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CLIQUE NUMBER HAVE LOGARITHMIC TREEWIDTH

MARIA CHUDNOVSKY', PETER GARTLAND?, SEPEHR HAJEBI §,
DANIEL LOKSHTANOV?, AND SOPHIE SPIRKL!!

ABSTRACT. We prove that for every integer ¢ > 1 there exists an inte-
ger ¢; > 1 such that every n-vertex even-hole-free graph with no clique
of size t has treewidth at most ¢;logn. This resolves a conjecture of
Sintiari and Trotignon, who also proved that the logarithmic bound is
asymptotically best possible. It follows that several NP-hard problems
such as STABLE SET, VERTEX COVER, DOMINATING SET and COL-
ORING admit polynomial-time algorithms on this class of graphs. As a
consequence, for every positive integer r, ~-COLORING can be solved in
polynomial time on even-hole-free graphs without any assumptions on
clique size.

As part of the proof, we show that there is an integer d such that ev-
ery even-hole-free graph has a balanced separator which is contained in
the (closed) neighborhood of at most d vertices. This is of independent
interest; for instance, it implies the existence of efficient approximation
algorithms for certain NP-hard problems while restricted to the class of
all even-hole-free graphs.

1. INTRODUCTION

All graphs in this paper are finite and simple. For a graph G, we denote
by V(G) the vertex set of G, and by E(G) the edge set of G. For graphs
H,G, we say that H is an induced subgraph of G if V(H) C V(G), and
x,y € V(H) are adjacent in H if and only if xy € E(G). A hole in a graph
is an induced cycle with at least four vertices. The length of a hole is the
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number of vertices in it. A hole is even if it has even length, and odd other-
wise. The class of even-hole-free graphs has attracted much attention in the
past due to its somewhat tractable, yet very rich structure (see the survey
[33]). In addition to stuctural results, much effort was put into designing
efficient algorithms for even-hole-free graphs (to solve problems that are
NP-hard in general). This is discussed in [33], while [1, 12, 15, 24] provide
examples of more recent work. Nevertheless, many open questions remain.
Among them is the complexity of several algorithmic problems: STABLE
SET, VERTEX COVER, DOMINATING SET, k-COLORING and COLORING.

For a graph G = (V(G), E(G)), a tree decomposition (T, x) of G consists
of a tree T and a map x : V(T) — 2V(@ with the following properties:

(i) For every vertex v € V(G), there exists ¢t € V(T') such that v € x(¢).
(ii) For every edge vjvs € E(G) there exists t € V(7T') such that vy, ve €
X(®).
(iii) For every vertex v € V(G), the subgraph of T induced by {t € V(T |
v € x(t)} is connected.

For each t € V(T), we refer to x(t) as a bag of (T, x). The width of a
tree decomposition (7, x), denoted by width(7, x), is max;cv () [x(t)] — 1.
The treewidth of G, denoted by tw(G), is the minimum width of a tree
decomposition of G.

Treewidth, first introduced by Robertson and Seymour in the context of
graph minors [30], is an extensively studied graph parameter, mostly due
to the fact that graphs of bounded treewidth exhibit interesting structural
[29] and algorithmic [10] properties. It is easy to see that large complete
graphs and large complete bipartite graphs have large treewidth, but there
are others (in particular a subdivided k x k-wall, which is a planar graph
with maximum degree three, and which we will not define here). A theorem
of [29] characterizes precisely excluding which graphs as minors (and in fact
as subgraphs) results in a class of bounded treewidth.

Bringing tree decompositions into the world of induced subgraphs is a
relatively recent endeavor. It began in [32], where the authors observed yet
more evidence of the structural complexity of the class of even-hole-free
graphs: the fact that there exist even-hole-free graphs of arbitrarily large
treewidth (even when large complete subgraphs are excluded). Closer ex-
amination of their constructions led the authors of [32] to make the fol-
lowing two conjectures (the diamond is the unique simple graph with four
vertices and five edges):

Conjecture 1.1 (Sintiari and Trotignon [32]). For every integer t > 1,
there exists a constant ¢; such that every even-hole-free graph G with no
induced diamond and no clique of size t satisfies tw(G) < ¢.

Conjecture 1.2 (Sintiari and Trotignon [32]). For every integer t > 1,
there exists a constant Cy such that every even-hole-free graph G with no
clique of size t satisfies tw(G) < Cylog |V (G)].
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Conjecture 1.1 was resolved in [8]. Here we prove Conjecture 1.2, thus
closing the first line of research on induced subgraphs and tree decomposi-
tions.

We remark that the construction of [32] shows that the logarithmic bound
of Conjecture 1.2 is asymptotically best possible. Furthermore, our main
result implies that many algorithmic problems that are NP-hard in general
(among them that STABLE SET, VERTEX COVER, DOMINATING SET and
COLORING) admit polynomial-time algorithms in the class of even-hole-free
graphs with bounded clique number. As a consequence, for every positive
integer r, r-COLORING can be solved in polynomial time on even-hole-free
graphs without any assumptions on clique size.

Before we proceed, we introduce some notation and definitions. Let
G = (V(G),E(G)) be a graph. For a set X C V(G), we denote by G[X]
the subgraph of G induced by X. For X C V(G), we denote by G\ X the
subgraph induced by V(G) \ X. In this paper, we use induced subgraphs
and their vertex sets interchangeably.

For graphs G and H, we say that G contains H if some induced subgraph
of G is isomorphic to H. For a family H of graphs, G contains H if
G contains a member of H, and we say that G is H-free if G does not
contain ‘H. A clique in a graph is a set of pairwise adjacent vertices, and a
stable set is a set of vertices no two of which are adjacent. Let v € V(G).
The open neighborhood of v, denoted by N(v), is the set of all vertices in
V(G) adjacent to v. The closed neighborhood of v, denoted by N[v], is
Nw) U {v}. Let X C V(G). The open neighborhood of X, denoted by
N(X), is the set of all vertices in V(G) \ X with at least one neighbor in
X. The closed neighborhood of X, denoted by N[X], is N(X)UX. If H is
an induced subgraph of G and X C V(G), then Ny(X) = N(X)N H and
Ny[X] = Ng(X)U (X NH). Let Y C V(G) be disjoint from X. We say
X is complete to Y if all possible edges with an end in X and an end in Y
are present in GG, and X is anticomplete to Y if there are no edges between
X and Y.

Given a graph G, a path in G is an induced subgraph of G that is a
path. If P is a path in G, we write P = p;-----p; to mean that V(P) =
{p1,...,pk}, and p; is adjacent to p; if and only if |i — j| = 1. We call the
vertices p; and p; the ends of P, and say that P is a path from py to ps.
The interior of P, denoted by P*, is the set V(P) \ {p1,pr}. The length
of a path P is the number of edges in P. We denote by C} a cycle with &
vertices.

Next, we describe a few types of graphs that we will need (see Figure 1).

A theta is a graph consisting of three internally vertex-disjoint paths
Pr=a---- b, P, =a----- b, and P3 = a-----b, each of length at least 2,
such that P, Py, P; are pairwise anticomplete. In this case we call a and
b the ends of the theta.
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F1GURE 1. Theta, prism and an even wheel. Dashed lines
represent paths of length at least one.

A prism is a graph consisting of three vertex-disjoint paths P, = aq--- - - by,
Py, = as-----by, and P35 = asz-----bs, each of length at least 1, such that
aiasaz and bbybs are triangles, and no edges exist between the paths except
those of the two triangles.

A pyramid is a graph consisting of three paths P, = a----- by, P, =
a-----by, and Py = a-- - --bz such that P;\{a}, P;\{a}, Ps\{a} are pairwise
disjoint, at least two of the three paths P;, P», P; have length at least
two, b1bybs is triangle (called the base of the pyramid), and no edges exist
between P; \ {a}, P, \ {a}, P5\ {a} except those of the triangle bybsbs. The
vertex a is called the apex of the pyramid.

A wheel (H,z) in G is a pair where H is a hole and x is a vertex with at
least three neighbors in H. A wheel (H, z) is even if  has an even number
of neighbors on H.

Let C be the class of (Cy, theta, prism, even wheel)-free graphs (some-
times called “Cy-free odd-signable” graphs). For every integer t > 1, let C,
be the class of all graphs in C with no clique of size ¢. It is easy to see that
every even-hole-free graph is in C.

The reader may be familiar with [2] where a special case of Conjecture 1.2
was proved; moreover, only one Lemma of [2] uses the fact that the set-up
there is not the most general case. At the time, the authors of [2] thought
that the full proof of Conjecture 1.2 would follow the general outline of [2],
fixing the one missing lemma. That is not what happened. The proof in
the present paper takes a different path: while it relies on insights and a
general understanding of the class of even-hole-free graphs gained in [2],
and uses several theorems proved there, a significant detour is needed.

The first part of the paper is not concerned with treewidth at all. Instead,
we focus on the following question: given two non-adjacent vertices in a
graph in C of bounded clique number, how many internally vertex-disjoint
paths can there be between them? Given that if instead of “internally
vertex-disjoint” we say “with pairwise anticomplete interiors”, then the
answer is “two”; this is somewhat related to the recent work on the induced
Menger theorem [19, 22, 27]. Let k > 1 be an integer and let a,b € V(G).
We say that ab is a k-banana if a is non-adjacent to b, and there exist k
pairwise internally-vertex-disjoint paths from a to b. Note that if ab is a
k-banana in GG, then ab is an [-banana in G for every | < k. We prove:
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Theorem 1.3. For every integert > 1, there exists a constant ¢; such that
if G € Cy, then G contains no c¢;log |V (G)|-banana.

The next step in the proof of Conjecture 1.2 is the following. Let ¢ € [0, 1]
and let w be a normal weight function on G, that is, w : V(G) — Rxg
satisfies Y ey w(v) = 1. A set X C V(G) is a (w, ¢)-balanced separator
if w(D) < ¢ for every component D of G\ X. The set X is a w-balanced
separator if X is a (w, %)—balanced separator. We show:

Theorem 1.4. There is an integer d with the following property. Let G € C
and let w be a normal weight function on G. Then there exists Y C V(Q)
such that

o Y| <d, and

e N[Y]| is a w-balanced separator in G.

We then use Theorem 1.3 and Theorem 1.4 to prove our main result:

Theorem 1.5. For every integert > 1, there exists a constant ¢; such that
every G € C; satisfies tw(G) < ¢;log |V (G)].

1.1. Proof outline and organization. We only include a few definitions
in this section; all the necessary definitions appear in later parts of the
paper. Our first goal is to prove Theorem 1.3. Let a,b € V(G) be non-
adjacent. Recall that a separation of a graph G is a triple (X,Y,Z) of
pairwise disjoint subsets of G with X UY U Z = G such that X is anti-
complete to Z. Similarly to [6], we use the fact that graphs in C; admit
a natural family of separations that correspond to special vertices of the
graph called “hubs” and are discussed in Section 3. Unfortunately, the in-
teractions between these separations may be complex, and, similarly to [5],
we use degeneracy to partition the set of all hubs other than a,b (which
yields a partition of all the natural separations) of an n-vertex graph G in
C; into collections Sy, ..., S,, where each S; is “non-crossing” (this property
is captured in Lemma 4.9), p < C(t)logn (where C(t) only depends on ¢
and works for all G € C;) and each vertex of S; has at most d (where d de-
pends on t) neighbors in U?;i S;. We prove a strengthening of Theorem 1.3,
which asserts that the size of the largest ab-banana is bounded by a linear
function of p.

We observe that a result of [2] implies that there exists an integer & (that
depends on t) such that if G € C; has no hubs other than a, b, then ab is
not a k-banana in G. More precisely, the result of [2] states that if a and b
are joined by k internally-vertex-disjoint paths P, ..., P, then for at least
one i € {1,...,k}, the neighbor of a in P; is a hub.

We now proceed as follows. Let m = 2d + k (where d comes from the
degeneracy partition and k from the previous paragraph); suppose that ab
is a (4m + 2)(m — 1)-banana in G and let P be the set of all paths of G
with ends a, b.
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Let S1,...,S, denote the partition of hubs as decribed above. We pro-
ceed by induction on p and describe a process below that finds an induced
subgraph H of G in which:

e Vertices in S7 are no longer hubs;
e If there are not many internally disjoint ab-paths in H, we can “lift”
this to G.

We first consider a so-called m-lean tree decomposition (7, x) of G (dis-
cussed in Section 2). By examining the intersection graphs of subtrees
of a tree we deduce that there exist two (not necessarily distinct) ver-
tices t1,ty € V(T') such that for every ab path P, the interior of P meets
X(t1) U x(t2). We also argue that a,b € x(t1) U x(t2). A vertex u of S] is
bad if u has large degree (at least D = 2m(m — 1)) in the torso of x(¢;), or
u has large degree in the torso of x(¢2), or u is adjacent to both a and b.
We show that there are at most three bad vertices in S;.

We would like to bound the size of the largest ab-banana in the union of
the two torsos. Unfortunately, the torso of x(t;) may not be a graph in C;.
Instead, we find an induced subgraph of GG, which we call 3, that consists
of x(t1) U x(t2) together with a collection of disjoint vertex sets Conn(t;, t)
for t € V(T) \ {t1,t2} and i € {1,2} except vertices t on the t;-to-path in
T, where each Conn(t;,t) “remembers” the component of G\ (x(t1)Ux(t2))
that meets x(t). Importantly, no vertex of 5\ (x(t1) U x(¢2)) is a hub of j3,
and all but at most three vertices of S; have bounded degree in the union
of the torso of x(t1) and the torso of x(t2).

We next decompose 3, simultaneously, by all the separations correspond-
ing to the hubs in S that are not bad, and delete the set of (at most three)
bad vertices of S;. We denote the resulting graph by 34(S;) and call it the
“central bag” for S;. The parameter p is smaller for 34(S) than it is for
GG, and so we can use induction to obtain a bound on the largest size of an
ab-banana in 34(S;). Since our goal is to bound the size of an ab-banana
in GG by a linear function of p, we now need to show that the size of the
largest ab-banana does not grow by more than an additive constant when
we move from 34(S;) to G.

We start with a smallest subset X of 34(S;) that separates a from b in
B4(S;) (and whose size is bounded by Menger’s theorem) and show how
to transform in into a set Y separating a from b in 3, while increasing the
size of its intersection with x(¢1) U x(t2) by at most an additive constant,
and ensuring the number of sets Conn(t;,t) that Y meets is bounded by a
constant. Then we repeat a similar procedure to obtain a set Z of vertices
separating a from b in G, making sure that the increase in size is again
bounded by an additive constant.

Let us now discuss how we obtain the bound on the growth of the sep-
arator. In the first step, to obtain Y, we add to X the neighbor sets of
the vertices of S; N X. Since while constructing 54(S;) we have deleted all
the bad vertices of S, the number of vertices of x(t1) U x(t2) added to X
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is at most 2|S; N X|D, and Y \ X meets at most 2|5, N X|D of the sets
Conn(t;,t). Note that the bound on the size of X that we have depends
on p, which may be close to log [V (G)], so another argument is needed to
obtain a constant bound on |S; N X| and on the number of sets Conn(t;, t)
that meet Y. This is a consequence of Theorem 6.3, because no vertex of
Sy is a hub in $4(S;) (this is proved in Theorem 4.10), and no vertex of
Conn(t;,t) is a hub in 5. (The proof of Theorem 6.3 analyzes the structure
of minimal separators in graphs in C using tools developed in Section 5.)
In the second growing step, we start with the set Y obtained in the
previous paragraph. Then we add to Y the following subsets (here we
describe the cases when ¢, # to; if t; = t5 the argument is similar).

(1) x(t1) N x(#}) where ¢} is the unique neighbor of ¢; in the path in T’
from t; to ts.

(2) x(t2) N x(t,) where t} is the unique neighbor of ¢y in the path in 7'
from t; to ts.

(3) x(t1) Nx(t) for every t € N(t1)\ {t}} such that Y NConn(¢y,t) # 0.

(4) x(t2) Nx(t) for every t € N(t2)\ {t4} such that Y N Conn(ty, t) # 0.

(5) The set of all bad vertices of S;.

One of the properties of m-lean tree decompositions is that the size of
each adhesion (intersection of “neighboring” bags) is less than m. The
number of adhesions added to Y is again bounded since the number of
distinct sets Conn(t;,t) that meet Y is bounded. This completes the proof
of Theorem 1.3.

The next key ingredient in the proof of Theorem 1.5 is Theorem 1.4,
asserting that there is an integer C' such that for every graph G € C and
every normal weight function w on G, there is a w-balanced separator X
in GG such that X is contained in the union of the neighborhoods of at most
C vertices of GG. To prove that, we first prove a decomposition theorem,
similar to the one giving us the natural separations associated with hubs,
but this time the separations come from pyramids in G. We then use the
two kinds of separations (the kind that come from hubs and the kind that
come from pyramids) as follows.

For X C V(G) we say that a set Y C V(G) dominates X if X C
N[Y]. By Lemma 8.5 (from [14]) there is a path P = p;-----p; in G
such that w(D) < 1 for every component D of G\ N[P]. We now use
a “sliding window” argument: we divide P into subpaths, each with the
property that its neighborhood can be dominated by a small, but not too
small, set of vertices. Using the decomposition theorems above, we find a
bounded-size set X (W) such that, except for our window W, the path P is
disjoint from N[X(W)], and N[X(WW)] separates the subpath of P before
our current window from that after our current window. This means (unless
N[X] is a balanced separator) that the big component of G \ N[X] does
not contain either the subpath of P before our window, or the subpath
after our window. By looking at the point in the path where this answer
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changes from “before” to "after” (and showing that such a point exists),
and by combining the separators for the two windows before and after
this point as well as small dominating sets for the neighborhood of those
two windows, we are able to find a w-balanced separator with bounded
domination number. This completes the proof of Theorem 1.4. We remark
that Theorem 1.4 applies to all graphs in C and does not assume a bound
on the clique number.

The next step in the proof of Theorem 1.5 is to prove Theorem 9.2,
asserting that for every integer L, if a graph G contains no L-banana, then
for every normal weight function w on G, if G has a w-balanced separator
N[X], then G has an w-balanced separator Y and a clique T C X such
that |Y'\ 7| < 3|X|L. This step uses 3L-lean tree decompositions of G and
works for all graphs G.

Now Theorem 9.2 and Theorem 1.3 together imply that for every ¢, there
exists an integer g, depending on t, such that for every G € C;, G has a
balanced separator of size at most ¢qlog |V (G)|+t; that is Theorem 9.1. By
Lemma 10.1 this immediately implies the desired bound on the treewidth
of G.

The paper is organized as follows. In Section 2, we discuss lean tree
decompositions and their properties, along with other classical results in
graph theory. For some of them we prove variations tailored specifically to
our needs. In Section 3 we summarize results guaranteeing the existence
of separations associated with hubs. We also establish a stronger version
of Theorem 1.3 for the case when the set of hubs in G is very restricted.
In Section 4 we discuss the construction of the graphs 5 and $4(S;), and
how to use ab-separators there to obtains ab-separators in GG. In Section 5
we analyze the structure of minimal separators in graphs of C. In Section 6
we use the results of Section 5 to obtain a bound on the size of a stable
set of non-hubs in an ab-separator of smallest size. Section 7 puts together
the results of all the previous sections to prove Theorem 1.3. The goal
of Section 8 is to prove Theorem 1.4. We start with Lemmas 8.2 and
8.3 to establish the existence of certain decompositions in graphs of C, and
then proceed with the sliding window argument. Section 9 is devoted to the
proof of Theorem 9.1. The proof of Theorem 1.5 is completed in Section 10.
Finally, Section 11 discusses algorithmic consequences of Theorem 1.4 and
Theorem 1.5.

2. SPECIAL TREE DECOMPOSITIONS AND CONNECTIVITY

In this section we have collected several results from the literature that
we need; for some of them we have also proved our own versions, tailored
specifically to our needs. Along the way we also introduce some notation.

2.1. Connectivity. We start with a result on connectivity. For two ver-
tices u,v € G and a set X C G\ {u,v} we say that X separates u from v
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if P*N X # () for every path P of G with ends u and v. The following is a
well-known variant of a classical theorem due to Menger [26]:

Theorem 2.1 (Menger [26]). Let k > 1 be an integer, let G be a graph
and let u,v € G be distinct and non-adjacent. Then either there exists a
set M C G\ {u,v} with |M| < k such that M separates u and v in G, or
wv s a k-banana in G.

2.2. Lean tree decompositions. We adopt notation from [2]: For a tree
T and vertices t,t' € V(T), we denote by tT't' the unique path in 7" from ¢ to
t'. Let (T, x) be a tree decomposition of a graph G. For every uv € E(T),
the adhesion at uv, denoted by adh(u, v), is the set x(u)Nx(v). For u,v € T
such that uwv € E(T) (in particular, if u = v), we set adh(u,v) = 0. We
define adh(T’, x) = maxyyepr) | adh(u,v)|. For every x € V(T'), the torso
at z, denoted by X(z), is the graph obtained from the bag x(z) by, for
each y € Nr(x), adding an edge between every two non-adjacent vertices
u,v € adh(z,y).

In the proof of Theorem 1.3 and Theorem 1.5, we will use a special kind
of a tree decomposition that we present next. Let k£ > 0 be an integer. A
tree decomposition (7, x) is called k-lean if the following hold:

e adh(7', x) < k; and

o for all t,¢' € V(T') and sets Z C x(t) and Z' C x(t') with |Z| =
|Z'| <k, either G contains |Z| disjoint paths from Z to Z’, or some
edge ss’ of tT't' satisfies |adh(s, s")| < |Z].

For a tree T' and an edge tt’ of T', we denote by T;_,» the component of T'\¢
containing t'. Let Gy v = G[Uyer,_,, X(v)]. A tree decomposition (7’ x) is
tight if for every edge tt' € E(T) there is a component D of Gy \ x(t)
such that x(¢) N x(t') € N(D) (and therefore x(t) N x(¢') = N(D)).

Next, we need a definition from [9]. Given a tree decomposition (7', x) of
an n-vertex graph G, its fatness is the vector (ay, ..., ag) where a; denotes
the number of bags of T" of size i. A tree decomposition (7', x) of G is
k-atomic if adh(T,x) < k and the fatness of (7}, x) is lexicographically
minimum among all tree decompositions of G with adhesion less than k.

It was observed in [13] that [9] contains a proof of the following:

Theorem 2.2 (Bellenbaum and Diestel [9], see Carmesin, Diestel, Hamann,
Hundertmark [13], see also Weilauer [34]). Every k-atomic tree decompo-
sition is k-lean.

We also need:
Theorem 2.3 (WeiBauer [34]). Every k-atomic tree decomposition is tight.

Using ideas similar to those of Weilauer [34] and using Theorems 2.1
and 2.2, we prove:

Theorem 2.4. Let G be a graph, let k > 1 and let (T, x) be 3k-atomic
tree decomposition of G. Let ty € V(T) and let u,v € G. Assume that
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Nlu] is not separated from x(to) \ u by a set of size less than 3k, and that
Nlv] is not separated from x(to) \ v by a set of size less than 3k. Then u
is not separated from v by a set of size less than k, and consequently uv is
a k-banana.

Proof. By Theorems 2.2 and 2.3, we have that (T, x) is tight and 3k-lean.
Suppose that u is separated from v by a set of size less than k. By Theo-
rem 2.1, there exists a set P, of pairwise vertex-disjoint (except u) paths,
each with one end u and the other end in x(¢y) \ u, and such that |P,| = 3k.
Let Z, be the set of the ends of members of P, in x(t). Similarly, there
exists a collection P, of pairwise vertex-disjoint (except v) paths, each with
one end v and the other end in x(¢g) \ v, and such that |P,| = 3k. Let Z,
be the set of the ends of members of P, in x(ty). Since (T, x) is 3k-lean,
there is a collection Q of pairwise vertex-disjoint paths from Z, to Z,. Let
X be a set with | X| < k separating u from v. Then, for every u-v path P
in G we have P* N X # (). But since |Z,| = |Z,| = |Q] = 3k, there is a
path Q € Q with ends z, € Z, and z, € Z,, a path P, € P, from u to z,,
and a path P, € P, from v to Z, such that X N(QU (P, \u)U(P,\v)) =0,
contrary to the fact that u-P,-z,-Q-z,-P,-v is a walk from u to v in G. This
proves the first statement of the theorem. The second statement follows
immediately by Theorem 2.1. |

We finish this subsection with a theorem about tight tree decompositions
in theta-free graphs that was proved in [2]. Note that by Theorem 2.3, the
following result applies in particular to k-atomic tree decompositions for
every k.

A cutset C C V(G) of G is a (possibly empty) set of vertices such that
G\ C is disconnected. A clique cutset is a cutset that is a clique.

Theorem 2.5 (Abrishami, Alecu, Chudnovsky, Hajebi, Spirkl [2]). Let G
be a theta-free graph and assume that G does not admit a clique cutset. Let
(T, x) be a tight tree decomposition of G. Then for every edge tity of T
the graph Gy, -1, \ x(t1) is connected and N(Gy,—, \ x(t1)) = x(t1) N x(t2).
Moreover, if to,t1,ta € V(T') and t1,ts € Np(ty), then x(to) N x(t1) #
X (to) N x(t2).

2.3. Catching a banana. In this subsection we discuss another important
feature of tree decompositions that is needed in the proof of Theorem 1.3.

Theorem 2.6. Let G be a theta-free graph and let a,b € V(G). Let (T, x)
be a tree decomposition of G. Then there exist t1,ty € V(T') (not necessarily
distinct) such that for every path P of G with ends a,b we have that (x(t;)U
X(t2)) N P* #£ 0. Moreover, if D is a component of G\ (x(t1) U x(t2)), then
IN(D)N{a,b}| <1.

Proof. Let P be the set of all paths of G with ends a,b. For every P € P
let T(P)={teT : x(t)NP*#0}. Since P* is a connected subgraph of
G, it follows that T'[T'(P)] is a subtree of T
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Let H be a graph with vertex set P and such that P, P, € E(H) if and
only if T(Py) NT(P;) # (. Then, by the main result of [?], H is a chordal
graph.

(1) If P, P, € H are non-adjacent in H, then Py, Py are disjoint and
anticomplete to each other in G.

Suppose that there exists v € P N PF. Then for every ¢ € T such that
v € x(T), we have t € T(P,) N T(FP,), contrary to the fact that P, P, are
non-adjacent in H. Next suppose that there is an edge v;v, of G such that
v; € PF. Lett € T be such that vy, vy € x(t). Thent € T(P,)NT(P), again
contrary to the fact that P, is non-adjacent to P, in H. This proves (1).

(2) H has no stable set of size three.

Suppose Py, Py, P; is a stable set in H. By (1) the sets Py, Py, Py are
pairwise disjoint and anticomplete to each other in G. But now P,UP,UPs
is a theta with ends a,b in G, a contradiction. This proves (2).

Since H is chordal, it follows from (2) and a result from [20] that there
exist cliques Ky, Ky of H such that V(H) = K; U Ky. Again by [20] we
deduce that for each i € {1,2}, there exists t; € K; such that ¢, € T'(P)
for every P € K;. Consequently, (x(t1) U x(t2)) N P* # () for every P € P,
and the first statement of the theorem holds.

To prove the second statement, suppose a,b € N (D) for some component
D of G\ (x(t1) U x(t2)). Then D U {a,b} is connected, and so there is a
path P from a to b with P* C D. But now P* N (x(t;) U x(t2)) = 0, a
contradiction. This completes the proof. |

2.4. Centers of tree decompositions. We finish this section with a well-
known theorem about tree decompositions. Recall that for a graph G, a
function w : V(G) — [0, 1] is a normal weight function on G if w(V (G)) =
1, where we use the notation w(X) to mean > ,.x w(z) for a set X of
vertices.

Let G be a graph and let (7,x) be a tree decomposition of G. Let
w : V(G) — [0,1] be a normal weight function on G. A vertex t of T is a
center of (T, x) if for every t € Nrp(ty) we have w(Gy,—v \ X(t0)) < 1.

The following is well-known; a proof can be found in [2], for example.

Theorem 2.7. Let (T,x) be a tree decomposition of a graph G. Then
(T, x) has a center.

3. WHEELS AND STAR CUTSETS

Recall that a wheel in G is a pair (H,x) such that H is a hole and z is
a vertex that has at least three neighbors in H. Wheels play an important
role in the study of even-hole-free and odd-signable graphs. Graphs in
these classes that contain no wheels are much easier to handle; on the
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other hand, the presence of a wheel forces the graph to admit a certain
kind of decomposition.

A sector of (H,z) is a path P of H whose ends are distinct and adjacent
to z, and such that z is anticomplete to P*. A sector P is a long sector if
P~* is non-empty. We now define several types of wheels that we will need.

A wheel (H, x) is a universal wheel if = is complete to H. A wheel (H, x)
is a twin wheel if N(x) N H induces a path of length two. A wheel (H, x) is
a short pyramid if |[N(x)NH| = 3 and z has exactly two adjacent neighbors
in H. A wheel is proper if it is not a twin wheel or a short pyramid. We
say that x € V(G) is a hub if there exists H such that (H,z) is a proper
wheel in G. We denote by Hub(G) the set of all hubs of G.

We need the following result, which was observed in [6]:

Theorem 3.1 (Abrishami, Chudnovsky, Vuskovié¢ [6]). Let G € C and let
(H,v) be a proper wheel in G. Then there is no component D of G \ N|v]
such that H C N[D].

We will revisit this result in Section 8. A star cutset in a graph G is a
cutset S C V(G) such that either S = ) or for some z € S, S C N[z]. A
large portion of this paper is devoted to dealing with hubs and star cutsets
arising from them in graphs in C, but in the remainder of this section we
focus on the case when Hub(G) is very restricted. To do that, we use a
result from [2]:

Theorem 3.2 (Abrishami, Alecu, Chudnovsky, Hajebi, Spirkl [2]). For
every integer t > 1 there exists an integer k = k(t) such that if G € C; and
xy s a k-banana in G, then N(z) NHub(G) # 0 and N(y) N Hub(G) # 0.

We immediately deduce:

Theorem 3.3. For every integer t > 1, there exists a constant k = k(t)
with the following property. Let G € C; and let a,b € V(G) be non-adjacent.
Assume that Hub(G) C {a,b}. Then ab is not a k-banana in G. In partic-
ular, if Hub(G) = 0, there is no k-banana in G.

We will also use the following:

Theorem 3.4 (Abrishami, Alecu, Chudnovsky, Hajebi, Spirkl [2]). For
every integer t > 1, there exists an integer v = y(t) such that every G € C,
with Hub(G) = 0 satisfies tw(G) < v — 1.

4. STABLE SETS OF SAFE HUBS

As we discussed in Section 1, in the course of the proof of Theorem 1.3,
we will repeatedly decompose the graph by star cutsets arising from a stable
set of appropriately chosen hubs (using Theorem 3.1). In this section, we
prepare the tools for handling one such step: a stable set of safe hubs.

Throughout this section, we fix the following: Let t,d € N and let G € C,
be a graph with |[V(G)| = n. Let m = k + 2d where k = k(t) is as in
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Theorem 3.2. Let a,b € V(G) such that ab is a (4m + 2)(m — 1)-banana
in G, and let P be the set of all paths in G with ends a,b. Let (T, x) be
an m-atomic tree decomposition of G. By Theorems 2.2 and 2.3, we have
that (7, x) is tight and m-lean. By Theorem 2.6, there exist t1,ts € T" such
that P* N (x(t1) U x(t2)) # 0 for every P € P. We observe:

Lemma 4.1. We have a,b € x(t1) U x(t2).

Proof. Suppose that a € x(t1) U x(t2). Let D be the component of G \
(x(t1) U x(t2)) such that a € D. Then N(D) is contained in the union
of at most two adhesions of (T, x), at most one for each of x(¢;) and
X(t2). Since (T, x) is m-lean, it follows that |[N(D)| < 2(m — 1). Since
P* N (x(t1) Ux(t2)) # 0 for every P € P, it follows that P* N N(D) # 0
for every P € P. But then P contains at most |N(D)| pairwise internally
vertex-disjoint paths, contrary to the fact that ab is a (4m + 2)(m — 1)-
banana in G. |

We say that a vertex v is d-safe if |[N(v) N Hub(G)| < d. The goal of
the next two lemmas is to classify d-safe vertices into “good ones” and
“bad ones,” and show that the bad ones are rare. Let tq € V(T'). A vertex
v € V(G) is to-cooperative if either v & x(to), or degy ) (v) < 2m(m—1). It
was shown in [2] that ¢o-cooperative vertices have the following important
property (note that [2] assumed that t, is a center of (T, x), but this was
not used in the proof of the following lemma):

Lemma 4.2 (Abrishami, Alecu, Chudnovsky, Hajebi, Spirkl [2]). Let to €
V(T). If u,v € x(to) are d-safe and not ty-cooperative, then u is adjacent
to v.

A vertex v € G is ab-cooperative if there exists a component D of G\ N[v]
such that a,b € N[D]. We show:

Lemma 4.3. If v € G is d-safe and not ab-cooperative, then v is adjacent
to both a and b. In particular, the set of vertices that are not ab-cooperative
s a clique.

Proof. Suppose v is non-adjacent to a and v is not ab-cooperative. Since
ab is a (4m + 2)(m — 1)-banana and (4m + 2)(m — 1) > k + d, we can
choose P, ..., Piq € P such that the sets Py, ..., P}, ; are pairwise vertex-
disjoint. Since v is not ab-cooperative, it follows that v has a neighbors
in each of P,..., P, and so there exist pairwise vertex-disjoint paths
Q1, ... Qr+d, each with ends a,v, and such that Qf C P for every 7 €
{1,...,k+d}. Since v is d-safe, we may assume (by renumbering the paths
Q1, .-, Qryq if necessary), that N(v)NHub(G)NQ; = 0 fori € {1,... k}.
But now we get a contradiction applying Theorem 3.2 to the graph H =
Q1 U---UQ, and the k-banana av in H. This proves the first statement
of 4.3. Since G is Cy-free, the second statement follows. [ |

In view of Theorem 2.6, it would be convenient if we could work with the
graph x(t1) UX(t2), but unfortunately this graph may not be in C;, or even
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C. In [2], a tool was designed to construct a safe alternative to torsos by
adding a set of vertices for each adhesion, rather than turning the adhesion
into a clique:

Theorem 4.4 (Abrishami, Alecu, Chudnovsky, Hajebi, Spirkl [2]). Let
to € T. Assume that G does not admit a clique cutset. For every t €
Nr(to), there exists Conn(ty,t) C Gy,—¢ such that
(1) adh(t,ty) = x(t) N x(to) € Conn(to, ).
(2) Conn(ty,t)\ x(to) is connected and N(Conn(to,t)\ x(to)) = x(to) N
x()-
(3) No vertex of Conn(ty,t) \ x(to) is a hub in the graph (G \ Giy—t) U
Conn(ty, t).

Similarly to the construction in [2], we now define a graph that is a
safe alternative to Y (t1) U X(f2). Let S’ be a stable set of hubs of G with
S"N{a,b} = 0, and assume that every s € S’ is d-safe. Let Spq denote
the set of all vertices in S’ that are common neighbors of a and b, or are
not ti-cooperative, or are not ts-cooperative. Since S’ is stable, Lemma
4.2 implies that [Spq| < 3. By Lemma 4.3, every vertex in S’ \ Speq is
ab-cooperative. If t; # ty, for i € {1,2}, let t; be the neighbor of ¢; in
the (unique) path in 7" from ¢; to to. If t; = to, set t| = t, = t;. Let
S = 5"\ Spuq and set

B(S") = (X(tl) U x(t2) U ( U U Conn(ti,t))) \ Shad-
ie{1,2} teNp(t:)\{t}}

Here each of the sets Conn(t;,t) “remembers” the component of G \
(x(t1) U x(t2)) that meets x(t), and so B(S’) serves a similar function as
X(t1) Ux(ta). Write 8 = S(S”). In the rest of this section we will show how
to turn ab-separators in  into ab-separators in G.

We fix S, S, Speq and § throughout this section. It follows that for every
i € {1,2} and for every t € Np(t;) \ {t.}, we have that § C (G \ Gy, ) U
Conn(t;,t). Let X C . For i € {1,2}, we define 6;(X) to be the set of all
vertices ¢ € Np(t;) \ {t;} such that X N (Gy—e \ (x(t1) U x(¢2))) # 0; let

AX)= |J adh(t,t)U J adh(ts,?).
t€61(X) t€65(X)

Next we summarize several key properties of 3.

Lemma 4.5. Suppose that G does not admit a clique cutset and let s €
S NHub(B). Then the following hold.

(1) s € x(tr) U x(t2).

(2) For i€ {1,2}, we have Ny, (s)| < 2m(m —1).

(3) |Nx(eryuxn) (8)] < 4m(m —1).

(4) There is a component B(s) of 5\ N|[s| such that a,b € N[B(s)].
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Proof. Let s € SNHub(3). It follows from Theorem 4.4(3) that s € x(¢1)U
x(t2). Since s is t;-cooperative for ¢ € {1,2}, we have that [Ny, (s)| <
2m(m — 1), and the second assertion of the theorem holds. Since x(¢;) is a
subgraph of X(¢;), the third assertion follows immediately from the second.

We now prove the fourth assertion. Suppose there is no component D of
p\ N[s] such that a,b € N[D]. Write
A(5) = Nyonte[s] Uadh(tr, 1) Uadh(ta, ) U A(Nals).
Since A(s) C Ni)[81U Ny [s] Uadh(ty, t]) Uadh(te, t5), and adh(T, x) <
m — 1, and by the second assertion of the theorem, we have that |A(s)| <
(4m +2)(m —1).

(3) A(s) N Q* # 0 for every path in B with ends a,b.

Suppose there is a path ) in § with ends a,b such that A(s) nQe* =
(). Since there is no component D of 3\ N[s] such that a,b € N[D], it
follows that Ng(s) N Q* # 0. Consequently, there is an i € {1,2} and
t € Np(t;) \ {t}} such that Ngz(s) N Q* N Conn(t;,t) # 0. Since Q is a
path from a to b in G, it follows that Q* N (x(t1) U x(t2)) # 0. Since Q* is
connected and adh(¢;,t) separates Gy, ¢ \ x(;) from (x(t1)Ux(t2))\ x(t), we
deduce that @* Nadh(t;,t) # 0. But since s has a neighbor in Conn(¢;, ),
it follows that adh(t;, ) € A(s), a contradiction. This proves (3).

(4) P* N A(s) # 0 for every path P of G with ends a,b.

Let P be a path in G with ends a,b. We prove by induction on |P \ 3]
that A(s) N P* #£ (. If P C f3, the claim follows from (3), and this is the
base case.

Let p € P*\ 8 and let ty € T such that p € x(to). Suppose first that
to belongs to the component 7" of T'\ {ti,t5} such that ¢ € T". Then
t, € T'. Since P* is connected and P* N (x(t1) U x(t2)) # 0, it follows
that P* N (adh(ty, ;) U adh(ts, t5)) # 0, and so P* N A(s) # 0. Thus we
may assume that p € Gy, ¢ \ x(¢1) for some t € Np(t;) \ {t}}. Since P* is
connected and P* N (x(t1) U x(t2)) # 0, it follows that P* Nadh(ty,t) # (.
Write P = py----- p; where p;1 = a and p; = b. Let ¢ be minimum and
J maximum such that p; € adh(t1,t). Since p € Gy \ x(t1), it fol-
lows that i < j — 1. By Theorem 4.4(2) there is a path R form p; to p;
with R* C Conn(ty,t). Then P’ = py-----p;-R-p;-...-p; is a path from
atobin G with |[P'\ 8] < |P\ fB|. Inductively, A(s) N P* # (). But

A

A(s) € x(t1) Ux(t2) and P 1 (x(t1) U x(t2)) S P* N (x(t1) U x(t2)), and
so A(s) N P* # (). This proves (4).

Since abis a (4m+2)(m—1)-banana in G, and since A(s) < (4m+2)(m—1),
(4) leads to a contradiction. This completes the proof.
|



16 INDUCED SUBGRAPHS AND TREE DECOMPOSITIONS XV.

Recall that a separation of ( is a triple (X,Y,Z) of pairwise disjoint
subsets of § with X UY U Z = [ such that X is anticomplete to Z. We
are now ready to move on to star cutsets. We will work in the graph [
and take advantage of its special properties. At the end of the section we
will explain how to connect our results back to the graph G that we are
interested in.

As in other papers in the series, we associate a certain unique star separa-
tion to every vertex of SNMHub((5). The separation here is chosen differently
from the way it was done in the past, but the behavior we observe is simi-
lar. The reason for the difference is that unlike in [3] or [6], here our goal
is to disconnect two given vertices, rather than find a “balanced separator”
in the graph (more on this in Section 10).

Let v € S N Hub(f). By Theorem 4.5, there is a component D of
B\ N[v] such that a,b € N[D]. Since v & Spaa, it follows that s is not
complete to {a,b}; consequently D N {a,b} # 0, and so D is unique. Let
B(v) be the unique component of 5\ N[v] such that a,b € N[B(v)] (this
choice of B(v) is different from what we have done in earlier papers). Let
C(v) = N(B(v)) U{v}, and finally, let A(v) = 8\ (B(v) U C(v)). Then
(A(v),C(v), B(v)) is the canonical star separation of B corresponding to v.
The next lemma is a key step in the proof of the fact that decomposing by
canonical star separations makes the graph simpler. We show:

Lemma 4.6. The vertez v is not a hub of 8\ A(v).

Proof. Suppose that (H,v) is a proper wheel in §\ A(v). Then H C
N[B(v)], contrary to Theorem 3.1. This proves Lemma 4.6. [ |

We need just a little more set up. Let O be a linear order on SN Hub(f3).
Following [4], we say that two vertices of S N Hub(3) are star twins if
B(u) = B(v), C(u) \ {u} = C(v) \ {v}, and A(u) U {u} = A(v) U {v}.
(Note that every two of these conditions imply the third.)

Let <4 be a relation on S N Hub(3) defined as follows:

T =Y,
x<ay if {z and y are star twins and O(z) < O(y); or
x and y are not star twins and y € A(x).

Note that if x <4 y, then either z =y, or y € A(x).
The conclusion of the next lemma is the same as of Lemma 6.2 from [5],
but the assumptions are different.

Lemma 4.7. If y € A(x), then A(y) U{y} C A(x) U {z}.

Proof. Since C'(y) € Nly| and y is anticomplete to B(x), we have B(z) C
G\ Nly]. Since B(z) is connected, there is a component D of G\ N[y] such
that B(z) C D. Since & & Sy, it follows that {a,b} N B(z) # (), and so
D = B(y). Let v € C(x) \ {z}. Then v has a neighbor in B(z) and thus
in B(y). If v € Ny, then v € C(y). If v & Nlyl, then v € B(y). It follows
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that C(z) \ {z} C C(y) U B(y). But now A(y) \ {z} C A(x), as required.
This proves Lemma 4.7. |

The proofs of the next two lemmas are identical to the proofs of Lemmas
6.3 and Lemma 6.4 in [5] (using Lemma 4.7 instead of Lemma 6.2 of [5]),
and we omit them.

Lemma 4.8. <, is a partial order on S N Hub(f).

In view of Lemma 4.8, let Core(.S”) be the set of all <4-minimal elements
of S N Hub(5).

Lemma 4.9. Let u,v € Core(S"). Then A(u) N C(v) = C(u) N A(v) = 0.
We have finally reached our goal: we can define a subgraph of G that is
simpler than G itself, but carries all the information we need. Define

ST = N (B)uC()).

vECore(S”)
The next theorem summarizes the important aspects of the behavior of

BAS).
Theorem 4.10. The following hold:
(1) For every v € Core(S'), we have C(v) C BA(S").
(2) For every v € Core(S’), |C(v) N (x(t1) U x(t2))| < 4m(m —1).
(8) For every v € Core(S’), |[A(C(v))] < 4m(m —1).
(4) For every component D of B\ B4(S’), there exists v € Core(S’)
such that D C A(v). Further, if D is a component of 3\ B4(S")
and v € Core(S") such that D C A(v), then Ng(D) C C(v).
(5) S’ N Hub(84(S")) = 0.

Proof. (1) is immediate from Lemma 4.9, and (2) follows from Lemma 4.5.
Next we prove (3). By Lemma 4.5(1), it follows that v € x(¢1) U x(t2).
Observe that if t € T'\ {t1,t2,t,th} and (G, \ (x(t1) U x(t2)) N C(v) # 0
for some i € {1,2}, then v € x(¢t;) N x(t) or v € x(t2) Nx(¢). It follows that
for © € {1,2}, adh(t;,t) € A(C(v)) only if v € adh(t;,t). Consequently,
|A(C(v))] < degyyy)(v)+degg,)(v), and so (3) follows from Lemma 4.5(3).
Next we prove (4). Let D be a component of 3\ 84(S"). Since 8\34(S") =
Upecore(s) A(v), there exists v € Core(S’) such that D N A(v) # 0. If
D\ A(v) # 0, then, since D is connected, it follows that D N N(A(v)) # 0;
but then D N C(v) # B, contrary to (1). Since Ng(D) C B4(S’) and
Ng(D) C A(v) U C(v), it follows that Ng(D) C C(v). This proves (4).

To prove (5), let w € S" N Hub(B4(S")). Since B4(S") C B, we deduce
that u & Spea, and so v € S N Hub(p). By Theorem 4.5(1), we have that
u € x(t1) U x(t2). By Lemma 4.6, it follows that 54(S") € B(u) U C(u),
and therefore u ¢ Core(S’). But then u € A(v) for some v € Core(S’), and
sou & $4(S"), a contradiction. This proves (5) and completes the proof of
Theorem 4.10. |
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A
Dy,
BA(S")
Y
S
\ Da \ - C(S) ] DC
B\ BAS") Q e \
{ D' C A(s)

FI1GURE 2. Proof of Theorem 4.11.

We now explain how 34(S’) is used. In the course of the proof of Theorem
1.3, we will inductively obtain a small cutset separating a from b in 54(S").
The next theorem allows us to transform this cutset into a cutset separating
a from b in f.

Theorem 4.11. Let (X,Y,Z) be a separation of $4(S") such that a € X
andb e Z. Let Y' = (Y UUseyncores) C(8)) \ {a,b}. Then

(1) Y’ separates a from b in [3.

(2) Y"1 (x(tr) U x(L2))| < [Y] 4 4m(m — 1)|Y" 1 Core(.5")].

(3) |AY")\ AY)| < 4m(m — 1)]Y N Core(S")|.

Proof. Suppose that Y’ does not separate a from b in 5. Let P be a path
from a to b in B\ Y’. Let D,, Dy be the components of 34(S") \ 'Y such
that a € D, and b € D,. Since the first vertex of P is in D, and the last
vertex of P is in Dy, it follows that there is a subpath ) of P such that @)
has ends u, v and:

e The vertex u is in D,;

o QN EAS) = D)

e The vertex v is in 34(S") \ D,.
See Figure 2. Since Y C Y, it follows that v is in a component D, of
BA(S")\Y with D, # D, (possibly D. = D). This implies that uv ¢ E(G),
and so Q* # 0.

By Theorem 4.10(4), there is an s € Core(S") C 84(S’) such that Q* C
A(s) and u,v € O(s). Since D,, D, are distinct components of 34(S")\ Y,
and since Nga(gy(s) meets both D, and Dy, it follows that s € Y. Therefore
C(s) \{a,b} CY’, and so u,v € {a,b}. Since u # v, it follows that u = a
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and b = v, and so a,b € N(s), contrary to the fact that s € Sp,q. This
proves the first assertion of the theorem.

The second assertion follows from Theorem 4.10(2), and the third asser-
tion follows from Theorem 4.10(3). |

We finish this section with a theorem that allows us to transform a cutset
separating a from b in [ into a cutset separating a from b in G.

Theorem 4.12. Assume that G does not admit a clique cutset. Let (X,Y, Z)
be a separation of B such that a € X and b € Z. Let

V! = (Spag Uadh(ty, 1) Uadh(ts, 15) U (Y N (x(t1) Ux(t2))) UAY)) \ {a, b}.
Then Y' separates a from b in G.

Proof. Suppose not. Let D,, D, be the components of 5\ Y such that
a € D, and b € Dy. Since Y’ does not separate a from b in G, and
Y’ N{a,b} =0, there is a component D of G \ Y’ such that a,b € D. Let
P be a path from a to b with P C D.

As before, it follows that there is a subpath @) of P such that () has ends
u, v and:

e The vertex u is in Dy;

e Q*NB=0;

e The vertex v is in §\ D,.
We first consider the case that v € Y (and so v € P*). Then v €
Conn(t;,t) \ (x(t1) U x(t2)) for some ¢ € {1,2} and ¢ € Nr(t;) \ {t;}.
It follows that ¢t € 6;(Y), and so adh(¢;,t) \ {a,b} C A(Y)\ {a,b} C Y’
It follows that P* Nadh(¢;,t) = 0, and from Theorem 2.6, we know that
P* N (x(t1) U x(t2)) # 0. Therefore, P* N (G, \ (x(t1) U x(¢2))) = 0,
contrary to the fact that v € Conn(t;,t) \ (x(t1) U x(¢2)). This is a contra-
diction, and proves that v € Y.

Therefore, there is a component D. # D, (possibly D, = D,) of 5\ Y
such that v € D.. Since there are no edges between D, and D,, it follows
that Q* # (.

Consequently, there is a component T' of T \ {t1,t2} such that Q* C
(User x(1)) \ (x(t1) U x(t2)). Let D be the component of G'\ (x(t1) U x(t2))
such that Q* C D. By Theorem 2.6, it follows that |N (D) N {a,b}| < 1.

Suppose first that #| € T. Then t| # ty, and t, # t1, and t;, € T. Since
Ng(D) C adh(ty, ;) Uadh(ty, th), it follows that Nevy(D) C {a,b}, and so
|Newy+(D)| < 1. Since P is a path with ends a,b ¢ D and with P C G'\ Y,
it follows that PN D = (), and so QN D = (). Similarly, ¢, ¢ T.

We deduce that exactly one of 1, , has a neighbor in T (unless t; = t5),
and this neighbor is unique; denote it by ¢. By symmetry, we may assume
that tt, € E(T), and so T' = T}, ;. By Theorem 2.5, we deduce that
D = Gy \ x(t). Since u € D, N N(Q*) C BN N[D], it follows that
u € Conn(ty,t). Similarly, we have v € Conn(¢;,t). Since Conn(ty,t) \
X(t1) is connected and N(Conn(ty,t) \ x(t1)) = x(¢t1) N x(¢) by Theorem
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4.4(2), it follows that Conn(tq,t) contains a path @’ with ends u,v and
interior in Conn(ty,t) \ x(t1). Since @’ is a path from D, to D. in j, it
follows that Y N Q™ # (), and so Y N (Conn(tq,t) \ x(t1)) # 0. Therefore,
Y N (Gy—e \ x(t1)) # 0, which implies that adh(¢;,t) \ {a,b} C Y. Tt
follows that P* N adh(t;,t) = 0, and from Theorem 2.6, we know that
P*N (x(t1) Ux(ta)) # 0. Therefore, P* N (G, \ x(t1)) = 0, contrary to
the fact that 0 # Q* C Gy, ¢\ x(¢1). This is a contradiction, and concludes
the proof. |

5. CONNECTIFIERS

We start this section by describing minimal connected subgraphs con-
taining the neighbors of a large number of vertices from a given stable set.
We then use this result to deduce what a pair of two such subgraphs can
look like (for the same stable set) assuming that they are anticomplete to
each other and the graph in question is in C. This generalizes results from
[3] and [2].

What follows is mostly terminology from [2], but there are also some
new notions. Let G be a graph, let P = p;-----p, be a path in G and
let X = {x1,...,2,} € G\ P. We say that (P, X) is an alignment if
Np(z1) ={p1}, Np(zr) = {pn}, every vertex of X has a neighbor in P, and
there exist 1 < jo < -+ < jy—1 < jr = n such that Np(z;) C p;,-P-pj,., -1
fori € {2,... k—1}. We also say that z1, ...,z is the order on X given by
the alignment (P, X). An alignment (P, X) is wide if each of xa,... x4
has at least two non-adjacent neighbors in P, spiky if each of x5, ..., x4
has a unique neighbor in P and triangular if each of x,, ..., x;_1 has exactly
two neighbors in P and they are adjacent. An alignment is consistent if it
is wide, spiky or triangular.

By a caterpillar we mean a tree C' with maximum degree three such that
there exists a path P of C' such that all vertices of degree 3 in C' belong to
P. We call a minimal such path P the spine of C. By a subdivided star we
mean a graph isomorphic to a subdivision of the complete bipartite graph
K 5 for some § > 3. In other words, a subdivided star is a tree with exactly
one vertex of degree at least three, which we call its root. For a graph H,
a vertex v of H is said to be simplicial if Ny (v) is a clique. We denote by
Z(H) the set of all simplicial vertices of H. Note that for every tree T
Z(T) is the set of all leaves of T. An edge e of a tree T' is said to be a
leaf-edge of T if e is incident with a leaf of T'. It follows that if H is the line
graph of a tree T', then Z(H) is the set of all vertices in H corresponding
to leaf-edges of T

Let H be a graph that is either a path, or a caterpillar, or the line graph
of a caterpillar, or a subdivided star with root r, or the line graph of a
subdivided star with root r. We define an induced subgraph of H, denoted
by P(H), which we will use throughout the paper. If H is a path, we let
P(H) = H. If H is a caterpillar, we let P(H) be the spine of H. If H is
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the line graph of a caterpillar C, let P(H) be the path in H consisting of
the vertices of H that correspond to the edges of the spine of C'. If H is
a subdivided star with root r, let P(H) = {r}. It H is the line graph of
a subdivided star S with root r, let P(H) be the clique of H consisting of
the vertices of H that correspond to the edges of S incident with r. The
legs of H are the components of H \ P(H).

Next, let H be a caterpillar or the line graph of a caterpillar and let .S be
a set of vertices disjoint from H such that every vertex of S has a unique
neighbor in H and H N N(S) = Z(H). Let X be the set of vertices of
H\ P(H) that have neighbors in P(H). Then the neighbors of elements of
X appear in P(H) in order (there may be ties at the ends of P(H), which

we break arbitrarily); let xy, ...,z be the corresponding order on X. Now,
order the vertices of S as s1, ..., s, where s; has a neighbor in the leg of H
containing z; for i € {1,...,k}. We say that sq,...,s; is the order on S

given by (H,S).

Next, let H be an induced subgraph of GG that is a caterpillar, or the line
graph of a caterpillar, or a subdivided star or the line graph of a subdivided
star and let X C G \ H be such that every vertex of X has a unique
neighbor in H and H NN (X) = Z(H). We say that (H, X) is a consistent
connectifier and it is spiky, triangular, stellar, or clique respectively. If H
is a single vertex and X C N(H), we also call (H, X) a stellar connectifer.
If H is a subdivided star, a singleton or the line graph of a subdivided star,
we say that (H, X) is a concentrated connectifier.

The following was proved in [2]:

Theorem 5.1 (Abrishami, Alecu, Chudnovsky, Hajebi, Spirkl [2]). For
every integer h > 1, there exists an integer v = v(h) > 1 with the following
property. Let G be a connected graph with no clique of cardinality h. Let
S C G such that |S| > v, G\ S is connected and every vertex of S has a
neighbor in G\ S. Then there is a set S C S with |S| = h and an induced
subgraph H of G\ S for which one of the following holds.

e H is a path and every vertex of S has a neighbor in H; or
e H is a caterpillar, or the line graph of a caterpillar, or a subdivided
star. Moreover, every vertex of S has a unique neighbor in H and

HNON(S) = Z(H).
We now prove a version of Theorem 5.1 that does not assume a bound
on the clique number. This result may be of independent use in the future
(See Figure 3 for a depiction of the outcomes).

Theorem 5.2. For every integer h > 1, there exists an integer p = p(h) >
1 with the following property. Let G be a connected graph. LetY C G such
that |Y| > p, G\'Y is connected and every vertex of Y has a neighbor in
G\Y. Then there is a set Y CY with |Y'| = h and an induced subgraph
H of G\'Y for which one of the following holds.

e H is a path and every vertex of Y' has a neighbor in H; or
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FIGURE 3. Outcomes of Theorem 5.2. Circled nodes are the
vertices in H N N(Y”).

e H is a caterpillar, or the line graph of a caterpillar, or a subdivided

star or the line graph of a subdivided star. Moreover, every vertex
of Y' has a unique neighbor in H and HNN(Y') = Z(H).

Proof. Let u(h) = v(h 4+ 1) where v is as in Theorem 5.1. Let F be a
minimal connected subset of G\ Y such that every y € Y has a neighbor
in F.

(5) If F' contains a clique of size h, then there exists H C F and Y CY
with |Y'| = h such that (H,Y") is a clique connectifier.

Suppose that there is a clique K of size h in F. It follows from the
minimality of F' that for every k € K one of the following holds:

e There is y(k) € Y such that y(k) is anticomplete to F'\ k; in this
case set C(k,y(k)) = 0.
e [\ {k} is not connected, and for every component C' of F'\ k there
is y € Y such that y is anticomplete to F'\ (C'U{k}). Since K is a
clique, there is a component C' of F'\ k such that K N C' = (). Let
y(k) be a vertex of Y that is anticomplete to F'\ (C' U {k}); write
C(k,yk)) =C.
Let Y be the set of all vertices y(k) as above. For every k € K, let Hy be
a path from k to y(k) with H; C C'(k,y(k)). Write H = Upex Hr. We will
show that |Y’| = h and (H,Y”) is a clique connectifier. It follows from the
definition of Hj that every vertex of Y’ has a neighbor in H.

Next we claim that if k # £/, then Hj, is disjoint from and anticomplete
to Hy. Recall that Hy C C(k,y(k)) U {k}, and y(k) is anticomplete to
F\ (C(k,y(k)) U {k}). It follows that H, N K = {k}, and so k & Hy
and k' ¢ Hjy. Let D be the component of F'\ k such that ¥’ € D. By
the definition of C(k,y(k)), we have that D # C(k,y(k)). Since Hy is
connected and k € Hy, it follows that Hy C D. Consequently, H, and Hj,
are disjoint and anticomplete to each other. Since y(k) has no neighbor in
D, we deduce that y(k) is anticomplete to Hy/, and in particular y(k) #
y(k'). Similarly, y(k’) is anticomplete to Hy. This proves the claim.

Now it follows from the claim that if k # £, then y(k) # y(k'). Conse-
quently, |Y'| = |K| = h, and (H,Y”’) is a clique connectifier. This proves
(5).

By (5), we may assume that F' is Kj-free. Since S is a stable set, it
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follows that F'U S is Kj,q-free. Now the result follows from Theorem 5.1
applied to F'U S. |

Now we move to two anticomplete connected subgraphs and prove the
following;:

Theorem 5.3. For every integer x > 1, there exists an integer ¢ = ¢(x) >
1 with the following property. Let G € C and assume that V(G) = Dy U
Dy UY where

e Y is a stable set with |Y| = ¢,
e Dy and Dy are components of G\'Y, and
Then there exist X CY with |X| = x, Hi C D1 and Hy C Do (possibly
with the roles of D1 and Dy reversed) such that either:
(1) Not both (Hy,X) and (Hs, X) are alignments, and
e (Hy,X) is a triangular connectifier or a clique connectifier or
a triangular alignment; and
e (Hy, X) is a stellar connectifier, or a spiky connectifier, or a
spiky alignment or a wide alignment.
or
(2) Both (Hy, X) and (Ha, X) are alignments, and at least one of (Hy, X)
and (Ha, X) is not a spiky alignment.
Moreover, if neither of (Hy, X), (H2, X) is a concentrated connectifier, then
the orders given on X by (Hy, X) and by (Hs, X) are the same.

In this paper we do not need the full generality of Theorem 5.3; we are
only interested in two special cases: when D; is a path and when the clique
number of G is bounded. However, it is easier to prove the more general
result first using the symmetry between D; and Ds, and then use it to
handle the special cases. We also believe that Theorem 5.3 will be useful
in the future.

We start by recalling a well known theorem of Erdés and Szekeres [18].

Theorem 5.4 (Erdds and Szekeres [18]). Let xy,..., 22,1 be a sequence
of distinct reals. Then there exists either an increasing or a decreasing
(n + 1)-sub-sequence.

We start with two lemmas.

Lemma 5.5. Let G € C and assume that V(G) = HiU HyU X where X is
a stable set with |X| > 3 and H; is anticomplete to Hy. Suppose that for
i € {1,2}, the pair (H;, X) is a consistent alignment, or a consistent con-
nectifier. Assume also that if neither of (Hy, X), (Hs, X) is concentrated,
then the orders given on X by (Hy, X) and by (Hy, X) are the same. Then
(possibly switching the roles of Hy and Hy), we have that either:

(1) Not both (Hy,X) and (Hs, X) are alignments, and
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e (Hy,X) is a triangular connectifier or a clique connectifier or
a triangular alignment; and
e (Hy, X) is a stellar connectifier, or a spiky connectifier, or a
spiky alignment or a wide alignment.
or
(2) Both (Hy,X) and (Ha, X) are alignments, and at least one of (Hy, X)
and (Hy, X) is not a spiky alignment, and at least one of (Hy, X)
and (Hay, X) is not a triangular alignment.

Proof. 1f at least one (H;, X) C {(H1, X), (Hy, X)} is not a concentrated
connectifier, we let xq, ...,z be the order given on X by (H;, X). If both
of (H;, X) are concentrated connectifiers, we let x1,...,x; be an arbitrary
order on X. Let H be the unique hole contained in Hy U HyU{x1, z1}. For
je{l,2} andi € {1,...,k}, if H; is a connectifier, let D/ be the leg of H;
containing a neighbor of x;; and if H; is an alignment let D{ = 0.

Suppose first that (H;, X) is a triangular alignment, a clique connectifier
or a triangular connectifier. If (Hy, X) is a triangular alignment, a clique
connectifier or a triangular connectifier, then for every i € {2,...,k — 1},
the graph HU D} UD?U{x;} is either a prism or an even wheel with center
x;, a contradiction. This proves that (Hs, X) is a stellar connectifier, or a
spiky connectifier, or a spiky alignment, or a wide alignment, as required.

Thus we may assume that for ¢ € {1,2}, the pair (H;, X) is a stellar
connectifier, or a spiky connectifier, or a spiky alignment, or a wide align-
ment. If (Hy, X) is a stellar connectifier or a spiky connectifier, then for
every z; € X \ {z1, 71}, the graph H U D} U D? U {z;} contains a theta, a
contradiction.

It follows that for i € {1,2}, the pair (H;, X) is an alignment. We may
assume that (Hy, X) and (Hs, X) are either both spiky alignments or both
triangular alignments, for otherwise the second outcome of the theorem
holds. But now for every x; € X \ {z1, 2y}, the graph H U {z;} is either a
theta or an even wheel, a contradiction. |

Lemma 5.6. Let G be a theta-free graph and let P = pi---- -py be a path
in G. Let D be a connected subset of G such that D is anticomplete to
P. Let z,y € N(P)N N(D) such that zy is not an edge. Assume that
each of x and y has at least two non-adjacent neighbors in P. Let i, be
minimum and j, be mazimum such that x is adjacent to p;, and p;, and
write P, = p;,-P-p;,. Suppose that y has a neighbor in P,. Then y has a
neighbor in Np,[p;,] U Np, [p;.].

Proof. Suppose that y is anticomplete to Np[p;,|UNp[p;,]. Let R be a path
from x to y with R* C D. (See Figure 4.) Let i € {i,,...,j,} be minimum
and j € {iz,...,J,} be maximum such that y is adjacent to p;, p;. Then
there there is a path F; from x to y with interior in p; -P-p;, and a path P;
from x to y with interior in p;-P-p;,. If j > i+41, then P,UP;UR is a theta
with ends z, y, a contradiction; therefore j < i+ 1. Since y has at least two
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FIGURE 4. Proof of Lemma 5.6.

non-adjacent neighbors in P, it follows that y has a neighbor p, in P\ P,.
We may assume that z > j,, and therefore there is a path () from x to y
with Q* C p;,-P-p,. Since y is anticomplete to Np, [p;,| U Np, [p;.], we have
that j < j, — 1, and so P is anticomplete to Q*. But now P,UQ U R is a
theta with ends z,y, a contradiction. |

We can now prove Theorem 5.3. The proof follows along the lines of [2],
but the assumptions are different.

Proof. Let z = 12236225 and let ¢(z) = u(u(2)), where p is as in Theorem
5.2. Applying Theorem 5.2 twice, we obtain a set Z C Y with |Z| = z and
H; C D; such that either

e H; is a path and every vertex of Z has a neighbor in H;; or

e (H;, X) is a consistent connectifier

for every ¢ € {1,2}.

(6) Let i € {1,2} and y € N. If H; is a path and every vertex of Z has a
neighbor in H;, then either some vertex of H; has y neighbors in Z, or there
exists Z' C Z with |Z'| > % and a subpath H! of H; such that (H.,Z') is
a consistent alignment.

Let H; = hy-- - --hg. We may assume that H; is chosen minimal satisfying
Theorem 5.2, and so there exist 21, 2, € Z such that Ny, (z;) = {h;} for
je {1k}

We may assume that |Nz(h)| < y for every h € H;. Let Z; be the set
of vertices in Z with exactly one neighbor in H;. Suppose that |Z;| > %
It follows that Z; contains a set Z’ with |Z/| > % > % such that no

two vertices in Z’ have a common neighbor in H;. We may assume that

21, 2k € Z'. Therefore, (H;, Z') is a spiky alignment, as required. Thus we
1Z]

may assume that |Z] < 5.
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Next, let Z5 be the set of vertices in z € Z such that either z € {21, zx}
or z has exactly two neighbors in H;, and they are adjacent. Suppose that
| Zs| > %' By choosing Z’ greedily, it follows that Z5 contains a subset Z’
with the following specifications:

e 2,2, €7
o |7/ 2@ > |6£|; and
Y Yy
e 1o two vertices in Z’ have a common neighbor in H;.
But then (H;,Z’) is a triangular alignment, as required. Thus we may
assume that |Zy| < %

Finally, let Z3 = {z1,2:} U (Z \ (Z1 U Z3)). It follows that |Z3| > %
Let R be a path from z; to z; with R* C Hj_;, and let H be the hole
21-Hi-2zp-R-z1. Let z € Z3\{z1, 2 }. Define H;(2) to be the minimal subpath
of H; containing Npg,(z). Let the ends of H;(z) be a, and b,. Next let
Bad(z) = Np,2)la.,b.]. Since H; is a path, it follows that |[Bad(z)| < 4 for
every z. Since Nz(h) < y for every h € H;, we can greedily choose Z’ C Z3
with |Z'| > % > %, where 21, 2z, € Z' and such that if z, 2/ € Z’, then 2’ is
anticomplete to Bad(z). It follows from Lemma 5.6 that H;(2)NH;(2') = 0
for every z,2' € 7', and so (H;, Z') is a wide alignment. This proves (6).

(7) There exist Z' C Z with |Z'| > 2%, and H! C H; for i =1,2 such that
(H{,Z') is a consistent alignment or a consistent connectifier.

If both (Hy, Z) and (Hs, Z) are consistent connectifiers, (7) holds. Thus
we may assume that H; is a path and every vertex of Z has a neighbor
in H,. Suppose first that some h € H; has at least 3622 neighbors in Z.
Let Hy = {h}, and let Z” C Z N N(h) with |Z"| = 36z>. If (Hs, Z) is a
connectifier, we can clearly choose H) C H, such that (7) holds. So we
may assume that H, is a path and every vertex of Z has a neighbor in
H,. Moreover, no vertex f of Hy has three or more neighbors in Z’, for
otherwise {f,h} U (N(f) N Z’') contains a theta with ends h, f. Now by
(6) applied with y = 3, there is a set Z” C Z’ with |Z”| > 22 such that
(Hy, Z") is a consistent alignment, and (7) holds. Similarly, we may assume
that every h € H, has fewer than 3622 neighbors in Z.

Therefore, we may assume that every vertex h € H; has strictly fewer
than 3622 neighbors in Z. Applying (6) with y = 36z%, we conclude that
there exists Z; C Z with |Z;| > 36 x 12z* and a path H] C H; such that
(H{,Zy) is a consistent alignment. If (Hs, Z) is a consistent connectifier,
then (7) holds, so we may assume that H, is a path and every vertex of
Z has a neighbor in H,. Since every vertex h € H, has fewer than 3622
neighbors in Z, we apply (6) with y = 3622 again, and we conclude that
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there exists 7/ C Z; with |Z'| > 2? and a path H) C H, such that (H}, Z)
is a consistent alignment. This proves (7).

(8) There exist 7 C Z with |Z| > x, and H; C H, for i = 1,2 such that
(ﬁl,Z) is a consistent alignment or a consistent connectifier. Moreover,
if neither of (Hy, 2), (H,, Z) is a concentrated connectifier, then the order
given on Z by (Hy,Z) and (Hy, Z) is the same.

Let Z', H{, H) be as in (7). We may assume that neither of (Hj,Z’)
and (H),Z') is a concentrated connectifier. For i € {1,2}, let m; be the
order given on Z' by (H!,Z'). By Theorem 5.4 there exists Z C Z' such
that (possibly reversing H!) the orders 7; restricted to Z are the same, as
required. This proves (8).

Now Theorem 5.3 follows from Lemma 5.5. |

We now refine Theorem 5.3 in the two special cases we need here. The
first one is when D; is a path. It is useful to state this result in terms of
the following definition.

Given a graph class G, we say G is amiable if, for every integer x > 2,
there exists an integer 0 = o(z) > 1 such that the following holds for every
graph G € G. Assume that V(G) = D; U Dy UY where

e Y is a stable set with |Y| =0,
e D; and Dy are components of G\ Y,
o N(D)) = N(Dy) =Y,
e Dy =dy-----dj is a path, and
e for every y € Y there exists i(y) € {1,...,k} such that N(d;q)) N
Y ={y}.
Then there exist X C Y with |X| =z + 2, Hy C Dy and Hy C D, such
that
(1) One of the following holds:
e (Hy,X) is a triangular alignment and (Hs, X) is a stellar con-
nectifier or a spiky connectifier;
e (Hy,X) is a spiky alignment, and (H,, X) is a triangular con-
nectifier or a clique connectifier;
e (Hy,X) is a wide alignment and (H,, X) is a triangular con-
nectifier or a clique connectifier; or
e Both (H;, X) and (H,, X) are alignments, and at least one of
(Hy,X) and (Hs, X) is not a spiky alignment, and at least one
of (Hy, X) and (Hs, X) is not a triangular alignment.
(2) If (Hs, X) is not a concentrated connectifier, then the orders given
on X by (Hy, X) and by (Hs, X) are the same.
(3) For every x € X except at most two, we have that Np, (z) =
.Z\[H1 (ZL‘) .

Theorem 5.7. The class C is amiable.
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Proof. Let x > 2, and let G € C, Dy = dy-- - --dj, D9, Y be as in the defini-
tion of an amiable class. Let o(z) = ¢(x+4) where ¢ is as in Theorem 5.3.
We start with the following.

(9) For every d € Dy, we have that | Ny (d)| < 4.

Suppose there exists i € {1,...,k} and y1, 99, Y3, Y1, y5s € Y N N(d;). We
may assume that i(y;) < --- < i(ys). By reversing D if necessary, we may
assume that i(ys) < 4, and so i(y2) < i — 1. Let P be a path with ends
y1,y2 and with interior in d;,,)-Di-d;(y,). Let R be a path from y; to y,
with interior in Ds. Now there is a theta in G with ends y;, 32 and paths
PR and y;-d;-ys, a contradiction. This proves (9).

Now we apply Theorem 5.3 and obtain a set X' with |X'| = = + 4 sat-
isfying one of the outcomes of Theorem 5.3. Let (Hy, X') and (Hs, X') be
as in Theorem 5.3 where H; C D; (and so Theorem 5.3 may hold with the
roles of Hy and Hj reversed). It follows from (9) that every vertex in D,
has degree at most 6 in G and degree 2 in G[D,], and so (Hy, X’) is an
alignment. Let z1,..., 2,44 be the order on X’ given by (Hy, X').

(10) There exist at most two values of i € {2,...,x+ 3} for which N(z;)N

Suppose there exist three such values of 7. Since H; is a path, there
exist 4,7 € {1,...,k} such that H; = d;-D;-d;, and we may assume (by
reversing D if necessary) that for two values p,q € {2,...,2 + 3}, both
zp, and z, have neighbors in d;-D;-d;_;. Let P be a path from z, to z,
with P* C dy-D;-d;—1. Since p,q > 1, there is a path @ from z, to z, with
Q* C Hy \ d;. But now we get a theta with ends z,, z, and path P, @), and
a path from z, to z, with interior in Dy, a contradiction. This proves (10).

By (10), there exists X C {za,...,2,43} with |X| = x and such that
Np,(2) = Ng,(z) for every z € Z. We obtain that (Hy, X U{z1, 2,44}) and
(Hy, X U{%1, z,14}) satisty the first statement of Theorem 5.7. The second
statement of Theorem 5.7 follows immediately from Theorem 5.3, and the
third statement holds by the choice of X. |

The second special case is when the clique number of GG is bounded, and
Y N Hub(G) = 0; it is a result from [2].

Theorem 5.8 (Abrishami, Alecu, Chudnovsky, Hajebi, Spirkl [2]). For
every pair of integers t,x > 1, there exists an integer T = 7(t,x) > 1 with
the following property. Let G € C; and assume that V(G) = D1 U Dy UY
where

e Y is a stable set with |Y| =T,

e Dy and Dy are components of G\'Y, and
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Assume that Y N Hub(G) = 0. Then there exist X C Y with |X| = =z,
Hy C Dy and Hy C Dy (possibly with the roles of Dy and Dy reversed)
such that

o (Hy, X) is a triangular connectifier or a triangular alignment;

e (Hy, X) is a stellar connectifier, or a spiky connectifier, or a spiky
alignment or a wide alignment; and

e if (Hy,X) is a triangular alignment, then (Hs, X) is not a wide
alignment.

Moreover, if neither of (Hy, X), (Ha, X) is a stellar connectifier, then the
orders given on X by (Hy, X) and by (Hy, X) are the same.

6. BOUNDING THE NUMBER OF NON-HUBS IN A MINIMAL SEPARATOR

The goal of this section is to prove Theorem 6.3. This is the second
main ingredient of the proof of Theorem 1.3 (in addition to the machinery
of Section 4). Theorem 6.3 is what allows us to iterate the construction
of Section 4 for O(log |V (G)|) rounds (rather than just constantly many),
which is what we need in the proof. We need the following definition and
result. Given a graph H, a (< p)-subdivision of H is a graph that arises
from H by replacing each edge uv of H by a path from u to v of length at
least 1 and at most p; the interiors of these paths are pairwise disjoint and
anticomplete.

Theorem 6.1 (Lozin and Razgon [25]). For all positive integers p and
r, there exists a positive integer m = m(p,r) such that every graph G
containing a (< p)-subdivision of K, as a subgraph contains either K,, as
a subgraph or a proper (< p)-subdivision of K., as an induced subgraph.

Since graphs in C; contain neither Ky nor Ky 5 as an induced subgraph,
we conclude that graphs in C; do not contain K;1; .41 as a subgraph. Like-
wise, graphs in C; do not contain subdivisions of K3 (in other words,
thetas) as an induced subgraph. Therefore, letting m = m(t + 1,3), we
conclude:

Lemma 6.2. Lett € N. Then there exists an m = m(t) € N such that the
following holds: Let G in C;. Then G does not contain a (< 2)-subdivision
of K,, as a subgraph.

Recall that the Ramsey number R(¢, s) is the minimum integer such that
every graph on at least R(t, s) vertices contains either a clique of size ¢ or
a stable set of size s.

Theorem 6.3. For every integer t > 1 there exists I' = I'(t) with the
following property. Let G € C; and assume that V(G) = D1 UDyUY where
e Dy and Dy are components of G\'Y.
e Y is a stable set.
e Y NHub(G) = 0.
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e There exist a; € Dy and ay € Dy such that ajas is a |Y|-banana in

G.
Then |Y| <T.

Proof. Let k = k(t) be as in Theorem 3.2. We may assume that & > 3.
Let m = m(t) as in Lemma 6.2. Let A = R(m, k). Let 7 = 7(¢, \) be as
in Theorem 5.8. Set I' = 7. Applying Theorem 5.8, we deduce that there
exist H; C Dy, Hy € Dy and X CY with | X| = A such that:
e (Hy, X) is a triangular connectifier or a triangular alignment;
e (Hy, X) is a stellar connectifier, or a spiky connectifier, or a spiky
alignment, or a wide alignment; and
o if (Hy,X) is a triangular alignment, then (Hs, X) is not a wide
alignment.

(11) Suppose (Hs, X) is a wide alignment, and let 1, ...,z be the order
on X given by Hy. Then for every i € {2,...,\ — 1}, x; has exactly three
neighbors in Hs, and two of them are adjacent.

Let ¢ € {2,...,A — 1}. Let R be a path from x; to z) with interior in
H,. Then H = x;-Hy-z)-R-x1 is a hole. Since (Hs, X) is a wide alignment,
x; has two non-adjacent neighbors in H. Since (H,x;) is not a wheel in G,
and z; is non-adjacent to x; and xy, (11) follows.

Next we show:
(12) Every vertex in Dy has at most two neighbors in X.

Suppose that there is a vertex d € D; such that d has three distinct
neighbors z;, x;, x; in X; without loss of generality, we may assume that
1 < j < k. We consider two cases. First, if Hy is a wide alignment, then
G contains a wheel (C,x;) where C is a cycle consisting of w;,d, z; and
the path from =y, to z; with interior in Hy. By (11), x; has four neighbors
in C: d, as well as three neighbors in Hy. But z; is not a hub in G, a
contradiction.

It follows that H, is not a wide alignment. Now, for r,s € {i,7,k}, let
P, be a path from x, to z; with interior in Hy. Then {d} U P,; U Pj; U Py,
is a theta in G (see Figure 5). This proves (12).

(13) There exists S C X with |S| = k, such that for every s,s" € S and for
every path P from s to s with interior in Dy we have that |E(P)| > 2.

Define a graph H with vertex set X such that za’ € E(H) if and only
if there is a path of length two with ends z, 2’ and interior in D;. Since
| X| = XA = R(m, k), there is S C X with |S| = k such that S is either a
clique or a stable set in H.

If S is a stable set, then (13) holds, so we may assume that S is a clique
of size m in H. Write S = {s1,...,s,}. Fori,j € {l,...,m} with i # j,
we let d;; be a common neighbor of s; and s; in Dy (which exists, since S
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FIGURE 5. Options in the proof of Theorem 6.3 (except (1)
and (6) cannot be the case together).

is a clique in H). By (12), no vertex has three neighbors in S, and so the
vertices d;; are pairwise distinct. But now SU{d;; :4,j € {1,...,m},i # j}
contains a (< 2)-subdivision of K, as a subgraph, contrary to Lemma 6.2.
This is proves (13).

From now on let S C X be as in (13). Let G’ be the graph obtained
from D; U S by adding a new vertex v with N(v) = S. We need the
following two facts about G':

(14) S N Hub(G") = 0.

Suppose not, let s € S and let (H,s) be a wheel in G'. Since S N
Hub(G) = 0, it follows that v € H. Let Ny(v) = {s,s"}; then H \ v is
a path R from s’ to s” with R* C D;. Since (H,s) is a wheel, it follows
that s has two non-adjacent neighbors in R. Consequently, there is a path
P’ from s to s and a path P”* form s to s”, both with interior in R, such
that P™ is disjoint from and anticomplete to P"*.

Let T be a path from s’ to s” with interior in Hy. Then H' = s'-R-s"-T-¢'
is a hole. Since X N Hub(G) = 0, it follows that (H’,s) is not a wheel in
G, and so s is anticomplete to 7.

Suppose first that (Hs, X) is a wide alignment. Since s is anticomplete
to T, it follows that (reversing the order on X if necessary, and exchanging
the roles of §',s” if necessary) s,s’,s” appear in this order in the order
given by Hy on X. Now we get a theta with ends s, s and paths s-P’-¢/,



32 INDUCED SUBGRAPHS AND TREE DECOMPOSITIONS XV.

FIGURE 6. Proof of (14).

s-P"-s"-Hy-s', and s-Hy-s', a contradiction. This proves that (Hs, X) is
not a wide alignment.

Since (Hy, X) is not a wide alignment, there is a vertex a € Hs, and
three paths @, Q’, Q" all with interior in H,, where @ is from a to s, Q'
is from a to s, and Q" is from a to s”, and the sets Q \ a, @'\ a and
Q" \ a are pairwise disjoint and anticomplete to each other. Note that
T = §-Q-a-Q"-s". Since s is anticomplete to T', it follows that s is non-
adjacent to a. But now we get a theta with ends a,s and path s-Q-a,
s-P'-s'-Q)'-a, and s-P"-s"-Q)"-a, a contradiction. This proves (14).

(15) G’ C C,.

Suppose not. Let Z C G’ be such that Z is a K;, a Cy, a theta, a prism
or an even wheel. Then v € Z. Since Nz(v) is a stable set, it follows that
Z is not a K;. Suppose first that |Nz(v)| = 2; then Nz(v) = {s,s'} C S.
Suppose that Z is a Cy. Then there is d € Dy such that Z = v-s-d-s'-v,
contrary to the fact that S was chosen as in (13). It follows that Z is a
theta, a prism or an even wheel. Let ) be a path from s to s’ with interior
in Dy. Now Z' = (Z \ v) UQ is an induced subgraph of G. Moreover, if
Z is a theta then Z’ is a theta, and if Z is a prism then Z’ is a prism.
Since G € C, it follows that Z is an even wheel; denote it by (H,w). Then
ve H. By (14), w ¢ S. It follows that Nz(w) = Nz (w'), and so Z' is an
even wheel, contrary to the fact that G € C.

This proves that |Nz(v)| > 2. Since Nz(v) is a stable set, it follows
that Z is not a prism. Suppose that Z is a theta. Then the ends of Z
are v and d € Dy; let the paths of Z be Zy, Zy, Z3 where Ny, (v) = s;. By
renumbering 7, Z,, Z3, we may assume that s, so, s3 appear in this order
in the order on X given by H;. Then for every i,5 € {1,...,3}, there
is a unique path Fé from s; to s; with interior in H;. Similarly, for all
i,7 € {1,...,3} there is a unique path Fg from s; to s; with interior in Hs.
Observe that FJ, U Fiy U Fyy U FA U F3 U F3, contains a unique pyramid
3 with the following specifications:

e The paths of ¥ are Py, P», P5, where s; € P;.
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e Denote the apex of ¥ by a, and let the base of ¥ be b;bsbs where b;
is an end of P;. Then either a € Hs, or (Hs, X) is a wide alignment
and a = s».

) bl,bg € Hl, and b2 - H1 U {82}.

Let 3y = ¥\ D;. If d is non-adjacent to a, then (Z\v)UXs is a theta with
ends a,d and paths d-Z;-s;-P;-a, contrary to the fact that G € C;. This
proves that d is adjacent to a. Consequently, a = sy and (Hy, X) is a wide
alignment. But now H = 81-Z1-d-Zg-Sg-F123-51 is a hole, and, since sy is
adjacent to d, (H, s3) is a wheel, contrary to the fact that SN Hub(G) = 0.
This proves that Z is not a theta.

Consequently, Z is an even wheel (H,w). Since |[Nz(v)| > 2, it follows
that either v = w, or v is adjacent to w. If v is adjacent to w, then w € S,
contrary to (14). It now follows that w = v, and so H is a hole in D; U S,
where |SNH| =1>3. Let SN H = {s1,...,8} where s,...s appear
in this order in the order given on S by (Hs, X). If (Hs, X) is a spiky
alignment or a wide alignment, or a spiky connectifier, then we get a theta
with ends s1, s9 two of whose paths are contained in H, and the third is the
path from s; to sy with interior in Hy. It follows that (Hj, X) is a stellar
connectifier. Therefore there exist paths Q1, ..., Q;, all with a common end
a € Hy, such that Q; is from a to s;, QF C Ho, and the sets Q1 \a,...,Qk\a
are pairwise disjoint and anticomplete to each other. Since (H,a) is a not
an even wheel in G, we deduce that a is not complete to {s,...,s}; let
s; € {s1,...,s} be non-adjacent to a. Since [ > 3, there exist distinct
p.q € {1,...,1}\ {¢} and paths R, and R, of H such that

e R}, is from s; to s;

o R, is from s; to sg;

e R*N Ry = 0; and

[ R;ﬂ{sl,...,sl}:RZﬂ{sl...,sl} :®

Now we get a theta with ends s;,a and path s;-Q;-a, s;-R,-s,-Qp-a and
$i~Rg-54-Qq-a. This proves (15).

Observe that ayv is a k-banana in G'. But by (15), G’ € C;, and by
(14), Ng/(v) N Hub(G’) = (), contrary to Theorem 3.2. |

7. THE PROOF OF THEOREM 1.3

We can now prove our first main result. The “big picture” of the proof is
similar to [2] and [5], but the context here is different. For the remainder of
the paper, all logarithms are taken in base 2. We start with the following
theorem from [5]:

Theorem 7.1 (Abrishami, Chudnovsky, Hajebi, Spirkl [5]). Lett € N, and
let G be (theta, Ki)-free with |V (G)| = n. There exist an integer d = d(t)
and a partition (Si,...,Sk) of V(G) with the following properties:

(1) k < 2logn.
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(2) S; is a stable set for everyi € {1,...,k}.
(3) For everyi € {1,...,k} and v € S; we have degg\UKiSj (v) < d.

Let G € C; be a graph and let a,b € V(G). A hub-partition with respect
to ab of G is a partition S, ..., Sk of Hub(G) \ {a,b} as in Theorem 7.1;
we call k the order of the partition. We call the hub-dimension of (G, ab)
(denoting it by hdim(G, ab)) the smallest k£ such that G has a hub-partition
of order k£ with respect to ab.

For the remainder of this section, let us fix t € N. Let d = d(t) be as
in Theorem 7.1. Let m = k + 2d where k = k(t) is as in Theorem 3.2.
Let C; = (4m + 2)(m — 1). Let I' = max{k,['(¢)} where I'(¢) is as in
Theorem 6.3.

Since in view of Theorem 7.1, we have hdim(G,ab) < %logn for all
a,b € V(G), Theorem 1.3 follows immediately from the next result:

Theorem 7.2. Let G € C; and with |V (G)| =n and let a,b € V(G). Then
ab is not a Cy + 8m*T" hdim(G, ab)-banana in G.

Proof. Suppose that ab is a Cy + 8m?T hdim(G, ab)-banana in G. We will
get a contradiction by induction on hdim(G,ab), and for fixed hdim by
induction on n. Suppose that hdim(G,ab) = 0. Then Hub(G) C {a,b}
and by Theorem 3.3, we have that there is no k-banana in G. Now the
statement holds since k < C}. Thus we may assume hdim (G, ab) > 0.

(16) We may assume that G admits no clique cutset.

Suppose C' is a clique cutset in G. Since G is K;-free, it follows that
there is a component D of G\ C such that ab is C; + 8m?T hdim(G, ab)-
banana in G' = DU C. But |V(G')| < n and hdim(G’, ab) < hdim(G, ab),
consequently we get contradiction (inductively on n). This proves (16).

Let Si,...,S; be a hub-partition of G with respect to ab and with ¢ =
hdim(G, ab). We now use notation and terminology from Section 4 (note
that the definitions of k and m agree; we use d, a, b, as defined above). It fol-
lows from the definition of Sy that every vertex in S is d-safe. Let (T, x) be
an m-atomic tree decomposition of G. Let t1,t5 be as in Theorem 2.6. and
let 3 = B(S1) and 84(S1) be as in Section 4. Then by Lemma 4.1, we have
a,b € B4(S;). By Theorem 4.10(5), we have that S; NHub(34(S;)) = () and
Sy N Hub(84(S1)), ..., S, MHub(34(S;)) is a hub-partition of 34(S;) with
respect to ab. It follows that hdim(84(S;),ab) < ¢ — 1. Inductively (on
hdim(-, ab)), we have that ab is not a C; + 8m?T'(q — 1)-banana in 54(5)).
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Our first goal is to prove:

(17) There is a set Y C (3 such that
(1) Y’ separates a from b in [3;
(2) YN (x(t1) U x(t2))] < Cp +8m?T'(q — 1) + 4m?T; and
(3) |AY")| < (dm+ 1)(m — 1)T.

Since ab is not a (C;+8m?T'(¢—1))-banana in 34(S;), Theorem 2.1 implies
that there is a separation (X,Y,Z) of 4(S;) such that a € X and b € Z
and |Y] < Cy+8m?T' (g —1). We may assume that (X,Y, Z) is chosen with
|Y'| as small as possible. Let D; be the component of X such that a € Dy,
and let Dy be the component of Z such that b € D,. It follows from the
minimality of |Y| that N(D;) = N(D2) = Y and ab is a |Y|-banana in
DiUDy,UY.

We claim that [Y N S| <T. Let G’ = Dy UDy U (Y NS;). Again by
the minimality of Y, it follows that ab is a |Y N Si|-banana in G'. If ab is
not a k-banana in G’, then |Y' NS;| < k and the claim follows immediately
since k < I'; thus we may assume that ab is a k-banana in G’. Now since
S is a stable set and since no vertex of S; is a hub in 54(S;), applying
Theorem 6.3 to G’ we deduce that |Y N S| < T, as required. This proves
the claim.

Next we claim that [6;(Y) U d(Y)| < T, and |A(Y)] < (m — 1)I". Write
Bo = x(t1) U x(t2). Observe that for distinct ¢,¢" € 6;(Y) U do(Y), say with
t € 6;(Y)and t' € 6¢(Y) for i,7" € {1,2}, the sets Gy, \ fo and G,y \ fo
are disjoint and anticomplete to each other. Let W be a subset of Y such
that for all i € {1,2} and ¢t € 6;(Y"), we have |W N (G-t \ 5o))| = 1. Then
W is stable set and |[W| = [6;(Y) U 8(Y)|. Let G' = Dy UDy UW. Tt
follows from the minimality of Y that ab is a |W|-banana in G'. If ab is
not a k-banana in G’, then |W| < k and the claim follows immediately
since k < I'; thus we may assume that ab is a k-banana in G’. By Theorem
4.4(3), WNHub(5) = 0. Now since W is a stable set, applying Theorem 6.3
to G’ we deduce that |[W| < T, as required. Since adh(T,x) < m — 1, it
follows that |A(Y')| < (m — 1)I". This proves the claim.

Now let Y’ be as in Theorem 4.11. Then Y’ separates a from b in 5.
Moreover, by Theorem 4.11,

Y ' (x(t1) U x(82))] < Y]+ 4m(m — 1)[Y N Core(Sy)].
Since |Y N Core(Sy)| < |Y N Sy| < T, it follows that
V' N (x(t) Ux(t2))| < Cp +8m?T(q — 1) + 4m?T.

Finally, by Theorem 4.11, |A(Y") \ A(Y)| < 4m(m — 1)|Y N Core(S)|.
Since |A(Y)| < (m—1)I" and |Y NCore(S;)| < T, it follows that |A(Y")] <
(4m + 1)(m — 1)I". This proves (17).

Let Y’ be as in (17), and let (X', Y’ Z’) be a separation of 3 such that
a € X' and b € Z'. Let Y” be obtained from Y’ as in Theorem 4.12.
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Then Y” separates a from b in G. Recall that by (17), we have |A(Y”)] <
(4m + 1)(m — 1)I". Now since adh(T,x) < m and since [Sipq < 3, it
follows from Theorem 4.12 that

V" <Y N (x(t) Ux(ta))| + @dm+1)(m — 1T +2(m—1) +3
<Y N (x(t) Ux(ta))| + 4mT.

Since |Y' N (x(t1) U x(£2))] < Cy +8m?T(q — 1) + 4m?T by (17), we deduce
that |Y”| < C; + 8m?T'q as required. [ |

8. DOMINATED BALANCED SEPARATORS

Several more steps are needed to complete the proof of Theorem 1.5.
We take the first one in this section. The goal of this section is to prove
Theorem 1.4, which we restate:

Theorem 8.1. There is an integer d with the following property. Let G € C
and let w be a normal weight function on G. Then there exists Y C V(QG)
such that

o Y| <d, and

o N|[Y]| is a w-balanced separator in G.

We start with two decomposition theorems that will become the engine
for obtaining separators. The first is a more explicit version of Theorem 3.1;
it shows that the presence of a wheel in the graph forces a decomposition
that is an extension of what can be locally observed in the wheel (see [4]
for detailed treatment of this concept).

Theorem 8.2 (Addario-Berry, Chudnovsky, Havet, Reed, Seymour [7], da
Silva, Vuskovié [17]). Let G be a Cy-free odd-signable graph that contains
a proper wheel (H,x) that is not a universal wheel. Let x1 and x5 be the
endpoints of a long sector Q of (H,z). Let W be the set of all vertices h in
H N N(x) such that the subpath of H \ {z1} from x5 to h contains an even
number of neighbors of x, and let Z = H\ (QUN(x)). Let N' = N(x)\W.
Then, N'U{x} is a cutset of G that separates Q* from W U Z.

The second is a similar kind of theorem, but we start with a pyramid
rather than a wheel.

Theorem 8.3. Let G € C. Let X be a pyramid with paths Py, Py, Ps,
apex a, and base bibybs in G and let i,j € {1,2,3} be distinct. For i €
{1,...,3}, let a; be the neighbor of a in P;. Let P be a path from a vertex
of P\ {a,a;,b;} to a vertex of P; \ {a,a;,b;}. Then at least one one of
a, by, ba, b has a neighbor in P*.

Proof. Tt follows from the defintion of P that there exist distinct 7,5 €
{1,2,3} and a subpath P’ = p;----p; of P such that p; has a neighbor in
P\ {a,a;, b;}, and p; has a neighbor in P; \ {a,a;,b;}. Let P’ be chosen
minimal with this property. It follows that P’ C P*, and so we may assume
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FIGURE 7. Proof of Theorem 8.3.

that {a,by, b, b3} is anticomplete to P’. We may also assume ¢ = 1 and
j = 3. See Figure 7. It follows that a; # b; and az # bs.

(18) P’ is anticomplete to Py \ as.

Suppose not; then some vertex in P’ has a neighbor in P, \ {a, ag, by }.
It follows from the minimality of P’ that k = 1. Then p; has a neighbor in
each of the paths Py \ by, P>\ by and P;\ b3. Now we get a theta with ends
p1,a whose paths are subpaths of P;, P, P;, a contradiction. This proves
(18).

(19) If k > 1 and a; is adjacent to px, then a; has a neighbor in P\ py.

Suppose that a; is adjacent to py and anticomplete to P’ \ pg. Since
as-a-ai-pr-as is not a Cy in G, and by (18), it follows that pj is anticomplete
to Py. If as has a neighbor in P\ py, then we get a theta with ends a;, as,
two of whose paths are contained in the hole bi-P;-a-Py-bo-b1, and third one
has interior on P’\ py, a contradiction. Consequently, as is anticomplete to
P’ \ py. Next suppose that ag has a neighbor in P’. Since a;-a-az-px-a; is
not a Cy in G, it follows that as is not adjacent to p,. Now we get a theta
with ends as, pr, and path pi-ai-a-as, a path with interior in P’ and a path
with interior in P;. This proves that as is anticomplete to P’.

Let = be the neighbor of a; in P, \ a. Suppose that p; has a neighbor
in Py \ {a,a1,z}. Then there is a path T from p; to a with T* C (P, U
Py)\ {a,a;,z} and we get a theta with ends py,a and paths pg-a;-a and
pr-P’-p1-T-a, and a path with interior in Pj, a contradiction. It follows
that p; is anticomplete to P, \ {a1, a,z} and therefore p; is adjacent to z.
Since a; is anticomplete to P’ \ pr we deduce that Np (p1) = {x}. Now we
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get a theta with ends x, p, and paths xz-a,-py, x-P'-p;, and x-P;-b1-bs- P3-py.,
a contradiction. This proves (19).

(20) FEither Npi(ai1) C {p1} or Np/(a3z) C {pk}.

Suppose not. Then k& > 1. If both a; and a3 have a neighbor in P*, then
there is a theta in G with ends a4, a3, and paths a;-a-as, a1- P;-b1-bs- Ps-ag
and a;-P’-as, a contradiction. By symmetry we may assume that a; is
anticomplete to P™*; now by (19), it follows that a; is adjacent to both p;
and pg. Since ai-p1-as-a-a; is not a Cy, we deduce that as is non-adjacent
to p1. Similarly as is non-adjacent to p. It follows that as has a neighbor
in P*. Let S be a path from a3z to p, with interior in P™*. Now we get a
theta with ends as, pr and path as-S-pg, as-a-a;-py and a path with interior
in Pj, a contradiction. This proves (20).

(21) If a1 has a neighbor in P'\ py, then ay is anticomplete to P'.

Suppose that a; has a neighbor in P’ \ p; and ay has a neighbor in P’.
Then k£ > 1. If both a; and ay have a neighbor in P’ \ p;, then there
is a theta in G with ends aq,as, and paths ai-a-as, a;-Pi-b1-bs- Po-a5 and
ai-P'-ay, a contradiction. This proves that Npi(as) = {p1}.

Let S; be a path from a; to p; with S} C P’. Since a;-p;-as-a-a; is not
a (Cy, it follows that a; is non-adjacent to p;. But now we get a theta with
ends ai, p; and paths ai-a-as-p1, a1-Si-p1 and a path from a; to p; with
interior in Pj, a contradiction. This proves (21).

(22) Np:(ar) € {p1} and Npi(az) C {pk}-

Suppose a; has a neighbor in P’\p;. Then k& > 1. By (20), a3 is anticom-
plete to P\ px, and by (21), as is anticomplete to P’. Let H; be the hole
bl—Pl—pl-Pl—pk—Pg—bg—bl, and let H2 be the hole pl-Pl—bl-bQ-Pg—a-Pg,—pk—P'—pl
(Hs is a hole since py, has a neighbor in Ps\ b3). Then Ny, (a;) = Ny, (a1)U
{a}. Let py be the neighbor of p; € H; \ P’ and let @ be the path
po-p1-P'-pr. Observe that @ C H,, and Ng,(a;) € Q. Since neither of
(Hy,a1) and (Ha,a1) is an even wheel, it follows that a; has exactly two
neighbors in @) and they are adjacent. Let s € {0,...,k — 1} be such that
Ng(a1) = {ps,ps+1}. Since a; has a neighbor in P, \ py, it follows that
s > 0. Now we get a prism with triangles psaipsi1 and bibobs and paths
a1-a-Po-by, ps-P'-p1-po-P1-by and psy1-P’-py-P3-b3, a contradiction. This
proves (22).

(23) P, is anticomplete to P'.

Suppose not. By (18), ay has a neighbor in P’. Then ay # by. Let Hy be the
hole p1-P’-pi-P3-bs-bi- Pi-p; and let Hy be the hole pi-P'-py- Ps-az-a-a,-Pi-py
(Hy is a hole since {bj, b3} is anticomplete to P’). Since as # by, we
have that Npg,(as) = Ny, (ag) U {a}. Since neither of (Hi,as), (Hs,as)
is an even wheel, it follows that there exists s € {1,...,k — 1} such that
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Npi(ag) = {ps, ps+1}. Now we get a prism with triangles bybebs and psaspsi1
and paths p,-P'-p1-Pi-by, as-Py-by and pgi1-P’'-p,-Ps-b3, a contradiction.
This proves (23).

(24) p1 has at least two neighbors in Py, and ps has at least two neighbors
m P3.

By symmetry it is enough to prove the first assertion of (24). Suppose
that p; has a unique neighbor x in P;. It follows that x # a;. By (23), P;
is anticomplete to P’. Now we get a theta with ends z, a and paths x-P;-a,
x-Py-b1-bo- Pr-a and z-p;- P'-py-Ps-a, a contradiction. This proves (24).

(25) p1 has two non-adjacent neighbors in Py, and p3 has two non-adjacent
two neighbors in Ps.

By symmetry it is enough to prove the first statement. By (24), we may
assume that p; has exactly two neighbors x,y in P, and x is adjacent to
y. We may assume that Pj traverses by, z,y,a; in this order. By (23), P;
is anticomplete to P’. Let S be the path from p; to b; with interior in Ps.
It follows from the defintion of P’ that a is anticomplete to S. Now we get
a prism with triangles xyp, and b;bob3 and paths x-P;-by, y-Pi-a- Py-by and
p1-P'-pp-S-bs, a contradiction. This proves (25).

By (25), there exist paths P| from p; to a and P} from p; to by, both
with interior in Py, and such that P|\ p; is anticomplete to P{"\ p;. Let Pj
be a path from py to a with interior in P;. By (23), P, is anticomplete to
P’. Now we get a theta with ends p;, a and paths py-P{-a, pi-Py'-b1-by-Ps-a
and p;-P'-p-Pj-a, a contradiction. [ |

We need a technical definition. Given an integer m > 0 and a graph
class G, we say G is m-amicable if G is amiable, and the following holds for
every graph G € G. Let o be as in the definition of an amiable class for G
and let V(G) = Dy U Dy UY such that Dy = dy-----dg, Dy and Y satisfy
the first five bullets from the definition of an amiable class with |Y| = (7).
Let X C Y, H C D; and Hy C D, be as in the definition of an amiable
class with | X| =9, and let {z1,..., 27} C X such that:

e xy,...,x7 is the order given on {x1,..., 27} by (Hy, X); and
e For every x € {xy,..., 27}, we have Np,(z) = Ng, (x).
Let ¢ be maximum such that z; is adjacent to d;, and let 7 be minimum
such that z7 is adjacent to d;. Then there exists a subset Z C Dy U
{dita,...,dj—2} U{xs} with |Z| < m such that N[Z] separates d; from d.
It follows that N|[Z] separates di-D1-d; from d;-Ds-dy.
We deduce:

Theorem 8.4. The class G s 4-amicable.

Proof. From Theorem 5.7, we know that G is amiable. With the notation
as in the definition of an amicable class, we need to show that there exists
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a subset Y C Dy U {d;io,...,dj_o} U {4} with |Z| < 4 such that N[Z]
separates d; from d;. Let R be the path from z; to x7 with interior in H,.

Let H be the hole x-Hi-x7-R-x1. Let L = lj----- l, be the path in
HyU{x,} such that [; = x4 and [, has a neighbor in P(H>). Thus if (Hs, X)
is an alignment then L = x4, and if (Hs, X) is a connectifier then L \ x4 is
the leg of Hy containing a neighbor of x4. See Figure 8. (Note that L \ x4
may be empty if (Hy, X) is a clique connectifier or a stellar connectifier.)
We consider different possibilities for the behavior of (Hy, X) and (Ha, X).

(26) If (Hy, X) is a wide alignment, then the theorem holds.

Suppose first that (Hs, X) is an alignment. Then (H,z4) is a proper
wheel, and we are done by Theorem 8.2 and setting Z = {x,}. Thus we may
assume that (Hz, X) is a connectifier. It now follows from Theorem 5.7 that
(Hy, X) is a triangular connectifier or a clique connectifier. Let Ng(l,) =
{h,h'}. Then H U L contains a pyramid ¥ with apex x4 and base [;hh'.
Since {d;,d;} is anticomplete to {x4, h, R’ {,}, it follows that d; belongs
to the interior of the path of ¥ with ends w4, h, and d; belongs to the
interior of the path of ¥ with ends x4, A’ (switching the roles of h,h’ if
necessary), and that d;,d; are not adjacent to the apex x4 of ¥. Since
{d;,d;} N N(x4) = 0, Theorem 8.3 implies that Nxy, h, I/, 1] separates d;
from d;. Since h,h',l, € Dy, we are done. This proves (26).

(27) If (Ha, X) is a wide alignment, then the theorem holds.

Since (Hy, X) is an alignment, we deduce that (H,x,) is a proper wheel.
Now by Theorem 8.2 and setting Z = {4}, we are done. This proves (27).

(28) If (Hy, X) is a triangular alignment, then the theorem holds.

Let [ € {i,...,j} be such that N(z4) N Dy = {d;,d;+1}. Since x5 has
a neighbor in the path d;-Hi-d;, it follows that [ > ¢ 4+ 1. Since x4 has a
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neighbor in the path d;y1-H-d;, it follows that [ < j — 2. By Theorem 5.7
and in view of (27), we may assume that (Hs, X) is a spiky alignment,
a stellar connectifier or a spiky connectifier. In all cases, [, has a unique
neighbor in P(H,); denote it by s (where P(Hs) is as defined in Section 5).
Now HUL is a pyramid X with apex s and base x4d;d;.1. Since s € Dy and
since x4 is non-adjacent to d;, d;, it follows that d; belongs to the interior
of the path of X with ends d;, s, and d; belongs to the interior of the path
of ¥ with ends d;;1, s, and d;, d; are not adjacent to the apex s of 3. Since
{d;,d;} " N(s) = 0, Theorem 8.3 implies that Nz4, s, d, dj4+1] separates d;
from d;. Since s € Dy and i+1 <[ < j —2, we are done. This proves (28).

By Theorem 5.7 and in view of (26) and (28), we deduce that (Hi, X)
is a spiky alignment. Let d; be the unique neighbor of x4 in H;. By The-
orem 5.7 and in view of (27), it follows that (Hs, X) is either a triangular
alignment or a triangular connectifier or a clique connectifier. Let h, h’ be
the neighbors of I, in H. Now H U L is a pyramid ¥ with apex d; and
base [,hh'. Since x has a neighbor in the path d;- H-d;, it follows from the
definition of a spiky alignment that ¢ < [ — 1. Similarly, ;7 > [ + 1. Since
h,h' € Dy, we deduce that d; belongs to the interior of the path of ¥ with
ends d;, h, and d; belongs to the interior of the path of X with ends d;, &’
(possibly switching the roles of h,h'), and d;,d; are non-adjacent to the
apex d; of ¥ since ¢ +1 < [ < 5 — 1. Therefore, Theorem 8.3 implies that
Nld;, h, I, 1] separates d; from d;. Since h,h' € Dy and i +1 <1< j—1,
we conclude that C is 4-amicable.

We now prove that N[Z] separates dy-Di-d; from dj-D1-dj. Let D be the
component of G\ N[Z] such that d; € D, and let D" be the component of G'\
N[Z] such that d; € D'. Then D # D'. Since Y C Dy U{d;42,...,d;—2} U
{z4}, it follows that N[Z] is disjoint from dy-D;-d; and dj-Dq-dy. Therefore,
di-Dy-d; € D and d;-D-dj, € D' as required. [ |

We need the following lemma:

Lemma 8.5 (Chudnovsky, Pilipczuk, Pilipczuk, Thomassé [14], Lemma
5.3). Let G be a connected graph with a weight function w. Then there
is an induced path P = pi-...-px in G such that N[P] is a w-balanced
separator.

For a graph G and a set X C G we denote by 7(X) the minimum size
of a set Y such that X C N[Y]. We are now ready to prove Theorem 8.1.
We prove the following strengthening, which along with Theorem 8.4 yields
Theorem 8.1 at once. This will be used in a future paper.

Theorem 8.6. For ecvery integer m > 0 and every m-amicable graph class
G, there is an integer d > 0 with the following property. Let G € G and
let w be a normal weight function on G. Then there exists Y C V(G) such
that

o |Y|<d, and
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o N[Y] is a w-balanced separator in G.

Proof. 1t suffices to consider the unique component of G with weight greater
than 1/2; if there is no such component, we set Y = (). Therefore, we may
assume that G is connected.

Since G is amicable, it is also amiable. Let K = o(7) where o is as in
the definition of an amiable class for C. Let d = 6K + 2m + 1. We claim
that d satisfies the conclusion of the theorem.

By Lemma 8.5, there is a path P in G such that w(D) < 3 for every
component D of G\ N[P]. Let P = p;-----py be such a path chosen with
k as small as possible. It follows from the minimality of k£ that there is a
component B of G\ N[p;-P-pj,_] with w(B) > 3. Let T = N(P \ pr) N
N(B).

(29) Let D be a connected subset of G such that DN (T UN]|p]) = 0. Then
w(D) < 3.

Since DNT = () and D is connected, it follows that either D C B or
DNB=0. If DN B =0, then w(D) <1 —w(B) < 3. Thus we may
assume that D C B. Since D N N[px] = (), we deduce that D is contained

in a component of G\ N[P], and so w(D) < 3. This proves (29).

Let r be minimum such that v[T'N N(pyi1,...,pe-1)] < 2K.
(30) We may assume that r > 0.

Suppose r = 0. Then v(T') < 2K. Let Y’ C V(G) be such that T C N[Y”|
and with |Y’| <2K. Let Y = Y'U{px}. Then every component of G\ N[Y]
is disjoint from 7"U N|[px] and (29) implies that Y satisfies the conclusion
of the theorem. This proves (30).

Let Yy € V(G) be such that TN N(py,...,pr—1) € N[Yy] and with
Yyl < 2K. Let Yy = Yy U {px}. For every i € {1,...,r}, let end(i)
be the minimum j > i such that (TN N[{pi, ..., Penda(i) }]) = 2K. Let Z;
be a set of size at most 2K such that TN N[{p;, ..., Pena(s)}] € N|[Z;].

Our next goal is, for every ¢ € {1,...,r}, to define two sets @; and N;.
To that end, we fix ¢ € {1,...,7}. Let T{ = TN N({ps,...,Penda(i)}). Let
ST € {pi,- -, Pend() } besuch that 77 C N(S7), and assume that S is chosen
with |S]| as small as possible. Order the vertices of S| as ¢1,...,q in the
order that they appear in P when P is traversed starting from p;. It follows
from the minimality of |S7| that there is n; € T} such that Ng (n1) = {q:}.
Let t(1) = 1 and let Sy = {q1)} and 71 = {n1}. So far we have defined
S1,81,T], Ty and ¢(1). Suppose that we have defined sequences of subsets
Sty 8L S S, T, T and Ty, . .., T and a sequence of integers
t(1),...,t(s) such that 7! C N(S%) and with the following properties (for
every [ € {1,...,s}):

e T} is a stable set.
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the vertices in S}.

o If t <t(l) and ¢; € 5], then ¢ is anticomplete to 7} .

o i(j) < t(l) for every j <.

e If j <, then n; is anticomplete to S}, and Ng () = qir).

e For every j € {1,...,1l}, Ng,(nj) = qu)-
See Figure 9. Now we either terminate the construction or construct the
sets 10, 1, Tot1, Siy1, Ss1 and define t(s+1), and verify that the properties
above continue to hold. Let 77, = T\ N[S,UT,]. T, =0, let Q; = S,
and N; = Ty; the construction terminates here. Now suppose that 77, ; # 0.
Let S7,, be a minimal subset of S’ such that 7., C N(S.,,). It follows
from the second bullet and the minimality of t(s) that if ¢ € S, and
t < t(s), then ¢ is anticomplete to 7,. Since S,,, € S, and T, , C T},
we deduce that if ¢, € S, ,, then t > #(s). Let ¢t be minimum such that
¢ € S.,, and set (s +1) = t. Then ¢(s + 1) > t(s), and the third bullet
continues to hold. By the minimality of ¢, the second bullet continues to
hold. It follows from the minimality of S, that there exists ny1, € T,
such that N3g+1(ns+1) = {Qt(s—l—l)}‘ Set Ss+1 = Ss U {Qt(s-l—l)} and Ts+1 =
T U {nsi1}. Since T is anticomplete to 1., ,, the first bullet continues to
hold. Since Ngr, (ns+1) = Gus+1), and since Sy © Sy \ {gus)}, it follows
that the fourth bullet continues to hold, and consequently the fifth bullet
continues to hold. Thus our construction maintains the required properties.
When we finish, write N; = {nq,...,nn} and Q; = {qq),-- -, @)}, and
we have:

(31) The following statements hold.

N; is a stable set.
o For every j € {1,...,m}, No,(nj) = qu)-
o Ifj <y, thent(j) <t(j).
e TN N({pza < >pend(z')}) C N[Qz U Nz]
To simplify notation, we renumber the elements of @);, replacing each

index t(j) by j. In the new notation we have Q; = {q,...,¢mn}, and for
every j € {1,...,m}, Ng(n;) = {g;}. Observe that g, ..., appear in
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this order in P when P is traversed from p; to p,. Let L; = pi-P-q,
M; = ¢1-P-q,, and R; = q¢11-P-py.

(32) For every i, there ezists r; € N; and Y; C (G \ N[P]) UM, U {r;} with
Yi| < m such that N[Y;] separates L; from R;.

By (31), N; is a stable set. Since TN N({ps, ..., Pend(i)}) € N[Q: U N,
and |Q;| = |N;|, it follows from (31) that |N;| > K. Let N/ C N; with
|N/| = K. Recall that K = ¢(7). Now (32) follows from the definition of
an m-amicable class with D; = P, Dy = B and Y = N/. This proves (32).

We may assume that for every i there is a component D; of G\ N[Z; U Y]]
with w(D;) > 3, for otherwise the conclusion of Theorem 8.1 holds setting
Y = Z;UY,. By (32), either D; is anticomplete to L;, or D; is anticomplete
to R;. Let us say that Q); is of type L if D; is anticomplete to L;, and that
Q; is of type R if D; is anticomplete to R;. By (32), every @, is of at least
one type.

(33) @1 is of type L.

By (29), DiN(TUN]|pg]) # 0. It follows that D; contains a vertex ¢ such
that ¢ € N[pg] or t € T'\ N[Z;]. Since TN N({p1,- .-, Penay}) € N|[Z1],
and since L; U M is a subpath of pi-P-pena), it follows that D; contains
a vertex of N[R;]. Consequently, @ is not of type R, and so Q) is of type
L. This proves (33).

(34) We may assume that Q. is of type R.

Suppose that @), is of type L. Then D, is anticomplete to L,. We
claim that the set Y = Z, UY, UY] satisfies the conclusion of the theorem.
Let D be a component of G \ N[Y], and suppose that w(D) > 3. By
(29) there exists t € D N (T U Nlpg]). Since Z, UY, C Y, we have that
D C D,. Tt follows that D is anticomplete to L,, and so t ¢ N(L,). Since
TAN{prs .- Penar)}) € N[Z,], it follows that ¢t & {py,...,Penar)}- We
deduce that t € N({Pend(r)+1,---,Pr}). But then t € N[Yp], contrary to the

fact that Yy C Y. This proves the claim, and (34) follows.

From now on we make the assumption of (34). By (34) we can choose
J minimum such that @); is of type R. By (33), j > 1. Let

Y =Z,,UY;_,UZ UY;UY,.

Then |Y| < 6k+2m+1 = d. We claim that w(D) < 1 for every component
D of G\ N[Y]. Suppose not, and let D be a component of G'\ N[Y] with
w(D) > % Since Z;_; UY,;_y C Y, we have that D C D;_;. Since Q;_; is
of type L, it follows that D is anticomplete to L;_;. Since Z; UY; C Y, we
have that D C D;. Since @), is of type R, it follows that D is anticomplete
to R;. Since TN N({pj—1,---,Pena(j)}) € N[Z;_1 U Z;] and since p;, € Y,
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we deduce that D N (T U N[p]) = 0. But then w(D) < 3 by (29), a
]

contradiction.

9. FROM BALANCED TO SMALL

The second step in the proof of Theorem 1.5 is to transform balanced
separators with small domination number into balanced separators of small
size. We show:

Theorem 9.1. Let t be an integer, let d be as in Theorem 8.1 and let ¢; be
as in Theorem 1.53. Let G € Cy and let w be a weight function on G. Then
there exists Y C V(G) such that

o Y| <3c¢idlogn +t, and

e Y is a w-balanced separator in G.

The proof uses Theorems 1.3 and 8.1. In order to prove Theorem 9.1,
we first prove a more general statement (below). We will then explain how
to deduce Theorem 9.1 from it.

Theorem 9.2. Let L > 0 be an integer, let G be a graph and let w be
a weight function on G. Assume that there is no L-banana in G. There
exists a clique K in G with the following property. Let X C V(G)\ K be
such that w(D) < § for every component D of G\ (K UN|[X]). Then there
exists a balanced separatorY in G such that |Y \ K| < 3L|X].

Proof. Let (T, x) be a 3L-atomic tree decomposition of G. By Theorems
2.2 and 2.3, we have that (7)) is tight and 3L-lean. By Theorem 2.7,
there exists tg € T such that t, is a center for T. A vertex v € V(G) is
to-friendly if v is not separated from x(¢o) \ v by a set of size < 3L. We
show that to-friendly vertices have the following important property.

(35) If u,v € x(to) are not to-friendly, then u is adjacent to v.

Suppose that u and v are not ty-friendly and that u is non-adjacent to
v. Since there is no L-banana in GG, Theorem 2.1 implies that there exists
a set X with |X| < L such X separates u from v. But this contradicts
Theorem 2.4. This proves (35).

Let K be the set of all the vertices of G that are not ty-friendly. By
(35), K is a clique. We show that K satisfies the conclusion of Theo-
rem 9.2. Let X C G\ K be such that w(D) < % for every component D of
G\ (K UNI[X]).

For every v € G\ K, define the set A(v) as follows. Let X, C V(G) be
such that X, separates v from x(to) \ v, chosen with |X,,| minimum. Let
A(v) = X, U{v}. Then |A(v)| < 3L and Ny, (v) € A(v). Let

Y = J Av).

veX

It follows that |Y| < 3L|X]|.
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To complete the proof it is enough to show that Y U K is a w-balanced
separator of G. Suppose not, and let D be a component of G \ (Y U K)
with w(D) > 1.

(36) If DN (Gt \ X(t0)) # O for some t € Np(ty), then X is anticomplete
to D.

Suppose that v € X has a neighbor din D. Let (A, X,,, B) be a separation
such that x(tp) \ X, € B and v € A. Since d € X, and d is adjacent to v,
it follows that d € A. But then, since D is a component of G \ (K UY)
and X, C Y, it follows that D C A. Consequently, D N x(to) = 0. It
follows that D C Gy \ x(to), and so w(D) < w(Gy \ x(t)) < 3, &
contradiction. This proves (36).

(37) DN N[X] = 0.

Suppose there is v € X such that v has a neighbor d € D. By (36),
d € x(tp). But then d € A(v) C Y, a contradiction. This proves (37).

By (37), D is a component of G\ (K U N[X]), and therefore w(D) < 3, a
contradiction. |

We now prove Theorem 9.1.

Proof. Let K be as in Theorem 9.2. Let ¢; be as in Theorem 1.3 and let
L = ¢ logn. Let d be as Theorem 8.1. Define v’ : V(G) \ K — [0, 1]
as w'(v) = 1:”151(’%() Then w' is a normal weight function on G\ K. By
Theorem 8.1, there exists X C V(G) \ K such that

e |X| <d, and

e N|[X] is a w'-balanced separator in G\ K.
It follows that w(D) < 1 for every component D of G \ (N[X]|U K). Now
Theorem 9.2 applied with L = ¢, log, implies that there exists a w-balanced
separator Y in G such that |Y \ K| < 3L|X| = 3¢;(logn)|X| < 3cidlogn.
Since G € Cy, it follows that |Y| < 3¢;dlogn + t. [ |

10. THE PROOF OF THEOREM 1.5

We are now ready to complete the proof of Theorem 1.5. The following
result was originally proved by Robertson and Seymour in [30], and tight-
ened by Harvey and Wood in [21]. It was then restated and proved in the
language of (w, ¢)-balanced separators in an earlier paper of this series [4].

Theorem 10.1 (Robertson, Seymour [30], see also [4, 21]). Let G be a
graph, let ¢ € [3,1), and let d be a positive integer. If G has a (w,c)-
balanced separator of size at most d for every normal weight function w :
V(G) = [0,1], then tw(G) < {-k.

We prove the following, which immediately implies Theorem 1.5.
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Theorem 10.2. Let t be an integer. Let ¢; be as in Theorem 1.3 and let d
be as in Theorem 1.4. Then every G € C; satisfies tw(G) < 6¢,dlogn + 2t.

Proof. By Theorem 9.1, for every normal weight function w of G there
exists w-balanced separator of size at most 3c;dlogn + t. Now the result
follows immediately from Lemma 10.1. |

11. ALGORITHMIC CONSEQUENCES

We now summarize the algorithmic consequences of our structural re-
sults, specifically of Theorems 1.4 and 1.5.

The consequences for graphs in C; are the most immediate. In particu-
lar, using the factor 2 approximation algorithm of Korhonen [23] (or the
simpler factor 4 approximation algorithm of Robertson and Seymour [31])
for treewidth, we can compute a tree decomposition of width at most
O(c;logn) in time 20(ctlogm) 00 — pOle) - A number of well-studied graph
problems, including STABLE SET, VERTEX COVER, FEEDBACK VERTEX
SET DOMINATING SET and r-COLORING (for fixed r) admit algorithms
with running time 2°®)n when a tree decomposition of G of width k is
provided as input (See, for example, [16] chapters 7 and 11, as well as [11]).
Since 20(ctlogn) — pO() this immediately leads to polynomial time algo-
rithms for these problems in C,.

Theorem 11.1. Let t > 1 be fixed and P be a problem which admits an
algorithm running in time O(2°®|V(Q)|) on graphs G with a given tree
decomposition of width at most k. Then P is solvable in time n®® in C,.
In particular, STABLE SET, VERTEX COVER, FEEDBACK VERTEX SET,
DOMINATING SET and r-COLORING (with fized r) are all polynomial-time
solvable in C;.

This list of problems is far from exhaustive, it is worth mentioning the
work of Pilipczuk [28] who provides a relatively easy-to-check sufficient con-
dition (expressibility in Existential Counting Modal Logic) for a problem
to admit such an algorithm.

Theorem 11.1 implies a polynomial time algorithm for r-COLORING
(with fixed r) in C (without any assumptions on max clique size) because
every graph that contains a clique of size r + 1 can not be r-colored. Thus,
to solve 7-COLORING we can first check for the existence of an (r+1)-clique
in time n”*°M_ If an (r + 1)-clique is present, report that no r-coloring
exists, otherwise invoke the algorithm of Theorem 11.1 with ¢ = r+1. This
yields the following result.

Theorem 11.2. For every positive integer r, r-COLORING is polynomial-
time solvable in C.

Let us now discuss another important problem, and that is COLORING.
It is well-known (and also follows immediately from Theorem 7.1), that for
every t there exists a number d(¢) such that all graphs in C; have chromatic
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number at most d(t). Also, for each fixed r, by Theorem 11.1, -COLORING
is polynomial-time solvable in C;. Now by solving r-COLORING for every
r e {l,...,d(t)}, we also obtain a polynomial-time algorithm for COLOR-
ING in C;.

Theorem 11.1 quite directly leads to a polynomial-time approximation
scheme (PTAS) for several problems on graphs in C. We illustrate this
using VERTEX COVER as an example.

Theorem 11.3. There exists an algorithm that takes as input a graph
G e€C and 0 < e < 1, runs in time n°r2/9) and outputs a vertex cover of
size at most (1 + €)vc(G), where ve(G) is the size of the minimum vertex
cover of G.

Proof. Check in time n?(/¢) whether G' contains as input a clique C of
size at least 2/e. If G does not have a clique of size at least 2/e then
compute an optimal vertex cover of G in time n°(/<) using the algorithm
of Theorem 11.1. If G contains such a clique C' then run the algorithm
recursively on G — C' to obtain a vertex cover S of G — C' of size at most
(1 + e)ve(G — C). Return S U C; clearly S U C is a vertex cover of G.
Furthermore, every vertex cover of G' (and in particular a minimum one)
contains at least |C| — 1 vertices of C. It follows that ve(G — C') < vc(G) —
|C] 4+ 1 and that therefore

[SUC]=15]+|C]
< (14eve(G—-0C)+|C|
< (1+¢€)(ve(G) —|C)+1)+|C|
< (1+¢€)(ve(@))

Here the last inequality follows because for C' > 2/e it holds that (1 +
(] =1) = [C]. u

The PTAS of Theorem 11.3 generalizes without modification (except for
the constant 2 in the 2/€¢) to FEEDBACK VERTEX SET, and more gener-
ally, to deletion to any graph class which is closed under vertex deletion,
excludes some clique, and admits an algorithm (for the deletion problem)
with running time 2°)n°W on graphs of treewidth k. Despite the tight
connection between VERTEX COVER and STABLE SET, Theorem 11.3 does
not directly lead to a PTAS for STABLE SET on graphs in C. On the other
hand, a QPTAS for STABLE SET in C follows from Theorem 1.4 together
with an argument of Chudnovsky, Pilipczuk, Pilipczuk and Thomassé [14],
who gave a QPTAS for STABLE SET in Pj-free graphs (they refer to the
problem as INDEPENDENT SET). For ease of reference, we repeat their
argument here.

Theorem 11.4. There exists an algorithm that takes as input a graph
GeCand0 < e <1, runs in time nOos®n/e) g outputs a stable set S in
G of size at least (1 — €)a(G), where a(G) is the size of the mazimum size
stable set in G.
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Proof. The algorithm is recursive, taking as input the graph G and also
an integer N. Initially, the algorithm is called with N = |V(G)|, in all
subsequent recursive calls the value of NV remains the same. If GG is a single
vertex the algorithm returns V(G). If G is disconnected, the algorithm
runs itself recursively on each of the connected components and returns
the union of the stable sets returned for each of them.

Let d be the constant of Theorem 1.4. If (G is a connected graph on at
least two vertices the algorithm iterates over all subsets S C V(G) of size at
most M and all subsets Y of size at most d such that each connected
component of G — (N(S) U N[Y]) has at most |V (G)|/2 vertices. For each
such pair (S,Y") the algorithm calls itself recursively on G — (N (S)UN|[Y])
and returns the maximum size stable set found over all such recursive calls.

Clearly, the set returned by the algorithm is a stable set. For each pair
(S,Y) which results in a recursive call of the algorithm, each connected
component of the graph G — (N(S) U N[Y]) that the algorithm is called

on has at most |V(G)|/2 vertices. Therefore the running time of the al-
2dlognlogN+d

gorithm is governed by the recurrence T'(n) < n~ -« -n - T(n/2)

which solves to T'(n) < n ). Since the algorithm is initially called
with N = |V(G)| the running time of the algorithm is upper bounded by

V(GO
It remains to argue that the size of the stable set output by the algorithm
is at least (1—€)a(G). To that end, we show that the size of the independent

set output by a recursive call on (G, N) is at least a(G)(1 — e%). Let
I be a maximum size stable set of G. By a standard coupon-collector
argument (see e.g. Lemma 4.1 in [14]) there exists a choice of S C I of size
at most 42 21ogn such that no vertex of G — N() has at least | g

neighbors in /. Let Y now be the set (of size at most d) given by Lemma 1.4
applied to G — N[S]. Since no vertex in Y has at least ;- neighbors in
I it follows that [/ — (N(S) U N[Y])[ = [I[(1 — 55 ). Furthermore, each
connected component of G — (N (S)UN[Y]) has at most |V (G)|/2 vertices.
By the inductive hypothesis the recursive call on (G — (N(S) U N[Y]), N)

outputs a stable set of size at least

1] (1 ¢ ) (1_6(log|V(G)|—1)) > 11| <1_€10g|V(G)I>_

2
dlog® nlog N
O(——""~

B log N log N log N
Since a(G) = |I| the recursive call on (G, N) outputs a stable set of size at
least a(G)(1 — elogllgj(\?” ), as claimed. [ |
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