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Abstract

A class F of graphs is χ-bounded if there is a function f such that χ(H) ≤ f(ω(H))
for all induced subgraphsH of a graph inF . If f can be chosen to be a polynomial, we say

that F is polynomially χ-bounded. Esperet proposed a conjecture that every χ-bounded
class of graphs is polynomially χ-bounded. This conjecture has been disproved; it has

been shown that there are classes of graphs that are χ-bounded but not polynomially χ-
bounded. Nevertheless, inspired by Esperet’s conjecture, we introduce Pollyanna classes

of graphs. A class C of graphs is Pollyanna if C ∩ F is polynomially χ-bounded for every

χ-bounded class F of graphs. We prove that several classes of graphs are Pollyanna and

also present some proper classes of graphs that are not Pollyanna.

1 Introduction
The chromatic number of a graph G, denoted by χ(G), is the minimum number of colors

needed to color the vertices of G such that adjacent vertices always receive distinct colors. A

clique of a graph is a set of pairwise adjacent vertices. We write ω(G) to denote the maximum

size of a clique in a graphG, called the clique number ofG. For a graphH , we sayG isH-free
if G has no induced subgraph isomorphic to H .

Obviously χ(G) ≥ ω(G). In general, χ(G) is not bounded from above by any function of

ω(G); there are constructions for triangle-free graphswith arbitrary largeχ(G) [Des47, Des54,
Myc55, Zyk49]. The strong perfect graph theorem [CRST06] states that χ(H) = ω(H) for all
induced subgraphsH of a graphG if and only ifG has no odd cycles or their complements as

an induced subgraph. Such graphs are called perfect.
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(a) A (7, 5)-pineapple. (b) A 5-lollipop. (c) A bowtie. (d) A bull.

Figure 1: Forbidding any of these graphs makes a Pollyanna class of graphs.

Motivated by perfect graphs, Gyárfás [Gyá75] initiated the study of graph classes on which

χ(G) is bounded from above by a function of ω(G). A class F of graphs is χ-bounded if there

exists a function f such that χ(H) ≤ f(ω(H)) for all induced subgraphs H of a graph in F .
1

Such a function f is called a χ-bounding function for F . It is a well-known result of Erdős

that for every g ≥ 3 there exist graphs arbitrarily large chromatic number and with no cycle

of length less than g. Hence, if H contains a cycle, then the class of H-free graphs is not

χ-bounded. (The converse is the well-known Gyárfás-Sumner conjecture [Gyá75, Sum81]).

A class of graphs is polynomially χ-bounded if it has a polynomial χ-bounding function.

Examples of polynomially χ-bounded classes of graphs include, perfect graphs [CRST06],

even-hole-free graphs [CS23], circle graphs [DM21, Dav22], rectangle intersection graphs

[AG60, CW21], bounded twin-width graphs [BT23], and H-free graphs for certain small

forestsH [SSS22a, SSS22b, CSSS23]. Note that for every graphH , if the class ofH-free graphs

is polynomially χ-bounded, then H satisfies the celebrated Erdős-Hajnal conjecture [EH89],

which is largely open (see also [Chu14]). A major open problem is whether the class of P5-

free graphs is polynomially χ-bounded, since this would imply the smallest open case of the

Erdős-Hajnal conjecture. The best known χ-bounding function for P5-free graphs is quasi-

polynomial [SSS23].

Esperet [Esp17] conjectured that every χ-bounded class of graphs is polynomially χ-
bounded. Recently, this conjecture was disproved by Briański, Davies, and Walczak [BDW24]

by extending ideas from a paper of Carbonero, Hompe, Moore, and Spirkl [CHMS23]. In par-

ticular, Briański, Davies, and Walczak constructed classes of graphs that are χ-bounded but

not polynomially χ-bounded. Nevertheless, inspired by Esperet’s conjecture, we consider its

analog for proper classes of graphs. We say that a class C of graphs is Pollyanna if C ∩ F
is polynomially χ-bounded for every χ-bounded class F of graphs. Note that every poly-

nomially χ-bounded class of graphs is Pollyanna, so Pollyanna classes of graphs generalize

polynomially χ-bounded classes.

Here is our first main theorem. See Figure 1 for an illustration of forbidden graphs; precise

definitions are given in each corresponding section.

Theorem 1.1. Let m, k, t be positive integers. The following graph classes are all Pollyanna.
(i) The class ofmKt-free graphs.
(ii) The class of (t, k)-pineapple-free graphs.
(iii) The class of t-lollipop-free graphs.
(iv) The class of bowtie-free graphs.
(v) The class of bull-free graphs.

1
Sometimes, unlike Gyárfás [Gyá75], some papers define χ-boundedness to mean that χ(G) ≤ f(ω(G))

for every graph G in the class and then use such a definition only for hereditary classes of graphs. For us, it

is necessary to deal with χ-bounded classes of graphs that are not necessarily hereditary, as when we define

Pollyanna, we allow taking the intersection of our class with any χ-bounded class, which is not necessarily

hereditary.
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None of the classes mentioned in Theorem 1.1 are χ-bounded, because if a graph H con-

tains a cycle, thenH-free graphs contain all graphs of large girth and therefore the chromatic

number of H-free graphs is not bounded by the theorem of Erdős [Erd59].

We will actually prove something stronger than the statement in Theorem 1.1. For an

integer n, let χ(n)(G) be the maximum chromatic number of an induced subgraph H of G
such that ω(H) ≤ n. For an integer n, we say a class F of graphs is n-good if it is hereditary

and there is some constant m such that every G ∈ F satisfies χ(n)(G) ≤ m. Note that n-
goodness is a strictly weaker condition than χ-boundedness [CHMS23, BDW24, GIP

+
24]. We

say a class C of graphs is n-strongly Pollyanna if C ∩ F is polynomially χ-bounded for every

n-good class F of graphs. By considering the subclass F of C consisting of graphs G with

χ(n)(G) ≤ c, we can observe that

C is n-strongly Pollyanna if and only if there is a function f such that

χ(G) ≤ f(χ(n)(G), ω(G))

for every graph G ∈ C, where f(c, ·) is a polynomial for every constant c.

We say that C is strongly Pollyanna if it is n-strongly Pollyanna for some integer n. Note that
for each n ≤ 1, a class C of graphs is n-strongly Pollyanna if and only if it is polynomially

χ-bounded. We will show the following:

Theorem 1.2. Let m, k, t be positive integers. The following statements hold.
(i) The class ofmKt-free graphs is (t− 1)-strongly Pollyanna.
(ii) The class of (t, k)-pineapple-free graphs is (2t− 4)-strongly Pollyanna.
(iii) The class of t-lollipop-free graphs is (3t− 6)-strongly Pollyanna.
(iv) The class of bowtie-free graphs is 3-strongly Pollyanna.
(v) The class of bull-free graphs is 2-strongly Pollyanna.

The most difficult case of Theorem 1.2 is showing that bull-free graphs are 2-strongly
Pollyanna. Bull-free graphs are of particular interest because of their complex structure, which

was characterized by Chudnovsky [Chu12b, Chu12a], and have been widely studied. Chud-

novsky and Safra [CS08] showed that the bull satisfies the celebrated Erdős-Hajnal Conjecture.

Bull-free graphs also have strong algorithmic properties [TTV17, CS18, FM04]. By using re-

sults of Chudnovsky [Chu12b, Chu12a], Thomassé, Trotignon, and Vušković [TTV17] showed

that there is a function f such that every bull-free G satisfies χ(G) ≤ f(χ(2)(G), ω(G)). Note
that their function f is far from being polynomial in ω(G) and Theorem 1.2 shows f can be

taken to be a polynomial in ω(G).
Our second main theorem shows that a certain proper class of graphs is not Pollyanna,

which generalizes the theorem of Briański, Davies, and Walczak [BDW24] that the class of

all graphs is not Pollyanna. See Figures 2 and 3 for an illustration of pentagram spiders, tall

striders, short striders, F7,W7, the complementP9 ofP9, and the complementC7 ofC7; precise

definitions are given in Section 9.

Theorem 1.3. Let F be the set of all pentagram spiders, all tall striders, all short striders, P9,
Cn, Fn, andWn for all n ≥ 7. Then the class of F-free graphs is not Pollyanna.

We will actually prove something significantly more general than Theorem 1.3 (see Theo-

rems 8.2 and 8.9), where F can be any finite collection of graphs that are not willows. We will

introduce willows in Section 8.
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pentagram spider tall strider short strider

Figure 2: A pentagram spider, a tall strider, and a short strider are graphs obtained from the

above figure by adding any additional edges between two red hollow vertices.

Figure 3: Graphs P9,C7, F7, andW7. The class of (P9,C7, F7,W7)-free graphs is not Pollyanna.

The paper is organized as follows. Section 2 reviews basic definitions and properties. Sec-

tions 3 to 7 each deal with the proof of a different case of Theorem 1.1 in order, and we remark

that each of these sections can be read independently of each other. Sections 8 and 9 deal with

the proof of Theorem 1.3. Section 10 ends the paper with a discussion of further work and

several open problems.

2 Preliminaries
We denote the complement of a graphG byG. For a graphH , a graphG isH-free ifG has no

induced subgraph isomorphic to H . For a set F of graphs, a graph G is F-free if G is H-free

for everyH ∈ F . For a vertex v of a graphG, we writeNG(v) to denote the set of all neighbors
of v. For a set S ⊆ V (G), we will denote ∪s∈SNG(s)\S byN(S). In situations where it is not

ambiguous, we will denoteNG(v) byN(v) andNG(S) byN(S). For two disjoint setsA andB
of vertices, we say that A is anti-complete to B if there are no edges between A and B, and

complete toB if every vertex inA is adjacent to every vertex inB. IfA is neither complete nor

anti-complete to B, then we say A ismixed on B. We let Pt denote the path on t vertices. The
length of a path or a cycle is the number of its edges. For S, T ⊆ V (G) the distance between S
and T is the length of a shortest path with one end in S and the other end in T .

In the rest of this section, we detail further preliminaries that we require to show that the

class of t-lollipop-free and the class of bull-free graphs are Pollyanna.

A homogeneous set of a graph G is a set X of vertices such that 1 < |X| < |V (G)| and
every vertex in V (G) \ X is either complete or anti-complete to X . Substituting a vertex v
of a graph G by a graph H is an operation that creates a graph obtained from the disjoint

union of H and G− v by adding an edge between every vertex of H and every neighbor of v
in G. Notice that if |V (G)|, |V (H)| > 1, then V (H) is a homogeneous set in this new graph.

We require a theorem of Chudnovsky, Penev, Scott, and Trotignon [CPST13] that substitution

preservers polynomial χ-boundedness. Given a class C of graphs, we let C∗
denote the closure

of C under substitutions and disjoint unions.

Theorem 2.1 (Chudnovsky, Penev, Scott, and Trotignon [CPST13]). Let C be a class of graphs.
If C is polynomially χ-bounded, then so is C∗.
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We further require some results on perfect graphs. A hole is an induced cycle of length at

least four. The parity of a hole (or path) is the parity of its length. An induced subgraph A
of a graph G is an antihole if V (A) induces a hole in G. A graph G is called perfect if every
induced subgraph H of G satisfies ω(H) = χ(H). The “Strong Perfect Graph Theorem” of

Chudnovsky, Robertson, Seymour, and Thomas [CRST06] states that a graph is perfect if and

only if it does not contain an odd hole or an odd antihole.

We do not require the full force of the strong perfect graph theorem and so, we will instead

use the following three results. They are easy corollaries of the strong perfect graph theorem,

but they were proven several years earlier and have much shorter proofs.

Theorem 2.2 (Seinsche [Sei74]). Every P4-free graph is perfect.

Theorem 2.3 (Chvátal and Sbihi [CS87]). A bull-free graph is perfect if and only if it does not
contain an odd hole or odd antihole.

Lemma 2.4 (Lovász [Lov72]). The class of perfect graphs is closed under taking substitutions.

3 Adding a clique
We write H ∪ F to denote the disjoint union of two graphs H and F . We prove that if the

class of H-free graphs is Pollyanna, then so is the class of (Kt ∪ H)-free graphs. Our proof
is very similar to Wagon’s proof [Wag80] that the class of mK2-free graphs is polynomially

χ-bounded for each positive integerm.

Proposition 3.1. Let t ≥ 1 be an integer. If the class of H-free graphs is Pollyanna, then the
class of (Kt ∪H)-free graphs is Pollyanna.

Proof. Let C be the class of (Kt∪H)-free graphs. LetD be the class ofH-free graphs. LetF be

a χ-bounded hereditary class of graphs with a χ-bounding function f . We may assume that

f is an increasing function. Assume that F ∩D is χ-bounded by a χ-bounding polynomial g.
We may also assume that g is an increasing function.

Let G be a graph in F ∩ C. To prove that F ∩ C is χ-bounded, we claim that

χ(G) ≤
(
ω(G)

t− 1

)
f(t− 1) +

(
ω(G)

t

)
g(ω(G)). (1)

We may assume that ω(G) ≥ t because otherwise χ(G) ≤ f(t − 1). Let K be a clique of G
with |K| = ω(G).

Now, for each subsetM ofK with |M |= t−1, letAM be the set of all vertices in V (G)\K
that are complete to K \ M . Since K \ M is complete to AM , we have that ω(G[AM ]) ≤
ω(G)−ω(G[K\M ]) =ω(G)−(ω(G)−(t−1))= t−1. Therefore, χ(G[AM ])≤ f(ω(G[AM ]))≤
f(t− 1).

For each subsetN ofK with |N | = t, let A′
N be the set of all vertices in V (G) \K that are

anti-complete toN . SinceG has no induced subgraph isomorphic toKt∪H ,G[A′
N ] ∈ D. This

implies that χ(G[A′
N ]) ≤ g(ω(G)). Observe that every vertex in V (G) is inM ∪AM for some

M ⊆ K with |M | = t− 1, or in A′
N for some N ⊆ K with |N | = t. Thus we deduce that (1)

holds since there are

(
ω(G)

ω(G)−(t−1)

)
=

(
ω(G)
t−1

)
such choices forM , and

(
ω(G)
t

)
choices for N .

We can use the almost same proof to prove the following.

Proposition 3.2. If the class of H-free graphs is (t − 1)-strongly Pollyanna, then the class of
(Kt ∪H)-free is (t− 1)-strongly Pollyanna.
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Since the class of Kt-free graphs is trivially (t − 1)-strongly Pollyanna, we deduce the

following corollary.

Corollary 3.3. The class ofmKt-free graphs is (t− 1)-strongly Pollyanna.

Corollary 3.3 implies the aforementioned result of Wagon [Wag80] that the class ofmK2-

free graphs is polynomially χ-bounded for each positive integerm.

4 Pineapple-free graphs
For positive integers t and k, a (t, k)-pineapple is a graph obtained by attaching k pendant

edges to a vertex of a complete graph Kt, see Figure 1a. In this section, we will show that

the class of (t, k)-pineapple-free graphs is Pollyanna. First, we need to introduce Ramsey’s

theorem with some explicit bounds.

For positive integers s and t, let R(s, t) be the minimum positive integer N such that

every graph on N vertices contains a clique of size s or an independent of size t. Ramsey’s

theorem [Ram30] states that R(s, t) exists. Erdős and Szekeres [ES35] proved the following

upper bound.

Proposition 4.1 (Erdős and Szekeres [ES35]). For positive integers s and t, we have R(s, t) ≤(
s+t−2
t−1

)
.

Because of Proposition 4.1, if t is a fixed constant, then R(s, t) is bounded from above by

a degree-(t− 1) polynomial in s.
We are now ready to prove that the class of pineapple-free graphs is Pollyanna.

Proposition 4.2. Let t, k be positive integers. The class of (t, k)-pineapple-free graphs is (2t−4)-
strongly Pollyanna.

Proof. We may assume that t > 2, because otherwise the class of (t, k)-pineapple-free graphs
is polynomially χ-bounded by Proposition 4.1. Let F be a hereditary class of graphs and let C
be a positive integer such that χ(G) ≤ C whenever G ∈ F and ω(G) ≤ 2t − 4. Let G be the

class of (t, k)-pineapple-free graphs. Let G ∈ F ∩ G. Let

m(x) = C
t−2∑
i=1

(
x

i

)
, g(x) =

(
t

(
x

t

)
+ 1

)
m(x)

(
x+ k − 3

k − 1

)
.

Let ω be a positive integer. We claim that if ω(G) ≤ ω, then χ(G) ≤ g(ω). We proceed by

induction on |V (G)|. Wemay assume that ω(G)≥ 2t−3 because otherwise χ(G)≤C ≤ g(ω).
Let K be a clique of size ω(G). For a nonempty subset M of K with |M | < t− 1, let AM

be the set of vertices in V (G) \K that are complete toK \M and anti-complete toM . Then

ω(G[AM ∪M ]) = |M | and therefore χ(G[AM ∪M ]) ≤ C . Let S be the union of all AM for

every choice of M ⊆ K satisfying 1 ≤ |M | < t− 1. Then,

χ(G[K ∪ S]) ≤
∑
v∈K

χ(G[A{v} ∪ {v}]) +
∑

M⊆K, 2≤|M |<t−1

χ(G[AM ])

≤ C
t−2∑
i=1

(
ω

i

)
= m(ω).

(2)
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A maximum cliqueK

S T

Non-neighbors of K

Figure 4: An illustration for the proof of Proposition 4.2.

For a subsetN ofK with |N |= t−1 and a vertex v ofK\N , letA′
N,v be the set of vertices in

N(v)\K that are anti-complete toN . Clearly, ω(A′
N,v)≤ ω−1. AsG is (t, k)-pineapple-free,

G[A′
N,v] has no independent set of size k. Thus, by Ramsey’s theorem, |A′

N,v| < R(ω − 1, k).
Note that, by definition, every vertex u ∈ N(K) with at least t− 1 non-neighbors inK is

in A′
N,v for some N ⊆ K \N(u) and v ∈ K with |N | = t− 1. Let T be the union of all A′

N,v

for every choice of N ⊆ K and v ∈ K \N such that |N | = t− 1. Then,

|T | < t

(
ω

t

)
R(ω − 1, k). (3)

It follows from the definition of S and T that S is the set of all vertices in N(K) with
fewer than t−1 non-neighbors inK and T is the set of all vertices inN(K)with at least t−1
non-neighbors in K , see Figure 4. Hence, N(K) = S ∪ T .

Since |K| ≥ 2t − 3, each vertex v ∈ S has at least t − 1 neighbors in K and therefore

|N(v) \ (K ∪ N(K))| < R(ω − 1, k) because G is (t, k)-pineapple-free. Then by (3), each

vertex v ∈ K ∪ S has fewer than α :=
(
t
(
ω
t

)
+ 1

)
R(ω − 1, k) neighbors in V (G) \ (K ∪ S).

Let c1 : V (G \ (K ∪ S)) → {1, 2, . . . , g(ω)} be a coloring of G \ (K ∪ S) obtained by the

induction hypothesis. By (2), there is a coloring c2 : K ∪ S → {1, 2, . . . ,m(ω)} of G[K ∪ S].
We define a coloring c : V (G) → {1, 2, . . . , g(ω)} of G as follows. For v ∈ V (G \ (K ∪ S)),
define c(v) := c1(v). Since every v ∈ K ∪ S has fewer than α neighbors in V (G) \ (K ∪ S),
there is some choice of c(v) ∈ {α(c2(v) − 1) + 1, α(c2(v) − 1) + 2, . . . , αc2(v)} that is not

present in N(v) \ S. Since c2 was a proper coloring of G[K ∪ S], it follows that c is a proper
coloring for G with at most max(αm(ω), g(ω)) colors. Note that R(ω − 1, k) ≤

(
ω+k−3
k−1

)
by

Proposition 4.1. This completes the proof.

5 Lollipop-free graphs
Let t ≥ 1 be a fixed integer. The t-lollipop is a graph obtained from the disjoint union of the

complete graph Kt on t vertices and the path graph P2 on 2 vertices by adding an edge, see

Figure 1b. Note that a t-lollipop is a (t, 1)-pineapple whose pendant edge is subdivided once.

In this section, we aim to show that the class of t-lollipop-free graphs is Pollyanna.
We say that a graph H is tidy if |V (H)| ≥ 2 and for any partition of V (H) into two

nonempty subsetsM and N , one of the following holds.

(U1) H[M ] contains a clique K of size t− 1 and N has a vertex anti-complete to K in H .

(U2) H[N ] contains a cliqueK of size t−1 andH has adjacent vertices x ∈M and y ∈N \K
such that both x and y are anti-complete to K in H .

Lemma 5.1. Let t ≥ 3 be an integer. The disjoint union of two copies ofK2t−3 is tidy.

Proof. Let S1, S2 be the two cliques of cardinality 2t− 3 and letH be the disjoint union of S1

and S2. LetM , N be nonempty disjoint subsets of V (H) such thatM ∪N = V (H). We may

assume (U1) does not hold forM,N .
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Claim 1. For each i ∈ {1, 2}, if Si ∩N ̸= ∅, then |S3−i ∩N | ≥ t− 1.

Proof. Since (U1) does not hold for S3−i, we deduce that |S3−i∩M | < t−1. Therefore |S3−i∩
N | ≥ t− 1. ■

We may assume S1 ∩ N ̸= ∅. By Claim 1, we obtain |S2 ∩ N | ≥ t − 1. Since t ≥ 2, this
implies S2 ∩N ̸= ∅ and therefore by Claim 1, we have |S1 ∩N | ≥ t− 1.

Let x ∈ M . Then x ∈ Si for some i ∈ {1, 2}. By the previous paragraph, there is some

y ∈ Si ∩ N and some subset K ⊆ S3−i ∩ N of cardinality t − 1. Now, K , x, and y satisfy

(U2).

A set S of vertices is a split if it has the property that for every v, u /∈ S where v is complete

to S and u is mixed on S, the vertices u and v are adjacent. A set S of vertices of a graph G is

fair if for every v ∈ N(S), either v is complete to S or ω(G[S \N(v)]) ≥ t− 1.

Lemma 5.2. Let t≥ 3 be an integer. IfG is a t-lollipop-free graph andG[S] is tidy for S ⊆ V (G),
then S is a fair split.

Proof. Let us first show that S is a split. Suppose that a vertex v ∈ V (G) \ S is complete to S,
a vertex u ∈ V (G) \ S is mixed on S, and u is non-adjacent to v. Let N = NG(u) ∩ S and

M = S \ N . As M,N ̸= ∅, (U1) or (U2) holds. If (U1) holds with the clique K ⊆ M and the

vertex w ∈ N , thenG[K ∪{w, u, v}] induces a t-lollipop. If (U2) holds with the cliqueK ⊆ N
and two adjacent vertices x ∈ M , y ∈ N , then G[K ∪ {x, y, u}] induces a t-lollipop. This

proves that S is a split.

Now let us show that S is fair. Suppose that v is not complete to S and ω(G[S \N(v)]) <
t − 1. Let N = N(v) ∩ S and M = S \N . By the assumption on ω(G[S \N(v)]), (U1) does
not hold and therefore (U2) holds with the clique K ⊆ N and two adjacent vertices x ∈ M ,

y ∈ N \K . This implies that G[K ∪ {x, y, v}] induces a t-lollipop, a contradiction.

The following lemma is an immediate consequence of Lemmas 5.1 and 5.2. For brevity, we

will denote the disjoint union of two copies of K2t−3 by 2K2t−3.

Lemma 5.3. Let t ≥ 3 be an integer. Let G be a t-lollipop-free graph and let S ⊆ V (G) induce
a copy of 2K2t−3. Then S is a fair split.

Next, we show that if some fair split is contained in the neighborhood of a vertex, then G
has a homogeneous set.

Lemma 5.4. Let t ≥ 3 be an integer. Let G be a t-lollipop-free graph and v be a vertex. If some
S ⊆ N(v) is a fair split in G, then G has a homogeneous set.

Proof. Let X be the set of all vertices in V (G) \ S complete to S. As v ∈ X , the set X is

nonempty. Let Y be the set of all vertices in V (G) \ S mixed on S. Since S is a split, X is

complete to Y .

Let Z be the set of vertices in V (G) \ (S ∪ X ∪ Y ) that have a path to S in G \ X . We

claim that Z is complete to X . Suppose not. Then there are x ∈ X and z ∈ Z such that x is

non-adjacent to z. Let P be a path from z to S in G \ X . We choose x, z, and P such that

the length of P is minimized. By such a choice, V (P ) \ {z} is complete to x and V (P ) ∩ Y
has a unique vertex, say y. Because S is fair, ω(G[S \ N(y)]) ≥ t − 1. Let K be a clique of

size t − 1 in G[S \ N(y)]. Let z′ be the vertex on P adjacent to z. Then z′ is anti-complete

toK so G[K ∪ {x, z′, z}] is a t-lollipop, a contradiction. This proves that Z is complete toX .

Since V (G) \ (S ∪X ∪ Y ∪ Z) is anti-complete to S ∪ Y ∪ Z in G, it follows that S ∪ Y ∪ Z
is a homogeneous set in G.

8



Let 2K∗
2t−3 be the graph obtained from 2K2t−3 by adding a new vertex adjacent to all other

vertices. Before showing that the class of t-lollipop-free graphs is Pollyanna, as an intermedi-

ate step, we first show that the class of (t-lollipop, 2K∗
2t−3)-free graphs is Pollyanna.

Lemma 5.5. For every integer t ≥ 3, the class of (t-lollipop, 2K∗
2t−3)-free graphs is (3t − 6)-

strongly Pollyanna.

Proof. Let C be the class of t-lollipop-free 2K∗
2t−3-free graphs. Let F be a hereditary class of

graphs and letm be a positive integer such that χ(G)≤mwheneverG∈F and ω(G)≤ 3t−6.
Let G be a graph in F ∩ C. For every vertex v of G, G[N(v)] has no induced subgraph

isomorphic to 2K2t−3 because G is 2K∗
2t−3-free. We may assume that ω(G) > 3t− 6 because

otherwise χ(G) ≤ m. Let K be a clique of G with |K| = ω(G). Let A = N(K) and B =
V (G) \ (K ∪N(K)).

Claim 2. ω(G[B]) ≤ 3t− 6.

Proof. Suppose that G[B] has a clique L of size 3t − 5. Let P be a shortest path v0-v1- · · · -vℓ
from K to L where v0 ∈ K and vℓ ∈ L. By definition, ℓ ≥ 2.

If vℓ−1 has at least t − 1 non-neighbors in L, then the graph induced by (L \ N(vℓ−1)) ∪
{vℓ, vℓ−1, vℓ−2} contains a t-lollipop, a contradiction. Therefore, vℓ−1 has at least 2t− 3 neigh-
bors in L.

If v1 has at least t − 1 non-neighbors in K , then the graph induced by (K \ N(v1)) ∪
{v0, v1, v2} contains a t-lollipop, a contradiction. Therefore v1 has at least 2t − 3 neighbors

in L. So, ℓ > 2 for otherwise, the graph on N(v1) contains an induced subgraph isomorphic

to 2K2t−3.

As t ≥ 3, we have 2t − 3 > t − 1. Then t − 1 neighbors of vℓ−1 in L with vℓ−1, vℓ−2, vℓ−3

induce a a t-lollipop, a contradiction. ■

For each subset M of K with |M | < 2t − 3, let AM denote the set of all vertices in A
that are anti-complete to M and complete to K \M . Then, ω(G[AM ]) ≤ |M |, implying that

χ(G[AM ]) ≤ m.

For each subset N of K with |N | = 2t − 3 and each vertex v ∈ K \ N , let A′
N,v be the

set of all vertices in A that are anti-complete to N and are adjacent to v. Since G[N(v)] is
2K2t−3-free, ω(G[A′

N,v]) ≤ 2t − 4. This implies that χ(G[A′
N,v]) ≤ m. Observe that every

vertex of A is in AM or A′
N,v for some choice of M , N , v. By the definition and the claim,

χ(G) ≤ ω(G) + χ(A) + χ(B) ≤ ω(G) + χ(A) +m, so we obtain

χ(G) ≤ ω(G) +m
2t−4∑
i=1

(
ω(G)

i

)
+m

(
ω(G)

2t− 3

)
(ω(G)− (2t− 3)) +m, (4)

which is a polynomial in ω(G).

We are now ready to show that the class of t-lollipop-free graphs is Pollyanna.

Theorem 5.6. For every integer t ≥ 1, the class of t-lollipop-free graphs is (3t − 6)-strongly
Pollyanna.

Proof. By Theorem 2.2, we may assume t ≥ 3. Let C be the class of t-lollipop-free graphs.

Let C ′
be the class of (t-lollipop, 2K∗

2t−3)-free graphs. Let F be a hereditary class of graphs

and let m be a positive integer such that χ(G) ≤ m whenever G ∈ F and ω(G) ≤ 3t − 6.
By Lemmas 5.3 and 5.4, every graph in C ∩ F is either 2K∗

2t−3-free or has a homogeneous

set. Therefore, every graph in C ∩ F belongs to the closure of C ′ ∩ F under substitutions and

disjoint unions. By Lemma 5.5, C ′ ∩ F is polynomially χ-bounded and therefore Theorem 2.1

implies that C ∩ F is polynomially χ-bounded.
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6 Bowtie-free graphs
A bowtie is the graph on five vertices obtained from two copies ofK2 by adding a new vertex v
and making it adjacent to all other vertices, see Figure 1c. In this section, we will show that

bowtie-free graphs are 3-strongly Pollyanna.

Theorem 6.1. The class of bowtie-free graphs is 3-strongly Pollyanna.

We do this by proving the following strengthening of Theorem 6.1.

Proposition 6.2. Every bowtie-free graph G admits a partition of its vertex set into at most
f(ω(G)) = ⌈1

2
(ω(G) + 3

(
ω(G)
3

)
)⌉ + 1 = O(ω(G)3) sets such that one of the sets induces a K4-

free graph and all other sets induce triangle-free graphs.

One of the key observations for the proof is that if G is bowtie-free and has an edge e not
in any triangle, then G \ e is also bowtie-free. We will show that if G is a counterexample to

Proposition 6.2 minimizing |E(G)|, then every edge of G is in a triangle. The following two

lemmas show that some induced subgraphs are forbidden in such graphs.

Lemma 6.3. If a graph G has two disjoint cliques A and B of size 4 and 3 respectively with
exactly one edge between A and B, then G either has a bowtie as an induced subgraph or has an
edge that is not contained in a triangle.

Proof. Suppose that every edge is contained in a triangle and that G is bowtie-free. Let a1, a2,
a3, a4 be the vertices of A and b1, b2, b3 be the vertices of B. We may assume that e = a1b1 is
the unique edge betweenA andB. Since e is contained in a triangle, there is a vertex x /∈A∪B
adjacent to both a1 and b1. As {a1, x, b1, b2, b3} does not induce a bowtie, wemay assume that x
is adjacent to b2. Similarly, as {b1, x, a1, ai, aj} does not induce a bowtie for all 2 ≤ i < j ≤ 4,
we may assume that x is adjacent to a2 and a3. Then {x, a2, a3, b1, b2} induces a bowtie, a

contradiction.

Lemma 6.4. If a graph G has two disjoint and anti-complete cliques A and B of size 4 and 3
respectively and a vertex v with at least one neighbor in each of A and B, then G either has a
bowtie as an induced subgraph or has an edge that is not contained in a triangle.

Proof. Suppose thatG is bowtie-free and that every edge is contained in a triangle and suppose

there is some v ∈ V (G) with at least one neighbor in each of A and B.

Claim 3. For every u ∈ V (G) with at least one neighbor in each of A and B, u has at most one
neighbor in B.

Proof. If u has at least two neighbors in B, then u has exactly one neighbor in A because G is

bowtie-free. It follows thatA and {u}∪(N(u)∩B) are two cliques of size 4 and 3 respectively
with exactly one edge between A and {u} ∪ (N(u) ∩B), contradicting Lemma 6.3. ■

Hence, we may assume v has exactly one neighbor b ∈ B.

Claim 4. |N(v) ∩ A| ≥ 2.

Proof. Suppose that v has exactly one neighbor a1 in A. As there is a triangle containing a1v,
there is a common neighbor x /∈ A ∪ B of a1 and v. Since G[A ∪ {x, v}] is bowtie-free, x
is adjacent to at least three vertices a1, a2, a3 in A. Since G[{a2, a3, x} ∪ B] is bowtie-free, it
follows that x has at most one neighbor in B. By Lemma 6.3, x is adjacent to no vertex in B.
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There is a common neighbor y /∈ A∪B of v and b and y is adjacent to at least two vertices
in B. Hence y cannot be adjacent to two vertices of A for otherwise G[{y} ∪ N(y)] would
contain a bowtie. By Lemma 6.3, y has no neighbor inA. Note that y ̸= x since x is not adjacent
to b1.

Since G[{v, a1, x, y, b}] is not a bowtie, x is adjacent to y. Then G has two cliques {x} ∪
(N(x)∩A) and {y}∪ (N(y)∩B) of cardinality at least 4 and 3 respectively with exactly one

edge xy between {x} ∪ (N(x) ∩ A) and {y} ∪ (N(y) ∩B), contradicting Lemma 6.3. ■

Now it remains to consider the case where v has at least two neighbors in A. Let y be a

common neighbor of v and b. Since {v, y} ∪ B does not induce a bowtie, y has at least two

neighbors in B. Then by Claim 3, y has no neighbor in A. But then the graph induced by

A ∪ {v, y, b} contains a bowtie, a contradiction. This completes the proof.

We are now ready to prove Proposition 6.2 (and thus Theorem 6.1).

Proof of Proposition 6.2. We proceed by induction on |E(G)|. We may assume that G is con-

nected. The statement is trivial if ω(G) < 4 and so we may assume that ω(G) ≥ 4.
Suppose there is some e ∈E(G) such that e is not contained in any triangle. LetG′ =G\e.

Then,G′
is bowtie-free and ω(G′) = ω(G). By the inductive hypothesis, V (G) admits a parti-

tion into setsX1,X2, . . .,Xk such that k≤ f(ω(G)), ω(G′[X1])≤ 3, andG′[Xi] is triangle-free
for all i ∈ {2, 3, . . . , k}. Since e is not in any triangle of G, we deduce that ω(G[X1]) ≤ 3 and
G[Xi] is triangle-free for all i ∈ {2, 3, . . . , k}. Therefore, we may assume that every edge is in

a triangle.

LetK be a maximum clique in G. Then |K| = ω(G) ≥ 4. Suppose that there is a vertex v
such that the distance from v to K is 3. Let v0-v1-v2-v3 be a shortest path from K to v where

v0 ∈K and v3 = v. There is a common neighbor x of v2 and v3. Since the distance betweenK
and v3 is equal to 3, the two cliques K and {v2, v3, x} are disjoint and anti-complete. Then

v1 has neighbors in bothK and {v2, v3, x}, contradicting Lemma 6.4, Therefore, every vertex

of G is within distance 2 from K .

LetA be the set of vertices of distance 1 fromK andB = V (G)\ (K ∪A). Note that every
vertex in B has a neighbor in A and every vertex in A has at least one non-neighbor in K .

By Lemma 6.4, G[B] is triangle-free. For each vertex x ∈ K , let Sx be the set of vertices in A
complete to K \ {x}. Since K is a maximum clique, Sx ∪ {x} is independent. For distinct

vertices x, y, z ∈K , let Tx,y,z = (A∩NG(z))\ (NG(x)∪NG(y)). SinceG is bowtie-free, Tx,y,z

is independent.

By definition, every a ∈Awith at least two non-neighbors inK is in Tx,y,z for some choice

of x, y, z ∈ K and every a ∈ A with exactly one non-neighbor x ∈ K is in Sx. Therefore,

we have a partition of V (G) into Sx ∪ {x} for x ∈ K , Tx,y,z for x, y, z ∈ K , and B. Note

that every set except B in our partition is stable, so we can merge any other two sets in our

partition to obtain another triangle-free set. So we obtain a partition of V (G) into at most

⌈1
2
(ω(G) + 3

(
ω(G)
3

)
)⌉+ 1 sets.

7 Bull-free graphs
In this section, we will show that the class of bull-free graphs is Pollyanna. We will begin

by reducing the problem of showing the class of bull-free graphs is Pollyanna to showing

that a simpler subclass of bull-free graphs is Pollyanna using structural results about bull-free

graphs by Chudnovsky and Safra [CS08]. We begin with some definitions. For a subgraph H
of a graph G, we say v ∈ V (G) \ V (H) is a center for H if it is complete to V (H). If v is a
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center for H in G, we say v is an anticenter for H in G. We say a bull-free graph G is basic if
neither G nor G contains an odd hole with both a center and an anticenter. We say a graph G
is locally perfect if for every v ∈ V (G), the graph induced by NG(v) is perfect.

We will show that if the class of locally perfect basic bull-free graphs is Pollyanna, then

so is the class of bull-free graphs. We will require the following theorem by Chudnovsky and

Safra [CS08], which also appears in a paper of Chudnovsky [Chu12a] in greater generality

according to [CS08].

Theorem 7.1 (Chudnovsky and Safra [CS08, 1.4]). Every bull-free graph can be obtained via
substitution from basic bull-free graphs.

Theorem 7.2 (Chudnovsky and Safra [CS08, 4.3]). IfG is a basic bull-free graph, thenG[N(v)]
or G \ (N(v) ∪ {v}) is perfect for every vertex v of G.

Corollary 7.3. Let F be a hereditary class of graphs. If the class of locally perfect basic bull-free
graphs in F is polynomially χ-bounded, then so is the class of bull-free graphs in F .

Proof. Let C denote the class of basic bull-free graphs in F . Note that C is hereditary. By

Theorems 7.1 and 2.1, it is enough to show that C is polynomially χ-bounded.
Suppose that there is a polynomial f such that every locally perfect basic bull-free graphG

in F satisfies χ(G) ≤ f(ω(G)). We may assume that f(n) ≥ n for all positive integers n.

We claim that every G ∈ C satisfies χ(G) ≤
∑ω(G)

k=1 f(k). We proceed by the induction

on ω(G). The statement is trivial if ω(G) ≤ 1 and so we assume that ω(G) > 1. We may

assume thatG is not locally perfect because otherwise χ(G)≤ f(ω(G)). So there is a vertex v
such that G[N(v)] is not perfect. By Theorem 7.2, G \ (N(v) ∪ {v}) is perfect and so is

G \ N(v). Therefore, χ(G \ N(v)) ≤ ω(G) ≤ f(ω(G)). Since ω(G[N(v)]) < ω(G), by the

induction hypothesis, χ(G[N(v)])≤
∑ω(G)−1

k=1 f(k). This completes the proof because χ(G)≤
χ(G[N(v)]) + χ(G \N(v)).

Hence, we only need to show that the class of locally perfect bull-free graphs is Pollyanna.

We will do so by invoking results by Chudnovsky [Chu12a] about “elementary” and “non-

elementary” bull-free graphs. A bull-free graph is elementary if it does not contain a path of

length three with both a center and an anticenter. For a positive integer k, we say a graphG is

k-perfect if V (G) can be partitioned into at most k sets each of which induces a perfect graph.

We will first prove the following proposition on elementary locally perfect bull-free graphs.

Proposition 7.4. For every 2-good classF of graphs, there is a positive integer γ such that every
elementary locally perfect bull-free graph in F is γ-perfect.

We then use Proposition 7.4 to prove the following for locally perfect bull-free graphs. Its

proof uses trigraphs, which we will introduce in the next subsection.

Proposition 7.5. For every 2-good class F of graphs, there is a positive integer cF such that
every locally perfect bull-free graph is cF -perfect.

It is now straightforward to prove that the class of bull-free graphs is Pollyanna if we

assume Proposition 7.5. As we remarked in the introduction, we will actually prove that the

class of bull-free graphs is 2-strongly Pollyanna which is a stronger statement.

Theorem 7.6. The class of bull-free graphs is 2-strongly Pollyanna.

Proof assuming Proposition 7.5. By Proposition 7.5, the class of locally perfect bull-free graphs

is 2-strongly Pollyanna. Hence, we obtain that the class of bull-free graphs is 2-strongly
Pollyanna by applying Corollary 7.3.
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Figure 5: A homogeneous pair.

7.1 Trigraphs
To describe the necessary results from a paper of Chudnovsky [Chu12a], we will need to use a

generalization of graphs called trigraphs. For a setX , let us write

(
X
2

)
to denote all 2-element

subsets of X . A trigraph G is an object consisting of a finite set V (G), called the vertex set
ofG, and the adjacency function θ :

(
V (G)
2

)
→{−1, 0, 1}. Two distinct vertices u and v ofG are

strongly adjacent if θ({u, v}) = 1 strongly anti-adjacent if θ({u, v}) = −1, and semi-adjacent
if θ({u, v}) = 0. If u and v are semi-adjacent, we say the pair {u, v} is a switchable pair. We

regard graphs as trigraphs without semi-adjacent pairs of vertices.

Two vertices of a trigraph are adjacent if they are strongly adjacent or semi-adjacent. Sim-

ilarly, two vertices of a trigraph are anti-adjacent if they are strongly anti-adjacent or semi-

adjacent. For two disjoint subsets A and B of vertices of a trigraph, A is strongly complete
to B if every vertex in A is strongly adjacent to every vertex in B, and strongly anti-complete
if every vertex in A is strongly anti-adjacent to every vertex in B. If a vertex x is adjacent to

a vertex y, then y is called a neighbor of x. We write NG(x) to denote the set of all neighbors

of x. We sometimes omit the subscript if it is clear from the context.

The complementG of a trigraphG= (V, θ) is a trigraph on the same vertex set V (G)with
the adjacency function θ=−θ. For a setX of vertices, wewriteG[X] to denote the subtrigraph
induced by X , which has the vertex set X and the adjacency function is the restriction of θ
to

(
X
2

)
. We say that H is an induced subtrigraph of G if H = G[X] for some X ⊆ V (G). We

writeG\X to denote the trigraphG[V (G)\X]. Isomorphisms between trigraphs are defined

as usual.

A set X of vertices of a trigraph is a strong clique if x and y are strongly adjacent for all

distinct x, y ∈ X .

For a trigraph G, let Ĝ be a graph on V (G) such that two vertices of Ĝ are adjacent if

and only if they are adjacent in G. We call Ĝ the full realization of G. We say that G is

connected if Ĝ is connected. A connected component of a trigraph is a maximal connected

induced subtrigraph.

A graph is a realization of a trigraph G if its vertex set is equal to V (G) and its edge set

is the set of all strongly adjacent pairs and possibly some switchable pairs of G. A trigraph G
contains a graph H if G has a realization containing an induced subgraph isomorphic to H .

A homogeneous set of a trigraph G is a proper subsetX of V (G) with at least two vertices

such that every vertex in V (G)\X is either strongly complete or strongly anti-complete toX .

For a trigraphG, a pair (A,B) of disjoint nonempty subsets of V (G) is a homogeneous pair
if V (G) \ (A∪B) can be partitioned into four (possibly empty) sets C ,D, E, and F such that

• C is strongly complete to A and strongly anti-complete to B,

• D is strongly complete to B and strongly anti-complete to A,
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• E is strongly complete to both A and B, and

• F is strongly anti-complete to both A and B.

We say the pair (A,B) is tame if
• |V (G)| − 2 > |A|+ |B| > 2 and

• A is not strongly complete to B and not strongly anti-complete to B.

A trigraph G admits a homogeneous pair decomposition if it has a tame homogeneous pair. We

say that a homogeneous pair (A,B) is proper if it is tame and both C and D are nonempty.

We say that a homogeneous pair (A,B) is small if it is tame and |A∪B| ≤ 6. See Figure 5 for
an illustration of a homogeneous pair.

We say a tame homogeneous pair (A,B) of a trigraphG is dominated if there exist (possibly
identical) vertices v and w in V (G) \ (A ∪ B) such that v is strongly complete to A and w is

strongly complete to B. In other words, E ̸= ∅ or both C and D are nonempty.

For two homogeneous pairs (A1, B1) and (A2, B2) of a trigraph, we say (A2, B2) con-
tains (A1, B1), denoted by (A2, B2) ⊆ (A1, B1), if A1 ⊆ A2 and B1 ⊆ B2. In addition, we

say (A2, B2) contains (A1, B1) properly if (A2, B2) ⊆ (A1, B1) and (A2, B2) ̸= (A1, B1). A
tame homogeneous pair of a trigraph is maximal if it is not properly contained by any tame

homogeneous pair.

We say a trigraph is monogamous if every vertex belongs to at most one switchable pair.

Shrinking a tame homogeneous pair (A,B) in a trigraph is an operation to shrink A into a

single vertex a, shrink B into a single vertex b, and make the pair {a, b} a switchable pair.

7.2 The elementary locally-perfect case
In this subsection, we will prove Proposition 7.4. The class T1 of trigraphs is defined in Chud-

novsky [Chu12b]. Thomassé, Trotignon, and Vušković [TTV17, Subsection 2.2] observed the

following.

Observation 7.7. Every graphG in T1 has a partition (X,K1, K2, . . . , Kt) of its vertex set into
sets for some t ≥ 0 such that G[X] does not contain a triangle and K1, . . . , Kt are cliques that
are pairwise anti-complete.

Hence, we immediately deduce the following.

Observation 7.8. Every graph G in T1 admits a partition of its vertex set into two sets (X, Y )
such that G[X] is triangle-free and G[Y ] is perfect.

Lemma 7.9. If G is a graph with no homogeneous set and X is a proper subset of G that is not
stable, then there is an induced path x1-x2-y such that x1, x2 ∈ X and y ∈ V (G) \X .

Proof. Suppose not. Since X is not stable, G[X] contains a component C with at least two

vertices. Since V (C) is not homogeneous, there is y ∈G\V (C) such that y is neither complete

nor anti-complete to V (C). Clearly y /∈ X and since C is connected, there exist an edge x1x2

of C such that y is adjacent to x2 and non-adjacent to x1.

A gem is the 5-vertex graph obtained from the path of length 3 by adding a vertex adjacent
to all other vertices. Note that every gem-free bull-free graph is elementary. We first aim to

show Proposition 7.4 restricted to gem-free graphs.

Here is an easy lemma based on Theorem 2.3.

Lemma 7.10. LetG be a bull-free gem-free graph. ThenG is perfect if and only ifG has no odd
hole.
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Figure 6: An illustration of Lemma 7.11(i).

Lemma 7.11. LetG be a bull-free gem-free graph. Let (A,B) be a tame homogeneous pair ofG
and let C , D, E, F be as in the definition of a homogeneous pair. If G has no homogeneous set,
then the following hold.

(i) If A is not stable, then C is anti-complete to F and complete to E.
(ii) If B is not stable, then D is anti-complete to F and complete to E.
(iii) If A is not a clique, then E is anti-complete to C and complete to D.
(iv) If B is not a clique, then E is anti-complete to D and complete to C .
(v) E is complete to C or D.

We remark that 7.4 of [Chu12b] implies half of each of (i)–(iv).

Proof. Suppose A is not stable. By Lemma 7.9 and the definition of homogeneous pairs, there

exist a1, a2 ∈ A and b ∈ B such that b-a1-a2 is an induced path of G. Then, if there is some

c ∈ C adjacent to some f ∈ F , the graph on {f, c, a1, b, a2} induces a bull, a contradiction. If

there is some c ∈ C non-adjacent to some vertex x ∈ E, then c-a2-x-b is an induced path of

length 3 with a center a1, a contradiction. See Figure 6. This proves (i). By symmetry, we also

have (ii).

Let us now prove (iii). Suppose A is not a clique. By applying Lemma 7.9 to G, we deduce

that there exist a1, a2 ∈ A and b ∈ B such that b-a1-a2 is an induced path of G. If there is a

vertex x ∈ E adjacent to a vertex c ∈ C , then a1-c-a2-b is an induced path with a center x,
a contradiction. If some vertex x ∈ E is non-adjacent to some d ∈ D, then {a1, b, x, a2, d}
induces a bull. See Figure 6. This proves (iii). By symmetry between A and B, we deduce (iv).

Since (A,B) is tame, |A| > 1 or |B| > 1. Thus, it follows from (i), (ii), (iii), and (iv) that E
is complete to C or D, proving (v).

Based on papers of Chudnovsky [Chu12a, Chu12b], bull-free graphs admit the following

decomposition, summarized by Thomassé, Trotignon, and Vušković [TTV17]. We state it for

graphs instead of trigraphs.

Theorem 7.12 (Chudnovsky [Chu12a, Chu12b]; see Thomassé, Trotignon, and

Vušković [TTV17, Theorem 2.1]). Every bull-free graph G satisfies one of the following.
(i) |V (G)| ≤ 8.
(ii) G or G belongs to T1.
(iii) G has a homogeneous set.
(iv) G has a proper homogeneous pair.
(v) G has a small homogeneous pair.

Proposition 7.13. For every 2-good class F of graphs, there is a positive integer γ such that
every bull-free gem-free graph in F is γ-perfect.
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Proof. By definition of 2-good, F is hereditary and there exists a positive integer τ such that

every triangle-free graph in F is τ -colorable. Let γ = max{6, τ + 1}. Let G be a bull-free

gem-free graph in F .

Suppose that G is not γ-perfect. We choose such a G with the minimum |V (G)|. Since
the disjoint union of perfect graphs is perfect, G is connected. Since G is gem-free and since

P4-free graphs are perfect, for every vertex v of G, G[NG(v) ∪ {v}] is perfect and therefore

G has no dominating set of at most γ vertices (5)

and G is locally perfect.

Claim 5. G does not admit a homogeneous set.

Proof. Suppose S ⊂ V (G) is a homogeneous set in G. Since G is connected, there is some

v ∈ V (G) \S such that v is complete to S. Hence,G[S] is perfect becauseG is locally perfect.

Let w ∈ S and G′ = G \ (S \ {w}). Since G′
is an induced subgraph of G, G′

is also bull-

free and gem-free and therefore by the minimality of G, it follows that G′
is γ-perfect. Let

(V1, V2, . . . , Vγ) be a partition of V (G′) such that G[Vi] is perfect for each i ∈ {1, 2, . . . , γ}.
Without loss of generality, w ∈ V1. Then, since perfect graphs are closed under substitution by

Lemma 2.4 andG[S] is perfect,G[V1∪S] is perfect. Hence,G is γ-perfect, a contradiction. ■

By Observation 7.8, every graph in T1 is (τ +1)-perfect and so is every graph in T 1. Thus,

neither G nor G is in T1. Since every graph on at most 4 vertices is perfect, every graph on at

most 8 vertices is 2-perfect. Therefore, |V (G)| > 8.
By Theorem 7.12, G admits a proper or small homogeneous pair (A,B). Let C , D, E, F

be as in the definition of a homogeneous pair.

Claim 6. F ̸= ∅.

Proof. Suppose thatF = ∅. IfC∪D ̸= ∅ orE ̸= ∅, then there is a dominating set ofG consisting

of at most 4 vertices made by choosing 1 vertex from each of A and B and choosing 1 vertex
either from E or from each of C and D. Since γ ≥ 4, this contradicts (5). Therefore, E = ∅
and C orD is empty. By the symmetry between A andB, we may assumeD = ∅. Then, since
(A,B) is a tame homogeneous pair and F ∪ E ∪D = ∅, it follows that |C| ≥ 3. But then C
is a homogeneous set, a contradiction. Therefore, we deduce that F ̸= ∅. ■

Claim 7. If E = ∅, then (A,B) is proper.

Proof. By the assumption, (A,B) is small. By symmetry, suppose that D = E = ∅. By the

induction hypothesis, there exists a partition (V1, V2, . . . , Vγ) of A ∪ C ∪ F such that G[Vi]
is perfect for all i ∈ {1, 2, . . . , γ}. We may assume that A ∩ Vi = ∅ for all i ≤ |B| because
γ≥ |A∪B|. Letw1, w2, . . . , w|B| be the vertices inB. For i∈{1, 2, . . . , |B|}, let V ′

i := Vi∪{wi}.
Sincewi is isolated inG[V ′

i ],G[V ′
i ] is perfect. For i > |B|, define V ′

i := Vi. ThenG[V ′
i ] is perfect

for every i ∈ {1, 2, . . . , γ} and
⋃γ

i=1 V
′
i = V (G). Thus, G is γ-perfect, a contradiction. ■

Claim 8. G[A] and G[B] are P4-free, so perfect.

Proof. It is trivial if (A,B) is proper because G is gem-free. By Claim 7, we may assume that

E ̸= ∅. This implies that G[A ∪B] is P4-free, because G is gem-free. ■

Claim 9. If E = ∅, then A or B is stable.

Proof. Suppose neitherA norB is stable. By (i) and (ii) of Lemma 7.11, C ∪D is anti-complete

to F . However, by Claim 6, F ̸= ∅ and therefore G is disconnected, a contradiction. ■
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By the definition of a tame homogeneous pair, there exist some a ∈ A and b ∈ B such that

ab is an edge of G. Let G′
denote the graph obtained from G by deleting (A ∪ B) \ {a, b}.

By the definition of a tame homogeneous pair, |V (G′)| < |V (G)|. By the choice of G, there

is a list H1, H2, . . . , Hγ of perfect induced subgraphs of G′
that cover the vertex set of G′

.

Let i, j ∈ {1, 2, . . . , γ} be such that a ∈ Hi and b ∈ Hj . If i ̸= j, then G[V (Hi) ∪ A] and
G[V (Hj) ∪ B] are obtained from Hi and Hj respectively via substitution. So by Lemma 2.4

and Claim 8, they are both perfect graphs. And therefore G is γ-perfect, a contradiction.
Hence, i = j. Let H be the graph G[V (Hi) ∪ A ∪ B]. To get a contradiction, it is enough

to show thatH is a perfect graph, because this would imply that G is γ-perfect. Suppose that
H is not perfect. Then by Lemma 7.10, it contains an induced subgraphX that is an odd hole.

Claim 10. X contains vertices a′ ∈ A and b′ ∈ B where a′ and b′ are not adjacent.

Proof. Since bothH \A andH \B are perfect by Lemma 2.4, V (X)∩A and V (X)∩B are both

nonempty. Note thatG[(V (X)\ (A∪B))∪{a, b}] is an induced subgraph ofHi and therefore

perfect. Moreover, V (X)∩A and V (X)∩B are not complete to each other, for otherwiseX
can be obtained from G[(V (X) \ (A∪B))∪ {a, b}] by substituting in G[V (X)∩A] for a and
G[V (X) ∩ B] for b, and therefore X would be perfect by Lemma 2.4, a contradiction. Hence,

X contains a vertex a′ ∈ A and a vertex b′ ∈ B such that a′ and b′ are not adjacent. ■

Throughout the rest of this proof, we fix a′, b′ as in Claim 10.

Claim 11. E ̸= ∅.

Proof. SupposeE = ∅. By Claims 7 and 8, (A,B) is proper and bothG[A] andG[B] areP4-free.

We claim that each component Q ofX induced by vertices in A is a subpath ofX of even

length. Let Q be a component of the subgraph ofX induced by A. Suppose Q has odd length.

Then since G[A] is P4-free, Q consists of a single edge. Let a1, a2 be the vertices in Q. Since

N(A) ⊆ B ∪ C , it follows that then there are two vertices b1, b2 ∈ B ∩ V (X) such that a1b1
and a2b2 are both edges. Then b1 and b2 are non-adjacent because X has length at least 5.
Then, for every c ∈ C , the vertices c, a1, a2, b1, and b2 induce a bull, a contradiction since

C ̸= ∅. Hence, every component of G[V (X) ∩ A] is a path of even length. By the symmetry

between A and B, every component of G[V (X) ∩B] is a path of even length.

SupposeX contains two non-adjacent vertices inA. Then since each component ofG[X∩
V (A)] is an even-length path andX has odd length, we can choose two non-adjacent a1, a2 ∈
V (X) ∩ A such that there exists an odd a1a2-subpath P of X whose internal vertices are

not in A. We denote the neighbor of ai in P by bi for i ∈ {1, 2}. Since P is an odd path,

V (P ) ∩ C = ∅ and b1, b2 are distinct vertices in B. Hence, P contains an odd induced b1b2-
path P̂ . Then, P̂ cannot contain any vertex of A ∪ D, so P̂ is contained in G[B]. But P̂ is a

component ofG[V (X)∩B], so it is a path of even length, a contradiction. (See Figure 7 for an

illustration.) Hence, V (X)∩A is a clique and thus |V (X)∩A|= 1. By the symmetry between

A and B, it follows that |V (X)∩B| = 1. So in particular, a′, b′ are the only vertices of A∪B
in X .

By Claim 10, a′ and b′ are not adjacent and therefore there is an a′b′-path P of X of even

length inH with interior inH \ (A∪B). Then,H[V (P \ {a′, b′})∪ {a, b}] is an odd induced

cycle of Hi. Hence, since Hi contains no odd hole, P has length two. But then a and b have a
common neighbor in V (G) \ (A ∪B) contrary to the assumption that E = ∅. ■
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a1

a2

b1

b2

d ∈ D

Figure 7: An illustration of the proof of Claim 11. Non-edges are drawn as dotted lines. The

wavy line between b1 and b2 indicates that b1 and b2 might be adjacent or they might be non-

adjacent. If b1 and b2 are non-adjacent, P contains some vertex d ∈ D, but then P is not an

induced odd path. If b1 and b2 are adjacent, G contains a bull.

Claim 12. One of A and B is a clique and the other is a stable set.

Proof. By Claim 11, E is nonempty and therefore G[A ∪ B] is perfect. Since A ∪ B is not a

homogeneous set, C ∪D is nonempty. It follows from (iii) and (iv) of Lemma 7.11 that A or B
is a clique. Suppose bothG[A] andG[B] contain an edge. Then by (i) and (ii) of Lemma 7.11, F
is anti-complete toC∪D andE is complete toC∪D. Hence,A∪B∪C∪D is a homogeneous

set in G, a contradiction. ■

Claim 13. |V (X) ∩ A| ≤ 1 and |V (X) ∩B| ≤ 1.

Proof. SupposeX contains two distinct vertices a1, a2 ∈A. By Claim 10, |V (X)∩(A∪B)| ≥ 3
and so V (X) ∩ E = ∅. Since the length of X is at least 5, we have |V (X) ∩ C| ≤ 1. Let Q be

a subpath of X from a1 to a2 not containing any vertex of C . We choose a1, a2, and Q such

that the length of Q is maximized.

If X has a vertex in C , then |E(Q)| = |E(X)| − 2 ≥ 3. If X has no vertex in C , then

|E(Q)| ≥ (|E(X)|+ 1)/2 ≥ 3. So, in both cases, Q has length at least 3.
Let b1, b2 be the neighbors of a1, a2 in Q, respectively. By Claim 12, b1, b2 /∈ A and so

b1, b2 ∈ B. Since Q is an induced path of G with length at least 3, b1 is non-adjacent to a2 and
b2 is non-adjacent to a1. ThenG[{a1, a2, b1, b2}] is isomorphic to P4 by Claim 12, contradicting

the assumptions thatG is gem-free andE ̸= ∅ by Claim 11. By the symmetry betweenA andB,

this completes the proof. ■

Let P be an a′b′-path of X . Since each of a′ and b′ has exactly one neighbor in V (P ),
P does not contain more than one vertex of each of C , D, and E. Since X is not a hole of

length 4, X contains no more than one vertex of E.

Claim 14. V (X) ∩ E = ∅.

Proof. Suppose X contains a vertex v ∈ E. Let P denote the path X \ v. Then no interior

vertex of P is adjacent to v, so none of the interior vertices of P is complete to E. Hence, no

interior vertex ofP is inA∪B. By definition,N(a′)⊆A∪B∪C∪E andN(b′)⊆A∪B∪C∪E
and a′, b′ ∈ V (P ). It follows that P contains a vertex in C and a vertex in D. In particular,

neither C nor D can be complete to E, contradicting Lemma 7.11(v). ■

By Claims 13 and 14, both a′b′-paths ofX have length at least three. Since one of the a′b′-
paths ofX has even length, there is an a′b′-path P ofX of length at least four and P contains

some vertex c ∈ C and some vertex d ∈D by Claims 13 and 14. Now, (V (P )\{a′, b′})∪{a, b}
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induces an odd hole inHi, a contradiction to the assumption thatHi is perfect. This completes

the proof.

Now we are ready to prove the main proposition of this subsection, which we restate here.

Proposition 7.4. For every 2-good classF of graphs, there is a positive integer γ such that every
elementary locally perfect bull-free graph in F is γ-perfect.

Proof. Let γ be the constant given by Proposition 7.13 for F . Note that γ ≥ 4. Let G be an

elementary bull-free locally perfect graph inF . By Proposition 7.13, ifG is gem-free, thenG is

γ-perfect. Thus we may assume thatG has an induced subgraphH that is a gem. Let P be the

path of length 3 in H . Then V (P ) is a dominating set of G because G is elementary. Since G
is locally perfect, G[NG(v)∪ {v}] is perfect for each v ∈ V (P ). Therefore, G is 4-perfect.

7.3 Completing the proof for bull-free graphs
Previously, we defined elementary graphs, but for this subsection, we need to extend this

notion to trigraphs. A trigraph G is elementary if it does not contain any path P of length 3
such that some vertex c of V (G)\V (P ) is complete to V (P ) and some vertex a of V (G)\V (P )
is anti-complete to V (P ). We say c is a center for P and a is an anti-center for P .

A hole H of length 5 in a trigraphG is a subtrigraph ofG induced by 5 vertices, say h1, h2,

h3, h4, h5 such that hi is adjacent to hi+1 and anti-adjacent to hi+2 for each i ∈ {1, 2, . . . , 5},
assuming that h6 = h1, h7 = h2, h8 = h3, and h9 = h4. For each i ∈ {1, 2, . . . , 5},

• let Li be the set of all vertices in V (G) \V (H) that are adjacent to hi and anti-complete

to V (H) \ {hi},
• let Si be the set of all vertices in V (G) \V (H) that are anti-adjacent to hi and complete

to V (H) \ {hi}, and
• let Ci be the set of all vertices in V (G) \ V (H) that are complete to {hi+1, hi+4} and

anti-complete to {hi+2, hi+3}.
A vertex in Li, Si, and Ci is called a leaf, a star, a clone, respectively, at hi. A leaf, a star, or a
clone with respect toH is a leaf, a star, or a clone, respectively, at hi for some i ∈ {1, 2, . . . , 5}.

In [Chu12a], T0 is a precisely defined set of trigraphs and T0 is one of the base classes of

trigraphs in the decomposition theorem of Chudnovsky [Chu12b]. For our proof, we need

only the following observation.

Observation 7.14. Every trigraph in T0 contains at most 8 vertices.

The following theorem is a direct consequence of the proof of [Chu12a, 5.2]. The actual

statement of [Chu12a, 5.2] is weaker in the sense that instead of (ii), [Chu12a, 5.2] deduces that

one ofG,G contains a “homogeneous pair of type zero.” It turns out that the only place in the

proof deducing this consequence is the first sentence of the proof, which uses 4.1 of [Chu12a]

to assume that there is no hole of length 5 with both a leaf and a star. Thus, by removing the

first sentence of the proof of 5.2 in Chudnovsky [Chu12a], we deduce the following slightly

stronger statement.

Theorem 7.15 (Chudnovsky [Chu12a, 5.2]; strengthened form). Let G be a bull-free non-
elementary trigraph. Then at least one of the following holds.

(i) G or G belongs to T0.
(ii) G has a homogeneous set.
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(iii) G has a hole of length 5 with both a leaf and a star.

A trigraph is perfect if every realization is perfect. We say a trigraph is imperfect if it is not
perfect. Here is a corollary of Lemma 2.4 for trigraphs.

Lemma 7.16. Let A be a homogeneous set of a trigraphG and a ∈ A. If bothG \ (A \ {a}) and
G[A] are perfect, then G is perfect.

A trigraph is k-perfect if its vertex set can be partitioned into at most k sets, each inducing

a perfect trigraph. We say a trigraphG is locally perfect ifG[N(v)] is perfect for every vertex v
of G. Then we obtain the following consequence of Theorem 7.15.

Lemma 7.17. Every locally perfect bull-free non-elementary graph is 2-perfect, unless it has a
hole of length 5 with a leaf and a star.

Proof. Suppose that G is a locally perfect bull-free non-elementary graph that has no hole

of length 5 with a leaf and a star. We proceed by induction on |V (G)| to show that G is

2-perfect. We may assume that G is connected and has more than 8 vertices because the

disjoint union of two perfect graphs is perfect and every graph with at most four vertices is

perfect. So by Theorem 7.15, G has a homogeneous set A ⊆ V (G). Moreover, there is some

vertex v ∈ V (G) \A that is complete to A because G is connected. Since G is locally perfect,

G[A] is perfect. Let a ∈ A and G′ = G \ (A \ {a}). By the induction hypothesis, there is a

partition of V (G′) intoX , Y such that G′[X], G′[Y ] are both perfect. We may assume a ∈ X .

We may assume thatX ̸= {a} because otherwiseG[A] andG\A=G[Y ] are perfect, implying

that G is 2-perfect.
LetX ′ =X∪A and letGX =G[X ′]. Note that bothGX \ (A\{a}) =G′[X] andGX [A] =

G[A] are perfect and A is a homogeneous set of GX . By Lemma 2.4, GX is perfect. So (X ′, Y )
is a partition of V (G) such that both G[X ′] and G[Y ] are perfect.

The following theorem is a direct consequence of the proof of 4.3 in [Chu12a].

Theorem 7.18 (Chudnovsky [Chu12a, 4.3]; weaker but more detailed form). Let G be a bull-
free trigraph satisfying the following properties.

• Neither G nor G belongs to T0.
• G has a hole H of length 5 induced by 5 vertices h1, h2, h3, h4, h5 in this order and H has
both a star at h1 and a leaf at h1.

• G has no homogeneous set.
ThenG has a tame homogeneous pair (A,B) with the following properties, where Ci denotes the
set of clones at hi for all i ∈ {1, 2, . . . , 5}.

(i) A = {h2, h5} ∪ C2 ∪ C5.
(ii) B = {h3, h4} ∪ C3 ∪ C4.
(iii) There is a vertex v ∈ V (G) \ (A ∪B) strongly complete to A ∪B.

We say that a trigraph is austere if
(a) it is monogamous,

(b) no homogeneous set contains a switchable pair, and

(c) for every dominated tame homogeneous pair (A,B),A∪B contains no switchable pair.

Lemma 7.19. Let G be an austere trigraph. If A is a homogeneous set of G and a ∈ A, then
G \ (A \ {a}) is also austere.
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Proof. Let G′ = G \ (A \ {a}). Clearly, G′
satisfies (a).

To prove (b), suppose that G′
has a homogeneous set X . If a /∈ X , then X is also a homo-

geneous set of G and so X contains no switchable pair in G′
. If a ∈ X , then A ∪ (X \ {a}) is

a homogeneous set of G and so A ∪ (X \ {a}) contains no switchable pair in G. This means

that X contains no switchable pair in G′
. This proves (b).

For (c), suppose thatG′
has a dominated tame homogeneous pair (X, Y ). If a /∈X∪Y , then

(X, Y ) is a dominated tame homogeneous pair ofG and thereforeX∪Y has no switchable pair

in both G and G′
. If a ∈ X ∪ Y , then we may assume a ∈ X . By definition of a homogeneous

set, (A∪ (X \{a}), Y ) is a dominated tame homogeneous pair inG. Hence,A∪ (X \{a})∪Y
contains no switchable pairs in G and so X ∪ Y contains no switchable pair in G′

.

Lemma 7.20. Let G be an austere trigraph and (A,B) be a maximal dominated tame homoge-
neous pair ofG. If A∪B is not a subset of any homogeneous set ofG, then the trigraph obtained
by shrinking (A,B) is also austere.

Proof. Let G′
be the trigraph obtained by shrinking (A,B) and let a, b be the vertices of G′

corresponding to A and B, respectively.

By the definition of a homogeneous pair, the only switchable pair containing a or b in G′

is the pair {a, b}. Hence, G′
is monogamous because G is monogamous. This proves (a).

For (b), suppose that G′
has a homogeneous set X that contains a switchable pair. Then

since G is austere, X is not a homogeneous set in G. Hence, X contains a or b and so by the

definition of a homogeneous set, X contains both a and b. But then A ∪B ∪ (X \ {a, b}) is a
homogeneous set of G, contradicting our choice of (A,B). This proves (b).

For (c), suppose that G′
has a dominated tame homogeneous pair (X, Y ) such thatX ∪ Y

contains a switchable pair in G′
. Then, X ∪ Y contains a or b. Since {a, b} is a switchable

pair, by definition of a homogeneous pair,X ∪Y contains both a and b. Then if both a, b ∈X ,

the (A ∪ B ∪ (X \ {a, b}), Y ) is a dominated tame homogeneous pair of G and it properly

contains (A,B), a contradiction. Hence, we may assume a ∈ X and b ∈ Y . Then, (A ∪ (X \
{a}), B ∪ (Y \ {b})) is a dominated tame homogeneous pair of G and it properly contains

(A,B), a contradiction. This proves (c).

Proposition 7.21. For every 2-good class F of graphs, there exists an integer cF satisfying the
following.

For every locally perfect bull-free austere trigraphGwhose every induced subtrigraph with-
out switchable pairs is inF , there exists a partition (X1, X2, . . . , Xk) of V (G)with k ≤ cF
such that G[Xi] is a perfect subtrigraph with no switchable pair for all i ∈ {1, 2, . . . , k}.

Proof. Let cF =2γ≥ 2where γ is defined in Proposition 7.4 forF . We proceed by the induction

on |V (G)|. As every trigraph on at most 4 vertices is perfect, we may assume that |V (G)| > 8
and therefore neither G nor G belongs to T0. Since the disjoint union of two perfect trigraphs

is perfect, we may assume that G is connected.

Since G is monogamous, there exists a partition (S, T ) of V (G) such that both G[S] and
G[T ] have no switchable pairs. So bothG[S] andG[T ] are locally perfect bull-free elementary

graphs. Suppose thatG is elementary. By applying Proposition 7.4 to bothG[S] andG[T ], we
obtain a partition of V (G) into at most 2γ subsets, each inducing a perfect induced subtrigraph
without switchable pairs. Therefore we may assume that G is not elementary.

Suppose that G has a homogeneous set A. Let a ∈ A and G′ = G \ (A \ {a}). Then

trivially, G′
is locally perfect and bull-free. By Lemma 7.19, G′

is austere. By the induction

hypothesis,G′
admits a partition (X1, . . . , Xk) of V (G′)with k≤ cF such thatG′[Xi] is perfect

and has no switchable pair for each i ∈ {1, 2, . . . , k}. We may assume that a ∈ X1. Since G is
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connected andA is a homogeneous set ofG, there is a vertex v ∈ V (G) such that v is strongly
complete to A. Since G is locally perfect, G[A] is perfect. By Lemma 7.16, G[X1 ∪ A] is still
perfect. Furthermore, G[X1 ∪ A] has no switchable pair because both G[A] and G[X1] have
no switchable pair. Then (X1 ∪ A,X2, . . . , Xk) is a desired partition of V (G). Thus, we may

assume that G has no homogeneous set.

By Theorem 7.15, G has a holeH of length 5 with both a star and a leaf. By Theorem 7.18,

G has a dominated tame homogeneous pair. Thus, there exists a maximal dominated tame

homogeneous pair (A,B). Since G is locally perfect and (A,B) is dominated, both G[A] and
G[B] are perfect.

LetG0 be the trigraph obtained fromG by shrinking (A,B). Observe that every realization
of G0 is isomorphic to an induced subgraph of some realization of G. This implies that G0 is

bull-free and locally perfect.

Let a, b be the vertices of G0 corresponding to A, B, respectively. By the induction hy-

pothesis,G0 admits a partition (X1, . . . , Xk) of V (G0)with k ≤ cF such thatG0[Xi] is perfect
and has no switchable pair for each i ∈ {1, . . . , k}. We may assume that a ∈ X1 and b ∈ X2

because no Xi contains switchable pairs.

Let X ′
1 = (X1 \ {a}) ∪ A and X ′

2 = (X2 \ {b}) ∪ B. By Lemma 7.16, both G[X ′
1] and

G[X ′
2] are perfect. Furthermore, both G[X ′

1] andG[X ′
2] have no switchable pairs becauseG is

austere. Observe that for all i ∈ {3, . . . , k}, G[Xi] = G′[Xi]. Therefore (X
′
1, X

′
2, X3, . . . , Xk)

is the desired partition of V (G).

Since every graph is also an austere trigraph, we obtain Proposition 7.5 as a direct corollary

to Proposition 7.21. Recall this implies the class of bull-free graphs is 2-strongly Pollyanna by

Corollary 7.3
2
. We restate Proposition 7.5 for the convenience of the reader.

Proposition 7.5. For every 2-good class F of graphs, there is a positive integer cF such that
every locally perfect bull-free graph is cF -perfect.

8 Non-Pollyanna classes
A oriented tree is an orientation of a tree. For a positive integer n, a graph G is an n-willow
if there exists an oriented tree T with V (G) ⊆ V (T ) such that for every distinct pair u, v of

vertices of G, the vertices u and v are adjacent if and only if T has a directed path from u to v
or from v to uwhose length is not a multiple of n. In this case, we sayG is an n-willow defined

by T . We will make extensive use of the following easy observation.

Observation 8.1. Let n be a positive integer and let T be an oriented tree. If P is a directed path
in T andG is an n-willow defined by T , thenG[V (P )∩V (G)] is a complete multipartite graph.

A graph is a willow if it is an n-willow for some positive integer n. We remark that by

subdividing certain edges of the associated oriented tree, one can show that if a graph is an

n-willow, then it is also an n′
-willow for all n′ ≥ n. On the other hand, the clique number of

2
In fact our proof gives a slightly stronger statement; It is not difficult to see that our proof implies that for any

2-good class F every bull-free G in F satisfies χ(G) ≤ ω(G)O(τ)
where τ = χ(2)(F) is the minimum integer

such that every triangle-free graph in F is τ -colorable. The proof of Proposition 7.5 shows that cF ≤ 2γ ≤
max{12, 2τ+2}. The argument of Corollary 7.3, shows that every basic bull-free graph inF is ωcF+1

-colorable.

As shown by Bourneuf and Thomassé [BT23], Theorem 2.1 can be improved to say that if a hereditary graph

class G is χ-bounded by ωk
then its closure under substitution is χ-bounded by ω2k+3

. So by applying this to

Theorem 7.1, we obtain that every bull-free G ∈ F satisfies χ(G) ≤ max{ω(G)4τ+7, ω(G)29}.
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an n-willow is at most n andKn is an n-willow, so for every positive integer n ≥ 2, there are
n-willows that are not n′

-willows for any positive integer n′ < n.
The main result of this section is the following theorem which relates willows and

Pollyanna classes of graphs.

Theorem 8.2. If F is a finite set of graphs, none of which is a willow, then the class of F-free
graphs is not Pollyanna.

To construct χ-bounded hereditary classes of graphs that are not polynomially χ-bounded,
we need the following lemmas, explicitly stated in Briański, Davies, and Walczak [BDW24],

originated from [CHMS23] and [KT92].

Lemma 8.3 (Briański, Davies, and Walczak [BDW24, Lemma 4]). Let k be a positive integer.
Then, there is a graph G with an acyclic orientation of its edges satisfying the following.
(A1) χ(G) = k.
(A2) For every pair of vertices u and v, there is at most one directed path from u to v in G.
(A3) There is a directed path in G on k vertices.
(A4) There is a k-coloring ϕ ofG such that for every directed path inG of non-zero length, their

ends u and v satisfy that ϕ(u) ̸= ϕ(v).

Lemma 8.4 (Briański, Davies, and Walczak [BDW24, Lemmas 5 and 6]). Let p ≤ k be positive
integers with p prime, and letG be a graph with an acyclic orientation of its edges satisfying (A1),
(A2), (A3), and (A4) for k. Let Gp be the graph obtained from G by adding an edge uv whenever
G has a directed path between u and v whose length is not divisible by p. Then, ω(Gp) = p and
every induced subgraph of G with clique number m < p has chromatic number at most

(
m+2
3

)
.

Graphs G as in Lemma 8.3 exist, and Briański, Davies, and Walczak [BDW24] showed

specifically that the natural orientation of Tutte’s construction [Des47, Des54] has these prop-

erties. Note that (A1) implies (A3) by the following well-known lemma due to Gallai [Gal68],

Hasse [Has65], Roy [Roy67], and Vitaver [Vit62].

Lemma 8.5 (Gallai, Hasse, Roy, and Vitaver [Gal68, Has65, Roy67, Vit62]). Let k be a positive
integer. If a graph G has an orientation with no directed path of length k, then χ(G) ≤ k.

Girão, Illingworth, Powierski, Savery, Scott, Tamitegama, and Tan [GIP
+
24] considered the

construction of Nešetřil and Rödl [NR79], which is a large-girth variation of the construction

of Tutte [Des47, Des54]. Using the same natural orientation, they obtained the following.

Lemma 8.6 (Girão, Illingworth, Powierski, Savery, Scott, Tamitegama, and Tan [GIP
+
24,

Lemma 10]). For every g ≥ 3 and k ≥ 2, there is a graph Y with an orientation of its edges
such that χ(Y ) = k and every cycle in Y contains at least g changes of direction in the orienta-
tion.

The property (A4) also clearly holds for this construction, since the same natural orien-

tation and coloring from the proof of Briański, Davies, and Walczak [BDW24] for the con-

struction of Tutte [Des47, Des54] can be used. Note that the orientation of Y described in

Lemma 8.6 is acyclic and satisfies (A2) because all of its cycles have at least three changes in

direction in the orientation. By Lemma 8.5, (A3) holds for Y . Thus, we obtain the following

strengthening of Lemma 8.3.

Lemma 8.7. Let g, k be positive integers with g ≥ 3 and k ≥ 2. Then, there is a graph G with
an orientation of its edges satisfying (A1), (A2), (A3), and (A4) for k and additionally:
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(B1) every cycle in G contains at least g changes of direction in the orientation.

Lemma 8.8. Let g, k be positive integers with g ≥ 3 and k ≥ 2. Let p be a prime less than or
equal to k. Let G be a graph with an orientation of its edges satisfying (A1), (A2), (A3), and (A4)
for k and (B1) for g. LetG′ be the graph on V (G) such that two vertices u, v are adjacent inG′ if
and only if there is a directed path between u and v whose length is not divisible by p. If g >

(
N
2

)
for an integer N , then every induced subgraph of G′ with at most N vertices is a p-willow.

Proof. Let X be a set of at most N vertices of G′
. We claim that G′[X] is a p-willow. Let T be

the union of all directed paths of G between u and v whose length is not divisible by p for all
edges uv of G′[X].

By (A2), we added at most 1 directed path per every edge ofG′[X] and therefore in total T
consists of fewer than g directed paths. By (B1), every cycle in G contains at least g changes

of direction and therefore T has no cycles. Let T ′
be a tree obtained from T by adding a new

vertex with an out-edge to one vertex of each component of T . Then T ′
is a tree.

Observe that for distinct vertices u and v inX , if T ′
has a directed path from u to v whose

length is not a multiple of p, then so does G and therefore G′
contains the edge uv by the

definition of G′
. Conversely, if G′[X] contains an edge uv, then G contains a directed path P

between u and v whose length is not a multiple of p. By (A2), such a path P is unique and

therefore T ′
contains P . This proves that G′[X] is a p-willow defined by T ′

.

Now we can prove Theorem 8.2. We obtain a χ-bounded class that is not polynomially

χ-bounded by combining Lemma 8.4 with Lemma 8.7 for some suitably large g instead of

Lemma 8.3 as is done in [BDW24]. Then, it is just amatter of examining the induced subgraphs.

Proof of Theorem 8.2. Let N be the set of positive integers. Let N be the maximum number of

vertices of a graph in F and let g = max(
(
N
2

)
+ 1, 3). Choose a function f : N → N such that

f(1) = 1, f(n) ≥
(
n+2
3

)
for all n ∈ N, and limn→∞

f(n)
nk = ∞ for every positive integer k. In

other words, we choose f to be “superpolynomial”.

Let us first construct a χ-bounded class Z of graphs that is not polynomially χ-bounded.
For each prime p, let Yp be a graph with an orientation of its edges satisfying (A1)–(A4) for

k := f(p) and (B1) for g, given by Lemma 8.7. For every prime p, we define Ep to be the set

consisting of all pairs {u, v} where u, v ∈ V (Yp) and Yp contains a directed path from u to v
or from v to u whose length is not divisible by p. Let Zp be the graph (V (Yp), Ep). Note that
E(Yp) ⊆ Ep. In other words, Zp can be obtained from Yp by adding the elements of Ep to the

edge set of Yp.

By Lemma 8.4, we have that ω(Zp) = p and every induced subgraph Z of Zp with clique

numberm< p has chromatic number at most

(
m+2
3

)
. By (A1) and (A4), χ(Zp) = k = f(p). Let

Ẑ be the set of all graphsZp for each prime p and letZ be the closure of Ẑ under taking induced

subgraphs. Then Z is χ-bounded by a χ-bounding function f . Since there are infinitely many

primes and for every prime p there is a graph Z ∈ Z with clique number p and chromatic

number f(p), Z is not polynomially χ-bounded by our choice of f .
Now, suppose that the class C of F-free graphs is Pollyanna. Then Z ̸⊆ C because Z

is not polynomially χ-bounded. Then there exist a prime p and a set X ⊆ V (Zp) such that

Zp[X] is isomorphic to a graph F ∈ F . By Lemma 8.8, Zp[X] is a p-willow, contradicting the

assumption that F contains no willows.

We remark that by applying Lemmas 8.4, 8.7 and 8.8, one can also obtain the following.
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Theorem 8.9. If F is a finite set of graphs, none of which is a willow, then for every positive
integer q, there is a class G of F-free graphs that is not χ-bounded, but such that every graph
G ∈ G with ω(G) < q has chromatic number at most

(
q+1
3

)
.

Proof. Let p be a prime such that q ≤ p ≤ 2q (such a prime exists by Bertrand’s postulate). Let

N be the maximum number of vertices of a graph in F and let g = max(
(
N
2

)
+ 1, 3).

For each integer k ≥ p, we are going to construct a graph Gk as follows. By Lemma 8.7,

there is a graph Hk with an orientation of its edges satisfying (A1)–(A4) for k and (B1) for g.
By Lemma 8.4, there is a graph Gk obtained from Hk by adding an edge uv whenever Hk

has a directed path between u and v whose length is not divisible by p such that ω(Gk) = p
and every induced subgraph of Gk with clique numberm < p has chromatic number at most(
m+2
3

)
. By (A1) and (A4), χ(Gk) = k. Let G be the class of all induced subgraphs of Gk for

all k ≥ p. So, G is not χ-bounded but every graph in G with ω(G) = m < q has chromatic

number at most

(
m+2
3

)
≤

(
q+1
3

)
.

By Lemma 8.8, every graph in G with at most N vertices is a p-willow and therefore G is

F-free.

9 Forbidden induced subgraphs for willows
In this section, we describe some forbidden induced subgraphs for the class of willows. We

only aim to sample the forbidden induced subgraphs rather than to find an exhaustive list. We

believe there are many more. Our main idea is to use Observation 8.1, which says that if G
is an n-willow defined by an oriented tree T , then vertices on a directed path on T cannot

induce K2 ∪K1 in G, because K2 ∪K1 is not a complete multipartite graph.

A 10-vertex graphG is a pentagram spider if it has a perfect matchingM such thatG \M
has a component isomorphic toK5. Note that vertices not in the component isomorphic toK5

are allowed to be adjacent to each other. See Figure 2 for an illustration.

Proposition 9.1. No pentagram spider is a willow.

Proof. Let G be a pentagram spider andM be a perfect matching of G such that G \M has a

cliqueA of size 5. Let T be an oriented tree and suppose thatG is a willow defined by T . Then
by definition V (G)⊆ V (T ) and for every edge uv ∈ E(G), there is a directed path from u to v
or from v to u in T . Since A is a clique of G, there is a directed path P in T which contains

all vertices of A. Let x1, x2, x3, x4, x5 be the vertices of A in the order of their appearances

in P . Let y1, y2, y3, y4, y5 be the vertices of G such that xiyi ∈ M for all i = 1, 2, . . . , 5. Since
x3y3 ∈E(G), there is some directed pathP ′

inT from y3 to x3 or from x3 to y3. By reversing the
orientation of all edges of G and T and switching the labels of x1, x2 with x5, x4 if necessary,

we may assume that P ′
is a directed path from y3 to x3. Then, there is a directed path P ′′

in T
containing y3, x3, x4, x5 in order. Then G[{y3, x4, x5}] is not a complete multipartite graph,

contradicting Observation 8.1.

A 12-vertex graph is a tall strider if it has a clique C = {x1, x2, x3} of size 3 such that

N(x1) \C , N(x2) \C , and N(x3) \C are disjoint cliques of size 3. We remark that there can

be edges between N(xi) \ C and N(xj) \ C for distinct i, j. See Figure 2 for an illustration.

Proposition 9.2. No tall strider is a willow.

Proof. Let G be a tall strider with a clique C of size 3 such that N(v) \ C for all v ∈ C are

disjoint cliques of size 3. Let T be an oriented tree and suppose that G is a willow defined
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v2 v4 v1 v8 v5 v7

v3 v6

n− 1 1 n− 2 1 n− 1

3 3

Figure 8: The complement P8 of P8 is an n-willow for every integer n ≥ 5. Vertices v1, v2, . . .,
v8 represent vertices of P8 in the order. The dashed arc with an integer k means a directed

path of length k.

by T . Since C is a clique of G, there is a directed path P in T that contains all vertices of C .

Let x1, x2, x3 be the vertices in C such that P is a directed path from x1 to x3. Similarly, since

(N(x2) \C)∪{x2} is a clique, there exists a directed path P ′
in T that contains all vertices of

(N(x2)\C)∪{x2}. If two vertices, say a, b ofN(x2)\C come after x2 in P
′
, then T contains a

directed path containing x1, x2, a, and b. However,G[{x1, a, b}] is not a complete multipartite

graph, contradicting Observation 8.1. Thus two vertices, say a, b ofN(x2) \C come before x2

in P ′
. Then T contains a directed path containing a, b, x2, x3. Again, G[{a, b, x3}] is not a

complete multipartite graph, contradicting Observation 8.1.

A 10-vertex graph is a short strider if it has a clique C = {x1, x2, x3, x4} of size 4 such that

N(x1) \C , N(x2) \C , and N(x3) \C are disjoint cliques of size 2. We remark that there can

be edges between N(xi) \ C and N(xj) \ C for distinct i, j. See Figure 2 for an illustration.

Proposition 9.3. No short strider is a willow.

Proof. LetG be a short strider. Let T be an oriented tree and suppose thatG is a willow defined

by T . Let C = {x1, x2, x3, x4} be a clique ofG such thatN(x1)\C ,N(x2)\C , andN(x3)\C
are disjoint cliques of size 2.

Since C is a clique of G, we may assume without loss of generality that T has a directed

path P that contains all vertices in C . By reversing the direction of all edges in T if necessary,

we may assume x4 is not the first two vertices of C in P . By the symmetry among x1, x2,

and x3, we may assume that x1 is the first vertex of C appearing on P and x2 is the second

vertex of C appearing on P . Since (N(x2) \ C) ∪ {x2} is a clique of G, there is a directed

path P ′
in T that contains all vertices in (N(x2) \ C) ∪ {x2}.

If some x ∈ N(x2) \C appears before x2 on P ′
, then T has a directed path P ′′

containing

x, x2, x3, and x4. However, G[{x, x3, x4}] is not a complete multipartite graph, contradict-

ing Observation 8.1.

We may therefore assume that two vertices in N(x2) \ C appear after x1 on P ′
. But then,

T has a directed path P ∗
containing x1, x2 and two vertices in N(x2) \ C . Then G[{x1} ∪

(N(x2) \ C)] is not a complete multipartite graph, contradicting Observation 8.1.

Now we present a lemma on willows, which we will use in later propositions.

Lemma 9.4. LetG be a graph whose complementG is a willow defined by an oriented tree T . If
G has an induced path u-v-w of length 2, then T has no directed path between u and v or T has
no directed path between v and w.

Proof. Suppose not. Then, without loss of generality, we may assume that there exists a di-

rected path P between u and v in T . By reversing all edges of T if necessary, we may assume

P is a directed path from u to v. Observe that G[{u, v, w}] is isomorphic to K2 ∪ K1. Since

K2 ∪ K1 is not a complete multipartite graph by Observation 8.1, it follows that there is no

directed path from v to w. Therefore, there exists a directed path from w to v in T . Since T is
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Figure 9: BothC5 andC6 are aren-willows for every integern≥ 5. Vertices v1, v2, . . . represent
vertices of the antihole in the cyclic order. The dashed arc with an integer k means a directed

path of length k.

a tree, it now follows that T has no directed path between u and w, contradicting the fact that
uw ∈ E(G).

We remark that P8 is a willow, see Figure 8. Next, we show that P9 is not a willow. This

clearly follows from the following more general proposition.

Proposition 9.5. Let G be a graph. If G has three vertex-disjoint induced paths Q1, Q2, Q3 of
length 2 such that their interior vertices have degree 2 in G, then the complement G of G is not a
willow.

Proof. Suppose that G is a willow defined by some oriented tree T . Let x1, x2, x3 be the

interior vertices of Q1, Q2, and Q3, respectively. As {x1, x2, x3} is a clique in G, we may

assume without loss of generality that T has a directed path P from x1 to x3 whose interior

contains x2. By Lemma 9.4, there is an end y2 ofQ2 such that there is no directed path between

x2 and y2 in T .
Since x1y2 ∈ E(G), there exists a directed path R1 in T between x1 and y2. There is no

directed path from y2 to x2 in T and thereforeR1 is directed from x1 to y2. Similarly, there is a

directed path R2 in T from y2 to x3. Let R = R1 ∪R2. Then, both P and R are directed paths

of T from x1 to x3. Since T is a tree, we deduce that P = R, contradicting the assumption that

there is no directed path between x2 and y2.

The previous proposition also shows that Cn is not a willow for n≥ 9. It is easy to see that
both C5 and C6 are willows, see Figure 9. Lastly, we prove that neither C7 nor C8 is a willow.

We remark that all cycles are willows, see Figure 10.

Proposition 9.6. The complement Cn of Cn is not a willow for all integers n ≥ 7.

Proof. Let v1, v2, . . ., vn be the vertices of Cn in cyclic order. Suppose that Cn is a willow

defined by some oriented tree T . Let F be the set of all edges uv of G such that there is a

directed path from u to v or from v to u in T .
Suppose that F = ∅. Then for some j ∈ {1, 2, . . . , n}, there is no directed path from vj

to vi in T for all i ∈ {1, 2, 3, . . . , n} \ {j}. By symmetry, we may assume that j = 1.
Since {v1, v3, v6} is a clique of G, there is a directed path P in T containing all of v1, v3,

and v6. Let (i, j, k) be the permutation of {1, 3, 6} such that P contains vi, vj, vk in order. Then
i = 1 by the assumption on v1. Let ℓ ∈ {j − 1, j + 1} ∩ {4, 5}. Then {v1, vℓ, vk} is a clique

in G and therefore there is a path Q containing v1, vℓ, and vk. Since T is a tree, vj is in V (Q),
contradicting the assumption that vjvℓ /∈ F .

Therefore F ̸= ∅. By symmetry, we may assume that v2v3 ∈ F . Since T contains directed

paths between v2 and v6 and between v2 and v3, it follows that T contains a directed path P
containing v2, v3, and v6. Let (i, j, k) be a permutation of {2, 3, 6} such that P is a directed

path containing vi, vj, vk, in order. By Lemma 9.4, vj−1vj /∈ F or vjvj+1 /∈ F . Thus, there is an

ℓ ∈ {j − 1, j + 1} ∩ {1, 4, 5, 7} such that vℓvj /∈ F . Since vℓ is complete to {vi, vk}, there is a
directed path Q of T containing vi, vk, and vℓ. As T is a tree, we conclude that Q contains P
and therefore vj , contradicting the assumption that vjvℓ /∈ F .
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Figure 10: These oriented trees certify that cycles of length 18 and 19 are n-willows for every
integer n ≥ 4 and can be easily modified to show that all cycles are n-willows. Vertices v1, v2,
. . . represent vertices in the cyclic order. The dashed arc with an integer k means a directed

path of length k.

Nowwe are going to prove that large enough “fans” and “complete wheels” are not willows.

We define fans as follows. Let n ≥ 3 be an integer. Let Fn be the (n+ 1)-vertex graph with a

specified vertex c called the center such that Fn \ c is the path Pn. A complete wheel on (n+1)
vertices is the graphWn obtained fromFn by adding an edge between the two degree-1 vertices
of Fn \ c. Hence, Wn \ c is the cycle Cn. We will show that Wn and Fn are not willows for

each n ≥ 7. First, we present a useful lemma.

Lemma 9.7. LetG be a copy of F4 with center c. Let v1 be a vertex of degree one inG\c. IfG is a
willow defined by an oriented tree T and T has a directed path from v to c for every v ∈ V (G\c),
then the directed path from v1 to c in T contains at least one vertex in V (G) \ {v1, c}.

Proof. NoteG\c= P4. Let v1, v2, v3, v4 be the vertices of P4, in order. For each i ∈ {1, 2, 3, 4},
let Ri denote the directed path from vi to c in T . We may assume that

V (Rj) ̸⊆ V (R1) for each j ∈ {2, 3, 4}. (6)

Since {v1, v2, c} is a clique there is a directed path P of T containing v1, v2, c. Since T is a tree,

R1 ∪R2 = P . Hence, V (R1) ⊆ V (R2). For i ∈ {2, 4}, the set {vi, v3, c} is a clique. Hence,

For every i ∈ {2, 4}, V (Ri) ⊆ V (R3) or V (Ri) ⊆ V (R2). (7)

Since G[{v1, v2, v4}] is isomorphic to K2 ∪K1, by Observation 8.1,

V (R4) ̸⊆ V (R2) and V (R2) ̸⊆ V (R4). (8)

Suppose that V (R2) ⊆ V (R3). By (7) and (8), V (R4) ⊆ V (R3) and therefore V (R3) con-
tains both V (R1) and V (R4). This means that R3 contains v1, v3, v4, contradicting Observa-

tion 8.1.
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Figure 11: Both F6 andW6 are 5-willows. Vertices v1, v2, . . . represent vertices in the order in

F6 \ c or W6 \ c. The dashed arc with an integer k means a directed path of length k.

Thus, V (R3)⊆ V (R2). Since V (R1)⊆ V (R2) andR1, R2, R3 are all directed paths ending

at c, it follows from (6) that V (R1) ⊆ V (R3) ⊆ V (R2). By (7) and (8), V (R3) ⊆ V (R4). So R4

is a directed path containing each of v1, v3, v4 contrary to Observation 8.1.

Note that F6 is a willow, see Figure 11. We prove that Fn is not a willow if n ≥ 7.

Proposition 9.8. For every integer n ≥ 7, Fn is not a willow.

Proof. LetG := Fn. Suppose thatG is anm-willow defined by an oriented tree T for a positive

integer m. Let A be the vertices of G from which T has a directed path to c. Let B be the

vertices of G to which T has a directed path from c. Since c is complete to V (G) \ {c},
A ∪ B = V (G) \ {c}. Let v1, v2, . . ., vn be the vertices of G \ c in the order defined by the

path G \ c.

Claim 15. Either A is an independent set of G or B is empty.

Proof. Suppose thatA contains an edge vivi+1. There is a directed path of T from vi or vi+1 to c
containing all of vi, vi+1, and c. LetM = (NG(x)∪NG(y))\{c}. Then by definition,M contains

at most two vertices ofG\c, namely vi−1 if i > 1 and vi+2 if i < n. LetX = V (G)\ (M ∪{c}).
For each vertex z ∈ X , G[{x, y, z}] induces a graph isomorphic to K2 ∪ K1 and therefore

z /∈ B by Observation 8.1. So, X ⊆ A. Since n ≥ 7, v1, v2 ∈ X or vn−1, vn ∈ X . We deduce

that {v1, v2, vn−1, vn} ⊆ A by Observation 8.1 because each of its 3-vertex subsets induces a

subgraph of G isomorphic to K2 ∪ K1. For every vertex w ∈ V (G) \ (X ∪ {c}), there are

distinct vertices u, v ∈ {v1, v2, vn−1, vn} such that uv is an edge ofG and w is non-adjacent to

both u and v. Again by Observation 8.1, w ∈ A. Hence, B = ∅. ■

Suppose that B = ∅. Choose a vertex v in A such that dT (v, c) is minimized. Then G \ c
has a 4-vertex induced path starting at v because n ≥ 7. By Lemma 9.7, the directed path from

v to c contains at least one vertex of V (G) \ {c, v}, contradicting the choice of v. Therefore
we may assume thatB ̸= ∅. By symmetry, A ̸= ∅. By Claim 15, bothA andB are independent

sets of G.

We may assume that A contains vi for each even i ∈ {1, 2, . . . , n} and B contains vj for
every odd j ∈ {1, 2, . . . , n}. For each i ∈ {1, 2, . . . , n − 5}, dT (vi, c) ≡ dT (vi+2, c) (mod m)
because vi+5 is non-adjacent to both vi and vi+2. Similarly, for each i ∈ {6, 7, . . . , n},
dT (vi−2, c) ≡ dT (vi, c) (mod m) because vi−5 is non-adjacent to both vi and vi−2.

So, there are integers a and b such that dT (vi, c)≡ a (mod m) for all even i ∈ {1, 2, . . . , n}
and dT (vi, c) ≡ b (mod m) for all odd i ∈ {1, 2, . . . , n}. This implies that A is complete or

anti-complete to B, a contradiction.

Since Fn is an induced subgraph of Wn+1, by Proposition 9.8, Wn is not a willow for all

n ≥ 8. However, it is easy to see that Wn is a willow for every n < 7, see Figure 11. We now

show thatW7 is not a willow.
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Proposition 9.9. For every integer n ≥ 7,Wn is not a willow.

Proof. LetG :=Wn. Suppose thatG is anm-willow defined by an oriented tree T for a positive

integer m. Let A be the vertices of G from which T has a directed path to c. Let B be the

vertices of G to which T has a directed path from c. Since c is complete to V (G) \ {c},
A ∪B = V (G) \ {c}.

Claim 16. Either A is an independent set of G or B is empty.

Proof. Suppose that A contains an edge xy. There is a directed path of T from x or y to c
containing all of x, y, and c. LetX = V (G) \ (NG(x)∪NG(y)∪ {c}). For each vertex z ∈ X ,

G[{x, y, z}] induces a graph isomorphic to K2 ∪K1 and therefore z /∈ B by Observation 8.1.

Since n ≥ 7, |X| ≥ 3 and X ⊆ A. Then for every vertex w ∈ V (G) \ (X ∪ {c}), there are

distinct vertices u, v ∈ X such that uv is an edge of G and w is non-adjacent to both u and v.
Again by Observation 8.1, w ∈ A. Hence, B = ∅. ■

Suppose thatB = ∅. Choose a vertex v inA such that dT (v, c) is minimized. By Lemma 9.7,

the directed path from v to c contains at least one vertex of V (G) \ {c, v}, contradicting the

choice of v. Therefore we may assume that B ̸= ∅. By symmetry, A ̸= ∅. By Claim 16, both A
and B are independent sets of G, so n is even.

Let v1, v2, . . ., vn be the vertices ofG\c in the cyclic order. We assume that vn+k = vk for all
k ∈ {1, 2, . . . , n}. Wemay assume that v1, v3, . . . , vn−1 ∈A and v2, v4, . . . , vn ∈B by swapping

A and B if necessary. For each i ∈ {2, 4, . . . , n}, dT (vi, c) ≡ dT (vi+2, c) (mod m) because
vi+5 ∈ A is non-adjacent to both vi and vi+2. So, there is an integer a such that dT (vi, c) ≡
a (mod m) for all i ∈ {2, 4, . . . , n}. Similarly, there is an integer b such that dT (c, vj) ≡ b
(mod m) for all j ∈ {1, 3, . . . , n− 1}. This implies that A is complete or anti-complete to B,

a contradiction.

Now Theorem 1.3 follows from Theorem 8.2 and the propositions in this section.

10 Further work
We believe that Pollyanna classes of graphs provide a fruitful framework to study the struc-

tural distinctions between polynomially χ-bounded classes and χ-bounded classes that are not
polynomially χ-bounded. We conclude our paper by outlining some open problems.

We remark that every Pollyanna graph class discussed in this paper is also strongly

Pollyanna, which begs the following question:

Problem 10.1. Are there Pollyanna graph classes that are not strongly Pollyanna?

Resolving Problem 10.1would likely require a better understanding of k-good graph classes
which are not χ-bounded, which have only recently been proven to exist [CHMS23]. Theo-

rem 8.9 gives more examples of k-good graph classes which are not χ-bounded.
In a recent paper, Bourneuf and Thomassé [BT23] introduce an operation called “delayed-

extension” which preserves polynomial χ-boundedness on a class of graphs. We comment

that the delayed-extension of a (strongly) Pollyanna class is also (strongly) Pollyanna, which

gives us a slight improvement of Theorem 1.2. In [BT23], Bourneuf and Thomassé suggest that

better understanding the classes which can be obtained from simple graph classes by applying

delayed-extension a finite number of times should be helpful in understanding (polynomial)

χ-boundedness. We also point out that this may be a good approach to better understanding

Pollyana graph classes.
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(a) A (6, 4)-bowtie. (b) A (7, 5)-dumbbell. (c) A tripod.

Figure 12: Graphs appearing in the problems.

A wheel is a graph consisting of an induced cycle of length at least four and a single addi-

tional vertex with at least three neighbors on the cycle. The class of graphs with no induced

wheel is notχ-bounded [Dav23, Pou20, PT24], however, it maywell be Pollyanna. The fact that

the class of (wheel,theta)-free graphs is linearly χ-bounded [RTV20] provides some limited ev-

idence that the class of wheel-free graphs might be Pollyanna. We remark that we showed in

Proposition 9.9 that for every finite set F of complete wheels of length at least seven, the class

of F-free graphs is not Pollyanna. However, in our opinion this does not provide evidence

that the class of wheel-free graphs is not Pollyanna.

Problem 10.2. Is the class of wheel-free graphs Pollyanna?

We note that even though Esperet’s conjecture was disproved, it is still open whether the

Gyárfás-Sumner Conjecture holds in the following stronger sense:

Problem 10.3 (Polynomial Gyárfás-Sumner). Is it true that for every forest F the class of F -free
graphs is polynomially χ-bounded?

We say a graph H is Pollyanna-binding if the class of H-free graphs is Pollyanna. In this

language, we may ask if every forest is Pollyanna-binding. An even more ambitious open

problem is to characterize the class of Pollyanna-binding graphs. While we gave some results

in this direction, we are quite far from a full characterization. We ask about some special cases

we believe may be more tractable.

We call a graph an (s, t)-bowtie if it can be obtained from the disjoint union ofKs andKt by

adding a new vertex complete to everything else, see Figure 12a. In this language, Theorem 6.1

states that the (2, 2)-bowtie is Pollyanna-binding.

Problem 10.4. Is the class of (s, t)-bowtie-free graphs Pollyanna for each s ≥ 3 and t ≥ 2?

We call a graph an (s, t)-dumbbell if it can be obtained from the disjoint union of Ks

and Kt by adding a single additional edge between a vertex of the Ks and a vertex of the Kt,

see Figure 12b. Note that a t-lollipop is a (2, t)-dumbbell, so Theorem 5.6 states that the class

of (2, t)-dumbbell-free graphs is Pollyanna.

Problem 10.5. Is the class of (s, t)-dumbbell-free graphs Pollyanna for each s ≥ 3 and t ≥ 3?

Bulls are induced subgraphs of certain pentagram spiders. While the class of bull-free

graphs is Pollyanna by Theorem 7.6, the class of pentagram spider-free graphs is not by Theo-

rem 8.2 and Proposition 9.1. The next natural case to consider would be tripod-free graphs. A

tripod is the graph obtained from K3 by adding one pendant vertex to each vertex of the K3,

see Figure 12c.

Problem 10.6. Is the class of tripod-free graphs Pollyanna?
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A Kk-free coloring of a graph G is a coloring of the vertices of G such that no monochro-

matic subgraph of G contains a copy of Kk. The Kk-free chromatic number χk(G) of a

graph G [SS68, BF90, KW17, KP18] is the minimum k such that G has a Kk-free coloring.

Thus χ(G) = χ2(G) ≥ χ3(G) ≥ χ4(G) ≥ · · · ≥ χω(G)+1 = 1. We say that a class C of graphs

is polynomially χk-bounded if there is a polynomial f such that for every induced subgraphH
of a graph G ∈ C, we have χk(G) ≤ f(ω(G)). It is easy to see that every polynomially χk-

bounded class of graphs is (k − 1)-stronglly Pollyanna. In fact, Theorem 1.2(iv) is shown by

proving that the class of bowtie-free graphs is polynomially χ4-bounded.

We now aim to present one class of graphs defined by geometric representations and show

that the argument of Krawczyk and Walczak [KW17] implies it is Pollyanna. Let F be a finite

family of sets. We say A and B overlap if A ∩ B ̸= ∅ and neither A nor B is a subset of the

other. The overlap graph of a family F of finite sets is a graph on F such that two sets in F
are adjacent if and only if they overlap. A rectangle on the plane is a set of the form I × J
where I and J are closed intervals on the real line. The clean directed rectangle overlap graphs
are the overlap graphs of a finite family F of axis-aligned rectangles in the plane such that

1. (clean) no member of F is completely contained in the intersection of two other ovelap-

ping members of F ,

2. (directed) if two members I1 × J1 and I2 × J2 of F overlap, then either J2 ⊆ J1 and

min(I1) < min(I2) or J1 ⊆ J2 and min(I2) < min(I1).
Krawczyk, Pawlik, andWalczak [KPW15, Lemma 2.3] showed that every clean directed rectan-

gle overlap graph is a clean interval overlap game graph. (See Krawczyk and Walczak [KW17,

Lemma 6.1]which uses slightly different terminology.) Krawczyk andWalczak [KW17, Lemma

7.4] showed that there is an on-line K3-free coloring algorithm that uses at most O(ω(G)3)
colors for clean interval overlap graphs defined with a natural rule. Krawczyk and Wal-

czak [KW17, Lemma 2.1] showed that if there is an on-line K3-free coloring algorithm that

uses at most c colors for a clean interval overlap graph, then its game graph has the K3-free

chromatic number at most c. By combining these facts, we deduce the following.

Proposition 10.7. The class of clean directed rectangle overlap graphs is polynomially χ3-
bounded and therefore 2-strongly Pollyanna.

Hence, we wonder if Pollyanna graph classes are a fruitful framework in which to examine

non-χ-bounded geometric graph classes. We ask the following question, which was suggested

by one of the anonymous referees of this paper:

Problem 10.8. Are there other graph classes defined by geometric representations that are
Pollyanna but not χ-bounded? In particular, what about string graphs?

Scott and Seymour [SS16] proved that the class of odd hole-free graphs isχ-bounded. Their
χ-bounding function is doubly exponential and it remains open whether the class of odd-hole-

free graphs is polynomially χ-bounded (and so Pollyanna). We propose the analogous problem

for odd antihole-free graphs. Note that the class of odd antihole-free graphs is not χ-bounded
because there are graphs of girth at least 6 with arbitrarily large chromatic number, shown by

Erdős [Erd59].

Problem 10.9. Is the class of odd antihole-free graphs Pollyanna?

Proposition 9.6 shows that no antihole of length at least 7 is a willow. However, small

antiholes such as C5 and C6 are. It may well be true that the class of C5-free graphs is

Pollyanna. Antihole-free graphs are polynomially χ-bounded since C4 = 2K2 [Wag80]. But,

the class of graphs without antiholes of length at least 5 is not χ-bounded, again by the result

of Erdős [Erd59]. So, as a starting point, we propose the following problem.
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Problem 10.10. Is the class of graphs without any antihole of length at least 5 Pollyanna?

The simplest willows are those whose underlying oriented tree is a directed path between

two vertices. These graphs are exactly the complete multipartite graphs, thus it is natural to

consider if a class of graphs with a forbidden complete multipartite graph is Pollyanna. In this

direction, the first step would be to determine whether the class of graphs without an induced

square K2,2 = C4 or an induced diamond K2,1,1 = K4 \ e is Pollyanna.

Problem 10.11. Is the class of {C4, K4 \ e}-free graphs Pollyanna?

In Section 9, we described some forbidden induced subgraphs for willows but did not have

a complete list of forbidden induced subgraphs for willows.

Problem 10.12. Characterize willows by their minimal forbidden induced subgraphs.

In Section 8, we showed that all Pollyanna-binding graphs are willows. Based on this, we

can end our paper with the following extremely optimistic conjecture.

Conjecture 10.13 (Pollyanna’s Conjecture). A graph is Pollyanna-binding if and only if it is a
willow.

If Pollyanna’s conjecture is disproved, then Pollyanna [Por13] would almost certainly im-

mediately make a new equally naïve conjecture.
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