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Abstract

A layout of a graph G is an injective function f : V(G) — Z, and the bandwidth of a layout f
is bw(G, f) = max,yep(q) |f(v) — f(v)]. The bandwidth bw(G) of G is the minimum bandwidth
of a layout of G. Computing the bandwidth of a graph is a notoriously hard problem: assuming
P # NP, there is no polynomial time algorithm, even on very restricted classes of trees [Monien,
SIAM Journal on Algebraic Discrete Methods, 1986], and no constant factor approximation,
even on trees [Dubey et al., JCSS 2011]. Assuming the Exponential Time Hypothesis, there is
no algorithm with running time f(k)n°®*) to determine whether an input graph has bandwidth
at most k, even on very restricted classes of trees [Dregi and Lokshtanov, ICALP 2014].

In this paper we show that BANDWIDTH on general graphs is FPT-approximable. In par-
ticular we give an algorithm that takes as input a graph G and an integer k, runs in time
2009") . O and outputs a subtree T of G such that bw(T) > k or a layout of G of band-
width at most (108 - k28)4k. This resolves in the affirmative an open problem of Chung and
Seymour [Discrete Mathematics, 1989], who asked whether the bandwidth of every graph G is
upper bounded in terms of the maximum bandwidth of a subtree of G. Our theorem leads to
a forbidden subgraph characterization for graphs of bounded bandwidth, and can be seen as
an analog for bandwidth of the classic grid minor theorem for treewidth, the forbidden subtree
theorem for pathwidth, and the forbidden subpath theorem for treedepth.

1 Introduction

A layout of a graph G on n vertices is an injective function f from the vertex set V(G) of G to the
integers. The bandwidth of a layout is the maximum over all edges uv of G of |f(u) — f(v)| and the
bandwidth of the graph G is the minimum bandwidth over all layouts of G. In the BANDWIDTH
problem the input is a graph G and an integer k& and the task is to determine whether the bandwidth
of G is at most k. In the optimization version of the problem the task is to compute a layout of
the input graph G of minimum bandwidth.

BANDWIDTH was formally defined as a graph problem in the late sixties [Har66, [Har67], how-
ever an equivalent formulation in terms of sparse matrices received considerable attention already
in the fifties [CCDG82]. In particular one can reinterpret an arbitrary square matrix A as the
adjacency matrix of a weighted, directed graph D. Then the (underlying undirected graph of) D
has bandwidth at most k if and only if there exists a permutation matrix P such that PAPT is
a matrix whose non-zero entries all lie in a band of width k centered around the main diagonal,
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giving the BANDWIDTH problem its name. Many matrix operations can be sped up substantially
when the input matrix has bounded bandwidth [GLS81l [Saa03]. Lai et al. [LW99] survey a large
number of known heuristics for computing the bandwidth of a graph, as well as upper and lower
bounds on the bandwidth of general graphs, and sharper bounds for special cases.

BANDWIDTH is a notoriously hard problem. It is one of the classic NP-complete [GJ79, Pap76]
problems, and it remains NP-complete even on caterpillars of hair length at most 3 [Mon86]. Here
a caterpillar is a tree T where all vertices of degree 3 or more lie on a path B, called the back-
bone of T, and the hair length of a caterpillar is the maximum distance from B to a vertex in 7.
Indeed, the problem remains NP-hard to approximate within any constant factor, even on caterpil-
lars, and a polynomial time approximation algorithm with ratio ¢y/logn/loglogn for a sufficiently
small ¢ would imply that every problem in NP can be solved in quasi-polynomial time [DFUTLI].
On the positive side, Dunagan and Vempala [DV0I] gave a polynomial time O(log®nloglogn)-
approximation algorithm for BANDWIDTH in general graphs, improving over a poly-logarithmic
approximation algorithm of Feige [Fei98], [Fei00]. For special classes of graphs, such as trees [Gup00]
and caterpillars [FT09] better (but still super-constant) approximation algorithms are known. Poly-
nomial time algorithms for exactly computing the bandwidth are known on bipartite permutation
graphs [HKMO09], interval graphs [KV90|, cographs [Yan97] and caterpillars with hair length 1 and
2 [APSZg]].

From the perspective of parameterized algorithms, Saxe [Sax80] gave an algorithm to determine
whether an input graph G admits a layout of bandwidth % in time 20 )nk+1 The BANDWIDTH
problem was one of the first fundamental parameterized problems shown hard for the W-hierarchy.
In particular Bodlaender et al. [BEH94] showed that the algorithm of Saxe [Sax80] cannot be
improved to one with running time f(k)n®® unless FPT=W]t] for every integer ¢. Dregi and
Lokshtanov [DLI14] showed that, assuming the Exponential Time Hypothesis, there is no f(k)n°®*)
time algorithm for BANDWIDTH even on trees T with a path P such that every component of T'— P
is a caterpillar.

Exponential time algorithms for computing the bandwidth exactly and approximately have also
been considered. Feige and Kilian gave an algorithm for exactly computing the bandwidth with
running time 10"n°® and polynomial space [Fei00]. This was subsequently improved by Cygan
and Pilipczuk [CP12b] to O(4.83"), and again by Cygan and Pilipczuk [CP10] to O(4.39"), at the
cost of using exponential space. In a separate work, Cygan and Pilipczuk [CP12a] also designed a
0(9.363™) time algorithm for BANDWIDTH that uses polynomial space. Fiirer et al. [FGK13| gave
a factor 2 approximation algorithm with running time O(1.98"), while Cygan and Pilipczuk [CP10]
gave faster exponential time approximation algorithms at the cost of worse (but still constant)
approximation ratios.

Given the hardness of BANDWIDTH from the perspective of both polynomial time approxi-
mation algorithms and parameterized algorithms, it is interesting to study the problem from the
perspective of parameterized approximation [FSLM20, Mar(08]. Here the goal is to get an algo-
rithm that takes as input G,k, runs in time f(k)n®® and either concludes that bw(G) > k or
produces a layout of bandwidth at most g(k) for some function g (where both f and g should
ideally grow as slowly as possible with k). Prior to our work the only results in this direction were
parameterized approximation algorithms for BANDWIDTH on trees [DLI4] and on asteroidal-triple-
free graphs [GHK™11]. Indeed, BANDWIDTH was one of the very first fundamental parameterized
problems to be shown not to admit f (k:)no(l) time algorithms under plausible complexity as-
sumptions [DF99]. Recently we have seen breakthrough hardness of approximation results that
lower bound the approximation ratio of parameterized approximation algorithms running in time
f(k)n®® for problems such as CLIQUE [Lin21, [KK22], DoMINATING SET [CL19, KLMIS| and
CONSTRAINT SATISFACTION [GLR™24|. For each of these problems the message is essentially that



no non-trivial approximation in time f(k)n®™) is possible. Since BANDWIDTH is a “harder” prob-
lem from the perspective of parameterized complexity (it is hard for W][t] for every ¢, while the
above problems are only hard for W[1] or W[2], see e.g. [DF99]), the strong hardness approximation
results for CLIQUE, DOMINATING SET and CONSTRAINT SATISFACTION might lead one to believe
that BANDWIDTH also does not admit a meaningful parameterized approximation algorithm. Our
main result runs counter to this intuition and demonstrates that the BANDWIDTH problem does
admit an (10%° - k28)4k—approximation algorithm with running time 20(9%) . nOQ).,

Theorem 1.1. There exists an algorithm that takes as input a graph G and an integer k, runs in
time 200" -nOW) | and either concludes that bw(G) > k or produces a layout with bandwidth at
most (10%° . k:28)4k. When the algorithm concludes that bw(G) > k it outputs a subtree T' of G with
bw(T) > k.

The second part of the statement of Theorem is a structural result which is interesting in
its own right. In particular, Chung and Seymour [CS89] posed as an open problem whether the
bandwidth of a graph G is upper bounded as a function of the maximum bandwidth of a subtree
of G.

Problem 1. [CS89] Does there exist a function f : N — N such that for every graph G with
bw(G) > f(k), G contains a subtree of bandwidth at least k¢

Theorem resolves Problem 1 with f(k) = (10%° . k28)4"  The study of forbidden structure
theorems for bandwidth dates back to at least the early 1980s. A simple lower bound for the
bandwidth of a graph G is its local density. The local density A(G) of a graph G is the maximum
of % over all subgraphs G’ of G, where the diameter diam(G) is the maximum over all
pairs of vertices in G of their shortest path distance. It is not too hard to see that for every
graph G, it holds that bw(G) > A(G). On the other hand, Gupta et al. [GKL03] showed that
bw(G) < O(log?(n) - A(G)'?).

Chvatalova [Chv82] showed that there exist trees with constant local density and arbitrarily
large bandwidth, that is, that the log?(n) factor in the upper bound of Gupta et al. [GKL03] cannot
be replaced by any function of A(G). The trees in Chvétalovd’s construction are subdivisions of
complete binary trees. Here a subdivision of a graph G is a graph H obtained from G by repeatedly
replacing edges by degree 2 vertices adjacent to the endpoints of the removed edge.

The pathwidth of a layout A of G is the maximum over all integers ¢ < n of the number of
vertices v € V(@) such that A(v) < i and v has at least one neighbor u such that A(u) > i. The
pathwidth of a graph G, denoted by pw(G), is the minimum pathwidth of a layout of G. It is
known that pw(G) < bw(G) for every graph G, and that every graph of sufficiently large pathwidth
contains a subdivision of a complete binary tree as a subgraph (see e.g. [RS83, [ BRST91, [CDF96al).
In light of this, Chung and Seymour |[CS89] asked whether there exist trees with constant local
density, constant pathwidth, but arbitrarily large bandwidth. Chung and Seymour answered this
question in the affirmative, giving a construction of such trees, which they call Cantor combs.

Subsequently Dregi and Lokshtanov [DL14, Drel7] showed that, for trees, these substructures
are the only ones that force bandwidth to be large. In particular, they define the following gener-
alization of Cantor Combs. A skewed b-Cantor comb of depth 1 is the path on two vertices where
one of the two vertices is its backbone. For k£ > 1, a caterpillar T" with backbone B is a skewed
b-Cantor comb of depth k if there exists a subpath @ of the backbone B of T such that T'— @ has
precisely 3 connected components, say Cr,, Cr and P, such that C;; N B and CrN B are non-empty,
C'1, with backbone Cr, N B is a skewed b-Cantor comb of depth k — 1, C'r with backbone Cr N B is
a skewed b-Cantor comb of depth £ — 1, and P is disjoint from B, and P is a path of length at least
2bd, where d is the maximum distance from the neighbor of P on @ to a vertex in B (see Figure|l)).



Figure 1: Ezample of skewed 3-Cantor combs of depth 1, 2, and 3 respectively. The darkened path
of each graph is its backbone.

Dregi and Lokshtanov [DL14, Drel7] prove that for every k, skewed k-Cantor combs of depth
k have bandwidth at least k. As an extension of the parameterized approximation algorithm of
Dregi and Lokshtanov [DL14] for the bandwidth of trees, Dregi shows the following.

Theorem 1.2 ([Drel7]). For every tree T, pw(T) > k+ 1, or A(T) > k+1, or T contains a
skewed (k + 1)-Cantor comb of depth k 4+ 1 as a subgraph, or bw(T) < (5k)%%.

Theorem together with Theorem immediately imply a forbidden subgraph characteriza-
tion of bandwidth of general graphs (see Section [§| for a proof). The proof yields a slightly tighter
triple-exponential threshold; we round up to the compact form below.

Tk
Theorem 1.3. For every graph G if bw(G) > 42 then G contains a subtree T such that
pw(T) > k+1, or A(T) > k+1, or T is a skewed (k 4 1)-Cantor comb of depth k + 1.

Forbidden subgraph theorems such as Theorem for graph width parameters are central
in algorithmic and structural graph theory. Theorem [I.3] is to bandwidth what the celebrated
Grid Minor Theorem [RS86l [CC16, [Chulbl, [CT21] is to treewidth (There exists a ¢ such that
every graph of treewidth at least ck”(log k)¢ contains a grid of treewidth at least k as a minor, or
equivalently [KTW18], a subdivision of a wall of treewidth k as a subgraph), and the analogous
results for pathwidth [RS83, BRSTI1, [CDF96a] (every graph of pathwidth more than 5%%
contains a tree of pathwidth at least k as a subgraph), and tree-depth [NDM14| (every graph of
tree-depth at least 2F contains as a subgraph a path of tree-depth at least k).

1.1 Proof Outline.

In this overview we will focus solely on the structural aspect of the statement of Theorem 1.1
namely that every graph G of huge bandwidth contains a subtree T of large bandwidth. Every
step of the proof (except one) is algorithmic, and so the parameterized approximation algorithm
essentially follows from the proofs of the structural statements.

Rather than working with layouts, it is more convenient to work with a more general object that
we call embeddings. An embedding of a graph G into a graph H is simply a function f : V(G) —
V(H). We define the stretch of the embedding f to be the maximum over all edges uv € E(G) of
the shortest path distance between f(u) and f(v) in H. The congestion of an embedding f is the



maximum taken over all vertices v in H of the number of vertices u in G such that f(u) =v. We
remark that Bienstock [Bie90] also studied a combinatorial object called embeddings, this object
is closely related to, but not quite the same as, embeddings as considered in this paper. The
embeddings of Bienstock [Bie90] need to be injective, and their congestion is measured differently
than in this work.

It is not too difficult to see that the bandwidth of a graph G is precisely the minimum stretch of
an embedding of G into a path with congestion 1. While not directly relevant to our work, embed-
dings also generalize the tree-partition-width [DO95, [Wo009] of a graph G. The tree-partition-width
of GG is precisely the minimum congestion of a stretch at most 1 embedding of G into a tree.

We have seen that embeddings into a path generalize graph layouts. In fact they are essentially
equivalent: an embedding of G into a path P with stretch s and congestion ¢ can be “stretched
out”, by arbitrarily breaking ties, into an embedding of GG into a path ), which is ¢ times longer
than P, such that the resulting embedding of G into @) has congestion 1 and stretch at most
¢(s+1) — 1. Since we are only concerned with graphs whose bandwidth is a constant, it suffices
to consider embeddings whose stretch and congestion is also constant, without worrying too much
about what precisely that constant is. Throughout this overview we will refer to quantities that
are upper bounded by a function of k with terms such as “small” or “low”.

Embeddings exhibit a compositional property: if hy is an embedding of G into H; and hso is
an embedding of H; into Hs, then the function h : V(G) — V(Hz) defined as h(u) = ha(hi(u)) is
an embedding of G into Hy. Furthermore the stretch of h is at most the stretch of h; times the
stretch of ho, and the congestion of h is at most the congestion of h; times the congestion of hs.

Composition of embeddings yields a simple proof of the following fact: if .S is a small set of
vertices of bounded degree, and G — S has small bandwidth, then G also has small bandwidth.
Consider a low stretch and congestion embedding of G — S into a path P. Then make a low stretch
and congestion embedding of P into another path ) where we “fold over” P such that every vertex
of P that contains (the image of) a vertex in N(S) gets mapped to the second vertex of Q. Since
S is a small set of small degree N(S) is also small, and we only need to “fold over” the path P
N(S) many times. Composing the two embeddings yields a low stretch and congestion embedding
of G — S where all vertices of N(S) get mapped to the second vertex of ). We can now extend this
to a low stretch and congestion embedding of G into @ by mapping all vertices of S to the first
vertex of Q).

Composition also leads to the following natural line of attack toward proving Theorem
suppose we can embed G into a “simpler” graph H (for some appropriate notion of simpler that
ensures that we will only simplify few times). If H has low bandwidth then G does too. But what
if H has high bandwidth? We can avoid this problem if H is a subgraph of G. In this case we know
that the bandwidth of H is at most the bandwidth of G. Our proof gives the “easiest” instantiation
of this idea, in the sense that we will find a subtree T" of G and an embedding of G into T with
low stretch and congestion. If T" has high bandwidth we win, since we just found a subtree with
high bandwidth. If T" has low bandwidth we also win, because then G has low bandwidth by the
composition of embeddings.

Not every graph G can be embedded into a subtree with constant stretch and congestion, for
example a grid cannot (we do not prove this, since we do not need it). Thus, in our search for a
subtree T" and an embedding of G into T" we will also accept an alternative outcome of directly
finding a subtree T' of G of large bandwidth. For example, if G has large local density (that is,
A(G) > 2k) then there is a breadth first search tree of G that has local density at least k, and
therefore bandwidth at least k. If G has large pathwidth (that is, pw(G) > 53]6%) then G has a
subtree of pathwidth at least k, and hence of large bandwidth. Thus, throughout the proof we will



assume that G has small local density and small pathwidth.

Our proof proceeds by induction on the maximum pathwidth 7 of a subtree of G. It is known
that the pathwidth of G is functionally equivalent (see Theorem to the maximum pathwidth
of a subtree of G, so one would expect that this is just an unnecessarily complicated way of doing
induction on the pathwidth of G. Indeed, the induction can be carried out on either parameter,
but each induction step in our proof incurs a cubic blowup in the bandwidth bound, so the number
of induction steps appears in a doubly-exponential position in the final bound. Inducting on the
maximum subtree pathwidth, which is at most k, keeps this exponent at k, whereas inducting on
pw(G) would inflate it to a much larger function of k (see Theorem for the precise relationship).

Working with subtree pathwidth also lets us exploit a nice characterization, due to Schef-
fler [Sch90], of the pathwidth of trees: a tree T' has pathwidth at least & if and only if T contains
a vertex v such that T'— v has at least three connected components of pathwidth at least k£ — 1.

Let 7 be the maximum pathwidth of a subtree of G. Consider a maximum packing of subtrees
of pathwidth 7, that is a maximum cardinality set {T1,T»,...,T,} of subtrees of G, such that
V(T;)NV (T};) = 0 for every pair of distinct integers i, j < p, and each tree T; has pathwidth precisely
7. To find 7 and a packing, we combine the algorithm of Hicks [Hic04] for minor containment, the
bound on the size of minor-minimal trees of a given pathwidth [CDF96al, and an algorithm for
computing path decompositions [Firl6, BJT23].

If the size p of the packing is small we can use that G has low local density to prove an Erdos-
Pésa-like (see [EP65, RT17]) result: in this case there exists a small vertex set S such that G— S has
no subtree of pathwidth 7. Then, by induction on 7, G — S either has a subtree of large bandwidth
or G — S has low bandwidth. We already saw that if G — S has low bandwidth for a small set
of low degree vertices (and all vertices in G must have low degree, because local density is small),
then G has low bandwidth as well. Thus, in the case when the number p of trees in the packing is
small we are done.

We now consider the case when the number p of trees in the packing is large. In this case we
first do a simple pre-processing step: whenever some vertex v has a neighbor in a tree T;, but v is
not in any other tree T} for j # i we add v to T;. This ensures that the union of the vertex sets of
the trees 11,...,Ty covers all the vertices of the graph.

Let H be the graph obtained from G by contracting each tree in the packing to a single vertex.
If H has a vertex of degree at least 3, then that there are 4 trees in the packing, say 11, Ts, T3
and Ty such that 77 has a neighbor in each of T, T3 and Ty. Make a subtree T" of G by taking the
four trees T1, Ty, T3 and T and adding, for each T; € {T»,T3,T4}, an edge from a vertex in 7} to
a neighbor of that vertex in 7T;. Let v be the unique vertex in 77 which lies on the T5-T5 path, the
T»-Ty path and the T5-T4 path in 7', and apply Scheffler’s characterization [Sch90] of pathwidth of
trees to v. Since each of T, T3 and Ty has pathwidth at least 7 it follows that T has pathwidth
at least 7 + 1 contradicting that 7 was the maximum pathwidth of a subtree of G. We conclude
that the maximum degree of H is 2, in other words H is either a path or a cycle. The cycle case
(essentially) reduces to the path case by removing only a few vertices, so we might as well consider
only the path case.

Suppose now that H is a path. We re-order the trees so that each tree T; only has neighbors in
T;—1 and Tj41. The same Erdos-Posa style argument that we used for the case when p is small can
be used to show that, for every 7 and small number ¢, the graph G[V(T;) UV (Tiy1) .. .UV (Titi—1)]
induced by the vertex sets of ¢ consecutive subtrees in the packing, contains a small vertex set that
hits every subtree of pathwidth at least 7. Additionally, since the local density of G is small, there
is an abundance of small separators everywhere in the graph. We use these two properties to prove
the following decomposition theorem for G. There exists a sequence Vi, Vs, ...,V of vertex sets of
G such that:



1. Only consecutive pieces can have non-empty intersection: if V; and V; have non-empty inter-
section then [i — j| < 1.

2. Each piece V; induces a connected subgraph of G. In fact a slightly stronger property holds:
G[Vi] — (Vi—1 U Vj41) is connected.

3. Every vertex of G appears in at least one and in at most two parts V;.
4. Every edge of G has both endpoints in at least one part V;.

5. Every boundary is small: for every part V;, |V; N Vj41] is small. This implies that for every i,
only few vertices in V; can have neighbors outside of V;.

6. Each piece G[V;] is structurally simpler than G: in each piece G[V;] there is a small size set
Z; such that G[V;] — Z; does not have any subtree of pathwidth 7. In particular we can
apply induction on each G[V;] — Z; and obtain for each piece G[V;] either a subtree of large
bandwidth or a layout of small bandwidth.

For a reader familiar with path decompositions the above just states that we can find a path
decomposition of G such that adhesions are small, and every bag V; induces a connected subgraph
G[V;] which is strictly simpler than G.

For each part G[V;] of the decomposition we obtain either a subtree of large bandwidth, or a
layout of G[V;] — Z; of small bandwidth. Since each Z; is small, in the latter case we obtain a small
bandwidth layout of the part G[V;]. If either one of the parts has a subtree of large bandwidth,
then this is a subtree of G of large bandwidth and we are done. Thus we only need to handle the
case when all the pieces G[V;] have small bandwidth. In this case we will produce a spanning tree
T of G and a low stretch and congestion embedding of GG into T

When picking the spanning tree T' we crucially exploit the connectivity property of the de-
composition. In particular we make the spanning tree T in such a way that for every part V; of
the decomposition, the smallest subtree T; of T' that contains V; is contained in V;_1 U V; U V1
(these trees T1,...,T; are not the same as the trees we used to make the decomposition Vi, ..., V}).
Then we use the fact that G[V;] has bounded bandwidth to find a low stretch and low congestion
embedding f; of G[V;] into T;. We also ensure that the embeddings of different parts are consis-
tent: for every ¢ and every vertex v in V; N Vii1, fi(v) = fi+1(v). Thus we obtain an embedding
f of G into T. The stretch of the embedding f is just the max of the stretch of the individual
embeddings f; of G[V;] into T;. The congestion of f is larger than the congestion of the individual
embeddings f;, but not by much. Since each embedding f; maps G; to T;, whose vertex set is a
subset of V;_1 U V; U V;41, each vertex of GG is in the range of at most three embeddings f;. Hence
the congestion of f is at most three times larger than the maximum congestion of an f;.

In very broad strokes we are done - we either found a subtree of G of large bandwidth or we
found an embedding of G with low stretch and low congestion into a spanning tree of G. However,
several questions remain. Most prominently, why does each part G[V;] having low bandwidth imply
that the part can be embedded with low stretch and congestion into 7;7 And why does ensuring
that the embeddings of consecutive parts are consistent not force stretch or congestion to go up by
too much? We briefly sketch how we address each of these issues.

Let us start with the easiest one of the two questions above: why does each part G[V;] having
low bandwidth imply that the part can be embedded with low stretch and congestion into the tree
T;? Here we exploit the compositionality of embeddings. Since G[V;] embeds nicely into a path P
on |V;| vertices, it is sufficient to find an embedding of P into T; with low stretch and congestion.
It turns out that a path P can be embedded into any connected graph G’ on at least |V (P)|/2
vertices with stretch and congestion at most 2, by following a depth first search (DFS) traversal of
G’ and writing down vertices of G’ when they are first visited by the DFS and when the recursive



call corresponding to the vertex terminates. This gives a sequence vy, vs,..., of vertices of G in
which every vertex of G’ appears twice and consecutive vertices in the sequence are either adjacent
or have a common parent in the DFS tree. We obtain the desired embedding of P into G’ by
mapping the i’th vertex of P to the ¢’th vertex in the sequence.

We now know that each GG; can be embedded into T; with low stretch and congestion. However
we still do not know how to coordinate the embeddings in such a way that we get a single well-defined
embedding of G into T'. Let S; = V;N(V;—1UV;41). By the properties of our decomposition, S; is a
small set. In order to coordinate the embedding f; of V; with the other embeddings, it is sufficient
to consider the restriction of f; to S;, that is f;(v) for every v € S;. We therefore investigate, given
two connected graphs G and R such that G has small bandwidth, a small vertex set S C V(G) and
a function r : § — V(R), what are the necessary and sufficient conditions for there to exist a low
stretch and congestion embedding of G into R which agrees with 7.

A few necessary conditions are quite immediate. First, |V(R)| cannot be much smaller than
|[V(G)|, otherwise congestion will be large. Second, every pair of vertices in S that are close
together in G cannot be mapped far apart in R, otherwise stretch will be large. Surprisingly, these
two necessary conditions are sufficient! In particular, for graphs G, R, a vertex set S C V(G)
and a function r : S — V/(R), the S-stretch of r is defined as max,, yes dr(r(u)r(v))

dguo) We prove the
following theorem, which is of independent interest.

Theorem 1.4. There exists a polynomial time algorithm that takes as input a connected graph G,
positive integers k, s, v such that r > 2, a layout f of G of bandwidth at most k, a non-empty vertex
set S in G, a connected graph H such that |V (H)| > |V(G)|/r and a function h : S — V (H) with S-
stretch at most s, and outputs an embedding g of G into H with stretch at most 480(]S|+1)3(k+1)2s
and congestion at most 1300(|S| + 1)*(k + 1)r such that for every s € S, g(s) = h(s).

A key step towards the proof of Theorem[I.4]is to show that, for every graph G of low bandwidth
and small set S of vertices in G, there exists an embedding of G into a path P with low stretch, low
congestion, and also low S-contraction. Here the S-contraction of an embedding f of a graph G
into a graph R is defined as max, yecs %. In other words S-contraction is large when two
vertices in S that are far apart in G get mapped closed together in P. Embeddings of metrics into
other metrics with low stretch and contraction are called low distortion embeddings and have been
extensively studied (see e.g. [Ind01), [Lin02] and references within). A crucial ingredient in our proof
is a classic result of Matousek [Mat90] that every metric space with n points can be embedded into
R with contraction 1 and stretch at most 12n.

Armed with Theorem [T.4] all that remains to do in order to complete the proof of Theorem
is to select for each part V; of the decomposition a mapping h; of S; to T; with low S;-stretch, such
that for every ¢, h; and h;y1 agree on S; N S;+1. This final step also requires some care. Indeed
it requires one additional technical property of the main decomposition, and crucially relies on G
having low local density, as well as the parts of the decomposition being connected.

Comparison with the Conference Version. This paper is an updated version of the conference
paper [CLN26]. The two main differences between this paper and [CLN26] are both in the proof
of the main decomposition lemma, namely Lemma The original version [CLN26] invoked
Courcelle’s Theorem, leading to a non-elementary dependence on k in the running time of the
algorithm. We instead rely on a greedy improvement scheme, which leads to a double exponential
running time dependence on k. Additionally, in Section [6] we use local density, as opposed to
pathwidth, as the engine behind the Erdoés-Pésa style arguments which are used for the proof of
Lemma This allows us to obtain a slightly better approximation ratio than that of [CLN26].



Overview of the Paper. In Section [2] we set up notation, define the notions used throughout
the paper, and collect some useful results from the literature. In Section [3| we develop a toolbox
for working with embeddings of small stretch and small congestion. In Section ] we prove our
first main result, namely Theorem In Section [5| we study the structure of graphs that do not
contain a subtree of pathwidth at least 7+ 1, but do contain subtrees of pathwidth 7. In particular
we show that if we pack a maximum number of vertex disjoint subtrees of pathwidth 7 in G then
these subtrees must be arranged in the graph as either a path or a cycle. In Section [6] we show how
to use the arrangement of pathwidth-7 subtrees in G (where 7 < k) to obtain a decomposition of
G by small separators into pieces that are structurally simpler than the original graph. Specifically
the pieces of the decomposition are simple enough that we may call the algorithm recursively on
each of the pieces and assume by induction that, on each of the pieces the algorithm either returns
a subtree of bandwidth at least k£ or a layout of low bandwidth. If either of the recursive calls
return a subtree bandwidth k& then we are done. Thus, in Section [7| we consider the case when all
of the recursive calls on the pieces of the decomposition returned low bandwidth embeddings of
those pieces. In this outcome we find a special subtree T' of G and then use the results of Section
to find a low stretch and low congestion embedding of G into T. Hence, if T" has bandwidth at
least k we win because we found a subtree of large bandwidth. On the other hand, if T" has low
bandwidth then composing the embedding of G into T" with the low bandwidth layout of T yields a
low bandwidth layout of G. In Section [§| we put all of the results in previous sections together and
complete the proofs of Theorems [I.1] and Finally, in Section [9] we conclude with a few remarks
about potential ways to improve our results.

2 Notation, Definitions, and Preliminary Results

We will mostly follow the notation and terminology for graphs as defined in the textbook of Dies-
tel [Diel2]. All graphs are simple and undirected unless specified otherwise. The vertex set and
edge set of a graph G are denoted by V(G) and E(G) respectively. When clear from context we will
denote by n the number of vertices in the graph G. For a vertex v its open neighborhood is defined
as N(v) = {u : uwv € F(G)} and its closed neighborhood is N[v] = N(v) U {v}. For a set S of
vertices N[S] = J,cg N[v] and N(S) = N[S]\S. A subgraph of G is a graph H with V(H) C V(G)
and E(H) C E(G); equivalently, H can be obtained from G by vertex and edge deletions. We write
H C G to denote that H is a subgraph of G. The subgraph of G induced by the vertex set S is
denoted by G[S] and defined as G[S] = (5, {uwv € E(G) : {u,v} C S}). For a vertex set S C V(G)
we write G — S for the subgraph G[V(G) \ S]; for a single vertex v, G —v = G — {v}; and for an
edge e, G — e denotes the subgraph obtained by deleting e (but no vertices). A subtree of G is a
subgraph of G that is a tree (not necessarily induced). A minor model of a graph H in a graph G
is a family {X, : v € V(H)} of connected vertex sets in G such that for every pair u, v of vertices
in H, X,, and X, are disjoint, and for every edge uv € E(H) there exists an edge between X,, and
X, in G. A graph H is a minor of G if there exists a minor model of H in G.

For a path P the length of the path is the number of edges on P. For a graph G and two
vertices u and v the distance in G from w to v is denoted as dg(u,v) and defined as the length
of a shortest (minimum length) path from u to v. If no path between v and v exists the distance
from u to v is infinite. The diameter of a graph G is diam(G) = max, ,cv(g) de(u,v) and the
radius of G is rad(G) = min,ey (q) max,ey () de(u,v). Pz is the infinite path with vertex set Z
and edge set {(7,i +1) : i€ Z}. It is well known [Diel2] that the diameter of a graph is at least
its radius, and at most twice the radius. P, is the path with vertex set {1,...,n} and edge set
{(i,i+1) : 1<i<n}.



Let D and R be sets and f : D — R be a function. We denote by 2P the power set {D’ : D’ C
D} of D. We define the function f~': R — 2P as f~1(r) ={d € D : f(d) =r}. For sets S C D
we will write f(S) for |J,cg{/f(z)} and for sets S C R we will write f~1(S) for U,cq{f*(2)}.

A vertex set S separates two vertices a and b if every path from a to b in G passes through S.
The vertex set S separates vertex sets A from B if it separates every a € A from every b € B. We
will use the well known Menger’s Theorem (see e.g. [Diel2]): for every graph G and vertex sets
A and B the minimum size of a vertex set S that separates A from B is equal to the maximum
number of pairwise vertex-disjoint paths from A to B (sharing no vertex; a single vertex in AN B
counts as a path). The internal vertices of a path P are all its vertices except for its endpoints.
Two paths P and () are internally vertex disjoint if no vertex is an internal vertex of both P and
Q. A well known variant of Menger’s Theorem is that for every graph and vertex sets A and B the
minimum size of a vertex set S that separates A from B and is disjoint from A U B is equal to the
maximum number of internally vertex disjoint paths from A to B.

A caterpillar is a tree T' containing a path B such that all vertices of degree 3 or more lie on
B. We then say that B is a backbone of T and every connected component of T'— B is a stray or
a hair. We will use the following well-known bound on the number of non-isomorphic trees.

Theorem 2.1 ([Ott48]). The number of non-isomorphic trees on at most n vertices is 20,

Embeddings and Layouts. An embedding of G to H is a mapping f : V(G) — V(H). The
stretch of f is max,,ep(q) du(f(u), f(v)). The congestion of f is max,ey gy |f~!(v)]. For a vertex
set S C V(G) the S-contraction of a function f : S — V(H) (or contraction of S by f) is
maxy, yes %. Here the maximum is taken over all distinct pairs u, v of vertices in S. If
|S| <1 the S-contraction of f is defined to be 1, and if f(u) = f(v) for two distinct vertices u and
v in S the S-contraction of f is defined to be infinite. For a vertex set S C V(G) the S-stretch of a
function f : S — V(H) (or stretch of S by f) is maxy ,eg %. Here the maximum is taken
over all distinct pairs u, v of vertices in S. 7

The S-contraction and S-stretch of an embedding f of G into H is the S-contraction (S-stretch)
of the restriction of f to the domain S. Note that the stretch of an embedding f of G to H is equal
to its V(G)-stretch. A layout of a graph G is an embedding of G into P,, with congestion 1. The
bandwidth of a layout is its stretch, and the bandwidth of a graph G is the minimum bandwidth
of a layout of G. We will denote by bw(G, f) the bandwidth of the layout f, and by bw(G) the
bandwidth of G.

(Radial) Local Density. The ball of radius r around v is in G denoted as B, (v) and is the set of
all vertices at distance at most r from v. If the ball is taken in a graph G’ other than G it is denoted

by BS (v). The radial local density of G is denoted by A,.(G) and defined as max, , %. It is

easy to see that, equivalently, AT(G) = MaXg/cq, rad(G)>1 %. Recall that the local density of

a graph G is denoted as A(G) and defined as A(GQ) = maxgicq %. We have that for every

graph G, A(G) > A.(G) > A(G)/2 because for every graph its diameter is at least its radius and at
most twice the radius. Thus, for every graph it holds that bw(G) > A(G) > A(G) (see [CCDG82)
for the simple argument that bw(G) > A(G)).

Lemma 2.2. For every graph G and every subgraph H of G, A(H) < A(G) and A,(H) < A.(G).

Proof. For both quantities, every subgraph of H is also a subgraph of G, so the maximum rang-
ing over subgraphs in the definition for H is over a subset of the candidates appearing in the
corresponding definition for G. O
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A nice feature of radial local density is that every graph G contains a subtree that completely
preserves its radial local density.

Lemma 2.3. For every connected graph G there is a subtree T of G such that A.(G) = A.(T).

Proof. Let v be a vertex of G and ¢ be an integer such that AT(G) = %. Let T be a BFS-tree
of G rooted at v. Since T is a subgraph of G we have that A,(G) > A,(T). Further, we have that

BT (v) = By(v) and hence A, (T) > 'B(IT(;])H = Bl > A (6. 0

Metrics. A metricis a set S together with a function d : Sx.S — R such that for all u, v, w in S we
have d(u,v) > 0 with equality if and only if u = v, d(u,v) = d(v,u), and d(u, w) < d(u,v)+d(v, w).
A metric is integral if d(u,v) € Z for every u,v € S. Notice that for every connected unweighted
graph G, the distance function dg is an integral metric. We will frequently make use of the following
result.

Theorem 2.4 ([Mat90]). There ezists an algorithm that takes as input an integral metric (S, d),
runs in time polynomial in |S|, and outputs a function f : S — N such that for every u,v € S we
have d(u,v) < [f(u) — f(v)] < 12]S|d(u,v).

We remark that the statement of Theorem in [Mat90] is for metrics, rather than integer
metrics, and for functions f : S — R, as opposed to f : S — N. However, it is well known (see
e.g. [FFLT13|) that, without loss of generality, one can assume that for every u, v in S such that
flu) < f(v)and f7H({t : f(u) <t < f(v)}) =0 we have f(v)— f(u) = d(u,v). Hence for integral
metrics the range of f can be assumed to be N.

Pathwidth. The boundary of a vertex set S C G is the set 9(S) = {v € S : N(v) —
S # 0} where N(v) is the set of neighbors of v in G. The pathwidth of a layout f of G is
max;<, |[0(f1({1,...,i})))|. The pathwidth of a graph G is the minimum pathwidth of a layout
of G. We will denote by pw(G, f) the pathwidth of the layout f, and by pw(G) the pathwidth of
G.

For every layout f of bandwidth k and i < n we have that 9(f~*({1,...,i})) C f~1({i —
k+1,...,i}), and therefore |O(f~1({1,...,i}))| < k. Thus, for every layout f of G we have
pw(G, f) < bw(G, f), and hence for every graph G we have pw(G) < bw(G). It is worth mentioning
that the definition of pathwidth used here is known as the vertez serparation number [EST87], while
pathwidth is most commonly defined via path decompositions [Bod98]. It is known that vertex
separation number and pathwidth of a graph G are the same [Bod98| [Kin92, [Kin89]. We will need
the following basic results about pathwidth:

Lemma 2.5 ([Bod98|). If H is a minor of G then pw(H) < pw(G).

The next theorem characterizes the pathwidth of trees. We will use Theorem to compute
the pathwidth of trees that we are concerned with, as well as to lower bound the pathwidth of
certain trees in the proof of our main decomposition theorem.

Theorem 2.6 ([Sch90]). For every tree T and integer k, pw(T) > k + 1 if and only if there exists
a node v € V(T) and three distinct components Cy, Co, C3 of T —v such that pw(C;) > k for every
i€{1,2,3}.

The next theorem shows that for every fixed tree T, every graph that does not contain T
as a minor has pathwidth upper bounded by a function of T. This result was first proved by
Robertson and Seymour [RS83|, we will rely on a subsequent result with better dependence on T
(see also [CDE96al).
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Theorem 2.7 ([BRST91]). For every tree T, if G does not contain T as a minor then pw(G) <
V()| - 2.

A tight bound on the size of tree obstructions for pathwidth was established by Cattell, Dinneen,
and Fellows.

Theorem 2.8 ([CDF96b]). For every integer T > 1, every tree of pathwidth at least T contains as
a minor a tree of pathwidth at least T on at most %_171 vertices. Furthermore, for every positive
integer k there exists a tree T} of pathwidth at least k.

The next lemma extracts an actual subtree from a tree minor model.

Lemma 2.9. Let T be a tree and G a graph. If T is a minor of G, then G contains a subtree T™*
such that T is a minor of T*.

Proof. Fix a minor model {X,},cv (1) of T in G. For every v € V(T'), fix a spanning tree S, of
G[X,], and for every edge uwv € E(T), fix one edge ey, € E(G) with one endpoint in X, and one
in X,. Let T* be the subgraph of G with edge set (,cy () E(Sv) U{ew : uv € E(T)} and vertex
set U,y (1) Xo- Then T™ is a tree, and { X, },cy (7) is a minor model of T"in T™. O

Combining Theorems [2.6] and [2.7] with Lemma [2.9] we obtain the following result.

Theorem 2.10. For every graph G and integer k > 1, G either contains a subtree of pathwidth at
—1
least k, or pw(G) < 23=2.

Proof. For every integer k > 1, let T}, be a tree of pathwidth at least k on at most 5?’7 vertices,

as guaranteed by Theorem [2.8] If G does not contain 7T} as a minor, then by Theorem 2.7 we have
pw(G) < [V(T})| — 2 = 22=2,

Otherwise, by Lemma [2 -, G contains a subtree T” such that T} is a minor of 77. From
Lemma [2.5] we have that pw(T”) > pw(T}) > k. O

We will also need an algorithm to compute path decompositions.

Theorem 2.11 ([Furl6l BJT23| BK96]). There exists an algorithm that takes as input a graph G
and integer k, runs in time 20 and either concludes that pw(G) > k or produces a layout of G
with pathwidth at most k.

The next theorem, due to Hicks, is stated in terms of branch decompositions, a notion we do
not define in this paper. The only fact about branch decompositions that we will use is that there
is a polynomial-time algorithm that, given a graph G and a path decomposition of G of width k,
outputs a branch decomposition of G of width at most k& + 1 [RS91].

Theorem 2.12 ([Hic04]). There is an algorithm that takes as input a graph G, a branch decom-
position of G of width w, and a graph H on h vertices, runs in time O(?)w2 (h+w—=1D!-|E(G)])
and either outputs a minor model of H in G or determines that H is not a minor of G.

3 Manipulating Embeddings

In this section we develop some basic tools for dealing with embeddings with low congestion and
stretch. We show that the existence of good embeddings is essentially transitive, relate low band-
width layouts with low stretch and congestion embeddings into a path, and use this to show that
adding a small number of edges to a low bandwidth graph cannot increase the bandwidth too much.
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Lemma 3.1. Let F, G, H be graphs, S C V(F') be a vertex set. Let f be an embedding of
F to G with congestion cy, stretch sy and S-contraction zy. Let g be an embedding of G to H
with congestion cg, stretch sy and f(S)-contraction z4. Let h : V(F) — V(H) be the embedding
defined as h(v) = g(f(v)). Then congestion of h is at most cscy, stretch of h is at most sysy and
S-contraction of h is at most zyz,.

Proof. For stretch, let uv be an edge in F and P be a shortest path from f(u) to f(v) in G. We
have that

dir(h(w),h() < 3 dulg(@),gy) < Y. sy < [E(P)]sy < s55,.
zyeE(P) zy€E(P)

For congestion, let u be a vertex of H. We have that

P W)= D IS Y e <crey
veg~(u) veg~(u)
For S-contraction, let « and y be distinct elements of S. Then

do(f(2). S (w)) . dr(w.y)

Zg Rfzg

dp (h(z), h(y)) =

O]

The following easy lemma shows how to fold a path such that the endpoints of the path are
placed in prescribed positions.

Lemma 3.2. Let P = vy,...,v: be a path witht > 2, and a, b and k > 1 be integers such that
la —b| < (t —1)k. Then there exists an embedding f from P to Pz with congestion at most 2 and
stretch at most k such that f(v1) = a, f(v¢) = b and f(v;) > min(a,b) for every v; in P.

Proof. Without loss of generality a < b. Consider first the case when |a —b] >t — 1. Set § = IZ:—?
and define f(v;) = [a+ (i —1)|. Then f(v1) = a, f(vt) = b, and § > 1 so the congestion of f is
at most 1. Further, the stretch of f is at most [§]. However 6 < k since |a —b| < (¢t — 1)k. Since k
is an integer we get [J] < k as well.

Consider now the case when a = b. In this case let f(v;)) = a+i—1 for i < [t/2] and
f(vi) =a+ (t —i) for i > [t/2]. Then f has congestion at most 2, stretch at most 1 and satisfies
flv1) = f(vr) =a=b.

Finally consider the case when 1 < b—a <t —1. Set f(v;) =a+i—1fori < b—a and
use the construction for the b = a case for the remaining sub-path P’ = vy_,4y1,...,v;. Since
f(vp—q) = b—1 we have that f has stretch at most 1. Since f(v;) < bforalli <b—a and f(v;) > b
for all i > b — a, f has congestion at most 2. For all three cases the condition f(v;) > min(a,b) for
every v; in P holds by construction. O

We will also need a generalization of Lemma where the path P is embedded into a general
graph G instead of into Pz. We first show that we can embed a path P into any connected graph
G with sufficiently many vertices, as long as we want the first and last vertex of P to be mapped
to the same vertex of G.

Lemma 3.3. There exists a polynomial time algorithm that takes as input a path P = vy, ..., v,
an integer k > 2, a connected graph G on at least t/k vertices, and a vertex r of G, and outputs an
embedding f of P into G with stretch at most 2, congestion at most k, such that f(v1) = f(v) =r.
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Proof. We may assume without loss of generality that G is a tree rooted at r: if not the algorithm
computes a spanning tree G’ of G rooted at r and works with G’ rather than G. An embedding f
of P into G’ with stretch at most 2, congestion at most k, such that f(v1) = f(v¢) = r is also such
an embedding into G. From now on we will consider the case that G is a tree rooted at r. Further
we may assume that |V(G)| = [t/k], as otherwise we may pick a leaf v of G, set G’ = G — v and
work with G’ instead. Again an embedding f of P into G’ with stretch at most 2, congestion at
most k, such that f(v1) = f(v¢) = r is also such an embedding into G. Thus we will assume that
G is a tree rooted at r and that |V(G)| = [t/k].

The algorithm computes a depth-first-search traversal of G rooted at r, recording the first and
last time every vertex is visited by the traversal. More formally we define a function DFS(T', r) that
takes as input a tree T' and vertex r € T', and outputs a sequence of vertices in T'. If V(T') = {r}
then DFS(T,r) = r,r. Otherwise let T7,...,T}, be the connected components of 7" — r and let 7;
be the unique neighbor of r in T;. We define DFS(T,r) as follows:

DFS(T,r)=roDFS(T1,r1)0...0 DFS(T,,rp)or.

Here o denotes concatenation of sequences (so a,b,cob,a,d = a,b,c,b,a,d).

It follows from the definition of DFS(G,r) that every vertex of G appears precisely two times
in the sequence. Furthermore for every pair of vertices u, v appearing consecutively in the sequence
DFS(G,r), either u = v, u is the parent of v, v is the parent of u, or u and v have the same parent
in G (see e.g. [KT06]). Thus dg(u,v) < 2.

From DFS(G,r) we make a sequence S on precisely |V (G)| - k vertices by replacing the first
occurrence of every vertex v in DFS(G,r) by k — 1 occurrences of v. Since every vertex occurs
precisely two times in DFS(G,r) it occurs precisely k times in S. Since |V(G)| = [t/k] we have
that 0 < |V(G)| -k —t < k. Let ¢ be a leaf of G. From the definition of DF'S(G,r) it follows
that all k occurrences of ¢ appear consecutively in S. Create the sequence S’ from S by removing
precisely |V(G)| - k — t occurrences of . Note that at least one occurrence of ¢ remains in the
sequence. Hence, for every pair w,v of distinct vertices appearing consecutively in S’ they also
appear consecutively in S. Therefore we have that |S’| = ¢, the first and last vertex in the sequence
S’ is r, and for every pair u, v of consecutive vertices in S’ we have that dg(u,v) < 2.

The function f maps v; to the ¢’th vertex in the sequence S’. Since the length of S’ is precisely
t, f is well defined and f(v1) = f(v;) = r. Further, since every vertex of G appears at most k times
in S’ the congestion of f is at most k. For every edge v;v;+1 in P the vertices f(v;) and f(v;y1)
appear consecutively in S” and hence dg(f(v;), f(vir1)) < 2. Thus the stretch of f is at most 2.

Each step of the algorithm runs in polynomial time. O

Next we extend Lemma to the case where we would like to map the two endpoints of P into
different prescribed vertices.

Lemma 3.4. There exists a polynomial time algorithm that takes as input a path P = vy, ..., v,
two positive integers s and k such that k > 2, a connected graph G on at least t/k vertices, and two
vertices a and b of G such that dg(a,b) < s-(t —1), and outputs an embedding f of P into G with
stretch at most max(2,s) and congestion at most k + 1, such that f(v1) = a and f(v;) = b.

Proof. We first prove the lemma for the case where dg(a,b) > ¢t — 1. If t = 1 then a = b, thus
setting f(v1) = a satisfies the lemma trivially. We therefore assume t > 2. Let Q = ¢1,42,...,qe
be a shortest path from a to b in G (thus ¢; = a and ¢, = b). For every i <t we define f(v;) = g;
where j = 1+ [(: — 1)(¢ = 1)/(t — 1)]. Note that f(vi) = ¢ = a and f(v;) = ¢ = b. Since
dg(a,b) =0—1 < s(t—1) it follows that ({—1)/(t —1) < s and hence dg(f(vi), f(vi+1)) < s. Thus
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the stretch of f is at most s. Since £ — 1 = dg(a,b) > t — 1 we have that (/ —1)/(t —1) > 1 and
therefore f(v;) # f(vy) for i #i’. Thus the congestion of f is at most 1.

We now consider the case that dg(a,b) < t—1. Set £ = dg(a,b)+1 and define P} = vy, va, ..., vy
and P> = vp,vp41,...,v. Let Q = q1,...,q¢ be a shortest path from a to b in . Define the
embedding f1 from P; to @ as fi1(v;) = ¢; and observe that fi(vi) = a, fi(ve) = b, the stretch of
f1 is at most 1 and the congestion of f; is at most 1. Obtain an embedding fo of P into G with
fa(vg) = fa(v) = b by applying Lemma to P» and G with r = b. The stretch of fs is at most 2
and the congestion of f5 is at most k. Define an embedding f of P into G by setting f(v;) = f1(v;)
for i < ¢ and f(v;) = fa(v;) for i > £. The congestion of f is at most k+ 1 (the sum of congestions
of fi and fy). Further, for every edge v;v;+1 of P, it is either an edge of P; for j € {1,2}. Then
f(vi) = fj(vi) and f(vi41) = fj(vit1) and since the stretch of f; is at most 2, the stretch of f is at
most 2 as well. All constructions take polynomial time. O

The next lemma shows how to turn any embedding of G into Pz into a layout. A vertex set S
comes first in a layout f (or an embedding f of a graph into Pz) if, for all z € S and y ¢ S we

have f(x) < f(y).

Lemma 3.5. There exists a polynomial time algorithm that takes as input a graph G, an embedding
f of G into Py with stretch sy and congestion cy, and a vertex set S of G that comes first in f,
and outputs a layout g of G with bandwidth at most (sy + 1)cy — 1 where S comes first.

Proof. We assume without loss of generality that V(G) = {v1,...,v,}. We define a total ordering
< on the vertices of G as follows: for i # j we have that v; < v; if f(v;) < f(v;), or if f(v;) = f(vj)
and v; € S and v; ¢ S, or if f(v;) = f(v;) and |{v;,v;} N S| € {0,2} and i < j. In other words,
we sort the vertices by their f-value, first breaking ties by whether they are in S or not (selecting
vertices in S first), and then by their name.

Since < is a total order it defines a layout g. To see that S comes first in g consider two
elements v; and v; such that v; € S and v; ¢ S. We prove that g(v;) < g(v;). Since S comes first
in f we have that f(v;) < f(vj). If f(vi) < f(vj) then g(v;) < g(v;). If f(vi) = f(v;) then again
g(v;) < g(vj) by the first tie breaking rule. Thus S comes first in g.

Finally we bound the stretch of g. Let v;v; be an edge of G. Let p = min(f(v;), f(v;)) and
q = max(f(v;), f(vj)). We have that ¢ — p < sy. Furthermore,

gwi) = g(vy) < |f'{pp+ 1, g = 1< (g =p+Dep =1 < (s + D)eg — 1.

Comparing two vertices v; and v; in the total ordering < takes polynomial time, hence the sort
takes polynomial time as well. O

Most of the time when we apply Lemma we will have sy > 1 and use the upper bound
2sycy for (sf+1)cg — 1. The stricter bound of (sf + 1)cy — 1 is just there to make clear that when
congestion of f is 1 then Lemma [3.5] does not increase stretch. The next lemma shows that at the
cost of a small increase in the bandwidth we may put any small set S first.

Lemma 3.6. There exists a polynomial time algorithm that takes as input a graph G, bandwidth
k layout f of G, and a vertex set S C V(G) and outputs a bandwidth 2(k+ 1)(|S| + 1) layout of G
in which S comes first.

Proof. We treat the layout f as a stretch k and congestion 1 embedding of G into a path P on
n vertices. Let S’ be the union of S and the first and last vertex of G (according to f). Thus
|S’| < |S|+ 2. Divide P into ¢ = |S’| —1 < |S| + 1 sub-paths Py,..., P, where, for every 1 < i </,
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P; is the sub-path of P that starts at the i’th vertex of S’ on P and ends at the i 4 1’st vertex of S’
on P. For each path P; obtain using Lemma (with a = b=k = 1) an embedding g; of P; into
Py such that the first and last vertex of P; are mapped to 1 by ¢g;. Each g¢; has stretch at most 1
and congestion at most 2. Define g : V(P) — Z as follows. For every v € V(P), if v € V(F;) then
g(v) = gi(v). Note that g is well defined: every vertex v € V(P) is in V(F;) for some i. Further, if
v e V(FP;)NV(P;) for i # j then v is an endpoint of P; and P; and therefore mapped to 1 both by
g; and by g;. Note that g maps every vertex of f(S) to 1 and every vertex of P to at least 1, so
f(S) comes first in g. Further ¢ has stretch 1 and congestion 2¢ = 2(|S| + 1).

Let b’ be the embedding of G into Py defined as h'(v) = g(f(v)) for every v € V(G). By
Lemma [3.1| the stretch of A’ is at most k and congestion of A’ is at most 2(|S| + 1). Additionally
S comes first in A’ because f(S) comes first in g. Finally, obtain a layout h of G by applying
Lemma to A’ and S. By Lemma S comes first in h, and the bandwidth of A is at most
2(k+1)(]S| + 1). Each of the steps takes polynomial time. O

We will often need to lift the layout of G — S for a small set S to a layout of G.

Lemma 3.7. There exists a polynomial time algorithm that takes as input a graph G of maximum
degree d, a vertexr set S in G, a bandwidth k layout f of G — S, and outputs a layout of G with
bandwidth at most 12k|S|d.

Proof. The algorithm sets X = N () and applies Lemma[3.6/to G—S and X to make an embedding
g of G — S with bandwidth 2(k+1)(]X|+1) in which X comes first. Since G has maximum degree
d we have that | X| < |S|d, and so the bandwidth of g is at most 12k|S|d. Extend ¢ to a layout ¢
of G by mapping the vertices of S immediately before the vertices of G — S. Since all edges from
S have the other endpoint in S U X we have that for every edge uv with one endpoint in S it holds
that ¢'(u) — ¢'(v) < |X|+|S] < |S|(d+ 1) < 12k|S|d. Since the algorithm of Lemma takes
polynomial time, this algorithm runs in polynomial time as well. O

4 Low Bandwidth Embeddings with Prescribed Vertices

Let G be a graph of bandwidth at most k, and H be a connected graph. Treating the layout of G
as an embedding of G into a path, Lemma tells us that there exists an embedding ¢ of G into
H where the stretch and congestion of the embedding are upper bounded as a function of k£ and
|[V(G)|/|V(H)|. Suppose now that we are in a more general setting. In addition to G and H we are
given a “small” vertex set S C V(G) and a function h : S — V(H). We now want the embedding
g to “respect” h in the sense that g(v) = h(v) for every v in S. How much can this additional
requirement affect the stretch and congestion of g? An immediate answer is that the stretch of g
can increase a lot. If u and v are vertices in S that are close together in G, but h(u) and h(v) are
very far away from each other in H, then the stretch of g must be large. However, it turns out
that this is essentially the only bad thing that can happen. In particular, the main result of this
section is that there exists an embedding g of G into H with stretch and congestion that are upper
bounded by a function of k, |[V(G)|/|V(H)|, |S|, and the S-stretch of h.

The main technical ingredient of the proof is that for every graph G of bandwidth at most &
and every small vertex set S C V(G), there exists a tree T with few leaves and an embedding of G
into T with low stretch, congestion, and S-contraction.

Lemma 4.1. There exists a polynomial time algorithm that takes as input a connected graph G,
a vertex set S, and a bandwidth k layout f of G in which S comes first, and outputs a tree T
with at most 2|S| leaves and an embedding g of G into T with stretch at most k, congestion 1, and
S-contraction at most max(2|S| — 1,2k).
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Proof. We re-name the vertices of G as vy, ...,v, such that f(v;) = i for every i. Then define
Vi ={v1,...,v;} and G; = G[V;]. For each integer i we define C; to be the connected component of
(; containing v;. Note that since G is connected we have C,, = G. Next we show that the family
of C;’s forms a laminar family. In fact we show a slightly stronger statement.

(1) For every i, j, if i < j and C; N Cj # () then C; C Cj

Let u be an arbitrary vertex in C; and v be an arbitrary vertex in C;. Let w be a vertex in C; N C}.
There is a path from u to w in C; (and hence in G;) and a path from w to v in Cj, and hence in
Gj. Thus v and v are in the same component of G, namely C;. This proves (1.

An immediate consequence of is the following:

(2) For every i, j, if i < j and v;v; € E(G) then C; C Cj

This follows directly from because v; € C; N Cj.

A vertex v; is an anchor if C; NS # (). For an anchor vertex v; its leaf set £(i) is defined as
C; N S. For every vertex v; we define the anchor a(i) of v; to be the lowest j > ¢ such that v; is
an anchor and C; C C;. Observe that since G is connected vy, is an anchor and hence a(7) is well
defined for every . Further note that for every anchor v;, a(i) = i. For every non-anchor vertex v;
we define its leaf set £(i) to be £(a(i)). With this definition we have that £(i) = ¢(a(i)) for every
vertex v;, whether it is an anchor or not. Next we show that the leaf sets also satisfy a property
similar to .
(3) For every pair i,j of distinct integers in {1,...,n}, if £(i) N L(j) # O and a(i) < a(j) then
) < G5).
Since £(i) N €(5) # 0 and £(i) = l(a(i)) and £(j) = £(a(j)) we have £(a(i)) N (a(f)) # 0. So
Cagiy N Cyjy # 0 and hence by (1)) Cy) € Coj)- But then £(i) C £(j), proving .

This has the following consequence.

(4) {e() = j<n} <25-1

It follows directly from that {¢(j) : j < n} is a laminar family over the universe S. Every
laminar family over a universe of size |S| contains at most 2|S| — 1 non-empty sets (see e.g. [Sch03]
together with the well-known fact that a rooted tree with |S| leaves has at most 2|S| — 1 ver-
tices [Diel2]), proving (4

For every j < n we deﬁne the parent p(j) of v; as follows. If there exists an ¢ > j such that
£(i) = ¢(j) then p(j) is set to be the smallest such i. Otherwise p(j) is defined to be the smallest
t > j such that C; C C;. Since G is connected C; C C), for every ¢ < n and thus every vertex
(except the root v,) has a parent.

We define T' to be the graph with vertex set V(G) and edge set {vjv,;y : 1 < j < n}. Since
every vertex v; with j < n has an edge to a vertex vy;) with p(j) > j, every vertex is in the same
connected component of T' as v,, and hence T is connected. Since T has precisely n — 1 edges we
conclude that 7' is a tree.

Next we show that T has at most 2|S| leaves. Define Z = {v; : Bj < is.t. £(j) = £(i)}. We
have that |Z] is upper bounded by the number of distinct sets in {¢(j) : j < n} and hence by
we have |Z| < 2|S| — 1. Thus it suffices to show that for every vertex v; of T', if j < n and v; ¢ Z
then v; is not a leaf. Let v; be such a vertex. Then vjuv,;) is an edge incident with v;. Further,
since v; ¢ Z there exists an i < j such that £(i) = £(j). Pick the largest such i. By the definition
of parents, we have that j is the parent of ¢, and hence v;v; is also an edge of T'. But then v; is not
a leaf. Hence T has at most 2|S| leaves.
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We define the embedding g : V(G) — V(T) as the identity embedding g(v;) = v; for all
1 <4 < n. It remains to upper bound the stretch, congestion and S-contraction of g. From the
definition of g it immediately follows that the congestion ¢, of g is 1.

Towards upper bounding the stretch we define ancestors of a vertex. We define p'(i) = p(i).
For every t > 2 such that p'~1(i) # v, we define p(i) = p(p'~1(i)). We say that j is an ancestor of
i if there exists an integer ¢ such that j = p’(i). Note that if j = p’() then dp(v;,v;) = t.

(5) For every pair i,j of distinct integers in {1,...,n}, if C; C C; then j is an ancestor of i.

It is sufficient to prove for pairs i, j where j is the smallest integer greater than i such that
C; € Cj. Then follows by induction on j —4. Suppose now that j is the smallest integer greater
than i such that C; C C;. If £(i) = £(j) then j is an ancestor of i because the sequence p* (i), p*(i),

. iterates through all integers ¢’ greater than ¢ such that £(i") = £(4).

We now consider the case that £(i) # £(j). We claim that in this case ¢ is an anchor. Suppose
not. Then a(i) > i and C; € Cj C C,(;). We have that a(i) < a(j) since C; C C,;). Further,
a(j) < a(i) since C; C Cg;). Thus a(i) = a(j). But then £(i) = {(a(i)) = L(a(j)) = (),
contradicting £(i) # £(j). We conclude that ¢ is an anchor.

Since 4 is an anchor, j is also an anchor. We prove that j is the parent of i. In particular, we
show that there does not exist an i’ > i such that £(i') = £(i). Suppose for contradiction that such
an ¢’ exists. Then i < ' < a(i'). Then C; N Cy(yry is non-empty (since (i) = £(a(i’))), so by
C; C C’a(i/). Since j is smallest such that C; C C; we have C; C C; C C’a(,-/). Thus

(i) =C;NS CC;NS =L(j) C Cuuny NS =L(i) = £(3),

but this contradicts that ¢(j) # ¢(i). Thus j is the parent of i, proving .

Armed with we can upper bound the stretch of g. Let v;v; be an edge of G. Without loss
of generality i < j. By we have C; C C}, so by , j = p(i) for some t > 1. But t < j — i, and
since f has bandwidth k we have j —i < k. Thus dr(v;,v;) =t < k.

Before turning to the S-contraction of g we need to develop additional understanding of the
last anchor vertex with a given leaf set, as well as upper bound p(i) — ¢ for every i. We start with
the latter.

(6) For every 1 <i < n it holds that p(i) < i+ k.

Since G is connected and vy,(;) ¢ Cj, there is an edge in G with one endpoint in C; and the other
outside. Select vjv; € E(G) such that v; € Cj, vy ¢ C;. Then j <4 and j > i. Furthermore,
since f is a bandwidth k layout of G we have that j' — j < k, and therefore 7/ —i < j' — j < k.
Since vj; € C;NCj we get from that C; C Cj.. Thus, by , j' is an ancestor of 7, and therefore
i < p(i) <j' <i+k, proving (6).

We now study the last vertex with a given leaf set. A vertex v; is a top anchor if for every j > i,
0(i) # £(j). We first show that every top anchor is an anchor.

(7) For every i if for every j > i we have (i) # £(j), then v; is an anchor.

If v; is not an anchor then a(i) > i and £(i) = £(a(i)), contradicting the assumption that for every
j > i we have £(i) # £(j). This proves (7).
Next we show that for a top anchor v; there are many equivalent ways to characterize member-
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ship in Cj.
(8) If v; is a top anchor, then for every j < n the following are equivalent:

(i) v € C;
(’i’i) Va(j) e C;
(iii) £(5) < £(i)

(iv) j =i or vy

S Cl

We first prove v; € C; — v,(;) € C;. If vj € C; and v; is an anchor then a(j) = j so a(j) € C;.
Otherwise a(j) is the smallest anchor such that C;j C C,(;). Since 7 is an anchor such that C; C C;
it follows that a(j) <. Since C,(;) N C; is non-empty, (1)) yields that C,;) C Cj, so a(j) € C’i.

Next we prove v,y € C; — £(j) C £(i). If va) € C; then Cyyy C G, 80 £(j) = Cyjy NS C
CinNS =L(7).

Then we prove £(j) C (i) — v; € C;. Suppose that £(j) C £(i). Suppose now for contradiction
that a(j) > i. Both £(a(j)) and £(i) contain £(j), and a(i) = i < a(j) = a(a(j)) and so by
we have £(i) C ¢(a(j)). However this implies that £(j) C () C £(a(j)) = £(j), so £(i) = £(a(4))
contradicting that 7 is a top anchor. Thus a(j) <. Then C, ;) and C; both contain £(j) and so by
(1) we have Cy(;y € C; and v; € Cyj), proving v; € C;. This establishes that (i), (7) and (iii) are
equivalent.

We now show that v; € C; — j =i or v,(;y € C;. Suppose v; € C; and j # i. Then £(j) C £(7)
(since (i) implies (4i1)). If £(p(j)) = £(j) then vy;) € C; (since (7ii) implies (7)). Otherwise p(j) is
the smallest integer greater than j such that C; C Cp;). Since C; C C; we have that p(j) < i and
both C;) and C; contain vj, and so by (1) we have Cp(j) € Ci, and hence vy(;) € C;.

Finally we prove that j =i or v,;) € C; — v; € C;. If j =i then v; € Cj, suppose now that

vp(j) € Ci. From (i) — (iii) we obtain that £(p(j)) C £(7). If £(j) = £(p(j)) then (iii) — (i) yields
vj € C;. Otherwise p(j) is the smallest integer greater than j such that C; C C,;). But then
Cj C Cpjy € C; and so v; € C; as claimed. This completes the proof of

We now upper bound the S-contraction of g. To that end, let v, and v, be vertices in S with
p < g. Since p < ¢ we have that ¢(p) N {vp,ve} = {vp}. Let ¢ be the largest integer such that
0(i) N {vp, v} = {vp}. Then v; is a top anchor, and by we have that v; is an anchor. Since
¢(n) = S we have that i < n. We first lower bound dr(vp,v,), then we upper bound dg(vp,v,) in
terms of p(i).

By (i) — (iv)) we have that for every v; € C; — {v;} it holds that v,y € C;. By (1)
— —(iv)) we have that for every v; ¢ Cy, vy(;) ¢ Ci. Thus, viv,;) is the only edge in T' that has
one endpoint in C; and the other outside. Since v; is an anchor we have that C; N {vp, vy} = {vp}.
Thus, every path from v, to vy in T" must use the edge v;vy(;), and in particular must go through
Up(#)- Therefore we have that

dr(vp, vg) 2 dr(vp, V(i) = {p(i)k_ pw = {p(i)k_ SW

Here dr(vp, vp@)) > [P (i,);p ] follows from @

Since E( ) # £(i) for all j > i we have that C; C Cp;). Since v; is an anchor, so is vp;). Thus
£(p(i)) = CpyNS. Thus £(i) € £(p(i)), but E( (1)) N {vp, vg} # {vp} since i is the largest such that
(i) N {vp,vg} = {vp}. We conclude that Cp;y N {vp, vg} = £(p(i)) N {vp,ve} = {vp, vy} Therefore

de(vp,vg) < [Cpiy| — 1 < p(i) — 1.
We can now upper bound the S-contraction of g. If p(i) < 2|S| we have that dGEvp’v") < 2|8|—-

a(j)
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If p(i) > 2|S| we have that

dG(U;n Uq) p(i) p(i)
< - < — < 2k.
dr(vp,vg) — (p(i) = [S)/k — p(i)/2k
Thus the S-contraction of g is at most max(2|S| — 1, 2k), as claimed. O

Next we show how to embed trees with few leaves into the line, while ensuring low distortion
for some small prescribed set S.

Lemma 4.2. There is a polynomial time algorithm that takes as input a tree T with £ leaves and a
vertezx set S in T, and outputs an embedding of T into Py with congestion at most 4+ 2|S|, stretch
at most 240 + 12|S|, and S-contraction at most 1.

Proof. Let S’ be the set consisting of all the leaves of T', all the vertices in S and all the vertices of
degree at least 3 in T'. Since every tree on ¢ leaves has at most ¢ — 1 vertices of degree at least 3
(see, e.g., [Diel2]), |S’| < 20+ |S|. Let P be the set of paths in 7" with both endpoints in S’ and
no internal vertices in S’. Since every vertex u ¢ S’ has degree exactly 2, for every vertex u ¢ S’
there exists precisely one path P € P such that u € V(P). Further, standard counting arguments
on trees show (see e.g. [Diel2]) that |P| < |S'| —1 <20+ S|

Let fs : 8" — 7Z be the function obtained by applying Theorem to the metric (S’,dr). We
set k = 12|S’|. For each path P € P we proceed as follows. Let s; and sy be the endpoints of
P. Note that {s1,s2} C S’. We set a = fg(s1) and b = fg(s2). Note that (by Theorem [2.4])
la —b] < 12|8'| - dp(s1,s2) < |E(P)|k. We apply Lemma to obtain an embedding fp of P
into Pz with congestion at most 2 and stretch at most k, such that fp(s;) = a = fg(s1) and
fp(s2) =b= fo(s2).

Finally we define a function f : V(T) — Z: for each vertex s € S’ we set f(s) = fs/(s). For
every vertex u ¢ S’ we select the unique P € P such that u € V(P) and define f(u) = fp(u).
The S-contraction of f is at most 1 because for every u,v € S we have that |f(u) — f(v)| =
|fs(u) — fsr(v)| > dp(u,v). For every vertex u € V(T) (including the vertices in S) there exists
at least one path P € P such that f(u) = fp(u). For each P € P the congestion is at most 2.
Furthermore |P| < 2¢ + |S|. Thus the congestion of f is at most 2|P| < 4¢ + 2|S|. For the stretch
of f we have that for every edge uv € E(T) there exists a path P € P such that {u,v} C V(P).
Since f agrees with fp on all vertices of V' (P) it follows that |f(u) — f(v)| = |fp(u) — fr(v)| < k.
Thus the stretch of f is at most k = 12|S’| < 24¢ + 12|S], concluding the proof. O

We can now put the previous results together and show that every graph with low bandwidth can
be embedded into the line with low stretch and congestion while also ensuring that the embedding
is a low S-stretch and S-contraction embedding for any given small set S.

Lemma 4.3. There is an algorithm that takes as input a connected graph G, a layout f of G of
bandwidth at most k, and a vertex set S, and outputs an embedding g of G into Py with congestion
at most 10|S|, stretch at most 120(|S| + 1)%(k + 1), and S-contraction at most 4(k + 1)(|S| + 1).

Proof. Given G, S, and f, the algorithm first uses Lemma to compute a layout f; with band-
width at most 2(k + 1)(]S| + 1) in which S comes first. It then applies Lemma to G, f1 and
S and obtains a tree T' with at most 2|S| leaves and an embedding f2 of G into T" with stretch
at most 2(k + 1)(|S| + 1), congestion 1, and S-contraction at most 4(k + 1)(|S| + 1). Then it
applies Lemma to T and f>(S) to get an embedding h of T" into Pz with congestion at most
10]S], stretch at most 60|S|, and f2(S)-contraction at most 1. Finally it defines g : V(G) — Z as
g(u) = h(f2(u)) for every v in V(G). By Lemmathe stretch of g is at most 120(|S| +1)?(k+1),
the congestion is at most 10[S|, and the S-contraction is at most 4(k + 1)(|S| + 1). O
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We are now ready to prove the main result of this section, namely Theorem [T.4]

Proof of Theorem[1.. Given G, k, r, s, f, S, H and h the algorithm proceeds as follows. First it
applies the algorithm of Lemma and computes an embedding g; of G into Pz with stretch at
most 120(]S|+1)%(k + 1), congestion at most 10]S|, and S-contraction at most 4(k +1)(|S|+1). Tt
then treats g; as an embedding of G into a path P on £ vertices, where £ < n-120(|S| + 1)?(k +1).
Since g1 has finite S-contraction, g restricted to S is injective. Rename the vertices in S as
51,82, . -, || such that for every i < [S] it holds that g1(s;) < g1(si+1)-

Let Py be the subpath of P that starts with the first vertex of P and ends with g¢1(s1). For
every 1 <i < |S| let P; be the subpath of P that starts with g1 (s;) and ends with ¢;(s;+1). Finally,
let Pg| be the subpath of P that starts with g1(sg) and ends with the last vertex of P.

Since the S-contraction of g; is at most 4(k + 1)(|S| + 1), we have that for every 1 <i < |S|,

|E(P;)| > %. Since the S-stretch of h is at most s we have that

dp (h(si), h(sit1)) < da(si; sir) - s < |E(P)] - 4(k +1)(|S[+1) - 5.

For every 1 < i < |S| we apply Lemma to obtain an embedding g4 of P; into H such that
g5(g1(si)) = h(s;), ¢5(g91(si+1)) = h(si+1), and g has stretch at most 4(k + 1)(|S| + 1) - s and
congestion at most 121(|S| + 1)2(k + 1) - 7. We apply Lemma to obtain an embedding ¢9 of Py
into H such that ¢3(g1(s1)) = h(s1), the stretch of gO-is at most 2 and the congestion is at most

3.3

120(|S| + 1)2(k + 1) - . Similarly we apply Lemma [3.3[ to obtain an embedding g|2S| of Pg into

H such that g|25|(gl(s|5|)) = h(sg)), the stretch of g|25| is at most 2 and the congestion is at most

120(|S| + 1)%(k + 1) - . For the invocations of Lemmas and above we use the observation
that |V(P)| = £ <n-120(|S| + 1)*(k + 1) < |[V(H)| - 120(|S| + 1)*(k + 1) - r (using |V (H)| > n/r)
to guarantee that H has sufficiently many vertices.

Every vertex of P is on some P;, for every edge e of P there is some P; such that both endpoints
of e are in P;, and for every vertex v of P that appears both on P; and P; for j # ¢ it holds
that v € ¢1(9) and gi(v) = gg(v). We define an embedding go of P into H as follows: for every
v € V(P) let i be the smallest such that v € V(FP;). We set go(v) = g5(v). For every edge uv
of P, there is some P; containing both endpoints, and since g5 and g3 agree on shared vertices
we have go(u) = g%(u) and go(v) = g%(v). Hence dp(g2(u), g2(v)) is at most the stretch of g%,
which is at most 4(k + 1)(|S| + 1) - s (since |S|,k,s > 1 the bound max(2, 4(k + 1)(|S| + 1)s)
collapses). So the stretch of go is at most 4(k + 1)(|S| + 1) - s. The congestion of g is at most
(S| +1)-121(|S| + 1)?(k+1) -7 = 121(|S| +1)3(k + 1) - 7, since each vertex of V(P) contributes to
exactly one g4 (the one with smallest i such that v € V(P;)), so the congestion at any z € V(H)
is the sum of contributions from the |S| + 1 sub-embeddings, each bounded by the per-segment
congestion above. Furthermore, for every vertex s; € S it holds that g2(g1(si)) = h(si).

Finally we define an embedding g of G into H by setting g(v) = ga2(g1(v)) for every v €
V(G). By definition g(s;) = h(s;) for every s; € S. By Lemma the stretch of g is at most
480(|S| + 1)3(k + 1)?s and the congestion is at most 1300(|S| + 1)*(k + 1)r. This completes the
proof. O

5 Tree Packings

For a non-negative integer 7, a pathwidth-t tree packing in G is a family X of pairwise disjoint
connected vertex sets in G such that for every X € X', G[X] contains a subtree of pathwidth at
least 7. The size of a pathwidth-7 tree packing X is |X|. We collect a few observations about
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pathwidth-7 tree packings. For a graph G, we define pack (G) to be the maximum size of a
pathwidth-7 tree packing in G.

Lemma 5.1. There is an algorithm that takes as input a connected graph G, a non-negative integer
7, and a non-empty pathwidth-t tree packing X of G, runs in polynomial time, and outputs a
pathwidth-1 tree packing X' of G with |X'| = |X| and Jxicr X' = V(G).

Proof. The algorithm initializes X’ := & and repeats the following step until |Jy/c X' = V(G).
Since each set in A’ is non-empty, G is connected, and |y X' is a non-empty proper subset of
V(G), there exists a vertex v € V(G) \ Uy/ca X' that has a neighbor in (Jy/c4 X' Pick such a
v together with a set X € X’ such that v € N(X), and replace X’ by (X’ \ {X}) U{X U {v}}.

Each iteration preserves |X’|. The new set X U{v} is connected in G (since X is connected and
v has a neighbor in X)) and G[X U {v}] contains a subtree of pathwidth at least 7 (the same one
contained in G[X]). It is disjoint from every other Y € X"\ {X}, since X isand v ¢ [Jy/cpn X' 2 Y.
Hence X’ remains a pathwidth-7 tree packing of G.

The quantity ||y, X'| strictly increases by 1 at each iteration, so the loop terminates after at
most n iterations, at which point Jy/c» X' = V(G). Each iteration runs in polynomial time. O

Lemma 5.2. There exists an algorithm that, given a graph G and integer T > 1, runs in time
20000 gnd determines whether G contains a subtree of pathwidth at least T.

Proof. Set N, = % The algorithm starts with a preprocessing step that depends only on 7
and not on G. Enumerate all non-isomorphic trees on at most N, vertices, and use Theorem
to filter to those of pathwidth at least 7. Let 7; denote the resulting list. By Theorem [2.1] we have
|| < 20(N7) = 20B7) " and by Theorem [2.8| the list 7, is non-empty.

The main step proceeds as follows. Apply the algorithm of Theorem [2.11]to G with parameter
k=N,—-2= % If the algorithm reports pw(G) > %, then, by Theorem m G
contains a subtree of pathwidth at least 7, so the algorithm outputs yes.

Suppose now that the algorithm of Theorem produces a path decomposition of G of width
at most IV, — 2. Convert this path decomposition to a branch decomposition of G of width at most
w = N; — 1 in polynomial time, as discussed immediately before Theorem [2.12 By Lemma [2.9
and Lemma G contains a subtree of pathwidth at least 7 if and only if G' contains a tree of
pathwidth at least 7 as a minor; by Theorem this is in turn equivalent to G containing some
T’ € T, as a minor. For each T” € T,, run the algorithm of Theorem to decide whether T" is a
minor of G. The algorithm outputs yes if at least one of these calls returns yes, and no otherwise.

We bound the running time of the algorithm. The preprocessing step runs in time 20(7)
independent of n. The call to Theorem runs in time 2002y = 2007y The conversion to
a branch decomposition is polynomial in n. Each call to the algorithm of Theorem [2.12] runs in
time Og3“’2(h +w—1)!-|E(G)]) with w < N, —1=0(37) and h < N, = O(37), which is 20",
(the 3v" = 29097) factor dominates the factorial (h +w — 1)! = 20(737)). The total number of calls
to the algorithm of Theorem is |T7| = 20(37) 5o the total time spent on such calls is 2007 p,
proving the claimed bound for the running time. O

Lemma 5.3. There exists an algorithm that given o graph G and integer 7 > 1, runs in time
20000 - and either outputs a subtree of G of pathwidth at least T or determines that no such
subtree exists.

Proof. The algorithm first invokes the algorithm of Lemma [5.2] on G. If the decision algorithm
reports that G contains no subtree of pathwidth at least 7, the algorithm reports the same and
halts.
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Otherwise, the algorithm initializes H := G and repeats the following step. Using the algorithm
of Lemma check whether there exists an edge e € E(H) or a vertex v € V(H) such that H —e
or H — v contains a subtree of pathwidth at least 7. If such an e or v exists, set H := H — ¢
or H := H — v accordingly and repeat; otherwise output H. FEach iteration strictly decreases
|V(H)| + |E(H)| by at least one, so the loop terminates after at most |V (G)| + |E(G)| iterations.
The output graph H contains as a subgraph a tree T of pathwidth at least 7, since this invariant is
maintained by the algorithm. 7' cannot be a proper subgraph of H, since any edge of E(H)\ E(T)
or vertex of V(H)\ V(T') would pass the test. Hence, when the algorithm terminates, H =T so H
is a tree. Each iteration makes at most |V (G)|+ |E(G)| invocations of the algorithm of Lemma[5.2]
for an overall running time of 2009701, O

Lemma 5.4. For every graph G, vertex v and positive integer q, there ewists an integer q' such
that ¢ < ¢ <2q—1 and [N(By(v))| < 4-A(G).

Proof. Suppose, for contradiction, that |N(By(v))| > 4A,(G) for every integer ¢ € {q,q +
1,...,2¢ — 1}. Since N(By(v)) = By41(v) \ By (v), summing these ¢ strict inequalities gives
2q—1

|Bag(v)] = |Bg(v)] = Y IN(By(v))] > dg - Ar(G).

Hence | Ba,(v)| > 4q-A,(G)+1 since v € B,(v). However, the definition of radial local density gives
A(G) > % which yields |Bag(v)| < 4q - A.(G) + 1, giving the desired contradiction. O

Lemma 5.5. There is a polynomial time algorithm that takes as input a graph G and a positive
integer q and outputs a vertex set S of size at most 8- nA,(G)/q such that every connected component
of G — S has radius less than q.

Proof. We proceed by induction on |V (G)|. If ¢ = 1, the algorithm outputs S := ) if G has no
edges, and S := V(@) otherwise. In the first case A,.(G) = 0 and every component of G — S = G
is a singleton of radius 0 < 1. In the second case A,(G) > 1/2 (from any vertex of degree > 1),
so |S| = n < 8nA(G) = 8nA,(G)/q, and G — S has no vertices so the radius condition holds
vacuously. Henceforth assume g > 2.

If G has a connected component C' of radius less than ¢, the algorithm calls itself on G — C. By
the inductive hypothesis the recursive call outputs a set S with |S| < 8|V(G — C)|A(G — C)/q <
8nA,(G)/q. Every component of (G — C) — S has radius less than ¢ by induction, and C itself is
a component of G — S with radius less than ¢ by assumption.

Suppose now that every connected component of G has radius at least ¢q. Pick an arbitrary
vertex v. By Lemmaapplied to v and |g/2] there exists an integer ¢’ such that |¢/2] < ¢ < ¢—1
and |[N(By (v))| < 4-A.(G). Since the connected component of G containing v has radius at least g,
|B;(v)| > r+1 for every r < ¢, and in particular |N[By (v)]| = |By+1(v)| > ¢+2 > |q/2]+2 > ¢/2.

The algorithm calls itself recursively on G — N[By(v)] and obtains a set S’ which, by the
inductive hypothesis, satisfies

|51 <8 (n— [N[By(v)]]) - Ar(G) /g < 8- (n—q/2) - Ar(G) /g = 8nA(G) /g — 4A,(G).
The algorithm outputs S = 5" U N(By(v)), and we have
151 < |8'] + 4A,(G) < 80, (G)/a.

Finally, every connected component C' of G — .S has radius less than ¢: either C' is a component
of (G — N[By(v)]) — &', in which case the bound on the radius holds by the inductive hypothesis
applied to the recursive call, or C' = By (v), which has radius ¢ < ¢—1 <g. d
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Lemma 5.6. There exists an algorithm that given as input a graph G and integers k > 1 and 7 > 1
such that A (G) < k, runs in time 20000 - and outputs a pathwidth-t tree packing X of G,
and a set S C V(G) such that |S| < 36 -k%-|X| and G — S has no subtree of pathwidth at least T.

Proof. The algorithm sets Sy = 0, X = (), i = 1, and proceeds as follows. If G — S;_1 does
not contain a subtree of pathwidth at least 7 the algorithm outputs S = S5;_1, X, and halts.
Otherwise the algorithm sets r; to be the smallest posmve integer such that there exists a vertex
v € V(G — S;—1) for which the induced subgraph G|[B; Sie '(v)] contains a subtree of pathwidth
at least 7. The algorithm finds r;, together with such a vertex v; and witness subtree T;, by calling
the algorithm of Lemma on G[B Gisi*l( )] for every pair (v,r) with v € V(G — S;_1) and
1 <r <n. The algomthm then applies Lemma [5.4] - to G — S;_1, v; and r; to obtain an integer
i with 7; < 7j < 2r; — 1 and |[N(B, BG 5 Y(wi))| < 4A.(G — S;_1) < 4k, where the last inequality
uses that vertex deletion can only shrlnk balls, hence A,(G — S;_1) < A.(G) < k. The algorithm
next applies Lemma to the induced subgraph G[B, BG o (v;)] with parameter 7; to obtain a set

Shall € BG Si- '(v;) such that every connected component of G[B; BS %= ' (v;)] — SP! has radius less
than r;, and

G—S;_ A
8B, ")l - Ar(G = Sic1) 8.2k +1) - k

|Sp < : < 322,

T T

where the second inequality uses | B, (v)| < 2rA, +1 and the third uses ri < 2r; — 1 together with
k > 1. The algorithm sets S; = S;—1 U N(BG Si- Y(vg)) U Sl X = X U {T;}, increments i, and
returns to the beginning of the loop.

By construction we have that at the beginning of iteration i, |S;_1| < 36k%(i—1) and |X| = i—1,
hence when the algorithm terminates |S| < 36k2-|X|. Furthermore, when the algorithm terminates
GG — S has no subtree of pathwidth at least 7. Hence, to prove the statement of the lemma it suffices
to show that X is a pathwidth-7 tree packing. Since T1,75,...,T; are subtrees of G of pathwidth
at least 7, it suffices to show that they are pairwise vertex disjoint.

Let ¢ < ¢’ be non-negative integers such that the algorithm did not ternnnate before the iteration
where the tree Ty and set Sy are defined. By construction V(T;) C B “(v;), and we have

N(BG Sie Y(v))uShall € S, € Sy 4. Since Ty is disjoint from Sy 1, Ty is in partlcular disjoint from
N(BG, Sie "(v3)). Since Ty is connected, it follows that T} is either entirely contained in BG Sic1 (v5)

i
or entirely disjoint from BT{ i "(v3). In the latter case Ty is disjoint from V(7;) C BG Sz "(v;) as

desired.

It remains to rule out the former case. Suppose for contradiction that T3 C BG Si- Y

UZ‘).
Since T} is also disjoint from S;Dall C Sy_1, Ty is contained in some connected component C of
G[BS_Si‘l(vi)] — Shall. By Lemma [5.5/ the component C' has radius less than r;, so C' C BC__ (u)

for some u € C. Since G[B, BS %~ v, )] Shall is a subgraph of G — S;_1, distances in the former

are at least those in the latter, and therefore C' C BG SZ '(u). But then G[B, BS~ SZ '(u)] contains
Ty as a subtree, which has pathwidth at least 7, contradlctlng the choice of rl 1f r; > 2, or, if
r; = 1, contradicting that T has at least two vertices (since its pathwidth is at least 7 > 1). We
conclude that T; and T} are vertex disjoint, and hence that X is a pathwidth-7 tree packing such
that |S| < 36k% - |X|.

To upper bound the running time, observe that the algorithm terminates after at most n
iterations of the outer loop, since the trees 17,75, ... are pairwise vertex disjoint and each contains
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at least one vertex of G. In each iteration the algorithm makes at most n? calls to the algorithm
of Lemma (one per pair (v,r) with v € V(G — S;—1) and 1 < r < n). Each such call takes at
most 2°007n0M) time, and the per-iteration applications of Lemmas and take polynomial
time. Combined, this gives the claimed upper bound on the running time. O

Next we explore the structure of a pathwidth-7 tree packing X such that (Jxy.» X = V(G)
when G has no subtree of pathwidth at least 7+ 1. Let G be a graph, 7 be a non-negative integer,
and &X' be a pathwidth-7 tree packing such that (Jycy X = V(G). The tree-packing graph of X is
the graph H with a vertex vy for every X € X and an edge vxvy- for every pair X, X’ € X such
that there is an edge in G with one endpoint in X and the other in X’.

Lemma 5.7. Let G be a graph, T be a non-negative integer such that G has no subtree of pathwidth
at least T + 1, and X be a pathwidth-T tree packing such that | Jxcx X = V(G). The tree-packing
graph H of X is a path or a cycle.

Proof. Since G is connected and X forms a partition of V(G), H is connected as well. Thus it
suffices to show that H has maximum degree 2. Aiming towards a contradiction, let vx be a vertex
in H with three distinct neighbors v4, vg, ve for sets X, A, B,C € X. Then G[A], G[B] and G[C]
contain spanning trees T4, T, T respectively, each of pathwidth at least 7. Let Tx be a spanning
tree of G[X]. Since vx is adjacent to v4, vp, and vo in H we have that each of X N Ng(A),
X N Ng(B) and X N Ng(C) are all non-empty. Make a spanning tree 7' of G[X U AU B U (] from
starting with Tx, T4, Tp and Ty and adding an edge of G between X and A, X and B, and X
and C respectively. Such edges exist because vx is adjacent to va, vg, and vo in H. Let Pap be
the unique shortest path in T" with one endpoint in A and the other in B. Let Psc be the unique
shortest path in T" with one endpoint in A and the other in C'. Let v be the vertex furthest from A
on Pyp such that v € V(Py¢). Then v € X (since both P4ap and Ps¢ contain unique neighbor of
A in T). Furthermore, let C'4, Cp and C¢ be the connected components of T'— v containing A, B
and C respectively. Then Cy4, Cp and C¢ are all distinct (since the unique path in 7" between each
pair from {A, B,C} contains v). But then 7T is a subtree of G that contains a vertex v such that
T — v has tree distinct components Cy, Cp and C¢, each of pathwidth at least 7. By Theorem [2.6]
it follows that pw(7") > 7+ 1, contradicting that G does not have a subtree with pathwidth at least
T+ 1. [

We are now ready to prove the main result of this section.

Lemma 5.8. There is an algorithm that, given positive integers d > 2, 7 > 1, and a connected
graph G on n vertices of radial local density at most d such that G has no subtree of pathwidth
at least T + 1, runs in time 2°07) . nPW) and either concludes that G has no subtree of pathwidth
at least T or outputs a pathwidth-t tree packing X = {X1,..., X3} of G with Ule X; = V(G),
the tree-packing graph H of X (which is a path or a cycle on vertex set {1,...,t}), and, for every
subpath Q of H, a vertex set Sg C V(G) such that |Sg| < 36d% - |V (Q)|, and G[Uiev(@ Xi] - So

has no subtree of pathwidth at least T.

Proof. The algorithm invokes Lemma on G with parameters (G,d, 7). Let (Xp,Sp) be the
output, where Xj is a pathwidth-7 tree packing of G and Sy C V(G) satisfies |So| < 36d? - |Xp| and
is such that G' — Sy has no subtree of pathwidth at least 7. If Xy = () then Sy = () and G has no
subtree of pathwidth at least 7; in this case the algorithm outputs this conclusion and halts. We
therefore assume below that Xy # ().

The algorithm now applies Lemma to Xp to obtain a pathwidth-7 tree packing X of G with
|X| = |Ap| and (Jxcr X = V(G), and computes the tree-packing graph H of X'. By Lemma
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H is a path or a cycle; we identify V(H) with {1,...,t} where t := |X|, and accordingly write
X ={X1,..., X¢}.
We now describe the main loop. For each subpath @ of H the algorithm defines G =

G[UiEV(Q) XZ-] Since G is an induced subgraph of G, monotonicity of A, under vertex dele-

tion yields A,(Gg) < A.(G) < d, and Gg has no subtree of pathwidth at least 7 + 1. The
algorithm invokes Lemma on (Gg,d, ), and obtains a pathwidth-7 tree packing Xy and vertex
set Sg, such that |Sg| < 36d? - |Xg|, and Gg — Sg has no subtree of pathwidth at least 7. We
distinguish two cases.

Suppose first that |Xg| < |V(Q)| for every subpath @ of H. Then, for every @ we have that

1Sol < 36d° - |Xg| < 36d°-[V(Q).

Thus the algorithm outputs X, H, and the family {Sg : @ a subpath of H} and halts.
Suppose now that there exists a subpath @ of H such that |Xg| > |V(Q)|. The algorithm
defines

X o= (X\{Xi:i e V(Q)}) Uy,

which is a pathwidth-7 tree packing of G with \z’? | > |X]. The algorithm now re-applies Lemma
to X' to obtain a packing X’ such that |X’| = |X| and Jy/cr» X' = V(G), and computes the
tree-packing graph H' of X’. We have that |X’| > |X| and that, by Lemma [5.7, H’ is a path or a
cycle. The algorithm updates X to X/, H to H' and re-starts the main loop.

The main loop terminates after at most n iterations because each iteration increases |X| by at
least one, and |X| < |V(G)| = n. Each iteration of the main loop computes Xg and S¢ for at most
|V(H)|?> < n? subpaths Q of H via a call to Lemma costing 2007) . nOM) " The applications
of Lemma [5.1] and computations of the tree-packing graphs take polynomial time. Therefore the
total running time is 2007 . nO) | ag claimed. O

6 Weak Pre-Layouts

We now describe how we use Lemma to get a decomposition of the input graph G. To describe
the structure obtained by the decompositions we define weak pre-layouts. An enhanced version of
weak pre-layouts, namely pre-layouts, will be defined in the next section. Let s, 7 and p be positive
integers. A weak pre-layout of a graph G with separator size s, and pathwidth-T tree hitting bound
p is a seven-tuple (S, R, ¢, P,g,(,W) where ¢ > 3 is an integer, S, R, and W are vertex sets in G
with S and R disjoint, P = pgsip1Sops ... Sepe is a path on 2¢ + 1 vertices, ¢g is an embedding of
G — (SUR) into P, and ¢ : {1,...,0} — 2V(%) is a function such that the following conditions are
satisfied.

S| < s,

N(R) C S,

the stretch of g is at most 1,

Gl ({po,s1})] and G[g~ ({s¢, pe})] are connected,
for every 1 <i < ¢, Glg~ ({54, pi, 5i+1})] is connected,
for every 1 < i < £ we have that [g71(s;)] < s,

NS P

for every 1 < i < £, ((i) is a connected subset of g~1(p;) that separates g~ !(s;) from g=!(s;11)
in G’ = G — (SUR), such that |((7)| < dg/ (g7 (s:), 9 (si41))/2.
8. [WNR| < p, and G[R] — W has no subtree of pathwidth at least T,
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9. for every 0 < i < ¢ we have that |[W N g~1(p;)| < p and Glg~1(p;)] — W has no subtree of
pathwidth at least 7.

g'(py) g'(p) g'(p,) g'(ps) g'(py) g'(ps)
o I oalcOIcG N Ol
g-l(sl) g'l(sz) g'l(s3) g'1(54) g'l(ss)

Figure 2: An illustration of a weak pre-layout with £ =5

Parts of a Weak Pre-Layout. For a weak pre-layout (S,R,¢, P, g,(,W) of a graph G,
the induced subgraphs Glg~' ({po,s1})], Glg™ ({se,pe})] and Glg~' ({si,pi, si1})] for 1 < i < ¢
are called the parts of the pre-layout. G[g~!({po,s1})] is part number 0, Glg~'({s¢, p¢})] is part
number £, and for every 1 < i < ¢, G[g~*({si, i, si+1})] is part number i. Part 0 and ¢ are called
end parts, and the remaining parts are called the inner parts. For each 1 < i < £ we will refer to
((1) as the core of the inner part i. We will denote part i of the weak pre-layout by Gj.

The main result of this section is an algorithm that extracts a weak pre-layout from a tree
packing as guaranteed by Lemmal5.8] Towards this goal we will need the following simple separation
result about graphs with low radial local density and an embedding into a path.

Lemma 6.1. There exists a polynomial time algorithm that takes as input a graph G with at least
one edge, a path P and an embedding h of G into P = p1ps...pe with stretch at most 1 such that
for every vertex p; € V(P) the set h=Y(p;) is non-empty and induces a connected subgraph of G,
and |V(P)| > 4A,(G) + 1, and outputs a vertex set S of size at most 4 - A(G), disjoint from
h=Y({p1,pe}) such that S separates h= (p1) from h=1(py).

Proof. Suppose for contradiction that such a separator does not exist. Then, by Menger’s Theo-
rem [Diel2] there are t > 4 - AT(G) + 1 > 3 paths Ry,..., R; such that each path R; has its first
vertex in h~!(py), its last vertex in h~!(py), and the paths Ry,..., R; are internally vertex disjoint.
Here we used that AT(G) > 1/2 because G has at least one edge. Since the embedding h has stretch
1 it holds that R; N h~1(p;) # 0 for every i, j. Let p; be such that |h=1(p;)| is smallest, and set
q = |h~(p;)|. Without loss of generality R; is shortest among all the paths Ry, ..., R;. Let u be a
vertex in V(R1) N h~1(p;). Since u is well defined, ¢ > 1.

If |R1| > q + 2 then each R; has at least ¢ internal vertices. A ball of radius ¢ — 1 around u
contains all of h=!(p;), and hence it intersects every path in Ry,..., R;. Therefore a ball of radius
2q — 1 around u contains at least ¢ internal vertices from each path in Ry,..., R;. Thus the radial
local density of G is at least (tq — 1)/(4q — 2) > t/4 > A.(G), a contradiction.

If |R1| < g+ 1 then a ball of radius ¢ around u contains all of R;, and therefore at least one
vertex from h~!(p;) for every vertex p; on P. Since each set h™!(p;) has at least ¢ vertices, a ball
of radius 2¢ — 1 around u contains at least g vertices from each set h=1(p;). It follows that the
radial local density of G is at least (£-q —1)/(4q — 2) > /4 > A,(@), a contradiction. Thus a
separator S as described in the statement exists. Finding a minimum size separator can be done
in polynomial time [CLRS22|. O
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Lemma 6.2. There exists an algorithm that takes as input positive integers d > 2, 7, and a
connected graph G on n wvertices of radial local density at most d such that G has no subtree of
pathwidth at least 7+ 1, runs in time 2007 .nOW) and either outputs a verter set S C V(G) of size
at most 1566 -d°® such that G— S has no subtree of pathwidth at least T, or outputs a weak pre-layout
(S,R, 0, P,g,(,W) of G with separator size at most 4d and pathwidth- tree hitting bound 792 - d°.

Proof. The algorithm first applies the algorithm of Lemma on (d,7,G). If Lemma reports
that G has no subtree of pathwidth at least 7, the algorithm outputs S := () and halts. Otherwise
let X ={X1,...,X,}, H, and {Sg : Q a subpath of H} denote the output, and define b : V(G) —
{1,...,7} by h(v) =i if v € X;. By Lemma H is a path or a cycle; without loss of generality
the vertices of H appear in the order {1,...,r} on the path (cycle).

If r <40d+7, let Q* be a subpath of H with V(Q*) = V(H). The algorithm outputs S := Sg-
and halts; the size bound

|Sg«| < 36d%-r < 36d-(40d +7) = 1440d° + 252d* < 1566 - d°

(using 252d? < 126d3 for d > 2) is the size promised in the lemma statement. We therefore assume
below that r > 40d + 7.

Let ¢ = |r/(10d+2) ] —1 and 7 be the remainder of r when divided by 10d+2. Since r > 40d+38,
we have that ¢ > 3. Partition V(H) into Jy, Py, J1, P1, ..., Jy, Py such that each H[P;] is a path on
6d + 1 vertices, each H[J;] is a path on 4d + 1+ [y/({ + 1)) or 4d 4+ 1+ [v/(¢ + 1)] vertices. In
particular the first endpoint of H[Jy] is adjacent to the last endpoint of H[P,] if and only if H is
a cycle. Since ¢ > 3 each path H[J;] is a path on at least 4d + 1 and at most 6.5d + 2 < 7d + 1
vertices.

For every J;, let a; and b; be the first and last vertex of H|[J;]. Apply Lemma to the graph
G[h=Y(J;)], path H[J;] and the restriction of h to J; to obtain a vertex set Z; C h=1(J; \ {a;, b;})
such that |Z;| < 4d and Z; separates h™'(a;) from h=1(b;) in G[h~1(J;)]. While there exists a
vertex z € Z; that does not have a neighbor in the component of G[h™!(J;)] — Z; that contains
h=Y(a;), or does not have a neighbor in the component of G[h~1(.J;)] — Z; that contains h=1(b;),
we remove z from Z; and observe that Z; still separates h~!(a;) from h~1(b;) in G[h~1(J;)] and
satisfies Z; € h=1(J; \ {ai,b;}) and |Z;| < 4d. When this loop terminates every vertex z € Z; has
a neighbor both in the component of G[h~1(J;)] — Z; that contains h~1(a;) and in the component
that contains h~1(b;).

For every J; define A; to be the connected component of G[h~!(.J;)] — Z; containing h~!(a;),
B; to be the connected component of G[h~1(J;)] — Z; containing h~1(b;), and R; to be the union
of all other connected components of G[h~!(J;)] — Z;. Then Aj;, B;, R;, Z; partition h~1(.J;), and
since dg(h=(J;)) € h=Y(a;) U h~1(b;) we have N(R;) C Z;.

If H is a path, set S := () and R := 0; if H is a cycle, set S := Zy and R := Ry. In both cases
|S| < 4d, verifying (I)); and N(R) C S, verifying (2).

The algorithm now defines the path P = pgsipisap2 . . . sgp¢ and the embedding g of G — (SUR)
into P as follows. For every 1 < i < ¢ and v € V(G) — (SUR): if v € Z; then g(v) = s;; if
v € h™}(P;) U B; UR; then g(v) = p;; if v € A; then g(v) = p;_1. Furthermore, g(v) = po for every
v € h™(Py). If H is a path, g(v) = pg for every v € h=1(Jy); if H is a cycle, g(v) = po for every
v € By and g(v) = py for every v € Ayp.

Thus g is an embedding of G — (S U R) into P because {h~Y(P;), A;, B;, Z;, R; : 0 < i < (}
partitions V(G). To verify , namely that the stretch of g is at most 1, it suffices to observe each
of the following statements, each of which follows directly from the definition of the respective sets:

e N(Ry) C Zp,
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N(Zpy) € Ap U By U Ry,

N(Bo) € ZoUh™(Py),

N(Ag) C Zy if H is a path, and N(Ag) C Zo Uh~1(P) if H is a cycle;

for every 0 < i < £, N(h"'(P)) C B; U A;yq, and N(h™'(P)) C By if H is a path,
N(h=Y(P)) C By U Ay if H is a cycle;

o for every 1 < i < ¢, N(R;) C Z;, N(Z;) C A;UB; UR;, N(B;) C Z; Uh™(P;), and
N(4;) € Z;Uh Y (Pi_y).

For : if H is a path, then g~ ({po, s1}) = h "1 (JoUP)UA1UZ; and g1 ({pe, s¢}) = h =1 (Pp)U
ByURyUZy, each of which is connected; if H is a cycle, then g~ ({po, s1}) = BoUh™ (Py)UA; UZ;
and g~ ({pe, s¢}) = Ao UR~Y(P;) U By U Ry U Zy, again each connected.

For : for every 1 <i < ¢,

g ({si,piysi41}) = ZiUR;UB; UL (P) U A U Ziga,

which is connected because B; U h_l(Pi) U A; 41 is connected, every vertex of Z; has a neighbor in
B;, every component of R; has a neighbor in Z;, and every vertex of Z; 1 has a neighbor in A;1;.
For @, g (si) = Z; and | Z;] < 4d.

Finally, for every 1 < i < £ set ((i) := h™!(v), where v is a vertex in P; minimizing |h~!(v)|.
We verity . For every u € V(P;), h~1(u) C g~ '(pi), and h~!(u) separates g~ *(s;) from g~ '(s;11)
in G’ = G — (S U R); the connectivity and separation requirements for (i) follow. It remains to
bound |¢(7)].

Let 2z := dg/ (g1 (s:), 97 (s441)), and suppose for contradiction that |h=!(u)| > 2/2 for every
u € V(P;). Let w be a vertex on a shortest path from g='(s;) to g~ (s;+1) in G'. For every
u € V(P;), this shortest path intersects h~!(u) at some vertex v, at distance at most z from w;
and since h~!(u) is a connected set in G’ on more than z/2 vertices, more than z/2 vertices of
h~'(u) lie within distance z/2 of v,, hence within distance 3z/2 of w. Thus the ball of radius 3z/2
around w in G’ contains more than (z/2)-|V (P;)| vertices, so the radial local density of G is at least
(z/2)|V(P)|/(2-32/2) = (6d+ 1)/6 > d, contradicting the hypothesis on the radial local density
of G.

It remains to construct the hitting set W and verify items and @ For each i € {0,1,...,¢}
let @; denote the subpath of H with V(Q;) = J; U P; U Jipq for 1 < i < ¢; V(Qo) = JoU Py
if H is a path and V(Qo) = JoU Py U J; if H is a cycle; and V(Qy) = P, if H is a path and
V(Q¢) = JyUP;U Jyif H is a cycle. Let Qr denote the subpath of H with V(Qgr) = Jy. In every
case |V(Qi)|,|[V(Qr)| <2(7d+1) + (6d + 1) = 20d + 3 < 22d (using d > 2). Define

14

W= [J(So,ng ' (p)) U (Sgr N R).
=0

For : since R is disjoint from g~ '(p;) for every i, W N R = Sg, N R, so |[W N R| < |Sg,| <
36d% - |[V(QR)| < 36d? - 22d = 792 - d; and any subtree of G[R] — W of pathwidth at least 7 would
also be a subtree of G[h™1(V(QRr))] — Sg,, contradicting the property of Sp,, from Lemma

For (9): since g7 (po),...,g 1 (pe) and R are pairwise disjoint, W N g~1(p;) = Sg, N g~ (p:), so
W g tp)| <[5, <36d% |V(Q;)| <792 d3; and any subtree of G[g~!(p;)] — W of pathwidth
at least 7 would also be a subtree of G[h~1(V(Q;))] — Sg,, contradicting the property of S, .

The total running time is dominated by the call to Lemma which takes 20097) . nO() time.
The remaining steps, namely the (at most £+ 1) applications of Lemmaand explicit construction
of the weak pre-layout all run in polynomial time. O
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7 Embedding Into a Subtree

Pre-layouts. A pre-layout of G with bandwidth f is a six-tuple (¢, P, g,(,W,{\; : 0 <i < {})
such that (0,0, ¢, P,g,(,W) is a weak pre-layout of G and for each 0 <i < ¢, \; is a bandwidth-3
layout of part G; of the weak pre-layout (0,0, ¢, P, g,(,W). Given a graph G and a weak pre-layout
of G, we will obtain a low bandwidth layout for each part by a recursive invocation of the algorithm
(see the proof of Lemma. Thus we will obtain a pre-layout of G—(SUR) or a subtree witnessing
that G has large bandwidth. Next we show how to deal with a graph G that has a pre-layout. The
goal is to show that G has a subtree T" such that G embeds into T" with low stretch and congestion.
This shows that if T" has low bandwidth, then so does GG. A pre-layout is sufficient to define the
subtree T into which we will embed G. We now define this subtree and prove some structural
properties of T' that will enable us to embed G into T.

The Witness Tree. Given a graph G and a pre-layout (¢, P,g,(,W,{\; : 0 < i </{}) of G we
define the witness tree as follows. For each 1 < i < ¢, fix an arbitrary spanning tree T, é of G[((7)].
For each 1 < i < £ —1, let m; be a shortest path in G between the sets ((¢) and (i + 1) (so the
endpoints of 7; are the only vertices of m; in (i) U {(i + 1)).

Lemma 7.1. For every 1 <i < /{—1, V(m;) € g *({{pi, $ix1,pi+1}), and the paths 71,. .., m_o are
pairwise internally vertex-disjoint.

Proof. We first prove the containment claim. Since g has stretch one, the walk g(7;) in P from p; to
Pi+1 Must visit s;11, so 7; has an internal vertex in g~ (s;41). If V{(m;) € g7 ({pi, Si+1,Di+1}), then
by stretch-1 the walk g(m;) visits s; or 5,42, S0 7; contains a sub-path from a vertex in g~!(s;;1) to a
vertex in g~ (s;)Ug~!(s;12) whose vertices are internal to 7; and hence disjoint from ¢(i)U((i+1).
This contradicts property applied to (i) (in the s; case) or to ((i + 1) (in the s;42 case).
Next we argue that the paths 71,...,my_o are pairwise internally vertex-disjoint. For every
i, j with |i — j| > 1, the paths m; and 7; have V(m;) NV (7r;) = 0 since g~ ({pi, Si+1,pit1}) N
g *({pj, $j41,pj+1}) = 0. If m; and 711 share an internal vertex v, then v € g1 (piy1) \ C(i + 1);
concatenating the sub-path of 7; from its g~!(s;41)-vertex w; to v with the sub-path of m;; 1 from v
to its g1 (s;40)-vertex wy yields a walk from w1 € g7 !(s;41) to wa € g~ (s;42) all of whose vertices
avoid ((i + 1), contradicting property applied to (i + 1). O

From Lemma it follows immediately that 7" = Uf:ll Tg U Uf;f m; is a tree. Let T be an
arbitrarily chosen spanning tree of G that contains 77. We call T the witness tree. In the rest of
this section, 1" always refers to this witness tree. We will show that the vertex set of every part
(; is contained in the vertex set of a subtree T; of T', which itself is contained in the union of the
vertex sets of the parts G;_1, G; and Gjy1.

Lemma 7.2. For each 0 < i </ there exists a subtree T; of T such that

i gil({p()u 81}) g V(TO) g gil({p(hslvpl});
o g '({se,pe}) CV(TY) C g ({pe—1,50,pe}), and
o if 1 <i<{then g~ ({si,pi»siv1}) C V(Ti) C g~ ({pi=1, Sis Pis Sit1, Dig1})-

Furthermore, given T and the pre-layout (¢, P,g,C, W, {\; : 0 <i </{}) we can compute {T; : 0 <
i < L} in polynomial time.

Proof. We define Ty as the subtree of T induced by ¢(1), g~'({po, s1}), and all vertices that lie on
a path in T between a vertex in g~ ({po, s1}) and ((1). By definition g=*({pg,s1}) € V(Tp). Since
T'[¢(1)] is connected and every vertex in Ty can reach (1), Ty is connected. It remains to show that
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V(To) € g~ ({po, s1,p1}). For this it is sufficient to show that every path @ in T from a vertex in
g ({po, s1}) to a vertex in ¢(1) is fully contained in g~*({po,s1,p1}). This follows from the fact
that ((1) separates g~ !({s1}) from g='({s2}) (property @ of weak pre-layouts).

We define T, as the subtree of T induced by ¢(¢ — 1), g '({s¢,p¢}), and all vertices that lie
on a path in T between a vertex in ¢g~!({s¢,p¢}) and ¢(¢ — 1). Since T[¢(¢ — 1)] is connected and
every vertex in T} can reach ((¢ — 1), Ty is connected. The proof that g='({ss, pe}) C V(T}) C
0~ ({pe_r, 5¢,pe}) is symmetric to the proof that g~ ({po, s1}) C V(To) € g~} ({po, 51,p1)).

For every 1 < i < £ we define T} as the subtree of T induced by ¢~'({s;,pi,sis+1}), and all
vertices that lie on a path in T between a vertex in g~'({s;,pi, si+1}) and (7). By definition
g ({si,pi, 8i+1}) € V(T;). Since T[¢()] is connected and every vertex in T; can reach ((i), Ty is
connected. It remains to show that V(T}) C ¢~ ({pi_1, si, i, Si+1,Pir1})- Let Q be a path in T
from a vertex in g~ ({s;, pi, si+1}) to (). It suffices to show that V(Q) is disjoint from g=*({s;})
for j € {i — 1,7 + 2}. Towards a contradiction, suppose not. If V(Q) N g~'(s;12) is non-empty, let
q be a vertex in V(Q) N g~ !(si12). The first part of Q up to ¢ contains a sub-path from g=!(s;11)
to ¢, and hence from ((i + 1) to q. The second part of @ (starting at ¢) contains a subpath from
q to g7 Y(si1+1), and hence from ¢ to ((i + 1). Thus Q contains a subpath that starts in ((i + 1),
leaves (i + 1) and comes back. But T'[((i 4 1)] is connected so T[¢(i + 1) UV (Q)] contains a cycle,
a contradiction. The case that V(Q) N g~ !(s;_1) is non-empty is symmetric. The definitions of T}
for every i directly lead to polynomial time algorithms to compute them. O

The overall plan is to construct a tree H (which is not necessarily a subtree of G), called the
scaffolding graph, embed G into H and then embed H back into 7. When embedding G into H we
will embed each part G; individually, just ensuring that the embeddings of GG; and G;11 agree on
the intersection of V(G;) and V(G;41), namely g~'(s;11), while also controlling the congestion of
the embedding by ensuring that no vertex of H is used by more than a constant number of parts
of G. When embedding H into T we will split H according to some special vertices, and embed
different pieces of H individually. We will need to carefully control where the special vertices of H
will be mapped in the embedding of H into T. The next lemma locates the vertices in 7" to which
we will map the special vertices of H.

Lemma 7.3. There exists a polynomial time algorithm that takes as input a graph G, a pre-layout
(6, P,g, ¢, W, {\i : 0<1i</{})of G, and a witness tree T, and outputs a set {a; : 1 <1i <}
of wvertices such that a; € ((i) for every 1 < i < £, and for every 1 < i < { — 1 it holds that
dr(ai,aiv1) < 3-dalai, aip1).

Proof. For each 2 <i < /—1 let Q; be the path in T with one endpoint in {(i — 1) and the other in
¢(7). From the construction of 7', @; is a shortest path from (i — 1) to ((7) in G. We set a; to be
the endpoint of Q2 in ((1) and ay—1 to be the endpoint of Qy_1 in {(£—1). For every 1 <i < /{—1
we define @Q; to be the path in T[¢(7)] that connects the endpoint of Q; in ((i) with the endpoint
of Qi11 in ((7).

Then Q;Q;Qi+1 is a path from ((i — 1) to ((i + 1). In particular it intersects both g~1(s;) and
g ' (si11). Therefore we have that

[EQa)| + |E@Q0)] + [E(Qis1)| = |E(QiQiQir1)| = da(g™ (1), 9™ (si41)) = 2/¢(0)] > 2| E(Qy).

Here the transition dg(g71(s;), 97 (si11)) > 2|¢(7)| follows from property of weak pre-layouts.
Re-arranging terms we get |E(Q;)| < |E(Q:)| + |E(Qit1)|-

We select a; to be an arbitrary vertex of QZ such that a; is at most |E(Q;)| steps on QZ away
from the endpoint of Q; in Q;, and at most |E(Qit+1)]| steps on Q; away from the endpoint of Q; in
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Qi+1. It follows that
dr(ay,as) < 2|E(Q2)| = 2dg(¢(1),¢(2)) < 2dg(ay,az),

dr(ag—2,as-1) < 2|E(Qe-1)| = 2da(C(€ — 2), (¢ — 1)) < 2dg(ar—2,ar-1),
and for every 2 < i < ¢ — 3 we have

dr(ai, ait1) < 3[E(Qit1)] < 3da(C(i),C(i + 1)) < 3dg(ai, aiv).
]

Anchor Vertices. We will call the vertices {a; : 1 <1i < ¢} given by Lemma the anchor
vertices of G. In the rest of this section, {a1,...,as_1} always refers to these anchor vertices. Next
we show that forcing a shortest path in G from any vertex u € g~ (s;) to v’ € g~ '(s;11) to go via
a; does not increase the length of the path too much.

Lemma 7.4. For every 1 < i < {, u € g~'(s;), and ' € g~ (sit1), it holds that dg(u,a;) +
dg(ag,u') <2-dg(u,u).

Proof. Since u € g~'(s;) and v’ € g~ !(s;11) we have that dg(u,u’) > da(97 (s:), 9 (si11)) >
2|¢(7)| , where the last transition follows from property of weak pre-layouts. Let ) be a shortest
path from u to v/ in G. Since ((7) separates g~ '(s;) from g=!(s;41) it follows that @ contains a
vertex ¢ in (7). We have that dg(q,a;) < |¢(7)|. The triangle inequality yields that

dg(u, a;)+da(as,v') < dg(u, q)+da(q, ai) +da(ai, ¢) +dalg,u') < da(u, u')+2[¢(@)| < 2-dg(u, u').
This concludes the proof. ]

We are almost ready to embed G into a tree H, and then show that H is embeddable into
the witness tree T'. All that remains is a simple upper bound stating that vertices in G that are
mapped close together on P are not too far from each other in G.

Lemma 7.5. For every pair u,v in g~'(s1) U {a1}, it holds that dg(u,v) < |g7 ({s1,p1,52})| —
1. For every pair w,v in g~ '(s;) U{as_1}, it holds that dg(u,v) < |g7 ({se_1,pe_1,s¢})| — 1.
For every 2 < i < £ — 1 and every pair u,v in g~'(s;) U {aj_1,a;}, it holds that dg(u,v) <
lg~ ({si=1, pi—1. $is pis sit1 })| — 1.

Proof. By property of weak pre-layouts, we have that g~!({s1,p1,52}) is a connected set that
contains g~ (s1)U{a1}, g7 ({se—_1,pe_1, s¢}) is a connected set that contains g~!(s;) U {ay_1}, and
g ({si—1,pi-1,5i, pi, Si+1}) is a connected set that contains ¢~!(s;) U {a;_1,a;}. This concludes
the proof. O

The Scaffolding Graph. Given a graph G, a pre-layout (¢, P,g,(,W,{\; : 0<i</{})of G
with separator size s and bandwidth 3, and the anchor vertices {a; : 1 < i < ¢} of G we define
the scaffolding graph H of G as follows. Make a path Ry on 12(s+1)|¢~!({po, s1,p1, s2})| vertices,
and a path Ry on 12(s + 1)|g~ ' ({s¢—1,pe_1, 8¢, pe})| vertices. For every 2 < i < £ — 1 make a path
R; on 12(s + 2)|g7 1 ({si—1,pi—1, 8i, i, Si+1})| vertices.

Using Theorem we obtain a function 71 : g7!(s1) U {a;} — N such that for every u,v €
g1 (s1)U{a1} it holds that dg(u, v) < |ri(u)—r1(v)| < 12(s4+1)dg(u,v). Similarly, obtain a function
ro: g (sg)U{ar_1} — N such that for every u,v € g~1(s;)U{a,_1} it holds that dg(u,v) < |re(u)—
re(v)| < 12(s+1)dg(u,v). For every 2 < i < —1 obtain a function r; : g~ '(s;)U{a;_1,a;} — Nsuch
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that for every u,v € g~1(s;) U{a;_1, a;} it holds that dg(u,v) < |ri(u) —ri(v)| < 12(s +2)dg(u,v).
In the rest of this section, r1,...,r, always refer to these functions.

Let ¢ be an integer between 1 and ¢, u be a vertex with minimum r;(u) and v be a vertex with
maximum r;(v). By Lemma [7.5] we have that r;(v) —r;(u) < |E(R;)|. Thus we may treat each r; as
a function with range V(R;) instead of N, where for every u, v in the domain of r;, |r;(u) —r;(v)] is
replaced by dg, (ri(u),ri(v)). We obtain the graph H by taking the disjoint union of all the paths R;
for 1 <4 < ¢, as well as £ — 1 additional vertices aq,...,ay_1 and adding for every 1 < i < ¢ —1 the
edges a;ri(a;) and a;r;11(a;). It is easy to see that H is indeed a tree. Indeed, H — {a1,...,ap—1} is
just the disjoint union of the paths Ry, ..., Ry and each a; has precisely one neighbor in R; and one
in R;+1. Let a be one of the two endpoints of R;, and b be one of the two endpoints of Ry. Let B
be the unique path in H connecting a and b. Then B contains {ay,...,a,—1} and their neighbors,
and in particular all vertices of H of degree at least 3. Hence H is a caterpillar with backbone B.
In the rest of this section, H, Rq,..., Ry, and a1,...,ay_1 always refer to these objects.
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Figure 3: Top row: a pre-layout of a graph G with £ = 5, anchor vertices, and witness tree T.
Middle row: The scaffolding graph H. Bottom row: the witness tree T. The arrows from the
first to second row illustrate the anchor embedding and the embedding from G to H constructed
in Lemma [77. The arrows from the second to third row illustrate the embedding constructed in

Lemma|[7.8

The Anchor Embedding. We define the anchor embedding

rog  {s1,. ., s0)Udan, ... a1} — V(H)

as follows. For every vertex v € g~ '({s;}) for 1 < i < ¢ we define r(v) = 7;(v). For every
1 <i</l—1wesetr(a;) = a;. In the rest of this section, r always refers to this anchor embedding.
Before showing that G has a low stretch and congestion embedding into H, we show that for every
part of the pre-layout, r does not stretch too much the separator and anchor vertices of the part. In
the rest of the section s denotes the separator size of the weak pre-layout underlying the considered
pre-layout.
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Lemma 7.6. For every 1 <i < { and every pair u, v of vertices in g~ ({s;, six1}) U {a;} it holds
that dg(r(u),r(v)) < 25(s 4+ 2)dg(u,v).

Proof. Let 1 <1i < £ and u, v be vertices in g~ ({s;,si11}) U{a;}. If both u and v are in g~ *({s;})
then dy(r(u),r(v)) = dg,(r(u),r(v)) < 12(s + 2)dg(u,v), and an identical bound holds if both u
and v are in g7 ({s;11}). fuisin g71({s;}) and v = a; then dg (r(u),r(v)) = dg,(ri(u),r;(v))+1 <
12(s +2)dg(u,v) -2, and identical bound holds if u is in ¢g7!({s;1+1}) and v = a;. Suppose now that
wisin g71({s;}) and v is in g7 ({s;31}). It follows that

dH(r(u)7 T(”)) < dRi (Ti(u)a ri(ai)) +2+ dRi+1 (ri+1(ai)7 Ti-i-l(v))
< 12(s+ 2)dg(u,a;) + 2+ 12(s 4+ 2)dg(a;, v).

From Lemma [7.4] we have that dg(u, a;) + da(ai, v) < 2de(u,v), and so the bound follows. [

We now have all the ingredients ready to wrap up the proof. We start by showing that G can
be embedded into the scaffolding graph H.

Lemma 7.7. There exists a polynomial time algorithm that takes as input a graph G, a pre-layout
(6, P,g, ¢, W, {Ni : 0 < i < {}) of G with separator size s and bandwidth (3, anchor vertices
{a1,...,ap_1}, scaffolding graph H and anchor embedding r, and computes an embedding h of G
into H with stretch at most 96000(s + 2)*(8 4+ 1) and congestion at most 84000(s + 1)*(8 +1).

Proof. From properties and of weak pre-layouts all parts G; are connected. Using The-
orem we obtain an embedding ho of the part Gy into R; such that ho(v) = r(v) for every
v € g71(s1). To apply Theorem [1.4{ we note that |V (R1)| > |V (Go)|, that by property @ we have
lg71(s1)| < s, and that by Lemma|7.6/the g~!(s1)-stretch of r is at most 25(s +2). Finally we have
at hand an embedding Ay of Gy with bandwidth at most 5. Thus the stretch of hg is at most

480(s + 1)*(B + 1) - 25(s +2) < 12000(s + 2)*(B + 1)?
and the congestion of hg is at most
1300(s + 1)*(B8 4 1) - 2 = 2600(s + 1)*(3 + 1).

Similarly, using Theorem we obtain an embedding h, of the part G, into Ry such that
he(v) = r(v) for every v € g~1(sy). Calculations identical to those for hy show that the stretch of
hy is at most 12000(s + 2)*(8 + 1)? and the congestion of hy is at most 2600(s + 1)*(3 + 1).

For every inner part 1 < i < ¢, by using Theorem we obtain an embedding h; of the part G;
into H[R;U{a;}UR;,1] such that h;(v) = r(v) for every v € g~ ({si,5:41}). To apply Theorem
we note that |V(R;41)| > |[V(G;)|, that by property @ we have [~ ({si,s:41})| < 2s, and that
by Lemma the g~ ({si, 5i+1})-stretch of r is at most 25(s + 2). Finally we have at hand an
embedding A; of G; with bandwidth at most 5. Thus, the stretch of h; is at most

480(2(s +1))3(8 + 1)% - 25(s + 2) < 96000(s + 2)*(3 + 1)?
and the congestion of h; is at most
1300(2(s + 1))4(8 + 1) - 2 < 42000(s + 1)*(8 + 1).

We define the embedding h of G into H by setting h(v) = h;(v) for every v in part i of the
pre-layout. Notice that if v appears both in part ¢ and in part j of the pre-layout and i < j,
then j =i+ 1, v € g~ (s;+1) and h;(v) = hj(v) = r(v), and hence the function h is well defined.
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Since every edge of G has both endpoints in some part of the pre-layout, the stretch of h is at
most the maximum stretch of any h;, in particular it is at most 96000(s + 2)*(3 + 1)2. Finally,
for each vertex v € V(H) at most two functions h; have v in their range, thus the congestion of h
is at most twice the maximum congestion of any h;. In particular the congestion of h is at most

84000(s + 1)*(B + 1). O
Next we show that the scaffolding graph H can be embedded back into the witness tree T'.

Lemma 7.8. There exists a polynomial time algorithm that takes as input a graph G, a pre-layout
(6, P,g, ¢, W, {Ni : 0 < i < {}) of G with separator size s and bandwidth (3, anchor vertices
{a1,...,ap_1}, scaffolding graph H, anchor embedding r, and witness tree T of G, and outputs an
embedding t of H into T with stretch at most 630000 and congestion at most 22000000(s + 2).

Proof. Let {T; : 0 < i < ¢} be subtrees of T as given by Lemma We apply Theorem
to obtain an embedding t; of H[V(Ry) U a4] into T[V (Tp) U V(T1)] such that t1(a1) = a;. To
apply Theorem [1.4] we note that H[V(R;) U ai], being a path plus one vertex with a single edge
into the path, has bandwidth at most 2; that V(Ty) U V(T1) contains g~!({po, 51, p1,52}), hence
[V(To) UV(Ty)| > |V(R1) Uay|/24(s 4+ 1); and that the {a; }-stretch of the mapping that assigns
aj to ap is 1 (vacuous on a singleton). Thus the stretch of ¢; is at most

480(1 +1)3(2 +1)% - 1 < 35000
and the congestion of ¢1 is at most
1300(1 4 1)*(2 4+ 1) - 24(s + 1) < 1500000(s + 1).

By an identical argument we obtain an embedding t; of H[V (Ry) U ay—1] into T[V (Ty—1) U V(Ty)]
such that t;(ay—1) = ag—1. The stretch of ¢, is at most 35000 and the congestion is at most
1500000(s + 1).

For every 2 < i < {—1 we apply Theorem 1.4]to obtain an embedding ¢; of H[V (R;)U{a;—1, a;}]
into T[V (T;—1) U V(T;)] such that ¢;(d;—1) = a;—1 and ¢;(a;) = a;. To apply Theorem we note
that H[V (R;)U{ai—1,a;}|, being a path plus two vertices each with a single edge into the path, has
bandwidth at most 3; that by Lemma V(T;_1) U V(T;) contains g~ ({si_1,pi_1, Si,Dis Sit1}),
hence |V(T;—1) UV(T;)| > |V(R;) U {ai—1,a:}|/13(s + 2). The {a;_1, a;}-stretch of the function
that maps a; to a; and a;_1 to a;_1 is at most 3: by Lemma dr(ai—1,a;) < 3dg(a;—1,a;), and
dg<ai_1, ai) S dR,- (ri(ai_l), ri(ai)) S dH(&z'—la di), SO dT(ai_l, ai) S 3dH<di_1, dz) Thus the stretch
of t; is at most

480(2 +1)3(3 +1)% - 3 < 630000

and the congestion of ¢; is at most
1300(2 4+ 1)*(3 + 1) - 13(s + 2) < 5500000(s + 2).

We define the embedding ¢ of H to T as follows. For every vertex a; we set t(a;) = a;. For
every R; and every vertex v € R; we set t(v) = t;(v). Note that ¢ agrees with ¢; on the domain of
t; for every 1 < i < /. Furthermore, every edge of H has both endpoints in the domain of ¢; for
some 1 < i < /. Thus ¢ is an embedding of H to T with stretch at most 630000 (the largest stretch
of any t;).

Next we argue that for every vertex v in T there are at most 4 values of i € {1,..., ¢} such that
v is in the range of ;. Fix an arbitrary v in T. By Lemma there exists a j such that for every
i,v € V(T;) implies i € {j —1,7,7+1}. For every i € {1,...,¢}, the range of t; is V(T;_1) UV (T3).
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Thus, if v is in the range of t; then either i — 1 € {j — 1,5,j+ 1} ori € {j —1,4,57 + 1}, ie,
ie{j—1,7,7+1,j+2}. Since every vertex of T" is in the range of at most 4 embeddings from
{t; + 1 <i < /(}it follows that the congestion of ¢ is at most 4-5500000(s+2) = 22000000(s+2). O

We are now ready to show that when a graph G has a pre-layout, we can either find a low
bandwidth layout of G or a subtree of G with large bandwidth. First we recall the approximation
algorithm for the bandwidth of caterpillars given by Dregi and Lokshtanov [DL14].

Theorem 7.9 ([DL14]). There exists an algorithm that, given a caterpillar H and a positive integer
k either returns a layout of H of bandwidth at most 48k3 or correctly concludes that bw(H) > k in
time O(kn?).

Armed with Theorem [7.9] we prove the main result of this section.

Lemma 7.10. There exists a polynomial time algorithm that takes as input a graph G, a pre-layout
(6, P,g,¢, W, {\;i : 0<1i</t}) of G with separator size s and bandwidth 3, together with an integer
k, and either outputs a layout of G of bandwidth at most 10°* - (s 4+ 2)11 (B + 1)3k3, or a subtree T
of G with bandwidth at least k.

Proof. Given G and (¢, P, g,(,W,{\; : 0 <1i < (}) the algorithm first computes the witness tree
T. Tt then computes a set {a; : 1 < i < £} of anchor vertices using Lemma Next it defines the
scaffolding graph H and anchor embedding 7, and applies Lemma[7.7] to obtain an embedding h of
G into H with stretch at most 96000(s + 2)*(3 +1)? and congestion at most 84000(s + 1)*(3 +1).
Then it applies Lemma to obtain an embedding ¢ of H into T" with stretch at most 630000 and
congestion at most 22000000(s + 2).

The algorithm approximates the bandwidth of H by setting z = 10'sk and invoking Theo-
rem The algorithm of Theorem either produces a layout Ay of H with bandwidth at most
4823 or concludes that bw(H) > z.

If we obtain a layout Ay of bandwidth at most 4823, we treat Ay as an embedding of H
into Pz with congestion 1 and stretch at most 482z3. By Lemma composing h and Ay gives
an embedding of G into Pz with congestion at most 84000(s + 1)*(5 4 1) and stretch at most
5000000(s + 2)4(8 + 1)223. By Lemma this yields an embedding of G of bandwidth at most
102 (s +2)8(B+1)323 < 10%4 - (s + 2)11(B + 1)2k3.

If the algorithm of Theorem concludes that bw(H) > z, we output the tree T" and claim
that bw(7T") > k. Suppose for contradiction that 7" has a layout Ay of bandwidth at most k — 1.
This is an embedding of T into Pz with congestion 1 and stretch at most £k — 1. By Lemma [3.1
composing ¢t with Ap yields an embedding of H into Py with congestion at most 22000000(s + 2)
and stretch at most 630000(k — 1). Lemma then yields a layout of H of bandwidth at most
2-630000(k — 1) - 22000000(s + 2) < 10'*s(k — 1) < z (using (s +2) < 3s for s > 1), contradicting
that bw(H) > z. O

8 Proof of the Main Result

Lemma 8.1. There exists an algorithm that takes as input a graph G, a non-negative integer T
and a positive integer k, such that T < k and G does not have a subtree of pathwidth T+ 1, runs in
time 2009%) -9 and either outputs a subtree T of G of bandwidth at least k or a layout of G of
bandwidth at most B(k,T), where B(k,7) = (10% . k2¥)4",

Proof. 1If G is disconnected we handle each connected component individually: If at least one
component has a subtree T of bandwidth at least k, the algorithm outputs 7. If each of the
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connected components have a layout of bandwidth at most S(k,7), then these layouts can be
concatenated to yield a layout of G of bandwidth at most 5(k, 7). Suppose now that G is connected.
The algorithm is a recursive algorithm which will make recursive calls on instances with strictly
smaller value of 7. We will assume by induction on 7 that those recursive calls behave according
to the statement of the lemma. In the base case 7 = 0, the hypothesis that G has no subtree of
pathwidth at least 1 implies that G has no edges. Since G is connected, G is a single vertex, and
the algorithm outputs the trivial layout of bandwidth 0 < g(k,0). Suppose now that 7 > 1.

If the radial local density AT(G) of G is at least k + 1, the algorithm outputs a subtree T of G
with AT(T) = A,«(G) >k + 1 using Lemma since bw(T') > AT(T) > k+ 1>k, this T satisfies
the lemma’s requirement. We now assume that AT(G) < k, and that therefore the maximum degree
of G is at most 2k. Set d = max(A,.(G),2), so d < max(k,2). We apply the algorithm of Lemma
with parameters d and 7. This algorithm runs in time 2007 . nO) and either outputs a vertex
set S C V(G) of size at most 1566d> such that G — S has no subtree of pathwidth at least 7, or
outputs a weak pre-layout (S, R, ¢, P, g,(, W) of G with separator size at most 4d and pathwidth-7
tree hitting bound p < 792d3.

If the algorithm of Lemma returns a vertex set S of size at most 1566d>, the algorithm
applies itself recursively to G — S with parameter 7 — 1. The recursive call returns either a subtree
T of G — S of bandwidth at least k, or a layout of G — S of bandwidth at most S(k,7 — 1). In
the first case the algorithm outputs T and halts. In the latter case it applies Lemma (with
|S| < 1566d% and max degree < 2k) to obtain a layout of G of bandwidth at most

12 -1566d° - 2k - B(k,7 — 1) = 37584 - d°k - B(k,7 — 1) < 10%° - k?8 . B(k, 7 — 1) < B(k,7),

where the last inequality follows from B(k,7) = 8(k,7 — 1)* together with B(k,7 — 1) > 10%° - k28,

Suppose now the algorithm of Lemma outputs a weak pre-layout (S, R, ¢, P,g,(, W) of
G with separator size at most 4d and pathwidth-7 tree hitting bound p < 792d®. Let P =
PoS1P1L - - - Sepe, and set Q = g~ ({s1, s2,...,5¢}). By property @, lg1(s;)] < 4dforevery 1 <i </,
so for every part G; of the weak pre-layout we have |V(G;) N Q| < 2 -4d = 8d. Further, for every
two distinct parts G;, G; it holds that (V(G;) — Q) N (V(G;) — Q) = 0. For every 0 < i < £ let
Wi = Wng~1(p;). Then Glg~1(p;)]—W; = Glg~(p;)] — W, which by property @ has no subtree of
pathwidth at least 7 and satisfies |W;| < p. Similarly, let Wr = WNR; then G[R]-Wgr = G[R|-W,
which by property has no subtree of pathwidth at least 7 and satisfies [Wg| < p.

For every 0 < i < ¢ we call the algorithm recursively on G; — (Q U W;) with parameter 7 — 1.
The recursive call is valid since G; — (Q U W;) = G[g *(pi)] — Wi, and Glg~1(p;)] — W; has no
subtree of pathwidth at least 7 as established above. It returns either a subtree T; of G; — (QUW;)
of bandwidth at least k, or a layout of G; — (QUW;) of bandwidth at most 5(k,7—1). Additionally
we call the algorithm recursively on G[R] — Wx with parameter 7 — 1, obtaining either a subtree Tg
of G[R] — Wg of bandwidth at least k, or a layout of G[R] — Wg of bandwidth at most S(k, 7 — 1).
If any of these recursive calls returns a subtree of bandwidth at least k, the algorithm returns
that subtree and halts. Suppose now that all recursive calls return layouts of bandwidth at most
Bk, —1).

For each 0 < ¢ < /¢, apply Lemma to the layout of G; — (Q U W;) together with the vertex
set (QNV(G;)) UW; (of size at most 8d + p < 800d>, using d > 2) to obtain a layout \; of the
part G; of bandwidth at most 3, where 5/ = 12 - B(k,7 — 1) - 800d? - 2k = 19200 - d3k - B(k, 7 — 1).
Similarly, apply Lemma to the layout of G[R] — Wg together with Wg (of size at most p) to
obtain a layout of G[R] of bandwidth at most 12 3(k,7 — 1) - p- 2k < 19008 - &k - B(k,7 — 1) < 3.

Now (¢, P,g,(,W,{\; : 0 <1i < (}) is a pre-layout of G — (SU R) with separator size at most 4d
and bandwidth at most 3’: by construction (0,0, ¢, P, g,(, W) is a weak pre-layout of G — (SU R),
and each ); is a bandwidth-3’ layout of part G;.
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We apply Lemma to this pre-layout (with separator size s < 4d and bandwidth ) and
obtain in polynomial time either a subtree T" of G with bandwidth at least k or a layout of G—(SUR)
of bandwidth at most

10%4(4d + 2)M (B + 1%k <1070 - @Ok - B(k, T — 1)3,

using d > 2 to bound 4d + 2 < 5d. Since we also have a layout of G[R] of bandwidth at most
B < 1075d*°kS3(k, 7 —1)3, and N(R) C S by property (2)) of weak pre-layouts, concatenating these
two layouts yields a layout of G — S of the same bandwidth. Applying Lemma [3.7] to this layout
together with S (with |S| < 4d and max degree < 2k) yields a layout of G' of bandwidth at most

12-4d - 2k - 107%a*°k5B(k, 7 — 1)3 = 96 - 107 - &> k" B(k, 7 — 1)3 < 10%° - k®B(k, 7 — 1)3,
where the last inequality uses d < 2k. The inductive hypothesis B(k, 7 — 1) < (10% . k28)47_1 gives
(105 - k%) - Bk, 7 — 1) < (10% - k2134770 < (10% - k)Y = B(k, 7).

To complete the proof we analyze the running time of the algorithm. The dominant cost at
each node of the recursion tree is the call to Lemma which runs in time 200)n%M); since
7 < k, the per-node time is at most 2009),0() | Each recursive invocation of the algorithm is on
an instance with strictly smaller value of 7, so the depth of the recursion tree is at most 7. All
recursive invocations of the algorithm are made on disjoint vertex sets, thus the number of leaves
in the recursion tree is at most n. We conclude that the total running time of the algorithm is at
most 200900 .y .+ < 20(9") . no(l), where the 7 factor is absorbed into 20(9") using 7 < k. [

We are now ready to prove Theorem

Proof of Theorem[1.1]. The algorithm proceeds as follows. First it determines, using the algorithm
of Lemma, with parameter 7 = k + 1, in time 20(9%) . n9W) | whether G contains a subtree T of
pathwidth at least k 4+ 1. If it does, the algorithm returns 7', which satisfies bw(T") > pw(T) > k.
Otherwise it calls the algorithm of Lemma 8.1 on G with 7 = k, and obtains in time 20") . pO(1)
eithei a subtree T' of G of bandwidth at least k or a layout of G of bandwidth at most (10%
|28)4" 0

We conclude with the proof of Theorem [1.3

Proof of Theorem[I1.3. Let G be a graph such that G does not contain a subtree T' such that
pw(T) > k+1, or A(T) > k+1, or T is a skewed (k + 1)-Cantor comb of depth k + 1. By
Theorem the bandwidth of every subtree of G is at most (5k)6%. Setting Ko := (5k)%* + 1, no
subtree of G has bandwidth at least Ky, so applying Theorem to G with parameter Ky must
produce a layout, giving

Tk
bw(G) < (1085 . K28)40 < 44

9 Conclusion

In this work we obtain an algorithm that takes as input a graph G and integer k, runs in time
209" . nOM) | and either outputs a subtree T’ of G such that bw(T') > k or produces a layout of G
with bandwidth at most (108% - k28)4*. The approximation function (1085 - k28)4" of our algorithm
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grows quite quickly with k, and it would be interesting to see how much this bound can be improved.
An intriguing related question left open by our work is to determine the slowest growing function
h such that every graph with no subtree of bandwidth at least £ has bandwidth at most h(k). Our
algorithm establishes that h(k) is at most double exponential in k. At the same time, we are not
even aware of super-linear lower bounds on h(k).

It is worth noting that the running time (20'9k n°® for some constant ¢) of our algorithm can
be improved to polynomial time, even when k is part of the input, by using a simple trick, at the
cost of a small additional factor in the approximation bound and at the cost of not outputting
the witness subtree 7. If n > 2¢9° the running time of the algorithm of Theorem is already
upper bounded by 9c9 . pO() = nPW | so we may assume n < 2¢9° In this regime, applying the
polynomial-time O(log3 nloglog n)-approximation algorithm for BANDWIDTH in general graphs of
Dunagan and Vempala [DVOI] to G outputs a layout of bandwidth at most O(log®nloglogn) -
bw(G) < O(c*-9%) . bw(G). Combined with the structural guarantee of T heoremthat bw(G) <
(108 . 14:28)4]c (whenever no witness subtree exists), this yields a layout of bandwidth at most
O(c* - 9%%) . (108 . k:28)4k, only a low-order factor worse than the original bound.

Finally, one should also consider parameterized approximation algorithms for the BANDWIDTH
problem untethered from the bandwidth of a subtree of G. Theorem [I.I|shows that the BANDWIDTH
problem is FPT-approximable. While no constant factor approximation is possible in polynomial
time [DFUII] unless P = NP, there might exist an algorithm that takes as input a graph G and
integer k, runs in time f(k)n®™), and either concludes that bw(G) > k or produces a layout of G
of bandwidth at most (log k)°(, or even O(k).

AT use statement. The authors used Claude (Anthropic) during the revision stage of this paper.
Claude was used for line-by-line audits of lemma statements and proofs (identifying typos, off-by-
one errors, calculational slips, and minor logical inconsistencies), for suggesting tighter constants
and cleaner phrasings, and for drafting some proof passages from author-provided sketches and
structural outlines. All original results, proof strategies, and mathematical content predate the use
of Al assistance. All Al-suggested edits and drafted passages were reviewed and approved by the
authors, who bear sole responsibility for the content.
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