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Abstract

The Gyárfás-Sumner conjecture asserts that if H is a tree then every graph with bounded clique
number and very large chromatic number contains H as an induced subgraph. This is still open,
although it has been proved for a few simple families of trees, including trees of radius 2, some
special trees of radius 3, and subdivided stars. These trees all have the property that their vertices
of degree more than 2 are clustered quite closely together. In this paper, we prove the conjecture for
two families of trees which do not have this restriction. As special cases, these families contain all
double-ended brooms and two-legged caterpillars.



1 Introduction

All graphs in this paper are finite and simple. If G is a graph, then χ(G) denotes its chromatic
number, and ω(G) denotes its clique number, that is, the cardinality of the largest clique of G.

Let H be a graph. When is there a function f such that χ(G) ≤ f(ω(G)) for every graph G not
containing H as an induced subgraph? Let us call such a graph H χ-bounding. Every χ-bounding
graph H is a forest, because we could take G to have large girth and large chromatic number, and
every such graph G should contain H. The Gyárfás-Sumner conjecture [2, 9] asserts that the converse
holds:

1.1 Conjecture: Every forest is χ-bounding.

It is easy to see that a forest is χ-bounding if and only if all its components are χ-bounding,
so the question reduces to trees. Despite considerable attention, there are still only a few families
of trees for which the Gyárfás-Sumner conjecture has been proved. The only trees that have been
shown to be χ-bounding so far are:

• trees of radius at most two (Gyárfás, Szemerédi and Tuza [4] in the triangle-free case; Kierstead
and Penrice [5] in the general case);

• trees that can be obtained from a tree of radius at most two by subdividing once every edge
incident with the root (Kierstead and Zhu [6]); and

• subdivided stars (a special case of the main result in Scott [7]). Here we say a tree is a subdivided
star if it has at most one vertex of degree at least three.

In addition, two of us hope to show in a later paper [8] that every tree is χ-bounding that can be
obtained from a tree of radius at most two by subdividing once some of the edges incident with the
root, thus unifying the first two classes above; but the proof of that is long and difficult.

All the trees mentioned so far have the property that their vertices of degree greater than 2 are
all clustered closely together. For arbitrary trees, a “topological” version of the Gyárfás-Sumner
conjecture is known [7]: for every tree T there is a function f such that χ(G) ≤ f(ω(G)) for every
graph G containing no subdivision of T as an induced subgraph. In fact, it is enough to exclude
the finite family of subdivisions of T such that each edge is subdivided at most cT times, where cT
is a constant depending only on the radius of T . This implies the Gyárfás-Sumner conjecture for
subdivisions of stars. However, the conjecture is not known for any tree that contains a distant pair
of vertices with degree more than 2. The aim of this paper is to show the existence of such trees.

We begin with two special cases. Take a six-vertex path, and for each of its two middle vertices v
say, add another vertex adjacent to v. We obtain a tree with eight vertices, and it was not previously
known whether this tree is χ-bounding. More generally let us say a two-legged caterpillar is a tree
obtained from a path by adding two more vertices, each with one neighbour in the path. We will
prove:

1.2 Every two-legged caterpillar is χ-bounding.

A star is a tree in which one vertex is adjacent to all the others, and a broom is a tree obtained
from a star by replacing one of its edges by a path of arbitrary length. (All brooms are χ-bounding [3],
and indeed they are subdivided stars.) A double-headed broom is a tree obtained from two disjoint
stars by adding a path between the centres of the stars. We will show:
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Figure 1: A 2-legged caterpillar and a double broom

1.3 Every double-headed broom is χ-bounding.

Our two main theorems say that certain types of trees are χ-bounding, and the two results above
are special cases. The first, implying 1.2, is

1.4 Let H be a tree obtained by adding one vertex to a subdivided star. Then H is χ-bounding.

The second, implying 1.3, is:

1.5 Let H be a tree obtained from a subdivided star and a star by adding a path joining their centres.
Then H is χ-bounding.

The proofs of the two results are almost the same, and we will prove them together. The trees of
1.4 and 1.5 both have the property that they have only two vertices with degree more than two, and
the length (k say) of the path between these two vertices turns out to be the key parameter. The
proof method depends on whether there is a ball of radius at most k and large chromatic number
or not, so let us make that precise. If v is a vertex of a graph G, Nk(v) or Nk

G(v) denotes the set
of vertices of G with distance exactly k from v, and Nk[v] or Nk

G[v] denotes the set with distance at
most k from v. We sometimes write χ(X) for χ(G[X]) when there is no risk of ambiguity. If G is a
nonnull graph and k ≥ 1, we define χk(G) to be the maximum of χ(Nk[v]) taken over all vertices v
of G. (For the null graph G we define χk(G) = 0.) If H is a subgraph of G and u, v ∈ V (H), the
distance between u, v in H may be greater than the distance between u, v in G, and the H-distance
between u, v means the distance between u, v in H.

Let d ≥ 1, and take a d-star (that is, a copy of the complete bipartite graph K1,d). Now subdivide
each of its edges d−1 times; that is, replace each edge by a path of length d, joining the same pair of
vertices, and internally pairwise disjoint. This produces a subdivided star and we call it a d-superstar.
Let k ≥ 1; we define a “(k, d)-binary star” and a “(k, d)-bristled star” as follows.

• Take the disjoint union of a d-superstar and a d-star, and join their centres with a path of
length k. We call this tree a (k, d)-binary star.

• Take the disjoint union of a d-superstar S and a path T of length d+ 1, and join the centre of
S and the second vertex of T with a path of length k. We call this tree a (k, d)-bristled star.

Every tree H as in 1.5 is an induced subgraph of a (k, d)-binary star for some k, d ≥ 1, and every tree
H as in 1.4 is an induced subgraph of a (k, d)-bristled star for some k, d ≥ 1. It therefore suffices to
prove 1.5 and 1.4 for trees H that are (k, d)-binary stars, and for those that are (k, d)-bristled stars.
Let us say a graph is (k, d)-starry if it has an induced subgraph that is a (k, d)-binary star and one
that is a (k, d)-bristled star. The following is our main result, implying both 1.4 and 1.5.
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Figure 2: A bristled star and a binary star

1.6 For all κ ≥ 0 and k, d ≥ 1, there exists c ≥ 0 such that every graph G with ω(G) ≤ κ and
χ(G) > c is (k, d)-starry.

The proof of 1.6 is given at the end of section six.

2 Using criticality

Our main tool is a set of lemmas proved in this section, that if X is a subset of V (G) of small
chromatic number, and G itself has large chromatic number, and deleting X from G reduces the
chromatic number, then there are useful subgraphs rooted at some vertex in X and growing out into
G \X. We begin with:

2.1 Let d ≥ 0 be an integer, let G be a graph with chromatic number more than d, and let X ⊆ V (G)
be stable, such that χ(G\X) < χ(G). Then some vertex in X has at least d neighbours in V (G)\X.

Proof. Let χ(G) = k + 1, and so k ≥ d. Let φ : V (G) \X → {1, . . . , k} be a k-colouring of G \X.
For each x ∈ X, if x has at most k−1 neighbours in V (G)\X then we may choose φ(x) ∈ {1, . . . , k},
different from φ(v) for each neighbour v ∈ V (G) \X of x; and this extends φ to a k-colouring of G,
which is impossible. Thus for some x ∈ X, x has at least k ≥ d neighbours in V (G) \X. This proves
2.1.

If X ⊆ V (G), let us say an X-split is a triple (x, y, Z), where

• x ∈ X, y ∈ V (G) \X, and Z ⊆ V (G) \ (X ∪ {y});

• x is adjacent to y and has at least one neighbour in Z;

• y has no neighbours in Z; and

• G[Z] is connected.

Let us say χ(Z) is the chromatic number of an X-split (x, y, Z). Next we need:

2.2 For all c, τ ≥ 0 there exists c′ with the following property. Let G be a graph with chromatic
number more than c′, such that χ1(G) ≤ τ ; and let X ⊆ V (G) be stable, such that χ(G \X) < χ(G).
Then there is an X-split in G with chromatic number more than c.

Proof. Let c′ = (2c+3τ+3)τ , let G be a graph with chromatic number more than c′ and χ1(G) ≤ τ ,
and let X ⊆ V (G) be stable, such that χ(G \X) < χ(G). We prove the result by induction on |X|.
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Choose x ∈ X. If χ(G \ x) = χ(G), let G′ = G \ x, and X ′ = X \ {x}; then χ(G′ \X ′) < χ(G′), and
the result follows from the inductive hypothesis. Thus we may assume that χ(G \ x) < χ(G).

Let k = χ(G)−1, and let φ : V (G)\{x} → {1, . . . , k} be a k-colouring of G\x. Let N denote the
set of all neighbours of x. Then, since G does not admit a k-colouring, it follows that for 1 ≤ i ≤ k
there exists n ∈ N with φ(n) = i. Let G be the complement graph of G, and let N1, . . . , Nt be the
vertex sets of the components of G[N ]. Now χ(N) ≤ τ , since χ1(G) ≤ τ . But for 1 ≤ i < j ≤ t,
every vertex of Ni is adjacent to every vertex of Nj , and so χ(N) =

∑
1≤i≤t χ(Ni). Consequently∑

1≤i≤t χ(Ni) ≤ τ , and in particular, t ≤ τ since each χ(Ni) > 0. For 1 ≤ i ≤ t let Di be the set
{φ(v) : v ∈ Ni}, that is, the set of colours that appear in Ni. Now D1, . . . , Dn are pairwise disjoint
and have union {1, . . . , k}, so we may assume that |D1| ≥ k/t ≥ 2c+ 3τ + 3.

Let Y be the set of vertices of G \N1 that are adjacent to every vertex in N1; thus x ∈ Y , and
N \N1 ⊆ Y . Let W be the set of vertices of G \ (N1 ∪ Y ) that have neighbours in N1.

(1) If χ(W ) > c+ 2τ + 1 then the theorem holds.

We assume that χ(W ) > c+ 2τ + 1. Since X is stable, it follows that χ(W \X) > c+ 2τ ; and since
χ(N) ≤ τ , χ(W \ (N ∪ X)) > c + τ . Choose q ∈ N1; then since χ(N1(q)) ≤ τ , the set of vertices
in W \ (N ∪X) that are nonadjacent to q has chromatic number more than c, and so there exists
Z ⊆ W \ (N ∪X) with χ(Z) > c, such that G[Z] is connected and q has no neighbour in Z. Let P
be the set of vertices in N1 that have a neighbour in Z, and Q = N1 \ P ; then P 6= ∅, since every
vertex of Z has a neighbour in N1, and Q 6= ∅, since q ∈ Q. Since G[N1] is connected, there exist
y, z ∈ N1, nonadjacent, such that z ∈ P and y ∈ Q. But then (x, y, Z ∪ {z}) is an X-split satisfying
the theorem. This proves (1).

In view of (1), we assume henceforth that χ(W ) ≤ c+ 2τ + 1.

(2) Let C be the vertex set of a component of G \ (N1 ∪ Y ). If C ∩W 6= ∅ and χ(C) > 2c+ 2τ + 2
then the theorem holds.

For then χ(C \ (W ∪ X)) > c, and so there is a subset Z ⊆ C \ (W ∪ X) with χ(Z) > c such
that G[Z] is connected. Since Z ⊆ C and C ∩W 6= ∅, there is a path of G[C] between W and Z;
choose such a path, P say, minimal. Now P has length at least one, since Z ∩W = ∅. Let w be the
end of P in W . It follows that no vertex of P different from w has a neighbour in N1. Since G[N1]
is connected and w has a neighbour and a non-neighbour in N1, there exist nonadjacent y, z ∈ N1

such that w is adjacent to z and not to y.
Suppose first that no vertex of P belongs to X. Then (x, y, Z∪V (P )∪{z}) is the desired X-split.

We may assume therefore that some vertex of P belongs to X. Choose x′ ∈ X ∩ V (P ) such that the
subpath of P (P ′ say) between x′ and Z is minimal. If x′ 6= w let y′ be the vertex of P adjacent to
x′ that does not belong to V (P ′), and if x′ = w let y′ = z. In either case, y′ /∈ X, since X is stable.
Then {x′, y′, (V (P ′) \ {x′}) ∪ Z) is the desired X-split. This proves (2).

Let V be the union of the vertex sets of all components of G \ (N1 ∪ Y ) that have nonempty
intersection with W .

(3) If v ∈ V (G) \ (N1 ∪ V ∪ {x}) and has a neighbour u ∈ N1 ∪ V ∪ {x}, then φ(v) /∈ D1.
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We claim that v ∈ Y ; for if u ∈ N1 then v has a neighbour in N1 and v /∈ V ∪N1 ∪ {x}, so v ∈ Y ; if
u ∈ V then v ∈ N1 ∪Y since v /∈ V , and so again v ∈ Y ; and if u = x then v ∈ N1(x) ⊆ N1 ∪Y , and
again v ∈ Y . Thus v ∈ Y . Consequently φ(v) is different from φ(w) for every w ∈ N1; and so from
the definition of D1 it follows that φ(v) /∈ D1. This proves (3).

By (2) we may assume (for a contradiction) that χ(V ) ≤ 2c + 2τ + 2. It follows that χ(N1 ∪
V ∪ {x}) ≤ 2c+ 3τ + 3. Consequently G[N1 ∪ V ∪ {x}] admits a colouring ψ using only the colours
in D1, since |D1| ≥ 2c + 3τ + 3. For each v ∈ V (G), define φ′(v) = φ(v) if v /∈ N1 ∪ V ∪ {x}, and
φ′(v) = ψ(v) if v ∈ N1 ∪ V ∪ {x}. By (3) this gives a k-colouring of G, which is impossible. This
proves 2.2.

To use this, we combine it with a version of Gyárfás’ path theorem (see [1] for this version):

2.3 Let G be a graph, let k ≥ 0, let C ⊆ V (G), and let x0 ∈ V (G) \C, such that G[C] is connected,
x0 has a neighbour in C, and χ(C) > kχ1(G). Then there is an induced path x0- · · · -xk of G where
x1, . . . , xk ∈ C, and a subset C ′ of C, with the following properties:

• x0, . . . , xk /∈ C ′;

• G[C ′] is connected;

• xk has a neighbour in C ′, and x0, . . . , xk−1 have no neighbours in C ′; and

• χ(C ′) ≥ χ(C)− kχ1(G).

We deduce:

2.4 For all d, τ ≥ 0 there exists c′ with the following property. Let G be a graph with chromatic
number more than c′, such that χ1(G) ≤ τ ; and let X ⊆ V (G) be stable, such that χ(G \X) < χ(G).
Then there is a vertex x ∈ X, an induced path P of length d with one end x and no other vertices in
X, and a vertex y ∈ V (G) \X that is adjacent to x and has no other neighbour in V (P ).

Proof. Let c = kτ and let c′ satisfy 2.2. We claim that c′ satisfies 2.4. For let G,X be as in the
theorem, with χ(G) > c′. By 2.2 there is an X-split (x, y, Z) with chromatic number more than
c = kτ . By 2.3 there is an induced path P of G[Z ∪ {x}] with one end x, of length d. But then
x, y, P satisfy the theorem. This proves 2.4.

We combine 2.1 and 2.4 in the following. If X ⊆ V (G), we say that x ∈ X is d-equipped in
V (G) \X if x has at least d neighbours in V (G) \X, pairwise nonadjacent, and there is an induced
path P of length d with one end x and no other vertices in X, and a vertex y ∈ V (G)\(X∪V (P )) that
is adjacent to x and has no other neighbour in V (P ). We speak of the set of d pairwise nonadjacent
neighbours, the path P and the vertex y as the parts of the equipment of x.

2.5 For all d, τ ≥ 0 there exists c with the following property. Let G be a graph with chromatic
number more than c, such that χ1(G) ≤ τ ; and let X ⊆ V (G) be stable, such that χ(G \X) < χ(G).
Then there is a vertex x ∈ X that is d-equipped in V (G) \X.
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Proof. Choose d′ ≥ 0 such that every graph with d′ vertices has either a clique of cardinality τ + 1
or a stable set of size d. Choose c ≥ d′ such that 2.4 holds with c′ replaced by c. Let X1 be the
set of vertices in X that have at least d′ neighbours in V (G) \X; and let X2 be the set of vertices
x ∈ X such that there is an induced path P of length d with one end x and no other vertices in X,
and a vertex y ∈ V (G) \X that is adjacent to x and has no other neighbour in V (P ). Suppose for a
contradiction that X1 ∩X2 = ∅. Since X is stable, it follows that no vertex in X2 has d′ neighbours
in V (G)\X2; and so by 2.1, it follows that χ(G) = χ(G\X2). By 2.4 applied to X \X2 in the graph
G \X2, it follows that

χ(G \X2) = χ((G \X2) \ (X \X2)),

contradicting that χ(G \X) < χ(G). Hence there exists x ∈ X1 ∩X2. The choice of d′ implies that
x has d pairwise nonadjacent neighbours in V (G) \X, so x is d-equipped in V (G) \X. This proves
2.5.

Next we need a version in which X may not be stable:

2.6 For all a, d, τ ≥ 0 there exists c with the following property. Let G be a graph with chromatic
number more than c, such that χ1(G) ≤ τ ; and let X ⊆ V (G) with χ(X) ≤ a, such that χ(G \X) <
χ(G). Then there is a vertex x ∈ X that is d-equipped in V (G) \X.

Proof. Choose b such that 2.5 holds with c replaced by b; and let c = ab. We claim that c satisfies the
theorem. Let G be a graph with chromatic number more than c, and let X ⊆ V (G) with χ(X) ≤ a,
such that χ(G \X) < χ(G). Let χ(G) = k + 1, and let φ : V (G) \X → {1, . . . , k} be a k-colouring
of G \X. For 1 ≤ i ≤ a let Ai = {(i− 1)b+ 1, . . . , ib}, and let Yi be the set of vertices v ∈ V (G) \X
with φ(v) ∈ Ai. If χ(Xi ∪ Yi) ≤ b for each i then χ(G) = χ(G \ X), a contradiction; so we may
assume that χ(X1 ∪ Y1) > b. Since χ(Y1) ≤ b, and X1 is stable, the choice of b implies that there is
a vertex x ∈ X1 that is d-equipped in Y1 \X1 and hence in V (G) \X. This proves 2.6.

We can iterate this (and we also throw in a bounded set of “forbidden vertices” B, but for most
of the applications B = ∅).

2.7 For all a, b, d, τ ≥ 0 there exists c with the following property. Let G be a graph with chromatic
number more than c, such that χ1(G) ≤ τ ; and let X ⊆ V (G) such that χ(G \ X) < χ(G) and
χ(X) ≤ a. Let B ⊆ V (G) \ X with |B| ≤ b. Let M denote the set of vertices in V (G) \ X with
a neighbour in X. Then there is a vertex x ∈ X that is d-equipped in V (G) \ X, and there is a
neighbour x′ of x in M \B, such that x′ is d-equipped in B ∪ (V (G) \ (X ∪N1(x))).

Proof. By increasing d, we may assume that d > b. Choose c1 such that 2.6 holds with a, c replaced
by τ, c1. Choose c such that 2.6 holds with a, c replaced by c1 + a + b, c. Now let G,X,M be as in
the theorem with χ(G) > c. Let X1 be the set of vertices in X that are d-equipped in V (G) \ X,
and let M1 be the set of vertices in V (G) \X with a neighbour in X1.

Suppose first that χ(X∪M1) ≤ c1+a+b. Let X ′ = (X∪M1)\B; then X ⊆ X ′, and so χ(G\X ′) <
χ(G). From 2.6, some vertex x′ ∈ X ′ is d-equipped in V (G) \X ′. Now x′ /∈ X \X1, since no vertex
in X \X1 is d-equipped in V (G) \X. Also x′ has at least d neighbours in (V (G) \ (X ∪M1)) ∪ B,
and therefore at least one neighbour in V (G) \ (X ∪M1), since |B| ≤ b < d; and no vertex in X1

has any neighbour in V (G) \ (X ∪M1). Consequently x′ /∈ X1, and so x′ ∈M1 \B. Choose x ∈ X1

adjacent to x′. Then N1(x) \X ⊆M1, and so x′ is d-equipped in B ∪ (V (G) \ (X ∪N1(x))).
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We may assume therefore that χ(X∪M1) > c1+a+b, and so χ(M1\B) > c1. Choose Z ⊆M1\B
minimal with χ(Z) > c1. Choose x ∈ X1 with a neighbour in Z, and let Y be the set of neighbours
of x in Z. Then χ(Y ) ≤ τ , and so by 2.6 applied to G[Z], Y , there exists x′ ∈ Y that is d-equipped
in Z \ Y . Since x has no neighbours in Z \ Y , it follows that x, x′ satisfy the theorem. This proves
2.7.

3 k-balls with large chromatic number

Let k, d ≥ 1 be integers. A (k, d)-broom is a tree obtained from a path v0-v1- · · · -vk by adding d new
vertices, each adjacent to vk. We call v0 the root of the broom. A (k, d)-bristle is obtained from a
path v0-v1- · · · -vk+d by adding one new vertex adjacent to vk. We call v0 the root of the bristle. By
a (k, d)-broom in G we mean a (k, d)-broom that is an induced subgraph of G, and we use similar
language for other kinds of tree.

3.1 Let k, d, τ ≥ 1; then there exists c with the following property. Let G be a graph with χ1(G) ≤ τ ,
and let z ∈ V (G), such that χ(Nk[z]) > c. Then there is a (k, d)-broom and a (k, d)-bristle in G,
both with root z.

Proof. Let c1 = 2τ , and inductively for i ≥ 2, choose ci ≥ 2dci−1 such that 2.6 is satisfied with a, c
replaced by ci−1, ci/2 respectively. We prove by induction on k (for the given value of d) that setting
c = ck satisfies the theorem. Thus we may assume that either k = 1 or the claim holds for k − 1.

Let G satisfy χ1(G) ≤ τ , and let z ∈ V (G), such that χ(Nk[z]) > ck. For each s ≥ 0, let
Ls = N s(z). Since χ(Nk[z]) > ck, there exists s ≥ 0 with s ≤ k such that χ(Ls) > ck/2. Since
χ(L0), χ(L1) ≤ τ , it follows that s ≥ 2; and so k ≥ 2, and the claim holds for k − 1.

Choose S ⊆ Ls minimal such that χ(S) = χ(Ls). Choose u ∈ S, and choose v ∈ L1 joined to u
by a path of length s− 1.

Let G′ be the graph G\ (L0∪L1 \{v}). If χ(Nk−1
G′ [v]) > ck−1, then from the inductive hypothesis

applied to G′, there is a (k− 1, d)-broom and a (k− 1, d)-bristle in G′ with root v. But then adding
the edge zv gives the desired (k, d)-broom and (k, d)-bristle in G with root z. We may therefore
assume that χ(Nk−1

G′ [v]) ≤ ck−1.
Let X be the set of vertices in S that have G′-distance at most k− 1 from v. Thus X ⊆ Nk−1

G′ [v],
and so χ(X) ≤ ck−1. Now u ∈ X, since s ≤ k, and so X 6= ∅. From the minimality of S,
χ(S \X) < χ(S).

By 2.6, since χ(S) ≥ ck/2 ≥ ck−1d
′, and χ(X) ≤ ck−1, it follows that some vertex x ∈ X is

d-equipped in S \ X. Since x ∈ X, there is an induced path P of length at most k − 1 such that
V (P )∩ (L0 ∪L1) = {v}. Since x has a neighbour in S \X, it follows that the length of P is exactly
k − 1, and no vertex of P different from x has a neighbour in S \ X. Also z has no neighbours in
S \X since s ≥ 2. But then P together with the edges zv and the various parts of the equipment of
x gives a (k, d)-broom and a (k, d)-bristle, both with root z. This proves 3.1.

If A,B are disjoint subsets of V (G), we say that A covers B if every vertex in B has a neighbour
in A.
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3.2 For all c, τ ≥ 0 and d ≥ 1 and k ≥ r ≥ 2, there exists c′ ≥ 0 with the following property.
Let G be a graph with χr−1(G) ≤ τ , and let z ∈ V (G) such that χ(N r

G(z)) > c′. Then there is a
(k, d)-broom H1 and a (k, d)-bristle H2 in G, both with root z, and a subset W of V (G), such that

• z ∈W , and no other vertex of H1 ∪H2 belongs to W or has a neighbour in W \ {z};

• χ(N r
G′(z)) > c, where G′ is the graph G[W ].

Proof. Choose c1 such that 3.1 is satisfied with c, k replaced by c1, k. Let

c′ = ((2k + 2d+ 3)τ + c+ c1)τ.

Now let G, z be as in the theorem. For u ∈ N1(z) and v ∈ N i(z) where i ≥ 1, we say that u is
an ancestor of v and v is a descendant of u if there is a path of length i − 1 between u, v. Since
χ(N1(z)) ≤ τ , there is a partition of N1(z) into τ stable sets; and since every vertex in N r(z) has
an ancestor in N1(z), there is a stable set L1 ⊆ N1(z) such that, if Lr denotes the set of vertices in
N r(z) with an ancestor in L1, then

χ(Lr) > c′/τ = (2k + 2d+ 3)τ + c+ c1.

For 2 ≤ i ≤ r − 1, let Li be the set of descendants in N i(z) of members of L1.
Choose B ⊆ L1 maximal such that the set of vertices in Lr with no ancestor in B has chromatic

number at least c1. Let L′0 = {z} and for 1 ≤ i ≤ r, let L′i be the set of vertices in Li with no
ancestor in B. It follows that L′1 = L1 \B, and χ(L′r) > c1, and for 1 ≤ i ≤ r, L′i−1 covers L′i. Let

G1 = G[L′0 ∪ · · · ∪ L′r].

Then χ(N r
G′(z)) > c1, and so χ(Nk

G′ [z]) > c1. It follows from 3.1 applied to G1, and from the choice
of c1, that there is a (k, d)-broom H1 and a (k, d)-bristle H2 in G, both with root z, and both with
vertex set a subset of L′0 ∪ · · · ∪ L′r.

In particular, there is a vertex in L1 \ B, v say, and since the set of descendants of v in Lr has
chromatic number at most τ , the maximality of B implies that χ(L′r) ≤ c1 + τ . Consequently

χ(Lr \ L′r) > 2(k + d+ 1)τ + c.

Since
|V (H1) ∪ V (H2)| ≤ 2(k + d+ 1),

the set of vertices with G-distance at most r− 1 from some vertex in H1 ∪H2 has chromatic number
at most 2(k+d+ 1)τ . Consequently there exists L′′r ⊆ Lr \L′r with χ(L′′r) > c such that every vertex
in L′′r has G-distance at least r from every vertex of H1 ∪H2. Let L′′0 = {z}, and for 1 ≤ i ≤ r − 1,
let L′′i be the set of vertices in Li \ L′i that have G-distance at least i from every vertex of H1 ∪H2.
We claim that L′′i−1 covers L′′i for 1 ≤ i ≤ r. Certainly L′′0 covers L′′1, so we may assume that
i ≥ 2. Let v ∈ L′′i . Since v /∈ L′i, v has an ancestor in B, and since i ≥ 2 it follows that v has a
neighbour u ∈ Li−1 with an ancestor in B. Consequently u ∈ Li−1 \ L′i−1. But since the G-distance
from v to V (H1 ∪ H2) is at least i, and u, v are adjacent, it follows that the G-distance from u to
V (H1 ∪H2) is at least i − 1, and so u ∈ L′′i−1. This proves that L′′i−1 covers L′′i for 1 ≤ i ≤ r. Let
W = L′′0 ∪L′′1 ∪ · · · ∪L′′r , and let G′ = G[W ]. Then χ(N r

G′(z)) > c. It remains to show that no vertex
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of W \ {z} is adjacent to a vertex of H1 ∪ H2 different from z. Let v ∈ L′′i say, where i ≥ 1, and
suppose v is adjacent to some vertex u ∈ V (H1 ∪H2) \ {z}. Since v has G-distance at least i from
V (H1 ∪H2), it follows that i = 1, and so v ∈ B and u ∈ L′1 ∪L′2. But u /∈ L1 since L1 is stable, and
u /∈ L′2 since no vertex of L′2 has an ancestor in B, a contradiction. Thus there is no such pair u, v.
This proves 3.2.

Let s ≥ 1, for 1 ≤ i ≤ s let ki, di ≥ 1, and let Hi be either a (ki, di)-broom or a (ki, di)-bristle;
and let H be the rooted tree obtained from the disjoint union of H1, . . . ,Hs by identifying the roots
of H1, . . . ,Hs to form the root of H. Let us call such a tree H the rooted sum of H1, . . . ,Hs.

3.3 With notation as above, let H be the rooted sum of H1, . . . ,Hs; and let 1 ≤ r ≤ min(k1, . . . , ks).
For all τ ≥ 0 and r ≥ 1 there exists c with the following property. Let G be a graph with χ1(G) ≤ τ ,
and let z ∈ V (G) be a vertex such that χ(N r[z]) > c. Then there is an induced subgraph of G
isomorphic to H with root z.

Proof. We may assume (by replacing d1, . . . , ds by their maximum) that d1 = · · · = ds = d say; for
fixed d, we proceed by induction on r; and for fixed d, r, by induction on s. If r = 1 then the claim
holds, setting c = τ ; so we may assume that r > 1, and (for the same values of d, s and k1, . . . , ks)
the result holds with r, c replaced by r − 1, c1. Let H ′ be the rooted sum of H1, . . . ,Hs−1 (or if
s = 1, let H ′ be a one-vertex graph, with that vertex as root). If s − 1 let c2 = 0, and if s > 1
then by induction on s, we may choose c2 such that the result holds (for the same values of d, r and
k1, . . . , ks−1) with s,H, c replaced by s− 1, H ′, c2. By 3.2 we may choose c3 such that 3.2 holds with
τ, c, k, r, c′ replaced by c1, c2, ks, r, c3. We claim that setting c = c1 + c3 satisfies the theorem.

For let G, z be as in the theorem, with χ(N r[z]) > c1+c3. If there is a vertex z′ with χ(N r−1[z′]) >
c1 then the result follows from the choice of c1. Thus we may assume that χr−1(G) ≤ c1; and in
particular χ(N r(z)) > c3. From 3.2 and the choice of c3, there is an induced subgraph J of G
isomorphic to Hs, with root z, and a subset W of V (G), such that

• z ∈W , and no other vertex of J belongs to W or has a neighbour in W \ {z}; and

• χ(N r
G′(z)) > c2, where G′ is the graph G[W ].

From the choice of c2, there is an induced subgraph J ′ of G′, isomorphic to H ′, with root z. But
then the union of J and J ′ satisfies the theorem. This proves 3.3.

4 Spires and cathedrals

Let G be a graph, let P be an induced path of G, and A,B ⊆ V (G), such that:

• G[A] is connected;

• A ∩B = ∅;

• A covers B;

• V (P ) ∩B = ∅, and there is an end z of P in A such that V (P ) ∩A = {z}; and
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• no vertex in V (P ) \ {z} has any neighbours in (A ∪B) \ {z}.

In this situation we say that S = (P,A,B) is a spire of height d, where d is the length of P . We
define V (S) = A ∪B ∪ V (P ). If C ⊆ V (G), we say that the spire dominates C if

• C is disjoint from V (S);

• there are no edges between A ∪ V (P ) and C; and

• B covers C.

A cathedral is a sequence of spires (S1, . . . ,Sn), such that

• for 1 ≤ i < j ≤ n, V (Si) ∩ V (Sj) = ∅; and

• for 1 ≤ i < j ≤ n, if u ∈ V (Si) and v ∈ V (Sj) are adjacent then u ∈ Bi and v ∈ Aj ∪Bj

where Si = (Pi, Ai, Bi) for 1 ≤ i ≤ n. We say the cathedral is free if

• for 1 ≤ i < j ≤ n, if u ∈ V (Si) and v ∈ V (Sj) are adjacent then u ∈ Bi and v ∈ Bj .

A cathedral has height d if each of its spires has height d, and length n if it has n spires. We say a
cathedral dominates a set C ⊆ V (G) if each of its spires dominates C.

4.1 For all τ ≥ 0 and k, d ≥ 1 there exist c, n ≥ 0 with the following property. Let G be a graph
with χk(G) ≤ τ , and let (S1, . . . ,Sn) be a free cathedral in G of height d, dominating a set C with
χ(C) > c. Then G is (k, d)-starry.

Proof. Let m = 2d2. Choose n ≥ 0 such that every graph with n vertices has either a clique of
cardinality τ + 1 or a stable set of cardinality m. Choose c0 such that 2.6 holds with a, c replaced
by τ, c0. If k ≥ 2, choose c such that 2.7 holds with a, b, c and d replaced by (m + 1)τ + c0, 0,
c and d respectively; and if k = 1, choose c such that 2.7 holds with a, b, c and d replaced by
(m+ 1)τ + c0, mn, c and d+mn respectively. Now let G and (S1, . . . ,Sn) be as in the theorem, and
let Si = (Pi, Ai, Bi) for 1 ≤ i ≤ n. We may assume that C is minimal such that χ(C) > c, and in
particular, G[C] is connected. Choose r0 ∈ C, and for 1 ≤ i ≤ n let bi be a neighbour of r0 in Bi.
Since Pi has length d, and Ai covers Bi, and G[Ai ∪ V (Pi)] is connected, there is an induced path
Qi of G[Ai ∪ V (Pi) ∪ {bi}] of length d− 1 with one end bi. By the choice of n, we may assume that
b1, . . . , bm are pairwise nonadjacent.

Let R be the set of vertices in C that are adjacent to at least 2d of b1, . . . , bm; thus r0 ∈ R. Let S
be the set of vertices in C that are adjacent to at least one and to at most 2d− 1 of b1, . . . , bm. Let
L0 = R, and let L1 be the set of all vertices in C \ L0 with a neighbour in L0. Let L2 be the set of
all vertices in C \ (L0 ∪L1) that either belong to S or have a neighbour in L1. For i ≥ 3, inductively
let Li be the set of vertices in C \ (L0 ∪ · · · ∪ Li−1) with a neighbour in Li−1. Let W be the set of
vertices in C with G-distance at most k from a vertex in {r0, b1, . . . , bm}.

(1) If χ(Lk \W ) > c0 then the theorem holds.

Suppose that χ(Lk \ W ) > c0, and choose Y ⊆ Lk \ W minimal with χ(Y ) > c0. In particular
(R ∪ S) ∩ Y = ∅, since R ∪ S ⊆ W . There is no path of G[C] of length at most k − 2 between Y
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and S, since Y ∩W∅. Since no vertex in Y has G[C]-distance less than k from r, it follows since
Y ⊆ Lk that every vertex in Y has G[C]-distance exactly k from some vertex in R. Since Y 6= ∅,
there exists r ∈ R such that X 6= ∅, where X denotes the set of vertices in Y with G[C]-distance k
from r. From 2.6 applied to X and G[Y ], there exists x ∈ X that is d-equipped in Y \X. Let P be
a path of G[C] of length k joining r, x. Since no vertex in Y has G-distance at most k from a vertex
in {r0, b1, . . . , bm}, it follows that no vertex of P belongs to S. Since r ∈ R, r is adjacent to at least
d of b1, . . . , bm, say b1, . . . , bd. But then adding the parts of the equipment of x to the tree formed
by the union of P , the paths Q1, . . . , Qd and the edges rb1, . . . , rbd, gives a (k, d)-binary star and a
(k, d)-bristled star. This proves (1).

Thus we may assume that χ(Lk \W ) ≤ c0. Let X = L0 ∪ · · · ∪Lk. Since χ(W ) ≤ (m+ 1)τ , and
L0 ∪ · · · ∪ Lk−1 ⊆ W , it follows that χ(X) ≤ (m + 1)τ + c0. By 2.7 applied to G[C] and X, there
exists x ∈ X that is d-equipped in C \X, and there exists x′ ∈ C \X adjacent to x such that x′ is
d-equipped in C \ (X ∪N1(x)). Since x′ /∈ X, it follows that x′ ∈ Lk+1, and x ∈ Lk, and so there is
an induced path T of G[C] with ends x′, u say, such that x ∈ V (T ), and either

• k ≥ 2, and T has length k − 1 and u ∈ S, or

• T has length k + 1, and u ∈ R.

In either case no vertex of T \ u is in R.
Suppose that the first bullet holds. It follows that no vertex of T different from u is in S, and

since k ≥ 2 and x′ is d-equipped in C \ (X ∪ N1(x)), no vertex of the equipment of x′ belongs to
S. Since u ∈ L2, it follows that u is nonadjacent to r0, and since u ∈ S we may assume that u is
nonadjacent to b1, . . . , bd and adjacent to bd+1. But then the union of the paths Q1, . . . , Qd, the edges
r0b1, . . . , r0bd, the edge r0bd+1, the edge bd+1u, and the path T can be extended to a (k, d)-binary
star and to a (k, d)-bristled star by adding appropriate parts of the equipment of x′.

We may therefore assume that the second bullet holds. Let v be the vertex of T adjacent to u,
and w the other neighbour of v in T (this exists since T has length k + 1 ≥ 2). Since x′ ∈ Lk+1, no
vertex of T different from v, w belongs to S.

(2) If S ⊆ X then the theorem holds.

Since S ⊆ X, it follows that x′ /∈ S. Moreover, if w ∈ S then T \ {u, v} satisfies the first bul-
let above and we are done; so we may assume that w /∈ S. We may assume that u is adjacent to
b1, . . . , b2d. If v is nonadjacent to at least d of b1, . . . , b2d, say to b1, . . . , dd, then the union of the
paths Q1, . . . , Qd, the edges ub1, . . . , ubd, the path T \ x′, and appropriate parts of the equipment
of x, gives a (k, d)-binary star and a (k, d)-bristled star. Thus we may assume that v is adjacent
to at least d of b1, . . . , b2d, say to b1, . . . , bd. But then the union of the paths Q1, . . . , Qd, the edges
vb1, . . . , vbd, the path T \ u, and appropriate parts of the equipment of x′, gives a (k, d)-binary star
and a (k, d)-bristled star. This proves (2).

In view of (2), we may assume that S 6⊆ X, and consequently k = 1. Choose s ∈ S \X; then s
is nonadjacent to r0, and we may assume that s is nonadjacent to b1, . . . , bd and adjacent to bd+1,
and so the union of the paths Q1, . . . , Qd+1, the edges r0b1, . . . , r0bd+1 and the edge bd+1s gives a
(1, d)-bristled star. It remains to find a (1, d)-binary star. To do so, we need to apply 2.7 more
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carefully, using the “forbidden vertices” feature of 2.7. First we need:

(3) We may assume that |S \ L1| < mn.

If not, then some vertex in {b1, . . . , bm} (say bd+1) is adjacent to more than n vertices in S \L1, and
from the definition of n, at least d of these neighbours are pairwise nonadjacent, say y1, . . . , yd. For
1 ≤ i ≤ d, yi is adjacent to fewer than 2d of {b1, . . . , bm}, and since m = 2d2, we may assume that
y1, . . . , yd are all nonadjacent to all of b1, . . . , bd. But then the union of the paths Q1, . . . , Qd, the
edges r0b1, . . . , r0bd, r0bd+1, and the edges bd+1y1, . . . , bd+1yd gives a (1, d)-binary star. This proves
(3).

Now let us apply 2.7 again, to X = L0 ∪L1 and G[C], setting B = S and replacing d by mn+ d.
We obtain a pair x, x′ as before, where x is (mn+d)-equipped (and hence d-equipped) in C \X, and
x′ ∈ L2 \S, adjacent to x, such that x′ is (mn+ d)-equipped in S ∪ (C \ (X ∪N1(x))). In particular,
since x has at least mn+ d pairwise nonadjacent neighbours in L2, and at most mn of them belong
to S, it follows that x has d pairwise nonadjacent neighbours y1, . . . , yd ∈ L2 \ S. Also, x′ ∈ L2 \ S,
and by the same argument x′ has d pairwise nonadjacent neighbours y′1, . . . , y

′
d ∈ C \(X∪S∪N1(x)).

But now we finish the proof as in (2). More precisely, let T be the path u-x-x′, where u ∈ R. We
may assume that u is adjacent to b1, . . . , b2d. If x is nonadjacent to at least d of b1, . . . , b2d, say
to b1, . . . , bd, then the union of the paths Q1, . . . , Qd, the edges ubi (1 ≤ i ≤ d), the edge ux, and
the edges xy1, . . . , xyd gives a (1, d)-binary star. If x is adjacent to at least d of b1, . . . , b2d, say to
b1, . . . , bd, then the union of the paths Q1, . . . , Qd, the edges xbi (1 ≤ i ≤ d), the edge xx′, and the
edges x′y′1, . . . , x

′y′d gives a (1, d)-binary star. This proves 4.1.

We can extend this result to cathedrals that are not free, as follows.

4.2 For all τ ≥ 0 and k, d ≥ 1 there exist c, n ≥ 0 with the following property. Let G be a graph with
χk(G) ≤ τ , and let (S1, . . . ,Sn) be a cathedral in G of height d, dominating a set C with χ(C) > c.
Then G is (k, d)-starry.

Proof. Choose c0, n0 such that 4.1 holds with c, n replaced by c0, n0. Let n = dn0, and choose
c ≥ 2n

2
c0 such that 2.6 holds with a, c replaced by τ, c. We claim that n, c satisfy 4.2. For let G be

a graph with χk(G) ≤ τ , and let (S1, . . . ,Sn) be a cathedral in G of height d, dominating a set C
with χ(C) > c. Let Si = (Pi, Ai, Bi) for 1 ≤ i ≤ n. We may assume that C is minimal such that
χ(C) > c; and for 1 ≤ i ≤ n, that every vertex in Bi has a neighbour in C (because any vertex in Bi

with no neighbour in C can be removed).

(1) We may assume that there exists i with 1 ≤ i ≤ n, and a vertex v ∈ Bi that has neighbours
in at least d of Ai+1, . . . , An.

Suppose not. For 1 ≤ i ≤ n and each v ∈ Bi, let J(v) be the set of j with i < j ≤ n such
that v has a neighbour in Aj . Thus each |J(v)| ≤ d− 1. For each vertex u ∈ C, choose a neighbour

vi ∈ Bi of u, and let S(u) be the sequence (J(v1), . . . , J(vn)). There are only 2n
2

possibilities for
this sequence, and so there exists C ′ ⊆ C with χ(C ′) ≥ χ(C)2−n

2
> c0 and a sequence S such that

S(v) = S for all v ∈ C ′. Let S = (J1, . . . , Jn). Since there exists v ∈ Bi with J(v) = Ji, it follows
that |Ji| < d for 1 ≤ i ≤ n. Let H be the digraph with vertex set {1, . . . , n} in which j is adjacent
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from i if i < j and j ∈ Ji. Since H has no directed cycles and all vertices have outdegree less than
d, the graph underlying H has chromatic number at most d. Consequently it has a stable set I of
cardinality n0, since n = dn0. For each i ∈ I, let B′i be the set of vertices v ∈ Bi such that J(v) = Ji.
It follows that B′i covers C ′. But then for each i ∈ I, (Pi, Ai, B

′
i) is a spire dominating C ′, and the

sequence of these spires is a free cathedral of height d and length n0 dominating C ′, and the result
follows from 4.1. This proves (1).

Choose v, i as in (1), where v ∈ Bi has neighbours in at least d of Ai+1, . . . , An, say in Aj1 , . . . , Ajd .
If v has a neighbour in Aj for some j > i, then since v has no neighbour in V (Pj) \ Aj , there is an
induced path Qj of length d with one end v and with all other vertices in Aj ∪ V (Pj). Let R be the
union of the paths Qj1 , . . . , Qjd . Let S be the set of neighbours of v in C; thus S 6= ∅ since every
vertex of Bi has a neighbour in C. Let X be the set of vertices in C that can be joined to a vertex
in S by a path of G[C] of length at most k − 1. Thus S ⊆ X, and χ(X) ≤ τ . By 2.6, there is a
vertex x ∈ X that is d-equipped in C \X. Choose a path T of G[C] between x and some u ∈ S, of
length k − 1. Since x has a neighbour in C that does not belong to X, it follows that T has length
k − 1 and no vertex of T except u belongs to S. But then the union of the paths Qj1 , . . . , Qjd , the
edge vu, the path T , and appropriate parts of the equipment of x, gives a (k, d)-binary star and a
(k, d)-bristled star. This proves 4.2.

5 Building a cathedral

To apply 4.2 we need to prove that our graph contains an appropriate cathedral. First we need:

5.1 For all c, d, τ ≥ 0 there exists c′ ≥ 0 with the following property. Let G be a graph with
χ1(G) ≤ τ and χ(G) > c′. Then there is a spire (P,A,B) in G with height d, dominating a set C
with χ(C) > c.

Proof. We may assume that c ≥ τ , by increasing c if necessary. Let c′ = 2c+ dτ + 1; we claim that
c′ satisfies the theorem. For let G be as in the theorem, with χ(G) > c′. We may assume that G
is connected. Choose a vertex x0. Since χ(G) > c′, there is a component of G \ x0 with chromatic
number at least c′, with vertex set C1 say. By 2.3 applied to x0 and C1, there is an induced path
x0- · · · -xd of G where x1, . . . , xd ∈ C1, and a subset C2 of C1, with the following properties:

• x0, . . . , xd /∈ C2;

• G[C2] is connected;

• xd has a neighbour in C2, and x0, . . . , xd−1 have no neighbours in C2; and

• χ(C2) ≥ χ(C1)− dχ1(G) > 2c.

Let P be the path x0- · · · -xd. For i ≥ 0, let Li be the set of vertices in C2 with G[C2]-distance exactly
i from xd, and choose i ≥ 0 such that χ(Li) ≥ χ(C2)/2 > c. Since c ≥ τ it follows that i ≥ 2. Let
A = L0 ∪ · · · ∪ Li−2, and B = Li−1; then (P,A,B) is a spire of height d dominating Li. This proves
5.1.
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5.2 For all integers d ≥ 1 and n, c, τ ≥ 0, there exists c′ ≥ 0 with the following property. Let G be a
graph such that χ2(G) ≤ τ and χ(G) > c′. Then G admits a cathedral of length n and height d that
dominates a set of chromatic number more than c.

Proof. For each integer x ≥ 0, choose φ(x) such that 5.1 holds with c, c′ replaced by x, φ(x). Let
cn = c, and inductively for n − 1 ≥ i ≥ 0 let ci = φ(dτ + ci+1). Let c′ = c0. Now let G be as in
the theorem with χ(G) > c′. For 1 ≤ i ≤ n, choose a spire Si = (Pi, Ai, Bi) and a set Ci inductively
as follows. Let C0 = V (G). Suppose that for some i with 1 ≤ i ≤ n we have chosen Ci−1 with
χ(Ci−1) > ci−1. Since ci−1 = φ(dτ + ci), there is a spire (Pi, Ai, Bi) in G[Ci−1], dominating a set
C ′i ⊆ Ci−1 with χ(C ′i) > dτ + ci. The set of vertices of C ′i with G-distance at most two from a vertex
of V (Pi) \ Ai has chromatic number at most dτ , so there exists Ci ⊆ C ′i with χ(Ci) > ci, such that
every path in G between Ci and a vertex of V (Pi) \Ai has length at least three. This completes the
inductive definition of Si = (Pi, Ai, Bi) for 1 ≤ i ≤ n. We see that:

• the spires Si (1 ≤ i ≤ n) are pairwise vertex-disjoint, and each of them dominates Cn; and

• for 1 ≤ i < j ≤ n, if u ∈ V (Si) is adjacent to v ∈ V (Sj) then u ∈ Bi.

For 1 ≤ i ≤ n, let B′i be the set of vertices in Bi that have neighbours in Cn. Since for 1 ≤ j ≤ n
every path in G between Cn and a vertex of V (Pj) \Aj has length at least three, it follows that for
1 ≤ i < j ≤ n, no vertex in B′i has a neighbour in V (Pj) \ Aj . Let S ′i = (Pi, Ai, B

′
i) for 1 ≤ i ≤ n;

then (S ′1, . . . ,S ′n) is a cathedral in G of height d, dominating Cn, and χ(Cn) > c. This proves 5.2.

Combining 4.2 and 5.2 we obtain:

5.3 For all k, d ≥ 1 and τ ≥ 0 there exists c such that, if G is a graph with χ2(G) ≤ τ and
χk(G) ≤ τ , and χ(G) > c, then G is (k, d)-starry.

6 The case k = 1

It remains to prove 5.3 with the hypothesis that χ2(G) ≤ τ omitted. (We may assume that it is not
implied by the hypothesis χk(G) ≤ τ , and so we only need to handle the case k = 1.) The proof
of 5.2 no longer works, since in the notation of 5.2 we have no way to stop vertices in B′i having
neighbours in later paths Pj . The content of this section is our workaround.

If H is a d-superstar, we call its vertex of degree d its root. From repeated application of 3.2 with
r = 2 and k = d we deduce:

6.1 For all c, d, τ ≥ 0, there exists c′ ≥ 0 with the following property. Let G be a graph with
χ1(G) ≤ τ , and let z ∈ V (G) such that χ(N2

G(z)) > c′. Then there is a d-superstar H with root z,
and a subset W of V (G), such that

• z ∈W , and no other vertex of H belongs to W or has a neighbour in W \ {z}; and

• χ(N2
G′(z)) > c, where G′ is the graph G[W ].

Let us say a d-band in G is a triple (H, z,B), where
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• H is a d-superstar in G with root z;

• B ∩ V (H) = ∅, and z is adjacent to every vertex in B; and

• no vertex in H \ {z} has a neighbour in B.

(Thus, a band is like a spire, but with the path replaced by a subdivided star, and the set A is just a
single vertex.) If S = (H, z,B) is a band, we write V (S) = V (H)∪B. A d-band (H, z,B) dominates
C if V (H) ∩ C = ∅, and B covers C, and there is no edge between V (H) \ {z} and C. We deduce:

6.2 For all d ≥ 1 and τ ≥ 0 there exists c ≥ 0 with the following property. Let G be a graph with
χ1(G) ≤ τ and χ(G) > c. Then G is (1, d)-starry.

Proof. Choose n0, c
′ such that 4.1 is satisfied setting k = 1, n = n0 and c = c′. Let n = (2d+ 1)n0.

For each x ≥ 0, choose φ(x) such that, if G is a graph with χ2(G) ≤ x and χ(G) > φ(x), then G
is (1, d)-starry. (This is possible by 5.3.) For each x ≥ 0, choose ψ(x) such that 6.1 holds with c, c′

replaced by x, ψ(x).
Let cn = max(c′2n

2
, dτ), and for n − 1 ≥ i ≥ 0 let ci = max(φ(ci+1), ψ(ci+1)). Let c = c0. Now

let G be as in the theorem with χ(G) > c. For 1 ≤ i ≤ n, choose a d-band Si = (Hi, zi, Bi) and
a set Ci inductively as follows. Let C0 = V (G). Suppose that for some i with 1 ≤ i ≤ n we have
chosen Ci−1 with χ(Ci−1) > ci−1. Since ci−1 ≥ φ(ci), we may assume that χ2(G[Ci−1]) > ci, for
otherwise the result follows from 5.3. By 6.1, since ci−1 ≥ ψ(ci), there is a d-band (Hi, zi, Bi) in
G[Ci−1], dominating a set C ′i ⊆ Ci−1 with χ(C ′i) > ci. This completes the inductive definition of
Si = (Pi, Ai, Bi) for 1 ≤ i ≤ n.

We see that:

• the d-bands Si (1 ≤ i ≤ n) are pairwise vertex-disjoint, and each of them dominates Cn; and

• for 1 ≤ i < j ≤ n, if u ∈ V (Si) is adjacent to v ∈ V (Sj) then u ∈ Bi.

We may assume that G[Cn] is connected, and every vertex in Bi has a neighbour in Cn, for 1 ≤ i ≤ n.

(1) We may assume that there exists i with 1 ≤ i ≤ n, and a vertex v ∈ Bi that has neighbours
in at least d of V (Hi+1), . . . , V (Hn).

Suppose not; then as in the proof of step (1) of 4.2, there exist I ⊆ {1, . . . , n} with |I| = n0,
and B′i ⊆ Bi for each i ∈ I, and a subset C ′ ⊆ Cn with χ(C ′) ≥ χ(Cn)2−n

2
> c′, such that Bi covers

C ′ for each i ∈ I, and for i, j ∈ I with i < j, there are no edges between Bi and V (Hj). For each
i ∈ I, let Pi be a path of Hi of length d with one end zi; then (Pi, {zi}, B′i) is a spire dominating C ′,
and the result follows from 4.1. This proves (1).

By (1), and by renumbering, we may assume that there exists v ∈ B1 with neighbours in
A2, . . . , Ad+1. (We no longer need the other d-bands, so this renumbering is legitimate.) For
2 ≤ i ≤ d + 1 let yi ∈ V (Hi) be adjacent to v. Then the union of H1, the edge z1v, and the
edges vy2, . . . , vyd+1 forms a (1, d)-binary star. Since v has a neighbour in Cn, and χ(Cn) > dτ , 2.3
implies that there is an induced path P of length d with one end v and all other vertices in Cn. But
then the union of H1, the edges z1v and vy2, and the path P , forms a (1, d)-bristled star. This proves
6.2.
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Let us put these pieces together to deduce 1.6.

Proof of 1.6. Let k, d ≥ 1, and κ ≥ 0; we need to prove that for all κ ≥ 0, there exists c such
that every graph G with ω(G) ≤ κ and χ(c) > c is (k, d)-starry. We prove this by induction on κ.
Let τ1 be such that every graph G with ω(G) ≤ κ − 1 and χ(G) > τ1 is (k, d)-starry. By 3.3 with
r = k, there exists τ ≥ τ1 such that every graph G with χ1(G) ≤ τ1 and χk(G) > τ is (k, d)-starry.
Choose c1 such that 5.3 holds with c replaced by c1. Choose c2 such that 6.2 holds with τ, c replaced
by τ1, c2. Let c = max(c1, c2), and let G be a graph with χ(G) > c and ω(G) ≤ κ. We may assume
that χ1(G) ≤ τ1, for otherwise the result follows from the induction on ω(G). We may assume that
χ(Gk) ≤ τ for otherwise the result follows from 3.3. By 5.3 we may assume that χ2(G) > τ and so
k = 1 because χ(Gk) ≤ τ . But then the result follows from 6.2. This proves 1.6.

7 Two counterexamples

As we said in the beginning, our main tools are the lemmas of section 2. We proved there in particular
that if G is a graph of very large chromatic number and with χ1(G) bounded, and v is a vertex such
that χ(G \ v) < χ(G), then there is an induced d-star in G with centre v, and there is an induced
(d + 1)-edge path in G with second vertex v. What other trees containing v must be present? If
we could find more, then the methods of this paper might allow us to prove the Gyárfás-Sumner
conjecture for more types of trees. But there are not many more. For instance, Sophie Spirkl and
the third author showed that there need not be an induced five-vertex path in G with middle vertex
v. Here is the example.

Choose a large integer k, and take a minimal triangle-free graph with chromatic number more
than k. Let I be the set of neighbours of some vertex u, and delete u. This produces a graph H say,
and a stable subset I of V (H), such that H is triangle-free, and k-colourable, but in every k-colouring
all k colours occur in I.

For each subset S ⊆ I with |S| = k − 1, make a gadget BS as follows. Take some enumeration
{s1, . . . , sk−1} of S, take 2k new vertices aS1 , b

S
1 , a

S
2 , b

S
2 , . . . , a

S
k , b

S
k , and for 1 ≤ i ≤ j ≤ s make aSi

and bSi both adjacent to sj . Also for 1 ≤ i ≤ k− 1, make aSi adjacent to bSj and aSj adjacent to bSi . It
is easy to see that every k-colouring of S can be extended to a k-colouring of the new vertices. Now
add one more new vertex vS adjacent to all of aS1 , b

S
1 , . . . , a

S
k , b

S
k . This defines BS (that is, the set

{aS1 , bS1 , . . . , aSk , bSk , vS}, and the new edges incident with these new vertices). Let G1 be the graph
obtained from H by adding BS for every choice of S. Now G1 is not k-colourable; because in a
k-colouring of H, some choice of S is coloured with all different colours, and this cannot be extended
to a k-colouring of G1. Starting with H, let us add the gadgets BS one by one until the chromatic
number increases to k+1, and then stop; let G be the graph just constructed and BS the final gadget
added. Let v = vS ; then χ(G \ v) < χ(G), and there is no five-vertex induced path of G with middle
vertex v.

One might also hope that the parts of the equipment of a vertex can be unified; say a vertex v is
“properly d-equipped” in Y if there is an induced path of length d with first vertex v and all other
vertices in Y , and d pairwise nonadjacent neighbours of v, all in Y , and such that none of them has
any neighbours in P \ v. One might hope that 2.5 could be strengthened correspondingly. But this
is false, even for d = 2 and for triangle-free graphs, as another counterexample (also due to Sophie
Spirkl and the third author) shows. Take H and I as before; and for each S ⊆ I with |S| = k, let
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BS be a gadget defined as follows. Let S = {s1, . . . , sk}, and take k + 1 new vertices aS1 , . . . , a
S
k and

vS , and for all distinct i, j with 1 ≤ i, j ≤ s, make aSi adjacent to sj . Also make vS adjacent to
aS1 , . . . , a

S
k . Adding all these gadgets increases the chromatic number, so, as before, add them one at

a time until the chromatic number increases, let BS be the last one, and let v = vS . Then v is not
properly 2-equipped in V (G) \ {v}.
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