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Abstract

A graph is prismatic if for every triangle T, every vertex not in 1" has exactly one neighbour in 7T'. In
this paper and the next in this series, we prove a structure theorem describing all prismatic graphs.
This breaks into two cases depending whether the graph is 3-colourable or not, and in this paper we
handle the 3-colourable case. (Indeed we handle a slight generalization of being 3-colourable, called
being “orientable”.)

Since complements of prismatic graphs are claw-free, this is a step towards the main goal of this
series of papers, providing a structural description of all claw-free graphs (a graph is claw-free if no
vertex has three pairwise nonadjacent neighbours).



1 Introduction

Let G be a graph. (All graphs in this paper are finite and simple.) A cligue in G is a set of pairwise
adjacent vertices, and a triangle is a clique with cardinality three. We say G is prismatic if for every
triangle T, every vertex not in 1" has exactly one neighbour in 7. Our objective, in this paper and
the next [1] of this series, is to describe all prismatic graphs.

A graph is claw-free if no vertex has three pairwise nonadjacent neighbours. The main goal of
this series of papers is to give a structure theorem describing all claw-free graphs. Complements of
prismatic graphs are claw-free, and we find it best to handle such graphs separately from the general
case, since they seem to require completely different methods.

A 3-colouring of a graph G is a triple (A, B,C) such that A, B,C are pairwise disjoint stable
subsets of V(G) with union V(G); and we call the quadruple (G, A, B,C) a 3-coloured graph. One
way to make a (3-colourable) prismatic graph is to take several smaller prismatic graphs, each with
a 3-colouring, and piece them together in a “chain”. (We explain the details later.) This kind of
chain construction is only needed in the 3-colourable case, and for this reason and others, it seems
best to treat 3-colourable prismatic graphs separately, and that is one of our goals in this paper.

The graph G we construct by this chaining process depends not only on the graphs that are the
building blocks, but also on the 3-colouring selected for each; so for this to count as a “construction”
for GG, we need constructions for all these smaller 3-coloured graphs. For this reason, our aim in
this paper is to construct not only all 3-colourable prismatic graphs, but all 3-colourings of such
graphs. But it turns out that, with a few small exceptions, a prismatic graph that admits none of
our decompositions has at most one 3-colouring (up to exchanging the colour classes), so enumerating
its 3-colourings is not a problem.

Let T' = {a,b,c} be a set with a,b, ¢ distinct. There are two cyclic permutations of 7', and we
use the notation a — b — ¢ — a to denote the cyclic permutation mapping a to b, b to ¢ and ¢ to a.
(Thus a - b — ¢ — a and b — ¢ — a — b mean the same permutation.)

Let G be a prismatic graph. If S,T are triangles of G with S N'T = (), then since every vertex
of S has a unique neighbour in 7" and vice versa, it follows that there are precisely three edges of
G between S and T, forming a 3-edge matching. An orientation O of G is a choice of a cyclic
permutation O(T') for every triangle T' of G, such that if S = {s1,s2,s3} and T' = {¢1,t2,t3} are
triangles with S NT = (), and s;t; is an edge for 1 < i < 3, then O(S) is 51 — s3 — s3 — s7 if
and only if O(T) is t; — to — t3 — t1. We say that G is orientable if it admits an orientation.
Every 3-colourable prismatic graph is orientable, as we shall see later. It turns out that orientable
prismatic graphs are not much more general than 3-colourable ones, and it is convenient to handle
them at the same time.

In order to state our main results (a construction for all 3-colourable prismatic graphs, and a
construction for all orientable prismatic graphs), we need a number of further definitions, and it is
convenient to postpone the full statement of these theorems until section 11.

2 A construction

First we give a construction for a subclass of prismatic graphs. We present this in the hope of
aiding the reader’s understanding for what will come later; the truth of the claims in this section
is not crucial, and we leave the proofs to the reader. (Our main result is that every orientable



prismatic graph can be built from the graphs presented in this section and one other class, by certain
composition operations.)

There are four stages in the construction. First, we need what we call “linear vines” and “circular
vines”.

e Start with a directed path or directed cycle S with vertices s1,..., s, in order with n > 1, such
that if S is a cycle then n > 5 and n = 2 modulo 3.

e Choose a stable subset W C V(S) (with sy, s, ¢ W if S is a path).

e For each s; € W, duplicate s; arbitrarily often (that is, add a set of new vertices to the
digraph, each incident with the same in-neighbours and out-neighbours as s;). Let Xy be the
set consisting of s; and these copies, and for 1 < i < n with s; ¢ W, let Xy = {si}. Let the
digraph just constructed be J;.

e For every edge uv of Ji, add a new vertex w to Ji, adjacent only to v and v, in such a way
that the cycle with vertex set {u,v,w} is a directed cycle. For 1 < i < n, let My;1+1 be the set
of all such w where u € Xgi and v € X2i+2. (If S is a path, let M7 = Mo,+1 = (0.) Let this
form a digraph Js.

e For each s; ¢ W, add arbitrarily many adjacent pairs of new vertices z,y to Ja, such that x,y
are adjacent only to s; and to each other, and the cycle with vertex set {x,y,s;} is directed.
Let Rg;—1, Loj+1 be the set of new out-neighbours and new in-neighbours of s;, respectively.
(Ensure that if S is a path then Ry, Lo, 1 are large enough that in the digraph we construct,
s1, $p, are both in at least two triangles.) Define Ro; 1 = Lo;11 =0 for 1 <i <n with s; ¢ W
(and if S is a path let L1 = Rop41 = 0).

If S is a path we call the digraph we construct a linear vine, and if S is a cycle we call it a circular
vine. (We give a more formal definition later.) In the remainder of the construction, we assume that
H is a linear vine; the modifications when H is circular are easy, and we leave them to the reader.
For1<i<n+41let Xo;_1 = Lo 1 UMo_1URo_1.

The second step of the construction is, we take the undirected graph underlying H, and add some
new vertices to it. For 1 <14 <n let Xo; be a set including Xgi, such that the members of Xo; \XQZ
are new vertices, and in particular the sets Xo,..., X, are pairwise disjoint. For each new vertex
w € Xo; \Xgl-, all its neighbours belong to Ro;—1 U Lo;+1, and w is adjacent to exactly one end of
every edge of H' between Rg;_1 and Lg;y1. Let the graph we obtain be H'.

Third, now we add more new edges to H'. We add the edge uv for each choice of vertices
u,v € V(H') satisfying the following: u € X; and v € X, where 1 <i< j <2n+1and j > i+ 2,
and either

e j>i+3and j —¢ =2 modulo 3;
e j=19+2and ¢ is even;

e j=1i+2andis odd, and either u ¢ R; or v ¢ L; 9, and u,v have no common neighbour in

A~

Xi—i—l-



Let the graph just constructed be G’.

The fourth and final step of the construction is, for all even 4,j with 2 < ¢ < j < 2n, we may
arbitrarily delete any of the edges between X; \XZ and X; \X ;. Let the graph we produce be G.

We leave the reader to check that G is prismatic and orientable (and indeed, the edges of G in
cycles of length 3 are precisely the edges of H, and their directions in H define an orientation of G
in the natural way). We call such a graph G a path of triangles graph. (Again, we give a formal
definition later.) There is a similar construction starting from a circular vine, and again the graphs
that result are prismatic and orientable; we call them cycle of triangles graphs.

3 Core structure

Before we begin on the main theorem (or even attempt its statement; the statement of the main
theorem will appear in section 11) we study the question under two simplifying assumptions. We say
G is triangle-covered if every vertex of G belongs to a triangle; and G is triangle-connected if there is
no partition A, B of V(G) into two subsets, both including a triangle, such that every triangle of G
is included in one of A, B. We shall explain the structure of 3-colourable prismatic graphs that are
triangle-covered and triangle-connected.

If X C V(G), we denote the subgraph of G induced on X by G|X. If Y C V(G) and z € V(G)\Y,
we say that x is complete to Y or Y-complete if x is adjacent to every member of Y; and =z is
anticomplete to Y or Y -anticomplete if x is adjacent to no member of Y. If X|Y C V(G) are
disjoint, we say that X is complete to Y (or the pair (X,Y) is complete) if every vertex of X is
adjacent to every vertex of Y. We say that X is anticomplete to Y (or (X,Y) is anticomplete) if
(X,Y) is complete in G. If X, Y C V(G), we say that X,Y are matched if X NY =0, |X| = |Y]|,
and every vertex in X has a unique neighbour in Y and vice versa.

Let us say that G is a path of triangles graph if for some integer n > 1 there are pairwise
disjoint stable subsets Xi,..., Xop4+1 of V(G) with union V(G), satisfying the following conditions
(P1)—(P7).

(P1) For 1 < i < n, there is a nonempty subset Xo; C X |X2\ = |X2n\ =1, and for 0 < i < n, at
least one of Xg;, X9;10 has cardinality 1.

(P2) For1<i<j<2n+1

(1) if j —i = 2 modulo 3 and there exist u € X; and v € Xj;, nonadjacent, then either i, j are
odd and j =i+ 2, or ¢,j are even and u ¢ X; and v ¢ Xj;
(2) if j —i # 2 modulo 3 then either j =4+ 1 or X; is anticomplete to X;.

(P3) For 1 <i<n+1, Xy is the union of three pairwise disjoint sets Lo;_1, Ma;—_1, R2;—1, where
Ly = My = Mapy1 = Ropy1 = 0.

(P4) If Ry = 0 then n > 2 and |Xy| > 1, and if Ly, 1 = 0 then n > 2 and | X, _o| > 1.

(P5) For 1 < ) < n, XQi is anticomplete to Lgifl UR2i+1; XQZ' \XQZ is anticomplete to Mgifl UM2i+1;
and every vertex in Xo; \ Xy; is adjacent to exactly one end of every edge between Ry;_1 and
Lajt1.

(P6) For 1 <i <n,if | Xy| =1, then



(1) Ro;i—1, Loj+1 are matched, and every edge between Mo; 1 U Ro;—1 and Lo;11 U Mo;qq is
between Ro; 1 and Lojy1;

(2) the vertex in XQZ‘ is complete to Ro;—1 U Mo;_1 U Loj1 U Moy q;
(3) Lo;j—1 is complete to Xo;+1 and Xg;_1 is complete to Ra;y;

(4) if i > 1 then My;_1, Xo;_o are matched, and if ¢ < n then Ma;y1, Xgi+2 are matched.
orl <1< n,1 A2i> then
(P7) For 1 <i<n,if |[Xa] > 1 th

(1) Rai—1 = Lait1 = 0;
(2) if ue X9 and v € X941, then u,v are nonadjacent if and only if they have the same
neighbour in Xo;.

We leave the reader to check that this is equivalent to the definition presented in the previous section.
It is easy to see a vertex of GG is in no triangle of GG if and only if it belongs to one of the sets Xo; \Xg,
If for cach i we have Xo; = Xo;, then G is triangle-covered, and G is called a core path of triangles
graph. The sequence X7, ..., Xo,11 is called a (core) path of triangles decomposition of G. We shall
prove the following.

3.1 Let G be a non-null 3-colourable prismatic graph that is triangle-covered and triangle-connected.
Then either G is isomorphic to L(K33), or G is a core path of triangles graph.

(K33 is the complete bipartite graph on two sets of cardinality three, and L(H) denotes the line
graph of a graph H.) The proof is contained in the next four sections.

4 Orientable prismatic graphs

We defined what we mean by an orientation in the first section, and it is convenient to prove an
extension of 3.1 in which we replace the 3-colourable hypothesis by the weaker assumption that G is
orientable. To begin, let us see that this is indeed weaker.

4.1 FEwvery 3-colourable prismatic graph is orientable.

Proof. Let (A, B,C) be a 3-colouring of an orientable prismatic graph G. For each triangle T,
define O(T) to be a — b — ¢ — a where T' = {a,b,c} and a € A,b € B and ¢ € C. We claim
that O is an orientation of G. For let S = {s1, s9,s3} and T = {t1, 2, t3} be disjoint triangles where
s1t1, sata, ssts are edges. Let O(S) be s1 — sg — s3 — s1; thus we may assume that s € A,s0 € B
and s3 € C. We must show that O(T) is t; — to — t3 — t1. Certainly t; ¢ A, since s1,t; are
adjacent, and so either t; € B or t; € C. If t; € B, then since t3 is adjacent to both s3 and t1, it
follows that t3 € A and therefore t5 € C' and the claim follows; and if t1 € C, then to € A and t3 € B
and again the claim follows. This proves 4.1. [ |

The converse to this is false; there are orientable prismatic graphs that are not 3-colourable.
For instance, let G have vertex set {vp,...,v9}, with edges v;v;4+1 and v;v;45 (for all 7), and v;v;19
(for ¢ even), reading subscripts modulo 10. (We call this graph the core ring of five.) Nevertheless,
orientable prismatic graphs are not much more general than 3-colourable prismatic graphs, as we
shall see. We need a slight modification of an earlier definition, as follows.



Let us say that G is a cycle of triangles graph if for some integer n > 5 with n = 2 modulo
3, there are pairwise disjoint stable subsets Xi,..., Xy, of V(G) with union V(G), satisfying the
following conditions (C1)—(C6) (reading subscripts modulo 2n):

(C1) For 1 < i < n, there is a nonempty subset Xgi C Xo9;, and at least one of )A(gi,f(%_g has
cardinality 1.

(C2) Forie{l,...,2n} and all k with 2 <k <2n—2,let j € {1,...,2n} with j = i + k& modulo
2n:

(1) if £ = 2 modulo 3 and there exist v € X; and v € X, nonadjacent, then either i, j are
odd and k € {2,2n — 2}, or 4,5 are even and u ¢ X; and v ¢ X;
(2) if k # 2 modulo 3 then X; is anticomplete to X;.

(Note that & = 2 modulo 3 if and only if 2n — k& = 2 modulo 3, so these statements are
symmetric between i and j.)

(C3) For 1 <i<mn+1, Xy is the union of three pairwise disjoint sets Lo;_1, Ma;_1, Ro;j—1.

(C4) For 1 <i < n, Xo; is anticomplete to Lo;—1 U Ro;11; Xo; \XQZ is anticomplete to May;—1 U Mo,y 1;
and every vertex in Xo; \ Xo; is adjacent to exactly one end of every edge between Ry;—1 and
Loiy1.

or St1TsSn,l AQZ':, en
C5) For1 <3< if | X 1, th
(1) Rgi—1,Loj+1 are matched, and every edge between Mo; 1 U Ro;—1 and Loj1q U Ma;qq is
between Rgifl and L2i+1;
(2) the vertex in XQi is complete to Ro;—1 U Mo;—1 U Loj 1 U Moit1;
(3) Lo;—1 is complete to Xo;11 and Xo;_1 is complete to Ro;y1
(4) Mgi_l,Xgi_Q are matched and M2i+1,X22‘+2 are matched.

(C6) For 1 <i < n, if | Xy| > 1 then

(1) Roi—1 = Laiy1 = 0;
(2) if u € X9;—1 and v € X911, then u,v are nonadjacent if and only if they have the same

neighbour in b'e %-

Again, if Xoi = Xo; for 1 < i < n we call G a core cycle of triangles graph. We call the sequence
X1,...,Xopn a (core) cycle of triangles decomposition of G. We shall prove the following.

4.2 Let G be a non-null orientable prismatic graph that is triangle-covered and triangle-connected.
Then either G is isomorphic to L(K33), or G is a core cycle of triangles graph, or G is a core path
of triangles graph.

To show that this implies 3.1, we need the second statement of the following lemma.

4.3 Fvery core path of triangles graph is 3-colourable, and no core cycle of triangles graph is 3-
colourable.



Proof. Let Xi,...,Xo,4+1 be a core path of triangles decomposition of G. Then
(X1UX4UX7U‘” , XoUXsUXgU--- ,X3UX6UX9U”‘)

is a 3-colouring of GG. This proves the first assertion.

For the second, let X1,..., X9, be a core cycle of triangles decomposition of G, and for each i
choose z; € X;, so that x;, z;11 are adjacent for all i. Let (A, B,C) be a 3-colouring of G. Since n
is not divisible by 3, it is not the case that for all i, the vertices x9;, x2;+2,T2;14 all have different
colours. Since xg; 19 is adjacent to both x9; and 9,14, we may therefore assume that (say) xo, 26 € A
and x4 € B, and therefore z3,z5 € C. Since xg is adjacent to x3 € C and to xzg € A, it follows that
xg € B; and since x1g is adjacent to o2 € A, x5 € C and to xg € B, this is impossible. This proves

4.3. [ |

5 Vines and their structure

In this section we prove a lemma that will be needed for the proof of 4.2. If u, v are adjacent vertices
of a digraph H, we write u — v to denote that the edge uv has tail u and head v. (We only use this
notation in digraphs with no directed cycle of length 2.)

We regard a digraph as a graph with additional structure; and in particular, we define the
triangles, paths, cycles etc. of a digraph to mean the corresponding object in the undirected graph.
When we mean a directed cycle or similar, we shall say so explicitly. We say a thorn of a digraph
H is a vertex belonging to only one triangle of H. An edge wv of H is a twig if there is a unique
vertex w such that {u,v,w} is a triangle, and this vertex w is a thorn of H. A path P of H is called
a twig path if all its edges are twigs. We say that a digraph H is a wvine if it satisfies the following
conditions (V1)—(V7).

(V1) H has at least one edge, and H is connected (as a graph), and every cycle of H has length at
least three.

(V2) Every edge of H is in a unique cycle of length 3.
(V3) Every cycle of H of length 3 is a directed cycle.
(V4) Every triangle of H contains a thorn of H.

(V5) If hi-ho-hg-hy-hs are the vertices in order of a 4-edge twig path of H (not necessarily an induced
subgraph), then either hy — hg — hyg or hy — hs — ho.

(V6) If hi-ha-h3-hg-h; are the vertices in order of a 4-vertex cycle of H and hy — hg, then hy — hg.

(VT7) If C is a cycle of H with length at least five, and no vertex of C' is a thorn of H, then C has
length 2 modulo 3.

Here is a useful lemma.
5.1 Let uv be an edge of a vine H. If neither of u,v is a thorn then uv is a twig.

Proof. There is a triangle T' containing u,v; let " = {u,v,w} say. Since some vertex of T is a
thorn, it follows that w is a thorn, and so uv is a twig. [ ]



In section 2 we introduced linear and circular vines. It is easy to check that they are indeed
vines. What follows is a more formal definition of the same thing. A vine H is said to be linear
(respectively, circular) if there is a directed path (respectively, directed cycle) S of H, with vertices
s§1 — S — +-+ — &, for some n > 1, such that, denoting by Ng(v) the set of neighbours in V(S) of
ve V(H)\V(S), the following conditions (LV1)—-(LV4) are satisfied.

(LV1) S is an induced subgraph of H, and none of its vertices are thorns.

(LV2) If S is a cycle then n > 5 and n = 2 modulo 3 (and if so then in what follows subscripts are to
be read modulo n).

(LV3) Every vertex in V(H) \ V(S) has a neighbour in V(5).

(LV4) For every v € V(H) \ V(S), if v is not a thorn then for some i € {1,...,n}, where 1 <i < n if
S is a path

— Ns(v) = {si—1,8i41}
— every neighbour of s; or of v in V(H) \ V(S) is a thorn adjacent to one of s;_1,s;+1

= Si—1 7 U 7 Si41-

In this case we call S a stem of the vine. We will show the following.
5.2 FEvery vine with at least two triangles is either linear or circular.

Proof. Let H be a vine with at least two triangles. If C is a cycle of H of length at least five, and no
vertex of C'is a thorn, then all its edges are twigs by 5.1, and any five consecutive vertices of C form a
five-vertex twig path, in which the two middle edges form a directed path, from (V5). Consequently
every two consecutive edges of C form a directed path, that is, C' is a directed cycle. If H has a cycle
of length at least five of which no vertex is a thorn, let S be such a cycle. Otherwise, since H has at
least two triangles and is connected, there is a vertex that is not a thorn, and consequently we may
choose S to be a directed path as long as possible such that no vertex of S is a thorn of H.

Let the vertices of S be si,...,s, in order, where s; — s9 — --- — s,, and if S is a cycle then
Sp — 81. Thusn > 1.

(1) S is an induced subgraph of H.

For suppose that there exist 4,7 € {1,...,n} such that s;s; is an edge of H and not of S. Let
P be a subpath of S between s;,s;; then P is a directed path. Let C' be the cycle obtained by
adding the edge s;s; to P. Then C has length at least four, since no vertex of S is a thorn and every
triangle contains a thorn. Since P is a directed path, (V6) implies that C' has length at least five.
Consequently H has a cycle of length at least five in which no vertex is a thorn, and therefore S is
a directed cycle; and so there are two choices in S for the path P. For one of these two choices the
cycle C' is not a directed cycle, contrary to (V5). This proves (1).

(2) If u,v € V(H) \ V(S) are adjacent, and u has a neighbour in V(S), then u,v have a com-
mon neighbour in V(S).



For suppose first that for some ¢ € {1,...,n}, u is adjacent to s; and v is not. From the sym-
metry we may assume that u — s;. Since uw has two nonadjacent neighbours, u is not a thorn, and
so us; is a twig by 5.1; and certainly all edges of S are twigs. Let v’ € V(H) such that {u,v,v'} is
a triangle. Since s; has a unique neighbour in this triangle, it follows that s;, v’ are nonadjacent. If
v € V(S), then u, v have a common neighbour in V(S) as claimed, so we may assume that v’ ¢ V(5.
Since one of v, v’ is a thorn, and neither of them has a common neighbour with « in V(S), we may
assume that wv is a twig, by exchanging v, v’ if necessary.

If either ¢ > 3 or S is a cycle, then the two middle edges of the path s;_2-s;_1-$;-u-v both have the
same head, namely s;, a contradiction to (V5). Soi < 2 and S is a path. Let S’ be the directed path
U-Si=Si41- - - -Sn. Its length is at least that of S, and w is not a thorn of H; so from the maximality of
the length of S, it follows that ¢ = 2. Since u is not a thorn, no member of {s1, so,u} is a thorn, and
so this set is not a triangle, that is, u is not adjacent to s1. Since s; is not a thorn of H, it follows from
(V2) that s; has a neighbour x # s2 with z, s2 nonadjacent. From (1), z ¢ V(S), and = # u since
u, s1 are nonadjacent. We claim that we may choose x so that xs; is a twig. For if xs; is not a twig,
then z is a thorn; choose w so that {w,z,s1} is a triangle, and so ws; is a twig. Then w # s9 since
x, s9 are nonadjacent, and so w ¢ V(5), and w, sy are nonadjacent since s2 has only one neighbour in
this triangle; and hence (by exchanging w, x if necessary) we may assume that xs; is a twig. If z # v,
then the two middle edges of the path z-sj-se-u-v have the same head, contrary to (V5); and so
x = v. But then v-s1-so-u-v is a cycle of length four, and since u — s9 it follows that v — s1. Since
u, 81 are nonadjacent it follows that v is not a thorn. Also v-s{----- sy, is a directed path, contrary
to the maximality of the length of S. This proves that there is no such ¢, and so Ng(u) C Ng(v).
From the symmetry between u,v we deduce that Ng(u) = Ng(v); and since Ng(u) # () and at most
one triangle contains both w, v, it follows that [Ng(u)| = 1, Ng(u) = Ng(v) = {s;} say. Suppose that
u is not a thorn; then it has a neighbour w different from v, s;. Since Ng(u) = {s;}, it follows that
w ¢ V(5), and so by what we already proved, Ng(u) = Ng(w); but then w has two neighbours in
the triangle {u, v, s;}, a contradiction. Hence u, and similarly v, is a thorn. This proves (2).

(3) Ifve V(H)\ V(S), then 1 < [Ng(v)| <2. If [Ns(v)| = 2, then either

o Ng(v) = {si_1,Sit1} for somei € {1,...,n} (where 1 <i<n ifS is a path), and s;_1 — v —
Si+1, OT

o Ng(v) = {si,sit1} for somei € {1,...,n} (wherei <n if S is a path), and v is a thorn, and
Si+1 — U — S;.

For if v has no neighbour in V(S), then since H is connected, there is an induced path w-z-y
of H where w € V(S) and z,y ¢ V(S5), contrary to (2). Thus v has a neighbour in V(S). If every
two neighbours of v in S are adjacent, then the claim holds, so we may assume that v is adjacent
to s;,s; where i < j and s;, s; are nonadjacent. Hence v is not a thorn. If every path of S between
s;,8; has length at least three, then H has a cycle of length at least five no vertex of which is a
thorn of H, and so S is a directed cycle, and there are two paths in S between s;, s;; and for both
of them, their union with the path s;-v-s; makes a directed cycle, which is impossible. Thus there
is a path of length two in S between s;, s;, and we may assume that 1 <7 <n —2and j =i+ 2.
From the cycle v-s;-8;41-Si42-v, it follows that s; — v — s;42. If v has another neighbour in .5, say
sk, then k # .4+ 1,7 4+ 2, and we may assume that k # ¢ — 1 from the symmetry. By the same



argument applied to s;, sg, it follows that k =i — 2 (and so ¢ > 3 if S is a path), and that v — s;, a
contradiction. Thus Ng(v) = {s;, si+2}. This proves (3).

(4) If ve V(H) \ V(S) is not a thorn then
o Ng(v) = {si—1,Sit1} for some i€ {1,...,n}, where 1 <i<n if S is a path
e cvery neighbour of s; or of v in V(H) \ V(S) is a thorn adjacent to one of s;_1,Si+1
® Sj—1 UV —Si41-

For the first and third assertions follow from (3). For the second, suppose that u € V(H) \ V(S)
is adjacent to one of v, s;, and either it is not a thorn or it is nonadjacent to both s;_1,s;41. Let
{v,s;} = {z,y}, where u is adjacent to z. We claim that we may choose u so that uz is a twig. For
suppose it is not; then w is a thorn, and therefore u is nonadjacent to s;_1, s;+1. Let {w,u,z} be
a triangle; then w # s;_1, 841 since w is nonadjacent to them. Since s;_; has only one neighbour
in this triangle, it follows that w,s;—; are nonadjacent, and similarly w, s;;1 are nonadjacent, and
so we may replace u by w. This proves that we may assume that ux is a twig. But there is a
five-vertex path w-z-s;_1-y-s;4+1, and all its edges are twigs, and its two middle edges both have tail
$;—1, contrary to (V5). This proves (4).

From (1)—(4), it follows that S is a stem and H is either a linear or circular vine. This proves

5.2. [ |

6 The triangular digraph

In this section we make another step in the proof of 4.2. We show that, if G satisfies the hypotheses
of that claim, then (provided that G # L(K33)) we can associate a vine with G.

Let G be prismatic with an orientation O. Let H be the subgraph of G with V(H) = V(G), and
with edges the edges of G that belong to cycles of length 3. Let us direct the edges of H, so that
H is a digraph, as follows. For every triangle T' = {a,b,c} where O(T') is @ — b — ¢ — a, direct
the edges ab, bc, ca of H so that a — b,b — ¢,c — a. Since every edge of H belongs to exactly one
triangle (since G is prismatic), this gives a well-defined digraph H. We call H the triangular digraph
of G.

6.1 Let G be prismatic, triangle-covered and triangle-connected, and not isomorphic to L(K33),
and let O be an orientation. Let H be the corresponding triangular digraph. Then for every triangle
T, some vertex of T' is a thorn of H.

Proof. Let T = {t1,t2,t3} and suppose that for i = 1,2,3 there is a triangle T; # T' containing ¢;.
Any vertex in 17 N1y would be adjacent in G to both t1, to, which is impossible since G is prismatic,
and so T1 N Ty = (); and similarly T3, Ts, T5 are pairwise disjoint. Let T; = {ry, s;,t;} say, where O(T;)
ist; = r; = s; — t; for i = 1,2,3. Since t1,ts are adjacent, it follows that r1ry and s1so are edges,
and similarly that r7s, rors, $153, S2s53 are edges. Let W =Ty UTy UT3. Thus G|W is isomorphic to
L(K33).



Since G is not isomorphic to L(K33), it follows that V(G) # W. Since G is triangle-connected
and triangle-covered, there is a triangle () that has nonempty intersection with W and with V/(G)\W.
Since every two adjacent vertices in W belong to a triangle included in W, and belong to only one
triangle, it follows that |@ N W| = 1; and we may assume that @ N W = {¢;} from the symmetry.
Let Q = {q1,q2,t1}, where O(Q) is t; — ¢1 — q2 — t1. For i = 2,3, since t1,t; are adjacent and
O(T;) is t; — r; — s; — t;, it follows that ¢; is adjacent to r;. In particular, ¢; has two neighbours
in the triangle {ri, 72,73}, a contradiction. Thus not all of T4, Ts, T3 exist. This proves 6.1. [ |

6.2 Let G be prismatic, triangle-connected, triangle-covered, and not isomorphic to L(K33). Let O
be an orientation, and let H be the corresponding triangular digraph. Then H is a vine.

Proof. We must verify the seven conditions (V1)—(V7) in the definition of a vine. Since G is
triangle-covered and triangle-connected, it follows that H is connected. Every cycle of H is a cycle
of G, and therefore has length at least three. Thus (V1) holds. Conditions (V2) and (V3) are
clear, and (V4) follows from 6.1.

For (V5), let hq-ha-hs-hy-hs be the vertices of a 4-edge twig path P of H. If hq, hg are adjacent in
H, then since hyhs is a twig it follows that h3 is a thorn, a contradiction since hg has three neighbours.
So hi, hg are nonadjacent, and similarly hg, hs are nonadjacent. Let mq,mo, mg,my € V(H) such
that for i = 1,...,4, T; = {h;, hit1,m;} is a triangle. Thus mj,mg, m3, my are thorns; and since
mi,...,my all have different sets of neighbours, it follows that m1,...,my are all different. Since
mq has only two neighbours hq, hs, it follows that my # hg, hy, hs and so my ¢ V(P). Since mso only
has two neighbours hs, hs, it follows that mo # hy, hs; and mo # hy since hy, hg are nonadjacent. So
mg ¢ V(P). Similarly ms, my ¢ V(P).

Suppose that hg is the head of the edge hohg. Thus O(T%) is ma — hy — hg — ma. Let O(T}) be
x1 — y1 — he — x1 say, where {x1,y1} = {h1,m1}; and similarly let O(Ty) be x93 — y2 — hg — x2.
From the pair T5, Ty, since hg, hy are adjacent it follows that yo, ho are adjacent. From the pair
T1,Ty, since yo, hy are adjacent, it follows that x1, hy are adjacent. From the pair 7%, T3, since x1hy
and hohg are edges, it follows that O(T3) is m3 — hg — hgy — ms, and so hg — hg in H. Thus in
this case hg is the head of exactly one of the two edges. The argument when hg is the tail of hohg is
similar (and indeed can be reduced to the case we already did by reversing the orientation of every
triangle). This proves (V5).

For (V6), let hi-ho-hs-hy-hy be the vertices in order of a cycle of length 4, where hy — hsy. Let
my,my € V(G) such that {h1,ho,m1} = T1 and {hg, hy,me} = T are triangles. Since no edge
is in two triangles, mq,ma, h1, ho, hs, hy are all different. Since hy — hg, it follows that O(T}) is
mq — hi1 — ho — mq. Since hohg and hihy are edges, and mo has a neighbour in 77, it follows that
mq,my are adjacent in G, and so O(Ty) is ma-hg-hs-ms. Hence hg — hy in H. This proves (V6).

For (VT7), let hy----- hn-h1 be the vertices of a cycle C of H, in order, with n > 5, such that none
of them are thorns of H. We may assume that h; — he. By (V5), hy — hg, and so on; in general
(reading subscripts modulo n), h; — hjt1. For 1 < i <mn, let m; € V(H) such that {m;, h;, hj+1} is
a triangle T;. Since T; contains a thorn, it follows that m; is a thorn, and therefore m; ¢ V(C'). Now
for 2 < i < n — 2, the triangles T;,T;, are disjoint, and so if h; is adjacent in G to some z € T;,, then
hiy1 is adjacent (in G) to the image of x under the permutation O(T},). Since ho is adjacent to hi,
we deduce that h; is adjacent (in G) to hy if i« = 2 modulo 3, to m,, if i = 0 modulo 3, and to h,, if
i = 1 modulo 3. Since h,_1 is adjacent to h,, and therefore nonadjacent to hi,m,, we deduce that
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n — 1 =1 modulo 3, that is, n = 2 modulo 3. This proves (V7), and therefore completes the proof

The next result allows us to reconstruct G from a knowledge of its triangular digraph. If H is
the triangular digraph as usual, and P is a twig path of H of length at least three, we define the
signed length sl(P) of P as follows. Let P have vertices p1,...,p in order. Since H is a vine and
P is a twig path, the path obtained from P by deleting p1, pr is a directed path Qg; let @) be the
unique maximal directed subpath of P that contains Qg. An edge of P is called a forward edge if it
belongs to (), and any other edge of P is a backward edge. Thus, all edges of P are forward edges
except possibly for the first and last. We define the signed length sl(P) of P to be di — ds, where
di,do are the numbers of forward edges and backward edges in P, respectively.

6.3 Let G be prismatic, triangle-connected, triangle-covered, and not isomorphic to L(K33). Let O
be an orientation of G, and let H be the corresponding triangular digraph. Let P be a twig path of
H of length at least 3. Then the ends of P are adjacent in G if and only if sl(P) =1 modulo 3.

Proof. Let P have vertices p1,...,pr in order, where k > 4. From 6.2, it follows that by exchanging
p1, Pi if necessary, we may assume that ps — ps — -+ — pr_1. We claim that for 1 <i <k —2 p;
and p;;9o are nonadjacent. For suppose they are adjacent; then since p;p;11 and p;y1p;4o are both
twigs, it follows that p;, p;4+2 are both thorns. In particular, since p; has degree 2 it follows that ¢ = 1,
and since p;;+2 has degree 2 it follows that ¢ + 2 = k, and so k = 3, a contradiction. This proves our
claim that p; and p;42 are nonadjacent. It follows that ps,...,pr_1 are not thorns.

For each ¢ with 1 < i < k, choose a thorn m; € V(H) such that {p;, pi+1,m;} is a triangle T; say.
If p1 = m; for some i, then 2 < i < k; i # 2 since p1, ps are nonadjacent, and yet ps € {p;, pi+1} since
Di, Pi+1 are the only neighbours of m;, which is impossible. Thus m1,...,mg_1 # p1, and similarly
they are different from py, and therefore they do not belong to V(P). Moreover, they are all distinct.

Let 7 be the permutation O(T}). For i € {3,...,k}, let ; be the unique vertex of T} that is
adjacent in G to p;; thus 23 = py. For 3 < j < k — 2, since p; is mapped to p;11 by the permutation
O(T}), it follows that x;,1 = 7m(z;). Consequently xj_1 = ¥ 4(p2). Let n = k — 3 if py_1px has tail
pr_1, and n = k—5 if it has tail py. In the first case 2 = 7(x;_1), and in the second zj, = 7~ (zx_1),
and so in both cases xj, = 7"(pz). We claim that z;, = 7(")=1(p;). For if pip, has tail p;, then
sI(P) =n+2, and py = 7(p1), and so zj, = w*!F)=1(p;); and if p1ps has tail py, then sl(P) = n, and
p2 = 7 Y(p1), and so again z;, = w5F)=1(p;). Consequently z;, = p; if and only if s/(P) = 1 modulo
3. This proves 6.3. [ |

6.3 can be viewed another way. We are trying to make a “construction” of all orientable triangle-
connected triangle-covered prismatic graphs. We showed so far that such a graph gives rise to a
vine, and it can be reconstructed from a knowledge of the vine. But as we explained in section 2,
every vine can be converted to an orientable triangle-connected triangle-covered prismatic graph, by
following the rule for adjacency described in 6.3, and so we can regard this as a construction for all
orientable triangle-connected triangle-covered prismatic graphs.

7 The proof of 4.2

Now we come to put the pieces of the last few sections together.
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Proof of 4.2. Let G be a non-null orientable prismatic graph that is triangle-covered and triangle-
connected. Let O be an orientation, and let H be the corresponding triangular digraph. We may
assume that G is not isomorphic to L(K33), for otherwise the theorem holds. Hence by 6.1, each
triangle contains a thorn of H. By 6.2, H is a vine. We may assume that G has at least two triangles,
for otherwise G is a core path of triangles graph. Consequently by 5.2, H is either a linear or circular
vine. Let s1,..., s, be the vertices in order of some stem S of H. For each vertex v € V(H) \ V(5),
let Ng(v) be the set of vertices of S adjacent to v in H.

We will show that if S is a cycle then G is a core cycle of triangles graph, and if S is a path then
G is a core path of triangles graph. The two proofs are almost identical, so we only give the second
(the first is a little easier since we do not have to worry about “end effects”). Thus, henceforth S is
a path. (The reader is warned that there is a difference between adjacency in H and adjacency in G
in what follows.)

Let X9 = {s1} and Xo, = {sp}. For 1 < i < n, let X9; be the union of {s;} and the set of all
vertices v € V(H) \ V(S5) such that Ng(v) = {s;_1, si+1}. Let

Z=XoUXyU---U Xoy.

No member of Z is a thorn, since every member of Z either belongs to V(.S) or is adjacent in H to
two nonadjacent vertices of S. Let My = Ms,11 = 0. For 1 < i < n, let Ms; 11 be the set of all
vertices in V(@) \ Z adjacent in H to a member of Xo; and to a member of Xo;19. Let Ropiq1 = 0,
and for 1 < i < mn, let Rg;—1 be the set of all thorns v € V/(H) \ Z such that s; is the unique vertex
of Z adjacent in H to v, and s; — v in H. Similarly, let Ly = ), and for 1 < i < n, let Lo;j;q be
the set of all thorns v € V(H) \ Z such that s; is the unique vertex of Z adjacent in H to v, and
v — s; in H. Tt follows that the sets Xo, X4, ..., X, and all the sets Lo; 1, Ma;y1, Roiv1 (0 <1i < n)
are pairwise disjoint (we shall show below that they have union V(G)). For 1 < i < n+1 let
Xoi—1 = Lo;j—1 U Ms;_1 U Ro;—1. We will show that Xy,..., Xo,11 is a core path of triangles decom-
position.

(1) For every triangle T of G, either there exists i with 1 < i < n such that Xo;, M1, Xoi1o
each contain a vertex of T, or there exists i with 1 < i <n such that Ro;_1, Xo;, La;+1 each contain
a vertex of T.

For let T' = {u,v,w}. At least one of u,v,w is a thorn, say w, and so w ¢ V(S) (and indeed,
w ¢ Z); and since by (LV3) w has a neighbour in V(S), we may assume that u = s; where
1 <i<n. Thusu € Xyg. If v € V(5), then since S is induced in H, we may assume that say
v = $;4+1; and so v € Xy;19 and w € My; 41 and the claim holds. So we may assume that v ¢ V(S).
Since w is a thorn, it follows that Ng(w) = {u}. Suppose that |[Ng(v)| > 2. Then since v is adjacent
in H to a vertex not in V(5) (namely w) and hence has at least three neighbours in H, it follows
that v is not a thorn; and from (LV4), we may assume that Ng(v) = {s;, si+2}; and so v € Xg;19,
and again w € My; 41 and the claim holds. So we may assume that Ng(v) = {u}. From (LV4), it
follows that v is a thorn, and so v ¢ Z and v, w are adjacent in H to no members of Z except s;
(since they both have degree two in H). In particular, the symmetry between v, w is restored. From
this symmetry, we may assume that wv has tail v. But then v € Lo; 11 and w € Rg;—1. This proves

(1).

It follows from (1) that the sets X1,..., Xo,4+1 have union V(G), since G is triangle-covered.
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(2) For 1 <i < n, the following hold:
e one of Xo;, Xoj12 has cardinality 1
o Xo;, Xoijio are complete to each other
e cvery edge between Xo; and Xoiio has tail in Xo;
e cvery edge between Xo; and Mo;1 has tail in M1, and
o cvery edge between Mo;ir1 and Xo;yo has tail in Xoji0.

For suppose that |Xo;|,[X2i+2| > 1. Since |Xa| = |X2,| = 1, it follows that 1 < i < n — 2.
Choose u € Xo; and v € Xo;y9 With u # s9; and v # S9;49. From the definition of Xy;, it follows
that Ng(u) = {s;j—1, si+1}, and similarly Ng(v) = {s;, si+2}. In particular, u,v are not thorns. From
(LV4), since Ng(u) = {si—1, sit+1} it follows that every vertex in V(H) \ V(S) adjacent in H to s;
is a thorn, and yet v is adjacent in H to s;, a contradiction. This proves that one of Xo;, X912
has cardinality 1, and so the first assertion holds. The second holds since we may assume from the
symmetry that Xo;12 = {s;11}, and every member of Xy; is adjacent to s;+1 from the definition of
Xo;. We prove the final three assertions together. By (1), every edge between two of the three sets
Xoi, Majt1, Xo2i42 is in a triangle included in the union of these three sets; so let T = {u,v,w} be a
triangle with u € Xo;,w € My; 11 and v € Xo;19. It suffices to show that O(T) is w — u — v — w. If
u = s; and v = $;41, the claim holds since s;s;+1 has tail s;. Thus we may assume from the symmetry
that v # s;41. Consequently |Xo; 42| > 1, and so i < n — 2. Choose x so that {s;t+1,Sit2, 2} is a
triangle 77. From (1), x € My;y3, and so T,T" are disjoint. Also O(T") is © — ;41 — Siy2 — @,
as we saw already. From the pair T,T’, since us;11 and vs;2 are edges, it follows that O(T) is
w — u — v — w. This proves the final three assertions and so proves (2).

(3) For 1 < i < mn, Roj_1,Loi11 are matched in G, and if Roj—1 U Loj11 # 0 then Xoi = {s;}.
Moreover, if u € Roi—1 and v € Lojy1 are adjacent, and T is the triangle {u,v,s;}, then O(T) is

S; —U—V — S;.

For every member of Rg; 1 U Lo;y1 is adjacent in H to s;. Let u € Rg;—q; then u € V(H) \ Z,
Ng(u) = {s;} and the edge us; has tail s;. Choose v € V(H) so that {u,v,s;} is a triangle. From
(1), v € Lo;j+1. Consequently every member of Rg;_1 is adjacent in H to a member of Ly; 11 and vice
versa. Since no edge of H belongs to two triangles, and every edge of G between Ro;_1 and Lo;41 is
an edge of H, it follows that Ro;_1, Lo;+1 are matched in H and in G. This proves the first claim.
For the second, suppose that v € Ro;—1 U Lo;y1 # (). Then u is a thorn. Since u is adjacent in H to
s; and to neither of s;_1, s;11, it follows from (LV4) that there is no vertex w € V(H) \ V(S) with
Ng(w) = {si—1,si+1}; and therefore Xo; = {s;}. This proves the second claim. For the third, let
u € Roj—1 and v € Lg;+1 be adjacent, and let T' = {u,v,s;}. Since v € L;y; it follows that vs; has
tail v in H; that is, O(T) is s; — u — v — s;. This proves (3).

(4) For 1 <i<2n+1, X; is stable in G.

For suppose that u,v € X; are adjacent in G. If i is even, then since |Xs| = 1, it follows that
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i > 2, and from (2) s(;/2)—1 is adjacent to both wu,v, contrary to (1). Thus i is odd, say i = 2j + 1.
If uw € Rgjq1, then j < n, and since u is a thorn adjacent in H to s;;41 and to v, it follows that
{u,v,sj41} is a triangle, contrary to (1). Thus u ¢ Rgj11, and similarly u,v ¢ Raj1 U Lgj41. Hence
u,v € Maji1. By (2), one of Xy;, Xoj4o has only one member say r, and so {r,u,v} is a triangle,
contrary to (1). This proves (4).

(5) For 1 < 4,5 < 2n+1 withj > i+ 3, if j —i = 2 modulo 3 then X; is complete in G to
Xj, and otherwise X; is anticomplete in G to X;.

For let u € X; and v € X;. We must show that u,v are adjacent in G if and only if j — 7 = 2
modulo 3. In most cases we will choose a twig path P of H between u, v, and prove that si(P) =1
modulo 3 if and only if j —¢ = 2 modulo 3, and then the claim will follow from 6.3. First sup-
pose that i,j are even; say ¢ = 2s,j = 2t, where 1 < s <t < n. Let P be the path with vertices
U-S54+1-Sst2- - - - -S¢—1-U in order; then P is directed by (2), it has length > 2 (since j > i+3 by hypoth-
esis), all its edges are twigs (by 5.1, since none of its vertices are thorns) and sl(P) =t—s = (j—1i)/2.
Hence sl(P) =1 modulo 3 if and only if j — ¢ = 2 modulo 3, as claimed.

Next suppose that ¢ is odd and j is even; say i = 2s — 1 and j = 2¢, where 1 < s < t < n (since
j>1+4+3). Thenu € Los_1U Mss_1 U Rgs—1 and v is adjacent in H to s;—1. Suppose that u € Los_1,
and let P have vertices u-S5_1-Sg- - - s¢—1-v in order; then P is a directed path by (2), all its edges
are twigs, and sl(P) =t —s+4+2=(j —i+ 3)/2, and so sl(P) = 1 modulo 3 if and only if j —i = 2
modulo 3 as required. Next suppose that u € Ros—1. If t = s+ 1, then u, v are nonadjacent by (1),
since they are both adjacent to s,, and the claim holds; so we may assume that ¢t > s 4+ 2. Let P
be the path with vertices u-$s-----s¢_1-v in order. Then P has length at least 3, all its edges are
twigs, and sl(P) =t—s—1=(j —i—3)/2, and so again sl(P) = 1 modulo 3 if and only if j —i = 2
modulo 3 as required. Thus we may assume that u € Mas_1, and therefore {u,xs_1,25} is a triangle
for some zs_1 € Xos_o and s € Xos. The edges uxs and uxs_1 are not twigs, so in this case we
cannot construct P. Let iy =4 —1, i3 = ¢+ 1. Then ¢;,i2 are even, and x,_; € X;, and z5; € X;,.
From what we already proved, xs_1 is adjacent to v if and only if j —i; = 2 modulo 3, and x; is
adjacent to v if and only if j —i9 = 2 modulo 3 (this follows from (2) if j — iy = 2, and from what we
already proved if j — iy > 3). But j — i = 2 modulo 3 if and only if j —i1,j — i2 # 2 modulo 3, and
v is adjacent to w if and only if v is nonadjacent to both z,_1,x, since {u,zs_1,xs} is a triangle.
Thus again u,v are adjacent in G if and only if j —¢ = 2 modulo 3. The proof is similar if j is odd
and we omit the details. This proves (5).

So far we have verified conditions (P1), (P2) and (P3) in the definition of a core path of trian-
gles decomposition. For (P4) note that s; is in at least two triangles from the definition of a stem,
and so if R; = () then from (1), n > 2 and |X4| > 1. This proves (P4). (P5) holds since if u € Lg;_;
and v € Xo; are adjacent in G then {s;_1,u,v} is a triangle, contrary to (1). (P7) follows from the
next assertion.

(6) For 1 <i<m, if | Xoi| > 1 then
® Ryi1 = Laiy1 =0;

o ifuec Xo;1 and v € Xg;11, then u,v are nonadjacent in G if and only if there is a vertex in
Xo; adjacent in G to both u,v.

14



For let | X;| > 1. The first assertion of (6) follows from (3). For the second, let u € X9;_; and
v € Xo;y1. If in G, u,v have a common neighbour in Xy;, then they are nonadjacent in G by (1),
so it remains to prove the converse. Suppose then that u,v are nonadjacent in G. Since |Xo;| > 1,
(2) implies that Xo;_9 = {s;—1}. Since Rg;—1 = (), it follows that u € Lg;—1 U May;_1, and therefore is
adjacent in H to s;—1. Choose x € V(H) so that {u,z,s;—1} is a triangle T'. By (1), either x € Ro;_3
and u € Lg;_1, or x € Xy; and u € My;_1. Now v is not adjacent in G to s;_1 by (5). Since v is
adjacent in G to a member of T" and v is not adjacent in G to u, s;_1, it follows that v, x are adjacent
in G. Since X911, Xo2;—3 are anticomplete in G by (5), it follows that € X9;, and z is adjacent in
G to both u,v. This proves the second assertion, and therefore proves (6).

(7) For 1 <i<mn, if | Xo| = 1, then

® Roi_1,Loiy1 are matched in G, and every edge of G between Ma;—1 U Roj—1 and Loj+q U Ma; 1
1s between Ro;—1 and Lojyq;

o the vertex in Xo; is complete in H to Roj—1 U Mo;—1 U Lojy1 U Mojyq;
o ifue Xy 1 andv € X941 are nonadjacent in G then u € Mo;_1URg;—1 and v € Loj1 UMa;1q

o if i > 1 then Ma;—1,X2i—2 are matched in G, and if © < n then Majy1, Xoj+o are matched in
G.

For let ’X21| = 1; then X5; = {Sl} From (3), Ro;—1, Lo;+1 are matched in G. If u € Mo; 1 URg;—1
and v € Loj+1 U My are adjacent in G, then since they are both adjacent in H to s;, it follows
from (1) that u € Rg;—1 and v € Lg;11, and so the first claim of (7) holds. The second is clear. For
the third, suppose that u € X9;_1 and v € Xy;;1 are nonadjacent in GG, and u € Lg;—1. Choose
x € V(H) so that {u,s;_1,z} is a triangle; then x € Rg;_3 by (1). By (5), v is nonadjacent in G to
x, and therefore is adjacent in G' to no member of this triangle, a contradiction. Thus u ¢ Lo;_1,
and similarly v ¢ Rg;11. This proves the third claim. For the fourth, suppose that ¢ > 1. From the
definition of Msy; 1, every vertex in Xo; 5 is adjacent in H to a member of Ms; 1 and vice versa; and
since no edge is in two triangles and s; is complete to Xo; o U Mo;_1, it follows that Xo; o, Mo; 1
are matched in G. Similarly if ¢ < n then Xo;y9, Mo;+1 are matched in G. This proves the fourth
assertion of (7), and so completes the proof of (7).

Condition (P6) in the definition of a core path of triangles decomposition follows from (7).
Consequently the sequence X1, ..., X9,41 is indeed a core path of triangles decomposition. This
proves 4.2. [ |

8 A stable neighbourhood

Let G be prismatic and triangle-covered. We say N C V(G) is a crosscut if N is stable and [NNT| = 1
for every triangle T'. Our next objective is to study crosscuts. The reason for this is, we need to
investigate the structure of prismatic graphs H that are not triangle-covered. The core of H is the
union of all triangles of G. Let H be prismatic with core W, let G = H|W, let v € V(H) \ W, and
let N be the set of members of W that are adjacent to v. Then N is a crosscut in G, since v is in no
triangles and G is prismatic. Thus an understanding of crosscuts will tell us all possible ways to add
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one vertex not in the core to a triangle-covered prismatic graph. (The core ring of five was defined
in section 4.)

8.1 Let Xy,...,Xo, be a core cycle of triangles decomposition of G, and let the sets Loj 11, Mojy1,
Roiv1 (1 < i < n) be as in the definition of a core cycle of triangles graph. Let N C V(G) be a
crosscut. Then either:

e G is the core ring of five, or

e there exists i € {1,...,n} such that N contains exactly one end of every edge between Ra;_
and Loit1, and (reading subscripts modulo 2n)

N\ (Rgi1U Lait1) = | J(Xoiyarn : 0 <k < 2n—4 and k is divisible by 3).

Proof. Since X1,..., Xa, is a core cycle of triangles decomposition of G, it follows that n > 5 and
n = 2 modulo 3; and we read the subscripts of X; modulo 2n. Let

P={i:1<i<nand NNXy #0}.

(1) We may assume that P # ().

For suppose that P = (). For each i € {1,...,n}, one of Xg;, X9;1o has cardinality 1 and My; 1
is matched with the other, and in particular, My; 11 # () and every vertex of My; ;1 is in a triangle
included in Xo; U My; 11 U Xo;49. Since N meets all these triangles it follows that () # Ms; 11 C N.
If n > 5 then this is impossible since M7 is complete to M7 and yet N is stable. Thus n = 5. If
| X2| > 1 then M, M3 are both matched with X5, and so there exist u € M; and v € M3 with no
common neighbour in Xy; then u, v are adjacent from (C6). But u,v € N and N is stable, which is
impossible. This proves that |X2| = 1, and similarly |Xo;| = 1 for ¢ = 1,...,5. Hence |[Ma;j+1]| = 1
for i = 1,...,5. Suppose that |V (G)| > 10. Then one of the sets Ry, R3,...,Rg,L1,Ls,...,Lg is
nonempty, say R;. Choose u € R;. Then there exists v € Lg such that {u, v, s} is a triangle, where
X9 = {s}. Since N meets this triangle we may assume that v € N. But v is complete to M5, by
(C6), a contradiction since N is stable. Hence |V(G)| = 10 and the first outcome of the theorem
holds. This proves (1).

(2) Ifie P theni+1¢ P and one of i +2,i+3 € P.

For let 1 € P say; thus N N Xy # (). Since X5 is complete to X4 it follows that N N Xy = 0,
and so 2 ¢ P. Suppose that 3,4 ¢ P. Since there is a triangle included in X¢ U M7 U Xg, it follows
that N N My # (); and yet X5 is complete to X7, a contradiction. This proves (2).

Since n is not divisible by 3 and P # (), it follows from (2) that there exists ¢ € P such that
i+ 2 € P, and we may assume that 1,3 € P. Since X5 is complete to X; for i =4,7,10,13,...,2n
and Xg is complete to X; for i = 8,11,14,17,...,2n — 2,1,4, we deduce that

N C XsUX3UX5UXeU| J(Xi:9<i<2n—1andiis divisible by 3.)
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Let 9 < i < 2n — 1 with ¢ divisible by 3. If ¢ is even then every vertex of X; belongs to a triangle
included in X; o U X; 1 UXj;, and so X; C N. If ¢ is odd then every vertex in X; belongs to a
triangle included in one of X; o U X;_1 U X; (for a vertex in L;), X;—1 U X; U X, 11 (for a vertex
in M;), X; UX;t1UX;yo (for a vertex in R;). Since N meets these triangles it follows again that
X; € N. Moreover, every vertex in Xg belongs to a triangle included in Xg U X7 U X3, so Xg C N,
and similarly Xo C N. Since every member of Ls U M3 has a neighbour in Xs, it follows that
N N X3 C Rs, and similarly N N X5 C Ls. If | X4| > 1, then the second outcome of the theorem
holds, because R3 = Ls = (); so we assume that X4 = {w} say. If u € R3,v € Ls are adjacent, then
since |N N{u,v,w}| =1, it follows that N contains exactly one of u,v, and so the second outcome
of the theorem holds. This proves 8.1. [ |

Let us say a prismatic graph G is k-substantial if for every S C V(G) with |S| < k there is a
triangle 7' with S N'T = (. We need an analogue of 8.1 for paths of triangles, and it is helpful to
assume that the graph is 3-substantial to eliminate some degenerate cases.

8.2 Let G be 3-substantial, let Xq,..., Xopnt1 be a core path of triangles decomposition of G, and
let the sets Loji1, Mait1, Rojy1 (1 < i< n) be as usual. Let N C V(G) be a crosscut. Then either:

o there exists i € {1,...,n} such that N contains exactly one end of every edge between Ro;_1
and Loj+1 and

N\ (Rgi-1ULgi1) = | J(Xn : 1< h < 2n+1 and |h — 2i| =2 modulo 3)
or

e there exists k € {0,1,2} such that N = |J(X;:1<i<2n+1 and i =k modulo 3).

Proof. If n < 2 then Xy U X5, meets all triangles, contradicting that G is 3-substantial. Thus
n > 3. It is convenient to define X; = () for all integers ¢ ¢ {1,...,2n + 1}. Once again, let
P={i:1<i<mnand NN Xy # 0}

(1) P # 0.

For suppose that P is empty. Then as in the proof of 8.1, () # My 1 C N for 1 < i < n. We
claim that Rg;—1 C N fori=1,...,n—2. For let u € Ry;_1, and choose v € Lg;;1 so that {u,v,w}
is a triangle, where X9; = {w}. Since v is complete to My;y3, it follows that v ¢ N, and so u € N.
Hence Ry;—1 € N as claimed. Similarly Lo;41 C N for¢=3,...,n.

We claim that |Xo;| =1 for ¢ = 1,...,n. For if i = 1 or ¢ = n the claim holds by (P1), so we
assume that 2 < i < n — 1. Suppose that vi,v9 € X; are distinct. Then Xo; is matched with both
Mo; 1, Mo 1 and so there exist u € My;—1 and w € Ma;41 such that uvy,vow are edges. Then u, w
are adjacent from (P7), a contradiction since they both belong to N. This proves that | X;| = 1 for
1 <i < n. Since | X4| =1, it follows from (P4) that Ry # (), and similarly Ly, 11 # (. Thus R; is a
nonempty subset of N. If n > 4, then R; is complete to Lg U My, and Lg U My is also a nonempty
subset of N (because Mg # 0 if n > 5, and Lg # () if n = 4), a contradiction. Hence n = 3. Since
Ry is complete to R3, and L7 is complete to L5, it follows that R3 U Ly is disjoint from N, and
since R3, L5 are matched, it follows that R3 = Ls = (). But then X5 U X meets every triangle of G,
contradicting that G is 3-substantial. This proves (1).
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(2) Ifie Pandi<ntheni+1¢ P; and if i <n — 3 then one of i +2,i+ 3 € P.
The proof is just as in 8.1.
(3) We may assume that there does not exist i with 2 <i <mn —1 such thati—1,i+ 1€ P.

For suppose that ¢ — 1,94+ 1 € P. Thus N meets both Xo; o, Xo;49. For 1 < h < 2i — 2 we
claim that NN X, = 0 if 2¢ — 2 # h modulo 3, and X, C N if 2i —2 = h modulo 3. For if 2 —2 # h
modulo 3, then 2i —h = 0 or 1 modulo 3. If 2i — h = 0 modulo 3, then (2i + 2) — h = 2 modulo 3
and so X}, is complete to Xo;10; and consequently N N X = ). If 20 — h = 1 modulo 3, then X}, is
complete to Xo; o and again N N X, = (). Now let 2i — 2 = h modulo 3. Then N is disjoint from
the four sets Xp_o, Xp—1, Xnt1, Xnto, because all the numbers h —2,h — 1, h+ 1, h + 2 are less than
2¢ — 2 and are different from 2¢ — 2 modulo 3. But if v € X}, there is a triangle T' containing v with

T\{v} C Xp2UXp1UXpip1UXpyo,

and since N N'T # (), it follows that v € N. Hence X; C N. This proves our claim. Similarly, for
h > 2i+2,if h # 2i + 2 modulo 3 then N N X}, = 0, and if h = 2i + 2 modulo 3 then X; C N.
Since Xo; is complete to Xo;_o, it follows that N N Xo; = (). We claim that Xo; o C N. For suppose
not; then since N N Xoq;_o # 0, it follows that |X9;_o| > 1, and therefore i > 2. Let v € X9;_o \ N.
Then there is a triangle T containing v with 7'\ {v} C My;_3 U X9;_4, and therefore NNT = (),
a contradiction. This proves that Xy;_o C N, and similarly X9;10 C N. It remains to examine
NN Xgl',l and N N X2i+1. Since every vertex of Lgifl U Mgifl has a neighbour in XQZ',Q - N,
it follows that N N X9;—1 C Rg;—1, and similarly N N Xs;411 C Lojy1. For every edge uv between
Ro;—1 and Lg;y1, exactly one end of this edge belongs to N since |Xo;| = 1, say Xo; = {w}, and
|IN N {u,v,w}| = 1. Hence the first outcome of the theorem holds. This proves (3).

(4) We may assume that for 1 <i <n, if NN Xo; # 0 then X9; C N.

For suppose that v,v" € Xy with v ¢ N and v € N. Since |Xy| > 1, it follows that ¢ > 1
and |X2i_2‘ = 1, and similarly ¢+ < n and |X2i+2| = 1. Let X9;,_9 = {822'_2} and Xog;40 = {822'_1_2}.
Since Xo; is matched with My;_1, there exists u € My;—1 such that {sq;_o,u,v} is a triangle, and
similarly there exists w € Ma;11 such that {v,w, s9;12} is a triangle. Since N meets these triangles
and is disjoint from Xg; 9, X9;19, it follows that u,w € N. If i < n — 3, then by (2) and (3),
NN Xo6 # 0, and yet w € Xo;11 is complete to X916, a contradiction. Thus i > n — 2, and
similarly ¢ < 3. If n = 3, then X5 U Xg meets all triangles, contradicting that G is 3-substantial; so
n > 4, and from the symmetry we may therefore assume that ¢ = 3. Since | X4| = 1, it follows that
Ry # (), and so there exist a € Ry,b € Lg such that {a,b, so} is a triangle, where Xy = {s2}. By (3),
s9 ¢ N, and so one of a,b € N; yet a € X; is adjacent to v' € Xg, because X is complete to Xg,
and b is adjacent to u by (P6), a contradiction. This proves (4).

From (1)-(4), there exists k € {0,1,2} such that for all even ¢ with 1 < i < 2n 41, if i = k
modulo 3 then X; C N, and otherwise N N X; = (.
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(5) For 1 < i < 2n+ 1 with i odd and i = k modulo 3, if NN X;—o = NN X4 = 0, then
X, C N.

For let v € X;. There is a triangle 7' containing v with 7'\ {v} C X; o U X;_1 U X; 11 U X, 0.
Now NN X, 1 = NN X,;,1 =0 from the choice of k since i = k modulo 3 and i — 1,7 + 1 are even,
and NNX;_o = NNX;,o = 0 by hypothesis. Since NNT # (), it follows that v € N, and so X; C N.
This proves (5).

(6) We may assume that there existsi € {1,...,2n+1}, odd, such that i # k modulo 3 and NNX; # (.

For suppose not. Then by (5), X; C N for all odd ¢ with ¢ = k modulo 3, and so the second
outcome of the theorem holds. This proves (6).

Choose 7 as in (6), and let v € N N X;. By reversing the sequence X1, ..., Xo, 1 if necessary, we
may assume that ¢ = k£ + 2 modulo 3. Since X;;; C N, it follows that v has no neighbour in X1,
and so v € L;. Consequently ¢ > 3, and |X;_1| = 1. If i > 7, then X;_5 C N is complete to X;, a
contradiction, and so ¢ < 5. Supose that i = 5. Then since |X4| = 1, it follows that Ry # ), and
so there exist a € R; and b € L3 such that {a,b,s2} is a triangle, where X9 = {s2}. But a € X;
is complete to Xg, and b € X3 is complete to X5, and N N Xy = @ by the choice of k. Hence N
is disjoint from the triangle {a,b, s2}, a contradiction. Thus i # 5, and so i = 3. Since i = k + 2
modulo 3, it follows that £ = 1. Suppose that there exists ¢’ # 4 such that 1 < < 2n+ 1,4 # k
modulo 3 and N N X, # (). We assumed that ¢ = k + 2 modulo 3 and deduced that ¢ = 3, and since
i # 3, it follows that i’ # k + 2 modulo 3. Thus ¢/ = k + 1 modulo 3. By reversing the sequence
X1,...,Xont1, we deduce that i/ = 2n — 1. Since k = 1 and i’ = k + 1 modulo 3, it follows that n
is divisible by 3. But Ljs is complete to Xo,_1 (since X3 is complete to Xo,_1 if n > 3, and Lg is
complete to X5 from (P6)), a contradiction. We deduce that for all j with 4 < j <2n+1,if j # 1
modulo 3 then NN X, = (. From (5), it follows that for all j with 4 < j < 2n+1, if j = 1 modulo 3
then X; C N. But then the first outcome of the theorem holds, taking i = 1. This proves 8.2. W

9 Vertices not in the core

We can use 8.1 and 8.2 to analyze the structure of vertices not in the core. We begin with the
following.

9.1 Let G be prismatic, with core W, such that G|W is a core cycle of triangles graph. Then either
G is a cycle of triangles graph, or G|W is the core ring of five.

Proof. Let X,..., X5, be a core cycle of triangles decomposition of G|W, and let the sets L;, M;, R;
be defined as usual; and we read these subscripts modulo 2n as usual. For each v € V(G) \ W, let
N, be the set of vertices in W adjacent to v. Thus for each such v, N, is a crosscut in G|W. For
1 <i <m,let Ya; be the set of all v € V(G) \ W such that IV, contains exactly one end of every edge
between Rg;_1 and Loy and

Ny \ (Raim1 U Loiy1) = | J(Xoigok 1 0 < k < 2n — 4 and k is divisible by 3).
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We may assume that G|W is not the core ring of five, and so by 8.1, the sets Ya; (1 < i < n) have
union V(G)\ W.

We propose to construct a cycle of triangles decomposition X71,..., X} of G, where X = X;
for ¢ odd, and X! = X; UY; for i even (and then defining X}, = Xy;). It remains to verify the six
conditions (C1)-(C6). Since Xy,..., X9, is a core cycle of triangles decomposition, we need only

to prove the following:
o for 1 <i < n, X9; UY5; is stable;

e forallie {1,...,n} and all k with 2 <k <2n—2,let j € {1,...,2n} with j = 2i + k modulo
2n;:

(1) if £ = 2 modulo 3 and there exist u € Y3; and v € X; UYj, nonadjacent, then j is even,
and v € Yj;

(2) if k£ # 2 modulo 3 then Yy; is anticomplete to X; UYj;

e for 1 < i < n, Yy is anticomplete to Lo;—1 U Mo;—1 U Mo; 11 U Roi+1, and every vertex in Yo; is
adjacent to exactly one end of every edge between Rg;—1 and Lojy.

Since Xo9; UYs; is complete to Xo; 49, and no vertex in Yy, is in a triangle, and Xp; is stable, the first
assertion follows. The third follows from the definition of Y5;, and it remains to check the second.
Thus, let ¢ € {1,...,n}, let 2 <k <2n—2, and let j € {1,...,2n} with j = 2i + k modulo 2n.
Suppose first that k& = 2 modulo 3 and there exist u € Y2; and v € X; UY), nonadjacent. Since
Xj = Xoito4(k—2), and 0 < k —2 < 2n —4 and k — 2 is divisible by 3, it follows from the definition
of Yy; that X; C Ny, and so v ¢ X;. Consequently j is even, and v € Y. Finally, for the second half
of the second assertion, suppose that k£ # 2 modulo 3, and that u € Yy; is adjacent to v € X; UY].
Again from the definition of Y»; it follows that j is even and v € Y. Let h = j/2. Since u,v are
adjacent and they do not belong to triangles, it follows that N, NN, = (. Let k¥’ = 2n — k; then
2 <k <2n -2, and 2i = 2h + k' modulo 2n, and k' # 2 modulo 3 (since n = 2 modulo 3). Thus
there is symmetry between h and i, and from this symmetry we may assume that 1 < h <17 < n and
so 2 = 2h + k'. If ¢ = h + 1 modulo 3, then ¥’ = 2 modulo 3; if ¢ = h modulo 3, then N,, N, both
include Xy;9; and if ¢ = h + 2 modulo 3 then they both include X9; s, in each case a contradiction.
This completes the proof of 9.1. [ |

Again, we need an analogous result for paths of triangles, as follows.

9.2 Let G be a prismatic graph, with core W, such that G|W is a 3-substantial core path of triangles
graph. Let X1,...,Xont1 be a core path of triangles decomposition of GIW, and for k = 0,1,2, let
A =UX;:1<i<2n+1 and i =k modulo 3). Then either

o there exists v € V(G) \ W such that the set of neighbours of v in W is one of Ay, As, As, or
e G is a path of triangles graph.

Proof. Since G|W is 3-substantial, it follows that n > 3. For each v € V(G) \ W, let N, be the set
of vertices in W adjacent to v. For 1 < i < n, let Ya; be the set of all v € V(G) \ W such that N,
contains exactly one end of every edge between Ro;_1 and Lo; 1, and

Ny \ (Rai-1U Lyis1) = | J(Xn : 1< h < 2n 4 1 and |2i — h| = 2 modulo 3).
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We may assume that the first outcome of the theorem does not hold, and so by 8.2, the sets
Y2; (1 < 4 < n) have union V(G) \ W. Again, we add Y3; to Xy to produce a path of trian-
gles decomposition. The proof is exactly like that in 9.1, except in one step, when we need to prove
the following.

(1) Let 1 < i < j < n, and let u € Yy and v € Ya;. If u,v are adjacent then 2j — 2i = 2
modulo 3.

For NyN N, = 0. If j = i+ 2 modulo 3 then N,, N, both include Xs; 9, a contradiction, so
we may assume that j = ¢ modulo 3. If i > 1 then N,, N, both include X9; o, so i = 1, and similarly
j = n. Consequently n = 1 modulo 3. But L3 C X3 is a subset of IV,, since 3 < 2n—2 and 3 = 2n—2
modulo 3, and since N, N N, = ) it follows that N, N L3 = (). Since u € Y5, and every member of
Ry has a neighbour in Ls, it follows that X; = R; C N,. But also since u € Y3,

Ny \ (R1UL3)=A;\ (R ULg)
and so N, = A; and the first outcome of the theorem holds. This proves (1).

All the other steps of the verification of (P1)—(P7) are obvious modifications of the verification
in the proof of 9.1, and we omit them. This proves 9.2. [ |

10 The degenerate cases

We are almost ready to begin on the general characterization of orientable prismatic graphs, but
first we need to examine the various degenerate cases that were exceptions to the theorems of the
last section.

It is possible to give explicit constructions for all orientable triangle-connected prismatic graphs
that are not 3-substantial. For instance, let k > 1; let K be the set of all subsets of {1,...,k}; and
let G be a graph with vertex set the disjoint union of a set W = {a1,...,a,b1,...,bx,c}, a set U,
and for each I € K a set V;. The adjacency in G is as follows. The sets {a;,b;, c} are triangles for
i =1,...,k, and there are no other edges with both ends in W; ¢ is complete to U, and has no
other neighbours outside of W; for I € K and 1 < i <k, if ¢ € I then a; is complete to Vi and b; is
anticomplete to V7, and vice versa if ¢ ¢ I; each of the sets Vi (I € K) is stable, and so is U; and if
I,LI' e K and I' # {1,...,k} \ I then Vp is anticomplete to V;. For I € K, let I' = {1,...,k} \ I;
the adjacency between members of distinct sets U, Vi,V is arbitrary except that there is no triangle
with vertices in U, Vi and V.. Such a graph G is prismatic, and we call the class of all such graphs
(for all k) P;.

10.1 If G is a prismatic graph with a triangle, such that for some vertex ¢ every triangle contains

¢, then G € P.
Proof. Let the list of all triangles be {a;, b;,c} (1 < i < k); thus the core W of G is

{ai,...,ap,b1,... b, c}.
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Let U be the set of neighbours of ¢ not in W. For each v € V(G) \ (W UU), let
I(v) ={i:1<i<kand q; is adjacent to v}.

Since v has a unique neighbour in {a;, b;, ¢}, it follows that v is adjacent to b; if and only if i ¢ I(v).
Let K be the set of all subsets of {1,...,k}, and for each I € K let V; = {v € V(G)\ (W UU) :
I(v) =1}. Ifv,v" € V(G)\ (W UU) are adjacent, then they have no common neighbour in WU U,
and therefore I(v),I(v") are complementary subsets of {1,...,k}. It follows that G € P;. This
proves 10.1. [ |

It is possible to give similar, more complicated constructions for the orientable, triangle-connected
prismatic graphs in which the smallest set of vertices meeting all triangles has cardinality 2; but they
are rather messy, and yet easy for the reader to work out independently. We therefore omit these
“constructions”.

We need two more, when the core is the core ring of five, and when the core is L(K33). Thus, let
G be a graph with V(G) the union of the disjoint sets W = {a1,...,as5,b1,...,b5} and Vp, V1,..., Vs.
Let adjacency be as follows (reading subscripts modulo 5). For 1 <1i <5, {a;,a;11,b;+3} is a triangle,
and a; is adjacent to b;; Vj is complete to {by, ..., b5} and anticomplete to {a1,...,as}; Vo, V1,..., V5
are all stable; for i = 1,...,5, V; is complete to {a;—1, b;, a;+1} and anticomplete to the remainder of
W; V4 is anticomplete to V3 U --- U Vs; for 1 <4 < 5 V; is anticomplete to Vj49; and the adjacency
between V;, V41 is arbitrary. We call such a graph a ring of five.

10.2 If G s prismatic and its core is the core ring of five then G is a ring of five.
The proof is straightforward and we omit it.

Finally, let G be a graph with V(G) the union of seven sets
W={aj:1<4,5 <3} VL, VAV 1,15, V3,

with adjacency as follows. For 1 <1, 3,4, 5" < 3, az- and a;/, are adjacent if and only if ¢ # ¢ and j' # j.
For i = 1,2,3, V!, V; are stable; V? is complete to {a},a’,a}, and anticomplete to the remainder of
W and V; is complete to {ail, a?, a?} and anticomplete to the remainder of W. Moreover, VIUVZ2UV?3

is anticomplete to V; U Vo U V3, and there is no triangle included in VI UV2U V3 orin V3 UV, U V3.
We call such a graph G a mantled L(K33).

10.3 If G is prismatic with core W, and G|W is isomorphic to L(K33), then G is a mantled
L(K33).

Again, the proof is easy and we omit it.

11 Statement of the theorem

Our next goal is to state precisely the main theorem, the structure theorem for 3-coloured prismatic
graphs and for orientable prismatic graphs. Before we can do so we need to introduce a composition
operation for 3-coloured prismatic graphs. Let n > 0, and for 1 < ¢ < n, let (G4, A;, B;,C;) be a
3-coloured prismatic graph, where V(G1),...,V(G,) are all nonempty and pairwise vertex-disjoint.
Let A=A1U---UA,, B=B1U---UB,,and C = C1U---UC,, and let G be the graph with vertex
set V(G1)U---UV(G,) and with adjacency as follows:
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e For 1 <i<n, G|V(G;) = Gj;

o for 1 <i < j <n, A;is anticomplete to V(G;) \ Bj; B; is anticomplete to V(G;) \ Cj; and C;
is anticomplete to V(G;) \ A;; and

o for 1 <i<j<n,ifue A; and v € Bj are nonadjacent then u,v are both in no triangles; and
the same applies if v € B; and v € C}, and if u € C; and v € A;.

In particular, A, B,C are stable, and so (G, A, B,C) is a 3-coloured graph; we call the sequence
(Gi, Ay, B, C;) (i = 1,...,n) a worn chain decomposition or worn n-chain for (G, A, B,C). Note
also that every triangle of G is a triangle of one of G1,...,G,,, and G is prismatic. If we replace the
third condition above by the strengthening

e for 1 <i < j <mn, the pairs (4;, B;), (B;,C;) and (C;, A;) are complete

we call the sequence a chain decomposition or n-chain for (G, A, B,C). (Thus a worn chain decom-
position is not in general a chain decomposition.)
If Xy,...,Xop41 is a path of triangles decomposition of G, let

Ay =|J(Xi:1<i<2n+ 1 and i = k modulo 3) (k =0,1,2).

We have already seen that (G, A1, Az, A3) is a 3-coloured graph. For any 3-coloured graph (G, A, B, C),
if there is a path of triangles decomposition X1, ..., Xo,+1 of G and sets A, Az, A3 as above, with
{A1, Ay, A3} = {A,B,C}, we call (G, A, B,C) a canonically-coloured path of triangles graph.

Let Qg be the class of all 3-coloured graphs (G, A, B,C') such that G has no triangle; let Q; be
the class of all 3-coloured graphs (G, A, B,C) where G is isomorphic to the line graph of K3 3; and
let Qs be the class of all canonically-coloured path of triangles graphs.

Now we can state the main theorem.

11.1 FEwvery 3-coloured prismatic graph admits a worn chain decomposition with all terms in Qg U

Q1 U Q.
For general orientable prismatic graphs the analogous result is the following.

11.2 FEwvery orientable prismatic graph that is not 3-colourable is either not 3-substantial, or a cycle
of triangles graph, or a ring of five graph, or a mantled L(K33).
12 Chains of 3-coloured prismatic graphs

Our objective in this section is to develop some useful ways to recognize that our graph admits a worn
chain decomposition. We begin with the following. Let us say that a 3-coloured graph (G, A, B, C)
is prime if V(G) # 0 and (G, A, B, C) cannot be expressed as a worn 2-chain.

12.1 FEwvery 3-coloured prismatic graph admits a worn chain decomposition each term of which is
prime.
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Proof. Let (G,A,B,C) be a 3-coloured prismatic graph. We proceed by induction on |V(G)].
If V(G) = 0 we may take the null sequence, and if (G, A, B,C) is prime then we may take the
sequence with only one term (G, A, B,C'). Hence we may assume that (G, A, B,C) admits a worn
2-chain (Gy, A1, B1,C4),(Ga, Ag, Bo,C3). Consequently G1,G2 both have fewer vertices than G,
and so from the inductive hypothesis, each of them admits a worn chain decomposition into prime
terms. The sequence obtained by concatenating these two sequences appropriately is a worn chain
decomposition of (G, A, B,C) into prime terms. This proves 12.1. [ |

In view of 12.1, to construct all 3-coloured prismatic graphs it suffices to construct all prime
3-coloured prismatic graphs, and now we turn to that.

In this paper, a hypergraph H consists of a finite set V(H) of vertices and a finite set E(H) of
edges, where each edge is a nonempty subset of V(H). If H is a hypergraph, we say that X C V(H)
is connected if X # () and there is no partition A, B of X into two nonempty subsets such that every
edge of H included in X is included in one of A, B. We say H is connected if V(H) is connected. A
component of H is a connected subset of V' (H) that is maximal under inclusion.

Let G be prismatic. The hypergraph of triangles of G is the hypergraph with vertex set the core
of G and edges the triangles of G. Thus if G has a triangle, then G is triangle-connected if and only
if its hypergraph of triangles is connected.

12.2 Let G be prismatic, and suppose that G|(V1UVa) admits a 3-colouring for some two components
V1, Vo of the hypergraph of triangles of G. Then:

o G admits a 3-colouring, and

e for every 3-colouring (A, B,C) of G, (G, A, B,C) is not prime.

Proof. Let Vi,...,V, be the components of the hypergraph of triangles, and for 1 < i < n let
G; = G|V;. By hypothesis, G|(V; U V3) admits a 3-colouring; and so for i = 1,2 there is a 3-colouring
(4;, B;, C;) of Gy, such that A; U Ag, By U By and Cq U Cs are stable.

(1) Ay is complete to one of By, Co and anticomplete to the other.

For let a1 € A;. We prove first that aq is complete to one of By, (s and anticomplete to the
other. For since a; € Vi, there is a triangle {a1,b1,c¢1} of G, where b; € By and ¢; € C;. For every
triangle {ag,ba,co} of Gy with as € Ay, by € By and cp € Co, since a; has a unique neighbour in
this triangle and a1, a2 are nonadjacent (since A; U Ag is stable), it follows that a; is adjacent to
exactly one of by, co. Similarly b; is adjacent to exactly one of co,as, and ¢y to exactly one of aso, bs.
Thus the three edges between {ai,b1,c1} and {ag, by, co} are either ayby, bica, c1as or ajcy, biag, c1bs.
We say {ag, ba, ca} is white in the first case and black in the second. Suppose there is both a white
triangle and a black triangle in Go. Since G is triangle-connected, and every triangle in G5 is either
white or black, it follows that there is a white triangle and a black triangle in G5 that share a vertex.
From the symmetry we may assume that {a2,bs,co} is a white triangle, and {ag,b),c,} is a black
triangle, where ag € Ag, by, by € By and ca,¢y, € Cy. Since {ag,bs,ca} is white, we deduce that
a1be, bica, cra are edges, and similarly aqc), byag, c1b), are edges; but then as has two neighbours in
{a1,b1,c1}, a contradiction. Thus either all triangles in G5 are white, or they are all black, and from
the symmetry we may assume that they are all white. Hence a; is complete to By and anticomplete
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to Cy, as claimed. Choose by € Bs. Similarly bs is complete to one of A1, Cy and anticomplete to
the other. Since by is adjacent to aq, it is not anticomplete to A1, and so by is complete to Aj. Since
this holds for all by € Bs, it follows that Ay is complete to Bs. Every vertex in Ap is anticomplete
to one of By, Co, and therefore A; is anticomplete to Cy. This proves (1).

(2) G admits a 3-colouring.

For from (1) we may assume that the pairs (A1, B2), (B1,C2), (C1, A2) are complete, and the other
three pairs (41, Cs), (B1, A2), (C1, Bs) are anticomplete. (Note also that the pairs (A1, A2), (B1, Ba),
(C1,C3) are anticomplete.) Define A3, B3, C3 to be the sets of all Ba-complete, Cy-complete, and
As-complete vertices in V(G) \ (V4 U Va) respectively. Define Ay, By, Cy to be the sets of all Cy-
complete, Aj-complete, and Bj-complete vertices in V(G) \ (V3 U Vo U Ag U B3 U C3) respectively.
Let A= A1 UAyU A3 U Ay, and define B, C similarly. We claim that (A, B,C) is a 3-colouring of
G. For A, B,C are pairwise disjoint, from their definition. We must check that they are stable and
have union V(G).

To show that A is stable, let ag € A3. Then ag is complete to Bs, and has only one neighbour in
each triangle of Go, and therefore ag is anticomplete to As. Moreover, any two members of A; U Ag
have a common neighbour in Bg, and therefore are nonadjacent (since V7, V5 are components of the
hypergraph of triangles of G). We deduce that A; U Ay U A3 is stable, and similarly A; U Ay U Ay
is stable. Suppose that ag € A3 and a4 € A4 are adjacent. Since aq € Ay, it is not complete to Coy;
choose ¢y € Cy nonadjacent to ag. Choose a triangle {ag, be, co} with as € Ag and by € Bs. Since ay
has a neighbour in this triangle, and we have already seen that a4 is anticomplete to Ao, it follows
that a4 is adjacent to be; but then {as,aq,b2} is a triangle, a contradiction (since V3 is a component
of the hypergraph of triangles). This proves that Ag is anticomplete to A4, and so A is stable, and
similarly B, C'" are stable.

To show that AUBUC =V(G), let v € V(G). If v € V3 UV, then v € AU BUC, so we may
assume that v ¢ V3 U V. Since A; is complete to Bg, and no triangle meets both Ay and Bo, it
follows that v is anticomplete to at least one of Ay, By. Similarly v is anticomplete to at least one
of By,C5, and to at least one of C'1, As. Hence v is either anticomplete to at least two of Aq, By, C1,
or to at least two of As, By, Cs. In the first case, since v has a neighbour in every triangle of Gy, it
follows that v is complete to one of Ay, By, C1, and therefore belongs to AU B U C, a contradiction.
The second case is similar. This proves that AU BUC = V(G), and therefore proves (2).

From (2), the first assertion of the theorem follows. To prove the second assertion, let (A, B,C)
be a 3-colouring of G. Let W be the core of G.

(3) The 3-coloured graph (GIW,ANW,BNW,C NW) is not prime.

To see this, for 1 < i < n, let 4; = ANV(G;), and define B;,C; similarly. For 1 < i,57 < n
with ¢ # j, we write ¢« — j if the pairs (4;, B;), (B;,C;) and (C;, A;) are complete, and the pairs
(A;,Cj), (B;, Aj) and (C, Bj) are anticomplete. By (1) (with Vi, Vs replaced by Vi, V) it follows
that either ¢ — j or j — ¢, and not both. We claim that this relation is transitive. For let
i,j,k € {1,...,n} be distinct, and suppose that i — j and j — k. If £ — 4, then A; U B; UC},
includes a triangle, which is impossible. Thus ¢ — k, and so the relation is transitive. Hence we may
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renumber Vi,...,V, so that ¢ — j if and only if j > ¢. But then
(G’%,Al,Bl,Ol),(GKW\Vl),AQUUAn,BQUUBn7CQUUCn)

is a 2-chain for (GIW,ANW,BNW,C NW), and consequently the latter is not prime. This proves
(3).

In view of (3) and since G|W is triangle-covered, we may choose a 2-chain for (G|W,ANW,BnN
W,CNW), say (F;, A;, B;,C;) (i = 1,2). Define sets As, Bs,C3, Ay, By,Cy C V(G) \ W as follows.

e Aj is the set of all Ba-complete vertices in A\ W
e Bj is the set of all Cy-complete vertices in B\ W
e (5 is the set of all Ay-complete vertices in C'\ W
e A, is the set of all Cyj-complete vertices in A\ (W U As)
e B, is the set of all Aj-complete vertices in B\ (W U Bs)
e (y is the set of all Bj-complete vertices in C'\ (W U C3).

(4) A= A1 UAsU A3 U Ay, and analogous statements hold for B, C.

For let v € A, and suppose that v ¢ A3 U Ay U A3. Thus v ¢ W. Since v ¢ As, v has a non-
neighbour in Bs, and since it has no neighbours in Ay (because A is stable), it follows that v has a
neighbour in Cs. Since Bj is complete to C's and no triangle meets both By and Cs, it follows that v
is anticomplete to Bj. Since it is also anticomplete to A, we deduce that v is complete to Cq, and
so v € Ay. This proves (4).

Let Gg = G|(V(F1) UAsU B3gU 03), and G4 = G|(V(F2) UAsUByU 04) Then (Al UAs, Bi U
B3, C1 UC43) is a 3-colouring of G, by (4), and the analogous statement holds for G4. We claim that

(Gs, A1 U A3, By U B3, C1 UC3), (Gg, A2 U Ay, By U By, Cy U Cy)
is a worn 2-chain for (G, A, B, C). To see this, it suffices from the symmetry to check that
e if a € Aj U Az and ¢ € Uy U (Y, then a, ¢ are nonadjacent, and
e ifae Ay UAs and b € By U By, and at least one of a,b € W, then a,b are adjacent.

For the first statement, let a € A1 U A3z and ¢ € Cy U C4, and suppose a, ¢ are adjacent. Since a is
complete to By, it follows that ¢ is anticomplete to Be, and in particular ¢ ¢ Cs (since F is triangle-
covered). Since c is anticomplete to Cy (because C is stable), it follows that ¢ is As-complete. But
then ¢ € (3, a contradiction. For the second statement, suppose that a € A1 U A3 and b € By U By,
and at least one of a,b € W, and a,b are nonadjacent. Since a € Ay U A3, a is By-complete, and
so b ¢ Bo, and similarly a ¢ Aj; but then a,b ¢ W, a contradiction. This proves our claim that
(G, A, B,C) admits a worn 2-chain, and consequently is not prime; and therefore completes the proof
of 12.2. [ |
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We deduce the following corollary.

12.3 If (G, A,B,C) is a prime 3-coloured prismatic graph with nonnull core, then G is triangle-
connected.

The proof is clear. The next result is another corollary of 12.2.

12.4 Let G be prismatic and orientable, with nonnull core. If G is not triangle-connected, then G
s 3-colourable.

Proof. Since G has nonnull core and is not triangle-connected, its hypergraph of triangles has at
least two components. Let Vi, V5 be two such components. For i = 1,2, let .S; C V; be a triangle.
Let O be an orientation of G, and let O(S;) be p; — ¢; — r; — p;, where pi1p2, q1q2, 7172 are edges.
Every vertex in Vj is adjacent to exactly one of po, ga,792; let Ay, By, C1 be the sets of those v € V;
adjacent to po, g2, 12 respectively. Define As, Bo, C5 similarly. Certainly A1, By, C1, As, By, Cs are all
stable, since no triangle meets both Vi and V5. Since O(S3) is po — g2 — 12 — p2 and a1p2, b1ga, 172
are edges, we have

(1) Let Ty C Vi be a triangle, where T1 = {a1,b1,c1} and a1 € A1,b1 € By and ¢1 € Cy; then
O(Ty) is a1 — by — ¢1 — a1. The analogous statement holds for triangles in Vs.

For i = 1,2, let T; = {a;,b;, ¢;} be a triangle with a; € A;,b; € B; and ¢; € C;. Each of a1,b;,¢;
has a neighbour in T5; let us say the pair (77,7%) is good if every edge between T} and T is either
between A; and Ao, or between By and Bs, or between C7 and Cy; and bad otherwise.

(2) Every pair (T1,T%) is good.

For since V1, V, are components, it suffices (from the symmetry between V7, V3) to show that if 77 is a
triangle in V7, and T, T} are triangles in V5 that share a vertex, and (71, T2) is good, then so is (11, T%).
Let T7 = {al,bl,cl}, T = {a2,b2702}, and TQI = {aé,bé,CQ}, where a1 € A1,b1 € By,e1 € Cf,
{ag,ab} C Ag,{be, b5} C By and ¢y € Cy. Since (T7,Th) is good, it follows that ¢1cs is an edge. But
from (1), O(T1) is a1 — by — ¢1 — a1 and O(Ty) is ah — b, — co — a). Since cic is an edge, we
deduce that ajal, and b1b), are edges, and so (11, T4) is good. This proves (2).

Since every vertex of V4 U V5 belongs to a triangle, (2) implies that every edge between V7 and
V5 is either between A; and A, or between B; and Bs, or between C; and Cy. In particular,
A1 U By, By Uy, Cy U Ay are three stable sets, and so G|(V;1 U V3) is 3-colourable. By 12.2, G is
3-colourable. This proves 12.4. [ |

13 Orientable and not 3-colourable

In this section we complete the proof of 11.2. We need two more lemmas. The first is the following.
(K33 \ e is the graph obtained from K3 3 by deleting one edge.)
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13.1 Let G be prismatic and triangle-connected, with core W. Suppose that (G|W, A, B,C) and
(GIW, A’, B',C") are 3-coloured graphs with {A, B,C} # {A’, B’,C'}. Then either

o G|W is isomorphic to L(K33) or to L(K33\ e), or

e there is a cligue X C W with 1 < |X| < 2 such that every triangle has nonempty intersection
with X.

Proof. For more convenient notation, let Wi = A, Wy = B,W3 =C and W! = A’ W? = B' W3 =
C'. For 1 <i,j <3, let W; = Win W;. Thus W is the union of the nine pairwise disjoint sets
Wi Let T be a triangle of G, with T = {t1,ty,t3}. Let t;, € W* for k = 1,2,3. Thus i1, i, i3
are distinct, and so are ji, jo, j3; and so the map sending iy to ji for k = 1,2,3 is a permutation of
{1,2,3}, denoted by 7(T"). The sign of this permutation is called the sign of T'. (Thus, the identity
map and the two cyclic permutations have positive sign, and the three involutions have negative sign.)

(1) If S, T are triangles with opposite sign, then SNT # (.

For from the symmetry we may assume that S = {s1,s2,s3} where s; € W} for i = 1,2,3, and
T = {t1,ta,t3} where t; € W}, to € W and t3 € W3. Suppose that SNT = (). Since ¢; has a neigh-
bour in S, and is nonadjacent to s1,ss (because W, Wy are stable), it follows that ¢1 is adjacent to
s3. Similarly s is adjacent to sz, and so s3 has two neighbours in 7', a contradiction. This proves

(1).

Let II be the set of all (six) permutations of {1,2,3}. For each 7w € II, let X (7) be the union of
all the triangles T with 7(T") = .

(2) Not all triangles have the same sign.

For suppose they do; they all have positive sign say. Let 71,72, m3 € II be the permutations with
positive sign. Any two triangles S,7" with the same sign with 7(S) # w(7T") are disjoint, and so
X(m1), X(m2), X(m3) are pairwise disjoint. Moreover their union is W, and since G is triangle-
connected and every triangle is a subset of one of X (1), X(m2), X(73), it follows that two of these
sets are empty. We may therefore assume that 7(T') = 7 for all triangles T', where 71 is the identity
permutation say. Since every vertex of W belongs to a triangle, and so belongs to W* if and only
if it belongs to Wy (for k = 1,2,3), it follows that W* = W)}, for k = 1,2,3, contradicting that
{A,B,C} # {A',B’,C'}. This proves (2).

(3) If there are two triangles Ty, Ts with positive sign and with w(Ty) # ©(Ty), and two triangles
Ty, T> with negative sign and with w(13) # m(Ty), then G|W is isomorphic to L(K33) or to L(K33\e).

For in this case, suppose that T,T" are triangles with 7(T) = 7(T’). From the symmetry we may
assume that 7(7T) is the identity permutation. By (1) T, 7" both meet T3 and Ty, and therefore both
contain the unique vertex of T that lies in Wil UWZ U W3, and the unique vertex of Ty that lies in
the same set. Hence [TNT'| > 2 and so T = T’. Thus G has between four and six triangles, all with
m(T) different. From this and (1), it follows that |W;| <1for1l <i,j<3;andso G|W is isomorphic
to one of L(K33), L(K33 \ e), and the theorem holds. This proves (3).
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In view of (3), we may assume that for every triangle T, if T' has positive sign then 7(7T') is
the identity. From (2), some triangle S has positive sign; say S = {si,s3,s3} where st € W} for
i = 1,2,3. Again from (2), there is a triangle 7" with negative sign, and by (1) we may assume
T = {t}, 7,53} where t3 € W} and t3 € W2, Suppose that some triangle R # S also has positive
sign; say R = {r{,r3,73} where r! € W} for i = 1,2,3. Since R meets T, it follows that 73 = s3. We
claim that every triangle contains s3. For we have seen this already for triangles of positive sign; and
if T" has negative sign then since it meets both R and S, and rf # st for i = 1,2, it follows that T
contains s3 as claimed. Thus in this case the second statement of the theorem holds with X = {s3}.

Consequently we may assume that S is the only triangle that has positive sign. Every triangle
with negative sign contains one of s}, s3, s%, and so we may assume that there are three triangles
Ty, T, Ts, all with negative sign and with st € T; for i = 1,2,3 (for otherwise the second statement
of the theorem holds). Thus there exist 53 € W; for all distinct 4,7 € {1,2,3}, such that {si,s2,s3},
{s3, 53,53} and {si,s?,s3} are triangles. Since s3 has a neighbour in {si, s3, 53}, and is nonadjacent
to s3,s3, it follows that sl is adjacent to s3. Similarly every two of si, s3,s3 are adjacent; but then
they form a second triangle with positive sign, a contradiction. This proves 13.1. [ |

The next lemma is a convenient corollary of 13.1 and 8.2.

13.2 Let G be prismatic and 3-substantial, with core W. If G|W is a core path of triangles graph,
then G is 3-colourable.

Proof. Let Xi,...,Xon4+1 be a core path of triangles decomposition of G|W. For k = 1,2,3, let
A =UX; :1<i<2n+1andi=k modulo 3). For each vertex v € V(G) \ W, let N, be the set
of neighbours of v in W. By 8.2, N, is disjoint from at least one of Ay, As, A3. Let B; be the set of
all v € V(G)\ W such that N,N Az, N, N A3 # (), and define By, By similarly. For i = 1,2, 3 let C; be
the set of all v € V(G) \ W such that N, C A;. (Note that if v € C; then N, = A;, since N, meets
every triangle.) The sets By, By, B3, C1, Co, C3 are pairwise disjoint and have union V(G) \ W.

(1) Fori1=1,2,3, A; U B; is stable.

Let ¢ = 3 say. Certainly Aj is stable; and by definition of B3, B3 is anticomplete to As. Sup-
pose that there exist u,v € Bgs, adjacent. For ¢ = 1,2 let U;,V; be the set of neighbours in A; of
u, v respectively. Since u is in no triangle, it follows that U; N V; = 0 for i = 1,2. We claim that
Uy UVy = Ajy; for suppose that there exists a; € Ay \ (U UVp). Choose a triangle {a1,az, a3} with
as € As and ag € As. Since UsNVa = (0, not both u, v are adjacent to as, and since neither of them is
adjacent to a1, ag, not both u, v have a neighbour in this triangle, a contradiction. This proves that
Uy U Vi = Ay, and similarly Us U Vo = As. Hence N, N, are disjoint and have union A; U Ay. But
Ny, N, are both stable, and so (N, N,, As) is a 3-colouring of G|W. Since G is 3-substantial and
L(K33) is not a core path of triangles graph, 13.1 implies that N, is one of A;, As, a contradiction
since u € Bs. This proves (1).

Now for ¢+ = 1,2,3, C}; is stable since its members are not in the core and have a common
neighbour. Moreover, Ao U As is anticomplete to Cy by definition, and if x € Bs U B3 then z has a
neighbour (in A;) which is adjacent to every vertex of C'1, and therefore x is anticomplete to Cy. In
particular, Ay U By U (1 is stable, and so are A3 U B3 U Cy and Ay U B U (3. Since these three sets
have union V(G), it follows that G is 3-colourable. This proves 13.2. [ |
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Proof of 11.2. Let G be prismatic, orientable and not 3-colourable, and let W be its core. We
may assume that G is 3-substantial, for otherwise the theorem holds. By 12.4, it follows that G is
triangle-connected. By 4.2, either G|W is isomorphic to L(K33), or G|W is a core cycle of triangles
graph, or G|W is a core path of triangles graph. If G|W is isomorphic to L(K33), then G is a
mantled L(K33) by 10.3, and the theorem holds. If G|W is a core cycle of triangles graph, then by
9.1 and 10.2, either G is a cycle of triangles graph, or G is a ring of five graph, and in either case the
theorem holds. If G|W is a path of triangles graph, then by 13.2 G is 3-colourable, a contradiction.
This proves 11.2. [ |

14 The 3-colourable case

It remains to prove 11.1; and in view of 12.1, it suffices to show that the following:

14.1 If (G, A, B,C) is a prime 3-coloured triangle-connected prismatic graph, then (G,A,B,C) €
QoU Q1 U Q.

(We recall that Qg, Q1, Q2 were defined just before the statement of 11.1.) This therefore is the goal
of the remainder of the paper. Here is an immensely useful lemma.

14.2 Let (G, A, B,C) be a prime 3-coloured prismatic graph, with nonnull core W. Then every
vertex in V(G) \ W has neighbours in ezxactly two of WN AW NB,WNC.

Proof. Certainly no vertex in V(G) \ W has neighbours in all three of WNA, W N B, W NC, since
it belongs to one of A, B,C' and these three sets are stable. Since W is nonnull and therefore W
includes a triangle, every vertex in V(G) \ W has at least one neighbour in W. Let

A = {ve A\ W :vis C N W-anticomplete}
B, = {veB\W:vis AN W-anticomplete}
C; = {veC\W:wvis BN W-anticomplete},

and define A2 = A\A17B2 = B\Bl and 02 = C\Cl Let ‘/Z = Az UBZ' UCZ‘, and let Gz = G’V; for
i=1,2. Then W C V5 and so V4 # (); suppose that also Vi # (). Then (G;, A;, B;,C;) (i =1,2) is a
2-term sequence of 3-coloured prismatic graphs, and we claim it is a worn 2-chain for (G, A, B, C).
To show this, it suffices (from the symmetry between A, B, (') to show that if u € A; (and hence
u ¢ W) then

e u is anticomplete to As U Cy, and
e if u is nonadjacent to v € By then v ¢ W.

Now u has no neighbour in Ay and hence none in A N W since A is stable, and no neighbour in
C N W from the definition of A;. On the other hand every vertex in BN W is in a triangle 7', and
u has a neighbour in 7T'; and consequently u is B N W-complete. This proves the second assertion
above. For the first assertion, we already saw that u is As-anticomplete, so let v € Cy. We claim
that v has a neighbour in BNW. For if v € W then v belongs to a triangle with a vertex in BNW,
and if v € C'\ W then v has a neighbour in BN W since v ¢ C;. This proves the claim. Since u is
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B N W-complete, it follows that there is a vertex in B N W adjacent to both w,v. Since u is in no
triangle, it follows that u, v are nonadjacent. This proves that u is anticomplete to Co, and therefore
proves that (G, A, B,C') admits a worn 2-chain, a contradiction since it is prime. We deduce that
Vi = (. Thus every vertex in A\ W has a neighbour in C' N W, and similarly has a neighbour in
BN W (and evidently has none in A NW, since A is stable), and the result follows. [ |

To complement 13.1, we prove the following.

14.3 Let (G, A, B,C) be a prime 3-coloured prismatic graph with nonnull core, and let W be the
core of G.

o If G|W is isomorphic to L(K33) then (G, A,B,C) € Q.
e If G is not 3-substantial then (G, A, B,C) € Qs.

Proof. Suppose first that G|IW is isomorphic to L(K33). Thus [W| = 9, and we may number
W = {wj : 1 <1i,j < 3} such that distinct w}, w;/, are adjacent if and only if ¢ # ¢’ and j # j'. Since
the three sets A, B, C are stable and their union includes W, we may assume that

ANW = {wr,wi,wi}
BOW = {wywj, w3}
Cnw = {ws,wjwil.

If there exists v € A\ W, let N be the set of neighbours of v in W. Then N satisfies:
e N is stable (since v is in no triangle)
e N is disjoint from AN W (since A is stable)
e N meets every triangle (since G is prismatic), and
e N has nonempty intersection with both B and C (by 14.2, since (G, A, B, C) is prime).

But there is no such subset in L(K33), and so v does not exist. Hence A C W, and similarly
B,C CW,and so W =V(G) and (G, A, B,C) € Q; as required.
Next suppose that G|W is isomorphic to L(K33 \ €). Thus [W| =8, and W can be numbered as

W ={w} :1<4,j,<3and (i,j) # (3,3)}

where distinct w;i,w;‘-// are adjacent if and only if ¢ # ¢’ and j # j'. From the symmetry we may
assume that

ANW = {wy,wiwi}
BAW = {wy,wiwi}
CNwW = {wl wi}.
As before, it follows that A, B C W, but the argument does not quite work for C'. Suppose that

there exists v € C'\ W, and let N be its set of neighbours in W. Then again, N is stable, meets
all triangles, is disjoint from C and meets both A and B, but there is one such subset, namely

31



{w}, w3}. Thus every vertex not in W belongs to C' and its neighbour set in W is {w$,w3}. But
then (G, A, B,C) € Qy. To see this let n = 3, and let

X, =0
Xo=X; = {w}}
My=X3 = {wy w3}
X4 = {w?lﬂwg}
Xy = {wz,witU(V(G)\W)
Ms=Xs = {wj,wi}
Xo=X¢ = {wd}
X; = 0,

with all the sets L;, R; empty.

Next, suppose that there is a vertex ¢ that belongs to every triangle of G. We may assume that
¢ € C. Let the triangles containing ¢ be {a;,b;,c} for 1 <i < k. Let v € V(G) \ W. If v is adjacent
to ¢, then it is anticomplete to both ANW and BN W (since v is in no triangle), contrary to 14.2;
so ¢ has no other neighbours. By 14.2, v has a neighbour in A N W and a neighbour in BN W,
and therefore v € C. For 1 < ¢ < k, v is adjacent to exactly one of a;,b;; and so by setting n = 1,
X1 =A, XQ = {C}, Xy =C, X3 = B, we see that (G,A,B,C) € Q.

Next, suppose that there exist adjacent a,b € V(G) so that every triangle contains one of a,b.
We may assume that a € A and b € B, and that not every triangle contains a, so at least one
contains b and not a, and similarly at least one contains a and not b. Every vertex in W is in a
triangle containing a or b, and so is adjacent to a or b (or both). Let

Ay = {ve(AnW)\ {a} : v is adjacent to b}
B, = {ve(BnW)\{b}:wvisadjacent to a}

C, = {veCnW:wvis adjacent to b and not to a}
C, = {velCnW:wvisadjacent to a and not to b}
Cy = {veCnW :wvis adjacent to both a and b.}

Thus these five sets are pairwise disjoint and have union W \ {a,b}. Every triangle that contains
a and not b is a subset of {a} U B, U C,, and every triangle containing b and not a is a subset
of {b} U Ay U Cy. Moreover A, is matched with Cj, and B, is matched with C,. Since by 12.3 G
is triangle-connected, it follows that some (necessarily unique) triangle contains both a,b, and so
|Co| =1, say Cp = {c}. If u € C,, then u is anticomplete to {b} U}, and since u has a neighbour in
every triangle that contains b and not a, it follows that w is Ap-complete. Hence C, is complete to
Ap, and similarly Cj is complete to B,. Let v € V(G) \ W, and let N be the set of neighbours of v
in W. If v is adjacent to ¢, then from the symmetry we may assume that v € A, and since N meets
every triangle that contains b and not a, and NN (A, U{a}) =0, it follows that C, C N. Since B, is
complete to C, and Cj # 0, and v is in no triangle, it follows that v is anticomplete to B,; but then
v is anticomplete to both ANW and B N W, contrary to 14.2. Thus every neighbour of ¢ belongs
to W. Now suppose that v € V(G) \ W is adjacent to a. Since a is complete to B N W, it follows
that v has no neighbours in BN W, and so by 14.2, v has neighbours in both ANW and in CNW.
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Consequently v € B. Let By be the set of all such v, that is, all v € B\ W that are adjacent to a.
Similarly let Ag be the set of all v € A\ W that are adjacent to b. Then V(G) \ W = Ay U By. Let
n = 2, and let

=Xy = B,

Xy = {a}
Xo = {a}UAy
Ly = C,
My = {c}
Ry =
Xy = C
Xy = {b}

Xy = {b}UBO
Ly=X; = A,

This sequence shows that (G, A, B,C) € Qs.

Finally, suppose that there exist nonadjacent ag,by € V(G) so that every triangle contains one
of ag,by. By what we already proved, we may assume that there is no clique of cardinality at most
two meeting all triangles, and G|W is not isomorphic to L(K33 \ e). There is at least one triangle
containing ag with nonempty intersection with a triangle containing b, since G is triangle-connected.
Since no clique with cardinality at most two meets every triangle, it follows that ag is in at least two
triangles, and so is by. Define X, to be the set of all vertices v such that some triangle contains v, ag,
and some triangle contains v, bg. Now there are four kinds of triangles in G; those containing ag and
a vertex of X4; those containing by and a vertex of X4; those containing ag disjoint from X4; and
those containing by disjoint from X,. We call them left inner, right inner, left outer and right outer
respectively. Let Xy = {ao},f(ﬁ = {bo}. Let X; = R; be the set of vertices in left outer triangles
that are adjacent to by, and let L3 be the vertices different from ag that are in left outer triangles and
are not adjacent to by Similarly, let X7 = L7 be the set of neighbours of ag in right outer triangles,
and Ry the set of nonneighbours of ag in right outer triangles (different from bg). Let M3 be the set
of all vertices in left inner triangles and not in X, U {ao}, and let Mj be those in right inner triangles
and not in X4 U {by}. Let X3 = L3 U Mg, and X5 = M5 U Rs. The sets

Ry, X9, Ly, M3, X4, M5, R5, X6, L7
are pairwise disjoint, and have union the core W. It follows that the sequence
XlaXQ)X37X4)X57X67X7

is a core path of triangles decomposition of G|W (note that since aq is in at least two triangles, it
follows that if Ry = () then |X4| > 1, and the same holds for by). By 13.1, we may assume that
X27X5 - A, and Xg,X(, - B, and X17X4,X7 - C.

Let us examine the vertices not in the core. Define X9, X4, Xg as follows:

o let X5 be the union of XQ and the set of all vertices in A that are nonadjacent to by and
complete to X4 U L7;
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e let X4 be the union of X4 and the set of all vertices v € C'\ W that are adjacent to both ag, by
and have no other neighbours in W;

e let X4 be the union of Xﬁ and the set of all vertices in B that are nonadjacent to ag and
complete to X4 U R;.

We claim that every vertex not in the core belongs to one of X, X4, X¢. For let v € V(G) \ W.
If v is adjacent to both ag, by, then it has no other neighbours in the core and v € C, and so v € X4.
Next, suppose that v is adjacent to by and not to ag. Then v is anticomplete to R1, My, Rs, M5, Ly
(since these are all complete to by), and therefore every neighbour of v in W belongs to B, contrary
to 14.2. Similarly every vertex not in W U X4 is nonadjacent to both ag, bg. Let v be such a vertex.
If v € A, then v has no neighbours in M5 U{by}, and so v is complete to X4; and v has no neighbours
in Rs, and so is complete to L7, and consequently v € Xo. Similarly if v € B then v € Xg. We
therefore suppose that v € C'. Hence v is anticomplete to X4, and therefore complete to M3 U Ms.
We deduce that M3 is anticomplete to M5, and so ]X4| = 1. Also, since M5 is complete to Lg and v
is complete to L3, we deduce that Ls = (), contradicting that ag is in at least two triangles. Thus, no
such v exists. This proves our claim that every vertex not in the core belongs to one of Xo, Xy, Xg.

Since X5, Xg are complete to X4, they are anticomplete to each other. It follows that

X17X27X37X47X57X67X7

is a path of triangles decomposition of G. But A = Xo U X5, B = X3U Xg, and C' = X1 U X4y U X7,
and so (G, A, B,C) € Qs. This completes the proof of 14.3. [ ]

Now we can complete the proof of the characterization for 3-coloured prismatic graphs.

Proof of 14.1. Let (G, A, B,C) be a prime 3-coloured prismatic graph. Let W be the core of G. If
W =0 then (G, A, B,C) € Qq as required, so we assume that W is nonnull. By 12.3, G is triangle-
connected. By 14.3, we may assume that G|W is 3-substantial and not isomorphic to L(K33). By
3.1, G|W is a core path of triangles graph. Hence by 13.1 if G| is not isomorphic to L(K33)\e, and
by inspection if G|W is isomorphic to L(K33) \ e, it follows that (GIW,ANW,BNW,CNW) € Qs.
Every vertex not in the core has neighbours in exactly two of ANW, BOW, CNW by 14.2. By 9.2, G
is a path of triangles graph. Hence there is a 3-colouring (A’, B’,C") of G with (G, A", B',C") € Qa,
and by 13.1, we may assume that ANW C A, BNW C B’ and CNW C C’. Since every vertex not
in the core has neighbours in exactly two of ANW,BNW,C NW, it follows that A’ = A,B’ = B
and C' = C, and so (G, A, B,C) € Q. This proves 14.1, and therefore proves 11.1. [ |

As we observed earlier, this also completes the proof of 11.1.

15 Four-colouring

For an application in a future paper, it is convenient now to prove a lemma. This will avoid having
to redefine “path of triangles graph” and all the rest in that paper. We wish to prove the following.

15.1 Let G be an orientable prismatic graph with nonnull core.

o If G is a mantled L(K33), then there are twelve stable sets of G so that every vertex is in three
of them.
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e [f not, then G s 4-colourable.

Proof. Suppose first that G is a mantled L(K33). Then V(G) is the union of seven sets W =
{aé- 11 <4, <3} VEV2 V3V, Vo, Vs, with adjacency as in the definition of a mantled L(K33).
Reading the subscripts and superscripts modulo 3, we see that the nine sets

ViUV Ufai™ ke {1,2,30\ {j}} (1 <i,5 <3)

are all stable, and so are the three sets {a!,a},a}} (1 <i < 3); and every vertex is in exactly three
of these twelve sets. This proves the first claim.
Now we assume that G is not a mantled L(K33), and let W be its core.

(1) If there is a stable set X C V(G) such that G\ X has a triangle and the hypergraph of tri-
angles of G\ X is not connected, then G is 4-colourable.

For since G \ X is prismatic and orientable, 12.4 implies that G \ X is 3-colourable, and there-
fore G is 4-colourable, as required. This proves (1).

(2) If G is 3-substantial then G is 4-colourable.

For suppose that G is 3-substantial. We may assume that G is not 3-colourable, and so by 11.2,
G is either a cycle of triangles graph, or a ring of five graph. In either case G|W is a core cycle of
triangles graph. Let X7,..., X9, be a core cycle of triangles decomposition of G|W. Thus n > 5.
Let X = X7 U X5. Then X is stable, and every triangle of G \ X either meets X9 U X, or meets
XgU---UXoy; there is a triangle of each type, and no triangle of the first kind intersects any triangle
of the second kind. Hence the hypergraph of triangles of G\ X is disconnected, and the claim follows
from (1). This proves (2).

(3) If some vertex belongs to every triangle of G then G is 4-colourable.

For suppose that ¢ belongs to every triangle. Choose a triangle T' = {a,b,c}, and let A, B,C
be the sets of vertices in V(G) \ T' adjacent to a,b,c respectively. Thus A, B,C,T are pairwise
disjoint and have union V(G). Since every triangle contains ¢, it follows that A, B are both stable.
The subgraph induced on C'U {a, b} is a matching and so is 2-colourable; let X, Y be disjoint stable
sets with union C'U{a,b}. Then X, Y, A, BU{c} are four stable sets with union V' (G). This proves (3).

(4) If there exist two adjacent vertices a,b so that every triangle contains one of a,b, then G is
4-colourable.

For by (3) we may assume that some triangle contains a and not b, and some triangle contains
b and not a. Let X be the set of all (at most one) vertices that are adjacent to both a,b. Then X
is stable, and the hypergraph of triangles of G \ X is not connected, and the claim follows from (2).
This proves (4).

(5) If there exist nonadjacent ag, by so that every triangle contains one of ag, by, then G is 4-colourable.
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For by (4), we may assume that there is no clique of cardinality at most two meeting all trian-
gles. Define
X1 =Ry, Xy, L3, M3, X3, X4, Ms, R5, X6, X7 = L7

as in the proof of 14.3. As in that proof, it follows that the sequence
X1, X2, X3, X4, X5, X¢, X7

is a core path of triangles decomposition of G|W. If Ry # (), then the hypergraph of triangles of
G\ M3 is not connected, and the result follows from (2). We assume that R; = ), and consequently
L3 = (. Similarly we may assume that R5 = Ly = (). If ]X4| =1, then X4 U X5 meets all triangles
and is a clique of cardinality 2, a contradiction, so |X4| > 2. For each = € Xy, let 7, € Ms be the
vertex such that {ag,x,r,} is a triangle, and define s, € M5 similarly. Let v € V(G) \ W, and let N
be the set of neighbours of v in W. We say:

e ve(Cif N={agp,bo}

o ve Aif N ={ag}UMs

o veEBif N={b} UM,

o ceDyif N =X,

e ce D, forze Xy if N=(X4\{z})U{re,s.}.

It follows that the sets A, B,C, Dy and D, (z € X4) are pairwise disjoint. We claim that they have
union V(G)\W. For let v € V(G)\ W, and define N as before. If ag,by € N then since every vertex
of W is adjacent to one of ag, by and N is stable, it follows that v € C'. We assume then that by ¢ N.
If ag € N, then N is disjoint from X3 U X4, and so M5 C N, and therefore v € A. We assume
therefore that ag ¢ A. If X, C N then v € Dy, so we assume that z ¢ N for some = € X,. Since N
meets the triangle {ag,x,r;}, it follows that r, € N, and similarly s, € N. Since r, is adjacent so
s, for all y € X4\ {x}, it follows that z is the unique member of X, that is not in N, and so v € D,.
This proves our claim that the sets A, B, C, Dy and D, (z € X4) have union V(G)\ W.

The four sets Xo U M5 U B, Xg U M3 U A, X, UC, and Dy U UD, : z € X4) have union
V(G), and the first three are stable; so we assume the fourth is not stable. Hence there exist
dy,dy € DoUJ(D, : x € X4), adjacent. Since di,ds are not in triangles, they have no common
neighbour; and so ]X4\ =2 X, = {z1,x2} say, and d; € D, for i = 1,2. But then the sets

{ao, 82, } U Dgy, {bo, 72, } UDoU Dy, {1,720, } UA,{2,8,, } UBUC
are stable and have union V(G), and so G is 4-colourable. This proves (5).

From (2)—(5) we deduce that G is 4-colourable. This proves 15.1. [ |
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16 Changeable edges

Let G be a prismatic graph and let e € E(G). We say that uv is changeable if G'\ e is also prismatic.
For another application in a future paper, it is helpful to study here which edges are changeable, if
G is orientable. Let T be a triangle of a prismatic graph H, say T' = {a,b,c}. We say T is a leaf
triangle at c if a,b both only belong to one triangle of H (namely, 7'). We observe first that:

16.1 Let G be a prismatic graph, and let e € E(G), with ends u,v. Then e is changeable if and
only if either u,v are both not in the core of G, or there is a leaf triangle {u,v,w} at some vertex w.

Proof. If there is a triangle of G that contains w and not v, then G \ e is not prismatic, and u
is in the core, and there is no leaf triangle {u,v,w} for any vertex w, and so the claim holds. We
may assume then that u,v belong to the same triangles. If neither of them is in the core, then e
is changeable and the claim holds; so we may assume that there is a triangle {u,v,w} for some w.
Since G is prismatic, w is unique, and {u,v,w} is a leaf triangle at w; but then e is changeable and
the claim holds. This proves 16.1. [ |

Now let us examine which triangles are leaf triangles, if G is orientable.

16.2 Let G be prismatic and orientable, and let T = {u,v,w} be a triangle of G. Then T is a leaf
triangle at w if and only if either:

e GG admits a worn chain decomposition, and T is a leaf triangle at w in some term of the chain,
or

o there exists S C V(G) with |S| < 2 such that every triangle meets S, and w € S, and u,v
belong to no triangle that meets S\ {w}, or

e G admits a path of triangles decomposition X1,..., Xont+1 or cycle of triangles decomposition
X1,...,Xon, and for some i, w € Xo; and u € Ry;—1 and v € Lo;y1 (or vice versa), with the
usual notation.

Proof. The “if” part is clear. Suppose then that T is a leaf triangle at w. If G admits a worn chain
decomposition, then {u,v,w} is a leaf triangle in one of the terms of the chain; so we may assume
that G admits no such decomposition. Since G has a leaf triangle, it follows from 11.1 that either
G is a path of triangles graph or it is not 3-colourable. We may assume that G has at least two
triangles.

Suppose then that G is a path of triangles graph. Let Xi,..., X2,4+1 be a path of triangles
decomposition of G, and let Loji1, Majt1, Roi+1 (1 < i < n) be as usual. Then for 1 < i < n,
every edge between u € Rg;—1 and v € Lg;y1 is changeable, since {u,v,w} is a leaf triangle where
Xy = {w}. We claim that there are no other leaf triangles; for suppose that T = {u,v,w} is a
leaf triangle at w. As in statement (1) of the proof of 4.2, either there exists ¢ with 1 < i < n
such that Xo;, Mo;11, X942 each contain a vertex of T, or there exists ¢ with 1 < ¢ < n such
that Ro;j_1, X9;, Loj4+1 each contain a vertex of T. In the second case T is of the kind we already
described, so we assume the first holds. From the symmetry we may assume that u € Xoi. Suppose
that |X2¢+2| > 1. By (P1), \Xg,| =1, and by (P6), MQZ‘_H,XQH_Q are matched; but then u belongs
to more than one triangle, a contradiction. Thus |X2i+2| = 1. Suppose that ¢ > 1. Then the same
argument shows that |Xo;_o| = 1, and by (P6), Xy; is matched with both M1 and My;_1, and
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again u is in more than one triangle. Hence i = 1, and so |X4| = 1. By (P4), Ry # 0. But R; is
matched with L3, and so again u is in more than one triangle. This proves our claim.

We may therefore assume that G is not 3-colourable. Then G is triangle-connected by 12.4, and it
has more than one triangle. Hence every triangle contains a vertex that belongs to another triangle,
and so is a leaf triangle at at most one vertex. By 11.2, G is either not 3-substantial, or a cycle of
triangles graph, or a ring of five graph, or a mantled L(K'33). Suppose it is not 3-substantial, and
let S C V(G) with |S| < 2 such that every triangle contains a vertex of S. Choose S minimal with
this property. If |S| = 1, S = {s} say, then every triangle is a leaf triangle at s, so we assume that
S = {s1,s2}. Then the leaf triangles are those triangles that contain exactly one member of S, say
s1, and intersect no triangle that contains so. (It is easy to list these explicitly if we first formulate
an explicit construction for G, which as we mentioned before is left to the reader.) Now suppose
that G is a cycle of triangles graph. Then as for the path of triangles case, it follows easily that the
changeable edges in leaf triangles are the edges between Rg;—1 and Lo;y1 for some ¢. Finally, if G is
either a ring of five graph or a mantled L(K33), then G has no leaf triangles. This proves 16.2. W
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