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Abstract

For each integer ¢ > 5, we give a polynomial-time algorithm to test whether a graph contains an
induced cycle with length at least ¢ and odd.



1 Introduction

All graphs in this paper are finite and have no loops or parallel edges. A hole of G is an induced
subgraph of G that is a cycle of length at least four, and an antihole is an induced subgraph whose
complement is a cycle of length at least four. In 2005, two of us, with Cornuéjols, Liu and Vuskovi¢ [4],
gave an algorithm to test whether an input graph G has an odd hole or odd antihole, and thereby
to test whether G is perfect, with running time at most polynomial in |G|. (|G| denotes the number
of vertices of G.) At that time we were unable to separate the test for odd holes from the test for
odd antiholes, and testing for odd holes in poly-time has remained open until very recently. Indeed,
it seemed quite likely that testing for an odd hole was NP-complete; for instance, D. Bienstock [1, 2]
showed that testing if a graph has an odd hole containing a given vertex is NP-complete. So it was
something of a surprise when recently we found a poly-time algorithm to test for odd holes [3].

In this paper we extend that result: for each integer £ > 5 we give a poly-time algorithm to test
whether G has an odd hole of length at least ¢. More exactly:

1.1 For each integer £ > 5, there is an algorithm with the following specifications:
Input: A graph G.
Output: Decides whether G has an odd hole of length at least £.

Running time: O(|G|?%+0).

We have not tried very hard to optimize the exponent in the running time (although getting the
exponent to be linear in ¢ took some effort).

The new algorithm once again uses “cleaning”, as does the algorithm of [3] and several other
algorithms to detect special induced subgraphs. Indeed it was modelled on the algorithm of [3], but
it is considerably more complicated.

Here is an outline of the method. Throughout the paper, ¢ > 5 is a fixed number, and throughout,
a long path or hole means a path or hole of length at least £. If C is a hole in G, a vertex v of
V(G) \ V(C) is C-magor if there is no three-vertex path of C' containing all the neighbours of v in
V(C). A hole C is clean if it has no C-major vertex.

e First we test for the presence in the input graph G of certain kinds of induced subgraphs
(“short” long odd holes, “long pyramids” and “long jewels”) that we can test for in polynomial
time, and whose presence would imply that G contains a long odd hole. We call these three kinds
of subgraphs “easily-detected configurations”. We may assume these tests are unsuccessful.

e Second, we generate a “cleaning list”, a list of polynomially-many subsets of V(G), such that
if G has a long odd hole, and C is a long odd hole of minimum length (a shortest long odd
hole) then some set X in the list contains all the C-major vertices and contains no vertex of C'
itself. This relies on the fact that G contains none of the easily-detected configurations.

e Third, for each X in the cleaning list, we test whether G \ X has a clean shortest long odd
hole. (More exactly, we give an algorithm that either decides that G \ X has a long odd hole,
or decides that G\ X has no clean shortest long odd hole.) This again relies on the absence of
the easily-detected configurations.



The reader familiar with the method of [3] will see the similarity of the two algorithms.

But part of the approach is significantly different. To generate the cleaning list in [3], we used a
theorem that if C is a shortest odd hole, and M is a set of C-major vertices such that one of them
is nonadjacent to all the others, then there is a “heavy edge” in C, an edge uv of C such that every
vertex in M is adjacent to one of u,v. We tried to extend this to the long odd hole situation, but
failed. For our purposes, a “heavy path” of C' of bounded length (that is, such that every vertex in
M has a neighbour in the path) would be just as good as a heavy edge; and this extension might
be true, but we were unable to prove it. In its place we had to use a considerably more complicated
method, proving that there is a bounded set of paths of C, each of bounded length, such that every
vertex in M has a neighbour in one of the paths; and we could only prove this when the exceptional
vertex of M was carefully chosen.

The paper is organized as follows. First, we explain how to test for the easily-detected configu-
rations; this is a straightforward adaptation of the algorithms in [4] to test for pyramids and jewels.
Then we give the algorithm for the third step above; and finally we show how to generate the cleaning
list.

Let us remark, finally, that if we want to test for a long hole, rather than a long odd hole, then
this is easy: enumerate all induced paths of G of length £ — 1, and for each one, test directly if it can
be extended to a hole. This has running time O(|G|**!), and so both this and our algorithm for 1.1
have running time |G \O(E). We do not know if either can be substantially improved.

2 The easily-detected configurations

We begin with the test for what we earlier called “short” long odd holes:
2.1 There is an algorithm with the following specifications:

Input: A graph G, and an integer k > 0.

Output: Decides whether there is a long odd hole in G of length at most k.
Running time: O(|G|*).

Proof. We enumerate all sets of at most k vertices, and for each one, check whether it induces a
long odd hole. |

If X C V(G), we denote the subgraph of G induced on X by G[X]. If X is a vertex or edge of G,
or a set of vertices or a set of edges of G, we denote by G\ X the graph obtained from G by deleting
X. Thus, for instance, if b1bs is an edge of a hole C|, then C'\ {b1,b2} and C'\ b1by are both paths,
but one contains b1, b and the other does not. If P is a path, we denote by P* the interior of P,
the set of vertices of the path P that are not ends of P. If P is a path and z,y € V(P), we denote
the subpath with ends x,y by z-P-y. The length of a path or cycle is the number of edges in it.

Let u,v € V(G), and let Q1,Q2 be induced paths between u,v, of different parity. Let P be
an induced path between wu,v of length at least £, such that no vertex of P* equals or is adjacent
to any vertex of Q7, Q4. We say the subgraph induced on V(P U Q1 U Q2) is a long jewel of order
max(|V(Q1)|, |[V(Q2)]), formed by Q1,Q2, P. Any graph containing a long jewel has a long odd hole,
since the holes PUQ1, PUQ2 are both long and one of them is odd. The next result extends theorem
3.1 of [4]:



2.2 There is an algorithm with the following specifications:
Input: A graph G, and an integer k > 0.
Output: Decides whether there is a long jewel in G of order at most k.
Running time: O(|G|***).
Proof. We enumerate all triples of induced paths @1, Q2, R of G, such that:
e (J1,(Q)- join the same pair of vertices, say u, v;
e one of Y1, Q2 is odd and the other is even, and each has at most k vertices;
e R has length ¢ — 2, and has one end u and the other some vertex w say;
e 1o vertex of V(R) \ {u} equals or has a neighbour in V(Q1 U Q2) \ {u}.

For each such triple of paths, let X be the set of vertices of G that are different from and nonadjacent
to each vertex of V(Q1UQ2UR)\ {v,w}. We test whether there is a path in G[X U {w, v}] between
w,v. If so we output that G contains a long jewel of order at most k. If no triple yields this outcome,
we output that G has no such long jewel.

To see the correctness of the algorithm, certainly the output is correct if G' contains no long jewel
of order at most k. Suppose then it does, say formed by @1, Q2, P. Let u, v be the ends of P, and let
R be the subpath of P of length £ — 2 with one end u. When the algorithm tests the triple Q1, Q2, R,
it will discover there is a path in G[X U {w,v}]| between w, v, because the remainder of P is such a
path. Consequently the output is correct.

The running time is O(|G|?) for each triple of paths, and there are at most |G|**T¢=2 such triples,
so the running time is as claimed. This proves 2.2. |

Many of the algorithms in this paper follow the same outline; we enumerate all subgraphs, or
sequences of vertices, of some prescribed type, and for each one, perform some test on it. (Critically,
there must be only polynomially many such subgraphs to test.) If the test is successful, we have
found a subgraph of the desired type, and if it is never successful we will apply a theorem that says
that then there is no subgraph of the desired type. For brevity we call the process of enumerating
all these subgraphs and testing them one-by-one “guessing”; thus we would describe the long jewel
algorithm above as “guessing the two paths @)1, Q2 and an initial subpath of P”.

Let vg € V(G), and for i = 1,2, 3 let P; be an induced path of G between vy and v;, such that

e P, P>, P3 are pairwise vertex-disjoint except for vg;
e vy, v9,v3 # Vg, and at least two of Py, P>, P3 have length at least /;
e vy, U9, v3 are pairwise adjacent; and

e for 1 <i < j <3, the only edge between V(F;) \ {vo} and V(P;) \ {vo} is the edge v;v;.



We call the subgraph induced on V (P, U P, U P3) a long pyramid, with apex vy and base {v1,va,v3},
formed by Py, Py, Ps.

Figure 1: A long pyramid. The dashed lines represent paths, of indeterminate length, but two of
them must have length at least /.

If G has a long pyramid then G has a long odd hole (because two of the paths P;, P», P3 have
the same length modulo two, and they induce a long odd hole). The next result extends theorem 2.2
of [4], and is proved similarly:

2.3 There is an algorithm with the following specifications:
Input: A graph G.
Output: Decides whether there is a long pyramid in G.

Running time: O(|G|%+%).

Proof. Suppose that G contains a long pyramid; then it contains a “smallest” one, one with the
fewest vertices, say with apex vy and base {v1,v9,v3}, formed by the path Pi, Py, Ps. For i =1,2,3,
let m; be a vertex of P; that divides it into two paths with lengths differing by at most one. For
i1=1,2,3,

e if P; has length at least ¢, let A; be a subpath of P; of length ¢ with one end vy, and let B; be
a subpath of P; of length ¢ with one end v;;

e if P; has length less than ¢, let A; = B; = P;.

Let A; have ends vg, a;, and let B; have ends v;,b; for i = 1,2, 3.

The algorithm proceeds as follows. If there is a pyramid as above, we guess the vertex vg and
for i = 1,2,3 we guess the vertices v;, m;, a;, b; and the paths A;, B;. Let X be the set of all these
vertices (including the vertices of the paths A;, B; for 1 < i < 3). For each i such that m; does
not belong to V(A4;) we choose a shortest path A] between m;, a; such that its interior is disjoint
from X \ {m;,a;} and contains no vertex with a neighbour in X \ {m;,a;}, and let Q} = A; U A, If
m; € V(4;) let Q) = A;. Similarly, if m; ¢ V(B;) we choose a shortest path B between m;, b; such
that its interior is disjoint from X \ {m;, b;} and contains no vertex with a neighbour in X \ {m,, b;};
and let R; =B, U B,Z If m; € V(BZ) let R; = B;.

Now for 1 < ¢ < 3 we test whether @} U R is an induced path between vy, v, and if this is true
for each ¢, and the three paths form a pyramid, we return that G contains a long pyramid. To prove



the correctness, we must now prove a theorem that starting from a smallest pyramid as described,
Q;UR, is indeed a path between vy, v; for 1 < ¢ < 3, and these three paths form a (possibly different)
smallest pyramid.

Let IT be a smallest pyramid in G, formed by paths Py, P>, P3 as above. For i = 1,23, let Q;, R;
be the subpaths of P; between m;, vy and between m;, v; respectively.

(1) With QY chosen as in the algorithm, no vertex of Q) belongs to or has a neighbour in V (PyU Ps).

Suppose that this is false. Consequently Q) # A, and so m; ¢ V(A;) and m; is an end of
Q). Let S be a minimal subpath of @} with one end m; such that its other end has a neighbour in
V(P> U Ps). Let S have ends my, s. There are three cases.

First, suppose that s has a unique neighbour ¢ in P, U P;. We may assume that ¢ € V(FPs)
from the symmetry; let II' be the pyramid with apex t and base {v1,v2,v3}, formed by the paths
t-Po-vg, t-pa-vg-Ps-v3 and an induced path between ¢,v; with interior in V(S U Ry). This is indeed
a pyramid, from the minimality of S; it is long, since all three of the paths have length at least
¢ (because they include the paths Bg, B3, By respectively); and it has fewer vertices than II, since
[V(S)| < |V(Q1)| — €. This is impossible from the choice of II.

Second, suppose that s has two nonadjacent neighbours in V(P U Ps). Let II' be the pyramid
with apex s and base {v1, va,v3} formed by the induced paths between s,vy and between s, v3, both
with interior in V' (P, U Ps} (these are unique), and a path between s,v; with interior in V(S U Ry).
Again, this is a long pyramid with fewer vertices than II, a contradiction.

Third, suppose that s has exactly two neighbours ¢;,te in V(P> U P3) and they are adjacent. We
may assume that t1,ty € V(P,) and t3 is closer to vy in Py. Let IT' be the pyramid with apex vy and
base {s,t1,t2} formed by the paths vg-Po-t1, vo-P3-v3-ve- Po-to and a path between vy, s with interior
in V(SUQ1). Again, this is a long pyramid (because the three paths include Ay, A3, A; respectively),
and it has fewer vertices than II, because |V (S)| < |[V(Q1)| — ¢ < |[V(R1)], a contradiction. This
proves (1).

(2) With R} chosen as in the algorithm, no vertex of R} belongs to or has a neighbour in V (PyU Ps).

The proof is similar and we omit it.

From (1) and (2), it follows that if P] is an induced path between vy, vq with interior in V(A U
Q) U R| U By), then with Py, P3, it forms a long pyramid with at most as many vertices as II.
Consequently equality holds, and so A; U@} U R} U By is an induced path between vy, v, say Pj;
and Pj, P, P3 form a smallest long pyramid. Similarly A UQ%U R/, U By is an induced path between
v0, U2, say Pj; and Py, Py, P; form a smallest long pyramid. And similarly for Qf, R5. This proves
the correctness of the algorithm.

For its running time, we are guessing a sequence of at most 6(¢ + 1) vertices, so the running time
is as claimed. This proves 2.3. |

Let us say G is a candidate if G contains no long pyramid, no long jewel of order at most £ + 2,
and no long odd hole of length at most 2¢ + 2. In view of 2.1, 2.2, and 2.3, we have:

2.4 There is an algorithm with the following specifications:



Input: A graph G.
Output: Decides whether G is a candidate.
Running time: O(|G|%+8).

Any graph that is not a candidate has a long odd hole, so now we just need to find a poly-time
algorithm to test whether candidates have long odd holes.

3 Detecting a clean shortest long odd hole

The following was proved in [4]:

3.1 Let G be a graph containing no jewel or pyramid, and let C' be a clean shortest odd hole in G.
Let u,v € V(C) be distinct and nonadjacent, and let Ly, Ly be the two subpaths of C joining u,v,
where |E(L1)| < |E(L2)|. Then:

e L1 is a shortest path in G between u,v, and
o for every shortest path P in G between u,v, P U Ly is a shortest odd hole in G.
This was crucial in that paper. Happily, the exact analogue holds for clean shortest long odd holes:

3.2 Let G be a graph containing no long jewel of order at most £ + 2, and no long pyramid, and
with no long odd hole of length at most 20 + 2. Let C' be a clean shortest long odd hole in G. Let
u,v € V(C) be distinct and nonadjacent, and let L1, Ly be the two subpaths of C joining u,v, where
|E(Ly)| < |E(L2)|. Then:

e L is a shortest path in G between u,v, and
e for every shortest path P in G between u,v, P U Ly is a clean shortest long odd hole in G.

First we prove the first assertion of 3.2. If u,v are vertices of a graph G, dg(u,v) denotes the
length of the shortest path of G joining u,v (dg(u,v) = oo if there is no such path).

3.3 Let G be a graph containing no long pyramid, no long jewel of order at most £+ 2, and no long
odd hole of length at most 2¢. Let C' be a clean shortest long odd hole in G. Then dg(u,v) = do(u,v)
for all u,v € V(C).

Proof. Suppose the result is false; then there is an induced path @ with vertices ¢i-----g; in
order, such that some vertex v € V(C) is adjacent to g1, some v € V(C) is adjacent to g, and
dc(u,v) > k4 1. Choose such a path ¢ with ¥ minimum. Since d¢(u,v) > k+ 1> 2, and ¢; is not
C-major, it follows that ¢ # gk, and so k > 2. If some vertex of @ belongs to V(C), say ¢; € V(C),
then from the choice of k, do(u, q;) < i, and do(g;,v) < k—i+ 1, and so

dC(U,U) < dC(u7qZ) + dC(Qiav) < k+ 17

a contradiction. Thus Q N C is null. There are two paths of C' that join u,v; one, Ly say, of length
do(u,v), and the other, Lo say, longer and of opposite parity.



Since ¢p is not C'-major, there is a path P; of C' of length at most two such that all neighbours
of g1 in V(C) lie in V(Py); choose P; minimal, and consequently both its ends are adjacent to ¢;.
(Possibly P; has only one vertex.) Define Py similarly for g.

(1) Py, Py are vertex-disjoint.

Suppose that P; N Py is non-null. Thus deo(u,v) < 4, and since do(u,v) > k+ 1 > 3 it follows
that &k = 2 and d¢(u,v) = 4, and Py, P, both have length exactly two. Hence P U P, = L1, and the
three paths L1, u-q1-qo-v, and Lo, form a long jewel of order four, a contradiction. Thus P, N Ps is
null. This proves (1).

al \ag
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Figure 2: The paths Py, P», A, B of C.

Let P have ends ay, by, and let P, have ends ag, ba, where ay, by, bg, ag are in order in C' (possibly
ap = by or ag = be). Let A, B be two paths of C, where A has ends a1, as, and B has ends by, bo,
and the four paths A, B, Py, P» are pairwise edge-disjoint and have union C.

(2) One of g, . ..,qx—1 has a neighbour in V(C).

Suppose not. The hole formed by adding the path ai-qi-----qr-as to A is shorter than C, so either
it has length less than ¢ or it has even length; so either |A| +k < ¢, or |A| + k is even. (We recall
that |A| denotes the number of vertices of A, not its length.) Similarly either |B|+k < ¢, or |B|+k
is even. Since |A| + |B|+2 > |C| > 2¢, we may assume that |B| > ¢. In particular, |B| + k > ¢,
and so |B| + k is even. Now the paths b1-qi- - - - -qr-bg, b1-Pi-a1-A-ag-Ps-by and B form a long jewel,
of order the maximum of the lengths of the first two paths. But the first path has length at least
dco(u,v) > k + 2, so the first path is longer; and so the long jewel has order |A| + |P1| + |P2| — 3.
Consequently |A|+ |Py| 4 |P2| —3 > £+ 2, and so |A| > ¢. Hence |A|+k > ¢, and so |A| + k is even.
Since C is odd, it follows that one of Py, P is odd and the other is even, and we may assume that
P, has length one; and so g has exactly two neighbours in V(C), as and be. If a; = by then since
|A| + |P1| + | P2| > £+ 6, it follows that |A| > ¢+ 3, and so the three paths A, B and a;-¢1-Q-gx form
a long pyramid, a contradiction. Thus P, has exactly three vertices. Since |A| + |P1| + |P2| > ¢ + 6,
it follows that |A| > £+ 1, and so the three paths g1-a;-A-aa, q1-b1-B-be and @ form a long pyramid,
a contradiction. This proves (2).

(3) None of g2, . ..,qx—1 has a neighbour in V(Ls).



For suppose that ¢; has a neighbour w € V(Ls) say. Thus w # u,v. Let Ry, Sy be the subpaths of
Lo between w, u and between w, v respectively. From the minimality of &, d¢(u, w) < dc(u,v), and
so the path of C' between u, w of length d¢(u,v) is a subpath of Lo, that is, R has length de(u, w).
Similarly S has length d¢(v,w), and so do(u,w) + do(v,w) = |E(L2)|. From the minimality of
k, do(u,w) < i+ 1 (because otherwise dg(u,w) < i+ 1 < deo(u,w) and dg(u,w) < k + 1, con-
trary to the minimality of k), and similarly and dg(v,w) < k — i+ 2, and so |E(Le2)| < k + 3.
But |E(L2)| > |E(L1)|] = deo(u,v) > k + 2, and so equality holds throughout. In particular,
|E(L2)| = |E(L1)] +1 = k+ 3. Moreover, Ry has length dc(u,w) = i+ 1 and Sy has length
k—i+2.

The union of L; and the path u-q1-Q-gi-v therefore is a cycle of length |C| — 2. This is odd, less
than C, and at least £, so this cycle is not induced. Hence there exists j € {1,...,k} such that ¢; has
a neighbour in the interior of L1, say x. From the symmetry we may assume that j > 4. Let Ry,.S1 be
the subpaths of L1 between z, u and between x, v respectively. The path S;USs has length more than
the length of Sy and hence at least k—i+3; and the path w-¢;--- - - ¢j-x has length j—i+2 < k—i+2.
Thus 57U 59 is longer than w-g;-- - - - gj-x. But from the minimality of £, it follows that the length of
W-s- -+ * - g;j-x is at least do(w, x), and so at least the length of RiURy. Thus j—i+1 > |A;|+|Az|+2.
Also, the minimality of k implies that the path z-g;-----gi-v has length at least the length of Si,
and so k —j 4+ 2 > |S1| — 1. Adding, we deduce that k — i+ 3 > |R1| + |Ra| + |S1| + 1. But S2 has
length k —i+2, so |Sa| > |R1|+|R2|+|S1]|+ 1. In particular, Ss is longer than the path R; U RaU Sy,
contradicting that S has length d¢ (v, w). This proves (3).

We may assume that u,v are chosen, adjacent to g1, gy respectively, with d¢(u,v) maximum.
Then we have

(4) q1,qr have no neighbours in L3.

Suppose this is false; then we may assume that ag € L3. From the choice of u, v, dc (v, az) < dc(u,v),
and since ¢; is not C-major, it follows that d¢(u,v) = (|C|—1)/2. By (2) and (3), one of g2, ..., qx—1
(say ¢;) has a neighbour in L}, say w. From the minimality of k, w ¢ V(P; U P»), and so w € A*.
Let R, S be the subpaths of A between w and a1, by respectively. From the minimality of k, the path
ar-qi--- - g;-w has length at least the length of P, U R; and w-¢;-- - - -qx-v has length at least that
of S. Adding, we deduce that k + 3 is at least the length of AU P;. But deo(u,v) > k + 2, and
dc(u,v) is strictly less than the length of AU Pp; so de(u,v) = k + 2, and u, a; are adjacent. Thus
dco(ay,v) = deo(u,v), so the pair aj, v satisfies the hypotheses defining wu, v; and by exchanging u, aj,
we see that the edge ¢;w violates (3). This proves (4).

(5) Ly has length k + 2.

From (2) and (3), there exists ¢ € {2,...,k — 1} such that ¢; has a neighbour w € Lj. From
the minimality of k, the path u-qi----- gi-w has length at least the length of the subpath of L be-
tween u, w; and the path w-g;----- qr-v has length at least the length of the subpath of L; between
w,v. Adding, we deduce that k + 3 is at least the length of Li. But adding the path u-gi----- qr-v
to Lo makes a hole, of length at least ¢ since Lo has length at least |C|/2; and this hole is shorter
than C, and so has even length. Consequently k& + 1 has the same parity as the length of Ly, and



hence k has the same parity as the length of Li. Since the length of L is at most k + 3, it equals
k + 2. This proves (5).

Let the vertices of L; in order be u = wg-wi-wgy1-Wrro = 0.
(6) For1<i<kand1l <j<k+1,ifq,w; are adjacent then j € {i,i+ 1}.

If j < i then the path wj-g;----- qr-v has length less than the length of wj-wji1-----wg41-v, since
the first path has length k — i + 2 and the second has length k£ + 2 — j = dc(wj,v). This is contrary
to the minimality of k. Similarly, if j > ¢ 4 1, the path u-g;----- gi-wj is shorter than u-wi----- wj,
again a contradiction. This proves (6).

From (2), we may assume (exchanging u, v if necessary) that there exists i € {2,...,k — 1} such
that ¢; is adjacent to w;. Let C’ be the union of Ly and the path

U-W1- -+ + =Wi=Gi= * * * ==V

From (3), (4) and (6), C" is a hole of length |C], and so is a shortest long odd hole. Let G’ be the
subgraph of G induced on V(C)UV(Q). Then C’ is a hole in G, and moreover, in G’ C’ is a clean
hole, because of (6). But the path u-qi-- - --¢; is shorter then the path u-wi--- - w;-q;, and the latter
has length d¢v(u, g;); and this contradicts the minimality of k. This proves 3.3. |

We need the following lemma.

3.4 Let G be a graph containing no long jewel of order at most k, and no long odd hole of length
less than k+ (. Let C be a shortest long odd hole, and let v € V(G) be C-major. Then every path of
C' that contains all the neighbours of v in V(C) has length more than k.

Proof. Suppose that P is a path of C, with ends a,b say, containing all the neighbours of v in
V(C), and P has length at most k. Since v is C-major, it follows that P has length at least three.
Let @ be the other path of C with ends a,b. Since by hypothesis, C' has length at least k + ¢, it
follows that @ has length at least . Adding the path a-v-b to @) therefore gives a long hole, and it
is shorter than C since P has length at least three. Consequently this hole is not odd; so @ is even
and so P is odd. But then the three paths P, a-v-b and @) form a long jewel of order at most k, a
contradiction. This proves 3.4. |

Now we prove the second statement of 3.2, in the following.

3.5 Let G be a candidate, and let C' be a clean shortest long odd hole in G. Let u,v € V(C) be
nonadjacent, and let QQ be a shortest path in G joining w,v. Let L1, Lo be the paths of C that join
u,v, where L1 is shorter than Lo. Then Lo U Q is a clean shortest long odd hole.

Proof. Let Q have vertices u-qi----- qr-v in order. We proceed by induction on k. By 3.3, L and
Q@ have the same length. If some vertex g; of Q* belongs to L3, then by two applications of 3.3,
do(u,q;) <iand do(gi,v) <k —1i+1, so Ly has length at most k + 1, which is impossible since L;
has length k+1 and Lo is longer. Thus Q*NL% = (), and so LoUQ is a cycle, with the same length as C.

(1) Le UQ is induced.



Suppose it is not induced. Then there exist ¢ € {1,...,k} and w € L} adjacent. Let R,S be the
subpaths of Lo between w and u, v respectively. From 3.3, do(u,w) <i+1, and do(w,v) < k—i+2,
so Lo has length at most k + 3. Since L; has length k + 1 and L1, Ly have opposite parity, it
follows that Lo has length k + 2, and either do(u,w) = i + 1 or do(w,v) = k — i + 2; and from
the symmetry we may assume that do(w,v) =k — i+ 2 and do(u,w) < i+ 2. Also, R has length
do(u,w) and S has length deo(w,v). Since the path w-g;----- qr-v has the same length as S, and
the latter is a shortest path between v, w by 3.3, it follows that w-g;-- - - - qi-v is also a shortest path
between v, w. Suppose ¢ > 1; then from the inductive hypothesis, the union of the path L; U R and
W=+ - gr-v is a clean shortest long odd hole C’ say. The two subpaths of C’ between u, g; have
lengths |E(L1)| +k —i=2k+1—1dand |[E(R)| + 1. By 3.3, one of these paths has length at most
the length of u-gi----- qi, that is, at most i. But 2k + 1 —1i > ¢ since ¢ < k; and |E(R)|+ 1 > i since
|E(R)| = |E(L2)| — |E(S)| = k+2— (k—i+2) =i, a contradiction. This proves (1).

Let C" = Ly U Q; then €’ is a shortest long odd hole. It only remains to check that C’ is clean.
Suppose not. Then there is a C’-major vertex z. Since z is not C-major, x has a neighbour in the
interior of (). Since () is a shortest path, there is a subpath P; of () of length at most two containing
all neighbours of = in V(Q); choose P; minimal. Since z is C’-major, it has a neighbour in the
interior of Ls. Since x is not C-major, there is a path P, of Lo, of length at most two, containing
all neighbours of z in V(C); choose P> minimal. Let P, have ends aj,b;, where u,aq, by, v are in
order in @, and let P5 have ends ao, by, where u, as, by, v are in order in Lo. Let A be the path of C’
between a1, as that contains u, and let B be the path of C’ between by, by that contains v. By 3.4,
the path P U AU P; has length at least £+ 3, and so does the path P, U BU P,. In particular, P, Py
are vertex-disjoint and do not contain u or v. Since C’ has length at least 2¢ + 3, one of A, B has
length at least £, say A. Hence the hole obtained by adding ai-z-a2 to A is long, and shorter than
C, so even; and hence A has even length. The path P, U B U P, therefore has odd length, and so
this path, ai-z-as and A form a long jewel, of order the length of P, U B U P»; and so this path has
length at least ¢ + 3. If P; has length two, let it have vertices g;—1-¢;-¢;+1; then the path

U-q-- - qi—1-V-Qi+1- " " -qk~V

is a path between u, v with the same length as @, and violates (1). Thus P; has length at most one.
Consequently B has length at least ¢; and so B is even. Since C’ is odd, and A, B are both even, it
follows that exactly one of P, P> is odd. If P is odd, that is, if ag, bo are adjacent, then since P; is
even and has length at most one, it follows that a; = by; and the three paths A, B and a;-x form
a long pyramid. Thus P is even and P, is odd. If as = bs then similarly the three paths A, B and
as-x form a long pyramid; so P> has length two. Since x is not C-major, it has no neighbours in L.
Since P is odd, it follows that k > 2, so from the inductive hypothesis, the hole obtained from C by
replacing the middle vertex of P, by x is a clean shortest long odd hole, violating (1). This proves
that C’ is clean, and so completes the inductive proof of 3.5. |

Now we can give the main result of this section. (In the following, we could bring the running
time down to O(|G|*), but there is no need.)

3.6 There is an algorithm with the following specifications:
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Input: A candidate G.
Output: Decides either that G has a long hole, or that there is no clean shortest long odd hole in G.
Running time: O(|G[?).

Proof. If C is a shortest long odd hole in G, let u,v,w € V(C) be chosen such that each of
dc(u,v),de(v,w),do(w,u) equals either ||C|/3] or [|C|/3]. Here is the algorithm: guess u,v,w,
find a shortest path between each pair of them, and test whether these three paths make a long odd
hole. If so, output that G has an odd hole. After checking all triples, if none has produced an odd
hole, output that G has no clean shortest long odd hole. It follows immediately from 3.2 that the
output is correct. |

4 Covering by a short path

Now we begin the third step of the main algorithm: cleaning a shortest long odd hole. In this section
we prove some preliminary lemmas. Let C' be a shortest long odd hole in G, and let x be C-major.
An z-gap means a path of C of length at least two, with both ends adjacent to x and with no interior
vertices adjacent to x; so if P is an xz-gap then adding x gives a hole. If x,y are distinct nonadjacent
C-major vertices in G, an (z,y)-gap means a path P of C such that V(P) is the interior of an induced
path of G between x and y. If x,y are adjacent C-major vertices, an (x,y)-gap means a path P of
C such that V(P) is the interior of an induced path of G \ e between x and y, where e is the edge
zy. Two sets of vertices X,Y are anticomplete if they are disjoint and there are no edges between
them. We use the same term for two subgraphs P, Q; thus we say P is anticomplete to @ if V(P) is
anticomplete to V(Q).

4.1 Let C be a shortest long odd hole in a candidate G, and let u,v be nonadjacent C-magjor vertices.
Then there is a (u,v)-gap of length less than £/2 — 1.

Proof. Let A, B be the sets of neighbours of u,v in V(C') respectively. We may assume that u,v
have no common neighbour in V' (C'), because that would make an (z,y)-gap of length zero; and so
there are an even number of (u,v)-gaps. Let us number them D, ..., Dy say, in order in C. We
may assume that each D; has length at least £/2 — 1, and in particular, have length at least two,
since £ > 5. For 1 < i < 2k, let D; have ends a; € A and b; € B. We say i,j € {1,...,2k} are
consecutive if either [j —i| =1 or |j —i| = 2k — 1.

1) For alli,57 € {1,...,2k}, if D;, D; have different parity then i,j are consecutive.
J

Suppose not; then we may assume that D;, D; have opposite parity where 3 < ¢ < 2k — 1. Let
a} be the vertex of C' adjacent to a; that is not in Dy, and define b} similarly. Since i # 2,2k it
follows that a1,b; ¢ V(D;). If ) € V(D;) then since 7,1 are not consecutive, it follows that {a1,a}}
includes the vertex set of a (u,v)-gap; but this is impossible since all (u,v)-gaps have length at
least two. So a},b] ¢ V(D;), and adding u,v to Dy U D; gives a long odd hole, shorter than C, a
contradiction. This proves (1).
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(2) D1, ..., Do all have the same parity.

Suppose not; then £ < 2, and we may assume that D; has the same parity as ¢ for 1 < ¢ < 2k.
If say a; = ag, then adding v to D; U Dy gives a long odd hole shorter than C' (note that by # bo
and they are nonadjacent, since u has at least two neighbours); so Dy, ..., Dy are pairwise vertex-
disjoint. Since D, Do have opposite parity, they are not anticomplete, and we may assume that aq
is adjacent to one of ag, by; and not to by since all (u,v)-gaps have length at least two. So aj,ag are
adjacent. Since u is C-major, it follows that £ > 2, and so k = 2. Similarly either as, a3 are adjacent,
or by, b3 are adjacent, and the first is impossible since as is adjacent to a; and has a neighbour in
the interior of Dsy. So bobs, agaq, bsby are edges; but then C' has even length, a contradiction. This
proves (2).

From (2), an even number of edges of C' belong to (u,v)-gaps. Let F' be the graph obtained
from C by deleting the edges and internal vertices of every (u,v)-gap. Since C'is odd, it follows that
|E(F)| is odd, and so some component P of F' is odd. Now the ends of P belong to two consecutive
(u,v)-gaps, D1, D say; and so we may assume that P has ends a1, as. But then Dy U P U D5 is odd,
and adding v makes a long odd hole of length less than C, a contradiction. This proves 4.1. |

A similar proof yields:

4.2 Let C be a shortest long odd hole in a candidate G, and let u,v be nonadjacent C-major vertices.
Suppose that all (u,v)-gaps are odd; then for every long (u,v)-gap Q, there is a (u,v)-gap of length
at most £ — 5, anticomplete to Q.

Proof. Since an even number of edges belong to (u,v)-gaps, it follows as in the proof of 4.1 (and
using the notation of that proof) that some component P of F' is odd, and we may assume that P
has ends aj, as. Then D; U P U Ds is odd, and adding v makes an odd hole of length less than that
of C, which therefore has length less than ¢. Since P is odd, it follows that the sum of the lengths
of Dy, D5 is at most £ — 4, and so each has length at most ¢ — 5. Suppose that neither of them is
anticomplete to (). Since @ exists and ) # Di, Do, there are at least four (u, v)-gaps; let Q = D; say
where 3 <4 < 2k. Since D;, Dy are not anticomplete, it follows that ¢ < 4; and similarly ¢ > 2k — 1,
and so k = 2, and we may assume that ¢ = 3 from the symmetry. Since D;, D3 are not anticomplete,
it follows that by = by, ag = a4, and ay, by are adjacent. Also since Dy, D3 are not anticomplete, the
vertices bo, bg are either equal or adjacent; and since C is odd and D1, Do, D3, D4 and P are odd, it
follows that bo = b3. Now the three paths Dy U P U Dy, bs-v-bs and D3 form a long jewel of order
|V(Dy U P U Ds)| < £, a contradiction. This proves 4.2. |

The next result is crucial, and provides the machinery behind all the proof of 1.1 that is novel.

4.3 Let P be a path of odd length, with ends p,p’. Let Ay,..., A C V(P) be nonempty, and let
us say a subpath Q of P is “covering” if V(Q) N As # 0 for 1 < s < k. Suppose that the minimal
covering subpath with one end p, and the minimal covering subpath with one end p’, have the same
parity. Then there is an odd subpath @ of P such that Q is covering, and for some (possibly equal)
s,t € {1,...,k}, one end of Q belongs to As, the other end belongs to Ay, and As, Ay contain no
other vertex of Q.
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Proof. Let P have vertices pg-----p, in order. Thus n is odd. Choose d € {0,...,n} minimum
such that po-----pg is covering. For d < j < n, choose 7 < j maximum such that p;-----p; is
covering and define m(j) = j — 4. If m(d) is odd, then the subpath of P between p;_,,(q) and py
satisfies the theorem; so we assume that m(d) is even. Also, from the hypothesis, m(n) and d have
the same parity, so m(n) + n and m(d) + d have different parity. Consequently there exists i with
d+1 < i < nsuch that m(i)+4 has different parity from m(i—1)4i—1. It follows that m(i), m(i—1)
have the same parity. Choose h < ¢ — 1 maximum such that ps-----p;—1 is covering. Consequently
i—1—h=m(i—1). From the maximality of h, there exists ¢t € {1,...,k} such that p, € A;, and
DPhals---sDi—1 ¢ As. Since m(i), m(i—1) have the same parity, it follows that one of ppy1,...,pi—1,pi
belongs to A;, and so p; € A;. If i, h have opposite parity, the path pp----- p; satisfies the theorem,
so we assume they have the same parity. Choose g < ¢ maximum such that pg-----p; is covering.
Thus i — g = m(i). From the maximality of g, there exists s € {1,...,k} such that p, € A, and
Pg+1s---,Di & As. Since m(h — 1), m(h) have the same parity, it follows that ¢ —1 — h and ¢ — g have
the same parity, that is, g — h is odd. But 7, h have the same parity, so i — g is odd, and the path
Pg- - - - -p; satisfies the theorem. This proves 4.3. |

5 DBases
In this section we prepare to apply 4.3 to generate a cleaning list.

5.1 Let C be a shortest long odd hole in a candidate G, and let u,v be nonadjacent C'-major vertices.
There is not both a long odd (u,v)-gap and a long even (u,v)-gap.

Proof. Let P be a long odd (u,v)-gap, and let @ be a long even (u,v)-gap. They are not anticom-
plete, since otherwise adding u, v to their union gives a long odd hole, shorter than C, a contradiction.
If they share a vertex, then their union is either a long odd u-gap or a long odd v-gap, a contradiction.
So they are vertex-disjoint. Let P have ends pi, ps, and let () have ends q1, g2, where w is adjacent
to p1,q1 and v to pa,q2. We may assume that one of g1, ¢o is adjacent to py. If ¢; is adjacent to
p2 then v-po-q1-Q-go-v is a long odd hole shorter than C. So ¢o is adjacent to po. Let R be the
path of C joining p1, g1 that does not contain ps, go. Thus R has odd length, and so the three paths
R, p1-u-q1 and p1-P-pa-qo-Q-¢q1 form a long jewel; and therefore this jewel has order at least £ + 3.
Consequently R has at least £ + 4 vertices. Let r1, 72 be the neighbours of p1, ps respectively in R.
Suppose that v has no neighbours in V(R) \ {p1,71,72,p2}. Since v is C-major, it is adjacent to at
least one of r1,72; not to exactly one, since it would make a long pyramid with C, and not with
both since then v-r1-R-ro-v is a long odd hole shorter than C; in each case a contradiction. So v
has a neighbour in V(R) \ {p1,71,r2,p2}. Now suppose that u has no neighbour in this set. If u is
adjacent to neither of r1,ry then u-p1-R-po-u is a long odd hole shorter than C; if w is adjacent to
both r1, 7y then u-ri-R-ro-u is a long odd hole shorter than C; and if u is adjacent to exactly one
of rq,r9, it makes a long pyramid with C, in each case a contradiction. So u also has a neighbour
in V(R) \ {p1,7r1,72,p2}. But then there is a path joining u,v with interior in V(R) \ {p1,71,7r2,p2};
and this path, with u-pi-P-ps and u-¢1-Q-g2, forms a long pyramid, a contradiction. This proves
5.1. |
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Let C be a shortest long odd hole in a candidate G. If C is not clean, there is a maximal path
D of C such that some C-major vertex (x say) is adjacent to its ends and not to any of its internal
vertices. We call (x, D) a base (for C in G). A base (x, D) is remote if D has length at least 2¢, and
no C-major vertex different from x has has a neighbour w € V(C') such that de(w,d;) < ¢ for some
i € {1,2}, where dj,dy are the ends of D. (If there is a C-major vertex different from z, the second
condition just given implies the first.) It is easy to “arrange” algorithmically that a base is remote:
we just guess the two paths of C of length 2¢ with middle vertex dy, ds respectively, and delete all
vertices not in these paths with a neighbour in the interior of one of them, except x. (This is safe,
because no vertex of C' will be deleted.) If any C-major vertex different from = remains, then the
base has become remote (and if they all have been deleted then we have won). So the theorems to
come will often assume that (z, D) is a remote base. If (z, D) is a remote base then D is even, since
adding v to D gives a long hole shorter than C.

In what follows, when we have a base (z, D), we will always denote the ends of D by dy,dy. If v
is a C-major vertex nonadjacent to z, then v has a neighbour in V(D) from the maximality of D,
and since (z, D) is remote, there are two (z,v)-gaps included in D, D;(v) and Ds(v) say, where for
i =1,2, D;(v) has ends d; and d;(v) say. Both of them are long, since (x, D) is remote, so they have
the same parity by 5.1.

We will use this notation throughout the paper without defining it again.

5.2 Let C be a shortest long odd hole C' in a candidate G, and let (x, D) be a remote base. Then
for every C-magor vertex v nonadjacent to x, all (x,v)-gaps have the same parity.

Proof. Let D' be the path of C different from D with ends dy,ds. Since D is even (because adding
x gives a long hole shorter than C) it follows that D’ is odd. Thus the three paths D’, di-z-ds and
D form a long jewel, and so D’ has length at least ¢ + 3. Consequently x has a neighbour in C
that is different from and nonadjacent to di,ds (to see this, suppose not; then x has at most four
neighbours in C, and if three then it makes a long pyramid, and if two or four then it makes a long
odd hole shorter than C'). Hence every (x,v)-gap different from D;(v), Da(v) is anticomplete to one
of Di(v), Da(v), and therefore has the same parity as D (v), D2(v). This proves 5.2. |

Let (x, D) be a remote base for C. If v is a C-major vertex nonadjacent to z, we say the x-parity
of v is the common parity of all (z,v)-gaps.

5.3 Let C be a shortest long odd hole in a candidate G, and let (x, D) be a remote base. Let vy, vy
be nonadjacent C'-major vertices, nonadjacent to x, and with the same x-parity, and let Q@ be a long
odd (v1,v2)-gap edge-disjoint from D. Then x has no neighbour in Q.

Proof. Let ) have ends g1, g2, where v1g; and voqo are edges. Since g; is adjacent to v;, it follows
that dc(qi,d;) > € for j =1,2; and so @ is anticomplete to D.

Suppose = has a neighbour in V(Q). If x has no neighbour in the interior of @, then z is adjacent
to one of q1,q2, so all (z,q1)- and (x,¢2)-gaps are even, and consequently @ is not an (x,q;) or
(z, q2)-gap; and therefore x is adjacent to both ¢, g2, and adding z to @ would give a long odd hole
shorter than C, a contradiction. So « has a neighbour in the interior of Q.
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dl(Ug)

Figure 3: For 5.3.

Consequently there is an (x,v1)-gap P that is anticomplete to D and ve has no neighbour in
V(Py); and also there is P, similarly. For i = 1,2, let P;" be the path between v;,z with interior
V(P;). Now every (vi,v2)-gap included in D is anticomplete to @, and since @ is odd and has
length at least ¢, it follows that every (v1,wv2)-gap included in D has odd length. In particular,
di(v1) # di(v2). From the symmetry we may assume that Dj(v2) is a proper subpath of Dp(vy).
Choose a vertex dy of the path d(vy)-D-d;(ve2), adjacent to vy, such that the subpath dj(v1)-D-dp
is minimal. The latter is a (v1,v2)-gap, and so odd. On the other hand, since vy,vy have same
x-parity, the paths Dj(v1), Di(v2) have the same parity, and so dj(v1)-D-di(v2) is even; and hence
dy(ve)-D-dy is odd. If dy(ve),do are nonadjacent, then the path dg-D-d1(vl)—vl—Pf—m—dl-D—dl(vl)
can be extended to a hole by adding either the path dj(vs)-D-dy or di(vs)-ve-dy, and since these
two paths have different parity, one of these holes is odd. It is long since dy-D-d;(v2) has length at
least ¢; and it is shorter than C, a contradiction. Thus d;(v2),dy are adjacent. Choose a minimal
subpath R of D with one end ds such that the other end, r say, is adjacent to one of vi,ve. Thus
R has length at least ¢, and only one of v1,vy has a neighbour in V(R). If r is adjacent to vy, the
three paths x-do- R-r-v1-dy (v1)-D-dy, z-di-D-d;(ve) and x—P;—vg form a long pyramid (omitting v;
from the first if di(v1), dy are equal or adjacent). If r is adjacent to vy, the three paths x-ds-R-r-v2,
x-d1-D-dy (v1) and x—Pfr—vl—dl (v1)-D-dy form a long pyramid, a contradiction. This proves 5.3. |

6 Catch and clean

Let C be a shortest long odd hole, and let P be a path of C. If v is a vertex, we say that P catches
vif v ¢ V(P) and v is adjacent to an internal vertex of P. The point is, if P is a path of C' then we
are sure that no vertices it catches belong to V' (C); they might not all be C-major, but it does no
harm to delete them. This is a quite effective way to clean C' of C-major vertices: we guess a path
of bounded length (or a bounded number of such paths) and delete all the vertices each one catches.
For instance, if we could prove that there is such a set of paths of C' (of bounded size, and each of
bounded length) that together catch all the C-major vertices, we could clean C' and be done. We
have not been able to prove or disprove this. Nonetheless, catching C-major vertices by paths is a
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useful technique, and we will develop it in this section. If F is a set of paths of C, its cost is the
number of vertices in the union of the paths; and it catches v if one of its paths catches v.

6.1 Let C be a shortest long odd hole in a candidate G, and let (x, D) be a remote base. Let M be a
set of C-magor vertices, all nonadjacent to x and with the same x-parity. Let vi,vo € M be adjacent,
and let Q be an odd (v1,v2)-gap, with ends q1,q2, edge-disjoint from D, where v;,q; are adjacent for
i =1,2. Suppose that x has a neighbour in V(Q) and every vertex in M has a neighbour in V(Q).
Then there is a set of paths of C' with cost at most 5¢ + 12 that catches all the vertices in M.

N
> D g

dy(v1) = dy(ve)
Figure 4: For 6.1.
Proof. For i = 1,2, let P; be the (z,v;)-gap included in @, and let its ends be ¢;, p;.
(1) di(v1) = di(va).
Suppose not; then we can assume that Dj(v;) is a proper subpath of Dj(v2). But then the holes
vo-d1(v2)-D1 (v2)-d1-2-pa-Po-qo-v2

v9-v1-d1 (v1)-D1(v1)-d1-2-pa-Pa-qo-v2

have opposite parity, and are both long and shorter than C, a contradiction. This proves (1).

(2) p1,p2 are distinct; and if pi,pe2 are nonadjacent then the sum of the lengths of Pi, Py is at
most £ — 6.

Since Py, P, have the same parity, it follows that the path p1-Q-ps is odd, and in particular p; # po.
If p1, p2 are nonadjacent, there is an odd hole

x-p1-P1-q1-v1-v2-qo- Po-po-x

which is shorter than C, and hence has length less than ¢. This proves (2).
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(3) Let T be a (v1,z)-gap. If v € M is adjacent to vy, then either di(v) = di(v1), or v has a
neighbour in V(T).

Let v € M be adjacent to vy, and suppose that di(v) # dy(v1), and v has no neighbour in V(7). One
of D1(v), D1(v1) is a proper subpath of the other. If D;(v1) is a proper subpath of D (v), choose a
path S joining v, x with interior in the interior of @; then since S and D;(v1) have the same parity, it
follows that the hole v-vi-d;(v1)-D1(v1)-di-2-S-v is a long odd hole shorter than C', a contradiction.
If Dy(v) is a proper subpath of Di(vy), let T be the path between vy, z with interior V(T); then
since T and Dq(v) have the same parity, the hole vi-v-dy(v)-D1(v)-di-z-T-v; is a long odd hole
shorter than C, a contradiction. This proves (3).

For each v € M and for i = 1,2, let Q;(v) be the (v,v;)-gap in @, and let ¢;(v) be the neighbour
of v in @;(v). Now there are two cases, depending whether p;, py are adjacent or not.

(4) If p1,p2 are adjacent, we can catch M with a set of paths of C with cost at most 5¢ + 12.

Let My be the set of all v € M such that either one of Q1(v),@2(v) has length less than ¢, or
one of the (z,v)-gaps in @ has length less than /. We can catch My with a set of three paths of C,
two of length ¢ + 1 and one of length 2¢ 4+ 1, so with cost at most 4¢ + 6. For ¢ = 1,2, let M; be
the set of v € M \ My that are adjacent to v;. By 4.1, there is a (v1,x)-gap T of length less than
¢/2 — 1, and the same for vg, so by (3) we can catch M; U My with a set of paths of C' with cost
at most £ + 6. We claim that My U M; U My = M; for suppose that v € M \ (My U M; U Ms).
Hence v is nonadjacent to both vy, ve. Suppose first that v has a neighbour in P; and a neighbour in
P,. Then there are two (x,v)-gaps in @, with the same parity, and there is a long odd hole shorter
than C, consisting of the union of the two (x,v)-gaps, the edge pip2, and the two edges from v to
the ends of the (x,v)-gaps; and this is impossible. Thus we may assume that all neighbours of v in
V(Q) belong to V(P;). Since x has neighbours in Q2(v), and Q2(v) is long, it is even by 5.3; but
then the (v, x)-gap and the (z,v2)-gap in Q2(v) have different parities, a contradiction. This proves
that My U M7 U My = M. Consequently we can catch M with a set of paths of C' with cost at most
5¢ 4+ 12. This proves (4).

Henceforth we assume that p1, ps are nonadjacent. Let My be the set of all vertices v € M such
that either one of Q1(v),Q2(v) has length less than ¢, or di(v) = dy(v1). We can catch M, with a
set of three paths of C, with lengths £ + 1,/ + 1 and 2, and hence with cost at most 2/ + 7.

(5) If v e M\ My, then
e v is nonadjacent to vi, vy
e Q1(v),Q2(v) are both even; and
e q1(v),q2(v) are adjacent (and so v has exactly two neighbours in V(Q), namely q1(v),g2(v)).

Since @1(v) has length at least ¢, and P; has length less than ¢ by (2), it follows that v has no
neighbour in V(P;). Since P is an (z,v1)-gap, and di(v) # di(v1), (3) implies that v,v; are
nonadjacent, and similarly v,ve are nonadjacent. All neighbours of v in V(Q) lie strictly between
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p1,p2 in Q. Since Q1(v) is long and contains a neighbour of z, 5.3 implies that @Q1(v) is even, and
similarly Q2(v) is even. Thus q1(v) # g2(v). If ¢1(v), g2(v) are nonadjacent, the hole

v-q1(v)-Q1(v)-q1-v1-v2-q2-Q2(v)-g2(v)-v

is long, odd, and shorter than C, a contradiction. Thus ¢;(v), g2(v) are adjacent. This proves (5).
(6) We can catch M \ My with a set of paths of C with cost at most £ + 4.

We may assume that M \ My is nonempty. Choose u € M \ My such that the path Qq(u) is as
short as possible. Now there are three kinds of vertices v € M \ My:

e Let Ny be the set of all v € M \ M such that some (u,v)-gap in @ has length less than ¢ (the
(u,v)-gap in @ is unique unless u, v have the same two neighbours in v(Q));

e Let N7 be the set of all v € M \ (MU Np) such that u, v are nonadjacent;
e Let Ny be the set of all v € M \ (Mp U Np) such that u,v are adjacent.

We can catch Ny with one path of length ¢ + 1. We claim that N; = (); for suppose that v € Nj.
Since Q1(u), Q1(v) are both even, it follows that the (u,v)-gap in @ is odd, and long; and so x has
no neighbour in it, by 5.3. But then there is a long pyramid formed by the path z-d;-D;(v)-d; (v)-v,
and the two (z,v)-gaps in @, extended to x (note that one of the latter is long, since it includes the
(u,v)-gap). Thus Ny = 0.

We claim that dj(v) = dy(u) for all v € Ny. Suppose not. If D;(u) is a proper subpath of Dj(v),
let S be an induced path between x, v with interior in V(@) that is edge-disjoint from the (u,v)-gap,
and therefore contains no neighbour of w. Since Dj(u), Di(v) have the same parity, the holes

v-dy (v)-D1(v)-d1-2-S-v

v-u-dq (u)-D1(u)-di-2-S-v

have opposite parity, and are both long and shorter than C, a contradiction. If D;(v) is a proper
subpath of Dj(u), let S be an induced path between x,u with interior in V(@) that is edge-disjoint
from the (u,v)-gap, and therefore contains no neighbour of v. Since Dj(u), Di(v) have the same
parity, the holes

u-dy (u)-D1 (u)-di-2-S-u

u-v-dy (v)-D1(v)-dq-2-S-u

have opposite parity, and are both long and shorter than C, a contradiction. This proves that
di(v) = dq(u) for all v € Ny; and hence we can catch Ny with one path of length two and hence cost
three. Since N1 = () and we can catch Ny with one path of length £ + 1 and hence cost £ + 2, this
proves (6).

But we can catch My with a set of paths of C' with cost at most 2¢+ 7; so from (6) we can catch
M with cost at most 3¢ + 11. This proves 6.1. |
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As a consequence we have:

6.2 Let C be a shortest long odd hole in a candidate G, and let (x,D) be a remote base. Then
there is a set of paths of C with cost at most 5¢ + 12 that catches all C'-major vertices that both are
nonadjacent to x and have even x-parity.

Proof. Let M be the set of all C-major vertices nonadjacent to x with even z-parity. Let P be
the path of C obtained by deleting the interior of D. Every vertex in M U {x} has at least two
neighbours in V(P). Moreover, for each v € M U{x}, the shortest subpath of P with one end d; and
the other adjacent to v has the same parity as Dj(v) and so is even; and the same holds for dy. Thus
M U {z} and P satisfy the hypotheses of 4.3, and so there is an odd path @ of C with ends ¢, g2,
edge-disjoint from D, and there are vertices vy, vy € M U {x}, such that v1q; and vegs are edges and
there are no other edges between {v1,v2} and V(Q); and every vertex in M U {z} has a neighbour
in V(Q). If @ has length less than ¢ the result follows, so we assume () is long. Hence v; # vy. Now
x is nonadjacent to all vertices in M, and they all have even x-parity; so vi,ve # x. By 5.3, v1,v9
are adjacent, and the result follows from 6.1. This proves 6.2. |

6.3 Let C be a shortest long odd hole in a candidate G, and let (x, D) be a remote base. Then there
s a set of paths of C' with cost at most 16 + 28 that catches all C-major vertices nonadjacent to x.

Proof. By 6.2 there is a set F; of paths of C' with cost at most 5¢ + 12 that catches all C-major
vertices nonadjacent to x with even x-parity. Let M; be the set of all C-major nonneighbours of x
not caught by Fi. Now let us apply 4.3 to the path P of C' obtained by deleting the interior of D,
and the set My U{z}. We may assume that M; # (). Again, the hypotheses of 4.3 are satisfied, since
for each v € My, the shortest subpath of P with one end d; and the other adjacent to v has the same
parity as D1 (v) and so is odd; and the same holds for do; and so for i = 1,2 the shortest subpath of
P with one end d; containing a neighbour of each vertex in M; U {x} is odd. (Note that although x
is adjacent to d;, the members of M; are not adjacent to d;, and M7 # (), so this shortest subpath
does not have length zero.)

It follows that there is an odd path @ of C with ends g1, ¢2, edge-disjoint from D, and there are
vertices vi,ve € M U {x}, such that v1q; and vaqe are edges and there are no other edges between
{v1,v2} and V(Q); and every vertex in M; U{x} has a neighbour in V(Q). If @ has length less than
£ the result follows, so we assume @ is long. Hence v # vs.

First, suppose that vi,vs # x. By 5.3, v1,ve are adjacent; and by 6.1 the result holds. So we
may assume that ve = = say. Let B be the v-gap that includes @. Then (v, B) is a base for C in
G\ Ny, where N is the set of C-major neighbours of z, and Nj is the union of N with the set of
C-major vertices caught by Fj. Let F2 be the set of the two paths of C of length 2¢ with middle
vertices the ends of F, and let Ny be the union of NV with the set of C-major vertices caught by Fo;
then (v1, B) is a remote base for C' in G\ Na. By 6.2 there is a set F3 of paths of C' with cost at
most 5¢ 4 15 that catches all C-major vertices v of G'\ N2 nonadjacent to v; and with even v-parity.
Let N3 be the union of Ny with the set of C-major vertices caught by Fs.

By 4.2 there is an (z,v1)-gap T of length at most ¢ — 5 anticomplete to @; and it follows that T
is vertex-disjoint from and anticomplete to D. let T be the path between x,v; with interior V(T').
Let T have ends t1,t2, where tjv and toz are edges. For each C-major vertex v of G\ N3, let Q1(v)
be the (v1,v)-gap in @, with ends ¢;(v) and ¢1, and let Q2(v) be the (z,v)-gap in @, with ends g2(v)
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and go. Note that Q1(v) is long, since (v, B) is a remote base.

(1) For every C-magjor vertex v of G\ N3, either v has a neighbour in V(T), or Q2(v) has length less
than £.

Let v be a C-major vertex of G \ N3 adjacent to v1, and suppose v has no neighbour in V(T),
and Q2(v) is long. Suppose first that v,v; are adjacent. Now 7T is odd, since v; has odd x-parity;
and also Q2(v) is odd, since v has odd z-parity. But v; has no neighbour in Q2(v), since ¢; is the
only neighbour of v; in @, and ¢1 ¢ V(Q2(v)) since v, ¢ are not adjacent. Since T' is anticomplete
to @ and hence to Q2(v), the hole v1-v-¢2(v)-Q2(v)-q2-z-TT-v1 is a long odd hole shorter than C, a
contradiction.

Now suppose that v,v; are nonadjacent. Since @, Q1(v) and Q2(v) are odd, and Q1(v), Q2(v)
are edge-disjoint, it follows that the path ¢;(v)-Q-g2(v) is odd. There is an induced path R between
q1, g2 with interior in V(T')U{z, v1 }, and there are no edges between the interior of R and the interior
of @, or between the interior of R and v. Consequently if ¢;(v),g2(v) are nonadjacent, the paths
q1(v)-v-¢2(v), q1(v)-Q-g2 and q1(v)-Q1(v)-q)1-R-q2-Q2(v)-g2(v) form a long jewel, and so there is a
long odd hole of length less than C, a contradiction. Hence ¢1(v), g2(v) are adjacent. Since the paths
Q1(v) and T are disjoint and anticomplete, there is a long pyramid formed by v1-¢1-Q1(v)-q1(v), a
path between v, g2 with interior in V(T') U{x} UV (Q2(v)) and a path between vy, v with interior in
the interior of D, a contradiction. This proves (1).

It follows from (1) that there is a set Fy of paths of C' with cost at most 2¢ — 1 that catches
every C-major vertex of G\ N3. Then F; U Fo U F3 U Fy catches every C-major vertex of G that is
nonadjacent to z. This set has cost at most

(504 15) + (404 2) + (50 +15) + (20 — 1) = 16/ + 28.

This proves 6.3. |

7 The algorithm

In this section we will use the results of the previous sections to give our main theorem. We need
7.1 There is an algorithm with the following specifications:
Input: A candidate G.

Output: FEither decides that G has a long odd hole, or decides that G does not have a shortest long
odd hole C' and a remote base (x, D) such that all C-major vertices are equal or adjacent to x.

Running time: O(|G|%).

Proof. Suppose that C is a shortest long odd hole with a remote base (z, D), and every other
C-major vertex is adjacent to x. Here is an algorithm: we guess x and the ends dy, ds of the path D,
and its middle vertex dy (D has even length). Let Z be the set consisting of x and all its neighbours.
For ¢ = 1,2, compute the set D; of internal vertices of all shortest paths with interior in G \ Z
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between d;, dy. Let Y be the set of vertices of G not in Dy U Dy U {dy, d1,d2} and with a neighbour
in Dy UDyU{do}. Apply 3.6 to G\ (Y U{z}). If it finds a long odd hole, output that G has a long
odd hole. If (after checking all possible guesses) we did not find a long odd hole, output that G has
no shortest long odd hole C and base (z, D) such that every other C-major vertex is adjacent to x.

To see correctness, we only need to check correctness when G has a shortest long odd hole C' and
a remote base (z, D), and every other C-major vertex is adjacent to z. In this case, when we guess
correctly, the interior of D contains no vertices in Z; and since the subpath of D between d1, dy has
length less than |C|/2, it is a shortest path of G between dj,dy containing no C-major vertices, by
3.2. Any shortest path with interior in G'\ Z between d;, dy will contain no C-major vertices, because
they all belong to Z. Hence the interior of D is a subset of the set D1 U Do U {dy} computed by the
algorithm. Also by 3.2, V(C) \ V(D) is anticomplete to D1 U Dy U {dp}; and so the set Y computed
by the algorithm contains no vertices of C'. But it does contain all the C-major vertices except x;
because they all have neighbours in the interior of D, and do not belong to D1 U Dy since D1 U D
is disjoint from Z. Hence after deleting Y U {z}, all C-major vertices have been deleted and C' has
become a clean shortest long odd hole, and the algorithm of 3.6 will detect a long odd hole; and so
the output is correct.

For running time, there are |G|* guesses to check, and each one takes time O(|G|?) (because we
are applying 3.6). Thus the total running time is O(|G|?). This proves 7.1. |

Now our main result 1.1, which we restate:

7.2 There is an algorithm with the following specifications:
Input: A graph G.
Output: Decides whether G has a long odd hole.

Running time: O(|G|?%+40).

Proof. First we apply 2.4, and we may assume we determine that G is a candidate. Next we apply
3.6 to G, and we assume we find that there is no clean shortest long odd hole. So either G has no
long odd hole, or it has a shortest long odd hole C' with a base (z, D). We assume the latter. Let
R1, Ry be the paths of C of length 2¢ with middle vertices the ends dy,ds of D. We guess x and
R1, Ry, and delete all vertices caught by {R;, Re} different from x, producing H say, and run 3.6 on
H \ {z}; and assuming it still does not find a long odd hole, and G has a long odd hole, then when
we guess correctly, H has a shortest long odd hole C' with a remote base (z, D).

Now by 6.3 there is a set F of paths of C, with cost at most 16¢+ 28, that catches every C-major
vertex of H nonadjacent to z. We guess the paths in F, and delete all the vertices they catch. Then
we apply 7.1 to the resulting graph. If it finds a long odd hole we are done; and it will do so in the
case when we guess correctly. If after all guesses we never find a long odd hole, we return that there
is none.

The total cost of guesses for the paths is (44 + 2) + (164 + 28) = 20¢ + 30, and we also have
to guess x; and checking each guess takes time O(|G|°), since we are applying 7.1. Thus the total
running time is O(|G|?*+40). This proves 7.2. |
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