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Abstract

A conjecture due to the fourth author states that every d-regular planar multigraph can be d-edge-
coloured, provided that for every odd set X of vertices, there are at least d edges between X and
its complement. For d = 3 this is the four-colour theorem, and the conjecture has been proved for
all d < 8, by various authors. In particular, two of us proved it when d = 7; and then three of us
proved it when d = 8. The methods used for the latter give a proof in the d = 7 case that is simpler
than the original, and we present it here.



1 Introduction

Let G be a graph. (Graphs in this paper are finite, and may have loops or parallel edges.) If
X C V(G), 6g(X) = 0(X) denotes the set of all edges of G with an end in X and an end in
V(G)\ X. We say that G is oddly d-edge-connected if |6(X)| > d for all odd subsets X of V(G). The
following conjecture [8] was proposed by the fourth author in about 1973.

1.1. Conjecture. If G is a d-regular planar graph, then G is d-edge-colourable if and only if G is
oddly d-edge-connected.

The “only if” part is true, and some special cases of the “if” part of this conjecture have been
proved.

e For d = 3 it is the four-colour theorem, and was proved by Appel and Haken [I1, 2, [7];
e for d = 4,5 it was proved by Guenin [6];
e for d = 6 it was proved by Dvorak, Kawarabayashi and Kral [];

e for d = 7 it was proved by the second and third authors and appears in the Master’s thesis [5]
of the former;

e for d = 8 it was proved by three of us [3].

The methods of [B] can be adapted to yield a proof of the result for d = 7, that is shorter and
simpler than that of [B]. Since in any case the original proof appears only in a thesis, we give the
new one here. Thus, we show

1.2. Every 7-reqular oddly 7-edge-connected planar graph is 7-edge-colourable.

All these proofs (for d > 3), including ours, assume the truth of the result for d — 1. Thus we
need to assume the truth of the result for d = 6. Some things that are proved in [3] are true for all
d, and we sometimes cite results from that paper.

2 An unavoidable list of reducible configurations.

Any T-regular planar graph has parallel edges, and it is helpful to reformulate the problem in terms
of the underlying simple graph; then we have have a number for each edge, recording the number
of parallel edges it represents. Let us say a d-target is a pair (G, m) with the following properties
(where for ' C E(G), m(F') denotes ) _.m(e)):

e (G is a simple graph drawn in the plane;
e m(e) > 0 is an integer for each edge e;
e m(d(v)) = d for every vertex v; and

e m(5(X)) > d for every odd subset X C V(G).



In this language, [Tl says that for every d-target (G, m), there is a list of d perfect matchings
of G such that every edge e of G is in exactly m(e) of them. (The elements of a list need not be
distinct.) If there is such a list we call it a d-edge-colouring, and say that (G, m) is d-edge-colourable.
For an edge e € E(G), we call m(e) the multiplicity of e. If X C V(G), G|X denotes the subgraph
of G induced on X. We need the following theorem from [3]:

2.1. Let (G, m) be a d-target, that is not d-edge-colourable, but such that every d-target with fewer
vertices is d-edge-colourable. Then

o V(G)] =6;
e for every X C V(G) with |X| odd, if | X|,|[V(G)\ X| # 1 then m(6(X)) > d+2; and

e G is three-connected, and m(e) < d — 2 for every edge e.

A triangle is a region of G incident with exactly three edges. If a triangle is incident with vertices
u, v, w, for convenience we refer to it as uvw, and in the same way an edge with ends u, v is called
uv. Two edges are disjoint if they are distinct and no vertex is an end of both of them, and otherwise
they meet. Let r be a region of G, and let e € F(G) be incident with 7; let 7’ be the other region
incident with e. We say that e is i-heavy (for r), where i > 2, if either m(e) > i or 7’ is a triangle
uwvw where e = uv and
m(uv) + min(m(uvw), m(vw)) > i.

We say e is a door for r if m(e) = 1 and there is an edge f incident with 7’ and disjoint from e with
m(f) = 1. We say that r is big if there are at least four doors for r, and small otherwise. A square
is a region with length four.

Since G is drawn in the plane and is two-connected, every region r has boundary some cycle
which we denote by C,. In what follows we will be studying cases in which certain configurations
of regions are present in G. We will give a list of regions the closure of the union of which is a
disc. For convenience, for an edge e in the boundary of this disc, we call the region outside the disc
incident with e the “second region” for e; and we write m*(e) = m(e) if the second region is big,
and m™(e) = m(e) + 1 if the second region is small. This notation thus depends not just on (G, m)
but on what regions we have specified, so it is imprecise, and when there is a danger of ambiguity
we will specify it more clearly. If r is a triangle, incident with edges e, f, g, we define its multiplicity
m(r) =m(e) + m(f) +m(g). We also write m™*(r) = m*(e) + m*(f) + m*(g). A region r is tough
if 7 is a triangle and m™(r) > 7.

We will show that every 7-target (G, m) satisfying the conclusion of X1 (with d = 7) and such
that m(e) > 0 for every edge e must contain one of a list of 16 reducible configurations. Let us say
a 7T-target is “prime” if it fails to satisfy this claim; that is, a 7-target (G, m) is prime if

e m(e) > 0 for every edge e;
o [V(G)| = 6;
e m(0(X)) > 9 for every X C V(G) with |X| odd and | X[, |[V(G) \ X| # 1;

e ( is three-connected, and m(e) <5 for every edge e;



and in addition (G,m) contains none of of the following:

Conf(1):

Conf(2):
Conf(3):
Conf(4):
Conf(5):
Conf(6):

Conf(7):

Conf(8):

Conf(9):

Conf(10):

Conf(11):

Conf(12):

Conf(13):
Conf(14):

Conf(15):

Conf(16)

A triangle uvw, where u has degree three and its third neighbour x satisfies

m(uz) < m(uw) + m(vw).

Two triangles vvw, uwz with m(uv) + m(uw) + m(vw) + m(ux) > 7.
A square wowx where m(uv) + m(vw) + m(uz) > 7.

Two triangles wow, uwz where m* (uv) + m(uw) + m*(wz) > 6.

A square wvwx where m*(uv) + m*(wx) > 6.

A triangle uvw with m™*(uv) + m* (uw) = 6 and either m(uv) > 3 or m(uv) = m(vw) =
m(uw) = 2 or u has degree at least four.

A region r of length at least four, an edge e of C, with m™*(e) = 4 where every edge of
C, disjoint from e is 2-heavy and not incident with a triangle with multiplicity three, and
such that at most three edges disjoint from e are not 3-heavy.

A region r with an edge e of C,. with m™(e) = m(e) + 1 = 4 and an edge f disjoint from
e with m*(f) = m(f) + 1 = 2, where every edge of C, \ {f} disjoint from e is 3-heavy
with multiplicity at least two.

A region r of length at least four and an edge e of C,. such that m(e) =4 and there is no
door disjoint from e. Further for every edge f of C). consecutive with e with multiplicity
at least two, there is no door disjoint from f.

A region r of length four, five or six and an edge e of C, such that m(e) = 4 and such
that m™(f) > 2 for every edge f of C, disjoint from e.

A region r and an edge e of C,, such that m(e) =5 and at most five edges of C, disjoint
from e are doors for r, or m*(e) = m(e) + 1 = 5 and at most four edges of C, disjoint
from e are doors for r.

A region r, an edge uv of Cy, and a triangle uvw such that m(uv) + m(vw) = 5 and at
most five edges of C). disjoint from v are doors for 7.

A square zuvy and a tough triangle uvz, where m(uv) + m™(xy) > 4 and m(xy) > 2.

A region 7 of length five, an edge fy € F(C,) with m*(eg) > 2 and m™(e) > 4 for each
edge e € E(C,) disjoint from fy.

A region r of length five, a 3-heavy edge fo € E(C,) with m(eg) > 2 and m*(e) > 3 for
each edge e € E(C,) disjoint from f.

A region r of length six where five edges of C;. are 3-heavy with multiplicity at least two.



We will prove that no 7-target is prime (Theorem BIl). To deduce [C2 we will show that if
there is a counterexample, then some counterexample is prime; but for this purpose, just choosing a
counterexample with the minimum number of vertices is not enough, and we need a more delicate
minimization. If (G, m) is a d-target, its score sequence is the (d + 1)-tuple (ng,n1,...,ng) where
n; is the number of edges e of G with m(e) = i. If (G,m) and (G',m’) are d-targets, with score
sequences (ng, . ..,nq) and (ng,...,n!;) respectively, we say that (G',m') is smaller than (G, m) if
either

o V(G <IV(G)], or

o [V(G')| = |[V(G)| and there exists i with 1 < i < d such that nj > n;, and n; = n; for all j
with ¢ < j <d, or

o [V(G")| = |V(G)|, and n}; = n; for all j with 0 < j < d, and ng < ng.

If some d-target is not d-edge-colourable, then we can choose a d-target (G,m) with the following
properties:

e (G,m) is not d-edge-colourable
e every smaller d-target is d-edge-colourable.
Let us call such a pair (G, m) a minimum d-counterexample. To prove [[2 we prove two things:
e No 7-target is prime (theorem BI), and
e Every minimum 7-counterexample is prime (theorem ETI).

It will follow that there is no minimum 7-counterexample, and so the theorem is true.

3 Discharging and unavoidability

In this section we prove the following, with a discharging argument.
3.1. No 7-target is prime.

The proof is broken into several steps, through this section. Let (G, m) be a 7-target, where G
is three-connected. For every region r, we define

a(r) =14 —T7|E(C)|+2 ) mfe).
ecE(Cy)

To aid the reader’s intuition, let us explain where this comes from. We start with a 7-regular
three-connected planar graph H, and so some of its regions have boundary of length two; let us call
them “digon regions”. Let us give each region r of H a weight of 14 — 5|E(C,)|; then it is easy to
check using Euler’s formula that the sum of all region-weights is 28. If now we suppress the parallel
edges, obtaining (G, m) say, and we want to preserve the property that the sum of all region-weights
is 28, then we need to distribute the weights of all the lost digon-regions among the regions that
remain, and we have done it in the simplest way. For each edge e of G, corresponding to m(e) parallel



edges of H, there are m(e) — 1 digon-regions to account for, formed by pairs of these edges. Each
digon-region has a region-weight of four, and so we have a total weight of 4(m(e) —1) to redistribute;
and we share this equally between the two regions of G incident with e. (Thus the weight of each
region r of G is increased by 2(m(e) — 1) for every edge e of G incident with r.) The « function
defined above is the region-weighting that results from this process.

We observe first:

3.2. The sum of a(r) over all regions r is positive.

Proof. Since (G,m) is a 7-target, m(d(v)) = 7 for each vertex v, and, summing over all v, we
deduce that 2m(E(G)) = 7|V(G)|. By Euler’s formula, the number of regions R of G satisfies
[V(G)| - |[E(G)|+ R =2, and so 4m(E(G)) — 14|E(G)| + 14R = 28. But 2m(E(G)) is the sum over
all regions 7, of 3 cp(c,ym(e), and 14R — 14|E(G)| is the sum over all regions r of 14 — 7|E(C,)|.
It follows that the sum of a(r) over all regions 7 equals 28. This proves B2 |

Our goal is to define a region-weighting, with total sum positive, so that for any region of positive
weight, there must be one of the reducible configurations close to it. The a function just defined does
not work yet. We obtained it by splitting equally the weights on digon-regions, but it is better to
share out these digon-region weights a little less equally; we should give more weight to big regions
and less to small, when we have the chance. More exactly, when some edge e is incident with a big
region and a small region, we should distribute the weight from the digon-regions represented by e
unevenly, sending one more to the big region and one less to the small one (and sometimes not quite
this either). We are about to define a [ function that makes this adjustment.

For every edge e of G, define (.(s) for each region s as follows. Let r, 7’ be the two regions
incident with e.

o If s # r, 1’ then fB.(s) = 0.
e If r,7" are both big, or both tough, or both small and not tough, then S.(r), B.(r") = 0.

[80]: If 7’ is tough, and r is small and not tough, then [.(r) = —F.(r') = 1.

Henceforth we assume that r is big and 7’ is small; let f, g be the edges of C,. \ e that share an end
with e.

[41]: If e is a door for r (and hence m(e) = 1) then B.(r) = B.(r") = 0.
[32]: If v’ is a triangle with m(r") > 5 then S(r) = —B(r') = 2

[83]: Otherwise fe(r) = —(.(r") = 1.

For each region r, define 3(r) to be the sum of .(r) over all edges e. We see that the sum of
B(r) over all regions r is zero.

Let «, 3 be as above. Then the sum over all regions r of a(r) + (3(r) is positive, and so there is a
region r with a(r) 4+ (r) > 0. Let us examine the possibilities for such a region. There now begins
a long case analysis, and to save writing we just say “by Conf(7)” instead of “since (G, m) does not
contain Conf(7)”, and so on.



3.3. If r is a big region and o(r) + B(r) > 0, then (G, m) is not prime.

Proof. Suppose that (G, m) is prime. Let C' = C,.. Suppose that a(r) + 3(r) > 0; that is,

D (7= 2mle) — Be(r)) < 14.

ecE(C)

For e € E(C), define ¢(e) = 2m(e) + Be(r), and let us say e is major if ¢(e) > 7. If e is major, then
since (.(r) < 3, it follows that m(e) > 3 and that e is 4-heavy. If m(e) = 3 and e is major, then
by Conf([l) the edges consecutive with e on C' have multiplicity at most two. It follows that no two
major edges are consecutive, since G has minimum degree at least three. Further when e is major,
Be(r) is an integer from the [-rules, and therefore ¢(e) > 8.

Let D be the set of doors for C. Let

e ¢ =2 if there are consecutive edges e, f in C such that ¢(e) > 9 and f is a door for r,
e ¢ = 3 if not, but there are consecutive edges e, f in C such that ¢(e) =9 and f is a door for r,

e ¢ =4 otherwise.

(1) Let e, f,g be the edges of a path of C, in order, where e,g are major. Then

(7= 0(e) +2(7 = ¢(f) + (7T = ¢(9)) = 26[{f} N D|.

Let r1,72,73 be the regions different from r incident with e, f, g respectively. Now m(e) < 5 since
G has minimum degree three, and if m(e) = 5 then 7 is big, by Conf([[), and so fe(r) = f
m(e) = 4 then B.(r) < 2; and so in any case, ¢(e) < 10. Similarly ¢(g) < 10. Also, ¢(e), (g )
since e, g are major. Thus ¢(e) + ¢(g) € {16,17,18,19,20}.

Since f is consecutive with a major edge, m(f) < 2. Further if m(f) = 2 then r is not a triangle
with multiplicity at least 5 by Conf([ll) so rule 32 does not apply. Therefore it follows from the (-rules
that ¢(f) <5 and if m(f) =1 then ¢(f) <4

First, suppose that one of ¢(e),d(g) > 10, say ¢(e) = 10. In this case we must show that
20(f) <18 — ¢(g) — 2¢|{f} N D|. It is enough to show that 2¢(f) < 8 — 2¢|{f} N D|. Now m(e) >4
and e is 5-heavy by the -rules, and so m(f) = 1, since G is three-connected and by Conf(ll). If f is
a door then ¢(f) =2 by rule 81 and £ = 2 so 2¢(f) < 8—2¢|{f} N D|. If f is not a door then since
o(f) < 4, it follows that 2¢(f) < 8 — 2£|{f} N D|. So we may assume that ¢(e), d(g) < 9.

Next, suppose that one of ¢(e),p(g) = 9, say ¢(e) = 9. By the [-rules, we have m*(e) =
m(e) +1 = 5. We must show that 2¢(f) < 19 — ¢(g) — 2£|{f} N D|; it is enough to show 2¢(f) <
10 — 2¢|{f} N D|. Since ¢(f) < 5 we may assume that f is a door. Thus ¢(f) = 2 and & < 3, so
4=2¢(f) <19 —¢(g9) — 2¢|{f} N D|. We may therefore assume that ¢(e) + ¢(g) = 16.

So, suppose that ¢(e) + ¢(g) = 16 and so ¢(e) = ¢(g) = 8. Now & < 4 and we must show that
20(f) <12 —=2¢|{f} N D|. Again, if f is not a door then 2¢(f) < 12 as required. If f is a door then
20(f) =4 <12 —2¢|{f} N D|. This proves (1).

(2) Let e, f be consecutive edges of C, where e is major. Then

(7= ole)) +2(7 = o(f)) =2 26{f} N D|.



We have ¢(e) € {8,9,10}. Suppose first that ¢(e) = 10. We must show that 2¢(f) < 11-2¢|{f}ND|;
but m(f) =1 by Conf(l) since e is 5-heavy. Since ¢(f) < 4 we may assume that f is a door. Thus
o(f) =2 and £ < 2, as needed.

Next, suppose that ¢(e) < 9; it is enough to show that 2¢(f) < 12 — 2¢|{f} N D|. Now e is
4-heavy and m(f) < 2 so ¢(f) < 6 by the S-rules. We have £ < 4. Since ¢(f) < 6, we may assume
that f is a door. If f is a door, then 2¢(f) =4 < 12 — 2¢|{f} N D|. This proves (2).

For 1 = 0,1,2, let E; be the set of edges f € F(C) such that f is not major, and f meets exactly
i major edges in C. By (1), for each f € Ey we have

ST = 0(e)) + (7 — () + 5(7— 6(9)) = €l{7} N D)

where e, g are the major edges meeting f. By (2), for each f € E; we have

1
(7 =d(e) + (7= o(f)) 2 €{fI N D
where e is the major edge consecutive with f. Finally, for each f € Ey we have

T—o(f) = {fIN D

since ¢(f) < 7, and ¢(f) = 2 if f € D. Summing these inequalities over all f € EyU Ey U Ey, we
deduce that 3 c g (7 — ¢(€)) = £|D|. Consequently

14 > (7 —2m(e) — Be(r)) > &|D).
ecE(C)

But |D| > 4 since r is big, and so £ < 3. If £ = 3, then |D| = 4, contrary to Conf([[d]). So £ = 2
and |D| < 6. But then C, has a 5-heavy edge with multiplicity at least four that is consecutive with
a door and has at most five doors disjoint from it, contrary to Conf([dl) and Conf(Z). This proves
R 1

3.4. If r is a triangle that is not tough, and a(r) + B(r) > 0, then (G, m) is not prime.

Proof. Suppose that (G, m) is prime, and let r = vvw. Now «(r) = 2(m(uv)+m(vw) +m(uw)) —7,
SO
2(m(uv) + m(vw) + m(uw)) + B(r) > 7.

Let 71,72, 73 be the regions different from r incident with wv,vw,uw respectively. Since r is not
tough, m™*(r) <6, and so m(r) < 6 as well.

Suppose first that r has multiplicity six and hence B(r) > —5. Then r1,rg, 3 are all big. Suppose
that m(uv) = 4. Then rule 32 applies to give 3(r) = —6, a contradiction. Thus r has at least two
edges with multiplicity at least two. Rules 2 and (33 apply giving 5(r) < —5, a contradiction.

Suppose that r has multiplicity five and so 3(r) > —3. Then at least two of r1, 79,73 are big, say
ro and 73, and so By (1) + Buw(r) < —2. Consequently [,,(r) > —1 so we may assume that r is
a tough triangle wvx. By Conf(@), m(uz) = m(vx) = 1. Since uvz is tough, m(uv) > 2. Suppose
that m(uv) = 3. Then by Conf@), m™ (uz) = m™ (vz) = 1, contradicting the fact that uvx is tough.



So m(uv) = 2, m(uvz) = 4 and we may assume that m(vw) = 2. But by Conf(l), m™ (ux) = 1,
contradicting the fact that uwvx is tough.

Suppose that r has multiplicity four. Then £(r) > —1. Since m™*(r) < 6 we may assume that
r1 is big, so [uy(r) = —1. Now if 75 is tough then G, (r) = 1, and otherwise (3, (r) < 0. Thus by
symmetry we may assume that 79 is a tough triangle vwz and r3 is small. Suppose that m(uv) = 2.
By Conf), m™* (vz) + m(vw) + m(uw) + 1 < 5. Also by Conf), m(uv) + m(vw) + m™(wz) < 5.
Since m(uv) + m(vw) + m(uw) = 4 it follows that m™* (vz) + m(vw) + m™ (wx) < 5, contradicting
the fact that vwax is tough.

Therefore we may assume that r has multiplicity three. Now [(r) > 1. By the rules, if ry is
tough then (,,(r) = 1. If ry is big then G, (r) = —1. Otherwise (,,(r) = 0. By symmetry, it follows
that rq, 79,73 are all small and we may assume that r1, 9 are tough triangles uvx and vwy. It follows
from Conf@) that m™ (vx),m™ (ux) < 2. This contradicts the fact that wvz is tough. This proves
B4 |

3.5. If r is a tough triangle with a(r) + B(r) > 0, then (G, m) is not prime.

Proof. Suppose that (G, m) is prime, and let » = vvw. Now a(r) = 2(m(uv) +m(vw) +m(uw)) —17,
SO
2(m(uv) + m(vw) + m(uw)) + B(r) > 7.

Let 71,79, 73 be the regions different from r incident with uv, vw, uw respectively. Since r is small
and tough, observe from the rules that 5.(r) < 0 for e = uv, vw, uw.

Let X = {u,v,w}. Since (G, m) is prime, it follows that |V (G) \ X| > 3, and so m(6(X)) > 9.
But
m(d(X)) =m(d(u)) + m(6(v)) + m(d(w)) — 2m(uv) — 2m(vw) — 2m(vw),

and s0 9 <7+ 747 —2m(uv) — 2m(uw) — 2m(vw), that is, r has multiplicity at most six. Since
m™(r) > 7, r has multiplicity at least four.

We claim that no two tough triangles share an edge. For suppose that uwvw and uwvx are tough
triangles. By Conf@), m™ (va)+m(uv)+m™ (uw) < 5. Also by Conf(@) m™ (vw)+m(uv)+m™ (uz) <
5. Since m*(vw) + m* (vw) + m(uv) > 6, m* (vr) + m* (uz) + m(uv) < 4, contradicting the fact
that rq is tough.

Suppose first that r has multiplicity six and so 5(r) > —5. By Conf(), none of ri,r9,73 is a
triangle. If m(uv) = 4 then by Conf(@), 1, r2, 73 are all big, contradicting the fact that r is tough. If
m(uv) = 3, we may assume without loss of generality that m(vw) = 2. Then by Conf(@), r1 and ry
are big, and rule (52 applies, contradicting that 3(r) > —5. By symmetry we may therefore assume
that m(uv) = m(vw) = m(uw) = 2. By Conf(@l) we can assume that r1, ro are big and rule 32
applies again. This contradicts that 5(r) > —5.

Consequently r has multiplicity at most five. Then none of r1, 79,73 is tough and so G(r) < —3,
contradicting that 2(m(uv) + m(vw) + m(uw)) + F(r) > 7. This proves |

3.6. If r is a small region with length at least four and with a(r) + B(r) > 0, then (G, m) is not
prime.



Proof. Suppose that (G, m) is prime. Let C'= C;. Since a(r) =14 = 7|[E(C)| + 2} c p() mle), it
follows that

U-TEQO)+2 > me)+ > Belr) >0,

e€E(C) e€E(C)
that is,
> (@m(e) + Be(r) = 7) > —14.

ecE(C)

For each e € E(C), let
o(e) = 2m(e) + Be(r),

(1) For every e € E(C), ¢(e) € {1,2,3,4,5,6,7}.

Since 7 is not a triangle, f.(r) € {—1,0,1}. It follows from Conf([d]) that m(e) < 4. Further,
if m(e) = 4 then m*(e) = 4 and S(r) = —1. This proves (1).

For each integer ¢, let E; be the set of edges of C' such that ¢(e) =i. From (1) E(C) is the union
of E17 E27 E37 E47 E57 E67 E7'

Let e be an edge of C' and denote by 7’ its second region. We now make a series of observa-
tions that are easily checked from the [-rules and the fact that 2m(e) — 1 < ¢(e) < 2m(e) + 1, as
well as Conf(@dl) which implies that if m(e) = 3 then 7’ is not tough.

(2) e € Ey if and only if m(e) = m™*(e) =1 and e is not a door for r’.
(3) e € Ey if and only if m(e) =1 and either
e mT(e) =1 and e is a door forr', or
e mT(e) =2 and 1’ is not a tough triangle.
(4) e € E3 if and only if either
e m(e) =1 and ' is a tough triangle, or
e m(e) =mt(e) =2.
(5) e € Ey if and only if m(e) =2, m™(e) = 3 and 1’ is not a tough triangle.
(6) e € E5 if and only if either
e m(e) =2 and r' is a tough triangle, or

e m(e) =mt(e) =3.



(7) e € Eg if and only if m(e) = 3 and m™(e) = 4.
(8) e € E7 if and only if m(e) =4 and m™(e) = 4.
(9) No edge in E7 is consecutive with an edge in EgU E7.

Suppose that edges e, f € E(C) share an end v, and e € E;. Since v has degree at least three
it follows that m(e) + m(f) < 6 so f ¢ EgU E7. This proves (9).

(10) Let e, f, g be consecutive edges of C. If e,g € Ey then f € By U EyU E3 U Ey.

For by (9), f ¢ Es. Suppose that f € F5. Since m(e) = m(g) = 4 and G has minimum de-
gree three, by (6) m(f) = 2 and the second region for f is a tough triangle 7’ with m(r’) = 4. But
m*(e) = m*(g) =4, so 7’ is incident with two big regions; thus m*(r’) = 5, contradicting the fact
that 7 is tough. This proves (10).

For 1 <i <7, let n; =|E;|. Let k = |E(C)|.
(11) 5nq 4+ 4ng + 3n3 + 2ng4 + ns + k — ny < 13.

Since

D (8le)=7) > —14,

ecE(C)
we have 6nq + 5no + 4ng + 3ng + 2n5 + ng < 13, that is,

5nq + 4ng + 3ng + 2n4 + n5 + k — ny < 13,

since ny 4+ ng + n3 + ng + ns + ng + ny = k, proving (11).
(12) 4n1 +3ng 4+ 2ng +ng + k < 12 and ny +ng < 2.

By (9) we have ny + ng + n3 + ng + ns > ny. Suppose that ny + ne + ng + ng + n5 = ny. By
Conf([), the edges of C' cannot all be in Eg, so ny > 0. Then k is even and every second edge
of C'is in FEy, so by (10), ns = ng = 0; and hence ny + ny + ng + ng = g and ny = % By (11)
3ng + 2no + ng + %k‘ < 13. Therefore, either n; +ny < 1,0or k=4, or n1 + no =2 and k = 6. But
by Conf(@), every edge in FE7 is disjoint from an edge in E; U Es, a contradiction. This proves that
ny +ng +ng +ng +ns > ny + 1. The first inequality follows from (11) and the second from the fact

that k£ > 4. This proves (12).
Case 1: n; +ng = 2.

Suppose that k+n; > 6. By (12), ng = ny = 0. By Conf(@), every edge in E7 is disjoint from an
edge in Ey U Es, and therefore, by (9), is consecutive with an edge in E5. Further, by (10) no edge
in F5 meets two edges in F7, and so ns > n7, contradicting (11). This proves that k +ny < 5.

Suppose that k£ = 5. Then ny = 2, and so by (12), ng = 0 and ngy < 1. Also ny+ns+neg+n7 = 3.
By (11), ny > 2n4 + ns. Suppose that ng = 3; then by (7), C has three edges of multiplicity three,
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each of whose second region is small. Further, by (3), if the edges in Fy are consecutive, they are
both incident with small regions. This contradicts Conf([dl). Therefore ng < 2, and so ny > 1. By
Conf([IT), one of the edges in Es must be incident with a big region, and by (3), it must be a door
for that region. Since ng = 0, it follows that the two edges in Fs are disjoint. It follows that n; = 1.
By (11), ny = 0 and ng > 1. Let e € Eg. Then e must be consecutive with both edges in Es, for it
is not consecutive with the edge in Fy. But then e is disjoint only from edges in E7 U Es5, contrary
to Conf([d).

Suppose that k& = 4. Then n; < 1. By Conf([[) and (3), ny > n7. Therefore by (11), 3ns +
2n4s +ns < 1, and so n3 = ngy = 0 and n5; < 1. Since n5 + ng + ny = 2, and edges in Fs, Eg, By
have multiplicity at least two, three, four, respectively, Conf(@]) implies n7 = 0 and ng < 1. Hence
ns = ng = 1. From (11) it follows that n; = 0. By Conf(#) the edge disjoint from the edge in Eg
must have multiplicity one and be incident with a big region. By (3) this edge must be in Ej, a
contradiction. This proves that Case 1 does not apply.

Case 2: n; +ng = 1.

Let eg € E1 U Ey. We claim that neither edge consecutive with ey is in Eg U E7. For let eq be
an edge consecutive with eg on C' and suppose that e; € Eg U Er; then by (7), m™*(e;) = 4. But all
edges disjoint from e; on C' are not in £y U Ey and therefore are 2-heavy and their second regions
are not triangles with multiplicity three. Therefore Conf([dl) implies that at least four edges disjoint
from eg are not 3-heavy and hence ng +n4 > 4 and that k > 7, contradicting (11). This proves that
all edges in Fg U E7 are disjoint from eg, and so n3 + ng + ns > 2. We consider two cases:

Subcase 2.1: n7 > 1.
Let f € E7. By Conf(@), if an edge e; meets both ey and f then m(e;) = 1 and so e; € E3. By
(10) an edge meeting two edges in E7 is in E3 U E4. Summing over the edges meeting F7 U {eg} it
follows that 2ns + 2n4 + ns5 > 2(ny + 1). From (11) we deduce 5ny + 4ng + ng + ny + k < 11; thus
k+mni+ng+ny < 7. By Conf([), m*(eg) = 1, so by (3), either eg € E; or there is an edge of
multiplicity one disjoint from ey. Since ni + ng = 1, such an edge would be in FEj; it follows that
ny +ns > 1. We deduce that £ < 5. If £ =5 then by Conf() the edge meeting ey and f is in Fj3,
and so ny + ng > 2, a contradiction.

Thus k& = 4. Then by Conf([d) and (3), eg € Eq. By Conf(@]) the two edges consecutive with eq
are in F3. But then k£ + ny + n3 4+ ny = 8, a contradiction.

Subcase 2.2: n; = 0.
Let eg,...,ex_1 denote the edges of C listed in consecutive order. Since n3 + ny + ns > 2, (11)
implies k < 7.

Suppose that k& = 7. Then the inequality in (11) is tight, and we have no = 1, ns = 2 and
ng = 4. Consequently ny = ng = ng = 0. Then e;,es € E5, and so by (6) and (7) are 3-heavy with
multiplicity at least two, and es, €3, e4, €5 € Fg. This is a contradiction by Conf(®).

Suppose that &k = 6. We know ey, e5 ¢ Eg. By (11), n1+3ng+2ng4+n5 < 3, but ng+ng+ns > 2
so n3g = 0 and consequently ng 4+ ns +ng = 5. Also ni 4 2n4 +ns < 3. In particular ny < 1. Suppose
that ny = 1, then ng = 3 and n5 = 1 and ez, e3,e4 € Eg. It follows from Conf(®) that m™(eq) = 1,
and so ni = 1, contradicting that nqy 4+ 2n4 + n5 < 3. Thus ng = 0. It follows that ns + ng = 5. This
contradicts Conf([H]).
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Next suppose that k = 5. We know e, e4 ¢ Eg. By (11), ny + 3ng + 2ny4 + ns < 4. Suppose that
2n3 + ng > 2. Then ny + ng +ng +ns < 2, and so no + ng > 3. Since ng < 2 we may assume that
e9,e3 € Fg and ey € Es, contrary to Conf([[dl). It follows that 2ns + ngy < 1. Consequently nz = 0
and n5 +ng > 3. Thus we may assume that m™(e1), m™ (e3), m*(e3), m*(eq) > 3, and e; is 3-heavy.
This contradicts Conf([H).

Finally, suppose that £k = 4. By (11), n; + 3ns + 2ng4 + n; < 5. By Conf(H), at least one of
m*(e1),m" (e3) < 2, so we may assume that e; € E53 and so ng = 1. Since m*(e;) = 2, Conf()
implies e ¢ Fg, and so e3 € F5. Suppose that ¢y € Eq. Then 2n4 + n5 < 1, and so nqy = 0 and
ns < 1. Since ex ¢ E5, ea € Eg. Since m(eg) = 3 by (7), it follows from Conf(@) that m(e;) = 1,
m(es) = 2 and from (4) and (6) that eq, e3 are incident with tough triangles vivoz and vsvgy. This
contradicts Conf(3]).

Thus ey € Eo and so m™(ep) = 2. By Conf(®), e2 ¢ Eg. Hence es € E4 U E5. Since 2n4 + ns < 2
and e3 € Ejs, it follows that es € E5. By Conf([[d), the second region for e; is not a tough triangle,
and so m(e1) = 2. Since m(ez), m(e3) > 2, Conf(@) tells us m(es) = 2 and the second region for es
is a tough triangle vovsz. But this contradicts Conf([[3)). We conclude that Case 2 does not apply.

Case 3: n; +ngo =0.

In this case, C has no doors, so by Conf(dl) n; = 0. Suppose that ng > 1 and let e € Eg. Then by
Conf([), there are at least four edges disjoint from e that are not 3-heavy. Therefore ng+ny > 4 and
k > 7, contradicting (11). It follows that ny = ne = ng = ny = 0, and so ng + ng + n5 = k. By (11),
3ns+2n4+ns5+k <13, and k < 6. Further, 3ns +2ny4 +2n5 +k < 13+ ns5, and so ns —ng > 3k—13.

Suppose first that & = 6; then ns > 5, so by (6) C has five 3-heavy edges, each with multiplicity
two or three, contrary to Conf([fl). Suppose that k& = 5; then 3ns + 2n4 + n5 < 8, and so, since
ng+ng+ns =5, ng < 1. Also ns > 1, and if ng = 1 then ngy < 1. Consequently we may assume that
there is an ordering ey, ...,e4 of E(C), where ey € F5 and eg, e3 € E4 U Ej5, contrary to Conf(IH).

Finally, suppose that k = 4; then 3n3+2n4+n5 < 9. Since, by (5) and (6), every edge f € E4UFE5
has m™*(f) > 3, Conf(f) tells us there are two consecutive edges in E3, say ey and e;. Hence ns > 1
and nyg + ns = 2. We may assume that e; € Ey U E5 and e3 € E5. Since m(eg) > 2, Conf(Bl) implies
that m(e1) + m(es) < 4. Thus by (4) and (6), either the second region for e; is a tough triangle,
or the second region for e3 is a tough triangle and m(e;) = 2. Further, m*(e;) 4+ mles) = 5. This
contradicts Conf([[3]). We conclude that Case 3 does not apply.

This completes the proof of |

Proof of Bl  Suppose that (G, m) is a prime 7-target, and let «, 3 be as before. Since the sum
over all regions r of a(r) 4+ B(r) is positive, there is a region r with a(r) + S(r) > 0. But this is
contrary to one of B3 B4l BA B:6l This proves Bl |

4 Reducibility

Now we begin the second half of the paper, devoted to proving the following.

4.1. FEvery minimum T-counterexample is prime.
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Again, the proof is broken into several steps. Clearly no minimum 7-counterexample (G, m) has
an edge e with m(e) = 0, because deleting e would give a smaller 7-counterexample; and by Bl
every minimum 7-counterexample satisfies the conclusions of EZIl Thus, it remains to check that
(G, m) contains none of Conf(1)-Conf(16). In [3] we found it was sometimes just as easy to prove a
result for general d instead of d = 8, and so the following theorem is proved there.

4.2. If (G, m) is a minimum d-counterexample, then every triangle has multiplicity less than d.

It turns out that Conf(ll) is a reducible configuration for every d as well; this follows easily from
1 and is proved in [3].

4.3. No minimum d-counterezample contains Conf(d).

If (G, m) is a d-target, and z,y are distinct vertices both incident with some common region r,
we define (G,m) + zy to be the d-target (G',m’) obtained as follows:

e If z,y are adjacent in G, let (G',m') = (G, m).

e If x,y are non-adjacent in G, let G’ be obtained from G by adding a new edge xy, extending
the drawing of G to one of G’ and setting m’(e) = m(e) for every e € E(G) and m/(zy) = 0.

Let (G,m) be a d-target, and let x-u-v-y be a three-edge path of G, where x,y are incident with
a common region. Let (G',m’) be obtained as follows:

e If z,y are adjacent in G, let G’ = G, and otherwise let G’ be obtained from G by adding the
edge ry and extending the drawing of G to one of G'.

o Let m/(zu) = m(zu) — 1, m/(uwv) = m(uwv) + 1, m/(vy) = m(vy) — 1, m/(zy) = m(xy) + 1 if
xy € E(G) and m/(zy) = 1 otherwise, and m’(e) = m(e) for all other edges e.

If (G,m) is a minimum d-counterexample, then because of the second statement of Bl it follows
that (G',m') is a d-target. We say that (G’,m’) is obtained from (G, m) by switching on the sequence
z-u-v-y. If (G',m’) admits a d-edge-colouring, we say that the path z-u-v-y is switchable.

4.4. No minimum 7-counterezample contains Confd) or Conf(3).

Proof. To handle both cases at once, let us assume that (G, m) is a 7-target, and uwvw, uvwzx are
triangles with m(uv) +m(uw) +m(vw)+m(uz) > 7, (where possibly m(uw) = 0); and either (G, m)
is a minimum 7-counterexample, or m(uw) = 0 and deleting uw gives a minimum 7-counterexample
(Go, mp) say. Let (G,m’) be obtained by switching (G, m) on u-v-w-z.

(1) (G,m') is not smaller than (G,m).
Because suppose it is. Then it admits a 7-edge-colouring; because if (G,m) is a minimum 7-
counterexample this is clear, and otherwise m(uw) = 0, and (G’,m') is smaller than (Gg,my).

Let Fy,..., F} be a T-edge-colouring of (G’,m’). Since

m'(uwv) +m’ (uw) + m’ (vw) + m’ (uz) > 8,
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one of F{,..., F?, say F}, contains two of uv, uw,vw,uz and hence contains vw, uxz. Then
(F{ \ {vw, uz}) U {uv, wz}

is a perfect matching, and it together with Fy, ..., F} provide a 7-edge-colouring of (G, m), a con-
tradiction. This proves (1).

From (1) we deduce that max(m(uz), m(vw)) < max(m(uv), m(wz)). Consequently,
m(uv) + m(uw) + m(vw) + m(wz) < 6,
by (1) applied with u,w exchanged; and
m(uv) + m(uz) + m(wz) + m(uw) < 6,

by (1) applied with v,z exchanged. Consequently m(uz) > m(wz), and hence m(ux) > 2; and
m(vw) > m(wz), and so m(vw) > 2. Since m(uv) + m(uvw) + m(vw) + m(wz) < 6 and m(vw) > 2,
it follows that m(uv) < 3; and since max(m(uz), m(vw)) < max(m(uv), m(wx)), it follows that
m(uv) = 3, m(vw) = m(ux) = 2 and m(wzx) = 1. But this is contrary to (1), and so proves 4l |

5 Guenin’s cuts

Next we introduce a method of Guenin [6]. Let G be a three-connected graph drawn in the plane,
and let G* be its dual graph; let us identify E(G*) with E(G) in the natural way. A cocycle means
the edge-set of a cycle of the dual graph; thus, @ C E(G) is a cocycle of G if and only if @ can
be numbered {ej,...,e;} for some k > 3 and there are distinct regions r1,...,7r; of G such that
1 <i <k, ¢; is incident with r; and with 7;41 (where 7,1 means ). Guenin’s method is the use of
the following theorem, a proof of which is given in [3].

5.1. Suppose that d > 1 is an integer such that every (d — 1)-regular oddly (d — 1)-edge-connected
planar graph is (d — 1)-edge-colourable. Let (G, m) be a minimum d-counterexample, and let z-u-v-y
be a path of G with x,y on a common region. Let (G',m’) be obtained by switching on z-u-v-y, and
let Fy,. .., Fy be a d-edge-colouring of (G',m’), where xy € Fy. Then none of Fi, ..., Fy contain both
wv and xy. Moreover, let I ={1,...,d}\{k} if xy ¢ E(G), and I ={1,...,d} if vy € E(G). Then
for each i € I, there is a cocycle Q; of G' with the following properties:

o for1<j<dwithj#i, |F;NQ; =1;

o [FiNQi|l >5;

e there is a set X C V(QG) with |X| odd such that éq/(X) = Q;; and
e wv,zy € Q; and uzr,vy ¢ Q;.

By the result of [, every 6-regular oddly 6-edge-connected planar graph is 6-edge-colourable, so
we can apply B.Jl when d = 7.
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5.2. No minimum 7-counterexample contains Conf(gl) or Confd).

Proof. To handle both at once, let us assume that (G,m) is a 7-target, and wvw,vwx are two
triangles with m™ (uv) + m(uw) + m™ (wx) > 6; and either (G,m) is a minimum 7-counterexample,
or m(uw) = 0 and deleting ww gives a minimum 7-counterexample. We claim that u-z-w-v-u is
switchable. For suppose not; then we may assume that m(vw) > maz(m(uv), m(wz)) and m(vw) >
m(ux). Now we do not have Conf(f) or Conf(@]) by E4l so

m(uv) + m(vw) + m(vw) + m(wz) < 6,

and yet m(uv) + m(uw) + m(wz) > 4 since m* (uwv) + m(uw) + m*(wz) > 6; and so m(vw) < 2.
Consequently m(uv), m(wz) = 1, and m(uz) < 2. Since u-z-w-v-u is not switchable, it follows that
m(uz) = m(vw) = 2; and since m* (uv) + m(uw) + m*(wz) > 6, it follows that m(uw) > 2 giving
Conf(®), contrary to EE4l This proves that u-z-w-v-u is switchable.

Let 71,79 be the second regions incident with wv, wz respectively, and for ¢ = 1,2 let D; be the
set of doors for r;. Let k = m(uv) + m(uw) + m(wz) 4+ 2. Let (G, m’) be obtained by switching on
u-z-w-v-u, and let Fy,..., F; be a 7-edge-colouring of (G, m’), where F; contains one of uv, uw, wzx
for 1 <i<k. Forl<i<7,letQ;beasinhll

(1) For 1 <4 < 7, either F;NQ; N Dy # 0, or F;NQ; N Dy # (; and both are nonempty if ei-
therk=7To0ri="1.

For let the edges of @; in order be eq,...,e,,e1, where e; = wz, e = uw, and e3 = uv. Since
F} contains one of ey, eg,e3 for 1 < j < k, it follows that none of ey, ..., e, belongs to any F; with
j<kandj#i,and, if Kk =6 and ¢ # 7, that only one of them is in F7. But since at most one of
e1, ez, e3 is in F; and |F; N Q;| > 5, it follows that n > 7; so either ey, e5 belong only to Fj, or e, e,—1
belong only to F;, and both if k = 7 or ¢ = 7. But if e4, e5 are only contained in F;, then they both
have multiplicity one, and are disjoint, so e4 is a door for r; and hence e4 € F; N Q; N Dy. Similarly
if e,,, e,—1 are only contained in F; then e, € F; N Q; N Dy. This proves (1).

Now k < 7, so one of ry,ry is small since m™* (uv) + m(uw) + m™ (wz) > 6; and if k = 7 then by
(1) |D1],|D2| > 7, a contradiction. Thus k = 6, so both 71,79 are small, but from (1) |Dy|+|D2| > 8,
again a contradiction. This proves |

5.3. No minimum T-counterexample contains Conf(d).

Proof. Let (G,m) be a minimum 7-counterexample, and suppose that wvw is a triangle with
m™*(uwv) + m*(uvw) = 6 and either m(uv) > 3 or m(uv) = m(vw) = m(uw) = 2 or u has degree
at least four. Let 71,72 be the second regions for wv,uw respectively, and for i = 1,2 let D; be
the set of doors for r;. Since we do not have Conf() by B2 neither of ri,79 is a triangle. Let
tu be the edge incident with ro and u different from ww. It follows from that we do not have
Conf([l) so m(tu) < 2, since m(uv) + m(vw) > 4 and m(vw) + max(m(uv), m(uw)) > 4. By EZ
m(vw) < m(uv). Thus the path t-u-v-w is switchable. Note that ¢,w are non-adjacent in G, since
ro is not a triangle.

Let (G’,m') be obtained by switching on this path, and let Fy,..., F; be a 7-edge-colouring of
it. Let k = m(uv) + m(uw) + 2; thus k > 6, since m(uv) + m(uw) > 4. By Bl we may assume that
for 1 < j <k, F}; contains one of uv, uw, and tw € Fj,.
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Let I ={1,...,7}\{k}, and for each i € I, let Q; be as in[BJl Now let i € I, and let the edges of
Q; in order be eq,. .., ey,,e1, where e; = uv, e2 = uw, and e3 = tw. Since F; contains one of e, ez, e3
for 1 < j < k it follows that none of ey,...,e, belong to any F; with j < k; and if k = 6 and i # 7,
only one of them belongs to F7. Since F; contains at most one of ey, e, e3 and |F;NQ;| > 5, it follows
that n > 7, and so either eq4, e5 belong only to F;, or e,,e,_1 belong only to F;; and both if either
k=7ori=7. Thus either e, € F;NQ; Dy or e, € F;NQ; N Dy, and both if k = 7 or i = 7. Since
k <7, one of r1,ry is small since m* (uv) + m* (uw) = 6; and yet if k = 7 then |Dy|,|D2| > |I]| = 6,
a contradiction. Thus k = 6, so r1, 72 are both small, and yet |D;|+ |D2| > 7, a contradiction. This
proves |

5.4. No minimum 7-counterexample contains Conf(7).

Proof. Let (G,m) be a minimum 7-counterexample, with an edge uv with m™ (uv) > 4 incident
with regions r; and ry and r; has length at least four. Suppose further that every edge e of C,
disjoint from wv is 2-heavy and not incident with a triangle with multiplicity three. It is enough to
show that there are at least four edges on C,, disjoint from wv that are not 3-heavy. By and
we do not have Conf([[l) or Conf(). Hence m(uv) = 3 and ry is small.

Let x-u-v-y be a path of C,. By we do not have Conf(Hl), so x and y are not adjacent in G.
Since G has minimum degree three, m(uv) > m(uz), m(vy) so x-u-v-y is switchable; let (G',m’) be
obtained from (G, m) by switching on it, and let F},..., F7 be a 7T-edge-colouring of (G',m/).

Since m/(uv) + m/(zy) = 5 we may assume by Bl that uv € F; for 1 <i < 4 and xy € F5. Let
I={1,...,74\ {5} and for i € I, let the edges of Q; in order be €t,... ¢! e!, where ¢! = uv and
el = xy.

Since |F; N Q;| > 5 and F; contains at most one of e}, ¢}, it follows that n > 6. Let Dy denote
the set of doors for rs.

(1) Let i € 1. If i > k then F; N Dy is nonempty. Further, if F; N Dy is empty, or i > k then
eé 18 not 3-heavy, and either
o ¢ belongs to F;, or

o ¢! belongs to F; and m(e) = m(e) = 1 and €5, €} belong to a triangle.

NG

For 1 < j < 5, F}; contains one of et eb; and hence €f, ... ¢! ¢ F; for all j € {1,...,5} with
j # i. Therefore €, ..., €, belong only to F}, Fs, F;. Since €§ is 2-heavy, one of €$, e§ does not belong
to Fy and therefore belongs to Fy. It follows that €,e8 | ¢ F; so Fg N Dy is nonempty. Similarly,
F7 N Dy is nonempty. This proves the first assertion.

Suppose that F; N Do is empty, or i > 5; we have |{el, el ;} N (Fs U Fy)| > 1. Without loss of
generality say |{el, el ;} N Fs| > 1. It follows that €3, €} belong only to F}, Fr, so €} is not 3-heavy.
Qn the other hand, eg is 2-heavy by hypothe.sis7 so if eé ¢ E-, then eg has multiplicity one, eé € Fr,
e} belongs to F;, has multiplicity one. Since e is 2-heavy, e5 and e} belong to a triangle. This proves
(1).

Let I; denote the indices i < 6,7 # 5 such that €} is not 3-heavy and either €} € F}, or ¢} € F;
and €4, e} have multiplicity one and belong to a triangle incident with r1. From (1) and because ry
is small, |I;| > 4. Suppose that for i # i’ € I, the corresponding edges e} and eg are the same. We
may assume that i/ < 4. If €} € Fy, this is a contradiction. Otherwise m(e}) = m(e}) =1 and €}, €}
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belong to a triangle incident with r1. It follows that e} = efz since eé is not incident with a triangle
of multiplicity three, and so e} € Fj, a contradiction.
It follows that there are at least four edges of C, disjoint from wwv that are not 3-heavy. This

proves B4l |

5.5. No minimum T-counterexample contains Conf(8).

Proof. Let (G,m) be a minimum 7-counterexample, with an edge wv with multiplicity three,
incident with regions r and r; where rq is small. Suppose that there is an edge f disjoint from e with
m*(f) =m(f)+ 1 =2, where every edge of C, \ {f} disjoint from e is 3-heavy with multiplicity at
least two. Since e and f are disjoint r has length at least four. Let x-u-v-y be a path of C,.. By B2 we
do not have Conf(H), so z and y are not adjacent in G. Since G has minimum degree at least three,
it follows that m(uv) > m(ux), m(vy) so z-u-v-y is switchable; let (G',m’) be obtained from (G, m)
by switching on it, and let Fi,..., F; be a T-edge-colouring of (G’,m’). Since m’(uv) + m/(zy) =5
we may assume by Bl that uv € F; for 1 <i <4 and xy € F5. Let I = {1,...,7}\ {5} and fori € I,
let Q; be as in Bl

For i € I, let the edges of Q); in order be ey,...,e,,e1, where ey = uv and es = xy. Since
|F; N Q;] > 5 and Fj contains at most one of ey, ey, it follows that n > 6. For 1 < j <5, F} contains
one of ey, ey; and hence for all j € {1,...,5}, es,...,e, ¢ F;, and so es, ..., e, belong only to Fj, Fg

or F7. In particular when i € {6,7}, e3 is not 3-heavy and so e3 = f. It follows f belongs only to
Fg, F7; we assume without loss of generality f € Fg. Let D1 denote the set of doors for r1. Denote
by ro the second region for f and by Ds its set of doors.

(1) Let ¢ € I. At least one of F; N Q; N D1, F; N Q; N Dy is nonempty, and if i = 7 then both
are nonempty.

Suppose that ¢ = 7. Then e3 = f € Fg and ey,...,e, belong only to F7, and so e4 is a door
for r9 and e, is a door for 1. Now suppose that i < 7. If e3 = f, then since F; contains at most one
of ey, e9,e3 and |F; N Q;| > 5, it follows that n > 7. It follows that ey, ...,e, belong only to F7 or
F;, and so either e4 is a door for r4 or e, is a door for r; as required. If eg # f then eg is 3-heavy,
and so Fj, Fg, F7 each contain one of es, e4. Therefore e,,_1, e, belong only to F;, and so e, is a door
for 1. This proves (1).

By (1), |D1| + |D2| > 7, but r1 and r9 are both small, a contradiction. This proves BH |

5.6. No minimum 7-counterezample contains Conf(d).

Proof. Let (G,m) be a minimum 7-counterexample, and suppose that some edge uv with m(uv) = 4
is incident with a region r of length at least four. Let z-u-v-y be a path of C,. If x and y are adjacent,
then since we do not have Conf(f]) by .2, xy is incident with a big region. Therefore we may assume
that = and y are nonadjacent.

We will show r has a door f disjoint from uv, and that if m(zu) > 2 then f is also disjoint from
zu (and similarly for vy.)

Since m(e) > 4, this path is switchable; let (G, m’) be obtained from (G, m) by switching on it,
and let Fy, ..., F; be a T-edge-colouring of (G',m/).
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Thus we may assume that uwv € F; for 1 < i < 5, and zy € Fs. Further, if m(zu) > 2 then
xu € Fr and simlarly for vy. Let I = {1,...,7}\{6}. Fori € I, let Q; be as in[Bl Since @Q; contains
both wwv, zy for each ¢ € I, it follows that for 1 < j <7, F} contains at most one of uv, xy.

Consider now @Q7, and let the edges of ()7 in order be ey, ..., e,,e; where e; = uv and e; = xy. For
1 < j <6, Fj contains one of e, €2, and hence es, . .. , e, belong only to F;. Since e3 € C,\{zu, uv,vy}
by the choice of the switchable path, es is a door for r disjoint from wv. Further if m(zu) > 2 then
e3 is digjoint from xu, and similarly for vy.

This proves |

5.7. No minimum 7-counterexample contains Conf(Il).

Proof. Let (G,m) be a minimum 7-counterexample, and suppose that there is a region r of length
between four and six incident with an edge uv with multiplicity four, and suppose that m™(e) > 2
for every edge e of C, disjoint from ww. Let z-u-v-y be a path of C,.. By B2 we do not have
Conf(H) so z and y are not adjacent in G (and r has length five or six). Since m(uv) = 4, the path
x-u-v-y is switchable; let (G’,m’) be obtained from (G, m) by switching on it, and let F,..., F7 be
a T-edge-colouring of (G',m’). By Bl we may assume that uv € F; for 1 <i <5, and xy € Fg. Let
I={1,...,7}\ {6} and for i € I, let Q; be as in Bl

Define ¢ = |F7y N E(C,) \ {zu,uv,vy}|. Suppose that £ = 0; then let the edges of Q7 in order be
€1,...,€n, €1, where e; = uv and es = xy. Since |F; N Q;| > 5 and F; contains at most one of ey, ea,
it follows that n > 6. For 1 < j < 6, F}; contains one of ej, e2; and hence e3, ..., e, belong only to
F;. But e3 is an edge of E(C;) \ {zu,uv,vy} by the choice of the switchable path, a contradiction.
Thus ¢ > 1. Fix an edge f € Fr N E(C,) \ {zu,uv,vy} and let I; denote the indices ¢ € I for which

[ e€Q;.
(1) |I1] < 3.

Denote by ro the second region for f and denote by Ds the set of doors for ry. Suppose that
|I;| > 4. For i € I, let the edges of Q; in order be eq, ..., e,,e1, where e; = uv, e3 = zy and e3 = f.
Since |F; N Q;] > 5 and F; contains at most one of ey, ez,e3, it follows that n > 7. For 1 < j <7, F
contains one of e, eg, e3; and hence ey, ..., e, belong only to F;. Further, e4 is incident with ro and
therefore is a door for ro. But then |Dy| > 4, so m™(f) = 1, a contradiction. This proves (1).

Since r has length at most six, there are two cases:
Case 1: { =1. Let f € Fr N E(C,) \ {zu,uv,vy}, denote by 7o the second region for f and denote
by D5 the set of doors for 5. Since the edges of C,. \ {zu, uv,vy, f} each belong to F; for some j # 7,
there are at most two indices ¢ € I for which f ¢ @Q;. But then we have |I;| > 4, contradicting (1).
Case 2: ( = 2. Let f, f' € Fr N E(C,) \ {zu,uv,vy}. If m(f") > 2, then f’ € F; for some j # 7,
and so there are at most two values of ¢ € I for which f ¢ @;. Then |I;| > 4, contradicting (1). So
m(f’) = 1 and by symmetry, m(f) = 1. There is at most one value of i € I for which f, f’ ¢ Q;.
Therefore, without loss of generality we may assume that there at least three indices i € I, f € Q;,
and so |I;| = 3. Denote by ry the second region for f and Do the set of doors for r9. For each i € I,
it follows that ey, ...,e, belong only to F;, and e4 is incident with 7o and therefore is a door for
ro. Further, since f and f’ are disjoint and have multiplicity one, f is a door for ry. If follows that
|Dy| > 4, so m*(f) =1, a contradiction.

This completes the proof of .11 |
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5.8. No minimum 7-counterexample contains Conf(Ldl).

Proof. Let (G,m) be a minimum 7-counterexample, and suppose that some edge wv is incident
with regions r1, 79 where either m(uv) = 4 and ry is small, or m(uv) > 5. By exchanging rq,rs if
necessary, we may assume that if r1,ro are both small, then the length of ry is at least the length
of r9. Suppose that ry is a triangle. By we do not have Conf(H), and so 79 is not a triangle and
therefore ry is big. Then by hypothesis, m(uv) > 5, contradicting EE2. Thus r is not a triangle.

Let z-u-v-y be a path of C,,. By we do not have Conf(l) so x, y are non-adjacent in G. Since
m(e) > 4, this path is switchable; let (G’,m’) be obtained from (G, m) by switching on it, and let
Fi,..., F7 be a T-edge-colouring of (G',m'). Let k = m(uv) + 2 > 6. By Bl we may assume that
w € Fyfor 1 <i<k—1,and 2y € Fy, and so k < 7. Let I = {1,...,7}\ {k} and for i € I, let Q;
be as in Bl

Let D1 be the set of doors for ry that are disjoint from e, and let D5 be the set of doors for rs.

(1) For each i € I, one of F; N Q; N D1, F; N Q; N Dy is nonempty, and if k = 7 or i > k then
both are nonempty.

Let ¢ € I, and let the edges of QQ; in order be eq,...,e,,e1, where ey = uv and e3 = zy. Since
|F; N Q;| > 5 and F; contains at most one of ey, es, it follows that n > 6. Suppose that k = 7. Then
for 1 < j <7, F; contains one of ey, ez; and hence es, ..., e, ¢ Fj forall j € {1,...,7} with j # 4. It
follows that e, e,_1 belong only to F; and hence e, € F; N Q; N Dy. Since this holds for all ¢ € I, it
follows that |Dy| > |I| > 6. Hence 72 is big, and so by hypothesis, m(uv) > 5. Since zy ¢ E(G), e3 is
an edge of C,,, and since e3, e4 belong only to Fj, it follows that e3 is a door for r1. But ez # ux, vy
from the choice of the switchable path, and so eg € F; N Q; N D;. Hence in this case (1) holds.

Thus we may assume that k = 6 and so I = {1,...,5,7}; we have m(e) = 4, and r9 is small, and
wv € Fi,..., F5, and 2y € Fs. If i = 7, then since uv,zy € @; and F; contains one of ey, ey for all
je{1,...,6}, it follows as before that e3 € F; N Q; N Dy and e, € F; N Q; N Dy. We may therefore
assume that ¢ < 6. For 1 < j <7 with j # ¢, |[F; N Q;| =1, and for 1 < j < 6, F; contains one of
e1,es. Hence es, ..., e, belong only to F; and to Fr, and only one of them belongs to F7. If neither
of e,,e,_1 belong to Fr then e, € F; N Q; N Dy as required; so we assume that Fr contains one of
én,€n—1; and so es,...,e,_o belong only to F;. Since n > 6, it follows that e3 € F; N Q; N Dy as
required. This proves (1).

If £ =7, then (1) implies that |D;]|,|D2| > 6 as required. So we may assume that k& = 6 and
hence m(e) = 4 and zy ¢ E(G); and 7y is small. Suppose that there are three values of i € {1,...,5}
such that |F; N D1l =1 and F;, N Dy = 0, say i = 1,2,3. Let f; € F; N Dy for i = 1,2,3, and we
may assume that f3 is between f1 and fy in the path C,, \ {uv}. Choose X C V(G’) such that
der(X) = Q3. Since only one edge of C,, \ {e} belongs to @3, one of fi, fo has both ends in X and
the other has both ends in V(G’) \ X; say f1 has both ends in X. Let Z be the set of edges with
both ends in X. Thus (Fy N Z) U (F» \ Z) is a perfect matching, since e € Fy N Fy, and no other
edge of dg/(X) belongs to F1 U Fy; and similarly (Fo N Z) U (F1 \ Z) is a perfect matching. Call
them FY, F} respectively. Then FY{, F}, F3, Fy, ..., F7 form a T-edge-colouring of (G, m’), yet the only
edges of Dy U Dy included in F] U F} are fi, fo, and neither of them is in F}, contrary to (1). Thus
there are no three such values of i; and similarly there are at most two such that |F; N D] = 1 and
F;N Dy = (). Thus there are at least two values of ¢ € I such that |F; N\ Dy|+ |F; N Dy| > 2 (counting
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i =17), and so |D1| + |Dz| > 8. But |Ds| < 3 since ry is small, so |D1| > 5. This proves (.8 |

5.9. No minimum 7-counterezample contains Conf(I2).

Proof. Let (G,m) be a minimum 7-counterexample, and suppose that some edge uv is incident
with a triangle wvw with m(uv) + m(vw) = 5, and suppose that wv is also incident with a region rq
that has at most five doors disjoint from v. Let tv be the edge incident with r; and v different from
wv. By EE3, we do not have Conf([ll) so m(tv) = 1, and by EE2 m(uw) = 1. By 4 we do not have
Conf(@), u and ¢ are nonadjacent in G. It follows that the path u-w-v-t is switchable; let (G',m’) be
obtained from (G, m) by switching on it, and let Fy,..., F; be a 7-edge-colouring of (G',m’). Since
m/(uv) +m/(uw) + m/(ut) = 7, we may assume by Bl that ut € F7, and F; contains one of uv, vw
for 1 <j<6Let I ={1,...,6} and for i € I, let Q; be as in Bl

Let D; be the set of doors for r; that are disjoint from v. Let ¢ € I, and let the edges of @Q); in
order be eq,...,e,,e1, where ey = vw,es = uv and eg = ut. Since |F; N Q;| > 5 and F; contains at
most one of eq, e, e3, it follows that n > 7. For 1 < j < 7, F}; contains one of e, ez, e3; and hence
es,...,en & Fj for all j € {1,...,7} with j # i. It follows that e4,es belong only to F;. By the
choice of the switchable path e4 # tv and hence e4 € F; N Q; N D1. Since this holds for all ¢ € I, it
follows that |D;| > |I| > 6, a contradiction. This proves B9 |

5.10. Let (G,m) be a minimum T7-counterexample, let x-u-v-y be a three-edge path of G, and let
(G,m’) obtained by switching on x-u-v-y. If (G, m) is not smaller than (G,m'), and (G,m') contains
one of Conf{)-Conf(Id) then xz-u-v-y is switchable.

Proof. Suppose that z-u-v-y is not switchable. Then, since (G, m') is a 7-counterexample and (G, m)
is not smaller than (G, m’), the latter is a minimum counterexample. But by EE3HEI, no minimum
7-counterexample contains any of Conf(ll)-Conf(IZ), a contradiction. This proves BI0 |

5.11. No minimum 7-counterezample contains Conf(I3).

Proof. Let (G,m) be a minimum 7-counterexample, with a square zuvy and a tough triangle uvz,
where m(uv) +m™ (zy) > 4 and m(zy) > 2. Since (G, m) does not contain Conf(H) by B2, we have
m(uv)+m™T (xy) = 4. Suppose that m(uv) > 3; then since zuvy is small and (G, m) does not contain
Conf(@) by B3, we have m(uv) = 3 and m™(uz) = m*(vz) = 1, contradicting the fact that uvz is
tough. Thus m(uv) < 2.

Since (G, m) does not contain Conf(Bl) by B4, it follows that m(uzx) +m(vy) < 4. Thus the cycle
x-u-v-y-z is switchable; let (G, m’) be obtained from (G,m) by switching on it, and let F,..., Fr
be a T-edge-colouring of (G',m’). Let k = m/(uv) + m/(zy) € {5,6}. By Bl we may assume that
ww € F; for 1 <i < m/(w), and xy € F; for m'(uwv) < i < k. Let I = {1,...,7} and for i € I, let
Q; be as in BJl Denote by rq, ro, the second regions for vz, xy, respectively, and by Dy, Do their
respective sets of doors.

(1) One of m™(uz),m*(vz) = 1.

Let i € I, and let the edges of (); in order be eil, . ,e%i, eli, where eli = uv, eé = zy and efh_ € {uz,vz}.
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Since |F; N Q;| > 5 and F; contains at most one of e}, e}, it follows that n; > 6. For 1 < j < k, F}
contains one of e}, eb; and hence €, . .. ,efh_ ¢ Fj for all j € {1,...,k} with j # i.

Suppose that £ = 6. We may assume by symmetry that vz € @7, and so m(vz) =1 and vz € Fr.
Also, uz € F; for some m/(uv) < i < k, say uz € Fg. Let i € I\ {6,7}. Then since uz and zy both
belong to Fg, vz € ;. Then since eili = vz and vz ¢ Fj, we have n; > 7 and €}, ... ,eili_l belong
only to F;. Tt follows that F; N Q;N Dy is nonempty, and so r; is big. Hence m™(vz) = 1 as required.

Suppose that k& = 5. Then by hypothesis, m(uv) = 1, m(zy) = 2, and 7y is small. We have
wv € Fy, Fy and xy € F3, Fy, F5. Suppose that uz € Q7 and m(uz) > 2. Then uz belongs to both Fy;
and Fg. Further vz ¢ Fy, Fy, Fg, F; and so by symmetry we can assume that vz € F5. Consequently
when i € T\ {5}, we have uz € Q;, n; > 7 and €j,...,e’_; belong only to F;. Further, m(uz) = 2.
But then F; N Q; N D3 is nonempty, contradicting the fact that r3 is small. By the same argument
if m(vz) > 2 then vz ¢ Q7.

Since wvz is tough, by symmetry we may assume that m*(uz) > 3. Thus uz ¢ Q7, and so
vz € Q7 and m(vz) = 1. Since m(uz) > 2, uz belongs to two of Fjs, Fy, F5, Fs; by symmetry say
uz € F5. Thus for i € I\ {5}, vz € Q;, €5,. .. ,efh__l belong only to F;, Fg. It follows that at least one
of F;NQ;N D1, F;NQ;N Dy is nonempty, and if i = 6 then both are nonempty. Thus |D;|+ |D2| > 7,
and since ry is small |Dq| > 4. Tt follows that m™(vz) = 1, as required. This proves (1).

By (1) we may assume that m™*(vz) = 1. Since uvz is tough, (1) implies m™ (uz) + m™ (uv)
Since (G, m) does not contain Conf(@) by B3} it follows that m(uv) = 2, m(uz) = 2 and m(ux)
But (G, m) does not contain Conf(Bl) by B4, a contradiction. This proves BTl

> 6.
> 3.
i

5.12. No minimum 7-counterexample contains Conf(IZ).

Proof. Let (G,m) be a minimum 7-counterexample, with a region r bounded by a cycle C, =
vg, .. .,vs. Denote the edge v;v;+1 by f; for 0 < i < 4 (taking indices modulo 5) and suppose
that m™*(eg) > 2, and that m™(f2),m"(f3) > 4. Since G has minimum degree at least three,
m(f2) =m(fs) =3.

Let (G',m') be obtained by switching on the path vs-vg-vi-ve; since m(f2), m(f3) > 3, (G',m’)
contains a triangle vovgvy with m/(vqugvy) > 7. Since (G,m) is a T-target, m(dg({u,v,z})) > 9
and it follows that m/(d¢r({u,v,x})) > 7. Since m/(uwv) + m/(uzx) + m/(vax) > 7, it follows that
m/(§({u,v,x})) = 7. Hence by 11 (G’, m’) is T-edge colourable. Let Fy,..., Fr be a T-edge colouring
of (G',m’). Let k = m/(vov1) + m/(vavy) > 3. By Bl we may assume that vovy € F; for 1 < i <
m/(vov1), and vovy € Fy. Let I ={1,...,7} \ {k} and for i € I, let Q; be as in Bl Let ¢ € I, and
let the edges of @); in order be ey, ..., e,,,e1, where e; = vgv; and ez = vovg. Since |F; N Q;| > 5 and
F; contains at most one of eq, ey, it follows that n; > 6. For 1 < j < 6, F}; contains one of eq, ea;
and hence e3,...,e, ¢ F; for all j € {1,...,k} with j # ¢. By the choice of the switchable path,
es € {f2, f3}. By setting ¢ = 7, without loss of generality we may say fo € Q7; it follows that fo
does not belong to Fi,..., Fy and k < 4. Thus f5 belongs to three of Fy.1,..., Fr, say fo belongs
to F5, Fg, F7. Further f3 belongs to three of Fi,..., Fy. Let r9 denote the second region for fo and
let Dy denote its set of doors.

It follows that fo € @Q; for each ¢ € I. Suppose that £ = 4. Then for each ¢ € I, the edges of
Qi \ {fo, f2} belong only to F;. Thus F; N Q; N Dy is nonempty, contradicting the fact that ro is
small. Thus k = 3, and so m(f1) = 1. Denote by 7 the second region for fy and D; its set of doors.
For each i € I, n; > 7 and the edges of Q;\ { fo, f2} belong only to F;, F;. Consequently at least one
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of F;NQ; N Dy, F; NQ; N Dy is nonempty, and both are nonempty if i = 4. Thus |D;| + |D2| > 7,
but since r is small, |Dy| > 4, a contradiction. This proves BEI2 |

5.13. No minimum 7-counterezample contains Conf(I).

Proof.

Let (G, m) be a minimum 7-counterexample, with a region r bounded by a cycle C, = vy, ..., vy4.
Denote the edge v;v;11 by f; for 0 < i < 4 (taking indices modulo 5) and suppose that m™(fy) > 3,
and that m™(f2), m*(f3) > 3.

(1) Suppose that either fy is 3-heavy, or both fa, f3 are 3-heavy. Then the path vi-vy-vi-ve is not
switchable.

Suppose that the path vg-vg-vi-vy is switchable; let (G’,m’') be obtained by switching on it and
let F,...,Fr be a T-edge colouring. Let k = m/(vgv1) + m/(vavy) > 4. By Bl we may assume that
vovy € F; for 1 < i < m/(vgvy1), and vovy € F. Let I ={1,...,7}\ {k} and for i € I, let Q; be as in
(5311

Since k > 4 and m(f2),m(f3) > 2, we may assume without loss of generality that both fo, f3
belong to F;. Consequently, fo € Q; for each i € I'\{1} and f5 belongs to at least two of Fj11,..., F7,
say fo belongs to Fg, F7, and so k < 5. Let i € I'\{1}, and let the edges of Q); in order beey,...,e,, €1,
where e; = vgvy, €2 = vovg and ez = fy. Since |F; N Q;| > 5 and F; contains at most one of ey, eg, it
follows that n > 7. For 1 < j < 6, F}; contains one of e, e2; and hence ey, ..., e, ¢ F; belong only
to F;, and possibly F7.

Denote by r1, 75 the second regions for fy, f2, respectively and denote by Dy, Dy their respective
sets of doors. Suppose that k + m(f2) = 7, and so m(fy) + m(f2) < 5. Then for each i € I\ {1},
both F;NQ; N D1, F;NQ;N Dy are nonempty. It follows that both 1 and r9 are big, a contradiction.

Thus k+m(f2) <6, and so k < 4. For each i € I'\ {1}, at least one of F;NQ; N Dy, F;NQ; N Dy
is nonempty, and both are nonempty if ¢ = 5. Since at least one of ry,79 is a triangle, one of
|D1],|D2] <2, and so k+m(fe) < 6. |D1|+|D2| > |I| =6. But k >4 and m™*(f2) > 3 and so 71,72
are both small, a contradiction. This proves (1).

Now, suppose that (G, m) contains Conf([H), and so fj is 3-heavy. By (1), the path vs-vp-v1-vy
is not switchable, and m(fy) = 2, and by symmetry we may assume that m(fy) > 3. It follows that
m(f2) < 2, for otherwise we could relabel the vertices of C, to contradict (1). Further by (1) the
path v1-v9-v3-v4 is not switchable. Similarly f; is not 3-heavy. Since vi-v9-v3-v4 is not switchable,
and m(f1),m(f2) < 2, it follows that m(f3) > 3. Further the 7-target obtained by switching on
v1-v2-v3-v4 contains Conf(@), and so by BT it follows that m(f;) > 2. Now, the path vo-vs-v4-vg
is switchable; let (G',m’) be obtained by switching on it and let Fi,..., Fr be a T-edge-colouring.
Since m’(v3vy) + m'(vove) = 5, we may assume by BJ] that vgvy belongs to F; for 1 < i < 4 and
vove € F5. Also by symmetry vovsg and v4vg both belong to Fg, and so fo, f1 do not belong to Fg. Let
I={1,...,7}\ {5} and for i € I let Q; be as in BJl Let the edges of Q¢ in order be eq,...,e,, €1,
where e; = v3vy and es = vqvg. Since |F; N Qg| > 5 and F; contains at most one of eg, ey, it follows
that n > 6. For 1 < j <6, F; contains one of ey, es; and hence es, ... e, ¢ F; for all j € {1,...,k}
with j # 6. It follows that es,...,, e, belong only to Fg, F7. By the choice of the switchable path,
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es € {fo, f1}, and so m(e3) > 2. Hence e3 belongs to both Fg, F7, a contradiction. This proves
|

5.14. No minimum 7-counterezample contains Conf(Id).

Proof. Let (G,m) be a minimum 7-counterexample, with a region r bounded by a cycle C, =
v, .- -, U5. Denote the edge v;v;41 by f; for 0 < i <5 (taking indices modulo 6) and suppose that
f1, f2, f3, fa, f5 are 3-heavy with multiplicity at least two.

(1) The path vg-vi-va-vs is not switchable.

Suppose that vg-v1-ve-v3 is switchable. Let (G',m’) be obtained by switching on it and let Fy, ..., F;
be a 7-edge-colouring of (G',m’). Let k = m/(vive) + m/(vov3) > 4. We may assume by B that
vivg € Fj for 1 <1i < k and vovg € Fy. Let I ={1,...,7} \ {k} and for i € I, let Q; be as in BTl

For i € I, let the edges of Q; in order be e}, ... ,eili,e’i, where e} = vjvy and e} = wvyvs. Since
|F; N Q;| > 5 and F; contains at most one of e, e}, it follows that n > 6. Let i € I. For 1 < j < k,
F}; contains one of €, €b; and hence eg,...,efu ¢ F; for all j € {1,...,k} with j # 4. By the choice
of the switchable path €% € {fs, f1, f5}, and so e} is 3-heavy; thus one of efe] must belong to one of
... F5.

Thus k& = 4 and the second region for vjvy is a triangle vjvoz. Choose i € {5,6,7} such that
neither of {v1z,vex} is an edge of multiplicity one belonging to F;. Now, eé, . ,e%i do not belong
to Fi,...,Fy. By the choice of the switchable path, e} is 3-heavy, and so eih_ has multiplicity one
and belongs only to Fj, a contradiction. This proves (1).

Now m(vgvy) < 2, for otherwise the vertices of C, could be relabeled to contradict (1). By (1),
V0-v1-v2-v3 is not switchable. It follows that m(vivy) = 2 and the second region for vivs is a triangle
and m(vevs) > 3. By symmetry, m(vsvg) = 2, the second region for vsvg is a triangle, and m(vqvs) >
3. The 7-target (G, m) obtained by switching on vy-v1-ve-v3 contains Conf(@l), so by BEI0 (G, m) is
smaller than (G’,m’). It follows that m(vov1) + m(vovs) > 5. Similarly m(vov1) + m(vsvs) > 5.

Since m(vgvs) > 3, the path vi-v9-v3-v4 is switchable. Let (G’,m’) be obtained by switching on
it and let F1,..., Fr be a T-edge-colouring. Let k = m/(vauz) +m/(v1v4) € {5,6}. We may assume by
BTl that vevs € F; for 1 <i < k and vivg € Fi. By symmetry we may assume that vive € Fj1q. Let
I={1,...,7} \ {k} and for i € I, let @Q; be as in[BJl Let the edges of Q7 in order be ey,...,e,, €1,
where e; = vovs and ey = v1vy. Since |F; N Q;| > 5 and F; contains at most one of e, ey, it follows
that n > 6. For 1 < j <k, F} contains one of eq, e2; and hence es, ... e, ¢ F; for all j € {1,...,k}
with § # 4.

Suppose that £ = 6. Then eg,..., e, belong only to F7, and so es has multiplicity one. By the
choice of the switchable path, es = fo. But fo ¢ F; since fi € Fr, a contradiction. Thus k = 5,
and so m(f2) = 3 and m(fy) > 2. Now e3,...,e, belong only to Fg, F7, and so es is not 3-heavy.
It follows from the choice of the switchable path that es = fo. But m(fy) > 2 and fy ¢ Fs since
f1 € Fg, a contradiction. This proves B.T4l |

This completes the proof of EE1l and hence of
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