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Abstract. Let H be a graph and let C be a hereditary class of theta-free graphs such
that H /∈ C. We prove that if
(a) H is a forest; and
(b) C excludes the line graphs of all subdivisions of some wall;

then the treewidth of every graph in C is at most a polynomial function of its clique
number. This is best possible in that both (a) and (b) are necessary for the existence
of any function with the above property.

1. Introduction

The set of positive integers is denoted by N. For integers k, k′, we write {k, . . . , k′} for
the set of integers no smaller than k and no larger than k′. Graphs in this paper have
finite vertex sets, no loops, and no parallel edges. Given a graph G = (V (G), E(G)) and
X ⊆ V (G), we use X to denote both the set X of vertices and the induced subgraph G[X]
of G with vertex set X. A clique in G is a set of pairwise adjacent vertices, and a stable
set is a set of pairwise nonadjacent vertices. The clique number of G, denoted ω(G), is
the maximum cardinality of a clique in G. For a graph H, we say that G is H-free if
G has no induced subgraph isomorphic to H. For two graphs H1, H2, we say that G is
(H1, H2)-free if G is both H1-free and H2-free. The treewidth of a graph G is denoted by
tw(G) (see [10] for the definition of treewidth and other standard terminology).

This series of papers studies the following question: What induced subgraphs must be
excluded to guarantee bounded treewidth? In principle, this is motivated by the grid
theorem of Robertson and Seymour, Theorem 1.1 below, which gives a complete answer
to the analogous question for minors (and subgraphs). For every t ∈ N, we denote by
Wt×t the t-by-t hexagonal grid, also known as the t-by-t wall ; see Figure 1. It is well
known [10] that every subdivision of Wt×t has treewidth t.
Theorem 1.1 (Robertson and Seymour [16]). For every t ∈ N, graphs with no minor (or
equivalently, no subgraph) isomorphic to any subdivision of Wt×t have bounded treewidth.
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2 INDUCED SUBGRAPHS AND TREE DECOMPOSITIONS XIX.

Figure 1. A subdivision of W4×4 (left), its line graph (middle), and a
theta in W3×3 (right).

In contrast, excluding subdivided walls as induced subgraphs does not necessarily
bound the treewidth, nor does excluding a much simpler family of graphs: thetas. A
theta is a graph that is isomorphic to a subdivision of the complete bipartite graph K2,3.
A theta in a graph G is an induced subgraph of G that is a theta, and we say that G is
theta-free if there is no theta in G. There is a theta in every subdivision of Wr×r for all
r ≥ 3 (see Figure 1), and thus theta-freeness is a much stronger restriction than excluding
all subdivisions of some fixed wall as induced subgraphs. That said, there are theta-free
graphs of arbitrarily large treewidth: Complete graphs and the line graphs of subdivided
walls (see Figure 1) are theta-free, and it is well known [10] that for each r ∈ N, both
Kr+1 and the line graphs of all subdivisions of Wr×r have treewidth r.

What about theta-free graphs that also exclude both large complete graphs and the
line graphs of subdivisions of large walls? The easiest nontrivial case is when the graphs
in question are triangle-free (and thus exclude the line graphs of subdivided walls, since
those contain triangles). Sintiari and Trotignon showed that even under this assumption,
and much stronger ones, the treewidth remains unbounded (recall that the girth of a
graph G is the length of the shortest cycle in G):

Theorem 1.2 (Sintiari and Trotignon [17]). For all g, w ∈ N, there is a theta-free graph
of girth larger than g and treewidth larger than w.

The graphs used to prove Theorem 1.2 are an example of a rich class of constructions
known as “layered wheels” [3, 9, 17]. Layered wheels are often rather involved, and in a
sense, layered-wheel-like obstructions to bounded treewidth are the last remaining hurdle
to proving a full analog of Theorem 1.1 for induced subgraphs (where by “layered-wheel-
like obstructions” we mean, roughly, those which do contain large complete minors but
do not contain large complete bipartite induced minors; see [7] for more details).

Therefore, we are very much interested in understanding the structural properties of
layered wheels. For example, what induced subgraphs are unavoidable in layered wheels
of large enough treewidth? One may observe [17] that every forest H is contained as an
induced subgraph in all theta-free layered wheels (meaning those from Theorem 1.2) of
sufficiently large treewidth. On the other hand, every graph H with the latter property
must be a forest because theta-free layered wheels can have arbitrarily large girth. More
generally, the following is an immediate corollary of Theorem 1.2.

Corollary 1.3. Let H be a graph such that for all r ∈ N, every theta-free H-free graph
with bounded clique number and no induced subgraph isomorphic to the line graph of any
subdivision of Wr×r has bounded treewidth. Then H is a forest.
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Our main result is the converse to Corollary 1.3, with the treewidth bound polynomial
in the clique number.

Theorem 1.4. For all r ∈ N and every forest H, there is a constant d1.4 = d1.4(H, r) ∈ N
such that for every t ∈ N, every theta-free (H,Kt)-free graph G with no induced subgraph
isomorphic to the line graph of any subdivision of Wr×r satisfies tw(G) ≤ td1.4.

In other words, Theorem 1.4 suggests that theta-free layered wheels, although globally
intricate, are locally canonical, in that they represent the local structure of all theta-free
graphs of large treewidth (that avoid complete graphs and the line graphs of subdivided
walls).

From Theorem 1.4, we deduce the following (note that “(c) implies (b)” and “(b) implies
(a)” are trivial, and “(a) implies (c)” follows from Theorem 1.4).

Corollary 1.5. Let H be a forest and let C be a hereditary class of theta-free graphs with
H /∈ C. Then the following are equivalent.

(a) There exists r ∈ N such that for every subdivision W of Wr×r, the line graph of
W does not belong to C.

(b) There is a function f : N → N such that tw(G) ≤ f(ω(G)) for every G ∈ C.
(c) There is a polynomial function f : N → N such that tw(G) ≤ f(ω(G)) for every

G ∈ C.

Theorem 1.4 is also a substantial generalization of the main result of an earlier paper
in this series [2]. A prism is the line graph of a theta, and a graph G is prism-free if
no induced subgraph of G is a prism. For instance, if r ≥ 3, then the line graphs of
subdivisions of Wr×r are not prism-free.

Theorem 1.6 (Abrishami, Alecu, Chudnovsky, Hajebi, Spirkl [2]). For all t ∈ N and
every forest H, there is a constant c1.6 = c1.6(H, t) such that every graph G that is theta-
free, prism-free, and (H,Kt)-free satisfies tw(G) ≤ c1.6.

As another corollary, from Theorem 1.4 combined with the main result of [8] (see
Theorem 1.1 in [8]), it follows that for all r ∈ N and every forest H, theta-free H-
free graphs with no induced subgraph isomorphic to the line graph of a subdivision of
Wr×r have poly-logarithmic “tree independence number.” The tree independence number
of a graph G, denoted tree-α(G), is the minimum s ∈ N for which G admits a tree
decomposition where each bag intersects every stable set of G in at most s vertices.

Corollary 1.7. For all r ∈ N and every forest H, there are constants c1.4 = c1.4(H, r) ∈ N
and d1.4 = d1.4(H, r) ∈ N such that every theta-free H-free graph G with |V (G)| > 1 and
no induced subgraph isomorphic to the line graph of any subdivision of Wr×r satisfies
tree-α(G) ≤ c1.4 log

d1.4(|V (G)|).

Corollary 1.7, in turn, implies that the Maximum Weight Independent Set prob-
lem (and many other problems that are NP-hard in general) can be solved in quasi-
polynomial time in every class C as above (see [5] and [8] for more details).

2. Reducing to low separability

The key tool in the proof of our main result is Theorem 2.1 below. In this section, we
show that Theorem 1.4 follows from Theorem 2.1. The remainder of the paper will then
be devoted to the proof of Theorem 2.1, which we will complete in Section 3.
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We begin with some definitions. Let G be a graph. A path in G is an induced subgraph
P of G that is a path. The vertices of P with degree at most one in P are called the ends
of P , and the set of all other vertices of P is called the interior of P , denoted P ∗. The
length of a path in G is its number of edges. If P is a path in G with ends x, y ∈ V (G),
then we say that P is a path in G from x to y. For λ ∈ N, we say that G is λ-separable if
for every two distinct and nonadjacent vertices x, y ∈ V (G), there is no set of λ pairwise
internally disjoint paths in G from x to y.

Theorem 2.1. For all h ∈ N, there is a constant d2.1 = d2.1(h) ∈ N such that for every
forest H on at most h vertices and every t ∈ N, every theta-free (H,Kt)-free graph is
td2.1-separable.

In order to derive Theorem 1.4 from Theorem 2.1, we use several results from the
literature. First, we need a result from [13]. An induced minor of a graph G is a graph
obtained from G by deleting vertices and contracting edges, and removing the loops and
the parallel edges arising in this process.

Theorem 2.2 (Hajebi; Theorem 3.2 in [13] for κ = 2). For every planar graph H and
every σ ∈ N, there is a constant d2.2 = d2.2(H, σ) ∈ N such that for all λ, t ∈ N, if
G is a λ-separable Kt-free graph with no induced minor isomorphic to H or Kσ,σ, then
tw(G) ≤ (2λt)d2.2.

Next, we need the following from [7]. For s, l ∈ N, an (s, l)-constellation is a graph C
in which there is a stable set S with |S| = s such that C \ S has exactly l components,
every component of C \ S is a path, and each vertex x ∈ S has at least one neighbor in
C in each component of C \S. Given a graph G, by an (s, l)-constellation in G we mean
an induced subgraph of G which is an (s, l)-constellation.

Theorem 2.3 (Chudnovsky, Hajebi, Spirkl; Theorem 1.2 in [7]). For all l, r, s ∈ N, there
is a constant c2.3 = c2.3(l, r, s) ∈ N such that for every graph G with an induced minor
isomorphic to Kc2.3,c2.3, one of the following holds:

(a) G has an induced minor isomorphic to Wr×r.
(b) There is a (s, l)-constellation in G.

We also need a well-known result from [1]:

Lemma 2.4 (Aboulker, Adler, Kim, Sintiari, Trotignon; Corollary of Lemma 3.6 in [1]).
For every r ∈ N, there is a constant c2.4 = c2.4(r) such that if G is a graph with an induced
minor isomorphic to Wc2.4×c2.4, then G has an induced subgraph isomorphic to either a
subdivision of Wr×r or the line graph of a subdivision of Wr×r.

We are now ready to derive Theorem 1.4 from Theorem 2.1:

Proof of Theorem 1.4 (Assuming Theorem 2.1). Let

ρ = c2.4(max{r, 3}); σ = c2.3(3, ρ, 2); d = d2.1(|V (H)|); d′ = d2.2(Wρ×ρ, σ).

We will show that

d1.4 = d1.4(H, r) = (d+ 2)d′
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works. Let t ∈ N and let G be a theta-free (H,Kt)-free graph G with no induced
subgraph isomorphic to the line graph of any subdivision of Wr×r. By Theorem 2.1 G is
td-separable. We further claim that:

(1) G has no induced minor isomorphic to Wρ×ρ.

Note that G has no induced subgraph isomorphic to any subdivision of W3×3 since G
is theta-free, and recall that G has no induced subgraph isomorphic to the line graph of
a subdivision of Wr×r. Thus, G has no induced subgraph isomorphic to a subdivision of
Wmax{r,3}×max{r,3} or the line graph of such a subdivision of Wmax{r,3}×max{r,3}. It follows
from Lemma 2.4 and the choice of ρ that G has no induced minor isomorphic to Wρ×ρ.
This proves (1).

(2) G has no induced minor isomorphic to Kσ,σ.

By (1), G has no induced minor isomorphic to Wρ×ρ. Also, note that there is a theta
in every (2, 3)-constellation. Since G is theta-free, it follows that there is no (2, 3)-
constellation in G. Thus, by Theorem 2.3 and the choice of σ, G has no induced minor
isomorphic to Kσ,σ. This proves (2).

Note that if t = 1, then tw(G) < 1 = td1.4 , as desired. Assume that t ≥ 2. Then, since
G is td-separable, from (1), (2), Theorem 2.2, and the choice of d′, it follows that

tw(G) ≤
(
2 · td · t

)d′ ≤ (t(d+2)
)d′

= td1.4 .

This completes the proof of Theorem 1.4. ■

3. Growing a tree

In this section, we prove Theorem 2.1. For the purpose of an inductive argument, we
need to prove the following slightly stronger lemma. For a, b ∈ N, by an (a, b)-tree we
mean a pair (T, x) where T is a tree and x ∈ V (T ) such that, if b = 1, then V (T ) = {x},
and if b ≥ 2, then x has degree exactly a in T , every non-leaf vertex of T other than x
has degree exactly a in T , and every leaf of T is at distance exactly b − 1 from x in T .
Given a graph G and a set P of paths in G, we write V (P) =

⋃
P∈P V (P ).

Lemma 3.1. For all a, b ∈ N, there are constants c3.1 = c3.1(a, b) ∈ N and d3.1 = d3.1(a, b)
with the following property. Let t ∈ N and let G be a theta-free Kt-free graph. Let
x, y ∈ V (G) be distinct and nonadjacent, and let P be a set of pairwise internally disjoint
paths in G from x to y such that |P| ≥ c3.1t

d3.1. Then G[V (P) \ {y}] has an induced
subgraph T with x ∈ V (T ) such that (T, x) is an (a, b)-tree.

The proof uses the following from [4] (the exponent 8s + 12 is not explicitly given in
the statement of Theorem 4.2 in [4], but it may easily be recovered from the proof). A
set Z of vertices in a graph G is constricted if Z is a stable set in G with |Z| ≥ 3 and no
three vertices in Z belong to an induced subgraph of G that is a tree.

Theorem 3.2 (Chudnovsky and Codsi; Theorem 4.2 in [4]). Let s ∈ N, let G be a Ks,s-
free graph, let Z ⊆ V (G) be constricted in G, and let y ∈ V (G) \ Z. Then there are at
most ω(G)8s+12 pairwise disjoint paths (except at y) from y to a vertex in Z.
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In addition, we need several Ramsey-type results. The first is about digraphs. By a
digraph we mean a pair D = (V (D), E(D)) where V (D) is a finite set of vertices and
E(D) ⊆ (V (D) × V (D)) \ {(v, v) : v ∈ V (D)} is the set of edges. In particular, our
digraphs are loopless and allow at most one edge in each direction between every two
vertices. For (u, v) ∈ E(D), we say that v is an out-neighbor of u, and the out-degree
of a vertex u ∈ V (D) is the number of its out-neighbors. The underlying graph of D is
the graph G with V (G) = V (D) and E(G) = {uv : (u, v) ∈ E(D) or (v, u) ∈ E(D)}. A
stable set in D is a stable set in the underlying graph of D.
Lemma 3.3 (Chudnovsky, Hajebi, Spirkl; Lemma 5.1 in [6]). Let q, r, s ∈ N and let D
be a digraph. Then the following hold.

(a) If D has at least 2rs vertices of out-degree at most r, then there is a stable set of
cardinality s in D.

(b) If there are at least 2qrs vertices of out-degree at least qr in D, then there is an
s-subset S of V (D) with the following property: for every q-subset {v1, . . . , vq} of
S, there are q pairwise disjoint r-subsets R1, . . . , Rq of V (D) \ S such that for
each i ∈ {1, . . . , q}, every vertex in Ri is an out-neighbor of vi.

We also use the classical theorem of Ramsey [15], as well as an improvement of it when
restricted to graphs that exclude a fixed complete bipartite graph. (For the familiar
reader, Lemma 3.5 simply restates the well-known fact that the Erdős-Hajnal conjecture
[12] is true for complete bipartite graphs, which, for instance, follows from the main result
of [11]. See Lemma 5.17 in [13] for a short proof with the explicit bound.)
Theorem 3.4 (Ramsey [15]). Let α, t ∈ N and let G be a Kt-free graph with no stable
set of cardinality α. Then |V (G)| < tα−1.

Lemma 3.5 (Erdős and Hajnal [11]; See also Lemma 5.17 in [13]). Let α, s, t ∈ N and
let G be a (Ks,s, Kt)-free graph with no stable set of cardinality α. Then |V (G)| < αsts−1.

Next, we prove a strengthening of Lemma 3.5. (A similar result with worse bounds is
also proved in [14].) For a graph G, we say that X, Y ⊆ V (G) are anticomplete in G if
X ∩ Y = ∅ and there is no edge of G with an end in X and an end in Y . (Note that
Lemma 3.5 is identical to Lemma 3.6 below for r = 1.)

Lemma 3.6. Let r, s ∈ N and let σr = s(4s)
r−1. Let α, t ∈ N, let G be a (Ks,s, Kt)-free

graph and let X be a set of pairwise disjoint nonempty subsets of V (G), each of cardinality
at most r, such that |X | ≥ ασrtσr−1. Then there are α elements in X that are pairwise
anticomplete in G.

Proof. The result is trivial for α = 1. Also, if s = 1, then |X | ≥ α and the sets in X are
all pairwise anticomplete in G, as desired. Assume that α, s ≥ 2. Let us now show that:

(3) We have
ασ2tσ2−1 > αsts−1 + α((2s)

2s−1−1)s2ts
2−1.

Moreover, for all r ∈ N with r ≥ 2, we have

ασrtσr−1 > ασr−1tσr−1−1 + ασ3
r−1tσ

3
r−1−1.

Since s ≥ 2, it follows that σ2 = s4s = s2 + ((s2)2s−1 − 1)s2 ≥ 1 + ((2s)2s−1 − 1)s2.
Thus, since α ≥ 2, it follows that

ασ2 > α1+((2s)2s−1−1)s2 ≥ 2α((2s)
2s−1−1)s2 ≥ αs + α((2s)

2s−1−1)s2 .



INDUCED SUBGRAPHS AND TREE DECOMPOSITIONS XIX. 7

In particular, since σ2 > s2 > s ≥ 2, it follows that

ασ2tσ2−1 > αsts−1 + α((2s)
2s−1−1)s2ts

2−1.

This proves the first assertion. Let r ≥ 2. Since s ≥ 2, it follows that σr−1 = s(4s)
r−2 ≥ 2

and so
σr = σ4s

r−1 > σ4
r−1 > σ3

r−1 + 1.

Therefore, since α ≥ 2, it follows that:

ασrtσr−1 > ασ3
r−1+1tσ

3
r−1 ≥ 2ασ3

r−1tσ
3
r−1 ≥ ασr−1tσr−1−1 + ασ3

r−1tσ
3
r−1−1.

This proves (3).

Now, we prove 3.6 by induction on r, for fixed s, t ∈ N with s ≥ 2, and all α ∈ N with
α ≥ 2. If r = 1, then σr = s, |X | ≥ αsts−1, and the result follows from Lemma 3.5. So
we may assume that r ≥ 2. Let X− ⊆ X be the set of all sets in X of cardinality at
most r− 1. Note that if |X−| ≥ ασr−1tσr−1−1, then we are done by applying the inductive
hypothesis to X−. Therefore:

(4) We may assume that |X−| < ασr−1tσr−1−1.

We further prove that:

(5) We may assume that r ≥ 3.

Assume that r = 2. Let ζ2 = α(2s)2s−1−1, let ζ1 = ζs2t
s−1 and let ζ0 = ζs1t

s−1. Then

ζ0 =
(
ζs2t

s−1
)s
ts−1 =

((
α(2s)2s−1−1

)s
ts−1

)s
ts−1 = α((2s)

2s−1−1)s2ts
2−1.

This, along with (3) and (4), yields |X \X−| > ασ2tσ2−1−αsts−1 > α((2s)
2s−1−1)s2ts

2−1 = ζ0.
Note that every set in X \ X− has cardinality exactly r = 2. Choose ζ0 pairwise distinct
sets {x1, y1}, . . . , {xζ0 , yζ0} ∈ X \ X−. Since G is (Ks,s, Kt)-free and ζ0 = ζs1t

s−1, by
Lemma 3.5 applied to G[{x1, . . . , xζ0}], there exists I1 ⊆ {1, . . . , ζ0} with |I1| = ζ1 such
that {xi : i ∈ I1} is a stable set in G. Similarly, since |I1| = ζ1 = ζs2t

s−1, by Lemma 3.5
applied to G[{yi : i ∈ I1}], there exists I2 ⊆ I1 with |I2| = ζ2 such that {yi : i ∈ I2}
is a stable set in G. Let Γ be the graph with V (Γ) = I2 such that for all i, j ∈ I2
with i < j, we have ij ∈ E(Γ) if and only if xiyj, xjyi /∈ E(G). We claim that Γ has
a clique of cardinality α. Suppose not. Then, since |V (Γ)| = |I2| = ζ2 = α(2s)2s−1−1,
by Theorem 3.4, there is a stable set in Γ of cardinality (2s)2s−1; that is, there exists
I ⊆ I2 ⊆ I1 with |I| = (2s)2s−1 such that for all i, j ∈ I2 with i < j, either xiyj ∈ E(G)
or xjyi ∈ E(G). Let Γ′ be the graph with V (Γ′) = I such that for all i, j ∈ I with
i < j, we have ij ∈ E(Γ′) if and only if xiyj ∈ E(G). Since |V (Γ′)| = |I| = (2s)2s−1, by
Theorem 3.4, there is either a clique or a stable set of cardinality 2s in Γ′; in particular,
there are i1, . . . , is, j1, . . . , js ∈ I ⊆ I2 ⊆ I1 with i1 < · · · < is < j1 < · · · < js such that,
either for all k, l ∈ {1, . . . , s}, we have xikyjl ∈ E(G), or for all k, l ∈ {1, . . . , s}, we have
xjkyil ∈ E(G). But in the former case G[{xi1 , . . . , xis , yj1 , . . . , yjs}] is isomorphic to Ks,s,
and in the latter case, G[{xj1 , . . . , xjs , yi1 , . . . , yis}] is isomorphic to Ks,s, contrary to the
assumption that G is Ks,s-free. This proves the claim that Γ has a clique of cardinality
α; that is, there exists I3 ⊆ I2 ⊆ I1 with |I| = α such that for all i, j ∈ I2 with i < j, we
have xiyj, xjyi /∈ E(G). But now ({xi, yi} : i ∈ I3) are α sets in X \X− that are pairwise
anticomplete in G, as required. This proves (5).
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Let ξ2 = ασr−1tσr−1−1, let ξ1 = ξ
σr−1

2 tσr−1−1 and let ξ0 = ξ
σr−1

1 tσr−1−1. Then

ξ0 =
(
ξ
σr−1

2 tσr−1−1
)σr−1 tσr−1−1 =

((
ασr−1tσr−1−1

)σr−1 tσr−1−1
)σr−1

tσr−1−1 = ασ3
r−1tσ

3
r−1−1.

Thus, by (3) and (4), we have |X \ X−| > ασrtσr−1 − ασr−1tσr−1−1 > ασ3
r−1tσ

3
r−1−1 = ξ0.

Choose ξ0 pairwise distinct sets W1, . . . ,Wξ0 ∈ X \ X−. Then,

|W1| = · · · = |Wξ0| = r.

By (5), we may assume that r ≥ 3. For each i ∈ {1, . . . , ξ0}, choose three pairwise
distinct vertices xi, yi, zi in Wi, let Xi = Wi\{xi}, let Yi = Wi\{yi} and let Zi = Wi\{zi}.
Since G is (Ks,s, Kt)-free, |X1| = · · · = |Xξ0| = r − 1 and ξ0 = ξ

σr−1

1 tσr−1−1, by the
inductive hypothesis applied to X0 = {X1, . . . , Xξ0}, there exists I1 ⊆ {1, . . . , ξ0} with
|I1| = ξ1 such that (Xi : i ∈ I1) are pairwise anticomplete in G. Similarly, since |Yi| = r−1
for every i ∈ I1, and since |I1| = ξ1 = ξ

σr−1

2 tσr−1−1, by the inductive hypothesis applied
to X1 = {Yi : i ∈ I1}, there exists I2 ⊆ I1 with |I2| = ξ2 such that (Yi : i ∈ I2)
are pairwise anticomplete in G. Finally, since |Zi| = r − 1 for every i ∈ I2, and since
|I2| = ξ2 = ασr−1tσr−1−1, by the inductive hypothesis applied to X2 = {Zi : i ∈ I2}, there
exists I3 ⊆ I2 ⊆ I1 with |I3| = α such that (Zi : i ∈ I3) are pairwise anticomplete in G.
Hence, (Wi = Xi ∪ Yi ∪ Zi : i ∈ I3) are α sets in X \ X− that are pairwise anticomplete
in G. This completes the proof of Lemma 3.6. ■

Now we can prove Lemma 3.1:

Proof of Lemma 3.1. Throughout, let a ∈ N be fixed. For every n ∈ N, let

θn = 312
nan−1−1

.

We define the sequences (µn : n ∈ N) and (λn : n ∈ N) recursively, as follows: Let
µ1 = λ1 = 0, and for n ∈ N with n ≥ 2, let

µn =
((
3a2θn + 2

)
µn−1

)3
and let

λn = 3λn−1 + 6θn − 4.

We will prove by induction on b ∈ N that

c3.1 = c3.1(a, b) = µb, d3.1 = d3.1(a, b) = λb

satisfy the lemma.
Let (T, v) be an (a, b)-tree. Let t ∈ N and let G be a theta-free Kt-free graph. Since G

is theta-free, it follows that G is K3,3-free. Let x, y ∈ V (G) be distinct and nonadjacent,
and let P be a set of pairwise internally disjoint paths in G from x to y such that
|P| ≥ µbt

λb ≥ 1. Note that if b = 1, then T = G[{x}] is the desired induced subgraph
of G[V (P) \ {y}]. Moreover, since P ̸= ∅, it follows that G is not edgeless. So, we may
assume that b ≥ 2 and t ≥ 3.

For each P ∈ P , let xP be the unique neighbor of x in P (so xP ̸= y). For every subset
Q of P , let XQ = {xQ : Q ∈ Q}. Note that

|P| ≥ µbt
λb =

((
3a2θb + 2

)
µb−1

)3 · t3λb−1+6θb−4 =
((
3a2θb + 2

)
·
(
t2(θb−1)µb−1t

λb−1
))3

t2.

Since G is (K3,3, Kt)-free (because G is theta-free and Kt-free), by Lemma 3.5 applied
to G[XP ], there exists Q ⊆ P with

|Q| =
(
3a2θb + 2

)
·
(
t2(θb−1)µb−1t

λb−1
)
≥ 3

(
aθbtθb−1

)2 · µb−1t
λb−1 + 2
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such that XQ is a stable set in G. In particular, if there are three paths Q1, Q2, Q3 ∈ Q
of length two, then G[Q1 ∪Q2 ∪Q3] is a theta in G, a contradiction. It follows that there
exists L ⊆ Q ⊆ P with

|L| = 3
(
aθbtθb−1

)2 · µb−1t
λb−1

such that XL is a stable set in G and every path in L has length at least three in G; that
is, NXL(y) = ∅, and so for every P ∈ L, the vertex xP has a unique neighbor x′

P in P ∗.
Let q = aθbtθb−1 and let r = µb−1t

λb−1 . Since b ≥ 2, it follows that q ≥ 23
12
t3

12−1 > 2t36,
and so |L| ≥ 3q2r ≥ (2q + 2t36)qr. Let D be the digraph with V (D) = L such that for
distinct P,Q ∈ L, we have (P,Q) ∈ E(D) if and only if NQ∗(xP ) ̸= ∅.

(6) There are at least 2q2r vertices in D of out-degree at least qr.

Suppose not. Then, since |V (D)| = |L| ≥ (2q+2t36)qr, it follows that there are at least
2t36qr vertices in D with out-degree at most qr. Thus, by Lemma 3.3(a), there is a stable
set S ⊆ L = V (D) in D with |S| = t36. Let G1 = G[V (S) \ {x}]. By the definition of D,
for every P ∈ S, we have NG1(xP ) = NP ∗(xP ) = {x′

P}, and, in particular, |NG1(xP )| = 1.
Let Z = XS . Then Z is a stable set in G1, y ∈ G1 \ Z, and {P \ {x} : P ∈ S} is a
set of |Z| = |S| = t36 > ω(G)36 paths of nonzero length in G, all sharing y as an end
and otherwise pairwise disjoint, and each having an end in Z. Since G1 is (K3,3, Kt)-free
and |Z| ≥ 3 (because t ≥ 2), it follows from Theorem 3.2 that Z is not constricted in
G1. Consequently, there is an induced subgraph of G1 which is a tree that intersects Z
in three vertices. In particular, there is an induced subgraph T of G1 which is a tree
with |T ∩ Z| = 3, say T ∩ Z = {xP1 , xP2 , xP3} where P1, P2, P3 ∈ S. Since xP1 , xP2 , xP3

all have degree one in G1 (and so in T ), it follows that that there is an induced subgraph
T ′ of T isomorphic to a subdivision K1,3 and xP1 , xP2 , xP3 are the degree-one vertices
of T ′. Note also that V (T ′) \ {xP1 , xP2 , xP3} ⊆ V (G1) \ Z, and so x is anticomplete to
V (T ′) \ {xP1 , xP2 , xP3} in G. But now G[V (T ′) ∪ {x}] is a theta in G, a contradiction.
This proves (6).

By (6), Lemma 3.3(b) and the definition of D, there are q pairwise disjoint (r + 1)-
subsets L1, . . . ,Lq of L, such that for each i ∈ {1, . . . , q}, one may write Li = {Pi} ∪ Ri

with |Ri| = r, such that xPi
has a neighbor in R∗ for every R ∈ Ri. Thus, for each

i ∈ {1, . . . , q} and every R ∈ Ri, there is a path PR in G from xPi
to y with P ∗

R ⊆ R∗.
For each i ∈ {1, . . . , q}, let Pi = {PR : R ∈ Ri}. Then Pi is a set of r = µb−1t

λb−1

pairwise internally disjoint paths in G from xPi
to y. For every i ∈ {1, . . . , q}, since

xPi
, y are nonadjacent in G, it follows from the inductive hypothesis that G[V (Pi) \ {y}]

has an induced subgraph Ti with xPi
∈ V (Ti) such that (Ti, xPi

) is an (a, b− 1)-tree. In
particular, V (T1), . . . , V (Tq) are pairwise disjoint (because V (P1) \ {y}, . . . , V (Pq) \ {y}
are pairwise disjoint), and for each i ∈ {1, . . . , q}, we have NV (Ti)(x) = NV (Pi)(x) = {xPi

}.
Let r = bab−1. Then

q = aθbtθb−1 = a3
12r−1

t3
12r−1−1.

Therefore, since G is (K3,3, Kt)-free, since |V (Ti)| = |V (T ′)| =
∑b−1

i=0 a
i ≤ r for all

i ∈ {1, . . . , q}, it follows from Lemma 3.6 applied to X = {V (T1), . . . , V (Tq)} that there
is an a-subset I of {1, . . . , q} for which (V (Ti) : i ∈ I) are pairwise anticomplete in G.

Now, let

T = G

[(⋃
i∈I

V (Ti)

)
∪ {x}

]
.
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Then T is an induced subgraph of G[V (P) \ {y}] with x ∈ V (T ) such that (T, x) is an
(a, b)-tree. This completes the proof of Lemma 3.1. ■

We are now in a position to prove Theorem 2.1, which we restate:

Theorem 2.1. For all h ∈ N, there is a constant d2.1 = d2.1(h) ∈ N such that for every
forest H on at most h vertices and every t ∈ N, every theta-free (H,Kt)-free graph is
td2.1-separable.

Proof. Let c = c3.1(h+ 1, h+ 1), let d = d3.1(h+ 1, h+ 1), and let

d2.1 = d2.1(h) = c+ d.

Let G be a theta-free (H,Kt)-free graph that is not td2.1-separable. Then there are
distinct and nonadjacent vertices x, y ∈ V (G) for which there is a set P of pairwise
internally disjoint paths in G from x to y such that |P| ≥ td2.1 ≥ 1. In particular, since
P ̸= ∅, it follows that t ≥ 3, and so |P| ≥ td2.1 = tc+d ≥ 3ctd > ctd. By Lemma 3.1, G has
an induced subgraph T with x ∈ V (T ) such that (T, x) is an (h+1, h+1)-tree. Moreover,
since H is a forest on at most h vertices, it follows that there is a tree H+ on at most h+1
vertices such that H is an induced subgraph of H+, and since |V (H+)| ≤ h+1, it follows
that T has an induced subgraph isomorphic to H+. But now G has an induced subgraph
isomorphic to H, a contradiction. This completes the proof of Theorem 2.1. ■
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