: X4 — Ya.
(8.33.2) If Y4 exists then Oy, = (ga)«0x,.
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Proof Note that Xy, Y4 are S, since X4 — Spec A and Y4 — Spec A are flat.
Let Uy c Y; be the largest open set over which g; is an isomorphism.
Thus we get open sets V; C Xi, V4 € X4 and Uy C Y4. Note that Yy \ Uy
has codimension > 2. Thus Oy, is the push-forward of Oy, by the injection
ja: Us = Y4 (10.6).
Since g4: V4 — Uy is an isomorphism, we see that Oy, = (ja).(ga): Oy, is
determined by X4 and g. This also implies that (g4).Ox, = Oy,. ]

Definition 8.34. Let h: (X,A) — S be proper and locally stable such that
Kxs + Ais h-nef. A simultaneous, canonical, crepant, birational contraction
is a simultaneous contraction 7y : X 5 Y—S such that
(8.34.1) ny: (Y,7.A) — S is stable, and
(8.34.2) 7,: (X;,Ay) — (Y5, g:Ay) is the crepant, birational contraction to its
canonical model as in (8.22) for every s € S.
By (8.32), ny: (Y,7.A) — S is uniquely determined by nx: (X,A) — S, even
when S is nonreduced.
Using the rational approximations A;F — Aasin (11.47), we see that
(8.343) X — Y — § is a simultaneous canonical contraction for A iff it is a
simultaneous canonical contraction for A% for n > 1 for every j.

Proposition 8.35. Let g: (X,A) — S be proper and locally stable, S reduced.
Assume that (X, As) has a crepant, birational contraction to its canonical
model for every s € S. Then g: (X,A) — S has a simultaneous, canonical,
crepant, birational contraction.

Proof By (8.34.3) it is enough to deal with the case when A is a Q-divisor.

Next we prove that g.(Ox(mKx;s + mA)) is locally free and commutes with
base change for m sufficiently divisible. By Grauert’s theorem (as stated in
(Hartshorne, 1977, 1I1.12.9)) it is enough to prove this when S is a smooth
curve. In this case (11.28) and (11.38) show that the relative canonical model
exists, 7, is an isomorphism for the generic point s € § and a finite, universal
homeomorphism (10.78) for closed points s € S. However, (5.4) then implies
that in fact 7 is an isomorphism for every s € S. Thus

R(X,, Ox,(mKx, + mAy)) = B°((X,)°, Ox:(mKx: + mAS))
= h2((X%)y, Ox:(m(Kxe)s + A°);)

is independent of s € S for m sufficiently divisible, since X¢ — § is flat and
Kxe/s + AC is relatively ample.
With arbitrary S, we get the simultaneous canonical model

X® = Projs @ren 8+(Ox(rmKxys + rmA)). O
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For representability, the key step is the following.

Proposition 8.36. Let g: (X,A) — S be proper and locally stable. Then there
is a locally closed partial decomposition S°°°° — § such that, forany T — S,
the base change gr: (Xr,Ar) — T has a simultaneous, canonical, crepant,
birational contraction iff T factors through S°°°.

Proof As before, using (8.34.3) it is enough to deal with the case when A is
a Q-divisor. We may assume that S is connected.

Assume that (X, Ay) has a crepant, birational contraction to its canonical
model (X¢, AS). The self-intersection of Ky: + A§ equals the self-intersection
of Kx, + Ay, which is independent of s € S. Thus the pairs (X5, AS) are in a
bounded family by (6.8.1). In particular, there is an m > 0, independent of s,
such that rmKx: +rmA§ is Cartier, very ample and has no higher cohomologies
for r > 0. Moreover, we get only finitely many possible Hilbert functions.

Thus Oy, (rmKx,+rmA;) is locally free, globally generated and maps (X, A)
to its canonical model. This implies that if 77 : (X7, A7) — T has a simultane-
ous canonical, crepant contraction, then, for every r > 0,

(8.36.1) Ox,(rmKx, ;v + rmAr) is relatively globally generated, and

(8.36.2) (n7).Ox,(rmKx, ;v + rmAr) is locally free and commutes with base
change.

For each Hilbert function, these conditions are representable by a locally closed

subscheme by (3.21). |

Remark 8.36.3. If the Abundance Conjecture holds then red S*°“ is an open
subset of red S'. The scheme theoretic situation is not clear.

Example 8.36.4. Being semiample and big is not a constructible condition for
families of line bundles. As a simple example, let E C P? be an elliptic curve,
m: X 1= Projg(0F + Ug(3)) — E the resolution of the cone over E. Consider
the line bundles Ly := Ox(1) ® 7*L where L € Pic°(E).

Then Ly is nef and big for every L € Pic°(E), but semiample only if L is
a torsion point of Pic’(E). Thus the set {L: Ly is big and semiample} is not
constructible.

A much subtler example of Lesieutre (2014) shows that being nef and big is
also not a constructible condition in families of smooth surfaces.

8.37 (Proof of 8.28). First we show that AF7Z (b, a,n, I) is bounded and repre-
sentable. By (8.30) there are fixed §; > O such that Kx + A — ZlecS,Di is ample.
The self-intersection of this divisor is 7 (1,a; — 6y, ...,a, — 6,), hence all such
stable pairs form a bounded family by (6.8.1). We can choose the a; — J; to be
Q-linearly independent of the b;. Then the D’ are R-Cartier by (11.43).
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Note that (6.8.1) gives boundedness for pairs such that (X,A — ¥/_,6;D')
is slc, but we want (X, A) to be slc. By (7.65) local stability of (X,A) is a
representable condition. (Actually, (11.48) shows that, for a suitable choice of
the ¢;, the (X, A) are in fact slc.)

Semiampleness of the divisors Kx + A — Y./_ . 6;:D' is a representable con-
dition by (8.36). Representability of (8.26.4) is handled as in (6.40). (8.26.5)
was treated in (8.36).

Separatedness follows from (11.40) as usual, applied to (X,A-3"_, , 8;DY.

To see valuative-properness, assume that we have f°: (X°,A° = 3¢ ;b B+
>._,a;D'*) — C° over an open subset of a smooth curve C° C C.

Applying (8.35) to the divisors Kx + A — 3_ . ,8,D" we also have a tower

(X% A%) = (X7,A)) = - = (X,A)) = C°,

r

where (X7, A7) is the relative canonical model of (X°, A°).

First we use (2.51) to get that, after a base change (which we suppress in the
notation), (X2, A?) — C° extends to a stable morphism (X;, A,) — C.

Next we extend (X;_,A’_,) — C°. By construction Ky +A;_ —&,D°,
relatively ample on X7 | — X? for 0 < &, < 1 and relatively semiample for
& = 0. Thus, by (Hacon and Xu, 2013, 1.5), after a base change (which we
again suppress in the notation), it extends to a model (X,_1,A,_;—¢&,D/_|) = C
with the same properties (with a possibly smaller upper bound for &,). This
gives (X,-1,A,_1) — C. We can continue this until we get the tower

is

fi(XA) - (X1,A) > - > (X,,A) - C,
proving valuative properness. O

8.4 Polarized varieties

Assumptions. In this section we work with arbitrary schemes. Because of
functoriality, the situation over Spec Z determines everything.

8.38 (Ampleness conditions). Let X be a proper scheme over a field k£ and
L a line bundle on X. The most important positivity notion is ampleness, but
in connection with projective geometry the notion of very ampleness seems
more relevant. If L is ample then L is very ample for r > 1 and there are
numerous Matsusaka-type theorems that give effective control over r, see Mat-
susaka (1972); Lieberman and Mumford (1975); Kollar and Matsusaka (1983).
In practice, this will not be a major difficulty for us.

A problem with very ampleness is that it is not open in flat families (X, Ly).
Thus one needs to consider stronger variants. The two most frequently needed
additional conditions are the following.
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(8.38.1) Hi(X,L)=0fori>0.

(8.38.2) H(X, L) generates the ring ¥.,.o H(X, L").

These are connected by the notion of Castelnuovo-Mumford regularity; see
(Lazarsfeld, 2004, Sec.1.8) for details.

For our purposes the relevant issue is (1). Thus we say that a line bundle
L is strongly ample if it is very ample and H'(X,L™) = 0 for i,m > 0. By
(Lazarsfeld, 2004, 1.8.3), if this holds for all m < dim X + 1 then it holds for
all m. Thus strong ampleness is an open condition in flat families.

Let f: X — S be a proper, flat morphism and L a line bundle on X. We say
that L is strongly f-ample or strongly ample over S, if L is strongly ample on
the fibers. Equivalently, if R'f,L™ = 0 for i,m > 0 and L is f-very ample. Thus
fiL is locally free and we get an embedding X — Ps(f.L).

The main case for us is when f: (X,A) — S is stable and L = “’g}s (rA) for
some r > 0. If r > 1 then R'f,L"™ = 0 for i,m > 0 by (11.34).

Definition 8.39 (Polarization). A polarized scheme is a pair (X, L) consisting
of a projective scheme X plus an ample line bundle L on X.

In the most basic version of the definition, a polarized family of schemes
over a scheme S consists of a flat, projective morphism f: X — S, plus a
relatively ample line bundle L on X. (See (8.40) for other variants.)

We are interested only in the relative behavior of L, thus two families (X, L)
and (X, L") are considered equivalent if there is a line bundle M on S such that
L~ L'® f*M. There are some quite subtle issues with this in general Raynaud
(1970), but if S is reduced and H°(X,, Ox,) = k(s) for every s € S, then
L~ L'® f*M for some M iff L|x, =~ L'|x, for every s € S by Grauert’s theorem,
as in (Hartshorne, 1977, I11.12.9). See also (8.40) for further comments on this.

For technical reasons it is more convenient to deal with the cases when, in
addition, L is strongly f-ample (8.38). We call such an L a strong polarization.
Thus the ‘naive’ functor of strongly polarized schemes

S > P&h(n, N)(S) (8.39.1)

associates to a scheme S the equivalence classes of all f: (X, L) — S such that
(8.39.2) f is flat, proper, of pure relative dimension n,

(8.39.3) X is pure and H(X;, Oy,) ~ k(s) for every s € S,

(8.39.4) L is strongly f-ample (8.38), and

(8.39.5) f.Lis locally free of rank N + 1.

Since L is flat over S, strong f-ampleness implies that f.L is locally free.

(8.39.6) If we fix the whole Hilbert polynomial y(X, r) := y(X, L"), we get the
functor S +— PE&h(y)(S).
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Let f: X — S be a flat, proper morphism and L a line bundle on X. Having
pure fibers is an open condition (10.11) and then pure dimensionality is an
open condition. Thus there is a maximal open subscheme §° C S such that
f°:(X°,L°) — §° satisfies the assumptions (2-5).

Definition 8.40 (Pre-polarization). The above definition of polarization is ge-

ometrically clear, but it does not have the sheaf property. In analogy with the

notion of a presheaf, we could define a pre-polarization of a projective mor-

phism f: X — S to consist of

(8.40.1) an open cover U;U; — S, and

(8.40.2) relatively ample line bundles L; on X; := X Xg Uj, such that,

(8.40.3) for every i, j, the restrictions of L; and L; to X;; := X Xg U; Xg U are
identified as in (8.39).

(That is, there are line bundles M;; on U;Xg U; such that Li|x,, = Ljlx, ®J§*}MA]~.

Pre-polarizations form a presheaf, hence the ‘right’ notion of polarization
should be a global section of the corresponding sheaf.

If U;U; — S is a cover by Zariski open subsets, the resulting notion is very
similar to what we have in (8.39). The only difference is in property (8.39.5)
since f.L need not exists globally. However, Pg(f.L) does exist as a Zariski
locally trivial PV-bundle over S and we usually use Ps(f.L) anyhow.

If the U; — S are étale, then we still get an object Ps(f,L) — S, but this
is a Severi-Brauer scheme, that is, an étale locally trivial P¥-bundle over S.
(See (8.40.5) for an example with N = 1.) From the theoretical point of view,
it is most natural to use the étale topology for the moduli theory of varieties.
Pre-polarizations define a pre-sheaf in the étale topology and sheafifying gives
the functors

S - PE&hM(n,N)(S) and S+ PSh™(x)(S). (8.40.4)

(For arbitrary schemes one needs finer topologies, see Raynaud (1970).)
For the difference between PSch™ and P°Sch, a simple example to keep in
mind is the following. Consider

X = (&% + 5y* + 122 = 0) C P x (A2 \ (st = 0)), (8.40.5)

XyzZ
with coordinate projection to S := A2 \ (st = 0). The fibers are all smooth
conics. In the analytic or étale topology, there is a pre-polarization whose re-
striction to each fiber is a degree 1 line bundle, but there is no such line bundle
on X. However, O (1) gives a line bundle on X whose restriction to each fiber
has degree 2.
We will, however, stick to the naive versions for several reasons.

e Stable families come with preferred polarizing line bundles w;'/’g (mA).
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o PS&ch and P*Sch have the same coarse moduli spaces (8.56.1).

e A suitable power of any pre-polarization naturally gives an actual polariza-
tion using (8.66.6).

So, at the end, the distinction between the functors P5Sch and PSch does not

matter much for us. There is, however, another related notion that does lead to

different coarse moduli spaces.

8.40.7 (Numerical polarization). Given f: X — §, two relatively ample line
bundles L and L’ on X are considered equivalent if Ly = L (p.11) for every ge-
ometric point s — §. This is the original definition used by Matsusaka (1972)
and it may be the most natural notion for general polarized pairs. Stable vari-
eties come with an ample divisor, not just with an ample numerical equivalence
class, which simplifies our task.

8.41 (Strongly embedded schemes). Fix a projective space ]P’g . Over the Hilbert
scheme there is a universal family, hence we get
Univ(PY) c PY x Hilb(PY), (8.41.1)
and Opv(1) gives a polarization of Univ(Pg ) — Hilb(P%’ ). As in (8.39) there is
a largest open subset
Hilb}"(PY) c Hilb,(PY), (8.41.2)
over which the polarization is strong (8.39.2-5). One should think of this as

pairs (X, L) that ‘naturally live’ in P. The universal family restricts to

Univi*(PY) — HilbJ"(PY). (8.41.3)

n

The corresponding functor associates to a scheme S the set of all flat families
of closed subschemes of pure dimension n of P’SV

(X CPBY; 0x(1) - S, (8.41.4)
where Ox(1) is strongly f-ample. Equivalently, we parametrize objects
(f: (X:L) - 3¢ € Isoms (Ps(f.L), BY)), (8.41.5)

consisting of strongly polarized, flat families of purely n-dimensional schemes,
plus an isomorphism ¢: Pg(f.L) ~ PISV . We call the latter a projective framing
of f.L or of L. We can also fix the Hilbert polynomial y of X and, for N :=
x(1) — 1 consider the subschemes

Univy"(P) — Hilb}"(PY) c Hilb}"(P). (8.41.6)

By the theory of Hilbert schemes, the spaces Hilbj:r(Pg ) are quasi-projective,
though usually non-projective, reducible and disconnected; see Grothendieck
(1962), (Kollar, 1996, Chap.I) or Sernesi (2006).
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We can summarize these discussions as follows.
Proposition 8.42. Fix a polynomial x(t). Then
Univy"(PY) — Hilb}"(P%)

constructed in (8.41) represents the functor of strongly polarized schemes with
Hilbert polynomial y and a projective framing. That is, for every scheme S,
pull-back gives a one-to-one correspondence between

(8.42.1) Morz(S, Hilby"(PY)), as in (8.63), and

(8.42.2) flat, projective families of purely n-dimensional schemes f: X — §
with a strong polarization L of Hilbert polynomial y, plus an isomorphism
IP’S(f*L)z]P]SV, where N + 1 = y(1). O

The general correspondence between the moduli of polarized varieties and
the moduli of embedded varieties (8.56.1) gives now the following.

Corollary 8.43. Fix a Hilbert polynomial y with N + 1 = y(1). Then the stack
[Hilb;“(IP’N )/PGLy, 1] represents the functor P°Sch® (x) defined in (8.40.3). 0O

8.44 (Marking points). So far we have studied varieties with marked divisors
on them. It is sometimes useful to also mark some points. For curves the points
are also divisors and they interact with the log canonical structure. By contrast,
in dimension > 2, the points and the log canonical structure are independent of
each other. This makes the resulting notion much less interesting theoretically,
but it gives a quick and way to rigidify slc pairs, which was quite useful in
Section 5.9.

A flat family of r-pointed schemes is a flat morphism f: X — S plus r
sections 07;: S — X. This gives a functor of r-pointed schemes.

Consider the Hilbert scheme with its universal family Univ(P") — Hilb(P").
Then the r-fold fiber product

UniV(PN) XHi]b(]P’N) UniV(PN) s XHilb(]PN) UniV(PN)

represents the functor of r-pointed subschemes of P¥. More generally, for any

functor that is representable by a flat universal family Univy,, — M, its r-

pointed version is representable by the r-fold fiber product of Univ,, over M.
In particular, we get MpSP, the moduli of pointed stable pairs.

8.5 Canonically embedded pairs

Assumptions. In this section we work with arbitrary schemes. As before, the
situation over Spec Z determines everything.
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Definition 8.45. A strongly polarized family of schemes marked with K-flat
divisors is written as

(8.45.1) f: (X;D',...,D";L) - S, where

(8.45.2) f: X — § satisfies (8.39.2-5),

(8.45.3) the D' are K-flat families of relative Mumford divisors (7.1), and
(8.45.4) L is strongly f-ample (8.39).

If we fix the relative dimension and the rank of f.L, then, as in (8.39.6), we get

the functor

PMSh(r, n, N). (8.45.5)
We write PMSch(r, x) if the Hilbert polynomial y = x(X,, L}) of L is also
fixed. These can also be sheafified in the étale topology as in (8.40.3). (The

notation does not indicate K-flatness; but it has enough letters in it already.)
The embedded version is denoted by

EMSch(r, n, PY). (8.45.6)

These functors associate to a scheme S the set of all families of closed sub-
schemes of a given P]SV (where N = y(1) — 1) marked with K-flat divisors

f:(XcPY;D',...,D"; 0x(1)) = S, (8.45.7)

where Ox(1) is strongly ample.
Equivalently, we can view EMSch(r, n, PV) as parametrizing objects

(f: :D'...., D™ L) - S:¢ € Tsomg (Ps (£.L), PY)) (8.45.8)

consisting of a strongly polarized family of schemes marked with K-flat divi-
sors, plus a projective framing ¢: Pg(f.L) = IP’ISV asin (8.41.5).

8.46 (Universal family of strongly embedded, marked schemes). Fix a projec-
tive space Pg and integers n > 1 and r > 0. By (8.41) we have a universal
family of strongly embedded schemes

Univi"(PY) — Hilb{"(PY) (8.46.1)

n

satisfying (8.39.2-5). The universal family of K-flat, Mumford divisors

KDiv(Univi"(PY)/ Hilb"(PY)) — Hilb}"(PY)

n n

was constructed in (7.3). If we need r such divisors, the base of the universal
family we want is the r-fold fiber product

E*MSch(r,n,P3) = Xy, v KDiv(Univ,"(B2)/ Hilb,"(P2)).  (8.46.2)



8.5 Canonically embedded pairs 329
We denote the universal family by
F: (X,D',...,D";L) — E'MSch(r, n,PY), (8.46.3)
where we really should have written the rather cumbersome
(X(rn, P2), D' (r,n, BY), ..., D (., BY ) L(r, n, BY)).

It is clear from the construction that the spaces EMSch(r, n, ]P’% ) parametrize
polarized families of schemes marked with divisors, equipped with an extra
framing.

Proposition 8.47. Fix r,n, N. Then the scheme of embedded, marked schemes

E*MSch(r, n, ]P’%’ ) constructed in (8.46.3) represents EIMSch(r, n, Pg ), defined

in (8.45). That is, for every Z-scheme S, pulling back the family (8.46.3) gives

a one-to-one correspondence between

(8.47.1) Morz(S,E*MSch(r, n, PY)), and

(8.47.2) families f: (X; D'.,....D;L) -» S of n-dimensional schemes, with
a strong polarization and marked with K-flat Mumford divisors, plus a
projective framing Ps (f.L) ~ stv . O

As in (8.43) and (8.56.1), this implies the following.

Corollary 8.48. Fix n,m,N. Then the stack [ESMSch(r, n, PY)/PGLy.1] rep-
resents the functor P’MSch(r, n, N), defined in (8.45). |

8.49 (Boundedness conditions). The schemes ESMSch(r, n, PV) have infinitely
many irreducible components since we have not fixed the degrees of X and of
the divisors D'. Set

deg,(X;D',...,D") := (deg; X,deg, D',...,deg; D") e N"*'.  (8.49.1)

This multidegree is a locally constant function on ESMSch(r, n, PM), hence its
level sets give a decomposition

EMSch(r, n, PY) = Ugay+1 EXMSch(r, n, d, PY). (8.49.2)

The schemes ESMSch(r, n, d, PV) are still not of finite type since the fibers are
allowed to be nonreduced. However, the subscheme

E'MV(r,n,d,PY) c E¥MSch(r, n,d, P"), (8.49.3)

which parametrizes geometrically reduced fibers, is quasi-projective, though
usually non-projective, reducible and disconnected.

Definition 8.50. A family of marked pairs f: (X,A) — S as in (8.4) is m-
canonically strongly polarized if
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(8.50.1) wyys is locally free outside a codimension > 2 subset of each fiber,

(8.50.2) wy/k(mA)is aline bundle, and

(8.50.3) wy/\(mA) s strongly f-ample.
IfX c Pg then f: (X,A) — S is m-canonically strongly embedded if, in
addition,

(8.50.4) Wk (mA) = Opv(1)® f*Ms for some line bundle Ms on S.

These define the functors C"P*MSch and C"EMSch.

Theorem 8.51. Fix m,n,N € N and a rational vector a = (ay,...,a,). Then
the functor C"E’MSch(a, n, PV) is represented by a monomorphism

C™E*MSch(a, n, PY) — ESMSch(r, n, PY)
Proof Start with the universal family, as in (8.46.3),
F: (X,D',...,D";L) — ESMSch(r, n, P}).

Note that (8.50.1) is an open condition and it holds iff wy, is locally free out-
side a closed subset of codimension > 2 of X, for every s € S. Being a line
bundle is representable by (3.30) and, once it holds, being a strong polarization
is an open condition. Applying (3.22) to w%ls (mA)(—1) shows that condition
(8.50.4) is representable. O

By (4.45), if Kx;s + A is Q-Cartier, then the stable fibers are parametrized
by an open subset, at least in characteristic 0. Thus we get the following.

Corollary 8.52. Fix m,n,N € N and a rational vector a = (ay, ... ,a,). Then,
over Spec Q, there is an open subscheme

C™ESP(a, n,P}) ¢ C"E*MSch(a, n, PY),
representing the functor of m-canonically, strongly embedded, stable families.

Warning 8.52.1. The reduced subspace of C™ESP is the correct one, but its
scheme structure is still a little too large. The reason is that (8.7.3) imposes
restrictions on ‘”Egs (rA) for various values of r, so we took care only of our
chosen m (and its multiples).

We dropped the superscript from E* since, as we noted in (8.38), an m-

canonical polarization is automatically strong.
8.6 Moduli spaces as quotients by group actions

Notation 8.53. For a scheme S, we use PGL,(S) to denote the group scheme
PGL,, over §. We will formulate definitions and results for general algebraic
group schemes whenever possible, but in the applications we use only PGL,,
which is smooth and geometrically reductive.
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Keep in mind that, if & is a field, then in the literature PGL,,(k) usually de-
notes the k-points of the group scheme PGL,,, not PGL,(Spec k). It is custom-
ary to use PGL, to denote PGL, (Spec Z) if we work with arbitrary schemes
and PGL,,(Spec Q) if we work in characteristic 0.

8.54 (Comment on algebraic spaces). We will consider quotients of schemes
by algebraic groups, primarily PGL,,. It turns out that in many cases such quo-
tients are not schemes, but algebraic spaces. For this reason, it is natural to
formulate the basic definitions using algebraic spaces.

In our cases, these quotients turn out to be schemes, even projective, but this
is not easy to prove.

In any case, this means that the reader can substitute ‘scheme’ for ‘algebraic
space’ in the sequel, without affecting the final theorems.

Definition 8.55. An action of an algebraic group scheme G on an algebraic
space X is a morphism o: G X X — X that satisfies the scheme theoretic
version of the condition g;(g2(x)) = (g1g2)(x). That is, the diagram

G><G><X$G><X

mxlxl \Ln’

GxX—2 - X

commutes. If G acts on X, X, then 7: X; — X, is a G-morphism if the fol-
lowing diagram commutes.

GXX] LX]

GXXy —2=X,.

The categorical quotient is a G-morphism ¢g: X — Y such that the G-action is
trivial on Y and g is universal among such.

Fix N and consider the functor P*Sch(N) of strongly polarized schemes of
embedding dimension N. By (8.42), its embedded version has a moduli space
with a universal family Univ®"(PV) — Hilb®"(P"). The connection between
the two versions is the following impressive sounding, but quite simple claim.

Theorem 8.56. The categorical quotient Hilb**(PV)/PGLy. is also the cate-
gorical moduli space P*Sch(n, N).

Proof We have a universal family over Hilb®*(PV), so we get Hilb™"(P") —
P*Sch(n, N) which is PGLy,-equivariant.
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Conversely, let f: (X,L) — S be a family in P°Sch(n, N). Then f.L is lo-
cally free of rank N + 1 on §, hence § has an open cover § = US; such that
each f.L|s, is free. Choosing a trivialization gives embedded families, hence
morphisms ¢;: S; — Hilb**(PY). Over §; N S ;j we have two different trivial-
izations, these differ by a section of g;; € H(S;nS j»PGLy<1). Thus, compos-
ing with the quotient map ¢: Hilb*"(PY) — Hilb™"(PY)/PGLy,; we get that
qo@ils,ns;) = qo(8ij(jlsins ;) = qo(@jls.ns ), since q is PGLy. -equivariant.
Thus the ¢ o ¢; glue to a morphism ¢: S — Hilb**(PV)/PGLy.;. O

Remark 8.56.1. Since one can glue a morphism from étale charts, we see that
PSch and PSch have the same categorical moduli spaces (8.40.5). For those
conversant with stacks, this argument proves (8.43) and (8.48).

The same proof applies to pairs and we get the following.

Corollary 8.57. Fix m,n,N € N and a rational vector a = (ay,...,a,). Then
the categorical quotient C"ESP(a, n, Pg) /PGLy1 is also the categorical mod-
uli space of SP(a,n,*,m, N), the functor of stable families that have an m-
canonical, strong embedding into PV. O

Existence of quotients

Let G be an algebraic group acting on an algebraic space X. Under very mild
conditions the categorical quotient X/G exists, but it may be very degenerate.
For example, consider A} with the scalar G,,-action x; = Ax;. Then A"/G,, =
Speck, but (A" \ {0})/G,, = P*!. Note that here the stabilizer is G,, for the
origin, but trivial for every other point. This and many other examples suggest
that points with infinite stabilizer cause problems.

With PGLy,; acting on the Hilbert scheme, the stabilizer of the point [X]
corresponding to a strongly embedded X c PV is the automorphism group of
the polarized scheme (X, Ox(1)). As we saw in Section 1.8, infinite automor-
phism groups cause many problems.

We get the best results if all automorphism groups are trivial; we discuss
these in Section 8.7. For stable pairs the automorphism groups are finite, but
we need a scheme-theoretic version of this.

Definition 8.58 (Proper action). Let o: G X X — X be an algebraic group
scheme acting on an algebraic space X. Combining o with the coordinate pro-
jection to X gives (0, mx): GXX— XX X. The action is called proper if (o, mx)
is proper and called free if (o, myx) is a closed embedding. Note that the preim-
age of a diagonal point (x, x) is the stabilizer of x. Thus free implies that all
stabilizers are trivial and, if G is affine (for example PGL) then proper im-
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plies that all stabilizers are finite. (The converses are, however, not true; see
(Mumford, 1965, p.11).)

Assume that X ¢ C"ESP(a, n, PV) parametrizes pluricanonically embedded
stable subvarieties in P and G = PGLy. ;. We claim that the properness of the
PGLy,-action is equivalent to the uniqueness of stable extensions considered
in (2.50) (and called separatedness there).!

Over X we have a universal family ¥ — X. Let T be the spectrum of a
DVR with generic point 1 and (q;,¢2): T — X X X a morphism. Thus the
q;Y — T give families of stable varieties over T. The generic point 7 lifts to
G x T iff there is a g(n7) € G, such that ¢;() = o(g(), 2()). Equivalently, if
the generic fibers (¢7Y), and (g;Y), are isomorphic. (2.50) then says that the
families 7Y and g3 Y are isomorphic. This isomorphism gives gs: T — G and
(g6.92): T — G x X shows that the valuative criterion of properness holds for
GxX—XxX.

Now we come to the definition of the right class of quotients.

Definition 8.59. (Mumford, 1965, p.4) Let G be an algebraic group scheme

acting on an algebraic space X with categorical quotient g: X — X/G (8.55).

It is called a geometric quotient if

(8.59.1) g(K): X(K)/G(K) — (X/G)(K) is a bijection of sets, whenever K is
algebraically closed,

(8.59.2) g is of finite type and universally surjective, and

(8.59.3) Oxi6 = (q.0x)°.

The geometric quotient is denoted by X//G.

The fundamental theorem for the existence of geometric quotients is the
following. Seshadri (1962/1963, 1972) came close to proving it. His ideas were
developed in Kollar (1997) to settle many cases, including PGL that we need.
The general case was treated in Keel and Mori (1997); see Olsson (2016) for a
thorough treatment.

Theorem 8.60. Let G be a flat group scheme acting properly on an algebraic
space X. Then the geometric quotient X [/G exists. O

For free actions, the quotient map is especially simple. Over fields, this is
proved in (Mumford, 1965, Prop.0.9). The general case follows from (Stacks,
2022, Tag 0CQJ).

Complement 8.61. Assume in addition that the G-action is free on X. Then
X — X//G is a principal G-bundle. m

! This clash of terminologies is, unfortunately, well entrenched.
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For us the main application is the following.

Theorem 8.62. Fix m,n,N € N and a rational vector a = (ay,...,a,). Then
the PGLy 41 -action on C"ESP(a, n, Pg) (8.52) is proper.

Thus the geometric quotient C"ESP(a, n, Pg) //PGLy4 exists and it is the
coarse moduli space of SP(a,n,*,m,N), the functor of stable families that
have an m-canonical, strong embedding into PV.

Proof For simplicity, write Univ — C™ESP for the universal family over
C™ESP(a, n, P&’). Following (8.58), we need to show that

PGLy,; X C"ESP — C™ESP x C"ESP (8.62.1)
is proper. First we claim that (8.62.1) is isomorphic to
Isom(z} Univ, 75 Univ) — C™ESP x C"ESP, (8.62.2)

where the m;: C"ESP — C™ESP x C"ESP are the coordinate projections.
This is simply the statement that giving a stable pair (X, A) plus two m-canoni-
cal embeddings into PV is the same as giving one m-canonical embedding into
PV plus an element of PGLy, ;.

The properness of (8.62.2) follows from (8.64). The rest then follow from
(8.60) and (8.57). O

8.63 (Morphism schemes). For S-schemes X, Y let Morg (X, Y) be the set of
morphisms that commute with projections to S. We get the functor of mor-
phisms on S -schemes 7' — Mory (X7, Yr).

Claim 8.63.1. Assume that X — S is flat, proper and ¥ — § is of finite type.
Then the functor of morphisms is representable by a scheme Mors (X, Y).

Proof We can identify a morphism with its graph, which is in Hilbg (X Xg Y)
since X — S is flat. Conversely, a subscheme Z C X Xg Y is the graph of a
morphism iff the first projection x: Z — X is finite and (nx).07 ~ Ox. The
first of these is always an open condition, for the second we need the flatness
of Z — S (10.54). O

We also get sets Isomg (X, Y), Autg(X) and schemes Isomg (X, Y) Autg (X).
that represent the functor of isomorphisms (resp. automorphisms). The identity
is always in automorphism, thus we have the identity section § C Autg(X). We
say that X is rigid (over §) if § = Autg(X).

The definitions of Mor, Isom, Aut and Mor, Isom, Aut also apply to pairs.

With the definition of stable families in place, we get the following conse-
quence of (11.40) about isomorphism schemes.
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Proposition 8.64. Let f;: (X;,A;)) — S be stable morphisms. Then the struc-
ture map Isomg (X1, A1), (X2, A2)) — S is finite.

Proof Choose m such that the divisors m(Kyx,/s + A;) are very fi-ample. Set
F; .= (fz)* ﬁxi(mKXi/S + mA,) Then

Isomg (X1, A1), (X2, Ay)) C Isomg (Pg (Fy), Ps(F2))

is closed, hence affine over S'.

Let T be the spectrum of a DVR over k with generic point #, and ¢, : ; —
Isomg ((X1, A1), (X2, Az)) a morphism. We can view it as an isomorphism of
the generic fibers ¢g: (X1, A1) Xs {tg} = (X2, Ar) X5 {t,}. By (2.50), ¢, extends
uniquely to an isomorphism @: (X;,A;) Xs T = (X3,A;) Xs T. This is the
valuative criterion of properness for Isomg((X;, A1), (X2, Az)), which is thus
both affine and proper, hence finite over S. O

Next we verify (1.77.1) for stable pairs.

Corollary 8.65. Let f: (X,A) — S be a stable morphisms. Then the structure
map r: Auts(X,A) — S is finite, the subset S° C S of rigid fibers is open and
Autg (X, A) = S iff Aut(Xy, Ay) is trivial for every geometric point s — S.

Proof Finiteness follows from (8.64). The identity section gives that Oy is a
direct summand of 7, Oayt(x,a)- Thus S° is the complement of the support of
7. Oautgx,0)/ Os . The fibers of Auts (X, A) — S are the Aut(X, A;). O

8.7 Descent

Letg: S’ — S be a morphism of schemes and assume that we have an object
over S’. We say that the object descends to S if it is isomorphic to the pull-back
of an object on S. Typical examples are

e a (quasi)coherent sheaf F’, in which case we want to get a (quasi)coherent
sheaf F on S such that F’ ~ g*F, or

e a morphism X’ — S’, in which case we want to get a morphism X — §
such that X’ ~ X x5 S”’.

A systematic theory was developed in (Grothendieck, 1962, Lec.1), treat-
ing the case when S’ — S is faithfully flat; see also (Grothendieck, 1971,
Chap.VIII), (Bosch et al., 1990, Chap.6) or (Stacks, 2022, Tag 0306) for more
detailed treatments. We explain the basic idea during the proof of (8.69).

Here we discuss the consequences of descent theory for the moduli of sta-
ble pairs; the main one is (8.71). We also prove some special cases that are
representative of the general theory, yet can be obtained by simpler methods.

8.66 (Functorial polarization). Kollar (1990) Let ¥ be a subfunctor of P°Sch.
A functorial polarization (of level r) of ¥ assigns


https://stacks.math.columbia.edu/tag/03O6

336 Moduli of stable pairs

(8.66.1) to any (f: (X,L) — S) € F(S) another (f: (X,L) — §) € F(S)
such that L is equivalent to L, and
(8.66.2) toevery g: S” — S an isomorphism o(g): q}‘((l:) ~ @, such that
(8.66.3) o(qoq’) =0(q')o(qy) o(q) foreveryq': S” — S"andgq: " — §.
Note that in (2) we need to fix an isomorphism, it is not enough to say that the
two sides are isomorphic.
If the choice of L is specified, then we say that F is functorially polarized.
The following are examples of functorial polarizations.
(8.606.4) If L, ~ wy, for s € §, then L:= wy/s 1s a functorial polarization.
(8.66.5) If every family in F has a natural section o: S — X, then we can
take L := L ® f*(o*L)~". This applies, for instance, to pointed varieties and
(depending on our definition) to polarized abelian varieties.
(8.66.6) Assume that r := y(Xj, Ly) is constant and positive for every (Xj, Ly)
in . Then, using the notation of (3.24.3), L := L' ® f*(detR" f,L)~' is a level
r functorial polarization.
(8.66.7) (P!, Opi(1)) does not have a functorial polarization of level 1, since
that would lead to a nontrivial representation of Aut(P') on H(P!, Opi (1)) =~
k?. On the other hand, (P, w/') gives a functorial polarization of level 2.

Functorial polarizations also give natural line bundles on the base spaces
of families. Let ¥ be a functorially polarized subfunctor of £Sch. For any
(f: (X,L) = S) € F(S) we get the line bundle det R* f.(L®) as in (3.24.3).
For k > 1 it is given by the simpler formula det f,(L%F).

These line bundles are functorial for base changes, thus they give line bun-
dles on the moduli stack of 7.

Uniqueness of descent now follows easily.

Proposition 8.67. Let S’ — S be a faithfully flat morphism and X' — S’ a
flat, proper morphism such that X’ is rigid over S’. Then there is at most 1
scheme X — S such that X’ ~ X Xg §’.

Proof Assume that we have X; — S and X; — S. Since the X; Xg S’ ~ X’
are flat and proper, so are X; — §. We aim to prove that Isomg (X, X5) = S.
To see this take any 7 — S’, and note that

ISOIIIT(X},X}) = ISOI’I’IT(Xl Xs T,X> Xs T) = MOI'S (T, Isoms (X] ,Xz)).

If X’ is rigid over S’ then Isom7 (X7, X7.) has only 1 element, so Morg(T,S) =
Mors (T, Isomg (X;, X;)) for every T. Thus S = Isomg (X, X>). O

The simplest descent result is the following; see (1.73).
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Lemma 8.68. Let K/k be a finite, separable field extension and (X, L) a rigid,
functorially polarized, projective variety defined over K. Then (X, L) descends
to k iff (X, L) =~ (X7, L7) for every o € Gal(k/k).

Proof We may assume that K/k is Galois. Then only the o~ € Gal(K/k) matter.
We get an action of Gal(K/k) on H(X, L) by

HX, L) 75 HOx”, 17 "25" HOx, L).
This is well defined since the K-isomorphism is unique, even on L. By the
fundamental lemma on quasilinear maps (see (Shafarevich, 1974, Sec.A.3))
there is a unique k-subspace V(X,L) ¢ H°(X,L) such that V(X,L) & K =
HO(X, L). Since X = Proj, > H'(X, L"), we see that X; := Proj, Y, V(X,L™)
defines the descent. m]

Theorem 8.69. Let S’ — S be a faithfully flat morphism and f': (X', L") —

S’ a flat, functorially polarized projective morphism that is rigid over S’. The

following are equivalent.

8.69.1) f": (X’,L') —> S’ descends to f: (X,L) — S.

(8.69.2) For every Artinian scheme v: A — S, the pull-back f;: (X,,L)) —
A is independent of the lifting 7' A — S’.

If S is normal and S” — S is smooth, then it is enough to check (2) for spectra

of fields.

Proof We just explain how this fits in the framework of faithfully flat descent,
for which we refer to (Stacks, 2022, Tag 0306).
Letm;: S’ XgS” — S’ denote the coordinate projections for i = 1, 2. Pulling
back f': (X’,L") - S’ t0o S’ Xs S’ by the m;, we get two families
fli X, L) > S" x5 S.

12

If f: (X,L) — § exists then these are both isomorphic to the pull-back of
f: (X,L) — §, hence to each other o15: (X{,L]) = (X}, L}). The existence
of o1, is a necessary condition for descent. The key observation is that it is
not sufficient, one also needs certain compatibility conditions over the triple
product S’ Xs S’ Xs S’. However, if (X’, L) is rigid over S’, then o5 is unique
and the compatibility conditions are automatic.

To prove that o1, exists, consider

n: Isomgrxg s/ (X7, L), (X5,L5)) > S X5 S’.

Since (X’, L") is rigid over S’, 7 is a monomorphism. Assumption (2) implies
that it is scheme-theoretically surjective, hence an isomorphism.
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If S — S is smooth then S’ xg S’ — § is also smooth, hence S’ x5 S’ is
normal if § is normal. In that case, surjectivity is a set-theoretic question. O

Corollary 8.70. Let G be a flat group scheme over S and S’ — S a principal

G-bundle. Let f': (X',L") — S’ be a flat, functorially polarized projective

morphism that is rigid over S’. Assume that the G actions lifts to (X', L’).
Then f': (X',L") > S’ descends to f: (X,L) — S.

Proof We need to check assumption (8.69.2). So fix 7: A — § and liftings
7;: A — §’. Then §', is a principal G-bundle with 2 sections 7;. Thus 7, =
g12 o 71 for some section g1, of G,4. Since the G-action lifts to (X', L’), the
corresponding pull-backs are isomorphic. O

Now we come to the main theorem.

Theorem 8.71. Let SP € C SP be the open subset parametrizing stable pairs
without automorphisms. Then there is a universal family over SP4,

Proof  First note that SP"¢¢ is indeed open by (8.65).

For rigid families the existence is a local question. We may thus fix the di-
mension 7, the number of marked divisors r, the coefficient vector (ay, ..., a,),
the volume v and the intended embedding dimension N.

First consider the case when the a; are rational and also fix m > 1, a multiple
of led(ay,...,a,). Setd := (n,r,ay,...,a,,m,v,N).

Let SP(d)(S) denote the set of marked families f: (X,A) — S with these
numerical data, for which m(Kx;s + A) is a Cartier Z-divisor and a strong
polarization, and such that f, Ox(m(Kx;s + A)) has rank N + 1. Similarly, let
EMSP(d)(S) denote the set of these objects together with a strong embedding
into PY.

By (8.52) we have the moduli spaces EMSP"#(d) ¢ EMSP(d), with uni-
versal families. By (8.61), EMSP"¢4(d) — SP'¢(d) is a principal PGLy, ;-
bundle. Hence the universal family over EMSP"#4(d) descends to SP"¢(d) by
(8.70).

The case of irrational coefficients is very similar. We need to work with the
rational approximations (X, 0/(A)) — § as in (8.21). O

Complement 8.71.1. The same proof works for other variants of the moduli
of stable pairs, in particular we get universal families over the moduli space
MpSP"# of rigid, pointed, stable pairs (8.44).

8.8 Positive characteristic

We discuss, mostly through examples, two types of problems that complicate
the moduli theory of pairs in positive characteristic.
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The first problem is that, as we already noted in (2.4), the four versions of the
definition of local stability in (2.3) are not equivalent in positive characteristic.
The first such examples are in Kollar (2022); these are families of 3-folds. In
(8.73) we discuss a series of higher dimensional examples that have very mild
singularities.

The second is due to p-torsion in local class groups, visible most clearly in
(4.39). As we see starting with (8.75), this issue appears already for the moduli
of 4 points on P!. This difficulty can be avoided either by working only over
weakly normal bases, or by a strong reliance on markings.

Theorem 8.72. Kolldr (2022) Let k be an algebraically closed field of char-

acteristic # 0. There are flat, projective morphisms f: (X,A) — A,i of relative

dimension 3, such that

(8.72.1) (X, X, + A)is Ic for every t € Al,

(8.72.2) (X,,Diffg, A) is Ic for every t € Al

(8.72.3) (Xo, Diffg, A) lifts to characteristic 0, yet

(8.72.4) Xy is not weakly normal, Sing Xy is 1-dimensional, and Xq — Xy is
purely inseparable over Sing X.

The singularities of the 3-folds in Kollar (2022) are rather complicated. We
discuss here instead another series of examples, arising from cones over ho-
mogeneous spaces. These are higher dimensional, but similar to the various
examples discussed in Section 2.3.

Example 8.73 (Kovacs-Totaro-Bernasconi examples). Let X = G/P be a pro-
jective, homogeneous space. If P is reduced, then G/P is Fano and Kodaira
vanishing holds on X in any characteristic by the Bott-Kempf theorem.

The cases when P is non-reduced were studied in Haboush and Lauritzen
(1993). For some of these X = G/P is Fano, but Kodaira vanishing fails for
a multiple of the canonical class. The first example was identified by Kovacs
(2018); giving a 7 dimensional canonical singularity in characteristic 2, that is
not CM. A large series of examples is exhibited in Totaro (2019), leading to
terminal singularities in any characteristic p > 0, that are not CM. These were
further studied by Bernasconi (2018).

Kolldr (2022) observed that they can be used to construct stable degenera-
tions, where the generic fibers are smooth with ample canonical class and the
special fibers have isolated, non-normal singularities.

Assume that X = G/P as above and —Kx = mH for some ample divisor H
for some m > 1. |H| is very ample by Lauritzen (1996), so it gives an embed-
ding X — PV, where N = dim|H|. Let Y := C(X, H) c PV*! be the projective
cone over X with vertex v.
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Let D € |H| be a smooth divisor and Dy C Y its preimage. Since Ky + D ~
(m—1)H, (2.35) shows that (¥, Dy) is a log canonical pair if m = 1, a canonical
pairifm > 1.

Dy c Y is a Cartier divisor that is smooth outside v. Thus Dy is nor-
mal & depth, Dy > 2 & depth, Y > 3; see (2.36). Since H*'(Y, Oy) =~
SomezH (X, Ox(mH)) by (2.35.1), Dy is normal iff H'(X, Ox(mH)) = 0 for
all m € Z by (10.29.5).

Therefore, if H 1(X, Ox(H)) # 0, then Dy is not normal. Intersecting ¥ with a
pencil of hyperplanes with base locus Z 3 v, we get a locally stable morphism
n: BzY — P!, It has 1 fiber isomorphic to Dy, the others are isomorphic to X.

Taking a suitable cyclic cover (2.13), we get a series of examples of stable
families, where the generic fibers are smooth varieties with ample canonical
class and the special fibers have isolated non-normal singularities.

The cases described in Totaro (2019) have m = 2. Then the normalization
of Dy has canonical singularities, hence these families occur in what is usually
considered the ‘interior’ of the moduli space.

Aside 8.73.1. Another class of non-CM, cyclic, quotient singularities is de-
scribed in Yasuda (2019). These all have depth > 3 by Ellingsrud and Skjel-
bred (1980), so they do not lead to families as in (8.72).

8.74 (Cartier or Q-Cartier?). One of the early key conceptual steps of the
Minimal Model Program was the realization that, starting with dimension 3,
minimal models can be singular. Moreover, their canonical class need not be
Cartier. It was gradually understood that the more general Q-Cartier condition
is the important one.

In moduli theory we frequently start with pairs (X, B) where X is smooth
and B is Cartier, but in compactifying their moduli space we encounter pairs
(X’, B") where X’ is singular and Kx- is only Q-Cartier. Thus the usual approach
is to work with pairs (X, B) where Ky + B is Q-Cartier.

Next we discuss various problems that arise when the denominators involve
the characteristic.

8.75 (Moduli of points on P'). We consider the moduli problem of n = 2r+1 >

3 unordered, distinct points in P'. Fix an index set I of n elements. There is only

one natural way of defining the objects of this theory.

(8.75.1) (Geometric objects) (P', 3;c;[pi]) where the p; are distinct points.

(8.75.2) (Objects over a field) (P',Z) where Z c P! is a geometrically re-
duced, O-dimensional subscheme of degree n.

The question becomes more subtle when families are considered.

(8.75.3) (Families) (Ps — S, D) where Pg — § is a locally trivial P'-bundle
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and D C Py is a divisor over S of degree n. For ordered points the tra-
ditional choice is to take D to be a union of sections of P¢ — S, but for
unordered points we have two natural choices.

(3.a) (Cartier) D is a relative Cartier divisor over S.

(3.b) (Q-Cartier) D is a relative Q-Cartier divisor over S.

The first is closest to the traditional choice of union of sections, the second
is more in the spirit of the higher dimensional theory.

(8.75.4) (Base spaces) Ideally we should work over arbitrary base schemes,
but it turns out that unexpected things happen even when the base is quite
nice. We consider three classes of base schemes.

(4.a) (Reduced)
(4.b) (Seminormal)
(4.c) (Weakly normal)
The cases (3.a—b) and (4.a—c) are in principle independent, thus we have six
different settings for the moduli problem. We might expect that, for all of them,
Mo,/Sy = (Sym” P! \ (diagonal))/PGL, is a fine moduli space.

Theorem 8.76. Consider the above six settings of the moduli problem of n > 3

unordered points in P' over a field k.

(8.76.1) Ifchark = 0 then My, /S, is a fine moduli space in all six settings.

(8.76.2) If chark > O then My ,/S, is a fine moduli space, provided either
(8.75.3.a) or (8.75.4.c) holds.

(8.76.3) If chark > 0 and we are in (8.75.3.b+4.a) or (8.75.3.b+4.b), then
My /S is not even a coarse moduli space. In fact the categorical moduli
space (1.9) is Speck.

Proof Let (Ps — S,D) be as in (8.75.3). If D is flat over S, then choosing
an open cover § = U;U; and isomorphisms Py, = P! x U; gives morphisms
¢;: U; — Hilb,(P"). Changing the local trivialization changes the ¢ ; by an ele-
ment of Aut(P'). Thus the ¢; glue to give a global morphism ¢: S — My ,,/S .

Since Py — S is smooth, a relatively Q-Cartier divisor D is Cartier by (4.39)
if char k = 0. The same holds in any characteristic if the base is weakly normal
by (4.41). In both cases D is flat over S, showing (1) and (2).

The proof of (3) relies on the following construction.

Let k be a field of characteristic p > 0, B a smooth projective curve over k
and S a k-variety, for example a smooth curve. Let A be an effective, relative
Cartier divisor on B X § — §. Any universal homeomorphism 7: § — T
(10.78) factors through a power of the Frobenius (for some g = p™) as

Fj:S —>T-55.
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Taking product with B we get 7p: BXS — BXT and 7j;: BXT — BxS§. Set
Ar := (tp).A on B X T.If T is birational, the coefficients of Ay are the same as
the coefficients of A. Also, Ay is Q-Cartier since gAr = (73)*A. However, the
Cartier index may get multiplied by g. We have thus proved the following.

Claim 8.76.4. If (BxS,A) — § is in our moduli problem using (8.75.3.b), then
sois(BXT,Ar) > T. O

A typical example with concrete equations is in (4.12).

Assume now that we work in the settings (8.75.3.b+4.a) or (8.75.3.b+4.b).
Let M, be the categorical moduli space. If (P! x S, D) is a family of n points
on P!, then we get a moduli map ¢: S — M,,. By the above construction, for
any 7: § — T we get a factorization ¢: S 5 T-M,.

Corollary 8.76.5. If the universal push-out of all the above 7: § — T'is § —
Spec k, then the moduli map ¢: S — M, is constant.

Instead of proving this in general, we work out some typical examples.

Example 8.76.6. The map Spec k[x] — Spec k[(x —¢)", (x — ¢)*] is a birational,
universal homeomorphism for any (7, s) = 1 and c € k. The universal push-out
of all of them is Spec k[x] — Speck; cf. (10.87).

Indeed, if f(x) € k[(x—¢)", (x — ¢)*] vanishes at ¢ then it has a zero of multi-
plicity > min{r, s}. Thus only the constants are contained in the intersection of
all of them.

This settles (8.75.3.b+4.a), but the curves Spec k[(x — ¢)", (x — ¢)*] are not
seminormal if r,s > 1. Over an algebraically closed field k, there are 2-
dimensional seminormal examples.

Example 8.76.7. Set R, := k[x] + (¢ — 0)k[x,y] C k[x,y]. R, is seminormal,
but not weakly normal and its normalization is k[x, y]. The conductor ideal is
(y? — x)k[x, y]. It is a principal ideal in k[x, y], but not in R,,.

The map Spec k[x,y] — Spec R, is birational. It is again easy to check that
the universal push-out of all of them is Spec k[x,y] — Spec k[x]. Thus if we
combine the maps Spec k[x,y] — Spec R, with all linear coordinate changes,
then the universal push-out is Spec k[x, y] — Spec k. O



Chapter 9

Hulls and Husks

Given a coherent sheaf F over a proper scheme, the quot-scheme parametrizes
all quotients F - (. In many applications it is necessary to understand not
only surjections ' —» Q but also ‘almost surjections’ F — G. Such objects
are called quotient husks. Special cases appeared in Kollar (2008a); Pandhari-
pande and Thomas (2009); Alexeev and Knutson (2010); Kollar (2011b). In
this chapter we study quotient husks, prove that they have a fine moduli space
QHusk(F), and then apply this to families of hulls.

The notion of the hull of a coherent sheaf F is the generalization of the
concept of reflexive hull of a module over a normal domain. In Section 9.1
we discuss the absolute case, denoted usually by FI**], and in Section 9.2 the
relative case, denoted by F. For many applications the key is the following.

Question 9.1. Let f: X — S be a proper morphism and F a coherent sheaf on
X. Do the hulls F E**] of the fibers F form a coherent sheaf that is flat over S ?

If the answer is yes, the resulting sheaf is called the universal hull of F over
S. Local criteria for its existence are studied in Section 9.3.

In order to get global criteria, husks and quotient husks are defined in Sec-
tion 9.4. In Section 9.5, the first main result of the Chapter proves thatif X — S
is projective and F' is a coherent sheaf on X then the functor of all quotient
husks with a given Hilbert polynomial has a fine moduli space QHusk,(X),
which is a proper algebraic space over S. The proof closely follows the argu-
ments given in Kollar (2008a).

This is used in a global study of hulls in Section 9.6. A third answer to our
question is given in Section 9.7 in terms of a decomposition of S into locally
closed subschemes. Local versions of these results are studied in Section 9.8.

Assumptions. In this chapter we are mostly interested in schemes of finite type
over an arbitrary base scheme.
However, the results of Section 9.1 work for Noetherian schemes that have
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a dimension function dim( ), such that closed points have dimension 0, and if
Wi € W, is a maximal (with respect to inclusion) irreducible subscheme of
an irreducible W, C X, then dimW; = dim W, — 1. (That is, X is catenary
(Stacks, 2022, Tag 0210).) This holds for schemes of finite type over a local
CM scheme; see (Stacks, 2022, Tags 0ONM and 02JT).

9.1 Hulls of coherent sheaves

‘We use the results on S, sheaves, to be discussed in Section 10.1.

Let X be an integral, normal scheme and F a coherent sheaf on X. The
reflexive hull of F is the double dual F** := Homx(Homx(F, Ox), Ox). We
would like to extend this notion to arbitrary schemes and arbitrary coherent
sheaves. For this the key properties of the reflexive hull are the following.

e F*isS,, and

e F** is the smallest S, sheaf containing F/(torsion).

These are the properties that we use to define the hull of a sheaf. Note, however,
that for this we need to agree what the ‘torsion subsheaf’ of a sheaf should be.
Two natural candidates, emb(F’) and tors(F), are discussed in (10.1).

Here we work with tors(F), the largest subsheaf whose support has dimen-
sion < dim F. An advantage is that pure(F) := F/ tors(F') is pure dimensional;
but one needs the dimension function to be reasonable. A theory of hulls using
emb(F) is developed in Kollar (2017).

A useful property of pure sheaves is the following.

Lemma 9.2. Let p: X — Y be a finite morphism and F a coherent sheaf on
X. Then F is pure and S ,,, iff p.F is pure and S ,,,.

Proof The last remark of (10.2) implies that the depth is preserved by push-
forward. Thus the only question is whether (co)dimension is preserved or not;
this is where our assumptions on the dimension function come in. O

Definition 9.3 (Hull of a sheaf). Let X be a scheme and F a coherent sheaf on
X. Set n = dim F. The hull of F is a coherent sheaf FI"*I together with a map
q: F— FU**1 such that
(9.3.1) Supp(ker ¢) has dimension < n — 1,
(9.3.2) Supp(coker g) has dimension < n — 2, and
(9.3.3) Fl**!is pure and S .
We sometimes say S»-hull or pure hull if we want to emphasize these proper-
ties. We see below that a hull is unique and it exists if X is excellent.

By definition, F**] = (F/ tors(F))**], hence it is enough to construct hulls
of pure, coherent sheaves.

The notation F**1 is chosen to emphasize the close connection between the
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hull and the reflexive hull F**; see (9.4). We introduce a relative version, de-
noted by F# in (9.8).
The following property is clear from the definition.
(9.3.4) Let G be a pure, coherent, S, sheaf and F ¢ G a subsheaf. Then
G = F"iff dim(G/F) < dimG - 2.
From (9.2) and (10.10) we obtain the following base change properties of hulls.
(9.3.5) Let p: X — Y be a finite morphism. Then p.(F'**1) = (p,F)"**.
(9.3.6) Let g: Z — X be flat, pure dimensional, with S, fibers. Then there is
a natural isomorphism g*(F'**1) = (g*F)"**.

Proposition 9.4. Let X be an irreducible, normal scheme and F a torsion free
coherent sheaf on X. Then FU'*) = F** := Homx(Homx(F, Ox), Oy).

Proof F is locally free outside a codimension > 2 subset Z C X. Thus the
natural map F — F** is an isomorphism over X \ Z. Since F** is S, by (10.8),
it satisfies the assumptions of (9.3). m]

This can be used to construct the hull over schemes of finite type over a
field. Indeed, we may assume that X is affine and X = Supp F. By Noether
normalization, there is a finite surjection p: X — A”". Thus, by (9.3.5) and
(9.4), F™**1 can be identified with (p,F)™", as a p. Ox-module. Hulls also exist
over excellent schemes; see Kollar (2017) for a more general result.

Proposition 9.5. Let F be a pure, coherent sheaf on an excellent scheme X.

(9.5.1) There is a closed subset Z C Supp F of dimension < dim F — 2, such
that F is S over X \ Z.

(9.5.2) Let Z c Supp F be any closed subset of dimension < dim F — 2, such
that F is Sy over U := X \ Z. Then F" = j.(F|y), and, for every coherent
sheaf G, every morphism G|y — F|y uniquely extends to G — F**,

Proof The first claim follows from (10.27). To see (2), note that j.(F|y) is
coherent by (10.26), S, over U by assumption, and depth, j.(Fly) > 2 by
(10.6). Thus j.(F|y) is a hull of F and we get 7 : G — j.(Gly) — j.(Fly).
Let F"*I be any hull of F. Then F**l|;; is a hull of F|y; let W c U be
the support of their quotient. Then codimy W > 2 hence FI**l|; = F|y by
(10.6.2). Thus we get a map F'"*] — j,(F|y). Applying (10.6) again gives that
FU) = j(Fly). o

Corollary 9.6. Let 0 — F, — F, — F3 be an exact sequence of coherent
sheaves of the same dimension. Then the hulls also form an exact sequence
0— FI" - Fl™ — Flel, o
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9.7 (Quasi-coherent hulls). Following (9.5.2), one should define the hull of a
torsion-free, quasi-coherent sheaf F as F**1 := lim ( Jj2)«(Flx\z), where Z runs
through all codimension > 2 closed subsets of Supp F. It is easy to see that
F*1is S,, as defined in (Grothendieck, 1968, Exp.III).

9.2 Relative hulls

Next we develop a relative version of the notion of hull for coherent sheaves
on a scheme X over a base scheme S.

In the absolute case, the hull is an S, sheaf that we can associate to any
coherent sheaf on X, in particular, the hull does not have embedded points.

In the relative case, assume for simplicity that f: X — S is smooth; then
Ox should be its own ‘relative hull.” Note, however, that the structure sheaf Oy
has no embedded points if and only if the base scheme S has no embedded
points. Thus if we want to say that Oy is its own ‘relative hull’ then we have
to distinguish embedded points that are caused by S (these are allowed) from
other embedded points (these are forbidden).

The distinction between these two types of embedded points seems to be
meaningful only if F is generically flat (3.26).

Definition 9.8 (Relative hull). Let f: X — S be a morphism of finite type

and F a coherent sheaf on X. Let n be the relative dimension of Supp F — S.

A hull (or relative hull) of F over S is a coherent sheaf F¥ together with a

morphism ¢: F — FH, such that!

(9.8.1) Supp(kerg) — S has fiber dimension < n — 1,

(9.8.2) Supp(cokerg) — S has fiber dimension < n — 2,

(9.8.3) there is a closed subset Z c X with complement U := X \ Z such that
Z — S has fiber dimension < n — 2, (F/kerq) — F™ is an isomorphism
over U, F|; is flat over S with pure, S, fibers, and depth, FH > 2.

Note that Supp(coker g) C Z by (3), hence in fact (3) implies (2). We state the

latter separately to emphasize the parallels with (9.3).

Note that, while the hull always exists, the relative hull frequently does not;
see (9.13) for a criterion. We have the following obvious comparisons.

Claim 9.8.4. Assume that F exists and S is reduced. Then (F¥), = (F,)**]
for every generic point g € S. O

Claim 9.8.5. Assume that F¥ exists and S is §,. Then F¥ = F*1, ]

The converse fails. As an example, let f: X := A2 — S := A} be the
projection and F C Oy the ideal sheaf of the point (0, 0). Then FI**1 = 0y, but
F — O is not a relative hull since coker(F — Oy) has codimension 1 on Xj.

' F" would have been more consistent, but it is frequently used to denote the Henselization.
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Lemma 9.9. Let (0,T) be the spectrum of a DVR, f: X — T a morphism of
finite type, and q: F — G a map between pure, coherent sheaves on X that
are flat over T. Then G is a relative hull of F iff G, is the hull of F,, Gg is
S1, and qo: Fo — Gy is an isomorphism outside a subset Zy C Supp Gy of
codimension > 2.

Proof Assume that G = F and let Z C X be as in (9.8). By assumption
Glx\z has S fibers thus Glx\z is S». Hence G is S, since depth, G > 2 and so
Gois S and go: Fo — Gy is an isomorphism outside Xy N Z.

Conversely, if (1-3) hold then G is S, by (1-2). By (9.5) there is a closed
subset Z; C Xj of codimension > 2 such that Fy is S, over Xy \ Z;. Thus
q: F — G satisfies the conditions (9.8.1-3) where Z is the union of 3 closed
sets: Zy, Z; and the closure of Supp(coker g,). O

Corollary 9.10. Let (0,T) be the spectrum of a DVR, f: X — T a morphism
of finite type and F a pure, coherent sheaf on X that is flat over T. Then F = FH
S FisS, e F,isSyand Fyis S. O

Corollary 9.11 (Bertini theorem for relative hulls). Let (0, T) be the spectrum
of a DVR, X C P} a quasi-projective scheme and F a coherent sheaf on X with
relative hull g: F — FH. Then q|.: Flp — F!|; is the relative hull of F| for
a general hyperplane L C P}.

Proof Weuse (10.18) and (10.19) both for the special fiber Xy and the generic
fiber X,. We get open subsets Uy C Pg and Uy C Pg such that FHIL0 is 8 for
Ly € Uy, (F/tors(F))|r, = (Fl,)/ tors(Fly,) for Ly € Uy, the natural map
(Flg,)/ tors(Flr,) — G, is an isomorphism outside a subset of codimension
> 2 for Ly € Up, and F"|, is the hull of F|;, for L, € U,.

Let Wy C P’; denote the closure of PZ \ U,. For dimension reasons, Wr does
not contain Pj. Thus any hyperplane corresponding to a section through a point
of Uy \ Wr works. O

Definition 9.12 (Vertical purity). Let g: X — S be a finite type morphism and
G a coherent sheaf on X. We say that G is vertically pureof dimenion n, if for
every W € Ass(G), every fiber of gly: W — § is either empty or has pure
dimension n,

Let F be a coherent sheaf on X such that Supp FF — S has relative dimen-
sion n. Let {W;: i € I} C Ass(F) be those associated subschemes for which
the generic fiber of glw,: W; — § has dimension < n. Set Z := U;g;W;. The
vertically pure quotient of F is vpure(F) := F/ torsz(F), using the notation of
(10.1). Note that if g: F — F is a relative hull, then vpure(F) = img.
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Next we state the precise conditions needed for the existence of relative
hulls. Then we show that a relative hull is unique, generalizing (9.5).

Lemma 9.13. Let f: X — S be a morphism of finite type and F a coherent

sheaf on X. Let n denote the maximum fiber dimension of Supp F — S. Then

F has a relative hull iff

(9.13.1) F is generically flat (3.26), and

(9.13.2) there is an open j : U — X such that vpure(F)|y is a flat family of
S sheaves and (Supp F \ U) — S has fiber dimension < n — 2.

If this holds, then

(9.13.3) FH = j.(vpure(F)|y) is the unique relative hull of F over S, and

(9.13.4) any 1y : Gly — Fly uniquely extends tot : G — F".

Proof 1If q: F — F is a relative hull, then vpure(F) = im g, so the condi-
tions (9.13.1-2) are satisfied.

Conversely, if the conditions (9.13.1-2) are satisfied, then we can harmlessly
replace F by vpure(F). Then j.(F|y) is coherent by (10.26), F — j.(Fly) is
an isomorphism over U by construction, and depth,, j.(F|y) > 2 by (10.6).

The last claim follows from the universal property of the push-forward and
it implies that F¥ is independent of the choice of U. O

Corollary 9.14. Let f: X — S be a morphism of finite type and G a coherent
sheaf on X that is flat over S with pure, S, fibers of dimension n. Let F C G
be a subsheaf. Then G = F" iff the fiber dimension of Supp(G/F) — S is
<n-2. O

9.3 Universal hulls

For many applications a key question is to understand the behavior of relative
hulls under a base change.

Notation 9.15. Let f: X — S be a morphism of finite type and F a coherent
sheaf satisfying (9.13.1-2). Asin (3.18.1), forany g: T — S we get

XE X =X T ST

Set Ur := gx'(U) and Fr := g} F. The relative hulls F and (Fr)" exists, and,
as in (3.27.2), we have restriction maps

o (Fyr - (Fp). (9.15.1)

Definition 9.16. Let f: X — S be a morphism of finite type and F a coherent
sheaf on X satisfying (9.13.1-2).
We say that F¥ is a universal hull of F at x € X if the restriction map r}
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(9.15.2) is an isomorphism along g)_(] (x) forevery g: T — S. FH is a universal
hull of F if this holds at every x € X. Equivalently, iff the functor F +— F¥
commutes with base change.

We say that F +— F! is universally flat if (F7)" is flat over T for every
g:T—S.

The following theorem gives several characterizations of universal hulls.

Theorem 9.17. Let f: X — S be a morphism of finite type and F a coherent
sheaf on X that has a relative hull F over S. The following are equivalent.
(9.17.1) FH is a universal hull of F.

(9.17.2) F v FH is universally flat.

(9.17.3) F" is flat over S with pure, S, fibers.

(9.17.4) F! is flat over S with pure, S, fibers over closed points of S..
9.17.5) r“f : FH — (F)" is surjective for every closed point s € S.

(9.17.6) (FA)" is a universal hull of F4 for every Artinian scheme A — S.

Proof The only obvious implications are (3) = (4) and (1) = (5), but (4) =
(3) directly follows from the openness of the S,-condition (10.11).

Note that the properties in (3) are preserved by base change, thus (F7), is
flat over T and ((F)r), is S, for every point ¢ € T. By (9.14) this implies
that (F™) is the relative hull of Fr. Therefore (F¥); = (F7)¥, so F — FH is
universally flat and commutes with base change. That is, (3) = (2) and (3) =
(1) both hold.

If (4) holds then (F), = (F,)" by (9.3.4), thus (4) = (5). Applying (10.71)
to every localization of S at closed points shows that (5) = (4).

Next we show that (2) = (6). We may assume that S = Spec A, where
(A, m) is a local, Artinian ring. Choose the smallest » > 0 such that m* = 0;
so m" =~ @;A/m, the sum of a certain number of copies of A/m. This gives an
injection j,: @;F; — F which then extends to jf c @ (FHH — FH.

Since F# is flat over A, the image ;7 (®;(F,)¥) is also isomorphic to (m") ®4
FH which is the same as @;(F¥),. Thus (F,)" = (F"), and, by the above
arguments, (2) implies the properties (1-5) for local, Artinian base schemes.

In order to see (6) = (5) we may replace S by its completion at s. For r € N
set A, := Specg O /m/,. By base change we get f,: X, — A, and F, := Flx,. By
assumption (F,)" is flat over A, and we have proved that F — F" commutes
with base change over Artinian schemes. Set F' := &iLn(Fr)H . Then F is flat
over S, coherent by (Hartshorne, 1977, 11.9.3.A), agrees with F' over U, and
F — FH is surjective. Thus F' = F# by (9.14), giving (5). i

We can restate the characterization (9.17.3) as follows.
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Corollary 9.18. Let f: X — S be a morphism of finite type, q: F — G a
map of coherent sheaves on X. Let n denote the maximum fiber dimension of
Supp(F) — S. Then G is the universal hull of F over S iff the following hold.

(9.18.1) g5: Fs = Gy is an isomorphism at all n-dimensional points of X, for

every s € §S.
(9.18.2) G is flat with purely n-dimensional, S, fibers over S, and
(9.18.3) Supp(coker(q)) — S has fiber dimension < n — 2. m]

Combining (9.18) and (10.12) shows that a relative hull is a universal hull
over a dense open subset of the base. Thus Noetherian induction gives the
following. A much more precise form will be proved in (9.40).

Corollary 9.19. Let f: X — S be a proper morphism and F a coherent sheaf
on X. Then there is a locally closed decomposition j: S’ — S such that j, F
has a universal hull. O

The following example illustrates several aspects of (9.17).

Example 9.20. Letg: X — S be a flat family of projective varieties, S reduced
and connected, with g-ample line bundle L. As in (2.35), we get the relative
affine cone Cs(X) := Specg @pen 8:0x(m), with vertex V =~ S. Note that
Cs(X)\ Vis a G,-bundle over X, so flat over S. By contrast, Cs(X) is flat over
S iff hi°(X;, L'™) is independent of s € S for all m € N.

The simplest examples where 4° jumps are given by taking X = C x Jac(C)
for some smooth curve C of genus > 2 and L a universal line bundle of relative
degree 0 < d <2g— 2.

In these cases, the structure sheaf of Cg(X) is its own relative hull, but it is
not a universal hull.

9.4 Husks of coherent sheaves

Definition 9.21. Let X be a scheme and F a coherent sheaf on X. An n-
dimensional qguotient husk of F is a quasi-coherent sheaf G together with a
homomorphism g: F — G such that
(9.21.1) G is pure of dimension »n and
(9.21.2) g: F — G is surjective at all generic points of Supp G.
A quotient husk is called a husk, if n = dim F and
(9.21.3) g: F — G is an isomorphism at all n-dimensional points of X.
Note 9.21.4. If h € Ann(F), then hG C G is supported in dimension < n, thus
it is 0. Therefore G is also an Ox/ Ann(F) sheaf, so we get the same husks if
we replace X with any subscheme containing Specy(Cx/ Ann(F)).

Any coherent sheaf F has a maximal husk M(F) := h_I)n (j2)+(Flx\z), where
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Z runs through all closed subsets of Supp F such that dimZ < dimF. If
dim F > 1 then M(F) is never coherent, but it is the union of coherent husks.

Lemma 9.22. Let F be a coherent sheafon X and q: F — G an n-dimensional
(quotient) husk of F.

(9.22.1) Let g: X — Z be a finite morphism. Then g.G is an n-dimensional
(quotient) husk of g.F.

(9.22.2) Let h: Y — X be a flat morphism of pure relative dimension r with
S1 fibers. Then h*G is an (n + r)-dimensional (quotient) husk of h*F.

Proof 1If g is a finite morphism and M is a sheaf then the associated primes of
g.M are the images of the associated primes of M. This implies (1). Similarly,
if A is flat then the associated primes of 2" M are the preimages of the associated
primes of M. Since h*G is S| by (10.10), we get (2). O

9.23 (Bertini theorem for (quotient) husks). Let F' be a coherent sheaf on a
quasi-projective variety X € P" and ¢: F' — G a coherent (quotient) husk. Let
H c P” be a general hyperplane. Then G|y is pure by (10.18). If, in addition, H
does not contain any of the associated primes of coker g then gly: Flg — Glu
is also a (quotient) husk.

Definition 9.24. Let X be a scheme and F a coherent sheaf on X. Set n :=
dim F. A husk g: F — G is called tight if q: F/tors(F) — G is an isomor-
phism at all (n — 1)-dimensional points of X.

Thus the hull g: F — F** defined in (9.3) is a tight husk of F. We see
below that the hull is the maximal tight husk.

Lemma 9.25. Let X be a scheme and F a coherent sheaf on X with hull
qg: F — F". Let r: F — G be any tight husk. Then q extends uniquely to
an injection qg: G — FU**1. Therefore F* is the unique tight husk that is S ».

Proof After replacing F' with F/ tors(F) we may assume that F' is pure. Set
Z := Supp(coker ) U Supp(F**!/F). Then Z has codimension > 2 and F is S,
on X \ Z. Using (9.5.2) we get that G C j.(Glx\z) = j.(Flx\z) = F*.If G is
also S, then, (9.5.2) gives that G = FI**1. O

Lemma 9.26. Let X be a projective scheme, F a coherent sheaf of pure dimen-
sionn and F — G a quotient husk. The following are equivalent.

(9.26.1) G = F**1,
(9.26.2) G is S, and (X, F(t)) — x(X, G(¢)) has degree < n — 2.
(9.26.3) x(X, FI*1($)) = y(X, G(1)) (identical as polynomials).
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Proof The exact sequence 0 - K — F — G — Q — 0 defines K, Q and

XX, F(1) = x(X,G(0) = x(X. K(1) — x(X, Q(0)).

Note that K has pure dimension n and dimQ <n—1.If G = FI**! then K = 0
and dim Q < n — 2 which implies (2) and (1) = (3) is obvious.

Conversely, assume that y(X, F(r)) — x(X, G(¢)) has degree < n — 2. Since
deg (X, Q(#)) < n—1, we see that deg y(X, K(r)) < n— 1. However, K has pure
dimension 7, thus in fact K = 0 and so G is a tight husk of F. If G is §; then
(9.25) implies that G = FI**I, hence (2) = (1).

Finally, if (3) holds then y(X, F(f)) — x(X, G(¢)) has degree < n — 2, hence,
as we proved, G is a tight husk of F. By (9.25.1) G is a subsheaf of F**I. Thus
G = F* since they have the same Hilbert polynomials. O

Definition 9.27 (Husks over a base scheme). Let f: X — § be a morphism
and F a coherent sheaf on X. A quotient husk of F over S is a quasi-coherent
sheaf G on X, together with a homomorphism ¢g: F — G such that,

(9.27.1) G is flat and pure over S, and

(9.27.2) q,: Fy — Gy is a quotient husk for every s € S.

A quotient husk is called a husk if

(9.27.3) g5: Fy = Gy is ahusk for every s € §.

We sometimes omit ‘over S’ if our choice of S is clear from the context. The
following properties are useful.

(9.27.4) Husks are preserved by base change. That is, let g: F — G be a
(quotient) husk over S and g: T — S a morphism. Set X7 := X Xg T and let
gx: Xr — X be the first projection. Then gyq: g\ F — gyG is a (quotient)
husk over T.

(9.27.5) Assume that f is proper and we have ¢g: F — G where G is flat and
pure over S. By (10.54.1) there is a largest open S ° such that ¢°: F° — G° is
a quotient husk over §° C §'.

9.5 Moduli space of quotient husks

Definition 9.28. Let f: X — S be a proper morphism and F a coherent sheaf
on X. Let QHusk(F/S)(x) (resp. Husk(F/S)(x)) be the functor that to an S-
scheme g: T — § associates the set of all coherent quotient husks (resp. husks)
of g\ F, where gx: T Xg X — X is the projection.

We write QHusk(F) and Husk(F) if the choice of S is clear.

By (10.54.1) Husk(F/S)(x) is an open subfunctor of QHusk(F/S)(x).

If f is projective, H is an f-ample divisor class and p(?) is a polynomial, then
QHusk,(F/S)(x) (resp. Husk,(F/S)(+)) denote the subfunctors of all coherent
quotient husks (resp. husks) of g3 F' with Hilbert polynomial p(z).



9.5 Moduli space of quotient husks 353

The main existence theorem of this section is the following.

Theorem 9.29. Let f: X — S be a projective morphism and F a coherent
sheaf on X. Let H be an f-ample divisor class and p(t) a polynomial. Then
QHusk,(F/S) has a fine moduli space QHusk,(F/S) — S, which is a proper
algebraic space over S.

When § is a point, the projectivity of QHusk ,(F) is proved in Lin (2015),
see also Wandel (2015).

As we noted, Husk,(F/S) is represented by an open subspace Husk,(F/S)
QHusk,,(F/S), which is usually not closed. There are, however, many impor-
tant cases when Husk,(F/S) is also proper over S .

Corollary 9.30. Let f: X — S be a projective morphism and F a coher-
ent sheaf that is generically flat over S (3.26). Let H be an f-ample divi-
sor class and p(t) a polynomial. Then Husk,(F/S) has a fine moduli space
Husk,(F/S) — S which is a proper algebraic space over S.

The implication (9.29) = (9.30) is proved in (9.31), where we also establish
the valuative criteria of properness and separatedness for QHusk(F/S).

As a preliminary step, note that the problem is local on S, thus we may
assume that S is affine. Then f, X, F are defined over a finitely generated sub-
algebra of Oy, hence we may assume in the sequel that S is of finite type.

9.31 (The valuative criteria of separatedness and properness). More generally,
we show that QHusk(F /S) satisfies the valuative criteria of separatedness and
properness whenever f is proper.

Let T be the spectrum of an excellent DVR with closed point O € T and
generic pointz € 7. Given g: T — S, let gx: T Xs X — X denote the projec-
tion. We have the coherent sheaf g} F and, over the generic point, a quotient
husk g;: gxF: — g3G;. We aim to extend it to a quotient husk g: gy F — G.

Let K C gy F be the largest subsheaf that agrees with ker g, over the generic
fiber. Then g3 F/K is a coherent sheaf on X7 and none of its associated primes
is contained in Xo. Thus g3 F/K is flat over T. Let Zy C X be the union of the
embedded primes of (g% F/K)o.

By construction ¢; descends to a morphism g;: (g5 F/K); — gyG;. Let Z, C
Supp(gyF/K), be the closed subset where g; is not an isomorphism and Z; C
Xr its closure. Finally set Z = Zy U (Z7 N Xp).

The restriction of the sheaf g5 F/K to Xr\(ZoUZy) is flat and pure over T and
gxG: is pure on X; = X7 \ Xo. Furthermore, when restricted to X7 \ (Xo U Zr),
both of these sheaves are naturally isomorphic to g} F/K. Thus we can glue
them to get a single sheaf G’ defined on X7 \ Z that is is flat and pure over 7.
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Let j: X7 \ Z — Xy be the injection. By (10.6.6), G := j,.G’ is the unique
extension that is flat and pure over T, hence §: gyF — gy F/K — G is the
unique quotient husk extending g,: F; — G;. Thus QHusk(F/S) satisfies the
valuative criteria of separatedness and properness.

If f is projective then Gy has the same Hilbert polynomial as G;.

Finally note that if F' is generically flat over § and ¢q;: gy F; — gyG; is
a husk then K C g} F is zero at the generic points of Xy N Supp g3 F, thus
G: gxF — gxF/K — G is a husk.

This shows that if F' is generically flat over S then Husk(F/S) is closed in
QHusk(F/S) hence (9.30) follows from (9.29).

9.32 (Construction of QHusk ,(F/S)). We may assume that X = ]Pg\' for some
N; the only consequence we actually need is that f,0x = Oy, and this holds
after any base change.

We use the existence and basic properties of quot-schemes (9.33) and hom-
schemes (9.34). Also, as we discuss in (9.35), there is fixed m, such that G(m)
is generated by global sections and its higher cohomologies vanish for all quo-
tient husks of Fy — G, with Hilbert polynomial p(¢). Thus each G(m) can be
written as a quotient of ﬁﬁfm). Let

Qp(ny = Quot’,, (05™) € Quot(75™)

be the universal family of quotients g : 6’)’;5’") —» M, that have Hilbert polyno-
mial p(¢), are pure, have no higher cohomologies and the induced map

qs: H'(X,, 09™) — H(X,, M,)

is an isomorphism. Openness of purity is the m = 1 case of (10.12), the other
two properties were discussed in (9.35).

Let m: Q, — S be the structure map, ny: Qp; Xs X — X the second
projection and M the universal sheaf on Q) xs X.

By (10.54.1) the hom-scheme Hom(n}, F, M) (9.34) has an open subscheme
W) parametrizing maps from F to M that are surjective outside a subset of
dimension < n—1.Leto: W,y — Qp) be the structure map and oy : W) Xs
X — Qpp Xs X the fiber product.

Note that W, parametrizes triples

wi=[F, 5 G, € 0" (=m)]
where r,: F,, — G, is a quotient husk with Hilbert polynomial p(¢) and
q,,(m): ﬁ;i’") — G, (m) is a surjection that induces an isomorphism on the
spaces of global sections.
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Let w" € Wy be another point corresponding to the triple
P! aw  5p(m) T !
[Fw = Gy « Oy""(-m)]. suchthat [F, — G,]=[F, — Gy].

The difference between w and w’ comes from the different ways that we can
write G,, ~ G, as quotients of ﬁxw(—m)@P(’). Since we assume that the in-
duced maps

Gu(m), gy (m): H'(X,,, O5™) 3 H'(X,,, G,,(m)) = H*(X,,, G, (m))

are isomorphisms, the different choices of ¢,, and ¢, correspond to different
bases in H%(X,,, G,,(mH)). Thus the fiber of Mor(x, W) — QHusk,(F/S)(*)
overmoo(w) =moo(w) =: s €S is a principal homogeneous space under
the algebraic group GL(p(m), k(s)) = Aut(H°(X,, Gs(m))).

Thus the group scheme GL(p(m), S) acts on W, and, arguing as in (8.56),

QHusk,(F/S) = Wy /GL(p(m), S).

9.33 (Quot-schemes). Let f: X — S be a morphism and F a coherent sheaf
on X. Guot(F/S)(*) denotes the functor that to a scheme g: T — § associates
the set of all quotients of g3 F that are flat over 7 with proper support, where
gx: T Xg X — X is the projection.

If F = Oy, then a quotient can be identified with a subscheme of X, thus
Guot(Ox/S) = Hilb(X/S), the Hilbert functor.

If H is an f-ample divisor class and p(¢) a polynomial, then Got,(F/S)(*)
denotes those flat quotients that have Hilbert polynomial p(r).

By (Grothendieck, 1962, Lect.IV), Guot,(F/S) is bounded, proper, sepa-
rated and it has a fine moduli space Quot,(F/S). See (Sernesi, 2006, Sec.4.4)
for a detailed proof.

Note that one can write F as a quotient of &p:(—m)" for some m, r, thus
Guot,(F/S) can be viewed as a subfunctor of Guot(&}, /S ). The theory of the
latter is essentially the same as the study of the Hilbert functor.

9.34 (Hom-schemes). Let f: X — S be a morphism and F, G quasi-coherent
sheaves on X. Let Homg (F, G) be the set of Ox-linear maps of F to G.

For g: T — S we have Homg(Fr,G7), where gx: T Xs X — X is the
projection and Fr = gy F, Gr = g3 G.

As a special case of (Grothendieck, 1960, I11.7.7.8-9), if f is proper, F, G are
coherent and G is flat over S, then this functor is represented by an S -scheme
Homyg (F, G). That is, for any g: T — S, there is a natural isomorphism

Homy(Fr,Gr) =~ Mors (T, Homg (F, G)).

To see this, note first that there is a natural identification between
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(9.34.1) homomorphisms ¢: F — G, and
(9.34.2) quotients @: (F + G) - Q that induce an isomorphism ®|;: G =~ Q.
Next let 7: Quotg(F + G) — S denote the quot-scheme parametrizing quo-
tients of ' + G with universal quotient u: 7% (F + G) — Q, where 7x denotes
the induced map 7y : Quotg(F + G) Xg X — X.

Consider now the restriction of u to ug: n1yG — Q. By (10.54) there is an
open subset

Quoty (F + G) € Quotg(F + G)

that parametrizes those quotients v: F' + G — Q that induce an isomorphism
vg: G = Q. Thus Homg (F, G) = Quotg (F + G). O

9.35 (Boundedness of quotient husks). Let us say that a set of sheaves {F: A €
A} is bounded if there is fixed m, such that, F,(m) is generated by global sec-
tions and its higher cohomologies vanish for all 1 € A.

By an argument going back to (Mumford, 1966, Lec.14), a set of pure
sheaves {F;: A € A} on PV with given Hilbert polynomial is bounded iff their
restrictions to general linear subspaces of codimension d — 1 are bounded; see
(Huybrechts and Lehn, 1997, 3.3.7) for a stronger result.

Since being a quotient husk commutes with restriction to general linear sub-
spaces (9.23), after replacing S by the Grassmannian Grg(P¥=¢*1 PV), it is
sufficient to prove boundedness in relative dimension 1.

If dim F; = 1, then we can choose m such that Fy(m) is generated by global
sections and its H! vanishes for all s € S. Since coker(F; — G) has dimension
0, we get that G,(m) is also generated by global sections and its H' vanishes

9.6 Hulls and Hilbert polynomials

Recall that we use < (resp. =) to denote the lexicographic ordering (resp. iden-
tity) of polynomials, see (5.14).

Let f : X — S be a projective morphism with relatively ample line bundle
Ox(1). For a coherent sheaf F on X we aim to understand flatness of F and
of its hull F in terms of the Hilbert polynomials y(X;, Fs(¢)) of the fibers F.
Note that the y(Xj, Fs(f)) carry no information about the nilpotents in s, so
we assume that §' is reduced.

As we noted in (3.20), s — y(X;, F5(*)) is an upper semi-continuous func-
tion on S and F is flat over S iff this function is locally constant.

The next result says that the same holds for s — (X, F E**](*)). This does
not follow directly from (3.20), since in general there is no sheaf on X whose
fibers are FL**I.

Theorem 9.36. Let f: X — S be a projective morphism with relatively ample



9.6 Hulls and Hilbert polynomials 357

line bundle Ox(1) and F a mostly flat family of coherent, S , sheaves (3.26). As-
sume that S is reduced. Then s — y(X;, F E**](*)) is an upper semi-continuous
function and the following are equivalent.

(9.36.1) s x(X;, F¥*(%)) is locally constant on S .

(9.36.2) 15 : Fy — FYVis an isomorphism for s € S.

(9.36.3) F is flat over S with S, fibers (9.17).

Proof We follow the method of (5.30). By generic flatness (Eisenbud, 1995,
14.4), there is a dense open subset S° C S such that F H is flat with S, fibers
(FH), = F"! over §°. Thus the function s — y(X;, F-")(r)) is locally constant
on §S°, hence constructible on S by Noetherian induction. Thus it is enough
to prove upper semicontinuity when (0 € S) is the spectrum of a DVR with
generic point g.

Then F is S, and flat over S. Thus y(Xo, Fo(t)) = x(X,, F,(1)) and F is
S 1, hence the restriction map (9.15) rg :Fy - F 6{ is an injection. The exact
sequence

0> Fy—>Fl > Qy—0
defines Qg and x(Xo, FZ (1)) = x(Xo, Fo(1)) + x(Xo, Qo(1)). This gives that
X (Xo, F§ (1)) = x(Xo, Fo(0) = x(Xg, Fy(1))

Equality holds iff r(S) : Fo — F{ is an isomorphism, that is, when Fy is S 5.
We have thus proved that if s - y(X,, FL**(#)) is locally constant and § is

regular, 1-dimensional, then F¥ is flat over § with S, fibers. We show in (9.41)

that this implies the general case. O

Complement 9.36.4. If dim Qy = 0 then we get that x(Xo, F{') > x(X, F,) and
equality holds iff rg is an isomorphism

Proposition 9.37. Let f: X — S be a projective morphism with relatively am-
ple line bundle Ox(1) and F a mostly flat family of coherent, S, sheaves. Then
FH is a universal hull iff for every local, Artinian ring (A, mys) with residue
field k = A/mu and every morphism Spec A — S we have

X(Xa, (F(0) = x(Xi, (F) (1)) - length A.

Proof We show that the condition holds iff (F4)" is flat over A and then
conclude using (9.17.6).

Let U C X be the largest open set where F is flat with S, fibers. Pick a
maximum length filtration of A and lift it to a filtration

0=GJ cGY c---cGY =Faly,,
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such that GY, /GY = F|y, and r = length A. By pushing it forward to X4 we
get a filtration

0=Gyc Gy C--CG,=(Fp",
such that Gy, /G; C (Fy)". Therefore
x(Xa, (F)™(0)) 2 x(Xe, (F)" (1)) - length A.
Equality holds iff G;1/G; = (Fi)" for every i, that is, iff F¥ is flat over A. O

The next result roughly says that local constancy of H implies flatness for
globally generated shaves. It is similar to Grauert’s theorem on direct images;
the key difference is that we do not have a flat sheaf to start with.

Proposition 9.38. Let f: X — S a proper morphism to a reduced scheme and
F a mostly flat family of coherent, S, sheaves on X. Assume that

(9.38.1) s KO(X,, Ff’) is a locally constant function on S, and

(9.38.2) FM is generated by its global sections for every s € S.

Then F! is a universal hull and f.(F™) is locally free.

Proof Assume first that S is the spectrum of a DVR. We may replace F by
F**1 hence assume that F is flat over S. Then F; < F¥ is an injection and
we have inequalities

R (Xy, Fo) < B(X,, Fy) < h°(X,, FH). (9.38.3)

By (1) these are equalities. Since F¥ is generated by its global sections, this
implies that F; = F¥. As we explain in (9.41), this implies that F is a univer-
sal hull for every S. The last claim then follows from Grauert’s theorem. O

9.7 Moduli space of universal hulls

Definition 9.39. Let f: X — S be a morphism and F a coherent sheaf on X.
As in (3.16.1)), for a scheme g: T — S set Hull(F/S)(T) = {0} if g} F has a
universal hull, and Hull(F/S)(T) = 0 otherwise, where gx: T Xs X — X is the
projection.

If f is projective and p is a polynomial we set Hull,(F/S)(T) = 1 if g} F has
a universal hull with Hilbert polynomial p.

The following result is the key to many applications of the theory.

Theorem 9.40 (Flattening decomposition for universal hulls). Let f: X — S
be a projective morphism and F a coherent sheaf on X. Then

(9.40.1) Hull,(F/S) has a fine moduli space Hull,(F/S).

(9.40.2) Hull,(F/S) — S is a locally closed embedding (10.83).
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(9.40.3) The structure map Hull(F/S) = U, Hull,(F/S) — S is a locally
closed decomposition (10.83).

Proof Let n be the relative dimension of Supp /S and §,, € S the closed
subscheme parametrizing n-dimensional fibers. We construct Hull,,(F/S), the
fine moduli space of n-dimensional universal hulls. Then repeat the argument
forS\S,.

Let m: Husk(F/S) — S be the structure map, mx: Husk(F/S) xg X —» X
the second projection and quniy: 3 F — Guniy the universal husk. The set of
points y € Husk(F'/S) such that (Gypiv)y is 2 and has pure dimension 7 is open
by (10.12). The fiber dimension of

Supp coker[ny F — Guniv] = Husk(F/S)

is upper semi-continuous. Thus there is a largest open set W,, c Husk(F/S)
parametrizing husks Fy; — G, such that Gy is S,, has pure dimension n and
dim Supp G,/F; < n—2.By (9.18), Hull,(F/S) = W,,.

Since hulls are unique (9.13), Hull(¥/S) — S is a monomorphism (10.82).
In order to prove that each Hull ,(F/S) — § is a locally closed embedding, we
check the valuative criterion (10.84).

Let (0, T) be the spectrum of a DVR with generic point gand p: T — S a
morphism such that the hulls of F, and of F have the same Hilbert polyno-
mials. Let G, denote the hull of F, and extend G, to a husk Fr — Gr. By
assumption and by flatness

X(Xo, (Gr)o(0) = x(Xg, (Gr)g(D) = x(Xe, (F)™ (1) = x(Xo, (Fo)™ (1)

Hence (Gr)y = (Fo) by (9.26) and so Gr is the relative hull of F7. Thus G
defines the lifting 7 — Hull ,(F/S). O

9.41 (End of the proof of 9.36 and 9.38). By definition F' has a universal hull
over Hull(F/S), thus we need to show that 7: Hull(F/S) — S is an isomor-
phism.

By (9.40) 7 is a locally closed decomposition, and by (10.83.2) a proper,
locally closed decomposition is an isomorphism if S is reduced.

To check properness, let T be the spectrum of a DVR and p: T — S a
morphism. We already proved for both (9.36) and (9.38) that (p*F)" is a uni-
versal hull. Thus p: T — S liftsto p: T — Hull(F/S), so Hull(F/S) — § is
proper. O

Let f: X — S be a morphism. Two coherent sheaves F, G on X are called
relatively isomorphic or f-isomorphic if there is a line bundle Lg on S such
that F ~ GQf*Lg. We are interested in understanding all morphisms g: T — §
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such that the hulls of gy F and ¢} G are relatively isomorphic, that is, there is a
line bundle L7 on T such that (q}F)H ~ (q}G)H ® f7lr.

Proposition 9.42. Let f: X — S be a flat, projective morphism with S , fibers
such that H(X,, Ox.) = k(s) for every s € S. Let My, M, be mostly flat families
of divisorial sheaves on X. Then there is a locally closed subscheme i: S —s
S such that, for any q: T — S, the pull-backs qy M and gy M> have relatively
isomorphic hulls iff  factors as g: T — S™° < §.

Proof Set L := Homx(M,, M>). Then g5 M, and g3 M, have relatively iso-
morphic hulls iff L is relatively isomorphic to Oy.

We may assume that S is connected. Then p(x) := y(Xj, Ox, (%)) is inde-
pendent of s € §. Thus i: §™° < § factors through Hull,(L/S) — §. After
replacing S by Hull,(L/S) it remains to prove the special case when L is flat
over S. The latter follows from (3.21). O

9.43 (Pure quotients). We get a similar flattening decomposition for pure quo-
tients. The proofs are essentially the same as for hulls, so we just state the
results.

Let f: X — S be a morphism of finite type and F a coherent sheaf on X.
We say that F is f-pure or relatively pure, if F is flat over S and has pure fibers
(10.1). We say that g: F — G is an f-pure quotient or relatively pure quotient
of F if G is f-pure and G, = pure(F) for every s € §. Note that ker g is then
the largest subsheaf K C F such that dim(Supp K;) < dim(Supp F) for every
s € §. In particular, a relatively pure quotient is unique.

This gives the functor of relatively pure quotients Pureq(F/S). If f is projec-
tive, it can be decomposed Pureq(F/S) = LI, Pureq,(F/S) using Hilbert poly-
nomials. As in (9.40), we get the following.

Claim 9.43.1. Let f: X — S be a projective morphism and F' a coherent sheaf
on X. The functor of pure quotients is represented by a locally closed decom-
position Pureq(F/S) — S. O

Arguing as in (9.36) gives the following.

Corollary 9.43.2. Let S be areduced scheme, g: X — S a projective morphism
and F a coherent sheaf on X. Then F has a g-pure quotient F - G iff s —
x(pure(F;)(x)) is locally constant on S'. m}

9.8 Non-projective versions

The proofs in Section 9.7 used in an essential way the projectivity of X — S.
Here we consider similar questions for non-projective morphisms in two cases.



9.8 Non-projective versions 361

If X — S is affine then a good theory seems possible only if S is local and
complete. Then we study the case when X — S is proper.
For affine morphisms we have the following variant of (9.40).

Theorem 9.44. Let (S, mg) be a complete local ring, R a finite type S -algebra
and F a finite R-module that is mostly flat with S, fibers over S (3.28). Then
there is a quotient S —» S* that represents Hull(F/S) for local, Artinian S -
algebras.

Since universal hulls commute with completion (9.17.6), (9.44) implies the
same statement for complete, local S -algebras. That is, for every local mor-
phism h: (S,mgs) — (T, my), the hull (F7)" is universal iff there is a factoriza-
tionh: S » S" > T.

Note that, compared with (9.40), we only identify the stratum containing the
closed point of Spec S.

Proof We follow the usual method of deformation theory Artin (1976); Se-
shadri (1975); Hartshorne (2010). As a first step we construct S*.

For an ideal I ¢ S set F; := F ® (R/IR). First we claim that if (F;)" and
(F )M are universal hulls then so is (F;n,)f. Start with the exact sequence

0-S/UNnJ)—=S/I+S/J—>S/(I+J)—0. (9.44.1)

F is mostly flat over S, thus (9.44.1) stays left exact after tensoring by F and
taking the hull. Thus we obtain the exact sequence

0— (Fia)" = (FD" + (FD" - (Fr.p". (9.44.2)

(F)HP = (Fr,. )" is surjective since (F;)" is a universal hull, hence (9.44.2) is
also right exact.

Set k := S/mg. Since (F))¥ is a universal hull, (F))” ® k ~ (F,,)", and the
same holds for J and I + J. Thus tensoring (9.44.2) with k yields

(Fion @k = (F)" + (F) 5 (F,)" - 0. (9.44.3)

Since ker p = (F,,) we see that (F;n))" ® k — (F,,)" is surjective. By (9.17)
this implies that (F;~;)" is a universal hull.

Let I* c S be the intersection of all those ideals I such that (F;)¥ is a
universal hull and S* := S/I*. By (9.17.6) (Fs.)" is a universal hull.

By construction, if 4: S - W := S/Iy is a quotient such that (Fy)" is a
universal hull then I c Iy. We still need to prove that if (A,m,) is a local
Artinian S -algebra such that (F4)" is a universal hull then #: S — A factors
through S*.

Let K := A/my denote the residue field. F/mgsF has a hull by (9.5), so
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I" ¢ mg. Thus S — A — K factors through S*“. Working inductively we may
assume that there is an ideal J4 C Asuchthat J, *~ Kandh': S —» A’ .= A/J
factors through S*. Therefore h: S — A factors through § — §/mgI*. Note
that I"/mgI* is a finite dimensional k-vector space, call it V;, and we have a
commutative diagram

0— > Vi —>S/mgl" —> S§4 ——(
iz i/h \Lh’ (9.44.4)
0 K A A 0

for some k-linear map A: V;, — K. If A = 0 then & factors through S'“, this is
what we want. If 4 # O then we show that there is an ideal J* ¢ " such that
F has a universal hull over §/J". This contradicts our choice of I* and proves
the theorem.

It is easier to write down the obstruction map in scheme-theoretic language.
To simplify notation, we may assume that mg[* = 0. Thus set X := Specg R
and let i: U < X be the largest open set over which F (the sheaf associated to
F)is flat over S. For any S — T by base change we geti: Ur — Xr. Let 7
denote the restriction of 7 to Uy. Then i, F7 is the sheaf associated to (Fr)"
and we have a commutative diagram

Ve @ inFi — i.Fs i Fyn —> Vi & R'i.T
J/ i" ihl iﬂ (9.44.5)
i.Fk i.Fa i.Fx —— R'i.F.
Here A = 0 since i.74 is a universal hull. The right hand square factors as
6 15— i.Ti —= Ve & R T
I | | (9.4.6)
At i Fy LFx —% o K & R'iLF;.

By assumption Ag = 0. Choosing a basis {v;} of Vj, this means that the compo-
nents Oy ; : i.Fxr — R 1i,F% are linearly dependent over K. So they are linearly
dependent over k, that is, there is a nonzero u: Vy — k such that g o o3 = 0.
Set J* := mgI" + kery and S’ := §/J". Note that ["/J" ~ k. The extension
I"/J" — S’ — S* gives the exact sequence

o
(I)J"Y @ i.Fr = inFs: — inFsu — (I)J*) & R'i. . (9.44.7)

Since o § = 0 the map i.F5, — i.Fg« is surjective and so is the com-
posite i.Fs: — i, Fsu — i.F;. Thus i.Fg is a universal hull by (9.17). This
contradicts the choice of S“. O
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One can see that (9.44) does not hold for arbitrary local schemes S, but the
following consequence was pointed out by E. Szabd.

Corollary 9.45. The conclusion of (9.44) remains true if S is a Henselian local
ring, that is the localization of an algebra of finite type over a field or over an
excellent DVR.

Proof There is a general theorem (Artin, 1969, 1.6) about representing func-
tors over Henselian local rings, we check that its conditions are satisfied.

Let § denote the completion of S. As in (3.16.1), define a functor on local
S -algebras by seeting F(T) = {0} if (F7)" is a universal hull and F(T) = 0
otherwise.

It is easy to see that if ¥ (T') = {0}, then there is a factorization S - T’ — T
such that 7" is of finite type over S and ¥ (7”) = {0}. So F is locally of finite
presentation over S, as in (Artin, 1969, 1.5). The universal family over (S‘ )
gives an effective versal deformation of the fiber over mg. The existence of S*
now follows from (Artin, 1969, 1.6). O

Next we present an alternative approach to hulls and husks that does not
use projectivity, works for proper algebraic spaces, but leaves properness of
Husk(F/S) unresolved. The proofs were worked out jointly with M. Lieblich.

Theorem 9.46. Let S be a Noetherian algebraic space and p: X — S a
proper morphism of algebraic spaces. Let F be a coherent sheaf on X. Then
QHusk(F/S) is separated and it has a fine moduli space QHusk(F/S).

Proof Let f: X — S be a proper morphism. The functor of flat families
of coherent sheaves Flat(X/S) is represented by an algebraic stack Flat(X/S)
which is locally of finite type, but very non-separated; see (Laumon and Moret-
Bailly, 2000, 4.6.2.1).

Let o: Flat(X/S) — S be the structure morphism and Uy,s the univer-
sal family. By (10.12), there is an open substack Flat"(X/S) < Flat(X/S)
parametrizing pure sheaves of dimension n. Let Uy /s be the corresponding
universal family. Consider X xg Flat"(X/S) with coordinate projections 7y, ;.
The stack Hom(r} F, n5 Uy /s) parametrizes all maps from the sheaves F; to
pure, n-dimensional sheaves Nj.

We claim that QHusk(F/S) is an open substack of Hom(n}F, 73Uy ¢ ). In-
deed, by (10.54), for a map of sheaves M — N with N flat over S, it is an open
condition to be an isomorphism at the generic points of the support.

As we discussed in (9.31), QHusk(F/S) satisfies the valuative criteria of
separatedness and properness, so the diagonal of QHusk(F/S) is a monomor-
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phism. Every algebraic stack with this property is an algebraic space; see (Lau-
mon and Moret-Bailly, 2000, Sec.8). O

The connected components of QHusk(F/S') are not proper over S, this fails
even for the quot-scheme, but the following should be true.

Conjecture 9.47. Every irreducible component of QHusk(F/S) is proper.

The construction of Hull(F/S) given in (9.40) applies to algebraic spaces as
well, but it does not give boundedness. Nonetheless, we claim that Hull(F/S)
is of finite type. First, it is locally of finite type since QHusk(F/S') is. Second,
we claim that red Hull(F/S) is dominated by an algebraic space of finite type.
In order to see this, consider the (reduced) structure map red Hull(F/S) —
red S. It is an isomorphism at the generic points, hence there is an open dense
S° C redS such that S° is isomorphic to an open subspace of red Hull(F/S).
Repeating this for red S \ S°, by Noetherian induction we eventually write
red Hull(F/S) as a disjoint union of finitely many locally closed subspaces of
red S. These imply that Hull(¥/S') is of finite type. Using (9.13.4), we get the
following.

Theorem 9.48 (Flattening decomposition for hulls). Let f: X — S be a
proper morphism of algebraic spaces and F a coherent sheaf on X. Then
(9.48.1) Hull(F/S) is separated and it has a fine moduli space Hull(F'/S),
(9.48.2) Hull(F/S) is an algebraic space of finite type over S, and

(9.48.3) the structure map Hull(F/S) — S is a surjective monomorphism. 0O

Example 9.49. Let C, D be two smooth projective curves. Pick points p,qg € C
and r € D. Let X be the surface obtained from the blow-up B, ,(C x D) by
identifying {g} x D with the birational transform of {p} X D. Note that X is
a proper, but non-projective scheme and there is a natural proper morphism
m: X — C’ where C’ is the nodal curve obtained from C by identifying the
points p,q. Then Hull(Ox/S) = C \ {g}. The natural map C \ {g} — C’ is a
surjective monomorphism, but not a locally closed embedding.



Chapter 10

Ancillary results

In this chapter we discuss various results that were used earlier and for which
good references are scarce or scattered. We work over an arbitrary base scheme,
whenever possible.

10.1 S, sheaves

Definition 10.1. Let F be a quasi-coherent sheaf on a scheme X. Its annihila-
tor, denoted by Ann(F), is the largest ideal sheaf I ¢ Ox such that I - F = 0.
The support of F is the zero set Z(I) C X, denoted by Supp F.

The dimension of F at a point x, denoted by dim, F, is the dimension of its
support at x. The dimension of F is dim F := dim Supp F.

The set of all associated points (or primes) of a quasi-coherent sheaf F is de-
noted by Ass(F). An associated point of F is called embedded if it is contained
in the closure of another associated point of F. Let emb(F) C F denote the
largest subsheaf whose associated points are all embedded points of F. Thus
F/ emb(F) has no embedded points, hence itis S| (10.5). Informally speaking,
F — F/emb(F) is the best way to associate an S| sheaf to another sheaf.

If F is coherent then it has only finitely many associated points and Supp F'
is the union of their closures.

Let Z C X be a closed subscheme. Then torsz(F) C F denotes the Z-torsion
subsheaf, consisting of all local sections whose support is contained in Z. There
is a natural isomorphism torsz(F) ~ Wg(X, F).

If X has a dimension function (see the Assumptions on p.343), then we use
tors(F) c F to denote the forsion subsheaf, consisting of all local sections
whose support has dimension < dim Supp F. A coherent sheaf F is called pure
(of dimension n) if (the closure of) every associated point of F has dimension
n. Thus pure(F) := F/ tors(F) is the maximal pure quotient of F. A scheme is
pure iff its structure sheaf is.

If Supp F is pure dimensional, then emb(F) = tors(F).

365
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Let f: X — S be of finite type and F a coherent sheaf on X such that F is
pure for every s € S. Then the same holds after any base change S” — S.
Warning. If X is pure dimensional, F is coherent and dim F' = dim X, then our
terminology agrees with every usage of ‘torsion’ that we know of. However,
the above distinction between emb(F') and tors(F) is not standard.

10.2 (Regular sequences and depth). Let A be a ring and M an A-module.
Recall that x € A is M-regular if it is not a zero divisor on M, thatis, if m € M
and xm = 0 implies that m = 0. Equivalently, if x is not contained in any of the
associated primes of M.

A sequence xi,...,x, € A is an M-regular sequence if x| is not a zero
divisor on M and x; is not a zero divisor on M/(xy, ..., x;_1)M for all i.

Let rad A denote the radical (or Jacobson radical) of A, that is, the intersec-
tion of all maximal ideals. Let / C rad A be an ideal. The depth of M along I is
the maximum length of an M-regular sequence xi,..., x, € I. It is denoted by
depth; M. If A is Noetherian, M is finite over A and / C rad A, then all maxi-
mal M-regular sequences x, ..., x, € I have the same length; see (Matsumura,
1986, p.127) or (Eisenbud, 1995, Sec.17).

Warning. The literature is not fully consistent on the depth if M = 0 or if
I ¢ rad A. While the above definition of depth makes sense for arbitrary rings
and ideals, it can give unexpected results.

10.3 (Comments on depth and S ,,). Let F be a coherent sheaf on X. The depth
of F at x, denoted by depth, F, is defined as the depth of its localization F
along m, x (as an O x-module). For a closed subscheme Z C X we set

depth, F := inf{depth, F': z € Z}. (10.3.1)

If X = Spec A is affine, Z = V(I) for some ideal / C rad A and M = H°(X, F)
then depth, F' = depth; M. (This definition is for coherent sheaves only. See
(Grothendieck, 1968, Exp.III) for quasi-coherent sheaves.)

A coherent sheaf F on a scheme X satisfies Serre’s condition S ,, if

depth, F > min{m, codim(x, Supp F)} for every x € X; (10.3.2)

see (Stacks, 2022, Tag 033P) for details.
It is important to note that over a local scheme (x, X), being §,, is not the
same as depth, F' > m; neither implies the other.

Definition 10.4. F is Cohen-Macaulay or CM if

depth, F' = dim, F for every x € X. (10.4.1)
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It is easy to see that if F is CM then the local rings of Supp F are pure di-
mensional (Stacks, 2022, Tag O0ON2). In the literature, the definition of CM
frequently includes the assumption that Supp F be pure dimensional; we will
most likely lapse into this habit too.

In contrast with the S, situation (10.3), if (10.4.1) holds at closed points,
then it holds at every point of Supp F, see (Matsumura, 1986, 17.4).

Condition S| can be described in terms of embedded points.

Lemma 10.5. Let F be a coherent sheaf on a scheme X and Z C X a closed
subscheme. Then depth, F > 1 iff none of the associated points of F is con-
tained in Z. In particular, F is S iff it has no embedded associated points. O

The following lemma which gives several characterizations of S, sheaves.

Lemma 10.6. Let F be a coherent sheaf and Z C Supp F' a nowhere dense

subscheme. The following are equivalent.

(10.6.1) depth, F > 2.

(10.6.2) depth, F > 1 and depth,(F|p) > 1 whenever D is a Cartier divisor
in an open subset of X that does not contain any associated prime of F.

(10.6.3) torsz(F) = 0 and torsz(F|p) = 0 whenever D is as above.

(10.6.4) An exact sequence 0 - F — F' — Q — 0 splits if Supp Q C Z.

(10.6.5) depth, F' > 1 and for any exact sequence 0 - F — F' - Q — 0
such that 0 # Supp Q C Z, F’ has an associated point in Supp Q.

(10.6.6) F = j.(Fl|x\z) where j: X \ Z — X is the natural injection.

(10.6.7) ) (X, F) = #}(X,F) = 0.

(10.6.8) Let z € Z be any point. Then H?(XZ, F,) = H;(XZ, F,) =0.

Proof All but (4) are clearly local conditions on X. By assumption torsz(F) =
0. Thus, if in (4) there is a splitting locally then the unique splitting is given by
torsz(F’) c F’. Thus (4) is also local, so we can assume that X is affine.

Conditions (2) and (3) are just restatements of the inductive definition of
depth. Assume (1) and consider an extension 0 — F — F/' — Q0 — 0
where Supp QO c Z. If torsz(F’) — Q is surjective then it gives a splitting.
If not then after quotienting out by torsz(F’) and taking a coherent subsheaf
F” C F’/torsz(F’) we get an extension 0 — F — F” — Q” — 0 where
torsz(F”’) = 0. Pick s € I, that is not a zero divisor on F and F”, but
s+ (F"”/F) = 0. Then sF” is a nonzero submodule of F/sF supported on
Z. This proves (1) = (4).

Assuming (4) we claim that torsz(F) = 0. After localizing at a generic point
of torsz(F), we may assume that torsz(F) is supported at z € Z. Since the
injective hull of k(z) over Ox has infinite length, there is a non-split extension
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ji torsz(F) — G. Then the cokernel of (1, j): torsz(F) — F + G gives a
non-split extension of F. The rest of (5) is clear.

If depth, F > 1 then the natural map F — j.(F|x\z) is an injection. The
quotient is supported on Z, thus (5) = (6).

Assume (6). Then F — j.(Flx\z) is an injection, so depth, F > 1. If
depth, F' < 2 then we can pick s € Iz such that F//sF has a subsheaf Q sup-
ported on Z. Let F’ C F be the preimage of Q. Then s™'F’ C j.(F|x\z) shows

that (6) = (1). We discuss (7) and (8) in (10.29). O

Corollary 10.7. Let F be a coherent, S, sheaf and G C F a subsheaf. Then G
is S, iff every associated point of F |G has codimension < 1 in Supp F.

Proof LetZ C Supp F be a closed subset of codimension > 2 and j: U :=
X\ Z — X the injection. Then j.(Gly) € F and depth, G <2 & G # j.(Gly)
< j«(Gly)/G C F/G is a nonzero subsheaf supported on Z. O

Corollary 10.8. Let F be a coherent, S, sheaf and G any coherent sheaf. Then
Homx (G, F) is also S 5.

Proof 1t is clear that every irreducible component of Supp Homx(G, F) is
also an irreducible component of Supp F'.

Let Z c Supp F be a closed subset of codimension > 2 and j: X \ Z —
X the injection. Any homomorphism ¢: Glx\z — Fl|x\z uniquely extends to
J#: j«(Glx\z) = Jj«(Flx\z). Since F is S, the target equals F. We have a
natural map G — Jj.(Glx\z), whose kernel is torsz(G). Thus Homx(G, F) =
J«(Homx (G, F)lx\z), hence Homx(G, F)is S». O

An important property of S, sheaves is the following, which can be obtained
by combining (Hartshorne, 1977, II1.7.3 and 1I1.12.11).

Proposition 10.9 (Enriques—Severi—Zariski lemma). Let f: X — S be a pro-
Jjective morphism and F a coherent sheaf on X that is flat over S, with S fibers
of pure dimension > 2. Then f,F(—m) = R' f,F(—m) = 0 for m > 1.
Therefore, if H € |Ox(m)| does not contain any of the associated points of
F, then the restriction map f.F — (flg)«(F|g) is an isomorphism. O

10.10 (Depth and flatness). Let p: ¥ — X be a morphism and G a coherent
sheaf on Y that is flat over X. It is easy to see that for any point y € ¥ we have

depth, G = depth,,,) X + depth, G y). (10.10.1)
Similarly, if p: ¥ — X is flat and F is a coherent sheaf on X, then

depth, p'F = depth,,, F + depth, Y. (10.10.2)

PQ)
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In particular, if p: ¥ — X is flat with S, fibers and F is a quasi-coherent S,
sheaf on X then p*F is also § ,,. The converse also holds if p is faithfully flat.

The assumption on the fibers is necessary and a flat pull-back of an S, sheaf
need not be S ,,;; not even for products. Let X|, X, be k-schemes. Then X; X X,
is S, iff both of the X; are S ,,,.

10.2 Flat families of S, sheaves

We consider how the S, property (2.72) varies in flat families.

Theorem 10.11. (Grothendieck, 1960, IV.12.1.6) Let n: X — S be a mor-
phism of finite type and F a coherent sheaf on X that is flat over S. Fix m € N.
Then the set of points {x € X: F( is pure and S ,,, at x} is open in X.

This immediately implies the following variant for proper morphisms.

Corollary 10.12. 5 Let n: X — S be a proper morphism and F a coher-
ent sheaf on X that is flat over S. Fix m € N. Then the set of points {s €
S: Fyispureand S ,,}is openinS. m|

For non-proper morphisms we get the following.

Corollary 10.13. Let S be an integral scheme, m: X — S a morphism of finite
type and F a coherent sheaf on X. Assume that F is pure and S ,,. Then there
is a dense open subset S° C S such that F is pure and S, for every s € S°.

Proof LetZ c X denote the set of points x € X such that either F is not flat
at x or Fyy is not pure and S, at x. Note that Z is closed in X by (10.11) and
by generic flatness (Eisenbud, 1995, 14.4).

The local rings of the generic fiber of 7 are also local rings of X, hence the
restriction of F' to the generic fiber is pure and S ,,. Thus Z is disjoint from
the generic fiber of . Therefore m(Z) c § is a constructible subset that does
not contain the generic point, hence S \ n(Z) contains a dense open subset
S°cSs. O

10.14 (Nagata’s openness criterion). In many cases one can check openness of
a subset of a scheme using the following easy to prove test, which is sometimes
called the Nagata openness criterion.
Let X be a Noetherian topological space and U C X an arbitrary subset.
Then U is open iff the following conditions are satisfied.
(10.14.1) If x; € X, and x; € U then x, € U.
(10.14.2) If x € U then there is a nonempty open V C X such that V c U.
Assume now that we want to use this to check openness of a fiber-wise
property P for a morphism: X — S.
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We start with condition (10.14.1). Pick points x;, x, € X such that x; € X;.

Let T be the spectrum of a DVR with closed point 0 € T, generic point
t, € T and g: T — X a morphism such that g(0) = x; and g(,) = x,. After
base change using 7 o g we get Y — T. Usually one can not guarantee that the
residue fields are unchanged under g. However, if property % is invariant under
field extensions, then it is enough to check (10.14.1) for Y — T. Thus we may
assume that § is the spectrum of a DVR.

As for (10.14.2), we can replace S by the closure of m(x). Then m(x) is the
generic point of S and then we may assume that S is regular.

We can summarize these considerations in the following form.

Proposition 10.15 (Openness criterion). Let P be a property defined for co-
herent sheaves on schemes over fields. Assume that P is invariant under base
field extensions. The following are equivalent.

(10.15.1) Let r: X — S be a morphism of finite type and F a coherent sheaf
on X that is flat over S. Then {x € X: Fy satisfies property P at x} is
open in X.

(10.15.2) The following hold, where o: S — X denotes a section.

(a) If S is the spectrum of a DVR with closed point 0, generic point g and
P holds for o(0) € Xo, then P holds for o(g) € X,.

(b) If S is the spectrum of a regular ring with generic point g and P holds
for o(g) € X,, then P holds in a nonempty open U C o (S). O

10.16 (Proof of 10.11). By (10.15) we may assume that S is affine and regular.
We may also assume that r is affine and X = Supp F.

First we check (10.15.2.a) for m = 1. (Note that pure and §; is equivalent
to pure (10.1).) Let W C X be the closure of an associated prime of F. Then
the irreducible components of W N X are associated primes of F by (10.22).
Since Fy is pure, W N X is an irreducible component of Supp Fy. Hence W is
an irreducible component of Supp F. Thus F, is also pure.

Next we check (10.15.2.a) for m > 1. Since S, implies S |, we already know
that every fiber of F is pure. By (10.17) there is a subset Z C X of codimension
> 2 such that F is CM over X \ Z. Let Z ¢ H C X be a Cartier divisor that
does not contain any of the associated primes of Fy. Then F|y is flat over S
and (F|y), = Foln is pure and S ,,_;. Thus, by induction, F|y is pure and S ,,—;
on the generic fiber, hence Fj, is pure and S, along H. It is even CM on X \ H,
hence F;, is pure and S .

The proof of (10.15.2.b) follows a similar pattern. We start with m = 1.
We may assume that F;_ is pure. By Noether normalization, there is a finite
surjection p: X — Ag for some n. Note that p,F is flat over ' and it is pure



10.2 Flat families of S ,,, sheaves 371

on the generic fiber by (9.2), hence torsion-free. Using (9.2) in the reverse
direction for the other fibers, we are reduced to the case when X = A} and F
is torsion-free at x := o(g) on the generic fiber. Thus there is an injection of
the localizations F, — ﬁ;f‘x. By generic flatness (Eisenbud, 1995, 14.4), the
quotient ﬁfX/Fx is flat over an open, dense subset S° C S. Thus if s € §°
then we have an injection F|y < &7. Thus every fiber F; is torsion-free
over U N 7~ !(§5°). For m > 1 we follow the same argument as above using
Z C H c X and induction. |

Lemma 10.17. Let 7: X — S be a morphism of finite type and F a coherent
sheaf on X that is flat over S. Assume that Supp F is pure-dimensional over S.
Asin (7.26), let FlatCMg (X, F) C X be the set of points x such that Fy, is CM
at x. Then, for every s € S,

(10.17.1) Supp F; N FlatCMs (X, F) is dense in Supp F s, and,
(10.17.2) if Fy is pure, then its complement has codimension > 2 in Supp F.

Proof We may assume that 7 is affine and X = Supp F. By (10.49), after
replacing X with an étale neighborhood of x, there is a finite surjection g: X —
Y where 7: Y — S is smooth.

Since g. F is flat over S, it is locally free at a point y € Y iff the restriction of
&+ F to the fiber Y, is locally free at y. The latter holds outside a codimension
> 1 subset of each fiber Y. If F is pure then g.F is torsion-free on each fiber,
so local freeness holds outside a subset of codimension > 2. O

Let F be a coherent, S, sheaf on P". If a hyperplane H c P" does not con-
tain any of the irreducible components of Supp F' then F|g is S -1, essentially
by definition. The following result says that F|g is even S, for general hyper-
planes, though we can not be very explicit about the meaning of ‘general.’

Corollary 10.18 (Bertini theorem for S ;). Let F be a coherent, pure, S, sheaf
on a finite type k-scheme and |V| a base point free linear system on X. Then
there is a dense, open U C |V| such that F|g is also pure and S ,, for H € U.

Proof LetY c X X |V| be the incidence correspondence (that is, the set of
pairs (point € H) with projections 7 and 7. Note that 7 is a P"~!-bundle for
n = dim |V|, thus 7*F is also pure and S, by (10.10).

By (10.13) there is a dense open subset U C |V| such that F|g is also pure
and §,, for H € U. For a divisor H, the restriction F|y is isomorphic to the
restriction of 7* F to the fiber of 7t over H € |V/|. m]

Corollary 10.19 (Bertini theorem for hulls). Let |V| be a base point free linear
system on a finite type k-scheme X. Let F be a coherent sheaf on X with hull
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q: F — FU* Then there is a dense, open subset U C |V| such that
(F' Dl = (Fln)™ forH e U.
Proof By definition we have an exact sequence
0->K—->F—-F" 5050,

where dimK < n— 1 and dimQ < n — 2. If H € |V| is general, then the
restriction stays exact

0= Kly = Flu = (F"y = Oly — 0,

Corollary 10.20 (Bertini theorem for S, in families). Let T be the spectrum
of a local ring, X C P a quasi-projective scheme and F a coherent sheaf on
X that is flat over T with pure, S, fibers.

Assume that either X is projective over T or dimT < 1. Then F|pny is also
flat over T with pure and S, fibers for a general hyperplane H C P7..

Proof The hyperplanes correspond to sections of P’TZ — T.1If X is projective
over T then we use (10.18) for the special fiber X, and conclude using (10.12).

Ifdim T = 1 then we use (10.18) both for the special fiber X, and the generic
fibers X,,. We get open subsets Uy C Pg and U,, C P;i. Let W; C P’; denote the
closure of Pg,_ \ Uy,. For dimension reasons, W; does not contain Pfj. Thus any
hyperplane corresponding to a section through a point of Uy\(U;W;) works. O

Example 10.21. If dim 7" > 2 then (10.20) does not hold for non-proper maps.
Here is a similar example for the classical Bertini theorem on smoothness. Set

X=(2+y+22=s)\(x=y=z=5=0)C A} XA?,

xyZ
with smooth second projection f: X — A2, Over the origin we start with the
hyperplane Hy := (x = 0), it is a typical member of the base point free linear
system |ax + by + ¢z = 0|.

A general deformation of it is given by Hy, := x+b(s, t)y+c(s,t)z = d(s,1). It
is easy to compute that the intersection H,NX,, is singular iff s(1+5%+c?) = d°.
This equation describes a curve in A2, that passes through the origin.

10.22 (Associated points of restrictions). Let X be a scheme, D C X a Cartier
divisor and F a coherent sheaf on X. We aim to compare Ass(F) and Ass(F|p).
If D does not contain any of the associated points of G then Tor! (G, €)) = 0.
Thusif O = Fy C --- C F, = F is afiltration of F by subsheaves and D does not
contain any of the associated points of F;/F;_y then 0 = Fy|p C --- C F/|p =
F|p is a filtration of F|p and F;|p/F;_1lp = (F;/Fi_1)|p. We can also choose
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any of the associated points of F to be an associated point of Fj, proving the
following.

Claim 10.22.1. If D does not contain any of the associated points of F then
(a) Ass(Flp) € U; Ass((Fi/Fi-1)Ip) and
(b) for every x € Ass(F), every generic point of D N X is in Ass(F|p). [

By (10.25) we can choose the F; such that Ass(F;/F;_1) is a single associated
point of F for every i. Thus it remains to understand Ass(G|p) when G is pure.
Let G"*1 > G denote the hull of G and set Q := GI**1/G. As we noted above, if
D does not contain any of the associated points of Q then G|, > G|p, thus
Ass(G"|p) = Ass(Glp). Finally, since G**1 is § 5, the restriction G| is S
hence its associated points are exactly the generic points of D N Supp G. We
have thus proved the following.

Claim 10.22.2. Let D c X be a Cartier divisor that contains neither an associ-
ated point of F nor an associated point of (F;/F;_1)**! /(F;/F;_1). Then

(a) the associated points of F|p are exactly the generic points of D N X for all

x € Ass(F), and

(b) (F/emb(F))lp = (Fp)/(emb(Flp)). o
Note that the associated points of (F;/F;_;)!"*1/(F;/F;_;) depend on the choice
of the F;, they are not determined by F. For the Claim to hold it is enough to
take the intersection of all possible sets. This set is still hard to determine, but
in many applications the key point is that, as long as X is excellent, we need D
to avoid only a finite set of points.

The next result describes how the associated points of fibers of a flat sheaf
fit together. The proof is a refinement of the arguments used in (10.16).

Theorem 10.23. Let f: X — S be a morphism of finite type and F a coherent

sheaf on X. Then the following hold.

(10.23.1) There are finitely many locally closed W; C X, such that Ass(Fy)
equals the set of generic points of the (W;), for every s € S.

(10.23.2) If F is flat over S then we can choose the W; to be closed and such
that each flw,: W; — f(W,) is equidimensional.

Proof Using Noetherian induction it is enough to prove that (1) holds over a
non-empty open subset of red.S. We may thus assume that § is integral with
generic point g € S.

Assume first that X is integral and F is torsion-free. By Noether normaliza-
tion, after again passing to some non-empty open subset of S there is a finite
surjection p: X — AY. Then p.F is torsion-free of generic rank say r, hence



374 Ancillary results

there is an injection j: p.F — ﬁgg" After again passing to some non-empty

open subset we may assume that coker(j) is flat over S, thus
Js: P(Fy) = (pF)s — ﬁ&;(

is an injection for every s € S. Thus each F is torsion-free and its associated
points are exactly the generic points of the fiber X;.

In general, we use (10.25) for the generic fiber and then extend the resulting
filtration to X. Thus, after replacing S' by a non-empty open subset if necessary,
we may assume that there is a filtration 0 = F* ¢ ... ¢ F" = F such that
each F*!/F™ is a coherent, torsion-free sheaf over some integral subscheme
Wn. € X and W,,, ¢ W, for m; > m,. As we proved, we may assume that
the associated points of each (F*!/F™) are exactly the generic points of the
fiber (W,,);. Using generic flatness we may also assume that each F’ ml pm g
flat over S and, after further shrinking S, none of the generic points of (W,,, ),
is contained in (W,,,), for m; > m,. Then the associated points of each F are
exactly the generic points of the fibers (W,,); for every m. This proves (1).

In order to see (2), consider first the case when the base (0 € T) is the
spectrum of a DVR. The filtration given by (10.25) for the generic fiber extends
to a filtration 0 = FO c --- ¢ F" = F over X giving closed integral subschemes
W,, € X. Since T is the spectrum of a DVR, the F”"*! /F™ are flat over T, hence
the associated points of F are exactly the generic points of the fibers (W,,)o
for every m.

To prove (2) in general, we take the W; C X obtained in (1) and replace
them by their closures. A possible problem arises if flw,: W; — f(W;) is not
equidimensional. Assume that W; — f(W;) has generic fiber dimension d and
let (W;), be a special fiber. Pick any closed point x € (W;), and the spectrum
of a DVR (0 € T') mapping to W; such that the special point of 7 maps to f(x)
and the generic point of 7T to the generic point of f(W;). After base change to T’
we see that F; has a d-dimensional associated subscheme containing x. Thus
(W)), is covered by d-dimensional associated subschemes of F';. Since F is
coherent, this is only possible if dim(W;); = d and every generic point of the
(W)), is an associated point of F;. O

10.24 (Semicontinuity and depth). Let X be a scheme and F a coherent sheaf
on X. As we noted in (10.3), the function x — depth, F' is not lower semicon-
tinuous. This is, however, caused by the non-closed points. A quick way to see
this is the following.

Assume that X is regular and let O € X be a closed point. By the Auslander—
Buchsbaum formula as in (Eisenbud, 1995, 19.9), Fy has a projective resolu-
tion of length dim X — depth,, F. Thus there is an open subset 0 € U C X such
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that F|y has a projective resolution of length dim X —depth,, F. This shows that
depth, F > depthy F —dimx Vxe U. (10.24.1)

That is, x > depth, F' is lower semicontinuous for closed points. In general,
we have the following analog of (10.11).

Proposition 10.24.2. Let 71: X — S be a morphism of finite type and F a
coherent sheaf on X that is flat over S with pure fibers. Let 0 € X be a closed
point. Then there is an open subset 0 € U C X such that

depth, Fr(y) > depthy Fr) — tr-degy ), k(x)  Yx € U,

where Fpy is the restriction of F to the fiber Xy, and tr-deg denotes the tran-
scendence degree. Hence x — depth, F(, is lower semicontinuous on closed
points.

Proof Using Noether normalization and (10.17.1) as in (10.16), we can re-
duce to the case when X = A% for some n. Next we take a projective resolution
of the fiber F) and lift it to a suitable neighborhood 0 € U C X using the
flatness of F. O

Dévissage is a method that writes a coherent sheaf as an extension of simpler
coherent sheaves and uses these to prove various theorems. There are many
ways to do this, different ones are useful in different contexts; see (Stacks,
2022, Tag 07UN) for some of them.

Recall that Ass(F') denotes the set of associated points of a sheaf F' (10.1)
and that a sheaf is S, iff it has no embedded points (10.5). As in (10.1),
torsz(F) C F is the largest subsheaf whose support is contained in Z.

Lemma 10.25 (Dévissage). Let X be a Noetherian scheme, F a coherent sheaf

on X. Write Ass(F) = {w;: i = 1,...,m} in some fixed order and let W; be the

closure of w;. Assume that W; ¢ W; for i < j. Then the following hold.

(10.25.1) There is a unique filtration 0 = Gy € G; C --- C G,, = F such
that each G;/G,_ is a torsion-free sheaf supported on W;. Moreover, the
natural map torsy,(F) — G;/G;_, is an isomorphism at w;.

(10.25.2) There is a non-unique refinement G; = Gijp C G;; C -+ C G, =
Giy1 such that each G j41/G, j is a rank 1, torsion-free sheaf over red W.

Proof 1t is easy to see that we must set G; = torsy, (F). Then pass to F/G,
and use induction on the number of associated points to get (1).

For (2), any filtration of (G;,1/G;),, whose successive quotients are k(w;)
extends uniquely to the required G; ;. O
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10.3 Cohomology over non-proper schemes

The cohomology theory of coherent sheaves is trivial over affine schemes
and well understood over proper schemes. If X is a scheme and j: U — X
is an open subscheme then one can study the cohomology theory of coher-
ent sheaves on U by understanding the cohomology theory of quasi-coherent
sheaves on X and the higher direct image functors R'j,. The key results are
(10.26) and (10.30); see (Grothendieck, 1960, IV.5.11.1).

Proposition 10.26. Let X be an excellent scheme, Z C X a closed subscheme
and U := X \ Z with injection j: U — X. Let G be a coherent sheaf on U.
Then j.G is coherent iff codimy(Z N W) > 2, whenever W C X is the closure
of an associated point w of G.

The case of arbitrary Noetherian schemes is discussed in Kolldr (2017).

Proof This is a local question, hence we may assume that X is affine. By
(10.25) G has a filtration 0 = Gy C --- € G, = G such that each G,,,1/G,, is
isomorphic to a subsheaf of some Oy ny where w is an associated prime of G.
Since j, is left exact, it is enough to show that each j.Owny is coherent.

Let p: V — W be the normalization. Since X is excellent, p is finite. Oy is
S, (by Serre’s criterion) and so is p.Oy by (9.2). Thus

J+Owau C j(pOyly) = p.Oy,

where the equality follows from (10.6) using codimy(Z N W) > 2. Thus
J«Oway 1s coherent. |

It is frequently quite useful to know that coherent sheaves are ‘nice’ over
large open subsets. For finite type schemes this was established in (10.17).

Proposition 10.27. Let X be a Noetherian scheme. Assume that every integral
subscheme W C X has an open dense subscheme W° C W that is regular, or at
least CM. (For example, X is excellent.) Let F be a coherent sheaf on X.

(10.27.1) There is a closed subset Z; C Supp F of codimension > 1 such that
FisCMonX\Z,.

(10.27.2) If F is S| then there is a closed subset Z, C Supp F of codimension
> 2 such that F is CM on X \ Z,.

Proof We put the intersections of different irreducible components of Supp F
into Z;. Since (1) is a local question, we may thus assume that Supp F is ir-
reducible. Since an extension of CM sheaves of the same dimensional support
is CM (10.28), using (10.25) we may assume that F is torsion-free over an
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integral subscheme W c X. Then F is locally free over a dense open subset
We c W and we can take Z; := W \ W*, where W* is the regular locus of W°.

In order to prove (2), we may assume that X is affine. Let s = 0 be a local
equation of Z;. We apply the first part to F/sF to obtain a closed subset Z, C
Supp(F/sF) of codimension > 1 such that F/sF is CM on X \ Z,. Thus F is
CMon X \ Z,. O

The next lemma is quite straightforward; see (Kollar, 2013b, 2.60).

Lemma 10.28. Let X be a scheme and 0 — F' — F — F” — 0 a sequence
of coherent sheaves on X that is exact at x € X.
(10.28.1) Ifdepth, F > r and depth, F”" > r — 1 then depth F’ > r.
(10.28.2) Ifdepth, F > r and depth F’ > r — 1 then depth, F” > r — 1. O
10.29 (Cohomology over quasi-affine schemes). Grothendieck (1967)

Let X be an affine scheme, Z C X a closed subscheme and U := X \ Z. Here
our primary interest is in the case when Z = {x} is a closed point.

For a quasi-coherent sheaf F on X, let Hg(X, F) denote the space of global
sections whose support is in Z. There is a natural exact sequence

0 — HY(X,F) — H'(X,F) — H(U, Flp).

This induces a long exact sequence of the corresponding higher cohomology
groups. Since X is affine, H'(X, F) = 0 for i > 0, hence the long exact sequence
breaks up into a shorter exact sequence

0 — HY(X,F) — H°(X,F) — H(U,Fly) » Hy(X,F) - 0  (10.29.1)
and a collection of isomorphisms
H'(U,Fly) ~ HY'(X,F) fori>1. (10.29.2)

The vanishing of the local cohomology groups is closely related to the depth
of the sheaf F. Two instances of this follow from already established results.
First, for coherent sheaves (10.5) can be restated as

HY(X,F)=0 & depth, F > 1. (10.29.3)

Second, (10.6) tells us when the map H(X,F) - HU, Fly) in (10.29.1) is
an isomorphism. This implies that, for coherent sheaves,

HY(X,F) = Hy(X,F)=0 & depth, F > 2. (10.29.4)

More generally, Grothendieck’s vanishing theorem (see (Grothendieck, 1967,
Sec.3) or (Bruns and Herzog, 1993, 3.5.7)) says that

depth, F = min{i : H,(X, F) # 0. (10.29.5)
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Combined with (10.29.2-3) this shows that
H'(U,Fly)=0 forl <i<depth, F-2. (10.29.6)

All the above groups are naturally modules over H’(X, Oy) and we need to
understand when they are finitely generated.

More generally, let G be a coherent sheaf on U. When is the group H'(U, G)
a finite H(X, Ox)-module? Since X is affine, H'(U,G) = H°(X, R j.G), where
j: U < X denotes the natural open embedding. Thus H'(U,G) is a finite
HO(X, Ox)-module iff R j,G is a coherent sheaf. For i > 1, the sheaves R j,G
are supported on Z, which implies the following.

Claim 10.29.7. Notation as above. Assume that i > 1. Then every associated
prime of H'(U,G) (viewed as an H’(X, Ox)-module) is contained in Z, and,
if Z = {x}, then H'(U,G) is a finite H°(X, Ox)-module iff H'(U, G) has finite
length. O

The general finiteness condition is stated in (10.30); but first we work out the
special cases that we use. We start with H(U, G); here we have the following
restatement of (10.26).

Claim 10.29.8. Let X be an excellent, affine scheme, Z C X a closed sub-
scheme, U := X \ Z and G a coherent sheaf on U. Assume in addition that
Z N W; has codimension > 2 in W; for every associated prime W; U of G.
Then H(U, G) is a finite H(X, Ox)-module. ]

It is considerably harder to understand finiteness for H'(U, G). The follow-
ing special case is used in Section 5.4.

Claim 10.29.9. Let X be an excellent scheme, Z c X a closed subscheme,
U := X\ Z and G a coherent sheaf on U. Assume in addition that G is S,
there is a coherent CM sheaf F on X and an injection G < F|y, and Z has
codimension > 3 in Supp F. Then R' j.G is coherent.

Proof Set Q = F|y/G. Since G is S, it has no extensions with a sheaf whose
support has codimension > 2 by (10.6), thus every associated prime of Q has
codimension < 1 in Supp F. Thus Q satisfies the assumptions of (10.26) and
so j.Q is coherent. By (10.29.4) R' j.(F|y) = 0, hence the exact sequence

0 j.G = j.(Fly) = j.Q = R'j.G = R'j.(Fly) = 0
shows that R' j,G is coherent. O

Not every S ,-sheaf can be realized as a subsheaf of a CM sheaf, but this can
be arranged in some important cases.
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Claim 10.29.10. Notation as above. Assume in addition that X is embeddable
into a regular, affine scheme R as a closed subscheme, Supp G has pure dimen-
sionn > 3, Z = {x} is a closed point, and G is S ;.

Then H'(U, G) has finite length. Thus, if X is of finite type over a field k,
then H'(U, G) is a finite dimensional k-vector space.

Outline of proof X plays essentially no role. Let Y C R be a complete inter-
section subscheme defined by dim R — n elements of Ann G. Then Y is Goren-
stein, we can view G as a coherent sheaf on Y \ {x} and H/(X \ {x},G) =
H{(Y \ {x},G). Thus it is enough to prove vanishing of the latter for i = 1. By
(10.29.11) there is an embedding G — ﬁy\m, hence (10.29.9) applies. O

Claim 10.29.11. Let U be a quasi-affine scheme of pure dimension n and G a
pure, coherent sheaf on U of dimension n. Assume that either U is reduced, or
U is Gorenstein at its generic points.

Then G is isomorphic to a subsheaf of &7} for some m.

Outline of proof Assume that such an embedding exists at the generic points.
Then we have an embedding G — &7} over some dense open set U° C U. Pick
s € Oy invertible at the generic points and vanishing along U\ U°. Multiplying
by s” for r > 1 gives the embedding G — 0.

The remaining question is, what happens at the generic point. The existence
of the embedding is clear if U is reduced.

In general, we are reduced to the following algebra question: given an Ar-
tinian ring A, is every finite A-module M a submodule of A™ for some m? Usu-
ally the answer is no. However, local duality theory (see, for instance, (Eisen-
bud, 1995, Secs.21.1-2)) shows that every finite A-module is a submodule of
w'y for some m. Finally A is Gorenstein iff A > wy. |

Much of the next result can be proved using these methods, but local duality
theory works better, as in (Grothendieck, 1968, VIIL.2.3).

Theorem 10.30. Let X be an excellent scheme, Z C X a closed subscheme,
U:=X\Zand j: U — X the open embedding. Assume in addition that X is
locally embeddable into a regular scheme. For a coherent sheaf G on U and
n € N the following are equivalent.

(10.30.1) R'}j,G is coherent fori < n.

(10.30.2) depth, G > n for every point u € U such that codimz(ZNit) = 1. O

10.4 Volumes and intersection numbers

We have used several general results that compare intersection numbers and
volumes under birational morphisms.
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Definition 10.31. (Lazarsfeld, 2004, Sec.2.2.C) Let X be a proper scheme of
dimension n over a field and D a Mumford R-divisor on X. Its volume is

(X, Ox(lmD
vol(D) := lim M
m—eo m"/n!
Numerically equivalent divisors have the same volume, and, for D = ) d;D;,

the volume is a continuous function of the d;; see (Lazarsfeld, 2004, 2.2.41—
44). If D is nef then vol(D) = (D") (11.52).

Proposition 10.32. Let p: Y — X be a birational morphism of normal, proper
varieties of dimension n. Let Dy be a p-nef R-Cartier R-divisor such that
Dx := p.(Dy) is also R-Cartier. Then

(10.32.1) vol(Dyx) = vol(Dy), and

(10.32.2) if Dy is ample then equality holds iff Dy ~g p*Dx.

Furthermore, let H be an ample divisor on X. Then

(10.32.3) I(H,Dx) = I(p*H, Dy) (with I(x,*) as in (5.13)), and

(10.32.4) equality holds iff Dy ~gr p*Dx.

Proof Write Dy = p*Dx — E where E is p-exceptional. By assumption —F is
p-nef, hence E is effective by (11.60). Thus vol(Dy) = vol(p*Dyx) > vol(Dy),
proving (1). Parts (2) and (4) are special cases of (10.39), but here is a more
direct argument.

Set r = dim(p(Supp E)). For any R-Cartier divisors A; on X, the intersection
number (p*A; - - p*A; - E) vanishes whenever j > r. Thus, if j > r then

(p"H’-Dy’) = (p"H' - (p"Dx - EY'™) = (p"H’ - p"Di) = (B - D),
and for j = r we get that
(p"H"-Dy") = (H"- DY) + (p"H" - (=E)"™").

Thus we need to understand (p*H" - (—E)"™"). We may assume that H is very
ample. Intersecting with p*H is then equivalent to restricting to the preimage of
a general member of |H|. Using this r-times (and normalizing if necessary), we
get a birational morphism p’: Y’ — X’ between normal varieties of dimension
n — r and an effective, nonzero, p-exceptional R-Cartier R-divisor E” such that
—E’ is p’-nef and p’(E?) is O-dimensional. Thus, by (10.33), (p*H"-(=E)"™") =
(=E")"™" < 0 which proves (3—4).
If Dy is ample then we can use this for H := Dx. Then (H" - D}") = (D%

and we get (2). m]

Lemma 10.33. Let p: Y — X be a proper; birational morphism of normal
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schemes. Let E be an effective, nonzero, p-exceptional R-Cartier R-divisor
such that p(E) is O-dimensional and —E is p-nef. Setn = dim E.
Then —(—E)™! = (=E|g)" > 0.

Proof Assume that there is an effective, nonzero, p-exceptional R-Cartier R-
divisor F such that p(F) = p(E), —F is p-nef and —(=F)"*! > 0. Note that
E, F have the same support, namely p~!(p(E)), thus E — eF is effective for 0 <
e < 1. Thus —(—E)" > —(—¢eF)" by (10.34) applied to N, = —E,N; = —¢F.
Such a divisor F exists on the normalization of the blow-up B,g)X. Let
Z — X be a proper, birational morphism that dominates both ¥ and B,)X.
We can apply the above observation to the pull-backs of E and F to Z. O

Lemma 10.34. Let Ny, N, be R-Cartier divisors with proper support on an
n + 1-dimensional scheme. Assume that there exists an effective divisor with
proper support D such that D ~gr Ny — N, and the N;|p are both nef. Then
(N;Hl) > (N;+l)

Proof (NI*')—(NI*') =D - Y  NiINI = 30 (Nilp) (Nalp)" ™. o

The next results compare the volumes of different perturbations of the canon-
ical divisor.

Lemma 10.35. Let X be a normal, proper variety of dimension n, and D an
effective R-divisor such that Ky + D is R-Cartier, nef and big. Let Y be a
smooth, proper variety birational to X. Then

(10.35.1) vol(Ky) < (Kx + D)", and

(10.35.2) equality holds iff D = 0 and X has canonical singularities.

Proof Let Z be a normal, proper variety birational to X such that there are
morphisms g: Z — Y and p: Z — X. Write

K; ~x ¢'Ky+E and Ky ~z p"(Kx + D) - p;'D +F, (10.35.3)

where E is effective, g-exceptional and F is p-exceptional (not necessarily
effective). Thus

¢ Ky ~r p"(Kx +D)— p.'D+F - E. (10.35.4)

Write F — E = GT — G~ where G*,G™ are effective and without common
irreducible components. Note that G* is p-exceptional, therefore

H'(Z, O(lmp*(Kx + D) + mG*|)) = H(Z, O7(lmp"(Kx + D)])), so

H°(Z, 0;(lmp* (Kx + D) — p;'(mD) + mG* — mG™)))
= H%(Z, 07(lmp*(Kx + D) - p;(mD) - mG™ ).
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This implies that

vol(Ky) = vol(p*(Kx+D)—p;' D+G*-G™) = vol(p*(Kx+D)-p;' D-G™)

< vol(p*(Kx + D)) = vol(Kx + D) = (Kx + D)".
Furthermore, by (10.39) equality holds iff p;lD +G~ =0, thatis, when D =0
and G~ = 0. In such a case (10.35.4) becomes ¢*Ky ~g p*Kx + G* and G™ is

effective. Thus a(E, X) > a(E, Y) for every divisor E by (11.4.3), hence X has
canonical singularities. O

A similar birational statement does not hold for pairs in general, but a variant
holds if Y is a resolution of X. We can also add some other auxiliary divisors;
these are needed in our applications.

Lemma 10.36. Let X be a normal, proper variety of dimension n and A a
reduced, effective R-divisor on X. Let A be an R-Cartier R-divisor and D an
effective R-divisor such that Kx + A + A + D is R-Cartier, nef and big. Let
p: Y — X be any log resolution of (X, A). Then

(10.36.1) vol(Ky + p;'A+ p*A) < (Kx + A+ A + D)" and

(10.36.2) equality holds iff D = 0 and (X, A) is canonical.

Proof There are p-exceptional, effective divisors F; such that
Ky +p.'A ~g p"(Kx + A+ D) - p.'D - F| + Fa, (10.36.3)
As in (10.35) we get that

H(Y, Oy(lmp"(Kx + A + A + D) — p,'(mD) = mF + mF,]))
= H(Y, Oy(lmp*(Kx + A + A + D) — p;'(mD) — mF])), and

vol(Ky + p.'A + p*A) = vol(p*(Kx + A+ A+ D) — p.'D + F, — F))
=vol(p*(Kx + A+ A+ D) — p;'D - F) < vol(p*(Kx + A + A + D))
=vol(Kx +A+A+D)=(Kx+A+A+D)".
Furthermore, by (10.39) equality holds iff p;lD + F, =0, that is, when D = 0

and F; = 0. Thus (10.36.3) becomes Kz + p;'A ~g p*(Kx + A) + F», where
F; is effective. This says that (X, A) is canonical. m]

Essentially the same argument gives the following log canonical version.

Lemma 10.37. Let X be a normal, proper variety of dimension n, A a reduced,
effective R-divisor on X and A an R-Cartier R-divisor on X. Let q: X — X be
a proper birational morphism, E the reduced g-exceptional divisor, A := g7'A
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and D an effective R-divisor on X such that Kz + A+ E + D + g*A is R-Cartier,
nef and big. Let p: Y — X be any log resolution of singularities with reduced
exceptional divisor E. Then

(10.37.1) vol(Ky + p;'A+ E + p*A) < (Kg + A+ E + D + g*A)" and
(10.37.2) equality holds iff D = 0 and (X, A + E) is log canonical. ]

We have also used the following elementary estimate.

Lemma 10.38. Let p: Y — X be a separable, generically finite morphism
between smooth, proper varieties. Then vol(Ky) > deg(Y/X) - vol(Kx).

Proof This is obvious if vol(Kx) = 0, hence we may assume that Ky is big.
Pulling back differential forms gives a natural map p*wy — wy. This gives an
injection W} ® p.wy < p.(w}H!). Since p.wy has rank deg(Y/X) and K is
big, H(X, 0, ® p.wy) grows at least as fast as deg(Y/X) - H(X, w}). O

The following result describes the variation of the volume near a nef and big
divisor. The assertions are special cases of (Fulger et al., 2016, Thms.A—B).

Theorem 10.39. Let X be a proper variety, L a big R-Cartier divisor, and E
an effective divisor. The following are equivalent.

(10.39.1) vol(L — E) = vol(L), and

(10.39.2) H(Ox(LmL — mE])) = H°(Ox(lmL))) for every m > 0.

If L is nef then these are further equivalent to

(10.39.3) E =0.

Note that (3) = (2) = (1) are clear, but the converse is somewhat surprising.
It says that although the volume measures only the asymptotic growth of the
Hilbert function, one can not change the Hilbert function without changing the
volume. For proofs see the original paper.

10.5 Double points

We used a variety of results about hypersurface double points. For the rest of
the section we work with rings R that contain % In this case, all the definitions
that we have seen are equivalent to the ones given below. If % ¢ R, there are
differing conventions, especially if char R = 2.

The following results on normal forms, deformations and resolutions of dou-
ble points are well known, but not easy to find in one place.

Definition 10.40. A quadratic form over a field k is a degree 2 homogeneous
polynomial g(xy,...,x,) € k[x,...,x,]. The rank of ¢ is defined either as the

dimension of the space spanned by the derivatives < ] a—"), or as the rank

ox)? """ dx,
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of Hess(g) := (axLaqx,)’ or as the number of variables in any diagonalized form
q = a y% + -+ + a,y* where a; € k*. More abstractly, if V is a k-vector space,

we can think of g as an element of the symmetric square of its dual §2(V*).

Definition 10.41. Let (S, m) be a regular local ring with residue field £ such
that char k # 2. We can identify m?/m> with S?(m/m?). Thus, for any g € m?,
we can view its image in m?/m? as a quadratic form.

Let Y be a smooth variety over a field of characteristic # 2 and X = (g =
0) € Y a hypersurface. Given a point p € X, we let rank, X denote the rank of
the image of g in mf,/mf,

We say that p € X is a double point if rank, X > 1, a cA point if rank, X > 2
and an ordinary double point if rank, X = dim, X. An ordinary double point is
also called a node, especially if dim S = 2.

If y1,...,y, are étale coordinates on Y then Hessy(g) = (%). Since the
rank is lower semicontinuous, {p € Sing X: rank, X > r}is open in Sing X for
every r. For us the most interesting case is r = 2. The relative version is then
the following.

Claim 10.41.1. Let f: Y — S be smooth and X C Y a relative Cartier divisor.
Then {p € X: pis cA (or smooth) on Xy} C X is open. O

This implies that if X — S is proper and X, has only cA-singularities (and
smooth points) outside a closed subset Z; ¢ X, of codimension > m for some
s € S then then same holds in an open neighborhood s € S° C S.

Corollary 10.42. Let n: X — S be a flat and pure dimensional morphism.
Then the set of points {x: Xy(y) is demi-normal at x} is open in X.

Proof Being S, is an open condition by (10.12). An §'; scheme is geometri-
cally reduced iff it is generically smooth and smoothness is an open condition.
Thus being S, and geometrically reduced is an open condition.

It remains to show that having only nodes in codimension 1 is also an open
condition. If all residue characteristics are # 2, this follows from (10.41.3)
since having only cA-singularities in codimension 1 is an open condition.

See (Kollar, 2013b, 1.41) for nodes in characteristic 2. O

Let f be a function on R” that has an ordinary critical point at the origin. The
Morse lemma says that in suitable local coordinates yy, ..., y, we can write f
as iy%i- . -iyﬁ; see (Milnor, 1963, p.6) and (Arnol’d et al., 1985, Vol.I.Sec.6.2)
for differentiable and analytic versions. Algebraically the best is to work with
formal power series. We prove a form that also works if char(R/m) = 2.
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Lemma 10.43 (Formal Morse lemma with parameters). Let (R,m) be a com-
plete local ring and G € R[[x1, ..., x,]]. Assume that G = q + H, where q is a
quadratic form with reduction modulo m denoted by g, such that

(10.43.1) dim{dg/dxy,...,0q/0x,) = n, and

(10.43.2) H € (x1,...,x,)° + mR[[x1, ..., x,]]

Then there are local coordinates y1, ..., Yy, such that

(10.43.3) y; = x;, mod (xy,... , X)) + mR[[x1,...,x,]], and

(10.43.4) G =q(1,...,yn) + b for some b € m.

Proof Let us start with the case when R = k is a field. Set xp; = x;. As-

sume inductively (starting with » = 2) that there are local coordinate systems
(X515 - -+, Xs5y) for 3 < s < rsuch that

Xsi = Xe1; mod (xg,...,x,)*"! and
_ 1
G = q(x1,-..5 %) mod (xq,...,x,)" .
Next we choose x,.1,; := X,; + h,; for suitable &,; € (x1,...,x,)". Note that
— 9q 2
G115 X)) = G015 oo X)) + Xihize mod (xy, .., X,)7

(We use this only modulo (x;,. .., x,)*2.) Since g is nondegenerate,
a
i) = (e x)
Thus we can choose the £, ; such that
2
G - q(Xr+1,1, ey xr+1,n) € ()C] R xn)r+ .

In the limit we get (X 1, - - -, X0 ,z) as required.
Applying this to kK = R/m we can assume from now on that

G —q(xi,...,xp) € mR[[x1,...,x,]].

Working inductively (starting with » = 1) assume that there are local coordi-

nate systems (ys.1, - .., Ysn) for 3 < s < r such that
Ysi = Ye-1; mod m™'R[[xy,...,x,]] and
G = CI()’r,ls--w)’r,n) mOd m+er[[-xl"-',xn]]'
Next we choose y,.1,; := y,; +c,; for suitable c¢,; € m"R[[xy, ..., x,]]. Note that

AOr11s -2 ¥ritn) = 4Orts- - Vrn) + Xicrigt  mod m¥RILx1, ..., x,]1l.

(We use this only modulo m ' R[[x1,...,x,]].) Since ¢ is nondegenerate,

2L RI[x, . xal] = (1 )Rl LX),
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Thus we can choose the c,; such that

G = qOrstts - Yretn) € m+m™ RI[xr, ..., x,]].
In the limit we get (oo 1, - - - » Yoo,u) as required. O

In (1.27) we used various results on resolutions of double points of surfaces
that contain a pair of lines and double points of 3—folds that contain a pair
of planes. The normal forms can be obtained using the method of (10.43),
but we did not follow how linear subvarieties transform under the (non-linear)
coordinate changes used there. However, in the next examples one can be quite
explicit about the coordinate changes and the resolutions.

10.44 (Ordinary double points of surfaces). Let S := (h(x], x2, x3) = 0) C A3
be a surface with an ordinary double point at the origin that contains the pair
of lines (x;x, = x3 = 0). Then & can be written as

h = f(x1,x2, x3)x1%2 — g(x1, X2, X3)X3.

Since the quadratic part has rank 3 then f(0,0,0) # 0 and we can write g =
X181 + x28> + x3g3 for some polynomials g;. Thus

h=f(x - g — f ) — (g3 + ' g182)13.

Here g3 + f’lglgz is nonzero at (0,0, 0) and we can set

yi=x - g, vai= flo - o) g+ flgig)” and ys =

to bring the equation to the normal form § = (y;y, — y% = (). The pair of lines
is (y1y2 = y3 =0).

Now we consider three ways of resolving the singularity of X. First, one can
blow up the origin 0 € A3. We get ByA® ¢ A; X P2 defined by the equations
{yis; = yjsi: 1 < i, j < 3}. Besides these equations, ByS is defined by y;y, —
Y2 = 5150 — 83 = Y152 — 353 = s1y2 — y3s3 = 0.

One can also blow up (y1,y3). We get By, ,nA® C AJ x P, defined by the
equation yju3 = ysu;. Besides this equation, By, ,,)S is defined by y;y, — y% =
urys — uzys = 0.

These two blow-ups are actually isomorphic, as shown by the embedding

A§ X P},m — Ai XP2 i (1,52, 93), (uiius)) = (01, v2, y3), (U3 u3))
restricted to Byy, ,,)S . The same things happen if we blow up (y2, y3).

10.45 (Ordinary double points of 3-folds). Let X := (A(xi,...,x4) = 0) C At
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be a hypersurface with an ordinary double point at the origin that contains the
pair of planes (x;x, = x3 = 0). Then & can be written as

h =f(x1,...,X4)x1x2 _g(.X],...,.x4).x3.

The quadratic part has rank 4 iff f(0,...,0) # 0 and x4 appears in g with
nonzero coefficient. In this case we can sety; := x;fori = 1,2,3and y; := f'g
to bring the equation to the normal form X = (y;y; — y3y4 = 0). The original
pair of planes is (y;y, = y3 = 0).

Now we consider three ways of resolving the singularity of X. First, one can
blow up the origin 0 € A*. We get BoA* C Aj x P, defined by the equations
{yisj=yjsi: 1 <i,j <4}, and p: BoX — X by the additional equations

ViY2 — Y3ys = 8182 — §3854 = yisz;—yjs7-; =0 i€ (1,2}, j € {3,4}.

The exceptional set is the smooth quadric (s;s, = s354) C P? lying over the
origin 0 € A*,

One can also blow up (y1,y3). Then By, ,)A* C AJ x P} . is defined by the
equation yju3 = ysu;. Besides this equation, By, ,,,X is defined by y;y,—y3y4 =
u1y, — usys = 0. The exceptional set is the smooth rational curve E =~ P,ilm
lying over the origin 0 € A%,

Note furthermore that the birational transform P7, of the plane Py := (y2 =
¥4 = 0) is the blown-up plane BP»4, but the birational transform P}, of the
plane P4 := (y; = y4 = 0) is the plane (y; = u; = 0). The latter intersects
E at the point (u; = 0) € E, thus (P}, - E) = 1. Since P}, + P}, is the pull-
back of the Cartier divisor (y4 = 0), it has O intersection number with E. Thus
(P3,-E)=-1.

By direct computation, the rational map p: A‘y‘ x P3 - A‘y‘ x Pl given by
Pr: Vs-eesYas81:-:84) & (U1, -., Y4, S1:53) gives a morphism p;: BpX —
By, y»X. Similarly, we obtain p,: BoX — By, ;)X and an isomorphism

P1X pat BoX = By, )X Xx By, y X

Finally, set S := (y3 = y4) C X. By the computations of (10.44), the p; restrict
to isomorphisms p;: BoS = B, ,,)S. Thus p~'S = ByS UE and ByS is the
graph of the isomorphism p; o p7': By, 1,)S = By, ,)S.

10.6 Noether normalization

10.46 (Classical versions). Noether’s normalization theorem says that if X is
an affine (resp. projective) k-variety of dimension » then it admits a finite mor-
phism to A7 (resp. P}).

We aim to generalize this to arbitrary morphisms. For the projective case,
let X C stv be projective over S and n = dim X, for some s € S. Choose
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a linear subspace L, C PV of dimension N — n — 1 that is disjoint from X;.
(This is always possible if k(s) is infinite, otherwise we may need to take a
high enough Veronese embedding first.) Lifting L; to PQ’ and projecting from
it gives the following.

Claim 10.46.1. Let p: X — S be a projective morphism and n = dim X; for
some s € S. Then there is an open neighborhood s € S° C § such that p|x- can
be factored as

finite

plx: X° ——P§.

5o —>=8°. o

In general, we have the following weaker local version.

Claim 10.46.2. Let p : X — § be a finite type morphism and x € X a closed
point. Then there is an open neighborhood x € X° C X and an open embedding
X° — X*, where p* : X* — § is projective of relative dimension < dim Xj.

Proof Set d := dimX, and pick gi,...,84 € O.x that generate an m, x-
primary ideal. They give a rational map X --» A‘SI — P‘S’ that is quasi-finite on
some x € X° C X. We then take X° C X* such that X* — P‘Sl is finite. O

Next we give two examples showing that in (10.46.2) one can not choose X°
such that X° — Ag is finite, not even when S is local. After that we discuss
an étale local version for finite type morphisms due to Raynaud and Gruson
(1971). Arbitrary morphisms are discussed in (10.52); these results work best
for morphisms of complete local schemes.

Example 10.47. We give an example of a morphism of pure relative dimension
one p: X — § from an affine 3-fold X to a smooth, pointed surface s € S that
can not be factored as

prX e AlxS —> 8.
not even over a formal neighborhood of s. Such examples are quite typical and
there does not seem to be any affine version of Noether normalization over
base schemes of dimension > 2.
Let S denote the localization (or completion) of A2, at the origin and con-
sider the affine scheme

X:=((F+y + 1)1 +1x)+ sy =0) C A7, xS.

Then n: X — § is a flat family of curves. We claim that there is no finite
morphism of it onto A' x §.

Assume to the contrary that such a map g: X — A' X § exists. Then g can
be extended to a finite morphism g: X — P! x §.
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Here X(g) is a compactification of X ), hence a curve of genus 1.

For ¢ # 0 the line (1 + tx = s = 0) gives an irreducible component of )_((O,t)
that is a rational curve. As ¢t — 0, the limit of these rational curves is a union
of rational, irreducible, geometric components of )_((0,0), a contradiction.

Example 10.48. In A} ; consider the surface X := (x — sy* = y — tx* = 0).
Projection to A7 is birational with inverse (x,y) = (s,1) = (x/y*,y/x?). The
projection to A2, is quasi-finite.

Consider the projection 7: Aiyst — A3, given by z = x + y. We claim that
the closure of its image contains the z-axis. Indeed, for any c, the curve

te (he—t, 2 )

lies on X and its projection converges to (¢, 0,0) as t — oo.

It is easy to see that the same happens for every perturbation of n. In fact,
given (x,y) — (a(s, Hx+b(s, H)y+c(s, t)), the closure of the image of X contains
the z-axis whenever a(0, 0) # 0 # b(0,0).

The next result of Raynaud and Gruson (1971) shows that Noether normal-
ization works étale locally. The version given in (Stacks, 2022, Tag 052D)
states the first part, but following the proof gives the additional information
about the choices.

Theorem 10.49. Let f: X — S be a finite type morphism. Pick s € S, a
closed point x € X, and set n = dim, X;. Then there is an elementary étale
neighborhood (2.18) n: (x',X’) — (x, X) such that f o n factors as

W, X) S 63,15 (s,9), (10.49.1)

where g is finite, g7\ (y) = (X'} (as sets), T is smooth of relative dimension n,
and k(y) = k(s).

Moreover, pick c € N and xy, ..., x, € myx, that generate an my x, -primary
ideal. Then we can choose (10.49.1) such that there are yi,...,y, € myy,
satisfying g3y; = myx; mod mfcx for every i. m]

If X; is generically geometrically reduced, then we can choose y,.+1 € m,x,

with specified residue modulo m, ., and which embeds the generic fiber of
X, — Y, into A,'((ys). Lifting it to X’ and setting Y’ := AIY gives the following
birational version of Noether normalization.

Corollary 10.50. Let f: X — S be a finite type morphism. Pick s € S and
a closed point x € X,. Assume that X is generically geometrically reduced
and of pure dimension n. Then there is an elementary étale neighborhood
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m: (X', X") = (x,X) such that f o & factors as
@, X) 5 6, S (5,9), (10.50.1)

. . _1 _ . 1 . . .
where g’ is finite, (§')™ (') = {xX'} (as sets), g'.: X. — Ys X A’ is birational, '
is smooth of relative dimension n + 1 and k(y") = k(s).
Moreover, pick ¢ € N and x1,...,xX,01 € myy, that generate an myy, -
primary ideal. Then we can choose the above diagram such that there are
Vis---sYns1 € Myy, satisfying gy = mix; mod m;,x; for every i. O

Corollary 10.51. Ler f: X — S be a finite type morphism of pure relative
dimension n. Pick s € S and a closed point x € X, such that k(x) = k(s).
Assume that S is normal and f is flat at the generic points of X,. Assume also
that embdim, pure(X;) < n+ 1. Then there is an elementary étale r: (x',X") —
(x, X) such that (10.50.1) further factors as

X5 D) o (7, 7) D (s, S), (10.51.1)

where, D’ C Y’ is a relative Cartier divisor, g’ is birational, g'.: X, — D/, is
birational and induces a local isomorphism pure(X,) — D’ at x'.

Proof Since embdim pure(X;) < n + 1, we can choose xi, ..., X1 € Mmyx,
that generate the ideal of x € pure(X;). Applying (10.50) with ¢ = 2 guarantees
that pure(X}) — D; is a local isomorphism at x’.

D’ is a relative Cartier divisor by (4.4) and then (10.54) implies that g’ is a
local isomorphism at the generic points of X7. Thus g’ is birational. O

Informally speaking, (10.51) says that partial normalizations of flat defor-
mations of hypersurfaces describe all deformations over normal base schemes.
For double points this approach leads to a complete answer (10.68). More sub-
stantial applications are in de Jong and van Straten (1991).

Next we turn to local morphisms of Noetherian local schemes

10.52 (Noether normalization, local version). Let f: (x, X) — (s,S) be a mor-
phism of local, Noetherian schemes. We would like to factor f as

FraX) 5 .55 s.9), (10.52.1)

where p has ‘finiteness’ properties and ¢ has ‘smoothness’ properties. Let
us start with the case when k(x) D k(s) is a finitely generated field exten-
sion. Pick any transcendence basis ¥, . . ., y, of k(x)/k(s) and lift these back to
Y1,-..,Yn € Ox. We can then take S’ to be the localization of A at the generic
point of the fiber over s € §. Thus we have proved the following.
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Claim 10.52.2. Let f: (x,X) — (s,5) be alocal morphism of local, Noetherian
schemes such that k(x) D k(s) is a finitely generated field extension. Then we
can factor f as f: (x, X) EA (5,87 4 (s,S), where k(x)/k(s") is a finite field
extension, ¢ is the localization of a smooth morphism and ¢~'(s) = s’ (as
schemes). m]

For Henselian schemes we can do better. Pick y € k(x) that is separable over
k(s") with separable, monic equation g(y) = 0. If Oy is Henselian then we can
lift § to y € Ox such that y satisfies a separable, monic equation g(y) = 0. We
can now replace S’ with the Henselization of & [y]/(g(y)) at the generic point
of the central fiber, and obtain the following.

Claim 10.52.3. Let f: (x,X) — (s,S5) be a local morphism of local, Hensel-
ian, Noetherian schemes such that k(x)/k(s) is a finitely generated field ex-
tension. Then we can factor f as f: (x,X) 2 (5,8 N (s,S), where p is
finite, k(x)/k(s") is a purely inseparable field extension, g is the localization of
a smooth morphism and ¢! (s) = s’ (as schemes). m]

Combining these with (10.53) gives the following.

Claim 10.52.4. Let f: (x,X) — (s,5) be a local morphism of local, complete,
Noetherian schemes. Then we can factor f as f: (x, X) 5 (s',8") 4 (s,5),
where k(x)/k(s’) is a purely inseparable field extension, ¢ is formally smooth,
faithfully flat, regular and ¢~'(s) = s’ (as schemes). O

Putting these together we get the following.

Claim 10.52.5. Let f: (x,X) — (s,5) be a local morphism of local, complete,
Noetherian schemes such that k(x)/k(s) is separable. Set n := dim X
Then we can factor f as

XD ((5.00,A0) 5 (57.8) 5 (5.5),

where p is finite, k(x) = k(s’, 0) = k(s"), m is the coordinate projection, g~'(s) =
s’ (as schemes), ¢ is the localization of a smooth morphism if k(x)/k(s) is
finitely generated and formally smooth, faithfully flat and regular in general.

Proof By (10.52.4) we have q: (s',S")—(s,S) such that k(x) = k(s"). Since

Ox, has dimension n, there are 7,,...,%, € Ox, that generate an ideal that is
primary to the maximal ideal. Lift these back to t1,...,t, € Ox. These define
p: (x,X)—((s,0), Ag,). By construction Ox /(mg, t1,...,t,) = Ox,[(f,....T;)
is finite over k(s"). Thus p is finite. O

Notation 10.52.6. Let R be a complete, local ring and ¥ = Spec R. we write
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A’; := Spec R[[x1, ..., x,]]. Note that A’; is not the product of A" with Y in any
sense. If X — Y is a finite morphism then A;“( ~ X Xy A’{,.

10.53 (Residue field extensions). Let (s,S5) be a Noetherian, local scheme
and K/k(s) a field extension. By (Grothendieck, 1960, 0;;;.10.3.1), there is
a Noetherian, local scheme (x, X) and a flat morphism g: (x, X) — (s, S) such
that g*m; s = m, x (that is, the scheme fiber g~ '(s) is the reduced point {x}) and
k(x) ~ K.

If K/k(s) is a finitely generated separable extension then we can choose
g: (x,X) — (s,5) to be the localization of a smooth morphism. In particular,
if § is normal then so is X.

Combining (Grothendieck, 1960, 0;7,.10.3.1) and (Stacks, 2022, Tag 07PK)
shows that if K/k(s) is an arbitrary separable extension, then we can choose
g: (x,X) — (s,5) to be formally smooth. If § is complete then g is also regular.
In particular, if S is normal then so is X.

Note that infinite inseparable extensions do cause problems in the above
arguments. One difficulty is that they can lead to non-excellent schemes; see
(Nagata, 1962, p.206).

10.54 (Openness for isomorphism). Let g: (x,X) — (s,5) be a local mor-
phism of local, Noetherian schemes and g: G — F a map of coherent sheaves
on X. Assume that F is flat over S. Then g is an isomorphism iff g, is an iso-
morphism, and g; is injective iff g is injective and coker g is flat over S. See
(Matsumura, 1986, 22.5) or (Kollar, 1996, 1.7.4.1) for proofs. Applying this to
the structure sheaf of a scheme and its image, we get the following.

Claim 10.54.1. Let m: X — Y be a finite morphism of §-schemes. Assume
that X is flat over S. Then r is an isomorphism (resp. closed embedding) in
a neighborhood of a fiber X; iff 7,: Xy — Y, is an isomorphism (resp. closed
embedding).

10.7 Flatness criteria

Let g: X — S be a morphism and F a coherent sheaf on X. We are mainly
interested in those cases when F is flat over S with pure fibers of dimension d
for some d. In practice we already know that F|y is flat for some dense open
subset U C X and we aim to find conditions that guarantee flatness.

Note that such a result is possible only if F|y determines F'. Thus we at least
need to assume that none of the associated point of F are contained in Z. A
stronger version of this is the following.

10.55 (Flatness and associated points). Let f: X — S be a morphism of
Noetherian schemes and F' a coherent sheaf on X.
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Claim 10.55.1. If F is flat over S then f(Ass(F)) C Ass(S).

Proof Let x € X be an associated point of F and s := f(x). Assume that s is
not an associated point of S. Then there is an r € m,s such that r: 05 — Os
is injective near s. Tensoring with F shows that r: F — F is injective near X.
Thus none of the points of X; is in Ass(F). m]

Claim 10.55.2. Assume that F is flat over S and x € Ass(F). Then every
generic point of Supp(x N X;) is an associated point of Fy. In particular, if F is
flat with pure fibers then every x € Ass(F) is a generic point of Supp(F s(»)).

Proof Let G C F be the largest subsheaf supported on X. After localizing
at a generic point of Supp(x N X;), we have Supp(x N X;) = {w}, a single
closed point. There is an n > 0 such that G C m’s"s F,but G ¢ mg';lF . Thus

m'{ o F/ m?ElF ~ (m';s / mf*sl) ® F; has a nonzero subsheaf supported on w. O

Note that flatness is needed for (10.55.2) as illustrated by the restriction of
either of the coordinate projections to the union of the axes (xy = 0).

Claim 10.55.3. Assume f is of finite type, F is flat over S and x € Ass(F).
Then every fiber of ¥ — f(X) has the same dimension.

Proof We may assume that f(x) is a minimal associated point of S. Assume
that we have s € f(%) such that dim(X; N X) is larger than the expected di-
mension d. By restricting to a general relative Cartier divisor H € X, F|y is
flat along H; by (10.56) and H, N X is a union of associated points of F|y by
(10.22.1). Repeating this d + 1 times we get Cartier divisors H',..., H*' c X
and a complete intersection Z := H' N ---N H**! such that F|; is flat along Z;,
the generic points of ZN X are associated points of F|; yet they do not dominate
f(X). This is impossible by (10.55.1). m]

Next we discuss some basic reduction steps.

Let f: X — S be a morphism that we would like to prove to be flat. We can
usually harmlessly assume that S is local.

If f is of finite type, then flatness is an open property. Let U C X denote the
largest open set over which f is flat and set Z := X \ U. The situation is techni-
cally simpler if Z is a single closed point. To achieve this, one can use (10.56)
to pass to a general hyperplane section of X and repeat if necessary, until Z
becomes zero dimensional. A potential drawback is that, while we can choose
general hyperplanes, some fibers are non-general complete intersections, so
may be harder to control.

Alternatively, we can localize at a generic point of Z. Then f is no longer of
finite type, which can cause problems.
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Once S and X are both local, we can take their completions. Now we have
a local morphism of complete, local, Noetherian schemes. Note, however, that
some of our results hold only over base schemes that are normal, seminormal or
reduced. These properties are preserved by completion for excellent schemes,
but not in general.

Proposition 10.56 (Bertini theorem for flatness). (Matsumura, 1986, p.177)
Let (x,X) — (s,S) be a local morphism of local schemes, r € m,x and F a
coherent sheaf on X. The following are equivalent.

(10.56.1) ris a non-zerodivisor on F and F|[rF is flat over S.

(10.56.2) ris a non-zerodivisor on F and F is flat over S. m]

10.57 (Flatness and residue field extension). The following simple trick re-
duces most flatness questions for local morphisms f: (x,X) — (s,5) with
finitely generated residue field extension k(x)/k(s) to the special case when
k(x) = k(s) and they are infinite. (See 10.52-10.53 for other versions.)

If k(x)/k(s) is a generated by n elements then there is a point s" € A’
that k(x) C k(s") and k(s”) is infinite.

Consider next the trivial lifting f7: X" := A} — §" := A}, Set s” € AZ(;) C
S’ and x" := (s, x) € X’ projecting to x. Thus we have a commutative diagram
of pointed schemes

n

X(s) such

x EX/)L(XEX)
frl lf (10.57.1)
(s €S) s (seS)

where 7y, s are smooth, k(x’) = k(s”) and f is flat at x iff f’ is flat at x’.

Many properties of schemes and morphisms are preserved by composing
with smooth morphisms; see (Matsumura, 1986, Sec.23) for a series of such
results. Thus the properties of (s, S) are inherited by (s”,S’). Once we prove a
result about (x’, X’) it descends to (x, X).

Over reduced bases, flatness is usually easy to check if we know all the
fibers. For projective morphisms there are criteria using the Hilbert function
(3.20). In the local case we have the following.

Lemma 10.58. Let S be a reduced scheme and f: X — S a morphism that is
of finite type, pure dimensional and with geometrically reduced fibers. Then f
is flat.

Proof By (4.38) it is enough to show this when (s, S) is the spectrum of a
DVR. In this case f is flat iff none of the associated points of X is contained
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in X;. By assumption X; is reduced, so only generic points of X; could oc-
cur. Then the corresponding irreducible component of X is also an irreducible
component of X, but we also assumed that f has pure relative dimension. O

10.59 (Format of flatness criteria). In many cases we have some information
about the fibers of a morphism, but we do not fully understand them. So we
are looking for results of the following type.

Let (s,S) be alocal scheme, f: X — S a morphism and F a vertically pure
coherent sheaf on X. Let Z C X be a closed subset such that Fy\z is flat over
S. We make various assumptions on pure(Fy) (involving Z;) and on S. The
conclusion should be that F is flat and F; is pure.

The natural way to organize the results is by the relative codimension; in
the local case this equals codimy, (Z;). The starting case is when Z = X, so the
codimension is 0.

The main theorems are (10.60), (10.63), (10.67), (10.71) and (10.73).

Flatness in relative codimension 0

The basic result is the following, proved in (Grothendieck, 1971, 11.2.3).

Theorem 10.60. Let f: (x,X) — (s,5) be a local morphism of local, Noethe-
rian schemes of the same dimension such that f~'(s) = x as schemes, that is,
myx = myg Ox. Assume that k(x) D k(s) is separable and S, the completion of
S, is normal. (Note that if S is normal and excellent, then S is normal.)

Then f is flat at x.

Proof We may replace S and X by their completions. As in (10.52.4), we can
factor f as

F0X)D 0,75 (s,9)

where (y, Y) is also complete, local, Noetherian, k(x) = k(y), m,x = m,yOx
and g is flat.

Thus p*: myy /m%,y - mx,X/mi,x is surjective, hence p*: Oy — Oy is sur-
jective by the Nakayama lemma. Equivalently, p: X — Y is a closed embed-
ding. It is thus an isomorphism, provided Y is integral.

In order to ensure these properties of ¥ we need to know more about g. If
k(x)/k(s) is finitely generated then ¢ is the localization of a smooth morphism
(10.52.3). Thus Y is normal and dim Y = dim S, as required. The general case
is technically harder. We use that g is formally smooth and geometrically reg-
ular (10.52.4) to reach the same conclusions as before.

Thus p is an isomorphism, so f = g and f is flat. m}
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Examples 10.61. These examples show that the assumptions in (10.60) and
(10.63) are necessary.

(10.61.1) Assume that chark # 2 and set C := (y* = ax*> + x°) where a € k
is not a square. Let f: C — C denote the normalization. Then the fiber over
the origin is the spectrum of k(+/a), which is a separable extension of k. Here
C is not normal and f is not flat.

(10.61.2) The extension C[x,y] C C[J;‘,y]@) is not flat yet (x,y) - (C[%,y](y)
is the maximal ideal and the residue field extension is purely transcendental.
However, the dimension of the larger ring is 1.

A similar thing happens with C[x,y] — C[[f]] given by (x,y) > (¢,sin?).
The fiber over the origin is the origin with reduced scheme structure.

(10.61.3) On C[x, y] consider the involution 7(x) = —x, 7(y) = —y. The in-
variant ring is C[x?, xy, y*] € C[x, y]. The fiber over the origin is the spectrum
of C[x,y]/(x%, xy,y%); it has length 3 and embedding dimension 2. The fiber
over any other point has length 2. Thus the extension is not flat.

(10.61.4) As in (Kollar, 1995a, 15.2), on S := k[x1, X2, y1, y2] consider the
involution 7(xy, X2, ¥1,¥2) = (X2, X1, Y2, ¥1). The ring of invariants is

R = k[x1 + x2, x1x2,y1 + y2, Y1¥2, X1)1 + X2)2].

The resulting extension is not flat along (x; — x, = y; —y> = 0).

If char k = 2 then x; — x,y; — ¥, are invariants. Set P := (x; — x2,y1 — y2)R.
Then S/PS = S/(x1 — x2,y1 —¥2)S = k[x1,y1]and R/P =~ k[x%,y%].

Thus S p O Rp is a finite extension whose fiber over P is k(x, y1) D k(x7, y}).
This is an inseparable field extension, generated by 2 elements.

(10.61.5)Set X :== (z = 0)U(z—x = z—y = 0) c A® with coordinate
projectionr: X — A)%y. Then r is finite, has curvilinear fibers, but not flat.

These examples leave open only one question: what happens with curvilin-
ear fibers.

Definition 10.62 (Curvilinear schemes). Let k be a field and (A, m) a local,
Artinian k-algebra. We say that Spec, A is curvilinear if A is cyclic as a k[f]-
module for some ¢. That is, if A can be written as a quotient of k[]. It is easy
to see that this holds if either A/m is a finite, separable extension of k and m is
a principal ideal, or A is a field extension of k of degree = chark.

Let B be an Artinian k-algebra. Then Spec, B is called curvilinear if all of
its irreducible components are curvilinear. If & is an infinite field, this holds iff
B can be written as a quotient of k[¢]. If K/k is a field extension and Spec, B is
curvilinear then so is Specg (B ®; K).

Let 7: X — § be a finite type morphism. The embedding dimension of
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fibers is upper semicontinuous, thus the set {x € X: X, is curvilinear at x} is
open.

Theorem 10.63. Let f: X — S be a finite type morphism with curvilinear
fibers such that every associated point of X dominates S. Assume that either S
is normal, or there is a closed W C S such that depthy, S > 2 and f is flat over
S \ W. Then f is flat.

Proof We start with the classical case when X, S are complex analytic, S
is normal, f is finite and X ¢ § X C. Let s € S be a smooth point. Then
S x C is smooth along {s} x C thus X is a Cartier divisor near X;. In particular,
f is flat over the smooth locus §™ < S. Set d := deg f. For each s € §™
there is a unique monic polynomial 4+ ag (O + -+ ag(s) of degree d
whose zero set is precisely X; C C. As in the proof of the analytic form of the
Weierstrass preparation theorem (see, for instance, (Griffiths and Harris, 1978,
p-8) or (Gunning and Rossi, 1965, Sec.Il.B)) we see that the a;(s) are analytic
functions on S™. By Hartogs’s theorem they extend to analytic functions on
the whole of S ; we denote these still by a;(s). Thus

X=0"+a;1() 7+ +ap(s) =0)c S xC

is a Cartier divisor and f is flat. This completes the complex analytic case.

In general we argue similarly, but replace the polynomial ¢ + ay_; ()t~ +
-+ + ap(s) by the point in the Hilbert scheme corresponding to Xj.

Assume first that f is finite. Again set d := deg f and let S° C S denote a
dense open subset over which f is flat. Since f is finite, it is (locally) projective,
thus we have

Univg(X/S) ——= X
l if (10.63.1)
Hilby(X/S) —==§

parametrizing length d quotients of the fibers of f. If s € S° then Ox, has
length d, hence its sole length d quotient is itself. Thus 7 is an isomorphism
over S°.

Let s — S be a geometric point. Then X; =~ Speck(s)[#]/(I1;(t — a;)™)
for some a; € k(s) and m; € N. Thus the fiber of p over s is a finite set
corresponding to length d quotients of k(s)[#]/([1;(t — a;)™), equivalently, to
solutions of the equation 3);m; = d where 0 < m; < m;. We have not yet
proved that Hilb,;(X/S) has no embedded points over Sing S, but we obtain
that pure(Hilb,(X/S)) — S is finite and birational, hence an isomorphism if S
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isnormal or if $° > § \ W in case (2) by (10.6.4). The natural map
pure(p): Univy(X/S) Xpiw,x/s) pure(Hilb (X/S)) —» X

is a closed immersion whose image is isomorphic to X over S °. Thus pure(p)
is an isomorphism, so f is flat and Hilb,(X/S) = §.

Finally (10.49) reduces the general case to the finite one. (Note that any
finite type, quasi-finite morphism can be extended to a finite morphism, but
there is no reason to believe that the extension still has curvilinear fibers. So
we need to use the more difficult (10.49).) O

Over a non-normal base there does not seem to be any simple analog of
(10.63), but the following is quite useful.

Proposition 10.64. Ler f: X — (s,S) be a finite morphism with curvilinear

fibers. Assume that

(10.64.1) the pair (s € S) is weakly normal (10.74),

(10.64.2) f is flat of constant degree d over S \ {s},

(10.64.3) X has no associated points in Supp f~'(s), and

(10.64.4) either x := Supp f~'(s) is a single point and k(x)/k(s) is purely
inseparable, or f has well-defined specializations (4.2.9).

Then f is flat.

Proof Again consider the diagram (10.63.1). By (2) p and n are isomor-
phisms over S \ {s}. We claim that r is an isomorphism. Since (s € S) is weakly
normal, this holds if 77! (s) has a unique geometric point. If f has well-defined
specializations, this holds by definition.

Otherwise let s — s be a geometric point. Since k(x)/k(s) is purely insep-
arable, Xy ~ Speck(s")[#]/(t") for some r, which has a unique subscheme of
length d. Thus x is an isomorphism. As in the proof of (10.63) we conclude
that p is also an isomorphism. O

The proof given in (4.21) applies with minor modifications to give the fol-
lowing result of Ramanujam (1963); Samuel (1962), see also (Grothendieck,
1960, IV.21.14.1).

Theorem 10.65 (Principal ideals in power series rings). Let (R, m) be a nor-
mal, complete, local ring and P C R[[x1,...,x,]] a height 1 prime ideal that
is not contained in mR[[x1, ..., x,]]. Then P is principal. O

Corollary 10.66 (Unique factorization in power series rings). Let (R,m) be
a normal, complete, local ring and g € R[[xi,...,x,]] a power series not
contained in mR[[x1, ..., x,]]. Then g has a unique factorization as g = [1; pi
where each (p;) is a prime ideal.
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Proof Let P; be a height 1 associated prime ideal of (g). Then P; is not con-
tained in mR[[x1, ..., x,]] thus it is principal by (10.65). O

Example 10.66.1. A lemma of Gauss says that if R is a UFD then R[] is also a
UFD. More generally, if Y is a normal scheme then CI(Y x A") ~ CI(Y). If A"
is replaced by a smooth variety X then there is an obvious inclusion

CI(Y) x CI(X) — CI(Y x X),

but, as the example below shows, this map is not surjective, not even if CI(Y) =
CI(X) = 0.

Let E c P? be a cubic defined over Q such that Pic(E) is generated by a
degree 3 point P := E N L for some line L ¢ P?. Let S < A3 be the affine cone
over E and E° := E \ P. Then CI(S) = 0 and CI(E°) = 0. However, we claim
that CI(S x E°) is infinite.

To see this pick any ¢ € End(E). (For example, for any m we have mul-
tiplication by 3m + 1 which sends p € E(Q) to the unique point ¢(p) ~
(3m + 1)p —mP.) The lines {£, X {¢(p)}: p € E} sweep out a divisorin S X E,
where £, C S denotes the line over p € E. It is not hard to see that this gives
an isomorphism End(E) ~ CI(S x E°).

As another application, let R denote the complete local ring of S at its vertex.
The above considerations also show that R is a UFD, but R[[¢]] is not.

Flatness in relative codimension 1

The following result is stated in all dimensions, but we will have stronger the-
orems when the codimension is > 2.

Theorem 10.67. Let f: X — S be a finite type morphism of Noetherian
schemes, s € S a closed point, and Z C X, a nowhere dense closed subset
such that f is flat along X; \ Z. Assume that

(10.67.1) pure,(X;) is smooth,

(10.67.2) dimS > 1 and S has no embedded points, and

(10.67.3) X has no embedded points.

Then f is smooth.

Proof Pick a closed point x € Z. By (10.57) we may assume that k(x) = k(s).
Choose local coordinates xi, ..., x, € myx, and apply (10.50). Then there is
an elementary étale 7: (x’, X’) — (x, X) such that f o x factors as

o, X)) S 3, 7) 5 (5,9),

where g is finite, g7'(y’) = {x’} (as sets), 7 is smooth of relative dimension n
and k(y) = k(s). We also know that g, induces an embedding pure(X}) — Y.
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We claim that g is an isomorphism. To see this note first that, since X’ — §
is flat along X\ Z’, (10.54) implies that there is a smallest closed subset W C Y
such that g~ (X, N W) C Z’ and g is an isomorphism over Y \ W. Since ¥ — §
is smooth, we are done if W = (.

To see this, pick a generic point w € W with projections py € Yand p € S.
Since Y, is smooth and X; — Y, is an isomorphism outside W, we see that
purey, (X,) = Y,. Thus X}, has an embedded point in g '(WnNY,). Therefore p
is not a generic point of § by (3). Then

depth, Y =depth, Y, +depth,S >1+1=2,

and X’ has no associated points contained in g~!'(W) (3). Hence g is an isomor-
phism by (10.6). m}

In codimension 1, an slc pair is either smooth or has nodes. Next we show
that a close analog of (10.67) holds for nodal fibers if the base scheme is nor-
mal; the latter assumption is necessary by (10.70.1).

Corollary 10.68. Let (s,S) be a normal, local scheme and f: X — S a finite
type morphism of pure relative dimension 1. Assume that f is generically flat
along X and pure(X,) has a single singular point x, which is a node. Then, in
a neighborhood of x, one of the following holds.
(10.68.1) f is flat and its fibers have only nodes.
(10.68.2) fis not flat, X is not S, and the normalization f: X — S is smooth.

Proof By (10.51), after étale coordinate changes we may assume that X is a
partial normalization of a relative hypersurface H = (h = 0) C A§ such that A,
has a single node.

If the generic fiber H, is smooth then H is normal and so X = H. Otherwise
Oh/0x = 0h/dy = 0 is an étale section. After an étale base change we may as-
sume that the fibers are singular along the zero section Z C A§ — S. Blowing
it up gives the normalization 7: H — H which is smooth over S . Furthermore,
we have an exact sequence

0> 0y > 1.05 > 0; — 0.

Since X lies between H and H, there is an ideal sheaf J c ¢, such that
ﬁx/ﬁ[-] ~ J.

If J =0then X ~ H.If J = 07 then X ~ H. The projection to S is flat in
both cases. Otherwise Supp(&y/COx) = Supp(O/J) has codimension > 2 in
H, thus X is not S, by (10.6). O

With different methods, the following generalization of (10.68) is proved in
Kollédr (2011b). The projectivity assumption should not be necessary.
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Theorem 10.69. Let (s,S) be a normal, local scheme and f: X — S a projec-
tive morphism of pure relative dimension 1. Assume that X is S, and pure(Xy)
is seminormal (resp. has only simple, planar singularities).

Then f is flat with reduced fibers that are seminormal (resp. have only sim-
ple, planar singularities). O

See (Arnol’d et al., 1985, 1.p.245) for the conceptual definition of simple,
planar singularities. For us it is quickest to note that a plane curve singularity
(f(x,y) = 0) is simple iff (z2 + f(x,y) = 0) is a Du Val surface singularity.

Examples 10.70. The next examples show that (10.68—10.69) do not general-
ize to non-normal bases or to other curve singularities.

10.70.1 (Deformations of ordinary double points). Let C c P? be a nodal cubic
with normalization p: P' — C. Over the coordinate axes S := (xy = 0) ¢ A?
consider the family X that is obtained as follows.

Over the x-axis take a smoothing of C, over the y-axis take P! x A; and glue
them over the origin using p: P! - Ctoget f: X — S.

Then X is seminormal and S'», the central fiber is C with an embedded point,
yet f is not flat.

10.70.2 (Deformations of ordinary triple points). Consider the family of plane
cubic curves

C:=((F = P)x+D+1(x" +y") = 0) C A} XA/,

For every t the origin is a singular point, but it has multiplicity 3 for t = 0
and multiplicity 2 for # # 0. Thus blowing up the line (x = y = 0) gives the
normalization for ¢ # 0, but it introduces an extra exceptional curve over ¢ = 0.
The normalization of C is obtained by contracting this extra curve. The fiber
over ¢ = 0 is then isomorphic to 3 lines though the origin in A3,

10.70.3 (Deformations of ordinary quadruple points). Let C4 — P'* be the
universal family of degree 4 plane curves and C4; — S'? the 12-dimensional
subfamily whose general members are elliptic curves with 2 nodes. We nor-
malize both the base and the total space to get 7: Cy4; — S'2.

We claim that the fiber of i over the plane quartic with an ordinary quadruple
point Co: = (x*y—xy® = 0)is Cy with at least 2 embedded points. Most likely,
the family is not even flat.

We prove this by showing that in different families of curves through [Cy] €
S12 we get different flat limits.

To see this, note that the seminormalization Cj" of Cy can be thought of as 4
general lines through a point in P*. In suitable affine coordinates we can write
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it as k[x, y]/(X*y — xy°) < kluy, ..., us]/(usu;: i # j) using the map (x,y) —
(uy + us + ug, up + u3 — uyg). Any 3-dimensional linear subspace (u, ..., uq) D
Wa D (uy + us + ug, up + u3 — ug). corresponds to a projection of C3' to P3; call
the image C, c P?. Then C; is 4 general lines through a point in P?; thus it
is a (2, 2)-complete intersection curve of arithmetic genus 1. (Note that the C,
are isomorphic to each other, but the isomorphism will not commute with the
map to Cy in general.) Every C, can be realized as the special fiber in a family
S, — B, of (2,2)-complete intersection curves in P? whose general fiber is a
smooth elliptic curve.

By projecting these families to P?, we get a 1-parameter family S | = By of
curves in S !> whose special fiber is Cy .

Let §/ C C,, be the preimage of this family in the normalization. Then
S ", is dominated by the surface ). In particular, the preimage of Cy in Cy is
connected.

There are two possibilities. First, if S/, is isomorphic to S ;, then the fiber
of (_?4,1 — §'2 over [Cy] is C,. This, however, depends on A, a contradiction.
Second, if § . is not isomorphic to S ;, then the fiber of S ", — B, over the origin
is Cp with some embedded points. Since Cy has arithmetic genus 3, we must
have at least 2 embedded points.

Flatness in relative codimension > 2

Once we know flatness at codimension 1 points of the fibers, the following
general result, valid for coherent sheaves, can be used to prove flatness every-
where. We no longer need any restrictions on the base scheme §.

Theorem 10.71. Let f: X — S be a finite type morphism of Noetherian
schemes, (s,S) local. Let F be a vertically pure coherent sheaf on X and
Z C Supp Fy a nowhere dense closed subset. Assume that

(10.71.1) depth, pure,(F;) > 2, and
(10.71.2) F is flat over S along X \ Z.
Then F is flat over S and torsz(F) = 0.

Proof Setm :=ms and X,, := Specx(ﬁx/m_’v’,s Ox) and F,, := Flx,. We may
assume that S is m-adically complete. There are natural complexes

0 — (m"/m™) - Fy — Fpyy — F, — 0, (10.71.3)

which are exact on X \ Z, but not (yet) known to be exact along Z, except that
ry, is surjective. We also know that

(m"m™"y - pure,(Fy) — pure,(kerr,) (10.71.4)
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is an isomorphism on X \ Z. Since depth, pure,(Fy) > 2, this implies that
(10.71.4) is an isomorphism on X by (10.6). Next we show that the induced

1y torsz(Fe1) — torsz(F,) is surjective. (10.71.5)
Set K11 := r; !(torsz(F,)). We have an exact sequence
0 — pure,(kerr,) = K11/ torsz(kerr,) — torsz(F,) — 0. (10.71.6)

Using that (10.71.4) is an isomorphism, we have depth, pure,(kerr,) > 2,
hence the sequence (10.71.6) splits by (10.6).

Thus T := @torsZ(Fn) is a subsheaf of F and X;NSupp7T c Z. Thus T =0
since F is vertically pure, and torsz(F,) = 0 for every n by (10.71.5).

Now (10.71.4) says that (m"/m™*") - Fy =~ ker r,. Therefore the sequences
(10.71.3) are exact, F is flat and torsz(Fy) = 0. m]

Putting together the above flatness criteria (10.60), (10.68), (10.69.1) and
(10.71) gives the following strengthening of Hironaka (1958).

Theorem 10.72. Let (s,S) be a normal, local, excellent scheme, X an S,
scheme and f: X — S a finite type morphism of pure relative dimension n.
Assume that pure(Xy) is

(10.72.1) either geometrically normal

(10.72.2) or geometrically seminormal and S ,.

Then f is flat with reduced fibers that are normal in case (1) and seminormal
and S, in case (2). m]

Flatness in relative codimension > 3

The following gives an even stronger result in codimension > 3; see (Kolldr,
1995a, Thm.12). Lee and Nakayama (2018) pointed out that the purity assump-
tion in (2) is also necessary.

Theorem 10.73. Let f: X — S be a finite type morphism of Noetherian
schemes, (s,S) local. Let F a coherent sheaf on X and Z C Supp F a closed
subset such that X; N Z C Supp Fs has codimension > 3. Let j: X;\ Z — X;
be the natural injection. Assume that

(10.73.1) depthy ,(j.(Filx,\2) 2 3,

(10.73.2) Flx\z is flat over S with pure, S, fibers, and

(10.73.3) depth, F > 2.

Then F is flat over S and F; = j.(Flx,\z).

Proof Setm := myg, X, = Specy(Ox/m"Ox) and F, := Flx,. We may
assume that s and Oy are m-adically complete. Set G, := F,|x,\z and let j
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denote any of the injections X, \ Z — X,,. By assumption (2) we have exact
sequences

0— m"/m"™")- Gy = Gpyy—G, — 0. (10.73.4)
Pushing it forward we get the exact sequences

0— (m"/m"+1)® J+Go = JiGuy o J+Gn

o e B G (10.73.5)
J:00.

Here j.Gq is coherent and assumption (1) implies (in fact is equivalent to)
R'j.Go = 0 by (Grothendieck, 1968, I11.3.3, I.6 and 1.2.9) or (10.29).

Thus the 7, are surjective. This shows that G := l(in J«Gy, 1s a coherent sheaf
on X that is flat over S with §, fibers. Furthermore, the natural map o: F — G
is an isomorphism along X; \ Z. Thus (10.6) implies that it is an isomorphism.
So F = G is flat with central fiber j.Go = j.(Filx,\z)- O

10.8 Seminormality and weak normality

Normalization is a very useful operation that can be used to ‘improve’ a scheme
X. However, the normalization X" — X usually creates new points, and this
makes it harder to relate X and X". The notions of semi and weak normalization
intend to do as much of the normalization as possible, without creating new
points.

Definition 10.74. Let X be a noetherian scheme and Z C X a closed, nowhere
dense subset. A finite modification of X centered at Z is a finite morphism
p: Y — X such that the restriction p: Y \ p~'(Z) — X \ Z is an isomorphism
and none of the associated primes of Y is contained in p~!(Z).

A pair (Z C X) is called normal if every finite modification p: ¥ — X cen-
tered at Z is an isomorphism. It is called seminormal (resp. weakly normal) if
such a p is an isomorphism, provided k(x) < k(red p~'(x)) is an isomorphism
(resp. purely inseparable) for every x € X.

A reduced scheme X is normal (resp. seminormal or weakly normal) if every
pair (Z C X) is normal (resp. seminormal or weakly normal).

Let X be a reduced scheme with normalization X". There are unique

Tsn Ttwn

X" — X" —— and X" xwn X,

where X" is seminormal, X™" is weakly normal, and k(x) < k(red ) (x))
(resp. k(x) — k(red 7, (x))) is an isomorphism (resp. purely inseparable) for
every x € X. Note that X*" = X*" in characteristic 0.

For more details see (Kollar, 1996, Sec.1.7.2) and (Kollar, 2013b, Sec.10.2).



10.8 Seminormality and weak normality 405

Examples 10.75. The curve examples led to the general definition of semi-
normalization, but they do not adequately show how complicated seminormal
schemes are in higher dimensions.

(10.75.1) The normalization of the higher cusps Cy,4+1 1= x* = yz’"“) is
Toms1: Al = Copyr givenby 1 (2", 7).

The map 7,41 1s @ homeomorphism, so it is also the seminormalization. By
contrast, the normalization of the higher tacnode Cy,, := x* = y*™)is

Tom: Al x {1} = Cy, givenby (¢, £1) > (x£",1).

The map 7, is not a homeomorphism since (0,0) € C,,, has 2 preimages,
(0,1) and (0, —1). The seminormalization of C,,, is

Tom: Co = (s =13) = Cyy  givenby  (s,1) — (s",0).

(10.75.2) Let g(?) € k[] be a polynomial without multiple factors and set C,, :=
Spec(k + g - k[t]). We can think of C, as obtained from A! by identifying all
roots of g. It is an integral curve whose normalization is A'. It has a unique
singular point ¢, € C, and k(cg) = k.

If g is separable then C, is seminormal and weakly normal. If g is irreducible
and purely inseparable then C, is seminormal, but not weakly normal; the weak
normalization is A'.

(10.75.3) If B is a seminormal curve, then every irreducible component of B is
also seminormal, but an irreducible component of a seminormal scheme need
not be seminormal. In fact, every reduced and irreducible affine variety that is
smooth in codimension 1, occurs as an irreducible component of a seminormal
complete intersection scheme, see (Kollar, 2013b, 10.12).

(10.75.4) If X is S, (but possibly nonreduced) and Z has codimension > 2 then
(Z c X) is a normal pair by (10.6).

The following properties are proved in Kollar (2016c). The last equivalence
is surprising since the completion of a normal local ring is not always normal.

Proposition 10.76. For a noetherian scheme X without isolated points, the
Jfollowing are equivalent.

(10.76.1) X is normal (resp. seminormal, weakly normal).

(10.76.2) Z C X is a normal (resp. seminormal, weakly normal) pair for every
closed, nowhere dense subset Z C X.

(10.76.3) {x} c Spec O, x is a normal (resp. seminormal, weakly normal) pair
for every non-generic point x € X.
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(10.76.4) {x} c Spec é;,x is a normal (resp. seminormal, weakly normal) pair
for every non-generic point x € X. O

The next results show that many questions about schemes can be settled
using points and specializations only, up to homeomorphisms.

Definition 10.77. Let f: X — Y be a morphism, RaDVR andg: SpecR — Y
a morphism. We say that g lifts after a finite extension, if thereisa DVR R’ D R
that is the localization of a finite extension of R, such that ¢’: SpecR’ —
SpecR — Y lifts to g% : Spec R’ — X.

10.78 (Universal homeomorphism). A morphism f: U — V of § -schemes is a

universal homeomorphism if fxgly: Uxg W — Vxg W is a homeomorphism

for every S-scheme W; see (Stacks, 2022, Tag 04DC). Equivalently, if f is

integral, surjective and geometrically injective, see (Stacks, 2022, Tag 04DF).
The following characterization for local schemes is simple, but useful.

Claim 10.78.1. Let (s,S) be a local scheme and f: U — S a finite type mor-
phism that is geometrically injective. Then f is a finite, universal homeomor-
phism iff every local, component-wise dominant (4.30) morphism from the
spectrum of a DVR to S, lifts to U, after a finite extension.

Proof For any generic point gg € S there is a g: (¢,T) — (s,S) such that
q(ty) = s, and g(¢) = s where T is the spectrum of a DVR. Thus every irre-
ducible component of S is dominated by a unique irreducible component of U.
Let V C U be their union. Extend f|y to a finite h: V — .

Pick a point ¥ € g~!(s). There is a ¢: T — V such that ¢(¢) = ¥ and q(t,) is
a generic point of V. Then ¢ is the only possible lifting of & o g, hence ¥ € V.
Thus V = V and h is a universal homeomorphism. Since f is geometrically
injectove, we must have V = U. O

The following is a special case of (Stacks, 2022, Tag OCNF).

Claim 10.78.2. A finite morphism ¥ — X of [F,-schemes is a universal home-
omorphism iff it factors a power of the Frobenius Fy: X, — ¥ — X. |

Definition 10.79. For a scheme X let |X| denote its underlying point set. Let
X, Y be reduced schemes and ¢: |X| — |Y| a set-map of the underlying sets. We
say that ¢ is a morphism if there is a morphism ®: X — Y inducing ¢. Note
that such a @ is unique since its graph is determined by its points.

Our aim is to find simple conditions that guarantee that a subset is Zariski
closed or that a set-map is a morphism.

We say that ¢ is a morphism on points if the natural inclusion k(x) —


https://stacks.math.columbia.edu/tag/04DC
https://stacks.math.columbia.edu/tag/04DF
https://stacks.math.columbia.edu/tag/0CNF
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k(x, ¢(x)) is an isomorphism for every x € X, where we view (x, ¢(x)) as a point
in X X Y. (This in effect says that there is a natural injection k(¢(x)) — k(x).)

We say that ¢ is a morphism on DVRs (resp. component-wise dominant
DVRs) if the composite ¢ o h is a morphism whenever h: T — X is a mor-
phism (resp. a component-wise dominant morphism (4.30)) from the spectrum
of aDVR to X.

Lemma 10.80 (Valuative criterion of being a section). Let h: X — S be
a separated morphism of finite type and B C |X| a subset. Then there is a
Zariski closed Z C X such that B = |Z| and h|z: Z — S is a finite, universal
homeomorphism (10.78) iff every point s € S has a unique preimage b; € B,
k(by)/k(s) is purely inseparable, and the following holds.

Let R be an excellent DVR and q: SpecR — S a component-wise dominant
morphism. Then q lifts after a finite extension (10.77) to q': SpecR' — X
whose image is in B.

Proof By assumption hlg: B — S is a universal bijection. Let s, € S be a
generic point and b, € B its preimage. We claim that b, C B. For any by € b,
there is a component-wise dominant morphism 7: (¢,7) — S that maps the
generic point to i(b,) and the closed point to h(bg), where T is the spectrum of
a DVR. Lifting it shows that by € B.

Thus Z is the union of all l_)g, hence Zariski closed and h|z: Z — S is a finite,
universal bijection, hence a homeomorphism. m}

Lemma 10.81 (Valuative criterion of being a morphism). Let X, Y be schemes
of finite type, X seminormal and Y separated. Then a set-map ¢: |X| — |Y| is
a morphism iff it is a morphism on points and on component-wise dominant
DVRs.

Proof LetZ c X x Y be the graph of ¢ and 4: X X Y — X the projection. By
(10.80) h|z: Z — X is a finite, universal homeomorphism that is residue field
preserving since ¢ is a morphism on points. Thus %|z: Z — X is an isomor-
phism since X is seminormal. O

Definition 10.82. A morphism p: X — Y is geometrically injective if for
every geometric point ¥y — Y the fiber X Xy y consists of at most 1 point.

Equivalently, for every point y € Y, its preimage p~!(y) is either empty or a
single point and k(p~!(y)) is a purely inseparable extension of k().

If, furthermore, k(p~'(y)) equals k(y) then we say that p preserves residue
fields. The two notions are equivalent in characteristic 0.

A morphism of schemes f: X — Y is a monomorphism if for every scheme
Z, the induced map of sets Mor(Z, X) — Mor(Z, Y) is an injection.
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A monomorphism is geometrically injective. The normalization of the cusp
n: Speck[f] — Speck[t?, 3] is geometrically injective, but not a monomor-
phism. The problem is with the fiber over the origin, which is Spec k[f]/(#%) =~
Spec k[g] (where &2 = 0). The two maps g;: Speck[e] — Speck[f] given by
gy = 0 and g7(r) = ¢ are different, but 7 o go = m 0 g1. A similar argument
shows that a morphism is a monomorphism iff it is geometrically injective and
unramified; see (Grothendieck, 1960, IV.17.2.6).

As the above example shows, in order to understand when a map between
moduli spaces is a monomorphism, they key is to study the corresponding
functors over Spec k[¢] for all fields k.

See (1.64) for an example that is geometrically bijective but, unexpectedly,
not a monomorphism.

A closed, open or locally closed embedding is a monomorphism. A typical
example of a monomorphism that is not a locally closed embedding is the
normalization of the node with a point missing, that is A' \ {-1} — (? =
X3+ x%) givenby (t = (> - 1,8 - 1).

Claim 10.82.1. (Stacks, 2022, Tag 04XV) A proper monomorphism f: X — Y
is a closed embedding. O

Definition 10.83. A morphism g: X — Y is a locally closed embedding if it
can be factored as g: X — Y° — Y where X — Y° is a closed embedding and
Y°® < Y is an open embedding.

A monomorphism g: X — Y iscalled a locally closed partial decomposition
of Y if the restriction of g to every connected component X; C X is a locally
closed embedding.

If g is also surjective, it is called a locally closed decomposition of Y. For
reduced schemes, the key example is the following.

Claim 10.83.1. Let h: Y — Z be a constructible, upper semi-continuous func-
tion and set ¥; := {y € Y: h(y) = i}. Then II;Y; — Y is a locally closed
decomposition. O

The following direct consequence of (10.82.1) is quite useful.

Claim 10.83.2. A proper, locally closed partial decomposition g: X — Y is a
closed embedding. If Y is reduced then a proper, locally closed decomposition
g: X — Y is an isomorphism. O

Proposition 10.84 (Valuative criterion of locally closed embedding). For a
geometrically injective morphism of finite type f: X — Y, the following are
equivalent.

(10.84.1) f(X) c Y islocally closed and X — f(X) is finite.


https://stacks.math.columbia.edu/tag/04XV
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(10.84.2) Every component-wise dominant morphism, from the spectrum of
an excellent DVR to f(X), lifts to X, after a finite extension (10.77).

If f is a monomorphism then these are further equivalent to

(10.84.3) fis a locally closed embedding.

Proof Tt is clear that (1) = (2). Next assume (2). A geometrically injective
morphism of finite type is quasi-finite, hence, by Zariski’s main theorem, there
is a finite morphism f: X — Y extending f. Set Z := X \ X.

If Z # f~' f(Z) then there are points z € Z and x € X such that f(z) = f(x).
Let T be the spectrum of a DVR and #: T — X a component-wise dominant
morphism. Set g := foh. Then g(T) C f(X) and the only liftingof gto T — X
is h,but W(T) ¢ X.

Thus Z = f~'f(Z) hence X — Y \ f(Z) is proper, proving (1). A proper
monomorphism is a closed embedding by (10.82.1), showing the equivalence
with (3). O

A major advantage of seminormality over normality is that seminormaliza-
tion X — X*" is a functor from the category of excellent schemes to the cate-
gory of excellent seminormal schemes. (The injection Sing X < X rarely lifts
to the normalizations.) It is thus reasonable to expect that taking the coarse
moduli space commutes with seminormalization. This is indeed the case for
coarse moduli spaces satisfying the following mild condition.

Definition 10.85. A functor M: (schemes) — (sets) with coarse moduli space

M has enough 1-parameter families if the following holds.

(10.85.1) Let R be a DVR and SpecR — M a morphism. Then there is a
DVR R’ D R that is the localization of a finite extension of R and F’ €
M(Spec R’), such that Spec R — Spec R — M is the moduli map of F’.

This condition holds if M is obtained as a quotient M = E/G, where G is an

algebraic group acting properly on E and there is a universal family over E.

Thus it is satisfied by all moduli spaces considered in this book.

Proposition 10.86. Ler M: (schemes) — (sets) be a functor defined on finite
type schemes over a field of characteristic 0. Assume that M has a finite type
coarse moduli space M and enough 1-parameter families.

Then M®" is the coarse moduli space for M, the restriction of M to the
category Sch®™ of finite type, seminormal schemes.

Proof Since seminormalization is a functor, every morphism W — M lifts to

W™ — M*". Thus we have a natural transformation ®: M*™ — Mor(x, M*").
Assume that M’ is a finite type, seminormal scheme and we have another

natural transformation ¥: M*™ — Mor(x, M’). Every geometric point s >
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M®" comes from a scheme X;. Let Z C M*" x M’ denote the union of the points
(s, D[X,]). Since M is a coarse moduli space and M*" — M is geometrically
bijective, the coordinate projection Z — M?®" is also geometrically bijective.
Since M has enough 1-parameter families, Z — M*" is a universal homeomor-
phism by (10.80). Thus Z — M*" is an isomorphism since M*" is seminormal
and the characteristic is 0.

Thus we get a morphism M*" — M’ and W factors through @. O

The next examples show that the characteristic 0 assumption is likely nec-
essary in (10.86) and that the analogous claim for the underlying reduced sub-
scheme is likely to be false.

Examples 10.87. Let D be any diagram of schemes with direct limit lim D.
Since seminormalization is a functor, we get a diagram *" and a natural mor-
phism lim(D*") — (lim D)*". However, this need not be an isomorphism.

(10.87.1) Consider the diagram of all maps ¢,: Speck[x] — Speck[(x —
a)?, (x — a)?] for a € k where k is an infinite field.

If chark = O then the direct limit is Spec k. After seminormalization, the
maps ¢, become isomorphisms ¢5": Spec k[x] =~ Speck[x]. Now the direct
limit is Spec k[x].

(10.87.2) If chark = p > O then x” — a” = (x — a)? € k[(x — a)*, (x — a)’]
shows that the direct limit is Spec k[x”]. After seminormalization, the direct
limit is again Spec k[x]. Here Spec k[x”] behaves like a coarse moduli space.

(10.87.3) Consider the maps o;: k[x] — k[x, €] given by op(g(x)) = g(x)
and 01(g(x)) = g(x) + g’(0)e. We get a universal push-out diagram

Spec k[ x, €] . Spec k[x]

g |

Spec k[x] — Spec k[x?, x*].

If we pass to the underlying reduced subspaces, the push-out is Spec k[x].



Chapter 11

Minimal models and their singularities

We review the definitions and results of the minimal model program that we
used repeatedly.

Assumptions. The theorems of Sections 11.1-11.3 are currently known in
characteristic 0. See Kollar and Mori (1998) or Kollar (2013b) for varieties;
Lyu and Murayama (2022) and Fujino (2022) in general.

Most of the older literature works with Q-divisors. We treat R-divisors on
arbitrary schemes in Section 11.4.

11.1 Singularities of pairs

Singularities of pairs are treated thoroughly in Kollar (2013b). Here we aim to
be concise, discussing all that is necessary for the main results in this book, but
leaving many details untouched.

Definition 11.1 (Pairs). We are primarily interested in pairs (X, A) where X is
a normal variety over a field and A = } g;D; a formal linear combination of
prime divisors with rational or real coefficients. More generally, X can be a re-
duced scheme and A = ' a;D; a formal linear combination of prime, Mumford
divisors (4.16.4), that is, none of the D; are contained in Sing X.

For a prime divisor E, we use coeffz(A) to denote the coefficient of E in A.
That is, E ¢ Supp(A — coeffg(A) - E). We use coeff(A) to denote the set of all
nonzero coefficients in A.

If A is R-Cartier, 7: X’ — X is birational and E’ is a prime divisor on X',
then coeftfg (A) := coeffg (7*A) defines the coefficient of every prime divisor
over X in A.

For any ¢ € R we set A := 3;. ... a;D;, and similarly for A=, A<

Definition 11.2 (Canonical or dualizing sheaf). A pure dimensional, projective
scheme over a field has a dualizing sheaf as in (Hartshorne, 1977, II1.7), but
for arbitrary schemes the existence of a dualizing sheaf is a complicated issue.
The following quite general setting is sufficient for our purposes.

411
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Let g: X — S be a finite type morphism. As in (Stacks, 2022, Tag OEOM),
there is a relative dualizing complex. If X is pure dimensional, the lowest non-
zero cohomology of it is the relative dualizing sheaf, or relative canonical
sheaf, denoted by wy/s.

We are interested in cases where wy,s depends very little on S. This happens
when Oy is a dualizing complex on S (Stacks, 2022, Tag 0OAWYV). We only
need to know that this occurs in 4 important cases:

e § is the spectrum of a field,

e S is smooth over a field,

e § is regular and of dimension 1, or

e § is the spectrum of a regular, local ring.

We declare wy/s to be a canonical sheaf of X and denote it by wy.

Note that we do not need X — S to be surjective. So if we want to work over
a quasi-projective scheme S, we choose an embedding S < P" and work over
PV. Similarly, if S is the spectrum of a complete local ring, we can embed it
into the spectrum of a regular, complete local ring. However, wy is well defined
only up to tensoring with pull-backs by line bundles from S. Thus one should
use it only for properties of X that are local on S .

Definition 11.3 (Canonical class II). Let X be a scheme that has a canonical
sheaf wy. If wy is invertible outside a subset of codimension > 2—for example,
X is normal or demi-normal—then it corresponds to a linear equivalence class
of Mumford divisors Kx, called the canonical class of X.

Assumptions. In Sections 11.1-11.3 we work with pairs that have a canonical
class as above.

Definition 11.4 (Discrepancy of divisors). Let (X,A = Y a;D;) be a pair as
in (11.1) that has a canonical class (11.3). We are looking at cases when the
pull-back of Kx + A by birational morphisms makes sense. If A is a Q-divisor,
the natural assumption is that Kx + A is Q-Cartier, that is, m(Kx + A) is Cartier
for some m > 0.

If A is an R-divisor, we need to assume that Ky + A is R-Cartier, we discuss
this notion in detail in Section 11.4. (See (4.48) for the even more general
notion of numerically R-Cartier divisors).

Let f: Y — X be a proper, birational morphism from a demi-normal scheme
Y (11.36), Ex(f) c Y the exceptional locus, and E; C Ex(f) the irreducible
exceptional divisors. Assume that Ex(f) N SingY and f(Ex(f)) have codi-
mension > 2 in Y and X; these are automatic if X and Y are normal. Let
f7'A = Ya;f7'D; denote the birational transform of A. Fix any canonical

%

divisor K in the linear equivalence class Ky and set KX := f.(K").


https://stacks.math.columbia.edu/tag/0E9M
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Assume next that Kx + A is R-Cartier. Then K¥ + f7'A — f*(KX + A) makes
sense and it is exceptional, hence we can write

KY + f71A = £*(K* + A) + X,a(E;, X, A)E;. (11.4.1)

The a(E;, X, A) € R are independent of the choice of KY. This defines a(E, X, A)
for exceptional divisors. Set a(E, X, A) := — coeffg A for non-exceptional divi-
sors E C X.

The real number a(E, X, A) is called the discrepancy of E with respect to
(X, A); it depends only on the valuation defined by E, not on the choice of f.
(See (Kollar and Mori, 1998, 2.22) for a more canonical definition.)

Warning 11.4.2. For most cases of interest to us, a(E, X,A) > —1, so some
authors use log discrepancies, a;(E,X,A) := 1 + a(E, X, A). Unfortunately,
some people use a(E, X, A) to denote the log discrepancy, leading to confusion.

The discrepancies have the following obvious monotonicity and linearity
properties; see (Kolldr and Mori, 1998, 2.27).

Claim 11.4.3. Let A’ be an effective, R-Cartier divisor and E a divisor over X.
Then a(E, X, A + A’) = a(E, X, A) — coeffg A’. In particular, a(E, X, A + A’) <
a(E,X,A), and a(E, X, A + A’) < a(E, X, A) iff centery E C Supp A'. m]

Claim 11.4.4. Assume that Kx + A; are R-Cartier. Fix A; > O such that 3} 4; = 1
and set A := Y, 4;A;. Then Kx + A is R-Cartier and a(E, X, A) = 3, L;a(E, X, A;)
for every divisor E over X. In particular, using the next definition, if the (X, A;)
are lIc (resp. dIt, klt, canonical, terminal) then so is (X, A). O

Definition 11.5. Let X be a normal scheme of dimension > 2 and A = } a;D;
an R-divisor such that Kx + A is R-Cartier. We say that (X, A) is

terminal >0 for every exceptional E,
canonical >0 for every exceptional E,
kit if a(E.X. A) is > -1 forevery E, .
plt > —1 for every exceptional E,
dit > —1 if centery E C non-snc(X, A),
lc > -1 forevery E.

Here kit is short for Kawamata log terminal, plt for purely log terminal, dlt
for divisorial log terminal, 1c for log canonical, and non-snc(X, A) denotes the
set of points where (X, A) is not a simple normal crossing pair (p.12).

We define semi-log-canonical or slc pairs in (11.37).

Claim 11.5.1. If (X, A) is in any of these 6 classes, 0 < A’ < Aand Kx + A’ is
R-Cartier, then (X, A”) is also in the same class. O
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Claim 11.5.2. Assume that (X, A) is terminal (resp. klt) and ® is an effective
R-Cartier divisor. If (X, A) has a log resolution (p.12), then (X, A + £€0®) is also
terminal (resp. klt) for 0 < € < 1. (See (11.10.6) for the other cases.)

We gave some examples in (1.33) and (1.40); see also Section 2.2 for such
surfaces, (2.35) for cones and Kollar (2013b) for a detailed treatment.

For computing discrepancies, the following are useful; see also (Kollar and
Mori, 1998, 2.29-30)

Lemma 11.6. Let (X,A — ®) be an snc pair, where A = Y(1 — a;)D; and ©
are effective. Let E be a divisor over X such that a(E,X,A — ®) < 0. Then
a(E,X,[A]) = -1 and a(E,X,A—0) > a(E,X,A) = =1 + Y.a; - coeffg D; < 0.

Proof (X,[A)) is Ic by (Kolldr and Mori, 1998, 2.31), so a(E,X,A — ®) >
a(E, X,[A]) = —1 by (11.4.3). The rest follows from (11.4.3.a). O
0

Corollary 11.7. Using the notation of (11.6), for every € > 0O there is n >
such that the following holds.

Let (X, A" — ®") be a pair, where Supp® = Supp® and A’ = 3 (1 — a))D;
such that |a; — a;| < 1 for every i and a; = 0 iff a; = 0. Then, for every E,

la(E,X,A - ©) — a(E, X, - ©)

<e,
whenever one of the discrepancies is < (. O

Definition 11.8. Let (X, A) be an Ic or slc (11.37) pair and W C X an irre-
ducible, closed subset. The minimal log discrepancy of W is defined as the
infimum of the numbers 1 + a(E, X, A) where E runs through all divisors over
X such that centery(E) = W. It is denoted by

mld(W,X,A) orby mld(W), (11.8.1)

if the choice of (X, A) is clear. Note that if W is an irreducible divisor on X and
W ¢ Sing X then mld(W, X, A) = 1 —coeffy A. If W c X is a closed subset with
irreducible components W;, then we set mld(W, X, A) = max;{mld(W;, X, A)}.

If (X, A) is slc then, by definition, mld(W, X, A) > 0 for every W. The subva-
rieties with mld(W, X, A) = 0 play a key role in understanding (X, A).

Definition 11.9. Let (X, A) be an slc pair. An irreducible subset W C X is a
log canonical center or Ic center of (X, A) if mld(W, X, A) = 0. If (X, A) has a
log resolution, then there is a divisor E over X such that a(E, X,A) = —1 and
centery E = W.

11.10 (Properties of log canonical centers). Let (X, A) be an slc pair over a
field of characteristic 0. (11.10.1) There are only finitely many lc centers.
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(11.10.2) Any union of Ic centers is seminormal and Du Bois (11.12.1-2).
(11.10.3) Any intersection of Ic centers is also a union of Ic centers; see Ambro
(2003, 2011); Fujino (2017) or (11.12.4).

(11.10.4) If (X, A) is snc then the Ic centers of (X, A) are exactly the strata of
A=! that is, the irreducible components of the various intersections D;, N---N
D; where the coeffD[k A =1, see (Kollar, 2013b, 2.11). More generally, this
also holds if (X, A) is dlt; see (Fujino, 2007, Sec.3.9) or (Kollar, 2013b, 4.16).
(11.10.5) At codimension 2 normal points, the union of Ic centers is either
smooth or has a node; see (Kollar, 2013b, 2.31).

(11.10.6) Let (X, A) be slc and O effective, R-Cartier. Then (X, A + £0) is slc
for 0 < & < 1 iff Supp ® does not contain any Ic center of (X, A).

(11.10.7) Assume that (X, A) is slc and e® < A is an effective Q-Cartier divisor.
Then Supp ® does not contain any Ic center of (X, A — @) by (11.4.3).

Definition 11.11. Let (X, A) be an slc pair. An irreducible subset W C X is a
log center of (X, A) if mld(W, X, A) < 1. (It is frequently convenient to consider
every irreducible component of X a log center.)

Building on earlier results of Ambro (2003, 2011); Fujino (2017), part 1
of the following theorem is proved in Kollar and Kovacs (2010). The rest in
Kollar (2014); see also (Kollar, 2013b, Chap.7).

Theorem 11.12. Let (X, A) be an slc pair over a field of characteristic 0 and
Z,W C X closed, reduced subschemes.

(11.12.1) Ifmld(Z, X, A) = 0, then Z is Du Bois.

(11.12.2) If mld(Z, X, A) < L, then Z is seminormal (10.74).

(11.12.3) Ifmld(Z, X, A) + mld(W, X, A) < % then Z N\ W is reduced.
(11.12.4) mld(Z N W, X, A) < mld(Z, X, A) + mld(W, X, A). O

Adjunction is a classical method that allows induction on the dimension by
lifting information from divisors to the ambient scheme.

Definition 11.13 (Poincaré residue map). Let X be a (pure dimensional) CM
scheme and § C X a divisorial subscheme. Then wg = &t'(0s, wy) and
&tl(ﬁx, wy) = 0. Thus, applying Hom( , wy) to the exact sequence

0— Ox(=8)— Ox — Os — 0,
we get the short exact sequence
0= wy = wx(S) S ws — 0. (11.13.1)

The map Rs : wx(S)—ws is called the Poincaré residue map. By taking tensor
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powers, we get maps
RE™: (wx(5)®" = wd™,

but, if m(Kx + §) and mKy are Cartier for some m > 0 then we really would
like to get a corresponding map between the locally free sheaves

W mS)ls 5 W, (11.13.2)
There is no such map in general; one needs a correction term.

Definition 11.14 (Different). Let X be a demi-normal scheme (11.36), S a
reduced divisor (p.11) on X, and A an R-divisor on X. We assume that there
are no coincidences, that is, the irreducible components of Supp S, Supp A and
Sing X are all different from each other.

Letn: § — S denote the normalization. There is a closed subscheme Z c S
of codimension 1 such that S \ Z and X \ Z are both smooth along S \ Z, the
restriction 77: (§ \ 77'Z) — (S \ Z) is an isomorphism and SuppA NS c Z.

Assume first that A is a Q-divisor and m(Ky + S + A) is Cartier for some
m > 0. Then the Poincaré residue map (11.13) gives an isomorphism

R?\Z: ﬂ*a)g;"](mS + mA)l(g\nflz) = wgmll(g\”—lz).

Hence there is a unique (not necessarily effective) divisor Ag on § supported
on 717! Z such that Ry, , extends to an isomorphism

RE: 'l (mS + mA)|s = w'g'”‘(Ag). (11.14.1)
We formally divide by m and define the different of A on S as the Q-divisor
Diff5(A) := LA;. (11.14.2)
We can write (11.14.1) in terms of Q-divisors as
(Kx + S + A)ls ~qo K5 + Diffg(A). (11.14.3)

Note that (11.14.3) has the disadvantage that it indicates only that the two sides
are Q-linearly equivalent, whereas (11.14.1) is a canonical isomorphism.

If Kx + S + A is R-Cartier, then, by (11.43.4), we can write A = A’ + A”
where Kx + S + A’ is Q-Cartier and A” is R-Cartier. Then we set

Diffs(A) := Diffg(A’) + 7°A”. (11.14.4)

If X, S are smooth than Ky = (Kx + S)|s, hence in this case Diff5(A) = n*A.
Let f: Y — X be a proper birational morphism, Sy := f'S and write
KY + Sy + Ay ~R f*(KX +S5 + A) Then

Diff5(A) = (f13,). Diffs, (Ay). (11.14.5)
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Proposition 11.15. (Kolldr, 2013b, 4.4-8) Using the notation of (11.14) write

Diff5(A) = Y, d;V; where V; C § are prime divisors. Then the following hold.

(11.15.1) If (X, S + A) is Ic (or slc) then (S, Diffg(A)) is Ic.

(11.15.2) Ifcoeff(A) c {1,4,3,2,...}, then the same holds for Diffs(A).

(11.15.3) If S is Cartier, then Diffg(A) = m*A.

(11.15.4) If Kx + S and D are both Cartier, then Difts D is a Z-divisor and
(Kx +S + D)|s ~ K5 + Diffg D. O

The following facts about codimension 1 behavior of the different can be
proved by elementary computations; see (Kollar, 2013b, 2.31, 2.36).

Lemma 11.16. Let S be a normal surface, E C S a reduced curve and A =

Y. d;:D; an effective R-divisor. Assume that 0 < d; < 1 and D; ¢ Supp E for

everyi. Let n: E — E be the normalization and x € E a point.

(11.16.1) If E is singular at 7(x), then coeft, Diff 5(A) > 1, and equality holds
iff E has a node at n(x), E is Cartier at n(x) and n(x) ¢ Supp A.

(11.16.2) If n(x) € D;, then coeff, Diff z(A) > d.. m]

The next theorem—proved in (Kollar, 1992b, 17.4) and Kawakita (2007)—
is frequently referred to as adjunction if we assume something about X and
obtain conclusions about S, or inversion of adjunction if we assume something
about S and obtain conclusions about X. See (Kolldr, 2013b, 4.8-9) for a proof
of a more precise version.

Theorem 11.17. Let X be a normal scheme over a field of characteristic 0 and

S a reduced divisor on X with normalization ts : § — S. Let A be an effective

R-divisor that has no irreducible components in common with S and such that

Kx +S + A is R-Cartier. Then

(11.17.1) (§,Diffg(A)) is kit iff (X, S + A) is plt in a neighborhood of S, and

(11.17.2) (8, Diffg(A)) is lc iff (X, S + A) is lc in a neighborhood of S..

(11.17.3) mld(Z, S, Diff5(A)) = mld(rs(Z), X, S + A) for any irreducible and
closed subset Z € S, provided one of them is < 1.

(11.17.4) The claims also hold for sic pairs by (11.37). O

Many divisorial sheaves on an Ic pair are Cohen-Macaulay (CM for short).
The following variant is due to (Kollar and Mori, 1998, 5.25) and (Fujino,
2017, 4.14); see also (Kollar, 2013b, 2.88).

Theorem 11.18. Let (X, A) be a dlt pair over a field of characteristic 0, L a
Q-Cartier Z-divisor, and D < |A] an effective Z-divisor. Then the sheaves O,
Ox(—D — L) and wx(D + L) are CM.

If D + L is effective, then Op.y is also CM. m]
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We also need the following; see Kollar (2011a) or (Kollar, 2013b, 7.31).

Theorem 11.19. Let (X, A) be dit over a field of characteristic 0, D a (not
necessarily effective) Z-divisor and A’ < A an effective R-divisor on X such
that D ~g N'. Then Ox(—D) is CM. |

If (X, A) is Ic then frequently Oy is not CM. The following variant of the
above theorems, while much weaker, is quite useful. In increasing generality
it was proved by Alexeev (2008); Kollar (2011a); Fujino (2017); see (Kolldr,
2013b, 7.20) for the slc case and Kovacs (2011); Alexeev and Hacon (2012)
for other versions. The main applications are in (2.79) and (4.33).

Theorem 11.20. Let (X, A) be slc over a field of characteristic 0 and x € X a
point that is not an Ic center (11.10). Let D be a Mumford Z-divisor. Assume
that there is an effective R-divisor A’ < A such that D ~g N'. Then

(11.20.1) depth, Ox(—D) > min{3, codimy x}, and

(11.20.2) depth, wx(D) > min{3, codimy x}.

Proof The first claim is proved in (Kollar, 2013b, 7.20). To get the second,
note that, working locally, Kx + A ~g 0, thus —(Kx + D) ~g A — A’ and
A— N < Ais effective. Thus, by the first part, wy(D) ~ Ox(—(—(Kx + D))) has
depth > min{3, codimy x}. O

Corollary 11.21. Alexeev (2008) Let (X, A) be slc. If x is not an Ic center and
codimy x > 3, then depth, Ox > 3 and depth, wy > 3. O

11.22 (Hurwitz formula). The main example is when 7: ¥ — X is a finite,
separable morphism between normal varieties of the same dimension, but we
also need the case when n: ¥ — X is a finite, separable morphism between
demi-normal schemes such that r is étale over the nodes of X. Working over
the closure of the open set where Ky is Cartier, we get that

Ky ~QR+7T*Kx, (11.22.1)

where R is the ramification divisor of n. If none of the ramification indices is
divisible by the characteristic, then R = } p(e(D) — 1)D where e(D) denotes
the ramification index of & along the divisor D C Y.

Note that if & is quasi-étale, that is, étale outside a subset of codimension
> 2, then R = 0, hence Ky ~g 7" K.

11.23. Let: Y — X be a finite, separable morphism as in (11.22) and Ay an
R-divisor on X (not necessarily R-Cartier). Set

Ay = —R + 1" Ay. (11.23.1)
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With this choice, (11.22.1) gives that
Ky + AY ~R ﬂ*(KX + Ax) (11232)

Reid’s covering lemma compares the discrepancies of divisors over X and Y.
For precise forms see Reid (1980), (Kollar and Mori, 1998, 5.20) or (Kolldr,
2013b, 2.42-43). We need the following special cases.

Claim 11.23.3. Using the above notation, assume that Ax and Ay are both effec-
tive, and, either the characteristic is 0, or 7 is Galois and deg r is not divisible
by the characteristic, or deg  is less than the characteristic. Then (X, Ay) is kit
(resp. Ic or sle) iff (¥, Ay) is kit (resp. Ic or slc). m]

Special case 11.23.4. If m is quasi-étale, then Ay = n*Ay, thus we compare
(X, Ax) and (Y, " Ax).

Special case 11.23.5 . Let Dx be a reduced divisor on X such that x is étale
over X \ Dy. Set Dy := redn*(Dy). Then Dy + R = n*(Dy), thus we compare
(X, Dx + Ax) and (Y, Dy + ﬂ*Ax)

11.24 (Cyclic covers). See (Kollar and Mori, 1998, 2.49-52) or (Kollar, 2013b,
Sec.2.3) for details.

Let X be an S, scheme, L a divisorial sheaf (3.25) and s a section of L.
These data define a cyclic cover or u,-cover n: Y — X, such that we have
direct sum decompositions into y,,-eigensheaves

7.0y = GB?’:OIL[’”, and
mwyc = Homy(r.Oy, wyc) = By L@ wyc,
where [®] denotes the double dual of the tensor product. The morphism 7« is

étale over x € X iff L is locally free at x, s(x) # 0 and char k(x) ¥ m. Thus 7 is
quasi-étale iff s is a nowhere zero section and char k(x) { m.

One can reduce many questions about Q-Cartier divisors to Cartier divisors.

Proposition 11.25. Let (x, X) be a local scheme over a field of characteristic
0 and {D;: i € I} a finite set of Q-Cartier, Mumford Z- divisors. Then there is a
finite, abelian, quasi-étale cover n: X — X such that the n*D; are Cartier.
Furthermore, if (X,A) is kit (resp. lc or slc) for some R-divisor A, then
(X,A := 7*A) is also kit (resp. Ic or slc). O

11.2 Canonical models and modifications
We used many times canonical models in the relative setting.

Definition 11.26. Let (Y, Ay) be an Ic pair and py: Y — S a proper morphism.
We say that (Y, Ay) is a canonical model over S, if Ky + Ay is py-ample.
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Let (X,A) be an Ic pair and p: X — S a proper morphism. We say that
(X¢, A°) is a canonical model of (X, A) over S if there is a diagram

X---2 _oxe
\\ / (11.26.1)
p p°
s

such that

(11.26.2) (X¢, A°) is a canonical model over S,

(11.26.3) ¢ is a birational contraction (p.10),

(11.26.4) A° = ¢,A, and

(11.26.5) ¢.Ox(mKy + |mA]) = Oxe(mKx. + [mA®]) for every m > 0.
Comments 11.26.6. Since ¢ is a birational contraction, there are open sets U C
X and U°® c X° whose complements have codimension > 2, such that the
restriction of ¢ is a morphism ¢y : U — U°. Thus (11.26.5) is equivalent to
saying that ¢,.Oy(mKy + [mA|y]) = Oye(mKye + [mA®|ye]) for every m > 0.
(One needs (11.62.2) to see that this is equivalent to (Kollar and Mori, 1998,
3.50).)

For Q-divisors we have the following direct generalization of (1.38).

Proposition 11.27. Let (X, A) be an Ic pair and p: X — S a proper morphism.
Assume that X is irreducible and A is a Q-divisor. Then (X, A) has a canonical
model over S iff the generic fiber is of general type and the canonical algebra
D0 P+ Ox(mKy + | mA)) is finitely generated. If these hold then the canonical
model is X¢ := Projg @0 p.Ox(mKx + [mA)).

The main conjecture on canonical models says that the relative canonical
models always exist if the generic fiber is of general type. The following known
cases, due to Birkar et al. (2010); Hacon and Xu (2013, 2016) and generalized
in Lyu and Murayama (2022) are the most important for us.

Theorem 11.28. Let (X, A) be an Ic pair over a field of characteristic 0 and

p: X — S a proper morphism, S irreducible. The relative canonical model

exists in the following cases.

(11.28.1) (X, A) is kit and the generic fiber is of general type.

(11.28.2) (X, A) is dlt, the relative canonical model exists over an open S° C
S, and every lc center intersects p~'(S°). O

Definition 11.29 (Canonical modification). Let Y be a scheme over a field
k. (We allow Y to be reducible and non-reduced, but in applications usually
pure dimensional.) Its canonical modification is the unique proper, birational



11.2 Canonical models and modifications 421

morphism p™: Y™ — redY such that Y™ has canonical singularities and
Kyen is ample over Y.

Let A be an effective divisor on Y. We define the canonical modification
p™: (Y™, A°™) — (Y, A) as the unique proper, birational morphism for which
(Y™, A°™) has canonical singularities and Ky + A°™ is ample over Y; where
A°™ is the birational transform of Al.qy; see (Kollar, 2013b, 1.31).

The log canonical modification p'™: (Y'*™, A™) — (Y, A) is defined simi-
larly. The change is that (Y'*™, Al°™ + E'*M) js Jog canonical and Kym + A°™ +
E™™ is ample over Y, where E'°™ denotes the reduced exceptional divisor.

The canonical modification of (X, A) is unique. It exist in characteristic 0
if coeff A c [0, 1] by (11.28). The Ic modification is also unique. As for its
existence, we clearly need to assume that coeff A C [0, 1]. Conjecturally, this
is the only necessary condition, but this is known only in some cases. C. Xu
pointed out that the arguments in Odaka and Xu (2012) give the following.

Theorem 11.30. Let X be a normal variety and A an R-divisor on X with
coeff(A) c [0, 1]. If Kx + A is numerically R-Cartier (4.48), then (X, A) has a
log canonical modification. m]

Proposition 11.31. (Kolldr, 2018a, Prop.19) Let (X, A) be a potentially Ic pair
(11.5.1) over a field of characteristic 0. Then

(11.31.1) it has a projective, small, lc modification i : (x'om, Alemy 5 (X, A),
(11.31.2) 7 is a local isomorphism at every lc center of (X'*™, A, and

(11.31.3) mis alocal isomorphism over x € X iff Kx + A is R-Cartier at x. O

The following typical application of (11.31) reduces some questions about
Weil divisors to Q-Cartier Weil divisors.

Proposition 11.32. Let (X, A) be an Ic pair over a field of characteristic 0 and
® an effective R-divisor such that Supp ® C Supp A. Let B be a Weil Z-divisor
such that B ~r —@. Then there is a small, Ic modification 7: X’ — X such
that the following hold, where we use ' to denote the birational transform of a
divisor on X'.

(11.32.1) B’ is Q-Cartier and n-ample,

(11.32.2) Ex(n) C Supp ®’,

(11.32.3) none of the Ic centers of (X', N’ — €®’) are contained in EX(r),
(11.32.4) n.0x(B") = Ox(B),

(11.32.5) Rin,Ox(B) =0 fori> 0, and

(11.32.6) H/(X, Ox(B)) = H'(X, Ox/(B")).
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Proof We construct m: (X', A’) — (X, A) by applying (11.31) to (X, A — £0).
Then —e®’ ~g Ky + A’ — ¢®’ is R-Cartier and w-ample, hence (1) holds by
(11.43). This gives (2). Then (3) follows from (11.10.7). Next, (4) holds since
mr is small. We can write B" ~g Kx: + (A’ —e®’) + (1 —&)(—0’); then (5) follows
from (3) and (11.34). Finally the Leray spectral sequence shows (6). O

One of the difficulties in dealing with slc pairs is that analogous small mod-
ifications need not exists for them; see (Kollar, 2013b, 1.40).

We use generalizations of Kodaira’s vanishing theorem, see (Kollar and
Mori, 1998, Secs.2.4-5) for an introductory treatment. The following is proved
in Ambro (2003) and (Fujino, 2014, 1.10). See also (Fujino, 2017, Sec.5.7) and
(Fujino, 2017, 6.3.5), where it is called a Reid-Fukuda—type theorem.

Definition 11.33. Let (X, A) be an slc pair, f: X — S a proper morphism and
L an R-Cartier, f-nef divisor on X. Then L is called log f-big if L|y is big on
the generic fiber of fly: W — f(W) for every lc center W of (X, A) and also
for every irreducible component W C X.

Theorem 11.34. Let (X, A) be an slc pair over a field of characteristic 0 and
D a Mumford Z-divisor on X. Let f: X — S be a proper morphism. Assume
that D ~g Kx + L+ A, where L is R-Cartier, f-nef and log f-big. Then

R f.Ox(D)=0 for i>0. O

11.3 Semi-log-canonical pairs

Definition 11.35. Let (R, m) be a local ring such that char(R/m) # 2. We say
that Spec R has a node if there is a regular local ring (S, mg) of dimension
2, generators ms = (x,y), aunita € § \ mg and h € mg, such that R ~
S/(x* = ay* + h). (See (Kollar, 2013b, 1.41) for characteristic 2.)

If R is complete, then we can arrange that 7 = 0. If R/m is algebraically
closed, then we can take a = 1. Over an algebraically closed field we get the
more familiar form k[[x, y]]/(xy).

As a very simple special case of (2.27) or of (10.43), over a field all defor-
mations of a node can be obtained, étale locally, by pull-back from

(¥ —ay’=0)c (X —ay’ +1=0) C A}, X A,. (11.35.1)

Definition 11.36. Recall that, by Serre’s criterion, a scheme X is normal iff it
is §, and regular at all codimension 1 points. As a weakening of normality, a
scheme is called demi-normal if it is S, and its codimension 1 points are either
regular points or nodes.

A 1-dimensional demi-normal variety is a curve C with nodes. It can be
thought of as a smooth curve C (the normalization of C) together with pairs
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of points p;, p, € C, obtained as the preimages of the nodes. Equivalently, we
have the nodal divisor D = Y;(p; + p}) on C, plus a fixed point free involution
on D given by 7: p; & pl.

We aim to get a similar description for any demi-normal scheme X. Let
n: X — X denote the normalization and D C X the divisor obtained as the
closure of the nodes of X. Set D := n~!(D) with reduced structure. Then D, D
are the conductors of 7, and the induced map D — D has degree 2 over the
generic points. The map between the normalizations D" — D" has degree
2 over all irreducible components, determining an involution 7: D" — D",
which is not the identity on any irreducible component. We always assume
this condition from now on. (Note that 7 is only a rational involution on D.)

Itis easy to see (Kolldr, 2013b, 5.3) that a demi-normal scheme X is uniquely
determined by the triple (X, D, 7).

However, it is surprisingly difficult to understand which triples (X, D, 1)
correspond to demi-normal schemes. The solution of this problem in the log
canonical case, given in (11.38), is a key result for us.

Roughly speaking, the concept of semi-log-canonical is obtained by replac-
ing ‘normal’ with ‘demi-normal’ in the definition of log canonical (11.5).

Definition 11.37. Let X be a demi-normal scheme with normalization 7: X —
X and with conductors D ¢ X and D c X. Let A be an effective R-divisor
whose support does not contain any irreducible component of D, and A the
divisorial part of 77! (A). The pair (X, A) is called semi-log-canonical or slc if
(11.37.1) Kx + A is R-Cartier, and
(11.37.2) (X,D+A)is lc.
Alternatively, one can define a(E, X, A) using semi-resolutions (as in (Kollar,
2013b, Sec.10.4)) and then replace (2) by
(11.37.3) a(E, X,A) > —1 for every exceptional divisor E over X.
This is now the exact analog of the definition of log canonical given in (11.5);
the equivalence is proved in (Kollar, 2013b, 5.10).

This formula suggests that if D; C D is an irreducible component, then we
should declare that a(D;, X, A) = —1.

Warning 11.37.4. It can happen that (2) holds, hence Ky + D + A is R-Cartier,
but Kx + A is not; see (2.22.1) for an instructive special case of dimension 2.
By contrast, this can not happen in codimensions > 3 by (11.42).

The following theorem, proved in Kolldr (2016b) and (Kollar, 2013b, 5.13),
describes slc pairs using their normalizations.
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Theorem 11.38. Let S be a scheme over a field of characteristic O as in (11.2).
Then normalization gives a one-to-one correspondence:

Proper; slc pairs Proper; Ic pairs §: (X,D+A) — S
g: (X,A) > S, — with involution T ~ (D", Diff 5. A),
Kx + A is g-ample. Kg + D + A is g-ample.
(As in (11.36), T is not the identity on any irreducible component.) O

In applications, we usually know the codimension 1 points of X and X. The
codimension 1 points of (D", Diff 5. A) correspond to codimension 2 points of
X and X. Since we understand 2-dimensional slc pairs quite well, we frequently
have good control over codimension < 2 points of Ic and slc pairs. The next
theorems show that one can sometimes ignore the higher codimension points.

The first result of this type, due to Matsusaka and Mumford (1964), shows
how to extend isomorphisms across subsets of codimension > 2.

Theorem 11.39. Let S be a Noetherian scheme, X; — S projective morphisms
and H; relatively ample R-divisor classes on X;. Let Z; C X; be closed subsets
such that depth; X; > 2. Let

0 (X1 \ Z1, Hilx)\z,) = (X2 \ Z2, Halx,\2,)
be an isomorphism. Then T° extends to an isomorphism t: X| ~ Xj.

Proof LetT' C X; Xg X, be the closure of the graph of 7° with projections
;i I' = X;. Then x; is an isomorphism over X; \ Z;. By (5.32.4), &; is an
isomorphism iff it is finite. The latter can be checked locally on S after com-
pletion. We can now also assume that the X; are normal and replace I with its
normalization.

There is a divisor E' ~g njH — n;H> that is supported on the union of the
m;-exceptional loci. Since m;(E) C Z;, we see that Supp(E) C Ex(m;) fori = 1,2.

Next note that —E is mr;-nef and exceptional, so E > 0 by (11.60). Also E is
mo-nef and exceptional, so £ < 0. Thus E = 0, hence n{H; = m5H>. We now
finish by (11.39.1). O

Claim 11.39.1. Let X; — S be projective morphisms and H; relatively ample
R-divisor classes on X;. Let p: Y — X; Xg X, be a finite morphism such that
p'riHy ~gr p*myH,. Then ;o p: Y — X; are finite.

Proof Ifacurve C C Y is contracted by m; o p then it cannot be contracted by
mop since p is finite. Thus (C-p*nyHy) = 0, but (C-p*n3Hy) = (m0p(C)-Ha) >
0 since H; is ample. O
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The depth, X > 2 assumption in (11.39) holds if X is normal and Z C X has
codimension > 2; the main case in most applications. If Z has codimension
1, we usually get very little information about X from X \ Z. Nonetheless, we
have the following very useful result about slc pairs.

Theorem 11.40. Let S be a scheme over a field of characteristic O as in (11.2),
and let fi: (X;, A;) — S proper morphisms from slc pairs such that Kx, + A; is
fi-ample. Let Zs C S be a closed subset and set Z; := fi‘l(ZS ). Let

7 (X \Z1, Allxpz) = (X2 \ 22, Molx\z,) (11.40.1)

be an isomorphism. Assume that none of the log centers (11.11) of (X;, A;) is
contained in Z; fori = 1, 2.
Then t° extends to an isomorphism t: X1 =~ Xj.

Proof Since every irreducible component of X is a log center, the Z; are
nowhere dense in X;.
Using (11.38) we may assume that the X; are normal. Let T’ — X' xg X? be
the normalization of the closure of the graph of 7° with projections 7r;: I’ — X;.
As in (1.28), we use the log canonical class to compare the X;. If F is an
irreducible component of A; then a(F, X;, A;) = —coeffr A; < 0, thus F ¢ Z;.
In particular, (m;);'A! = (7,)7'A?; let us denote this divisor by Ar. Write

Kr + Ar ~r ﬂ?(KX’ + A,) + E;, (11.40.2)

where E; is m-exceptional and m;(Supp E;) C Z;. Note that E; is effective by
our assumption on the log centers.
Subtracting the i = 1,2 cases of (11.40.2) from each other we get that

E,-E, ~p ﬂ;(KXZ +A2)—7TT(KX] +A1). (11403)

Thus E| — E, is m-nef and —(m).(E1 — E>) = (m1).(E») is effective. Thus
E, — E| is effective by (11.60). Using m, shows that E; — E; is effective, hence
E, = E,. Thus ﬂT(KX] + Al) ~R ”;(KXZ + Az) We finish by (11.39.1). [m]

Remark 11.40.4. The assumption on log centers is crucial. To see an example,
consider the family of curves

X = (xyzx+y+2) +1(x +y 424 =0) CPL, x Al

Xxyz

It is smooth along the central fiber X, which consists of 4 lines L;, each with
self-intersection —3. We can contract any of them p;: X — X;, to get f;: X; —
A'.Note that p; o p;': X; --> X; is an isomorphism over A" \ {0}, but not an
isomorphism for i # j. Here X; has a singularity of type A%/ %( 1, 1), which is
log terminal and the singularities are log centers of (X;, 0).
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Corollary 11.41. Let S be a scheme over a field of characteristic O asin (11.2)
and §° C § a dense, open subscheme. Let g°: (X°,A°) — S° be a proper, slc
pair with normalization n°: (X°, A° + D°) — (X°, A°).

Assume that there is an slc pair (X, A + D) > (X°,A° + D°) that is proper
over S, such that Kz + A + D is ample over S and every codimension < 2 log
center of (X, A + D) has nonempty intersection with X°.

Then there is a unique slc pair (X, A) D (X°, A°) that is proper over S and
whose normalization is (X, A + D).

Proof Since every irreducible component of X is a log center, X° is dense
in X. Let n: D* — D denote the normalization. By inversion of adjunction
(11.17.2), (D", Diff 5, A) is also Ic and K. + Diff 5. A is ample over S..

Using (11.17.3), every irreducible component of Diff 5. lies over a codimen-
sion 2 log center of (X, A + D), hence none of the irreducible components of
Diff . is disjoint from X°.

Thus the involution 7° of (D°)" extends to an involution 7 on D" by (11.40),
and Diff 5. is T-invariant. Hence (11.38) gives the existence of (X, A). ]

Corollary 11.42. Let (X, A) be demi-normal with Ic normalization (X, A + D).
Assume that there is a closed subset W C X of codimension > 3 such that
(X \ W, Alx\w) is slc. Then (X, A) is slc.

Proof Apply (11.41) with § = X, X° = X \ W. O

11.4 R-divisors

It is easy to see that, on a Q-factorial scheme, R-divisors behave very much
like Q-divisors. The same holds in general, but it needs a little more work.
The basics are discussed in (Lazarsfeld, 2004, Sec.1.3), but most other facts
are scattered in the literature; see for example (Kolldr, 2013b, 2.21) or Birkar
(2017); Fujino and Miyamoto (2021).

11.43 (R-divisors). Let X be a reduced, S, scheme and A = )’ b;B; a Mumford
R-divisor. There is a unique such way of writing A where the B; are irreducible,
distinct and b; # O for every i. The Q-vector space spanned by the coefficients
is denoted by CoSp(A) = >,;Q-b; C R.

We say that A is R-Cartier if it can be written as an R-linear combination
of Cartier Z-divisors A = ) r;D;. By (11.46) we can choose the D; to have
the same support as A, but we do not assume this to start with. Two R-divisors
are R-linearly equivalent, denoted by A; ~r A, if Ay — A, is an R-linear
combination of principal divisors. (11.43.2.d) shows that for Q-divisors we do
not get anything new.
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Let 0: R — Q be a Q-linear map. It extends to a Q-linear map from R-
divisors to Q-divisors as (. d;D;) := ), o(d;)D;.

Claim 11.43.1. Let o0: R — Q be a Q-linear map. Then
(a) Supp(c(D)) c Supp(D),
(b) if Dy ~gr D; then o7(D}) ~g 0(D>),
(c) if D is R-Cartier then o°(D) is Q-Cartier, and
(d) D~ o(D) commutes with pull-back for R-Cartier divisors.

Proof The first claim is clear. If Dy — D, = ) ¢;(f;) then oo(Dy) — (D) =
> o (c;)(f3), showing (b), which in turn implies (c) and (d) is clear. m]

Let D be an R-divisor. Choosing a Q-basis d; € CoSp(D), we can write
D = Y d;D; where the D; are Q-divisors (usually reducible), The D; depend on
the choice of the basis. Nonetheless, they inherit many properties of D.

Claim 11.43.2. Let D; be Q-divisors and d; € R linearly independent over Q.
Then

(a) > d;D;is R-Cartier iff each D; is Q-Cartier.

(b) >, diD; ~g 0iff D; ~q O for every i.

(c) If X is proper then }, d;D; = 0 iff D; = 0 for every i.

(d) A Q-divisor D; is R-Cartier iff it is Q-Cartier.

(e) Dy ~r D, iff Dy ~g D,.

() Supp D; C Supp D.

Proof 1If the d; € R are linearly independent then we can choose o-; such that
oi(d;) = 1 and i(d;) = O for i # j. Then 0;(D) = D;, thus (11.43.1) shows (a)
and (b).

For (c) assume that ) d;D; = O and let C C X be a curve. Then Y, d;(D;-C) =
0. Since (D;-C) € Q and the d; are linearly independent, we get that (D;-C) = 0
for every i. Applying (a) to D; gives (d). Applying (b) to D; — D, gives (e).
Finally (f) follows from the linear independence over Q. m]

Corollary 11.43.3. Let ® be a Mumford R-divisor and {d;} a basis of CoSp(®)
over Q. Then we get a unique representation ® = } d;D; where the D; are
Q-divisors. If ® is R-Cartier, then the D; are Q-Cartier. O

Corollary 11.43.4. Let A be a Mumford R-divisor and {d}} a Q-basis of Q +
CoSp(A) such that 3} d] = 1. Then we get a unique representation A = 3 d/D;
where the D; are Q-divisors. If Ky + A is R-Cartier, then Ky + D; are Q-Cartier.

Proof Note that Kx + A = },d/(Kx + D;), so the last assertion follows from
(11.43.2.a). O
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Next we show that R-divisors can be approximated by Q-divisors in a way
that many properties are preserved. We start with some general comments on
vector spaces and field extensions. At the end we care only about R D Q.

Definition—-Lemma 11.44. Let K/k be a field extension, V a k-vector space
and w € V @ K. The linear k-envelope of w, denoted by LEnvy(w) C V, is
the smallest vector subspace such that w € LEnvy(w) ®; K. Then LEnvi(w) is
spanned by any of the following 3 sets, where o runs through all k-linear maps
K — k.

(11.44.1) All (1y @ o)(w).

(11.44.2) All Y o(c;)v;, where v; € V is a basis and w = )’ ¢;v;.

(11.44.3) All }; a;jv;, where e; € K is a k-basis and w = };; a;je;v;.

The affine k-envelope of w, denoted by AEnv,;(w) C V, is the smallest affine-
linear subspace such that w € AEnv;(w) ®; K. Then AEnv,(w) is spanned by
any of the following 3 sets, where o runs through all k-linear maps K — &
such that (1) = 1.

(11.44.4) All (1y @ o)(w).

(11.44.5) All 3 o(c;)v;, where v; € V is a basis and w = ). ¢;v;.

(11.44.6) All };a;vi, where e; € K is a k-basis such that e; = 1 and w =
2ij aijejvi.

11.45 (Approximating by rational simplices). Fix real numbers dy, ..., d,, and

consider a Q-vector space W with basis dy,...,d,. Set d := ) d;d; € Wy and

V := AEnvg(d). We inductively construct a sequence of simplices

VoS 28,2+ suchthat n,S, ={d}.

Set So := V. For each n € N the cubes of the lattice %Z’" give a cubical

chamber decomposition of Wg. There is a smallest chamber C,, that contains d.

Then d is an interior point of C,, N S,,—; (in its affine-linear span). The vertices

of C,NS,_1 are in Q". Thus d can be written as a convex linear combination of

suitably chosen dim V + 1 vertices of Vg N C,; denote them by b’;. These span

S .. By (11.44), there are Q-linear maps 0';?: R — Q such that D;? = o-?(b). We

can thus write

(11.45.1) b= Zj/l;fb;?, where

(11.45.2) % = >i o} (di)b;,

(11.45.3) %; A} =1and 2 Ajo'(dy) = d; Vi,

(11.45.4) lim, b;? =Dd Vj,and

(11.45.5) for fixed n, the /l’j? are linearly independent over Q. (To see this, note
that 1 and the d; are Q-linear combinations of the /l;? for fixed n.)
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Remark 11.45.6. The choice of the vertices is not unique, but once we choose
them, the constants /l? are unique, and so are the restrictions of o"j’. to LEnvg(D).
Thus, from now on, we view 0"} and /1? as depending only on j,n € N and
dy,...,d, € R. Note that these are not continuous functions of the d;, even the
number of the j-indices varies discontinuously with dy, ..., d,,.

Also, we only care about the restriction of the a"j? to LEnvq(d), so we are
really dealing with finite dimensional linear algebra.

Proposition 11.46 (Convex approximation of R-divisors I). Let X be a re-

duced, S, scheme and ® = };d;D; a Mumford R-divisor, where the D; are

Q-divisors. Let 0"]’. and /lf]? be as in (11.45) and set ®;? =, a';?(di)Di. Then

(11.46.1) ©® = }; /l;?G);? and the ®;? are Q-divisors.

(11.46.2) Let E C X be a prime divisor on X. Then lim,_, coeffg @;f =
coeffr ® and coeftg @;? = coeffg ® if coeff ® € Q.

(11.46.3) O is effective iff the ®;? are effective for every j for n > 1 (then they
have the same support).

Assume next that © is R-Cartier. Then the following also hold.

(11.46.4) The @;? are Q-Cartier.

(11.46.5) Let E be prime divisor over X (11.1). Then lim,_,, coeffg @; =
coeffr ® and coeffg @;? = coeffg ® if coeff ® € Q.

(11.46.6) Let C be a proper curve on X. Then lim,_,.(C - ®’}) =(C-0)and
(C-@’}):(C~®)if(C-®)€Q.

(11.46.7) ® is ample (11.51) iff the @? are ample for every j for n > 1.

Proof (1) 1is a formal consequence of (11.45.2), while the limit in (2) follows
from (11.45.3). If coeffg ® =: ¢ € Q, then }}; x; coeffg D; = c defines a rational
hyperplane in W (as in (11.45)). It contains d, hence also V and the other D’]’
The ©'; are the images of the o

By (11.45.4) the /l;? are linearly independent over Q. Thus, if ® is R-Cartier
then the ®;? are Q-Cartier by (11.43.2), proving (4). Also, in this case coeffy @
makes sense for divisors over X and same for the intersection numbers (C - ®).
The proofs of (5-7) are now the same as for (2). m|

Proposition 11.47 (Convex approximation of R-divisors II). Let X be a demi-

normal scheme and A = ) d;D; a Mumford R-divisor, where the D; are Q-

divisors. Assume that Kx + A is R-Cartier. Let 0';? and /l;? be as in (11.45) and

set A’]“. = U;?(di)Di. Then

(11.47.1) A=3; /IS%A’]? and Kx + A = Zj/l'J’.(KX + A;%).

(11.47.2) A is effective iff the A;? are effective for every j for n > 1 (then they
have the same support).
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(11.47.3) Ky + A;f are Q-Cartier.

(11.47.4) Kx + A is ample iff the Kx + A'; are ample for every j for n > 1.

(11.47.5) Let E be a prime divisor. Then lim,,_,, a(E, X, A;?) =a(E,X,A) and
a(E, X, A;%) =a(E,X,A) ifa(E, X,A) € Q.

(11.47.6) Let C be a proper curve. Then lim,—,.(C-(Kx +A;?)) = (C-(Kx+A))
and (C - (Kx + A’]“.)) =(C-(Kx +A)if(C-(Kx+A)eQ.

Assume next that (X, A) has a log resolution and fix € > 0. Then, for every j

and every n > 1 the following hold.

(11.47.7) |la(E,X,A) — a(E, X, A;?)l < & for every divisor E over X, whenever
one of the discrepancies is < 0.

(11.47.8) (X, A) is lc (resp. dlt or klt) iff (X, A?) is lc (resp. dit or klt).

(11.47.9) (X, A) and (X, A’}) have the same dlt modifications.

Proof (1-2) follow directly from (11.46) and (3) follows from (11.46.4) and
(1). Since ampleness is an open condition, (3) implies (4).

The proofs of (5) and (6) are the same as the proof of (11.46.2). If (X, A) has
a log resolution then (7) follows from (11.7) and being Ic (resp. dlt or klt) can
be read off from the discrepancies, hence (7) implies (8) and (9). m]

In the slc case, we have the following remarkable sharpening.

Complement 11.48. (Han et al., 2020, 5.6) In (11.47) assume in addition that
(X, A = 3. d;D;) is slc. Then we can choose the a';f and /l;f to depend only on
(di,...,d,) and the dimension. O

We also get some information about pluricanonical sheaves for R-divisors.

Theorem 11.49. Fix a finite set C := {c1,...,c;} C [0,1]. Then there is a
subset M(C,n) C Z of positive density such that, if (X,A = Y ¢;D;) is an slc
pair of dimension n, then (X, |A] + Y{mc;}D;) is slc for m € M(C,n), and has
the same Ic centers as (X, A).

Proof LetA c R" be the affine envelope of ¢ := (¢y,...,¢,) € R"and H C R”
the closed subgroup generated by A. Then A is a connected component of H
and H/(HNZ") c R"/Z" is a closed subgroup. Furthermore, by a theorem of
Weyl, the multiples of ¢ are equidistributed in H/(H N Z"); see, for example,
(Kuipers and Niederreiter, 1974, Sec.1.1).

Pick now o-?f as in (11.48). Then the convex linear combinations of the o-'j?(c)
give an open neighborhood ¢ € U c H/(H NZ"). If ({mc,},...,{mc,}) € U
then (1-2) hold. m]

Applying (11.20) gives the following.
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Corollary 11.50. Using the notation of (11.49), let (X, A = Y, ¢;D;) be an slc
pair of dimension n. Then, for every m € M(C, n),

depth, W (X me;D;) = min{3, codimy x}, (11.50.1)
whenever x is not an Ilc center of (X, A). O

Example 11.50.2. Let X ¢ A* be the quadric cone and |A|, |B| the 2 families of
planes on X. Fix r € N and for O < ¢ < 1/r consider the pair

(X,Ac:=B+cA; + -+ cA, + (1 — re)Ay).
Then (X, A,) is canonical and

Ox(=A) if {mc}<1/r, and
Ox(—dA) for some d > 2 otherwise.

Ox(lmAe)) ~ {

An easy computation as in (Kolldr, 2013b, 3.15.2) shows that Ox(LmA.]) is
CM iff {mc} < 1/r. If c is irrational, then the set {m: {mc} < 1/r} has no

periodic subsets.

Definition 11.51. Let g: X — S be a proper morphism. An R-Cartier divisor
H is g-ample iff it is linearly equivalent to a positive linear combination H ~g
>, ¢;H; of g-ample Cartier divisors.

Ampleness is preserved under perturbations. Indeed, let Dy,..., D, be Q-
Cartier divisors. There are m; > 0 such that the m;H, + D; are g-ample. Then

H+ Y miDj ~r (c1 — X nmj)Hi + Xz ciH; + 3 mj(m;H, + D))

shows that H + 3’ ;n;D; is g-ample if n; > 0 and 3’ ;;m;m; < c1.

This implies that if H is g-ample, m > 1 and |mH ] is Cartier, then |mH | is
very g-ample. However, frequently |mH | is not even Q-Cartier for every m > 0,
making the proofs of the basic ampleness criteria are more complicated.

Theorem 11.52 (Asymptotic Riemann-Roch). Let X be a normal, proper al-
gebraic space of dimension n and D a nef R-Cartier divisor. Then

K(X, Ox(lmDY)))
h(X, Ox(TmD1))

(DY) + O(m"™"),  and

' (11.52.1)
mL (D) + O(m" ).

Proof By Chow’s lemma we may assume that X is projective. Write D =
>.a;A; where the A; are effective, ample Z-divisors and a; € R. Then

Slma;)A; < lmD) < mD < [mD] < H + ¥.[ma;A;, (11.52.2)
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for any H ample and effective. It is thus enough to prove that (11.52.1) holds
for the 2 divisors on the sides of (11.52.2) for suitable H. Note that

2ImailA; ~r 2.(Ima;] — ma)A; + mD,

thus > [ma;]A; is nef for every m > 0, even though some of the [ma;] may be
negative. Next choose H such that (11.52.4) holds (with F = Ox) and H + Y A;
is linearly equivalent to an irreducible divisor B. Then, by Riemann-Roch,

h(X, Ox(H + $[mailA)) = x(X, Ox(H + $[ma;1A) = 2(D") + O(m" ™).
Restricting Ox(H + Y,[ma;]A;) to B, the kernel is
Ox(XImailA; — YAi) € Ox(Xlma;lAy),
(the 2 are equal iff none of the ma; are integers). Thus
(X, Ox(H + E[mailA)) = i(X, Ox(Elmai|AD)

is at most h°(B, Op(H|p+ Y.[ma;1A;|)). The latter is bounded by O(m"~") using
(11.52.3). o

11.52.3 (Matsusaka inequality). Let X be a proper variety of dimension n, L a
nef and big Z-divisor and D a Weil Z-divisor giving a dominant map |D|: X --»
Z. Then

(D . Ln—l)dimZ

See Matsusaka (1972) or (Kollar, 1996, V1.2.15) for proofs.

(X, Ox(D)) < +dimZ.

11.52.4 (Fujita vanishing). Let X be a projective scheme and F' a coherent
sheaf on X. Then there is an ample line bundle L such that

H(X,F®L®M)=0 Vi>0, ¥ nef line bundle M.
See Fujita (1983) (or (Lazarsfeld, 2004, 1.4.35) for the characteristic O case).

Corollary 11.53 (Kodaira lemma). Let X be a normal, proper, irreducible al-
gebraic space of dimension n and D a nef R-divisor. Then D is big (p.11) &
(D™ > 0 © one can write D = cB + E, where B is a big Z-divisor, ¢ > 0 and E
is an effective R-divisor. If X is projective, then one can choose B to be ample.

Proof With (11.52) in place, the arguments in (Kolldr and Mori, 1998, 2.61)
or (Lazarsfeld, 2004, 2.2.6) work. See also (Shokurov, 1996, 6.17) (for char-
acteristic 0) and (Birkar, 2017, 1.5) for the original proofs, or (Fujino and
Miyamoto, 2021, 2.3). O
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The proof of the Nakai-Moishezon criterion for R-divisors uses induction
on all proper schemes, so first we need some basic results about them.

11.54 (R-Cartier divisor classes). Fujino and Miyamoto (2021) On an arbitrary
scheme one can define R-line bundles or R-Cartier divisor classes as elements
of Pic(X) ®z R. It is better to think of these as coming from line bundles, but
writing divisors keeps the additive notation.

Claim 11.54.1. Let X be a proper algebraic space, p: Y — X its normalization
and ® an R-Cartier divisor class on X. Then ® is ample iff p*® is ample.

Proof For Cartier divisors this is (Hartshorne, 1977, Ex.II1.5.7), which im-
plies the Q-Cartier case. Next we reduce the R-Cartier case to it.

By assumption we can write ® ~g ;d;D; where the D; are Q-Cartier. By
(11.46) there are ¢;; € Q and 0 < 4; € R such that the G)}/ = )i cijp*D; are
ample and d; = }; 4;c;; for every i. In particular, p*® ~g ;4 j®}/.

Set ®.i = Z,-c,-jDi. Then ® ~p Zj /lj@j and p*@)]‘ = @j The ®j are Q-
Cartier, hence ample, hence so is ©. O

Corollary 11.54.2. Let g: X — S be a proper morphism of algebraic spaces
and O an R-Cartier divisor class on X. Then

S = {s€e §: O isample on X,} C S isopen.

Proof Write ® = ) d;D; and apply (11.46) to its restriction to X,. Thus we
get Q-Cartier divisors @; := 0’ (for n > 1) such that ©® = >};1,0; and each
0/lx, is ample. The @; are ample over some open s € §° C §, hence so is
0. O

Theorem 11.55. Fujino and Miyamoto (2021) Let X be a proper algebraic
space and D an R-Cartier divisor class on X. Then D is ample iff (DY™%.Z) > 0
for every integral subscheme Z C X.

Proof By (11.54.1) we may assume that X is normal. By (11.52) we may
assume that D is an effective R-divisor. By (11.46) we can write D = ), 4;D;
where the D; are effective, Q-Cartier. D — D; can be chosen arbitrarily small.
Let p: Y — Supp D — X be the normalization of Supp D. By dimension
induction, p*D is ample, and so are the p*D; if the D — D; are small enough.
Thus the Djlsypp p are ample, hence the D; are semiample by (11.55.1). Since
(D - C) > 0 for every curve, Supp D is not disjoint from any curve, hence the
same holds for Supp D; = Supp D. So the D; are ample, and the converse is
clear. m}

Claim 11.55.1. (Lazarsfeld, 2004, p.35) Let X be a proper algebraic space and
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D an effective Q-Cartier divisor such that Dlsyp, p is ample. Then D is semi-
ample. Thus if D is not disjoint from any curve, then D is ample. O

The usual proof of the Seshadri criterion (see (Lazarsfeld, 2004, 1.4.13))
now gives the following.

Corollary 11.56 (Seshadri criterion). Let X be a proper algebraic space and
D an R-Cartier divisor on X. Then D is ample iff there is an € > 0 such that
(D - C) 2 emult, C for every pointed, integral curve p € C C X. O

Next we study a way to pull back Weil divisors.

11.57 (Intersection theory on normal surfaces). Mumford (1961) Let S be a
normal, 2-dimensional scheme and p: S’ — S a resolution with exceptional
curves E;. The the intersection matrix (E;- E;) is negative definite by the Hodge
index theorem (see (Kollar, 2013b, 10.1)). Let D be an R-divisor on S. Then
there is a unique p-exceptional R-divisor Ep such that

(Ei-(p;'D+Ep) =0 forevery i. (11.57.1)

If D is effective, then E}, is effective by (Kollar, 2013b, 10.3.3) and (E;-Ep) < 0
for every i.

We call p*D := p;'D + Ep the numerical pull-back of D. If D is R-Cartier
then this agrees with the usual pull-back.

More generally, the numerical pull-back is also defined if S is only normal:
we first pull-back to a resolution of S’ and then push forward to S.

If Dy, D, are R-divisors and one of them has proper support, then one can
define their intersection cycle as

(D1 - D2) = p.(p;' Dy - p*Ds) = p.(p.' Dy - p*Dy). (11.57.2)

If S is proper, we get the usual properties of intersection theory, except that,
even if the D; are Z-divisors, their intersection numbers can be rational.
The following connects the numerical and sheaf-theoretic pull-backs.

Claim 11.57.3. Let p: T — S be a proper, birational morphism between nor-
mal surfaces with exceptional curve E = UE;. Let B be an R-divisor on T such
that —B is p-nef. Then p.Or(|B]) = Os(Lp.B)).

Moreover, if E is connected, then g. 07 (|B — €¢E|) = Os (L p.B]) for0 < ¢ <«
1, save when B is a Z-divisor and B ~ 0 in a neighborhood of E.

Proof Write B = B, + By, as a sum of its exceptional and non-exceptional
parts. We can harmlessly replace Bj, with its round down, so we assume that
By, is a Z-divisor. Let ¢ be a local section of s (p.By). Then ¢ o p is a rational
section of Or(By,), with possible poles along the exceptional curves. There is
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thus a smallest exceptional Z-divisor F such that ¢op is a section of O7(Bj,+F).
In particular, (E; - (B, + F)) > 0 for every i. Thus

(Ei-(F-B))=(E;-(By+F-B)>(E;-(B,+F)) >0

for every i. By the Hodge index theorem (Kollar, 2013b, 10.3.3), this implies
that B, — F is effective, thus B, + F < | B].
Moreover, B, — F — E is effective, unless

(E;i-(-B)=0 and (E;-(By+F))=0
for every i. Then B, + F ~ 0 and B, + B, ~g 0. Thus F = B,, hence B~ 0. O

Corollary 11.57.4. Let p: T — S be a proper, birational morphism between
normal surfaces and D an R-divisor on S. Then p.Or(Lp*D)]) = Os(LD]). O

Next we propose a higher dimensional version of pull-back, focusing on its
numerical properties. A different notion, using sheaf-theoretic properties, is
defined in de Fernex and Hacon (2009).

11.58 (Numerical pull-back). Let g: Y — X be a projective, birational mor-
phism of normal schemes and H a g-ample Cartier divisor. We define the H-
numerical pull-back of R-divisors

g WDiva(X) — WDivg(Y)
as follows. Let D c X be an R-divisor. We inductively define
gg)(D) =g.'D + Y0 Fi(D), (11.58.1)

where Supp F;(D) consists of g-exceptional divisors E;, for which g(E;) ¢ X
has codimension i.

Assume that we already defined the F;(D) for i < j. Let x € X be a point of
codimension j. After localizing at x we have g,: Y, — X,. Let F;(D), be the
unique divisor supported on g7 !(x) such that

(Eje- (87D + Zic;Fi(D) + F(D)) - H?) = 0 VL. (11.58.2)

To make sense of this, we may assume that H is very ample. Let S be a general
complete intersection of j — 2 members of |H|. Then S is a normal surface, so
we are working with intersection numbers as in (11.57). Also, if S is general,
then the g.|s-exceptional curves are in one-to-one correspondence with the
divisors E ¢, so any linear combination of g,|s-exceptional curves corresponds
to a linear combination of the divisors E j;.

If we have proper, but non-projective ¥ — X, we can apply our definition
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to a projective modification Y/ — Y — X and then push forward to Y. This
defines gg) in general.

Already in simple situations, for example for cones over cubic surfaces, the
divisors gS)(D) do depend on H. However, the notion has several good proper-
ties and it is quite convenient in some situations. See, for example, (11.52) or
(Fulger et al., 2016, 3.3).

Theorem 11.59. Let g: Y — X be a projective, birational morphism of normal
schemes and H a g-ample Cartier divisor. Then

(11.59.1) gg): WDivg (X) —» WDivg(Y) is R-linear,
(11.59.2) g. 0 g% is the identity,

(11.59.3) if D is R-Cartier; then g\ (D) = g*(D),
(11.59.4) if D is effective, then so is g, (D),
(11.59.5) gg) respects R-linear equivalence,
(11.59.6) 2.6y(Lg}) (B))) = Ox(LBI), and

(11.59.7) g(H*) maps Q-divisors to Q-divisors,

Proof (1-3) are clear from the definition. (4) follows from its surface case,
which we noted after (11.57.1). If D; ~g D, then, using first (1) and then (3),
we get that

(D)) = gW(Dy) + gDy = D) = g9)(Dy) + g*(Dy — Dy),

giving (5). Finally (6) is a local question. We may thus assume that (6) holds
outside a closed point x € X. Assume to the contrary that ﬁy(ng)(B)J) has
a rational section that has poles along g~'(x). After restricting to a general
complete intersection surface S C Y asin (11.58), we would get a contradiction

to (11.57.3). O
The following negativity lemmas are quite useful.

Lemma 11.60. (Kolldr and Mori, 1998, 3.39) Let h: Z — Y be a proper
birational morphism between normal schemes. Let —B be an h-nef R-Cartier
divisor on Z. Then

(11.60.1) B is effective iff h.B is.

(11.60.2) Assume that B is effective. Then for every y € Y, either h™'(y) C
Supp B or h~'(y) N Supp B = 0. O

Lemma 11.61. Kolldr (2018a) Let w: Y — X be a proper, birational contrac-
tion of demi-normal schemes such that none of the n-exceptional divisors is
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contained in Sing Y. Let N, B be Mumford R-divisors such that N is n-nef and
B is effective and non-exceptional. Then

m.0y([=N — B]) = Ox(l7.(=N - B))). (11.61.1)
Moreover, fix x € X and let E, be the divisorial part of n~'(x). Then
m.0y(|=N — B — €E,]) = Ox(lm.(=N - B))) (11.61.2)

for0 < e < 1, save when N+ B is a Z-divisor and N+ B ~ 0 in a neighborhood

of n 1 (x).

Proof IfdimY = 2 then B is also m-nef, so the claim follows from (11.57.3).
In general, we may assume that 7 is projective, take the normalization, and
reduce to the surface case as in the proof of (11.59.6). O

11.62 (Divisorial base locus). Let X be a normal scheme and D a Z-divisor.
The divisorial part of the base locus of |D| is denoted by Bs%Y(D). Define the
divisorial base locus of an R-divisor A as Bs®(A) := Bs™(|A]) + {A}. In
particular, H(X, Ox(LD — B])) = H(X, Ox(LD))).

Assume now that we can write A = 3} ; a;A; where the A; are Cartier divisors
such that Bs(A;) = 0 and a; > 0 (This is always possible if X is quasi-affine.)
Then };lma;]A; < mA] for any m > 0, which shows that

Bs™(mA) < YA} (11.62.1)

Claim 11.62.2. Let g: Y — X be a proper, birational morphism of normal
schemes and A an R-Cartier, R-divisor on X. Let E be a g-exceptional divisor.
Then g.0y(lmg*A + mE|) = Ox(lmA]) for infinitely many m > 1 iff E is
effective.

Proof Use (11.61) with B =0 and N = —g*A for the if part. For the converse
we may assume that X is affine. Write A = };a;A; as above.

If g.Oy(lmg*A + mE|) = Ox(lmA]) then —mE < Bs™(mg*A) < 3’ ;¢*A; by
(11.62.1). If this holds for infinitely many m > 1, then E is effective. m]
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a(, , ), discrepancy of divisor, 413
ar(,,):=a(,,)+1,logdiscrepancy, 413
C4(X, L), affine cone, 90

dy, = x - (0/0x), 246

A”C, A=, A, 411

Ac or A%, divisorial fiber, 116

detR*, 135

F**, reflexive hull, 344

FU*1 hull or §-hull, 344

FH  relative hull, 346

I(, ) intersection numbers, 191

119, Frobenius power, 177

Ky, canonical class, 28, 412

Kyx/c, relative canonical class, 70

LM reflexive power of divisorial sheaf, 136
V, divergence, 242

wy/s , relative dualizing sheaf, 412

wy, canonical or dualizing sheaf, 28

cuE;”], reflexive power of canonical sheaf, 28
g")(D), pull-back (generically Cartier), 146
Ty aiy (D), Weil-divisor pull-back, 145

R(, ), canonical ring, 33, 37

R, restriction or Poincaré residue map, 415
~, linear equivalence, 11

~@, Q-linear equivalence, 11

~r, R-linear equivalence, 426

=, numerical equivalence, 11

=, identity of sequences or polynomials, 191
[®1, tensor product for divisorial sheaves, 136
-->, rational map, 10

—, morphism, 10

{ }, fractional part, 11

L T 7, rounding down or up, 11
~, completion, 13, 392

<, for sequences, 191

<, for polynomials, 191

AZ or A}, affine n-space, 10

A"/ L(ay,...,a,), quotient singularity, 38
2-dimensional, 249

Adjunction, 417

inversion of, 417
AEnv( ), affine envelope, 428
AFI, Alexeev-Filipazzi-Inchiostro, 317

functor, AFI(, ), 318
Alexeev stable, 235

good moduli theory, 236
Ample

fiber-wise, 196

R-divisor, 431

relatively, 11

strongly, 323
Approximation of R-divisors, 429
Ass( ), associated points or subschemes, 365
Asymptotic Riemann-Roch, 431
Autg (), Autg (), 13,334

finite for stable families, 335
Base change

dualizing sheaf, 108, 110

K-flat, 281

notation, 13

pluricanonical, 119
Bertini theorem

C-flatness, 289

divisorial support, 277

flatness, 394

generically Cartier family, 158

hulls, 371

husks, 351

inverse, local stability, 73, 188

K-flatness, 263

local stability, 72

relative hull, 347

Sm, 371,372
Big, divisor, 11
Birational

transform, 11

fiberwise, 21

map, 10
Boundary, 11
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Boundedness, 27
marked pairs, 329
set of sheaves, 356
strong, 225
weak, 226

Calabi-Yau pair, 12
Canonical
algebra, 420
class, 28, 412
class, relative, 70, 139
divisor, 28
line bundle, 28
model, 12, 34, 420
model of resolutions, 12
model, existence, 420
model, nef slc case, 316
model, simult. numerical criterion, 190
model, simult. of resolutions, 189
model, simultaneous, 189
modification, 12, 420
modification, simultaneous, 191
ring, 33, 37
ring, not finitely generated, 46
sheaf, 28, 70
sheaf, absolute, 412
sheaf, relative, 412
singularity, 35, 413
surface singularity, list, 76
Canonically
embedded family, 329
polarized family, 329
Cartier
divisor, 152
divisor, relative, 155
divisor, valuative criterion, 161
generically ~ pull-back, 146, 159
generically ~, relative, 157
index, 11
non-~ locus, 157
Categorical
moduli as ~ quotient, 331, 332
quotient by group action, 331
Cayley-Chow
correspondence, 180
correspondence, Mumford divisors, 180
correspondence, over fields, 175
family, 127
form, 176
hypersurface, 176, 284
hypersurface, flag, Grassmann, incidence,
product versions, 284
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inverse, scheme-theoretic, 181
type hypersurface, 176
C"ESMSh( ), CMESMSch( ), functor and
moduli of canonically embedded, marked
schemes, 329
Center
log ~, 415
log canonical ~, 414
of a divisor, 11
CMESP( ), C"ESP( ), functor and moduli of
m-canonically embedded, stable pairs,
224, 330, 333
C-flat, 280
Bertini theorem, 289
locally ~, 287
stably ~, 280
Ch( ), Cayley-Chow hypersurface, 176
Chg,, Chjy, Chyy, Chy,y, versions of
Cayley-Chow hypersurface, 284
Ch_} (), Cayley-Chow inverse, 181
Chow
equations, ideal of, 178
hull of Mumford divisor, 179
hull, of a cycle, 178
variety, 16
CM, Cohen-Macaulay, 11, 366
coeff( ), set of coefficients, 411
coeffg( ), coefficient of E in, 411
Coeficient
of a prime divisor, 411
vector of marking, 308
floating, 314
generic, 218
major, 218
standard, 218
Cohen-Macaulay, CM, 11, 366
Completion,™, 13, 392
Component-wise dominant, 160
Cone
affine, 90
deformation to, 49, 90
Continuous choice, 223
Contraction, 10
crepant, 316
simultaneous, 320
simultaneous, crepant, 320
CoSp( ), Q-vector space spanned by
coeficients, 426
C"PSMSch( ), functor of canonically
polarized, marked schemes, 329
Crepant, contraction, 316
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Curve
stable, 20
stable extension, 22
Curvilinear scheme, 396
Cycle
degree of, 175
effective, 175
fundemantal ~, [ ], 175
geometrically reduced, 175
on a scheme, 175
width of, 178
Cyclic cover, 419

D, unit disc, 42
Decomposition
locally closed, 408
partial, 408
Deformation, 237
hypersurface singularities, 84
KSB-~, 248
locally trivial, 238
non-algebraic, 42
of quotients, 81
V-~, 248
W-~, 248
Demi-normal, 422
open condition, 384
Depth, 366
along a subscheme, 366
and flatness, 368
and push forward, 367
of a sheaf, 366
of slc scheme, 418
semicontinuity, 374
Descent, 335
and functorial polarization, 335
for flat, projective morphism, 337
for rigid, projective morphism, 337
detR*, 135
Dévissage, 375
Diff( ), different, 416
Different, 416
properties of ~, 417
Differentiation, 239
cohomological, 239
Discrepancy
log ~, 413
of a divisor, 413
Discrete choice, 222
Divergence, V, 242
Divisor
big, 11

Index

canonical, 28

Cartier, 152

Cartier, relative, 155

Cartier, valuative criterion, 161

generically Q- or R-Cartier, relative, 147

generically Cartier, 152
generically Cartier, relative, 157
Mumford, 11, 152
Mumford, relative, 179
Mumford, universal family, 183
on a scheme, 11
over a scheme, 11
Q- ~, 152
R—-~, 152
reduced, 11
Weil, 152
Divisorial
fiber, A, or AdY, 116
log terminal, 413
pull-back, 147
restriction, D, or Df“v, 13,114
sheaf, 135
sheaf, flat family, 136
sheaf, generically flat, 136
sheaf, mostly flat, 137
sheaf, valuative criterion, 160
subscheme, 152
subscheme, family of ~, 155
support and Fitting ideal, 275
support, DSupp( ), 274
support, Bertini theorem, 277
support, final definition, 276
dlt, divisorial log terminal, 413
is CM, 417
DSupp( ), divisorial support, 274
Du Bois singularity, 105
cohomology and base change, 106
Du Val singularity, 76
Dual graph, 76
Dualizing
sheaf, 28, 70
sheaf, base change, 110
sheaf, construction, 109
sheaf, other deformations, 74
sheaf, relative, 412

Elementary étale, 75

emb( ), embedded subsheaf, 365
Embedded point, 365
Embedding, locally closed, 408

EMSeh( ), ESMSch( ) functor and moduli of

embedded, marked schemes, 328



Enough 1-parameter families, 409
Envelope, affine or linear, 428
Etale, elementary, 75

Ex( ), exceptional set, 10

Family
1-parameter, 67
algebraic, 127
canonically embedded, 329
canonically polarized, 329
Cartier, normal base, 147
Cayley-Chow, 127
divisorial sheaves, flat, 136
divisorial sheaves, mostly flat, 137
divisorial subschemes, 155
generically Cartier divisors, 157
Hilbert-Grothendieck, 128
locally stable, 68, 125
marked pairs, 309
mostly flat of line bundles, 196
non-projective, 32
of polarized schemes, 324
pairs, 67, 144
polarized with K-flat divisors, 327
stable, 97
stable over smooth base, 171
stable, extension of, 173
universal, 128
varieties, 67
well-defined, 146
well-defined, reduced base, 147
Fano pair, 12
Fiber, divisorial, A. or A%, 116
Fiber-wise ample, 196
Field of moduli, 62
hyperelliptic curve, 63
Fine moduli space, 18
universal family, 338
Fitting ideal, 273
Flat
family, divisorial sheaves, 136
generically, 136
mostly, 136
FlatCM( ), flat and CM locus, 275
Flatness
associated points, 392
Bertini theorem, 394
curvilinear fibers, 397
Hironaka’s theorem, 403
is open, 369
nodal fibers, 400
relative codimension > 3, 403

Index 457

relative codimension 0, 202, 203, 395
relative codimension 1, 399
relative codimension 2, 402
residue field extension, 394
with reduced fibers, 202
Flattening decomposition, 133
Floating coefficient, 314
Formally K-flat, 280
Framing, projective, 326
Free group action, 332
Frobenius power, / lal 177
Full subscheme, 293
Functorial polarization, 335
Fundamental cycle [ ], 175

General type, 10, 34
Generically

Cartier divisor, 152

flat, 136

flat and pure, 276

Q- or R-Cartier divisor, relative, 147
Genus, sectional, 130
Geometric quotient

by free group action, 333

by group action, 333

existence, 333
Geometrically injective, 407
Grothendieck—Lefschetz theorem, 124

Henselisation, 75
strict, 75
Hilbert
function, of wy, 139
function, of divisorial sheaf, 138
functor, 17
~-Grothendieck family, 128
scheme, 17
~-to-Chow map, 131
Hilb( ), Hilbert scheme, 129
Hilb*", strongly embedded part of Hilb, 326
Homy( , ), Homx(, ),Homg(, ), 12, 355
Homeomorphism, universal, 406
Hull( ), Hull( ), functor and moduli space of
universal hulls, 358
Hull, 136
So ~, 344
algebraic spaces, 363
Bertini theorem, 347, 371
of a sheaf, 344
pull-back, 136
pure, 344
reflexive, 344
relative, 346
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universal, 348
universal, characterization, 349
universal, fine moduli space, 358
Hurwitz formula, 418
FHusk( ), Husk( ), functor and moduli of husks,
352,353
Husk, 350
algebraic spaces, 363
Bertini theorem, 351
quotient, 350
quotient, relative, 352
relative, 352
tight, 351
Hypersurface
Cayley-Chow, 176, 284
Cayley-Chow, flag, Grassmann, incidence,
product versions, 284
K-flatness, 294

I(, ), intersection form, 318
Index

Cartier ~, 11

of wy, 247

of a variety, 11
Intersection number, 11
Inversion of adjunction, 417
Isomg (, ),Isomg(, ), 13,334

finiteness of, 98, 334
Isotrivial family, 62

k(X), Kodaira dimension, 10, 33
KDiv( ), KDiv( ), functor and moduli of
K-flat divisors, 261
K-flat, 259
additive, 262
base change, 281
Bertini theorem, 263
equals stable C-flat, 282
family, polarized, 327
flat implies ~, 261
formal nature of, 282
formally ~, 280
functor of ~ pull-backs, 292
hypersurface singularities, 294
implies C-flat, 282
linear equivalence, 262
locally ~, 280
multiplicative, 262
over reduced base, 262
push forward of, 262
reasons for definition, 260
seminormal curves, 299
Kodaira dimension, 10, 33

Index

jump of, 40, 41

Kodaira lemma, 432

KSB, Kollar—Shepherd-Barron, 231
good moduli theory, 231-233
stable, 231, 232
stable, major coefficients, 233

KSB-deformation, 248

KSBA, Kollar-Shepherd-Barron—Alexeev
good moduli theory, 306, 311, 313
stable strong form, 313
stable, general coefficients, 312
stable, rational coefficients, 310

Ic, log canonical, 413
center, 414
LEnv( ), linear envelope, 428
LEnvz( ), integral points of LEnv, 311
Lexicographic order, <, 191
Lie derivative, 240
Linear
equivalence, ~, 11
Q-~ equivalence, ~q, 11
R-~ equivalence, ~g, 426
system, 15
Link, 163
Local
morphism, 160
numerical criterion of ~ stability, 187
Picard group, 124
stability, Bertini, 72
stability, reduced base, 125
stability, representable, reduced base, 148
Locally
C-flat, 287
closed decomposition, 408
closed embedding, 408
closed partial decomposition, 408
K-flat, 280
stable, 38
stable morphism, 68, 125
stable pair, 67
stable, equivalent conditions for, 148
stable, KSB version, 141
stable, reduced base, 125
Locus
flat or flat-CM, 275
non-Cartier, 157
Log big, 422
Log canonical, 38
Ic, 413
center, 414
modification, 421



Log center, 415

mld bounds, 415
Log discrepancy, 413
Log resolution, 12

Major coefficient, 218
Map, rational, 10
birational, 10
Marked
family of ~ pairs, 309
pair, with divisors, 308
reasons for, 307
Marking, of pair or family, 308, 309
Matsusaka inequality, 432
MDiv( ), MDiv( ), functor and moduli of
Mumford divisors, 179
Minimal log discrepancy, mld, 414
mld, minimal log discrepancy, 414
Model, canonical, 12, 34
Modification
canonical, 12, 420
finite, 404
log canonical, 421
semi-log-canonical, slc, 214
simultaneous, canonical, 191
Moduli
boundary, 219
embedded pairs, 223
embedded varieties, 223
enough 1-parameter families, 409
field of, 62
interior, 219
representable, 24
separated, 26
Moduli space
categorical, 19
categorical quotient, 331, 332
coarse, 18
fine, 18
fine for universal hull, 358
genus 2 curves, 55
husks, 353
hypersurfaces, 48, 50
irreducible components proper, 174
KSBA, exists, 306
non-separated, 29, 32, 51, 57
projectivity of, 226
quotient by group action, 330
quotient husks, 353
reduced version, 144
stable varieties, 127
Moduli theory

Index 459

Alexeev, 236
good, 227
KSB, 231
KSB, standard coeffs, 232
KSBA, rational coeffs, 311
KSBA, real coeffs, 313
KSBA, strong form, 313
V+, 235

Monomorphism, 407

Mors (, ),Mors(, ), 13,334

Morphism, 10
dominant, 160
Hilbert-to-Chow, 131
locally stable, 68
locally stable, reduced base, 125
pure dimensional, 112
scheme, Mor, 334
small, 10
stable, 23

Morse lemma, 384

Mostly flat, 136
divisorial sheaf, 137
family of line bundles, 196
S sheaf, 137

Mumford divisor, 11, 152
along subscheme, 152
Cayley-Chow correspondence, 180
Chow hull of, 179
flat, 229
functor and moduli, 179
relative, 179
relative class group, 265
universal family, 183

Nagata openness criterion, 369
Nakai-Moishezon criterion, 433
Nef, 11
Negativity lemma, 436
Node, 422
deformation of, 401
Noether normalization
étale version, 389
fails for affine morphism, 388
local version, 390
Norm, 124
Normal, 404
crossing, simple, 12
pair, 404
Numerical
criterion for relative line bundles, 188
criterion of local stability, 187
criterion of stability, 185, 187
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criterion of simult. canonical model, 190
equivalence, =, 11
pull-back, 434, 435
Numerically
log canonical, 168
polarized, 325
Q-Cartier, 168
R-Cartier, 168
R-Cartier, Ic modification of, 421
relatively trivial, 168
semi-log-canonical, 168
slc is slc, 169

Obstruction theory, 220

P} or P}, projective n-space, 10
Pair, 11, 411
Calabi-Yau, 12
family of, 67, 144
family, marked, 309
Fano, 12
locally stable, 67
marked with divisors, 308
normal, 404
rigid and universal family, 338
seminormal, 404
stable, 67
weakly normal, 404
well-defined family, 146
Partial decomposition, 408
PGL, group scheme, 330
Pic( ), Pie( ), Picard group and scheme, 13
Pic'°¢( ), Pic'®°( ), local Picard group and
scheme, 124, 168
Picard group, 13
for smooth morphisms, 164
local, 124, 168
PSMSch( ), functor of polarized, marked
schemes, 327
stack version, 329
Poincaré residue map, 415
Pointed scheme, 327
Polarization
family of schemes, 324
functorial, 335
numerical, 325
scheme, 324
strong, 324
Potentially, slc or ..., 106
Pre-polarization, 324
Preserve residue fields, 407
Projection
approximation of, 279

Index

various versions, 280
Projective
framing, 326
moduli space, 226
Proper
group action, 332
valuative-~, 26
P*Sch( ), functor of polarized schemes, 324
étale sheafification of, 325
stack version, 327
Pull-back
C-flat, 293
Cartier, 159
divisorial, 147
generically Cartier, 146
hull-~, 136
K-flat, 292
locally stable, representable, 165
numerical, 434, 435
Q- or R-Cartier divisors, 147
stable, representable, 165
Weil-divisor, 145
Pure
quotient, 153, 365
relatively, 360
scheme, 365
sheaf, 365
vertically, 347
Purely log terminal, plt, 413

Q-Cartier divisor, 11
valuative criterion, 161
Q-divisor, 11, 152
QHusk( ), QHusk( ), functor and moduli of
quotient husks, 352
Quasi-étale, 71
Quot( ), Quot( ), functor and scheme, 355
Quot-scheme, 355
Quotient
categorical, by group action, 331
geometric, by free group action, 333
geometric, by group action, 333
geometric, existence, 333
husk, 350
singularity, 38
Rational
double point, 76
map, 10
singularity, 10
R-Cartier divisor, 426
class, 433
valuative criterion, 161
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R-divisor, 11, 152, 426 Seminormal, 404
ample, 431 K-flatness for ~ curves, 299
convex approximation, 429 pair, 404
depth of pluricanonical sheaf, 431 Separatedness
Reduced for husks, 353
normal form, 231 for stable maps, 98, 334
divisor, 11 moduli spaces, 26
Regular sequence, 366 valuative criterion, 26
Relatively Serre’s condition S ,,,, 366
ample, 11 along a subset, 113
generically Cartier, 147 Seshadri criterion, 434
isomorphic, 359 Sheaf
pure, 360 canonical, 28
Representable divisorial, 135
C-flat pull-back, 293 dualizing, 28
Cartier pull-back, 159 Simple normal crossing, snc, 12
flat, divisorial pull-back, 159 Singularity
flatness, 133 canonical, 35, 413
functor, 132 cyclic quotient A2/ 1(1, ), 38, 249
hull of divisorial sheaves, 137 dit, 413
invertible hull of sheaves, 137 Du Bois, 105
K-flatness, 261, 292 Du Val, 76
local stability, 126, 165 klt, 413
local stability, reduced base, 148 Ic, log canonical, 38, 413
moduli theory, 24 log terminal, 413
pull-backs, 132 plt, 413
stability, 126, 165 potentially slc or ..., 106
stability, over reduced base, 149 quotient, 38
Residue map, 415 slc, semi-log-canonical, 38
Resolution, 10 terminal, 413
dual graph of ~, 76 slc, semi-log-canonical, 38, 423
log ~, 12 characterization using normalization, 423
of Du Val singularities, 76 depth, 418
Restriction

. potentially ~, 106
divisorial, Dy or D(riwv 13,114 S, Serre’s condition, 366
map, 114, 348 along a subset, 113

Riemann-Roch, asymptotic, 431 Bertini theorem, 371

Rigid, scheme or pair, 334
and universal family, 338

Ring, canonical, 33, 37

is open, 369
Small morphism, 10
snc, simple normal crossing, 12

R-line bundle, 433 SP(), SP(), functor and moduli of stable,
S», Serre’s condition, 366 marked pairs, 144, 225, 306

divisorial sheaf, 135 Sprigid(), Sprigid(), functor and moduli of

family of varieties, 125 rigid pairs, 338

for families, 115 SSupp, scheme-theoretic support, 274

for restriction, 114 Stability

Hilbert-to-Chow map, 131 automatic in codimension > 3, 71, 122, 188

mostly flat, 137 local, representable, 126
Semi-log-canonical, slc, 38, 423 numerical criterion, 185, 187

and depth, 418 representable, 126

modification, 214 representable over reduced base, 149
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Stabilization functor, 44, 45
over nodal curves, 46
Stable
Alexeev ~, 235
Alexeev-Filipazzi-Inchiostro, 317
curve, 20
equivalent conditions for, 148
extension for curves, 22
extension, weak, 104
family over smooth base, 171
family, 1 parameter, 97
family, extension of, 173
KSB, 141, 231, 232
KSB, major coefficients, 233
KSBA, general coefficients, 312
KSBA, rational coefficients, 310
KSBA, strong form, 313
locally ~, 38
morphism, 23
one parameter family, 68
pair, 67
V*-~, 234,235
variety, 38
Stably C-flat, 280
equals K-flat, 282
independence of embedding, 292
Standard coeflicient, 218
Stratum, of an snc pair, 415
Strongly ample, 323
Subscheme, divisorial, 152
Support
divisorial, 274
divisorial, final definition, 276
scheme-theoretic, 274
SV(), SV(), functor and moduli of stable
varieties, 127

Tight husk, 351

tors( ), torsion subsheaf, 365
Trace map, 109

Transform, birational, 11
Tree, 76

Twig, 76

Univ( ), universal family, 128
Universal

family, 128

family for rigid pairs, 338

family of flat Mumford divisors, 229

homeomorphism, 406

hull, 348

hull, characterization, 349
Universally flat, 349

Index

V7, strict Viehweg stability, 234

V-deformation, 248

Valuative criterion
for Q-Cartier divisor, 161
for flat, divisorial sheaf, 160
for relative Cartier divisor, 161
locally closed embedding, 408
morphism, 407
section, 407

Valuative-proper, 26
stable map, 98

Vanishing theorem
Ambro-Fujino version, 422
Fujita version, 432

Variety, 10
general type, 10, 34
stable, 38

Vertically pure, vpure( ), 347

Volume, 26, 380
and push-forward, 380
birational models, 381, 382
finite maps, 383
perturbations, 383

vpure( ), vertically pure, 347

W-deformation, 248
Weakly normal, 404

pair, 404
Weil divisor, 152

pull-back, 145

relative, 154
Well-defined

family, 146

family, reduced base, 147
Width of a cycle, 178

Z-divisor, 11
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