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Abstract

Many natural computational problems, including e.g. Max Weight Independent Set, Feed-

back Vertex Set, or Vertex Planarization, can be unified under an umbrella of finding the

largest sparse induced subgraph that satisfies some property definable in CMSO2 logic. It is be-

lieved that each problem expressible with this formalism can be solved in polynomial time in

graphs that exclude a fixed path as an induced subgraph. This belief is supported by the ex-

istence of a quasipolynomial-time algorithm by Gartland, Lokshtanov, Pilipczuk, Pilipczuk, and

Rzążewski [STOC 2021], and a recent polynomial-time algorithm for P6-free graphs by Chud-

novsky, McCarty, Pilipczuk, Pilipczuk, and Rzążewski [SODA 2024].

In this work we extend polynomial-time tractability of all such problems to P7-free graphs of

bounded clique number.
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1 Introduction

When studying computationally hard problems, a natural question to investigate is whether they be-

come tractablewhen input instances are somehow “well-structured”. In particular, in algorithmic graph

theory, we often study the complexity of certain (hard in general) problems, when restricted to spe-

cific graph classes. Significant attention is given to classes that are hereditary, i.e., closed under vertex
deletion.

Potential maximal cliques. Arguably, the problem that is best studied in this context is Max

Weight Independent Set (MWIS) in which we are given a vertex-weighted graph and we ask for

a set of pairwise non-adjacent vertices of maximum possible weight. Investigating the complexity of

MWIS in restricted graph classes led to discovering numerous new tools and techniques in algorithmic

graph theory [24, 21, 18, 16]. One of such general techniques is the framework of potential maximal
cliques by Bouchitté and Todinca [7, 8]. Intuitively speaking, a potential maximal clique (or PMC for
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short) in a graph G is a bag of a “reasonable” tree decomposition of G (see Section 2 for a formal

definition). The key contribution of Bouchitté and Todinca [7, 8] is showing that:

1. the family F of PMCs in a graph G can be enumerated in time polynomial in |V (G)| and |F|,
and

2. given a family F containing all PMCs of G (and possibly some other sets as well), MWIS can be

solved in time polynomial in |V (G)| and |F| by mimicking natural dynamic programming on

an appropriate (but unknown) tree decomposition.

Consequently, MWIS admits a polynomial-time algorithm when restricted to any class with poly-

nomially many PMCs. (Here we say that a class X of graphs has polynomially many PMCs if there

exists a polynomial p, such that the number of PMCs in any n-vertex graph in X is at most p(n).)
Later this framework was extended by Fomin, Todinca, and Villanger [19] to the problem of finding

a large “sparse” (here meaning: of bounded treewidth) induced subgraph satisfying certain CMSO2

formula ψ. (CMSO2 stands for Counting Monadic Second Order logic, which is a logic where one can

use vertex/edge variables, vertex/edge set variables, quantifications over these variables, and standard

propositional operands.) Formally, for a given integer d and a fixed CMSO2 formula ψ with one free

set variable, the (tw ≤ d, ψ)-MWIS problem (here ‘MWIS’ stands for ‘max weight induced subgraph’)

is defined as follows.

Input: A graph G equipped with a weight function w : V (G) → Q+.

Task: Find a pair (Sol, X) such that

• X ⊆ Sol ⊆ V (G),

• G[Sol] is of treewidth at most d,

• G[Sol] |= ψ(X),

• X is of maximum weight subject to the conditions above,

or conclude that no such pair exists.

(tw ≤ d, ψ)-MWIS

As shown by Fomin, Todinca, and Villanger [19], every problem expressible in this formalism can

be solved in polynomial time on classes of graphs with polynomially many potential maximal cliques.

Note that if d = 0 and ψ is a formula satisfied by all sets, then (tw ≤ d, ψ)-MWIS is exactly MWIS.

It turns out that (tw ≤ d, ψ)-MWIS captures several other well known computational problems (see

also the discussion in [19, 30]), e.g.;

• Feedback Vertex Set (one of Karp’s original 21 NP-complete problems [28]), equivalent by

complementation to finding an induced forest of maximum weight,

• Even Cycle Transversal [35, 34, 2], equivalent by complementation to finding an induced

graph whose every block is an odd cycle,

• finding a largest weight induced subgraph whose every component is a cycle,

• finding a maximum number of pairwise disjoint and non-adjacent induced cycles.

MWIS in graphs excluding a long induced path. Despite all advantages of the Bouchitté-Todinca

framework, its applicability is somehow limited, as there are numerous natural hereditary graph classes

that do not have polynomially many PMCs. Can we use at least some parts of the framework outside

its natural habitat?
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A notorious open question in algorithmic graph theory is whether MWIS (and, more generally,

(tw ≤ d, ψ)-MWIS) can be solved in polynomial time in graphs that exclude a fixed path as an in-

duced subgraph. It is believed that this question has an affirmative answer, which is supported by

the existence of a quasipolynomial-time algorithm of Gartland, Lokshtanov, Pilipczuk, Pilipczuk, and

Rzążewski [20, 37, 22]. However, if it comes to polynomial-time algorithms, we know much less.

A polynomial-time algorithm for MWIS (as well as for many other problems) in P4-free graphs

(i.e., graphs that exclude a 4-vertex path as an induced subgraph; analogously we define Pt-free graphs

for any t), was discovered already in 1980s [14]. In today’s terms we would say that these graphs

have bounded clique-width and thus polynomial-time algorithms for many natural problems, includ-

ing (tw ≤ d, ψ)-MWIS, follow from a celebrated theorem by Courcelle, Makowsky, and Rotics [15].

However, already the P5-free case proved to be quite challenging. In 2014, Lokshtanov, Vatshelle, and

Villanger [31] showed that Max Weight Independent Set admits a polynomial-time algorithm in

P5-free graphs — by adapting the framework of Bouchitté and Todinca. Let us emphasize that P5-free

graphs might have exponentially many PMCs, so the approach discussed above cannot be applied di-

rectly. Instead, Lokshtanov, Vatshelle, and Villanger proved that in polynomial time one can enumerate

a family of some PMCs, and this family is sufficient to solve MWIS via dynamic programming.

By extending thismethod (and adding a significant layer of technical complicacy), Grzesik, Klimošová,

Pilipczuk, and Pilipczuk [23] managed to show that MWIS is polynomially-solvable in P6-free graphs.

Some time later, Abrishami, Chudnovsky, Pilipczuk, Rzążewski, and Seymour [1] revisited the P5-

free case and introduced a major twist to the method: they proved that in order to solve MWIS and

its generalizations, one does not have to have PMCs exactly, but it is sufficient to enumerate their

containers: supersets that do not introduce any new vertices of the (unknown) optimum solution. They

also proved that containers for all PMCs in P5-free graphs can be enumerated in polynomial time,

circumventing the problem of exponentially many PMCs and significantly simplifying the approach

of Lokshtanov, Vatshelle, and Villanger [31]. This result yields a polynomial-time algorithm for (tw ≤
d, ψ)-MWIS in P5-free graphs.

By further relaxing the notion of a container (to a carver), Chudnovsky, McCarty, Pilipczuk, Pilipczuk,

and Rzążewski [13] managed to extend polynomial-time solvability of (tw ≤ d, ψ)-MWIS to the class

of P6-free graphs.

Our contribution. In this work we push the boundary of tractability of (tw ≤ d, ψ)-MWIS in Pt-

free graphs by showing the following result.

Theorem 1.1. For every fixed integers d, k, and a CMSO2 formula ψ, the (tw ≤ d, ψ)-MWIS problem
can be solved in polynomial time in P7-free graphs with clique number at most k.

Quite interestingly, in Pt-free graphs, the boundedness of treewidth is equivalent to the bounded-

ness of degeneracy and to the boundedness of treedepth [4] (see also Section 2). Thus, Theorem 1.1

yields a polynomial-time algorithm for problems like:

• Vertex Planarization [27, 36], which asks for a largest induced planar subgraph, or

• for constant k, finding a largest set of vertices inducing a subgraph of maximum degree at most

k (see, e.g., [26]).

Let us remark that the idea of investigating Pt-free graphs of bounded clique number was consid-

ered before. Brettel, Horsfield, Munaro, and Paulusma [11] showed that P5-free graphs of bounded

clique number (actually, a superclass of these graphs) have bounded mim-width, which gives a uni-

form approach to solve many classic problems in this class of graphs [3]. Pilipczuk and Rzążewski [38]

showed that P6-free graphs of bounded clique number have polynomially many PMCs and thus the

framework of Bouchitté and Todinca can be applied here directly. However, this is no longer true for

P7-free graphs (even bipartite). On the other hand, Brandstädt and Mosca [9] provided a polynomial-

time algorithm for MWIS in P7-free triangle-free graphs. However, they used a rather ad-hoc ap-
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proach that works well for MWIS, but gives little hope to generalize it to more complicated instances

of (tw ≤ d, ψ)-MWIS. Our work vastly extends the latter two results.

1.1 Technical overview

As mentioned, in Pt-free graphs the width parameters treewidth, treedepth, and degeneracy are func-

tionally equivalent [4]. Furthermore, as discussed in [13], the property of having treewidth, treedepth,

or degeneracy at most d can be expressed as a CMSO2 formula of size depending on d only. Conse-

quently, if we define problems (td ≤ d, ψ)-MWIS and (deg ≤ d, ψ)-MWIS analogously as (tw ≤ d, ψ)-
MWIS, but with respect to treedepth and degeneracy, these three formalisms describe the same family

of problems, when restricted to Pt-free graphs.

Following [13], the treedepth formalism is the most handy; we henceforth work with (td ≤
d, ψ)-MWIS. Furthermore, it is more convenient to work not just with induced subgraphs of bounded

treedepth, but with treedepth-d structures: induced subgraphs of treedepth at most d with a fixed elim-

ination forest; formal definition can be found in Section 2.

Let T be a treedepth-d structure in G; think of T as the sought solution to the (td ≤ d, ψ)-MWIS

problem in question. As proven in [19] (and cast onto the current setting in [13]), there exists a tree

decomposition (T, β) of G whose every bag is either contained in N [v] for a leaf v of T , or whose

intersection with T is contained in a single root-to-leaf path of T , excluding the leaf. We call the latter

bags T -avoiding.
Furthermore, the framework of [19] shows how to solve (td ≤ d, ψ)-MWIS given a family F of

subsets of V (G) with the promise that all bags of such tree decomposition (T, β) are in F . In [1], it is

shown that it suffices for F to contain only containers of bounded defect for bags in (T, β): we require
that there exists a universal constant d̂ such that for every t ∈ V (T ) there exists A ∈ F such that the

bag β(t) is contained in A and A contains at most d̂ elements of T .

Note that if v is a leaf of T , then N [v] may contain only ancestors of v among the vertices of T ,

soN [v] is an excellent container for any bag contained inN [v]. Thus, it suffices to provide containers

for T -avoiding bags. This is how [1] solved (td ≤ d, ψ)-MWIS in P5-free graphs; by generalizing the

definition of a container to a carver, the same approach is applied to P6-free graphs in [13].

In fact, for a treedepth-d structure T , the tree decomposition (T, β) of [19] is constructed as follows:
it is shown that there exists a minimal chordal completion F of G (i.e., an inclusion-wise minimal set

of edges to add toG to make it chordal) whose addition keeps T a treedepth-d structure, and (T, β) is
any clique tree ofG+F . A potential maximal clique (abbreviated as PMC) is a maximal clique inG+F
for someminimal chordal completion F ofG. Both [1] and [13] actually provide containers/carvers for
every treedepth-d structure inG and an arbitrary choice of a T -avoiding PMC inG. Furthermore, [13]

provides an example of a family of P7-free triangle-free graphs where such a statement is impossible

(i.e., any such family of containers/carvers would need to be of exponential size).

However, the algorithmic framework of [19, 1, 13] requires only that the provided familyF contains

containers/carvers for all bags of only one “good” tree decomposition (T, β), and only for the sought

solution T . This should be contrasted with all T -avoiding PMCs, which is in some sense the set of all

reasonable T -avoiding bags, and for all treedepth-d structures T . Thus, if we want to tackle P7-free

graphs of bounded clique number, we need to significantly deviate from the path of [1, 13] and either

use the power of the choice of (T, β) or the fact that we need to handle only T being the optimum

solution to the problem we are solving.

The assumption of bounded clique number allows us to quickly reduce the case of finding a con-

tainer for a PMC to finding a container for a minimal separator. For a set S ⊆ V (G), a connected

component A of G − S is full to S if N(A) = S; a set S is a minimal separator if it has at least two
full components. A classic fact about PMCs [8] is that for every potential maximal clique Ω and for

every connected component D of G − Ω, the set N(D) is a minimal separator. By a classic result of

Gyárfás, the class of Pt-free graphs is χ-bounded, in particular, if G is Pt-free and ω(G) ≤ k (where

ω(G) is the number of vertices in a largest clique inG), then χ(G) ≤ (t− 1)k−1
. This, combined with
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a VC-dimension argument based on the classic result of Ding, Seymour, and Winkler [17], shows the

following:

Lemma 1.2. For every t and k there exists c such that for every Pt-free graph G with ω(G) ≤ k and
any PMC Ω of G one of the two following conditions holds:

1. there exists v ∈ Ω such that Ω = N [v], or

2. there exists a family D ⊆ cc(G− Ω) of size at most c such that Ω =
⋃

D∈DN(D).

That is, except for a simple case N [v] = Ω for some v ∈ Ω, the PMC Ω is a union of a constant

number of minimal separators. Hence, it suffices to generate a family F ′
of containers for T -avoiding

minimal separators (which are defined analogously to T -avoiding bags) and take F to be the family of

unions of all tuples of at most c elements of F ′
.

Let G be a P7-free graph with ω(G) ≤ k. We start as in [1, 13]: let T be an arbitrary treedepth-d
structure in G and let S be a minimal separator in G with full components A and B such that S is

T -avoiding. We want to design a polynomial-time algorithm that outputs a family F ′
of subsets of

V (G) that contains a container forΩ. The algorithm naturally does not know T nor S; the convenient
and natural way of describing the algorithm as performing some nondeterministic guesses about T
and S, with the goal of outputting a container for S in the end. We succeed if the number of subcases

coming from the guesses is polynomial in the size of G and the family F ′
consists of all containers

generated by all possible runs of the algorithm.

We almost succeed with this quest in Section 3. That is, we are able to guess an “almost container”

K for S: K contains a constant number of vertices of T and we identified a set D of tricky connected

components of G − K that are contained in A ∪ B ∪ S; all other connected components of G − K
are contained in A, in B, or in some other connected component of G − S. Every tricky component

D ∈ D is somewhat simpler: we identify a subset ∅ ≠ L(D) ⊊ D such that if C(D) is the family of all

connected components ofG[L(D)] and ofG[D\L(D)], then everyC ∈ C(D) is a module ofG[D]. (A
set A ⊆ V (G) is a module inG if every vertex v ∈ V (G) \A is either complete to A or anti-complete

to A; more on modules in Section 2.)

Observe now that every connected componentC ∈ C(D) satisfies ω(G[C]) < ω(G) ≤ k, asD\C
contains a vertex complete to C . Hence, we can recurse on C , understanding it fully (more precisely,

finding optimum partial solutions; the definition of this “partial” requires a lot of CMSO2 mumbling).

Furthermore, we observe that the quotient graph G[D]/C(D) is bipartite. Thus, if we can under-

stand how to solve (td ≤ d, ψ)-MWIS on P7-free bipartite graphs, then we should be done: the partial

solutions from componentsC ∈ C(D), combinedwith the understanding of theP7-free bipartite graph

G[D]/C(D) should give all partial solutions of G[D] for every D ∈ D. This, in turn, should give an

understanding on how (td ≤ d, ψ)-MWIS behaves onK ∪
⋃
D. As S ⊆ K ∪

⋃
D, this should suffice

to solve (td ≤ d, ψ)-MWIS on G using (K,D, L) as an object that plays the role of the container for

S.
Explaining properly all “should”s from the previous paragraph is quite involved and tedious and

done in Section 5. In this overview, let us focus on the more interesting case of solving (td ≤ d, ψ)-
MWIS in P7-free bipartite graphs. Here, we actually prove the following result in Section 4.

Theorem 1.3. There exists an algorithm that, given a P7-free bipartite graph G and an integer d > 0,

runs in time n2
2O(d3)

and computes a family C of subsets of V (G) with the following guarantee: for every
Sol ⊆ V (G) such that G[Sol] is of treedepth at most d, there exists a tree decomposition (T, β) of G such

that for every t ∈ V (T ) we have β(t) ∈ C and |β(t) ∩ Sol| = 22
O(d3)

.

We remark that Theorem 1.3 is not needed if one just wants to solve the MWIS problem, as this

problem can be solved in general bipartite graphs using matching or flow techniques. Thus, if one is

interested only in finding a maximum-weight independent set, Section 4 can be omitted.

On the other hand, our work identified the bipartite case as an interesting subcase in exploring

tractability of (td ≤ d, ψ)-MWIS in Pt-free graphs. To state a precise problem for future work, we
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propose polynomial-time tractability of Feedback Vertex Set in Pt-free bipartite graphs. Meanwhile,

Theorem 1.3 and its proof in Section 4 can be of independent interest.

Let us also mention that if one is only interested in solving Feedback Vertex Set in P7-free

bipartite graphs, instead of using our Theorem 1.3, one can follow a different approach. Lozin and

Zamaraev [33] provided a deep analysis of the structure of bipartite P7-free graphs which implies

that in particular they have bounded mim-width and the corresponding decomposition can be found

efficiently. This yields a polynomial-time algorithm for Feedback Vertex Set [3]. However, it it far

for clear what other cases (td ≤ d, ψ)-MWIS can be solved efficiently in bounded-mim-width graphs.

The proof of Theorem 1.3 starts from the work of Kloks, Liu, and Poon [29], who showed that

chordal bipartite graphs have polynomial number of PMCs, and thus (td ≤ d, ψ)-MWIS problem is

solvable in this graph class by the direct application of the PMC framework of Bouchitté and Todinca.

(A graph G is chordal bipartite if it is bipartite and does not contain induced cycles longer than 4.) A
P7-free bipartite graph is almost chordal bipartite: it can contain six-vertex cycles.

We would like to add some edges to the input graph G so that it becomes chordal bipartite. Let

C = c1 − c2 − . . . − c6 − c1 be an induced six-vertex cycle in G; we would like to add the edge c1c4
to keep G bipartite but break C . We show that, if one chooses C carefully, one can do it so that G
remains P7-free. However, such an addition may break the sought solution T : if c1, c4 ∈ V (T ) but are
incomparable in the elimination forest T , then T is no longer a treedepth-d structure in G+ {c1c4}.

We remedy this by a thorough investigation of the structure of the neighborhood of a six-vertex

cycle in a P7-free graph, loosely inspired by [5]. On a high level, we show that there is a branching

process with polynomial number of outcomes that in some sense “correctly” completesG to a chordal

bipartite graph, proving Theorem 1.3.

To sum up, the proof of Theorem 1.1 consists of three ingredients. First, in Section 3 we show

the guesswork that leads to a polynomial number of candidate “almost containers” (K,D, L) for a
minimal separator S in the input graph G. Second, in Section 4 we focus on bipartite graphs and

prove Theorem 1.3. Finally, in Section 5, we show how these two tools combine with the dynamic

programming framework of [19, 1, 13] to prove Theorem 1.1.

Let us emphasize that even if we aim to solve Feedback Vertex Set in P7-free graphs of bounded

clique number and use our approach to reduce the problem to the bipartite case, the problem we need

to solve the latter class is not just Feedback Vertex Set, but a certain extension variant considering

CMSO2 types. Thus even in this case the boundedness of mim-width implied by the work of Lozin and

Zamaraev [33] is not sufficient as the known algorithm for bounded-mim-width graphs cannot handle

such a problem. Consequently, we need to use Theorem 1.3.

2 Preliminaries

For an integer n, by [n] we denote the set {1, 2, . . . , n}.
The set of vertices of graph G is denoted as V (G) and the set of edges as E(G). An edge joining

vertices v and u is denoted as uv. By N(v) we denote the set of neighbors of the vertex v (called its

open neighborhood). By N [v] we denote N(v) ∪ {v} (called themclosed neighborhood). Given a set of

vertices S, we define its open neighborhood N(S) as
(⋃

v∈S N(v)
)
\ S and its closed neighborhood

N [S] as
(⋃

v∈S N [v]
)
.

A graphH is an induced subgraph of G if it can be obtained by vertex deletions. We do not distin-

guish between sets of vertices and subgraphs induced by them; in cases when it might cause a confusion

we writeG[A] for an subgraph induced byA ⊆ V (G). We useG−A as a shorthand forG[V (G)\A].
A class of graphs C is a set of graphs. We say that a graph G is H-free if G does not contain any

induced subgraph isomorphic toH . A class C isH-free if all graphsG ∈ C areH-free. By Pt we denote

the path on t vertices. A P4-free graph is called a cograph. By Ct we denote the cycle on t vertices.
The length of a path or a cycle is the number of edges in it.

Given a graph G and its subset of vertices A, a set of connected components of G− A is denoted

as cc(G−A).
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We say that a vertex v is complete to a set of verticesB if v is adjacent to all vertices inB. Similarly,

a set of vertices A is complete to a set of vertices B if every vertex of A is complete to B.

We say that a vertex v is anticomplete to a set of vertices B if v has no neighbors in B. Similarly,

a set of vertices A is anticomplete to a set of vertices B if N(A) ∩B = ∅.
AmoduleM is a non-empty subset of vertices of graphG such that every vertex v ∈ V (G) \M is

adjacent either to all vertices ofM or to none of them. A module is called

• strong if for any other moduleM ′
eitherM ⊆M ′

,M ′ ⊆M orM ∩M ′ = ∅

• proper ifM is a proper subset of V (G)

• maximal if it is proper and strong and is not contained in any other proper module

ModulesM andM ′
are called adjacent if each vertex ofM is complete toM ′

andM ∩M ′ = ∅.
Note that for any graph on at least two vertices the family of maximal modules form a partition of

V (G).
Given a graph G and the collection of vertex-disjoint modules M , the quotient graph G/M is

constructed by replacing each module of M with a single vertex, with the same neighbors as the

original vertices of the module.

A set of pairwise non-adjacent vertices in a graph G is called independent, while a set of pairwise
adjacent vertices is a called clique.

A subgraph H of G, which is a connected component in the complement of G, is called an anti-
component.

2.1 PMCs and chordal completions

A graph G is called chordal if all its induced cycles are of length 3. Note that all induced subgraphs of

a chordal graph are also chordal.

A graph H is called a supergraph of G if V (H) = V (G) and E(G) ⊆ E(H). A graph H is called

a chordal completion ofG ifH is a supergraph ofG andH is a chordal graph. A chordal completionH
of G is called minimal if it does not contain any proper subgraph which is also a chordal completion

of G. Alternatively, we denote a chordal completion H of G as G+ F , where F is a set of non-edges

in G: then E(H) = E(G) ∪ F .
A set of vertices Ω ⊆ V (G) is called a potential maximal clique or a PMC if there exists a minimal

chordal completion H of G in which Ω is a maximal clique.

Let us recall a classic result characterizing potential maximal cliques.

Lemma 2.1 (see [8]). Given a graphG, a set of verticesΩ is a PMC if and only if the following conditions
are fulfilled:

1. For each connected component D of G− Ω, the set N(D) is a proper subset of Ω.

2. If uv is a non-edge of G, with u, v ∈ Ω, then there exists a component D of G − Ω such that
u, v ∈ N(D).

We say that a set of vertices S is a (u, v)- separator if u and v belong to distinct components in

G − S. A (u, v)-separator S is called minimal if no proper subset of S is a (u, v)-separator. A set of

vertices S is called aminimal separator of graphG if there exists a pair of vertices u and v such that S
is a minimal (u, v)-separator.

Given a set of vertices S, we say that a component D ∈ cc(G − S) is a full component of S if

N(D) = S. It is easy to prove that S is a minimal separator of G if and only if it has at least two full

components. It was proven (see [8]) that if Ω is a PMC inG, then for every componentD ofG−Ω the

set N(D) is a minimal separator with D as a full component and another full component containing

Ω \N(D).
Bouchitté and Todinca [7, 8] showed a close relation between potential maximal cliques and mini-

mal separators.
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Theorem 2.2 (see [7, 8]). If G is an n-vertex graph with a minimal separators and b potential maximal
cliques, then b ≤ n(a2 + a+ 1) and a ≤ nb. Furthermore, given a graph G, one can in time polynomial
in the input and output the list of all its minimal separators and potential maximal cliques.

2.2 Treedepth structures and treewidth

The rooted forest T is a forest in which each component has exactly one distinguished vertex, called

a root. A path in a rooted forest is called vertical if it connects a vertex and any of its ancestors. Given

a vertex v, we define its depth as the number of vertices on the path connecting v and the root (so the

root has depth 1). The height of the rooted forest T is equal to the maximum depth of a vertex of T .

By T α
we denote a set of vertices of T of depth exactly α. We also write T >α

for

⋃
α′>α T α′

.

We say that vertices u and v are T -comparable if they can be connected via a vertical path. Other-

wise, we say that they are T -incomparable. An elimination forest of graph G is a rooted forest T such

that V (T ) = V (G) and for each edge uv ∈ E(G) vertices u and v are T -comparable. We define the

treedepth of graph G as the minimum height of any possible elimination forest of graph G.
Given a graph G and an integer d, a treedepth-d structure (the notion first proposed in [13]) is

a rooted forest T of height at most d such that V (T ) is a subset of V (G) and T is an elimination forest

of the subgraph of G induced by V (T ). A treedepth-d structure T is a substructure of a treedepth-d
structure T ′

if T is a subgraph of T ′
(as a rooted forest) and every root of T is also a root of T ′

.

A treedepth-d structure T is called maximal if there is no treedepth-d structure T ′
such that T is a

substructure of T ′
and T ̸= T ′

. Equivalently, T is maximal if it cannot be extended by adding a leaf

preserving the bound on the height of T .

To avoid notational clutter, we sometimes treat T as set of vertices, for example in expressions

|A ∩ T |.
Given a treedepth-d structure T of graph G, a chordal completion G + F is T -aligned if for any

edge uv ∈ F the following conditions hold:

1. neither u and v is a vertex of depth d in T ,

2. if both u and v belong to V (T ), then u and v are T -comparable.

The second condition guarantees that T is a treedepth-d structure in G + F . It was proven (see

Lemma 2.11 in [13]) that for any treedepth-d structure in graph G, there exists a minimal chordal

completion G + F which is T -aligned. We say that a PMC is T -avoiding if it is a maximal clique in

some minimal chordal completion which is T -aligned and does not contain any vertex of T of depth

d.
Given a treedepth-d structure T , we say that a set S′

is a T -container of defect f (or a container of

defect f if T is known from the context) for a set S if S ⊆ S′
and |S′ ∩ V (T )| − |S ∩ V (T )| ≤ f .

Note we have S∩V (T ) ⊆ S′∩V (T ), so the defect f describes how many additional vertices of V (T )
belong to S′

.

Now we can cite the Lemma 2.12 from [13], which shows how to deal with PMCs, which are T -

aligned and contain vertices of T of depth d:

Lemma 2.3 (see Lemma 2.12 in [13]). For each positive integer d, there is a polynomial-time algorithm
which takes in a graph G and returns a collection L ⊆ 2V (G) such that for any maximal treedepth-d
structure T in G, any T -aligned minimal chordal completion G+ F of G, and any maximal clique Ω of
G+ F which contains a depth-d vertex of T , L contains a set Ω̃ that is a container for Ω of defect 0, i.e.,
Ω ⊆ Ω̃ and Ω̃ ∩ T = Ω ∩ T .

In our paper we will also need Lemma 2.13 from [13], which shows how to use the maximality of

a treedepth-d structure:

Lemma 2.4 (see Lemma 2.13 in [13]). Let G be a graph, d be a positive integer, and T be a maximal
treedepth-d structure in G. Then for any T -avoiding potential maximal clique Ω of G, each vertex in
Ω \ T has a neighbor in T − Ω.
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A tree decomposition of a graph G is a pair T = (T, β), where T is a tree and β is a function

assigning each node v ∈ V (T ) a subset of vertices β(v) ⊆ V (G), called a bag of v such that the

following conditions are fulfilled:

• for each u ∈ V (G) a set of nodes of T whose bags contain u induces a connected non-empty

subtree of T ;

• for each edge u1u2 ∈ E(G) there exists a node v ∈ V (T ) such that β(v) contains u1, u2.

A width of a tree decomposition T is equal tomaxx∈V (T ) |β(x)|−1. The minimum width over all tree

decompositions of a graph G is called the treewidth of G and is denoted as tw(G).

2.3 MWIS

In all problems of interest in this paper, the input graphG comes with vertex weights that are positive

rational numbers.

For fixed integer d ≥ 0 and CMSO2 formula ϕ with one free vertex set variable, the (td ≤ d, ϕ)-
MWIS problem takes in input a vertex-weighted graph G and asks for a pair (Sol, X) where X ⊆
Sol ⊆ V (G),G[Sol] is of treedepth at most d, and ϕ(X) is satisfied inG[Sol], and, subject to the above,
the weight of X is maximized (or a negative answer if such a pair does not exist.)

Input: A graph G equipped with a weight function w : V (G) → Z+.

Task: Find a pair (Sol, X) such that

• X ⊆ Sol ⊆ V (G),

• G[Sol] is of treedepth at most d,

• G[Sol] |= ψ(X),

• X is of maximum weight subject to the conditions above,

or conclude that no such pair exists.

(td ≤ d, ψ)-MWIS

Similarly as in [13], for a solution (Sol, X)we will be mostly looking at some maximal treedepth-d
structure T that contains Sol.

2.4 Structural lemmas

In this section we present some structural lemmas about P7-free graphs. Beforehand, we need the

following notation.

By X1 −X2 − · · · −Xk we denote a path v1 − v2 − · · · − vk, where vi is some vertex belonging

to Xi for each i ∈ [k]. If Xi is singleton {xi} for some i, we write −xi− instead −{xi}−.

Lemma 2.5. Let S be a minimal separator in a P7-free graph G and let A and B be the full components
to S. There exists a subset Z ⊆ A such that Z is a cograph and S \N(Z) is complete to B.

Proof. Let F be a set of vertices of S which are complete toB. Let Z be a minimal connected subgraph

of A such that S \ F ⊆ N(Z).
Let Q be a maximal induced path in Z and let v be its endpoint. Note that v cannot be a cutvertex

of Z – otherwise we could extend our maximal path Q. By the minimality of Z there exists a vertex

w ∈ S \ F such that N(w) ∩ Z = {v}. Let B1 be N(w) ∩ B and B2 = B \ B1. As S is the

minimal separator andB is a full component to S, the setB1 is non-empty. Since w /∈ F , the setB2 is

non-empty. As B is a connected component, then there exist x1 ∈ B1, x2 ∈ B2, which are adjacent.
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Let P = Q − w − x1 − x2. Note that P is an induced path in G. We assumed that G is P7-free,

thus |P | < 7, which implies |Q| ≤ 3. Thus, Z is a cograph.

Lemma 2.6 (see Lemma 4.2 in [23]). Let S be a minimal separator in graph G and let A be a full
component to S and |A| ≥ 2. Let p and q be any two distinct vertices of A belonging to different maximal
proper adjacent strongmodules ofG[A]. Then, for each vertex v ∈ S at least one of the following conditions
is fulfilled:

1. there exists an induced path v −A−A−A

2. we have v ∈ N(p) ∪N(q)

3. G[A] is disconnected and N(v) ∩A consists of some connected components of G[A]

Corollary 2.7 (compare Lemma 8 in [38]). Let S be a minimal separator in graphG and letA andB be
full components to S. There exists a set X ⊆ A (X ⊆ B) of size at most ω(G) such that for each vertex
v belonging to S \N(X) there exists an induced path v −A−A−A (v −B −B −B).

Proof. If |A| < 2, then we simply take X = A. Suppose then that A consists of least two vertices.

Let Q be a set of such vertices v ∈ S such that there exists an induced path v − A − A − A. If the
complement of G[A] is disconnected, then we choose one vertex from each connected component of

G[A] and create a set X from the chosen vertices. If G[A] is connected, let us pick any two vertices

belonging to different maximal proper adjacent modules of G[A] and construct X this way. In both

cases we have |X| ≤ ω(G). By Lemma 2.6 for any vertex v ∈ S \N(X) we have v ∈ Q. We prove the

statement for B in symmetrical way.

We will also need the following lemma, which was proved in [23].

Lemma 2.8 (see Lemma 4.1 in [23]). Let (X,≤1) and (X,≤2) be two partial orders on the set X such
that any pair of elements ofX is comparable in≤1 or in≤2. Then, there exists an element v such that for
any element x ∈ X we have v ≤1 x or v ≤2 x.

We say that sets A and B are comparable by inclusion if A ⊆ B or B ⊆ A.

Lemma 2.9. Let G be a P7-free graph and let Z be an induced subgraph of G, which is a connected
cograph. Let I ⊆ V (G) \ N [Z] be an independent set and let J ⊆ N(Z) ∩ N(I) an independent set.
Then there exist sets of vertices QZ ⊆ Z and QI ⊆ I such that J ⊆ N(QZ) ∪N(QI) and |QZ |, |QI | ≤
(ω(Z) + 1)!.

Proof. Let f : N → N be defined recursively as f(1) = 1 and f(k) ≤ k(1 + f(k − 1)) for k ≥ 2.
A straightforward induction shows that for every k ∈ N we have f(k) ≤ (k + 1)!.

We will prove the lemma by the induction on ω(Z) and with the bound |QI |, |QZ | ≤ f(ω(Z)).
For the base case, if ω(Z) = 1, then Z contains only one vertex v and J ⊆ N(v). Thus, the induction
holds for ω(Z) = 1.

Let us assume now that ω(Z) > 1. Let Z1, . . . , Zl be anticomponents of Z . Note that l ≤ ω(Z).
Since Z is a connected cograph with ω(Z) > 1, we know that l > 1. For each i ∈ [l] we choose

an arbitrary vertex zi ∈ Zi. Let {Z1
i , Z

2
i , . . . , Z

mi
i } be a set of connected components of Zi − zi.

Let J ′ = J \ N({z1, . . . , zl}). We split now J ′
depending on the neighborhood in Z . Let J ′

i =
(J ′ ∩N(Zi)) \N(Z1 ∪ · · · ∪ Zi−1).

Suppose thatmi ≥ 2. Let us consider two partial orders on J ′
i :

• ≤1: u ≤1 v ⇔ N(u) ∩ I ⊆ N(v) ∩ I

• ≤2: u ≤2 v ⇔ {j ∈ [mi] | u ∈ N(Zj
i )} ⊆ {j ∈ [mi] | v ∈ N(Zj

i )}
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Suppose that there exist vertices x, y ∈ J ′
i which are incomparable in both ≤1 and ≤2. Then there

exists vertices xi, yi ∈ I such that xix, yiy ∈ E(G), but xyi, xiy /∈ E(G). Similarly, there exist

connected components Zjx
i and Z

jy
i such that x ∈ N(Zjx

i ) and y ∈ N(Z
jy
i ), but y /∈ N(Zjx

i ) and

x /∈ N(Z
jy
i ). So there exist induced paths Px and Py connecting x and respectively y with zi′ , where

i′ ∈ [l] \ {i} such that Px ⊆ V (Zjx
i ) and Py ⊆ V (Z

jy
i ). Since x, y /∈ N(zi′), each of Px and Py must

contain at least one vertex. Then a path xi − x− Px − zi′ − Py − y − yi is an induced path of at least

7 vertices, a contradiction.

Thus each pair of elements of J ′
i is comparable in ≤1 or ≤2. Then by Lemma 2.8 there exists

a vertex wi ∈ J ′
i such that any other vertex v ∈ J ′

i we have wi ≤1 v or wi ≤2 v. Let uiwi
be

any vertex in N(wi) ∩ I – such vertex exists because J ⊆ N(I). Let jwi be any index such that

N(wi)∩Z
jwi
i ̸= ∅ (such component exists, because of the definition of Ji and the assumptionmi ≥ 2).

Then J ′
i ⊆ N(uiwi

) ∪N(Z
jwi
i ). Since Zi is the anticomponent, ω(Z

jwi
i ) ≤ ω(Zi) ≤ ω(Z)− 1. By the

inductive assumption, applied to a connected cograph Z
jwi
i , J ′

i \N(uiwi
) and I , there exist setsQi

Z and

Qi
I of size at most f(ω(Z)− 1) such that J ′

i \N(uiwi
) ⊆ N(Qi

Z) ∪N(Qi
I).

We are left with cases mi = 0 and mi = 1. In the former, Zi = {zi} and J ′
i = ∅. We take then

Qi
Z = Qi

I = ∅. Ifmi = 1, then J ′
i ⊆ N(Z1

i ). We can use directly inductive assumption to Z1
i , J

′
i and

I , getting sets Qi
Z and Qi

I such that Ji ⊆ N(Qi
Z) ∪N(Qi

I).
Let QZ = {z1, . . . , zl} ∪

⋃
i∈[l]Q

i
Z and QI = {u1w1

, . . . , ulwl
} ∪

⋃
i∈[l]Q

i
I . Then

|QZ |, |QI | ≤ ω(Z) + ω(Z) · f(ω(Z)− 1) = f(ω(Z)).

We also have

J ⊆ N({z1, . . . , zl}) ∪ J ′ = N({z1, . . . , zl}) ∪
⋃
i∈[l]

J ′
i ⊆ N(QZ) ∪N(QI).

2.5 χ-boundness

By ω(G) we denote the clique number of G, i.e. a size of the maximal clique being a subgraph of G.
By χ(G) we denote the chromatic number of graph G, i.e. the minimal number of colors required to

properly color vertices of graph G (so no two adjacent vertices get the same color assigned). For any

graphGwe haveω(G) ≤ χ(G). There exist graphs with large girth and large chromatic number, so we

cannot hope for bound χ(G) ≤ f(ω(G)) for any graph G. This leads us to the notion of χ-boundness,
which was discussed by Gyárfás in [25]. We say that a class C is χ-bounded if there exists a function

f : N → N such that for any graph G ∈ C we have χ(G) ≤ f(ω(G)).
Gyárfás proved in [25] the following theorem:

Theorem 2.10 (Theorem 2.4 in [25]). Class of graphs excluding Pt is χ-bounded and a function fn(x) =
(t− 1)x−1 is a suitable bounding function.

Proof of this theorem, presented in [25], is constructive and it shows that a Pt-free graphG can be

colored with (t− 1)ω(G)−1
colors (i.e. divided into color classes) in polynomial time.

2.6 2VC-dimension

The notion of Vapnik-Chervonenkis dimensionwas introduced by Vapnik and Chervonenkis in [39]. In

graphs it is usually applied with the set of vertices as a universe and the family of closed neighborhoods

as family of sets. Here, we will use VC-dimension in a slightly different setting.

Let (U,F) be a set system: let U be a set and F be a family of subsets of U . The 2VC-dimension of

a set system (U,F), denoted as 2VCdim(U,F) is a maximal size of a set X ⊆ U such that for every

subset Y ⊆ X of size 2 there exists A ∈ F such that A ∩X = Y .
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For a set system (U,F), we define a dual set system as (F , Û), where Û = {x∗ | x ∈ U} and

x∗ = {F ∈ F | x ∈ F}. Then a dual 2VC-dimension of set system (U,F), denoted as 2VCdim∗(U,F),
is a 2VC-dimension of its dual system, i.e. the size of a maximal F ′ ⊆ F such that for every distinct

A,B ∈ F ′
there exists u ∈ U such that {C ∈ F ′ | u ∈ C} = {A,B}.

Given a set system (U,F), let ν(U,F) be a maximal size of a subfamilyF ′ ⊆ F of pairwise disjoint

sets and let τ(U,F) be a minimal size of a set A ⊆ U such that for every F ∈ F we have F ∩A ̸= ∅.
Ding, Seymour and Winkler proved the lemma in [17], bounding τ as a function of λ and ν. They

used the language of hypergraphs, which we translated here to set systems.

Lemma 2.11 (compare (1.1) in [17]). For any set system S = (U,F) we have

τ(S) ≤ 11 · 2VCdim∗(S)2 (2VCdim∗(S) + ν(S) + 3)

(
2VCdim∗(S) + ν(S)

ν(S)

)2

.

Corollary 2.12. For every t there exists c such that for every Pt-free graph G, a PMC Ω in G and an
independent set I ⊆ Ω such that for every vertex v ∈ I there exists a component D ∈ cc(G − Ω) such
that v ∈ N(D), there exists a family D ⊆ cc(G− Ω) of size at most c such that I ⊆

⋃
D∈DN(D).

Proof. Let us consider a set system S = (cc(G − Ω), {Dv | v ∈ I}), where Dv = {D ∈ cc(G − Ω) |
v ∈ N(D)}. By Lemma 2.1 we know that for every two non-adjacent vertices u, v ∈ Ω there exists

a component D ∈ cc(G − Ω) such that u, v ∈ N(D). Hence, ν(S) = 1, as I is an independent set.

Let us denote

⌈
t
2

⌉
+1 as p. We will show now that 2VCdim∗(S) < p. Suppose otherwise – then there

exists a subfamily F ′ = {Dv1 ,Dv2 , . . . ,Dvp} such that for every j, k ∈
[
t
2

]
there exists a component

D ∈ cc(G − Ω) such that {Di ∈ F ′ | D ∈ Di} = {Dvi ,Dvj}. In other words, for every two distinct

vertices u,w ∈ {v1, . . . , vp} ⊆ I there exists a componentD ∈ cc(G−Ω) such that u,w ∈ N(D), but
no other vi ∈ N(D) and therefore a minimal path Puw ⊆ D connecting u and w (note that Puw may

contain just one vertex). Let us consider a path v1−Pv1v2 −v2−Pv2v3 −v3−· · ·−Pvp−1vp −vp. Note
that it is an induced path inG of length p+p−1 ≥ t, which is a contradiction. Thus, 2VCdim∗(S) < p.

Note that τ(S) is a minimal size of a set D ⊆ cc(G − Ω) such that for every v ∈ I there exists

D ∈ D such that v ∈ N(D). By Lemma 2.11 we get that τ(S) is bounded by a function of p, so
a function of t.

We immediately get the following corollary.

Corollary 2.13. For every t and k there exists c such that for every Pt-free graphG with ω(G) ≤ k and
a PMC Ω one of the two following conditions hold:

1. there exists v ∈ Ω such that for every component D ∈ cc(G− Ω) we have v /∈ N(D)

2. there exists a family D ⊆ cc(G− Ω) of size at most c such that Ω =
⋃

D∈DN(D)

3 Approximating minimal separators

This section is devoted to the proof of the following theorem.

Theorem 3.1. Let d, k ≥ 1 be fixed integers. Given a P7-free graph G with ω(G) ≤ k, one can in
polynomial time compute a family F with the following guarantee: for every maximal treedepth-d struc-
ture T and every T -avoiding minimal separator S in G with full components A and B, there exists
(K,D, L) ∈ F satisfying the following:

• K ⊆ V (G), S ∩ T ⊆ K , and |K ∩ T | = Ok,d(1);

• D is a subset of the family of connected components of G−K ;

• L is a function that assigns to every D ∈ D a subset ∅ ≠ L(D) ⊊ D such that every connected
component of either G[L(D)] or of G[D \ L(D)] is a module of G[D];
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• for every connected component D of G−K , one of the following holds:

– D is a subset of a single connected component of G− S; or

– D ∈ D.

Proof. Let G be as in the theorem statement. Using Theorem 2.10, we compute a coloring of G into

c ≤ 6k−1
color classes and denote them by V 1, . . . , V c

. In what follows, we will frequently divide

various subsets of V (G) into color classes; for a set X , we usually denote X ∩ V i
by Xi

for brevity

and call the sets X1, . . . , Xc
the color classes of X .

Let T be a maximal treedepth-d structure inG. Let S be a T -avoiding minimal separator in graph

G and let A and B be the full components to S. We follow here a way from presentation from [1, 13]:

wewant to guess the tuple (K,D, L) for (S,A,B) bymaking a guesswork that ends up in a polynomial

number of options. That is, we describe a nondeterministic polynomial-time algorithm that

1. has a polynomial number of possible runs,

2. in every run, the algorithm either outputs a tuple (K,D, L) as in the lemma statement or termi-

nates without outputting any tuple, and

3. for every T , S, A, and B as above, there exists a run of the algorithm that produces a tuple

(K,D, L) fitting T , S, A, and B as in the lemma statement.

To compute the desired family F , we iterate over all possible runs of the algorithm and collect all

output tuples (K,D, L). The nondeterministic algorithm does not know T , S, A, nor B, but is able to

nondeterministically guess some properties of them; however, in such guesses we need to control the

number of possible runs (branches) so that their total number is polynomial. For example, while we

cannot guess the entire set S, we can for example guess one leaf of T that is contained in A (there are

n options) or a specific vertex of S.
Let XA be a subset of A of size at most k such that for each vertex v ∈ S \ N(XA) there exists

an induced path v − A − A − A. Analogously, we define XB as a subset of B of size at most k such

that for every vertex v ∈ S \N(XB) there exists an induced path v−B−B−B. Such subsets exists

by Corollary 2.7.

Suppose that there exists v ∈ S\(N(XA)∪N(XB)). Then v belongs toS\N(XB) andS\N(XA),
so there exists induced paths v − B − B − B and v − A − A − A. By joining them, we create a P7

which is a contradiction. Thus, S ⊆ N(XA) ∪N(XB). Moreover, note that N(XA) ∩N(XB) ⊆ S.
We will maintain a set S̃ which will serve as our current candidate for K . We initiate S̃ = ∅. We

will refer to S̃ as “our container” for the set S.
We (nondeterministically) guess setsXA,XB and leafs pA and pB of T , belonging to respectively

A andB. By Lemma 2.4 such vertices exists, as we are guessing vertices of maximal depth in T ∩A and

T ∩B. We also know that there exists suitable guesses forXA andXB , fulfilling the above definitions.

Since |XA|, |XB| ≤ k, there is a polynomial number of options for this guess.

Then we add to S̃ vertices ofN(XA∪{pA})∩N(XB ∪{pB}) andN(pA)∪N(pB). We also guess

T ∩ S and add them to S̃. Since S is T -avoiding, |T ∩ S| ≤ d− 1.
Note that we added to S̃ at most d− 1 ancestors of pA among vertices inN(pA) and at most d− 1

ancestors of pB among vertices in N(pB) in the treedepth-d structure.
Let SA = S \ N(XA) and SB = S \ N(XB). Note that SA and SB are subsets of respectively

N(XB) and N(XA).
We now focus on vertices of S, which have neighbors in connected components others thanA and

B. Let Ŝ = N(V (G) \ (A ∪ B ∪ S)), note that Ŝ ⊆ S, and let ŜA = Ŝ ∩ SA and ŜB = Ŝ ∩ SB .
We divide ŜA and ŜB into color classes: Ŝ1

A, Ŝ
2
A, . . . , Ŝ

c
A and Ŝ1

B, Ŝ
2
B, . . . , Ŝ

c
B . We need the following

lemma in order to put these vertices into our container.
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Claim 3.2. For any i ∈ [c], if Ŝi
A ̸= ∅, then there exists a component Di

A ∈ cc(G − (A ∪ S ∪ B)) and

vertices aiA, b
i
A, c

i
A ∈ A such that a set of vertices Ŝi

A is a subset ofN(Di
A)∪(N({aiA, biA, ciA})∩N(XB)).

A symmetrical statement holds for B.

Proof. Let v be a vertex in Ŝi
A which has the neighbors in the least number of connected components

ofG− (A∪S ∪B). Then there exists an induced path v−A−A−A – let aiA, b
i
A, c

i
A be vertices ofA

such that v−aiA−biA−ciA is an induced path. LetDi
A be any connected component ofG−(A∪S∪B)

such that v ∈ N(Di
A).

Suppose that there exists a vertexu ∈ Ŝi
Awhich does not belong to a setN(Di

A)∪(N({aiA, biA, ciA})
∩ N(XB)). As Ŝi

A is a color class, u and v are non-adjacent. However, we can connect them via B,

as each vertex in SA has a neighbor in XB and B is a connected component. Let Q ⊆ B be a path

(maybe on just one vertex) such that u − Q − v is an induced path in G. By the minimality of v, we
know that there exists a connected component D′ ∈ cc(G− (A ∪ S ∪B)) and a vertex w ∈ D′

such

that v /∈ N(D′) and u and w are adjacent. Then w − u − Q − v − aiA − biA − ciA is an induced path

on at least seven vertices; a contradiction. Thus, Ŝi
A ⊆ N(Di

A) ∪ (N({aiA, biA, ciA}) ∩N(XB)).
The proof for B is symmetrical.

Note that each componentD ∈ cc(G− (A∪S∪B)) is a connected component ofG−S, different
from A and B. Since S ⊆ N(XA) ∪N(XB) ⊆ A ∪ S ∪ B, then D ∈ cc(G − (N(XA) ∪N(XB))).
Therefore each connected component of G− (A ∪ S ∪B) can be guessed.

Nowwe use Claim 3.2 to expand S̃ and therefore to cover Ŝ. For each Ŝi
A such that i ∈ [c]we guess

if Ŝi
A ̸= ∅ and, if this is the case, we guess a connected componentDi in G− (N(XA)∪N(XB)) and

vertices ai, bi, ci and we add N(Di) ∪
(
N({ai, bi, ci}) ∩N(XB)

)
to S̃. We do symmetric guesses for

each Ŝi
B for each i ∈ [c].

At this point, all vertices of S \ S̃ have neighbors only in A ∪ S ∪ B. We will use the following

two claims to cover some vertices which have two incomparable neighbors in T .

Fix α ∈ [d]. Let Sα
A be a subset of SA \ S̃, consisting of these vertices of SA which have at least

two neighbors in T α ∩B. Let us divide Sα
A into color classes Sα,1

A , Sα,2
A , . . . , Sα,c

A . Similarly, let Sα
B be

a subset of SB \ S̃, consisting of these vertices of SB which have two neighbors in T α ∩A. Again, we
divide Sα

B into color classes Sα,1
B , Sα,2

B , . . . , Sα,c
B .

Claim 3.3. For each α ∈ [d] and i ∈ [c] there exist QZ ⊆ A of size at most 2(k + 1)!, and disjoint sets
of vertices Q1

I , Q
2
I ⊆ T α ∩B of size at most (k + 1)! each, such that

Sα,i
A ⊆ (N(QZ) ∩N(XB)) ∪

 ⋃
x∈Q1

I

⋃
y∈(Q1

I∪Q
2
I)\{x}

N(x) ∩N(y)

 .

A symmetrical statement holds for Sα,i
B for each α ∈ [d] and i ∈ [c].

Proof. Let us fix α ∈ [d] and i ∈ [c]. We consider Sα,i
A , for shorthand denoted here as J . Since J is

a color class, it is an independent set. By Lemma 2.5 there exists a connected cograph Z inA such that

S \ N(Z) is complete to B. Therefore J ⊆ N(Z) (vertices belonging to S which are complete to B
belong to N(pB), so they belong to S̃). Let I1 be set of vertices of T α

belonging to B. Note that I1 is
an independent set. By Lemma 2.9 there exist sets Q1

I ⊆ I1 and Q1
Z ⊆ Z of size at most (k + 1)! each

such that J ⊆ N(Q1
I) ∪N(Q1

Z). Note that N(Q1
Z) ∩ S

α,i
A ⊆ N(Q1

Z) ∩N(XB).
Let us denote N(Q1

Z) ∩ N(XB) ∪
⋃

x,y∈Q1
I , x ̸=yN(x) ∩ N(y) as X . Let J2 = J \ X and I2 =

I1 \ Q1
I . Note that if v ∈ J2

, then v has exactly one neighbor in Q1
I , so it has a neighbor in I2.

We again use Lemma 2.9, there exists sets Q2
I ⊆ I2 and Q2

Z ⊆ Z of size at most (k + 1)! such that

J2 ⊆ N(Q2
I) ∪N(Q2

Z).
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Then we have J2 ⊆ (N(Q2
Z)∩N(XB))∪(

⋃
x∈Q1

I

⋃
y∈Q2

I
N(x)∩N(y)). Thus J is indeed a subset

of

Sα,i
A ⊆

(
N(Q1

Z ∪Q2
Z) ∩N(XB)

)
∪

 ⋃
x∈Q1

I

⋃
y∈(Q1

I∪Q
2
I)\{x}

N(x) ∩N(y)

 .

Setting QZ = Q1
Z ∪Q2

Z concludes the proof; the proof for B is symmetric.

For every α ∈ [d] and i ∈ [c]we guess if Sα,i
A of Sα

A is nonempty, and if it is the case, then we guess

sets Qi
Z , Q

1,i
I , Q2,i

I . By Claim 3.3 we know that there exist suitable guesses such that Sα,i
A is contained

in (
N(Qi

Z) ∩N(XB)
)
∪

 ⋃
x∈Q1,i

I

⋃
y∈(Q1,i

I ∪Q2,i
I )\{x}

N(x) ∩N(y)


 ,

which we denote as Xα,i
(note that XB is already guessed). Then for each α ∈ [d] and i ∈ [c] we add

Xα,i
to S̃.

We need to bound how many vertices of T are added to S̃. Per eachXα,i
we may have added to S̃

vertices from T , which are ancestors of two vertices belonging to Q1,i
I and Q2,i

I . So we added at most

d ·
∣∣∣Q1,i

I ∪Q2,i
I

∣∣∣2. So the number of vertices of T in S̃ increased by at most d · c · d · 4((k + 1)!)2.

We follow the same steps for each color class Sα,i
B of Sα

B , guessing the sets and putting vertices

into S̃. Symmetrically, this step increases the number of vertices of T in S̃ by at most 4cd2((k+1)!)2.
We put into S̃ vertices of SA (resp. SB), which have at least two neighbors on the same level in

T ∩B (resp. T ∩A). We will use now a similar idea to put into S̃ some vertices of S which have two

incomparable neighbors in T of two different levels.

Fix distinct α, β ∈ [d]. Let Sα,β
A be a subset of SA \ S̃ consisting of these vertices of SA which have

two incomparable neighbors in T ∩ B – one of depth α in T and another of depth β in T . Note that

each vertex v ∈ Sα,β
A has exactly one vertex in T α ∩B and exactly one in T β ∩B, as vertices having

at least two neighbors in either of these two sets already belong to S̃. We divide each Sα,β
A into color

classes Sα,β,1
A , Sα,β,2

A , . . . , Sα,β,c
A . Let us define Sα,β,i

B in a symmetrical way.

Claim 3.4. For each distinct α, β ∈ [d] and i ∈ [c] there exist a set QZ ⊆ A of size at most 2(k + 1)!,
and sets Q1

I and Q
2
I , which are subsets of respectively T α ∩B and T β ∩B of size at most (k + 1)! such

that
Sα,β,i
A ⊆ (N(QZ) ∩N(XB)) ∪

⋃
x∈Q1

I

⋃
y∈Q2

I

x,y incomparable in T

N(x) ∩N(y)

A symmetric statement holds for Sα,β,i
B for each distinct α, β ∈ [d] and i ∈ [c].

Proof. Let us fix distinct α, β ∈ [d] and c ∈ [c]. We consider Sα,β,i
A , for short denoted here as J . By

Lemma 2.5, there exists a connected cograph Z in A such that S \N(Z) is complete to B. Therefore

J ⊆ N(Z). We apply Lemma 2.9 to Z , J and T α ∩ B, getting sets Q1
Z and Q1

I such that Sα,β,i
A ⊆

N(Q1
Z) ∪ N(Q1

I). We also apply Lemma 2.9 to Z , J and T β ∩ B, getting sets Q2
Z and Q2

I such that

Sα,β,i
A ⊆ N(Q2

Z) ∪N(Q2
I). Let QZ = Q1

Z ∪Q2
Z .

Note that

Sα,β,i
A \N(QZ) ⊆ {N(x) ∩N(y) | x ∈ Q1

I , y ∈ Q2
I , x and y are incomparable in T },

which holds by the definition of Sα,β,i
A . As N(Q1

Z ∪Q2
Z) ∩ S

α,β,i
A ⊆ N(QZ) ∩N(XB), we get

Sα,β,i
A ⊆ (N(QZ) ∩N(XB)) ∪

⋃
x∈Q1

I

⋃
y∈Q2

I

x,y incomparable

N(x) ∩N(y)
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The symmetrical proof holds for B.

For each α, β ∈ [d] and i ∈ [c] we guess id Sα,β,i
A is nonempty, and if this is the case, we guess sets

QZ , Q
1
I and Q

2
I . By Claim 3.4 we know that there exists suitable guesses such that Sα,β,i

A is contained

in

(N(QZ) ∩N(XB)) ∪
⋃

x∈Q1
I

⋃
y∈Q2

I

x,y incomparable

N(x) ∩N(y)

which we denote as Xα,β,i
. For each distinct α, β ∈ [d] and i ∈ [c] we add Xα,β,i

to S̃.
With each Xα,β,i

we may have added at most d · |Q1
I ∪ Q2

I |2 vertices from T to S̃, so the size of

T ∩ S̃ increases by at most d · d · c · d(2(k + 1)!)2 after adding all Xα,β,i
’s.

We follow the same steps for Sα,β,i
B , guessing the sets and adding vertices to S̃. The increase of

|T ∩ S̃| is bounded similarly.

At this moment, for every vertex v ∈ SA \ S̃ there are no incomparable vertices inN(v)∩ T ∩B.

A symmetrical statement holds for vertices belonging to SB \ S̃.
Fix α ∈ [d]. Let us denote set {v ∈ SA \ S̃ | N(v) ∩ A ∩ T α ̸= ∅} as Sα

A. Let us divide S
α
A into

color classes: Sα,1
A , Sα,2

A , . . . , Sα,c
A . Similarly, let Sα

B = {v ∈ SB \ S̃ | N(v) ∩ B ∩ Tα ̸= ∅} and let

Sα,1
B , Sα,2

B , . . . , Sα,c
B be color classes of Sα

B .

Claim 3.5. For each i ∈ [c] and α ∈ [d], if Sα,i
A ̸= ∅, there exists vertices pα,i, pα,i1 , pα,i2 ∈ T α ∩ A and

vertices aα,i, bα,i, cα,i ∈ A inducing a P3 such that every v ∈ Sα,i
A is either adjacent to at least one of the

vertices pα,i, pα,i1 , pα,i2 , aα,i, bα,i, cα,i or satisfies the following: every u ∈ N(v)∩A∩ T α has a neighbor
among vertices aα,i, bα,i, cα,i.

A symmetrical statement holds for Sα,i
B for each α ∈ [d] and i ∈ [c].

Proof. Let us fix i ∈ [c] and α ∈ [d]. We consider Sα,i
A , for short denoted here as J . Let vα,i ∈ J

be a vertex, minimizing |N(vα,i) ∩ A ∩ T α|. By the definition of SA, there exists an induced path

vα,i−aα,i−bα,i−cα,i, where aα,i, bα,i, cα,i ∈ A. Let pα,i be any vertex belonging toN(vα,i)∩A∩T α
.

Let

J1 = {v ∈ J \ (N(aα,i, bα,i, cα,i, pα,i) ∩N(XB)) | N(v) ∩N(vα,i) ∩A ∩ T α ̸= ∅}.

Let us consider two partial orders on vertices of J1:

• ≤1: u ≤1 w ⇔
(
(N(u) ∩A ∩ T α) ∩N(vα,i)

)
⊆

(
(N(w) ∩A ∩ T α) ∩N(vα,i)

)
• ≤2: u ≤2 w ⇔

(
(N(u) ∩A ∩ T α) \N(vα,i)

)
⊆

(
(N(w) ∩A ∩ T α) \N(vα,i)

)
Note that for every w ∈ J1 the set

(
(N(w) ∩A ∩ T α) ∩N(vα,i)

)
is non-empty by the definition of

J1 and the set

(
(N(w) ∩A ∩ T α) \N(vα,i)

)
is non-empty by the choice of vα,i and the exclusion of

neighbors of pα,i in J1.
Suppose that there exists u and w, which are incomparable in both orders. Then we can choose

following vertices:

• x1 ∈ (N(u) ∩A ∩ T α) \N(w, vα,i)

• x2 ∈ (N(w) ∩A ∩ T α) \N(u, vα,i)

• y1 ∈
(
N(u) ∩N(vα,i) ∩A ∩ T α

)
\N(w)

• y2 ∈
(
N(w) ∩N(vα,i) ∩A ∩ T α

)
\N(u)
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Then a path x1 − u− y1 − vα,i − y2 − w − x2 is an induced P7, which is a contradiction. Thus, any

pair of vertices of J1 is comparable in at least one of the orders.

By Lemma 2.8 there exists a vertex vα,i1 such that for any other vertex w ∈ J1 we have

vα,i1 ≤1 w or vα,i1 ≤2 w. Let us choose vertices pα,i1 ∈
(
N(vα,i1 ) ∩A ∩ T α ∩N(vα,i)

)
and

pα,i2 ∈
(
N(vα,i1 ) ∩A ∩ T α \N(vα,i)

)
. Then for any w ∈ J1 we have w ∈ N(pα,i1 , pα,i2 ) ∩N(XB).

Consider now v ∈ J \N(pα,i, pα,i1 , pα,i2 , aα,i, bα,i, cα,i); note that v /∈ J1. Let u ∈ N(v)∩ T α ∩A.
As v /∈ J1, uv

α,i /∈ E(G). Let Q ⊆ B be ap ath (maybe on just one vertex) such that v −Q − vα,i is
an induced path in G. Then, cα,i − bα,i − aα,i − vα,i −Q− v − u contains an induced P7 unless u is

adjacent to at least one of the vertices aα,i, bα,i, cα,i. This finishes the proof.

For every i ∈ [c] and α ∈ [d], we guess if Sα,i
A is nonempty and, if this is the case, we guess the

vertices pα,i, pα,i1 , pα,i2 , aα,i, bα,i, cα,i of Claim 3.5 and put

N(pα,i, pα,i1 , pα,i2 , aα,i, bα,i, cα,i) ∩N(XB)

into S̃. Perform a symmetrical operation with the roles of A and B swapped.

Let KA = {aα,i, bα,i, cα,i | i ∈ [c], α ∈ [d]}. At this point, for every w ∈ SA \ S̃, all neighbors
of w in T ∩ A are in N(KA), while N(KA) ⊆ A ∪ S. Symmetrically we define KB . Note that

|KA|, |KB| ≤ 3cd.
Let A1, A2, . . . , Ac

and B1, B2, . . . , Bc
be color classes of A and B, respectively. For every i, j ∈

[c] andα ∈ [d], letSα,i,j
A be the set of those vertices ofSα,i

A \S̃ that have a neighbor inBj
. Symmetrically

we define Sα,i,j
B .

Claim 3.6. For each i, j ∈ [c] and α ∈ [d], if Sα,i,j
A \S̃ ̸= ∅, then there exist qα,i,j ∈ A and vα,i,j ∈ Sα,i,j

A

such that every vertex v ∈ Sα,i,j
A \

(
N(qα,i,j) ∩N(XB)

)
satisfies N(v) ∩Bj ⊆ N(vα,i,j) ∩Bj .

A symmetrical statement holds for Sα,i,j
B for each α ∈ [d] and i ∈ [c].

Proof. Fix i, j ∈ [c] and α ∈ [d] and for brevity denote J = Sα,i,j
A .

Let us consider two orders on J :

• ≤1: u ≤1 w ⇔ N(u) ∩A ∩ T α ⊆ N(w) ∩A ∩ T α

• ≤2: u ≤2 w ⇔ (N(u) ∩Bj) ⊇ (N(w) ∩Bj)

Suppose that there exist vertices u andw in J , which are incomparable in both orders. Then we choose

x1 ∈ N(u) ∩ A ∩ Tα \ N(w) and x2 ∈ N(w) ∩ A ∩ Tα \ N(u), and y1 ∈ N(u) ∩ Bj \ N(w) and
y2 ∈ N(w) ∩ Bj \ N(u). Then x1 − u − y1 and x2 − w − y2 are induced paths on 3 vertices and

there are no edges between these two paths. As x1, x2 ∈ N(aα,i, bα,i, cα,i), we can connect these two

paths via vertices aα,i, bα,i, cα,i, finding then an induced P7, which is a contradiction. Thus any pair

of vertices is comparable in at least one of these orders.

By Lemma 2.8 there exists a vertex vα,i,j ∈ J such that for any other vertex w ∈ J we have

vα,i,j ≤1 w or vα,i,j ≤2 w. Let q
α,i,j

be a vertex belonging to N(vα,i,j) ∩ A ∩ T α
. Then for each

w ∈ J we have w ∈ N(qα,i,j) ∩N(XB) or N(w) ∩ Bj ⊆ N(vα,i,j) ∩ Bj
. This finishes the proof of

the claim.

For every i, j ∈ [c] and α ∈ [d], guess if Sα,i,j
A is nonempty and, if this is the case, guess the vertices

qα,i,j and vα,i,j of Claim 3.6. Add N(qα,i,j) ∩N(XB) and N(vα,i,j) \N(KA) to S̃.
Note that in the last step we do not add any elements ofN(vα,i,j)∩T ∩A to S̃. As vα,i,j /∈ S̃ prior

to this step and N(vα,i,j) ∩ T ∩ B is of size at most d, we add at most d2c2 vertices of T to S̃ in this

step.

We perform a symmetric operation with A and B swapped.
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At this moment, for every v ∈ SA \ S̃, we haveN(v)∩A∩ T ⊆ N(KA) andN(v)∩B ⊆ S̃ and,

symmetrically, for every v ∈ SB \ S̃, we have N(v) ∩B ∩ T ⊆ N(KB) and N(v) ∩A ⊆ S̃.

Recall that |XB| ≤ k and |KB| ≤ 3cd. Let X̃B be the smallest connected subgraph of B, which

containsXB ∪KB ; asG is P7-free, |X̃B| ≤ 7(k+3cd). Symmetrically define X̃A. Guess X̃A, X̃B and

add N(X̃A) ∩N(X̃B) to S̃.
We now perform the following cleaning operation.

1. Guess all vertices of T ∩ S̃ and, for every v ∈ T ∩ S̃, guess all ancestors of v in T . Add those

ancestors to S̃; this increases the size of T ∩ S̃ by at most a factor of d. Now T ∩ S̃ is a sub-

treedepth-d structure of T .

2. Guess the depths and parent/child relation in T of vertices of T ∩ S̃. In particular, this guess

determines which pairs of vertices are incomparable in T .

3. For every pair u, v of vertices of T ∩ S̃ that are incomparable in T , add N(u) ∩N(v) to S̃.

4. For every v ∈ T d ∩ S̃, add N(v) to S̃.

Note that due to the first step, subsequent steps do not add any new vertex of T to S̃.

After the above cleaning, for every v ∈ V (G) \ S̃, all vertices of N(v) ∩ T ∩ S̃ are comparable in

T and do not contain any vertex of T d
. In particular, as T is maximal, v has a neighbor in T \ S̃.

Consequently, every vertex of SA \ S̃ has a neighbor in (A \ S̃) ∩ T and every vertex of SB \ S̃ has

a neighbor in (B \ S̃) ∩ T .

We infer that the connected components of G− S̃ are of the following types:

(clean) Contained in a connected component of G− S (i.e., in A, in B, or in G− (A ∪ S ∪B)), or

(dirty) Contained in A ∪ S ∪B, with a nonempty intersection both with S and A ∪B.

Observe that the clean components are disjoint withN(X̃A) or withN(X̃B) (or both), while the dirty

components have nonempty intersection both withN(X̃A) andN(X̃B), as SA ⊆ N(X̃B), while every

vertex of SA \ S̃ has a neighbor in ((A \ S̃) ∩ T ), which in turn has a neighbor in KA ⊆ X̃A, and

symmetrically for B. Hence, the algorithm can distinguish clean and dirty components.

In what follows, in a number of steps we will add some vertices to S̃, but we will be only adding

vertices of S. After the updates, we will continue using the nomenclature of clean/dirty components

of G− S̃, and they always refer to the current value of S̃. Note that, as long as we keep the invariant

that every vertex of SA \ S̃ has a neighbor in (A \ S̃) \ T (which is maintained trivially if we add only

vertices of S to S̃), then the method of distiguishing clean and dirty components from the previous

paragraph still works.

We now branch if SA \ S̃ = ∅. If this is the case, then every dirty component C satisfies C ∩
N(X̃A) = C ∩S. We insert C ∩N(X̃A) into S̃ for every dirty component C . As a result, S ⊆ S̃ while

|S̃ ∩ T | = Ok,d(1). We insert (K := S̃,D := ∅, L := ∅) into F and conclude this branch.

Symmetrically we handle a branch SB \ S̃ = ∅. In the remaining branch, we assume that both

SA \ S̃ and SB \ S̃ are nonempty.

Let X̂B = X̃B ∩ N(SA \ S̃); note that as SA \ S̃ ̸= ∅ and SA ⊆ N(XB), we have X̂B ̸= ∅. We

symmetrically define X̂A and observe it is nonempty, too.

We now focus on connected components of B \ S̃. Let C be such a component. Note that C has

no neighbors in SA \ S̃; hence C is also a connected component of G− S̃ −N(XA), and thus can be

guessed if needed.

Claim 3.7. For every connected component C of B \ S̃,

1. every x ∈ X̂B is either complete or anticomplete to C , and

2. if the whole X̂B is anticomplete to C , then the whole X̃B is anticomplete to C .
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A symmetrical statement holds with A and B swapped.

Proof. For the first point, assume there exists x ∈ X̂B with an induced P3 of the form x − C − C .
Let y be any neighbor of x in SA \ S̃. Observe that there would exist an induced P7 of the form

C − C − x− y −A−A−A, a contradiction.
If C is antiadjacent to X̂B but has a neighbor in X̃B , then as X̂B ̸= ∅ there exists a path Q from

X̂B via X̃B to C of length at least 2; let x be its endpoint in X̂B and let y be a neighbor of x in SA \ S̃.
Then there exists a P7 of the form Q− y −A−A−A, a contradiction.

Claim 3.7 distinguishes two types of components of B \ S̃: those antiadjacent to X̃B and those

complete to at least one vertex of X̂B . Let B0 and B1 be the families of components of the first and

second type, respectively. Symmetrically define A0 and A1.

Recall that every vertex of SB \ S̃ has a neighbor in (B \ S̃) ∩ T , which in turn has a neighbor in

KB ⊆ X̃B . This implies the following.

Claim 3.8. Every vertex of SB \ S̃ has a neighbor in a component of B1. Symmetrically, every vertex of
SA \ S̃ has a neighbor in a component of A1.

For v ∈ SB \ S̃, letNB0(v) = {C ∈ B0 | C ∩N(v) ̸= ∅} andNB1(v) = {C ∈ B1 | C ∩N(v) ̸= ∅}.
We now sort out adjacencies between SB \ S̃ and B0. Let SB,0 be the set of vertices belonging to

SB \ S̃ which have a neighbor in a component of B0. Let S
1
B,0, S

2
B,0, . . . , S

c
B,0 be color classes of SB,0.

Symmetrically, we define SA,0 and color classes S1
A,0, . . . , S

c
A,0.

Claim 3.9. For every i ∈ [c], if Si
B,0 is nonempty, then there exist two components B0,i,0 and B0,i,1 of

B \ S̃ such that Si
B,0 ⊆ N(B0,i,0 ∪B0,i,1).

A symmetrical statement holds with A and B swapped.

Proof. Fix i ∈ [c]. Then we consider two orders on Si
B,0:

• ≤1: x ≤1 y ⇔ NB1(x) ⊆ NB1(y);

• ≤2: x ≤2 y ⇔ NB0(x) ⊆ NB0(y);

Suppose that there exist x and y, which are incomparable in both orders. Then we can choose

• Cx ∈ NB1(x) \NB1(y),

• Cy ∈ NB1(y) \NB1(x),

• Dx ∈ NB0(x) \NB0(y),

• Dy ∈ NB0(y) \NB0(x).

There are no edges between Cx ∪Dx ∪ {x} and Cy ∪Dy ∪ {y}. Then, there is an induced P7 of the

form Dx − x− Cx − X̃B − Cy − y −Dy , a contradiction. Thus any pair of vertices is comparable in

at least one order.

By Lemma 2.8 we can choose a vertex vi ∈ Si
B,0 such that for any other vertex y ∈ Si

B,0 we have

vi ≤1 y or vi ≤2 y. Hence, any B0,i,0 ∈ NB0(v
i) (which exists by the definition of SB,0) and any

B0,i,1 ∈ NB1(v
i) (which we exists by Claim 3.8) would do the job.

As discussed, components of B0 ∪B1 are components ofG− S̃−N(XA) and can be guessed. For

every i ∈ [c], we guess B0,i,0 and B0,i,1 and add N(B0,i,0 ∪B0,i,1) ∩N(XA) to S̃.

We perform a symmetrical operation for A. As a result, no vertex of SB \ S̃ has a neighbor in a

component of B0 and no vertex of SA \ S̃ has a neighbor in A0. Also, we added to S̃ only vertices of

S, so in particular no vertex of T was added to S̃ and the families B0, B1, A0, and A1 stay intact.
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We say that x ∈ SB \ S̃ ismixed to a component C ∈ B1 if there exists an induced path x−C−C
or, equivalently, x is neither complete nor anticomplete to C . A component C ∈ B1 is problematic
if there is x ∈ SB \ S̃ that is mixed to C . For x ∈ SB \ S̃ we denote by Prob(x) ⊆ B1 the set

of components x is mixed to and by All(x) ⊆ B1 the set of components x is mixed or complete

to. Let SP
B be the set of all vertices of SB \ S̃ that are mixed to at least one component of B1 (i.e.,

SP
B = {x ∈ SB \ S̃ | Prob(x) ̸= ∅}) and let SP,1

B , SP,2
B , . . . , SP,c

B be color classes of SP
B . We introduce

symmetrical definitions with A and B swapped.

Claim 3.10. For each i ∈ [c] and any pair of vertices v1, v2 ∈ SP,i
B we have either Prob(v1) ⊆ All(v2)

or Prob(v2) ⊆ All(v1). A symmetrical statement holds for any pair of vertices of SP,i
A for each i ∈ [c].

Proof. Fix i ∈ [c]. Suppose that there exist vertices v1 and v2 inS
P,i
B and componentsCv1 ∈ Prob(v1)\

All(v2) and Cv2 ∈ Prob(v2) \ All(v1). Then there exist two induced P3s v1 − Cv1 − Cv1 and

v2 − Cv2 − Cv2 , which can be connected via X̃A, so we can find a P7, a contradiction.

Claim 3.11. For every i ∈ [c] there exists components Cvi , C
1
ui , C

2
ui ∈ B1 such that

SP,i
B ⊆

(
N(Cvi) ∪N(C1

ui) ∪N(C2
ui)

)
∩ N(X̂A). A symmetrical statement holds for SP,i

A for each
i ∈ [c].

Proof. Fix i ∈ [c]. Let vi ∈ SP,i
B be a vertex, which has neighbors in the smallest number of problematic

components. Choose any Cvi ∈ Prob(vi). Let w be any vertex in SP,i
B \ (N(Cvi) ∩ N(XA)). Since

Cvi ∈ Prob(vi) \ All(w), by Claim 3.10 we know that Prob(w) ⊆ All(vi). By the minimality of

vi, we know that All(w) \ All(vi) ̸= ∅. Let us consider two orders on SP,i
B \ (N(Cvi) ∩N(XA)):

• ≤1: u ≤1 w ⇔ {C ∈ All(vi) | N(u) ∩ C ̸= ∅} ⊆ {C ∈ All(vi) | N(w) ∩ C ̸= ∅}

• ≤2: u ≤1 w ⇔ {C ∈ B1 \ All(vi) | N(u) ∩ C ̸= ∅} ⊆ {C ∈ B1 \ All(vi) | N(w) ∩ C ̸= ∅}

Note that for every u ∈ SP,i
B \(N(Cvi)∩N(X̂A)) the set {C ∈ All(vi) | N(u)∩C ̸= ∅} is non-empty,

as by Claim 3.10 we have ∅ ≠ Prob(u) ⊆ All(vi). Similarly, for every u ∈ SP,i
B \(N(Cvi)∩N(X̂A))

the set {C ∈ B1 \ All(vi) | N(u) ∩ C ̸= ∅} is non-empty by the choice of vi and the exclusion of

N(Cvi).
Suppose that there exist u andw which are incomparable in both these orders. Then we can choose

the following components:

• C1
u ∈ All(vi) such that N(u) ∩ C1

u ̸= ∅ and N(w) ∩ C1
u = ∅

• C2
u ∈ B1 \ All(vi) such that N(u) ∩ C2

u ̸= ∅ and N(w) ∩ C2
u = ∅

• C1
w ∈ All(vi) such that N(w) ∩ C1

w ̸= ∅ and N(u) ∩ C1
u = ∅

• C2
w ∈ B1 \ All(vi) such that N(w) ∩ C2

w ̸= ∅ and N(u) ∩ C1
u = ∅

Then there exists a path C2
u −u−C1

u − vi−C1
w −w−C2

w that contains a P7, a contradiction. Hence,

any pair of vertices is comparable in at least one order.

Therefore by Lemma 2.8 there exists a vertex ui such that for any other vertexw ∈ SP,i
B \(N(Cv)∩

N(X̂A)) we have ui ≤1 w or ui ≤2 w. Let C1
ui ∈ All(vi) and C2

ui ∈ B1 \ All(vi) such that

N(ui)∩C1
u ̸= ∅ andN(ui)∩C2

u ̸= ∅. Then by the choice of ui we have thatSP,i
B \(N(Cvi)∩N(X̂A)) ⊆

(N(C1
ui) ∪N(C2

ui)) ∩N(X̂A). Therefore S
P,i
B ⊆

(
N(Cvi) ∪N(C1

ui) ∪N(C2
ui)

)
∩N(X̂A).

By symmetry, we show that there exist sought components Cvi , C
1
ui , C

2
ui ∈ A1 for each S

P,i
A .

For every i ∈ [c], we guess components Cvi , C
1
ui and C

2
ui in B1 whose existence is guaranteed by

Claim 3.11, and add

(
N(Cvi) ∪N(C1

ui) ∪N(C2
ui)

)
∩N(X̂A) to S̃. We perform symmetric operation

for SP,i
A .
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By Claim 3.11, we have SP
A ∪SP

B ⊆ S̃, while we added only vertices of S to S̃. Now, every vertex of

SB \ S̃ is complete or anticomplete to every component of B1 (and anticomplete to every component

of B0).

Consequently, for every dirty component C , every connected component of C ∩ B is a module

of G[C] and every connected component of C ∩ A is a module of G[C]. Furthermore, observe that

thanks to Claim 3.7 for every dirty component C , we have C ∩ N(X̃A) = (C ∩ A) ∪ (C ∩ SB) and
C ∩ N(X̃B) = (C ∩ B) ∪ (C ∩ SA). That is, (C ∩ N(X̃A)) and (C ∩ N(X̃B)) is a partition of C

which the algorithm can compute. Moreover, every connected component of G[C ∩N(X̃A)] is either

a component of A \ S̃ or a component of SB \ S̃ and every connected component of G[C ∩N(X̃B)]
is either a component of B \ S̃ or a component of SA \ S̃.

Since every connected component of C ∩ B and of C ∩ A is a module of G[C], we know that all

components ofG[C∩N(X̃A)] or ofG[C∩N(X̃B)] that are not modules ofG[C] are part of S̃. That is,
we perform the following step exhaustively: while there exists a dirty component C and a component

C ′
of either G[C ∩N(X̃A)] or G[C ∩N(X̃B)] that is not a module of G[C], move C ′

to S̃. This step,
again, adds only vertices belonging to S to S̃.

In the end, for every dirty component C , (C ∩ X̃A, C ∩ X̃B) is a partition of C such that every

component of G[C ∩ X̃A] and every component of G[C ∩ X̃B] is a module of G[C]. Let D be the

set of dirty components and, for C ∈ D, let L(C) = C ∩ X̃A. Then, (K := S̃,D, L) satisfies the
requirements of the lemma for (A,S,B) and we add this tuple to F .

This finishes the proof of Theorem 3.1.

4 P7-free bipartite graphs

In this section we focus on P7-free bipartite graphs. We prove the following theorem.

Theorem 4.1. There exists an algorithm that, given a P7-free bipartite graph G and an integer d > 0,

runs in time n2
2O(d3)

and computes a family C of subsets of V (G) with the following guarantee: for every
treedepth-d structure T in G, there exists a tree decomposition (T, β) of G such that for every t ∈ V (T )

we have β(t) ∈ C and |β(t) ∩ T | = 22
O(d3)

.

The general approach is to reduce to the case of chordal bipartite graphs. Recall that a bipartite

graph is chordal bipartite if its every cycle of length longer than 4 has a chord (i.e., the only induced

cycles are of length 4).
The class of MWIS problems is tractable on chordal bipartite graphs thanks to the following result

of Kloks, Liu, and Poon (and the general algorithm of Fomin, Todinca, and Villanger [19]).

Theorem 4.2 (Corollary 2 of [29]). A chordal bipartite graph on n vertices andm edges has O(n+m)
minimal separators.

Observe that P7-free bipartite graphs are “almost” chordal bipartite: they only additionally allow

C6 as an induced subgraph. Our approach is to add edges to the input graph so that it becomes chordal

bipartite, without destroying the sought solution. To this end, the following folklore characterization

will be handy.

Lemma 4.3 (folklore). Let G be a bipartite graph with bipartition V1, V2. Then, G is chordal bipartite if
and only if for every minimal separator S of G, S ∩ V1 is complete to S ∩ V2 (i.e., the separator induces a
complete bipartite graph, also called a biclique).

Proof. In one direction, assume that G contains a cycle C of length ℓ ≥ 6 as an induced subgraph

and let x1, x2, . . . , xℓ be consecutive vertices of C . Then, {x2, x3} and {x5, . . . , xℓ} are anticomplete.

Furthermore, any minimal separator separating these sets contains x1 and x4, which are nonadjacent

and on the opposite bipartition sides of G
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In the other direction, letS be aminimal separator ofGwith two full componentsA,B and vertices

x ∈ S ∩ V1, y ∈ S ∩ V2, xy /∈ E(G). Observe that, thanks to the bipartiteness of G, a shortest path
from x to y via A is of length at least 3, and similarly via B. These two shortest path together form an

induced cycle of length at least 6.

Lemma 4.3 motivates the following process of completing aP7-free bipartite graphG into a chordal

bipartite graph: while G contains a minimal separator S that violates the statement of Lemma 4.3,

complete G[S] into a biclique. In Section 4.1 we analyse this process and show that it is well-behaved

on P7-free graphs, in particular, does not lead outside the class of P7-free bipartite graphs.

4.1 Completing to a chordal bipartite graph

Throughout the rest of this section we assume that the input graph G has a fixed bipartition into sets

V1, V2 (this is an ordered partition). We remark that we will often look at certain induced subgraphs

of G that are not necessarily connected, but a vertex never changes its side of the bipartition.

Lemma 4.3 motivates the following definition. Let G be a bipartite graph with bipartition V1, V2,
and let S be a minimal separator ofG. We say that S induces a biclique if S ∩V1 is complete to S ∩V2.
The operation of completing S into a biclique turnsG into a graphG+F := (V (G), E(G)∪F ), where
F = {uv | u ∈ S ∩ V1, v ∈ S ∩ V2, uv /∈ E(G)}.

The following lemma is pivotal to our completion process.

Lemma 4.4. Let G be a P7-free bipartite graph. Let S be a minimal separator and let A and B be two
full components of S. LetG+F be the result of completing S into a biclique. ThenG+F is also P7-free.

Proof. By contradiction, suppose that G+ F contains a P7. Let Q be a P7 in G+ F , which minimizes

|E(Q) ∩ F | among all P7s contained in G+ F .
As G is P7-free, E(Q) ∩ F ̸= ∅. Consequently, |V (Q) ∩ S| ≥ 2. We consider several cases.

Case A. |V (Q) ∩ S| = 2.
Let V (Q) ∩ S = {x, y}. Note that E(Q) ∩ F = {xy}, i.e., xy ∈ F and xy /∈ E(G). Let Qx and Qy be

the components of Q− {xy} that contain x and y, respectively.
Since |V (Q) \ S| = 5, without loss of generality assume that Qx is of length at most 2 and Qy

is of length at least 3. Note that Qy \ {y} is contained in a single component of G − S; without loss
of generality assume that this component is not A. Let R be a shortest path from x to y via A; note
that R has at least 3 edges. Then, the concatenation of R and Qy is an induced path in G on at least 7
vertices, a contradiction.

Case B. |V (Q) ∩ S| > 2.
As S induces a biclique inG+F , we have |V (Q)∩S| = 3 and V (Q)∩S consists of three consecutive

vertices of Q; call these vertices x, y, z (in the order of appearance on Q, i.e., xy, yz ∈ E(G) ∪ F ).
As E(Q) ∩ F ̸= ∅, either xy ∈ F or yz ∈ F (or both). Without loss of generality, we can assume

that xy ∈ F . Note that yz may or may not belong to F .
LetQx andQz be the components ofQ−{y} that contain x and z, respectively. Each ofQx−{x}

and Qz − {z} is contained in a single component of G − S. By the symmetry between A and B, we

assume that Qz − {z} is not contained in A.
LetR be a shortest path from x to y viaA; as before,R is of length at least 3. Let p be the neighbor

of x on R.
In the following we consider cases depending on the position of x on Q.

1. Vertex x is the first or the second vertex of Q, i.e., Qx is of length at most 1.
If pz ∈ E(G), then substituting y with p on Q yields a P7 in G. If pz /∈ E(G), then the

concatenation of Qz , the edge yz, and R − {x} is an induced path on at least 7 vertices either

in G (if yz ∈ E(G)) or in G+ F with strictly fewer edges of F than Q (if yz ∈ F ). In all cases,

we get a contradiction.
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2. There are at least three vertices before x on the path Q, i.e., Qx is of length at least 3.
IfQx−{x} is contained in A, then letR′

be a shortest path from x to y viaB, and otherwise let

R′ := R. Then, the concatenation of R′
and Qx is an induced path in G on at least 7 vertices, a

contradiction.

3. Vertices x, y, z are the middle vertices of Q, i.e., both Qx and Qz are of length 2.
If there exists a component C ∈ cc(G− S) such that x, z ∈ N(C) and V (Q) ∩C = ∅, then we

can connect x and z via a shortest path RC in C . Then the concatenation of Qx, RC , and Qz is

an induced path on at least 7 vertices, a contradiction.

If there is no such component C , thenQmust be of a form a1− a2−x− y− z− b2− b1, where
a1, a2 ∈ A and b1, b2 ∈ B. Note that if there is a path connecting x and z via A or B with at

least 3 intermediate vertices, then we can extend this path with either a2 and a1 or b2 and b1 to
get a P7. Similarly, if there a path connecting x and y (or y and z if yz ∈ F ) via A or B with at

least four intermediate vertices, then we can also extend it with a2 and a1 or b2 and b1 to get a

P7. Consequently, R is of the form x− p− q − y with p, q ∈ A.

We make the following observation. If there exists u ∈ A such that x, z ∈ N(u) and a1 /∈ N(u),
then a path a1−a2−x−u− z− b2− b1 is a P7 inG. Thus any vertex in A which is a neighbor

of x and z is also a neighbor of a1. By symmetry any vertex in B which is a neighbor of x and

z is also a neighbor of b1.

Suppose now that pz ∈ E(G). By the observation above, we have pa1 ∈ E(G). If a2q /∈ E(G),
then a path a2 − a1 − p− q − y −B −B is a P7 in G, a contradiction (here, y −B −B stands

for any two-edge path from y into B, which exists as B is connected and contains at least 2
vertices). Otherwise, a path a1 − a2 − q− y− z− b2 − b1 is an induced P7 inG+F , which has

strictly fewer edges in F than Q, a contradiction.

Therefore, pz /∈ E(G). If yz ∈ E(G), then a path x− p− q − y − z − b2 − b1 is an induced P7

in G. Thus yz ∈ F . Let R′
be the shortest path connecting y and z via B. We have that R′ =

z− p′− q′− y for some p′, q′ ∈ B. If p′x ∈ E(G), then we can conclude in an analogous way to

a case if pz ∈ E(G). Therefore we can assume that p′x /∈ E(G). The path x−p−q−y−q′−p′−z
is an induced P7 in G then, which is the final contradiction.

This completes the proof.

In the next lemma, we establish that completing a minimal separator into a biclique in a P7-free

graph does not create new C6s.

Lemma 4.5. LetG be a P7-free bipartite graph. Let S be a minimal separator inG and let A and B two
full components of S. Let G+ F be the result of completing S into a biclique. Let C be an induced C6 in
G+ F . Then, C is also an induced C6 in G.

Proof. By contradiction, suppose that E(C)∩F ̸= ∅. As S in a biclique in G+F , V (C)∩ S contains

either two or three consecutive vertices of C . Thus, P := C \ S is a path and belongs to exactly

one component of G − S. Without loss of generality, we can assume that P does not lie in B, i.e.,

C ∩B = ∅.
Let x, z ∈ V (C) ∩ S be the two vertices of C adjacent on C to the vertices of P . Note that

xz /∈ E(G): either |V (C) ∩ S| = 3 and x, z are on the same biparteness side of G or |V (C) ∩ S| = 2
and then xz ∈ F .

LetR be the shortest path from x to z viaB. Then,R∪P induce a holeC ′
inG. SinceR is of length

at least 2, C ′
is not shorter than C . Since G is P7-free, C

′
is a six-vertex hole. This can only happen if

R is of length 2 and V (C)∩S = {x, y, z} for some y ∈ S. Then, C = x−y−z−r−q−p−x, where
p, q, r lie in a single component of G− S different than B. Without loss of generality, we can assume

that yz ∈ F . Then we can find a shortest path R′
, which connects y and z via B; it is of length at least

3. Then the path R− r − q − p is an induced path in G on at least 7 vertices, a contradiction.
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LetG be a P7-free bipartite graph with fixed bipartition V1, V2, and let T be a treedepth-d structure
in G. A tuple (C, x, y) is a bad C6 (with respect to T ) in G if C is an induced six-vertex cycle in G,
and x ∈ V1, y ∈ V2 are two vertices that are at the same time (a) opposite vertices of C , and (b)

incomparable vertices of T . That is, if one adds the edge xy toG (which can be done without violating

the biparteness ofG), then one breaks the treedepth-d structure T , i.e., T is not a treedepth-d structure
in G+ xy.

We have the following simple corollary of Lemma 4.5.

Lemma 4.6. LetG be a P7-free bipartite graph, let T be a treedepth-d structure inG, let S be a minimal
separator in G, and let G+ F be a result of completing S into a biclique. Assume that there is no bad C6

in G with respect to T . Then, T is a treedepth-d structure in G+ F and, furthermore, there is no bad C6

in G+ F with respect to T .

Proof. Let A and B be two full components of S. Let xy ∈ F be arbitrary. Let RA and RB be shortest

paths from x to y via A and B, respectively. Then, the concatenation of RA and RB is an induced

cycle C inG; sinceG is P7-free, C is a six-vertex cycle with x and y being two opposite vertices. Since
(C, x, y) is not a bad C6 w.r.t. T , the addition of the edge xy does not break the treedepth-d structure
T . Since the choice of xy ∈ F was arbitrary, T is a treedepth-d structure in G + F . Furthermore,

Lemma 4.5 ensures that every C6 in G + F is also present in G; thus, G + F does not contain a bad

C6 w.r.t. T .

We conclude this section with the following enumeration.

Lemma 4.7. There exists an algorithm that, given a P7-free bipartite graph G and an integer d, runs
in polynomial time and returns a family C of subsets of V (G) of size O(|V (G)|5) with the following
property: for every treedepth-d structure T in G that admits no bad C6, there exists a tree decomposition
(T, β) of G such that for every t ∈ V (T ), the set β(t) belongs to C and β(t) contains at most d elements
of T .

Proof. Consider the following process. Start with Ĝ := G. While Ĝ is not chordal bipartite, find an

induced six-vertex cycle C in G, fix two opposite vertices x and y in C , find a minimal separator S in

G that contains x and y (note that any minimal separator separating the two components ofC−{x, y}
would do), complete S into a biclique obtaining Ĝ+ F , and set Ĝ := Ĝ+ F .

Lemma 4.4 ensures that Ĝ stays P7-free bipartite. Lemma 4.6 ensures that every treedepth-d struc-
ture T in G that admits no bad C6 remains so in Ĝ.

By Theorem 4.2, Ĝ hasO(|V (G)|2)minimal separators. By Theorem 2.2, Ĝ hasO(|V (G)|5) poten-
tial maximal cliques and they can be enumerated in polynomial time. We return the list of all potential

maximal cliques of Ĝ as C.
As shown in [13], there exists a minimal chordal completion F of Ĝ such that for every maximal

clique Ω of Ĝ + F , the set Ω ∩ T is contained in a single leaf-to-root path in T and thus is of size at

most d. Since all these maximal cliques are enumerated in C, any clique tree of Ĝ + F serves as the

promised tree decomposition (T, β).

4.2 Cleaning

In this section we define a branching step that cleans a specific part of the graph. The step will be

general enough to be applicable in many contexts.

LetG be a P7-free bipartite graph. We say that a triple (A,B,C) of pairwise disjoint vertex sets of
G is

∨∨
-free if there are no two anticomplete P3s of the formA−B−C . Note that such a configuration

naturally appears in a P7-free bipartite graph ifA∪C is in one side on the bipartition,B is in the other

side, and there is an additional vertex v in the same side as B such that A ⊆ N(v) but C ∩N(v) = ∅.
In our case,

∨∨
-free sets appear naturally in the following context.

24



Lemma 4.8. Let G be a P7-free bipartite graph with a fixed bipartition V1, V2. Let A and C be two
disjoint subsets contained in Vi, for some i ∈ {1, 2}, and let B ⊆ V3−i. Furthermore, assume that there
exists a vertex v ∈ V3−i \B such that A ⊆ N(v) but C ∩N(v) = ∅. Then, (A,B,C) is

∨∨
-free.

Proof. Any two anticomplete P3s of the form A−B − C , together with v, induce a P7 in G.

Recall that in our setting, we have some unknown treedepth-d structure T inG andwe are building

a container for it. That is, we are happy with inserting any number of vertices ofG into the container,

as long as we are guaranteed that we insert only a constant number of vertices of T along the way. In

the case of a

∨∨
-free triple (A,B,C), we would like to simplify this part of G by filtering out vertices

of B that have neighbors both in A and in C . To achieve this goal, we will guess a setX ⊆ A∪B ∪C
that on one hand contains (in one of the branches) at most a constant number of vertices of the fixed

unknown T , and on the other hand satisfies the following: no b ∈ B \X has a neighbor both inA\X
and in C \X .

To this end, wewill rely on the following simple yet powerful observation. Observe that if (A,B,C)
is

∨∨
-free and both A∪C and B are independent sets (which happen, in particular, if A∪C is on one

side of the bipartition and B is on the other side of the bipartition), then, for every distinct b1, b2 ∈ B
either N(b1) ∩A and N(b2) ∩A are comparable by inclusion or N(b1) ∩ C and N(b2) ∩ C are com-

parable by inclusion. This allows to use Lemma 2.8 on subsets of B, with the orders ≤1 and ≤2 being

inclusion of the neighborhoods in A and C , respectively. This observation is the engine of the follow-

ing lemma that formalizes our goal of filtering out vertices of B that have neighbors both in A and in

C .

Lemma 4.9. Fix an integer d. Let G be a graph, and let (A,B,C) be a
∨∨
-free triple in G with both

A ∪ C and B being independent set. Then one can in polynomial time enumerate a family F of subsets
of A ∪B ∪ C of size at most n4(d+1)2 with the following guarantee:

• For everyX ∈ F , there is no b ∈ B \X with bothN(b)∩ (A \X) andN(b)∩ (C \X) nonempty.

• For every treedepth-d structure T in G, there exists X ∈ F such that |X ∩ T | ≤ d2(d+ 1).

Proof. Fix a treedepth-d structure T in G. We will describe the process of enumerating the elements

of F as a branching algorithm, guessing some properties of T . The number of leaves of the branching

will be polynomial in the size of G and in each leaf of the branching we will output one set X that

satisfies the second property for every T that agrees with the guesses made in this leaf.

For every b ∈ B, let ιA(b) be the maximum integer 1 ≤ α ≤ d such that N(b) ∩A ∩ T α
contains

at least two vertices; ιA(b) = 0 if such a α does not exist. Similarly define ιC(b) with respect to

N(b) ∩ C ∩ T α
. For 0 ≤ α, β ≤ d, let Bα,β = {b ∈ B | ιA(b) = α ∧ ιC(b) = β}. Note that sets Bα,β

form a partition of B.

Initialize X = ∅. For every 0 ≤ α, β ≤ d, we we will guess some set of vertices and include

them intoX . We will argue that there will be a branch where the vertices guessed for α, β ensure that

every vertex from Bα,β \ X satisfies the first statement of the lemma. Thus, for (at least) one of sets

X generated in the process, the statement will hold for every vertex in B \X .

Consider fixed 0 ≤ α, β ≤ d. If Bα,β is empty, there is nothing to do, so assume otherwise. Define

the following two orders ≤1 and ≤2 on Bα,β :

b ≤1 b
′ ⇐⇒ N(b) ∩A ⊇ N(b′) ∩A, if α = 0,

b ≤1 b
′ ⇐⇒ N(b) ∩A ∩ T α ⊆ N(b′) ∩A ∩ T α if α > 0,

b ≤2 b
′ ⇐⇒ N(b) ∩ C ⊇ N(b′) ∩ C, if β = 0,

b ≤2 b
′ ⇐⇒ N(b) ∩ C ∩ T β ⊆ N(b′) ∩ C ∩ T β if β > 0.

Apply Lemma 2.8 to Bα,β with ≤1 and ≤2, obtaining a vertex b
∗
α,β .

If α = 0, guess b∗α,β and addN(b∗α,β)∩A toX . This adds at most d vertices of T toX , while adds

to X all vertices of N(b) ∩A such that b ∈ Bα,β and b∗α,β ≤1 b.
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If α > 0, guess two elements a1α,β, a
2
α,β ∈ N(b∗α,β) ∩ A ∩ T α

and add N(a1α,β) ∩N(a2α,β) ∩ B to

X . This adds at most (α− 1) vertices of T toX , while adds toX every b ∈ Bα,β such that b∗α,β ≤1 b.
Perform symmetrical operation for β and C : If β = 0, guess b∗α,β and add N(b∗α,β) ∩C toX . This

adds at most d vertices of T to X , while adds to X all vertices of N(b) ∩ C such that b ∈ Bα,β and

b∗α,β ≤2 b. If β > 0, guess two elements c1α,β, c
2
α,β ∈ N(b∗α,β)∩C∩T β

and addN(c1α,β)∩N(c2α,β)∩B
toX . This adds at most (β−1) vertices of T toX , while adds toX every b ∈ Bα,β such that b∗α,β ≤2 b.

Finally, add the resulting set X to F if it satisfies the first bullet point of the statement.

We have already argued that in the branch when all guesses concerning T are correct, the first

bullet point of the statement is satisfied. Furthermore, the size of T ∩X is bounded by

d∑
α=1

d∑
β=1

(α+ β) = 2d
d(d+ 1)

2
= d2(d+ 1).

Finally, observe that the number of branches is bounded by n4(d+1)2
as for every 0 ≤ α, β ≤ d we

guess at most four vertices of G.

Thanks to Lemma 4.8, Lemma 4.9 is applicable in the following setting.

Definition 4.10. Let G be a P7-free bipartite graph with a fixed bipartition V1, V2 and let Z ⊆ V (G).
The neighborhood partition with respect to Z is a partition Z of V (G) \ Z into sets depending on (1)

their side in the bipartition, and (2) their neighborhood in Z . More precisely,

Z = {Ai,Y | i ∈ {1, 2}, Y ⊆ Z ∩ V3−i},

where

Ai,Y = {v ∈ (V (G) \ Z) ∩ Vi | N(v) ∩ Z = Y }.

Lemma 4.11. Let G be a P7-free bipartite graph with a fixed bipartition V1, V2, let Z ⊆ V (G), and
let Z be the neighborhood partition with respect to Z . Then, for every distinct A,B,C ∈ Z , the triple
(A,B,C) is

∨∨
-free.

Proof. There is no P3 of the form A−B−C unless A and C are on one side of the bipartition, and B
is on the other side of the bipartition. Then, by the definition of Z , the vertices of A and the vertices

of C differ in their neighborhood in Z : there exists v ∈ Z such that either N(v) ∩ (A ∪ C) = A or

N(v) ∩ (A ∪ C) = C . Then, the claim follows from Lemma 4.8 and the symmetry of A,C .

We summarize this section with the following cleaning step. We remark that ifG is connected, the

assumption of a fixed bipartition is not needed, as a connected bipartite graph has only one bipartition.

Lemma 4.12. Let G be a P7-free bipartite graph with a fixed bipartition V1, V2, let Z ⊆ V (G), and let
Z be the neighborhood partition with respect to Z . Then one can in time |V (G)|23|Z|·O(d2) enumerate a
family F of at most n4(d+1)223|Z|

subsets of V (G) \ Z with the following properties:

• For every X ∈ F , for every v ∈ V (G) \ X , the elements of N(v) \ (X ∪ Z) are contained in a
single set of Z .

• For every treedepth-d structure T in G, there existsX ∈ F such that |X ∩ T | ≤ 23|Z| · d2(d+ 1).

Proof. Observe that |Z| ≤ 2|Z| + 1. Let Z3
be the family of all triples (A,B,C) where A,B,C

are distinct elements of Z . For every triple (A,B,C) ∈ Z3
, we apply Lemma 4.9 obtaining a family

F(A,B,C); Lemma 4.11 asserts that the assumptions are satisfied. For every triple (X(A,B,C))(A,B,C)∈Z3

∈
∏

(A,B,C)∈Z3 F(A,B,C) insert

⋃
(A,B,C)∈Z3 X(A,B,C) into F . The promised guarantees and size

bounds are immediate from Lemma 4.9 and the bound |Z| ≤ 2|Z|+1
, which implies |Z3| ≤ (2|Z| +1) ·

2|Z| · (2|Z| − 1) ≤ 23|Z|
.
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4.3 Structural properties of a bad C6

The tools developed in Section 4.1 allow us to solve (td ≤ d, ϕ)-MWIS on G, assuming that there is

no bad C6 w.r.t. the solution treedepth-d structure T . In this section we investigate properties of bad

C6s.

We will often denote an induced C6 as C = c1 − c2 − . . . − c6 − c1. We implicitly assume that

the indices behave cyclically, i.e., c7 = c1 etc. Then (c1, c4), (c2, c5), (c3, c6) are pairs of the opposite
vertices in C .

We will need the following observation implicit in [6]; here we provide a proof for completeness.

Lemma 4.13. LetG be a P7-free bipartite graph, let C = c1− c2− . . .− c6− c1 be an induced C6 inG,
and let D be a connected component of G−N [V (C)] that contains at least two vertices. Then, for every
v ∈ N(D), the set N(v) ∩ V (C) equals to either {c1, c3, c5} or {c2, c4, c6}.

Proof. Let v ∈ N(D). Since |D| > 1, there exists a P3 of the form v −D −D. By the definition ofD,

v ∈ N(V (C)). Observe that if ci ∈ N(v), then ci+2 ∈ N(v), as otherwise G contains the following

P7: ci+3 − ci+2 − ci+1 − ci − v −D −D. The lemma follows.

For an induced six-vertex-cycle C = c1 − c2 − . . .− c6 − c1, denote

SC
1 = {v ∈ N(V (C)) | N(v) ∩ V (C) = {c1, c3, c5}},
SC
2 = {v ∈ N(V (C)) | N(v) ∩ V (C) = {c2, c4, c6}}.

Furthermore, let MRC be the union of vertex sets of all connected components of G −N [V (C)] that
contain at least 2 vertices. (MR stands for the “main remainder”.) With this notation, Lemma 4.13 states

that N(MRC) ⊆ SC
1 ∪ SC

2 .

Greatly simplifying, our algorithm will guess a bad C6 (C, x, y), resolve N [V (C)] using cleaning,
and recurse on connected components of MRC . To restrict the space of possible recursive calls, we

need the following observation.

Lemma 4.14. Let G be a P7-free bipartite graph with a fixed bipartition V1, V2, and let B be a family
of pairwise disjoint and anticomplete subsets of V (G) such that for every B ∈ B, G[B] is connected and
|B| > 1. Let D be a connected component of G −

⋃
B∈BN [B], let C be the connected component of G

that contains D. Then, for every i ∈ {1, 2}, either N(D) ∩ Vi = ∅ or there exists a single set Bi ∈ B
such thatN(D)∩Vi ⊆ N(Bi). Consequently, there exists a subfamily B′ ⊆ B of size at most 2 such that
N(D) ⊆

⋃
B∈B′ N [B] (i.e., D is a connected component of G−

⋃
B∈B′ N [B]).

Proof. Let Bi ⊆ B be an inclusion-wise minimal set such that

⋃
B∈Bi

N(B) ⊇ N(D) ∩ Vi. Assume

|Bi| > 1; let B,B′ ∈ Bi be distinct. By minimality, there exists v, v′ ∈ N(D) ∩ Vi such that v ∈
N(B) \ N(B′) and v′ ∈ N(B′) \ N(B). Since |B|, |B′| > 1, there exists an induced P3 of the form

v − B − B and an induced P3 of the form v′ − B′ − B′
. Let Q be a shortest path from v to v′ via D.

Then, there exists an induced path in G of the form B −B − v −Q− v′ −B′ −B′
and this path has

at least 7 vertices, a contradiction.

Let T be a treedepth-d structure in G. A set A ⊆ V (G) is T -rich if there exists α ∈ [d] such that

|A ∩ T α| > 1, and T -poor otherwise. For α ∈ [d] and v ∈ T α
, we denote by depth(v) = α the depth

of v. The depth of a bad C6 (C, x, y) is the pair depth(C, x, y) := (depth(x), depth(y)) ∈ [d]× [d]. As
the depth of a bad C6 is a pair, in order to compare depths of bad C6s, we introduce a total order ≺ on

[d]× [d] as the lexicographical comparison of (depth(x) + depth(y), depth(x)), i.e.,

(1, 1) ≺ (1, 2) ≺ (2, 1) ≺ (1, 3) ≺ (2, 2) ≺ (3, 1) ≺ . . . ≺ (d− 1, d) ≺ (d, d− 1) ≺ (d, d).

A bad C6 is ≺-maximal if there is no other bad C6 whose depth is larger in the ≺ order.

We have the following observation.
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Lemma 4.15. LetG be a P7-free bipartite graph with a fixed bipartition V1, V2, and let T be a treedepth-
d structure in G. Let (C, x, y) be a bad C6 with depth(C, x, y) = (α, β). If SC

1 contains at least two
vertices of T α′

for some α′ ∈ [d], then α′ > α. Similarly, if SC
2 contains at least two vertices of T β′

for
some β′ ∈ [d], then β′ > β.

Furthermore, if both SC
1 and SC

2 are T -rich, then there exists a bad C6 inG of depth (β′, α′) for some
α′ > α and β′ > β. Consequently, if (C, x, y) is a ≺-maximal bad C6, then either SC

1 or SC
2 is T -poor

(possibly both).

Proof. LetC = c1−c2− . . .−c6−c1 where c1 = x and c4 = y. Assume that SC
1 contains two vertices

x′, x′′ ∈ T α′
; as xx′, xx′′ ∈ E(G) and x ∈ T α

, we have α′ > α and x′, x′′ are descendants of x in T .

Similarly, if SC
2 contains two vertices y′, y′′ ∈ T β′

, then β′ > β and y′, y′′ are descendants of y in T .

This proves the first part of the lemma.

If both of the above happen, then since x and y are incomparable in T , x′ and y′ are also incom-

parable in T . Then, C ′ = x′ − c3 − c2 − y′ − c6 − c5 − x′ is an induced C6 and (C
′, y′, x′) is a bad C6

of depth (β′, α′). As α′ > α and β′ > β, we have that α′ + β′ > α+ β and thus (α, β) ≺ (β′, α′).

We will need the following nomenclature. The class of a bad C6 (C, x, y) (with respect to some

fixed treedepth-d structure T ) is the pair of bits indicating whether SC
1 is T -poor and whether SC

2 is

T -poor. Let Cls be the set of possible classes (i.e., |Cls| = 4). We will usually denote them as poor/poor,

rich/poor, poor/rich, and rich/rich.

Informally speaking, if (C, x, y) is a ≺-maximal bad C6 that is of poor/poor class with respect to

T (where (T , X) is the sought solution), then it is relatively easy to separate N [V (C)] fromMRC , as

SC
1 ∪ SC

2 contains at most 2d vertices of the solution. However, if SC
1 or SC

2 is T -rich, the situation

requires a bit more work. The next few lemmata investigate such a situation.

Lemma 4.16. Let G be a P7-free bipartite graph with a fixed bipartition V1, V2, let Z ⊆ V (G) be
connected, and letD,D′ be two connected components ofG−N [Z] that are of size at least 2 each. Then,
for every i ∈ {1, 2}, the sets N(D) ∩ Vi and N(D′) ∩ Vi are comparable by inclusion.

Proof. Assume the contrary, let x ∈ (N(D) \ N(D′)) ∩ Vi and x′ ∈ (N(D′) \ N(D)) ∩ Vi. By the

existence of x and x′, we observe that Z, x, x′, D,D′
lie all in the same connected component of G

and x, x′ ∈ N(Z). Let Q be the shortest path from x to x′ via Z . Since |D|, |D′| > 1, there exists

an induced P3 of the form x − D − D and an induced P3 of the form x′ − D′ − D′
. But then there

exists an induced path of the form D − D − x − Q − x′ − D′ − D′
, which has at least 7 vertices, a

contradiction.

The most frequent usage of Lemma 4.16 will be when Z = V (C) for some bad C6 (C, x, y).
Then,D,D′

are connected components ofMRC and Lemma 4.16 asserts that for every i ∈ {1, 2}, the
neighborhoods N(D) ∩ SC

i and N(D′) ∩ SC
i are comparable by inclusion.

Lemma 4.17. Let G be a P7-free bipartite graph with a fixed bipartition V1, V2. Let T be a treedepth-d
structure in G and let (C, x1, x2) be a bad C6 w.r.t. T . Let (α1, α2) = depth(C, x1, x2). Let i ∈ {1, 2}
and assume that SC

3−i contains a vertex of T >αi .
A bad C6 (C

′, x′1, x
′
2) is called similar to (C, x1, x2) if (a) C is disjoint and anticomplete to C ′, (b)

depth(C ′, x′1, x
′
2) = depth(C, x1, x2), and (c) the componentD′ ofG[MRC ] that contains C ′ is adjacent

to at least one vertex of SC
3−i ∩ T >αi ,

Then, for every bad C6 (C
′, x′1, x

′
2) that is similar to (C, x1, x2), the following holds.

1. C ′ is anticomplete to SC
3−i ∩ T >αi .

2. For every u ∈ SC
3−i∩T >αi ∩N(D′) there exists v ∈ D′ that is a neighbor of u and belongs to SC′

i .

3. For every other bad C6 (C
′′, x′′1, x

′′
2) that is similar to (C, x1, x2), C ′′ is contained in D′.
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Proof. As C and C ′
are disjoint and anticomplete, C ′

lies in MRC and C lies in MRC′ .

Consequently, if u ∈ N(D′) has a neighbor in C ′
, then u ∈ SC′

1 ∪ SC′
2 , that is, u is adjacent to all

three vertices of C ′
from the same bipartition side. If additionally u ∈ SC

3−i, then u is adjacent to both

xi and x
′
i; as these vertices are both in T αi

, u cannot belong to T >αi
. This proves the first point.

Let u ∈ N(D′) ∩ T >αi ∩ SC
3−i and let Q be a shortest path from u to V (C ′) via D′

. Let v be

the penultimate (i.e., just before the endpoint in V (C ′)) vertex of Q. The first point asserts that u is

anticomplete to C ′
, i.e., v ̸= u. Since u ∈ N(V (C)) and C ⊆ MRC′ , by Lemma 4.13, v ∈ SC′

1 ∪ SC′
2 .

Note that there exists an induced P3 of the form v−C ′−C ′
and an induced P3 of the form u−C−C .

Then, G contains an induced path C ′ − C ′ − v −Q − u − C − C . Since G is P7-free, Q is of length

one, i.e., vu ∈ E(G). As u and v are on different sides of the bipartition, this proves the second point.

For the third point, let (C ′′, x′′1, x
′′
2) be a bad C6 w.r.t. T that is similar to (C, x1, x2), but contained

in a componentD′′ ̸= D′
ofG[MRC ]. Pick any u

′ ∈ SC
3−i∩T >αi∩N(D′) and let v′ ∈ D′

be the vertex

whose existence is asserted in the second point for (C ′, x′1, x
′
2). Pick any u′′ ∈ SC

3−i ∩ T >αi ∩N(D′′)
(possibly u′ = u′′) and let v′′ ∈ D′′

be the vertex whose existence is asserted in the second point for

(C ′′, x′′1, x
′′
2). Note that there exists an induced P4 of the form u′ − v′ −C ′ −C ′

and an induced P4 of

the form u′′ − v′′ − C ′′ − C ′′
. By possibly connecting these two P4s via C (if u′ ̸= u′′), we obtain an

induced path in G on at least 7 vertices, a contradiction. This proves the third point.

Lemma 4.18. Let G be a P7-free bipartite graph with a fixed bipartition V1, V2. Let T be a treedepth-d
structure inG, and let (C, x1, x2) and (C ′, x′1, x

′
2) be two disjoint and anticomplete bad C6s w.r.t. T that

are in the same connected component of G such that (α1, α2) = depth(C, x1, x2) = depth(C ′, x′1, x
′
2).

Furthermore, let u ∈ (SC
1 ∪ SC

2 ) \N [V (C ′)] and v ∈ (SC′
1 ∪ SC′

2 ) \N [V (C)] with uv ∈ E(G). Denote
Z = V (C)∪ V (C ′)∪ {u, v}. Then, for every connected componentD ofG−N [Z], the following holds.

1. If |D| > 1, then N(D) ⊆ N(V (C) ∪ V (C ′)).

2. if additionallyD contains a badC6 (C
′′, x′′1, x

′′
2)with depth(C

′′, x′′1, x
′′
2) = (α1, α2), thenN(D)∩

V1 and N(D) ∩ V2 are T -poor.

Proof. Let D be a connected component of G−N [Z] with |D| > 1.
Letw ∈ N(D). By the definition ofD,w is adjacent to at least one vertex ofZ . Ifw is anticomplete

to both V (C) and V (C ′), then there exists an induced P5 of the form w− v − u−C −C or w− u−
v − C ′ − C ′

. If |D| > 1, then there exists an induced P3 of the form w − D − D, resulting in a P7

with the aforementioned P5, a contradiction. Thus, N(D) ⊆ N(V (C)) ∪ N(V (C ′)), as promised in

the first point.

Let now (C ′′, x′′1, x
′′
2) be as in the second point and assume w ∈ N(D)∩ T . Let i ∈ {1, 2} be such

that w ∈ V3−i. By Lemma 4.13, w is either anticomplete to C or w ∈ SC
i and, similarly, w is either

anticomplete to C ′
or w ∈ SC′

i . We have already established that w ∈ N(V (C)) ∪N(V (C ′)), that is,
w ∈ SC

i ∪ SC′
i ; in particular, w is adjacent to either xi or x

′
i.

Assume first that w is adjacent to at most one vertex of the set {xi, x′i, x′′i }. Then, w is adjacent to

at least one vertex of Z , but is not complete to all vertices of Z on the opposite side of the bipartition.

Consequently, there exists an induced P4 of the form w − Z − Z − Z . Furthermore, as w is adjacent

to xi or x
′
i, we know that w is nonadjacent to x′′i . By Lemma 4.13, w is anticomplete to C ′′

. However,

then a shortest path from w to C ′′
via D, with one more step in C ′′

, gives an induced P4 of the form

w−D−D−D. Concatenated with the already established P4 of the form w−Z −Z −Z this gives

a P7 in G, a contradiction.
Hence, w is adjacent to at least two of the vertices of {xi, x′i, x′′i }. Since all these vertices are

of depth αi in T , w is a common ancestor of all vertices of N(w) ∩ {xi, x′i, x′′i }. As the choice of

w ∈ T ∩N(D) was arbitrary, this proves thatN(D)∩ V1 andN(D)∩ V2 are T -poor, as desired.

4.4 The algorithm

Armed with the structural insights from the previous sections, we are ready to present the algorithm

of Theorem 4.1. It will be a recursive procedure that takes as input an induced subgraphG[A] ofG and
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attempts at decomposing G[A]. (The recursive call will take also a number of additional parameters

on input to guide the recursion; these will be described shortly.) Similarly as it was done in [13], we

will describe the algorithm as guessing properties of a fixed hypothetical treedepth-d structure T in

G that we want to handle.

We define

hmax := 48(d+ 1)3,

dmax := 243(d+ 1)3.

Recursion arguments and guarantee. A recursive call, apart from the induced subgraph G[A],
takes as input two integers α1, α2 ∈ [d], a subset ActiveCls ⊆ Cls, and a function γ : ActiveCls → N.
Let h be the recursion depth of the recursive call in question.

The goal is to compute a family C of subsets ofAwith the following guarantee for every treedepth-d
structure T .

Recursion guarantee. Suppose the following hold:

• There is no badC6 (C, x, y)w.r.t. T with V (C) ⊆ A, and (α1, α2) ≺ (depth(x), depth(y)).

• For every bad C6 (C, x, y) w.r.t. T with V (C) ⊆ A, and (α1, α2) = (depth(x), depth(y)),
the class c of (C, x, y) belongs to ActiveCls. Furthermore, the number of vertices of T \A
that are adjacent to V (C) is at least γ(c).

• N(A) ∩ T is of size at most d4
h

max.

Then there exists a tree decomposition (T, β) of G[A] such that for every t ∈ V (T ) we have

β(t) ∈ C and |β(t) ∩ T | ≤ d4
h+1

max .

We will maintain the following progress in the recursion. For a call on G[A], (α1, α2), ActiveCls,
and γ, a direct subcall on G[A′], (α′

1, α
′
2), ActiveCls

′
, γ′ satisfies:

• (α′
1, α

′
2) ≺ (α1, α2), or

• (α′
1, α

′
2) = (α1, α2) and

– ActiveCls′ ⊊ ActiveCls, or

– ActiveCls′ = ActiveCls, γ(c) ≤ 12d for every c ∈ ActiveCls, γ′(c) ≥ γ(c) for every

c ∈ ActiveCls, and γ′(c) > γ(c) for at least one c ∈ ActiveCls.

This progress property will always be immediate from the description of the algorithm and thus usually

not checked explicitly. Note that this progress property bounds the depth of the recursion by (d+1)2 ·
(48d+ 4) ≤ hmax.

Leaves of the recursion. The recursion reaches its leaf when eitherG[A] is C6-free (hence chordal

bipartite) or we have (α1, α2) = (1, 1) and ActiveCls = ∅. In both cases, for every T that satisfies

the premise of the recursion guarantee, there is no bad C6 w.r.t. T . Hence, it suffices to invoke the

algorithm of Lemma 4.7 to G[A] and return the computed family C.

Recursion. Let us focus on a recursive call with input G[A], (α1, α2), ActiveCls, and γ. If G[A] is
disconnected, we recurse on each connected component independently and return the union of the

returned families. Hence, we assume that G[A] is connected.
Let T be a treedepth-d structure inG that satisfies the premise of the recursion guarantee. Thanks

to Lemma 4.15, we can delete rich/rich from ActiveCls and the domain of γ, if it is present there. If
ActiveCls = ∅, then there are no badC6s (C, x, y) of level (α1, α2), so we can recurse on the immediate
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predecessor of (α1, α2) in the≺ order, with ActiveCls = Cls and γ ≡ 0, and pass on the set C returned

by this call.

If there exists c ∈ ActiveCls with γ(c) > 12d, proceed as follows. Observe that if (C, x, y) is a bad
C6 of level (α1, α2) and of class c with V (C) ⊆ A, then there is c ∈ V (C) that is adjacent to at least

two vertices in N(A) ∩ T . Iterate over all possible choices of N(A) ∩ T (there is only a polynomial

number of them thanks to the recursion guarantee premise) together with the levels of vertices of

N(A)∩T . LetB be the union, over all pairs (u, u′) of distinct vertices ofN(A)∩T of the same level,

of the setsN(u)∩N(u′)∩A. Recurse on G[A \B], (α1, α2), and ActiveCls \ {c}, obtaining a set CB .
Finally, return the union of all sets {B ∪D | D ∈ CB} constructed in this process.

Note that there is only a (dn)d
4h
max = nd

2O(d3)
max choices of N(A) ∩ T together with its levels and,

for every pair (u, u′), the set N(u) ∩ N(u′) contains at most (d − 1) vertices of T . Hence, the set B
constructed in the branch where all information onN(A)∩T is guessed correctly satisfies |B ∩T | ≤
(d − 1)

(
d4

h
max
2

)
≤ d4

h+1

max . Consequently, in this branch the premise of the recursion guarantee for T is

satisfied for the recursive subcalls; if (T ′, β′) is the tree decomposition promised for G[A \B] and T ,

then we can construct the promised tree decomposition (T, β) by taking T = T ′
and β(t) = β′(t)∪B

for every t ∈ V (T ′).
We are left with the case γ(c) ≤ 12d for every c ∈ ActiveCls. Pick c ∈ ActiveCls, preferably

rich/poor or poor/rich if one of those belong to ActiveCls. The algorithm will perform an internal

dynamic programming routine on a carefully chosen family of subsets of A. We say that a set A′ ⊆ A
is well-shaped if there is a family B consisting of at most two connected subsets of A, each on at least

2 and at most 14 vertices, such that A′
is a connected component ofG[A]−N [

⋃
B∈B B]. LetA be the

set of well-shaped sets; note that |A| ≤ |A|29 and A can be computed in polynomial time.

A well-shaped set A′
is T -regular if there exists a family B witnessing that A′

is well-shaped such

that for every B ∈ B and i ∈ {1, 2}, the set N(A′) ∩ A ∩ N(B) ∩ Vi is T -poor. Note that if A′
is

T -regular, then |N(A′) ∩A ∩ T | ≤ 4d.
Note that A is T -regular (in particular, A ∈ A), as witnessed by B = ∅ (recall that G[A] is con-

nected).

For every A′ ∈ A, in the order of increasing size of A′
, we will compute a family C(A′) of subsets

of A ∩N [A′] with the following guarantee: if A′
is T -regular, then there exists a tree decomposition

(T, β) of G[N [A′] ∩ A] such that for every t ∈ V (T ) we have β(t) ∈ C(A′) and |β(t) ∩ T | ≤ d4
h+1

max .

The family C(A) is the desired output of the recursive call.

Lemma 4.14 ensures that the following process does not lead outside A.

Claim 4.19. Let A′ ∈ A, let B be a connected subset of G[A′] on at least 2 and at most 14 vertices, and
letD be a connected component of G[A′ \N [B]]. Then,D ∈ A. Furthermore, if A′ is T -regular and, for
every α ∈ {1, 2}, the set N(D) ∩A ∩N(B) ∩ Vα is T -poor, then D is T -regular, too.

Proof. Let B be a family witnessing A′ ∈ A. Let B′ = B ∪ {B}. Then, D is a connected component

of G[A] −
⋃

B′∈B′ N [B′] and the family B′
satisfies the requirements of Lemma 4.14 in the graph

G[A]. Hence, there is a subfamily B′′ ⊆ B′
of size at most 2 such that D is a connected component of

G[A]−
⋃

B′′∈B′′ N [B′′]. Then, B′′
witnesses that D ∈ A.

For the second statement, observe that if B witnesses that A′
is T -regular, then so does B′′

for

D.

We emphasize here that the setN(D)∩A∩N(B)∩Vi in Claim 4.19 may contain vertices outside

A′
and our control of the number of vertices of T in this set is very important for the correctness of

the algorithm.

FixA′ ∈ A. A badC6 (C, x, y) of level (α1, α2) and of class cwith V (C) ⊆ A′
is henceforth called

a relevant C6.

Guess if T contains a relevant C6. For the “no” branch, recurse onG[A
′], (α1, α2), and ActiveCls \

{c}, and put every returned set into the computed family C(A′).
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For the “yes” branch, proceed as follows. For a connected set A′′ ⊆ A′
, a relevant C6 (C, x, y) in

G[A′′] is extremal if it maximizes the number of vertices in its main remainder in G[A′′] and, subject
to the above, it minimizes the number of vertices of T in N [V (C)] ∩A′′

.

Finding a pivot set Z. We will now identify (by branching) a connected set Z ⊆ A′
with the

following properties.

• Z is of one of the following forms:

(single C6) V (C), where (C, x, y) is an extremal relevant C6 in G[A
′], or

(double C6) V (C) ∪ V (C ′) ∪ {u, v}, where (C, x, y) is an extremal relevant C6 in G[A′],
(C ′, x′, y′) is a relevant C6 that is extremal in a connected component D′

of G[A′] −
N [V (C)], u ∈ SC

i ∩ A′ ∩ T for some i ∈ {1, 2}, u /∈ N(V (C ′)), v ∈ SC′
3−i ∩ D′

, and

uv ∈ E(G).

• For every connected component F of G[A′] − N [Z] that contains a relevant C6, for every i ∈
{1, 2}, the set N(F ) ∩A ∩N(Z) ∩ Vα is T -poor.

We start by guessing an extremal relevant C6 (C, x, y). Somewhat abusing the notation, let us

denote its main remainder in G[A′] by MRC .

We check if Z = V (C) satisfies the above properties. If this is the case, we are done, so assume

otherwise.

We say that a component D of G[MRC ] is terrifying if it contains a relevant C6 and additionally

N(D) ∩ A ∩ N(Z) ∩ V1 is T -rich or N(D) ∩ A ∩ N(Z) ∩ V2 is T -rich. Observe that Z = V (C)
does not satisfy the desired properties if and only there exists a terrifying component. Note that it can

happen only if c is not poor/poor.
Let D0 be a terrifying component. Guess D0 and a relevant C6 (C ′, x′, y′) that is extremal in

G[D0]. Lemma 4.15 implies that N(D0) ∩ A ∩ SC
1 contains two vertices of T α′

1 for some α′
1 > α1 or

N(D0) ∩ A ∩ SC
2 contains two vertices of T α′

2 for some α′
2 > α2; let u be any of those two vertices.

Then, Lemma 4.17 applies to the graph G[A′ ∪ (A ∩ (SC
1 ∪ SC

2 ))]: by the first point, u /∈ N(V (C ′)),
the second point gives v ∈ D0 ∩ (SC′

1 ∪ SC′
2 ) with uv ∈ E(G), and the third point implies that D0 is

the only terrifying component.

Denote Z := V (C) ∪ V (C ′) ∪ {u, v}. Lemma 4.18 applies to (C, x, y), (C ′, x′, y′), u, and v in the

graph G[A′ ∪ (A ∩N [Z])]: every connected component D of G[A′] −N [Z] that contains a relevant
C6, the setN(D)∩A∩N(Z) is contained inN(V (C))∪N(V (C ′)) and bothN(D)∩A∩N(Z)∩V1
and N(D) ∩A ∩N(Z) ∩ V2 are T -poor. Consequently, Z satisfies the desired properties.

Finding a neighborhood Y . Lemma 4.16, applied to Z in the graph G[A′ ∪ (A ∩ N [Z])] asserts
that the components of G[A′] − N [Z] that contain a relevant C6 have comparable neighborhoods in

A∩N [Z]∩V1 and comparable neighborhoods inA∩N [Z]∩V2. For every i ∈ {1, 2}, guess a component

D◦
i ofG[A

′]−N [Z] that contains a relevantC6 and with maximalN(D◦
i )∩A∩N [Z]∩Vi; a valid guess

isD◦
i = ∅ if no such component exists. By the properties of Z , we have that N(D◦

i ) ∩A ∩N [Z] ∩ Vi
is T -poor.

Let Y :=
⋃

i∈{1,2}N(D◦
i ) ∩A ∩N [Z] ∩ Vi. We have that |Y ∩ T | ≤ 2d and for every component

D of G[A′]−N [Z], if D contains a relevant C6, then N(D) ∩A ∩N [Z] ⊆ Y .

LetDpoor be the union of vertex sets of all componentsD of G[A′]−N [Z] such that |D| > 1 and
N(D) ∩ A ∩ N [Z] ⊆ Y . Note that every relevant C6 that is contained in G[A′] − N [Z] is in fact in

G[Dpoor].

Using cleaning. Let F be the result of applying Lemma 4.12 to G[A′ \ (Y ∪ Dpoor)] and Z . The
following claim establishes the progress of the recursion.
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Claim 4.20. For every X ∈ F , every connected component D of G[A′ \ (X ∪ Y ∪ Z ∪Dpoor)] either
does not contain a relevant C6, or every relevant C6 inD has at least one neighbor in (X ∪ Y ∪ Z) ∩ T .

Proof. Let Z = {Ai,Q | i ∈ {1, 2}, Q ⊆ Z ∩ Vi} be the neighborhood partition with respect to Z in

G[A′ \Dpoor]. Fix X ∈ F and consider a connected component D of G[A′ \ (X ∪ Y ∪ Z ∪Dpoor)].
If D is anticomplete to Z , then D does not contain a relevant C6 as D is not part of Dpoor.

Lemma 4.9 ensures that D is contained in the union of two sets of Z , denote them A1,Q1 and A2,Q2 .

If any of those sets is adjacent to a vertex of Z ∩ T , then every relevant C6 in D has a neighbor in

Z ∩ T , as desired. Otherwise, both A1,Q1 and A2,Q2 are anticomplete to x and y, and, in case Z has

the double C6 structure, also to u, x′, and y′.
In particular,D is disjoint with SC

1 ∪SC
2 . Hence, eitherD ⊆ A′ \ (MRC ∪SC

1 ∪SC
2 ) orD ⊆ MRC .

Consider now the first case.

If D does not contain a relevant C6, then we are done, so assume otherwise. Let (C ′′, x′′, y′′) be
a relevant C6 in D. Observe that MRC is contained in the main remainder of C ′′

in G[A′]. Hence, as
(C, x, y) is extremal, these two main remainders are equal.

Denote C = c1 − c2 − . . .− c6 − c1 with c1 = x and c4 = y. Observe that, unless Q1 = {c3, c5}
and Q2 = {c2, c6}, there exists an an edge of C that is anticomplete to C ′′

. This edge is contained in

the main remainder of C ′′
in G[A′], a contradiction to the fact that (C, x, y) is extremal. In the other

case, the fact that (C, x, y) is extremal and (C, x, y) and (C ′′, x′′, y′′) have equal main remainders in

G[A′] implies that |A′ ∩ N [V (C ′′)] ∩ T | ≥ |A′ ∩ N [V (C)] ∩ T |. Observe that x, y ∈ N [V (C)] \
N [V (C ′′)]. Hence, there are at least two vertices of T in A′ ∩ T ∩ (N [V (C ′)] \ N [V (C)]). Since
D ⊆ A1,Q1 ∪A2,Q2 ⊆ N(V (C)), these two vertices of T necessarily belong toX ∪Y ∪Z , as desired.
This completes the case D ⊆ A′ \ (MRC ∪ SC

1 ∪ SC
2 ).

We are left with the remaining caseD ⊆ MRC . If Z is of single C6 structure, then we are done, as

D ∩Dpoor = ∅ and thus D contains no relevant C6. Assume then Z is of double C6 structure.

Assume first that D ∩D0 = ∅. Recall that u ∈ Q1 ∪Q2 as otherwise any relevant C6 in D has a

neighbor in Z ∩ T as desired. Hence, D ∩ N [Z] = ∅. Then, as D is disjoint with Dpoor, D does not

contain any relevant C6.

In the second case, D ⊆ D0 as D is disjoint with SC
1 ∪ SC

2 . Since x′, y′, u /∈ Q1 ∪ Q2, D ⊆
D0 ∩N(V (C ′)) \ (SC′

1 ∪ SC′
2 ) or D is part of the main remainder of C ′

in D0. In the latter case, the

properties of Z ensure that D is contained in G[A′] − N [Z] and, as D ∩ Dpoor = ∅, D contains no

relevant C6.

In the former case, letC ′ = c′1−c′2−. . .−c′6−c′1 and assume there exists a relevantC6 (C
′′, x′′, y′′)

inD. Observe that the main remainder ofC ′
inG[D0] is contained in the main remainder ofC ′′

. Since

(C ′, x′, y′) is extremal in G[D0], these main remainders are equal. Observe that unless Q1 ∩ V (C ′) =
{c′3, c′5} and Q2 ∩ V (C ′) = {c′2, c′6}, there is an edge of C ′

that is anticomplete to C ′′
, a contradiction

to the fact that the main remainders of C ′
and C ′′

in G[D0] are equal. Otherwise, since (C
′, x′, y′) is

extremal, there are at least two elements of T inD0∩(N(V (C ′′))\N(V (C ′))). SinceD ⊆ N(V (C ′))
(if Q1 ∩ V (C ′) = {c′3, c′5} and Q2 ∩ V (C ′) = {c′2, c′6}), these two elements of T necessarily are in

X ∪ Y ∪ Z , as desired. This completes the case analysis and the proof of the claim.

Wrapping up. We guess Z and Y as described above, compute Dpoor and invoke Lemma 4.12 to Z
in G[A′ \ (Y ∪Dpoor)], obtaining a family F . Claim 4.19 ensures that every connected component of

G[Dpoor] belongs to A and, furthermore, if A′
is T -regular, then so is every connected component of

G[Dpoor]. If this is the case, let (TD, βD) be the promised tree decomposition for a component D of

G[Dpoor]. Insert into C(A′) all sets of C(D) for every connected component D of G[Dpoor].
For everyX ∈ F , we proceed as follows. First, insertX ∪Y ∪Z ∪ (N(A′)∩A) into C(A′). Then,

recurse on every connected componentD of G[A′ \ (X ∪ Y ∪Z ∪Dpoor)] with the same parameters

(α1, α2), ActiveCls, and γ except for the value γ(c) increased by one, obtaining a family C′(D). For
every setB ∈ C′(D) from the returned family, insertX ∪Y ∪Z ∪ (N(A′)∩A)∪B into the set C(A′).
This completes the description of the algorithm.
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Observe that if A′
is T -regular, then for the set X ∈ F that satisfies the promise of Lemma 4.12

for T , we have

|(X ∪ Y ∪ Z ∪ (N(A′) ∩A)) ∩ T | ≤ 23·14d2(d+ 1) + 2d+ 14 + 4d < 243(d+ 1)3 = dmax. (1)

Hence, for that set the premise of the recursion guarantee is satisfied, and we have the promised tree

decomposition (TD, βD) of G[D].
Construct the desired tree decomposition (T, β) as follows. Start with the root bag (X ∪ Y ∪ Z ∪

(N(A′) ∩ A)). For every connected component D of G[Dpoor], attach (TD, βD) as a subtree with its

root adjacent to the root bag of (T, β). For every connected componentD ofG[A′\(X∪Y ∪Z∪Dpoor)],
denote β′D(t) = βD(t) ∪X ∪ Y ∪ Z ∪ (N(A′) ∩ A) for t ∈ V (TD) and attach (TD, β

′
D) as a subtree

with its root adjacent to the root bag of (T, β). It is immediate that (T, β) is a tree decomposition of

G[N [A′] ∩A]; the bound on |T ∩ β(t)| for any t ∈ V (T ) follows from (1).

5 Proof of Theorem 1.1

In this section we use Theorems 3.1 and 4.1 to prove Theorem 1.1. Fix an integer d > 0.
On the very high level, the algorithm works as follows. We invoke Theorem 3.1 on the input

graph G, obtaining the family F . Let T be the sought solution and let S be a T -avoiding minimal

separator of G. Let Ψ = (K,D, L) ∈ F be the element promised for S by Theorem 3.1. Note that

S ⊆W (Ψ) := K ∪
⋃
D. We would like to first understand the components of D and then useW (Ψ)

as a container for S. Luckily, everyD ∈ D is somewhat easier than the whole graphG. Let C(Ψ) be the
family of all connected components ofG[L(D)] and all connected components ofG[D \L(D)]; recall
that they are modules ofG[D]. Every connected component of C(Ψ) has clique number strictly smaller

thanG (so we can recurse on them), while the quotient graph after contracting every component C(Ψ)
in G[D] is bipartite and thus handled by Theorem 4.1.

Unfortunately, we do not know how to handle the aforementioned recursion into C(Ψ) using only
the language of families of containers or carvers and we will need to do it using the language of “partial

solutions to CMSO2 formulae”. To this end, we will use the handy notion of a threshold automata as

in [13].

Threshold automata. LetΣ be a finite alphabet. AΣ-labelled forest is a rooted forestF where every

v ∈ V (F ) as a label label(v) ∈ Σ.
We use the notation {{·}} for defining multisets. For a multisetX and an integer τ ∈ N, letX ∧ τ

be the multiset obtained from X by the following operation: for every element e whose multiplicity

k is larger than 2τ , we reduce its multiplicity to the unique integer in {τ + 1, . . . , 2τ} with the same

residue as k modulo τ . For a set Q, letMulti(Q, τ) be the family of all multisets that contain elements

of Q, and each element is contained at most 2τ times.

Definition 5.1 ([13]). A threshold automaton is a tuple A = (Q,Σ, τ, δ, C), where:
• Q is a finite set of states;

• Σ is a finite alphabet;

• τ ∈ N is a nonnegative integer called the threshold;
• δ : Σ×Multi(Q, τ) → Q is the transition function; and

• C ⊆ Multi(Q, τ) is the accepting condition.
For a Σ-labelled forest F , the run of A on F is the unique labelling ξ : V (F ) → Q satisfying the

following property for each x ∈ V (F ):

ξ(x) = δ(label(x), {{ξ(y) : y is a child of x}} ∧ τ).

We say that A accepts F if

{{ξ(z) : z is a root of F}} ∧ τ ∈ C,

where ξ is the run of A on F .
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Recall that for a CMSO2 formula with one vertex set variable ϕ, the (ϕ, td ≤ d)-MWIS problem,

given a vertex-weighted graph G, asks for a pair (Sol, X) with X ⊆ Sol ⊆ V (G) such that G[Sol] is
of treedepth at most d, ϕ(X) is satisfied in G[Sol], and the weight of X is maximized.

Let (Sol, X) be such thatX ⊆ Sol ⊆ V (G) and td(G[Sol]) ≤ d and let T be a treedepth-d structure
containing Sol. Let label be a labeling of V (T ) that labels v ∈ V (T )with the following information: (1)

its depth in T , (2) which of its ancestors in T it is adjacent to, and (3) whether v ∈ X and/or v ∈ Sol. As
discussed in [13], the checkwhetherϕ(X) is satisfied inG[Sol] can be donewith a threshold automaton

run on (T , label). More precisely, there exists a threshold automaton A (depending only on d and ϕ)
such that ϕ(X) is satisfied in G[Sol] if and only if A accepts T with labeling label. Thus, instead

of focusing on a CMSO2 formula ϕ, we can fix a threshold automaton A and look for a treedepth-d
structure T and X ⊆ Sol ⊆ T such that A accepts T with the aforementioned labeling and, subject

to the above, the weight ofX is maximized. In what follows, the labeling label will be implicit and not

mentioned.

Partial solutions. A treedepth-d structure T is neat if for every non-root node v with a parent u, u
is adjacent to at least one descendant of v (possibly v itself). A simple (cf. [13]) argument shows that

every treedepth-d structure can be turned into a neat one without increasing the depth of any vertex.

Let ⪯1 be the following quasi-order on sets of vertices of a graph G: X ⪯1 Y if |X| > |Y | or
|X| = |Y | and X precedes Y lexicographically. In [13], a quasi-order ⪯ on treedepth-d structures in

G was introduced: to compare two treedepth-d structures T1 and T2, the following sequence of sets is
compared with ⪯1 and the first differing one determines whether T1 ⪯ T2: first the set of all vertices,
then the set of all depth-1 vertices (i.e., roots), then the set of all depth-2 vertices, . . . , the set of all

depth-d vertices. Although two distinct treedepth-d structures T1, T2 can satisfy both T1 ⪯ T2 and

T2 ⪯ T1, the quasi-order ⪯ is a total order on the set of neat treedepth-d structures [13].
A partial solution in a graph G is a tuple (T , X,Sol) where T is a treedepth-d structure in G and

X ⊆ Sol ⊆ V (T ). As in [13], we extend⪯ to comparing partial solutions: (T , X,Sol) ⪯ (T ′, X ′, Sol′)
if:

1. the weight of X is larger than the weight of X ′
, or

2. the weights of X and X ′
are equal, but X ⪯1 X

′
;

3. X = X ′
, but Sol ⪯1 Sol

′
;

4. X = X ′
and Sol = Sol′, but T ⪯ T ′

.

We will be looking for a ⪯-minimal solution (T , X, Sol) to our (ϕ, td ≤ d)-MWIS problem on G. As
shown in [13], T is then maximal and neat.

A partial solution (T ′, X ′, Sol′) is an extension of a partial solution (T , X,Sol) if T is an induced

subgraph of T ′
, every root of T is a root of T ′

, and X ′ ∩ T = X and Sol′ ∩ T = Sol. An extension

(T ′, X ′, Sol′) of (T , X,Sol) is neat if for every non-root node v ∈ V (T ′) if v /∈ V (T ), then there is

an edge between the parent of v and some descendant of v in T ′
.

For a fixed threshold automaton A = (Q,Σ, τ, δ, C), a multistate assignment of a partial solution
(T , X, Sol) is a function ξ : {∅} ∪ V (T ) → Multi(Q, τ). We say that an extension (T ′, X ′, Sol′)
of (T , X,Sol) evaluates to ξ if for the run ξ′ of A on (T ′, X ′, Sol′) (with the aforementioned natural

labeling of T ′
) it holds that

{{ξ′(z) | z is a root of T ′
but not of T }} ∧ τA = ξ(∅),

and, for every v ∈ V (T ),

{{ξ′(z) | z is a child of v in T ′
but not in T }} ∧ τA = ξ(v).

Intuitively, ξ contains all the information on how T ′ \ T contributes to the run ofA on (T ′, X ′,Sol′).
We will be computing set families F as follows.

Definition 5.2. Let d, d̂, d̃ > 0 be integers and A be a threshold automaton. For a graph G and a set

D ⊆ V (G), we say that a familyF of subsets ofD is a defect-d̃ extension-d̂ treedepth-d container family
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if for every partial solution (T , X,Sol) inGwith |V (T )| ≤ d̂ and for every multistate assignment ξ of
(T , X,Sol), if (T ′, X ′, Sol′) is the ⪯-minimal extension of (T , X,Sol) among extensions that satisfy

(1) V (T ′) \ V (T ) ⊆ D and (2) (T ′, X ′,Sol′) evaluates to ξ, then if (T ′, X ′, Sol′) is actually a neat

extension of (T , X, Sol), then there exists a tree decomposition (T, β) of G[D] such that for every

t ∈ V (T ) there exists A ∈ F with β(t) ⊆ A and |A ∩ T ′| ≤ d̃.
Furthermore, the family F is exact if additionally β(t) = A in the above.

The dynamic programming algorithm of [13, Section 3] can be expressed as the following algorith-

mic lemma that we will use as a subroutine.

Lemma 5.3 ([13]). Let d, d̂, d̃ > 0 be fixed integers and A be a fixed threshold automaton. There exists
a polynomial-time algorithm that takes on input a graph G, a set D ⊆ V (G), and a family F that is
a defect-d̃ extension-d̂ treedepth-d container family and outputs, for every partial solution (T , X,Sol)
in G with |V (T )| ≤ d̂ and for every multistate assignment ξ of (T , X, Sol), the ⪯-minimal extension
(T ′, X ′,Sol′) of (T , X,Sol) among extensions that evaluate to ξ and V (T ′) \ V (T ) ⊆ D, provided that
this is a neat extension.

The family of Theorem 4.1 is stronger, and we capture it with the following definition.

Definition 5.4. Let d, d̃ > 0 be integers. For a graph G, we say that a family F of subsets of V (G)
is a defect-d̃ treedepth-d container family if for every treedepth-d structure T in G there exists a tree

decomposition (T, β) of G such that for every t ∈ V (T ) there exists A ∈ F with β(t) ⊆ A and

|A ∩ T ′| ≤ d̃.
Furthermore, the family F is exact if additionally β(t) = A in the above.

In both definitions of a container family we often omit “treedepth-d” if the constant d is clear from
the context.

Neatness is crucial for the following step.

Lemma 5.5. Let d > 0 be fixed. Let G be a graph. Let F ⊆ D ⊆ V (G). Let (T , X,Sol) be a partial
solution in G and let (T ′, X ′,Sol′) be a treedepth-d structure in G that is a neat extension of T with
V (T ′) \ V (T ) ⊆ D.

Let TF consist of T and ancestors of all nodes of T ′ inD ∩N(F ). Let T ′
F constist of T and ancestors

of all nodes of T ′ in F ∪ (D ∩ N(F )). Then, (T ′
F , X

′ ∩ V (T ′
F ),Sol

′ ∩ V (T ′
F )) is a neat extension of

(TF , X ′ ∩ V (TF ),Sol′ ∩ V (TF )), and V (T ′
F ) \ V (TF ) ⊆ F .

Furthermore, ifA is a threshold automaton, ξ is themultistate assignment that (T ′, X ′, Sol′) evaluates
to in (T , X,Sol) and ξF is the multistate assignment that (T ′

F , X
′∩V (T ′

F ),Sol
′∩V (T ′

F )) evaluates to in
(TF , X ′∩V (TF ),Sol′∩V (TF )), then if (T ′, X ′, Sol′) is the⪯-minimum extension of (T , X,Sol) among
extensions that evaluate to ξ and satisfy V (T ′) \ V (T ) ⊆ D, then (T ′

F , X
′ ∩ V (T ′

F ), Sol
′ ∩ V (T ′

F )) is
the⪯-minimum extension of (TF , X ′ ∩V (TF ), Sol′ ∩V (TF )) among extensions that evaluate to ξF and
satisfy V (T ′

F ) \ V (TF ) ⊆ F .

Proof. Let v ∈ V (T ′) and u ∈ V (T ′) be such that u, v /∈ V (T ), u, v /∈ N(F )∩D, and u is the parent

of v in T ′
. We claim if exactly one of u, v is in F , then u, v ∈ V (TF ).

Since (T ′, X ′, Sol′) neatly extends (T , X, Sol), there exists a path P from v to u with internal

vertices being the descendants of v in T ′
(so, in particular, P is disjoint with T ). If exactly one of u, v

is inF , thenP needs to contain an edge xy with x ∈ F and y /∈ F . AsP is disjoint with T , V (P ) ⊆ D.

Hence, y ∈ N(F ) ∩D. Since y is a descendant of v in T ′
, we have u, v ∈ V (TF ), as desired.

We infer that if v ∈ V (T ′
F )\V (TF ), then all descendants of v in T ′

are also in V (T ′
F )\V (TF ). Also,

if additionally v ∈ F , then all descencendants of v in T ′
are in F . Hence, (T ′

F , X
′ ∩ V (T ′

F ),Sol
′ ∩

V (T ′
F )) is an extension of (TF , X ′ ∩ V (TF ),Sol′ ∩ V (TF )) and V (T ′

F ) \ V (TF ) ⊆ F . Neatness is
immediate from the definition.

For the last claim, assume that (T ′′
F , X

′′, Sol′′) is a ⪯-smaller extension of (TF , X ′ ∩ V (TF ),Sol′ ∩
V (TF )) that evaluates to ξF and with V (T ′′

F ) \ V (TF ) ⊆ F . Then, one easily observes that if we

replace T ′
F \ TF with T ′′

F \ TF and similarly forX ′
and Sol′ in (T ′, X ′, Sol′) we obtain an extension of

(T , X,Sol) that evaluates to the same ξ but that is ⪯-smaller, a contradiction.
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We now prove a lemma that handles components D as in the last case “D ∈ D” of Theorem 3.1,

using Theorem 4.1 and recursion.

Lemma 5.6. Let d, d̂ ≥ 1 be fixed integers.
Let G be a graph, D ⊆ V (G), and D = L ⊎ R be a partition, let D be the family of connected

components of G[L] and the connected components of G[R]. Assume that every F ∈ D is a module of
G[D] and let H be the quotient graph of G[D]/D.

Furthermore, assume we are given a defect-d1 exact decomposition family FH of H and, for every
F ∈ D, we are given a defect-d2 extension-(d2 + d̂) decomposition family FF of G[D′].

Then, there exists a defect-((d+ 1)d1 + d2) extension-d̂ decomposition family F ofD in G of size at
most (1 + |FH |)d1 +

∑
F∈D |FF |. Furthermore, it can be computed in time polynomial in the input and

output size, given G, D, L ⊎R, FH , and (FF )F∈D .
Moreover, if all families FF for F ∈ D are exact, then F is exact, too.

Proof. Fix (T , X,Sol), ξ, and (T ′, X ′, Sol′) as in the definition of a extension-d̂ decomposition family

of D in G. As in the definition, assume that (T ′, X ′,Sol′) is a neat extension of (T , X,Sol).
Observe that D is a partition of D. Let

DT ′ = {F ∈ D | F ∩ T ′ ̸= ∅}.

As H[DT ′ ] is isomorphic to an induced subgraph of T ′
, it is of treedepth at most d. Consequently, by

the promise of FH , there exists a tree decomposition (TH , βH) of H such that for every t ∈ V (TH)
we have βH(t) ∈ FH and |βH(t) ∩ DH | ≤ d1.

Let

Dbig
T ′ = {F ∈ D | |F ∩ T ′| > d} ⊆ DT ′ .

As T ′
cannot containKd+1,d+1, we have the following.

Claim 5.7. For every F ∈ Dbig
T ′ ,

⋃
F ′∈NH(F ) F

′ contains at most d elements of T . In particular, Dbig
T ′ is

an independent set in H .

Observe that (TH , β
′) where β′(t) =

⋃
F∈βH(t) F is a tree decomposition ofG[D]. However, β′(t)

may contain unbounded number of elements of T ′
if βH(t) contains an element of Dbig

T ′ . We now

modify (TH , βH) to isolate elements of Dbig
T ′ , so that we can use the families FF to handle them.

As a first step, for every F ∈ Dbig
T ′ , we drag all nodes of NH(F ) to be present in every bag where

F is present, too. More precisely, we define β1H : V (TH) → 2V (H)
as

β1H(t) := βH(t) ∪
⋃

F∈Dbig

T ′ ∩βH(t)

NH(F ).

To see that (TH , β
1
H) is a tree decomposition of H , note that for every F ∈ Dbig

T ′ and F ′ ∈ NH(F ),
there exists a node twithF, F ′ ∈ β(t), and thus {t ∈ V (TH) |F ′ ∈ β1H(t)} is connected. Furthermore,

as

⋃
F ′∈NH(F ) F

′
contains at most d elements of T due to Claim 5.7 and every bag βH(t) contains at

most d1 elements of DT ′ , we have

∀t∈V (TH)

∣∣∣∣∣∣∣
⋃

F∈β1
H(t)\Dbig

T ′

F ∩ V (T ′)

∣∣∣∣∣∣∣ ≤ (d+ 1)d1.

As a second step, for every F ∈ Dbig
T ′ , we fix one node t′F ∈ V (TH) with F ∈ β1H(t′F ) and add a

new degree-1 node tF to TH , adjacent to t′F . Let T
2
H be the resulting tree. For t ∈ V (T 2

H), define

β2H(t) :=

{
β1H(t) \ Dbig

T ′ if t ∈ V (TH)

β1H(t′F ) if t = tF for some F ∈ Dbig
T ′ .
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It is immediate that (T 2
H , β

2
H) is a tree decomposition of H and for every t ∈ V (T 2

H)

β2H(t) ∩ Dbig
T ′ =

{
∅ if t ∈ V (TH)

{F} if t = tF for some F ∈ Dbig
T ′ .

Furthermore, as every bag of (T 2
H , β

2
H) is a subset of some bag of (TH , β

1
H), we have

∀t∈V (T 2
H)

∣∣∣∣∣∣∣
⋃

F∈β2
H(t)\Dbig

T ′

F ∩ V (T ′)

∣∣∣∣∣∣∣ ≤ (d+ 1)d1. (2)

Fix F ∈ Dbig
T ′ . Let TF consist of T and ancestors of all nodes of T ′

in D ∩ N(F ); note that

|V (TF )| ≤ d2 + d̂ as |D ∩N(F ) ∩ V (T ′)| ≤ d. Let T ′
F constist of T and ancestors of all nodes of T ′

in F ∪ (D ∩ N(F )). Lemma 5.5 asserts that (T ′
F , X

′ ∩ V (T ′
F ), Sol

′ ∩ V (T ′
F )) is a neat extension of

(TF , X ′ ∩ V (TF ),Sol′ ∩ V (TF )), and V (T ′
F ) \ V (TF ) ⊆ F .

Let ξF be the multistate assignment such that (T ′
F , X

′ ∩ V (T ′
F ),Sol

′ ∩ V (T ′
F )) as an extension of

(TF , X ′∩V (TF ), Sol′∩V (TF )) evaluates to. Lemma 5.5 asserts also that (T ′
F , X

′∩V (T ′
F ), Sol

′∩V (T ′
F ))

is the⪯-minimum extension of (TF , X ′∩V (TF ),Sol′∩V (TF )) among extensions that evaluate fo ξF
and satisfy V (T ′

F ) \ V (TF ) ⊆ F .
Therefore, the promise for FF applies. That is, there exists a tree decomposition (TF , βF ) for

(T ′
F , X

′ ∩ V (T ′
F ),Sol

′ ∩ V (T ′
F )): for every t ∈ V (TD) there exists A ∈ FF such that (1) βF (t) ⊆ A,

and (2) |A ∩ T ′
F | ≤ d2. By the definition of T ′

F , the last point also implies |A ∩ T ′| ≤ d2.
We now construct a tree decomposition (T, β) of G[D] as follows. To construct T , start with T 2

H

and, for every F ∈ Dbig
T , replace tF with TF , i.e., remove tF and put TF instead, with its root adjacent

to t′F . Define β as follows:

β(t) :=


⋃

F∈β2
H(t) F if t ∈ V (TH)(⋃

F ′∈β2
H(t′F ) F

′
)
∪ βF (t) if t ∈ V (TF ) for some F ∈ Dbig

T .

A direct check shows that (T, β) is a tree decomposition of G[D].
We output the family F consisting of the following sets:

• For every A ∈ F and Z ⊆ A that is independent in H and is of size at most d1, the set ⋃
F∈A\Z

F

 ∪

 ⋃
F∈Z

⋃
F ′∈NH(F )

F ′

 .

Note that every bag β(t) for t ∈ V (TH) is of the above form and there are at most (1 + |FH |)d1
such sets. Furthermore, by (2), every such set contains at most (d+ 1)d1 elements of T ′

.

• For every F ∈ D and B ∈ FF , the set ⋃
F ′∈NH(F )

F ′

 ∪B.

Note that every bag β(t) for t ∈ V (TF ) for some F ∈ Dbig
T is contained in a set of the above

form (or exactly equal to a set of the above form if the families FF are exact), there are at most∑
F∈D |FF | such sets, and every such set contains at most d+ d2 elements of T ′

.

This finishes the proof of the lemma.
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We are now ready to state the technical statement that we will prove by induction on the clique

number k.

Theorem 5.8. For every fixed integers d, d̂, k > 0 and a threshold automaton A, there exists a constant
d̃ and an algorithm that takes on input a vertex-weighted P7-free graph G and a set D ⊆ V (G) with
ω(G[D]) ≤ k, runs in polynomial time and computes an family F of subsets of D that is a defect-d̃
extension-d̂ treedepth-d container family for D.

Proof. Let d, d̂, k > 0 be fixed. We will proceed by induction on k. In the base case, k = 1, so G[D] is
edgeless and F = {{v} | v ∈ D} satisfies the requiments with d̃ = 1. Assume then k > 1.

Let d1 be the bound on |K ∩ V (T )| of Theorem 3.1 for the fixed d, k. Let d̃′ be the constant from
the inductive assumption for treedepth d, clique number k − 1, and extension d̂+ dd1 + d2.

We invoke Theorem 3.1 onG[D], obtaining a familyF ′
. For everyΨ := (K,D, L) ∈ F ′

and every

D′ ∈ D proceed as follows. Let C(D′) be the family of connected components of either G[L(D′)] or
of G[D′ \ L(D′)]. For every F ∈ C(D′), recurse with the same treedepth d, clique number k − 1,
and extension d̂ + dd1 + d2, obtaining a defect-d̃′ extension-(d̂ + dd1 + d2) treedepth-d family FF .

Invoke Theorem 4.1 on the quotient graph G[
⋃
D]/

⋃
D′∈D C(D′), obtaining a family Fbip

. Invoke

Lemma 5.6 in G,
⋃
D, partition (

⋃
D′∈D L(D

′)) ⊎ (
⋃

D′∈DD
′ \ L(D′)), the family Fbip

and families

(FF )D′∈D,F∈C(D′), obtaining a familyF ′′
. Note thatF ′′

is a defect-d̃′′ extension-(d̂+dd1) treedepth-d

container family for

⋃
D in G for some constant d̃′′.

Construct a family F sep
as follows. Iterate over all partial solutions (TΨ, XΨ,SolΨ) in G with

|V (TΨ)| ≤ d̂ + dd1 and their multistate assignments ξΨ. Set FΨ,T = {V (TΨ) ∪ A | A ∈ F ′′
. For

every choice of (TΨ, XΨ, SolΨ) and ξΨ, use FΨ,T and the algorithm of [13, Section 3] (Lemma 5.3)

to compute in polynomial time the ⪯-minimum extension (T ′
Ψ, X

′
Ψ,Sol

′
Ψ) of (TΨ, XΨ, SolΨ) among

extensions that evaluate to ξ and satisfy V (T ′
Ψ) \V (TΨ) ⊆

⋃
D. InsertK ∪ (

⋃
D\V (T ′

Ψ)) into F sep
.

Let (T , X,Sol) be a partial solutionwith |V (T )| ≤ d̂, let ξ be amultistage assignment of (T , X, Sol),
and let (T ′, X ′, Sol′) be the ⪯-minimum extension of (T , X,Sol) amongs ones that evaluate to ξ and
satisfy V (T ′) \ V (T ) ⊆ D. Assume (T ′, X ′, Sol′) is a neat extension of (T , X,Sol).

Let T ′′
be any maximal treedepth-d structure that contains V (T ′)∩D. Let F ′′

be any T ′′
-aligned

minimal chordal completion of G[D]. Let S be a T ′′
-avoiding minimal separator of G[D] + F ′′

with

full components A,B. Let Ψ = (K,D, L) ∈ F ′
be the tuple for S,A,B promised by Theorem 3.1. Set

F :=
⋃
D and use Lemma 5.5 to G, D, F , (T , X,Sol) and (T ′, X ′,Sol′). We infer that F sep

contains

K ∪ (F \V (T ′)). AsK is guaranteed to contain V (T ′)∩S, we have that S ⊆ K ∪ (F \V (T ′)). That
is, F sep

contains a set that on one hand contains S, and on the other hand contains at most d1 + d̃′′

elements of T ′′
.

Let c = c(k) be the constant from Corollary 2.13 for t = 7 and k. We set F to be the union of

{N [v] | v ∈ V (G)} and the set of all possible unions at most c elements ofF sep
. Corollary 2.13 implies

that for every maximal clique Ω of G[D] + F ′′
there exists A ∈ F with Ω ⊆ A and |A ∩ V (T ′)| ≤

c(d1 + d̃′′). Hence, a clique tree (T, β) of G[D] + F ′′
satisfies the requirements of the theorem for

d̃ = c(d1 + d̃′′). This finishes the proof.

Theorem 1.1 follows now from the combination of Theorem 5.8 for d̂ = 0 and D = V (G) and
the algorithm of [13, Section 3] (Lemma 5.3). Note that for the case d̂, any ⪯-minimum extension

(T ′, X ′, Sol′) of (∅, ∅, ∅) among extensions that evaluate to some fixedmultistate assignment ξ satisfies
that T ′

is maximal and neat, as proven in [13].

6 Conclusion

Our work suggests some directions for future research. Of course the most ambitious goal is to show

a polynomial-time algorithm for (tw ≤ d, ψ)-MWIS in Pt-free graphs, for all fixed t, with the first

open case for t = 7 (with no further assumptions on the graph).
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However, there are several intermediate goals that also seem interesting. For example, we think

that the idea of considering graphs of bounded clique number is quite promising. Not only it allows

us to use some strong structural tools like χ-boundedness or VC-dimension, but also to measure the

progress of an algorithm by decreasing clique number (see also [12, 11]).

Problem 6.1 ([12, Problem 9.2]). Show that for every fixed t and k, MWIS is polynomial-time solvable
in Pt-free graphs with clique number at most k.

As illustrated in Section 4, assuming additionally that a graph is bipartite might lead to an easier,

but still interesting problem. Of course in this setting asking for an algorithm for MWIS makes little

sense, but already the next case is far from trivial.

Problem 6.2. Show that for every fixed t, given a vertex-weighted bipartite Pt-free graph, in polynomial-
time we can find an induced forest of maximum possible weight.

Recall that the polynomial-time algorithm for t = 7 follows not only from our work, but also (via

a very different approach) from the work of Lozin and Zamaraev [33] – their structural theorem about

P7-free bipartite graphs have bounded mim-width. However, this is no longer the case for P − 8-free
bipartite graphs, as shown by Brettell et al. [10].

A different subclass of Pt-free graphs are (Pt,K1,k)-free graphs (i.e., excluding additionally a star

with k leaves as an induced subgraph), studied by Lozin and Rautenbach [32], who show that Maxi-

mum Weight Independent Set is polynomial-time solvable in these graph classes. Does this result

generalize to (tw ≤ d, ψ)-MWIS?

Finally, let us point out that Abrishami, Chudnovsky, Pilipczuk, Rzążewski, and Seymour [1] did

not only provide an algorithm for (tw ≤ d, ψ)-MWIS in P5-free graphs, but they actually considered

a richer class of graphs. In particular, their algorithm works for C>4-free graphs, i.e., graph with no

induced cycles of length more than 4 (analogously we define C>t-free graphs for any t). Similarly, the

quasipolynomial-time algorithm for (tw ≤ d, ψ)-MWIS works for C>t-free graphs, for any t. Note
that C>t-free graphs are a proper superclass of Pt-free graphs.

We believe that all polynomial-time results for Pt-free graphs, discussed in this paper, can be ac-

tually lifted to C>t-free graphs.
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