INDUCED SUBGRAPHS AND TREE DECOMPOSITIONS
XI. LOCAL STRUCTURE IN EVEN-HOLE-FREE GRAPHS OF LARGE
TREEWIDTH

BOGDAN ALECU**Y, MARIA CHUDNOVSKY*!!, SEPEHR HAJEBI ¢, AND SOPHIE SPIRKL!!

ABSTRACT. We prove a conjecture of Sintiari and Trotignon that every even-hole-free
graph of sufficiently large treewidth contains a four-vertex induced subgraph with at
least five edges (that is, either the four-vertex complete graph or the unique four-vertex
graph with five edges, also known as the diamond).

In fact, we prove two stronger results: (a) For every Ky-free chordal graph H, every
even-hole-free graph of sufficiently large treewidth contains either a four-vertex complete
subgraph or an induced subgraph isomorphic to H (when H is the diamond, this yields
their conjecture); and (b) For every Kjs-free chordal graph H (equivalently, for every
forest H) and every t € N, every even-hole-free graph of sufficiently large treewidth
contains either a t-vertex complete subgraph or an induced subgraph obtained from H
by adding a universal vertex (when ¢ = 4 and H is the three-vertex path, this yields
their conjecture).

The choice of H in both result is best possible: (a) fails for every graph H that is not
Ky-free and chordal, and (b) fails for every graph H that is not a forest.

1. INTRODUCTION

Graphs in this paper have finite vertex sets, no loops and no parallel edges. Let G =
(V(G), E(G)) be a graph. For X C V(G), we use both X and G[X] to denote the
subgraph of G induced on X, and we write G \ X for the graph obtained from G by
removing the vertices in X. We say that G contains a graph H if H is isomorphic to
an induced subgraph of G; otherwise, we say G is H-free. The treewidth of a graph G,
denoted tw(G), is the smallest w € N U {0} for which there is a tree T" and a non-null
subtree T, of T for each vertex v of GG, such that the subtrees corresponding to adjacent
vertices intersect, and each vertex of T" belongs to at most w + 1 of the subtrees.

What induced subgraphs should be excluded from a graph in order to bound its
treewidth? Motivated by the wide range of structural and algorithmic applications of
treewidth, this question has received enormous attention in recent years. The grid theo-
rem of Robertson and Seymour, Theorem 1.1 below, answers the analogous question for
minors and subgraphs.
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FIGURE 1. The 4-basic obstructions, with a subdivided 4-by-4 wall in the
middle and its line graph on the right.

Theorem 1.1 (Robertson and Seymour [15]). For every t € N, there exists w € N
such that every graph with no minor (or equivalently, no subgraph) isomorphic to any
subdivision of Wiy has treewidth at most w.

(For every t € N, we denote by Wy, the t-by-t hexagonal grid, also known as the ¢-by-t
wall; see Figure 1. It is well known [9] that every subdivision of Wy, has treewidth ¢.)

Excluding subdivided walls as induced subgraphs, however, is not sufficient to bound
the treewidth. Complete graphs, complete bipartite graphs, and the line graphs of sub-
divided walls are all examples of graphs with arbitrarily large treewidth and no induced
subgraph isomorphic to any subdivision of W33 (recall that the line graph L of a graph
F has vertex set E(F'), with two vertices of L adjacent whenever the corresponding edges
of F share an endpoint). These three constructions are still quite simple; thus, we place
them alongside subdivided walls themselves to obtain a list of “basic” obstructions to
bounded treewidth. For ¢t € N, a t-basic obstruction is a graph isomorphic to K1, K4,
some subdivision of Wy, or the line graph of some subdivision of Wy, (see Figure 1).

It is well known [9] that the ¢-basic obstructions all have treewidth exactly ¢. Thus,
a necessary condition for bounded treewidth is to exclude, for some t > 1, a t-basic
obstruction of each type as an induced subgraph. If this were also sufficient, it would
yield an elegant counterpart of Theorem 1.1 for induced subgraphs; indeed, it is not hard
to show (see [1]) that excluding the 2-basic obstructions does yield bounded treewidth.
Unfortunately, the picture already breaks down here: the treewidth can be arbitrarily
large in graphs that exclude the 3-basic obstructions, and this remains true even if we
exclude, along with K, a much simpler family of graphs than the other three basic
obstructions: even holes.

A hole in a graph G is an induced cycle on at least four vertices; an even hole is a
hole of even length; and a graph is even-hole-free if it contains no even hole. It is easy to
observe that all 3-basic obstructions except for K4 contain even holes (see Figure 2, and
also Section 2 for the definitions of a “theta” and a “prism”).

Therefore, being (even hole, K,)-free is a much stronger condition than excluding the
3-basic obstructions. Surprisingly, Sintiari and Trotignon showed that even under this
stronger assumption, the treewidth can be arbitrarily large, and that excluding a finite
number of odd holes as well does not help either:
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FIGURE 2. The 3-basic obstructions other than the complete graph Ky,
featuring a theta in K3 (left), a theta in a subdivision of Ws,3 (middle),
and a prism in the line graph of the same subdivided Ws,3 (right). An
even hole in each theta and prism is highlighted. (See Section 2 for the
definitions.)

Theorem 1.2 (Sintiari and Trotignon [16]). For all h,w € N, there is an (even hole,

Ky )-free graph Gy with tw(Gp.) > w such that every hole in Gy, has length greater
than h.

The graphs G}, in Theorem 1.2, explicitly constructed in [16], are early examples of
“layered wheels,” a rich class of constructions used [5, 8, 16] as counterexamples to several
conjectures about the interplay between treewidth and induced subgraphs.

Layered wheels are typically quite complicated (the even-hole-free one in Theorem 1.2
remains the most complicated to date), and recent results suggest that, in a convinc-
ing sense, “layered-wheel-like” obstructions to bounded treewidth are the only remaining
barrier to a full analog of Theorem 1.1 for induced subgraphs (see |6, 7| for further
discussion).

As a result, there is considerable interest in understanding the structural properties of
layered wheels, particularly the induced subgraphs that must appear in layered wheels
of sufficiently large treewidth. For instance, Sintiari and Trotignon observed [16] that, in
order to maintain large treewidth while remaining even-hole-free, the graphs Gy, ,, from
Theorem 1.2 tend strongly to contain induced “diamonds” (recall that the diamond is
the graph obtained from K, by deleting an edge). So they conjectured that diamonds are
unavoidable induced subgraphs not only in the layered wheels of Theorem 1.2, but in all
(even hole, K,)-free graphs of large treewidth.

Conjecture 1.3 (Sintiari and Trotignon [16]). Every (even hole, K4)-free graph of large
enough treewidth contains the diamond.

In this paper, we prove Conjecture 1.3. It is worth noting, however, that the mere
presence of induced diamonds may not seem like a particularly deep insight into the local
structure of (even hole, K )-free graphs of large treewidth. After all, what other graphs H
are unavoidable induced subgraphs of such graphs? Our main result answers this question
in full (and thereby proves Conjecture 1.3 as a special case).

Let H be a graph such that every (even hole, Kj)-free graph of sufficiently large
treewidth has an induced subgraph isomorphic to H. In particular, H must appear as
an induced subgraph of the graphs Gy, ,, in Theorem 1.2 for all h € N and all sufficiently
large w € N. Therefore, H must be Ky -free and contain no hole. Graphs with no holes
are called chordal (see Figure 3).
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FIGURE 3. A coned tree as in Theorems 1.6 (left) and 1.10 (middle), and
an arbitrary 2-tree (right).

Observation 1.4. Let H be a graph. Then every (even hole, K4)-free graph of sufficiently
large treewidth has an induced subgraph isomorphic to H only if H is K4-free and chordal.

Our main result is the converse to Observation 1.4:

Theorem 1.5. Every (even hole, K, )-free graph of sufficiently large treewidth contains
an induced subgraph isomorphic to H if and only if H is K4-free and chordal.

Since the diamond is Ky-free and chordal, Theorem 1.5 implies Conjecture 1.3 im-
mediately. But it also suggests something stronger: despite their intricate construction,
even-hole-free layered wheels are canonical from a local perspective, in that every (even
hole, Ky)-free graph of large treewidth, when “zoomed in,” displays a layered-wheel-like
structure.

Conjecture 1.3 may also be interpreted in another way. Note that a diamond can
be obtained from a two-edge path by adding a universal vertex. Thus, Conjecture 1.3
states that every (even hole, K,)-free graph of sufficiently large treewidth has an induced
subgraph obtained from a two-edge path by adding a universal vertex. Our approach to
proving Theorem 1.5 yields another extension of Conjecture 1.3 in this interpretation,
where “K,” is replaced by “K,;” for arbitrary ¢ € N, and the “two-edge path” is replaced
by an arbitrary forest (recall that a forest is a graph with no cycles, that is, a graph whose
components are trees). Surprisingly, by Theorem 1.2, this also characterizes forests. For
a graph F', let cone(F") denote the graph obtained from F' by adding a vertex adjacent
to all vertices in V(F'). Then cone(F') is Ky-free and chordal if and only if F' is a forest.
We prove:

Theorem 1.6. For all t € N, every (even hole, K;)-free graph of sufficiently large
treewidth has an induced subgraph isomorphic to cone(F), if and only if F' is a forest.

Theorem 1.6 in particular shows that Conjecture 1.3 holds in general for even-hole-free
graphs of bounded clique number, which in turn extends the main result of [4]:

Corollary 1.7. For all t € N, (even hole, diamond, K;)-free graphs have bounded
treewidth.

1.1. Reduction to 2-trees. Note that the “only if” implications in both Theorems 1.5
and 1.6 follow directly from Observation 1.4. For the “if” implication, we prove the corre-
sponding results in the slightly more general class £ of (Cy, theta, prism, even wheel)-free
graphs (where Cy denotes the 4-vertex cycle, and a definition of “even wheels” will appear
in the next section). At the same time, as a convenient technical step in our proof, we
will reduce the “if” implication in Theorems 1.5 and 1.6 to the case where the excluded
chordal graph is “maximal” with respect to its clique number.
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FIGURE 4. Proof of Theorem 1.8 (when k =5 and |N| = 2).

Let us elaborate. For an integer n, we write [n] for the set of all positive integers less
than or equal to n (so [n] = 0 if n < 0). A well-known characterization of chordal graphs
due to Dirac [10] shows that for all integers h, k > 1, an h-vertex graph H is a K} o-free
chordal graph if and only if there exists a bijection 7 : V(H) — [h] such that for every
i € [h — 1], the neighborhood of 7 (i) in V(H) \ 7([¢]) is a clique of cardinality at most
k. This inspires the following definition: a k-tree is a graph V which is either a k-vertex
complete graph, or we have |V (V)| = h > k and there exists a bijection wy : V (V) — [h]
such that for every i € [h — k], the set of neighbors of wy (i) in V (V) \ @wv([i]), which
we refer to as the forward neighbors of wy (i) in V, is a clique of cardinality ezactly k
in V. For instance, 1-trees are exactly trees. It follows that every k-tree is a connected,
K o-free chordal graph. More importantly, a partial converse holds, too (the proof is
straightforward, yet we include it to keep the paper self-contained).

Theorem 1.8. For every k > 1 and every Ky o-free chordal graph H, there exists a
k-tree V such that H is an induced subgraph of V.

Proof. Note that every Ky, o-free chordal graph H is an induced subgraph of a connected
K}, o-free chordal graph (which, for instance, may be obtained from H by adding a new
vertex with exactly one neighbor in each component of H). Therefore, we only need to
show that for every connected K o-free chordal graph H, there exists a k-tree V such
that H is an induced subgraph of V. We prove this by induction on |V(H)| = h. The
case h = 1 is trivial, so assume that h > 1.

Let m : V(H) — [h] be the bijection obtained from Dirac’s result. Thus, for every
i € [h — 1], the set of neighbors of 7(i) in V/(H) \ 7([¢]) is a clique on at most k vertices
in H. Let m(1) = xg, let H- = H\ {x}, and let N be the set of neighbors x¢ in H. Then
N is a non-empty clique on at most k vertices in H, which in turn implies that H~ is a
connected Ky, o-free chordal graph on h — 1 vertices and N is a non-empty clique on at
most k vertices in H~. By the induction hypothesis, there is a k-tree V™~ such that H~ is
an induced subgraph of V~. In particular, N is a non-empty clique on at most k vertices

in V~. We deduce:

(1) There is a clique K of cardinality k in V~ such that N C K.

This is immediate if V™ is a complete graph. So we may assume that V™ is a k-tree
that is not complete. Choose z € N with wg! (z) € [h — 1] as small as possible. Let M
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be the set of forward neighbors of x in V~ . Then M U{z} is a clique of cardinality k + 1
in V~ which contains the clique N of cardinality at most k. This proves (1).

Let K be as in (1). Fix an enumeration {y; : i € [k — |||} of the elements of K \ N.
We define V as follows. Let

V(V)=V(V)U{x;:i1€{0,....,k—|N|}};

k—|N|
E(NV)=ENV)U | J (e zy 2wy cy € Nj e il j € [k— NI\ [0}
i=0
Let wy(x;) =i+ 1 foralli € {0,...,k —|N|} and let wy(2) = wy-(v) + k — |[N| + 1
for all v € V(V™) (see Figure 4). One may check that V is k-tree and H is an induced
subgraph of V; we omit the details. [ |

For every ¢t > 1, we denote by &; the class of all Ki-free graphs in £. In view of
Theorem 1.8, Theorems 1.5 and 1.6 follow, respectively, from Theorems 1.9 and 1.10
below. We will prove both results in the last section.

Theorem 1.9. For every 2-tree V, there ezists an integer T = Y(V) > 1 such that every
graph G € &4 with tw(G) > Y contains V.

Theorem 1.10. For every integer t > 1 and every tree T, there exists an integer I' =
['(t,T) > 1 such that every G € & with tw(G) > I' contains cone(T).

1.2. Outline. We conclude the introduction with a rough account of our main ideas.
Due to the fact that adding universal vertices to a tree results in a 2-tree, the proofs of
Theorems 1.9 and 1.10 follow a similar outline, which we give below.

Let G € & be a graph of huge treewidth. We will show that G contains a copy of
a given 2-tree V as a subgraph, not necessarily induced, but close enough so that the
outcomes of Theorems 1.9 and 1.10 would follow immediately from known results. Our
method is to grow this copy of V in G through an inductive process, adding one vertex
at a time with respect to the ordering imposed on V (V) by wy, reversed (so wy(1) is
the last vertex to be added).

In order to grow our 2-tree, we use an auxiliary structure that we call a “kaleidoscope,”
consisting of many holes sharing a three-vertex path and otherwise vertex-disjoint. We
then define a notion of “mirroring,” whereby, roughly speaking, a set of vertices is “d-
mirrored” by a kaleidoscope if every vertex in the set has at least d neighbors in each of
the kaleidoscope’s holes, outside of the shared three-vertex path.

The main ingredients to our argument are then as follows:

e In Section 4 (and in particular in Theorem 4.1), we show that given an integer d, if
a vertex is 1-mirrored by a suitably large kaleidoscope, then it is in fact d-mirrored
by a “sub-kaleidoscope” of prescribed size. In particular, when d > 3, it is a wheel
center for all of the holes in the sub-kaleidoscope.

e To begin the growing process, we show in Theorem 5.1 that, assuming our graph
has large treewidth (or more specifically, that it has two vertices connected by many
disjoint paths), we can produce, using the previous bullet point and results from
an earlier paper in the series, a clique of size two which is 3-mirrored by a large
kaleidoscope. In general, our induction hypothesis will be that we can find a large
kaleidoscope 3-mirroring the 2-tree we have constructed so far.
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e Given two adjacent wheel centers with the same rim, Theorem 3.2 provides some
constraints on their neighborhoods along the rim. This allows us to find common
neighbors of adjacent vertices in our 2-tree on each of the holes of the large kalei-
doscope 3-mirroring it. These common neighbours are candidates for extending our
2-tree.

e Theorem 5.5 is the core of our induction step. In it, we show that, by choosing the
candidate carefully, we are able to guarantee that it has three neighbors on many
of the other holes of the kaleidoscope. In other words, we are able to find a large
sub-kaleidoscope 3-mirroring the extended 2-tree, thus maintaining the property
we need for the induction.

e Finding that right candidate requires a novel idea, presented in Section 3, which
is totally different from the material developed in the earlier papers in this series:
we show that taking specific minors of GG keeps us in the class €. This enables us
to essentially “pretend” certain edges in GG do not exist, which in turn allows us to
use the machinery from an earlier paper in order to find the right candidate for
extending the 2-tree.

In Section 2, we cover the terminology and the results from earlier papers in this series
to be used in subsequent sections. We complete the proofs of Theorems 1.9 and 1.10 in
Section 6.

2. PRELIMINARIES

In this section, we set up our notation and terminology. We also mention a few results
from the earlier papers in this series |2, 1].

Let G = (V(G), E(G)) be a graph and let z € V(G). We denote by Ng(x) the set of
all neighbors of z in G, and write Ng[z] = Ng(x)U{z}. For an induced subgraph H of G
(not necessarily containing z), we define Ny(x) = Ng(xz) N H and Nyz] = Ny (z)U{z}.
Also, for X C G, we denote by Ng(X) the set of all vertices in G\ X with at least one
neighbor in X, and define Ng[X] = Ng(X) U X. Let X, Y C G be disjoint. We say X
is complete to Y if every vertex in X is adjacent to every vertex in YV in G, and X is
anticomplete to Y if there is no edge in G with an end in X and an end in Y.

A path in G is an induced subgraph of G that is a path. If P is a path in G, we
write P = p;-----py meaning V(P) = {p1,...,px} and p; is adjacent to p; if and only if
li — j| = 1. We call the vertices p; and py the ends of P, and say that P is from p; to
pr. The interior of P, denoted by P*, is the set P\ {p1,pxr}. The length of a path is its
number of edges (so a path of length at most one has empty interior). Similarly, if C' is

a cycle, we write C' = ¢1-- -+ -¢;-¢1 to mean that V(C) = {cy,..., ¢} and ¢; is adjacent
to ¢; if and only if |i — j| € {1,k — 1}. The length of a cycle is its number of vertices (or
edges).

A theta is a graph © consisting of two non-adjacent vertices a, b, called the ends of ©,
and three pairwise internally disjoint paths Py, P, P3 from a to b of length at least two,
called the paths of ©, such that P, Py, P; are pairwise anticomplete to each other. For
a graph G, by a theta in G we mean an induced subgraph of G which is a theta.

A prism is a graph II consisting of two disjoint triangles {aj, as,as} and {by,bs, b3},
called the triangles of 11, and three pairwise disjoint paths P;, P, P; called the paths of
II, where P; has ends a;, b; for each i € {1,2,3}, and for distinct ¢, j € {1, 2,3}, a;a; and
b;b; are the only edges between F; and P;. For a graph G, by a prism in G we mean an
induced subgraph of G which is a prism.
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FIGURE 5. From left to right, a theta, a prism and an even wheel.
Squiggly lines represent paths of arbitrary length (possibly zero).

A wheel in a graph G is a pair (C,v) where C'is a hole in G and v € G\ C is a vertex
with at least three neighbors in C. An even wheel in G is a wheel (C,v) in G where v has
an even number of neighbors in H. We say G is even-wheel-free if there is no even wheel
in G.

See Figure 5 for a depiction of a theta, a prism, a pyramid and an even wheel. It is
straightforward to check that the class € of all (Cy, theta, prism, even wheel)-free graphs
contains the class of all even-hole-free graphs.

We now mention a few results from two previous papers in the current series [1, 2|. Let
k be a positive integer and let G be a graph. A strong k-block in G is a set B of at least
k vertices in G such that for every 2-subset {z,y} of B, there exists a collection Py, of
at least k distinct and pairwise internally disjoint paths in G from x to y, where for every
two distinct 2-subsets {z,y}, {2’,y'} C B of G, and every choice of paths P € P(,,; and
P' € Py yy, we have PN P = {z,y} N {2',y'}. In [1], it is proved that:

Theorem 2.1 (Abrishami, Alecu, Chudnovsky, Hajebi and Spirkl [1]). For all integers
k,t > 1, every graph with no strong k-block and no induced subgraph that is a t-basic
obstruction has bounded treewidth.

As discussed in the introduction, for every ¢t > 1, a (theta, prism)-free graph has no
induced subgraph that is a t-basic obstruction if and only if it is K;-free. So the following
is immediate from Theorem 2.1:

Corollary 2.2. For all integers k,t > 1, there exists an integer 5 = [(k,t) such that
every (theta, prism, K, )-free graph with no strong k-block has treewidth at most 5(k,t).

Moreover, Theorem 2.3 below reveals further information about the adjacency between
different paths joining two vertices in a strong block. This was a major ingredient in our
proof of Theorem 1.5 in [2].

Theorem 2.3 (Abrishami, Alecu, Chudnovsky, Hajebi and Spirkl [2]|). For all integers
t,v > 1, there exists an integer 1» = ¥ (t,v) > 1 with the following property. Let G be a
(theta, prism, Ky )-free graph, let a,b € V(G) be distinct and non-adjacent and let P be
a collection of pairwise internally disjoint paths in G from a to b with |P| > 1. For each
P € P, let xp be the neighbor of a in P (so xp # b). Then there exist Py,..., P, € P
such that:

e {xp,...,xp,, b} is a stable set in G; and
e foralli,j € [v] withi < j, xp, has a neighbor in P} \ {zp,}.
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We also need a quantified version of Ramsey’s classical theorem, which has appeared
in several references; see, for instance, [11].

Theorem 2.4 (Ramsey [14], see also [11]). For all integers c,s > 1, every graph G on at
least ¢ vertices contains either a clique of cardinality ¢ or a stable set of cardinality s.

Finally, we include the following well-known lemma which follows directly from Theo-
rem 2.4 combined with Lemma 2 in [13].

Lemma 2.5. For all integers q,r,s,t > 1 there exists an integer o = o(q,r,s,t) > 1 with
the following property. Let G be a (K, K;)-free graph. Let X be a collection of pairwise
disjoint subsets of V(G), each of cardinality at most r, with |X| > o. Then there are q
distinct sets Xy, ..., X, € X which are pairwise anticomplete in G.

3. CONTRAPTIONS: CLASS-PRESERVING MINORS IN &

In this section, we develop the most critical step in our procedure for growing 2-trees
by iteratively obtaining common neighbors of prescribed pairs of adjacent vertices. The
main result is Theorem 3.1, which shows that, although £ is a class closed under taking
induced subgraphs, certain minors of certain graphs in £ belong to £. Recall that a minor
of GG is a graph that is obtained from G by a sequence of vertex deletions, edge deletions
and edge contractions, where for an edge xy of a graph G, the xy-contraction of GG is the
graph obtained from G by identifying the two vertices x and y into a single vertex.

For a graph G and two adjacent vertices 21, zo € V(G), we define the z;z5-contraption
of G, denoted G <!, to be the graph with the following specifications:

o V(G <) = (V(G)\ {21, 22}) U{z};
o GG IV(G)\ {21, 22} = G\ {21, 22}; and
® Ng1(2) = Na(z1) N Ne(22).

See Figure 6. In other words, the zjzp-contraption of G is the minor of G (without
parallel edges) obtained by first contracting the edge z129 into a new vertex z, and then
removing every edge in the resulting graph between z and a vertex in the symmetric
difference of Ng(21) and Ng(z2). Our goal in this section is to prove the following:

Theorem 3.1. Let G € € be a graph and let z1, 2o € V(G) be distinct and adjacent such
that Ng(z1) N Ng(z9) is a stable set of vertices of degree at most three in G. Then we
have G<ZL € €.

Two remarks: first, as far as our application of Theorem 3.1 is concerned, it suffices
to show that G <Z! is (theta, prism)-free (under the same hypotheses). This is thanks to
Theorem 2.3 holding true for the larger class of (theta, prism)-free graphs rather than just
&. Second, the proof of Theorem 3.1 (and so its application in the proof of Theorem 5.4) is
the only place in this paper where we use the assumption that G is Cy-free. Nevertheless,
as unfortunate as it may appear, excluding Cj is necessary even if we ask for G <Z! not
to “be” a theta; see Figure 6.

We now plunge into the proof of Theorem 3.1, beginning with the following definition.
Let G be a graph, let H be an induced subgraph of G and let v € G \ H. We say that:

(G) vis H-good if |[Ny(v)| =1,
(B) v is H-bad if Ny (v) is a clique in H with at least two vertices; and
(U) v is H-ugly if Ng(v) is not a clique in H.
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29 T2 b b

FIGURE 6. Left: a (theta, prism, even wheel)-free graph G containing a
clique {z1, 22} for which Ng(21) N Ng(z2) = {x1, 22} is a stable set of
vertices of degree three in G (observe that G does contain Cy). Right: the
graph G <2 which is a theta with ends a, b.

So every vertex in Ng(H) C G\ H is exactly one of H-good, H-bad, or H-ugly. The next
result is an important ingredient for the proof of Theorem 3.1. Similar results have also
appeared in [3, 4].

Theorem 3.2. Let G be a (theta, prism, even wheel)-free graph, let C' be a hole in G and
let 21,29 € G\ C be distinct and adjacent, each with at least one neighbor in C. Assume
that z1 and zy have no common neighbor in C. Then either both z; and zy are C'-good
and their (unique) neighbors in C' are distinct and adjacent, or exactly one of z1 and z
1s C'-bad. Consequently, if G € £, then exactly one of z1 and zy is C-bad.

Proof. Note that if both z; and 2, are C-bad, then since z; and z; have no common
neighbor in C| it follows that C'U {21, 22} is a prism in G, a contradiction. So we may
assume without loss of generality that z; is either C'-good or C-ugly. If z, is C-bad, then
we are done. So we can consider the case that z; is also either C-good or C-ugly; in
particular, since neither (C, z1) nor (C, z2) is an even wheel in G, it follows that for every
i € {1,2}, |[Nc(z)| is an odd integer. Assume first that both z; and z; are C-good, say
Ne(z) = {x;} for i € {1,2}. Then since z; and 22 have no common neighbor in C, and
C'U{z1, 22} is not a theta in G, it follows that z; and x5 are distinct and adjacent in G,
as required.

This leaves the case where one of z; and 2o, say the former, is C-ugly. Since z; and 29
have no common neighbor in C, it follows that No(z2) € C\ N¢(z1). Note that every
component of C'\ No(z1) is a path in C' (and so in G). Moreover, for every component
P of C'\ N¢(z1), Cp = No[P]U{z} is a hole in G. Since Cp U {23} is not a theta in
G, and (Cp, z2) is not even wheel in GG, and z; and 2, have no common neighbor in C,
it follows that z5 has an even number of neighbors in P. In conclusion, we have shown
that 2z has an even number of neighbors in each component of C'\ N¢(z1). But then 2y
has an even number of neighbors in ', a contradiction. We conclude that either both
z1 and z are C-good and their neighbors in C' are distinct and adjacent, or exactly one
of z; and zy is C-bad. In addition, if G € &, then the first outcome does not hold, as
otherwise G[N¢[z1] U N¢|zs]] is isomorphic to Cy, a contradiction. This completes the
proof of Theorem 3.2. |

We also need the following lemma.

Lemma 3.3. Let G € &€ be a graph and let 21,20 € V(G) be distinct and adjacent
such that Ng(z1) N Ng(z2) is a stable set of vertices of degree at most three in G. Let
z € V(G <) be as in the definition of G<3L and let W be an induced subgraph of G <2}
which 1s either a theta, or a prism, or an even wheel. Then there is a path P in W with

ends a,b for which the following hold.
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(a) We have z € P\ (Nw[a] U Nw[b]), and so W\ P* C G\ (Ng[z1] N Ng[z2)).

(b) The vertices in P* (including z) have degree two in W, and a,b both have degree
three in W.

(¢) In the graph G, both z; and zy have a neighbor in W\ P.

Proof. First, assume that there is no path P in W satisfying 3.3(a) and 3.3(b). Since
G € &, it follows that z € W. Also, since Ng(2z1) N Ng(z2) is a stable set of vertices of
degree at most three in G, it follows that Ng 1 (z) is a stable set of vertices of degree

at most two in G'<Zl. In particular, there is no wheel (C,v) in G <Z! where z € N¢[v],
and z does not belong to a triangle of a prism in G <Z!. Moreover, from the assumption
that there is no path in W satisfying 3.3(a) and 3.3(b), it follows that there is no wheel
(C,v) in G<il where z € C'\ N¢(v), and 2z does not belong the interior of a path of
a theta or a prism in G'<Z}. We deduce that W is a theta in G <! and z is an end of
W. Let 2" € V(G<Z)) \ Ng a1 [z] = V(G) \ (Nelz1] N Nelz2]) be the other end of W and
let Py, Py, P; be the paths of W. Then for every i € [3]|, P, has ends z, 2/, and for some
J € {1,2}, z; is not adjacent to 2z’ in G. On the other hand, for every ¢ € [3], we have
Np,(2) € Ng(z;) N (P \ {z}). Thus, traversing P, \ {z} starting at 2/, we may choose z;
to be the first vertex in Ng(z;) N (B \ {z}); it follows that z; € P;. But then there is a
theta in G with ends z;, 2" and paths z;-z,-P;-2" for i € [3], which violates G € £. This
proves that there exists a path P in W with ends a, b for which 3.3(a) and 3.3(b) hold.
[t remains to show that P satisfies 3.3(c). Suppose for a contradiction, and without
loss of generality, that z; is anticomplete to W\ P in G. Then U = (P \ {z}) U {z} is
a connected induced subgraph of G with a,b € U such that U \ {a,b} C P*U {2z} is
anticomplete to W'\ P in G. Consequently, there exists a path P, in U from a to b where
Py is anticomplete to W\ P in G. But now (W\ P)UP, is a theta, a prism or an even wheel
in G (depending on whether W is a theta, a prism or an even wheel in G, respectively),
which is impossible because G € £. This completes the proof of Lemma 3.3. |

The next two lemmas, in turn, show that under the assumptions of Theorem 3.1, the
graph G <Z! is theta-free and prism-free.

Lemma 3.4. Let G € € be a graph and let z1, 2o € V(G) be distinct and adjacent such
that Ng(z1) N Na(z22) is a stable set of vertices of degree at most three in G. Then G <,
1s theta-free.

Proof. Suppose for a contradiction that there is a theta W in G <Zl. Let z € V(G <Z)) be
as in the definition of G <Z!. Let P be the path in W with ends a, b satisfying Lemma 3.3.
It follows from Lemma 3.3(a) and (b) that a,b are the ends of W, P is a path of W, and
we have z € P\ (Np[a] U Np[b]). Let Q1, Q2 be the paths of W distinct from P; so @y
and Q2 both have ends a,b, as well. Let C' = Q1 U Q3. Then C' is a hole in G \ {21, 22}
and we have C =W \ P*.

From the definition of G'<Zl, it follows that W \ {z} C G \ {21, 22} and {2, 22} is
complete to Np(z). As a result, for every i € {1,2}, there are two paths P,;, P,; in
(P\ {z}) U{z} from a to z and from b to z;, respectively, such that P,; \ {z;} and
Py \ {2} are disjoint and anticomplete in G, and both P;,; and P;; are disjoint from and
anticomplete to C'\ {a, b} in G. We claim that:
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(2) Leti € {1,2}. Then either a is adjacent to z; in G, or No(z;) € Ng,[b] for some
J € {1,2}. Similarly, either b is adjacent to z; in G, or Ne(z;) C Ng,la] for some
Jje{1,2}.

We only need to show that for every i € {1,2}, either a is adjacent to z; in G, or
Ne(zi) € Ng,[b] for some j € {1,2}. Suppose not. Then we may assume without loss of
generality, that a is not adjacent to z; in G, and there is a vertex in Q7 \ Ng, (b) which
is adjacent to z; in G. It follows that P, ; has length at least two, and that there is a
path R of length at least two in G from a to z; such that R* C Q7 \ Ng, (b). Also, since
P, 1 UQ)7 is a connected induced subgraph of G' containing the two non-adjacent vertices
a and zj, it follows that there exists a path S of length at least two in P, ; U 2 from a
to z;. But then there is theta in G’ with ends a, 2; and paths P, ;, R, .S, contrary to the
fact that G € €. This proves (2).

From (2), it follows immediately that:

(3) Leti € {1,2} such that z; has a neighbor in C. Then the following hold.
o [f z; is C-good, then we have N¢(z;) € (No(a) N N (b)) U {a,b}.
o If z is C-bad, then for some j € {1,2}, either No(z;) = Ng,la] or No(z;) = No,[b].
o If z; is C-ugly, then we have a,b € No(z;).

Now, since C'\ {a,b} = W\ P and W\ P C W\ P* = C, from Lemma 3.3(a) and
the definition of G'<Z! it follows that z; and z; have no common neighbor in €', and from
Lemma 3.3(c), it follows that z; and zs each have at least one neighbor in C'\ {a,b}.
Consequently, by Theorem 3.2 and without loss of generality, we may assume that z; is
C-bad and z, is either C-good or C-ugly. It follows from the second bullet of (3) that for
some j € {1,2}, we have either N¢(z1) = Ng,[a] or Ng(z1) = Ng,[b]. We may exploit
the symmetry between a, b and between ()1, )2, and assume that N¢(z1) = Ng,[a]. Since
a € V(H) is not a common neighbor of z; and zy, we deduce from the third bullet of
(3) that zy is C-good. This, together with the first bullet of (3), the fact that 2z, has
a neighbor in C'\ {a, b} and the fact that z; and 2z, have no common neighbor in C,
implies that @)y has length two, say )2 = a-¢-b, and we have No(z2) = {q}. But then
G[{a, ¢, z1, z2}] is isomorphic to Cy, contrary to the fact that G € £. This completes the
proof of Lemma 3.4. [ ]

Lemma 3.5. Let G € € be a graph and let zy,z2 € V(G) be distinct and adjacent such
that Ng(z1) N Na(z22) is a stable set of vertices of degree at most three in G. Then G <}
s prism-free.

Proof. Suppose for a contradiction that there is a prism W in G <Zl. Let z € V(G <Z}) be
as in the definition of G <Z!. Let P be the path in W with ends a, b satisfying Lemma 3.3.
It follows from Lemma 3.3(a) and (b) that P is a path of W, a and b belong to distinct
triangles of W and we have z € P\ (Np[a] U Np[b]). Let aajas and bbyby be the triangles
of W and let ()1, Q2 be the paths of W distinct from P such that @); has ends a;, b; for
i€ {1,2}. Let C = Q1 UQs. Then C' is a hole in G \ {21, 22} and we have C' =W \ P.

From the definition of G'<Z!, it follows that W \ {2} € G \ {21, 2} and {2, 22} is
complete to Np(z). As a result, for every ¢ € {1,2}, there are two paths P,;, P,; in
(P \ {z}) U{z} from a to z; and from b to z;, respectively, such that P,; \ {z;} and
Py ;i\ {z} are disjoint and anticomplete in G, and both P;; and Py, are disjoint from and
anticomplete to C' in G.
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Now, since C' =W \ P C W\ P*, it follows from Lemma 3.3(a) and the definition of
G <zl that z; and 2z, have no common neighbor in C, and it follows from Lemma 3.3(c)
that z; and z9 each have at least one neighbor in C'\ {a, b}, Consequently, by Theorem 3.2,
one of z; and zy is C-bad; say z; is C-bad. Let us write No(21) = {q1, g2} where ¢; and
¢z are adjacent. Due to the symmetry between {aj,as} and {b1,b}, we may assume,
without loss of generality, that {ai, a2} N {q1,q2} C {a1}, and there are disjoint paths
Ry and Ry in C from a; to ¢; and from as to go, respectively. It follows that either
{ar, a2} N {q1,q2} = 0 or {a1, a2} N{q1, ¢} = {a1} = {q:}. In the former case, there is a
prism in G with triangles aa,as, 21¢1¢2 and paths P, 1, Ry and Rs. Also, in the latter case,
C" = a-P, 1-21-q-Ra-as-a is a hole in G and a; = ¢; € G\ (" has exactly four neighbors in
C’, namely a, as, g2 and z;. But then (C; 21) is an even wheel in G. Both latter conclusions
violate the assumption that G € &, hence completing the proof of Lemma 3.5. [ |

We can now give a proof of Theorem 3.1:

Proof of Theorem 8.1. Suppose not. Let z € V(G <Z!) be as in the definition of G <.
First, we show that :

(4) G <z is Cy-free.

To see this, suppose there is a hole C' of length four in G <Z!. Since G € &, it follows
that z € C. So we have N¢(z) = C'N Ng(21) N Ng(22) and there exists exactly one vertex
Z'in C with 2" € V(G <)) \ Ngzt [z] = V(G) \ (Ng[z1] N Ng[z2]). As a result, for some
J € {1,2}, z; is not adjacent to 2’ in G. But now (C'\ {z}) U{z;} is a hole of length four
in G, contrary to the fact that G € £. This proves (4).

From (4) and Lemmas 3.4 and 3.5, we deduce that there exists an even wheel (C,v)
in G<Zl. Let W = G[V(C) U {v}] and let P be the path in W with ends a,b satisfying
Lemma 3.3. It follows from Lemma 3.3(a) and (b) that z € P\ (Np[a] U Np[b]) and P is
a path of length at least four in C' such that a,b € N¢(v) C Ng(v) and v is anticomplete
to P*in G<Zl. Let Q = C'\ P*. Then Q is a path in G from a to b. Let o' and V' be
the neighbors of @ and b in @, respectively. Since C' is an even wheel in G <Z., it follows
that @ has length at least three, and so a,ad’,b,b" are all distinct. In addition, we have
WA\ P*=QU{v}, W\ P=Q*U{v}, and |[Ng(v)| = |[N¢(v)| > 4 is an even integer.

From the definition of G'<Z!, it follows that W \ {2} C G \ {21, 2} and {2, 22} is
complete to Np(z). As a result, for every ¢ € {1,2}, there are two paths P,;, P,; in
(P\ {z}) U{z} from a to z and from b to z;, respectively, such that P,; \ {z;} and
Py ;i\ {z} are disjoint and anticomplete in G, and both P;; and Py, are disjoint from and

anticomplete to @* U {v} in G. We claim that:

(5) The vertex v has a neighbor in Q \ {a,a’,b,V'}.

Suppose not. Then we have N (v) = {a,d’,b,0'}. Then C" = Q*U{v} = W\ Pis a hole
in G. By Lemma 3.3(a) and the definition of G’ <Z!, z; and 2, have no common neighbor
in C’, and by Lemma 3.3(c), z; and z3 each have at least one neighbor in C’. Therefore,
by Theorem 3.2, one of z; and z, say the former, is C’-bad in G. Let N¢i(21) = {q,¢'}
where ¢ and ¢’ are adjacent. The symmetry between a’ and b’ and between ¢ and ¢’ allows
us to assume that [{a’,v} N{q,¢'}| <1, and there are disjoint paths R and R' in C’ from
v to ¢ and from d’ to ¢/, respectively. It follows that either

o {d,v}N{q, ¢} =0;o0r
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o {d, v} {q, ¢} ={d'} ={¢}; or

o {d’ . v}n{q '} ={v} ={q}.
If the first bullet above holds, then there is a prism in G with triangles aa’v, qq'z; and
paths P, 1, R and R'. Also, if the second bullet above holds, then C" = a-F, 1-21-¢-R-v-a
is a hole in G and ¢’ = ¢’ € G\ C” has exactly four neighbors in C”, namely a, v, ¢ and
21, which in turn implies that (C”,a’) is an even wheel in G. Similarly, if the third bullet
above holds, then C” = a-F, 1-z1-¢-R'-a’-a is a hole in G and v = ¢ € G\ C” has exactly
four neighbors in C”, namely a,d’, ¢ and z;. It follows that (C”,v) is an even wheel in G.
Each of the last three conclusions goes against the assumption that G € £. This proves

(5).

(6) Letic {1,2} such that v is not adjacent to z; in G. Then Ny p(z;) is a non-empty
subset of {a’,V'}.

Suppose not. By Lemma 3.3(c), z; and z; each have at least one neighbor in W\ P =
Q* U {v}, and so Nynp(z;) # 0. It follows that there exists a vertex ¢ € Q* \ {d’,'} =
Q@ \ (Ngla] U Ng[b]) which is adjacent to z; in G. This, together with (5), implies that
(Q*\ {d’,b'}) U{v, 2z} is connected, and so there exists a path S of length at least two
in (Q*\{d,v'})U{v, 2z} from v to z;. But now there is a theta in G with ends v, z; and
paths v-a-P, ;-z;, v-b-B, ;-z; and S, contrary to the fact that G € £. This proves (6).

(7) There exists i € {1,2} for which v is adjacent to z; in G.

Suppose for a contradiction that v is anticomplete {z1, 22}. By (6), both Nyn p(21) and
Nun p(22) are non-empty subset of {a’,b'}. By Lemma 3.3(a) and the definition of G <2,
in the graph G, z; and z3 do not have a common neighbor in W\ P* = QU{v}. Therefore,
due to the symmetry between z; and z, and between o' and ¥, it is safe to assume that
Ng-upy(21) = {a'} and Ng-upy(22) = {0'}. In particular, D = a'-21-2,-b/-Q-a’ is a hole
in G and Np(v) = Ng(v) \ {a,b}. Recall that |[Ng(v)| is an even integer which is at least
four, and so |[Np(v)| is a non-zero even integer. Since (D, v) is not even wheel in G and
D U {v} is not a theta in G, it follows that v is D-bad. From this combined with (5),
and without loss of generality, we may assume that v is not adjacent to a’ and there is
a path R in G from o’ to v with R* C Q*\ {d’,V'}. Moreover, again by Lemma 3.3(a)
and the definition of G'<Z!, in the graph G, z; and 2z, do not have a common neighbor in
W\ P* = QU {v}. Specifically, there exists i € {1,2} for which z; is no adjacent to a.
But now there is a theta in G with ends a, z; and paths a-a’-z;, P,,; and a-v-b-P, ;-2;, a
contradiction. This proves (7).

(8) Leti € {1,2} such that v is not adjacent to z; in G. Then either z; is anticomplete
to {a,b} in G, or v is anticomplete to {z1, 22} in G.

Suppose not. By Lemma 3.3(a), z; and z3 do not have a common neighbor in {a,b,v} C
QU {v} = W\ P*. But now either either G[{a, v, z1, 22}] or G[{b, v, 21, 22 }] is isomorphic
to Cy, contrary to the fact that G € £. This proves (8).

Let us now finish the proof. In view of (7), we may assume, without loss of generality,
that v is adjacent to 2, in G. Thus, by (8), z; is anticomplete to {a, b} in G. Since Ny p(21)
is a non-empty subset of {a’, '}, we may assume that @ is adjacent to z; in G. Moreover,
since G[{d, v, z1, 22}] is not isomorphic to Cy, it follows that a’ and v are not adjacent in
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G. But then there is a theta in G with ends a, z; and paths a-a’-z1, P, 1 and a-v-b-F, 1-21,
contrary to the fact that G € £. This completes the proof of Theorem 3.1. |

4. THIRD TIME IS THE CHARM

This section supplies the technical foundation for the proofs of Theorems 1.9 and 1.10.
Despite its crucial role, the proof of Theorem 4.1 below as the main result revolves around
three successive applications of Theorem 2.3. Perhaps more importantly, it highlights the
significance of not giving up after the first two rounds.

In essence, Theorem 4.1 asserts that in a (theta, prism, even wheel)-free graph of
bounded clique number with a configuration of sufficiently many “put-together” holes, a
vertex z with at least one private neighbor in each hole will have several neighbors in
most of these holes. This result, combined with Theorem 3.2, will be used in Section 5
to demonstrate that adjacent pairs of vertices with neighbors in these holes must indeed
have common neighbors within them.

To make this precise, we begin with the definition of the said configuration of holes.
Given a graph G and an integer w > 1, a w-kaleidoscope in G is a 4-tuple (a,z,y, W)
where:

(K1) a,z,y € V(G), and z-a-y is a path in G (so z and y are distinct and non-
adjacent);

(K2) W is a set of w pairwise internally disjoint paths in G \ a from z to y; and

(K3) for every W € W, a is anticomplete to W* in G.

Furthermore, given a subset Z C V(G) and an integer d > 1, we say that Z is d-
mirrored by (a,z,y, W) if:
(M1) Z is disjoint from (U V(W) U {a};
(M2) the vertex a has at most one neighbor in Z; and
(M3) for every z € Z and every W € W, z is anticomplete to Ny [z] U Ny [y], and
z has at least d distinct neighbors in W. In particular, z is anticomplete to
{z,y}.
We also say a vertex z € V(G) is d-mirrored by (a,x,y, W) if {z} is d-mirrored by
(a,z,y, W). Our goal in this section is to show that:

Theorem 4.1. For all integers d,t,w > 1, there exists an integer k = r(d,t,w) > 1 with
the following property. Let G be a (theta, prism, even wheel, K;)-free graph, let (a,z,y, W)
be a k-kaleidoscope in G, and let z € V(G) be 1-mirrored by (a,x,y, W). Then there exists
W' CW with W'| = w such that z is d-mirrored by (a,x,y, W').

We start with a number of further definitions and lemmas. Let G be a graph, and let
s,1 > 1 be integers. An (s,[)-palanquin in G is a triple (a, S, £) where:
(P1) a € V(G), S C Ng(a) is a stable set of cardinality s in G, and L is a collection
of [ pairwise disjoint paths in G \ (S U {a}); and
(P2) for every L € L, a is anticomplete to L, and every vertex in S has a neighbor
in L.
For instance, given a w-kaleidoscope (a,z,y, W) in G for some w > 1, one may easily
observe that (a, {z,y},{W* : W € W}) is a (2, w)-palanquin in G. Next we have two
lemmas about palanquins, with short and self-contained proofs (and, although less effi-
ciently, these lemmas can also be deduced from appropriate results in earlier papers of
this series).
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Lemma 4.2. Let p,q,t > 1 be integers. Let G be a (theta, K, )-free graph and let (a, S, L)
be a (29p + 2q, (2% + 2q)*t3 + q)-palanquin in G. Then there exists Sy C S with |Sy| = p
and L1 C L with |L1| = q such that for every L € Ly, no two vertices in S; have a
common neighbor in L, and either x is L-bad for all x € Sy, or x is L-ugly for all x € S;.

Proof. We first show that:

(9) There exists Lo C L with |Lo| = q such that for every L € Ly, no two vertices in S
have a common neighbor in L.

Suppose not. Since |£] = (29p + 2¢)*t3 + ¢, it follows that there exists £ C £ with
|L4| = (29p+2¢)?t? such that for every L € L], there exist two distinct vertices in S with
a common neighbor in L. Since |S| = 29p + 2¢, this in turn implies that there are two
vertices z, 2/ € S as well as a subset L of £} with |£]| = ¢ such that for every L € LY,
the vertices z, 2’ have a common neighbor yr in L. Thus, we have |{y; : L € L]}| = 3,
which along with Theorem 2.4 and the assumption that G is K;-free implies that there
are three distinct paths Ly, Lo, Ly € L] for which {yr,,yr,,yr,} is a stable set in G. But
now there is a theta in G with ends z,2’ and paths z-yr,-2', z-y,-2’ and x-yp,-2', a
contradiction. This proves (9).

Henceforth, let £y be as in (9).

(10) There exists Sy C S with |So| = 2% such that for every x € Sy and every L € Ly,
x 18 either L-bad or L-ugly.

Note that every vertex in S has a neighbor in every path in £y C L. Therefore, since
|S| = 2% + 2¢ and |Ly| = ¢, in order to prove (10), it suffices to show that for every
L € Ly, there at most two vertices in S which are L-good. Suppose for a contradiction
that there exists a 3-subset {x, 22,23} of S and a path L € Lj such that zy,xq, x3 are
all L-good. For each ¢ € [3], let y; be the unique neighbor of x; in L. We may assume
without loss of generality that the path in L from y; to y3 contains y,. Recall also that a
is complete to {z1, x9, 23} C S and anticomplete to L € Ly C L. But now there is a theta
in G with ends a,y, and paths a-x1-y1-L-y2, a-x2-y> and a-x3-y3-L-12, a contradiction.
This proves (10).

Let Sp be as in (10). Fix an enumeration Ly, ..., L, of the elements of £y. In view of
(10), one may construct a sequence Xo O X7 D --- D X, of sets such that:
o Xy =S, and for every i € [g], we have |X;| = |X;_1|/2; and
e for every i € [q], either x is L;-bad for all z € X; or x is L;-ugly for all x € X;.
Let S; = X,. Then we have |5;| = |X,| = 279 X,| = 279Sy| = p, and for every i € [q],
either z is Li-bad for all = € Sy or z is L;-ugly for all x € S;. But then by (9), S; and £,
satisfy Lemma 4.2, as required. |

Let G be a graph and let s > 1 be an integer. An s-alignment is a quadruple (S, L, x, )
where:

(A1) S C V(@) is stable with |S| = s and L is a path in G \ S and z is an end of
L;

(A2) every vertex in S has a neighbor in L; and

(A3) 7 : [s] = S is a bijection such that for all 7,7 € [s] with ¢ < j, traversing L
starting at x, all neighbors of 7(7) appear strictly before all neighbors of 7(j)
in L.
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FIGURE 7. A 5-alignment, where 7(3) and 7(5) are L-good, 7(2) is L-bad
and (1) and w(4) are L-ugly.

See Figure 7. It follows in particular from (A3) that no two vertices in S have a common
neighbor in L.

Lemma 4.3. Let s > 1 be an integer. Let G be a theta-free graph, let (a,S,{L}) be an
(s,1)-palanquin in G and let xy, be an end of L. Assume that no two vertices in S have a
common neighbor in L. Assume also that either x is L-bad for all x € S, or x is L-ugly
for all x € S. Then there exists a bijection ™ : S — [s] such that (S,L,zp,7) is an
s-alignment in G.

Proof. Since no two vertices in S have a common neighbor in L, the result is trivial if
every vertex in S is L-bad. So we may assume that all vertices S are L-ugly. For every
xr € S, traversing L starting at xp, let u,, v, be the first and the last neighbor of z in L,
respectively; thus, u, and v, are distinct. In order to prove Lemma 4.3, it suffices to show
that for every two vertices x1,z9 € S, the paths u,,-L-v,, and u,,-L-v,, have no vertex
in common. Suppose this is violated by z1,25 € S. Since x; and x5 have no common
neighbor in L, it follows that wu,,,u.,,v.,,v,, are pairwise distinct, z; is not adjacent
to Uy, , Us,, and xy is not adjacent to u,,,v,,. Since both x; and xs are L-ugly, we may
assume without loss of generality that for some {7, j} = {1,2}, L traverses the vertices
T, Ugy, Uy, Vg, s Ug; 0 this order (where z; and wu,, might be the same). It follows that
there are two paths P and @ in G from x; to x5 such that P* contains u,, and is contained
in wu,,-L-u,,, and QQ* contains v,, and is contained in v,,-L-v,,. In particular, P and @)
are internally disjoint. Recall also that a is complete to {z1, 25} C S and anticomplete to
L. Now, if the path u,,-L-v,, has non-empty interior, then P* and (* are anticomplete,
and so there is a theta in G with ends x1, z9 and paths z1-a-x5, P and @), a contradiction
(see Figure 8 top). Otherwise, since x5 is L-ugly, we have i = 1, and so there is a theta in
G with ends z;, u,, and paths zi-a-z9-u,,, v1-P-u,, and x1-v,,-u,,, again a contradiction
(see Figure 8 bottom). This completes the proof of Lemma 4.3. |

We apply Lemmas 4.2 and 4.3 to take the main step in the proof of Theorem 4.1. This
is where two of the three applications of Theorem 2.3 show up (and the third one will
appear at the beginning of the proof of Theorem 4.1).

Lemma 4.4. For all integers s,l,t > 1, there exist integers o = o(l,s,t) > 1 and
A= A, s,t) > 1 with the following property. Let G be a (theta, prism, even wheel, K;)-
free graph. Let (a, S, L) be an (o, \)-palanquin in G. For every L € L, fix an end xp of
L. Then there exist 8" C S with |S'| = s, an l-subset L' of L and a bijection 7 : S" — [s]
such that the following hold.

(a) For every L € L', the quadruple (S', L, xy, ) is an s-alignment in G.

(b) For every x € S’ and every L € L', the vertex x is L-ugly.



18 INDUCED SUBGRAPHS AND TREE DECOMPOSITIONS XI.
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FIGURE 8. Proof of Lemma 4.3. Top left: the case i = 1. Top right: the
case i = 2.

Proof. We begin with defining the values of ¢ and A. Let (-,-) be as in Theorem 2.3
and let o(+, -, -, ) be as in Lemma 2.5. The two successive applications of Theorem 2.3 are
already signaled by the two nested appearances of ¢(-,-) below. Let

Y1 = Y1 (t) = (L, 2);
01 = Ol(t) = O(wlv 4a 37t)7
Yo = (t) = ¥(t, 01 + 1);
09 = 09(t) = 0(1)9, 2,3, 1);
Also, let p = p(s) = s+ 2 and let ¢ = ¢(I,s,t) = (I + 02)(s + 2)!. We claim that
o=o(l,st) =2 +2q and A = \(I,s,t) = q(2%p + 2¢)*t? satisfy Lemma 4.4.

Suppose not. Due to the choice of ¢ and A, we can apply Lemma 4.2 to (a, S, L),
obtaining S; C S with |S;| = s+ 2 and £ C £ with |£4] = (I + 02)(s + 2)! such that for
every L € L1, no two vertices in 57 have a common neighbor in L, and either x is L-bad
for all x € Sy, or x is L-ugly for all z € S;. This, combined with Lemma 4.3, implies that

for every L € L, there exists a bijection 7, : S; — [s + 2] such that (S, L,zp,7) is an
(s + 2)-alignment in G. We deduce that:

(11) There exists Lo C Ly with |Lo| = 02(s + 2)! such that for every x € Sy and every
L e Ly, x is L-bad.

Suppose not. From |£1] = (I + 02)(s + 2)!, it follows that there exists £, C L£; with
L, = (s + 2)! such that for every z € S and every L € L), z is L-ugly. Since |Sy| =
s + 2, this in turn implies that there exists £ C L), with |£'| = [ as well as a bijection
' Sy — [s+ 2], such that 7, = 7’ for all L € L. Let S" = 7'([s]) and let 7 = 7’'|4.
Then for every L € L', (S', L, xp, ) is an s-alignment in G, and so S’, L satisfy 4.4(a).
Also, since S C Sy and L' C L), it follows that S, L' satisfy 4.4(b). This violates the
assumption that Lemma 4.4 fails to hold for our chosen values of o and A, hence proving

(11).
Let £9 be as in (11). Since |S1| = s+ 2 and |Ls| = 02(s+2)!, it follows that there exists

L3 C Lo with |L3] = 0y as well as a bijection 7 : S; — [s + 2], such that 7, = 7 for all
L € Ls. Let us write z = 7(1), 2z = m(2) and y = w(3) (this is possible because s+2 > 3).
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For every L € L3, traversing L starting at xp, let uy be the last neighbor of z in L, let
21,22 be the first and the last neighbor of z in L, respectively, and let vy, be first neighbor
of y in L. By (11), ug, 21, 22 and vy, are all distinct, appearing on L in this order, and
Np(z) = {z],27} is a clique in G. Since G is (K33, K;)-free and from the choice of o, it
follows that we can apply Lemma 2.5 to the sets {{z},22} : L € £3} and show that:

(12) There exists Ly C Ly with |L5| = by such that for all distinct L, L' € L}, {z},2%}
is anticomplete to {z},, 23, }.

Next, we launch the first application of Theorem 2.3. Note that {z-2-L-v;-y : L € L}
is a collection of ¥, pairwise internally disjoint paths in G’ between non-adjacent vertices z
and y. Consequently, due to the choice of 95, we can apply Theorem 2.3 to this collection,
and deduce that there exists L3 € £} as well as £, C £\ {L3} with |£4| = oy such that:

o {zj : L € Ly} U{z],,y} is a stable set in G (though this is already guaranteed by
(12)); and
e for all L € Ly, 27, has a neighbor in the interior of z3-L-v.-y.

For each L € L, traversing z2-L-vr-y from 2% to y, let wl, w? be the first and the
last neighbors of 27, in z7-L-vp-y, respectively; it follows that {wp,wi} N {z},y} = 0
and 2},2% w},w? appear on L in this order. For every L € L4, let C}, denote the hole
a-r-ur-L-vp-y-a in G. We deduce that:

13) For every L € L4, 22, is Cp-bad. More ewplicitly, w} and w? are distinct and
( Y Ls Y, wr L
adjacent, and we have N¢, (27,) = {w},w}}.

To see this, note that z and 27, are two adjacent vertices in G\ C', each with at least
one neighbor in Cf. In fact, we have Ng, (2) = {a, 21,22}, and so z is Cr-ugly. Since a
is anticomplete to Lz and from (12), it follows that 27, is anticomplete to {a, 27,27} =

Ne¢, (z). Thus, z and z7, have no common neighbor in C7. So by Theorem 3.2, 27, is
C'r-bad. This proves (13).

Furthermore, since G is (K3 3, K;)-free and from the choice of 0, we can apply Lemma 2.5
to the sets {{w},w?,2} 22} : L € L4}, and deduce that:

(14)  There ezists L), C L4 with |L)| = 1 such that for all distinct L,L' € L],
{wi,w?, 2}, 22} is anticomplete to {w},, w3, 21, 2%, }.

Now, note that {z7,-w}-L-v;-y : L € L} is a collection of t; pairwise internally
disjoint paths in G between non-adjacent vertices z%g and y. Together with the choice of
11, this allows an application of Theorem 2.3 to {z%3-w%—L-vL—y : L € L}. We obtain
two distinct paths Ly, Ly € £ such that

o {w} ,wj,, y} is a stable set in G (though this already follows from (14)); and
e the vertex wj, has a neighbor in the interior of w3 -Li-vi-y.

Traversing w%l-Ll-vL-y from w%l to y, let w,w’ be the first and the last neighbors of
w3y, in wi -Li-v-y, respectively; it follows that {w,w'}N{w} ,y} = 0 and wy ,wi ,w,w’

appear on L, in this order. In addition, we have:
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FIGURE 9. Proof of Lemma 4.4.

(15) The vertex w%z is C,-bad. More precisely, w and w' are distinct and adjacent, and
we have Ne, (wF,) = {w,w'}.

Let C; = a—z—z%l—Ll—vL—y—a; then C] is a hole in G. Note that w%z and 2%3 are two
adjacent vertices in G \ (7, each with at least one neighbor in C;. In fact, we have
Ney(73,) = {z wi ,w} }, and so z7, is Cy-ugly. This, along with (14), implies that w7,
is anticomplete to {z,wy, ,wj } = Ne¢,(27,). It follows that w7, and z7, have no common
neighbor in C;. But then by Theorem 3.2, w%Z is C1-bad. More precisely, w and w’ are
distinct and adjacent, and we have N¢, (w7,) = {w,w'}. Since Cp, \ Cy = -ur,-L1-z] , it
remains to show that w%Q is anticomplete to u Ll_Ll_Zil' Suppose not. Recall that by (14),
a and w? , are not adjacent in GG. Consequently, there is a path @) of length at least two in G
from a to w}, such that Q* is contained in the interior of a-z-uy,-Li-z} . But then in view
of (13), there is a theta in G with ends a,w}, and paths a-z-27 -w3,, a-y-vp,-Li-w'-w},
and @, a contradiction. This proves (15).

Finally, by (13) and (15), there is a prism in G with triangles 27 w; wi and w} ww’
and paths 27, -wj,, w} -Li-w and w} -Ly-up,-z-a-y-vy,-Li-w' (see Figure 9), a contradic-
tion. This completes the proof of Lemma 4.4. [ |

We are now in a position to prove Theorem 4.1:

Proof of Theorem 4.1. Let 0 = o(1,4,t) and A = A(1,4,t) be as in Lemma 4.4. Let
¥ = 1(t,0 + \) be as in Theorem 2.3 and let o = o(¢, d, 3,t) be as in Lemma 2.5. Our
goal is to show that k = k(d, t,w) = o + w satisfies 4.1.

Suppose not. Let G be a (theta, prism, even wheel, K;)-free graph, let (a,z,y, W) be
a k-kaleidoscope in G, and let z € V(G) be 1-mirrored by (a,z,y, W). Let W C W be
the set of all paths W € W for which z has at least d neighbors in W. It follows that
IW'| < w, and so there exists Wy C W with [Wy| = o such that for every W € W, z has
less than d neighbors in W.

For every W € W), traversing W from x to y, let zy, be the last neighbor of x in W let
ujy, uy, be the first and the last neighbor of z in W, respectively, and let yy be the first
neighbor of y in W. Tt follows that the vertices z, Ty, uly, u¥,, yw,y appear on W in this
order, and uj,, u?, are the only two vertices among them which may be the same. Since
G is (K33, Ki)-free and from the choice of o, it follows that we can apply Lemma 2.5 to
the sets {Nw (z) : W € Wy}, and show that:



INDUCED SUBGRAPHS AND TREE DECOMPOSITIONS XI. 21

1 2
Uyy, Uiy,

Ty

Ty

/¥

v 2 vy U3 vy U4 vy s Uiy,

FIGURE 10. Proof of (17).

(16) There exists Wy C Wy with Wi | = 1 such that for all distinct W, W' € Wy, Nw(z)
is anticomplete to Ny (z).

Next, note that {z-ujy-W-zw-z : W € Wi} is a collection of ¢ pairwise internally
disjoint paths in G between non-adjacent vertices z and x. Consequently, by the choice of
1, we can apply Theorem 2.3 to this collection, and deduce that there exist two disjoint

subsets W, and Ws of W, with [Ws| = o and |[Ws| = A, such that:
o {up, : W eW,UWs}tU{z} is a stable set in G (though this is already guaranteed
by (16) and (M3) as z is 1-mirrored by (a,z,y, W)); and
e for every W € W, and every W/ € Wi, ul;, has a neighbor in the interior of
Ly = ujy-W'-zy-x.

Let S = {uj, : W € Wy} and let L = {L}, : W' € Ws}. Then (2,5, L) is a (0, \)-
palanquin in G. This, together with the choices of o and A, allows for an application of
Lemma 4.4. We deduce that there exist Wy, Wy, W5, Wy € W, and W’ € Ws such that
the following hold.

o ({uyy, 7€ 4]}, Ly, xwr, m) is a 4-alignment in G, where m(uyy, ) =i for all i € [4].
o For every i € [4], uy, is Ly-ugly.

Now, for each i € [4], traversing L}, starting at zy-, let v;,v) be the first and the
last neighbors of wuy, in Ljy,, respectively; it follows that {v;, v} N {zw/, uy,} = 0 and
the vertices zy, v1, v}, v2, vh, V3, Uy, Vg, V), Uiys, U, ywr appear on W in this order. Let
C = a-z-zyw-W'-ywr-y-a. Then C' is a hole in G and u%,Vl and z are two adjacent vertices
in G\ C, each with a neighbor in C. Also, ujy, is Ly-ugly, and so C-ugly, and by (16),
u%% and z have no common neighbor in C'. This, combined with Theorem 3.2, implies
that z is C-bad. More precisely, a and z are not adjacent (though we do not use this),
and No(z) = Ny (2) = {uiy, u,} is a two-vertex clique in G. We further deduce that:
(17) For every i € {2,3}, u‘l,v has a neighbor in the interior of uy,,-W'-yy:-y.

Suppose not. Then by (16), uy,, is anticomplete to wy,-ujy,-W-yyw-. Let C' denote the
hole z-uyy, ~v}-W'-vs-uyy, -z. Then we have Nev(uyy, ) = Nyi, (uyy, ) U{z} = Ne(uyy, ) U{z}.
Also, ujy, is C-ugly, as it is Lyr-ugly. This, along with the fact that C' U {uy,,} is not
a theta in G and (C,uy,,) is not an even wheel in G, implies that |N¢(uyy, )| is an odd
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FIGURE 11. Proof of Theorem 4.1.

integer which is at least three. But then (C”,uyy,) is an even wheel in G, a contradiction
(see Figure 10). This proves (17).

To finish the proof, note that by (17), there exists a path P in G from uy, to ujy,
such that P* is contained in the interior of u3,-W’-yy--y. But now there is a theta in G
with ends ujy,, ujy, and paths ujy, -z-ugy, , uyy,-v5-W'-vs-uyy, and P, a contradiction (see
Figure 11). This completes the proof of Theorem 4.1. [ |

5. BLURRY 2-TREES

Here we develop the inductive procedure discussed in Subsection 1.2 for growing a
2-tree while maintaining its vertex set, all along, mirrored enough by a kaleidoscope of
proportionate size. In particular, this process starts with a pair of adjacent vertices and
then repeatedly adds carefully chosen common neighbors. Let us first ensure that a valid
choice of the two initial vertices is available under the right circumstances:

Theorem 5.1. For all integers d,t,w > 1, there exists ( = ((d,t,w) > 1 with the
following property. Let G be a (theta, prism, K;)-free graph, let a,b € V(G) be distinct
and non-adjacent and let P be a collection of pairwise internally disjoint paths in G from
a to b with |P| > (. Then there ezists a w-kaleidoscope (a,x,y, W) in G as well as a
clique Zy in G with |Zy| = 2, such that:

(a) Zy is d-mirrored by (a,z,y,W); and

(b) some vertex in Zy is adjacent to a.

Proof. Let 9(-,-) be as in Theorem 2.3 and let k = k(-,-,-) be as in Theorem 4.1. Define
k1 = k(d,t,w), 1 = V(13 + k1 + 1) and ky = k(d,t,7¢1). Let 0 = o(k2,3,t) and
A = A(k2,3,t) be as in be as in Lemma 4.4. Define ( = ((t,w) = ¢(t,0 + ). We prove
that this value of ( satisfies 5.1. Let G be a (theta, prism, K;)-free graph, let a,b € V(G)
be distinct and non-adjacent and let P be a collection of pairwise internally disjoint paths
in G from a to b with |P| > ¢ = 9(t,0 + ). For each P € P, let xp be the neighbor of
ain P (so xp # b). From Theorem 2.3 applied to a,b and P, we deduce that there exist
disjoint subsets Q@ and R of P with |Q| = ¢ and |R| = A, such that:

o {xp: P e QUR}U{b} is a stable set in G; and

e for every Q € Q and every R € R, z¢ has a neighbor in R*\ {zg}.



INDUCED SUBGRAPHS AND TREE DECOMPOSITIONS XI. 23

For every R € R, let Lr = R* \ {wg}, and let 27 be the unique neighbor of 2 in Lg.
Then 27 is an end of Lg, and the vertices {27, : R € R} are pairwise distinct.

We define S = {zg: Q € Q} and £ = {Lg : R € Lr}. Note that a is complete to the
stable set S C {zp : P € P} and anticomplete to P* \ zp for every P € P. Therefore,
the triple (a, S, L) is a (o, A)-palanquin in G. For every path L € L, fix the end 2/ of L,
chosen as above.

Since G is (theta, K;)-free and due to the choices of o and A, we can apply Lemma 4.4
to (a, S, L) together with {2, : L € L}, and obtain a stable set S’ C S with || = 3,
L' C L with |£'| = k, and a bijection 7 : S” — [3], such that for every L € L', (S', L, 2, )
is a 3-alignment in G.

Let us write 2 = 7(1), 21 = 7(2) and y = 7(3). For every L € L', traversing L starting
at a’, let ur, be the last neighbor of z in L, let z;, be the last neighbor of z; in L and let
v, be the first neighbor of y in L. Let W, = x-ur-L-vr-y. Then Wy is a path in G from
x to y and we have z, € Wy \ (Nw, [x] U Nw, [y]). In particular:

(18) For every L € L', z 1is anticomplete to Ny, [x] U Ny, [y] and z; has a neighbor in
Wy (namely zr,).

From (18), it follows that (a,x,y, {W : L € L'}) is a ky-kaleidoscope in G' by which z
is 1I-mirrored. This, along with the choice of k5 and Theorem 4.1, implies that there exists
Ly C L with |£1] = 91 such that z; is d-mirrored by the v;-kaleidoscope (a, z,y, {W, :
L e Li}).

Next, for every path L € Ly, let Py, = 21-2;-L-vp-y. Then P’ = {P, : L € L1} is a col-
lection of v; pairwise internally disjoint paths in G between the two non-adjacent vertices
z1 and y. By Theorem 2.3, this time applied to 21,y and P’; there exist Lo, Ly, ..., Ly, €
L' such that:

o {21,220, ,th3+K1,y} is a stable set in G; and
o for all j € [t* + 1], 21, has a neighbor in Py \ {21 }.

Let zo = z1,. Then z is anticomplete to {a, z,y}. In addition, we claim that:

(19) The vertex zy is anticomplete to {ur, : j € [t° + k1]}. Moreover, there exists
I C [t? 4 k1] with |I| = ky for which z is anticomplete to {vy, : j € I}. Consequently,
for every j € I, zy is anticomplete to {a} U Nw,, [z] U Nw,, [y], and zo has a neighbor in
Wr..

J

To see the first assertion, note that for all j € [t* 4 k4], there is a path @; in G from
2 to y with @ C Py \ {2z, }; in particular, up, is anticomplete to Q7. Therefore, if 2, is
adjacent to uz,; for some j € [t3+ k1], then there is a theta in G with ends a, 2, and paths
a-r-up -2z, a-21-%9 and a-y-Q;-z9, a contradiction. To prove the second assertion, suppose
for a contradiction that there exists I’ C [t3 + ;] with |I'] = t® such that 2z, is complete
to V' = {vg, : j € I'}. Since G is K;-free, it follows from Theorem 2.4 applied to G[V']
that there exists {v, v, 0"} C V' which is a stable set in G. But this yields a theta in G
with ends 29,y and paths ze-v-y, 20-0"-y and z9-v"-y, a contradiction. This proves (19).

Let I be as in (19). It follows that (a,z,y,{Wyg, : j € I}) is a x;-kaleidoscope in G
by which z; is d-mirrored and z5 is 1-mirrored. From the choice of k; and Theorem 4.1
applied to (a,z,y, {Wy, : j € I}) and 2y, we conclude that there exists W C {W,, : j € I}
with [W| = w such that Zy = {z1, 22} is d-mirrored by the w-kaleidoscope (a,z,y, W).
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Also, a is adjacent to z; € Zy and non-adjacent to zo € Zy. This completes the proof of
Theorem 5.1. |

Incidentally, there is an immediate corollary of Theorem 5.1 which may be of indepen-
dent interest. Let G be a graph and let d > 1 be an integer. We say vertex v € V(G) is
d-substantial if there is a hole C'in G'\ {v} such that v has at least d + 1 neighbors in C'
and C'\ N¢(v) is not connected.

Corollary 5.2. For all integers d,t > 1, there exists an integer k = k(d,t) with the
following property. Let G be a (theta, prism, even wheel, K;)-free graph and let a,b € V(G)
be distinct and non-adjacent. Assume that no vertex in Ng(a) is d-substantial in G. Then
there do not exist k pairwise internally disjoint paths in G from a to b.

Proof. We show that k(d,t) = ((d,t, 1) satisfies 5.2, where ((-,-,-) comes from Theo-
rem 5.1. Suppose for a contradiction that there is a collection P of pairwise internally
disjoint paths in G from a to b with |P| > k. By Theorem 5.1, there exists a 1-kaleidoscope
(a,z,y,{W}) in G as well as a clique Z; in G with |Zy| = 2 such that Z; is d-mirrored by
(a,z,y,{W}), and some vertex z; € Z; is adjacent to a. Let C' = a-2-W-y-a. Then C'is a
hole in G and z; has at least d+ 1 neighbors in C'. Also, the vertices x, y belong to distinct
components of C'\ N¢(z1). But now z; is neighbor of @ in G which is d-substantial, a
contradiction. [ |

Back to our main theme, the 2-trees we are about to obtain are in fact subgraphs
of their host graphs, falling short of being induced by only an (annoying) notch: for a
graph G and a 2-tree V with |[V(V)| = h > 2, by a blurry copy of V in G we mean
an induced subgraph Z of G which in turn contains a spanning subgraph Y with the
following specifications.

(B1) Y is a 2-tree isomorphic to V.

(B2) Let i, € [|Y]] = [|Z]] = [|[V(V)]|] with ¢ < j for which wy (i) and wy (j) are
adjacent in G (and so in Z) but not in Y. Then wy (j) is adjacent in G to
both forward neighbors of wy (i) in Y.

In particular, it follows that:

Observation 5.3. Let G be a graph and let ¥V be a 2-tree such that G there is a blurry
copy of V in G. Then G has a subgraph isomorphic to V. Moreover, if G is K,-free, then
G has an induced subgraph isomorphic to V.

Next we demonstrate, through the following lemma, the inductive step of our 2-tree
growing process. Given a 2-tree V on h + 2 vertices for h > 1 and an integer i € [h], we
denote by V /i the 2-tree V \ (wy|i]) on h — i+ 2 vertices where wy;(j) = wv(i+ j) for
all j € [h — i+ 2]. It is also useful to define V/0 = V.

Lemma 5.4. For all integers h,t,w > 1, there exists an integer {(h,t,w) > 1 with the
following property. Let G € & be a graph and let V be a 2-tree on h+ 2 vertices. Assume
that there is a blurry copy Z' of V /1 in G which is 3-mirrored by a &-kaleidoscope in G.
Then there is a blurry copy Z of V in G which is 3-mirrored by a w-kaleidoscope in G.

Proof. Let 1 = 1(t,2) be as in Theorem 2.3. Let x = (3,t,w) be as in Theorem 4.1.
Let o = o(+,,-,-) be as in Lemma 2.5. We claim that £ = £(h,t,w) = o(3h + 2¢k, 3,3, t)
satisfies 5.4. Let G € & be a graph and let V be 2-tree on h + 2 vertices. Let Z' be a
blurry copy of V/1 in G and let (a,z,y,W') be a {-kaleidoscope in G by which Z’ is



INDUCED SUBGRAPHS AND TREE DECOMPOSITIONS XI. 25

FIGURE 12. Proof of Lemma 5.4 (dashed lines represent paths of
arbitrary lengths).

3-mirrored. Let Y’ be the spanning subgraph of Z’ such that Y’, Z" and V/1 satisfy (B1)
and (B2). In particular, there is an isomorphism f : V(V/1) — V(Y”) between the 2-trees
V/1 and Y. Let uy, uy be the two forward neighbors of wy (1) in V and let z; = f(u;) for
i € {1,2}. Then we have z1,2, € V(Y') = Z'. Since Z’ is a blurry copy of V/1 which is
3-mirrored by (a,z,y, W’'), and from the definition of a blurry copy and a mirrored set,
it follows immediately that:

(20) Let z € G\ Z" and W C W' such that, a is not adjacent to z, we have {z1, 22} C
Nzi(2) € Nz [z1]NNz[22], and we have V| = w and z is 3-mirrored by the w-kaleidoscope
(a,z,y, W) in G. Then Z = Z' U {z} is a blurry copy of V in G which is 3-mirrored by
the w-kaleidoscope (a,z,y, W) in G.

Therefore, in order to prove Lemma 5.4, it suffices to argue the existence of a vertex
z € G\ Z' as well as a subset W of W' for which the three bullets points of (20) hold.
We devote the rest of the proof to this goal.

For every W € W, let Cy = a-z-W-y-a. Then Cyy is a hole in G. Also, since 7’ is 3-
mirrored by (a, z,y, W), it follows from (M2) and (M3) that a is not a common neighbor
of z; and 25, and that both z; and 2, are Cy-ugly. This, combined with Theorem 3.2,
implies that:

(21) For every W € W', the vertices z1 and zy have a common neighbor in W.

Consequently, for every W € W' traversing W from x to y, we may choose zy to
be the first common neighbor of z; and z; in W. Note also that, by (M3), {21, 22} is
anticomplete to Ny [z]U Ny [y], which in turn shows that zy € W\ (N [2] U Ny [y]). For
every W € W, let zy, yw be the neighbors of x and y in W, respectively (see Figure 12).
We now deduce that:
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(22) There exists Wy C W' with |Wy| = 2¢k such that:

o for all distinct W, W' € Wy, the sets {xw,zw,yw} and {xw:, 2w/, yw} are anti-
complete in G; and
o for every W € Wy, we have {z1, 20} C Nz (2w) C Nzgi[z1] N Ngi[z].

To see this, note that since G is (K33, K;)-free and from choice of [W'| = £, we can
apply Lemma 2.5 to the sets {{zw,zw,yw} : W € W'}, and obtain a subset W}, of W'
with |W}| = 3h + 2¢k such that for all distinct W, W’ € W), the sets {zw, 2w, yw}
and {zw, zw+, yw} are anticomplete in G. It remains to show that there exists a subset
Wy of W, with |Wy| = 29k such that for every W € Wy, we have {21,223} C Nz (2w ) C
Nz/[21]NNyz/|22). Suppose not. Since 2y is a common neighbor of z; and z for all W € W/,
it follows that there exists W] C W{ with |W[/| = 3h such that for every W € W[, zw
has a neighbor zj, € Z’\ {#1, 22} which is adjacent to at most one of z; and z,. From
this and the fact that |2’ \ {z1, 22} < |V(V)| — 2 = h, we deduce that there are three
distinct paths Wy, Wy, W5 € W such that for some vertex 2’ € Z'\ {21, 22}, we have
2w, = 2y, = 4y, = 2. Recall also that zyw,, zw,, 2w, are pairwise non-adjacent because
Wy, Wy, Wy € W] C W]. But now for some ¢ € {1,2}, there is a theta in G’ with ends
z;, 2" and paths z;-zy,-2', zi-2w,-2" and zi-zw,-Z’, a contradiction. This proves (22).

Let Wy be as in (22). The following captures the bulk of the difficulty in this proof,
also involving our application of Theorem 3.1. Intuitively, the motivation is to apply
Theorem 2.3 to the “paths in W,” from z; to x. But we cannot; those paths are not
induced as z; may have neighbours in them. So we pass to the contraption precisely to
surmount this complication.

(23)  There exist Wy € Wy and Wy C Wy \ {Wo} with |Wi| = K, such that for every
W e Wy, zw, has a neighbor in W*.

Let D be the digraph with vertex set W, where for distinct paths Wi, Wy € W,
(W1, W3) is an arc in D if and only if zy, has a neighbor in W3. Note that in order to
prove (23), it is enough to show that D has a vertex of out-degree at least . Suppose not.
Then every vertex in D has out-degree less than s, which in turn implies that every vertex
in every “subdigraph” of D has out-degree less than k. It follows that every “subdigraph”
of D has a vertex of in-degree less than . Let D! be the underlying undirected graph of
D (which may have pairs of parallel edges). Then every subgraph of D" has a vertex of
degree less than 2k, and so D has chromatic number at most 2x. Consequently, there
exists a stable set W, C Wy = V(D!) in D! with |W;| = [[Ws|/2k] = ¥. From the
definition of D, it follows that for all distinct Wy, Wy € WY, zw, is anticomplete to W.
Let Gy = G[(UWEW{ V(zw-W-2)) U {21, 22}]. Then we have G| € &, 21,29 € V(G) are
distinct and adjacent, and N¢, (21) N Ng, (22) = {zw : W € W]} is a stable set of vertices
of degree three in G;. Let G be the z; zo-contraption of GG;. We are now prepared to apply
Theorem 3.1 and deduce that G} € £. Let z € V(G)) be as in the definition of G} € £.
Then we have V(G}) = (Uwew; V(zw-W-z)) U{z} and Ng;(2) = Ng, (21) N Ne, (22) =
{zw : W € W]} is a stable set of vertices of degree two in G. Also, {z-zy-W-z : W € Wy}
is a collection of ¢ pairwise internally disjoint paths in G} between non-adjacent vertices
z and z. Hence, by the choice of ¢, we can apply Theorem 2.3 to this collection, and
obtain Wy, Wy € Wy such that zy, has a neighbor in the interior of zy,-Ws-x in G|. But
then zy, has degree at least three in G, a contradiction. This proves (23).
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To finish the proof, let Wy and W, be as in (23), and write z = zy,. Then z € G\ Z’ and
a is not adjacent to z because z € W, which implies that a satisfies the first bullet of (20).
Also, the second bullet of (22) implies that z satisfies the first second of (20). In addition,
from the first bullet of (22) combined with (23) and the fact that z € Wy \ (Ny,[z] U
Nw,ly]), it follows that z is 1-mirrored by the r-kaleidoscope (a,z,y,W;). Due to the
choice of k, we may apply Theorem 4.1 and deduce that there exists W C W; C W, C W'
with |W| = w such that z is 3-mirrored by the w-kaleidoscope (a, z,y, W). Hence, z and
W satisfy the third bullet of (20). This completes the proof of Lemma 5.4. [ |

We now use Lemma 5.4 to prove the main result of this section:

Theorem 5.5. For all integers h > 0 and t,w > 1, there is an integer Z(h,t,w) > 1
with the following property. Let G € & be a graph and let V be a 2-tree on h+ 2 vertices.
Assume that there is a clique Zy in G with | Zy| = 2 which is 3-mirrored by a =-kaleidoscope
in G. Then there is a blurry copy Z of V in G which is 3-mirrored by a w-kaleidoscope
in G.

Proof. We begin with defining a sequence {=;}"_; using a backward recursion. Let =, = w.
For every 0 <i < h, let Z; = {(i+1,t,E;41), where £(+, -, -) is as in Lemma 5.4. We claim
that = = Z(h,t,w) = =, satisfies 5.5. In fact, we prove a slightly stronger statement
which is tailored to our inductive argument:

(24) Leti € {0,...,h}. Assume that there is a clique Zy in G with |Zy| = 2 which is
3-mirrored by a Zy-kaleidoscope in G. Then there is a blurry copy Z; of V/(h —1) in G
which is 3-mirrored by a =Z;-kaleidoscope in G.

We induct on i. The case i = 0 is trivial as V /h is a 2-vertex complete graph. Suppose
h > 1 and i € [h]. Assume that there is a clique Zy in G with |Z;] = 2 which is 3-
mirrored by a Zg-kaleidoscope in G. Then V/(h — 1) is a 2-tree on i + 2 vertices, and by
the induction hypothesis, there is a blurry copy Z; 1 of V/(h —i+ 1) = (V/(h —1i))/1
in G which is 3-mirrored by a Z;_j-kaleidoscope in G, where =; ; = £(i,t,Z;). Hence, it
follows from Lemma 5.4 that there is a blurry copy Z; of V/h—i in G which is 3-mirrored
by a Z;-kaleidoscope in G. This proves (24).

Now the result follows from (24) for i = h. This completes the proof of Theorem 5.5. W

6. THE CODA

With Theorems 5.1 and 5.5 in our arsenal, we are ready to prove Theorems 1.9 and
1.10. In fact, both results follow directly from the one below:

Theorem 6.1. For all integers h > 0 and t > 1, there exists an integer = Q(h,t) such
that for every 2-tree V on h vertices and every graph G € & with tw(G) > €, there is a
blurry copy of V in G.

Proof. Let = = Z(h,t,1) be as in Theorem 5.5 and let ¢ = ((3,¢,Z) be as in Theo-
rem 5.1. We show that Q = Q(h,t) = S(max{(,t},t) satisfies 6.1, where §(-,-) is as in
Corollary 2.2. Let V be a 2-tree on h-vertices and let G € & be a graph with tw(G) > €.
From Corollary 2.2, it follows that G has a strong max{(, t}-block. Since G is K;-free, it
follows that there are non-adjacent vertices a,b € V(G) for which there exists a collection
P of ¢ pairwise internally disjoint paths in G from a to b. By Theorem 5.1, there exists
a clique Zy in G with |Zy| = 2 which is 3-mirrored by a =Z-kaleidoscope in G. This, along
with Theorem 5.5, implies that there is a blurry copy of V in G, as desired. |
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Theorem 1.9 is now immediate:

Theorem 1.12. For every 2-tree V, there exists an integer T = Y(V) > 1 such that
every graph G € &, with tw(G) > T contains V.

Proof. Let T(V) = Q(|V(V)],4). Then the result follows from Theorem 6.1 and Obser-
vation 5.3. [}

To prove Theorem 1.10, we also need a result from [12]. For integers d,r > 0, let T}
denote the rooted tree in which every leaf is at distance r from the root, the root has
degree d, and every vertex that is neither a leaf nor the root has degree d + 1.

Theorem 6.2 (Kierstead and Penrice [12]). For all integers d,r > 0 and s,t > 1, there
exists an integer f = f(d,r,s,t) > 1 such that if a graph G contains Tf as a subgraph,
then G contains one of K, 4, K, or T as an induced subgraph.

Finally, we prove Theorem 1.10:

Theorem 1.13. For every integer t > 1 and every tree T', there exists an integer I' =
(¢, T) > 1 such that every graph G € & with tw(G) > T' contains cone(T).

Proof. Let d and r be the maximum degree and the radius of T', respectively. It follows
that 7] contains 7" as an induced subgraph. Let f = f(d,r,3,t) be as in Theorem 6.2
and let 7" = cone(T). We claim that T' = T'(t,T) = Q(|]V(T™")|, t) satisfies 1.10, where
Q(-,-) comes from Theorem 6.1. Let G € & be a graph of treewidth more than I'. From
Theorem 6.1 and Observation 5.3, we deduce that there exists X C V(G) such that G[X]
has a spanning subgraph isomorphic to the 2-tree TF. As a result, there exists a vertex
x € X complete to X \ {z} such that G[X \ {z}] has a spanning subgraph isomorphic to
Tf. Since G is { K33, Ky }-free, it follows from Theorem 6.2 that G[X \ {x}] contains T}
(as an induced subgraph). Hence, G|X \ {z}]| contains 7', and so G contains cone(7’), as
required. |
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